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Green’s function estimates and elliptic measures for some linear elliptic equations

with singular drifts.

Aritro Pathak

Dr. Stephen Montgomery-Smith, Dissertation Supervisor

ABSTRACT

The purpose of this thesis is to study pointwise estimates on Green’s functions

and elliptic measures for linear elliptic partial differential equations that have a drift

term that diverges at the boundary in several different ways. These questions are of

fundamental importance in its own right in partial differential equations, with future

applications in other settings such as the time-independent Schroedinger equation, as

well as being important for questions of solvability of rough Dirichlet and Neumann

problems for a large class of elliptic operators with singular lower order terms.
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Chapter 1

Introduction.

We are generally interested in Green’s functions corresponding to linear elliptic

operators of the form

L = div(A∇u) + B · ∇u, (1.1)

where A = (aij)1⩽i,j⩽n is a uniformly elliptic matrix with variable coefficients aij : Ω →

R satisfying,

||Aij||L∞(Ω) ⩽ Λ, and A(x)ξ · ξ ⩾ λ|ξ|2,

for almost every x ∈ Ω and every η ∈ Rn, (1.2)

with a drift B ∈ L∞
loc(Ω;Rn) that diverges like the inverse distance to the boundary:

|dist(·,Ωc)1−βB| ⩽M, (1.3)

for some uniform constantM , and for some 0 ⩽ β < 1. Henceforth, we use the notation

δΩ(x) := dist(x,Ωc).

Our first main result, in Chapter 2 develops a new technique and applies it to obtain

with pointwise upper estimates for the Green’s function with poles in the interior,

specifically for the operator,

L1 = ∆u+ B · ∇u, (1.4)

1



in the unit ball. Here, the drift diverges at the boundary, as earlier, likeM/(δ(x))1−β

for some finite constant M and for some 0 < β < 1. Further, we require that the drift

is locally in C1,α. We prove pointwise upper and lower estimates on the Green function

with poles in the interior.

In Chapter 3, we then construct a specific example with the operator of Eq. (1.4)

in the unit ball, for the case where the drift is bounded like M/δ(x), to show that the

upper Green function estimate fails and solutions do not exist.

In Chapter 4, we then discuss the case of a drift that diverges on average on every

Whitney cube like the inverse distance to the boundary, in a general chord-arc domain,

with a sufficiently small prefactor.

More precisely, we have the conditions,

(1) :

ˆ
UQ

|B|2δ(X)dV ⩽ β2l(Q)n−1, (1.5)

Here we also require,

(2) :

(
n∑
i=0

δ(X)|Bi(X)|+
n∑

i,j=1

|Aij(X)|
)
< M <∞,

n∑
i,j=1

Aij(X)ξiξj ⩾ λ|ξ|2. (1.6)

We prove a ‘Bourgain’ type estimate on the elliptic measure as well as expected

pointwise bounds on the Green’s function to establish doubling of the elliptic measure.

We explain this in greater detail in the Preliminaries section of Chapter 4. In this

chapter, we also give a new proof of the Hardy inequality for domains with an Ahlfors

regular codimension one boundary, using a stopping time method, which has some

novelty of its own.

Every chapter starts with some preliminary details, setting the context for the

theorems that follow. We state and prove the theorems in each of these chapters.
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In all of these cases, while the lower pointwise bounds on the Green’s function is

somewhat routine to establish, following the arguments going back at least to [GrWi],

the pointwise upper bounds on the Green’s function need a lot more work in both

Chapters 2 and 4.

In future work, we will aim to consider more general bounded Lipschitz domains for

which the methods developed in Chapter 2 can be applied. The existence of solutions

for the operator Eq. (1.1) with the condition Eq. (4.4), is guaranteed by the result of

[Ha24], and one expects to prove the pointwise estimates for the Green’s functions in

such a broader class of bounded Lipschitz domains and a large class of lower order

terms in the linear elliptic operator, using the methods of Chapter 2.

We also intend to study the question of the upper pointwise estimates, where the

pole of the Green’s function is arbitrarily close to the boundary. The method introduced

here is expected to work for drifts that are in Lploc for some appropriate p > 1, or some

drifts that diverge in the interior, and where one expects to obtain pointwise estimates

on the Green’s function with uniform constants.

We also aim to use the method of this thesis, for the time independent Schroedinger

equation (where we naturally have a principal Laplacian term) and study newer classes

of potentials for which one is able to obtain pointwise bounds on the Green’s function.

Specifically, one anticipates to first get a condition of the form in Eq. (2.29) and

continue the argument with appropriate modifications. In that case, one would require

a similar level of regularity on the potential term as we required for the drift term

here. We will also aim in the future to study the question by possibly removing the

C1,α regularity on the drift term, as well as to introduce nonlinear potential terms. We

3



will also consider the Green’s function corresponding to the parabolic operator with

such drifts and potentials.
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Chapter 2

Pointwise estimates for Green’s
functions with drifts diverging at
the boundary.

2.1 Preliminaries.

Let Ω = B(0, 1) be the unit ball in Rn with n ⩾ 3 . We denote, δ(X) = dist(X, ∂Ω).

The coordinates in Rn are written as (x1, . . . , xn). In this chapter, we consider in Rn

the linear second order operator with a singular drift term, given for some 0 < β < 1,

Lu = −∆u+ B · ∇u = 0, (δ(X))1−β|B(X)| ⩽M. (2.1)

We write, D = diam(Ω). Here 0 < M <∞ .

We find pointwise upper and lower estimates for the Green’s function for such an op-

erator when the Green’s function is locally in C3, in compactly supported subdomains

of Ω.

We require the pointwise condition that,

− M

δ(x)2−β
⩽ ∇ · B ⩽ 0, (2.2)

In particular this also means that ∇ ·B is negative in the distributional sense, that is,

ˆ
Ω

(B · ∇v) ⩾ 0, ∀v ∈ C∞
0 (Ω) where v ⩾ 0, (2.3)
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Note that when the drift satisfies the pointwise estimate of Eq. (2.3), then according

to Theorem 1.2 of [Ha24], solutions to the adjoint equation LTu = −∇· (∇u+Bu) = 0

exists, and one considers the Green’s functions G(x, y),GT (x, y) corresponding to L and

LT respectively, both exist. Then, we also have G(x, y) = GT (y, x).

We have stated the bounds as above for simplicity, but in general it is enough to

consider |B|2 and |∇ · B| to belong respectively to the more general Morrey spaces

M
n

2−2β and M
n

2−β as considered in [Ha24].

In [SSSZ12], operators are considered that have the Laplacian term along with

certain divergence free drift terms with similar scale-invariant properties, along with

the parabolic counterparts:

∂tu+ B · ∇u−∆u = 0 (2.4)

For the corresponding parabolic operator, with divergence free measurable drift terms

(div(b) = 0), an old result of Nash [Na58] shows the pointwise upper bound:

|G(x, t; y, s)| ⩽ C

(t− s)
n
2

. (2.5)

For the case where div(b) = 0 in Eq. (2.4), in [SSSZ12] several regularity results are

presented when writing b = ∇ · d for an anti-symmetric matrix d and considering the

anti-symmetric part of the matrix I + d to belong a BMO space with the symmetric

part of I + d being comparable to the identity matrix I up to a positive constant .(1)

In case the ∇· (b) = 0 condition is relaxed, one is also referred to the regularity results

in [Naz12] where the condition is relaxed to ∇ · (b) ⩽ 0. More recently, one is referred

(1)One is also referred to the work in [HLMP22] for the question of unique solvability of the rough
Dirichlet problem in the upper half plane for a divergence form elliptic operator that has a BMO
anti-symmetric part as above.
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to [KS19] for pointwise upper bounds on Green’s function in bounded domains for the

operator with a more general elliptic principal term and where the lower-order terms

belong to certain Lp spaces for p ⩾ n, and then further work in the setting of not

necessarily bounded domains, of Sakellaris [Sak1] for lower-order terms in certain weak

Ln,q spaces, and of Mourgoglou [Mour23] for the lower order terms in Stummel-Kato

spaces and variants of it. For Green’s function corrsponding to drifts diverging in

points within the domain, one is referred to [MM22].

It is seen that in general bounded domains, our singular drift term does not belong to

either the weak Lp space considered in [Sak1], nor the Stummel-Kato spaces considered

in Section 6 of [Mour23]. We note that the definition of Morrey spaces considered in

[Ha24] is more general than the definition considered in [Mour23], where one requires

the Morrey type estimate to hold in balls centered on the boundary as well, and our

drift does satisfy the definition of [Ha24].

In this chapter, the drift term is singular and behaves like an exponent of the inverse

of the distance to the boundary, the exponent being strictly less than 1. While we work

specifically for the case of a drift that is pointwise bounded by
(
1/δ(x)

)1−β
, the method

works as long as we have a drift that is integrable at the boundary for the case of the

unit ball considered here. Thus, while the principal term in Eq. (2.1) is the Laplacian,

locally the drift is merely integrable near the boundary, and not required to be in Ln

or Ln,p spaces.

The boundary regularity of the solutions to the Dirichlet problem, goes back to the

work of Wiener for the Laplacian [Wi24]. This required pointwise estimates on the

Green’s function.
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More generally, we can define the operator:

L1u = −∇ · (A∇u) + B · ∇u = 0, (2.6)

where we have, some constants ∞ > Λ ⩾ λ > 0 , and M as before, so that,

Aij(X)ηiηj ⩾ λ|η|2, |Aij(X)ηiψj| ⩽ Λ|η||ψ|, for all η, ψ ∈ Rn \ {0},

and δ(X)−β|B(X)| ⩽ M. (2.7)

As noted earlier, we require the Green’s function G(·, Y ) for the operator Eq. (2.1)

to be locally in C3, in order to derive the pointwise upper bounds for the operator L.

By the Schauder estimates, it is enough to consider the drift term |B| to be locally in

C1,α for an arbitrary α > 0. See for example, Theorem 6.10 of [GT77].

Here we state the three main results of this chapter;

Theorem 2.1. For the elliptic operator in Eq. (2.6) with the coefficients satisfying

Eq. (2.7), in Rn with n ⩾ 3, we have the bound for the Green’s function for the operator

in Eq. (2.6): for any z, y ∈ Ω with |z − y| ⩽ 1
2
δ(y) := 1

2
dist(y, ∂Ω) we have

G(y, z) ⩾ K(M,λ)
1

|z − y|n−2
. (2.8)

Theorem 2.2. Consider the operator of Eq. (2.1) and the Dirichlet Green’s function

corresponding to this operator, in Rn with n ⩾ 3. Further suppose that B ∈ C1,α(Ω′)

for some α > 0, for any compactly supported subdomain in Ω, and that B satisfies

Eq. (2.3). For any y ∈ B(0, r), for any x ∈ Ω with |x| ⩽ 1
2
, we have for some constant

K ′ dependent on M,λ only,

G(x, 0) ⩽ K ′(M,λ)
1

|x|n−2
. (2.9)
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Here, the pole of Green’s function has been considered to be only at the origin.

In case the solution to the adjoint equation also exists, we can use Theorem 4.13

and some standard arguments to show that,

Theorem 2.3. Consider the operator of Eq. (2.1) and the Dirichlet Green’s function

corresponding to this operator, in Rn with n ⩾ 3. Further suppose that B ∈ C1,α(Ω′) for

some α > 0, for any compactly supported subdomain in Ω, and that B satisfies Eq. (2.3).

Then for any y ∈ B(0, r) with r < 1, and for any x ∈ Ω with |x− y| ⩽ 1
2
δ(y), we have

for some constant K ′ dependent on M,λ only,

G(x, y) ⩽ K ′(M,λ, r)
1

|x− y|n−2
. (2.10)

Here the bound K ′(M,λ, r) depends on r as well.

We prove Theorem 4.11 in Section 3, and Theorems 2.3 and 4.13 in Section 4.

Remark 2.4. We can consider potential terms with coefficients D that are bounded

in magnitude by M/(δ(X))2, and in that case, we would need the kind of negativity

condition:

ˆ
Ω

(Dv − B · ∇v) ⩽ 0, ∀v ∈ C∞
0 (Ω),

(such as equation 8.8 of [GT77] or equation 1.5 of [Mour23]) as in Section 4 of this

chapter, in particular for the additional term that would appear in Eq. (2.23). Further,

in presence of the D term, we need to modify the integrating factor for the inequality

corresponding to Eq. (2.64). We leave the question of such potential terms for future

work. One is referred to [An86, She94, She95, She99], and also more recently to [Pog24]
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Sections 3 and 4, contain the main results of this chapter. The result of Section

3 is short and similar to the proof in [GrWi] for the case of |B| = 0. We also note

that for the case of β = 0, we have a counterexample to the existence of solutions, and

pointwise upper bounds on the Green’s function fail to exist [Pat24]. There also, the

pole of the Green’s function is at the origin.

We will also note that in Lemmas 2.10 and 2.11, we see the distinction in the

behavior of the Green’s function when the gradient is small, in comparison to the case

where the gradient is large. In this instance, it is actually easier to estimate the decay

of the Green’s function in case the gradient is small, as is done in the argument after

the completion of Lemma 2.11. In other contexts, this dichotomy of the behavior of

solutions to elliptic equations where the divergence is large, versus where it is small,

has appeared in the literature. See, for example, [Moo15], and the references therein.

The basic novelties of the proof for the upper bound in Section 4 are in introducing

a modified Lorentz norm when restricting to values of the Green’s function within a

ball containing the pole and separated from the boundary, and then to finally reduce

the problem to looking at the level sets of the Green’s function, using the polar form

of the Laplacian and the points at minimal and maximal distance of these level sets

from the pole.

While we have worked specifically for the drift of Eq. (2.1), the method introduced

here will be used in several directions in the future, as outlined in Section 5.

2.2 Properties of the Green’s function.

We adopt some of the standard arguments of Chapter 8 of [GT77] .
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Following the notation of [GT77], when u is only weakly differentiable, then in a

weak or generalized sense, u is said to satisfy L1u = 0(⩾ 0,⩽ 0) in Ω if

L1(u, v) =

ˆ
Ω

(
(Aij∂ju)(∂iv)− Bi(∂iu)v

)
dx = 0(⩽ 0,⩾ 0) (2.11)

for all non-negative functions v ∈ C1
0(Ω) which is the space of compactly supported

functions whose first derivatives are continuous in Ω.

Consider the f, gi, i = 1, 2, . . . , n , locally integrable functions in Ω. For our pur-

poses of constructing the Green’s function, it is enough to consider compactly sup-

ported f, gi, i = 1, 2, . . . , n. Then a weakly differentiable function u is called a weak

or generalized solution of the inhomogeneous equation

L1u = f − ∂ig
i, (2.12)

in Ω if

L1(u, v) =

ˆ
Ω

(gi∂iv + fv)dx = F (v), ∀v ∈ C1
0(Ω). (2.13)

We say that a function u is a solution of the generalized Dirichlet problem: L1u =

f + ∂ig
i, u = ϕ on ∂Ω if u is a generalized solution of Eq. (2.12), ϕ ∈ W 1,2(Ω) and

u− ϕ ∈ W 1,2
0 (Ω).

With a modification of the argument of Theorem 8.1 of [GT77], we first outline a

routine proof of the maximum principle, which will be used in the course of our proof.

Theorem 2.5 (Maximum principle). Consider the operator L1 in Eq. (2.6), and con-

sider u ∈ W 1,2(Ω) so that L1u ⩾ 0 (L1u ⩽ 0). Then,

sup
Ω
u ⩽ sup

∂Ω
u+, (inf

Ω
u ⩾ inf

∂Ω
u+) (2.14)
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Outline of the proof: The proof follows almost exactly as in Theorem 8.1 of [GT77];

when B = 0 the proof is the same as the corresponding case in [GT77]. In the case that

B ̸= 0, note that it remains to consider the case where sup
Ω
u is only attained in the

interior of the domain Ω, say at a point x0 and thus considering l = sup
∂Ω

u+ and in the

case that l = sup
∂Ω

u+ < sup
Ω
u, we consider a l ⩽ k < sup

Ω
u with k ↑ sup

Ω
u. In that case

the proof is completed by contradiction as in [GT77], by considering the compactly

supported functions (u−k)+ ∈ C1
0(Ω) , with a uniform upper bound on the magnitude

of the B term in some ball B(x0, r) ⊂ Ω, where without loss of generality r ⩽ δ(x0)/2

. We omit the details.

We immediately get from Theorem 2.5, the following corollary, as Corollary 8.2 of

[GT77].

Corollary 2.6. Let u ∈ W 1,2
0 (Ω) satisfy L1u = 0 in Ω. Then u = 0 in Ω.

We note that Eq. (2.2) , guarantees, with the use of the argument of Theorem 8.1

of [GT77] as above, that the solution to the adjoint equation when it exists, satisfies

the maximum principle as well. This will be used in the proof of Theorem 2.3 as well.

As in Section 4 of Chapter III of [HL01], we assume that the Dirichlet problem is

solvable for the operator L1, and that the Green’s function is also well defined when

taking limiting functions for the Dirac delta distribution at the pole of the Green’s

function. We would conclude in the limit that the Green’s function is positive.

For further consideration, for any point y ∈ Ω, call Ωρ = Ω ∩ Bρ(y) where Bρ(y) is

the ball of radius ρ centered at y. Also define,

fρ(x, y) = |Bρ(y)|−11Ωρ(x), x ∈ Ω. (2.15)

12



2.3 Lower bounds on the Green’s function.

The lower bound follows by an argument similar to that used in [GrWi, Pat24]. (2)

We prove this here.

Proof of Theorem 4.11. The proof essentially follows by extending the argument of the

proof of Eq.(1.9) of [GrWi]. Take r := |z − y|. Consider a smooth cut-off function η

which is 1 on Br(y)\Br/2(y) and zero outside B3r/2(y)\Br/4(y), and further 0 ⩽ η ⩽ 1

and |∇η| ⩽ K
r
.

Henceforth, we use the Einstein summation convention, where the summation sign

is implied.

Given the domain Ω, for any admissible test function ϕ, the Green’s function satisfies

the following adjoint equation;

ˆ
Ω

(
(∇ϕ) · ∇G(y, x)− G(y, x)B · (∇ϕ)

)
dx = ϕ(y). (2.16)

Here AT
ij denotes the transpose of the matrix Aij.

We note that for Ω, with D = diam(Ω) <∞, we have for the fixed β > 0, that,( 1

δ(x)

)1−β
⩽

Dβ

δ(x)
. (2.17)

Consider the test function ϕ = G(·, y)η, the bound on the drift term B, the Cauchy

inequality with ϵ’s, and the bounds on the cut-off function η introduced above, that,

ˆ

r/2<|x−y|<r

|∇G(y, x)|2dx ⩽
(
K1

1

r2
·

ˆ

r/4<|x−y|<3r/2

G(y, x)2dx
)

+
(
K2

1

rδ(y)
·

ˆ

r/4<|x−y|<3r/2

G(y, x)2dx
)
+
( K2

δ(y)
·

ˆ

r/4<|x−y|<3r/2

G(y, x)|∇G(y, x)|dx
)
.

(2.18)

(2)This was also outlined in the argument of Lemma 4.3 in Section III in [HL01].

13



Noting that we have r ⩽ 1
2
δ(y), using the Cauchy inequality with ϵ’s again for the

last term on the right, and finally adjusting the terms, we get

ˆ

r/2<|x−y|<r

|∇G(y, x)|2dx ⩽ K̃
1

r2
·
( ˆ

r/4<|x−y|<3r/2

G(y, x)2dx
)

⩽ K̃rn−2
(

sup
r/4⩽|x−y|⩽3r/2

G(y, x)2
)
. (2.19)

Again as in [GrWi], choose a similar cut-off function ϕ that is 1 on Br/2(y) and zero

outside Br(y), and using it as the test function we get,

1 =

ˆ

r/2⩽|x−y|⩽r

(Aij∂iG(y, x)∂jϕ+ G(y, x)Bi∂iϕ)
)
dx)

⩽M
K

r

ˆ

r/2⩽|x−y|⩽r

|∇G(y, x)(·, y)|dx+
(MK

rδ(y)
·

ˆ

r/2⩽|x−y|⩽r

|G(y, x)|dx) (2.20)

Using the identity of Eq. (4.69), and Cauchy’s inequality for the first term on the

right, along with a trivial volume bound, and finally Harnack’s inequality,

1 ⩽ Krn−2 sup
r/4⩽|x−y|⩽3r/2

|G(y, x)| ⩽ K|z − y|n−2|G(y, z)|. (2.21)

2.4 Upper bounds on the Green’s function.

Here we prove Theorem 4.13.

We will prove this upper bound on the Green’s function G(x, 0) for any x ∈ Ω and

with |x| ⩽ 1
2
. In doing so, we initially adopt the argument of Proposition 5.10 of [KS19]

and introduce a modified Lorentz norm for our purpose. The argument will be broken

up into several different parts. In this argument for obtaining the upper bound, we

will also a-priori use the lower bound of Theorem 4.11.
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Proof of Theorem 4.13. For any ρ, consider as in [GrWi] and in the case of Proposition

5.10 of [KS19] the test function given by

ϕ(x) =
(1
s
− 1

Gρ(x, 0)
)+
, and Ωs := {x ∈ Ω : Gρ(x, 0) ⩾ s}. (2.22)

Here we use the standard notation that h(x)+ := max(h(x), 0).

Using ϕ as a test function, we get, with only the drift term, that,

ˆ
Ωs

∇Gρ(x, 0) · ∇ϕdx ⩽
1

s
−
ˆ
Ωs

B · (∇Gρ(x, 0))ϕdx. (2.23)

We have that ∇ϕ = ∇Gρ(·, 0)/Gρ(·, 0)2 where the derivative is understood to be

with respect to the x-variable.

Using Eq. (2.11), using a standard integral by parts, we get,

ˆ
Ωs

∇Gρ(x, 0) ·
∇Gρ(x, 0)
Gρ(x, 0)2

dx ⩽
1

s
+

ˆ
Ωs

B ·
(∇Gρ(x, 0)

Gρ(x, 0)
)
dx. (2.24)

For the given fixed y, set ws,ρ(x) = (ln(Gρ(x, 0)/s))+. In this case, ∇ws,ρ(x) =

∇Gρ(x, y)/Gρ(x, y) in the set Ωs. Then using the ellipticity condition on A and the

triangle inequality and Cauchy inequality, we have

λ

ˆ
Ωs

|∇ws,ρ|2dx ⩽
1

s
+

ˆ
Ωs

|B||∇ws,ρ|dx ⩽
1

s
+
λ

2

ˆ
Ωs

|∇ws,ρ|2+
1

2λ

ˆ
Ωs

|B|2dx, (2.25)

and thus we have

λ

2

ˆ
Ωs

|∇ws,ρ|2dx ⩽
1

s
+

1

2λ

ˆ
Ωs

|B|2dx. (2.26)

Next we use the Sobolev inequality, and Holder’s inequality on the last term on the

right, and noting Ω2s,y ⊂ Ωs,y we have,

λ

2
(ln2)2|Ω2s|

n−2
n ⩽

λ

2

( ˆ
Ωs

|ws,ρ|
2n
n−2dx

)n−2
n

⩽ C2
n

λ

2

( ˆ
Ωs

|∇ws,ρ|2dx
)
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⩽
C2
n

s
+
C2
n

2λ

(ˆ
Ωs

|B|ndx
) 2

n |Ωs|
n−2
n . (2.27)

Write f(s) = |Ωs,y0|
n−2
n . Thus, we have constants K1, K2 > 0 so that

f(2s) ⩽
K1

s
+K2

(ˆ
Ωs

|B|ndx
) 2

n
f(s). (2.28)

We make a digression to state that all the bounds we obtain in the end of this section,

will be independent of ρ, and without loss of generality, we can henceforth work with

the Green’s function G(·, 0) in place of Gρ(·, 0).

Now consider the following two cases:

(i) There exists a large enough absolute constant C so that for any configuration of

the drift in the ballB(0, 1), we have f(2s) ⩾ 1
C
f(s) for all s ⩾ s̃ := max

x∈S(0, 1
2
)
G(x, 0).

(ii) The above fails, and so for all positive integers N large enough, we have some

drift configuration |BN | for which we have f(sN) > Nf(2sN) for some sN ⩾ s̃N .

Here we define, s̃N := max
x∈S(0, 1

2
)
GN(x, 0), where GN(x, 0) is the Green’s function

corresponding to the operator with the drift |BN |. We deal with this case later,

in a manner similar to the argument used in the later part of the argument for

Case (i).

Case (i). We deal with Case(i) above. Consider a fixed positive real number K ⩽ 1/(2C).

Now consider a real number L ⩾ 2 large enough so that upon defining s∗ :=

max
x∈S(0,1/L)

G(x, 0), for s ⩾ s∗, noting the bound |B| ≲ M
δΩ(y)

in Ωs, and using the

maximum principle and noting that Ωs ⊂ B0,L := B(0, 1/L) for s ⩾ s∗, using

a trivial volume bound on the integral on the right of Eq. (2.28), we get for all

s ⩾ s∗,

16



f(2s) ⩽
K1

s
+K2

(ˆ
B(0,1/L)

|B|ndx
) 2

n
fy0(s)

⩽
K1

s
+K2

(ˆ
B(0,1/L)

∣∣∣ M

δΩ(y)

∣∣∣ndx) 2
n
fy0(s) ⩽

K1

s
+Kfy0(s). (2.29)

We have required that L be large enough so that K2c(
M
L
)2 ⩽ K with the constant

volume prefactor of c, so that the last inequality in Eq. (2.29) holds.

Thus we have for all s ⩾ s∗,

f(2s)−KCf(2s) ⩽ f(2s)−Kf(s) ⩽
K1

s
.

Since we have KC ⩽ 1/2, we get,

1

2
f(2s) ⩽ (1−KC)f(2s) ⩽

K1

s
, (2.30)

and so for all λ ⩾ 2s∗, we have

f(λ) = |{x : G(x) ⩾ λ}|n−2
n ⩽

K3

λ
. (2.31)

Consider any p > 1(3). We define a modified Lorentz-norm type functional for

the Green’s function, given by

||G(·, 0)||∗p,∞ := sup
λ⩾2s∗

λ|Ωλ|
1
p = sup

λ⩾2s∗
λ|{x : G(x) ⩾ λ}| 1p . (2.32)

Consider any p > α > 1. Modifying a standard argument found for example in

the proof of Theorem 1.2.10 of [Gra23], for any subset E ⊂ Ωt with t ⩾ 2s∗, we

get,

ˆ

E

G(x, 0)αdx =

ˆ ∞

0

|{x : G(x, 0) ⩾ λ
1
α} ∩ E|dλ

(3)Later we will choose p = n
n−2 .

17



⩽
ˆ ∞

0

min
(
|E|, {x : G(x, 0) ⩾ λ

1
α}
)
dλ (2.33)

Consider the value λE, defined as the unique value for which |E| = |{x : G(x, 0) ⩾

λ
1
α
E}|. In the last integral on the right of Eq. (2.33), we have

ˆ ∞

0

min
(
|E|, |{x : G(x, 0) ⩾ λ

1
α}|
)
dλ

=

ˆ λE

0

|E|dλ +

ˆ ∞

λE

|{x : G(x, 0) ⩾ λ
1
α}|dλ (2.34)

We consider the set SB0,L
of all measurable subsets E ⊂ B(0, 1/L) so that λE ⩾

(2s∗)α and 0 /∈ E. From the above consideration and the monotonic behavior

of this distribution function of G(x, 0), the set SB0,L
consists of all subsets E ⊂

B(0, 1/L) so that |E| = |{x : G(x, 0) ⩾ λ
1
α
E}| ⩽ |{x : G(x, 0) ⩾ 2s∗}|:

SB0,L
= {E ⊂ B(0, 1/L), 0 /∈ E : |E| ⩽ |{x : G(x, 0) ⩾ 2s∗}|}. (2.35)

In this case, for any E ⊂ SB0,L
, for which λ

1
α
E ⩾ (2s∗), we have

|E| = |{x : G(x, 0) ⩾ λ
1
α
E}| ⩽

(||G(·, 0)||∗p,∞)p

(λE)
p
α

, (2.36)

by the definition of Eq. (2.32).

Since the function λ→ (||G(·, 0)||∗p,∞)p/λp/α is decreasing, by Eq. (2.36), the value

λ
′
E that satisfies

|E| = (||G(·, 0)||∗p,∞)p

(λ
′
E)

p
α

(2.37)

is such that (λ
′
E)

1
α ⩾ (λE)

1
α ⩾ (2s∗).

Note that

(λ
′

E) =
||G(·, 0)||∗p,∞)α

|E|αp
. (2.38)
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Thus for each E ⊂ SB0,L
we can write

ˆ ∞

0

min
(
|E|, |{x : G(x, 0) ⩾ λ

1
α}|
)
dλ ⩽

ˆ ∞

0

min
(
|E|, (||G(·, 0)||

∗
p,∞)p

λ
p
α

)
dλ

=

ˆ λ
′
E

0

|E|dλ +

ˆ ∞

λ
′
E

(||G(·, 0)||∗p,∞)p

λ
p
α

dλ. (2.39)

Now from the value of λ
′
E given in Eq. (2.37), we get upon performing the inte-

grations above (4),

ˆ

E

G(x, 0)αdx =

ˆ ∞

0

|{x : G(x, 0) ⩾ λ
1
α} ∩ E|dλ

⩽

∞̂

0

min
(
|E|, |{x : G(x, 0) ⩾ λ

1
α}|
)
dλ ⩽

p

p− α
|E|(1−α

p
)(||G(·, 0)||∗p,∞)α.

(2.40)

From Eqs. (2.31) and (2.32), we have

||G(·, 0)||∗ n
n−2

,∞ ⩽ K3. (2.41)

We thus have for all E ⊂ SB0,L, with 1 < α < p = n/(n− 2),

( 1

|E|

ˆ

E

G(x, 0)αdx
) 1

α
⩽

n

n− α(n− 2)
|E| 2−n

n K3. (2.42)

For the special case of E = B(y,R) being a ball of some radius R, Moser’s

inequality, (see for example Theorem 8.17 of [GT77], we get that (5)

sup
x∈E/2

G(, 0) ⩽ C ′
( 1

|E|

ˆ

E

G(x, 0)αdx
) 1

α
⩽

C ′n

n− α(n− 2)
|E| 2−n

n K3, (2.43)

for some constant C ′(n, λ,M,R) and in our domains of the form B(0, 1/L) in

consideration, along with the drift term, R is bounded from above. Here E
2

denotes the ball with half the radius of E but with the same center.

(4)Such an expression appears in the proof of Theorem 1.2.10 of [Gra23]
(5)It is to use this inequality with the drift term that we need an exponent on G of α > 1.
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Now in particular in SB0,L
, we choose a ball E with center y ∈ B0,L, and with

radius ry := |y|/4. Then from Eq. (2.43) we get in particular,

G(y, 0) ⩽ C1

|y|n−2
. (2.44)

Define the subset of balls of the form S ′
By0 ,L

= {B(y, |y|/4) ⊂ SB0,L}. Each ball

in S ′
B0,L

has volume C2(|y|)n for some uniform constant C2.

We note from Eq. (2.35) that the volume of sets in SB0,L
are upper bounded by

V (0) := |{x : G(x, 0) ⩾ 2s∗}|. Thus, there is an upper bound on the distance from

the origin to the centers of the balls in S ′
B0,L

, depending on the value of V (0). In

particular, there is a value r0 dependent on V (0) so that for all z ∈ B0 := B(0, r0),

the balls B(z, rz) = B(z, |z|/4) ⊂ S ′
B0,L

and also B(z, rz) ⊂ B(0, 1/L). Here we

have defined rz = |z|/4.

Figure 2.1: The boundary of the set Ω2s∗ , the sphere of radius 1/L centered at 0, the
point on the level set ∂Ω2s∗ at the closest distance from 0, are shown in the figure.

We next show that there exists some constant η > 0 so that for any configuration

of the drift, we have

V (0)

|B(0, 1/L)| =
|{x : G(x, 0) ⩾ 2s∗}|

|B(0, 1/L)| ⩾ η. (2.45)
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This clearly means that for any configuration of the drift, we have

B0

|B(0, 1/L)| ⩾ η. (2.46)

Thus the estimate of Eq. (2.44) clearly holds for all z ∈ B0, and with a routine

Harnack inequality, one extends the same inequality with a modified constant to

the entire ball B(0, 1/L).

The proof of Eq. (4.23) and the proof of Case(ii) are similar in nature. In partic-

ular, in proving Eq. (4.23) and thus Case(i), henceforth we no longer have to use

the fact that there is a constant C so that f(2s) ⩾ 1
C
f(s) for all s ⩾ s̃ ,and the

arguments henceforth can also be employed for Case(ii). We argue by contradic-

tion; that if there does not exist the claimed η > 0, then there exists a sequence

of drifts |Bi| satisfying Eq. (2.1) and Eq. (2.2) for which the ratio of Eq. (4.23)

goes to zero. In particular, if we write the Green’s function corresponding to the

drift |Bi| as Gi(·, 0), and s∗i := max
x∈S(0,1/L)

Gi(x, 0) , we have as i→ ∞,

|{x : Gi(x, 0) ⩾ 2s∗i }|
|B(0, 1/L)| → 0. (2.47)

In particular, the point yi,min at the minimum distance from the origin to the

level set of |{x : Gi(x, 0) = 2s∗i }| is so that yi,min → 0 as i→ ∞.

We will use the result of Theorem 4.11 for our argument as well.

We first establish the following lemma which will be used later on. Hereafter we

write G(x, 0) = G(x).

Lemma 2.7. There is a uniform constant M0 so that for any configuration of the

drift that satisfies Eq. (2.1) and Eq. (2.2), we have a sequence bk|∞k=1 of maximum

21



points, and a sequence ak|∞k=1 of minimum points, so that,

∣∣∣∂G
∂r

∣∣∣
bk
bn−1
k < M0

∣∣∣∂G
∂r

∣∣∣
ak
an−1
k , (2.48)

and ak → 0, and bk → 0 as k → ∞. In the above equation, it is understood that

the pole of the Green’s function is at 0.

We need to be careful below about defining the sequence of ak|∞k=1, since we do

not have a-priori information about the structure of the level sets of the Green’s

function.

Proof of Lemma 5. Assume to the contrary, that for any arbitrarily large M(⩾

1), there exists some i(M) and drift |Bi| satisfying Eq. (2.1) and Eq. (2.2) so

that, we have, eventually for any sequence of maximum points bi,k|∞k=1 and any

sequence of minimum points ai,k|∞k=1, each sequence converging to 0,

I = inf
k

(∣∣∣∂Gi
∂r

∣∣∣
bi,k
bn−1
i,k

)
⩾M sup

k

(∣∣∣∂Gi
∂r

∣∣∣
ai,k
an−1
i,k

)
:=M · S, (2.49)

Fix some radius r0 > 0. Without loss of generality, choose the maximum point

bi,k0 = r0 and the minimum point ai,k0 to belong to the level set G(bi,k0), for some

k0 ⩾ 1. We suppress the dependence of i(M) on M and the dependence of Gi on

i, below.

Initially we choose the increment h0 so that,

h0 · sup
B(0,bi,k0 )\B(0, 1

2
ai,k0 )

|G ′′

i (x)| ≪
S

(bi,k0)
n−1

⩽
I

(bi,k0)
n−1

, h0 ≪
1

2
ai,k0 . (2.50)

In this case, define the two sequences in the following way: first consider the point

ai,(k0+1) which is the minimum point of the level set {x : G(x) = G(ai,k0−h0)}. By
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definition, we have, |(ai,k0−h0)| ⩾ |ai,k0+1|. We continue this process, till we reach

some t1 ⩾ 1 so that ai,k0+t1−1 ⩾ 1
2
ai,k0 with possibly h′0 = |ai,k0+t1−1− 1

2
ai,k0| ⩽ h0,

while at this last stage we define ai,k0+t1 as the minimum point of the level set

G(ai,k0+t1−1 − h′0) = G(1
2
ai,k0+t1).

We define the sequence ai,k0+tm|∞m=1, for eachm ⩾ 1 in the same manner as above.

We take,

hm · sup
B(0,bi,k0 )\B(0, 1

2
ai,k0+tm )

|G ′′

i (x)| ≪
S

(bi,k0)
n−1

⩽
I

(bi,k0)
n−1

, hm ≪ 1

2
ai,k0+tm .

(2.51)

Here the implied constants are allowed to depend on M,S as well. Here tm+1,

for m ⩾ 1 is the greatest integer so that ai,k0+tm+1−1 ⩾ 1
2
ai,k0+tm . For all the

values {ai,k0+tm , . . . , ai,k0+tm+1−1}, the decrement at each step is taken as hm,

with ai,k0+tm+j, for 1 ⩽ j ⩽ tm+1 − tm, being the minimum point of the level set

of G(ai,k0+tm+j−1 − hm).

It is clear that by this process, the sequence ai,k|∞k=1 so defined converges to yi.

We continue this iteration till we reach some value tm0 = N , with ai,k0+N = ϵ so

that G(ai,k0+N) = G(ϵ) ⩾ K(M,λ)
(

1
ϵ

)n−2

≫ G(bi,k0) = G(ai,k0), where we have

invoked the result of Theorem 1, proved in Section 3.

Starting with bi,k0 , we define bi,k+t as the point on the sphere of radius |bi,k+t−1−

hm0)| where the maximum value of the Green’s function is attained. By definition,

we have that G(bi,k+t) ⩾ G(bi,k+t−1 − hm0).

Then, we have, for each k ⩾ 1 in case of the sequence of bi,k’s, and for each

1 ⩽ j ⩽ tm+1 − tm − 1, for the case of the sequence of the ai,k’s, that,

G(bi,k − hm0)− G(bi,k) =
∣∣∣∂G
∂r

∣∣∣
bi,k

· hm0 +Om0(h
2
m0

),
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G(ai,k0+tm+j−1 − hm)− G(ai,k0+tm+j−1) =
∣∣∣∂G
∂r

∣∣∣
ai,k0+tm+j−1

· hm +Om(h
2
m),

(2.52)

Here the implied constants depend on the bounds on the second derivative of G

in Ω \B(yi, ai,k0+tm+j−1) for each j considered.

So we have,

( N∑
q=0

hqS

(ai,(k0+q))
n−1

+Oq(h
2
q)
)
⩾ G(ai,k0+N)− G(ai,k0) (2.53)

= G(ϵ)− G(ai,k0) ≈ G(ϵ) ≫ G(ai,k0). (2.54)

Here we have hq = hm whenever k0 + tm ⩽ q ⩽ k0 + tm+1 .

Using Eqs. (2.50) and (2.51), we find a slightly altered constant S ′, so that we

have,

( N∑
q=0

hqS
′

(ai,(k0+q))
n−1

)
⩾ G(ϵ) ≫ G(ai,k0). (2.55)

In this case, we add up the equality in Eq. (2.52) above. First we get,

G(bi,k0+N1)− G(bi,k0) ⩾
∑
k

(
G(bi,k − hm0)− G(bi,k)

)
⩾ c
( N1∑
q=1

Ihm0

(bi,(k0+q))
n−1

+ Om0(h
2
m0

)
)
, (2.56)

where bi,k0+N1 lies in the domain Ω \B(yi, ϵ), with the property that,

|bi,k0+N1 − ϵ| ⩽ hm0 . (2.57)

We terminate the sequence of bi,j’s at j = N1. Clearly N1 ⩾ N .

In this case, from Eq. (2.51), we choose the implied constants so that hm0 is small

enough, so at each step we have,

I

(bi,k0+q)
n−1

≫ hm0 , (2.58)
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for all bi,k0+q ∈ Ω \ B(yi, ϵ), and adding this up N1 many times, we get with a

slightly altered constant that,

G(bi,k0+N1) ⩾ G(bi,k0+N1)− G(bi,k0) ⩾ cI ′
( N1∑
m=0

hm0

(bi,(k0+m))n−1

)
⩾ cMS ′

( N1∑
m=0

hm0

(bi,(k0+m))n−1

)
, (2.59)

for a slightly altered constant I ′.(6)

Further we also have,

G(ai,k0+N)− G(ai,k0) ⩽ c
( N∑
q=0

Shq
(ai,(k0+q))

n−1
+Oq(h

2
q)
)
, (2.60)

where as before, we have hq = hm whenever k0 + tm ⩽ q ⩽ k0 + tm+1

Again, we have, by a slightly altered constant S ′, that,

G(ai,k0+N) ≈ G(ai,k0+N)− G(ai,k0) ⩽ cS ′
( N∑
q=0

hq
(ai,(k0+q))

n−1

)
, (2.61)

and without loss of generality, we can take I ′ ⩾MS ′ as above.

Thus for M large enough, from Eqs. (2.53), (2.59) and (2.61) using a basic in-

tegral test, comparing the values of G(bi,k0+N1),G(ai,k0+N), we have a violation

of Harnack’s inequality, on an annular region of width h centered on the sphere

S(bi,k0+N1). This is because of Eq. (2.53), and the right hand side of Eq. (2.59)

is then arbitrarily large compared to the right side of Eq. (2.61).

Thus Eq. (2.141) is established.

We continue with the proof of Theorem 4.13, by contradiction. The sets Ω2s∗ =

{x : G(x, 0) ⩾ 2s∗} ⊂ B(0, 1/L), with

|{x : Gi(x, 0) ⩾ 2s∗i }|
|B(0, 1/L)| → 0, (2.62)

(6)In fact, one can also work with this same hm0
for the sequences of ai,k|∞k=k0

in going from ai,k0
to

ai,k0+N = ϵ, which would slightly alter the argument presented above.
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as i→ ∞.

Consider i large enough to be determined later, and the point yi,min on the bound-

ary ∂Ω2s∗i
that is the minimum distance δmin,yi from the origin. As a consequence

of Eq. (2.62), for the uniform L, we have δmin,yi → 0 as i→ ∞.

In this case, the ball B(0, δmin,yi) ⊂ Ω2s∗i
. By the Harnack inequality, there is a

constant β ≫ 1 independent of r so that for all points on the sphere S(0, r), the

values of the Green’s function with the pole at origin are comparable and we will

have

sup
S(0,r)

Gi(·, 0) ⩽ β inf
S(0,r)

Gi(·, 0). (2.63)

We thus have by definition, Gi(yi,min, 0) ≈ 2s∗yi .

Consider the sphere S(0, yi,min) of radius δmin. In this case, we have S(0, yi,min) ⊂

Ω with a point of tangency of this sphere S(0, yi,min) with ∂Ω2s∗i
at the point yi,min.

At yi,min the gradient ∇Gi(·, 0) is inward normal to both S(0, yi,min), ∂Ω2s∗i
(7).

Further, we must have ∂2Gi(·,0)
∂θ2k

|yi,min
⩾ 0 for any of the (n−1) angular coordinates

θk , otherwise up to second order, noting from above that ∂Gi(·,0)
∂θk

|yi,min
= 0 for all

angular coordinates θi, and that Gi(·, 0) is locally in C3, we will find points on the

interior sphere x ∈ S(0, yi,min) with Gi(x, 0) < Gi(yi,min, 0) that again contradicts

the maximum principle.

Again, in this context, we suppress the dependence of Gi on i below.

From the expression of the Laplacian locally in polar coordinates, up to a rotation

(7)If there is any nonzero component of the gradient in the tangential direction, then to first order,
one would find points x1, x2 ∈ S(yi, yi,min) on the interior sphere so that G(x1, yi) < G(yi,min, yi) <
G(x2, yi) which contradicts the fact that for all x ∈ Ω2s∗yi

,yi
, by the maximum principle G(yi,min, yi) <

G(x, yi).
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of the coordinate axes, and noting that all the angular first derivatives are zero

at the point yi,min, and all the second derivatives with respect to the angular

coordinates are positive, we will have

1

rn−1

∂

∂r

(
rn−1∂G(·, 0)

∂r

)
+ B · r̂ ∂G(, 0)

∂r

=
∂2G(·, 0)
∂r2

+
(n− 1)

r

∂G(·, 0)
∂r

+ B · r̂ ∂G(, 0)
∂r

⩽ 0 (2.64)

On the sphere S(0, yi,min), the above inequality is valid at the point yi,min.

For some bi,k to be determined in a later step, we begin the iteration with r0 = ai,k

which is the minimum distance to the level set Gi(·, 0) = Mbi,k where Mbi,k :=

sup
S(0,bi,k)

Gi(·, 0).

We call Ki,k := B(0, 1/L) \ B(0, ai,k).When we write G(r), it will be under-

stood from context that we mean Gi(r, 0) . In particular, from the statement of

Lemma 2.7 we note that,

∣∣∣∂Gi
∂r

∣∣∣
ai,k
an−1
i,k = Gi,k > 0. (2.65)

Further, we write,

sup
Ki,k

G′′
i = Hi,k. (2.66)

Now we choose the increment h small enough so that,

∣∣∣∂Gi
∂r

∣∣∣
ai,k

⩽
∣∣∣∂Gi
∂r

∣∣∣
ai,k
an−1
i,k Ln−1 = Gi,kL

n−1 ≫ h sup
Ki,k

G′′
i = hHi,k. (2.67)

First we use the Taylor theorem to second order to get, for any j ⩾ 0,

G(rj + h) = G(rj) + hG ′(rj) +
h2

2
G ′′(rj + θjh), (2.68)
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for some θj ⩽ 1. We have that for each k(8), using a version of the Hopf lemma,

the radial derivative ∂G
∂r

⩽ 0 at the point of tangency of each level set ∂Ωk with

this interior sphere. This holds true for each j ⩾ 0 with ai,k ⩽ rj ⩽ 1/L.

At the first step for j = 0, using Eq. (2.67), we get from Eq. (2.68), that,

G(r0 + h) ⩽ G(r0). (2.69)

We then define the length h0 ⩽ h and the point −→r1 which is at the minimum

distance from the origin to the level set of G = G(r0+h) so that G(r0+h)−G(r0) =

G(r1) − G(r1 − h0). where r1 − h0 is on the radial line joining the origin to r1.

Note that G(r0 + h) = G(r1) by definition and thus G(r0) = G(r1 − h0).

At the j′th step (j ⩾ 1), we consider (rj + h)r̂j where r̂j is the unit vector in

the direction rj. Consider G((rj + h)r̂) and next define the point −−→rj+1 which is

at the minimum distance from the origin to the level set of G = G((rj + h)r̂j).

Henceforth, by G(rj),G(rj + h), we mean the values of the Green’s function at

the point rj r̂j and (rj + h)r̂j respectively , and we omit the unit vector from the

notation.

Note that using Eq. (2.67), and the subsequent argument till Eq. (2.95), first for

the case j = 0, that at each subsequent step we have, G(rj + h) ⩽ G(rj) for each

j ⩾ 1, and thus we have for each j ⩾ 1 that enables us to define hj ⩽ h, hj ⩽ h

so that G(rj + h) − G(rj) = G(rj+1) − G(rj+1 − hj). where rj+1 − hj is on the

radial line joining the origin to rj+1. Note that G(rj + h) = G(rj+1) by definition

and thus G(rj) = G(rj+1 − hj).

(8)We only need to consider k ⩾ s∗yi
.
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We have,

G(rj) = G(rj + h)− hG ′
(rj + h) +

h2

2
G ′′

(rj + hθ), (2.70)

for some θ < 1.

This can be written, for some other constant θ1 < 1,

G(rj + h)− G(rj)
h

= G ′
(rj + h)− h

2
G ′′

(rj)−
h2

2
θG ′′′

(rj + θ1h). (2.71)

Note that, G(rj+h)−G(rj) = G(rj+1)−G(rj+1−hj), with 0 ⩽ hj ⩽ (rj+1−rj) ⩽ h

by definition. Further, we have,

G(rj+1 − hj) = G(rj+1)− hjG
′
(rj+1) +

h2j
2
G ′′

(rj+1)−
h3j
3!
G ′′′

(rj+1 − θh).

Using Eq. (2.64), we further get the inequality,

G(rj+1 − hj)− G(rj+1) ⩽ −hjG
′
(rj+1)

+
h2j
2

(
−
(n− 1

rj+1

)
− B(rj+1) · r̂j+1

)
G ′
(rj+1)

h3j
3!
G ′′′

(rj+1 − θh). (2.72)

This gives us,

G(rj+1 − hj)− G(rj+1)

⩽ hj

(
−G ′

(rj+1)
)(

1+
n− 1

2rj+1

hj +
1

2
B(rj+1) · r̂j+1hj

)
− h3j

3!
G ′′′

(rj+1− θhj).

(2.73)

This simplifies to,

G ′
(rj+1) ⩽

(−1)(
1 + hj(

n−1
2rj+1

+ 1
2
B(rj+1) · r̂j+1)

)(G(rj+1 − hj)− G(rj+1)

hj

+
h2j
3!
G ′′′

(rj+1 − θhj)
)
. (2.74)
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Up to a first order approximation, this is written assuming that h is arbitrarily

small compared with ai,k, that,

G ′
(rj+1) ⩽

(
1− hj(

n− 1

2rj+1

+
1

2
B(rj+1) · r̂j+1

))(G(rj+1)− G(rj+1 − hj)

hj

)
− h2j

3!
G ′′′

(rj+1 − θhj). (2.75)

Further note that,

G ′
(rj + h) = G ′

(rj) + hG ′′
(rj) +

h2

2!
G ′′′

(rj + θ2h), (2.76)

for some θ2 < 1. Using the fact that G(rj+h)−G(rj) = G(rj+1)−G(rj+1−hj) < 0,

and 0 ⩽ hj ⩽ (rj+1 − rj) ⩽ h, and hj sufficiently small, we get from Eq. (2.75),

that,

G ′
(rj+1) ⩽

(
1− hj(

n− 1

2rj+1

+
1

2
B(rj+1) · r̂j+1

))(G(rj + h)− G(rj)
h

)
+
h2j
3!
G ′′′

(rj+1 − θhj). (2.77)

Further using Eqs. (2.71) and (2.76), we get,

G ′
(rj+1) ⩽

(
1−hj(

n− 1

2rj+1

+
1

2
B(rj+1)·r̂j+1

))(
G ′
(rj)+

h

2
G ′′

(rj)+
h2

2!
G ′′′

(rj+θ2h)

− h2

2
G ′′′

(rj + θ1h)
)

+
h2j
3!
G ′′′

(rj+1 − θhj). (2.78)

Thus we get,

G ′
(rj+1) ⩽ G ′

(rj) +
h

2
G ′′(rj)− hj(

n− 1

2rj+1

+
1

2
B(rj+1) · r̂j+1)G ′(rj)

+O
(h2
2
G ′′′(rj + θ1h) +

h2j
2
G ′′′(rj+1 + θ1hj) +

h2

2
G ′′(rj)(

n− 1

2rj+1

+
1

2
B · r̂)

)
,

(2.79)
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for some constants θ1, θ2, and so we have, noting that G ′(rj) ⩽ 0, hj ⩽ h, using

Eq. (2.64),

G ′
(rj+1) ⩽ G ′

(rj)−
h

2

(n− 1

rj
+B(rj)·r̂j

)
G ′
(rj)−

h

2

(n− 1

rj+1

+B(rj+1)·r̂j+1

)
G ′(rj)

+ O(
h2

2
G ′′′(rj + θ1h) +

h2j
2
G ′′′(rj+1 + θ1hj) +

h2

rj+1

G ′′(rj)). (2.80)

This gives us,

G ′(rj+1) ⩽ G ′(rj)−h
(n− 1

2

( 1

rj
+

1

rj+1

)
+
1

2
(B(rj)· r̂j+B(rj+1)· r̂j+1)

)
G ′(rj)

+ O(
h2

2
G ′′′(rj + θ1h) +

h2j
2
G ′′′(rj+1 + θ1hj) +

h2

rj+1

G ′′(rj)). (2.81)

We note that rj+1 − rj ⩽ h, and thus get,

G ′(rj+1) ⩽ G ′(rj)− h
(n− 1

rj
+

1

2
(B(rj) · r̂j + B(rj+1) · r̂j+1)

)
G ′(rj)

+O
(h2
2
G ′(rj) +

h2

2
G ′′′(rj + θ1h) +

h2j
2
G ′′′(rj+1 + θ1hj) +

h2

rj+1

G ′′(rj)
)
.

(2.82)

Here we note that the points rj, rj+1 by construction could be far apart depending

on the shape of the level sets of the Green’s function. Thus we have that,

Now also note by construction that, 0 ⩽ hj ⩽ rj+1 − rj ⩽ h, and we have,

G(rj+1 − hj)− G(rj+1) = −G ′(rj+1)hj +
h2j
2
G ′′(rj+1 + θ1hj)),

G(rj)− G(rj + h) = −G ′(rj)h +
h2

2
G ′′(rj + θ2h)), (2.83)

Thus we have,

G ′(rj+1)hj = G ′(rj)h− h2j
2
G ′′(rj+1 + θ1hj) +

h2

2
G ′′(rj + θ2h), (2.84)

and so we have,

|G ′(rj+1)| =
h

hj

(
|G ′(rj)|+

h

2
G ′′(rj + θ2h)

)
+
hj
2
G ′′(rj+1 + θ1hj)), (2.85)
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We consider two cases. First, we consider,

(a) : |G ′(rj)|(rj+1 − rj) ⩾ |G ′(rj)|hj ⩾ h|G ′(rj)| − 2h2 sup
Kk

|G ′′(r)|. (2.86)

Then, we have

(rj+1 − rj)
(n− 1

rj
+

1

2
(B(rj) · r̂j + B(rj+1) · r̂j+1)

)
|G ′(rj)|

⩾ h
(n− 1

rj
+

1

2
(B(rj) · r̂j + B(rj+1) · r̂j+1)

)
|G ′(rj)|

− O(h2 sup
Kk

|G ′′(r)|(B(rj) · r̂j + B(rj+1) · r̂j+1)
)
. (2.87)

We have uniform bounds on the drift term in the domain Kk, so we can choose

h small enough so that the second term on the right is negligible at each step of

the iteration in Kk, and thus we get from Eqs. (2.84) and (2.87), noting that by

construction, for each j, we have G ′(rj) < 0, that,

G ′(rj+1) ⩽ G ′(rj)− (rj+1 − rj)
(n− 1

rj
+

1

2
(B(rj) · r̂j +B(rj+1) · r̂j+1)

)
G ′(rj)

+O(h2) = G ′(rj)−(rj+1−rj)
(n− 1

rj
+
1

2
(B(rj)·r̂j+B(rj+1)·r̂j+1)

)
G ′(rj)+O(h

2).

(2.88)

On the other hand, when we have the inequality opposite of Eq. (2.86), we get,

(b) : |G ′(rj)|hj < h|G ′(rj)| − 2h2 sup
Kk

|G ′′(r)|

⇔ h|G ′(rj)| > |G ′(rj)|hj + 2h2 sup
Kk

|G ′′(r)|, (2.89)

with h small enough. We use the binomial approximation to first order to get

from Eq. (2.85),

|G ′(rj+1)| ⩾ |G ′(rj)|+
2h2

hj
sup
Kk

|G ′′(r)|
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+
h2

2hj
G ′′(rj + θ2h)

)
+
hj
2
G ′′(rj+1 + θ1hj)). (2.90)

From here we easily see, for h small enough, that,

G ′(rj+1) ⩽ G ′(rj). (2.91)

Further, the decay of the Green’s function in either case is given for each j by,

G(rj+1) = G(rj + h) = G(rj) + hG ′
(rj) +

h2

2
G ′′

(rj + θh). (2.92)

At each step, we choose h small enough, with (rj+1 − rj) ⩽ h, so that we can

write the right hand side of Eq. (4.42) ,

G ′(rj+1)

⩽ G ′(rj)
(
1−(n− 1)(rj+1 − rj)

rj

)(
1−(rj+1−rj)

1

2
(B(rj)·r̂j+B(rj+1)·r̂j+1)

))
+O((rj+1 − rj))

2)

⩽ G ′(rj)
(
1−(n− 1)(rj+1 − rj)

rj

)(
e−(rj+1−rj) 12 (B(rj)·r̂j+B(rj+1)·r̂j+1)

)
+O(h2).

(2.93)

Iterating this inequality k times, we get an error term kO(h2) for G ′(rj+k).

We choose N large enough so that Nh ⩽
(
1/L−yi,min

)
≈ 1/L. By construction,

the equality case for the left hand inequality here is achieved when we have for

each j, that rj+1 − rj = h.

In this case, the error up to the order of O(h2) in any of the derivatives considered

in either of Eqs. (2.91) and (2.93) at the j’th step with k ⩽ N is kO(h2). Thus,

further, the error in the quantity |G ′(rt)|h ≲ kO(h3), for any t. Thus, the total

error in the change of the Green’s function is
∑N

k=1 kO(h
3) ≈ N2O(h3) ≈ h ·

(1/L)2 → 0 as h→ 0.
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Thus the solution to the inequality

G ′(rj+1) ⩽ G ′(rj)
(
1− (n− 1)(rj+1 − rj)

rj

)(
e−(rj+1−rj) 12 (B(rj)·r̂j+B(rj+1)·r̂j+1)

)
,

(2.94)

as h→ 0, is given by the following differential inequality,

∂2G(·, 0)
∂r2

+
(n− 1)

r

∂G(·, 0)
∂r

+ B · r̂ ∂G(, 0)
∂r

⩽ 0. (2.95)

(9) Using the cases where the above differential inequality Eq. (2.94) holds, along

with the cases where we have Eq. (2.91) holding, we now have,

Lemma 2.8. For any ai,k0 ⩽ r1 ⩽ r2, noting also that for each r , ∂G
∂r
< 0 , we

get that

G(r1, 0)− G(r2, 0) ⩾ 2C
∣∣∣∂G
∂r

∣∣∣
ai,k
an−1
i,k

( 1

rn−2
1

− 1

rn−2
2

)
. (2.97)

Specifically we choose ai,k < r1 = yi,min ⩽ r2 =
δΩ(yi)
L

, and get,

2s∗i−
1

C1

s∗i ⩾
1

C1

G(yi,min)−G(δΩ(yi)
L

ŝmin) ⩾ C
∣∣∣∂G
∂r

∣∣∣
ai,k
an−1
i,k

( 1

yn−2
i,min

−Ln−2
)
. (2.98)

Here, C1 is a uniform constant arising from the Harnack inequality. In case we

have that yi,min → 0 as i→ ∞, then choosing i a posteriori large enough, we get

from above that,

s∗i ≳ C ′
∣∣∣∂G
∂r

∣∣∣
ai,k
an−1
i,k · 1

yn−2
i,min

(2.99)

(9)If we integrate this, to get for r ⩾ ai,k0
, that,

∂G
∂r

∣∣∣
r
⩽ C

∂G
∂r

∣∣∣
ai,k

(an−1
i,k

rn−1

)
, (2.96)

where the constant C incorporates the exponential factor contribution from the drift term.
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for some uniform constant C ′.

Now instead of looking the points of minimum of the level sets of the Green’s

function, we look at the corresponding points of maximum of the level sets.

For these points of maximum, we have,

∂2Gi(·, 0)
∂r2

+
(n− 1)

r

∂Gi(·, 0)
∂r

+ B · r̂ ∂Gi(·, 0)
∂r

⩾ 0, (2.100)

We first carry through a general calculation analogous to Eq. (2.70) through

Eq. (2.83), for the maximum points. In this case, consider any maximum point

siŝi, where ŝi = s⃗i
|si| , and the level set G(s⃗i). For any small enough t to be

determined later, consider the point (si − t)ŝi. and consider the level set of

G((si− t)ŝi) and the maximum point ⃗si+1 of this level set. As before, we remove

the reference to the radial unit vector from now on, for simplicity in notation.

We enumerate domains Ωm := {x ∈ Ω : G(x) ⩽ 1/m}, m ⩾ 1, and take the

sequence m → ∞ in the final step of the argument. We also define, for each

m, Ω′
m := Ωm \ B(0, bi,k0), where bi,k0 ⩽ yi,min is a maximum point chosen from

Lemma 2.7, with ai,k0 ⩽ yi,min being the corresponding minimum point chosen

from the lemma.

First we assume that,

G(si − t) = G(si)− tG ′(si) +
t2

2
G ′′(si − θt), (2.101)

for some θ ⩽ 1. In this case we choose βm := 2 sup
Ω′

m

|G ′′(r)|. We first consider the

case, where |G ′(si)| > Kmt, for some Km ≫ βm.
(10) In that case, it is clear that

(10)Note that this condition also appears prior to Lemma 2.10 later on.
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we must have,

G(si − t) ⩾ G(si). (2.102)

We then define the length ti so that, G(si+1 + ti) = G(si). By construction, we

have, 0 ⩽ ti ⩽ si− si+1 ⩽ t. Further, we have, G(si− t) = G(si+1). We can carry

through calculations exactly analogous to Eq. (2.70) through Eq. (2.83) here.

The case where we have |G ′(si)| ⩽ Kmt is considered in Lemmas 2.10 and 2.11

and the argument following Lemma 2.11.

Lemma 2.9. Given a large positive integer m, for any level set {x : G(x) =

G(s⃗i)} with the value G(s⃗i) ⩾ 1/m, with |G ′(si)| > Kmt, where s⃗i is the max-

imum point of this level set, with |s⃗i| ⩾ bi,k0 , for si+1 defined above, with t

arbitrarily small in comparison to bi,k0 as well as arbitrarily small in comparison

to inf{dist(x, ∂Ω) : G(x) = 1/m}, we have,

G ′
(si+1) ⩽ G ′

(si) + t
(n− 1

si
+

1

2
B(si+1) · ŝi+1) +

1

2
B(si) · ŝi)

)
G ′
(si) +Om(t

2).

(2.103)

The condition that t be arbitrarily small in comparison to bi,k0 and inf{dist(x, ∂Ω) :

G(x) = 1/m} ensures that t/si and tB(si) · ŝi+1 are arbitrarily small.

Proof. We have,

G(si) = G(si − t) + tG ′(si − t) +
t2

2
G ′′(si − tθ′). (2.104)

for some θ′ < 1. We write this, with some other constant θ1, that,

G(si)− G(si − t)

t
= G ′(si − t) +

t

2
G ′′(si)−

t2

2
θ′1G ′′′(si − θ1t). (2.105)
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Further, we get,

G(si+1 + ti) = G(si+1) + tiG
′
(si+1) +

t2i
2
G ′′

(si+1) +
t3i
3!
G ′′′

(si+1 + θt).

(2.106)

Using Eq. (2.100), we get from above that,

G(si+1+ ti)−G(si+1) ⩾ tiG
′
(si+1)+

t2i
2

(
−
(n− 1

si+1

)
−B(si+1) · ŝi+1

)
G ′
(si+1)

+
t3i
3!
G ′′′

(si+1 − θt)
)
. (2.107)

This gives us,

G(si+1 + ti)− G(si+1) ⩾ ti

(
G ′
(si+1)

)(
1− n− 1

2si+1

ti −
1

2
B(si+1) · ŝi+1ti

)
− t3i

3!
G ′′′

(si+1 − θti). (2.108)

This simplifies, noting that, G ′(si+1) ⩽ 0, and that ti ⩽ t has been chosen

arbitrarily small in comparison to inf
Ω′

m

dist(x, ∂Ω),

G ′
(si+1) ⩽

1(
1− ti(

n−1
2si+1

+ 1
2
B(si+1) · ŝi+1)

)(G(si+1 + ti)− G(si+1)

ti

+
t2i
3!
G ′′′

(si+1 + θti)
)
. (2.109)

Using the binomial approximation, we have,

G ′
(si+1) ⩽

(
1+ti(

n− 1

2si+1

+
1

2
B(si+1)·ŝi+1)

)(G(si+1 + ti)− G(si+1)

ti
+
t2i
3!
G ′′′

(si+1+θti)
)
.

(2.110)

Further note,

G ′
(si − t) = G ′

(si)− tG ′′
(si) +

t2

2!
G ′′′

(si − θ2t), (2.111)
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for some θ2 < 1. Using the fact that, G(si−t)−G(si) = G(si+1)−G(si+1+ti) > 0,

and that 0 ⩽ ti ⩽ si − si+1 ⩽ t, and ti ⩽ t sufficiently small, we get from

Eq. (2.110), that,

G ′
(si+1) ⩽

(
1+ti(

n− 1

2si+1

+
1

2
B(si+1)·ŝi+1)

)(G(si)− G(si − t)

t
+
t2i
3!
G ′′′

(si+1+θti)
)
.

(2.112)

Using Eq. (2.105), we get,

G ′
(si+1) ⩽

(
1+ti(

n− 1

2si+1

+
1

2
B(si+1)·ŝi+1)

)(
G ′(si−t)+

t

2
G ′′(si)−

t2

2
θ′1G ′′′(si−θ1t)

+
t2i
3!
G ′′′

(si+1 + θti)
)
. (2.113)

Now using Eq. (2.111), we get,

G ′
(si+1) ⩽

(
1+ti(

n− 1

2si+1

+
1

2
B(si+1) · ŝi+1)

)(
G ′
(si)−

t

2
G ′′(si)+

t2

2!
G ′′′

(si−θ2t)

− t2

2
θ′1G ′′′(si − θ1t) +

t2i
3!
G ′′′

(si+1 + θti)
)
. (2.114)

So we get, using also Eq. (2.100), that,

G ′
(si+1) ⩽ G ′

(si) +
ti
2

(n− 1

si+1

+ B(si+1) · ŝi+1)
)
G ′
(si)

+
t

2

(n− 1

si
+ B(si) · ŝi)

)
G ′
(si) + O(t2), (2.115)

where the implied constant for theO(·) term depends on the domain x : G(x) ⩽ G(si).

Noting that ti ⩽ t, and that si+1 = si −O(t), we get,

G ′
(si+1) ⩽ G ′

(si)+ t
(n− 1

si
+
1

2
B(si+1) · ŝi+1)+

1

2
B(si) · ŝi)

)
G ′
(si)+O(t

2).

(2.116)
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For a fixed domain Ω′
m, we enumerate the radial distances from yi to the points

of maximum as {uj}∞j=1, with u1 = bi,k0 and the radial increments as t, where t is

arbitrarily small in comparison to bi,k0 as well as arbitrarily small in comparison

to dm := min{dist(x, ∂Ω) : x ∈ Ω′
m}.

Let uj+1 be the point of maximum of the level set G(uj+t). In case that G(uj+t) <

1/m, we terminate with a value of t∗ ⩽ t and repeat the same argument.

We then start the iteration from uj+1, and iterate with decrements of length

t, using Lemma 2.9. We write vj,1 = uj+1, and then vj,2 being the point of

maximum of the level set G(vj,1 − t). In this case, we have G(vj,2 + t1) = G(vj,1)

and by definition t1 ⩽ t. For all n ⩾ 2, we define the vj,n and tn analogously. By

definition, we have, 0 ⩽ tn ⩽ (vj,n − vj,n+1) ⩽ t.

In this case, we get, by an argument similar to Eq. (2.84), that,

|G ′(vj,n+1)| =
t

tn

(
|G ′(vj,n)|+

t

2
G ′′(vj,n + θ2t)

)
− tn

2
G ′′(vj,n+1 + θ1t

′
j).

(2.117)

We consider the two separate cases; first when

(a′) : |G ′(vj,n)|tn ⩽ |G ′(vj,n)|t−
((n− 1)

bi,k0
+

M

d1−βm

)
|G ′(vj,n)|+ 2 sup

Ω′
m

|G ′′(r)|
)
t2.

(2.118)

In this case, we clearly have from Eq. (2.117), using that tn ⩽ t, that,

|G ′(vj,n+1)| ⩾ |G ′(vj,n)|
(
1 +

((n− 1)

bi,k0

)
t+

M

d1−βm

t
)
+ 2 sup

Ω′
m

|G ′′(r)| t
2

tn

+
t2

tn
G ′′(vj,n + θ2t)−

tn
2
G ′′(vj,n+1 + θ1t

′
j)

⩾ |G ′(vj,n)|
(
1 +

(n− 1)

bi,k0
t +

M

d1−βm

t
)
. (2.119)
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On the other hand, when we have the inequality opposite to Eq. (2.118),

(b′) :
((n− 1)

bi,k0
+

M

d1−βm

)
|G ′(vj,n)|+2 sup

Ω′
m

|G ′′(r)|
)
t2+ |G ′(vj,n)|tn > |G ′(vj,n)|t

⇔ −
((n− 1)

bi,k0
+

M

d1−βm

)
|G ′(vj,n)|+2 sup

Ω′
m

|G ′′(r)|
)
t2 +G ′(vj,n)tn < G ′(vj,n)t

(2.120)

then for the sequence vj,n|n⩾1 for this fixed j, noting that tn ⩽ (vj,n − vj,n+1) ⩽ t

arbitrarily small, we see first using Lemma 2.9 , that,

G ′
(vj,n+1) ⩽ G ′

(vj,n)+ t
(n− 1

vj,n
+

1

2
B(vj,n+1) · v̂j,n+1+

1

2
B(vj,n) · v̂j,n

)
G ′
(vj,n)

+ Om(t
2). (2.121)

Here we have two separate cases, once when,

(∗) :
(n− 1

vj,n
+

1

2
B(vj,n+1) · v̂j,n+1 +

1

2
B(vj,n) · v̂j,n

)
< 0,

when, using Eq. (2.121), and substituting the expression for tG ′(vj,n) from Eq. (2.120),

that,

G ′
(vj,n+1) ⩽ G ′

(vj,n)+ tn

(n− 1

vj,n
+
1

2
B(vj,n+1) · v̂j,n+1+

1

2
B(vj,n · v̂j,n)

)
G ′
(vj,n)

+Om(t
2) ⩽ G ′

(vj,n) + (vj,n − vj,n+1)
(n− 1

vj,n
+

1

2
B(vj,n+1) · v̂j,n+1

+
1

2
B(vj,n) · v̂j,n

)
G ′
(vj,n) + Om(t

2). (2.122)

On the other hand, as opposed to (*) when we have,

(∗∗) :
(n− 1

vj,n
+

1

2
B(vj,n+1) · v̂j,n+1 +

1

2
B(vj,n) · v̂j,n

)
⩾ 0,

then we get directly from Eq. (2.121), using −t ⩽ −(vj,n − vj,n+1),
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G ′
(vj,n+1) ⩽ G ′

(vj,n) + (vj,n − vj,n+1)
(n− 1

vj,n
+

1

2
B(vj,n+1) · v̂j,n+1

+
1

2
B(vj,n) · v̂j,n

)
G ′
(vj,n) + Om(t

2). (2.123)

Momentarily ignoring the second order term above, we get from Eq. (2.123) the

reversed differential inequality, when t→ 0, that

∂2Gi(·, 0)
∂r2

+
(n− 1)

r

∂Gi(·, 0)
∂r

+ B · r̂ ∂Gi(, 0)
∂r

⩾ 0. (2.124)

This calculation was performed for a fixed m as defined earlier.

Define αm :=
(

(n−1)
bi,k0

+ M

d1−β
m

)
, and βm := 2 sup

Ω′
m

|G ′′(r)|, then, Eq. (2.120) can also

be written as,

(b′′) : |G ′(vj,n)|tn ⩾ |G ′(vj,n)|t− αm|G ′(vj,n)|t2 − βmt
2. (2.125)

In the case that |G ′(uj+1)| = |G ′(vj,1)| ⩾ Kmt, for some Km, dependent on m,

to be chosen sufficiently large in comparison to βm, we get for r = 1, from the

condition (b”) of Eq. (2.125), that,

t1 ⩾ t
(
1− αmt−

βm
|G ′(vj,1)|

t
)
⩾ t
(
1− βm

Km

− αmt)
)
. (2.126)

On the other hand, when, |G ′(uj+1)| = |G ′(vj,1)| ⩽ Kmt, then |G ′(uj+1)|t ⩽ Kmt
2.

For any n ⩾ 1, in the situation of Eq. (2.125), we get as deduced in Eq. (2.123),

that,

|G ′
(vj,n+1)| ⩾ |G ′

(vj,n)|+ (vj,n − vj,n+1)
(n− 1

vj,n
+

1

2
B(vj,n+1) · v̂j,n+1

+
1

2
B(vj,n) · v̂j,n

)
|G ′

(vj,n)| + Om(t
2). (2.127)

On the other hand, note that in the corresponding case (a’) of Eq. (2.119), there

is no Om(t
2) term on the right side of the inequality.
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We define the Riemann sum, ∆t(uj, uj+1) = sup
w(t,uj ,uj+1)

N(t,uj ,uj+1)∑
p=0

t|B(wp)|, where

the supremum is taken over all sequences w(t, uj, uj+1), where w0 = uj and

wN(t,uj ,uj+1) = uj+1, and for each p ⩾ 1, we have |wp| = |wp−1|+ t.

Then define ∆(uj, uj+1) = lim sup
t→0

∆t(uj, uj+1). More generally, one defines for

any a, b ∈ Ω with |a| < |b|, the term ∆(a, b) = lim sup
t→0

∆t(a, b) in an identical

manner.

Now, we show,

Lemma 2.10. For all t arbitrarily small in comparison to α−1
m , β−1

m , when |G ′(vj,1)| =

|G ′(uj+1)| > Kmt, for any j ⩾ 1, with Km ≫ βm, there exist constants c,∆(Ω),

so that, K ′
m = e−∆(Ω)Km, so that for all n ⩾ 2, we have |G ′(vj,n)| > K ′

mt.

We have to ensure that through successive iterations of Eq. (2.127) , the Om(t
2)

term does not dominate the main term on the right of Eq. (2.127).

Proof of Lemma 2.10. Note that for any n ⩾ 1, whenever we are in the regime

of case (a’) of Eq. (2.118), then from Eq. (2.119), we clearly get |G ′(vj,n+1)| >

|G ′(vj,n)|
(
1 + (n−1)

bi,k0
t + M

d1−β
m

t
)
. In the case we are in the regime of (b’) and thus

Eq. (2.127), first note that, |vj,r|− |vj,r+1| ⩾ tr, for any r ⩾ 1. For any 1 ⩽ r < n,

using induction, we note that in the regime of (b”), the condition of Eq. (2.126)

holds with Km replaced with K ′
m, i.e., t ⩾ tr ⩾ t

(
1− βm/K

′
m− tαm

)
. Thus tr is

approximable by t when βm/K
′
m ≪ 1, and the number of times the Om(t

2) term is

applied for the j′th iteration, is upper bounded by ≲ Nj,n < (|uj+1| − |vj,n|)/tr ≈

(|uj+1| − |vj,n|)/t where one ignores corrections of the order of O(t3) or higher.

Thus, the total contribution of the error term is bounded by Nj,nOm(t
2) ≲
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(diamΩ)t. The main contribution now comes from either Eq. (2.119) or the

main term of the right of Eq. (2.127), and one gets, when t is small enough, by

using the same argument as in Eq. (2.93)(with the reverse inequality), noting

that |vj,1| > |vj,n|,

|G ′(vj,n)| ⩾ |G ′(vj,1)|
|vj,1|n−1

|vj,n|n−1
e−c∆(vj,n,vj,1) − C(diamΩ)t+Om(t

2)

⩾ Kmte
−c∆(vj,n,vj,1) − C(diamΩ)t+Om(t

2) >
1

2
Kmte

−c∆(vj,n,vj,1). (2.128)

We note that the drift is integrable, and so we have, ∆(a, b) < ∆ for any a, b ∈ Ω

and for some uniform ∆ ⩾ 0, and it is enough to choose K ′
m ≈ Kme

−c∆.

We can show that,

Lemma 2.11. When |G ′(vj,1)| = |G ′(uj+1)| ⩾ Kmt, we get,

∣∣∣G ′(uj)
∣∣∣ ⩾ ∣∣∣G ′(uj+1)

∣∣∣( |uj+1|n−1

|uj|n−1

)
e−c∆(uj ,uj+1). (2.129)

Proof. This result will follow from repeatedly using Eqs. (2.119) and (2.127).

Recall that, vj,1 = uj+1, and for each r ⩾ 2, vj,r+1 is the point of maximum of

the level set G(vj,r − t). Hypothetically one of the two following cases happen:

• The values |vj,n| converge, as n→ ∞, to some value vj with |vj| > |uj|, or

• For some n0, we have that |vj,n0 | − |uj+1| = t∗∗ ⩽ t.

In the case where the sequence |vj,n| converges, as n → ∞, and thus also a

subsequence vj,nk
→ vj for some value vj with |vj| > |uj|, then we are in the

situation of Eq. (2.119) for all large enough k, and thus either G ′(vj,nk
) → ∞ as

k → ∞, which is a contradiction to the fact that G is locally in C3,α outside the

pole of the Green’s function, or G ′(uj+1) = 0 and we would be done as well.
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Otherwise in the second case, by using Eq. (2.119) or the main term on the

right hand side of Eq. (2.127), whichever is applicable in each step depending on

whether condition (a) or (b) is satisfied, noting by Lemma 2.10 that the total

contribution of the NjOm(t
2) → 0 as t→ 0, where Nj ≲ (|uj+1| − |uj|)/t, we get

the claimed result.

Note that for each j ⩾ 1, we have |uj+1| ⩾ |uj| + t, by construction. Also, note

that as m gets large and thus dm → 0, the implied constant in the Om(t
2) term

gets large, and for any fixed m, we choose the increment t small enough.

We start the iteration from the maximum point on the sphere S(0, 1/L), and

consider the first j0 ⩾ 1 so that |G ′(uj0)| ⩽ K ′
mt. Then by the arguments in the

proof of Lemmas 2.10 and 2.11, we get that for all subsequent j ⩾ j0, |G ′(uj)| ⩽

Kmte
∆. In this case, as t → 0, G(uj + t) − G(uj) ≲ K ′

me
∆t2 = Kmt

2 keeping

the contribution up to the second order in t. Starting on the sphere S(0, 1/L)

, till the level set G(·) = 1/m, we have Nm steps in the iteration where by a

crude bound, Nmt ⩽ diamΩ, and thus, the total change in the Green’s function

is bounded by Nme
c∆Kmt

2 ⩽ (diamΩ)Kmt → 0 as t → 0. For all j ⩽ j0, the

result of Lemma 2.11 holds.

The total change in the Green’s function is given up to first order by,

J∑
j=1

G(uj)− G(uj + t) ≈ |G ′(uj)|t, (2.130)

where for each j, we have G(uj + t) = G(uj+1), |u1| = 1/L, and G(uJ) = 1/m.

This, in the limit as t→ 0, is bounded from above by,

⩽ C ′
∣∣∣∂G
∂r

∣∣∣
bi,k
bn−1
i,k

(
Ln−2 − 1

rn−2
yi,m

)
, (2.131)
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where ri,m is the point which is the maximum distance from the origin on the

level set G(·) = 1/m, and by definition, we have G(ri,m) = 1/m.

After this step, we can take m→ ∞. Then in the limit of m→ ∞, we have that,

s∗i = G
( 1
L
ŝmax, 0

)
= G

( 1
L
ŝmax, 0

)
−G(ri, 0) ⩽ C ′

∣∣∣∂G
∂r

∣∣∣
bi,k
bn−1
i,k

(
Ln−2− 1

rn−2
i,m

)
,

⩽ C ′
∣∣∣∂G
∂r

∣∣∣
bi,k
bn−1
i,k Ln−2, . (2.132)

where ri is the point which is the maximum distance from yi to the boundary,

and by definition, we have G(ri, 0) = 0 .

Now, we will compare Eq. (2.132) and Eq. (2.99). For this, we will use Lemma 2.7.

Given any i, we choose k large enough so that we have two points ai,k, bi,k ⩽

yi,min satisfying Lemma 2.7. Now comparing the right hand sides of Eqs. (2.99)

and (2.132), we conclude that yi,min can’t be arbitrarily small, thus establishing

Eq. (4.23), and Case (i) is established.

Case(ii). The proof for Case (ii) follows with the same essential argument as that for

Case(i) outlined above. In this case, for each large enough integer N , we have

f(sN) > Nf(2sN) for some sN ⩾ s̃N . Then the preceding condition implies that

there exist boundary points zN ∈ ∂ΩN , z2N ∈ ∂Ω2N with z2N being the point at

the minimum distance to ∂Ω2N from the origin, and zN being the point at the

maximum distance to ∂ΩN , and the ratio

|zN |/|z2N | → ∞ as N → ∞ (2.133)

In this case, consider the sphere S(0, |zN |) of radius |zN |, which by definition is

contained inside the sphere S(0, 1/2) since we have sN ⩾ s̃N = max
S(0,1/2)

G(x, 0).
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Then analogous to the earlier case, consider the point s∗ = max
x∈S(0,|zN |)

G(x, 0) =

G(zN , 0), by definition of the point zN being the point at the maximum distance

to ∂ΩN from the origin.

In this case, one argues identically as in Case(i), looking at the points of maximum

and minimum of the level sets of the Green’s function for the proof of Eq. (4.23),

using essentially again Eqs. (2.99) and (2.132), using a sequence of points for each

fixed N , labelled aN,k, bN,k|∞k=1 converging to 0 as k → ∞ satisfying the condition

of Lemma 2.7

This would give us, similar to Eq. (2.132), that,

s∗N ⩽ C ′
∣∣∣∂G
∂r

∣∣∣
bN,k

bn−1
N,k

1

|zN |n−2
. (2.134)

Further, anaogous to Eq. (2.99), we would also have for some C1 > 1 that,

2s∗N − 1

C1

s∗N ≳ C
∣∣∣∂G
∂r

∣∣∣
aN,k

an−1
N,k

( 1

|z2N |n−2
− 1

|zN |n−2

)
(2.135)

Using these two equations above, as well as Lemma 2.7, using Eq. (2.133), we get a

contradiction as N → ∞.

This concludes the proof of Theorem 4.13.

We now prove Theorem 2.3.

Proof of Theorem 2.3. We use the pointwise upper bound on G(x, 0), the Harnack

principle for the solutions for L and LT , and a standard argument using the Green’s

functions for balls contained in B(0,1) and the maximum principle. We also use the

standard fact mentioned in the introduction that G(x, y) = GT (y, x) where GT is the

Green’s function corresponding to the adjoint operator.
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Consider without loss of generality any point w ∈ S(0, r). Call δ(w) = dw. Then

consider the integer m so that 2mdw ≈ 1. Then one can choose a sequence of 2m + 1

many points {0 = w0, w1, . . . , w2m = w}, where for each 0 ⩽ i ⩽ 2m, the point wi lies on

the line joining 0 and w, and for each m, we have |w2i−w2i−1| ≈ |w2i+1−w2i| ≈ 2m−idw

where the implied constant is independent of m.

By repeated use of Harnack’s inequality, we have,

G(w1, 0) = G(w1, w0) = GT (w0, w1) = KGT (w2, w1) = KG(w1, w2) = K2G(w3, w2) =

K4G(w5, w4) = .. = K2tG(w2t+1, w2t) = . . . .

Note that from Theorem 4.13, we have bounds for G(w1, w0). Thus, by another use

of the Harnack inequality, we get, for any x ∈ S(w, 1
2
δ(w)), with the constant K(k)

dependent on k, that

G(x,w) ⩽ K(m). (2.136)

Now, consider the Dirichlet Green’s function Gball(·, w) for the ball B(w, 1
2
δ(w)).

Then we have uniform estimates on |B| ⩽ M ′(m) in this ball B(w, 1
2
δ(w)). Then

by arguments such as in [KS19, Mour23] we have interior estimates for Gball,

Gball(x,w) ⩽
K ′(M ′(m))

|x− w|n−2
when x ∈ B(w,

1

4
δ(w)). (2.137)

Then by the maximum principle, we have,

G(x,w)− Gball(x,w) ⩽ K(k), when x ∈ B(w,
1

2
δ(w)). (2.138)

In particular, for x ∈ B(w, 1
4
δ(w)), we have,

G(x,w) ⩽ K(m) +
K ′(M ′(m))

|x− w|n−2
. (2.139)
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Now consider the length rw(dependent on m) so that rn−2
w = K′(M ′(m))

K(m)
In that case, we

see that,

G(x,w) ⩽ 2K(m)

|x− w|n−2
, when x ∈ B(w, rw). (2.140)

If we have rw ⩽ 1
4
δ(w), then by using Harnack inequality, we extend the inequality to

the entire ball B(w, 1
2
δ(w)).

In case rw >
1
4
δ(w), then for any x ⩽ 1

4
δ(w), we already have the result in the ball

B(w, 1
4
δ(w)) which we also extend to B(w, 1

2
δ(w)).

For points in w ∈ B(0, r), we essentially repeat the same argument with a fewer

number of steps and better constants. This concludes the proof.

Remark 2.12. We note that the geometry of the unit ball is important in the proof of

the result, in Lemma 8 .One expects the same result to hold in more general bounded

Lipschitz domains, and in future we expect to work on this question in more general

domains.(11)

Remark 2.13. Note that, by arguments similar to Lemma 2.7, we can also prove the

following:

Lemma 2.14. There is a uniform constantM1 so that for any configuration of the drift

that satisfies Eq. (2.1) and Eq. (2.2), we have a sequence ak|∞k=1 of minimum points, so

that,

∣∣∣∂G
∂r

∣∣∣
ak
an−1
k ⩾M1. (2.141)

(11)Note that the result of [Ha24] proves the existence of solutions for the case of bounded Lipschitz
domains.
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This follows by the use of the result of Theorem 4.11; that the Green’s function has

to grow sufficiently fast as one moves closer to the origin. A similar argument is also

used in [Pat24], for the specific case of a drift whose magnitude is radially symmetric in

the ball. Using Lemma 2.14, we can give another alternate argument for Lemmas 2.10

and 2.11 and the argument after Lemma 2.11 as well.

Remark 2.15. Note that since the pole of the Green’s function in our case is at the

origin of the ball, the integrating factor is forced to have a finite value in Lemma 2.10.

For points away from the origin, one would need a finer study of the points of maximum

of the level sets of the Green’s function in Ω′
m \ B(0, 1/L), and we will study this in

future.

The argument presented here for the drift term does not immediately generalize to

this broader set of operators with elliptic terms in divergence or non-divergence form.

Specifically, a version of Eq. (2.64) does not hold for a general elliptic term in place of

the Laplacian.
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Chapter 3

A counterexample diverging like
inverse distance to boundary for
solutions to elliptic equations with
drifts.

3.1 Preliminaries.

Consider the unit ball of radius 1 with center at origin, Ω = B(0, 1) ⊂ Rn,n ⩾ 3,

and the sequence of operators, for m ⩾ 100(1),

Lmu = −∇ · (∇u) + Bm · ∇u (3.1)

where for each m, Bm is the drift which is of the form,

B⃗m =

{
− C

1−|r| r̂ |r| ⩽ 1− 1
m

−Cmr̂ 1− 1
m
< |r| < 1,

(3.2)

for any arbitrary constant C ⩾ 1. Here, we use the notation that r̂ is the unit vector

at the point r̂ = r⃗
|r⃗| , with |r⃗| the magnitude of the vector r⃗.

As m → ∞, this approximates a drift that behaves like the inverse distance to the

(1)The number 100 is chosen large enough for convenience so that the argument of Theorem 4.11
remains unaltered for the special case of Gm(x, 0) in the ball B(0, 1), and the test functions considered
in that proof are disjoint from the region |r| > 1− 1

m , for all m ⩾ 100.
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boundary, that has been considered in more general domains Ω, in [HL01, KP01];

δ(X)|B(X)| < M. (3.3)

Here, δ(X) denotes the distance of the point X to the boundary.

One is referred to recent works on the existence of the Green’s function in the

distributional sense, pointwise bounds on Dirichlet Green’s functions in certain settings,

and some scale invariant regularity estimates of solutions in the setting of Lorenz spaces

and the Kato spaces and for the non-divergence form elliptic operator, in [KS19, Sak1,

Sak2, Mour23, HK20].

The following existence and uniqueness (up to a set of measure zero) result for the

Green’s function is well known, where the drift is bounded, in bounded domains. See

for example, Section 5 of [KS19]. or more generally Theorem 6.1 of [Mour23].

Theorem 3.1. For any bounded domain Ω ⊂ Rn, there exists a unique non-negative

function Gm : Ω×Ω → R ∪ {∞}, called the Green’s function associated with Lm, such

that the following holds:

1. Gm(·, y) ∈ C(Ω \B(y, s)) ∩W 1,2(Ω \B(s, y)) ∩W 1,1(Ω) ∀y ∈ Ω,∀s > 0.

2.
´
Ω

(
∇xGm(x, y) · ∇ϕ(x) + Bm · (∇xGm(x, y))ϕ(x)

)
dx = ϕ(y) for all ϕ ∈ C∞

c (Ω).

For the case of an operator with only the elliptic principal term and no lower order

terms in a domain Ω, pointwise upper and lower estimates for the Green’s function with

the pole at x ∈ Ω in the interior region B(x, δ(x)/2) = {y ∈ Ω||x− y| ⩽ δ(x)/2} were

obtained in [GrWi]. Precisely, they showed the existence of constants C1, C2 uniform

on the domain, so that for any y ∈ B(x, δ(x)/2), we have

C1

|x− y|n−2
⩽ G(x, y) ⩽ C2

|x− y|n−2
. (3.4)
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For the case of a drift that is bounded from above by ϵ
δ(X)

where ϵ is sufficiently

small, we also show pointwise upper and lower bounds on the Green’s function in the

[H24]. In fact, the argument for the lower bound in this chapter is essentially the same

as in [H24]. It will be apparent in Section 3 of this chapter, that when we choose C in

Eq. (3.2) small enough, the counterexample fails.

We show the following in Section 3:

Theorem 3.2. For the operator considered in Eq. (3.2), for any m ⩾ 100, with the

drift considered in Eq. (3.2), with C = 1, the Dirichlet Green’s function, defined in

the distributional sense, Gm(x, 0), when evaluated at the point (1
2
, 0, . . . , 0) diverges to

infinity as m→ ∞ .

We note that the claimed proof in Theorem 4.3(a) in Chapter III of [HL01] on the

upper bound on the Green’s function for the elliptic operator in the half plane in Rn,

with n ⩾ 3, with a singular drift term bounded by the inverse distance to the boundary,

does not work as intended, as the purported elliptic version of Lemma 2.10 in Chapter

III of [HL01] can’t be proved, since in turn it relies on the upper bound on the Green’s

function for the parabolic equation with the drift term which is proved in Chapter I of

[HL01] and which does not generalize to the elliptic case.

We first show that lower bounds can be obtained for the Green’s function, uniform

in m, for the Green’s function in the domain B(0, 1
2
).

The Green’s function Gm(x, 0) in this special case is dependent only on the radial

variable, and thus Gm(x, 0) = Gm(|x|, 0).

Theorem 3.3. The Green’s function as defined, G(x, 0) is dependent only on the radial

52



variable, and thus we have, G(x, 0) = G(|x|, 0) for any x ∈ B(0, 1) \ {0}.

Proof. We have the equation

Lmum,ρ =
1

|Bρ(0)|
1Bρ(0), (3.5)

for any ρ < 1
2
, where we write x = (r, θ1, . . . , θn−1). For convenience, we suppress

the dependence on m in the notation. Fix any α ∈ Sn−1, and the co-dimension one

hyperplane Hα perpendicular to α and passing through the origin. One can orient the

axes to define the variable θn−1 as the azimuthal angle on Hα.

We write, x′(x) = (r′, θ′1, . . . , θ
′
n−1) = (r, θ1, . . . , θn−1 + β).

Then consider the function uρ,β(x) = uρ(x
′) = uρ(r, θ1, . . . , θn−1 + β), for some

fixed 0 ⩽ β < 2π. For now, we suppress the dependence of uρ,β on α for notational

convenience. We note that this is a well defined function in the unit ball, and we show

that this also satisfies Eq. (3.5).

We have,

∂

∂r
(uρ,β(x)) =

∂

∂r
(uρ(x

′)) =
∂uρ
∂r′

(x′)
∂r′

∂r
+

n−1∑
i=1

∂uρ
∂θ′i

(x′)
∂θ′i
∂r

=
∂

∂r′
(uρ(x

′)). (3.6)

and we have ∂r′/∂r = 1 and for each i ∈ {1, . . . , n− 1}, that ∂θ′i/∂r = 0.

By a similar argument, we also have for any 1 ⩽ i ⩽ (n− 1),

∂

∂θi
(uρ,β(x)) =

∂

∂θ′i
(uρ(x

′)). (3.7)

Using the structure of the Laplacian we get, noting also that Bm(x),Bm(x′) both

have only a radially inward pointing component at each of these points, of equal mag-

nitude,
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∇ · (∇uρ,β(x)) + Bm(x) · ∇uρ,β(x) = ∇′ · (∇′uρ(x
′) + Bm(x′) · ∇′uρ(x

′)

=
1

|Bρ(0)|
1Bρ(0)(x

′) =
1

|Bρ(0)|
1Bρ(0)(x), (3.8)

where the last equality follows from the radial symmetry of the function, and we write,

∇′ :=
(
∂
∂r′
, ∂
∂θ′1
, . . . , ∂

∂θ′n−1

)
.

This gives us a family of solutions uρ,β for 0 ⩽ β < 2π. By uniqueness of the

solutions, we conclude that all these functions are identical. In particular this forces

that for any r ⩽ 1, the value of uρ,β on S(0, r) ∩ Hα, where S(0, r) is the sphere of

radius r centered at the origin, is constant.

Now, consider the family of unit vectors α ∈ Sn−1, and repeat this argument for any

arbitrary α, rotating the coordinates to have θn−1 to be the azimuthal angle on Hα.

We thus have a family of solutions, all of which coincide., and by repeating the

previous argument, this forces uρ(x) = uρ(|x|).

Now by a standard limiting argument, see, for example Section 6 of [Mour23], we

eventually get pointwise convergence almost everywhere of um,ρi → um in B(0, 1) \ {0}

along a subsequence ρi → 0. We are thus forced to conclude that um(x) = um(|x|).

3.2 Lower bounds on the Green’s function.

The lower bound follows by an argument similar to that used in [GrWi].(2)

While we prove this below for the domain B(0, 1), below more generally in an arbi-

trary not necessarily bounded domain Ω ⊂ Rn. We consider the drift more generally

considered in Eq. (4.4), and the argument remains the same in the special case of

the Green’s function G(x, 0) for the operator in Eq. (3.1), for the drift considered in

(2)This was also outlined in the argument of Lemma 4.3 in Section III in [HL01].
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Eq. (3.2). In particular in this case, the constant K in Theorem 4.11 below is indepen-

dent of the level of truncation m in the drifts Eq. (3.2).

We remark that the Harnack inequality, used routinely in the proof of Theorem 4.11

below, can be used with constants independent of the truncation level m, and can also

be used for the limiting drift of Eq. (4.4), as long as the balls considered stay uniformly

bounded away from the boundary. That is the case in the setting of Theorem 4.11.

One notes the form of the Harnack constant in [GT77] on page 199, for example, which

shows that for any ball B(x, δ(x))η), for uniform η, the Harnack constant is bounded

from above by Cη
0 . As we get arbitrarily close to the boundary, as long as we consider

balls bounded away from the boundary in this manner, the Harnack inequality can

thus be used routinely.

Theorem 3.4. For the elliptic operator with the coefficients satisfying Eq. (3.2) in

B(0, 1) ⊂ Rn, n ⩾ 3, we have the lower bound for the Green’s function for the operator

in Eq. (3.1): for any z, y ∈ Ω with |z − y| ⩽ 1
2
δ(y) := 1

2
dist(y, ∂Ω) we have

G(y, z) ⩾ c0
1

|z − y|n−2
. (3.9)

The proof essentially follows by extending the argument of the proof of Eq.(1.9) of

[GrWi]. This argument appears almost identically in Chapter 4 for the more general

case of an elliptic principal term. For the sake of completeness and condition Eq. (3.2)

that appears in this section, we formulate the proof here, as well as in Chapter 4.

Proof of Theorem 4.11. Take r := |z− y|. Consider a smooth cut-off function η which

is 1 on Br(y) \ Br/2(y) and zero outside B3r/2(y) \ Br/4(y), and further 0 ⩽ η ⩽ 1 and

|∇η| ⩽ K
r
.
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Henceforth, we use the Einstein summation convention, where the summation sign

is implied.

Given the domain B(0, 1), for any admissible test function ϕ, the Green’s function

satisfies the following adjoint equation (Theorem 4.11,(2.) );

ˆ
B(0,1)

(
(∇ϕ) · ∇G(y, x) + G(y, x)B · ∇ϕ

)
dx = ϕ(y) (3.10)

We consider the test function ϕ(x) = G(y, x)η2(x), and first get,

ˆ
B(0,1)

|∇G(y, x)|2η2dx = −
ˆ
B(0,1)

2ηG(y, x)∇G(y, x) ·∇η+G(y, x)η2B ·∇G(y, x)

+ 2G2(y, x)ηB · ∇η)dx. (3.11)

Now by using the bound on the drift term B, the Cauchy inequality with ϵ’s, with

small enough ϵ, for the first two terms on the right,

ˆ
B(0,1)

G(y, x)η∇G(y, x) · ∇ηdx ⩽ ϵ

ˆ
B(0,1)

η2|∇G(x, y)|2dx

+
K2

ϵr2

ˆ
r/4⩽|x−y|⩽3r/2

G(y, x)2dx,

ˆ
B(0,1)

G(y, x)η2∇G(y, x) · Bdx ⩽ ϵ

ˆ
B(0,1)

η2|∇G(x, y)|2dx

+
K

ϵδ(y)2

ˆ
r/4⩽|x−y|<3r/2

G(y, x)2dx. (3.12)

Using the bounds on the cut-off function η introduced above, and hiding the term

with the square of the gradient of G(y, x), we get,

ˆ

r/2<|x−y|<r

|∇G(y, x)|2dx ⩽
(
K1

1

r2
·

ˆ

r/4<|x−y|<3r/2

G(y, x)2dx
)

+
(
K2

1

rδ(y)
·

ˆ

r/4<|x−y|<3r/2

G(y, x)2dx
)
+
(
K3

1

δ(y)2
·

ˆ

r/4<|x−y|<3r/2

G(y, x)2dx
)
.

(3.13)
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Noting that r ⩽ 1
2
δ(y), we get

ˆ

r/2<|x−y|<r

|∇G(y, x)|2dx ⩽ K̃
1

r2
·
( ˆ

r/4<|x−y|<3r/2

G(y, x)2dx
)

⩽ K̃rn−2
(

sup
r/4⩽|x−y|⩽3r/2

G(y, x)2
)
. (3.14)

Again as in [GrWi], choose a similar cut-off function ϕ that is 1 on Br/2(y) and zero

outside Br(y), and using it as the test function we get,

1 =

ˆ

r/2⩽|x−y|⩽r

(∂iG(y, x)∂iϕ+ G(y, x)Bi∂iϕ
)
dx)

⩽ M
K

r

ˆ

r/2⩽|x−y|⩽r

|∇G(y, x)|dx +
M

rδ(y)

ˆ

r/2⩽|x−y|⩽r

G(y, x)dx. (3.15)

Using the identity of Eq. (4.69), and Cauchy’s inequality for the first term on the

right, along with a trivial volume bound, and finally Harnack’s inequality,

1 ⩽ Krn−2 sup
r/4⩽|x−y|⩽3r/2

G(y, x) ⩽ K|z − y|n−2G(y, z). (3.16)

Using Harnack inequality, and Theorem 4.11, we immediately get,

Corollary 3.5. For the elliptic operator with the coefficients satisfying Eq. (3.2) in

B(0, 1) ⊂ Rn, we have the lower bound for the Green’s function for the operator in

Eq. (3.1): for any z, y ∈ Ω with |y − z| ⩽ 1
2
δ(z) := 1

2
dist(z, ∂Ω) we have

G(y, z) ⩾ c0
1

|z − y|n−2
. (3.17)

In other words, we can interchange the order of the arguments for the Green’s

function, in this result.
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3.3 Counterexample for uniform upper bounds.

Proof of Theorem 2. In this case, we consider the domain B(0, 1) and for all m ⩾ 3,

the operator Lm with the drift Bm as considered in Eq. (3.2) in the introduction.

For the points on the x-axis, henceforth we simply write a in place of the point

(a, 0, . . . , 0). We consider the above ODE of Eq. (3.18) along the x-axis.

Consider the pole of the Green’s function to be at the origin. Since the Green’s

function G(x) = G(x, 0) in this case is dependent only on the radial coordinate, after

writing the expression of Eq. (3.1) in polar coordinates, noting that the generalized

solution of Theorem 4.11 is in this case also a classical solution to Lmu = 0 in B(0, 1)\

{0}, we will actually solve in (0, 1) \ {0} the equation,

dG2
m

dr2
+
n− 1

r

dGm
dr

+ Bm · r̂ dGm
dr

= 0. (3.18)

The level sets of the Green’s function are the spheres with center at the origin, and

dG
dr
< 0 for all 0 < r < 1. By definition, G(t) = 0 when |t| = 1. In this construction, we

will later use the fact that the lower bound from Theorem 4.11 exists with point-wise

bounds independent of m, in the subdomain B(0, 1
4
).

By using a standard integrating factor, we get from Eq. (3.18) that,

(rn−1G ′

me
´ r
1 Bmdt)′ = 0, (3.19)

where (·)′ denotes the derivative with respect to r.

rn−1G ′
m(r)e

´ r
1 Bmdt = an−1G ′

m(a)e
´ a
1 Bmdt, (3.20)

and thus,

G ′
m(r) =

1

rn−1
an−1G ′

m(a)e
−
´ r
a Bmdt (3.21)
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For a fixed m, we distinguish two cases,

• 0 < a < r ⩽ 1− 1
m
.

In this case, the integral on the exponential gives us,

−
ˆ r

a

Bmdt =
ˆ r

a

C

1− t
dt = C log(

1− a

1− r
). (3.22)

Thus, we have,

G ′
m(r) =

1

rn−1
an−1G ′

m(a)
(1− a

1− r

)C
. (3.23)

• 0 < a < 1− 1
m
< r < 1. In this case, the integral on the exponential gives,

−
ˆ r

a

Bmdt =
ˆ 1− 1

m

a

C

1− t
dt+

ˆ r

1− 1
m

C

1− (1− 1
m
)
dt =

ˆ 1− 1
m

a

C

1− t
dt

+ (r − 1 +
1

m
)Cm = C log

(
m(1− a)

)
+ Cm(r − 1 +

1

m
) (3.24)

Note that Gm(1) = 0.

We note, using the maximum principle, that the Green’s function is radially non-

increasing, and this the radial derivative is non positive. We now note the existence

of some positive constant C0, independent of m, so that there exists a decreasing

sequence(3) ak,m → 0, k ⩾ 0, and a0,m < 1/4, so that for each k ⩾ 0

∣∣dGm
dr

∣∣∣
ak,m

∣∣ ⩾ C0

an−1
k,m

. (3.25)

(Here, as usual, by ak,m we mean the point (ak,m, 0, . . . , 0).) If this is not true, and for

any θ > 0, for all sufficiently small a ⩽ a0,m, we have

∣∣dGm
dr

∣∣
a
<

θ

an−1
, (3.26)

(3)Instead of a sequence, it is enough to just find a single point with the stated property.
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then we will get a contradiction to the lower bound coming from Theorem 4.11, since

in that case by integrating Eq. (3.26), we will get, noting again that ∂G
∂r
< 0,

Gm(p, 0)− Gm(ai,m, 0) ⩽
θ

n− 2

( 1

pn−2
− 1

an−2
i

)
. (3.27)

Thus, when θ is sufficiently small compared toK we get a contradiction to Eq. (4.72)

, as Eq. (3.27) shows that the increase of the values of the Green’s function is slow

enough as p→ 0,

Gm(p, 0) ⩽ Gm(ai,m, 0) +
θ

n− 2

( 1

pn−2
− 1

an−2
i

)
. (3.28)

so there would have to exist some point pi ⩽ a0,m so that Gm(pi, yi) < K(M)

pn−2
i

, which

is a contradiction to Theorem 4.11.

For simplicity, consider the special case of C = 1. For a fixed m, choosing any ak,m,

with the above property, we get, |(ak,m)n−1G ′
m(ak,m)| > C0, independent of m. Now

integrating Eq. (4.40), from 1/2 to 1, we get, for any m, using Eq. (3.24),

Gm(1)− Gm(
1

2
) = −Gm(

1

2
) = (an−1

k,mG ′
m(ak,m))

(ˆ 1− 1
m

1
2

1

rn−1

(1− ak,m
1− r

)
dr

+

ˆ 1

1− 1
m

1

rn−1
e−

´ r
a Bmdtdr

)
(3.29)

So, we have, noting again that G ′
m(ak,m) < 0,

Gm(
1

2
) ⩾ C0

(ˆ 1− 1
m

1
2

1

rn−1

(1− ak,m
1− r

)
dr +

ˆ 1

1− 1
m

1

rn−1
e−

´ r
a Bmdtdr

)

⩾ C0

(ˆ 1− 1
m

1
2

1

2rn−1

( 1

1− r

)
dr

)
. (3.30)

The above inequality holds with the bound C0 independent of m. As m→ ∞, clearly

the right hand side goes to infinity.

Thus, we can’t get pointwise upper bounds for Gm, independent of m.
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Remark 3.6. We note that if we took the constant C < 1 in Eq. (3.2), then for

Gm(x, 0), one does get a finite value for Gm(
1
2
). More generally, in [?], it is shown

that for any not necessarily bounded domain Ω, there exists a sufficiently small ϵ(Ω)

so that when the constant of the limiting drift of Eq. (4.4), is taken as M = ϵ(Ω), one

gets pointwise upper bounds as expected, in balls bounded away from the pole of the

Green’s function, and the constants are uniform over the domain. (4)

Remark 3.7. This also immediately gives us that the solution for the Poisson-Dirichlet

problem is not well defined in the limit as m → ∞; consider the data f = 1B( 1
2
,ϵ), a

ball of radius ϵ for a small enough ϵ. Consider the problem Lmum = f in B(0, 1),

u = 0 on ∂B. In this case, using Harnack’s inequality and Theorem 2, we have

u(0) =
´
Gm(0, y)f(y)dy → ∞ as m → ∞. Further, using Harnack’s inequality, we

also get that um(t) → ∞ as m→ ∞ for any t ∈ B(0, 1
4
) , and thus one doesn’t get any

solution for the limiting drift, in W 1,2(B(0, 1)).

Remark 3.8. From the symmetry of the problem, and the definition of the elliptic

measure with pole at the origin, it is clear that for any fixed m, the elliptic measure is

equivalent to the Lebesgue measure on the boundary, and thus still doubling. In other

words, identifying the boundary with Sn−1, if we consider any surface ball ∆(p, r) =

B(p, r) ∩ Sn−1 , for some p ∈ S⋉−⊮, and consider the boundary function

f(x) =

{
1, x ∈ B

0, x ∈ Sn \B, (3.31)

then for each m, the elliptic measure ω0
Lm

(∆(p, r)) corresponding to the operator Lm

with pole at the origin, gives us the relative surface measure of ∆(p, r) in Sn−1.

(4)In fact, we show more generally the same result in Chapter 4 of this thesis, when the drift is
’small’ on average in Whitney balls.
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In Chapter III, Section 4 of [HL01], there is a proposed argument, which is expanded

in [H24], giving doubling of the elliptic measure in uniform domains (which contain

Harnack chains) when we have both pointwise lower and upper bounds on the Green’s

function in the form of Eq. (3.4).
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Chapter 4

Doubling of elliptic measure for
drifts diverging at the boundary
with an average smallness
condition.

4.1 Preliminaries.

Consider a 1-sided chord arc domain Ω ⊂ Rn with n ⩾ 3. Consider the linear

operator

Lu = −∇ · (A∇u) + B · ∇u, (4.1)

We assume the drift term is small in an averaged sense over each Whitney region,

which is to say that there exists a β small enough so that for each Whitney cube UQ

in the Whitney cube decomposition of Ω we have,

(1) :

ˆ
UQ

|B|2δ(X)dV ⩽ β2l(Q)n−1, (4.2)

Here |B| denotes the magnitude of the drift term. This is a generalization of the case

considered in Chapter I of [HL01], with the pointwise smallness estimate of the form

|B(x)| ⩽ β

δ(x)
, (4.3)
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for some small enough β.

Here we also require

(2) :

(
n∑
i=0

δ(X)|Bi(X)|+
n∑

i,j=1

|Aij(X)|
)
< M <∞,

n∑
i,j=1

Aij(X)ξiξj ⩾ λ|ξ|2. (4.4)

This enables the use of the Harnack inequality in our arguments, and also is im-

portant in establishing the Bourgain type estimate for the elliptic measure for this

operator.

Also note that the adjoint equation takes the form:

L∗u = −∇ · (A∗∇(u) + B · (u)), (4.5)

We note that solutions for the adjoint equation in general are not a-priori known

to exist, whereas the Lax-Milgram lemma can be used in a routine way to show ex-

istence of solutions for Lu = f for locally integrable f , once one shows coercivity

of the corresponding bilinear form with argument analogous to those used in proving

Theorem 4.13.

One motivation for this work comes from perturbative results such as [H24] that

establishes Lp Dirichlet solvability for the operator L when the drift satisfies a smallness

assumption in a Carleson measure sense as in Eq. (4.7), when we know that the Lp

Dirichlet problem for the operator

L0u = −∇ · (A∇u) (4.6)

is solvable. In turn, such a question with the drifts is motivated by the question of

the rough Dirichlet solvability for the elliptic operator in non-divergence form, since
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the non-divergence form operator can be written as a divergence form expression along

with a drift.

This means that for every Q ∈ D(∂Ω) , we have,

sup
x∈∂Ω,0<r<r0

1

σ(∆(x, r))

ˆ

Ω∩B(x,r)

sup
B(t,δ(t)/2)

(
|B|2(y)δ(y)

)
dt <∞, (4.7)

and further we also have the pointwise bound of the form |B(x)| ⩽ M/δ(x) coming

from Eq. (4.4). The Carleson measure condition of Eq. (4.7) implies with a standard

pigeonholing argument that, for a given small ϵ > 0, for all but a finite number of

Whitney cubes contained in B(x, r) ,

ˆ

UQ

sup
B(t,δ(t)/2)

(
|B|2(y)δ(y)

)
dt < ϵl(Q)n−1. (4.8)

Further, the supremum condition in the integrand forces a pointwise smallness estimate

in each Whitney cube of this type. Such a condition on the drift has been considered

first in [KP01]. There, the authors also proved a result for Dirichlet solvability for

operators with only the principal elliptic term, where the elliptic matrices satisfied the

’DKP’ type condition:

sup
x∈∂Ω,0<r<r0

1

σ(∆(x, r))

ˆ

Ω∩B(x,r)

sup
B(t,δ(t)/2)

(
|∇A|2(y)δ(y)

)
dt <∞. (4.9)

In other results, one establishes pointwise estimates on the Green function, found

most recently in [H24] where one has the pointwise smallness condition of Eq. (4.3)

on the drift. Further, the so called ‘Bourgain’ property’, for the operator with the

Eq. (4.3) assumption, is also found in Chapter 1 of [HL01].

These two ingredients combine to establish the doubling of the elliptic measure,

by an argument found in [Ai06], as mentioned in Theorem 4.6 of this chapter. We
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note that these two ingredients separately are of independent interest. For example,

in [HL18], the Bourgain property for the elliptic measure corresponding to the elliptic

operator without any lower order terms, is essentially used to prove the fact that an

a-priori assumption of BMO-solvability implies Lp Dirichlet solvability. The pointwise

estimates on the Green function with lower order terms is itself of interest in other areas

of partial differential equations[Mour23, Sak1, KS19]. Although the lower pointwise es-

timates are proved by adopting the techniques of [GrWi], the upper pointwise estimates

require more work, and crucially needs a Calderón Zygmund type decomposition of the

Whitney cubes. The Bourgain property in this instance also needs a new argument,

in controlling an upper bound on terms of the form
´
|B|2u2ψ2dV for local solutions

to Lu = 0 and ψ some radially symmetric test function centered on the boundary. In

presence of pointwise estimates of Eq. (4.3), as in [HL01], this is somewhat routine.

However, with the hypothesis of only Eq. (4.2) on the drift, the arguments become

more delicate, in the general setting of the 1−sided chord arc domains.

In [HMT17], it is pointed out that Dirchlet solvability holds by weakening the

hypothesis of Eq. (4.9) in (ii) below, along with the local Lipschitz condition on A as

well as a pointwise estimate on the gradient of |∇A|:

(i)A in Liploc(Ω), |∇A(x)| ⩽ M

δ(x)

(ii) sup
x∈∂Ω,0<r<r0

1

σ(∆(x, r))

ˆ

Ω∩B(x,r)

(
|∇A|2(y)δ(y)

)
dt < ∞. (4.10)

Thus it is natural to ask whether the results of [H24] can be proved for more gen-

eral operators with a Carleson measure condition on the drift, where the supremum
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condition within the integrand is removed,

sup
x∈∂Ω,0<r<r0

1

σ(∆(x, r))

ˆ

Ω∩B(x,r)

(
|B|2(y)δ(y)

)
dt <∞. (4.11)

This means that for Whitney cubes that typically satisfy the smallness assumption,

instead of Eq. (4.8) and thus the pointwise smallness estimate, we only have the aver-

age smallness assumption of Eq. (4.2) considered in this chapter, along with Eq. (4.4).

Because of the Carleson measure condition, by an elementary counting argument, de-

pending on the Carleson measure constant and β, one sees that all but a finite number

of Whitney cubes contained in any Ω ∩ B(x, r) have to satisfy the average smallness

condition of Eq. (4.4).

This thesis establishes doubling of the elliptic measure for this more general situation

of drifts that have a smallness condition Eq. (4.2) on average on every Whitney cube

in a chord arc domain, instead of having a pointwise smallness assumption, along with

a background pointwise bound with the large constant as in Eq. (4.4). This result is

new even for the half space.

We also note that the Carleson measure involves a square of the drift term. If one

worked with a Carleson measure condition of the form

sup
x∈∂Ω,0<r<r0

1

σ(∆(x, r))

ˆ

Ω∩B(x,r)

|B|(y)dt <∞, (4.12)

that has a linear drift term in the integrand, the point-wise estimate on the drift in

Eq. (4.4) along with Eq. (4.12) immediately gives the Eq. (4.11) condition.

In the theory of linear elliptic operators with lower order terms, one typically deals

with some integrability assumption in some Lp or weak Lp space on the drift term,

in order to establish the pointwise estimates on the Green function. This has been
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considered in recent work [KS19, Sak1, Mour23]. When we assume Eq. (4.3), even

with a small constant, in general bounded domains, the drift is not integrable. Our

situation is much more general in that we assume only an average smallness condition

in every Whitney domain.

This work can be seen as the first step in extending the work of [H24], but where

the supremum condition is removed from the integrand in the hypothesis of Eq. (4.7)

. In [H24] we need to use the doubling property in sawtooth domains where we have

the pointwise estimate Eq. (4.3) on the drift.

Even so, there are other adaptations to be made to the methods of [H24] for estab-

lishing Dirichlet solvability with this more general Carleson measure condition on the

drift. This will be studied in future work.

We remark that, in establishing existence almost everywhere with respect to the

elliptic measure, of finite non-tangential limits for solutions to the divergence form

elliptic operators, doubling of the elliptic measure is crucial. See the early papers of

[HW68, HW70, CFMS81].

We note that our result is proved in the general setting of 1−sided Chord arc

domains. Below, we borrow the terminology from other recent works involving the

elliptic measure and chord-arc domains(1) [HMMTZ21].

We prove a local Hardy inequality in Theorem 4.7 in Section 3, and state a global

version in Lemma 4.8. This global version is well known from earlier results going

back at least to [Lew88]. In [H24] we prove the local version of Theorem 4.7 as a

consequence of this global version. However, a direct proof of this local (and thus also

(1)In other terminology, these are also called 1-sided non tangentially accessible domains.
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the global) Hardy inequality using a stopping time argument here is interesting in it’s

own right, and to the best knowledge of the author hasn’t directly appeared in the

literature, except a version of this stopping time argument in [KLT11] for a pointwise

Hardy inequality. (2)

Definition 4.1. Corkscrew domain: [see Definition 2.3 of [HMMTZ21] ] An open set

Ω ⊂ Rn+1 satisfies the interior corkscrew condition if for some uniform constant c wirh

0 < c < 1, and for every surface ball ∆ := ∆(x, r) with x ∈ ∂Ω and 0 < r < diam∂Ω,

there is a ball B(X∆, cr) ⊂ Ω ∩ B(x, r). The point X∆ ⊂ Ω is called an interior

corkscrew point relative to ∆.

Definition 4.2. Harnack Chains: An open connected set Ω ⊂ Rn is said to satisfy the

Harnack Chain condition with constants M,C1 > 1 if for every pair of points x, y ∈ Ω,

there is a chain of balls B1, B2, . . . , Bk ⊂ Ω with k ⩽ M(2 + log+2 Π) that connects x

to y, where

Π :=
|x− y|

min(δ(x), δ(y))
. (4.13)

We have x ∈ B1, y ∈ Bk, Bj ∩ Bj+1 ̸= ϕ for every j ∈ {1, . . . , k − 1} and for every

1 ⩽ j ⩽ k, we have,

C−1
1 diam(Bj) ⩽ dist(Bj, ∂Ω) ⩽ C1diam(Bj). (4.14)

Definition 4.3. Ahlfors-David regular(ADR) boundary: We say that a set E ⊂ Rn

is Ahlford-David regular with constant CAR > 1 if for any q ∈ E, and any 0 < r ⩽

diam(E), we have,

C−1
ARr

n−1 ⩽ Hn−1(B(q, r) ∩ E) ⩽ CARr
n−1. (4.15)

(2)The author is grateful to Juha Lehrbach for the references.
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For such a situation, we have the following well known dyadic decomposition of the

boundary.

Definition 4.4. 1-sided Chord arc domain: A domain Ω ⊂ Rn that satisfies the

Corkscrew condition and the Harnack Chain condition, along with an Ahlfors-David

boundary, is called a 1-sided Chord arc domains.

Lemma 4.5. ( Existence and properties of the “dyadic grid”) [DS1, DS2], [Ch90].

Suppose that E ⊂ Rn is closed n− 1-dimensional ADR set. Then there exist constants

a0 > 0, γ > 0 and C∗ <∞, depending only on dimension and the ADR constant, such

that for each k ∈ Z, there is a collection of Borel sets (“cubes”)

Dk := {Qk
j ⊂ E : j ∈ Ik},

where Ik denotes some (possibly finite) index set depending on k, satisfying

(i) E = ∪jQk
j for each k ∈ Z.

(ii) If m ⩾ k then either Qm
i ⊂ Qk

j or Qm
i ∩Qk

j = ∅.

(iii) For each (j, k) and each m < k, there is a unique i such that Qk
j ⊂ Qm

i .

(iv) diam
(
Qk
j

)
⩽ C∗2

−k.

(v) Each Qk
j contains some “surface ball” ∆

(
xkj , a02

−k) := B
(
xkj , a02

−k) ∩ E.
(vi) Hn

({
x ∈ Qk

j : dist(x,E \ Qk
j ) ⩽ ϱ 2−k

})
⩽ C∗ ϱ

γ Hn
(
Qk
j

)
, for all k, j and for all

ϱ ∈ (0, a0).

Recall the Whitney cube decomposition W = W(Ω). See, for example, Chapter 6

of[St70] ( the reader is referred to Section 6 of [HMMTZ21] or Section 3 of [HM14],
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for example, for the notation and a more detailed exposition of the following standard

constructions).

Here we briefly introduce the main objects.

For each cube Q ∈ D(∂Ω), we have the subfamily WQ ⊂ W , and we define

UQ :=
⋃

I∈WQ

I∗. (4.16)

Here, I∗ is a fattening of the Whitney cube I, and we also write X(I) for the center of

each cube I.

These satisfy the following properties: there exists a point XQ ∈ UQ, and there are

uniform constants k∗, K0 so that,

k(Q)− k∗ ⩽ kI ⩽ k(Q) + k∗, ∀I ∈ W∗
Q,

X(I) →UQ
XQ∀I ∈ W∗

Q,

dist(I,Q) ⩽ K02
−k(Q)∀I ∈ W∗

Q.

Here, X(I) →UQ
XQ means that the interior of UQ contains all the balls in a Harnack

chain in Ω connecting X(I) and XQ, and for any point inside any of these balls in the

Harnack chain, we have dist(Z, ∂Ω) ≈ dist(Z,Ω \ UQ) with control of the constants

uniform on the choice of UQ.

For any given Q ∈ D(∂Ω), the Carleson box relative to Q is defined by,

TQ := int

( ⋃
Q′∈DQ

UQ′

)
. (4.17)

Here, DQ is the subset of the dyadic grid, restricted to Q.

We note that we have not a-priori shown the existence of solutions for this equation

Lu = f + divg⃗ or of the adjoint equation LTu = f + divg⃗, with the drift satisfying the
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conditions of Eqs. (4.2) and (4.4), in Chapter 4. One would need to show boundedness

and coercivity of the associated bilinear form and invoke the Lax-Milgram lemma, along

with the use of Fredholm alternate, as in Section 8.2 of [GT77]. While boundedness

of the associated bilinear form for either L or LT follows readily from Eq. (4.4), the

argument for coercivity is involves hiding the contribution from the integral involving

the drift term, and is effectively the same as the argument given for the upper bound of

the Green’s function. Once solutions are established for both L and it’s adjoint LT , we

can use some standard approximating arguments to show the existence of the Green’s

function in the distributional sense, in a manner similar to Section 6 of [Mour23], as

an example.

4.1.1 Main result.

The main result of the chapter is the doubling of the elliptic measure corresponding

to the operator in Eq. (4.1).

Theorem 4.6. For the operator Eqs. (4.1) and (4.5) with the corresponding elliptic

measure; for any x ∈ ∂Ω, r ⩽ diam ∂Ω, with A(x, r) a corkscrew point relative to the

surface ball ∆(x, r) := B(x, r) ∩ ∂Ω, then for any y ∈ Ω \B(x, 2r), we have

c−1rn−2G(y, A(x, r)) ⩽ ω(y,∆(x, r)) ⩽ ω(y,∆(x, 2r)) ⩽ c2rn−2G(y, A(x, r)).
(4.18)

The Boundary Hölder regularity and subsequently the Bourgain property is stated

and proved in Section 4, and the pointwise upper and lower estimates on the Green

function are proved in Section 5.
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4.2 Notation.

We use the symbol
∑

i,Qi⊂Q
to mean a sum over dyadic sub-cubes contained in the cube

Q. The symbol
∑

i,Qi⊃Q
is used to mean a sum over the dyadic sub-cubes that contain Q.

We use the notation | · | for the volume of a certain set. We also use δ(x) := dist(x, ∂Ω)

to denote the distance to the boundary of a point x ∈ Ω to the boundary ∂Ω.

4.3 Local boundary Hardy inequality.

Theorem 4.7. Suppose Ω ⊂ Rn a not necessarily bounded open set, and Q0 ∈ D(∂Ω)

and u ∈ W 1,2(Ω) ∩ C(Ω), and u|∂Ω = 0. Suppose that the boundary ∂Ω is (n − 1)−

dimensional Ahlfors David regular ( or simply ADR). In that case, for any Q0 ⊂ Dk,

there exists a Q0 ⊂ Dl(k), with l(k) ⩾ k, Q0 ⊂ Q0, and where l(k)
k

= O(1) with the

implied constant independent of the cube Q0.

ˆ
TQ0

(u(x)
δ(x)

)2
dx ≲

(ˆ
TQ0

|∇u|2dx
)
.

Proof of Theorem 4.7. The proof follows by the use of the Whitney decomposition of

Ω, the Poincare inequality, along with a dyadic version of Hardy’s inequality along

with the continuity of u at the boundary.

We note that u = 0 on the boundary. In this case, for any point x ∈ Ω, we consider

a Harnack path that connects x to x̂ which is a point nearest to x on the boundary

with |x− x̂| = δ(x). We enumerate the fattened Whitney cubes.

Up to an implied constant, it will be enough to prove that,

ˆ
TQ0

(u(x)
δ(x)

)2
dV (x) ≲

∑
U∗
Q,

Q∈D(Q0)

ˆ
U∗
Q

(u(x)
δ(x)

)2
dV (x). (4.19)
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We write,

(uQ) :=
1

|UQ|

ˆ
UQ

u(x)dV (x), (u∗Q) :=
1

|U∗
Q|

ˆ
U∗
Q

u(x)dV (x). (4.20)

We write,

∑
UQ

ˆ
UQ

(u(x)
δ(x)

)2
dV =

∑
UQ

ˆ
UQ

(u(x)− (uQ) + (uQ)

δ(x)

)2
dV (x). (4.21)

We have,

ˆ
UQ

(u(x)− (uQ) + (uQ)

δ(x)

)2
dV ≲ 2

ˆ
UQ

(
(u(x)− (uQ)

2

δ(x)2
+

(uQ)
2

δ(x)2

)
dV (x). (4.22)

For the first term on the right, one can use Poincare inequality over the fattened

Whitney cube UQ, to get,

≲ 2

ˆ
UQ

(
|∇u(x)|2 + (uQ)

2

δ(x)2

)
dV (x). (4.23)

Next, we note that if Q1 is any dyadic child of Q, then

|(uQ)− (uQ1)| ⩽ |(uQ)− (u∗Q)|+ |(u∗Q)− (uQ1)|. (4.24)

Here we have the fattened Whitney cubes U∗
Q which contain both of the cubes UQ, UQ1 .

We see by using a crude bound, then Poincare inequality over the region U∗∗
Q , and

finally Hölder inequality and another crude bound, that,

(|(uQ)− (u∗Q)|)2 ⩽
( 1

|UQ|

ˆ
U∗
Q

|u− (u∗Q)|dV
)2

≲

(
l(Q)

|U∗
Q|

ˆ
U∗
Q

|∇u(x)|dV (x)

)2

≲
l(Q)2

|UQ|

ˆ
U∗
Q

|∇u(x)|2dV (x).

By an identical argument one also gets with a slightly different implied constant,

that,

(|u∗Q − uQ1|)2 ≲
l(Q1)

2

|UQ|

ˆ
U∗
Q

|∇u(x)|2dV (x).
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Adding up the two contributions from the above, to get,

|(uQ)− (uQ1)| ≲
l(Q0)

2

|UQ|

ˆ
U∗
Q

|∇u(x)|2dV (x).

This same holds for any pair of cubes Qi, Qi+1 with Qi+1 ⊂ Qi, being a dyadic child

of Qi, and we get, with the implied constant independent of i, that,

|(uQi
)− (uQi+1

)| ≲ l(Qi)
2

|UQi
|

ˆ
U∗
Qi

|∇u(x)|2dV (x). (4.25)

When we sum all the contributions over all the Whitney cubes in the first term on

the right in Eq. (4.23), we get up to an implied constant factor,
´
Ω
|∇u(x)|2dV (x).

We deal with the second term on the right of Eq. (4.23). Take an average over the

cube Q,

2

 
Q

(ˆ
U∗
Q

(uQ)
2

δ(x)2
dV (x)

)
dσ(y) ≈ 2

1

σ(Q)

ˆ
Q

(
(uQ)

2

l(Q)2
|UQ|

)
dσ(y). (4.26)

Note that for any Q′ ⊂ Q with both Q′, Q ∈ D(Q0), we have

l(Q′)σ(Q′) ≈ |UQ′| ≈ |U∗
Q′ |, (4.27)

where the implied constants are uniform over the cubes in D.

In this case, for any k ⩾ 1, and Qk ⊂ Q a k-th generation subset of Q with

Q′, Q ∈ D(Q0), there is a unique sequence of subset Q = Q0 ⊃ Q1 ⊃ Q2 · · · ⊃ Qk

where for each 1 ⩽ j ⩽ k, Qj is a j’th generation subset of Q.

Fix any ϵ, which is to be chosen later. Decompose Q into a countable union of

stopping time regimes,

Q =
∞⋃
l=1

Qnl
,

with Qnl
the maximal stopping time cube with the property that (uQnl

) ⩽ ϵ.
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Then, using Eq. (4.27), for a given such sequence, we consider the contribution to

the right-hand side of Eq. (4.26), which given by,

1

σ(Q)

ˆ
Qnl

(
(((uQ0)− (uQ1)) + . . . ((uQnl−1 − (uQnl

)) + (uQnl
))2

l(Q)2
|UQ|

)
dσ(y)

=
σ(Qnl

)

σ(Q)
|UQ|

((
((uQ0)− (uQ1)) + . . . ((uQnl−1 − (uQnl

)) + (uQnl
)
)2

l(Q)2

)
. (4.28)

Using Eq. (4.27), the above becomes,

≈ l(Q)

l(Qnl
)

|UQnl
|

l(Q)2

( nl−1∑
i=0

(
(uQi

)− (uQi+1
)
)
+ (uQnl

)
)2
. (4.29)

Using the expression Eq. (4.25) which holds for each of the cubes in this sequence, using

the Hölder inequality, and writing l(Q)/l(Qnl
) = (l(Qi)/l(Qnl

))(l(Q)/l(Qi)), noting

that for each Whitney region we have, |U∗
Q| = κ(l(Q))n for any Q ∈ D(Q0), the main

term becomes

≲
( nl−1∑

i=0

√
l(Qi)

l(Q)

√
|UQnl

|
|UQi

|

√
l(Qi)

l(Qnl
)

(ˆ
U∗
Qi

|∇u(x)|2dV (x)
) 1

2
)
)2

≈
( nl−1∑

i=0

√
l(Qi)

l(Q)

( l(Qnl
)

l(Qi)

)n−1
2
( ˆ

U∗
Qi

|∇u(x)|2dV (x)
) 1

2
)
)2
. (4.30)

Note that for each i, the fattened Whitney regions UQi
and UQi+1

have bounded over-

laps. In particular, this implies that the sum of the integrals of the square of the norm

of the gradient over the regions UQi
is a constant multiple of the sum of the integrals of

the square of the norm of the gradient over the regions UQi
, which is the integral over

the entire domain. Now use Cauchy Schwarz inequality to upper bound the above by,

≲

(
nl−1∑
i=0

√
l(Qi)

l(Q)

)(
nl−1∑
i=0

√
l(Qi)

l(Q)

( l(Qnl
)

l(Qi)

)n−1( ˆ
U∗
Qi

|∇u(x)|2dV (x)
))

+ ϵ′Q

= C

(
nl−1∑
i=0

√
l(Qi)

l(Q)

σ(Qnl
)

σ(Qi)

( ˆ
U∗
Qi

|∇u(x)|2dV (x)
))

+ ϵ′Q, (4.31)
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where ϵ′Q is a constant dependent on Q, which we determine below. We note that

the first term on the left can be bounded by an infinite geometric progression since we

have the inclusion of the dyadic cubes, Q ⊃ Q0 ⊃ Q1 · · · ⊃ Qi · · · ⊃ Qnl
for all i ⩽ nl,

and thus can be bounded by a constant K as written above.

We thus get the entire contribution to the right-hand side of Eq. (4.26), using the

continuity of u and that it vanishes to 0 to the boundary, and truncating each chain

at a suitable stage so that the average of u over the final cube of the chain is as small

as chosen. In particular, for this fixed Q, the error ϵ′Q is bounded by

ϵ′Q ⩽
σ(Qnl

)

l(Q)
(uQl

)2 =
l(Qnl

)

l(Q)
l(Qnl

)n−2(uQnl
)2. (4.32)

Without loss of generality, we can extend the chains constructed so that the stop-

ping time cubes Qnl
are such that l(Qnl

) ⩽ 1, and also obviously l(Qnl
) ⩽ l(Q) by

construction. Since n ⩾ 3, and we chose (uQnl
) ⩽ ϵ, we can bound the above term.

Thus for this fixed Q, along a fixed subsequence of decreasing cubes as chosen

above, using the continuity of u at the boundary, we can terminate at some Ql so that

σ(Qnl
)

l(Q)
(uQl

)2 is arbitrarily small.

In this process restricted to the cube Q, the number of stopping time regimes are

countable. Thus, choosing a countable sequence of (ϵ′) ’s in a geometric progression,

and arguing as above, we only have to deal with a countable sequence of chains con-

tained within each cube, to exhaust the integral over the entire cube Q, up to a total

error ϵQ which we control as above.

Repeat this process for each of the chains of cubes contained in Q, starting with

the expression of Eq. (4.28) in each case.

Enumerate this countable set of chains of cubes contained in Q , which we get in
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this process, as C(Q)k|∞k=1 For a given cube Qi ⊂ Q, consider the subset of chains from

the above in which Qi appears, and call it C(Q,Qi) . Each chain in C(Q,Qi) terminates

in some cube Ql ⊂ Qi. Term the length of any chain c ∈ C(Q) as l(c) and the maximal

stopping time cube for the chain c as Qc . Also note that the disjoint union of the

maximal stopping time cubes of the chains C(Q,Qi) is the cube Qi, which we use in

Eq. (4.34).

Now consider the sum in Eq. (4.19), and repeat this above argument for each such

Whitney cube U∗
Q. Rearranging the sum in the second step below, the total contribution

can be bounded by,

K
∑

Q∈(D(Q0)

( ∑
c∈C(Q)

l(c)−1∑
i=0

√
l(Qi)

l(Q)

σ(Qc)

σ(Qi)

(ˆ
U∗
Qi

|∇u(x)|2dV (x)
))

= K
∑

Q∈(D(Q0)

( ∑
Qi⊂Q

∑
c∈C(Q,Qi)

√
l(Qi)

l(Q)

σ(Qc)

σ(Qi)

( ˆ
U∗
Qi

|∇u(x)|2dV (x)
))

. (4.33)

Here, the sum
l(c)−1∑
i

is over all the cubes Qi ∈ D(∂Ω) that constitute the chain c ∈ C,

with Q = Q0 ⊃ Q1 ⊃ . . . Qi ⊃ · · · ⊃ Ql.

Interchange the two sums in the end, for fixed Qi ⊂ Q, and sum over the countable

stopping time cubes Qc contained in Qi, to get that,

∑
c∈C(Q,Qi)

√
l(Qi)

l(Q)

σ(Qc)

σ(Qi)

(ˆ
U∗
Qi

|∇u(x)|2dV (x)
)

=

√
l(Qi)

l(Q)

(ˆ
U∗
Qi

|∇u(x)|2dV (x)

) ∑
c∈C(Q,Qi)

σ(Qc)

σ(Qi)
=

√
l(Qi)

l(Q)

(ˆ
U∗
Qi

|∇u(x)|2dV (x)
))

.

(4.34)

Returning now to the estimate from Eq. (4.33), and using Eq. (4.34), we have, with

a rearrangement of the summation in the second step below,
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K
∑

Q∈D(Q0)

∑
i,Qi⊂Q

(√
l(Qi)

l(Q)

( ˆ
U∗
Qi

|∇u(x)|2dV (x)
))

= K
∑

Q∈D(Q0)

∑
k,Qk⊃Q

(√
l(Q)

l(Qk)

(ˆ
U∗
Q

|∇u(x)|2dV (x)
))

⩽ K ′
∑

Q∈D(Q0)

(ˆ
U∗
Q

|∇u(x)|2dV (x)
))

⩽ K ′′
ˆ
TQ0

|∇u|2dV (x), (4.35)

where the sum over k,

∑
k,Qk⊃Q

√
l(Q)

l(Qk)

is bounded since for a fixed Q the sum runs over the chain of dyadic cubes that contain

Q, and are contained in Q0. Using the bounded overlap of the sets U∗
Q in the last step,

we have the required upper bound in terms of
´
Ω
|∇u|2dV (x).

We can further bound the error contribution from each Whitney region UQ by an

arbitrarily small number ϵQ. Then combining with the fact that
´
Ω
|∇u(x)|2dV (x) <

∞, and a limiting argument, we complete the proof.

We also state the ’global’ version of the Hardy inequality that will be used later on

in Section 4 as well as Section 5.

Lemma 4.8. u ∈ W 1,2(Ω) ∩ C(Ω), with u|∂Ω = 0, we have
( ´

Ω
(u
δ
)2
)
≲
( ´

Ω
|∇u|2

)
.

The proof follows from Theorem 2 of [Lew88] with p = 2, by noting that co-

dimension one ADR boundaries satisfy the uniform fatness condition of [Lew88].It can

also be proved effectively by the same argument as in the local version Theorem 4.7.
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4.4 Boundary Hölder regularity and Bourgain prop-

erty.

We first show boundary Hölder continuity holds with our singular drift term. This

is an adaptation of the proof of Lemma 3.14 in Chapter I of [HL01] for chord-arc

domains.

We have the average bounds from Eq. (4.2), for every Whitney region UQ.

This also implies, up to a constant c1, that,

ˆ
UQ

|B|2dV ⩽ c1β
2l(Q)n−2, (4.36)

The exact value of β is to be determined later in Step 1 as outlined below.

We get the following theorem,

Theorem 4.9. Consider the surface ball ∆(y, 2r) with y ∈ ∂Ω and with r ⩽ diam(Ω).

Consider the solution u to Eq. (4.1) which vanishes continuously on ∂Ω∩∆(y, 2r), and

suppose that the drift term satisfies the averaged smallness condition of Eq. (4.2) and

the pointwise condition of Eq. (4.4). Then there exist constants c = c(γ1,M, n) and

α = α(γ1,M, n), 0 < α < 1 ⩽ c <∞, such that

u(z) ⩽ c
( |z − y|

r

)α
max

B(y,2r)∩Ω
u, (4.37)

whenever z ∈ Ω ∩B(y, r).

Proof. We initially follow the proof of Lemma 3.9 in Chapter I of [HL01]. Extend u

continuously to 0 outside Ω. Consider a radially symmetric test function ψ ⩾ 0, ψ ∈

C∞
0 (B(y, 2κr)) with ψ ≡ 1 on B(y, κr).
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Also, we will choose some constant c > 0 with,

r||∇ψ||L∞ ≲ c. (4.38)

We use uψ2 as a test function, to get,

ˆ
Rn

(∇uψ2) · A∇u+ (B · ∇u)uψ2dV = 0 (4.39)

From here we get,

I1 = c−1

ˆ
Rn

|∇u|2ψ2dV ⩽
ˆ
Rn

(A∇u · ∇u)ψ2dV

⩽ c

ˆ
Rn

|u||∇u|ψ|∇ψ|dV + c

ˆ
Rn

|u||B||∇u|ψ2 := I2 + I3

Using Cauchy’s inequality with ϵ’s , we get that,

I2 ⩽
1

2
I1 + c

ˆ
Rn

|∇ψ|2u2dV. (4.40)

To deal with I3, we use the Cauchy inequality with ϵ’s, noting that ψ ∈ C∞
0 (B(y, 2κr)),

and Harnack’s inequality in the Whitney cubes as above, to get, (3)

ˆ
Ω

u|B||∇u|ψ2dV ⩽ ϵ

ˆ
Ω

|∇u|2ψ2dV +
1

ϵ

ˆ
Ω

|B|2u2ψ2dV

= ϵ

ˆ
Ω

|∇u|2ψ2dV +
1

ϵ

∑
Q⊂D(∂Ω)

ˆ
UQ

|B|2u2ψ2dV. (4.41)

Consider a uniform constant 0 < θ < 1 to be fixed later. It is enough to split the set

of Whitney cubes in the two following categories:

• Consider |supp(ψ) ∩ UQ| > θ|UQ|.

We can write the second term on the right as,

ˆ
UQ

|B|2u2ψ2dV ⩽ (sup
UQ

)2(sup
UQ

ψ)2
ˆ
UQ

|B|2dV. (4.42)

(3)Alternately one can also use Hölder’s inequality here.
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We claim that there exist uniform constants η1 ⩾ 1, 0 < η2 < 1 so that,

for the Whitney cube UQ we have on an ample subset U ′
Q ⊂ (supp(ψ) ∩ UQ)

with the property |U ′
Q|/|supp(ψ) ∩ UQ| ⩾ η2 and thus |U ′

Q|/|UQ| ⩾ η2θ, that

(sup
U ′
Q

ψ)/(inf
U ′
Q

ψ) < η1 and sup
U ′
Q

ψ = (sup
U ′
Q

ψ). (4)

This follows by considering that ψ ⊂ B(y, 2κr) and is radially symmetric within

this ball. For any Whitney ball UQ as described above, consider the point yq ∈ UQ

with yq ∈ ∂UQ, which is closest to the point y, which is where (sup
UQ

ψ) is attained.

Note that ||∇ψ||L∞ ⩽ c
r
and that ψ is smooth, and consider the straight line

joining y to yq, and the intersection of this line with UQ. It is then seen from

the structure of ψ that one gets the uniform η1 and η2 as described above, with

sup
U ′
Q

ψ = (sup
U ′
Q

ψ) = ψ(yq). Fixing the implied constant dependent on θ, if l(Q) ≪θ

ψ(yq), the above claim follows, given any value of ψ(yq) , by looking at the

intersection of the ball B(y, 2κr) with UQ . If l(Q) ≈θ ψ(yq), and in any case

we have l(Q) ≲ r, then noting that ||∇ψ||L∞ ⩽ c
r
≲ c

l(Q)
, and thus that in this

case on UQ, we have ||∇ψ||L∞ ≲ c
ψ(yq)

, we also get the result. In case we have

l(Q) ≫θ ψ(yq), then we will be in the regime of the second case considered below.

Thus for the Whitney cubes that satisfy |supp(ψ) ∩ UQ| > θ|UQ|, we get from

Eq. (4.42) that,

ˆ
UQ

|B|2u2ψ2dV ⩽ (sup
UQ

u)2(sup
UQ

ψ)2
ˆ
UQ

|B|2dV ⩽ β2 l(Q)
n

l(Q)2
(sup
UQ

u)2(sup
UQ

ψ)2

⩽
1

η2θ
C2η21β

2

ˆ
U ′
Q

(uψ)2

δ(x)2
dV ⩽

1

η2θ
C2η21β

2

ˆ
U ′
Q

(uψ)2

δ(x)2
dV

+
1

η2θ
C2η21β

2

ˆ
UQ\U ′

Q

(uψ)2

δ(x)2
dV ⩽

1

η2θ
C2η21β

2

ˆ
UQ

(uψ)2

δ(x)2
dV, (4.43)

(4)Note that the set (supp(ψ) ∩ UQ) is a connected set, the intersection of the ball centered at y,
with the cube UQ which has sides parallel to the axes.
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where C is a constant due to the Harnack inequality.

• Consider |supp(ϕ) ∩ UQ| ⩽ θ|UQ|. Consider any point xQ ∈ supp(ϕ) ∩ UQ and

consider the straight line lxQ,y joining xQ with y. Consider the point y′ ∈ ∂Ω

with y′ ∈ lxQ,y which is the point on the line lxQ,y at the minimum distance from

xQ .

Note that y′ need not equal y. Then it is not hard to see that there exists a Whit-

ney cube UQad
, intersecting the line segment joining xQ, y

′, and not necessarily

sharing a side with UQ so that UQad
⊂ supp(ψ), and inf

UQad

(ψ) > sup
UQ

(ψ). More-

over, we choose the Whitney cube UQad
in this manner to be that at the minimum

distance from UQ along this line, with the property that UQad
⊂ supp(ψ), and

inf
UQad

(ψ) > sup
UQ

(ψ).

dist(UQ, UQad
) ≈ diam(UQad

) ≈ diam(UQ) ≈ dist(UQ, ∂Ω) ≈ dist(UQad
, ∂Ω), with

implied constants uniform overQ. Thus the Whitney cube UQad
belongs to the set

of cubes of the first case above. In fact, for this cube we have, |supp(ψ)∩UQad
| =

|UQad
| Further, on this line, ψ increases from ψ(xQ) to 1 as one moves from xQ

to y.

From here, we get using the pointwise bound on the drift term, that,

ˆ
UQ

|B|2u2ψ2dV =

ˆ
supp(ψ)∩UQ

|B|2u2ψ2dV ⩽M2

ˆ
supp(ψ)∩UQ

u2ψ2

δ(x)2
dV

= CM2

ˆ
U ′
Qad

u2ψ2

δ(x)2
dV. (4.44)

Here we have chosen a subset U ′
Qad

⊂ UQad
, with, |U ′

Qad
| ≈ |supp(ψ) ∩ UQ|.

Here we have used the Harnack inequality for u and incorporated a constant C.

Finally, we get that,
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ˆ
UQ

|B|2u2ψ2dV = CM2

ˆ
U ′
Qad

u2ψ2

δ(x)2
dV ⩽ C ′M2θ

ˆ
UQad

u2ψ2

δ(x)2
dV. (4.45)

Thus, it is enough to consider below,

(ˆ
UQ

|B|2u2ψ2dV+

ˆ
UQad

|B|2u2ψ2dV
)
⩽ (

1

η2θ
C2η21β

2+C ′M2θ)

ˆ
UQad

u2ψ2

δ(x)2
dV

⩽ (
1

η2θ
C2η21β

2 + C ′M2θ)

(ˆ
UQad

u2ψ2

δ(x)2
dV +

ˆ
UQ

u2ψ2

δ(x)2
dV

)
. (4.46)

Here we have used the fact that UQad
belong to the set of cubes of the first case

above, for which the estimate of the first case holds.

Given any Whitney cube UQ in the second category, we have a unique element UQad

of the first category constructed above. From the construction above, UQad
intersects

the straight line lxQ,y and it’s distance from UQ is bounded with a uniform constant

times the diameter of UQ. Thus, there exists a uniform constant n0 so that any Whitney

cube UQad
of the first category can be used for at most n0 many Whitney cubes of the

second category, in this construction.

Thus we have,

∑
Q∈D(∂Ω)

ˆ
UQ

|B|2u2ψ2dV ⩽ n0(
1

η2θ
C2η21β

2 + C ′M2θ)
∑

Q∈D(∂Ω)

ˆ
UQ

u2ψ2

δ(x)2
dV. (4.47)

Thus choosing θ small enough and then β small enough, we get,

∑
Q⊂D(∂Ω)

ˆ
UQ

|B|2u2ψ2dV ⩽
∑

Q⊂D(∂Ω)

β′2
ˆ
UQ

u2ψ2

δ(x)2
dV = β′2

ˆ
Ω

u2ψ2

δ(x)2
dV. (4.48)

Here, β′ can be a-priori chosen and thus β, θ can be chosen dependent on β′.

Then using the global Hardy inequality, we get that,
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β′2
ˆ
Ω

u2ψ2

δ(x)2
dV ⩽ C1β

′2
ˆ
Ω

|∇(uψ)|2dV ⩽ C2β
′2
ˆ
Ω

|∇u|2ψ2dV+C2β
′2
ˆ
Ω

|∇ψ|2u2dV.
(4.49)

Combining with Eq. (4.40), hiding the appropriate term, we will get the left hand

inequality of the following result, noting that ||∇ψ|| ≲ 1
r
,

ˆ
TQ′

|∇u|2dV ⩽ cr−2

ˆ
TQ

u2dV ⩽ c2
ˆ
TQ

|∇u|2dV. (4.50)

Here, Q ⊃ Q is the cube considered as in Theorem 4.7, so that, when Q ∈ D(k), we

have Q ⊂ D(l(k)), with l(k)/k = O(1) with the implied constant the same as in the

statement of Theorem 4.7. since we have,

r−2

ˆ
TQ

u2dV ≲
ˆ
TQ

u2(x, t)

δ(t)2
dV (t) ≲

ˆ
TQ

|∇u|2dV. (4.51)

Here the second inequality on the right follows by the use of Theorem 4.7.

Now consider the weak solution u0 so that to∇·(A∇u0) = 0, as well as the boundary

condition of u0 = u on the boundary of the Carleson box, which we denote ∂TQ. The

boundary Hölder continuity is known for u0 , and we also have u = u0 on the boundary

∂TQ.

In this case, we use w = u− u0 as a test function to get,

ˆ
TQ

(∇w) · A∇u0 = 0,

ˆ
TQ

(∇w) · A∇u+ B · (∇u)w = 0. (4.52)

Subtracting the first equation from the second, and taking absolute values and then

the ellipticity condition on A, noting that w = u− u0, we get that,

ˆ
TQ

|∇w|2dV ⩽
ˆ
TQ

|B||∇u||w|dV. (4.53)
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One notes using the Cauchy-Schwarz inequality twice on the right,

ˆ
TQ

|∇w|2dV ⩽
ˆ
TQ

|B||∇u|wdV =
∑

Q′⊂D(Q)

ˆ
UQ′

|B||∇u|wdV

⩽
( ∑
Q′∈D(Q)

(sup
UQ′

w)2(

ˆ
U ′
Q

B2dV
) 1

2
(ˆ

TQ

|∇u|2dV
) 1

2
. (4.54)

Thus, using Harnack’s inequality, we get up to an implied constant,

ˆ
TQ

|∇w|2dV ⩽ βK
(ˆ

TQ

( w

δ(X)

)2
dV
) 1

2
( ˆ

TQ

|∇u|2dV
) 1

2

⩽ βK
(ˆ

TQ

( w

δTQ(X)

)2
dV
) 1

2
(ˆ

TQ

|∇u|2dV
) 1

2
. (4.55)

Here, δTQ denotes the distance to the boundary of TQ, and we obviously have using the

global dyadic Hardy inequality for the function w in the domain TQ, that,

ˆ
TQ

|∇w|2dV ⩽ βK
( ˆ

TQ

|∇w|2dV
) 1

2 (

ˆ
TQ

|∇u|2dV )
1
2 , (4.56)

Thus we get,

ˆ
TQ

|∇w|2dV ⩽ β2K ′(

ˆ
TQ

|∇u|2dV ). (4.57)

For any Q′ ∋ y, we put,

Φ(f,Q) =
1

l(Q)n−2

ˆ
TQ

|∇f |2dV. (4.58)

For the solution u0, we have the boundary Hölder regularity Eq. (4.37), which follows

by the same argument as that in Lemma 4.1 of [JK82] under the assumption that Ω is

a chord-arc domain. Using this estimate, and both sides of the inequality of Eq. (4.74),

we get for any Q2 ⊂ Q1 ∈ D,

Φ(u0, Q2) ⩽ c
( l(Q2)

l(Q1)

)2α
Φ(u0, Q1). (4.59)
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Here, Q1 ⊃ Q1 is the cube considered as in Theorem 4.7, so that when Q1 ∈ D(k), we

have Q1 ⊂ D(l(k)), with l(k)/k = O(1) with the implied constant the same as in the

statement of Theorem 4.7.

This follows by noting again that u0 satisfies boundary Hölder regularity, Eq. (4.37)

. So for Q2 ⊂ Q1 ∈ D, we have,

Φ(u0, Q2) ⩽ c
1

l(Q2)n

ˆ
TQ2

u20dV ⩽ c′
( l(Q2)

l(Q1)

)2α
(max
TQ1

u0)
2

⩽ c′′
( l(Q2)

l(Q1)

)2α 1

l(Q1)n

ˆ
TQ1

u20dV. (4.60)

The last inequality on the right again follows by noting that since u0 satisfies Eq. (4.37),

the supremum attained by u0 over TQ1 is attained in some Whitney cube UQj
with

l(Qj)/l(Q1) = O(1) with the implied constant here independent of Q. Using this fact,

and by changing the implied constant c′′ in the right-hand expression of Eq. (4.60) ,

we will get that,

ˆ
TQ1

u20dV ⩾
ˆ
UQj

u20dV ⩾ c′′′(max
TQ1

u0)
2l(Qj)

n ⩾ c′′′′(max
TQ1

u0)
2l(Q1)

n.

Thus Eq. (4.59) follows from this above, and using the right-hand side of Eq. (4.51).

Now we a-priori modify the pair of cubes (Q2, Q1) with Q2 ⊂ Q1 to the pair (Q̃2, Q̃1)

where, Q̃2 ⊂ Q2, Q̃1 ⊂ Q1, with Q̃2 ⊂ Q2 ⊂ Q̃1 ⊂ Q1, so that, Q̃1 = Q1 where Q̃1 was

defined in the context of Theorem 4.7.

Φ(u, Q̃2) ⩽ 4(Φ(u0, Q̃2) + Φ(w, Q̃2))

⩽ c
( l(Q2)

l(Q1)

)2α
Φ(u0, Q1) +

( l(Q1)

l(Q2)

)n−2

Φ(w,Q1)

⩽ c′
[( l(Q2)

l(Q1)

)2α
+ ϵ′

( l(Q1)

l(Q2)

)n−2]
Φ(u,Q1). (4.61)
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In the last step, we used the fact that u = u0 on ∂TQ, Harnack and Moser’s inequal-

ity, on the first term within the brackets, and Eq. (4.57) . Set l(Q2)/l(Q1) = θ. Then,

using the above inequality, we can choose ϵ′ small enough so that,

Φ(u,Q2) ⩽
1

2
Φ(u,Q′

1). (4.62)

With this fixed θ, starting with any cube Q1 ∋ y, we can iterate this inequality for cubes

of successively smaller radius contained in Q1
(5), to get the Boundary Hölder continuity

result, using the right-hand inequality of Eq. (4.51), Moser’s inequality, a crude bound

for the term Φ(u,Q2), and finally using the left hand inequality of Eq. (4.51) for the

term Φ(u,Q1) .

We note that the above theorem also works in the case of an elliptic function van-

ishing continuously on a surface ball, even though this has been written for the case of

the Dirichlet Green function vanishing on the entire boundary.

Once the boundary Hölder continuity is established (locally) as above, we will get

the Bourgain type estimate on the elliptic measure.

Corollary 4.10 (Bourgain estimate). Given any x ∈ Ω, and x̂ a nearest point to x on

the boundary, with |x − x̂| = r, there exists a uniform constant c > 0, we have, with

∆(x) := ∆(x̂, 10r) , that ωx(∆(x)) ⩾ c.

Proof. The function u(x) := ωx(∆(x)) is the unique elliptic continuation with boundary

data f with f = 1 on ∆ and f = 0 elsewhere with the condition that u→ 0 at∞. Then

consider the function, v = 1− u which then vanishes continuously on the surface ball

∆(x), and for which the Boundary Hölder continuity holds for the function v. For points

(5)and not necessarily containing y
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x ∈ B(y, κr)∩Ω with κ < 1 sufficiently small, the boundary Hölder continuity gives us

that v(x) ⩽ Cκαmax
TQ

v with Q ∈ D with l(Q) ≈ r, with constants uniform in r, y. This

gives us the Bourgain-type estimate for the function u(x) = 1− v(x) ⩾ 1−Cκαmax
TQ

v,

where by the maximum principle we also have max
TQ

v ⩽ 1 and so we have a uniform

lower bound on u(x) whenever x ∈ B(y, κr) ∩ Ω. By choosing k appropriately, we get

the statement of the result.

4.5 Green’s function estimates

In this step we show that when we have the bound of Eq. (4.2)

ˆ
UQ

|B|2dV ⩽ β2l(Q)n−2, (4.63)

for every Whitney cube in our domain, with a small parameter β to be determined

later, then we have pointwise upper and lower bounds on the Dirichlet Green’s function.

We show that the Green function G(x, y) satisfies both the pointwise upper and

lower bounds in the ball B(x, δ(x)/2). The pointwise lower bound on the Green func-

tion actually holds more generally with just the background assumption of the pointwise

bound on the drift term, |B| ⩽M/δ(x).

The lower bound follows by an argument similar to that used in [GrWi], as well as

the corresponding arguments in Chapters 2 and 3 of this thesis. This argument appears

almost identically in [Pat24], specifically for the case where we have the Laplacian as

the principal term. For the sake of completeness, we include the proof here.

Theorem 4.11. For the elliptic operator in Eq. (4.1), with ⩾ 3, with the coefficients

satisfying Eq. (4.4), we have the bound: for any z, y ∈ Ω with |y − x| ⩽ 1
2
δ(x) we have
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G(x, y) > 0, and

G(y, x) ⩾ K(M,λ)
1

|x− y|n−2
. (4.64)

Proof of Theorem 4.11. The proof essentially follows by extending the argument of the

proof of Eq.(1.9) of [GrWi]. Take r := |z − y|. Consider a smooth cut-off function η

which is 1 on Br(y)\Br/2(y) and zero outside B3r/2(y)\Br/4(y), and further 0 ⩽ η ⩽ 1

and |∇η| ⩽ K
r
.

Henceforth, we use the Einstein summation convention, where the summation sign

is implied.

Given the domain Ω, for any admissible test function ϕ, the Green function satisfies

the following adjoint equation;

ˆ
Ω

(
(∇ϕ)iAT

ij(∇G(y, x))j − G(y, x)B · (∇ϕ)
)
dx = ϕ(y). (4.65)

Here AT
ij denotes the transpose of the matrix Aij.

We consider the test function ϕ(x) = G(y, x)η2(x), and first get,

ˆ
B(0,1)

|∇G(y, x)|2η2dx = −
ˆ
B(0,1)

2ηG(y, x)∇G(y, x) · ∇η

+ G(y, x)η2B · ∇G(y, x) + 2G2(y, x)ηB · ∇η)dx. (4.66)

Now by using the bound on the drift term B, the Cauchy inequality with ϵ’s, with

small enough ϵ, for the first two terms on the right,

ˆ
B(0,1)

G(y, x)η∇G(y, x) · ∇ηdx ⩽ ϵ

ˆ
B(0,1)

η2|∇G(x, y)|2dx

+
K2

ϵr2

ˆ
r/4⩽|x−y|⩽3r/2

G(y, x)2dx,

ˆ
B(0,1)

G(y, x)η2∇G(y, x) · Bdx ⩽ ϵ

ˆ
B(0,1)

η2|∇G(x, y)|2dx
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+
K

ϵδ(y)2

ˆ
r/4⩽|x−y|<3r/2

G(y, x)2dx. (4.67)

Using the bounds on the cut-off function η introduced above, and hiding the term

with the square of the gradient of G(y, x), we get,

ˆ

r/2<|x−y|<r

|∇G(y, x)|2dx ⩽
(
K1

1

r2
·

ˆ

r/4<|x−y|<3r/2

G(y, x)2dx
)

+
(
K2

1

rδ(y)
·

ˆ

r/4<|x−y|<3r/2

G(y, x)2dx
)
+
(
K3

1

δ(y)2
·

ˆ

r/4<|x−y|<3r/2

G(y, x)2dx
)
.

(4.68)

Noting that r ⩽ 1
2
δ(y), we get

ˆ

r/2<|x−y|<r

|∇G(y, x)|2dx ⩽ K̃
1

r2
·
( ˆ

r/4<|x−y|<3r/2

G(y, x)2dx
)

⩽ K̃rn−2
(

sup
r/4⩽|x−y|⩽3r/2

G(y, x)2
)
. (4.69)

Again as in [GrWi], choose a similar cut-off function ϕ that is 1 on Br/2(y) and zero

outside Br(y), and using it as the test function we get,

1 =

ˆ

r/2⩽|x−y|⩽r

(∂iG(y, x)∂iϕ+ G(y, x)Bi∂iϕ
)
dx)

⩽ M
K

r

ˆ

r/2⩽|x−y|⩽r

|∇G(y, x)|dx +
M

rδ(y)

ˆ

r/2⩽|x−y|⩽r

G(y, x)dx. (4.70)

Using the identity of Eq. (4.69), and Cauchy’s inequality for the first term on the

right, along with a trivial volume bound, and finally Harnack’s inequality,

1 ⩽ Krn−2 sup
r/4⩽|x−y|⩽3r/2

G(y, x) ⩽ K|z − y|n−2G(y, z). (4.71)

Using Harnack inequality, and Theorem 4.11, we immediately get,
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Corollary 4.12. For the elliptic operator with the coefficients satisfying Eq. (4.4) in

Ω, we have the lower bound for the Green function for the operator in Eq. (4.1): for

any z, y ∈ Ω with |y − z| ⩽ 1
2
δ(z) := 1

2
dist(z, ∂Ω) we have

G(y, z) ⩾ c0
1

|z − y|n−2
. (4.72)

We now give an argument for the pointwise upper bounds in such domains bounded

away from the boundary.

Theorem 4.13. Consider the operator of Eq. (4.1), for n ⩾ 3, and the Dirichlet

Green’s function corresponding to this operator, where the drift satisfies the average

smallness on Whitney cubes of Eq. (4.2), for some β small enough, along with the

pointwise bound of Eq. (4.4). For any y, x ∈ Ω with |y− x| ≈ 1
2
δ(x), we have for some

constant K ′ dependent on M,λ only,

G(y, x) ⩽ K ′(M,λ)
1

|x− y|n−2
. (4.73)

Proof. Consider the operator L considered in Eq. (4.1), and the Dirichlet Green’s

function as the kernel of the operator L−1 that gives the solution u for the data f

which is locally in L2∗
loc, and so Lu = f .

Now consider the pole of the Green function x. Without loss of generality, we

subsequently only consider any point on the boundary of the ball, y ∈ ∂B(x, δΩ(x)/2).

Thus we also have, |x− y| = 1
2
δ(x) = c1δ(y).

Without loss of generality, it is also enough to consider the case where x = xQ0 of

the Whitney ball UQ0 . See Remark 4.14.

We find an absolute constant κ < 1 so that there exist balls Bx, By each of radius

κ|x− y| around the points x, y respectively, that are disjoint, i.e.,

92



Bx = {z : |z − x| < κ|x− y|}, By = {z : |z − y| < κ|x− y|}, (4.74)

and so that we have the point-wise bounds,

|B(x)| ⩽ β′

δ(x)
. (4.75)

in an ample portion of Bx that is quantified below, with an altered β′ , upon performing

a Calderón-Zygmund decomposition (as outlined, for example, in Section 3.4 of Chapter

1 of [St70]).

Choose θ ≪ 1, an arbitrarily small positive number and some θ1 = Kθ with K ⩾ 1

to be chosen later. We choose a β′ dependent on β , with β′/β sufficiently large so that

considering the Calderón-Zygmund decomposition of the function |B|21UQ0
, we find a

‘bad set’ ΩB ⊂ UQ0 which is a union of bad cubes with disjoint interiors, ΩB = ∪kPk

so that,

|ΩB| =
∑
i

|Pi| ⩽
C(
β′

l(Q0)

)2β2l(Q0)
n−2 = C

( β
β′ )

2(l(Q0)
n
)
= C ′

( β
β′

)2
|UQ0|,

(4.76)

Further, there exists a constant K ′, so that for every ‘bad cube’ Pi,

ˆ
Pi

|B|2dV ⩽ K ′
( β′

l(Q0)

)2
|Pi|, (4.77)

The set ΩB is the union of cubes ΩB = ∪i=Pi. Now consider the set Ω′
B := ∪i5Pi ,

where aPi is the cube with side length a · l(Pi) and with the same center.

Consider the function f :

f =

{
1 on Bx \ Ω′

B,

0 elsewhere,
(4.78)

which is the indicator function of the set Bx \ Ω′
B, and thus

ˆ
Bx

f = c(1− θ′′)|x− y|n, (4.79)
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with θ′′ is a slightly altered constant.

Note that, we have the point-wise estimate of Eq. (4.75) in (UQ0 \Ω′
B) ⊂ (UQ0 \ΩB).

Also, we have f = 0 in all the Whitney balls UQ other than the unique Whitney ball

UQ0 so that Bx ⊂ UQ0 .

We have the formula, using the Dirichlet Green’s function,

u(y) =

ˆ
Bx

G(y, x)f(x)dx. (4.80)

Using u itself as a test function with u = 0 on ∂Ω, we get with a standard integral

by parts, that,

ˆ
Ω

(A∗∇u · ∇u− Bu∇u) =
ˆ
Ω

fu =

ˆ
Bx

fu. (4.81)

Using the ellipticity condition on the matrix of coefficients A, we get(ˆ
Ω

|∇u|2
)
⩽
(ˆ

Ω

A∗∇u · ∇u
)
. (4.82)

Here, we use the notation,

2∗ =
2n

n+ 2
, 2∗ =

2n

n− 2
. (4.83)

We use Eq. (4.81), Eq. (4.75), and Hölder’s inequality . We combine this with the

pointwise estimates within the balls Bx, By, using Cauchy-Schwarz inequality on the

first term on the right, in the manner of Eq. (4.54), by first splitting up the first integral

on the right of Eq. (4.81) in four separate parts, one over the union of the Whitney

regions other than UQ0 where by construction f = 0, one over UQ0 \ Bx which is a

region where again f = 0, one integral over Bx \ Ω′
B where f ̸= 0 and finally one

over Ω′
B where again f = 0 but where we have by construction the bad cubes for the

Calderón-Zygmund decomposition:
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|
ˆ
Ω

Bu∇u| = |
∑
Q̸=Q0

ˆ
UQ

Bu∇u+
ˆ
(UQ0

\Bx)\ΩB

Bu∇u+
ˆ
(Bx\ΩB)

Bu∇u|+
ˆ
ΩB

Bu∇u|

⩽
∑
Q ̸=Q0

ˆ
UQ

u|B||∇u|+
ˆ
(UQ0

\Bx)\ΩB

β′

δ(x)
u|∇u|+

ˆ
(Bx\ΩB)

β′

δ(x)
u|∇u|+

ˆ
ΩB

|B||u∇u|.

(4.84)

Note that, for the ball Bx, we would only be able to use Harnack’s inequality with

bounds depending on the ||f ||q norm of f with some q > n/2, and we avoid the

necessity to use the Harnack inequality such as in Eq. (4.54), by extracting an ample

set Bx \ ΩB ⊃ Bx \ Ω′
B where we actually have the point-wise bounds on the B term.

The first term on the right of Eq. (4.84) is a sum over the Whitney regions that

do not intersect Bx, and in each of these Whitney regions we have the estimate of

the form Eq. (4.63) and thus an argument identical to Eq. (4.54) works here, with the

modification that the constant for the Harnack inequality is worse for the Whitney

cubes that are adjacent to UQ0 . Here we note that κ can be a-priori chosen small

enough so that the sphere Sx = {z : |z − y| = κ|x − y|}, is an ample distance away

from the boundary of UQ0 , so that one can use the Harnack inequality

This is because the term f = 0 in UQ0 \Bx, but f ̸= 0 in Bx \Ω′
B. Thus, we do not

have the solution Lu = 0 in the fixed dilate κUQ1 . Thus we would employ Harnack’s

inequality in each of the smaller subsets V 1
j , where UQ1 = ∪Nj=1V

(1)
j , with a uniform

constant κ′ where (diam(V
(1)
j )/diamUQ1) ⩾ κ′, leading to a worse Harnack constant

but which is still uniform across the domain.

Thus from this first term on the right of Eq. (4.84), we get,

∑
Q ̸=Q0

ˆ
UQ

u|B||∇u|dV ⩽
( ∑
Q ̸=Q0

(sup
UQ

u)2
ˆ
UQ

B2dV
) 1

2
( ∑
Q ̸=Q0

ˆ
UQ

|∇u|2dV
) 1

2

⩽ β′
( ∑
Q̸=Q0

ˆ
UQ

(u
δ

)2
dV
) 1

2
( ∑
Q ̸=Q0

ˆ
UQ

|∇u|2dV
) 1

2
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⩽
β′

2

( ∑
Q ̸=Q0

ˆ
UQ

(u
δ

)2
dV +

∑
Q ̸=Q0

ˆ
UQ

|∇u|2dV
)
. (4.85)

Note that the Harnack inequality is essential to get from the first factor of Eq. (4.85)

in the second step, to the first factor in the third step above.

For the second and third terms on the right of Eq. (4.84) we use the point-wise

estimate of Eq. (4.75), and Cauchy-Schwarz inequality to get,

ˆ
(UQ0

\Bx)\ΩB

β′

δ(x)
u|∇u|+

ˆ
(Bx\ΩB)

β′

δ(x)
u|∇u| ⩽ β′

(ˆ
(UQ0

\Bx)\ΩB

(u
δ

)2
dV

+

ˆ
(UQ0

\Bx)\ΩB

|∇u|2dV +

ˆ
Bx\ΩB

(u
δ

)2
dV +

ˆ
Bx\ΩB

|∇u|2dV
)
. (4.86)

Finally, for the last term on the right of Eq. (4.84), we get using Eq. (4.77), and an

argument similar to Eq. (4.85), using Cauchy Schwarz inequality in the last step:

ˆ
ΩB

|B|u|∇u|dV =
∑
i

ˆ
Pi

u|B||∇u|dV ⩽
(∑

i

(sup
Pi

u)2
ˆ
Pi

|B|2dV
) 1

2
(∑

i

ˆ
Pi

|∇u|2dV
) 1

2

⩽ β′′
(∑

i

(sup
Pi

u)2
|Pi|
l(Q0)2

) 1
2
(∑

i

ˆ
Pi

|∇u|2dV
) 1

2

⩽
β′′

2

(ˆ
Pi

( u

δ(x)

)2
dV +

∑
i

ˆ
Pi

|∇u|2dV
)
, (4.87)

and we have used that f = 0 on ∪i5Pi(6), and that we can use Harnack’s inequality.

Using Eqs. (4.85) to (4.87), we finally get, relabelling the small constant as β′, that,

ˆ
Ω

A∗∇u · ∇u =

ˆ
Ω

|B|u∇u+
ˆ
Ω

fu ⩽ β′
(ˆ

Ω

|∇u|2dV +

ˆ
Ω

(u
δ

)2
dV
)

+ ||f ||B2,2∗ ||u||B2,2∗ . (4.88)

Here we use the notation, ||ϕ||B2,r := (
´
B2
ϕr)1/r.

(6)We note that the factor of 5 can be altered to any uniform κ > 1 while worsening the Harnack
constant.
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We now use the global version of the Hardy inequality given in Lemma 4.8. When

β′ is small enough, we hide the first term in Eq. (4.88) and using Sobolev’s inequality

and Harnack inequality, we have,

||u||2Ω,2∗ =
(ˆ

Ω

(u)2
∗
) 2

2∗
≲
(ˆ

Ω

|∇u|2
)
⩽ C||f ||Bx,2∗ ||u||Bx,2∗ . (4.89)

This implies,

||u||By ,2∗ ⩽ ||u||Ω,2∗ ⩽
||u||2Ω,2∗
||u||Bx,2∗

⩽ C||f ||Bx,2∗ . (4.90)

This gives us,(ˆ
By

( ˆ
Bx

G(y, x)f(x)dx

)2∗

dy

) 1
2∗

⩽
( ˆ

Bx

f 2∗dx
) 1

2∗
, (4.91)

From here, we get, with r = |x− y|,

inf
x∈Bx,y∈By

G(y, x)rnr
n
2∗ ⩽ Cr

n
2∗ . (4.92)

Recall that the radii of Bx, By are comparable to |x− y|, with uniform constants, and

that f is the indicator of the ball Bx Recall the formula Eq. (4.80), and using Harnack’s

inequality for the Green function G(x, y) in the ball By centered on y, we have from

Eq. (4.90),

inf
y∈By ,x∈Bx

G(x, y) ⩽
C

|x− y|(n−2)
. (4.93)

The Harnack inequality now establishes the upper bound with a slightly different

constant.
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Remark 4.14. Note that in general when x ̸= xQ, we would have to perform the

Calderón Zygmund decomposition for a set of Whitney cubes adjacent to UQ, and the

balls Bx, By would belong to a union of these cubes and the argument would proceed

similarly as the one presented with minor modifications.

Remark 4.15. We only considered y ∈ Ω with |x − y| ≈ 1
2
δ(x) in Theorem 4.13.

This is enough to employ the doubling argument of [Ai06] (See (3.3) of [Ai06]). If we

have in particular the Eq. (4.3) assumption, we can prove this result more generally

for any y ∈ B(x, δ(x)/2), and we do not need a Calderón Zygmund decomposition

as in the proof here. However, with the assumption of Eq. (4.2) in the hypothesis of

Theorem 4.13, we do not prove this more general result for all y ∈ B(x, δ(x/2)). In

particular, in this general case if we choose the balls Bx, By with radii proportional to

|x − y| as |x − y| → 0, then in general we can’t have control on the lower bound in

the integral in Eq. (4.79) upon doing the Calderón Zygmund decomposition, and then

further in Eq. (4.91).

4.6 Doubling of the elliptic measure.

We have obtained two sided bounds on the Green function, from Corollary 4.12

and Theorem 4.13. We also have the Bourgain estimate in this case in Corollary 4.10.

This immediately give us the following doubling for the elliptic measure.

Proof of Theorem 4.6. The argument follows immediately from the argument for the

more general John domains, given in Lemma 3.5 and Lemma 3.6 of [Ai06].

We note that an alternate argument for the argument of [Ai06] is also presented in
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f = 0

UQ0

f ̸= 0

Bx

Figure 4.1: The Whitney region UQ0 is shown, along with the ball Bx with center
x = xQ0 which without loss of generality we have also taken to be the center of UQ0 .
The union of the dark regions is the set Ω′

B = ∪i5Pi, and f = 1 on the set Bx \ Ω′
B

and 0 elsewhere. We have the point-wise bound on the drift term, in UQ0 \ ΩB with
ΩB = ∪Pi. Here the Pi are the set of bad cubes contained in UQ0 , obtained from the
Calderón Zygmund decomposition for the function |B|21UQ0

.

[H24].
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divergence-free drifts.” Journal of Differential Equations 252, no. 1 (2012): 505-540.

[St70] Stein, Elias M. “Singular integrals and differentiability properties of functions.”

Princeton university press, 1970.

[Wi24] Wiener, Norbert. “The Dirichlet Problem”. Journal of Mathematics and

Physics, 3 (1924), no. 3, 127–146.

[Z18] Zhao, Zihui. “BMO Solvability and A∞ Condition of the Elliptic Measures in

Uniform Domains.” The Journal of Geometric Analysis 28 (2018): 866-908.

106



VITA

Aritro Pathak was born and raised in Kolkata, India, spending 18 enjoyable years before

going to college at the Indian Institute of Technology Kanpur in their undergraduate

Physics program. Realizing it is possible within the flexible framework of graduate

programs in the US, he switched to Mathematics from Physics after coming to the US.

He hopes to continue to do research in Analysis, after his PhD. In his spare time, he

likes to play the violin, and walk in trails and parks. He is incredibly grateful for the

support of his parents.

107


	Introduction.
	 Pointwise estimates for Green's functions with drifts diverging at the boundary.
	Preliminaries.
	Properties of the Green's function.
	Lower bounds on the Green's function.
	Upper bounds on the Green's function.

	A counterexample diverging like inverse distance to boundary for solutions to elliptic equations with drifts.
	Preliminaries.
	Lower bounds on the Green's function.
	Counterexample for uniform upper bounds.

	Doubling of elliptic measure for drifts diverging at the boundary with an average smallness condition.
	Preliminaries.
	Main result.

	Notation.
	Local boundary Hardy inequality.
	Boundary Hölder regularity and Bourgain property.
	Green's function estimates
	Doubling of the elliptic measure.


