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CEAPTER I

INTRODUCTION

1.1 Power Law Fluids

Pseudoplastic fluvides (povwer law fluid index N1},
diletant fluice (N>1), and even Newtoniesn fluids (N=1)
ere commonly celled power lew fluids, because they show
gy expirical shear stress (U)-strain rate (%?) relation-‘

shlp known as the power law

ou
Y

CA-) (1.1)
8%

N-1
T=m | |
vhere N and m are empirical constants characteristic of
the fluld:; m is called the flvid consistency index,
Egquation {1.1) 1s also called the power model of Cstwald-
de Waele-Wutting (1)¥,. or simply the Ostwald power model.
It applies only to one-dimensional, incompressible flow
in which %? is much larger than all the other elements in
strain rate tensor. It should also be noted that all
power lew fluids have no yield stress and are tiﬁe-
independent; in other words, the time dependency of the
properties is very small and thus may be neglected in
most a&pplications. Typical fiou curves for power law
fluids are plotted in Fig. 1.1.

If the apparent viscosity 1is defined to be

. € su | N-1 3
o =55 = w3y | e
2y

“ umberas in parenthesis refer to references.







1.2 External Leminasr Free Convection

“Freet or "natural® convection is caused by the
difference in density between a heated or cooled fluid
end an undisturbed fluid. When free convection occurs
about & body of interest in a fluld and the fluié flow
is goﬁerned by laminer boundary lsyer theory, the process
is called external laminar free convectlon. According to
laminaer bdundary layer theory, the governing differential
equations for laminar free convectlion of power law fluids
}can be obtained in the seame mammer ag for the well-known
leminar free convection of Newtonien fluids found in
standsrd references (4, 5, 6). For a two-dimensional
heated body which has a simple and symmetrical geometry
and flow field such as a vertical plate, a horizontal
cylinder, or a sphere in an incompressible power law
fluid, the laminar free convection boundary layer

equations can be simplified to become

21 v
w2l o+ v 2= (bt )sinu+~3~é(‘iglN_1§E)
X 3y > Poy lay oy
(1»014')
it 2t k2%t
u <2+ v S = (1.5)
9% oy PCp a¥°

where constant properties have heen assumed, except for
the density in the buoysncy term. The viscous disslipation
is assumed negligible. The symbols used in these equa-

tions have the vsuval meaning and are shown in Fig. 1.2.
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2. A standard of comparison can be provided and checked
against experimental results and any other methods
of solution such ag integral approximate methods,
finite difference techniques, etc. Once verified by
this realistic similarity solution, the other nmethod
of solution may then be used for studying more comp~
lex flow situsastions where s realistic similarity
solution does not exist.

3. The results may be directly usable in lmportant
technical avpplicatlions.

Acrivos (11) appears to be the only one who attempted
to obtain a realistic similarity solution for the laminar
free convection of a power law fluld past an isothermal
body. FHe used a similarity transformation to convert the
partial differential eguations into ordinary differential
equations based on the assuvmption that most power law fluids
have a high generalized Prandtl number and so the inertila
terms in the momentum equation become negligible near the
wall. He then obtained the similarity solution by apply-
ing the high Prandtl number theory developed for well-
established Newtonian flow, first initiated by Morgan and
Warner (i2) and later illustrated by Stewartson and Jones
(13). Acrivos postulated that for generslized Prandtl
number higher than ten, the entire laminar flow fleld could
be divided into two regions, an inner region in which the

entire thermal boundery lsyer lles and an outer region Where

only a mowmentum boundary leyer exists,. Thug, the heat
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transfer parameters could be calculated by simply obtaining
the 1hner-region solution. He concluded that the average
rates of heat tranéfer in laminar free convection could be

adequately computed from the expression

1 N
2(N+1) 3N+1
A Pry

Nu = C Gr (1.7)

where the constant C (approximately equal to 0.55) is only'
|weakly dependent on the numerical value of N; GrA and PrA
are the generalized Grashof number and generaligzed Prandtl
nunmber defined by Acrivos.

Unfortunately, the constant C 1srnot conclusively

verified by the experimental works of Reilly et al. (14)

that the donstant C depends somewhat on N,

In view of the differences of previous published
results for laminar free convection of non-Newtonian power
law fluids, the present analysis introduces s new concept
of the so-called "generalized Prandtl number" so that the
method of obtaining a similarity solution for high genera-
ilzed Prandtl number non-Newtonian power law fluidsican be
justified. The similarity solutions for laminar free con-
vection to a non-Newtonlan power law fluid from a body with
uniform surface temperature and uniform surface heat flux
(which has not previously been solved) will be presented in

| terms of this new concept and method of solution. Previ-

and Sharma and Adelman (15) for an isothermal vertical plate

in a non-Newtonisn fluid. Their experimental data indicates




ous analytical and experimentel works will be compared
with the preéent solution. Theoreticzl dimensionless
temperature and velocity profiles will also be presented.
The exsct (similarity) solutions of the laminar free
convection to Newtonian fluids from a vertical pléte with
a uniform surface temperature, obtainéd by Ostrach (16),
and with a uniform surface heat flux, obtained by Sparrow

and Gregg (17) will also be presented for comparison.




CHAPTER 1T

REVIEW OF RELATED LITERATURE

The literature covering frze convection flow chara-
cteristiceg and heat transfer phenomena invnon~Newtonian
power law fluids is very limited. However, the experi-
mental and analytical techniques learned from Newtonisan
flow thebry form én excellent foundation Tfor the non=
Newtonian;floﬁ researchers to follow.. The merit is
ciearly stated by Academician Gleb Maksimil'yarovich
Krizhnizhanovskii:

"Try more to direct attentlion to the areas between

already well-established sciences. These are

usually the voints of maximum growth cf our

knowledge."
Therefore, both reported Newtonian and non-Newtonian power
lJaw fluid flow studies will be reviewed, Because Newto-
nian flow studies in free convection are numerous and have
been developed since early in the nineteenth century and
their progress has been reported in most heat transfer
text books (for example, (18, 19)), only those significant
studies using simlilarity approaches and those related
experimental works on vertical plates, horizontal cylinders

and spheres will be mentloned.

2.1 VNewtonian Fluids

2.1.1 Uniform surfece termperature:




Posslble simpllarity sgolutions for laminar free
convection on a vertical plate.in Newtonian fluids ere
sunmarized by Yang (20). It appears that Pohlhausen (21)
wag the first one to convert the governing partial diffe~
rential equations for laminar free convection about an
isothermal vertical plate into the ordinary differential
equations by means of a similarity transformation.

Later, Ostrach (16) used rigorous methematical arguments
and reduced the conservation differential equations to
the ordinary differentiai equations obtained by (21).

The governing partisl differential equations are the same
as Equations (1.3-5), if N=1, sino=1, and m is replaced
by M. The ordinary differential equations and boundary
conditions obtained after'applying the similaerity trans-

formation are

F™ 4+ 3FF" - 2F'% + H=0 (2.1)
H" + 3Pr FH' =0 (2.2)
B. C. F(O)=F'(0)=H(0)-1=F"'(0)=H(c0}=0 - (2.3)

where the similarity varlable 71is

Grx Xy :
M= (——)* =< (2.%)

and the reduced functilons are

H(M) =T - tL (2.5)

F () = %%7chrx%) (2.6)
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. With the local Grashof number Grx defined as

Grx = (—/3:«)2 g/j:’;B (. -t ) (2.7)

Uw ¥e)

Eguations (2.1) and (2.2) with the boundary condi-
tions (2.3) were solved by means of & series expénslon
_fof Pr=0.733 by Pohlhevsen, and by means of numerical
analysis for Pr=0.01 to 1000 by Ostrazch (16). An
improved method for the numerical sclution of the diffe-
rential eguations wasg presented by Nachtsheim and Swigert
(22) who demonstrated that the convergence rate becomes
more rapid by establishing a least-squares convergence
criterion. |

Experimental results on an isothermal vertical plate
arevnumerous. The most significant results are thqse of |
Schmidt and Beckmann (21); their experimental results
verified the similarity solutions of Ostrach and
Pohlhausen. Recently, Brodowicz (23) used a photographic
dust tracing technigue to obttein the velocity field and
a Mach-Zehnder‘interferometer'for the temperature field
around an isothermal verticael plate and its leading edge.
The Mach-Zehnder interferometer has been frequently used,
such as (24), for temperature measurements of Newtonilan
free convection problems. Kierkus (25) presented experil-
mental data on both vertical and inclined isothermal plat-

es which were later supprlemented with more information by

Hassan and Mohamed (25).

£ similarity solution for 1aminar free convection
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around an arbitrary two-dimensional body was attemplted by
Merk end Prins (6) with less success; they concluded that
a similarity solution exists only in the nelghborhood of
the lower stasmation point of a horizontal cylinder. So
far, for the case of the isothermal horizontal cylinder
or sphere, no sinmilarity solution has been found. This
is simply because the similarity solution for the govern-
ing differential equations, without further simplifying
them, does not exist around the entire surface of the
subject. Therefofe most of the reseasrchers (27, 28, 29)
preferred to use a perturbation method or a series trans-
formation to deal with this type of problem, obtaining a
non-similarity solution, etc.

Experimental data on freé convection from a hori-
zontal cylinder in gases or ligquids are plentiful (see,
for example, (18)), while it is relatively sparce for a
sphere. No experimental data on free convection to a
single solitd sphere in gquiescent llquids has been found._
So far, research experimentalists seém to concentrate on
a fuel or liguid droplet during evaporation and then
apply the analogy between heat and mass transfer (30, 31),

or to concentrate on a rigid sphere of very small diameten

in gases (32, 33).

2.1.2 Uniform surface heat flux:
Laminar free convection from a body with uniform

hest Tlux has been studied extensively for vertical plates
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in Newtonian flvids. Svrarrow and Gregg (17) appear to be
the first ones to havg ob:tained & similarity solution for
laminer free convection to a vertical plate with uniform
svrface heat flux. Later, they éxtended their work to
-Eecome more gensralirzed by specifying the wall temperature
variation»for both power law and exponential cases (34).
Their work has been enslysed and included in (20)., A
similar work of Sparrow and Gregg (34) has been presented
by Gebhart (35) and lster by Gebhart and Mollendorf (36)
on the studies of laminar free convection to an isother-
mal or non-isothermal vertical plate with or without
viscous dissivration. Similarity solutions and pertur—
bation solutions regrectively were obtained with a
specified dissipation parameter.

Thus, according to Sparrow and Gregg (17) for a
vertical plate with uniform heat flux and negcligible
viscous dissipation, the govefning rartial differential
equations, which are the same as for the uniform surface
femperature case, are transformed into ordinary differen-

tial eguations to become

F - BF'Z + LFF® -H =0 : (2.8)

B" + Pr (4B'F=HF') =0 (2.9)
“with boundary conditions'

F(O)=F*(0)=E*(0)~1=F"*(e0)=H(o0)=0 (2.10)

where the similarity variablen is
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=

: .y er* 1/5
N ="-N(—r) (2.11)

X 5
and the redueced functions are

5__y#/3 (2.12)

. _ux”
B = 5v ( Grx

-t ( er*)1/5

3 (2.13)

H{n) =

o)
JE

with the local modified Grashof number Grx defined as
: qXL" : v
GI‘X* = §é'~?- (2.1’4’)
x vV~

Experimental results have been reported by Dotson
(37) and Goldstein and Eckert (38). The comparison be-
tween measured heat transfer ratesvand thoSe predicted by
Sparrow and Gregg (17).18 good. Unfortunately, no
velocity megsurements have been presented. Very recently,
Vliet and Lieu (39) presented an experimental study of

lanminar and turbulent natural convection in water and found

that the local Nusselt number éan be correlated well with

/5

0.60 (er*-Pr )1 for laminar free convectioz

Nux

and

)0'22 for turbulent free

Nux O.S68(er*-Pr
convection
The correlation for 1aminar free convection compares

favoraebly with Sparrow and Gregg*s prediction. An experi-

mentai study of laminar free convection from a vertical
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plate in & high Prandtl number Newtonian fluid (Pr = 6 to
106) is rep&rted by Rajan and Picot (40)., Unfortunately,
21l the experimental data reported in (40) were plotted
"and interpreted with the von Karman-Pohlhausen method
(b1, 42) which is suitable only for fluids having a
Prandtl number near or equal to unity.

No information on free convection about a body with
uniform surface heat flux other than those vertical plate

cases has been found.

2.2 Non-Newtonlan Power Law Fluids

In contrast to the numerous studies dealing with
Newtonian fluids, less progress has been made Analyt1~
cally snd experimentslly on free convection to non-

Newtonian power law flulds.

2.2.1 Uniform surface temperature:
Acrivos (11) 4is the first and only one to publish
an analytical»study on laminar free convection about an
isothermal body in non-Newtonian flvids using similarity
transformation underAthe assumption of a high generalized
Prandtl number. He showed that the imnner-region solution,
namely, the solution near the wall, could be derived by
‘transformlng the governing partial differential Equations
- (143-5) into ordinary differential equations with the

inertia terms of the momentum equation neglected to glve
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e + £ ¢ =0 (2,16)
vwith the boundary conditions '
£(OY=F (0)= P(0)~1=r1(02) =)=0, £ (00)##0 (2.17)

where, sccording to Acrivos, the similarity variable is

N

7,}::3_:: Gr 2(N+1) proNtl 1 i XTE
L '& i [_)' _'::l( 1 )i\ \l/l\.-'% 2%%“:1 TN
2T+ sinx (sina) d&EJ
(1]
(2.18)
and the reduced functions are
P(n) = Eleo £ = T (2.19)
=t At '
N+1
PrBNH 1
()= 3 : o —
! s 1/8 3N+1 X/l
(Lgpst)” (sina) [3N+1 (ot )mg ( sine) Wd(ﬁ)]aﬂ—f
' 28 +1 \Sipn
NHE o 0 (2.20)

The generalized Grashof number GrA and the generalized

Prandtl numbexr PrA are defined as

GrA=(£l.)2 % (gp ag) 2N (2.21)
‘zN 1-N 3(N-1)
+

PrA-_-fE?.p (%)1 1 (g pAt)Z(N”) (2.22)

UnfTortunstely, the heat transfer results from the inner-
region solution predicted by Acrivos have not been experi-~
mentelly verified, particularly for small values of power
lew fluld index N. ((14, 15), see also Section 1.3). No

velocity profilegs have been presented by these authors.
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Tien (#42) also attempted to solve the problem of
Jaminer fr@e‘convection from & vertical plate to power
law fluids using en integral method with the same high
peneralized Prandtl nvmber sssumption for power law
fluids aé terivos (4L1). His results are difficult to
justifty becanne the assumption of a high generslized
Prandtl vosber could contradict his agsumption of
approvimately equal thermal end momentum boundary layer
thickness., However, 1t will be shown later that the
integral method gives féir results only for N>1 because
of the specisal cheracteristics of the generalized Prandtl
number.

A study related to the leaminar free convection of
non-Newtonian power law fluids was made by Kubalr and Pel
(43)., They obtaired & similarity solution of the com-
bined laminar free and forced convection heat transfer
to non-Newbtonian power iaw fluids which merely verified
the worlk of Na end Hansen (8) and Sparrow et al. (10).

In fact, & realistic simllarity solution { & non=-
realistic Simllarity solution may have a wall temperature
verying inversely with distaence along the plate from the
leading edge) cannot be obtained for the coupled partial
differential equations of the combined convection,
becauvce it can be demonstrated that the combined con-
vection controlling parameter is a constant only when
tw—t&,g B iw/B , anéd the generalized Prandtl number 1s

a constant only when u, =4 xi/j. After a careful exami-
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nation of the dimensionless groups, it was found thst
their derivation was invalid because using their dimen-
sionless groups the continuilty equation could not be

estisfied. This is demonstrated in Appendizx A2,

2.2,2 Uniform surface heat flux:

Very little progress has been made theoretically and
experimentally on free convection to a non-isothermal
body in non-Newtonlian fluids. Tien (42) attempted to
solve the laminar free_ convectlion about a vertical plate
with unifprm surface heat flux in a power law fluid by
neans of the integrsl method, using the sasme high genera-
1ized Prandtl number assumption as Acrivos (11) who ob-
teined the "inﬁef-region" solution with a similarity
transformation for uniform surface temperature case. As

.1n the case of uvniform surfaze temperature, Tien's re-
results are again difficult to justify becasuse of the
assunmption of high Prandtl number. |

An experimental investigation has been reported by
Dale (44) on the behavior of non-Newtonian pseudoplastic
power law flulds in the state of free convection from a
verticel plate with uniform heat flux. He applied a
finite difference computation technique to verify.his
experimental data with some success without using the

condition of high generaelized Prandtl number. In order to

schieve convergence, he assigned experimentally and/or

arbitrarily a critical value of strain rate to each spe-
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ciTfled power law 1luild Index and then matched the computa-
tion from non-Newtonian flow (where the strain rate is
higher than the critical vslue) to Newtonian flow (where
the strain rate is lower than the critical value). There-
fore, as a result, the velocity and temperature fields fan
downstream from the wall are essentially Newtonian. He
concluded his investigation with the following remark:
"perivos! modified correlation, derived for the assump-
tion that asymptotically the generalized Prandtl number
approaches infiniiy, predicts the proper exponent fof
correlating the heat transfer data. However, the coe-
fficient for the constant heat flux vertical flat plate
correlation can not be predlcted, limiting & complete
solution by Acrivos® technique to the isothermal
boundary condition.”

Very recentlj, Emery et al. (45), in need of a theo-
retical analysis, applied Acrivos theoretical solution for
an isothermal flat plate to theilr experimental date corre-
lation on free convection through verticasl plane layers
with uniform surface heat flux. Fortunately, as with
Newtonian flow (17), heat transfer perameters can be cor-
related in the same fashion for both uniform surface
temperature and uniform surface heat flux cases; the only

restriction is & proper definition of the Nusselt number.
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CHAPTER T1X
LAKINAR FREE CONVECTION HEAT TRANSFER ABOUT A BODY WITH

A UNIFORY SURFACE TEMPERATURE IN POWER LAW FLUIDS

1 Theoretical Analyvasis

For an arbitrary two-dimensional and iscthermal body
in an incompredsible power law fluvild, the laminar free
convection boundary layer Eguations (1.3-5) can be written

ivi dinensicnless forms as

3u 2V .
2V . 1
5% »+ Y 0 (3.1)
N-1
3 ‘gg 2y e 1 . aU 23U
YUsyl  Gy)*esine= ACTAVAC I AL
‘ A (3.2)
329 = U?ﬁ + v—a-@— (3.3)
3v2 X 3Y 3

The dimensionless varlables vsed in the above equations

are
X={§- (3.4)
1 N |
N+ N+1
Y:JZ.GrAZ(\ 1)PrAB (3.5)
e= t -th t ““tw (3.6)
ta=te Ot
N+ _ .
U= 23 pyp OB (3.7)
(Lepat)” * |
| 1 oN+1
Ve — Grﬁz(N+1) Py, ¥ (3.8)

(Lepat)
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whers . is ths charascteristic length in which the flow is

Yampinar; GrA and Pr, are respectively the generalized

A
Grashof number srd the generalized Prendtl nuwmber, defined
by Acrivos (11). (BSee Touwations (2.21) and (2.22)).

The beoundary conditions for this uniform surfece

tenparature case are: at y=0, u=vr=0, trtwnconstant: at

y=o00, u=(, t=t =constani; and at x=0, u=0, t=te, =constant.
Ugins the dimensionless variables, the boundsry conditions

may be written as
At Y=0, U=V=0, £=1
(3.9)
At Y=o and X=0. U= @=0
Sirice & realistic similarity solution does not exist
in_the coupled differentiasl Equeaetions (3.1-3) and their
boundery conditions (3.9), it is necessary to neglect the
imertis terms of the momentum Eguation (3.2) to make &
realistic similarity solution vpossible. It is generally
true that most non-Newtonian power law flulds have &
reletively large generalized Prandtl number snd, therefore,

the vight hand side of Equation (3.2) can be neglected.

It bacomes

% ) +Osinx =0 (3.2a)

o, puIN-1 3y
ETA ayl
Some euthors (11, 12, 13, U46) argue that as the
Prardtl number becomes very large, there are two distinct
regions of flow, one is near the well called the tinner
regiont where the inertia terms become asymptotically
Swportant; the other is Ter from the wall cslled tThe

N
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'‘outer region' where both thermel and buoyancy forces, but
not the inertia terms, vanish. Thus, the velocity and
temperature distribution near the wall, which characterize
most of the fluid flow phenomena, can be obtained just by
looking into the inner region. They presumed that the
bqundary conditions in the inner region associated with the
governing differential Equations (3.1), (3.2a) and (3.3)
should be

At Y=0, U=V=0, g=1

At X=0, U=0=0 (3.10)

At Y=oo,2¥=9=0, U#0

In fact,. such an analysis 1is not necessary. Since the
exact solution for Newtonian flow is well-known, (16); the
difference between thelr inner-region solution which uses
boundary conditions (3.10) and the present *region-free!
solution which uses boundary conditions (3.9) can be seen
by comparing these two solutions with the exact solution.
It will be shown later (see Table 3.1) that the region-
free solution ylelds resultsbwhich are equlvalent or bettenr
than the inner-region solution for N=1., Furthermore, an
examination of the generaliZed Prandtl number for this
isothermal laminar free convection to power law flulds
reveals a signiflcant difference between-the present
éhalysis and that using a divided flow reglon. The
generalized Prandtl number can be rearranged to give (see

Equation (2.22))
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Teble 3.1
Coumparison of the region-free and inner-region solutions
with the exact solution for Newtonian f{low

(uniform surface temperature case)

Table 3.1a Comparison of F®(0) and E'(0)

Syact solution

Pr Ostreach 2 Eegion»'re? Inner~?eg;on'
(163 resy solution® solution¥®

_|FR{0)] 0.9852  0.98679 2.53091 2.60735
- 01 B {0)-0.0812 -0.08101 -0.22051 ~0.22L83
|Ee o) 0.85889 1.42323 1.46622
o-t B¢ {0) ~0.23015 -0.36212 -0.39982
F¥(0) 0.6421 0.64209 0.800%4 0.82452
' H*{0)]-0.5671 =0.56712 ~0.69731 ~0.71099
FH(0) 0.48099 0.53522 0.55139
> B*(C) -0.95338 ~1.04272 ~1.06318
F*{0O) 0.41092 0.41860 0.45007 0.46366
o H*{0)-1.1604 ~1.16851 ~-1.24001 ~1.26434
F¥(0) 0.2517 0.24973 0.25309 0.26073
100 H*(0)-2.1910 -2.18131 -2.20508 ~2.24835
Fr{0) 0.1450 0.14319 0.14232 0.14662
000 HO(C)-3.9660 =3.93439 ~3.92125 -3.99819

#* Present results were calculeted by the avthor using
Nachtsheim and Swigert®s method (22) which assures
equal sccuracy to each velue by a specified

peximom zllowable error.

s ()= (0)/(3Pr) /35 wr(0)=¢ (0) (3pr) 13
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Table 3.1b Comparison of heat transfer parameters

Exact Rerxlon-Free Inner-Region
Solution Solution Solution
Pr Pi;ii?% Value Deviation¥#* Value Deviation*¥
LETP* 0.08101 0.22051 0.22483
AHTP#* 0.03273 0.08910 0.09085
LBTP | 0.23015 ~ 0.39212 0.39982
0.1 -70.4 ~73.7
AHTP | 0.09300 0.15844 0.16155
LHTP | 0.56712 0.69731 0.71099
1 -23.0 -25.4
AHTP | 0.22915 0.28175 0.28728
LBTP | 0.95338 1.04272 1.06318
5 -9.L -11.5
AHTP | 0.38522 0.42132 0.42959
LHTP | 1.16851 1.24001 1.26434
10 "‘601 "8.2
AHTP | 0.47215 0.50104 0.51087
LHTP | 2.18131 2.20508 2.24835
100 -1.1 -3.1
AHTP | 0.88138 0.89099 0.90847
LHTP | 3.93439  3.92125 3.99819
1000 003 "1.6
AHTP | 1.58973 1.,58442 1.61551
1
* LETP = Nux /(%FX)%
- b
AEPT = Nu / Gr*
#% Deviation = (1- Present solution) % 100

Exact solution
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d 1t N [{]
e | ) +9

i
o

(3.17)

¢ + £ ¢ =0 (3.18)
The absolute value sign for f" is very important because
v changeé sign as the integration proceeds from the wall
outward.
The boundary conditions are now
1). for the region-free solution:
£(0)=£'(0)=¢(0) =1=f" (o) = P(00) =0 (3.19)
2). for the inner-region solution:
£(0)=£1(0)=¢(0) -1=f" () =¢(e0) =0, f*(2)#0 (3.20)
Equations (3.17) and (3.18) with boundary conditions
(3.19) and (3.20) respectively were solved numerically by
a shooting method,. using a fourth order Runge-~-Kutta
formula to integrate, and the technique described by
Nachtsheim and Swigert (22) to correct the first cholce of
the missing initisl values f"(0) and ¢ (0) until a solution
was found Which gave f'(0)=0 and ¢(«)=0 for the region-
free solution, and, £"()=0 and ¢()=0 for the inner-
region solution. In order to have equal accuracy for all
calculated results for the purpose of comparison, the
misging initial values were set in an automatic iteration
program with a specified value of error E, such that

1), for the region-free solution

E=(r ()12 4 [ ()12 +[dee) 2 4] ()] (3.21)

2). for the inner-region solution
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E= [£" ()12 +[d(=) 1% +[d" (=) )7 (3.21a)
A1l calculations were performed on an IBM 360/50 using |
double precision. The procedures of the numerical solutlory
with a flow chart for the computer progrem are illustrated
in Appendix B. The results, values of f"(0) and -qy(o)
versus N, for both solutions are plotted in Figs. 3.1 and
3.2, It is surprising to find that the results are quite
different between both solutions for N<1. Present solu-
tions were also converted to F"(0) and H'(0) for comparing
with the exact solution of Ostrach (16). The results were
listed in Teble 3.1a. Appendix C gives the numerical

values of f*(0) and ¢'(0) for the region-free solution.

3.2 Heat Transfer Results

3.2.1 Velocity and temperature distributions:

The theoretical dimensionless temperature distri-
butions for isothermal laminar free convection from an
arbitrary two-dimensional body in power law fluids are
shown in Fig. 3.3 for the region-free solution. Fig. 3.k
shows the dimensionless velocity distributions and comparesg
them with the inner-region solution for values of N=0.1,
0.5, 1.0, and 1.5. Again the difference is significant
for small values of N. In contrast to those of the reglon-
free solution, the dimensionless temperature distributions
for the inner-reglon solution all lie very close to the

one corresponding to N=1, For this reason, they will not

be shown.
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For an isothermal vertical plate (sin«=1), it can be

shown that

2N(K+1) 1-N2
u x>N+1 2(3N+1) l§E
N1 £ ) L (gpat)
o (q)=[(2n+1) pr, PYL_F
N+1
(3N+1)3N+1 erA%
(3.22)
and
t -t,
®(n) = r—— (3.23)
where
1 N
2(N+1 3N+
n:iﬁhA( )Rl
L _ N
(3Nt )3N+1
N+1 L
1 N
Grx
_J A 12(N+1) 3IN+1
== [ 2N(N+1)J [(en+1) Pr, ] (3.24)
(3N+1)
and
2(2N+1) (N+1)
x. ONH1
Grx, = GrA Gfd (3.25)

3.2.2 Flow parameter:
It is often desirable to define a flow parameter (16)
from the shear stress at the wall

. (311 )N

w E4 ¥y=0
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By means of the various transformations made in the
analysis, the flow parameter of laminar free convection
to an isothermal two-dimensional body can be shown to have

the following expression

T, _
N X B
N 2(N+1) 2 L 1 N
gpat,2 OTA ST 3N+1 2N+ x 13N
m( L) 7 (sin) [—Z:N;—‘i— (sin) d(f)]
3N+1 0
PrA

= [(0))" : (3.26)

For a vertical plate, Equation (3.26) becomes

T h
\f
2(2-N) (1+N) N s
2(2-N)(1+N) m
[(3n5+1) 3N+1 eri] n 3
N N
[(2n+1) Pr, P+ (E%? )(Z-N)(3u+1)
L
- teor ' (3.27)

Note that Equation (3.27) is comparable with that from
(16) when N=1. Fig. 3.5 shows the comparison between the
regilon-free solution and the inner-region solution, cal-
culated from Equation (3.26). The difference is again

significant for small N.
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3.2.3 Heat transfer parameter:
Two different definitions of the local Nusselt
number Nux havé been used in the literature.. Nux is

defined by Ostrach (16) as

hx X ot _
Nux = —— - — (3.28)
k tw"'too 3}’ y:o

i

This can be written

N
Nux = -¢'(0) Grz(§+1) Per+1-%— S(x) (3.29)
where
i
5(x)= (Sin“)zm (3.29a)
[%%%%gﬁ (sin<x)2ﬁ¢T d(%ﬂ]

0

For a vertical plate, the local heat transfer para-

meter can be obtained from Equations (3.29) and (3.25) as

N
Tux —= =¢'(0) [(2N+1)PrA]BN+1 (3.30)
2(N+1
erA ] ( )
2N§N+12J
(3N+1) N+1
or
N N 1 2N+1
oN+1 N1 3NFL 2(NH1) 4 3N+
Nux = -¢'(0) (3N+1) PrA Gr, ey (3.30a)
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The average heat trasnfer parameter can be obtained by

defining the average Nusselt number Nu as

_ (L
Nu =-—K Nux dx (3.31)
Lo
to yield
N 2N+1
— 3N+1
—Nu o 4 I+ 3N+1 (3N+1)
: @' (0) [(2n 1)Pr, ] N2
2(N+1)
GrA
(3.32)
For N=1, GrA= Gr and erA = Grx; the local and

average heat transfer parameters, Equations (3.30) and
(3.32), are summarized and compared with those of the exa-

ct solution in Table 3.2.

Table 3.2 Expressions for the local and average
heat transfer parameters for N=1.

Heat transfer parameter Exact solutlion Present solution

Grx i 3
Nux/(Z-* -H'(0) -¢'(0)(3Pr)*

N
— EY + 4&'
Nu / Gr* -E'(0) ~¢'(0)(3Pr)* Ea

\#géhg

Note that the average heat transfer narameter calculated
by Ostrach (16) is -H'(0) 43/4/3 which could be obtained
by substituting Nux =-§£—into Equation (3.31). The

results have been calculated and tabulated in Teble 3.1b.

Again the region-free solution is closer to the exact
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solution than the inner-region solution.
Several authors (11, 14, 15, 42) define the local

Nusselt number as

hL L 3t
Nux = % - - %;:t_mﬁ =0 (3.33)
to yield
1 N
Nux = -¢' (0) Gri(N+1) Przlw1 S(x) (3.34)

where S(x) has already been defined in Equation (3.29a).
For an isothermel vertical plate, the local and

average heat transfer parameters have the following forms

N
T - = -¢'(0) (%%’%)BNH S (3.39)
Gri(Nﬂ) PerH. (_%) 3N+1
2N+1
- Nu . = - ¢'(0) (%%%)BNﬂ (5.36)
Gri(N+1) PriNﬂ

Equations (3.35) end (3.36) are plotted in Fig. 3.6 for
the region-free and inner-region solutions., It is again
found that the region-free solution separates from the

others for N<1.

'3.3 Experimental Verification

The only available experimental results were those of
Reilly et al. (14) and Sharma and Adelman (15) on an iso-

thermal vertical plate in a power law fluid. The former
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used 0.5% and 1% carbopol solutions to cover the range of
power law fluid index N from 0.7 to 1.0, while the latter
used 1.25%, 1.5% and 1.75% carbopol solutions to cover N
from 0.2 to 0.7. Both investigations used the same equip-

" 11
ment, namely, rectangular copper plates 3%— X 7%~ high and

5%1 X 1151 high in a stainless steel container 4°' high

x 2' wide X 3' long. The plate end fluid temperatures
were measured wWwith copper-constantan thermocouples., The
fluid temperature was computed as the average value of the
local temperatures of the fluid, measured by a movable
thermocouple probe at different heights ranging from the
bottom to the top edge of the plate. All dimensionless
groups were evaluated using physical properties at the
arithmetic mean of the plate and fluid temperatures, Un-
fortunately, no velocity measurements were presented.

Fig. 3.7 show a comparison of the predicted average
heat transfer parameters with experimental results on an
jsothermal vertical plate. The work of Tien (42) using the
integral méthod is plotted in the same figure, It shows
that the region-free solution is in good agreement with the
experimental results of (14). The experimental results
were taken from Table 3 of (i4) for N=0.891 and 0.72; while
for N<O.b, they were calculated from the data on a small
plate provided in Tables 3 and 5 of (15) where the values
of N were determined from the average temperature. For
reference purposes, the numerical values of the experl-

mental results for 0.25<N<0.L4 are listed in Appendix D.
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CHAPTER IV
LAMINAR FREE CONVECTION HEAT TRANSFER ABOUT A BODY WITH

A UNIFORM SURFACE HEEAT FLUX IN POWER LAW FLUIDS

4,1 Theoretical Analysis

By defining the following dimensionless variasbles

X=2 (4.1)
y=-%.G£§%E Pr?ﬁgﬁ. (4,2)
3 1 N+2
k 5
U= u (——) Grg(N+4) PrgN+2 (4.3)
gpal |
3 3 2(N+1)
2(N+4 N+2
V= v ( k 5) Gr (n) Pr3 (b.1)
gpal C C
N
t "'toa v ;
T= T Grg+u PrgNTz (&.5)
&

where GrC and Prc are the generalized Grashof number and
generalized Prandtl number and are defined as (see also

(4h))

2
org = @)% 1 (BEYH (4.6)
pc T N+ N+
e "i‘g(%)m LT (B (4.7)

the governing differentisl Eguations (1.3-5) for a two-

dinensional body with uniform surface heat flux in an
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Thus, the non-MNewtonian fsctor becomes

%
_ Gy~
2(N+4)
GrC
It can be shown that Pr, =Pr for N=1. Therefore, the

C
analysis discussed in Section 3.1 for uniform surface

temperature case should be applicable to the present
uniform surface heat flux case. However, we will still
proceed to obtain both the region-free and inner-region
solutions for comparison purposes and also for strengthen-
ing the high generalized Prandtl number concept.

The boundary conditions for laminar free convection
from a body having uniform heat flux are: at y=0, u=v=0,

= -x 2t = constant; at x=0, u=0, t=t, = constant;
oy y=0

and as yewo, u=0, t=t,_ = constant. Utilizing the dimen-
sionless variables (4.1-5), these boundary conditions
become

1). for the region~free solution:

at Y=0, U=V=0, 2L =-1
¥ ly=0
(k.12)
at Y=oe, U=T=0
at X=0, U=T=0
2). for the inner-region solution:
at ¥Y=0, U=V=0, %% ==l
Y=0
L,q
at Y=co, 2—3 = T =0, U£0 (§.13)

at X=0, U=T=0
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Unfortunately, uniike the case of isothermel laminar
free convection, a similarity solution exists only when
sino =1, that 1s only for a vertical plate with uniform

surface heat flux. (See Appendix E)

t.1.1 Laminar free convection about a vertical plate with
uniform svrface heat flux:
The solution of Equation (4.8) can be written in

terms of a dimensionless stream function VYV

v N 4
v= , = -5 (4.14)

Then the partial differential Equations (4.9z) and
(4.10) are transformed to ordinary differential equations

by changing from the (X, Y) coordinate system to the (X,7)

system with the following substitutlons

Y

M= N (b,15)
[(ame2) x17
2§N+1
y= [0om2) xIP7° ()
N
T = [(3m2) x1PVE 0 ¢(n) (4.17)

Expressions for the velocity components become

N+-2
v = [Gw2) xPV2 s (4.18)
V = N - [nf(q%—zﬁ“” £(n)]
. 3N+2
[(3n+2) (4.19)
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where the primes indicate differentiation with respect to
n. |

Substituting Equations (4.15-19) into Equations (4.9a)
and (4.10), it was found that all terms containing X cancel
out, leaving only functions which depend upon m. The

result is

lN-l

¢ + %ﬁ( B ') =0 (k.20)

@"+ 2(N+1) £ <NP'Q =

|
(&

(k.21)

The absolute valuve used in Equation (4.20) can be neglected
only when the velocity gradient is positive.

When N=1, Equations (4,20) and (4,21) are the same
as those derived for Newtonlan fluids by Sparrow and Gregg
(17) (See also Equations (2.8) and (2,9)), if the inertia
terms of the momentum equation are rneglected and the
following transformations are substituted into Equation

(2.8) and (209):
H= - ¢ Pr-1/5, F=r Pr-t/5, nN=n pr=1/5

The boundary conditions are
1).for the region-free solution:

£1(0)=£(0)=¢"(0)+1=0

(k.22)
£7(00) =¢(c0) =0
2).for the inner-region solution
£7(0)=(0)=¢*(0)+1=0
¢ (4.23)

£ (00) =¢(ee) =0, £ (o) #£0
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Equations (4.20) and (4.21) with boundary conditions

(4.22) and (4.23) have been solved numerically by the
method described in Chapter III (see also Appendix B).

The results, the missing initial values £%(0) and &{0)
versus N, for both the region-free and inner-region solu-
tiong are plotted in Figs. 4.1 and 4.2, The solutions were
also converted to F*(0) and H(0) for comparison with the
exact solution of Sparrow and Gregg (17). The results are
listed in Tablelh.la. Appendix F glves the numerical va-
lues of f*(0) and $(0) for various values of N for the

reglon-free solution,

ho.2 Heat Transfer Results

L,2,1 Surface temperature variation: Substituting
Equations (4.1) and (4,.5) into Equation (4.17), one obtains
the surface temperature variation for a specified constant

heat {flux rate

N
¥ 3N+2 L 0
G N+4  3N+2
rC PrC

Equation (4.24) can be rearranged in dimensionless form by
introducing a generalized local Grashof number erc
2(N+1) (N+4)

IN+E
Grxy = Gre (%? (4,25)

to glve
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Teble 4.1

Comparison of the region~free and inner-regilon solutions

with the

Teble b.ia

exact soluticon for Rewtoniasn flow
(uniform surface heat flux case)

Comparison of F*(0) and E(0)

Exoct solution

Sparrow & Present

Region~free

Inner-region

Pr Grese (17) result solution solution
0.1 FU(O) 1.6434  1.6435 2.00609 2.03926
H(0)| -2.7507 ~2.7509 ~1.84550 -1.81857
F*(0)] 0.72196 0.72196 0.79864 0.81185
! B(O) ~1.3574% =1.3574 ~-1.16400 -1.14740
F*(0) 0.39756 0.41953 0.42647
° H(0) -0.,90195  -0.84396 -0.83164
F*(0)] 0.30639 0.30610 0.31794 0.32320
Y (0] -0. 76706 ~0.76804  =0.73417 ~0.72399
|F(0) 0.23491 0.2L096 0.2u4kol
= B(0) -0.65815 =0.63960 -0.63027
" F*(0) 0.17973 0.18261 0.18563
H(0) -0.56665 =0.55681 -0.54868
F*(0) 0.13653 0.13839 0.14068
%0 H(O) -0.49124  ~0.48473 -0.47765
F*(0)| 0.12620 0.12610 0.12658 0.12867
100 H(0)| -0.46566 =0.46597  -0.46357 ~-0.45680
F*(0) 0.09551 0.09593 0.09751
200 H(0) ~0.40o546  -0.40356 -0.39767
FY(0) 0.06634 0.06649 0.06759
200 B(0) -0.33678  -0.33599 ~0.33108
F*(0) 0.05042 0.05039 0.05122
1000 H(0) ~0.2924L  -0.29249 -0,28822
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Table 4.1b Comparison of average heat transfer parameters

Byact Region-Frce Inner-Region

N=1 Solution Solution Solutlen

Pr Equggzon P;i:;?t Value Devigtlon Valu? Devi%tlon
G S Su e o e
S SO0 R RS A R E I A 1 A SR
S 28 0.3 558515 - 866 1lo0i3p -10-68
(58 iR 1R - s 1R - 766
20 438 1S Ineese - 36 1luides - 558
©GR LR LS - LG -
(52 1Y T0Hey - e Dowan - 357
I T s
00 (3F) SN LA - o BERE - 2
0 (5 3 JEM -0 LMK -2
e
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1 N N
~t N-+L IN+2 N+2 .
Egi_E.erC Prél “ = (3N+2)3 @(0) (4.26)

9
k

Equation (4.26) ie plotted versus N for both the
region-free and immer-region solutions in Fig. 4.3. On
any given location slong the vertical plate, Equation
(4.2L4) indicates (tw"tw) i1s proportional to XN/(3N+2).

The variastion of the wall temperature with distance along
the wall is obtained from Equation (4.25) in dimensionless

form

t =ty 3N+2
S S (—’ﬁ—) (4.27)
(tw“tw)L

where L is the length of surfece for which the flow is
laminar. Note that Equation (4.27) is exactly the same
expression as that derived by Sparrow asnd Gregg (17) when
N equals 1. Thus, this expression is also an exact solu-
tion for non-Newtonian power law fluids. Fig. 4.4 shows
the variation of t,-t, along the plate surface for various
flow index N, The rate of increase of the wall temperature
is greatest near x=0, and the variation increases as N
decreases. Note that Equation (4.27) is only a function
of the distance along the plate and the power law fluid
index, and is free from the method of solution, such as

the reglon-free or inner-region soluticn discussed here,
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.2.2 Locel Nusselt number: The local Nusselt nuwmber is

conventionally defined as

h¥ q X
Nux = = ' — L,28
X bty te K ( )

Rearranging Egquation (4.26) and substituting it into this

equation, it follows that

1 N

Nux = C(N) erg+“ PréN+2 (4.29)
or, 1 N 2(R+1)
+4 N+2 3N+2
Nux = C(N) ery 3 X

C PrC (L

where

C(N) =

1
N __
(3N+2) SNH2

¢(0)

Some authors (11, 42) prefer to define the local

Nusselt number as Nux =-§£. Using this definition,

1 N N
Nux = C(N) Grg+u PrgN+2 6%) JN+2 (4.30)

It is possible to define a generalized local Raylelgh

number Raxc by rearranging Equation (%4.29) to give
i

Nux = C(N) Bang+2 (4.292a)

where N+2
é%ﬁ?‘ N

Raxc = erC PrC

When N=1, the erc =Grx, Prc =Pr, and Raxc= Rax=Gr: Pr.
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1 N
Y 1 LN 3Rz
TV“SE N GIAC IrC (L,33)
3N+2
(3N+2)j

The temperature profiles are plotted in Figs. 4.5 and
L6 respectively for various values of N for the region-
free seolution, Conparison of dimensionless velocity dis-
tributions from the exact solution (N=1, Pr=i000), the
region-free solution, and the irmer-~region solution is
shown in Pig. 4.7 for N=1.5, 1.0, 0.5, and 0.1. Because
the temperature distributions from the inner-region solu-
tion are all very close together, no further comparison is
made., It is found that the observations made here for
uniform surface heat flux are very similar to those of

Chapter III for vniform wall temperature.

h,2,4 Average Nusselt number: Several definitions of the
average Nusselt number Nu have been reported in the lite-
rature.
a). Nu based on integration over the entire characteri-
stic length L: L
1. Nu =-1XLNuX dx =-1X bx dx (b,34)
Ly Llg k

Using Equation (4.29), this expression becomes

1 N
Ko = Cq (M) szrcf\“‘l*L PrC3N+2 (4,35)
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where
2(N+1)
N+2
() = (3N+2)3
00T (sR+h) $(0)
5 ﬁa:lf’l’}:dx | (4.36)
® L O k 3 L ]
then 1 N
fa = C.(N) cr NTF pp 30F2 (4.37)
2 C Cc
where Eﬁﬂill
IN+2

(3N+2)
2(N+1) (0)

CZ(N):;

b)., Nu based on an average temperature difference: The
average temperature difference on a surface over which
the flow i1s laminar for a length L is obtained by ave-

raging Equation (4.24)

L
1 _ 3N+2
bt "‘i&o (tw"qw) dx = 2(2N+1 (tw'tm)L

By defining e mean heat transfer coefficient h as

T’l-::f.l___.
t -t

w 00

the mean Nusselt number is obtained by evaluating (tw

~ﬁm)L from Equation (4.24) to give

- 1 N
—  hL N+l 3N+2
= —— = \J 3
Nu » CB(R) Grc Prc (4,.38)
where
2(2N+1)
CLr{N)=
3( ) 2(2N+1)
IN+2

(3m+2)" ¢ (0)
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where

. v _N+2
(3N+2) T 3Nz

Pr
C

1
AR
Note that P has the dimensions of velocity, and the
velocity gradient near the wall is alweys positive.
The loceal drag coefficilent Cd(x) has been defined
by Gebhart and Mollendorf (36) by introducing a
‘convection velocity’, L such that u_=u =P. £? (n).

Cc m&eXx nax
The drag coefficient becomes

T.(%)
Cd(x) = (b.41)
P u
c
The local flow parameter caen be written
. ,
Grg 3;122
C X
Cq(x) ————= e (m) () (4, 12)
PrC3N+2
where
" N
c (N)= —1 {rr(0)} »
£ b ()]
(3N+2)3N+2 '

The values of Cf(N) versus N have been plotted in Fig.
4,8 for the region-free solution. It shows that Cf

increases rapidly when N<1.







Ly3 Experimental Verification

L.3.1 The experimental dats:

Experimental results have been reported by Dale (44)
Two vertical flat stainless steel pletes of similar con-
struction but different in size were used in hisvinvestim
gation; one has o dimension 18 % in. by 24 in. by 1 in.
thick and the other 6% in. by 12 in. by 3/4 in. thick.
The temperstures of the plates were measured by using
copper-~constantan thermocouples spot welded to the back
sides of the sheet. The fluid temperatures were measured
with a chromel-constantan thermocouple probe. The velocit
measurements were made by tracking photographically the
macromolecules inherent in the non-Newtonian fluids when
pbssible (the C.M.C, solutions), and he used the neutrally
buoyant glass beads when this was not possible (water and
carbopol solutions). The physical properties were
evaluated at the average fluid temperature taking the
arithmetic mean of %he fluvid temperatures far from the
prlate and the plate temperatures. Fourier's law is used
in his experiments to determine the surfece heat flux,
The temperature gradients along the plate were reported
to have a variation of 7.3% below the average and 4.9%
above the average.

All the experimental data reported by Dale (44) has
been put in dinmensionless form for use in the present

analysis. The range of power law fluid index N used in

=4

the experiments is from 0.383 to 1.0. All the carbopol
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colutions used by Dale were un-neutralized except those
0.06% and 0.065% sclutions which were neutralized,

As mentioned earller, the expression for the veri-
ation of wall temperature, Ecuation (4.27), is an exact
solution end may serve as a criterion to justify the
accuracy of any temperatuvre measurement along the plate
and far from the plete. Fig. 4.9 shows the comparison
between the theoretical and experimental wall temperature
variations for N=0.888, 0.795, 0.535, and 0.383. The
agreement is generally very good. Flg. 4,10 shows the

comparisons between the predicted local Nusselt number

hx
k
the experimental results calculated from data of Dale for

(with ) caelculated from the reglon-free solution and
K=O.888, 0.611 and 0.383. The agreement is fair.

The aversge Nusselt number predicted by Equation
(4.35) vsing the region-free solution was calculated and
plotted in Tig. L,11 with experimental results calculated
frou dets of Dale. The agrecement is seain fairly mood.

In Newtonien flow, heat transfer results sometimes
are preferred to be correlated with the Rayleligh nunber
defined ss Ra=Gr Pr. Since we have defined a generalized
local Rayleigh number Rax, in Equatiomn (4,29a), it is
possible to define a generalized Raylelgh number RaC for
power law fluid flow as

HEe w

Ran = Gry Prc (4.43)
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Fig., 4.12 shows predicted heat transfer results can be
correlated with the generalized Rayleigh number Rac and
are in good agreement with those experimental results for
N=0.888., The predicted average Nusselt number in Fig.
4,12 is calculated from the region-free solution using
Equations (4.35) and (4.43) to give

1

Fu = ¢, (N) Ra,N*? R

Fig., 4.13 shows a comparison of dimensionless tempe-
rature distributions across the boundary layer with those
calculated from data of Dale for N=0,.888. The agreement
is good, though the experimental results are a little
higher than those of theory. The disagreement occurred
again when a comparison is made on the dimensionless
velocity distribution in Fig. 4.14. The velocity far
from the plate decreases faster than the theory predicts.
A possible reason of such a dlsagreement may be caused by
one or both of the following

1). Experimental error: The flat plate used for testing
is too large. It causes a free surface effect on the
entire flow field which produces reverse flow, as observed
by Dale (44), The free surface effect can be ellminated
with a smaller testing plate or a deeper testing container,
A significant improvement to the disagreement was observed
by Dale when a smaller plate was used; unfortunately the

testing fluids were nearly Newtonian. Additional error
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might result from the difficulty in keeping the surface
heat flux constant.

2). Theoretical error: The msain assumption of thils
research is that the present anslysis applies only to
those power law fluids of high generalized Prandtl number.
It 1s found that the fluid used in the experimental study
shown in Fig. 4.14 has a generalized Prandtl number PrC =
6,2, If we use the well-established exact solution for
Newtonian flow as a reference, (this is certainly permi-
ssible because N=0,888 is actually oﬁly slightly non-
Newtonian), it can be shown that a fluid with PrC =46,2

may suffer a maeximum theoretical error in the heat trans-

fer results of less than 2%.

L,3.,2 Comperison of heat transfer parameters:
An intepgral method with assumption of a high
generalized Prandtl number has been applied by Tien (42)
to the present problem. The local and average heat

transfer parameters were derived to give

i -N
nL N 3N+2 x 3N+2
J =~ —_— == =
Nux ” M4 (N) (Grq Prn, ) I (4.45)
1
4 (T y. 3N+2
Nu :-ix Nux dx = MZ(N) (GrT PrT ) (L., 46)
0
where GrT and PrT were first defined by Tien as
i
2-N
Gr, =263 L (4,47

T 2/(2-N)

m

x (p)
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1 2(1-N)
PC, m 2-N 2N
L)L (4.48)

PrT = "

It can easily be verified that

3N+2
N N+L N
= = P
Rac GrT PrT GrC rC

Therefore, the coefficients M1(N) and MZ(N) of Equations
(4.,45) and (L4.46) are comparable to C(N) and CZ(N) of
Equations (4.30) and (4.37).

Figs. 4.15 and 4,16 show the comparisons of the
present similarity solutions (region-free and inner-
region) wiﬁh Tien's integral method solution, and also
with the experimental results of Dale (44). It appears
that the integral method shows fair agreement with the
present solution only when the power law fluid index N is
greater than one. The fact that the integral method does
not.work for N<1 can be fully explained by observing Figs.
L.,5 and 4.6 for the velocity and temperature distributions
of various N across the boundary layers., In fact, the
momentum boundery layer 1s much thicker than the thermal
boundary layer for any N<i, This is contrary to the
basic assumption of the integral method that the momentum
and thermal boundary layers are approximately equal in
thickness.

The experimental heat transfer results shown in Fig.
4,16 are below those predicted by all the theories., The

best results are found when the experimental datas are
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correlated using Eguation (4.35); This is shown in Fig.
Lk,17. It avpears that differences between the region-
free sand immer-region solutions are limited except for

amell values of the power law fluid index.
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CHAPTER V

DISCUSSION

5.1 Generalizcd Prendtl Number and Non-Newtonian Factor

Using dimensional analysis, it has been shown in
Chapters III and IV that the "generalized Prandtl number",
PrN, differs from the conventional Prandtl number Pr by a

"non-Newtonian factor"“, f such that

N'

PrN = Pr-fy (5.1)

In all cases, PrN=Pr when N=1. For laminar free convection

to power law fluids, the non-Newtonlan factor is a function
of the Grashof number Gr for Newtonian flow, the generali-
zed Grashof number GrN for non-Newtonian flow, and the
power lew fluid index N, That is

fy = fN(Gr, GTys N) (5.2)
or simply
fy = TnlG7y
A high Prandtl number fluid flow will show a thin

, N} since GrN =Gr when N=1,

thermal boundary layer and a thick momentum boundary layer,
while this 1s not necessarily true for a high generalized
Prandtl number fluid flow. The generalized Prandtl number
may be dominated by the non-Newtonian factor which, in
turn, mey be controlled by the buoyancy force and/or the
power law fluild index, Table 5.1 lists a summary of the
dimensionless groups for laminar free convection to power

law {Tluides.
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5.2 Relationship between the Uniform Surface Temperature

and Uniform Surface Heat Flux Cases

If we define the generalized Prandtl number and the
" jgeneralized Grashof number for the uvniform surface heat
flux (USHF) case in the same manner as for uniform surface

tenperature (UST) case as

: 2 _2+N 0 ,,2=N
Alygge0a = @7 1T [8p (58] (5.3)

Gr

2 3(N-1) 1-N

C 1+8 L
=Pr, = f—K—p (%)1+ [Lpg(tw—toojjz(N+1.)LJ_+N

PrA‘

USHF
(5.4)

1t 1s possible to rearrange Equation (4.38) to become

— 3N+2

Nu1 . _ [CB(N)]3N+1 (5.5)

2(N+1) Pr 3N+1
A

GrA

and to rearrange Equation (4.39) to gilve

_ 3N+2
Nu _ 3N+1
- —= [c,(m] (5.6)

2(N+1) 3N+1
GrA | PrA

Equations (5.5) and (5.6) are calculated and compared
with the exact solution for Newtonian flow (N=1) 4in Table
4h.1b, snd compared with the uniform surface temperature
solution from Chapter III and the uniform surface heat flux
solution from Chapter IV in Table 5.2 for N=0.,1, 0.5, 1.0,
and 1.5. It is found that heat transfer rates from a verti-

cal plate with UST are comparable to those with USEF, if
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Table 5.2

Numerical values of average heat transfer parameters

Bu

]

N

Gr

A A

2(N+1) pp JNF

N Equation _Region-free solution

Inner~region solution

USHF® TTUSTR® ~ usT USHF
Acrivos
( ) o (11) Present .
. 0.bk52 0.619
0.1 3+ > 0.4338 0.60 0.6246
(5.6) 0.4425 0.6063
(5.5) 0.5981 0.6481
0.5 0.5690 0.63 0.6212
(5.6) 0.5698 0.6176
(5.5) 0.6944 0.7072
1.0 0.6574 0.67 0.6703
(5.6) 0.6575 0.6697
(5.5) 0.7259 0.7420
1.5 0.6823 0.71 0.6998
(5.6) 0.6861 0.7013

# Uniform surface heat flux

*#% Uniform surface tenmperature
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their dimensionless groups are properly defined. The
comparison among the present and exact solutions for New-
tonian flow shown in Table 4,1 indicates that the
region~free solution will differ from the exsct solution
well within experimental error (less than 10%) for Pr >5
and is closer to the exact solution than the inner-region

soluticn.




87

CHAPTER VI

CONCLUDING RBREMARKS

The reglon-free solution for laminar free convection
to & power law fluld from & body with a uniform surface
tenperature or a uniform surface heat flux has been shown
to be in satisfactory agreement with experimental results
and also with the exact solution for Newtonian flow when
Pr >5. This solutlon appears superior to all previously
published solutions and is recommended for all calcula-
tions.

The flow and heat transfer parameters are derived and
plotted for varlous values of the power law fluld index N,
The important physical guantities, such as shear stress
and heat transfer rate, can be calculated from these para-
meters. It is found that these parameters are somewhat
dependent on the power law fluid index for the region-free
solution. It is slso found that, with properly defined
dimensionless groups, the laminar free convection heat
transfer to a power law fluid about a verticel plate with
uniform surface heat flux can be obtained using the heat
transfer parameter from the uniform surface temperature
case,

The present analysis has concentrated on results for
a vertical plate becasuse the experimental data are avail-
able. Tt should be understood that the present solution

derived in Chapter III is applicable to other two-
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dimensional isothermal bodies, such as a large vertical
cylinder, a horizontal cylinder, a vertical cone or a
sphere (with the appropriate transformation as demon-
strated by Acrivos (11)). However, the work in Chapter IV
is 1limited to the vertical plate having uniform surface
heat flux, because a similarity solution apparently does
riot exist for any other body -shapecs.

This research program calls for more experimental
work in the area of non-Newtonian natural convection for
small power law fluid index. More accurate velocity
measurements are needed in order to distinguish the
reg10n4free solution from the inner-region solution by
comparing velocity profiles of fluids with the same power

law fluid index,
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£
APPENDIX A1l
‘ Critique of Lee and Ames'! Work

on Free Convection

The dimensionlecss governing differential equations for
laminar free convection to power laew fluids are given by

Equations (60) and (56) of Reference (9)

2 2 > 2
24 _F¥ _2¥I¥_ s I yn-1de
0¥y dyex  ox ay*  y ,ayz 5;7') e (A1)
2% 20 _ 3% . 1 6 (42)

Using the similarity verliable and reduced functions given
in Equations (57) of Reference (9)
n=y x~1/3 | f=kht"2/3 , g=9x-t (A3)

the following derivatives are obtained

an _ /3 17
24 X 3 x
2 = 35a/3 (20-910) .§—$= xt/3 g0
2
g—f— = x*1 (tg- 5 ne')
9_% T V5 NP %92: £572/3

# The nomenclature used in Appendix Al follows (9).




oL

where the primes denote the differentiation with respect to
7l. Substituting the derivatives into Equations (A1) and
(A2), we obtain

a n-1 S+t
£12 - 2re% = 3“@73( | £%] ") +3g X0 o (Ab)
and
" +-1:3-Pr (2fg*-3tf*'g) = 0 (A5)

Equations (Al4) and (A5) are ordinary differentlal equations
only if

t o= - (A6)
Thus from Equation (A3)

g = gxt/3 (A7)

instead of g =9x~1/3 as claimed in Equation (61) of

Reference (9). The wall temperature variation 1ls now

e = x-1/3

w

which is unreaslistic as stated in References (8) and (11).
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*
APPENDIX AZ2
Critique of Kubalr and Peil's Work

on Comblined Convection

The combined convection controlling parameter P was

defined by Kubailr and Pei (43) as

EZ_..QiZ_
-n Z2-n
P = Yor: = C%Q 5 X EQS(TW'T”)J
Z%H (f’ux -n Xn)2/(2-~n)
Nﬁe' K

*
Since Ug= Ax" and T T.= Bx" , P becomes

L
P = g)é‘B Jc1+n 2m

A
Therefore, P is constant only when
14+n'*-2m=0, or, n'= 2m-1
This is exactly the restriction Sparrow et al., (10) found
for combined convection to Newtonian flow.

The generalized Prandtl number was defined as (43)

-2
N _ Cp U PX N T+n
Prt — k Re?
or., n-1 2 2n 2m(2-n)
o + EY - -
N ____Pcp A n+ (%_)1 n xm+1"1+n iin
Pr! X

Therefore, NPr‘ is & constant only when

2n _ 2m(2-—n) =0

+1 -
m+1 T+n .

#The nomenclsture used in Appendix A2 follows (43).
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APPENDIX B

Numerical Solution of the Boundary lLayer Equations

B.1

with Asymptotic Boundary Concditions for

Non-Newtonian Fluid Flow Problems

Derivation of the Perturbation Equations

B.1.1 Uniform surface temperature case:

The system of ordinary differential Equations (3

17) and (3.18) can be rewritten to give

%;)-( |f"|N"1 ") = - @ (B.1)
"= -r @' (B.2)
B. C. £(0)=£'(0)=¢(0)~1=0¢(e)=r"(ex)=0 (B.3)"

Because f" may be positive (near the wall) or
negative (far from the wall), Equation (B.1) can be

expanded into parts, namely

7o 'ﬁ—)—ﬂ for "> 0 (BoL")
f"
- @

o= m—i— for f"< O (B.S)

and for f"=0: f™ =0 if N<1, f™ =-& if N=1, and f" =co
if N>1. The divergent characteristics of f" at N> 1
can be averted by adjusting the increment of 7 so that
the value of f" never equals zero. In fact, this is

one of the excellent advantages for solving this type

¥The boundgary conditions here are for the region-free

solution. A slizht change can convert thls presen
tation to include the inner-region solution.
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of equation by numerical integration. In the following
derivations, the work is primasrily developed for HN<1i. BHow-
ever, 1t may also apprly for N71 provided specific care be
taken to deal with the case when f%=0. Experience tells it
is generally all right to use " =0 when f"=0 for all value
of N becauvse actvally the value of f" probably never goes
to zero during the numerical process with proper choice of
increment.

According to Fox (47), two additional initial condit-
ions (the missing initial boundary values) at the wall can
be sought if the following nonlinear equations are satis-

fied simultaneously

f t (4’ 2)’7]ed86=0

P (5, =0

znzédge

where T =f"(0) and £=¢'(0) are the two missing initial
boundary values;?@eis the value of 7) where further
extension of n will have little or no effect on the values
of f'* and C#. Thus the necessary corrections to an appro-

imation for gand?g)come from a solution of the linear

equations (at 7= ﬁ%dgp)

£+ flag + fz' ag =0 (B.6)
P+p oz + cpzag:o (B.7)
vhere the derivatives f& =-%%% . ﬂé =-%%é and %£=%%% ,

ED
%o

coxe from the perturbation differential equations

vl




99

for the z;andg;derivatives.

For Z;derivatives:

1-N
" W o —(f7) t
at £" >0, 1= N___[¢&(1N)?$¢%] (B.8)
st f" =0, £ =0 (B.9)
1-N
" (11 . "lf“l - - ___?___ "
at " <0, 1 5 (901 N)‘f"‘f‘z;] (B.10)
and " o= (fp + f ) (B.11)
oL L
For & derivatives:
* W o “(f")lmN ¢ %
at f>0, f¥=g [¢a+(1-N)——f;—,;-fE,] (B.12)
at £* =0, f‘%’) =0 (B.13)
_’f“’1~N ) ' ‘
at f* <0, = (1=N) £ B.14
g v [c;b |fe] E] ( )
d "= (! + T B.1
an v ( &#) CIDE (B.15)
Note that -Qg and ~§g in the bracket of Equations (B.10)

and (B.14) are equivalent to

Qlf"l
e

alr"f
nd. 3§i

respectively.

The initial conditions for the above perturbation

equations are

T,

Te

Uniform surfece

at n=0,

and

B.1.2

¢ ¢—f" -1=0
=f"=PO = -1=0

e %
heat flux:

Using the same method as in Section B.1.1 for

vniform surfece temperature case,

the perturbation

differential equations, with perturbation variables

=f"(0) andg= @$(0), are derived as follows:

(B.16)
(B.17)
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Fer zyderivatives:

Qg same as Equations (B.8-10) for f"§ 0, and

L = NP + NE'dy ~2(N+1) (£, P/ +0 Py ) (B.18)

For z derivatives:
' Qg same as Equations (B.12-14) for f"$ 0, and
" o= NfY + G -~ +1 "+r P,
Pz NL! ¢ + Nf P ~2(N __)(quJ f¢2) (B.19)
The initial comnditions for the above perturbation equat-

lons are (at n=0)

£ =f, =¢C7=Cbz';af£ -1=0 (B.20)
a f_ =f% =f" =" = ¢ -1=0 B.21

The necessary corrections to an approximation for g
and E}come from the same solution of the linear Equations
‘(B.6) end (B.7), because the boundary conditions far from
the wall are the same for both the uniform surface tempe-

rature and the uniform surface heat flux cases.

B.2 Convergence Criterion

The convergence criterion for the numerical integra-
tion may be obtained from the solution of the linear

Equations (B.6) and (B.7) at 7= . Then the values of

77edge

Z, and Z,must be corrected until aZ=4z-~0. This method is
slow 2nd has been modified by Nachtsheim and Swigert (22).
Besides Equations (B.6) and (B.7), two additional
equations are supplemented for the convergence criterion

such that

% + fRAZ + f'ag=0 (B.22)
5 iZ
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and (B.23)

¢uM%A;+¢%A£=o

The least-square solution for the system of Equations (B.6),
(B.7), (B.22), and (B.23) is gilven by the solution of the

following system of equations:(22)

(f£2+¢§ +f‘£2 +¢;; Yag 5-(49‘“ +q2q5 1 " +¢’ <p)az
= -(f'f'F¢¢%+f"P'4*P¢g) (B.24)
o H Y 2 1 2
Z,' £ +<ivq> f f‘ +q>d5)A/,,+(f' +¢>2 +f‘§’ +%’ YAZ,
= -(f'fz' +¢4’g+f"f'é +<{><%,) (B.25)
If ayy = 50+ 2 + f“ +¢'
Qo1 = BT+ I TR Y
dyp = f°fa +<¢():4>+ f'&" by +<Dé¢£, (5.26)
a = f' +-¢ + f"z + ¢'2 )
22 Z, z 2 Z
vy =f'fE +Pgt U] +¢'<%’
—=ftot + e + D'
r, ff2 +¢§é g qbc;%
Then _rrl dq0
T2 9
AZ]: (B'27)
A
'd r
11
and - dZ‘J r; ]
A = - i (B.28)
z 4
where
é d
a=| 11 12 (B.29)
%21 %22
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The convergence criterion is then determined when, .
after several 1iteration processes varying nedge' the valuesd
of 4zand ag, calculated from Equations (B.27) and (B.28),
become very small such that

(+ax) /=~ (B.30)
+ ~ .
(8+48), jae. (B.31)

The condition of 4%, Az approaching zero proves the stability
of the numerical integration; however, it does not show
where the true solution, the missing initial boundary
values, really asre. An additional condition has to be
found--~that is the value of error E such that (see

Equation (3.21))
B = (00(=))2 + (£7(0)]% +[o(=)) 24 [Fl))Z (B.32)

The value of E is specified first and then compared with
the caleulated value; Tterating cycles continue until the
calculated value equeals or is less than the specified value

and az and a%z are also very smell,

B.3 Conmputer Programming

B.3.1 Introduction:

The followlng information is of importance before
computer prograemming for this srecific two-point boundary
value problem of non-Newtonian flow.

1. Method of numerical integraticon--fourth-order Runge-

Kutta formulsa.

2. Accurecy--double vrecision.
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So
6.

7.

Increment--An<0.06
Execution time-~-about 20 seconds per iteration

cycle; depends on the value of qedge'

b

GByror--8 <10°

Correction (convergence criterion)--zﬁ;{A2<10-h

Inpuvt data--see Table B.1l

B.3.2 Flow charts:

L program for integration using the fourth-order

Runge~Kutta method 1s presented in the flow charts of

Figs. B.

tutes a

1 and B.2 for N<{1. The first flow chart consti-

genergl program for reading the necessary paramet-

ers, controlling the step size,.checking the output,

determining the necessity of iteration, and printing the

results.

in this

It calls a subprogram for the actual integration;

case the subprogram uses the fourth-order Runge-~

Kutts method, but any other self-starting method could be

used, for exsmple, Adams-Moulton (predictor-corrector)

nmethod.
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Table B.1 Summary of Input Data

3 Variable, y(3) Initial value, y,(J)
UsT* USBF#*#%
1 =y (1) 0 0
2 f'=y(2) 0 0
3 =y (3) trial value trial value
L P=y(4) 1 trial value
5 @'=y(5) trial value -1
6 f;=y(6) 0 0
7 £2=y(7) 0 0
8 fa=y(8) 1 1
9 ¢=y(9) 0 0
10 ¢L=y(10) 0 0
11 fé=y(11) 0 0
12 fé=y(12) 0 0
13 f£=y(13) 0 0
14 ¢ﬁ=y( 14) 0 1
15 ¢L=y(15) 1 0

¥ UST = Uniform Surface Temperature

#¥ USEF = Uniform Surface Heat Flux
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APPENDIX C
The Region-Free Solution for the

Uniform Surface Temperature Case

The values of f"(0) and @'(0) associated with the
governing Equations (3.17) snd (3.18) and boundary
conditions (3.19) (the so-called ‘region-free solution')

are listed below:

N £4(0) @' (0)
0.1 2.6254 -0.4029
0.3 1.3112 -0.4378
0.5 1.1437 -b.U760
0.72 1.0734 -0.5025
0.891 1.0536 -0.5191
1.0 1.0533 -0, 5298

1.5 0.9525 -0.5412
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bLppendix D

Average Heat Transfer Parameters Cslculated

from the Data of Sharma and Adelman (Table

3 of (15))
Average .
at  tempe- N h Nu PrA GrA Nu
iun® OF r&tg§e EEi%%%:Eﬁ %1072 %q077 Gfkmﬁfm
1 19.1 81.0 0.388 6.l 14.28 21.54 0.275  0.4767
2 38.1 90.5 0.355 7.8 17.23 15.05 0.683  0.4Lo5
3 50.1  98.4 0.333 7.9 17.39 12.8{ 1.022  0.3923
L 64,3 107.2 0.311 8.5 18,46 10;31 1.578  0.3650
5 70.3 110.5 0.310 9.3 20.13 10.35 1.727 0.3837
6 88.5 120.0 0.290 9.l 20.09 7.9t 2.769  0.3305
7 116. 144,2 0.265 10.1 21.30 6,00 5.169  0.2822

*Test conditions:

of the non-dimensional grours.

1.5% carbopol solution, vertical small plate, L=0.656"

Note: 211 the numerical values of the respective physical

properties were taken from (15) for the calculation
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APPERNDIX E

Method of Similarity Solution

The dimensionless boundary layer equations for laminar
free convection to an arbitrary two-dimensional body having
wniform surface heat flux have been derived in Chapter IV
(see pguations (4.8), (H.92) and (4.10}). A dimensionless

stream function can be defined as

Chug and y= - 2 (E.1)

U= 2Y oY

Equations (4.8), (4.9a) and (4.10) can then be written as

2 T
3 3y N-1 ¥y
- = E.
3y (l3Y2 éyz ) + T sina =0 (E.2)
2% T 3V 3T ¥
8Y X T 3X oY = T332 (E.3)

3
with the boundary conditions

_n. 2¥ _ 2% _ T _ _
et Y=0: Io-= 5 0, I3 1
(E.4)
at Y=« and X=0, %—Y\ﬁ= T =0
Let N = b(X)Y (E.5)
¢ = c(X) £ (1) (E.6)
T = a(X) ¢(n) (E.7)

where (7)) and¢ are the reduced functions and b(X), c(X) and

d(X) are the arbitrary functions of X to be determined.

* Only the region-free solution will be discussed here.




115

Equations

(E.3) and r

.5-7) are substituted into Equations (E.2) and

arranged to give

- T—1
LU Ll Rl S I (E.8)
d sin ol an
Cc c d
P gt - X ro@ =0 (E.9)
b b &
Equations (E.8) and (¥£.9) are ordinary differential equat-
ions only if
CN b2N+1
°x
& . ¢ = constant (E.11)
b
c dy
L= r = conshant (E.12)
b d
Solving the system of Eguations (E.10-12) for b, ¢ and 4,

we obtain

1
SN
(Xoinz) s, (E.13)
b(X) = X - E.13
BN+ -r/s ng—‘ Nt{-r/s
[ it ) S (,Q sin D() I\H—th] 3 37
0
1 2N+1 7
3N+1-r/s (X +1 3N+1-r/s
c(X) =(} (- —~—~——~) S ( ¢ sinm)ZN dXJ (E.1L)
2N +1 0
¥ 1 _I‘_ 2N+1
s{3N+1-r/a) ( N+ s 3N+1-r/s
a(x) = ( £ sin ) ax (E.15)
2N+ o
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APPENDIX F
The Reglon-Free Solution for the

Uniform Surface Heat Flux Case

The values of f"(0) and @$(0) associated with
Equaotions (4.20) and (4.21) and boundary conditions
(4.22) (the so-called '‘reglon-free solution') are

listed below:

N £'(0) ®(0)
0.1 4.2038 1.5757
0.3 1.4674 1.5066
0.383 1.2348 14470
0.5 1.0480 1.3795
0.611 0.9465 1.3217
0.888 0.8259 1.2010
1.0 0.7986 1.1644

1.5 0.7260 1.0478
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