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Potential Theory Methods for Some Nonlinear Elliptic Equations
Adisak Seesanea
Dr. Igor E. Verbitsky, Dissertation Supervisor

ABSTRACT

This dissertation presents a unified approach via potential theory for solvability of a
class of nonlinear elliptic equations.
We give necessary and sufficient conditions for the existence of a positive finite

energy solution to the quasilinear elliptic equation
-Apu=ou?+p in R”

in the sub-natural growth case 0 < ¢ < p — 1, where A, is the p-Laplacian with
1 < p < o0, and o, p are nonnegative measurable functions (or measures) on R™.
Uniqueness of such a solution in certain Sobolev space is demonstrated as well.

A similar problem in the sublinear case 0 < ¢ < 1 is treated for the fractional
Laplace operator (—A)® with 0 < a < %, in place of —A,, on R".

In the classical case o = 1, we obtain the existence result for positive solutions
with finite generalized energy: E,[u] := [, |[Vul*u" 'dz < oo, for 0 < v < o0, to
the corresponding sublinear elliptic equation on an arbitrary domain €2 C R™ which
possesses a positive Green function. When 0 < v < 1, this yields sufficient conditions
for the existence of a positive solution to the same problem in the Dirichlet space
WyP(Q) for 1 < p < 2. Uniqueness of a finite energy solution (y = 1) is proved.

Our approach is applicable to the problems with more general quasilinear elliptic
A-Laplace operators on R", as well as linear uniformly elliptic operators with bounded

measurable coefficients on domains €2 C R™ which admit positive Green functions.



Chapter 1

Introduction

The main objective of this work is to study a class of nonlinear elliptic equations.
This chapter provides an overview, statements of main results and their consequences,

together with the organization of this study.

1.1 Overview and main results

We consider the quasilinear elliptic equation
—Apu=oul+p in R" (1.1)

in the sub-natural growth case 0 < ¢ <p—1.

Here Ayu := div ([Vu[P~2Vu) is the p-Laplacian with 1 < p < oo, and o, u are
nonnegative locally integrable functions on R"™, or more generally, nonnegative locally
finite Borel measures on R" such that o # 0. Therefore rough and highly oscillating
coefficients and data are considered here.

Such equation arises in many physical problems with nonlinear sources (fluid flows,
heat transfers, etc.), which has been used in various fields such as Control Theory,
Differential Geometry and Astronomy [Li]. For example, it corresponds to the study

of the porous medium equation [BO, Vaz|, and the Thomas—Fermi Theory where p
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is a finite sum of electric pointwise charges, see [BB, P| and literature cited there.

Simultaneously, both homogeneous (1 = 0) and inhomogeneous equations (u # 0)
will be studied here. Even though the former case was examined earlier in [CV1],
investigating the problems with general data g > 0 involves nontrivial questions
regarding possible interaction between ;1 and o.

We establish necessary and sufficient conditions on ¢ and p for the existence of
a positive finite energy solution u € Wy (R"), so that Jen IVUlP dz < 400, to (1.1)
(see Definition 2.1), and prove its uniqueness.

Our approach is also applicable to the existence problem for positive finite energy
solutions u € H*(R"), so that [y, [(—A)2ul? dz < +oc (see Definition 3.8), to the

corresponding fractional Laplace equation
(-A)*'u=ocu'+pu  in R" (1.2)

where 0 < ¢ < 1 and (—A)® is the fractional Laplacian with 0 < o < §. Uniqueness
of such a solution is proved in the case 0 < a < 1.

In the classical case a = 1, or more generally, the corresponding sublinear equation
Lu=ou'+p in Q (1.3)

where 0 < ¢ < 1 and Q@ C R"™ is an arbitrary domain (nonempty open connected set)
which possesses a positive Green function.

The operator Lu := — div (AVu) with bounded measurable coefficients is assumed
to be uniformly elliptic, i.e., A : © — R™*™ is a real symmetric matrix-valued function

on (), and there exist positive constants m < M such that

mlg]* < A(2)§ - € < MI¢J* (1.4)
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for almost every x € () and every £ € R™.
Our method is employed to obtain necessary and sufficient conditions on o and
w for the existence of a positive A-superharmonic solution (see Definition 3.13) u €

Lq

L .(8, do) with zero boundary values to (1.3), which has finite generalized energy:

E,[u] := /Q |Vul>u"! dz < 400, > 0. (1.5)

In the case v = 1, we show that such a solution u € W,?(Q) (the so-called finite
energy solution) is unique.

When 0 < v < 1, this result yields sufficient conditions for the existence of a
positive solution u € W, ?(Q) to (1.3) where 1 < p < 2.

We observe that the existence of positive weak solutions to homogeneous equation
(1.3) with u = 0, not necessarily of finite energy, is discussed in [QV1, QV2]. Further,
the existence and uniqueness of bounded solutions to (1.3) on € = R™ in the case u
is a nonnegative constant was characterized in [BK].

As was mentioned above, this work has been motivated by the results of Cao and
Verbitsky [CV1], who showed that there exists a unique positive finite energy solution

we L (R™ do) N W,P(R™) to the homogeneous equation

loc
—Apu=ou! in R" (1.6)
where 0 <g<p—1,1<p< oo and 0 € MHT(R") with o Z 0, if and only if
A+q)(p—1)

Wi ,0 € L r1=a (R",do). (1.7)

Here, for 1 < p < 00,0 <a < % and w € MT(R™), the (homogeneous) Wolff

potential W, ,0 is defined by [HW]
1
* lw(B =1 d
W a7p(.d($) = / |:—LO( (I7 T)):| —r, xr €R"”
0 rn-op T
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where B(z,r) = {y € R" : |z — y| < r} is a ball centered at z € R" of radius r > 0.
Notice that W yw = +00 for a > # unless w = 0. (See [AH, KuMi] for an overview
of Wolff potentials and their applications in Analysis and PDE.)

For 1 < p < oo and a nonempty open set 2 C R", by VVO1 P(Q2) we denote the
homogeneous Sobolev (or Dirichlet) space defined [HKM, MZ] as the closure of C§°(£2)

with respect to the (semi)norm

lulligr i) = [Vl

We denote by W=1#(Q) = [IW,?(Q)]* the dual space, where p/ = £ is the Hélder
conjugate of p. If p < n then W1 (Q) C D'(Q).
For equation (1.1) on R™, we will show that condition (1.7), combined with the

natural assumption that p has finite energy, i.e. (see [AH], Sec. 4.5),

pe W (R — W ,udp < +oo, (1.8)
R

is necessary and sufficient for the existence of a positive finite energy solution to (1.1).

More precisely, we state our main results as follows.

Theorem 1.1. Let 1 < p<n, 0 < qg<p—1, and let o,u € MFT(R") such that
o # 0. Then there exists a positive finite energy solution u € LL_(R", do) N W, P (R™)
to equation (1.1) if and only if both (1.7) and (1.8) hold. Moreover, such a solution

is unique in Wy P(R"). In the case p > n, there is only a trivial supersolution.

We sketch our method of proof of Theorem 1.1 in the inhomogeneous case y #
0. (The homogeneous case p = 0 is simpler since possible interaction between the

nonlinear term involving o and pu is omitted.)
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We show that if (1.7) holds, then (1.8) implies a crucial two-weight condition
W, ,u e L'(R", do) (1.9)

which turns out to be necessary for the existence of a positive solution u € Lj, .(R", do)N

Wy P(R™) to (1.1).
Given (1.7), this allows us to deduce the existence of a positive finite energy
solution u to equation (1.1) under assumption (1.8), by using a positive solution

u € L'(R" do) to the corresponding nonlinear integral equation
=W, (t'do) + Wy ,n in R” (1.10)

Such a solution @ can be constructed by an iterative method, provided (1.9) holds.

As shown in [COV1], condition (1.7) is equivalent to the trace inequality
lellisa@n a) < ClIVOlr@n, Ve € G (R") (1.11)

where C'is a positive constant independent of . A sufficient condition for (1.11) that

follows from Holder’s and Sobolev’s inequalities is

np
n(p—1-q)+p(l+q)

o€ L"(R") where r =

Moreover, there is an alternative charaterization of (1.11) in terms of capacities

due to Maz’ya and Netrusov (see [Maz, Sec. 11.6]),

14g

U(Rn) r p—1—q
— d 1.12
[ ] e 12

where (o, 7) = inf{cap,(F): o(F) > r, E C R" compact} and cap, is the p-capacity

defined, for a compact set £ C R", by

cap,(E) = inf {||Vu||12p(Rn): u>1on E, ue CP R}
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Thus, any one of conditions (1.7), (1.11), or (1.12), combined with (1.8), is nec-
essary and sufficient for the existence of a positive finite energy solution to equation
(1.1). The uniqueness part will be proven by first establishing the minimality of such
a solution, and then using convexity of the Dirichlet integrals fRn |\VulP dz.

Furthermore, we are able to adjust our argument outlined above to obtain analo-

gous results for the fractional Laplace equation (1.2) as follows.

Theorem 1.2. Let 0 < ¢ < 1, 0 < o < §, and let o, € MT(R") such that

o # 0. Then there exists a positive finite energy solution w € LL (R™ do) N H*(R")

loc

to equation (1.2) if and only if the following conditions hold:
14q
Iono € L1=4(R", do) (1.13)

and

p€ H(R"). (1.14)
Moreover, if 0 < a < 1 then such a solution is unique in H"‘(R").
Here, for 0 < a < § and w € M*(R"), we denote by Iow = W, ow the Riesz

potential of order 2« (up to a normalization constant). The homogeneous Sobolev

space H*(R") (0 < a < %) can be defined by means of Riesz potentials,
HYR") = {u: u=1L.f, f € L*(R")}
equipped with norm

HU”Ha(Rn) - ”fHL2(R")'

We denote by H~*(R") = [H*(R")]* the space of distributions dual to H*(R").
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Adapting the previous argument, if (1.13) holds, we first construct a positive

solution @ € L' 4(R", do) to the integral equation
= Iy (0?do) + Ingpp in R™ (1.15)
using an iterative procedure, under the additional assumption that
Loy € LY9(R", do). (1.16)

Using the nontrivial fact (1.13)&(1.14)==(1.16), we deduce the existence of a
solution @ € L'T9(R™, do) to (1.15), and consequently a positive finite energy solution
u to equation (1.2).

We observe that a sufficient condition for (1.13) that follows from Holder’s and

Hardy-Littlewood-Sobolev inequalities is

2n
n(l—q)+2a(l+q)

o€ L"(R") where r =
It was shown that (1.13) is equivalent to the trace inequality

HIag||L1+q(Rn7dU) < CHQHL?(Rn)a Vg € LQ(Rn) (1.17)

where C'is a positive constant independent of g, see [COV2]. Thus, condition (1.13),
or equivalently (1.17), equipped with condition (1.14), is necessary and sufficient for
the existence of a positive finite energy solution to equation (1.2). The restriction on
the value of o in the uniqueness result is due to availability [BF]| of a certain convexity
property of the Dirichlet integrals [5, [(—A)2u[* dx in the case a € (0, 1].

We now consider sublinear elliptic equation (1.3) on arbitrary domains @ C R"
(possibly unbounded) which possess a positive Green function G(z,y) associated with

L on Q x Q (see [K]).



An important tool in our study is the notion of the generalized energy. Suppose u

is a positive Green potential, i.e., u = Gw for w € MT(Q) with w # 0,

Guw(z) == /QG(:c,y) dw(y), =€

As we will show below (see Theorem 4.1), the condition (1.5) is equivalent to the

generalized Green energy &, [w| being finite,

Ew] = /Q(G‘rcu)7 dw = /Qu“’ dw < 400, (1.18)

which is also equivalent to uw'T € I/VO1 (). In this case, we have

/ u) dw = 7/(AVu - Vu)u' dz. (1.19)
Q Q

This is well-known in the case v = 1 for the Laplacian £L = —A, see [L, MZ].
Analogous integration by parts formulas with v > 0 for functions w in certain Sobolev
spaces with various extra restrictions on Q and w can be found in [MS].

Two other key ingredients in our approach are weighted norm inequalities for
Green potentials of the type G : L"(Q,dw) — L*(Q, dw) for arbitrary w € M™(Q),
in the non-classical case 0 < s < r and r > 1 (Theorem 2.15), along with iterated
pointwise estimates for Green potentials (Theorem 2.14) discussed below.

Employing these tools, we establish the following results.

Theorem 1.3. Let 0 < ¢ < 1 and v > 0. Suppose G is a positive Green function
associated with L in Q@ C R". Let o,u € M*(Q) such that o # 0. Then there

ezists a positive solution v € L} (2, do) to (1.3) which satisfies (1.5), or equivalently

loc

y+1

uz € Wol’z(Q), if and only if the following conditions hold:

yt+q
q

Go € L1 (Q, do) (1.20)
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and

Gp e L7(Q,dp). (1.21)
When ~ = 1, such a solution is unique in W, ().

Corollary 1.4. Under the assumptions of Theorem 1.3, suppose that "5 < p < 2,

where n > 3. If both conditions (1.20) and (1.21) hold with v = 2"=0=" ¢ (0, 1],

n—p
1.€.,
Go € L' (Q,do) and Gu € L*(Q,du), (1.22)
where 1 = (13(”—_22 —1 and s := 2=U=" yhen there exists a positive solution
q)(n—p) n—p
ue Ll (Q,do) N WP (Q) to (1.3).

A sufficient condition for (1.22) is given by

o€ L") and pe L7(Q), (1.23)
where 71 1= % and s 1= nﬂr—;) (see Proposition 5.6 below). Thus, in light

of Corollary 1.4, we have the following result.

Corollary 1.5. Under the assumptions of Corollary 1.4, if

o€ L™(Q) and pe L?(Q), (1.24)
where r9 = m and sy = n”—@, then there exists a positive solution u €
L (Q,do) N WP (Q) to (1.3).

We observe that Corollary 1.5 in the case = 0 (for bounded domains ) is due
to Boccardo and Orsina [BOJ, with a different proof.

In our proof of Theorem 1.3, we start with the corresponding integral equation

i = G(ado) + G in €, (1.25)
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under some mild assumptions on the kernel GG, which by the maximum principle are
automatically satisfied by Green functions associated with elliptic operators (includ-
ing £) in 2.

We find a crucial relation between o and p, which follows from conditions (1.20)

and (1.21), and yields an important two-weight condition:
Gu e L'M(Q, do). (1.26)

This supplementary fact allows us to construct a positive solution @ € L7, do)N
LY(92,dp) to (1.25) by using an iterative procedure, under assumptions (1.20) and
(1.21).

In this procedure, we employ the fact established recently in [Ver2] that condition

(1.20) is equivalent to the weighted norm inequality for Green potentials,

Ytg
HG(de-)HL'H—Q(Q do) < CHfHLWTﬂ(Q do)’ Vfe L (Qdo) (1.27)

)

where C' is a positive constant independent of f. Therefore, either (1.20) or (1.27),
together with (1.21), turns out to be necessary and sufficient for the existence of a
positive solution to (1.3) satisfying (1.5).

When G is a positive Green function associated with £ on €2, the integral equa-
tion (1.25) is equivalent to problem (1.3). Appealing to our characterization of the
generalized Green energy, (1.5) <= (1.18) with w := ou? + pu, we deduce that
(1.20) and (1.21) are necessary and sufficient for the existence of a positive solution
ue Ll (Q,do) to (1.3) which satisfies (1.5).

Finally, we remark that there are some analogous results (less precise at the bound-

ary 0L2) for equation (1.1) involving the p-Laplace operator in domains 2 C R"; see
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Remark 3.7 below. Further, in our existence results, the p-Laplace operator can be
replaced by a more general quasilinear elliptic operator, for example the A-Laplace
operator —div.A(x, V-) where A(z,€) is a measurable function which satisfies stan-
dard structural assumptions ensuring that A(z, ) - & = |£|P, see [CV1, HKM, MZ].
The main results presented in this dissertation are taken from joint works with

Igor E. Verbitsky [SV1, SV2].
1.2 Organization

This work is organized as follows. In Chapter 2, we recall the necessary background
facts, and collect some useful results concerning quasilinear equations and nonlinear
potentials which are repeatedly referred to throughout this study. In Chapter 3,
we establish explicit necessary and sufficient conditions for the existence of positive
finite energy solutions to equations (1.1), (1.2) and (1.3). Uniqueness results for such
solutions are also demonstrated. Chapter 4 is devoted to a characterization of the
generalized Green energy. Our argument relies on the existence result for a positive
finite energy solution to (1.3). In Chapter 5, we extend this result by employing such
characterization to obtain necessary and sufficient conditions for the existence of a

positive solutions with finite generalized energy to (1.3), and discuss its consequences.
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Chapter 2

Preliminaries

Throughout this work, let Q be a domain (nonempty open connected set) in R",
where n > 2. Denote by M () the set of all positive locally finite Borel measures
on €). Letters ¢ and C' stand for positive constants whose value may change at each

occurrence, unless otherwise stated.

2.1 Function spaces

Define C§°(2) as the set of all smooth compactly supported functions on §2.
For 0 < p < oo and w € M™T(Q), denote by LP(£2,dw) the space of all real-valued

measurable functions u on 2 such that

P
w|| e, dwy = (/ |ul|? dw) < +o00.
Q

p

e (£, dw) consists of real-valued measurable functions

The corresponding local space L
u on 2 such that the restriction ujx € LP(K,dw) for every compact set K C €.
When w is (n-dimensional) Lebesgue measure, dw = dz, we write LP(Q2) and L] (),
respectively.

For 1 < p < oo, the Sobolev space WP(Q) consists of all functions u € LP(Q)

12



such that |Vu| € LP(Q)), where

vu:<8u ou N %)

Oy’ 0wy’ Oy
is the vector of distributional partial derivatives of u of order 1. The norm on W?(Q)
is given by
[ullwir@) = llullzo@) + Vel o).

The corresponding local space, denoted by VVlif(Q), is the space of all functions u
on 2 such that the restriction up € W"?(D) for every relatively compact open set
D cq.

The Sobolev space Wy (1) is defined as the closure of C°(Q) in WP(Q). It is
easy to see that W, P(R") = W?(R"). The homogeneous version of W,7?(Q), called

the homogeneous Sobolev space (or Dirichlet space), denoted by Wy (€), is defined

as the closure of C§°(§2) with respect to the seminorm

ulliingay = 1V ullogey.

That is, W,7(Q) is the set of all functions v € W,.P(Q) such that |Vu| € LP(Q) for

loc

which there exists a sequence {¢;}52, C C5°(2) such that ||[Vu — V@) — 0 as
j — 00. When 1 < p < n, the dual space to Wol’p(Q), denoted by W=7 (Q), is the

space of distributions w € D’(Q2) such that

[{w, w)]

lwllyr—1.0 (qy := SUP T/ ———— < +00
W ||u||wol’p(9)

where the supremum is taken over all nontrivial functions u € Cg°(€2). Here p' := -5

is the Hélder conjugate of p. For a measure p € M*(Q), p € W=17(Q) if and only

if there exists a positive constant C' such that

yex gc(/wpdx)p, Ve € C(Q).
Q 0
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2.2 Riesz potentials

For 0 < a < n, the Riesz potential I, f of a function f € L, .(R™) is defined by

s Iy n
L) = (-84 =(an) [ AUy sew
where y(a,n) = Zn—ga) is a normalization constant.
7r22af(%)

Observe that, for f € LP(R") and 1 < p < 2, the Riesz potential I, f is well-defined
and finite (o, p)-quasi everywhere (briefly, q.e.), meaning everywhere except for a set
of («, p)-capacity zero, see [AH]. Moreover, 1,f is («a,p)-quasicontinuous (in brief,
quasicontinuous) which means that, for every € > 0, there is an open set £ C R" such

that cap,, ,(£) < € and the restriction I, f

ge 1s continuous on E¢ = R"™\ E. Here the

(e, p)-capacity of E C R" is defined by
Capa,p(E = mf{”““;;p Rr) I,u>1lonFE,u>0ae.,uc Lp(]R”)}

In a similar manner, the Riesz potential 1,0 of order @ € (0,n) of a measure

o € MT(R") is defined by

I,o(z) = (=A) 20(x) = (n — a)y(a,n) /000 w %, r e R".

Henceforth, the normalization constant will be dropped for the sake of convenience.

Forl < p<ooand 0 < a < %, the fractional homogeneous Sobolev space is

defined by (see [St])
LP(R™) = {u: u=1L.f, f € LP(R")}

equipped with norm
HUHLQ,p(Rn) = || fll Lo ®ny-

14



Clearly, W, ?(R") = L'?(R"). In the case p = 2, we use the notation
La,Q(Rn> _ HO[(RTL)

It is well-known that when 0 < a < 1, |ul|gagn) is equivalent to the Gagliardo

Ju(a) = u(y)? :
(// |fv—y|"+2“ dxdy) ’

see, for example, [AH, Sec. 3.5].

seminorm

The dual space of L% (R") for 0 < o < 5, denoted by L=#(R"), consists of

distributions p € D'(R™) such that

[ {11, w)|

< 400,
||U||Laﬁp(11e<n)

4]l e (my = sUD

where the supremum is taken over all nontrivial functions v € C§°(R"). In the same
spirit as above when p = 2, we use the notation L~*2(R") = H~*(R"). Thus, by

duality, for a measure p € M*(R") we have

pe H R < |1 <400 = Lot dp < 400.

a/‘Hm(Rn) i

2.3 Wolff potentials and energy estimates

Let 1 <p<o0,0<a<?and o€ M"(R"). The (homogeneous) Wolff potential

W, 0 is defined by (see [AH], [KuMi])

Wayola) = [ [M] : Tosem,

rn—op
where B(z,r) = {y € R" : |z —y| < r} is a ball centered at = € R™ of radius r > 0.
Observe that W, ,0 is always positive whenever o # 0. Moreover, either W, ,0 =
+oo or W, ,0 < 400 a.e. In other words, W, ,0 < +oo a.e. if and only if
W,,0(x0) < 400 for some zy € R™.
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In the linear case, when p = 2, W, 20 = Iy,0, and in particular, W 30 = Iyo is
the Newtonian potential.

The (v, p)-energy of o is given by

Eapl0) = HIO‘UHZ?/(]R")'

The fundamental Wolff’s inequality, see [AH, Sec. 4.5], provides a certain estimate

of the energy by means of the corresponding Wolff potential:

C ' Euplo) < | Wy,0do < CE,,(0), (2.1)

R

where C' = C(a, n,p) > 1. Consequently,
W,,0 € L'(R" do) <= &,,(0) < +oc.
More generally, it was shown in [COV1] (see also [COV2]) that for 0 < g < p, p > 1,

a(p—1)

W0 € L v=a (R",do)

is equivalent to the trace inequality

</ Lg|” da)é <c (/R 19" da:)é, Vg € PR, 02)

where C' is a positive constant independent of g. When a = k < 7 is a positive

integer, (2.2) is equivalent to the generalized Sobolev inequality

</R \g|qda>q gc(/Rn\v’ng d:r:)p, Vg € C5°(R™), (2.3)

where C' is a positive constant independent of g.
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2.4 A-superharmonic functions

Let 1 < p < oco. Suppose A : R® x R" — R"™ be a vector-valued function which

satisfies the following structural conditions:
e Carathéodory conditions:
the map = — A(z,§) is measurable for all £ € R™; (2.4)
the map & — A(z,§) is continuous for a.e. z € R"™. (2.5)

e Growth conditions: there are constants 0 < a < [ < oo such that for all £ € R

and for a.e. x € R,

Az, €) - & > algl” and  A(z, )] < B¢ (2.6)

e Monotonicity condition: for all &;,& € R™ and for a.e. x € R,
[Alz, &) — A(@,&)] - (& — &) >0 (2.7)

e Homogeneity condition: for every A € R\ {0}, for all &,& € R™ and for a.e.
r € R",

Az, M) = MAP2A(x, ). (2.8)
The A-Laplacian is defined by
divA(z, Vu) = V - A(z, Vu), u € WP ()
in the distributional sense, i.e., for every ¢ € C5°(2),

(divA(z, Vu), p) = (V- Az, Vu), p) = —/Q.A(I,VU) -V dz.
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A prototype of the this operator is when A(z, &) = [£|P72¢, the so-called p-Laplacian
defined by

Apu=V-([Vuf?Vu), ue WP (Q).
When p = 2, this reduces to the classical Laplacian A.

A function u € WP() is said to be A-harmonic if u satisfies the equation

divA(z,Vu) =0 in Q (2.9)
in the distributional sense, i.e.,
/ A(x,Vu) - Vo dr =0, Ve C5°(0).
Q

It was established in [HKM, Theorem 3.70] that every .A-harmonic function u has
a continuous representative which coincides with u a.e. We always refer to an A-
harmonic function on  as a continuous distributional solution to (2.9) on , and
denote by H 4(€2) the set of all A-harmonic functions on €.

A function u : Q — (—o0, +00] is A-superharmonic if
e v is lower semicontinuous in 2;
e u # 400 in each component of €2;

e Whenever D is an relatively compact open subset of Q and h € C(D)NH (D),

h<wuon dD = h<u on D.

A function u on € is called A-subharmonic if —u is A-superharmonic. Observe
that a function u is A-harmonic if and only if it is both A-superharmonic and A-

subharmonic, see [HKM, Lemma 7.8|.
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Every A-superharmonic function u in € is p-quasicontinuous (in brief, quasicon-
tinuous) in ©Q [HKM, Theorem 10.9], which means that for every e > 0, there is an
open set £/ C € such that cap,(F) < ¢ and the restriction wg- is continuous on
Ec=Q\E.

Here the p-capacity of an open set G' C 2 is
cap,(G) := sup{cap,(K) : K C Q compact},
where the p-capacity of each compact set K C € is defined by
cap,(K) := inf{||VuH’£p(Q): u>1 on K,ueC(Q)}.

Notice that cap,(K) is comparable to cap, ,(K) for each compact set K in R™.

A statement is said to hold p-quasi-everywhere in  (briefly, q.e.), if it holds
everywhere except for a set of p-capacity zero in (2.

Denote by Md () the class of all measures w € M™*(Q) which are absolutely
continuous with respect to the p-capacity, that is, w(K) = 0 whenever cap,(K) =0
for every compact subset K in €. It follows by Poincaré inequality [MZ, Corollary

1.57] that Lebesgue measure is absolutely continuous with respect to the p-capacity.
2.5 Notion of solutions

Definition 2.1. Let 1 < p < 00, ¢ > 0 and o, u € MT(Q2). A function u is said to
be a finite energy solution to the equation

—divA(z,Vu) = ou? +p in Q (2.10)
if u e LY (Q,do) N W,P(R), u> 0 do-a.e. and

/A(m,Vu)-Vgpdmz/wuqd0+/9@dﬂa v € C5o ().
Q Q Q
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Let 1 < p < 0. As we have seen in the preceding section, the A-Laplace operator
acts naturally from W,2”(Q) locally into the dual of W'?(Q). Therefore in order to

give a meaningful definition of a solution to the equation
divA(z,Vu) = w in Q (2.11)

with general measure data w € M™*(Q), we need to extend the notion of distribu-
tional solutions u to (2.11), for u not necessarily belonging to WP(Q). We will
understand such solutions in the potential-theoretic sense using .A-superharmonic
functions, which is equivalent to the notion of locally renormalized solutions in terms
of test functions [KIKT].
L. . . . 1,

A positive A-superharmonic function u does not necessarily belong to W, (),

however its truncation

Ty (u) := min(u, k)

does for every k € N. The generalized (or weak) gradient of a positive A-superharmonic

function wu is defined by (see [HKM]):

Du := lim V (Ti(u)) a.e.

k—o0

Let u be a A-superharmonic function in 2. Then both |Du[P~! and A(z, Du), are

r

of class Lj,,

(Q) for every 1 < r < -2 (Moreover, if p > 2 — L then Du coincides
with the usual gradient of u.), see [KM1]. This allows us to define a nonnegative

distribution div.A(x, Du) by
—(divA(z, Du), p) = / A(x,Du) - Vo dr, ¢ CF(Q).
Q

Thus, by the Riesz Representation Theorem, there exists a unique measure wlu| €
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MT(Q) so that —divA(x, Vu) = wlu]. The measure w(u] is called the Riesz measure

of u.

Definition 2.2. For w € M (), a function u is said to be a solution to the equation
—divA(z,Du) =w  in Q

(in the potential-theoretic sense) if u is A-superharmonic in © and wlu] = w.

Thus, for o, € MT(Q), a function u is said to be a solution to equation (2.10)
(in the potential-theoretic sense) if u is A-superharmonic in € so that v € L} (€, do)
and dwu] = uldo + du.

A supersolution to (2.10) is a nonnegative A-superharmonic function u in  so

that v € LY

loc(Q> dg) and
/A(m,Vu) -V dr > / ulyp da+/ wdu, ¢eCP(R2) with ¢ > 0.
Q ) Q

Note that if u € WP(Q) is a solution (or supersolution) to equation (2.10), then
the generalized gradient Du coincides with the regular gradient . Thus w is the usual

distributional solution (or supersolution, repectively).
2.6 Kernels and potentials

Let G : Q x Q — (0,00] be a positive lower semicontinuous kernel. For w € M™(Q),

the potential of w is defined by

Guw(z) == /QG(x,y) dw(y), z €.

Observe that Gw(z) is lower semi-continuous on Q x M™(Q) if G(z,y) is lower semi-

continuous on € x ), see [Br].
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A positive kernel G on Q2 x ) is said to satisfy the weak maximum principle (WMP)

with constant h > 1 if for any w € MT(Q),

sup{Gw(z) : x € supp(w)} < 1 = sup{Guw(z) : x € Q} < h. (2.12)

Here we use the notation supp(w) for the support of w.

When h = 11in (2.12), the kernel G is said to satisfy the strong maximum principle.
It holds for Green functions associated with the classical Laplacian —A, or more
generally the linear uniformly elliptic operator in divergence form L, as well as the
fractional Laplacian (—A)® in the case 0 < a < 1, in every domain 2 C R™ which
possesses a Green function.

The WMP holds for Riesz kernels on R™ associated with (—A)® in the full range
0 < a < %, and more generally for all radially nonincreasing kernels on R", see [AH].

We say that a positive kernel G on €2 X () is quasi-symmetric if there exists a

constant a > 1 such that

a 'G(y,2) < G(x,y) < aG(y,z), =,y € Q. (2.13)

When a = 1 in (2.13), the kernel G is said to be symmetric. There are many kernels
associated with elliptic operators that are quasi-symmetric and satisfy the WMP, see
[An].

We summarize that the Green function G associated with £ on () is a positive
lower semicontinuous symmetric kernel, which satisfies the strong maximum principle
[K, LSW]. Further, for w € M™(Q), Green potential Gw is either A-superharmonic

or identically 400, in each component of 2, see [GH].
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2.7 Some known results

We shall need the following weak continuity result established in [TW].

Theorem 2.3 ([TW]). Suppose {u;}32, is a sequence of positive A-superharmonic
functions in Q such that u; — uw a.e. as j — oo, where u is an A-superharmonic

function in Q. Then wlu;] converges weakly to wlu], that is,
lim [ o dolus) = [ ol Ve € CR()

The next theorem provides lower bounds for supersolutions.

Theorem 2.4 ([CV1]). Let 1 <p<n,0<qg<p-—1and o € MHT(R"). Suppose u

18 a nontrivial supersolution to homogeneous equation
—divA(z, Vu) = ou? in R".
Then u satisfies the inequality

p—1

u > c(Wy,o)r1-a

where ¢ = c¢(n,p,q) > 0.

Theorem 2.5 ([CV2]). Let 1 <p<n,0<g<p—1,0<a<?ando e M"(R").

Suppose u € L (R™ do) satisfying

loc

u>W,,(uldo) do-a.e.

Then, u satisfies the inequality

p—1

u>c(Wy,o)r—=1  do-a.e.,

where ¢ = c(a,n,p,q) > 0.
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The following important result, [KKM2], is concerned with pointwise estimate of

nonnegative p-superharmonic functions in terms of Wolft’s potential.

Theorem 2.6 ([KM2]). Let 1 < p < n and w € MT(R™) Suppose u is a A-

superharmonic function in R™ satisfying

—divA(z,Vu) =w in R",
liminfu(z) =0
|z| =00

Then

K’lwlypw <u< KW, ,w,
where K = K(n,p) > 1.

The next three lemmas are discussed in [CV1], which will be used in our arguments

occasionally.

Lemma 2.7 ([CV1]). Let 1 <p<n,0<qg<p—1and o € M*T(R"). Suppose there

exists a nontrivial supersolution u € LL (R", do) N W, P(R") to equation (1.6) Then

loc
—Apu € WP (RY)YNAMTRY) and u € LR, do),
for a quasicontinuous representative of w. Consequently, (1.7) holds.

Lemma 2.8 ([CV1]). Suppose u € L'T9(R", do) is a nontrivial supersolution to the

integral equation

u=Wj,(uldo) do-a.e. (2.14)

Then
wido € WH'(R™) 0 M*(R™).
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Lemma 2.9 ([CV1]). Let pu,w € W="P(R*) N M*(R™). Suppose u,v € WP (R™) are

solutions to the equations
—Apu=p in R" and -Apv=w in R"
respectively. If p < w, then u < v q.e.

The following theorem is due to Brezis and Browder [BrB] (cf. [MZ, Theorem

2.39)).

Theorem 2.10. Let 1 < p < n and p € W=7 (Q) N MH(Q). Then for any u €

Wy (Q) we have u € L'(Q,dy) and
{1, u) = / w dp,
Q
for a quasicontinuous representative of u.
We shall use the following facts, which are discussed in [MZ, Secs. 2.1-2.2].

Remark 2.11. Let 1 < p < n and w € W= (R*) N M*(R"). There exists a unique

p-superharmonic solution u € VVO1 P(R™) to the equation
—Apu=w in R"
in the distributional sense. Moreover, v € L'(R", dw) and
= [l = [l gy = 1y = 101y = E1(0)
for a quasicontinuous representative of w.

We will need the next lemma which shows that if there exists a nontrivial super-
solution u € L{ (R™, do) to the integral equation
u=W,,(uldo) do-a.e., (2.15)
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then o must be absolutely continuous with respect to cap,, ,,.

Lemma 2.12 ([CV2]). Let 1 < p < 00, 0 < < % and 0 < ¢ < p—1 and

o € MT(R"™). Suppose there exists a nontrivial supersolution u € Ll (R™ do) to

loc

(2.15). Then there exists a positive constant ¢ such that

p—l—gq

o(E) < ¢ [cap, ,(E)]71 (/E y da)

for all compact sets £ C R™.

Consequently, if (1.6) has a nontrivial p-superharmonic supersolution then o is
absolutely continuous with respect to cap,.
The following theorem provides pointwise estimates for supersolutions to sublinear

elliptic equations, see [GV, Theorem 1.3].

Theorem 2.13 ([GV]). Let 0 < ¢ < 1, w € MH(Q), and let G be a positive lower
semicontinuous kernel on €2 x . which satisfies the WMP with constant h > 1. If

u € Ll (Q,dw) is a positive solution to the integral inequality

u > G(uldw) in Q (2.16)

then

w(z) > (1—q)TehTi[Guw(z)] T4, VzeQ. (2.17)

The following pair of iterated pointwise inequalities plays an important role in this

paper (see |GV, Lemma 2.5]).

Theorem 2.14 ([GV]). Letw € MT(Q), and let G be a positive lower semicontinuous
kernel on Q x Q, which satisfies the WMP with constant h > 1. Then the following

estimates hold:
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(i) If s> 1, then

(Gw)*(x) < sh*™' G ((Gw)*dw) (z), Yz € Q. (2.18)
(ii) If0 < s <1, then

(Gw)*(x) > sh*™' G ((Gw)*dw) (z), Yz € Q. (2.19)

Our argument also relies on the following result established in [Ver2, Theorem 1.1},

which explicitly characterizes (p, r)-weighted norm inequalities

IG(fdw)]

L7 (9, dw) < CHfHLp(de), Vf e LP<Q,CZU.)) (2.20)

where C'is a positive constant independent of f, in the case 0 <r < pand 1 < p < o0,

for arbitrary w € M*(Q), under certain assumptions on the kernel G.

Theorem 2.15 ([Ver2]). Let w € M™(Q) with w # 0, and let G be a positive quasi-

symmetric lower semicontinuous kernel on  x €2, which satisfies the WMP.

(i) If 1 <p < oo and 0 < r < p, then the (p,r)-weighted norm inequality (2.20)
holds if and only if

Gw € L7 (9, dw). (2.21)

(1) If 0 < g <1 and g <r < 00, then there exists a positive solution u € L™ (£, dw)
to the integral inequality (2.16) if and only if the weighted norm inequality (2.20)

holds with p = g, that s,

|G(fdw)| Vf e Li(Q,dw) (2.22)

<l

L7 (9, dw La(Q, dw)’

where C'is a positive constant independent of f; or equivalently,

Gw € L™ (9, dw). (2.23)
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The following inequalities are often used in the theory of Schrodinger operators
and potential theory. They can be found, for example, in [HKM, Theorem 7.48] and

[JMV, Proposition 1.5], respectively.

Theorem 2.16 ([HKM, JMV]). Let w € M*(Q) with w #Z 0, and let G be a positive
Green function associated with £ on ). Suppose u := Gw so that u Z +oo. Then
there exists a positive constant C' which depends only on the ellipticity constants m, M
such that
\V4 2
/ P Y < o / Vil da (2.24)
Q u Q
and
5 dw 2
lp|* — < C | |Vy|* da, (2.25)
Q u Q
for all (quasicontinuous representatives of ) ¢ € Wolz(Q)

Proof. With out loss of generality, we assume £ = —A due to uniform ellipticity
condition (1.4). Observe that since o # 0 and u Z +o0 in {2, u is a positive superhar-
monic function in €2, and thus v is quasicontinuous in €2. In particular, u is finite q.e.
in Q (see [MZ, Theorem 2.68]). Further, the integrals on the left-hand side of (2.24)
and (2.25) are well-defined because logu € W2?(Q) (see [HKM, Theorem 7.48]) and
%‘7 € M™(Q) since u is bounded below by a positive constant on each compact subset
of Q).

It suffices to establish the inequalities (2.24) and (2.25) for all test functions ¢ €

Cee(2). In fact, if v € M™(Q) satistying
[lefav<c [ 1V dn, voe @), (2.26)
Q 0

where ¢ is a positive constant independent of ¢. Then, in view of the definition of

the capacity, we have v(K) < C cap(K) for every compact set K C . In particular,

28



v € M{(Q). Taking this into account (with measures dv := Vlogudz and dv :=
%’, respectively, in (2.26)), together with a standard density argument, we see that
both inequalities (2.24) and (2.25) are valid for quasicontinuous representatives of
p € Wy (Q).

Given ¢ € C§°(€2). Without loss of generality, we may assume ¢ > 0. For fixed
k € N, set up = min(u, k) which is a nonnegative bounded superharmonic function
of the class VV;?(Q), and denote by oy the Riesz measure of uy. As in [MZ, Lemma
2.64], pick a nonnegative Cg°-mollifier ¢ such that

u,(gj) =up k@, J >k,

is a nonnegative smooth superharmonic function and u,(j ) < g in Q;, where ¢; =
J"o(jx) and Q; = {z € Q : dist(z,0Q) > 1} Denote by a ) the Riesz measure of
u,(gj ). For J sufficiently large so that supp ¢ C €2;. Using integration by parts, together

with Schwarz’s inequality, we deduce that

() ()2 ()
/g02 —dak.) +/§02|v?.k) | dmz—/gpQV. Vu% dx
Q ugj o (u)? Q u,(j
/ V(g V“k]) dx
(2.27)
—Q/Vgo ( ) ) dx
Uy,
3 ()2 2
<2 (/ V| dm) /(levug | de | .
0 o (u))

On the one hand (2.27) yields, in particular, that

()2 3 (4) |2 2
/g02|v( | (/ |Vl|? dx) /@2% dx | (2.28)
o (u @ (uy’)?

()2
/cpﬂvuk) | dx §4/ V|? dr. (2.29)
o (ul)? 0

that is,
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Letting j — oo in (2.29), we get

2
/ @2% dx < 4/ IV|? du, (2.30)
Q U, Q

by means of mollification and Fatou’s lemma. The inequality (2.24) follows by letting
k — oo in (2.30) using the monotone convergence theorem.
On the other hand, it is clear that

1 . 1 , .
Ao\ 2 v |2 2 do® vl |2
2 /@2 o /@2| 1("§| dx S/g02 s +/¢2| 7’;| dz. (2.31)
Q uy o (u)? o  uy o (u)?

k

Hence, by (2.27) and (2.31), we have

Jo)
/902 b < / IV|? da. (2.32)
o uy Q
By the construction, ug ) < wu in supp ¢. Therefore,
d (4)
/902 D < / IVl da. (2.33)
Q u Q

Since a,(j) — 0}, in MT(Q), as j — oo [L, Lemma 0.2], and 0, — o weakly, as k — o0,
then, by passing to the limit first j — oo and then & — oo in (2.33), the inequality
(2.25) follows by using [L, Lemma 0.1] and Theorem 2.3. This completes the proof

of the lemma. O

Remark 2.17. When 2 = R" and £ = —A, the constants 4 and 1, respectively,
in (2.24) and (2.25), are sharp [MV, Remark 4]. Further, there is a LP-analogue of
(2.25) established in [Verl, Theorem 1.11], i.e., with nonlinear Wolff’s potential in

place of u = Go, and with a different constant.
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Chapter 3

Finite energy solutions

3.1 Existence result for equation (1.1)

In this section, we establish necessary and sufficient conditions for the existence of
a positive finite energy solution to equation (1.1). Minimality of such a solution is
demonstrated as well. In the case p > n, it follows immediately from the result
in [CV1] that there is only a trivial supersolution to (1.1). Henceforth, we assume
1<p<n.

Our first theorem is stated in the general framework of nonlinear integral equations

involving Wolff potentials,
u=Wy,,(uldo) + Wy, in R" (3.1)

Wherel<p<n,0<q<p—1,0<a<%anda,,ue./\/l*(R”) so that o # 0. This
theorem will be used to construct positive finite energy solutions to both equations

(1.1) and (1.2) in the cases a = 1 and p = 2, respectively.

Theorem 3.1. Let 1 <p<n,0<g<p-1,0<a<? and o, ;p € MT(R™) so that

o #Z 0. Suppose that the following conditions hold:

(A+q)(p—1)

W,,0€ L v e (R, do) (3.2)
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and

W, ,n € L'(R", do). (3.3)

Then there exists a positive solution u € L'T4(R", do) to integral equation (3.1).

The following result will be used in the proof of Theorem 3.1 (see [CV1, Lemma

3.3], or [COV2] for more generality).

Lemma 3.2 ([CV1]). Let 1 <p<o00,0<g¢<p—1,0<a<?andoe M"(R").

Suppose (3.2) holds. Then the nonlinear integral operator T defined by
_ l4q
T(g) == (Wap(lgldo))"", g€ L+ (R do)
14+q 1+g
is bounded from L« (R" do) to L¥—1(R™, do).

Proof of Theorem 3.1. Without loss of generality we may assume that g > 0, g €
L%(R”, do). Since (3.2) holds, then by Lemma 3.2, there exists a positive constant

¢ such that

1 q
TH . oG-D
(/ (W (gdor) | da) < c( i Fikcs da) : (3.4)

1+
where c¢ is a positive constant that does not depend on g € LTq(R", do).
In the homogeneous case ;1 = 0, we can construct a monotone increasing sequence

of positive functions {u;}52, C L'*(R", do) by setting

1

uy =k (Wapo)™0 and  wujpg i= Wy, (ujdo), for j € Ny,

where x > 0 is chosen to be sufficiently small. Then its pointwise limit u := lim;_,, u;
is a positive solution of the class L'T?(R™, do) to (3.1), by the monotone convergence

theorem (cf. [CV1, Theorem 3.5]).
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In the inhomogeneous case y Z 0, we set
up := Waplt and Ujpq i= Wa,p(ugda) + Wi, j€N,.
Observe that ug > 0 since p #Z 0, and
uy = Wy p(uddo) + ug > uo.
Suppose uy < up < ... < u; for some j € N. Then
Ujp1 = Wa,p<u3d0> + Wopht > Wa,p(u?—lda) + Wapi = uj.

Hence, by induction, {u;}32, is a nondecreasing sequence of positive functions. More-

over, each u; € L'(R"™ do). To see this, notice that by assumption (3.3), we have
uy = Wy i € L'Y(R" do).

Suppose ug, . .., u; € L*4(R", do) for some j € N. By Minkowski’s inequality,

||uj+1||L1+‘I(]R", do) = ”Wa,’p(ugda) + WOJ7PM||L1+Q(R”7 do)
(3.5)
< HWa’P(U?dU)HLHq(Rn, a) T HW"‘J’MHLHq(Rn, do)’

The first term on the right-hand side of (3.5) is estimated by applying (3.4) with

g:=uj € L%(R”,da). In fact,

. - D@D
HWO‘vP(ujda)||L1+Q(R",da) sc i u; " do

(===
<c (/ u;ff da> (3.6)
Rn

L
= cllujllZrtagn doy-

Combining (3.5) and (3.6), we arrive at

_q_
||uj+1||L1+‘1(R",da) < c||uj+1||zz}rq([@n’d0) + HWa,pMHLlJrq(Rn,dU)' (37)
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We estimate the first term on the right-hand side of (3.7) using Young’s inequality,

P q p—1l—q »
CHuj+1HIIjH1'q(R”,d0') S ]Tl‘|uj+1l|L1+q(Rn’dU) + Tcp—l—q (38)
Hence, by (3.7) and (3.8), we obtain
[ < et 4 LT [ W] <t (39)
JHUI LR do) = p—1—g apH || pi+a(rn do) : :

By induction, we have shown that each u; € L't%(R",do). Finally, applying the

Monotone Convergence Theorem to the sequence {Uj};i(p we see that the pointwise

limit
U= Jlggo U
exists so that u > 0, u € L'(R", do) and satisfies (3.1). O

Remark 3.3. The converse to Theorem 3.1 is also true in a more general sense. In
fact, if u € L'9(R", do), u > 0 do-a.e., satisfies the equation
u=W,,(uldo)+W,,u do-a.e.,
then obviously u € L} (R™, do) by Holder’s inequality, and
u> W, ,(uldo) do-a.e.
Applying Theorem 2.5, we obtain a lower pointwise estimate of u,
1

u > C(Wa,pa)rﬁl*q do-a.e.,

where ¢ = ¢(a,n,p,q) > 0. This implies that (3.2) holds since u € L'*(R", do).

Similary, (3.3) holds because v € L*(R", do) and

u > Wyt do-a.e.
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The next lemma is our main observation in this section. It gives us a relation

between conditions (3.2), (3.3) and

Eap(pt) < +00 = [ |Lypl|f dz < +o0 <= p € L™ (R"). (3.10)
R

In particular case o = 1, this yields a relation between conditions (1.7), (1.8) and

(1.9), respectively.

Lemma 3.4. Let1<p<n,0<q<p—1,0<a<%anda,,uGM*(]R"). Then

conditions (3.2) and (3.3) imply (3.10).

Proof. As shown in [COV1], (3.2) holds if and only if there exists a positive constant

¢ such that
HIagHL1+q(Rn,da) < C||9HLP(R")> Vg € LP(R™). (3.11)

Since u € L~ (R") then I,u € L¥ (R™). Substituting g := (I(lpb)p%1 € LP(R™) into

(3.11) yields

o (L) 7T HLl‘Fq(Rn,dU) <l (L) 7t HLP(R") < oo

1
Notice that W, is always pointwise smaller than I, (Iu)?=T (see, for example,

[Maz, Sec. 10.4.2]). More precisely,
1
Wi < CL, (Tap) 7,
where C' is a constant which depends only on p and n. This yields (3.10). O]

The following lemma, in particular, gives necessary conditions for the existence of

a positive finite energy solution to equation (1.1).
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Lemma 3.5. Let 1 <p<n,0<qg<p—1ando,ue MT(R"). Suppose there exists

a nontrivial supersolution u € LL (R, do) N WyP(R™) to equation (1.1). Then

loc
—Ayu e W (R AMYRY) and u € LR, do)
for a quasicontinuous representative of u. Consequently, (1.7) and (1.8) hold.

Proof. Tt follows directly from Lemma 2.7 that
~Aju e W (R NAMT(RY) and u e LR, do)

for a quasicontinuous representative of u. The former implies (1.8). The latter yields

(1.7) in view of the global pointwise lower bound for supersolutions (Theorem 2.4). [

In the next theorem, we verify that conditions (1.7) and (1.8) are sufficient for
the existstence of a positive finite energy solution to equation (1.1). Further, the
minimality of such a solution is also proven.

We first observe that for 1 <p<n, 0 < a < %, w,v € MT(R") and ~, 5 > 0,
Wop(yw +pr) < A (WTLWa,pw + ﬁﬁwa,pu) , (3.12)

where A = A(a,p,n) > 1. This follows immediately from the definition of Wolff’s

potential and the estimates

a+ bl < 27~ (Ja|" + p")  for 1 <r < oo,
“ Alal" + |b]" for 0 <r <1,

where a,b € R.

Theorem 3.6. Let 1 <p<n,0<qg<p—1ando,uec M (R") such that o % 0.
Suppose (1.7) and (1.8) hold. Then there exists a positive finite energy solution w to

equation (1.1). Moreover, w is a minimal solution in the sense that w < u q.e. (for
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their respective quasicontinuous representatives) for any positive finite energy solution

u to (1.1).

Proof. We first prove the existence of w. Since (1.7) and (1.8) hold, then by Lemma
3.4, (1.9) holds. By Theorem 3.1 in the case a = 1, there exists a positive solution

v € L'T(R", do) to the integral equation
v=Wi,(v'do) + Wi ,u in R".
Using a constant multiple ¢~ !v, where ¢ > 0, in place of v, we have

p—

v=cT Wi, (vldo) + cWi 1 in R".

Choose ¢ > (KA)zﬁiq > KA > 1 where K > 1 is the constant in Theorem 2.6, and

A > 1 is the constant in (3.12). Then, by Lemma 2.8, we have
vido € WLP(R™).

Set

Wy = K_IWLPM and dwg = wyldo + p.

Since K~ <1 < ¢ then 0 < wy < v, and hence
wy € LR, do) and  wy € WIP(R™).

As discussed in Remark 2.11, for such a measure wy, there exists a unique p-superharmonic

solution w; € W, ?(R") to the equation

p—1 _
WyP (R

—Aywy =wp in R” and |w|| [[wollw -1 ()

for a quasicontinuous representative of w;. Moreover, by Theorem 2.6,

0 <w < KWj,wo < KAWq,(vido) + KAW,,f <v q.e.
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Since ¢ is absolutely continuous with respect to cap,, this yields
wy € LR do) and  wy = w%do + dp € W (RP).
Again by Theorem 2.6,
wy = K_IWLP/UL < K_IWprO <w; gq.e.

We now have

O<wy<w <v gq.e.

We shall construct, by induction, a sequence {w;}32; so that

(—prj =ow]  +p in R",
w; € LR, do) N W,y P (R™),
SUPjen ||wj||ngP(Rn) < +00, (3.13)
wi_ido + dp € W (R™),

(0 <wj1 Sw; <wv ge.

We set

dwj = wido +dp, jeN.

Suppose wi, Wy, ..., w;—1 have been constructed. Since w;_; € W’l’p/(R”), then by
Remark 2.11, there exists a unique p-superharmonic solution w; € T/VO1 P(R™) to the
equation

_prj = Wj-1 in R".
Moreover,
10350y = -1y g < 0508 Dl g
Applying Theorem 2.6, we obtain

w; < KW pwj_1 < KAWLp(wg_lda) + KAW, 10 q.e.
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Since w;j—; < v q.e. then
w; < KAW, ,(vido) + KAW, ,u<v q.e.

Hence, w; € L' (R",do) since o is absolutely continuous with respect to cap,,.

Furthermore,

I3y < [ 0y o+ e
1+
S/n o+ 1)
< 400.

This shows that {w;}5° is a bounded sequence in W, ”(R™). Moreover, since w; 5 <
w;—1, then by Weak Comparison Principle (Lemma 2.9), w;_; < w; q.e. Hence,
the sequence {w;}32, satisfying (3.13) has been constructed. Applying the weak
continuity of p-Laplacian (Theorem 2.3), the Monotone Convergence Theorem and
the Weak Compactness Property in W, ?(R"), see [HKM, Lemma 1.33], we deduce
that the pointwise limit w := lim; . w; is a positive finite energy solution to (1.1).

We now prove the minimality of w. Suppose u is any positive finite energy solution

o (1.1). Set dw := udo + du. By Lemma 3.5, we have
uwe LR do) and we W Y(R") N MT(RY),

for a quasicontinuous representative of u. We need to show that w < u q.e. Notice
that

u> (Wipp) > K- (Wipp) =wy  gee.

Therefore wy < w since o is absolutely continuous with respect to cap,. By the Weak

Comparison Principle (Lemma 2.9), w; < u g.e. Arguing by induction as above, we
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see that

wji—1 Sw; <u o g.e.
It follows that w = lim;_,, w; < u q.e., which proves the claim. Il
Remark 3.7. For a similar equation in a domain 2 C R",
—Apu=ulo+p in Q, (3.14)

where 1 <p<n,0<qg<p-—1and o ue MH(Q), we also have analogous sufficient
conditions for the existence of a positive finite energy solution in terms of truncated
Wolft’s potential, namely:

(1+q)(p—1)

Wi oeL v (Qdo), R>2diam(f) (3.15)

and
e W (Q). (3.16)

Here, for 1 < p < 00, 0 < a < % and o € MT(Q), the truncated Wolff potential

W/ o is defined by (see [KuMi])

1

"lo(B Q)] d
nga(x):/ [U< (z,1) 0 )] —T, reQ, 0<R<+oo.
0

rnoap T

Moreover, conditions (3.15) and (3.16) are also necessary whenever ¢ and p have
compact supports in 2. These results are deduced easily from Theorem 1.1; see

details in [PV].
3.2 Existence result for equation (1.2)

In this section, we employ an argument similar to the one used in the previous section
to deduce necessary and sufficient conditions for the existence of a positive finite

energy solution to fractional Laplace equation (1.2).
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Definition 3.8. Let ¢ > 0,0 < o < § and o, u € M*(R™). A finite energy solution

u to equation (1.2) will be understood in the sense that v € L} (R™, do) N HO‘(R”),

u > 0 do-a.e. such that
(=A)2 u=1,(uldo) + Iop  daz-ace. (3.17)

Remark 3.9. Using the same notation as above, suppose u is a positive finite energy

solution to (1.2). By mean of definition, we have

(=A)2 u=1,(uldo) + I da-a.e.

N1}

where (—A)2 u = f is the unique function in L?(R™) such that v = I, f. Therefore

u(z) = Ino(uldo) () + Inqu(z)  whenever u(z) < +o0.

Notice that u € LY _(R", do) N H*(R"). Then

loc

u = Iy (uldo) + Ingpp  do-a.e. and q.e. (3.18)

In particular,

u > Iy, (uldo) do-a.e.,

which implies, by Lemma 2.12, that o is absolutely continuous with respect to cap, ,.

On the other hand, (3.8) implies in particular that
(=A)2u>Typ dr-ae.

Therefore I, € L*(R"), and hence u € H~*(R"). In particular, x is absolutely
continuous with respect to cap,, (see, for example, [AH, Sec. 7]). In summary,
u satisfies integral equation (3.18) in any one of the following senses: a.e., do-a.e.,
du-a.e., and q.e.
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The following important observation is analogous to Lemma 3.4.

Lemma 3.10. Let 0 < ¢ < 1,0 < a < § and o,p € MT(R"). Then (1.13) and
(1.14) imply (1.16)

Proof. As shown in [COV1], (1.13) holds if and only if there exists a positive constant
c such that

HI@g”LHq(Rn,dU) < CHQHL?(R")a Vg € L2(Rn)~ (3.19)

Letting g := I, € L*(R") in (3.19), we have

HI2aMHL1+q(Rn7dJ) < CHIOC“HH(RH) < +o0

which proves (1.16). O

The neccessary conditions for the existence of a positive finite energy solution to

equation (1.2) are established in the following lemma.

Lemma 3.11. Let 0 < ¢ < 1, 0 < a < § and o,;p € MT(R") such that o # 0.

Suppose there exists a positive finite energy solution u to equation (1.2). Then (1.14)

holds and u € L'*4(R"™, do). Consequently, (1.13) holds.

Proof. Suppose u is a positive finite energy solution to (1.2). Then (1.14) holds as
discussed in Remark 3.9. We next show that v € L'*¢(R" do). By (3.17), for each

nonnegative function ¢ € L?(R"), we have

[ iaipde = [ oot [ e do
Applying Tonelli’s Theorem and Schwarz’s inequality, we obtain

/Rn ut [Lag] do) = ‘ / [La(udo)] o da
S ‘/n [(—A)%U} @ dx

n (3.20)

/ (Tap)p dz

< cllellze@ny,
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where ¢ := ||(=A) 2 ul| f2(gn) + || Taptl 2mny < 00, since u € H*(R™) and p € H-*(R").
Letting ¢ := (—A)2u, which is a nonnegative function of class L?(R") in (3.20), we
get

el sy < €ll(=2) 2 ]| o gy < +o00.

This shows that u € L'(R", do). Notice that
u = Isy(uldo) + Inqu do-a.e.

Hence, by the discussion in Remark 3.3 in the case p = 2, we have that (1.13)

holds. [l

The next theorem shows that conditions (1.13) and (1.14) allow us to construct a
positive finite energy solution to equation (1.2). Minimality of such a solution will be

proven as well.

Theorem 3.12. Let0< ¢ <1,0<a <% and o, ;€ MT(R"). Suppose (1.13) and
(1.14) hold. Then there exists a positive finite energy solution w to equation (1.2).
Moreover, w is a minimal solution in the sense that w < u q.e. for any positive finite

energy solution u to (1.2).

Proof. We first prove the existence of w. Since (1.13) and (1.14) hold, then by Lemma
3.10 it follows that (1.16) holds. By Theorem 3.1 in the case p = 2, there exists a

positive solution w € L*(R", do) to the integral equation
w = Ipa(wido) + I in R™ (3.21)

We will show that

w e L (R, do) N HY(R").

loc
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Clearly, w € LI (R™ do) by Holder’s inequality. In order to prove that w € H*(R"),

loc

by duality, it suffices to show that there exists a positive constant ¢ such that

‘/nwwdaz

By the semigroup property of the Riesz potentials, Tonelli’s Theorem and Holder’s

< vl gamny, € CE(R™), (3.22)

inequality, we have

[ e

g/ Ia(wqcza)|1a¢}da;+/ Lyt Lo| dz

Rn R’VL

< HIa(wqu)HH(Rn)H1a¢||L2(Rn) + HIO‘MHH(R”)||Iaw||L2(Rn) (3.23)
= [Hla(wqu)HLz(Rn) + HNHH*O‘(R")} WHHW(Rn)

for all ¢ € C§°(R™). Since |[uf|g-a@ny < +00, we see that, in view of (3.22) and

(3.23), it remains to show that

HIa(wqda < 0. (3.24)

M z2een

To this end, notice that by the result in [COV1], (1.13) is equivalent to
Tagllro@n,ao) < cllglliz@ny, Vg € L*(R"), (3.25)

where ¢ is a positive constant independent of g. Moreover, by duality, (3.25) is

equivalent to

1+4q
Iaodo) ey < ellell a0 Vo€ L7 (R do), (3.26)

where c is a positive constant independent of ¢. Letting ¢ := w? € L%Q(R”, do) in
(3.26), we have

HIa(wqu ) S CHwH%H'Q(R”,da) < +007 (3'27)

M 22 e
which proves (3.24), and hence w € H*(R™). Moreover, by (3.21), we have
(=A) 2w = Iy (wido) + Iop  ace.
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This shows that w is a positive finite energy solution to (1.2).
Minimality of the solution w is obvious by its construction in Theorem 3.1 in the

case p = 2. Recall that w is the pointwise limit w = lim;_,. w;, where
wp = Ton and Wigq 1= IQQ(w?dU) + Ioop, 7€ Ng.
If w is any positive finite energy solution to (1.2). Then
wo = Ioap < Ing(uldo) + Ingu =u  q.e.
Consequently,
wy = Lo (wido) + Iaop < Ing(uldo) + Iogpp = u  q.e.
Arguing by induction, we obtain
wj—1 <w; <u ge. forall jeN.
Therefore, w = lim;_,oc w; < u g.e. This proves the minimality of w. O

3.3 Existence result for equation (1.3)

In this section, we establish necessary and sufficient conditions for the existence of
a positive finite energy solution to sublinear equation (1.3) on an arbitrary domain
which possesses a positive Green function. This proves the existence result stated in
Theorem 1.3 in the case v = 1. Further, it will be used in our proof of characterization
of generalized energy E,[u] = [, [Vu|?|u|""" dz in the case v > 1, see Lemma 4.4 in

the next chapter.

Definition 3.13. Let ¢ > 0 and o, u € M™(Q). Let G be a positive Green function

associated with £ on Q. A solution u to equation (1.3) is understood in the sense
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that u is an A-superharmonic function on € such that v € L} (2, do) with u > 0
do-a.e., and
u= G(uldo)+ Gpu in Q. (3.28)

If further u € Wy ?(€), it is called a finite energy solution to (1.3).

The following theorem gives necessary and sufficient conditions for the existence
of a positive solution v € L9(Q, do) to integral equation (3.28). It is a more general
version of Theorem 3.1 in the linear case p = 2, and will be generalized later in

Theorem 5.1.

Theorem 3.14. Let 0 < ¢ < 1 and o, € MT(Q) with o Z 0. Suppose G is a
positive quasi-symmetric lower semicontinuous kernel on €2 X §, which satisfies the

WMP. If (1.20) and (1.26) hold with v =1, i.e.,

Go € L (Q, do) (3.29)
and

Gp € L'M(Q, do), (3.30)

respectively, then there exists a positive solution u € LY*9(Q, do) to equation (3.28).

The converse statement is valid without the quasi-symmetry assumption on G.

Proof. The sufficiency part is similar to the one of Theorem 3.1 when p = 2, proved
by applying Theorem 2.15 (ii) in the case r = 1 + ¢ in place of Lemma 3.2, and
replacing Wolft’s potentials by potential operators G associated with the kernel G.

The necessity part follows from global pointwise lower bound (2.17):
u(z) > c[Ga(a:)]l%q, Vr € Q,

which does not require quasi-symmetry of G (cf. Theorem 5.1 in the case y = 1). O
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We now apply the above result to deduce necessary and sufficient conditions for the
existence of a positive finite energy solution to equation (1.3). As in previous sections,
we first make the following observation regarding relation between conditions (3.29),

(3.30) and (1.21) in the case v =1, i.e.,

/QGM dp < +00 (3.31)
or equivalently, x4 has finite energy:
e W Q) (3.32)
provided G is a positive Green function associated with £ on 2.

Lemma 3.15. Let 0 < ¢ < 1 and o,u € MT(Q), and let G be a positive lower
semicontinuous kernel on £ x €, which satisfies the WMP. Then (3.29) and (3.31)

imply (3.30).
Proof. See Lemma 5.2 in the case v = 1. O

We would like to mention here that there is an alternative proof of Lemma 3.15
in the particular case when G is a positive Green function associated with £ = —A,
see [SV1, Lemma 5.3].

The next lemma shows in particular that conditions (3.29) and (3.31) are necces-

sary for the existence of a positive finite energy solution to equation (1.3).

Lemma 3.16. Let 0 < ¢ < 1 and o,p € MH(Q) so that o # 0, and let G be
Green’s function associated with £ on €). Suppose there exists a positive supersolution

we L (Q,do) N Wy (Q) to equation (1.3). Then

loc

Lu e WH2(Q) N MT(Q),
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and hence (3.31) holds. Moreover, u € L'*9(Q, do) for a quasicontinuous representa-

tive of u, and consequently (3.29) holds as well.

Proof. Appealing to the uniform ellipticity condition (1.4) and Schwarz’s inequality,

for every ¢ € C§°(£2) we have

[(Lu, )| = ‘/AVU'VQ@ dx
0

< M|[Vull 2@ [Vl 20)-
Hence, Lu € W~12(Q). Moreover, for every nonnegative ¢ € C3°(Q) we have

<£u,<p>:/AVu~V<pdx2/
0

quoda—i-/(pduzo.
Q Q

This shows that Lu € M™*(Q), from which it follows that (3.31) holds, and
dv := uldo € W~2(Q) n MH(Q).

Let {9152, C C5°(2) be a sequence of nonnegative functions such that ¢; — u in

Wy ?(Q) as j — co. Then
(v, pj) < / AVu-Vp;dx forall jeN.
Q
Hence,

(v,u) = lim (v, p;) < lim /AVu Ve dx < M/ IVul® dz < +oo.

] o0 j—)OO

Applying the Brezis-Browder theorem (Theorem 2.10), for a quasicontinuous repre-

sentative of u, we have

/u1+qd0:/udy:<y,u><+oo.
Q Q

Hence, u € L'9(Q, do). Consequently, by Theorem 3.14, (3.29) holds. O
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Finally, if G is Green’s function associated with £ on €2, the next lemma shows
in particular that conditions (3.29) and (3.31) are sufficient for the existence of a

minimal positive finite energy solution to equation (1.3).

Lemma 3.17. Let 0 < ¢ < 1 and o,;n € MT(Q) so that o # 0, and let G be a
positive Green function associated with L. Suppose (3.29) and (3.31) hold. Then
there exists a positive finite energy solution w € LY (Q,do) N W,?(Q) to equation

(1.3). Moreover, w is a minimal positive solution in the sense that w < u g.e. for

any positive solution u € LY (Q,do) N W,2(Q) to equation (1.3).

loc

Proof. Since (3.29) and (3.31) hold, then by Lemma 3.15, it follows that (3.30) holds.
In view of Theorem 3.14, there exists a positive solution w € L'™(Q, do) to (3.28).

Obviously, w € L% (Q, do) by Hélder’s inequality. We will show that w € W;*(Q).

loc

We observe that by the characterization of Green energy discussed in Chapter 4,
|G (w'do) HW(},Q(Q) = / VG (wido)|* dv
Q
< c/ G(wido)w! do
Q

< c||G(wldo) || L1+a(0, do) ||qu|L%(Q,dg) (3.33)

< cf|wl| prrago, ary
< +oo.
Hence
[wllya2) < G (wdo) |12, + |Gl 120

= ”G (w'do) HW&’Q(Q) + HMHVV*L?(Q)
< +00,

which proves the lemma. As in the proof of Theorem 3.12, minimality of w follows

immediately from its construction in Theorem 3.14. [
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3.4 Uniqueness results

In this section, we establish the uniqueness of positive finite energy solutions to equa-
tions (1.1), (1.2) and (1.3), using the idea presented in [CV1], namely employing

convexity properties of Dirichlet integrals and minimality of such solutions.

Theorem 3.18. Let 1 < p <n, 0 < ¢g < p-—1and o,p € MFT(R"). Suppose
there exists a positive finite energy solution to equation (1.1). Then such a solution
is unique in W, P(R").

Proof. Suppose u and v are positive finite energy solutions to (1.1). We start with
the following two observations. We first claim that

if u = v do-a.e. then u = v as elements of W, (R™).

To see this, suppose u = v do-a.e., and set
dw := uldo + dp = vido + dpu.
Then, w € M (R™) and
—Aju=—-Ap=w in R" (3.34)

As usual, we may consider quasicontinuous representatives of v and v. Then, by
Lemma 3.5,
u,v € LR, do) and we W (R).
As discussed in Remark 2.11, for such a measure w, a solution u € Wy (R") to the
equation —A,u = w in R", is unique. Hence, u = v q.e., so they coincide as elements
of Wy P (R™).
Secondly, we claim that
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if u>wv q.e. then u =v do-a.e.

Suppose u > v q.e. then u > v do-a.e. and u > v du-a.e., since o and p are absolutely

continuous with respect to capp(-). Testing the equations

s IVu|P~2Vu -V da = / uig do + s bdu, e Wy (R, (3.35)
and

s |Vo|P2Vu - Vi do = / v do + 5 Ydp, e WyP(RY), (3.36)

with ¢ = u and ¢ = v, respectively, where w = ulo + p € W% (R™), so that

Theorem 2.10 is applicable for quasi-continuous representatives of u and v, we obtain

/ |Vul? dx:/ utta da+/ u dp (3.37)

and
|Vol? d :/ p1te d0+/ v dp. (3.38)
Rn n n

Using convexity of the Dirichlet integral [, |V - |? da along curves of the type
Nle) = [(1= (@) + t (@), e [0,1],

see [BF, Proposition 2.6], we obtain

VAP de < (1 —1¢) IVolP de+1t | |Vul? do

R Rn R"

=t ( |VulP de — |Vul? dx) + Vol dx.
Rr Rn Rr

Notice that \g = v. By (3.37) and (3.38), we get

/ VAP — [V o|P
n t

dr < / (w1 — ') do —i—/ (u—v) du.
Using the inequality

la[? — [b|P > p|b|P~2b - (a — b) for a,b € R",
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we deduce that
VAP = [V AP = p|V P2V g - (VA — Vo),

and hence

V(A — o)

p | Vo2V
- ¢

dx < / (u't? — v do +/ (u—wv) du. (3.39)
Testing (3.36) with ¢ = A\, — Ao € Wy P(R"), we obtain

IVulP2Vu - V(A — No) dz = / v\ — No) do +/ (A — Xo) dp. (3.40)
R

n n

Thus, by (3.39) and (3.40), we have

At — A At — A
p/ o 0d0+p/ tt 0 d,uS/ (ulJrq_vlJrQ) da+/ (u—wv) dp. (3.41)

t

Since u > v q.e. then \; > )¢ do-a.e. and \; > A dpu-a.e. Applying Fatou’s Lemma,

we obtain
P — P At — A
/ N i < lim infp/ 12— o (3.42)
novpTl t—0 n t
and
uP — P oo At — Ao
<
/n = dp < 111&1&1fp/n ; dj. (3.43)

Since (3.41) holds for all ¢ € [0,1] then by (3.42) and (3.43), we arrive at

uPv? 1 uP 1 1
/ — o do + ﬁ—vd,ug/ (u+q_U+Q)da—|—/ (u—v) dp,

pp~1 rn VP~

that is,

P4 p
/ %—ulﬂda—i—/ (Z_l—u> dp < 0.
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Here both integrals on the left-hand side are nonnegative since u > v do-a.e. and

u > v du-a.e. Indeed,

Dayq Doyd __ o, 1+q,,p—1
urv urv uw Ty
— it do = do
n Rn

Up—l -1
u1+qvq<up—1—q — Up—l—q>

= do

pp—1

and

uP uP — yoP—t
L ( ‘“) dn= [ ez

Therefore, both integrals must vanish, and thus u = v do-a.e. and u = v dp-a.e. In
particular, this proves the second claim.

Now, suppose @ is any positive finite energy solution to (1.1). Then
w>w q.e.

where w is the minimal positive finite energy solution to (1.1) constructed in Theorem

3.6. Applying the second claim above, we have

do-a.e.,

Y
I
g

and hence, by the first claim, they coincide as elements of VVO1 P(R™). [

By a slight modification of the argument above, we can establish the uniqueness

of a positive finite energy solution to equation (1.2) when 0 < o < 1.

Theorem 3.19. Let 0 < ¢ < 1,0 < a <1, and o,u € MH(R™). Suppose there exists

a positive finite energy solution to equation (1.2). Then such a solution is unique in

He(R).
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Proof. When a = 1, this follows from Theorem 3.18 in the case p=2. If 0 < a < 1,
we use the same argument as in the proof of Theorem 3.18 together with convexity

of Gagliardo seminorms established in [BF], instead of convexity of the Dirichlet

integrals [, |V - [P dx. O

Using convexity of the Dirichlet integrals [, |V - |* dz (see [BF]), which is compa-
rable to fQ AVu - Vu dr due to the uniform ellipticity condition (1.4), we may argue
in the same way as in the proof of Theorem 3.18 in the case p = 2, together with to
obtain the following theorem on the uniqueness of a positive finite energy solution to

equation (1.3).

Theorem 3.20. Let 0 < g < 1, and let o, € MT(Q). Suppose there exists a positive

finite energy solution to equation (1.3). Then such a solution is unique in WOM(Q)
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Chapter 4

Generalized energy of measures

Let v > 0 and w € M™(2), and let G be a positive lower semicontinuous kernel on

Q) x Q. Define the v-energy of w by

Eyw] = /Q(G‘rw)7 dw. (4.1)

In the case v = 1, we use the notation £[w| := & [w]|. Observe that &,[w] is well-
defined, even though it may be infinite.
When G is a quasi-symmetric kernel on €2 x €2 which satisfies the WMP, by the

definition of & [w] and Theorem 2.15 with r := 21 and ¢ :=

" ——, the following

=

statements are equivalent:
(a) & ] < +o0.
(b) Gw € L7(Q,dw).
(¢) The weighted norm inequality (2.22) is valid.
(d) There exists a positive solution u € L"(2, dw) to (2.16).

There is also a similar characterization of £, [w], in terms of weak-type and strong-

type inequalities, for nondegenerate kernels G, see [QV?2].
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We now consider &, [w] in the case where G is a positive Green function associated

with £ on €.

Theorem 4.1. Let v > 0 and w € M™(Q) withw # 0, and let G be a positive Green

function associated with £ on Q. If u = Gw then condition

/ (AVu - Vu)u"' " dx < +o0o (4.2)
Q

. . y+1
1S equivalent to u ™2

e W,*(Q) as well as (a), (b), (¢) and (d) above. In this case,
we have

& w] = ’y/Q (AVu - Vu)u'™" dx. (4.3)

Remark 4.2. By uniform ellipticity condition (1.4), we see that (4.2) is equivalent

to (1.5). Therefore, by our discussion above, it suffices to show that
£, w] < 400 == B, [u] < 400 = u'T € WI(Q), (4.4)
and also establish formula (4.3) whenever &, [w] < +o0.

We first prove an auxiliary fact which will be used in the proof of (4.4) when

0<y <l

Lemma 4.3. Let 0 <y < 1 and w € MT(Q), and let G be a positive Green function
associated with —L on . Suppose u := Gw # oco. Then v := u” is a positive A-
superharmonic function on , and v = Gu, where p € M™(Q) is the Riesz measure

of v. Moreover,

& w] < 400 = &[] < +o0. (4.5)
In this case, we have
v+ 1 7+1
_— < < — . .
el < E < e (4.6



Proof. Notice that u := Gw is a positive A-superharmonic function on €2 since Gw #
+00, see [GH|. Since 0 < 7 < 1, the map x — 27, for x > 0, is concave and
increasing, it follows that v := ” is a positive A-superharmonic function on 2 [HKM,
Theorem 7.5]. In light of the Riesz decomposition theorem, v = Gu + h where
p € MT(Q) is the Riesz measure of v, and h is the unique positive A-harmonic
function on €.

Observe that g := hY is a positive A-subharmonic function on €2 since h is positive
A-harmonic and the map x —— z7 for x> 0, is convex [HKM, Theorem 7.5].
Therefore —g is an A-superharmonic function on €2, and thus —g = Gv + h, where
v € M*(Q) is the Riesz measure of —g, and h is the unique A-harmonic function on

(). Since

=g=—-Gv—h,

2=

Gw:u:U%:(Gu—i-h)%zh

we deduce G(w + v) = u+ Gv > —h. In other words, —h is a positive A-harmonic
minorant of the potential G(w 4 v). Consequently, —h = 0 and thus g = —Gv < 0.
This yields h = g7 = 0. We have shown that v = G is a potential.

Suppose that &,[w] < 400, and let w := w3 . Since VTH € (0,1), by a simi-
lar argument as above, w is a positive A-superharmonic function on Q, and w =
Gpu, where 1 € M™(Q) is the Riesz measure of w. For each k € N, let uy :=
min(u, k) and wy := min(w, k%ﬂ) Using the same argument as above, we see that
both wuy and wy are potentials with the corresponding Riesz measures wy, = wluy] and
i = pwy], respectively. Clearly, supp(uy) C {u < k}, thus both wu, and wy are uni-

formly bounded (by k) dug-a.e. Using Fubini’s theorem and the iterated inequality
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(2.19) with w = pg, s := % and h := 1, we estimate

y—1
[ Gdn = [ Gud = [ Gor (G
Q Q Q
S/GW(GMk)Mde
Q

:/G((Guk)zlld,uo dw
Q
v+1 2y
< Gy ) dw
2 Q( 2
v+1
< — [ (Gw)Vdw
2 Q( )
o+l

= YWl

2y

Passing to the limit £ — oo and using the monotone convergence theorem, we deduce
v+1
Elnl = | Gudp < ——E&,[w] < 400
0 2y

since wy = Gui Tw = Gpu in €.
Conversely, suppose E[u] < +o0o. By using the same notation and argument as

above, we estimate

el = | Gudu= [ (Gu)F du> [ (Gua)F d
Q Q Q

1+l

Q
y+1
2 Jg

>

G((ka)%’ldwk) dyi

> G((Gw)%‘ldwk)du.

In the above estimate, we have u := Gw < k and w = Gu < k dwi-a.e. Applying

Fubini’s theorem yields

/Q G((Gw)”%ldwk) dy = /Q (Gw)™ Guduwy = /Q (Gw)? dwy,.

Since v € (0,1), we have u” := (Gw)” is a potential, that is, u¥ = Gv, where
v € M*(Q) is the Riesz measure of u”. Applying Fubini’s theorem and the monotone
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convergence theorem, we have

/(Gw)vdwk:/Gudwk:/kaduT/Gwdu
Q Q Q Q

since Gwg = up T u = Gw in Q as k — oco. Hence,

1 1 1
s ’” /G dw = 1= /Gwdygé'[,u]<+oo.
2 2 Q
This completes the proof of the lemma. O

We now establish (4.4), which yields the first part of Theorem 4.1.

Lemma 4.4. Let v > 0 and w € M*(Q) with w # 0, and let G be a positive Green
function associated with L on Q. If u := Gw then (4.4) holds. In this case, there

exists a positive constant C' which depends only on m, M and v such that
C_lgw[w] < E,[u] <C&w]. (4.7)

Proof. Without loss of generality, we may assume that u #Z +oo. It follows that
u is a positive A-superharmonic function in 2. Moreover, u € VVJ)C”(Q) whenever
1 <p < %5, see [HKM]. Consider three cases as follows:

e Case v = 1. This is completely analogous to the classical result shown in, for
example, [, Theorem 1.20], due to uniform ellipticity assumption (1.4). In this case
we further have formula (4.3) using an approximation argument demonstrated below
in Lemma 4.5.

e Case 0 < v < 1. In light of Lemma 4.3, we have v := u's

is a positive A-
superharmonic function in €, and v = Gu where p € M™(Q) is the Riesz measure of
v. Moreover,

E,w] < +oo = &[] < 00 <= v € W,*(Q).
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In this case, we have

v+1
g < £lul < T gl
On the other hand, notice that Vo = VTHU% Vu a.e. in 2. Appealing to the previous

case, we deduce
15 2
Elpl = / AVv -V dr < M(l) / |Vul?u""! dx
Q 2 Q
and similarly
7+ 1y2 2, y—1
Elp)= | AVv-Vudr > m(—) |Vu|*u""" dx.
Q 2 Q

This proves both assertions (4.4) and (4.7), respectively.

e Case v > 1. Suppose that v = u'* € W,?(Q). Therefore, E,[u] < 4oo.
For each k € N, let u; = min(u, k), which is a positive A-superharmonic function
of the class L>®°(Q) N W,2*(Q). Denote the corresponding Riesz measure of each uy,

by wi = wlug]. Without loss of generality, we may suppose v is quasicontinuous.

Applying inequality (2.25) with ¢ := v and w := wy, we obtain

d. 1\ 2
/u'ydwk S/Uz ok SC/ |Vo|? da:zC(u) /\Vu\Qu'V_ldx.
Q o Guwg Q 2 Q

On the other hand, by Fubini’s theorem and iterated estimate (2.18) with w = wy,

and s := v, we have

/u“/ dwy, = /(Gw)y_le dwy, = / G((Gw)”‘ldwk) dw
0 0 v

Z/G<(ka)7‘1dwk> dw
Q
1
> —/(ka)”*dw.
7 Ja
Therefore,

1 v+1 2/ 2 41
— Guwp)" dw < C| —— Vu|*u"™ dx.
~ [y ae<c(T) [ v
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Passing to the limit £ — oo and using the monotone convergence theorem, we obtain

172
Ew] = /Qu7 dw < C’y(%) /Q\Vu\Qu'yldx < 400

since uy, = Guw, T u = Gw in Q.
Conversely, suppose &,[w] < 4+00. Write v = % where 0 < ¢ < 1, and consider

the corresponding sublinear elliptic equation
Lw=ww? in Q. (4.8)

Using a similar argument as in the proof of [SV1, Lemma 5.5], there exists a positive

finite energy solution w € W, () to (4.8), satisfying

1

14q 2
lolligem < e [ (@)1 do)” (4.9

where ¢ = ¢(m,M,q) > 0. As usual, we may assume w is quasicontinuous. By

Theorem 2.13, w obeys the lower bound
w> (11— q)ﬁ(Gw)ﬁ in €.

Therefore,

y+1 atl

vi=u'T = (Gw)'T < (1—¢) Tew in Q. (4.10)

From this, we deduce

2
/|Vu]2u7_1 dx :/UQW—Z” dx
Q Q u

(4.11)
2 Vul?
<-o % [V g,
<(1-g9) /Q Wi o dz
Using inequality (2.24) with ¢ := w, along with (4.9), we estimate
[Vul?
/Qw2 " dr < C’||w||‘2;v172(9) < O &, wl. (4.12)
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Hence, by (4.11) and (4.12), we arrive at

/ (Vul?u"™! do < C(1 — q)_ﬁ & w] < +o0.
0

Moreover, for r = % if n > 3, and any r < oo if n = 2, we have that v € L"(Q),
since the same is true for w € W, ?(Q). Recall that Q is assumed to be a Green
domain in the case n = 2. In other words, v € W2(Q2), the corresponding Sobolev
space equipped with the norm [|v[[jj12q) = [[Vv[lz2@) + [[v]|zr(9). The fact that
v € Wy?(Q) follows from the Deny-Lions theorem (see [AH, Sec. 9.12] and the
references cited there). Notice that, for z € 99, the quasi-limit lim,_,, v(z) = 0 q.e.

by (4.10), since the same is true for w € W, ?(Q) by [Kol], Corollary to Theorem 1.

This finishes the proof of lemma. Il

We now complete the proof of Theorem 4.1 by establishing formula (4.3) whenever

&, |w] < 400, using an approximation procedure.

Lemma 4.5. Let v > 0 and w € MT(Q) with w £ 0, and let G be a positive Green
function associated with £ on Q. If u := Gw then formula (4.3) is valid whenever

& w] < 4o0.

Proof. Suppose &,[w]| < +00. Therefore both (4.2) and (1.5) holds, in views of Lemma
4.4 and uniform ellipticity condition (1.4).

For each k € N, we set u, = min(u, k). Notice that uy, is a positive A-superharmonic
function of the class L=(Q) N W,?(). Denote the corresponding Riesz measure of
u by wy 1= wugl.

Let {u,(cj)}jzk be a sequence of mollified uy, defined on Q; := {z € Q : dist(x, 082) >
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1} Denote wk = Euk In addition, for j > k, select p; € C5°(Q2) so that

, 1
0<¢; <1, suppp; CQy, ¢ Txa as j —>oo,/ [Vips|* doe < e
Q

Using integration by parts, we obtain

/(Avugf Vu ) W)y dxz/V(( )) AVu o da

Q

= /Q(u,(j ), dwkj — /Q(u,(f))W(AVu,(ﬁj) -V;) dx.

Letting first j — 0o, and then k — oo, we see that
/ |Vuk o dr — 7/ |Vul?u"™" do

and

/(ul(fj))%oj dw,(f) — / u” dw
Q Q

by means of mollification, the Lebesgue dominated convergence theorem, and weak
continuity of £ (Theorem 2.3). Moreover, by Schwarz’s inequality, the construction

of ¢;, and uniform ellipticity condition (1.4), we deduce

/Q W) (AV - Vig;) de

which converges to zero as k — oco. This proves (4.3). O

The following lemma shows, in particular, that if &, [w] < 400 for some v > 0,
then w € M7 (Q).
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Lemma 4.6. Let v > 0 and w € MT(Q), and let G be a positive Green function

associated with L on Q. Suppose that u := Gw € L]

loc

set K C (),

1

W(K) < [eap(K)] 7 ( /K o dw) o

In particular, w € Mg ().
Proof. Let K be a compact subset of 2. By (2.25), we have
d,
/ £ < cap(K).
K U

On the other hand, by Holder’s inequality,

1

- Y # m
w(K) = / uTut dw < (/ ut dw) (/ u” dw) .
K K K

Thus, (4.13) follows from (4.14) and (4.15).
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Chapter 5

Solutions with finite generalized
energy

In this chapter, we complete the proof of our main results stated in Theorem 1.3 using

the argument outlined earlier in Chapter 1. Its consequences are also discussed here.

5.1 Existence result for equation (1.3)

Our first theorem gives necessary and sufficient conditions for the existence of a
positive solution u € LY79(§2, do) to the integral equation (3.28) in the sublinear case
0 < ¢ < 1, under some mild assumptions on kernel G satisfied by the Green function

associated with £ on ).

Theorem 5.1. Let 0 < g < 1, v > 0 and o,u € MT(Q) with o £ 0. Suppose G is
a positive quasi-symmetric lower semicontinuous kernel on £ x €0, which satisfies the
WMP. If (1.20) and (1.26) hold, then there exists a positive solution u € L7T(Q, do)
to equation (3.28). The converse statement is valid without the quasi-symmetry as-

sumption on G.

Proof. Suppose (1.20) and (1.26) hold. In the homogeneous case p = 0, we can

construct a monotone increasing sequence of positive functions {u;}52, C L77(Q, do)
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by setting
-
up ==k (Go)™¢ and w; = G(ujdo), for j € Ny,

where x > 0 is chosen to be sufficiently small. Then its pointwise limit u := lim;_,, u;
is a positive solution of the class L719(€2, do) to (3.28), by the monotone convergence
theorem (see [Ver2, Theorem 1.1 (ii)] for more details).

In the inhomogeneous case u # 0, we set
uy = G, ujr1 = G(ujdo) + Gu, for j € Ny.
Observe that ug > 0 since pu # 0, and
u = G(uddo) + ug > .
Suppose uy < uy < ... < wu; for some j € N. Then
uj1 = G(ujdo) + Gu > G(uj_,do) + Gu = u;.

Hence, by induction, {u;}32, is an increasing sequence of positive functions. Further,

cach u; € L'9(§2, do). Notice that
ug = Gpu € L"(Q, do),

by the assumption (1.26). Suppose ug, ..., u; € L9(Q, do) for some j € N. Observe

that

[wjs1llprta(e, doy = HG(ugda) + G“HLv+q(Q, dor)
(5.1)
< CHG(U?CZU)”qug, o) T C||G“Hm+q(sz, do)’

where ¢ = max(1, 21;1;(1). In view of Theorem 2.15, the assumption (1.20) is equiv-
alent to the weighted norm inequality (2.22) with w = ¢ and r = v + ¢. Therefore,
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we can estimate the first term on the right-hand side of (5.1) by applying (2.22) with

f=ul€ L (Q,do),

e
IGO0,y < € ([ 07770

Ly (5.2)
N+q v+a q
<C Q“j+1 do = CHujJrIHLWH(Q, do)’
By (5.1) and (5.2), we have
[uj1ll a0, doy < CcHuj+1H%’Y+q(Q, doy T CHG/’LHL’Y+Q(Q, o) (5.3)

We estimate the first term on the right-hand side of (5.3) using Young’s inequality,
Cellujrl|Trragg, aoy < dlltgrillorroe, ao) + (1= q)(Ce)ra. (5.4)
Hence, by (5.3) and (5.4), we obtain
lsallzrvace, oy < (CO™ 4+ 7= Gl v ary < o0 (5.5)

By induction, we have shown that each w; € L7(§Q,do). Finally, applying the
monotone convergence theorem to the sequence {u;}32,, we see that the pointwise
limit u := lim;_, u; exists so that u > 0, u € L7"9(Q, do), and satisfies (3.28).

Conversely, if there exists a positive solution u € LY 9(§2, do) to (3.28), it is clear
that (1.26) holds. Moreover, (1.20) follows from the global pointwise lower bound
(2.17):

w(z) > c[Go(z)] 75, VaeQ,
which does not require quasi-symmetry of G (see [GV]). O

An essential link between conditions (1.20), (1.21) and (1.26), will be obtained in

the next lemma. It is an extension of Lemma 3.15 in the case v = 1.

67



Lemma 5.2. Let 0 < g < 1, v > 0, and o, € MT(Q). Suppose G is a positive
lower semicontinuous kernel on € x Q, which satisfies the WMP. Then conditions

(1.20) and (1.21) imply (1.26).

Proof. Without loss of generality, we may assume o, Z 0. Consider the following
three cases:
e Case 1: v+ ¢ > 1. Applying the iterated inequality (2.18) with w = p and

s = 7 +q, together with Fubini’s theorem and Holder’s inequality with the exponents

~y
Y+q-1

and &], we obtain
/(G,u)7+q do < c/ G ((Gu)"™t ' du) do
Q Q
= c/(Gu)”*qua du (5.6)
0

<c |:/Q(G,u)’y d,u] e [/Q(Ga)lzq du} T

The second integral on the right-hand side of (5.6) is estimated by a similar argument

as above. In fact, applying (2.18) again with w = o and s = l%q, along with Fubini’s

theorem and Holder’s inequality with the exponents 71:31 and v + ¢, we deduce
/(Go)lzq dp < c/ G ((GU)%q_lda) du
Q Q
ytg—1
:c/(Go) = G do (5.7)
Q
ytq—1 1

chQ(Ga)ﬁq

By (5.6) and (5.7), we have
ytg—1 (+g=1(1=q)

UQ(GW*" da}lm <c UQ(GW dﬂ} UQ(GU)TS dg} T (5.8)

which is finite by (1.20) and (1.21), and hence (1.26) holds.

P
oY
)
| I
o
+
=}
1
:o\
()
=
5
+
_Q
QL
Q)
_

e Case 2: v+ ¢ < 1. Write

/(GM)“H-Q dU:/(G/UL)ﬂH—q Fa—lFl—a da,
Q Q
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where 0 < a < 1 and F' is a positive measurable function to be determined later.

Applying Holder’s inequality with the exponents % and ﬁ, we get

/Q(Gu)”q do < (/Q (Gp)'«" P da)a (/QF da)l_a. (5.9)

Setting F' = (GO’)%—Z and a = v+ ¢ in (5.9), we obtain

/Q (Gu)™ do < ( /Q G (Go) 5 da>v+q ( /Q (Go) s do—)l_w. (5.10)

The first integral on the right-hand side of (5.10) is estimated by using Fubini’s

theorem, followed by inequality (2.19) with w = o and s = 1%(1,

/ Gu(Go) " do = / G((Go—)iﬁ-‘?da) dy
Q Q

(5.11)
< c/(Ga)lwq djs.
Q
As above, we deduce
@ an< ([ coturtan) ™ ([ G an)
Q Q Q
= ( / G ((Gu)"*dy) da) B ( / (Gp) du) B
Q Q
<c (/(Gu)”q dG) B (/(Gu)” du) o
Q Q
Combining the preceding estimates, we have
17v(1v7+q) (1—*/;3)(*/4-11) 1—y—q
</ (Gp)T™e da) <c [/(Glz)7 du} {/(GU)H da} :
Q Q Q
(5.12)

This proves (1.26), since both integrals on the right-hand side of (5.12) are finite by

(1.20) and (1.21).

1

e Case 3: v+ ¢ = 1. Fix a positive number 7 <a<lLl Applying Holder’s
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inequality with the exponents % and ﬁ we have
/Gu do = / GILL(GU)%<G0)% do
Q Q

< (L(Gu)é(ea)cﬁ da)a (/Q(Ga)fq da)la.

We estimate the first integral on the right-hand side of (5.13) using inequalities (2.18)

(5.13)

and (2.19), together with Fubini’s theorem and Holder’s inequality with the exponents

(1-q) (1-q)
al—aq and zzElQ—q)q—l’

/(Gﬂ)i(go—)a&?@ do < c/ G(Gp) = du)(Go)= 3 do
Q Q
—c / (G)'=* G ((Go)T7 do) dy
Q

<o (G (Go)=a
Q
a(2—q)—1

e al-a)
<c (/(Gu)” du) (/ Go du)
Q Q

a(2—q)—1

Heen) a(-0)
=c (/(G,u)l_q dp) (/ Gu da) )
Q Q

Combining the preceding estimates, we deduce

12 = \ 1=a
</ Gu da) <c </ (Gu)l_q d,u) (/(Ga)lq da) (5.14)
Q Q Q
which is finite by (1.20) and (1.21). Thus (1.26) holds. O

We are now prepared to show that conditions (1.20) and (1.21) are necessary and
sufficient for the existence of a positive solution v € LY9(Q, do)NLY (€2, du) to integral

equation (3.28), under the same restrictions on the kernel G as above.

Theorem 5.3. Let 0 < g <1,y >0, and let o, € M (Q) with o £ 0. Suppose G
s a positive, lower semicontinuous, quasi-symmetric kernel on § x , which satisfies

the WMP. Suppose (1.20) and (1.21) hold. Then there exists a positive solution
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u € LYM(Q, do) N LY (Q,du) to (3.28). The converse statement is also valid without

the quasi-symmetry assumption on G.

Proof. Suppose (1.20) and (1.21) hold. Then, by Lemma 5.2, we see that (1.26)
holds. Thus, in light of Theorem 5.1, there exists a positive solution u € L74(Q, do)

to (3.28). We will show that u € L7(€,du) as well. By (1.21), it suffices to establish
/ (G (uldo)]” du < +o0. (5.15)
0

Without loss of generality, we may assume that GG is symmetric, and 1 #Z 0. Consider
the following two cases:

e Case 1: v > 1. Applying (2.19) with w := ou? and s := 7, along with Fubini’s

Y+4q
7+q—-1

theorem, and Holder’s inequality with the exponents and v + ¢, we have

/Q [G(udo)]" dp < c /Q G ((G(u%do)) " u'do) du

= C/Q (G(u?do))" " (Gp) uldo

yt+g—1 1

y=D(+a)  g(y+g T+a yta
<e¢ [/ (G(uldo)) FFat™ o555 da} [ / (Gpu)r* da}
Q Q

y+g-—1

<c [/ u'te da] [/(G,u)'”q do}
Q Q

§c/u7+q do < +o0.
Q

e Case 2: 0 <y < 1. We write

/Q G (udo)]" dy = /Q G (utdo)]? FoL P dy,

where 0 < a < 1 and F' is a positive measurable function to be determined later.

Applying Hoélder’s inequality with the conjugate exponents i and 1Tla yields

/Q[G(uqda)]” dp < UQ G(uldo)F s du}a [/Qqu] l_a_ (5.16)
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Setting F':= (Gu)” and a := v in (5.16), we get

/Q (G (uldo)]” dp < { /Q G(uldo)(Gp)'™! dgr { /Q (Gp)? du} 1_7. (5.17)

We estimate the first integral on the right-hand side of (5.17) using Fubini’s theorem,

followed by inequality (2.19) with w = p and s = 7,

/QG(uqda)(Gu)Vl dp = /QG (Gp)~ " dp) u? do
< c/(Gu)qu do (5.18)

§c/u7+q do < +o00.
Q

By (5.17) and (5.18), together with (1.21), this proves (5.15).
Conversely, since u € L7(2, dpu), it is clear that (1.21) holds. Further, by Theorem

5.1, condition (1.20) is valid since u € L79(Q, do). O

As an application of the preceding theorem, when G is a positive Green function
associated with £ in €2, we deduce the first part of Theorem 1.3 by appealing to the

characterization of the generalized Green energy obtained in Chapter 4.

Theorem 5.4. Let 0 < g <1, v >0, and let o,y € MT(Q) with 0 £ 0. Let G be a
positive Green function associated with £ on ). Then there exists a positive solution

u € L!

L., do) to (1.3) satisfying (1.5) if and only if (1.20) and (1.21) hold.
In this case, u is a minimal solution in the sense that u < v q.e. for any positive

. q
solution v € L;,,

(Q) to (1.3) which satisfies (1.5).

Proof. This follows from Theorem 4.1 with w := u%do + pu, together with Theorem
5.3. Moreover, arguing by induction, we see that minimality of such a solution follows

immediately from its construction in Theorem 5.1 (cf. Lemma 3.17). [
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5.2 Proofs of Corollaries 1.4 and 1.5

Applying the next theorem with w := u?do + p yields Corollary 1.4.

Theorem 5.5. Let n > 3, and w € MT(Q) with w Z 0. Let G be a positive Green
function associated with £ on Q. Suppose that uw := Guw satisfies (1.5) for some

0<~<1. Thenue WyP(Q) where p = "(H”) If, in addition, || < 400, then the

n(147)

assertion is valid for 1 < p < v

Proof. The classical case v = 1 is known, so we can assume v € (0,1). Ob-

serve that u is a positive A-superharmonic function with zero boundary values, and

_ n(1+y)

= o € (-2-,2). For each k € N, set uy = min(u, k), which is a positive A-

n—1
superharmonic function of the class L>®(Q) N W,2*(Q). Let {Q}22, be an increasing
sequence of relatively compact open subsets of 2 such that Q = (J;—, Q. Applying
Holder’s inequality with the exponents % and 2%}), followed by Sobolev’s inequality
[MZ, Theorem 1.56], we obtain
Vel = [ [Vl do

k

=Vpr (A=yp
= \Vug|Pu, > v, *  dx
Qg

(1—w)
([ ) ([
Q, e
) L % 17“/)?
< /|Vu| W dr ) flul] 3,
L 2=p (Q)

2 o1 (d—y)p
|VU| U dx ||vuk‘”Lp (%)’

_(a=9p
Tl < e [ IFuprt o) (5.19)
Q

2—p
2

that is,

[MIS]

where ¢ is a positive constant independent of k. Since p > @, letting £ — o0
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in (5.19) yields the assertion by the monotone convergence theorem. This proves

u € Wy P(Q), which is obviously true for all 1 < p < Z(j—fj—? when |Q] < +oc. O

The next proposition shows in particular that a pair of conditions in (1.23) is

sufficient for both (1.20) and (1.21).

Proposition 5.6. Let G be a positive lower semicontinuous kernel on £ x € which

satisfies
G(z,y) < cl(r —vy), Vr,ye, (5.20)
where Ipo(-) = |- [**™ is the Riesz kernel of order 2o (0 < a < %) onR", and ¢ is a
positive constant. Let 5 > 0. If w € L*(Q)) is a positive function, where s = Z(f;g,
then
Gw € LP(Q, dw). (5.21)

_ n(B+h)  n(B+D _
Proof. Observe that s = w208 > nnh = 1. Then

1
/(Gw)ﬁ dw < (/(Gw)ﬂsl d;v) |lwllLs ), (5.22)

Q Q
where s' = —*; is the Holder conjugate of s. Denote w the zero extension of w to R".

By (5.20) and the Hardy-Littlewood-Sobolev inequality, there is a positive constant

C > ¢ such that

1Gwl[ s () < ClTza@|l oo gy < Cll@]

Ls(Rn) = OHW LS(Q)' (523)

Combining (5.22) and (5.23) yields (5.21). O

Proposition 5.6 shows that (1.24) implies (1.22). Hence, Corollary 1.5 follows from

Corollary 1.4.
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