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Potential Theory Methods for Some Nonlinear Elliptic Equations

Adisak Seesanea

Dr. Igor E. Verbitsky, Dissertation Supervisor

ABSTRACT

This dissertation presents a unified approach via potential theory for solvability of a

class of nonlinear elliptic equations.

We give necessary and sufficient conditions for the existence of a positive finite

energy solution to the quasilinear elliptic equation

−∆pu = σuq + µ in Rn

in the sub-natural growth case 0 < q < p − 1, where ∆p is the p-Laplacian with

1 < p < ∞, and σ, µ are nonnegative measurable functions (or measures) on Rn.

Uniqueness of such a solution in certain Sobolev space is demonstrated as well.

A similar problem in the sublinear case 0 < q < 1 is treated for the fractional

Laplace operator (−∆)α with 0 < α < n
2
, in place of −∆p on Rn.

In the classical case α = 1, we obtain the existence result for positive solutions

with finite generalized energy: Eγ[u] :=
∫
Ω
|∇u|2uγ−1dx < ∞, for 0 < γ < ∞, to

the corresponding sublinear elliptic equation on an arbitrary domain Ω ⊆ Rn which

possesses a positive Green function. When 0 < γ ≤ 1, this yields sufficient conditions

for the existence of a positive solution to the same problem in the Dirichlet space

Ẇ 1,p
0 (Ω) for 1 < p ≤ 2. Uniqueness of a finite energy solution (γ = 1) is proved.

Our approach is applicable to the problems with more general quasilinear elliptic

A-Laplace operators on Rn, as well as linear uniformly elliptic operators with bounded

measurable coefficients on domains Ω ⊆ Rn which admit positive Green functions.
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Chapter 1

Introduction

The main objective of this work is to study a class of nonlinear elliptic equations.

This chapter provides an overview, statements of main results and their consequences,

together with the organization of this study.

1.1 Overview and main results

We consider the quasilinear elliptic equation

−∆pu = σuq + µ in Rn (1.1)

in the sub-natural growth case 0 < q < p− 1.

Here ∆pu := div (|∇u|p−2∇u) is the p-Laplacian with 1 < p < ∞, and σ, µ are

nonnegative locally integrable functions on Rn, or more generally, nonnegative locally

finite Borel measures on Rn such that σ ̸≡ 0. Therefore rough and highly oscillating

coefficients and data are considered here.

Such equation arises in many physical problems with nonlinear sources (fluid flows,

heat transfers, etc.), which has been used in various fields such as Control Theory,

Differential Geometry and Astronomy [Li]. For example, it corresponds to the study

of the porous medium equation [BO, Vaz], and the Thomas–Fermi Theory where µ
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is a finite sum of electric pointwise charges, see [BB, P] and literature cited there.

Simultaneously, both homogeneous (µ ≡ 0) and inhomogeneous equations (µ ̸≡ 0)

will be studied here. Even though the former case was examined earlier in [CV1],

investigating the problems with general data µ ≥ 0 involves nontrivial questions

regarding possible interaction between µ and σ.

We establish necessary and sufficient conditions on σ and µ for the existence of

a positive finite energy solution u ∈ Ẇ 1,p
0 (Rn), so that

∫
Rn |∇u|p dx < +∞, to (1.1)

(see Definition 2.1), and prove its uniqueness.

Our approach is also applicable to the existence problem for positive finite energy

solutions u ∈ Ḣα(Rn), so that
∫
Rn |(−∆)

α
2 u|2 dx < +∞ (see Definition 3.8), to the

corresponding fractional Laplace equation

(−∆)α u = σuq + µ in Rn (1.2)

where 0 < q < 1 and (−∆)α is the fractional Laplacian with 0 < α < n
2
. Uniqueness

of such a solution is proved in the case 0 < α ≤ 1.

In the classical case α = 1, or more generally, the corresponding sublinear equation

Lu = σuq + µ in Ω (1.3)

where 0 < q < 1 and Ω ⊆ Rn is an arbitrary domain (nonempty open connected set)

which possesses a positive Green function.

The operator Lu := − div (A∇u) with bounded measurable coefficients is assumed

to be uniformly elliptic, i.e., A : Ω → Rn×n is a real symmetric matrix-valued function

on Ω, and there exist positive constants m ≤M such that

m|ξ|2 ≤ A(x)ξ · ξ ≤M |ξ|2 (1.4)
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for almost every x ∈ Ω and every ξ ∈ Rn.

Our method is employed to obtain necessary and sufficient conditions on σ and

µ for the existence of a positive A-superharmonic solution (see Definition 3.13) u ∈

Lq
loc(Ω, dσ) with zero boundary values to (1.3), which has finite generalized energy:

Eγ[u] :=

∫
Ω

|∇u|2uγ−1 dx < +∞, γ > 0. (1.5)

In the case γ = 1, we show that such a solution u ∈ Ẇ 1,2
0 (Ω) (the so-called finite

energy solution) is unique.

When 0 < γ < 1, this result yields sufficient conditions for the existence of a

positive solution u ∈ Ẇ 1,p
0 (Ω) to (1.3) where 1 < p < 2.

We observe that the existence of positive weak solutions to homogeneous equation

(1.3) with µ ≡ 0, not necessarily of finite energy, is discussed in [QV1, QV2]. Further,

the existence and uniqueness of bounded solutions to (1.3) on Ω = Rn in the case µ

is a nonnegative constant was characterized in [BK].

As was mentioned above, this work has been motivated by the results of Cao and

Verbitsky [CV1], who showed that there exists a unique positive finite energy solution

u ∈ Lq
loc(Rn, dσ) ∩ Ẇ 1,p

0 (Rn) to the homogeneous equation

−∆pu = σuq in Rn (1.6)

where 0 < q < p− 1, 1 < p <∞ and σ ∈ M+(Rn) with σ ̸≡ 0, if and only if

W1,pσ ∈ L
(1+q)(p−1)

p−1−q (Rn, dσ). (1.7)

Here, for 1 < p < ∞, 0 < α < n
p
and ω ∈ M+(Rn), the (homogeneous) Wolff

potential Wα,pσ is defined by [HW]

Wα,pω(x) =

∫ ∞

0

[
ω(B(x, r))

rn−αp

] 1
p−1 dr

r
, x ∈ Rn
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where B(x, r) = {y ∈ Rn : |x − y| < r} is a ball centered at x ∈ Rn of radius r > 0.

Notice that Wα,pω = +∞ for α ≥ n
p
unless ω ≡ 0. (See [AH, KuMi] for an overview

of Wolff potentials and their applications in Analysis and PDE.)

For 1 ≤ p < ∞ and a nonempty open set Ω ⊆ Rn, by Ẇ 1,p
0 (Ω) we denote the

homogeneous Sobolev (or Dirichlet) space defined [HKM, MZ] as the closure of C∞
0 (Ω)

with respect to the (semi)norm

∥u∥Ẇ 1,p
0 (Ω) = ∥∇u∥Lp(Ω).

We denote by W−1,p′(Ω) = [Ẇ 1,p
0 (Ω)]∗ the dual space, where p′ = p

p−1
is the Hölder

conjugate of p. If p < n then W−1,p′(Ω) ⊂ D′(Ω).

For equation (1.1) on Rn, we will show that condition (1.7), combined with the

natural assumption that µ has finite energy, i.e. (see [AH], Sec. 4.5),

µ ∈ Ẇ−1,p′(Rn) ⇐⇒
∫
Rn

W1,pµ dµ < +∞, (1.8)

is necessary and sufficient for the existence of a positive finite energy solution to (1.1).

More precisely, we state our main results as follows.

Theorem 1.1. Let 1 < p < n, 0 < q < p − 1, and let σ, µ ∈ M+(Rn) such that

σ ̸≡ 0. Then there exists a positive finite energy solution u ∈ Lq
loc(Rn, dσ)∩ Ẇ 1,p

0 (Rn)

to equation (1.1) if and only if both (1.7) and (1.8) hold. Moreover, such a solution

is unique in Ẇ 1,p
0 (Rn). In the case p ≥ n, there is only a trivial supersolution.

We sketch our method of proof of Theorem 1.1 in the inhomogeneous case µ ̸≡

0. (The homogeneous case µ ≡ 0 is simpler since possible interaction between the

nonlinear term involving σ and µ is omitted.)
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We show that if (1.7) holds, then (1.8) implies a crucial two-weight condition

W1,pµ ∈ L1+q(Rn, dσ) (1.9)

which turns out to be necessary for the existence of a positive solution u ∈ Lq
loc(Rn, dσ)∩

Ẇ 1,p
0 (Rn) to (1.1).

Given (1.7), this allows us to deduce the existence of a positive finite energy

solution u to equation (1.1) under assumption (1.8), by using a positive solution

ũ ∈ L1+q(Rn, dσ) to the corresponding nonlinear integral equation

ũ = W1,p(ũ
qdσ) +W1,pµ in Rn (1.10)

Such a solution ũ can be constructed by an iterative method, provided (1.9) holds.

As shown in [COV1], condition (1.7) is equivalent to the trace inequality

∥φ∥L1+q(Rn,dσ) ≤ C∥∇φ∥Lp(Rn), ∀φ ∈ C∞
0 (Rn) (1.11)

where C is a positive constant independent of φ. A sufficient condition for (1.11) that

follows from Hölder’s and Sobolev’s inequalities is

σ ∈ Lr(Rn) where r =
np

n(p− 1− q) + p(1 + q)
.

Moreover, there is an alternative charaterization of (1.11) in terms of capacities

due to Maz’ya and Netrusov (see [Maz, Sec. 11.6]),∫ σ(Rn)

0

[
r

κ(σ, r)

] 1+q
p−1−q

dr < +∞ (1.12)

where κ(σ, r) = inf{capp(E) : σ(E) ≥ r, E ⊂ Rn compact} and capp is the p-capacity

defined, for a compact set E ⊂ Rn, by

capp(E) = inf
{
∥∇u∥pLp(Rn) : u ≥ 1 on E, u ∈ C∞

0 (Rn)
}
.
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Thus, any one of conditions (1.7), (1.11), or (1.12), combined with (1.8), is nec-

essary and sufficient for the existence of a positive finite energy solution to equation

(1.1). The uniqueness part will be proven by first establishing the minimality of such

a solution, and then using convexity of the Dirichlet integrals
∫
Rn |∇u|p dx.

Furthermore, we are able to adjust our argument outlined above to obtain analo-

gous results for the fractional Laplace equation (1.2) as follows.

Theorem 1.2. Let 0 < q < 1, 0 < α < n
2
, and let σ, µ ∈ M+(Rn) such that

σ ̸≡ 0. Then there exists a positive finite energy solution u ∈ Lq
loc(Rn, dσ) ∩ Ḣα(Rn)

to equation (1.2) if and only if the following conditions hold:

I2ασ ∈ L
1+q
1−q (Rn, dσ) (1.13)

and

µ ∈ Ḣ−α(Rn). (1.14)

Moreover, if 0 < α ≤ 1 then such a solution is unique in Ḣα(Rn).

Here, for 0 < α < n
2
and ω ∈ M+(Rn), we denote by I2αω = Wα,2ω the Riesz

potential of order 2α (up to a normalization constant). The homogeneous Sobolev

space Ḣα(Rn) (0 < α < n
2
) can be defined by means of Riesz potentials,

Ḣα(Rn) =
{
u : u = Iαf, f ∈ L2(Rn)

}
equipped with norm

∥u∥Ḣα(Rn) = ∥f∥L2(Rn).

We denote by Ḣ−α(Rn) = [Ḣα(Rn)]∗ the space of distributions dual to Ḣα(Rn).
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Adapting the previous argument, if (1.13) holds, we first construct a positive

solution ũ ∈ L1+q(Rn, dσ) to the integral equation

ũ = I2α(ũ
qdσ) + I2αµ in Rn (1.15)

using an iterative procedure, under the additional assumption that

I2αµ ∈ L1+q(Rn, dσ). (1.16)

Using the nontrivial fact (1.13)&(1.14)=⇒(1.16), we deduce the existence of a

solution ũ ∈ L1+q(Rn, dσ) to (1.15), and consequently a positive finite energy solution

u to equation (1.2).

We observe that a sufficient condition for (1.13) that follows from Hölder’s and

Hardy-Littlewood-Sobolev inequalities is

σ ∈ Lr(Rn) where r =
2n

n(1− q) + 2α(1 + q)
.

It was shown that (1.13) is equivalent to the trace inequality

∥∥Iαg∥∥L1+q(Rn,dσ)
≤ C∥g∥L2(Rn), ∀g ∈ L2(Rn) (1.17)

where C is a positive constant independent of g, see [COV2]. Thus, condition (1.13),

or equivalently (1.17), equipped with condition (1.14), is necessary and sufficient for

the existence of a positive finite energy solution to equation (1.2). The restriction on

the value of α in the uniqueness result is due to availability [BF] of a certain convexity

property of the Dirichlet integrals
∫
Rn |(−∆)

α
2 u|2 dx in the case α ∈ (0, 1].

We now consider sublinear elliptic equation (1.3) on arbitrary domains Ω ⊆ Rn

(possibly unbounded) which possess a positive Green function G(x, y) associated with

L on Ω× Ω (see [K]).
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An important tool in our study is the notion of the generalized energy. Suppose u

is a positive Green potential, i.e., u = Gω for ω ∈ M+(Ω) with ω ̸≡ 0,

Gω(x) :=

∫
Ω

G(x, y) dω(y), x ∈ Ω.

As we will show below (see Theorem 4.1), the condition (1.5) is equivalent to the

generalized Green energy Eγ[ω] being finite,

Eγ[ω] :=
∫
Ω

(Gω)γ dω =

∫
Ω

uγ dω < +∞, (1.18)

which is also equivalent to u
γ+1
2 ∈ Ẇ 1,2

0 (Ω). In this case, we have∫
Ω

uγ dω = γ

∫
Ω

(A∇u · ∇u)uγ−1 dx. (1.19)

This is well-known in the case γ = 1 for the Laplacian L = −∆, see [L, MZ].

Analogous integration by parts formulas with γ > 0 for functions u in certain Sobolev

spaces with various extra restrictions on Ω and ω can be found in [MS].

Two other key ingredients in our approach are weighted norm inequalities for

Green potentials of the type G : Lr(Ω, dω) → Ls(Ω, dω) for arbitrary ω ∈ M+(Ω),

in the non-classical case 0 < s < r and r > 1 (Theorem 2.15), along with iterated

pointwise estimates for Green potentials (Theorem 2.14) discussed below.

Employing these tools, we establish the following results.

Theorem 1.3. Let 0 < q < 1 and γ > 0. Suppose G is a positive Green function

associated with L in Ω ⊆ Rn. Let σ, µ ∈ M+(Ω) such that σ ̸≡ 0. Then there

exists a positive solution u ∈ Lq
loc(Ω, dσ) to (1.3) which satisfies (1.5), or equivalently

u
γ+1
2 ∈ Ẇ 1,2

0 (Ω), if and only if the following conditions hold:

Gσ ∈ L
γ+q
1−q (Ω, dσ) (1.20)
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and

Gµ ∈ Lγ(Ω, dµ). (1.21)

When γ = 1, such a solution is unique in Ẇ 1,2
0 (Ω).

Corollary 1.4. Under the assumptions of Theorem 1.3, suppose that n
n−1

< p ≤ 2,

where n ≥ 3. If both conditions (1.20) and (1.21) hold with γ := p(n−1)−n
n−p

∈ (0, 1],

i.e.,

Gσ ∈ Lr(Ω, dσ) and Gµ ∈ Ls(Ω, dµ), (1.22)

where r := p(n−2)
(1−q)(n−p)

− 1 and s := p(n−1)−n
n−p

, then there exists a positive solution

u ∈ Lq
loc(Ω, dσ) ∩ Ẇ

1,p
0 (Ω) to (1.3).

A sufficient condition for (1.22) is given by

σ ∈ Lr1(Ω) and µ ∈ Ls1(Ω), (1.23)

where r1 :=
n(γ+1)

n(1−q)+2(γ+q)
and s1 :=

n(γ+1)
n+2γ

(see Proposition 5.6 below). Thus, in light

of Corollary 1.4, we have the following result.

Corollary 1.5. Under the assumptions of Corollary 1.4, if

σ ∈ Lr2(Ω) and µ ∈ Ls2(Ω), (1.24)

where r2 := np
(n−p)(1−q)+2p

and s2 := np
n+p

, then there exists a positive solution u ∈

Lq
loc(Ω, dσ) ∩ Ẇ

1,p
0 (Ω) to (1.3).

We observe that Corollary 1.5 in the case µ ≡ 0 (for bounded domains Ω) is due

to Boccardo and Orsina [BO], with a different proof.

In our proof of Theorem 1.3, we start with the corresponding integral equation

ũ = G(ũqdσ) +Gµ in Ω, (1.25)

9



under some mild assumptions on the kernel G, which by the maximum principle are

automatically satisfied by Green functions associated with elliptic operators (includ-

ing L) in Ω.

We find a crucial relation between σ and µ, which follows from conditions (1.20)

and (1.21), and yields an important two-weight condition:

Gµ ∈ Lγ+q(Ω, dσ). (1.26)

This supplementary fact allows us to construct a positive solution ũ ∈ Lγ+q(Ω, dσ)∩

Lγ(Ω, dµ) to (1.25) by using an iterative procedure, under assumptions (1.20) and

(1.21).

In this procedure, we employ the fact established recently in [Ver2] that condition

(1.20) is equivalent to the weighted norm inequality for Green potentials,

∥∥G(fdσ)
∥∥
Lγ+q(Ω, dσ)

≤ C∥f∥
L

γ+q
q (Ω, dσ)

, ∀f ∈ L
γ+q
q (Ω, dσ) (1.27)

where C is a positive constant independent of f . Therefore, either (1.20) or (1.27),

together with (1.21), turns out to be necessary and sufficient for the existence of a

positive solution to (1.3) satisfying (1.5).

When G is a positive Green function associated with L on Ω, the integral equa-

tion (1.25) is equivalent to problem (1.3). Appealing to our characterization of the

generalized Green energy, (1.5) ⇐⇒ (1.18) with ω := σuq + µ, we deduce that

(1.20) and (1.21) are necessary and sufficient for the existence of a positive solution

u ∈ Lq
loc(Ω, dσ) to (1.3) which satisfies (1.5).

Finally, we remark that there are some analogous results (less precise at the bound-

ary ∂Ω) for equation (1.1) involving the p-Laplace operator in domains Ω ⊂ Rn; see

10



Remark 3.7 below. Further, in our existence results, the p-Laplace operator can be

replaced by a more general quasilinear elliptic operator, for example the A-Laplace

operator −divA(x,∇·) where A(x, ξ) is a measurable function which satisfies stan-

dard structural assumptions ensuring that A(x, ξ) · ξ ≈ |ξ|p, see [CV1, HKM, MZ].

The main results presented in this dissertation are taken from joint works with

Igor E. Verbitsky [SV1, SV2].

1.2 Organization

This work is organized as follows. In Chapter 2, we recall the necessary background

facts, and collect some useful results concerning quasilinear equations and nonlinear

potentials which are repeatedly referred to throughout this study. In Chapter 3,

we establish explicit necessary and sufficient conditions for the existence of positive

finite energy solutions to equations (1.1), (1.2) and (1.3). Uniqueness results for such

solutions are also demonstrated. Chapter 4 is devoted to a characterization of the

generalized Green energy. Our argument relies on the existence result for a positive

finite energy solution to (1.3). In Chapter 5, we extend this result by employing such

characterization to obtain necessary and sufficient conditions for the existence of a

positive solutions with finite generalized energy to (1.3), and discuss its consequences.

11



Chapter 2

Preliminaries

Throughout this work, let Ω be a domain (nonempty open connected set) in Rn,

where n ≥ 2. Denote by M+(Ω) the set of all positive locally finite Borel measures

on Ω. Letters c and C stand for positive constants whose value may change at each

occurrence, unless otherwise stated.

2.1 Function spaces

Define C∞
0 (Ω) as the set of all smooth compactly supported functions on Ω.

For 0 < p < ∞ and ω ∈ M+(Ω), denote by Lp(Ω, dω) the space of all real-valued

measurable functions u on Ω such that

∥u∥Lp(Ω, dω) :=

(∫
Ω

|u|p dω
) 1

p

< +∞.

The corresponding local space Lp
loc(Ω, dω) consists of real-valued measurable functions

u on Ω such that the restriction u|K ∈ Lp(K, dω) for every compact set K ⊂ Ω.

When ω is (n-dimensional) Lebesgue measure, dω = dx, we write Lp(Ω) and Lp
loc(Ω),

respectively.

For 1 ≤ p < ∞, the Sobolev space W 1,p(Ω) consists of all functions u ∈ Lp(Ω)

12



such that |∇u| ∈ Lp(Ω), where

∇u =

(
∂u

∂x1
,
∂u

∂x2
, . . . ,

∂u

∂xn

)
is the vector of distributional partial derivatives of u of order 1. The norm onW 1,p(Ω)

is given by

∥u∥W 1,p(Ω) := ∥u∥Lp(Ω) + ∥∇u∥Lp(Ω).

The corresponding local space, denoted by W 1,p
loc (Ω), is the space of all functions u

on Ω such that the restriction u|D ∈ W 1,p(D) for every relatively compact open set

D ⊂ Ω.

The Sobolev space W 1,p
0 (Ω) is defined as the closure of C∞

0 (Ω) in W 1,p(Ω). It is

easy to see that W 1,p
0 (Rn) = W 1,p(Rn). The homogeneous version of W 1,p

0 (Ω), called

the homogeneous Sobolev space (or Dirichlet space), denoted by Ẇ 1,p
0 (Ω), is defined

as the closure of C∞
0 (Ω) with respect to the seminorm

∥u∥Ẇ 1,p
0 (Ω) := ∥∇u∥Lp(Ω).

That is, Ẇ 1,p
0 (Ω) is the set of all functions u ∈ W 1,p

loc (Ω) such that |∇u| ∈ Lp(Ω) for

which there exists a sequence {φj}∞j=1 ⊂ C∞
0 (Ω) such that ∥∇u −∇φj∥Lp(Ω) → 0 as

j → ∞. When 1 < p < n, the dual space to Ẇ 1,p
0 (Ω), denoted by W−1,p′(Ω), is the

space of distributions ω ∈ D′(Ω) such that

∥ω∥W−1,p′ (Ω) := sup
|⟨ω, u⟩|

∥u∥Ẇ 1,p
0 (Ω)

< +∞

where the supremum is taken over all nontrivial functions u ∈ C∞
0 (Ω). Here p′ := p

p−1

is the Hölder conjugate of p. For a measure µ ∈ M+(Ω), µ ∈ Ẇ−1,p′(Ω) if and only

if there exists a positive constant C such that∣∣∣ ∫
Ω

φ dµ
∣∣∣ ≤ C

(∫
Ω

|∇φ|p dx
) 1

p

, ∀φ ∈ C∞
0 (Ω).
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2.2 Riesz potentials

For 0 < α < n, the Riesz potential Iαf of a function f ∈ L1
loc(Rn) is defined by

Iαf(x) = (−∆)−
α
2 f(x) = γ(α, n)

∫
Rn

f(y)

|x− y|n−α
dy, x ∈ Rn,

where γ(α, n) =
Γ(n−α

2 )
π

n
2 2αΓ(α

2 )
is a normalization constant.

Observe that, for f ∈ Lp(Rn) and 1 < p < n
α
, the Riesz potential Iαf is well-defined

and finite (α, p)-quasi everywhere (briefly, q.e.), meaning everywhere except for a set

of (α, p)-capacity zero, see [AH]. Moreover, Iαf is (α, p)-quasicontinuous (in brief,

quasicontinuous) which means that, for every ϵ > 0, there is an open set E ⊂ Rn such

that capα,p(E) < ϵ and the restriction Iαf |Ec is continuous on Ec = Rn \E. Here the

(α, p)-capacity of E ⊂ Rn is defined by

capα,p(E) := inf
{
∥u∥pLp(Rn) : Iαu ≥ 1 on E, u ≥ 0 a.e., u ∈ Lp(Rn)

}
.

In a similar manner, the Riesz potential Iασ of order α ∈ (0, n) of a measure

σ ∈ M+(Rn) is defined by

Iασ(x) = (−∆)−
α
2 σ(x) = (n− α)γ(α, n)

∫ ∞

0

σ (B(x, r))

rn−α

dr

r
, x ∈ Rn.

Henceforth, the normalization constant will be dropped for the sake of convenience.

For 1 < p < ∞ and 0 < α < n
p
, the fractional homogeneous Sobolev space is

defined by (see [St])

L̇α,p(Rn) :=
{
u : u = Iαf, f ∈ Lp(Rn)

}
equipped with norm

∥u∥L̇α,p(Rn) := ∥f∥Lp(Rn).
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Clearly, Ẇ 1,p
0 (Rn) = L̇1,p(Rn). In the case p = 2, we use the notation

L̇α,2(Rn) = Ḣα(Rn).

It is well-known that when 0 < α < 1, ∥u∥Ḣα(Rn) is equivalent to the Gagliardo

seminorm (∫
Rn

∫
Rn

|u(x)− u(y)|2

|x− y|n+2α
dxdy

) 1
2

,

see, for example, [AH, Sec. 3.5].

The dual space of L̇α,p(Rn) for 0 < α < n
2
, denoted by L̇−α,p′(Rn), consists of

distributions µ ∈ D′(Rn) such that

∥µ∥L̇−α,p′ (Rn) = sup
|⟨µ, u⟩|

∥u∥L̇α,p(Rn)

< +∞,

where the supremum is taken over all nontrivial functions u ∈ C∞
0 (Rn). In the same

spirit as above when p = 2, we use the notation L̇−α,2(Rn) = Ḣ−α(Rn). Thus, by

duality, for a measure µ ∈ M+(Rn) we have

µ ∈ Ḣ−α(Rn) ⇐⇒
∥∥Iαµ∥∥L2(Rn)

< +∞ ⇐⇒
∫
Rn

I2αµ dµ < +∞.

2.3 Wolff potentials and energy estimates

Let 1 < p < ∞, 0 < α < n
p
and σ ∈ M+(Rn). The (homogeneous) Wolff potential

Wα,pσ is defined by (see [AH], [KuMi])

Wα,pσ(x) =

∫ ∞

0

[
σ(B(x, r))

rn−αp

] 1
p−1 dr

r
, x ∈ Rn,

where B(x, r) = {y ∈ Rn : |x− y| < r} is a ball centered at x ∈ Rn of radius r > 0.

Observe that Wα,pσ is always positive whenever σ ̸≡ 0. Moreover, either Wα,pσ ≡

+∞ or Wα,pσ < +∞ a.e. In other words, Wα,pσ < +∞ a.e. if and only if

Wα,pσ(x0) < +∞ for some x0 ∈ Rn.
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In the linear case, when p = 2, Wα,2σ = I2ασ, and in particular, W1,2σ = I2σ is

the Newtonian potential.

The (α, p)-energy of σ is given by

Eα,p(σ) :=
∥∥Iασ∥∥p′Lp′ (Rn)

.

The fundamental Wolff’s inequality, see [AH, Sec. 4.5], provides a certain estimate

of the energy by means of the corresponding Wolff potential:

C−1Eα,p(σ) ≤
∫
Rn

Wα,pσ dσ ≤ CEα,p(σ), (2.1)

where C = C(α, n, p) ≥ 1. Consequently,

Wα,pσ ∈ L1(Rn, dσ) ⇐⇒ Eα,p(σ) < +∞.

More generally, it was shown in [COV1] (see also [COV2]) that for 0 ≤ q < p, p > 1,

Wα,pσ ∈ L
q(p−1)
p−q (Rn, dσ)

is equivalent to the trace inequality

(∫
Rn

∣∣Iαg∣∣q dσ) 1
q

≤ C

(∫
Rn

∣∣g∣∣p dx) 1
p

, ∀g ∈ Lp(Rn), (2.2)

where C is a positive constant independent of g. When α = k < n
2
is a positive

integer, (2.2) is equivalent to the generalized Sobolev inequality

(∫
Rn

∣∣g∣∣q dσ) 1
q

≤ C

(∫
Rn

∣∣∇kg
∣∣p dx) 1

p

, ∀g ∈ C∞
0 (Rn), (2.3)

where C is a positive constant independent of g.
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2.4 A-superharmonic functions

Let 1 < p < ∞. Suppose A : Rn × Rn → Rn be a vector-valued function which

satisfies the following structural conditions:

• Carathéodory conditions:

the map x 7→ A(x, ξ) is measurable for all ξ ∈ Rn; (2.4)

the map ξ 7→ A(x, ξ) is continuous for a.e. x ∈ Rn. (2.5)

• Growth conditions: there are constants 0 < α ≤ β <∞ such that for all ξ ∈ Rn

and for a.e. x ∈ Rn,

A(x, ξ) · ξ ≥ α|ξ|p and |A(x, ξ)| ≤ β|ξ|p−1. (2.6)

• Monotonicity condition: for all ξ1, ξ2 ∈ Rn and for a.e. x ∈ Rn,

[A(x, ξ1)−A(x, ξ2)] · (ξ1 − ξ2) > 0 (2.7)

• Homogeneity condition: for every λ ∈ R \ {0}, for all ξ1, ξ2 ∈ Rn and for a.e.

x ∈ Rn,

A(x, λξ) = λ|λ|p−2A(x, ξ). (2.8)

The A-Laplacian is defined by

divA(x,∇u) = ∇ · A(x,∇u), u ∈ W 1,p
loc (Ω)

in the distributional sense, i.e., for every φ ∈ C∞
0 (Ω),

⟨divA(x,∇u), φ⟩ = ⟨∇ · A(x,∇u), φ⟩ = −
∫
Ω

A(x,∇u) · ∇φ dx.
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A prototype of the this operator is when A(x, ξ) = |ξ|p−2ξ, the so-called p-Laplacian

defined by

∆pu = ∇ ·
(
|∇u|p−2∇u

)
, u ∈ W 1,p

loc (Ω).

When p = 2, this reduces to the classical Laplacian ∆.

A function u ∈ W 1,p
loc (Ω) is said to be A-harmonic if u satisfies the equation

divA(x,∇u) = 0 in Ω (2.9)

in the distributional sense, i.e.,

∫
Ω

A(x,∇u) · ∇φ dx = 0, ∀φ ∈ C∞
0 (Ω).

It was established in [HKM, Theorem 3.70] that every A-harmonic function u has

a continuous representative which coincides with u a.e. We always refer to an A-

harmonic function on Ω as a continuous distributional solution to (2.9) on Ω, and

denote by HA(Ω) the set of all A-harmonic functions on Ω.

A function u : Ω → (−∞,+∞] is A-superharmonic if

• u is lower semicontinuous in Ω;

• u ̸≡ +∞ in each component of Ω;

• Whenever D is an relatively compact open subset of Ω and h ∈ C(D)∩HA(D),

h ≤ u on ∂D =⇒ h ≤ u on D.

A function u on Ω is called A-subharmonic if −u is A-superharmonic. Observe

that a function u is A-harmonic if and only if it is both A-superharmonic and A-

subharmonic, see [HKM, Lemma 7.8].
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Every A-superharmonic function u in Ω is p-quasicontinuous (in brief, quasicon-

tinuous) in Ω [HKM, Theorem 10.9], which means that for every ϵ > 0, there is an

open set E ⊂ Ω such that capp(E) < ϵ and the restriction u|Ec is continuous on

Ec = Ω \ E.

Here the p-capacity of an open set G ⊂ Ω is

capp(G) := sup{capp(K) : K ⊂ Ω compact},

where the p-capacity of each compact set K ⊂ Ω is defined by

capp(K) := inf
{
∥∇u∥pLp(Ω) : u ≥ 1 on K, u ∈ C∞

0 (Ω)
}
.

Notice that capp(K) is comparable to cap1,p(K) for each compact set K in Rn.

A statement is said to hold p-quasi-everywhere in Ω (briefly, q.e.), if it holds

everywhere except for a set of p-capacity zero in Ω.

Denote by M+
0 (Ω) the class of all measures ω ∈ M+(Ω) which are absolutely

continuous with respect to the p-capacity, that is, ω(K) = 0 whenever capp(K) = 0

for every compact subset K in Ω. It follows by Poincaré inequality [MZ, Corollary

1.57] that Lebesgue measure is absolutely continuous with respect to the p-capacity.

2.5 Notion of solutions

Definition 2.1. Let 1 < p < ∞, q > 0 and σ, µ ∈ M+(Ω). A function u is said to

be a finite energy solution to the equation

− divA(x,∇u) = σuq + µ in Ω (2.10)

if u ∈ Lq
loc(Ω, dσ) ∩ Ẇ

1,p
0 (Ω), u ≥ 0 dσ-a.e. and∫

Ω

A(x,∇u) · ∇φ dx =

∫
Ω

φuq dσ +

∫
Ω

φ dµ, φ ∈ C∞
0 (Ω).
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Let 1 < p <∞. As we have seen in the preceding section, the A-Laplace operator

acts naturally from W 1,p
loc (Ω) locally into the dual of W 1,p(Ω). Therefore in order to

give a meaningful definition of a solution to the equation

divA(x,∇u) = ω in Ω (2.11)

with general measure data ω ∈ M+(Ω), we need to extend the notion of distribu-

tional solutions u to (2.11), for u not necessarily belonging to W 1,p
loc (Ω). We will

understand such solutions in the potential-theoretic sense using A-superharmonic

functions, which is equivalent to the notion of locally renormalized solutions in terms

of test functions [KKT].

A positive A-superharmonic function u does not necessarily belong to W 1,p
loc (Ω),

however its truncation

Tk(u) := min(u, k)

does for every k ∈ N. The generalized (or weak) gradient of a positiveA-superharmonic

function u is defined by (see [HKM]):

Du := lim
k→∞

∇ (Tk(u)) a.e.

Let u be a A-superharmonic function in Ω. Then both |Du|p−1 and A(x,Du), are

of class Lr
loc(Ω) for every 1 ≤ r < n

n−1
(Moreover, if p > 2 − 1

n
then Du coincides

with the usual gradient of u.), see [KM1]. This allows us to define a nonnegative

distribution divA(x,Du) by

−⟨divA(x,Du), φ⟩ =
∫
Ω

A(x,Du) · ∇φ dx, φ ∈ C∞
0 (Ω).

Thus, by the Riesz Representation Theorem, there exists a unique measure ω[u] ∈
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M+(Ω) so that −divA(x,∇u) = ω[u]. The measure ω[u] is called the Riesz measure

of u.

Definition 2.2. For ω ∈ M+(Ω), a function u is said to be a solution to the equation

−divA(x,Du) = ω in Ω

(in the potential-theoretic sense) if u is A-superharmonic in Ω and ω[u] = ω.

Thus, for σ, µ ∈ M+(Ω), a function u is said to be a solution to equation (2.10)

(in the potential-theoretic sense) if u is A-superharmonic in Ω so that u ∈ Lq
loc(Ω, dσ)

and dω[u] = uqdσ + dµ.

A supersolution to (2.10) is a nonnegative A-superharmonic function u in Ω so

that u ∈ Lq
loc(Ω, dσ) and∫

Ω

A(x,∇u) · ∇φ dx ≥
∫
Ω

uqφ dσ +

∫
Ω

φ dµ, φ ∈ C∞
0 (Ω) with φ ≥ 0.

Note that if u ∈ W 1,p
loc (Ω) is a solution (or supersolution) to equation (2.10), then

the generalized gradient Du coincides with the regular gradient u. Thus u is the usual

distributional solution (or supersolution, repectively).

2.6 Kernels and potentials

Let G : Ω× Ω → (0,∞] be a positive lower semicontinuous kernel. For ω ∈ M+(Ω),

the potential of ω is defined by

Gω(x) :=

∫
Ω

G(x, y) dω(y), x ∈ Ω.

Observe that Gω(x) is lower semi-continuous on Ω×M+(Ω) if G(x, y) is lower semi-

continuous on Ω× Ω, see [Br].
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A positive kernel G on Ω×Ω is said to satisfy the weak maximum principle (WMP)

with constant h ≥ 1 if for any ω ∈ M+(Ω),

sup{Gω(x) : x ∈ supp(ω)} ≤ 1 =⇒ sup{Gω(x) : x ∈ Ω} ≤ h. (2.12)

Here we use the notation supp(ω) for the support of ω.

When h = 1 in (2.12), the kernel G is said to satisfy the strong maximum principle.

It holds for Green functions associated with the classical Laplacian −∆, or more

generally the linear uniformly elliptic operator in divergence form L, as well as the

fractional Laplacian (−∆)α in the case 0 < α ≤ 1, in every domain Ω ⊂ Rn which

possesses a Green function.

The WMP holds for Riesz kernels on Rn associated with (−∆)α in the full range

0 < α < n
2
, and more generally for all radially nonincreasing kernels on Rn, see [AH].

We say that a positive kernel G on Ω × Ω is quasi-symmetric if there exists a

constant a ≥ 1 such that

a−1G(y, x) ≤ G(x, y) ≤ aG(y, x), x, y ∈ Ω. (2.13)

When a = 1 in (2.13), the kernel G is said to be symmetric. There are many kernels

associated with elliptic operators that are quasi-symmetric and satisfy the WMP, see

[An].

We summarize that the Green function G associated with L on Ω is a positive

lower semicontinuous symmetric kernel, which satisfies the strong maximum principle

[K, LSW]. Further, for ω ∈ M+(Ω), Green potential Gω is either A-superharmonic

or identically +∞, in each component of Ω, see [GH].
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2.7 Some known results

We shall need the following weak continuity result established in [TW].

Theorem 2.3 ([TW]). Suppose {uj}∞j=1 is a sequence of positive A-superharmonic

functions in Ω such that uj → u a.e. as j → ∞, where u is an A-superharmonic

function in Ω. Then ω[uj] converges weakly to ω[u], that is,

lim
j→∞

∫
Ω

φ dω[uj] =

∫
Ω

φ dω[u], ∀φ ∈ C∞
0 (Ω).

The next theorem provides lower bounds for supersolutions.

Theorem 2.4 ([CV1]). Let 1 < p < n, 0 < q < p− 1 and σ ∈ M+(Rn). Suppose u

is a nontrivial supersolution to homogeneous equation

−divA(x,∇u) = σuq in Rn.

Then u satisfies the inequality

u ≥ c (W1,pσ)
p−1

p−1−q

where c = c(n, p, q) > 0.

Theorem 2.5 ([CV2]). Let 1 < p < n, 0 < q < p− 1, 0 < α < n
p
and σ ∈ M+(Rn).

Suppose u ∈ Lq
loc(Rn, dσ) satisfying

u ≥ Wα,p(u
qdσ) dσ-a.e.

Then, u satisfies the inequality

u ≥ c (Wα,pσ)
p−1

p−1−q dσ-a.e.,

where c = c(α, n, p, q) > 0.

23



The following important result, [KM2], is concerned with pointwise estimate of

nonnegative p-superharmonic functions in terms of Wolff’s potential.

Theorem 2.6 ([KM2]). Let 1 < p < n and ω ∈ M+(Rn) Suppose u is a A-

superharmonic function in Rn satisfying−divA(x,∇u) = ω in Rn,

lim inf
|x|→∞

u(x) = 0

Then

K−1W1,pω ≤ u ≤ KW1,pω,

where K = K(n, p) ≥ 1.

The next three lemmas are discussed in [CV1], which will be used in our arguments

occasionally.

Lemma 2.7 ([CV1]). Let 1 < p < n, 0 < q < p− 1 and σ ∈ M+(Rn). Suppose there

exists a nontrivial supersolution u ∈ Lq
loc(Rn, dσ) ∩ Ẇ 1,p

0 (Rn) to equation (1.6) Then

−∆pu ∈ W−1,p′(Rn) ∩M+(Rn) and u ∈ L1+q(Rn, dσ),

for a quasicontinuous representative of u. Consequently, (1.7) holds.

Lemma 2.8 ([CV1]). Suppose u ∈ L1+q(Rn, dσ) is a nontrivial supersolution to the

integral equation

u = W1,p(u
qdσ) dσ-a.e. (2.14)

Then

uqdσ ∈ W−1,p′(Rn) ∩M+(Rn).
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Lemma 2.9 ([CV1]). Let µ, ω ∈ W−1,p(Rn)∩M+(Rn). Suppose u, v ∈ Ẇ 1,p
0 (Rn) are

solutions to the equations

−∆pu = µ in Rn and −∆pv = ω in Rn,

respectively. If µ ≤ ω, then u ≤ v q.e.

The following theorem is due to Brezis and Browder [BrB] (cf. [MZ, Theorem

2.39]).

Theorem 2.10. Let 1 < p < n and µ ∈ W−1,p′(Ω) ∩ M+(Ω). Then for any u ∈

Ẇ 1,p
0 (Ω) we have u ∈ L1(Ω, dµ) and

⟨µ, u⟩ =
∫
Ω

u dµ,

for a quasicontinuous representative of u.

We shall use the following facts, which are discussed in [MZ, Secs. 2.1–2.2].

Remark 2.11. Let 1 < p < n and ω ∈ W−1,p′(Rn)∩M+(Rn). There exists a unique

p-superharmonic solution u ∈ Ẇ 1,p
0 (Rn) to the equation

−∆pu = ω in Rn

in the distributional sense. Moreover, u ∈ L1(Rn, dω) and

⟨ω, u⟩ =
∫
Rn

u dω = ∥u∥p
Ẇ 1,p

0 (Rn)
= ∥ω∥p

′

W−1,p′ (Rn)
= ∥I1ω∥p

′

Lp′ (Rn)
= E1,p(ω)

for a quasicontinuous representative of u.

We will need the next lemma which shows that if there exists a nontrivial super-

solution u ∈ Lq
loc(Rn, dσ) to the integral equation

u = Wα,p(u
qdσ) dσ-a.e., (2.15)
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then σ must be absolutely continuous with respect to capα,p.

Lemma 2.12 ([CV2]). Let 1 < p < ∞, 0 < α < n
p
and 0 < q < p − 1 and

σ ∈ M+(Rn). Suppose there exists a nontrivial supersolution u ∈ Lq
loc(Rn, dσ) to

(2.15). Then there exists a positive constant c such that

σ(E) ≤ c
[
capα,p(E)

] q
p−1

(∫
E

uq dσ

) p−1−q
p−1

for all compact sets E ⊂ Rn.

Consequently, if (1.6) has a nontrivial p-superharmonic supersolution then σ is

absolutely continuous with respect to capp.

The following theorem provides pointwise estimates for supersolutions to sublinear

elliptic equations, see [GV, Theorem 1.3].

Theorem 2.13 ([GV]). Let 0 < q < 1, ω ∈ M+(Ω), and let G be a positive lower

semicontinuous kernel on Ω × Ω, which satisfies the WMP with constant h ≥ 1. If

u ∈ Lq
loc(Ω, dω) is a positive solution to the integral inequality

u ≥ G(uqdω) in Ω (2.16)

then

u(x) ≥ (1− q)
1

1−qh
−q
1−q [Gω(x)]

1
1−q , ∀x ∈ Ω. (2.17)

The following pair of iterated pointwise inequalities plays an important role in this

paper (see [GV, Lemma 2.5]).

Theorem 2.14 ([GV]). Let ω ∈ M+(Ω), and let G be a positive lower semicontinuous

kernel on Ω × Ω, which satisfies the WMP with constant h ≥ 1. Then the following

estimates hold:
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(i) If s ≥ 1, then

(Gω)s(x) ≤ shs−1G
(
(Gω)s−1dω

)
(x), ∀x ∈ Ω. (2.18)

(ii) If 0 < s ≤ 1, then

(Gω)s(x) ≥ shs−1G
(
(Gω)s−1dω

)
(x), ∀x ∈ Ω. (2.19)

Our argument also relies on the following result established in [Ver2, Theorem 1.1],

which explicitly characterizes (p, r)-weighted norm inequalities

∥∥G(fdω)
∥∥
Lr(Ω, dω)

≤ C∥f∥Lp(Ω, dω), ∀f ∈ Lp(Ω, dω) (2.20)

where C is a positive constant independent of f , in the case 0 < r < p and 1 < p <∞,

for arbitrary ω ∈ M+(Ω), under certain assumptions on the kernel G.

Theorem 2.15 ([Ver2]). Let ω ∈ M+(Ω) with ω ̸≡ 0, and let G be a positive quasi-

symmetric lower semicontinuous kernel on Ω× Ω, which satisfies the WMP.

(i) If 1 < p < ∞ and 0 < r < p, then the (p, r)-weighted norm inequality (2.20)

holds if and only if

Gω ∈ L
pr
p−r (Ω, dω). (2.21)

(ii) If 0 < q < 1 and q < r <∞, then there exists a positive solution u ∈ Lr(Ω, dω)

to the integral inequality (2.16) if and only if the weighted norm inequality (2.20)

holds with p = r
q
, that is,

∥∥G(fdω)
∥∥
Lr(Ω, dω)

≤ C∥f∥
L

r
q (Ω, dω)

, ∀f ∈ L
r
q (Ω, dω) (2.22)

where C is a positive constant independent of f ; or equivalently,

Gω ∈ L
r

1−q (Ω, dω). (2.23)
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The following inequalities are often used in the theory of Schrödinger operators

and potential theory. They can be found, for example, in [HKM, Theorem 7.48] and

[JMV, Proposition 1.5], respectively.

Theorem 2.16 ([HKM, JMV]). Let ω ∈ M+(Ω) with ω ̸≡ 0, and let G be a positive

Green function associated with L on Ω. Suppose u := Gω so that u ̸≡ +∞. Then

there exists a positive constant C which depends only on the ellipticity constants m,M

such that ∫
Ω

|φ|2 |∇u|
2

u2
dx ≤ C

∫
Ω

|∇φ|2 dx (2.24)

and ∫
Ω

|φ|2 dω
u

≤ C

∫
Ω

|∇φ|2 dx, (2.25)

for all (quasicontinuous representatives of) φ ∈ Ẇ 1,2
0 (Ω).

Proof. With out loss of generality, we assume L = −∆ due to uniform ellipticity

condition (1.4). Observe that since σ ̸≡ 0 and u ̸≡ +∞ in Ω, u is a positive superhar-

monic function in Ω, and thus u is quasicontinuous in Ω. In particular, u is finite q.e.

in Ω (see [MZ, Theorem 2.68]). Further, the integrals on the left-hand side of (2.24)

and (2.25) are well-defined because log u ∈ W 1,2
loc (Ω) (see [HKM, Theorem 7.48]) and

dσ
u
∈ M+(Ω) since u is bounded below by a positive constant on each compact subset

of Ω.

It suffices to establish the inequalities (2.24) and (2.25) for all test functions φ ∈

C∞
0 (Ω). In fact, if ν ∈ M+(Ω) satisfying∫

Ω

|φ|2dν ≤ C

∫
Ω

|∇φ|2 dx, ∀φ ∈ C∞
0 (Ω), (2.26)

where c is a positive constant independent of φ. Then, in view of the definition of

the capacity, we have ν(K) ≤ C cap(K) for every compact set K ⊂ Ω. In particular,
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ν ∈ M+
0 (Ω). Taking this into account (with measures dν := ∇ log u dx and dν :=

dσ
u
, respectively, in (2.26)), together with a standard density argument, we see that

both inequalities (2.24) and (2.25) are valid for quasicontinuous representatives of

φ ∈ Ẇ 1,2
0 (Ω).

Given φ ∈ C∞
0 (Ω). Without loss of generality, we may assume φ ≥ 0. For fixed

k ∈ N, set uk = min(u, k) which is a nonnegative bounded superharmonic function

of the class W 1,2
loc (Ω), and denote by σk the Riesz measure of uk. As in [MZ, Lemma

2.64], pick a nonnegative C∞
0 -mollifier ϕ such that

u
(j)
k := uk ∗ ϕj, j ≥ k,

is a nonnegative smooth superharmonic function and u
(j)
k ≤ uk in Ωj, where ϕj =

jnϕ(jx) and Ωj = {x ∈ Ω : dist(x, ∂Ω) > 1
j
}. Denote by σ

(j)
k the Riesz measure of

u
(j)
k . For j sufficiently large so that suppφ ⊂ Ωj. Using integration by parts, together

with Schwarz’s inequality, we deduce that∫
Ω

φ2 dσ
(j)
k

u
(j)
k

+

∫
Ω

φ2 |∇u
(j)
k |2

(u
(j)
k )2

dx = −
∫
Ω

φ2∇ ·

(
∇u(j)k

u
(j)
k

)
dx

=

∫
Ω

∇(φ2) · ∇u
(j)
k

u
(j)
k

dx

= 2

∫
Ω

∇φ ·

(
φ
∇u(j)k

u
(j)
k

)
dx

≤ 2

(∫
Ω

|∇φ|2 dx
) 1

2

(∫
Ω

φ2 |∇u
(j)
k |2

(u
(j)
k )2

dx

) 1
2

.

(2.27)

On the one hand (2.27) yields, in particular, that∫
Ω

φ2 |∇u
(j)
k |2

(u
(j)
k )2

dx ≤ 2

(∫
Ω

|∇φ|2 dx
) 1

2

(∫
Ω

φ2 |∇u
(j)
k |2

(u
(j)
k )2

dx

) 1
2

, (2.28)

that is, ∫
Ω

φ2 |∇u
(j)
k |2

(u
(j)
k )2

dx ≤ 4

∫
Ω

|∇φ|2 dx. (2.29)
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Letting j → ∞ in (2.29), we get

∫
Ω

φ2 |∇uk|2

u2k
dx ≤ 4

∫
Ω

|∇φ|2 dx, (2.30)

by means of mollification and Fatou’s lemma. The inequality (2.24) follows by letting

k → ∞ in (2.30) using the monotone convergence theorem.

On the other hand, it is clear that

2

(∫
Ω

φ2 dσ
(j)
k

u
(j)
k

) 1
2
(∫

Ω

φ2 |∇u
(j)
k |2

(u
(j)
k )2

dx

) 1
2

≤
∫
Ω

φ2 dσ
(j)
k

u
(j)
k

+

∫
Ω

φ2 |∇u
(j)
k |2

(u
(j)
k )2

dx. (2.31)

Hence, by (2.27) and (2.31), we have

∫
Ω

φ2 dσ
(j)
k

u
(j)
k

≤
∫
Ω

|∇φ|2 dx. (2.32)

By the construction, u
(j)
k ≤ u in suppφ. Therefore,

∫
Ω

φ2 dσ
(j)
k

u
≤
∫
Ω

|∇φ|2 dx. (2.33)

Since σ
(j)
k → σk in M+(Ω), as j → ∞ [L, Lemma 0.2], and σk → σ weakly, as k → ∞,

then, by passing to the limit first j → ∞ and then k → ∞ in (2.33), the inequality

(2.25) follows by using [L, Lemma 0.1] and Theorem 2.3. This completes the proof

of the lemma.

Remark 2.17. When Ω = Rn and L = −∆, the constants 4 and 1, respectively,

in (2.24) and (2.25), are sharp [MV, Remark 4]. Further, there is a Lp-analogue of

(2.25) established in [Ver1, Theorem 1.11], i.e., with nonlinear Wolff’s potential in

place of u = Gσ, and with a different constant.
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Chapter 3

Finite energy solutions

3.1 Existence result for equation (1.1)

In this section, we establish necessary and sufficient conditions for the existence of

a positive finite energy solution to equation (1.1). Minimality of such a solution is

demonstrated as well. In the case p ≥ n, it follows immediately from the result

in [CV1] that there is only a trivial supersolution to (1.1). Henceforth, we assume

1 < p < n.

Our first theorem is stated in the general framework of nonlinear integral equations

involving Wolff potentials,

u = Wα,p(u
qdσ) +Wα,pµ in Rn (3.1)

where 1 < p < n, 0 < q < p− 1, 0 < α < n
p
and σ, µ ∈ M+(Rn) so that σ ̸≡ 0. This

theorem will be used to construct positive finite energy solutions to both equations

(1.1) and (1.2) in the cases α = 1 and p = 2, respectively.

Theorem 3.1. Let 1 < p < n, 0 < q < p− 1, 0 < α < n
p
and σ, µ ∈ M+(Rn) so that

σ ̸≡ 0. Suppose that the following conditions hold:

Wα,pσ ∈ L
(1+q)(p−1)

p−1−q (Rn, dσ) (3.2)
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and

Wα,pµ ∈ L1+q(Rn, dσ). (3.3)

Then there exists a positive solution u ∈ L1+q(Rn, dσ) to integral equation (3.1).

The following result will be used in the proof of Theorem 3.1 (see [CV1, Lemma

3.3], or [COV2] for more generality).

Lemma 3.2 ([CV1]). Let 1 < p < ∞, 0 < q < p− 1, 0 < α < n
p
and σ ∈ M+(Rn).

Suppose (3.2) holds. Then the nonlinear integral operator T defined by

T (g) := (Wα,p(|g|dσ))p−1 , g ∈ L
1+q
q (Rn, dσ)

is bounded from L
1+q
q (Rn, dσ) to L

1+q
p−1 (Rn, dσ).

Proof of Theorem 3.1. Without loss of generality we may assume that g ≥ 0, g ∈

L
1+q
q (Rn, dσ). Since (3.2) holds, then by Lemma 3.2, there exists a positive constant

c such that

(∫
Rn

∣∣Wα,p(gdσ)
∣∣1+q

dσ

) 1
1+q

≤ c

(∫
Rn

|g|
1+q
q dσ

) q
(1+q)(p−1)

, (3.4)

where c is a positive constant that does not depend on g ∈ L
1+q
q (Rn, dσ).

In the homogeneous case µ ≡ 0, we can construct a monotone increasing sequence

of positive functions {uj}∞j=0 ⊂ L1+q(Rn, dσ) by setting

u0 := κ (Wα,pσ)
1

1−q and uj+1 := Wα,p(u
q
jdσ), for j ∈ N0,

where κ > 0 is chosen to be sufficiently small. Then its pointwise limit u := limj→∞ uj

is a positive solution of the class L1+q(Rn, dσ) to (3.1), by the monotone convergence

theorem (cf. [CV1, Theorem 3.5]).
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In the inhomogeneous case µ ̸≡ 0, we set

u0 := Wα,pµ and uj+1 := Wα,p(u
q
jdσ) +Wα,pµ, j ∈ N0.

Observe that u0 > 0 since µ ̸≡ 0, and

u1 = Wα,p(u
q
0dσ) + u0 ≥ u0.

Suppose u0 ≤ u1 ≤ . . . ≤ uj for some j ∈ N. Then

uj+1 = Wα,p(u
q
jdσ) +Wα,pµ ≥ Wα,p(u

q
j−1dσ) +Wα,pµ = uj.

Hence, by induction, {uj}∞j=0 is a nondecreasing sequence of positive functions. More-

over, each uj ∈ L1+q(Rn, dσ). To see this, notice that by assumption (3.3), we have

u0 = Wα,pµ ∈ L1+q(Rn, dσ).

Suppose u0, . . . , uj ∈ L1+q(Rn, dσ) for some j ∈ N. By Minkowski’s inequality,

∥uj+1∥L1+q(Rn, dσ) =
∥∥Wα,p(u

q
jdσ) +Wα,pµ

∥∥
L1+q(Rn, dσ)

≤
∥∥Wα,p(u

q
jdσ)

∥∥
L1+q(Rn, dσ)

+
∥∥Wα,pµ

∥∥
L1+q(Rn, dσ)

.
(3.5)

The first term on the right-hand side of (3.5) is estimated by applying (3.4) with

g := uqj ∈ L
1+q
q (Rn, dσ). In fact,

∥∥Wα,p(u
q
jdσ)

∥∥
L1+q(Rn,dσ)

≤ c

(∫
Rn

u1+q
j dσ

) q
(1+q)(p−1)

≤ c

(∫
Rn

u1+q
j+1 dσ

) q
(1+q)(p−1)

= c∥uj+1∥
q

p−1

L1+q(Rn,dσ).

(3.6)

Combining (3.5) and (3.6), we arrive at

∥uj+1∥L1+q(Rn,dσ) ≤ c∥uj+1∥
q

p−1

L1+q(Rn,dσ) +
∥∥Wα,pµ

∥∥
L1+q(Rn,dσ)

. (3.7)
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We estimate the first term on the right-hand side of (3.7) using Young’s inequality,

c∥uj+1∥
q

p−1

L1+q(Rn,dσ) ≤
q

p− 1
∥uj+1∥L1+q(Rn,dσ) +

p− 1− q

p− 1
c

p−1
p−1−q (3.8)

Hence, by (3.7) and (3.8), we obtain

∥uj+1∥L1+q(Rn,dσ) ≤ c
p−1

p−1−q +
p− 1

p− 1− q

∥∥Wα,pµ
∥∥
L1+q(Rn,dσ)

< +∞. (3.9)

By induction, we have shown that each uj ∈ L1+q(Rn, dσ). Finally, applying the

Monotone Convergence Theorem to the sequence {uj}∞j=0, we see that the pointwise

limit

u := lim
j→∞

uj

exists so that u > 0, u ∈ L1+q(Rn, dσ) and satisfies (3.1).

Remark 3.3. The converse to Theorem 3.1 is also true in a more general sense. In

fact, if u ∈ L1+q(Rn, dσ), u > 0 dσ-a.e., satisfies the equation

u = Wα,p(u
qdσ) +Wα,pµ dσ-a.e.,

then obviously u ∈ Lq
loc(Rn, dσ) by Hölder’s inequality, and

u ≥ Wα,p(u
qdσ) dσ-a.e.

Applying Theorem 2.5, we obtain a lower pointwise estimate of u,

u ≥ c (Wα,pσ)
p−1

p−1−q dσ-a.e.,

where c = c(α, n, p, q) > 0. This implies that (3.2) holds since u ∈ L1+q(Rn, dσ).

Similary, (3.3) holds because u ∈ L1+q(Rn, dσ) and

u ≥ Wα,pµ dσ-a.e.
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The next lemma is our main observation in this section. It gives us a relation

between conditions (3.2), (3.3) and

Eα,p(µ) < +∞ ⇐⇒
∫
Rn

|Iαµ|p
′
dx < +∞ ⇐⇒ µ ∈ L̇−α,p′(Rn). (3.10)

In particular case α = 1, this yields a relation between conditions (1.7), (1.8) and

(1.9), respectively.

Lemma 3.4. Let 1 < p < n, 0 < q < p − 1, 0 < α < n
p
and σ, µ ∈ M+(Rn). Then

conditions (3.2) and (3.3) imply (3.10).

Proof. As shown in [COV1], (3.2) holds if and only if there exists a positive constant

c such that ∥∥Iαg∥∥L1+q(Rn,dσ)
≤ c∥g∥Lp(Rn), ∀g ∈ Lp(Rn). (3.11)

Since µ ∈ L−α,p′(Rn) then Iαµ ∈ Lp′(Rn). Substituting g := (Iαµ)
1

p−1 ∈ Lp(Rn) into

(3.11) yields

∥∥Iα (Iαµ) 1
p−1

∥∥
L1+q(Rn,dσ)

≤ c
∥∥ (Iαµ) 1

p−1

∥∥
Lp(Rn)

< +∞.

Notice that Wα,pµ is always pointwise smaller than Iα (Iαµ)
1

p−1 (see, for example,

[Maz, Sec. 10.4.2]). More precisely,

Wα,pµ ≤ CIα (Iαµ)
1

p−1 ,

where C is a constant which depends only on p and n. This yields (3.10).

The following lemma, in particular, gives necessary conditions for the existence of

a positive finite energy solution to equation (1.1).
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Lemma 3.5. Let 1 < p < n, 0 < q < p− 1 and σ, µ ∈ M+(Rn). Suppose there exists

a nontrivial supersolution u ∈ Lq
loc(Rn, dσ) ∩ Ẇ 1,p

0 (Rn) to equation (1.1). Then

−∆pu ∈ W−1,p′(Rn) ∩M+(Rn) and u ∈ L1+q(Rn, dσ)

for a quasicontinuous representative of u. Consequently, (1.7) and (1.8) hold.

Proof. It follows directly from Lemma 2.7 that

−∆pu ∈ W−1,p′(Rn) ∩M+(Rn) and u ∈ L1+q(Rn, dσ)

for a quasicontinuous representative of u. The former implies (1.8). The latter yields

(1.7) in view of the global pointwise lower bound for supersolutions (Theorem 2.4).

In the next theorem, we verify that conditions (1.7) and (1.8) are sufficient for

the existstence of a positive finite energy solution to equation (1.1). Further, the

minimality of such a solution is also proven.

We first observe that for 1 < p < n, 0 < α < n
p
, ω, ν ∈ M+(Rn) and γ, β ≥ 0,

Wα,p(γω + βν) ≤ A
(
γ

1
p−1Wα,pω + β

1
p−1Wα,pν

)
, (3.12)

where A = A(α, p, n) ≥ 1. This follows immediately from the definition of Wolff’s

potential and the estimates

|a+ b|r ≤

{
2r−1 (|a|r + |b|r) for 1 ≤ r <∞,

|a|r + |b|r for 0 ≤ r < 1,

where a, b ∈ R.

Theorem 3.6. Let 1 < p < n, 0 < q < p − 1 and σ, µ ∈ M+(Rn) such that σ ̸≡ 0.

Suppose (1.7) and (1.8) hold. Then there exists a positive finite energy solution w to

equation (1.1). Moreover, w is a minimal solution in the sense that w ≤ u q.e. (for
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their respective quasicontinuous representatives) for any positive finite energy solution

u to (1.1).

Proof. We first prove the existence of w. Since (1.7) and (1.8) hold, then by Lemma

3.4, (1.9) holds. By Theorem 3.1 in the case α = 1, there exists a positive solution

v ∈ L1+q(Rn, dσ) to the integral equation

v = W1,p(v
qdσ) +W1,pµ in Rn.

Using a constant multiple c−1v, where c > 0, in place of v, we have

v = c
p−1−q
p−1 W1,p(v

qdσ) + cW1,pµ in Rn.

Choose c ≥ (KA)
p−1

p−1−q ≥ KA ≥ 1 where K ≥ 1 is the constant in Theorem 2.6, and

A ≥ 1 is the constant in (3.12). Then, by Lemma 2.8, we have

vqdσ ∈ W−1,p′(Rn).

Set

w0 := K−1W1,pµ and dω0 := w0
qdσ + µ.

Since K−1 ≤ 1 ≤ c then 0 < w0 ≤ v, and hence

w0 ∈ L1+q(Rn, dσ) and ω0 ∈ W−1,p′(Rn).

As discussed in Remark 2.11, for such a measure ω0, there exists a unique p-superharmonic

solution w1 ∈ Ẇ 1,p
0 (Rn) to the equation

−∆pw1 = ω0 in Rn and ∥w1∥p−1

Ẇ 1,p
0 (Rn)

= ∥ω0∥W−1,p(Rn)

for a quasicontinuous representative of w1. Moreover, by Theorem 2.6,

0 < w1 ≤ KW1,pω0 ≤ KAW1,p(v
qdσ) +KAW1,pf ≤ v q.e.
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Since σ is absolutely continuous with respect to capp, this yields

w1 ∈ L1+q(Rn, dσ) and ω1 := w1
qdσ + dµ ∈ W−1,p′(Rn).

Again by Theorem 2.6,

w0 = K−1W1,pµ ≤ K−1W1,pω0 ≤ w1 q.e.

We now have

0 < w0 ≤ w1 ≤ v q.e.

We shall construct, by induction, a sequence {wj}∞j=1 so that

−∆pwj = σwq
j−1 + µ in Rn,

wj ∈ L1+q(Rn, dσ) ∩ Ẇ 1,p
0 (Rn),

supj∈N ∥wj∥Ẇ 1,p
0 (Rn) < +∞,

wq
j−1dσ + dµ ∈ W−1,p′(Rn),

0 < wj−1 ≤ wj ≤ v q.e.

(3.13)

We set

dωj := wq
jdσ + dµ, j ∈ N.

Suppose w1, w2, ..., wj−1 have been constructed. Since ωj−1 ∈ W−1,p′(Rn), then by

Remark 2.11, there exists a unique p-superharmonic solution wj ∈ Ẇ 1,p
0 (Rn) to the

equation

−∆pwj = ωj−1 in Rn.

Moreover,

∥wj∥pẆ 1,p
0 (Rn)

= ∥ωj−1∥p
′

W−1,p′ (Rn)
≤
∫
Rn

wjw
q
j−1 dσ + ∥µ∥p

′

W−1,p′ (Rn)
.

Applying Theorem 2.6, we obtain

wj ≤ KW1,pωj−1 ≤ KAW1,p(w
q
j−1dσ) +KAW1,pµ q.e.
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Since wj−1 ≤ v q.e. then

wj ≤ KAW1,p(v
qdσ) +KAW1,pµ ≤ v q.e.

Hence, wj ∈ L1+q(Rn, dσ) since σ is absolutely continuous with respect to capp.

Furthermore,

∥wj∥pẆ 1,p
0 (Rn)

≤
∫
Rn

wjw
q
j−1 dσ + ∥µ∥p

′

W−1,p′ (Rn)

≤
∫
Rn

v1+q dσ + ∥µ∥p
′

W−1,p′ (Rn)

< +∞.

This shows that {wj}∞1 is a bounded sequence in Ẇ 1,p
0 (Rn). Moreover, since ωj−2 ≤

ωj−1, then by Weak Comparison Principle (Lemma 2.9), wj−1 ≤ wj q.e. Hence,

the sequence {wj}∞j=1 satisfying (3.13) has been constructed. Applying the weak

continuity of p-Laplacian (Theorem 2.3), the Monotone Convergence Theorem and

the Weak Compactness Property in Ẇ 1,p
0 (Rn), see [HKM, Lemma 1.33], we deduce

that the pointwise limit w := limj→∞wj is a positive finite energy solution to (1.1).

We now prove the minimality of w. Suppose u is any positive finite energy solution

to (1.1). Set dω := uqdσ + dµ. By Lemma 3.5, we have

u ∈ L1+q(Rn, dσ) and ω ∈ W−1,p′(Rn) ∩M+(Rn),

for a quasicontinuous representative of u. We need to show that w ≤ u q.e. Notice

that

u ≥ (W1,pµ) > K−1(W1,pµ) = w0 q.e.

Therefore ω0 ≤ ω since σ is absolutely continuous with respect to capp. By the Weak

Comparison Principle (Lemma 2.9), w1 ≤ u q.e. Arguing by induction as above, we
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see that

wj−1 ≤ wj ≤ u q.e.

It follows that w = limj→∞wj ≤ u q.e., which proves the claim.

Remark 3.7. For a similar equation in a domain Ω ⊂ Rn,

−∆pu = uqσ + µ in Ω, (3.14)

where 1 < p < n, 0 < q < p− 1 and σ, µ ∈ M+(Ω), we also have analogous sufficient

conditions for the existence of a positive finite energy solution in terms of truncated

Wolff’s potential, namely:

WR
1,pσ ∈ L

(1+q)(p−1)
p−1−q (Ω, dσ), R ≥ 2diam(Ω) (3.15)

and

µ ∈ Ẇ−1,p′(Ω). (3.16)

Here, for 1 < p < ∞, 0 < α < n
p
and σ ∈ M+(Ω), the truncated Wolff potential

WR
α,pσ is defined by (see [KuMi])

WR
α,pσ(x) =

∫ R

0

[
σ(B(x, r) ∩ Ω)

rn−αp

] 1
p−1 dr

r
, x ∈ Ω, 0 < R ≤ +∞.

Moreover, conditions (3.15) and (3.16) are also necessary whenever σ and µ have

compact supports in Ω. These results are deduced easily from Theorem 1.1; see

details in [PV].

3.2 Existence result for equation (1.2)

In this section, we employ an argument similar to the one used in the previous section

to deduce necessary and sufficient conditions for the existence of a positive finite

energy solution to fractional Laplace equation (1.2).
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Definition 3.8. Let q > 0, 0 < α < n
2
and σ, µ ∈ M+(Rn). A finite energy solution

u to equation (1.2) will be understood in the sense that u ∈ Lq
loc(Rn, dσ) ∩ Ḣα(Rn),

u ≥ 0 dσ-a.e. such that

(−∆)
α
2 u = Iα(u

qdσ) + Iαµ dx-a.e. (3.17)

Remark 3.9. Using the same notation as above, suppose u is a positive finite energy

solution to (1.2). By mean of definition, we have

(−∆)
α
2 u = Iα(u

qdσ) + Iαµ dx-a.e.

where (−∆)
α
2 u = f is the unique function in L2(Rn) such that u = Iαf . Therefore

u(x) = I2α(u
qdσ)(x) + I2αµ(x) whenever u(x) < +∞.

Notice that u ∈ Lq
loc(Rn, dσ) ∩ Ḣα(Rn). Then

u = I2α(u
qdσ) + I2αµ dσ-a.e. and q.e. (3.18)

In particular,

u ≥ I2α(u
qdσ) dσ-a.e.,

which implies, by Lemma 2.12, that σ is absolutely continuous with respect to capα,2.

On the other hand, (3.8) implies in particular that

(−∆)
α
2 u ≥ Iαµ dx-a.e.

Therefore Iαµ ∈ L2(Rn), and hence µ ∈ Ḣ−α(Rn). In particular, µ is absolutely

continuous with respect to capα,2 (see, for example, [AH, Sec. 7]). In summary,

u satisfies integral equation (3.18) in any one of the following senses: a.e., dσ-a.e.,

dµ-a.e., and q.e.
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The following important observation is analogous to Lemma 3.4.

Lemma 3.10. Let 0 < q < 1, 0 < α < n
2
and σ, µ ∈ M+(Rn). Then (1.13) and

(1.14) imply (1.16)

Proof. As shown in [COV1], (1.13) holds if and only if there exists a positive constant

c such that ∥∥Iαg∥∥L1+q(Rn,dσ)
≤ c∥g∥L2(Rn), ∀g ∈ L2(Rn). (3.19)

Letting g := Iαµ ∈ L2(Rn) in (3.19), we have

∥∥I2αµ∥∥L1+q(Rn,dσ)
≤ c
∥∥Iαµ∥∥L2(Rn)

< +∞

which proves (1.16).

The neccessary conditions for the existence of a positive finite energy solution to

equation (1.2) are established in the following lemma.

Lemma 3.11. Let 0 < q < 1, 0 < α < n
2
and σ, µ ∈ M+(Rn) such that σ ̸≡ 0.

Suppose there exists a positive finite energy solution u to equation (1.2). Then (1.14)

holds and u ∈ L1+q(Rn, dσ). Consequently, (1.13) holds.

Proof. Suppose u is a positive finite energy solution to (1.2). Then (1.14) holds as

discussed in Remark 3.9. We next show that u ∈ L1+q(Rn, dσ). By (3.17), for each

nonnegative function φ ∈ L2(Rn), we have∫
Rn

[(−∆)
α
2 u]φ dx =

∫
Rn

[Iα(u
qdσ)]φ dx+

∫
Rn

[Iαµ]φ dx.

Applying Tonelli’s Theorem and Schwarz’s inequality, we obtain∣∣∣∣ ∫
Rn

uq [Iαφ] dσ

∣∣∣∣ = ∣∣∣∣ ∫
Rn

[Iα(u
qdσ)]φ dx

∣∣∣∣
≤
∣∣∣∣ ∫

Rn

[
(−∆)

α
2 u
]
φ dx

∣∣∣∣+ ∣∣∣∣ ∫
Rn

(Iαµ)φ dx

∣∣∣∣
≤ c∥φ∥L2(Rn),

(3.20)
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where c := ∥(−∆)
α
2 u∥L2(Rn)+ ∥Iαµ∥L2(Rn) <∞, since u ∈ Ḣα(Rn) and µ ∈ Ḣ−α(Rn).

Letting φ := (−∆)
α
2 u, which is a nonnegative function of class L2(Rn) in (3.20), we

get

∥u∥1+q
L1+q(Rn,dσ) ≤ c

∥∥(−∆)
α
2 u
∥∥
L2(Rn)

< +∞.

This shows that u ∈ L1+q(Rn, dσ). Notice that

u = I2α(u
qdσ) + I2αµ dσ-a.e.

Hence, by the discussion in Remark 3.3 in the case p = 2, we have that (1.13)

holds.

The next theorem shows that conditions (1.13) and (1.14) allow us to construct a

positive finite energy solution to equation (1.2). Minimality of such a solution will be

proven as well.

Theorem 3.12. Let 0 < q < 1, 0 < α < n
2
and σ, µ ∈ M+(Rn). Suppose (1.13) and

(1.14) hold. Then there exists a positive finite energy solution w to equation (1.2).

Moreover, w is a minimal solution in the sense that w ≤ u q.e. for any positive finite

energy solution u to (1.2).

Proof. We first prove the existence of w. Since (1.13) and (1.14) hold, then by Lemma

3.10 it follows that (1.16) holds. By Theorem 3.1 in the case p = 2, there exists a

positive solution w ∈ L1+q(Rn, dσ) to the integral equation

w = I2α(w
qdσ) + I2αµ in Rn. (3.21)

We will show that

w ∈ Lq
loc(R

n, dσ) ∩ Ḣα(Rn).
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Clearly, w ∈ Lq
loc(Rn, dσ) by Hölder’s inequality. In order to prove that w ∈ Ḣα(Rn),

by duality, it suffices to show that there exists a positive constant c such that∣∣∣∣ ∫
Rn

wψ dx

∣∣∣∣ ≤ c∥ψ∥Ḣ−α(Rn), ψ ∈ C∞
0 (Rn). (3.22)

By the semigroup property of the Riesz potentials, Tonelli’s Theorem and Hölder’s

inequality, we have∣∣∣∣ ∫
Rn

wψ dx

∣∣∣∣ ≤ ∫
Rn

Iα(w
qdσ)

∣∣Iαψ∣∣ dx+ ∫
Rn

Iαµ
∣∣Iαψ∣∣ dx

≤
∥∥Iα(wqdσ)

∥∥
L2(Rn)

∥∥Iαψ∥∥L2(Rn)
+
∥∥Iαµ∥∥L2(Rn)

∥∥Iαψ∥∥L2(Rn)

=
[∥∥Iα(wqdσ)

∥∥
L2(Rn)

+ ∥µ∥Ḣ−α(Rn)

]
∥ψ∥Ḣ−α(Rn)

(3.23)

for all ψ ∈ C∞
0 (Rn). Since ∥µ∥Ḣ−α(Rn) < +∞, we see that, in view of (3.22) and

(3.23), it remains to show that

∥∥Iα(wqdσ)
∥∥
L2(Rn)

<∞. (3.24)

To this end, notice that by the result in [COV1], (1.13) is equivalent to

∥Iαg∥L1+q(Rn,dσ) ≤ c∥g∥L2(Rn), ∀g ∈ L2(Rn), (3.25)

where c is a positive constant independent of g. Moreover, by duality, (3.25) is

equivalent to

∥Iα(φdσ)∥L2(Rn) ≤ c∥φ∥
L

1+q
q (Rn,dσ)

, ∀φ ∈ L
1+q
q (Rn, dσ), (3.26)

where c is a positive constant independent of φ. Letting φ := wq ∈ L
1+q
q (Rn, dσ) in

(3.26), we have ∥∥Iα(wqdσ)
∥∥
L2(Rn)

≤ c∥w∥qL1+q(Rn,dσ) < +∞, (3.27)

which proves (3.24), and hence w ∈ Ḣα(Rn). Moreover, by (3.21), we have

(−∆)
α
2 w = Iα(w

qdσ) + Iαµ a.e.
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This shows that w is a positive finite energy solution to (1.2).

Minimality of the solution w is obvious by its construction in Theorem 3.1 in the

case p = 2. Recall that w is the pointwise limit w = limj→∞wj, where

w0 := I2αµ and wj+1 := I2α(w
q
jdσ) + I2αµ, j ∈ N0.

If u is any positive finite energy solution to (1.2). Then

w0 = I2αµ ≤ I2α(u
qdσ) + I2αµ = u q.e.

Consequently,

w1 = I2α(w
q
0dσ) + I2αµ ≤ I2α(u

qdσ) + I2αµ = u q.e.

Arguing by induction, we obtain

wj−1 ≤ wj ≤ u q.e. for all j ∈ N.

Therefore, w = limj→∞wj ≤ u q.e. This proves the minimality of w.

3.3 Existence result for equation (1.3)

In this section, we establish necessary and sufficient conditions for the existence of

a positive finite energy solution to sublinear equation (1.3) on an arbitrary domain

which possesses a positive Green function. This proves the existence result stated in

Theorem 1.3 in the case γ = 1. Further, it will be used in our proof of characterization

of generalized energy Eγ[u] =
∫
Ω
|∇u|2|u|γ−1 dx in the case γ > 1, see Lemma 4.4 in

the next chapter.

Definition 3.13. Let q > 0 and σ, µ ∈ M+(Ω). Let G be a positive Green function

associated with L on Ω. A solution u to equation (1.3) is understood in the sense

45



that u is an A-superharmonic function on Ω such that u ∈ Lq
loc(Ω, dσ) with u ≥ 0

dσ-a.e., and

u = G(uqdσ) +Gµ in Ω. (3.28)

If further u ∈ Ẇ 1,2
0 (Ω), it is called a finite energy solution to (1.3).

The following theorem gives necessary and sufficient conditions for the existence

of a positive solution u ∈ L1+q(Ω, dσ) to integral equation (3.28). It is a more general

version of Theorem 3.1 in the linear case p = 2, and will be generalized later in

Theorem 5.1.

Theorem 3.14. Let 0 < q < 1 and σ, µ ∈ M+(Ω) with σ ̸≡ 0. Suppose G is a

positive quasi-symmetric lower semicontinuous kernel on Ω × Ω, which satisfies the

WMP. If (1.20) and (1.26) hold with γ = 1, i.e.,

Gσ ∈ L
1+q
1−q (Ω, dσ) (3.29)

and

Gµ ∈ L1+q(Ω, dσ), (3.30)

respectively, then there exists a positive solution u ∈ L1+q(Ω, dσ) to equation (3.28).

The converse statement is valid without the quasi-symmetry assumption on G.

Proof. The sufficiency part is similar to the one of Theorem 3.1 when p = 2, proved

by applying Theorem 2.15 (ii) in the case r = 1 + q in place of Lemma 3.2, and

replacing Wolff’s potentials by potential operators G associated with the kernel G.

The necessity part follows from global pointwise lower bound (2.17):

u(x) ≥ c[Gσ(x)]
1

1−q , ∀x ∈ Ω,

which does not require quasi-symmetry of G (cf. Theorem 5.1 in the case γ = 1).
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We now apply the above result to deduce necessary and sufficient conditions for the

existence of a positive finite energy solution to equation (1.3). As in previous sections,

we first make the following observation regarding relation between conditions (3.29),

(3.30) and (1.21) in the case γ = 1, i.e.,∫
Ω

Gµ dµ < +∞ (3.31)

or equivalently, µ has finite energy:

µ ∈ Ẇ−1,2(Ω) (3.32)

provided G is a positive Green function associated with L on Ω.

Lemma 3.15. Let 0 < q < 1 and σ, µ ∈ M+(Ω), and let G be a positive lower

semicontinuous kernel on Ω × Ω, which satisfies the WMP. Then (3.29) and (3.31)

imply (3.30).

Proof. See Lemma 5.2 in the case γ = 1.

We would like to mention here that there is an alternative proof of Lemma 3.15

in the particular case when G is a positive Green function associated with L = −∆,

see [SV1, Lemma 5.3].

The next lemma shows in particular that conditions (3.29) and (3.31) are necces-

sary for the existence of a positive finite energy solution to equation (1.3).

Lemma 3.16. Let 0 < q < 1 and σ, µ ∈ M+(Ω) so that σ ̸≡ 0, and let G be

Green’s function associated with L on Ω. Suppose there exists a positive supersolution

u ∈ Lq
loc(Ω, dσ) ∩ Ẇ

1,2
0 (Ω) to equation (1.3). Then

Lu ∈ Ẇ−1,2(Ω) ∩M+(Ω),
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and hence (3.31) holds. Moreover, u ∈ L1+q(Ω, dσ) for a quasicontinuous representa-

tive of u, and consequently (3.29) holds as well.

Proof. Appealing to the uniform ellipticity condition (1.4) and Schwarz’s inequality,

for every φ ∈ C∞
0 (Ω) we have

∣∣⟨Lu, φ⟩∣∣ = ∣∣∣∣ ∫
Ω

A∇u · ∇φ dx
∣∣∣∣ ≤M∥∇u∥L2(Ω)∥∇φ∥L2(Ω).

Hence, Lu ∈ Ẇ−1,2(Ω). Moreover, for every nonnegative φ ∈ C∞
0 (Ω) we have

⟨Lu, φ⟩ =
∫
Ω

A∇u · ∇φ dx ≥
∫
Ω

uqφ dσ +

∫
Ω

φ dµ ≥ 0.

This shows that Lu ∈ M+(Ω), from which it follows that (3.31) holds, and

dν := uqdσ ∈ Ẇ−1,2(Ω) ∩M+(Ω).

Let {φj}∞j=1 ⊂ C∞
0 (Ω) be a sequence of nonnegative functions such that φj → u in

Ẇ 1,2
0 (Ω) as j → ∞. Then

⟨ν, φj⟩ ≤
∫
Ω

A∇u · ∇φj dx for all j ∈ N.

Hence,

⟨ν, u⟩ = lim
j→∞

⟨ν, φj⟩ ≤ lim
j→∞

∫
Ω

A∇u · ∇φj dx ≤M

∫
Ω

|∇u|2 dx < +∞.

Applying the Brezis-Browder theorem (Theorem 2.10), for a quasicontinuous repre-

sentative of u, we have

∫
Ω

u1+q dσ =

∫
Ω

u dν = ⟨ν, u⟩ < +∞.

Hence, u ∈ L1+q(Ω, dσ). Consequently, by Theorem 3.14, (3.29) holds.
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Finally, if G is Green’s function associated with L on Ω, the next lemma shows

in particular that conditions (3.29) and (3.31) are sufficient for the existence of a

minimal positive finite energy solution to equation (1.3).

Lemma 3.17. Let 0 < q < 1 and σ, µ ∈ M+(Ω) so that σ ̸≡ 0, and let G be a

positive Green function associated with L. Suppose (3.29) and (3.31) hold. Then

there exists a positive finite energy solution w ∈ Lq
loc(Ω, dσ) ∩ Ẇ 1,2

0 (Ω) to equation

(1.3). Moreover, w is a minimal positive solution in the sense that w ≤ u q.e. for

any positive solution u ∈ Lq
loc(Ω, dσ) ∩ Ẇ

1,2
0 (Ω) to equation (1.3).

Proof. Since (3.29) and (3.31) hold, then by Lemma 3.15, it follows that (3.30) holds.

In view of Theorem 3.14, there exists a positive solution w ∈ L1+q(Ω, dσ) to (3.28).

Obviously, w ∈ Lq
loc(Ω, dσ) by Hölder’s inequality. We will show that w ∈ Ẇ 1,2

0 (Ω).

We observe that by the characterization of Green energy discussed in Chapter 4,∥∥G (wqdσ)
∥∥
Ẇ 1,2

0 (Ω)
=

∫
Ω

|∇G(wqdσ)|2 dx

≤ c

∫
Ω

G(wqdσ)wq dσ

≤ c∥G(wqdσ)∥L1+q(Ω, dσ)∥wq∥
L

1+q
q (Ω, dσ)

≤ c
∥∥w∥∥

L1+q(Ω, dσ)

< +∞.

(3.33)

Hence ∥∥w∥∥
Ẇ 1,2

0 (Ω)
≤
∥∥G (wqdσ)

∥∥
Ẇ 1,2

0 (Ω)
+
∥∥Gµ∥∥

Ẇ 1,2
0 (Ω)

=
∥∥G (wqdσ)

∥∥
Ẇ 1,2

0 (Ω)
+
∥∥µ∥∥

Ẇ−1,2(Ω)

< +∞,

which proves the lemma. As in the proof of Theorem 3.12, minimality of w follows

immediately from its construction in Theorem 3.14.
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3.4 Uniqueness results

In this section, we establish the uniqueness of positive finite energy solutions to equa-

tions (1.1), (1.2) and (1.3), using the idea presented in [CV1], namely employing

convexity properties of Dirichlet integrals and minimality of such solutions.

Theorem 3.18. Let 1 < p < n, 0 < q < p − 1 and σ, µ ∈ M+(Rn). Suppose

there exists a positive finite energy solution to equation (1.1). Then such a solution

is unique in Ẇ 1,p
0 (Rn).

Proof. Suppose u and v are positive finite energy solutions to (1.1). We start with

the following two observations. We first claim that

if u = v dσ-a.e. then u = v as elements of Ẇ 1,p
0 (Rn).

To see this, suppose u = v dσ-a.e., and set

dω := uqdσ + dµ = vqdσ + dµ.

Then, ω ∈ M+(Rn) and

−∆pu = −∆pv = ω in Rn. (3.34)

As usual, we may consider quasicontinuous representatives of u and v. Then, by

Lemma 3.5,

u, v ∈ L1+q(Rn, dσ) and ω ∈ W−1,p′(Rn).

As discussed in Remark 2.11, for such a measure ω, a solution u ∈ Ẇ 1,p
0 (Rn) to the

equation −∆pu = ω in Rn, is unique. Hence, u = v q.e., so they coincide as elements

of Ẇ 1,p
0 (Rn).

Secondly, we claim that
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if u ≥ v q.e. then u = v dσ-a.e.

Suppose u ≥ v q.e. then u ≥ v dσ-a.e. and u ≥ v dµ-a.e., since σ and µ are absolutely

continuous with respect to capp(·). Testing the equations∫
Rn

|∇u|p−2∇u · ∇ϕ dx =

∫
Rn

uqϕ dσ +

∫
Rn

ϕ dµ, ϕ ∈ Ẇ0
1,p
(Rn), (3.35)

and ∫
Rn

|∇v|p−2∇v · ∇ψ dx =

∫
Rn

vqψ dσ +

∫
Rn

ψ dµ, ψ ∈ Ẇ 1,p
0 (Rn), (3.36)

with ϕ = u and ψ = v, respectively, where ω = uqσ + µ ∈ Ẇ−1,p′(Rn), so that

Theorem 2.10 is applicable for quasi-continuous representatives of u and v, we obtain∫
Rn

|∇u|p dx =

∫
Rn

u1+q dσ +

∫
Rn

u dµ (3.37)

and ∫
Rn

|∇v|p dx =

∫
Rn

v1+q dσ +

∫
Rn

v dµ. (3.38)

Using convexity of the Dirichlet integral
∫
Rn |∇ · |p dx along curves of the type

λt(x) := [(1− t)vp(x) + tup(x)]
1
p , t ∈ [0, 1],

see [BF, Proposition 2.6], we obtain∫
Rn

|∇λt|p dx ≤ (1− t)

∫
Rn

|∇v|p dx+ t

∫
Rn

|∇u|p dx

= t

(∫
Rn

|∇u|p dx−
∫
Rn

|∇v|p dx
)
+

∫
Rn

|∇v|p dx.

Notice that λ0 = v. By (3.37) and (3.38), we get∫
Rn

|∇λt|p − |∇λ0|p

t
dx ≤

∫
Rn

(u1+q − v1+q) dσ +

∫
Rn

(u− v) dµ.

Using the inequality

|a|p − |b|p ≥ p|b|p−2b · (a− b) for a, b ∈ Rn,
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we deduce that

|∇λt|p − |∇λ0|p ≥ p|∇λ0|p−2∇λ0 · (∇λt −∇λ0),

and hence

p

∫
Rn

|∇v|p−2∇v · ∇(λt − λ0)

t
dx ≤

∫
Rn

(u1+q − v1+q) dσ +

∫
Rn

(u− v) dµ. (3.39)

Testing (3.36) with ψ = λt − λ0 ∈ Ẇ 1,p
0 (Rn), we obtain

∫
Rn

|∇v|p−2∇v · ∇(λt − λ0) dx =

∫
Rn

vq(λt − λ0) dσ +

∫
Rn

(λt − λ0) dµ. (3.40)

Thus, by (3.39) and (3.40), we have

p

∫
Rn

vq
λt − λ0

t
dσ+p

∫
Rn

λt − λ0
t

dµ ≤
∫
Rn

(u1+q−v1+q) dσ+

∫
Rn

(u−v) dµ. (3.41)

Since u ≥ v q.e. then λt ≥ λ0 dσ-a.e. and λt ≥ λ0 dµ-a.e. Applying Fatou’s Lemma,

we obtain ∫
Rn

vq
up − vp

vp−1
dσ ≤ lim inf

t→0
p

∫
Rn

vq
λt − λ0

t
dσ (3.42)

and ∫
Rn

up − vp

vp−1
dµ ≤ lim inf

t→0
p

∫
Rn

λt − λ0
t

dµ. (3.43)

Since (3.41) holds for all t ∈ [0, 1] then by (3.42) and (3.43), we arrive at

∫
Rn

upvq

vp−1
− v1+q dσ +

∫
Rn

up

vp−1
− v dµ ≤

∫
Rn

(u1+q − v1+q) dσ +

∫
Rn

(u− v) dµ,

that is, ∫
Rn

upvq

vp−1
− u1+q dσ +

∫
Rn

(
up

vp−1
− u

)
dµ ≤ 0.
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Here both integrals on the left-hand side are nonnegative since u ≥ v dσ-a.e. and

u ≥ v dµ-a.e. Indeed,∫
Rn

upvq

vp−1
− u1+q dσ =

∫
Rn

upvq − u1+qvp−1

vp−1
dσ

=

∫
Rn

u1+qvq(up−1−q − vp−1−q)

vp−1
dσ

≥ 0

and ∫
Rn

(
up

vp−1
− u

)
dµ =

∫
Rn

up − uvp−1

vp−1
dµ ≥ 0.

Therefore, both integrals must vanish, and thus u = v dσ-a.e. and u = v dµ-a.e. In

particular, this proves the second claim.

Now, suppose w̃ is any positive finite energy solution to (1.1). Then

w̃ ≥ w q.e.

where w is the minimal positive finite energy solution to (1.1) constructed in Theorem

3.6. Applying the second claim above, we have

w̃ = w dσ-a.e.,

and hence, by the first claim, they coincide as elements of Ẇ 1,p
0 (Rn).

By a slight modification of the argument above, we can establish the uniqueness

of a positive finite energy solution to equation (1.2) when 0 < α ≤ 1.

Theorem 3.19. Let 0 < q < 1, 0 < α ≤ 1, and σ, µ ∈ M+(Rn). Suppose there exists

a positive finite energy solution to equation (1.2). Then such a solution is unique in

Ḣα(Rn).
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Proof. When α = 1, this follows from Theorem 3.18 in the case p = 2. If 0 < α < 1,

we use the same argument as in the proof of Theorem 3.18 together with convexity

of Gagliardo seminorms established in [BF], instead of convexity of the Dirichlet

integrals
∫
Rn |∇ · |p dx.

Using convexity of the Dirichlet integrals
∫
Ω
|∇ · |2 dx (see [BF]), which is compa-

rable to
∫
Ω
A∇u · ∇u dx due to the uniform ellipticity condition (1.4), we may argue

in the same way as in the proof of Theorem 3.18 in the case p = 2, together with to

obtain the following theorem on the uniqueness of a positive finite energy solution to

equation (1.3).

Theorem 3.20. Let 0 < q < 1, and let σ, µ ∈ M+(Ω). Suppose there exists a positive

finite energy solution to equation (1.3). Then such a solution is unique in Ẇ 1,2
0 (Ω).
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Chapter 4

Generalized energy of measures

Let γ > 0 and ω ∈ M+(Ω), and let G be a positive lower semicontinuous kernel on

Ω× Ω. Define the γ-energy of ω by

Eγ[ω] :=
∫
Ω

(Gω)γ dω. (4.1)

In the case γ = 1, we use the notation E [ω] := E1[ω]. Observe that Eγ[ω] is well-

defined, even though it may be infinite.

When G is a quasi-symmetric kernel on Ω × Ω which satisfies the WMP, by the

definition of Eγ[ω] and Theorem 2.15 with r := γ(1+γ)
1+γ+γ2 and q := γ2

1+γ+γ2 , the following

statements are equivalent:

(a) Eγ[ω] < +∞.

(b) Gω ∈ Lγ(Ω, dω).

(c) The weighted norm inequality (2.22) is valid.

(d) There exists a positive solution u ∈ Lr(Ω, dω) to (2.16).

There is also a similar characterization of Eγ[ω], in terms of weak-type and strong-

type inequalities, for nondegenerate kernels G, see [QV2].
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We now consider Eγ[ω] in the case where G is a positive Green function associated

with L on Ω.

Theorem 4.1. Let γ > 0 and ω ∈ M+(Ω) with ω ̸≡ 0, and let G be a positive Green

function associated with L on Ω. If u := Gω then condition∫
Ω

(A∇u · ∇u)uγ−1 dx < +∞ (4.2)

is equivalent to u
γ+1
2 ∈ Ẇ 1,2

0 (Ω) as well as (a), (b), (c) and (d) above. In this case,

we have

Eγ[ω] = γ

∫
Ω

(A∇u · ∇u)uγ−1 dx. (4.3)

Remark 4.2. By uniform ellipticity condition (1.4), we see that (4.2) is equivalent

to (1.5). Therefore, by our discussion above, it suffices to show that

Eγ[ω] < +∞ ⇐⇒ Eγ[u] < +∞ ⇐⇒ u
γ+1
2 ∈ Ẇ 1,2

0 (Ω), (4.4)

and also establish formula (4.3) whenever Eγ[ω] < +∞.

We first prove an auxiliary fact which will be used in the proof of (4.4) when

0 < γ < 1.

Lemma 4.3. Let 0 < γ < 1 and ω ∈ M+(Ω), and let G be a positive Green function

associated with −L on Ω. Suppose u := Gω ̸≡ ∞. Then v := uγ is a positive A-

superharmonic function on Ω, and v = Gµ, where µ ∈ M+(Ω) is the Riesz measure

of v. Moreover,

Eγ[ω] < +∞ ⇐⇒ E [µ] < +∞. (4.5)

In this case, we have

γ + 1

2
Eγ[ω] ≤ E [µ] ≤ γ + 1

2γ
Eγ[ω]. (4.6)
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Proof. Notice that u := Gω is a positive A-superharmonic function on Ω since Gω ̸≡

+∞, see [GH]. Since 0 < γ < 1, the map x 7−→ xγ, for x ≥ 0, is concave and

increasing, it follows that v := uγ is a positive A-superharmonic function on Ω [HKM,

Theorem 7.5]. In light of the Riesz decomposition theorem, v = Gµ + h where

µ ∈ M+(Ω) is the Riesz measure of v, and h is the unique positive A-harmonic

function on Ω.

Observe that g := h
1
γ is a positive A-subharmonic function on Ω since h is positive

A-harmonic and the map x 7−→ x
1
γ for x ≥ 0, is convex [HKM, Theorem 7.5].

Therefore −g is an A-superharmonic function on Ω, and thus −g = Gν + h̃, where

ν ∈ M+(Ω) is the Riesz measure of −g, and h̃ is the unique A-harmonic function on

Ω. Since

Gω = u = v
1
γ = (Gµ+ h)

1
γ ≥ h

1
γ = g = −Gν − h̃,

we deduce G(ω + ν) = u +Gν ≥ −h̃. In other words, −h̃ is a positive A-harmonic

minorant of the potential G(ω + ν). Consequently, −h̃ = 0 and thus g = −Gν ≤ 0.

This yields h = gγ = 0. We have shown that v = Gµ is a potential.

Suppose that Eγ[ω] < +∞, and let w := u
γ+1
2 . Since γ+1

2
∈ (0, 1), by a simi-

lar argument as above, w is a positive A-superharmonic function on Ω, and w =

Gµ, where µ ∈ M+(Ω) is the Riesz measure of w. For each k ∈ N, let uk :=

min(u, k) and wk := min(w, k
γ+1
2 ). Using the same argument as above, we see that

both uk and wk are potentials with the corresponding Riesz measures ωk = ω[uk] and

µk = µ[wk], respectively. Clearly, supp(µk) ⊂ {u ≤ k}, thus both uk and wk are uni-

formly bounded (by k) dµk-a.e. Using Fubini’s theorem and the iterated inequality
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(2.19) with ω := µk, s :=
2γ
γ+1

and h := 1, we estimate

∫
Ω

Gµk dµ =

∫
Ω

Gµ dµk =

∫
Ω

Gω (Gµ)
γ−1
γ+1dµk

≤
∫
Ω

Gω (Gµk)
γ−1
γ+1dµk

=

∫
Ω

G
(
(Gµk)

γ−1
γ+1dµk

)
dω

≤ γ + 1

2γ

∫
Ω

(Gµk)
2γ
γ+1dω

≤ γ + 1

2γ

∫
Ω

(Gω)γdω

=
γ + 1

2γ
Eγ[ω].

Passing to the limit k → ∞ and using the monotone convergence theorem, we deduce

E [µ] =
∫
Ω

Gµ dµ ≤ γ + 1

2γ
Eγ[ω] < +∞

since wk = Gµk ↑ w = Gµ in Ω.

Conversely, suppose E [µ] < +∞. By using the same notation and argument as

above, we estimate

E [µ] =
∫
Ω

Gµ dµ =

∫
Ω

(Gω)
γ+1
2 dµ ≥

∫
Ω

(Gωk)
γ+1
2 dµ

≥ γ + 1

2

∫
Ω

G
(
(Gωk)

γ−1
2 dωk

)
dµ

≥ γ + 1

2

∫
Ω

G
(
(Gω)

γ−1
2 dωk

)
dµ.

In the above estimate, we have u := Gω ≤ k and w = Gµ ≤ k dωk-a.e. Applying

Fubini’s theorem yields

∫
Ω

G
(
(Gω)

γ−1
2 dωk

)
dµ =

∫
Ω

(Gω)
γ−1
2 Gµ dωk =

∫
Ω

(Gω)γ dωk.

Since γ ∈ (0, 1), we have uγ := (Gω)γ is a potential, that is, uγ = Gν, where

ν ∈ M+(Ω) is the Riesz measure of uγ. Applying Fubini’s theorem and the monotone
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convergence theorem, we have

∫
Ω

(Gω)γ dωk =

∫
Ω

Gν dωk =

∫
Ω

Gωk dν ↑
∫
Ω

Gω dν

since Gωk = uk ↑ u = Gω in Ω as k → ∞. Hence,

γ + 1

2
Eγ[ω] =

γ + 1

2

∫
Ω

Gν dω =
γ + 1

2

∫
Ω

Gω dν ≤ E [µ] < +∞.

This completes the proof of the lemma.

We now establish (4.4), which yields the first part of Theorem 4.1.

Lemma 4.4. Let γ > 0 and ω ∈ M+(Ω) with ω ̸≡ 0, and let G be a positive Green

function associated with L on Ω. If u := Gω then (4.4) holds. In this case, there

exists a positive constant C which depends only on m, M and γ such that

C−1Eγ[ω] ≤ Eγ[u] ≤ C Eγ[ω]. (4.7)

Proof. Without loss of generality, we may assume that u ̸≡ +∞. It follows that

u is a positive A-superharmonic function in Ω. Moreover, u ∈ W 1,p
loc (Ω) whenever

1 ≤ p < n
n−1

, see [HKM]. Consider three cases as follows:

• Case γ = 1. This is completely analogous to the classical result shown in, for

example, [L, Theorem 1.20], due to uniform ellipticity assumption (1.4). In this case

we further have formula (4.3) using an approximation argument demonstrated below

in Lemma 4.5.

• Case 0 < γ < 1. In light of Lemma 4.3, we have v := u
γ+1
2 is a positive A-

superharmonic function in Ω, and v = Gµ where µ ∈ M+(Ω) is the Riesz measure of

v. Moreover,

Eγ[ω] < +∞ ⇐⇒ E [µ] < +∞ ⇐⇒ v ∈ Ẇ 1,2
0 (Ω).
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In this case, we have

γ + 1

2
Eγ[ω] ≤ E [µ] ≤ γ + 1

2γ
Eγ[ω].

On the other hand, notice that∇v = γ+1
2
u

γ−1
2 ∇u a.e. in Ω. Appealing to the previous

case, we deduce

E [µ] =
∫
Ω

A∇v · ∇v dx ≤M
(γ + 1

2

)2 ∫
Ω

|∇u|2uγ−1 dx

and similarly

E [µ] =
∫
Ω

A∇v · ∇v dx ≥ m
(γ + 1

2

)2 ∫
Ω

|∇u|2uγ−1 dx.

This proves both assertions (4.4) and (4.7), respectively.

• Case γ > 1. Suppose that v := u
γ+1
2 ∈ Ẇ 1,2

0 (Ω). Therefore, Eγ[u] < +∞.

For each k ∈ N, let uk = min(u, k), which is a positive A-superharmonic function

of the class L∞(Ω) ∩W 1,2
loc (Ω). Denote the corresponding Riesz measure of each uk

by ωk := ω[uk]. Without loss of generality, we may suppose v is quasicontinuous.

Applying inequality (2.25) with ϕ := v and ω := ωk, we obtain∫
Ω

uγdωk ≤
∫
Ω

v2
dωk

Gωk

≤ C

∫
Ω

|∇v|2 dx = C
(γ + 1

2

)2 ∫
Ω

|∇u|2uγ−1dx.

On the other hand, by Fubini’s theorem and iterated estimate (2.18) with ω := ωk

and s := γ, we have∫
Ω

uγ dωk =

∫
Ω

(Gω)γ−1Gω dωk =

∫
Ω

G
(
(Gω)γ−1dωk

)
dω

≥
∫
Ω

G
(
(Gωk)

γ−1dωk

)
dω

≥ 1

γ

∫
Ω

(Gωk)
γdω.

Therefore,

1

γ

∫
Ω

(Gωk)
γ dω ≤ C

(γ + 1

2

)2 ∫
Ω

|∇u|2uγ−1 dx.
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Passing to the limit k → ∞ and using the monotone convergence theorem, we obtain

Eγ[ω] =
∫
Ω

uγ dω ≤ Cγ
(γ + 1

2

)2 ∫
Ω

|∇u|2uγ−1dx < +∞

since uk = Gωk ↑ u = Gω in Ω.

Conversely, suppose Eγ[ω] < +∞. Write γ = 1+q
1−q

where 0 < q < 1, and consider

the corresponding sublinear elliptic equation

Lw = ω wq in Ω. (4.8)

Using a similar argument as in the proof of [SV1, Lemma 5.5], there exists a positive

finite energy solution w ∈ Ẇ 1,2
0 (Ω) to (4.8), satisfying

||w||Ẇ 1,2
0 (Ω) ≤ c

(∫
Ω

(Gω)
1+q
1−q dω

) 1
2
, (4.9)

where c = c(m,M, q) > 0. As usual, we may assume w is quasicontinuous. By

Theorem 2.13, w obeys the lower bound

w ≥ (1− q)
1

1−q (Gω)
1

1−q in Ω.

Therefore,

v := u
γ+1
2 = (Gω)

γ+1
2 ≤ (1− q)−

1
1−qw in Ω. (4.10)

From this, we deduce∫
Ω

|∇u|2uγ−1 dx =

∫
Ω

v2
|∇u|2

u2
dx

≤ (1− q)−
2

1−q

∫
Ω

w2 |∇u|2

u2
dx.

(4.11)

Using inequality (2.24) with ϕ := w, along with (4.9), we estimate

∫
Ω

w2 |∇u|2

u2
dx ≤ C ||w||2

Ẇ 1,2(Ω)
≤ Cc2 Eγ[ω]. (4.12)
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Hence, by (4.11) and (4.12), we arrive at

∫
Ω

|∇u|2uγ−1 dx ≤ Cc2(1− q)−
2

1−q Eγ[ω] < +∞.

Moreover, for r = 2n
n−2

if n ≥ 3, and any r < ∞ if n = 2, we have that v ∈ Lr(Ω),

since the same is true for w ∈ Ẇ 1,2
0 (Ω). Recall that Ω is assumed to be a Green

domain in the case n = 2. In other words, v ∈ Ẇ 1,2(Ω), the corresponding Sobolev

space equipped with the norm ||v||Ẇ 1,2(Ω) = ||∇v||L2(Ω) + ||v||Lr(Ω). The fact that

v ∈ Ẇ 1,2
0 (Ω) follows from the Deny-Lions theorem (see [AH, Sec. 9.12] and the

references cited there). Notice that, for z ∈ ∂Ω, the quasi-limit limx→z v(x) = 0 q.e.

by (4.10), since the same is true for w ∈ Ẇ 1,2
0 (Ω) by [Kol], Corollary to Theorem 1.

This finishes the proof of lemma.

We now complete the proof of Theorem 4.1 by establishing formula (4.3) whenever

Eγ[ω] < +∞, using an approximation procedure.

Lemma 4.5. Let γ > 0 and ω ∈ M+(Ω) with ω ̸≡ 0, and let G be a positive Green

function associated with L on Ω. If u := Gω then formula (4.3) is valid whenever

Eγ[ω] < +∞.

Proof. Suppose Eγ[ω] < +∞. Therefore both (4.2) and (1.5) holds, in views of Lemma

4.4 and uniform ellipticity condition (1.4).

For each k ∈ N, we set uk = min(u, k). Notice that uk is a positiveA-superharmonic

function of the class L∞(Ω) ∩W 1,2
loc (Ω). Denote the corresponding Riesz measure of

uk by ωk := ω[uk].

Let {u(j)k }j≥k be a sequence of mollified uk, defined on Ωj := {x ∈ Ω : dist(x, ∂Ω) >
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1
j
}. Denote ω(j)

k := Lu(j)k . In addition, for j ≥ k, select φj ∈ C∞
0 (Ω) so that

0 ≤ φj ≤ 1, suppφj ⊂ Ωj, φj ↑ χΩ as j → ∞,

∫
Ω

|∇φj|2 dx ≤ 1

j2γ+2
.

Using integration by parts, we obtain

γ

∫
Ω

(A∇u(j)k · ∇u(j)k )(u
(j)
k )γ−1φj dx =

∫
Ω

∇
(
(u

(j)
k )γ

)
· A∇u(j)k φj dx

=

∫
Ω

(u
(j)
k )γφj dω

(j)
k −

∫
Ω

(u
(j)
k )γ(A∇u(j)k · ∇φj) dx.

Letting first j → ∞, and then k → ∞, we see that

γ

∫
Ω

|∇u(j)k |2(u(j)k )γ−1φj dx −→ γ

∫
Ω

|∇u|2uγ−1 dx

and ∫
Ω

(u
(j)
k )γφj dω

(j)
k −→

∫
Ω

uγ dω

by means of mollification, the Lebesgue dominated convergence theorem, and weak

continuity of L (Theorem 2.3). Moreover, by Schwarz’s inequality, the construction

of φj, and uniform ellipticity condition (1.4), we deduce∣∣∣∣∫
Ω

(u
(j)
k )γ(A∇u(j)k · ∇φj) dx

∣∣∣∣ ≤M
1
2

(∫
Ω

|∇φj|2 dx
) 1

2
(∫

Ω

|∇u(j)k |2(u(j)k )2γ dx

) 1
2

≤ M
1
2

jγ+1

(∫
Ω

|∇u(j)k |2(u(j)k )γ−1(u
(j)
k )γ+1 dx

) 1
2

≤ M
1
2k

γ+1
2

kγ+1

(∫
Ω

|∇u|2uγ−1 dx

) 1
2

=
M

1
2

k
γ+1
2

(∫
Ω

|∇u|2uγ−1 dx

) 1
2

,

which converges to zero as k → ∞. This proves (4.3).

The following lemma shows, in particular, that if Eγ[ω] < +∞ for some γ > 0,

then ω ∈ M+
0 (Ω).
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Lemma 4.6. Let γ > 0 and ω ∈ M+(Ω), and let G be a positive Green function

associated with L on Ω. Suppose that u := Gω ∈ Lγ
loc(Ω, dµ). Then for every compact

set K ⊂ Ω,

ω(K) ≤ [cap(K)]
γ

1+γ

(∫
K

uγ dω

) 1
1+γ

. (4.13)

In particular, ω ∈ M+
0 (Ω).

Proof. Let K be a compact subset of Ω. By (2.25), we have

∫
K

dω

u
≤ cap(K). (4.14)

On the other hand, by Hölder’s inequality,

ω(K) =

∫
K

u
−γ
1+γ u

γ
1+γ dω ≤

(∫
K

u−1 dω

) γ
1+γ
(∫

K

uγ dω

) 1
1+γ

. (4.15)

Thus, (4.13) follows from (4.14) and (4.15).
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Chapter 5

Solutions with finite generalized
energy

In this chapter, we complete the proof of our main results stated in Theorem 1.3 using

the argument outlined earlier in Chapter 1. Its consequences are also discussed here.

5.1 Existence result for equation (1.3)

Our first theorem gives necessary and sufficient conditions for the existence of a

positive solution u ∈ Lγ+q(Ω, dσ) to the integral equation (3.28) in the sublinear case

0 < q < 1, under some mild assumptions on kernel G satisfied by the Green function

associated with L on Ω.

Theorem 5.1. Let 0 < q < 1, γ > 0 and σ, µ ∈ M+(Ω) with σ ̸≡ 0. Suppose G is

a positive quasi-symmetric lower semicontinuous kernel on Ω×Ω, which satisfies the

WMP. If (1.20) and (1.26) hold, then there exists a positive solution u ∈ Lγ+q(Ω, dσ)

to equation (3.28). The converse statement is valid without the quasi-symmetry as-

sumption on G.

Proof. Suppose (1.20) and (1.26) hold. In the homogeneous case µ ≡ 0, we can

construct a monotone increasing sequence of positive functions {uj}∞j=0 ⊂ Lγ+q(Ω, dσ)
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by setting

u0 := κ (Gσ)
1

1−q and uj+1 := G(uqjdσ), for j ∈ N0,

where κ > 0 is chosen to be sufficiently small. Then its pointwise limit u := limj→∞ uj

is a positive solution of the class Lγ+q(Ω, dσ) to (3.28), by the monotone convergence

theorem (see [Ver2, Theorem 1.1 (ii)] for more details).

In the inhomogeneous case µ ̸≡ 0, we set

u0 := Gµ, uj+1 := G(uqjdσ) +Gµ, for j ∈ N0.

Observe that u0 > 0 since µ ̸≡ 0, and

u1 = G(uq0dσ) + u0 ≥ u0.

Suppose u0 ≤ u1 ≤ . . . ≤ uj for some j ∈ N. Then

uj+1 = G(uqjdσ) +Gµ ≥ G(uqj−1dσ) +Gµ = uj.

Hence, by induction, {uj}∞j=0 is an increasing sequence of positive functions. Further,

each uj ∈ Lγ+q(Ω, dσ). Notice that

u0 = Gµ ∈ Lγ+q(Ω, dσ),

by the assumption (1.26). Suppose u0, . . . , uj ∈ Lγ+q(Ω, dσ) for some j ∈ N. Observe

that

∥uj+1∥Lγ+q(Ω, dσ) =
∥∥G(uqjdσ) +Gµ

∥∥
Lγ+q(Ω, dσ)

≤ c
∥∥G(uqjdσ)

∥∥
Lγ+q(Ω, dσ)

+ c
∥∥Gµ∥∥

Lγ+q(Ω, dσ)
,

(5.1)

where c = max(1, 2
1−γ−q
γ+q ). In view of Theorem 2.15, the assumption (1.20) is equiv-

alent to the weighted norm inequality (2.22) with ω = σ and r = γ + q. Therefore,
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we can estimate the first term on the right-hand side of (5.1) by applying (2.22) with

f = uqj ∈ L
γ+q
q (Ω, dσ),

∥∥G(uqjdσ)
∥∥
Lγ+q(Ω, dσ)

≤ C

(∫
Ω

uγ+q
j dσ

) q
γ+q

≤ C

(∫
Ω

uγ+q
j+1 dσ

) q
γ+q

= C∥uj+1∥qLγ+q(Ω, dσ).

(5.2)

By (5.1) and (5.2), we have

∥uj+1∥Lγ+q(Ω, dσ) ≤ Cc∥uj+1∥qLγ+q(Ω, dσ) + c
∥∥Gµ∥∥

Lγ+q(Ω, dσ)
. (5.3)

We estimate the first term on the right-hand side of (5.3) using Young’s inequality,

Cc∥uj+1∥qLγ+q(Ω, dσ) ≤ q∥uj+1∥Lγ+q(Ω, dσ) + (1− q)(Cc)
1

1−q . (5.4)

Hence, by (5.3) and (5.4), we obtain

∥uj+1∥Lγ+q(Ω, dσ) ≤ (Cc)
1

1−q +
c

1− q

∥∥Gµ∥∥
Lγ+q(Ω, dσ)

< +∞. (5.5)

By induction, we have shown that each uj ∈ Lγ+q(Ω, dσ). Finally, applying the

monotone convergence theorem to the sequence {uj}∞j=0, we see that the pointwise

limit u := limj→∞ uj exists so that u > 0, u ∈ Lγ+q(Ω, dσ), and satisfies (3.28).

Conversely, if there exists a positive solution u ∈ Lγ+q(Ω, dσ) to (3.28), it is clear

that (1.26) holds. Moreover, (1.20) follows from the global pointwise lower bound

(2.17):

u(x) ≥ c[Gσ(x)]
1

1−q , ∀x ∈ Ω,

which does not require quasi-symmetry of G (see [GV]).

An essential link between conditions (1.20), (1.21) and (1.26), will be obtained in

the next lemma. It is an extension of Lemma 3.15 in the case γ = 1.
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Lemma 5.2. Let 0 < q < 1, γ > 0, and σ, µ ∈ M+(Ω). Suppose G is a positive

lower semicontinuous kernel on Ω × Ω, which satisfies the WMP. Then conditions

(1.20) and (1.21) imply (1.26).

Proof. Without loss of generality, we may assume σ, µ ̸≡ 0. Consider the following

three cases:

• Case 1: γ + q > 1. Applying the iterated inequality (2.18) with ω = µ and

s = γ+ q, together with Fubini’s theorem and Hölder’s inequality with the exponents

γ
γ+q−1

and γ
1−q

, we obtain∫
Ω

(Gµ)γ+q dσ ≤ c

∫
Ω

G
(
(Gµ)γ+q−1 dµ

)
dσ

= c

∫
Ω

(Gµ)γ+q−1Gσ dµ

≤ c

[∫
Ω

(Gµ)γ dµ

] γ+q−1
γ
[∫

Ω

(Gσ)
γ

1−q dµ

] 1−q
γ

.

(5.6)

The second integral on the right-hand side of (5.6) is estimated by a similar argument

as above. In fact, applying (2.18) again with ω = σ and s = γ
1−q

, along with Fubini’s

theorem and Hölder’s inequality with the exponents γ+q
γ+q−1

and γ + q, we deduce∫
Ω

(Gσ)
γ

1−q dµ ≤ c

∫
Ω

G
(
(Gσ)

γ
1−q

−1dσ
)
dµ

= c

∫
Ω

(Gσ)
γ+q−1
1−q Gµ dσ

≤ c

[∫
Ω

(Gσ)
γ+q
1−q dσ

] γ+q−1
γ+q

[∫
Ω

(Gµ)γ+q dσ

] 1
γ+q

.

(5.7)

By (5.6) and (5.7), we have[∫
Ω

(Gµ)γ+q dσ

]1− 1−q
γ(γ+q)

≤ c

[∫
Ω

(Gµ)γ dµ

] γ+q−1
γ
[∫

Ω

(Gσ)
γ+q
1−q dσ

] (γ+q−1)(1−q)
γ(γ+q)

, (5.8)

which is finite by (1.20) and (1.21), and hence (1.26) holds.

• Case 2: γ + q < 1. Write∫
Ω

(Gµ)γ+q dσ =

∫
Ω

(Gµ)γ+q F a−1F 1−a dσ,
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where 0 < a < 1 and F is a positive measurable function to be determined later.

Applying Hölder’s inequality with the exponents 1
a
and 1

1−a
, we get

∫
Ω

(Gµ)γ+q dσ ≤
(∫

Ω

(Gµ)
γ+q
a F

a−1
a dσ

)a(∫
Ω

F dσ

)1−a

. (5.9)

Setting F = (Gσ)
γ+q
1−q and a = γ + q in (5.9), we obtain

∫
Ω

(Gµ)γ+q dσ ≤
(∫

Ω

Gµ (Gσ)
γ+q−1
γ+q dσ

)γ+q (∫
Ω

(Gσ)
γ+q
1−q dσ

)1−γ−q

. (5.10)

The first integral on the right-hand side of (5.10) is estimated by using Fubini’s

theorem, followed by inequality (2.19) with ω = σ and s = γ
1−q

,∫
Ω

Gµ (Gσ)
γ+q−1
γ+q dσ =

∫
Ω

G
(
(Gσ)

γ+q−1
γ+q dσ

)
dµ

≤ c

∫
Ω

(Gσ)
γ

1−q dµ.

(5.11)

As above, we deduce

∫
Ω

(Gσ)
γ

1−q dµ ≤
(∫

Ω

Gσ(Gµ)γ+q−1 dµ

) γ
1−q
(∫

Ω

(Gµ)γ dµ

) 1−γ−q
1−q

=

(∫
Ω

G
(
(Gµ)γ+q−1dµ

)
dσ

) γ
1−q
(∫

Ω

(Gµ)γ dµ

) 1−γ−q
1−q

≤ c

(∫
Ω

(Gµ)γ+q dσ

) γ
1−q
(∫

Ω

(Gµ)γ dµ

) 1−γ−q
1−q

.

Combining the preceding estimates, we have

(∫
Ω

(Gµ)γ+q dσ

)1− γ(γ+q)
1−q

≤ c

[∫
Ω

(Gµ)γ dµ

] (1−γ−q)(γ+q)
1−q

[∫
Ω

(Gσ)
γ+q
1−q dσ

]1−γ−q

.

(5.12)

This proves (1.26), since both integrals on the right-hand side of (5.12) are finite by

(1.20) and (1.21).

• Case 3: γ + q = 1. Fix a positive number 1
2−q

< a < 1. Applying Hölder’s
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inequality with the exponents 1
a
and 1

1−a
we have∫

Ω

Gµ dσ =

∫
Ω

Gµ(Gσ)
a−1
1−q (Gσ)

1−a
1−q dσ

≤
(∫

Ω

(Gµ)
1
a (Gσ)

a−1
a(1−q) dσ

)a(∫
Ω

(Gσ)
1

1−q dσ

)1−a

.

(5.13)

We estimate the first integral on the right-hand side of (5.13) using inequalities (2.18)

and (2.19), together with Fubini’s theorem and Hölder’s inequality with the exponents

a(1−q)
1−a

and a(1−q)
a(2−q)−1

,∫
Ω

(Gµ)
1
a (Gσ)

a−1
a(1−q) dσ ≤ c

∫
Ω

G[(Gµ)
1−a
a dµ](Gσ)

a−1
a(1−q) dσ

= c

∫
Ω

(Gµ)
1−a
a G

(
(Gσ)

a−1
a(1−q) dσ

)
dµ

≤ c

∫
Ω

(Gµ)
1−a
a (Gσ)

a−1
a(1−q)

+1 dµ

≤ c

(∫
Ω

(Gµ)1−q dµ

) 1−a
a(1−q)

(∫
Ω

Gσ dµ

)a(2−q)−1
a(1−q)

= c

(∫
Ω

(Gµ)1−q dµ

) 1−a
a(1−q)

(∫
Ω

Gµ dσ

)a(2−q)−1
a(1−q)

.

Combining the preceding estimates, we deduce

(∫
Ω

Gµ dσ

)1−a(2−q)−1
(1−q)

≤ c

(∫
Ω

(Gµ)1−q dµ

) 1−a
(1−q)

(∫
Ω

(Gσ)
1

1−q dσ

)1−a

(5.14)

which is finite by (1.20) and (1.21). Thus (1.26) holds.

We are now prepared to show that conditions (1.20) and (1.21) are necessary and

sufficient for the existence of a positive solution u ∈ Lγ+q(Ω, dσ)∩Lγ(Ω, dµ) to integral

equation (3.28), under the same restrictions on the kernel G as above.

Theorem 5.3. Let 0 < q < 1, γ > 0, and let σ, µ ∈ M+(Ω) with σ ̸≡ 0. Suppose G

is a positive, lower semicontinuous, quasi-symmetric kernel on Ω×Ω, which satisfies

the WMP. Suppose (1.20) and (1.21) hold. Then there exists a positive solution
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u ∈ Lγ+q(Ω, dσ) ∩ Lγ(Ω, dµ) to (3.28). The converse statement is also valid without

the quasi-symmetry assumption on G.

Proof. Suppose (1.20) and (1.21) hold. Then, by Lemma 5.2, we see that (1.26)

holds. Thus, in light of Theorem 5.1, there exists a positive solution u ∈ Lγ+q(Ω, dσ)

to (3.28). We will show that u ∈ Lγ(Ω, dµ) as well. By (1.21), it suffices to establish

∫
Ω

[G(uqdσ)]γ dµ < +∞. (5.15)

Without loss of generality, we may assume that G is symmetric, and µ ̸≡ 0. Consider

the following two cases:

• Case 1: γ ≥ 1. Applying (2.19) with ω := σuq and s := γ, along with Fubini’s

theorem, and Hölder’s inequality with the exponents γ+q
γ+q−1

and γ + q, we have∫
Ω

[G(uqdσ)]γ dµ ≤ c

∫
Ω

G
(
(G(uqdσ))γ−1 uqdσ

)
dµ

= c

∫
Ω

(G(uqdσ))γ−1 (Gµ)uqdσ

≤ c

[∫
Ω

(G(uqdσ))
(γ−1)(γ+q)

γ+q−1 u
q(γ+q)
γ+q−1 dσ

] γ+q−1
γ+q

[∫
Ω

(Gµ)γ+q dσ

] 1
γ+q

≤ c

[∫
Ω

uγ+q dσ

] γ+q−1
γ+q

[∫
Ω

(Gµ)γ+q dσ

] 1
γ+q

≤ c

∫
Ω

uγ+q dσ < +∞.

• Case 2: 0 < γ < 1. We write

∫
Ω

[G(uqdσ)]γ dµ =

∫
Ω

[G(uqdσ)]γ F a−1F 1−a dµ,

where 0 < a < 1 and F is a positive measurable function to be determined later.

Applying Hölder’s inequality with the conjugate exponents 1
a
and 1

1−a
yields

∫
Ω

[G(uqdσ)]γ dµ ≤
[∫

Ω

G(uqdσ)F
a−1
a dµ

]a [∫
Ω

F dµ

]1−a

. (5.16)
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Setting F := (Gµ)γ and a := γ in (5.16), we get

∫
Ω

[G(uqdσ)]γ dµ ≤
[∫

Ω

G(uqdσ)(Gµ)γ−1 dµ

]γ [∫
Ω

(Gµ)γ dµ

]1−γ

. (5.17)

We estimate the first integral on the right-hand side of (5.17) using Fubini’s theorem,

followed by inequality (2.19) with ω = µ and s = γ,∫
Ω

G(uqdσ)(Gµ)γ−1 dµ =

∫
Ω

G
(
(Gµ)r−q−1dµ

)
uq dσ

≤ c

∫
Ω

(Gµ)γuq dσ

≤ c

∫
Ω

uγ+q dσ < +∞.

(5.18)

By (5.17) and (5.18), together with (1.21), this proves (5.15).

Conversely, since u ∈ Lγ(Ω, dµ), it is clear that (1.21) holds. Further, by Theorem

5.1, condition (1.20) is valid since u ∈ Lγ+q(Ω, dσ).

As an application of the preceding theorem, when G is a positive Green function

associated with L in Ω, we deduce the first part of Theorem 1.3 by appealing to the

characterization of the generalized Green energy obtained in Chapter 4.

Theorem 5.4. Let 0 < q < 1, γ > 0, and let σ, µ ∈ M+(Ω) with σ ̸≡ 0. Let G be a

positive Green function associated with L on Ω. Then there exists a positive solution

u ∈ Lq
loc(Ω, dσ) to (1.3) satisfying (1.5) if and only if (1.20) and (1.21) hold.

In this case, u is a minimal solution in the sense that u ≤ v q.e. for any positive

solution v ∈ Lq
loc(Ω) to (1.3) which satisfies (1.5).

Proof. This follows from Theorem 4.1 with ω := uqdσ + µ, together with Theorem

5.3. Moreover, arguing by induction, we see that minimality of such a solution follows

immediately from its construction in Theorem 5.1 (cf. Lemma 3.17).
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5.2 Proofs of Corollaries 1.4 and 1.5

Applying the next theorem with ω := uqdσ + µ yields Corollary 1.4.

Theorem 5.5. Let n ≥ 3, and ω ∈ M+(Ω) with ω ̸≡ 0. Let G be a positive Green

function associated with L on Ω. Suppose that u := Gω satisfies (1.5) for some

0 < γ ≤ 1. Then u ∈ Ẇ 1,p
0 (Ω) where p = n(1+γ)

n+γ−1
. If, in addition, |Ω| < +∞, then the

assertion is valid for 1 ≤ p ≤ n(1+γ)
n+γ−1

.

Proof. The classical case γ = 1 is known, so we can assume γ ∈ (0, 1). Ob-

serve that u is a positive A-superharmonic function with zero boundary values, and

p = n(1+γ)
n+γ−1

∈ ( n
n−1

, 2). For each k ∈ N, set uk = min(u, k), which is a positive A-

superharmonic function of the class L∞(Ω) ∩W 1,2
loc (Ω). Let {Ωk}∞k=1 be an increasing

sequence of relatively compact open subsets of Ω such that Ω =
∪∞

k=1Ωk. Applying

Hölder’s inequality with the exponents 2
p
and 2

2−p
, followed by Sobolev’s inequality

[MZ, Theorem 1.56], we obtain

∥(∇uk)χΩk
∥pLp(Ω) =

∫
Ωk

|∇uk|p dx

=

∫
Ωk

|∇uk|pu
(γ−1)p

2
k u

(1−γ)p
2

k dx

≤
(∫

Ωk

|∇uk|2uγ−1
k dx

) p
2
(∫

Ωk

u
(1−γ)p
2−p

k dx

) 2−p
2

≤
(∫

Ω

|∇u|2uγ−1 dx

) p
2

∥uk∥
(1−γ)p

2

L
(1−γ)p
2−p (Ωk)

≤ c

(∫
Ω

|∇u|2uγ−1 dx

) p
2

∥∇uk∥
(1−γ)p

2

Lp(Ωk)
,

that is,

∥(∇uk)χΩk
∥p−

(1−γ)p
2

Lp(Ω) ≤ c

(∫
Ω

|∇u|2uγ−1 dx

) p
2

, (5.19)

where c is a positive constant independent of k. Since p > (1−γ)p
2

, letting k → ∞
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in (5.19) yields the assertion by the monotone convergence theorem. This proves

u ∈ Ẇ 1,p
0 (Ω), which is obviously true for all 1 ≤ p ≤ n(1+γ)

n+γ−1
when |Ω| < +∞.

The next proposition shows in particular that a pair of conditions in (1.23) is

sufficient for both (1.20) and (1.21).

Proposition 5.6. Let G be a positive lower semicontinuous kernel on Ω × Ω which

satisfies

G(x, y) ≤ c I2α(x− y), ∀x, y ∈ Ω, (5.20)

where I2α(·) = | · |2α−n is the Riesz kernel of order 2α (0 < α < n
2
) on Rn, and c is a

positive constant. Let β > 0. If ω ∈ Ls(Ω) is a positive function, where s = n(β+1)
n+2αβ

,

then

Gω ∈ Lβ(Ω, dω). (5.21)

Proof. Observe that s = n(β+1)
n+2αβ

> n(β+1)
n+nβ

= 1. Then

∫
Ω

(Gω)β dω ≤
(∫

Ω

(Gω)βs
′
dx

) 1
s′

∥ω∥Ls(Ω), (5.22)

where s′ = s
s−1

is the Hölder conjugate of s. Denote ω̃ the zero extension of ω to Rn.

By (5.20) and the Hardy-Littlewood-Sobolev inequality, there is a positive constant

C ≥ c such that

∥Gω∥Lβs′ (Ω) ≤ C∥I2αω̃∥Lβs′ (Rn) ≤ C∥ω̃∥Ls(Rn) = C∥ω∥Ls(Ω). (5.23)

Combining (5.22) and (5.23) yields (5.21).

Proposition 5.6 shows that (1.24) implies (1.22). Hence, Corollary 1.5 follows from

Corollary 1.4.
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