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ABSTRACT

Bifurcation theoretic methods are used to construct families of solutions for

two problems arising in non-linear elasticity. These solution curves are shown

to exhibit interesting phenomena that are both mathematically challenging

and physically relevant. In the first part, we consider an unbounded elastic

slab subjected to anti-plane shear deformation and under the influence of a

body force. For one class of materials and forces, there is shown to be a loss of

ellipticity at the terminal end of the bifurcation curve. More specifically, the

ellipticity of the governing equations degenerates as the strain reaches a critical

value determined by the material in question. For another class of materials

and forces, we prove that broadening occurs; that is, the displacements within

our family of equilibria remain uniformly bounded, but their effective supports

become arbitrarily large.

In the next part, we investigate anti-plane shear deformations on a semi-

infinite slab with a non-linear mixed traction displacement boundary condi-

tion. Energy estimates are used to show that broadening cannot occur in this

setting. Once more we apply global bifurcation theory and deduce extreme

behavior at the terminal end of the curve. It is shown that arbitrarily large

vi



strains are encountered for a class of idealized materials that do not allow for a

loss of ellipticity. We also consider degenerate materials, prove that ellipticity

breaks down, and most importantly show that a concurrent blow-up in the

second derivative occurs.
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Chapter 1

Introduction

1.1 General equations

Consider an elastic material that occupies the set B ⊂ R3 in its reference

configuration. A C1 map of the form f : B → R3 is called a deformation. In

general one assumes that f is invertible and detF > 0, where F = ∇f is known

as the deformation gradient, so that f is injective and orientation preserving.

The displacement is given by

u = f − id.

We make the standing assumption that all materials considered are hyperelas-

tic and homogeneous. It is well known that such materials admit an associated

strain energy density function of the form W := W (F). The equilibrium equa-

1



tions are

∂2W (F)

∂Fij∂Fkl

uk,jl = −bi(u) in B, for i ∈ {1, 2, 3},

u = φ on ∂B1,

∂W (F)

∂Fij

nj = τi on ∂B2, for i ∈ {1, 2, 3},

(1.1)

where summation convention is adopted, ∂B1 ∪ ∂B2 = ∂B, b is a body force,

φ is a prescribed boundary displacement, n is the outer unit normal, and τ is

a prescribed traction force. The general theory for nonlinear system of partial

differential equations, including (1.1), is far from complete.

Additional constraints are often imposed onW to either incorporate reason-

able physical assumptions or simply make (1.1) more tractable. For example,

material frame indifference expresses the intuitive idea that the behavior of an

elastic body does not depend on the frame of reference and is enforced by the

requirement

W (QA) = W (A) for all Q ∈ SO(3).

An elastic material is said to be isotropic if

W (AQ) = W (A) for all Q ∈ SO(3),

and we interpret this to mean the mechanical properties of the material are

uniform throughout the body. The right Cauchy–Green tensor is defined by

FTF = C. Under the assumptions of material frame indifference and isotropy,

it can be shown using the polar decomposition of F that W is a function of

2



the three principal invariants of C:

I1 = trC, I2 =
1

2
[(trC)2 − tr

(
C2
)
], I3 = detC.

Incompressible elastics are those for which detF = 1 (note that we also have

I3 = 1 in this case).

1.2 Variational considerations

Our investigation will not directly use the calculus of variations, but some

of the key concepts will be motivating in the arguments to follow. Problem

(1.1) carries a formal variational structure where the energy of a deformation

f = id + u is given by

E(f) :=

∫
B
W (F) dV −

∫
B
B(u) dV −

∫
∂B2

T(u) dS,

provided that B and T are potentials for b and τ , respectively. The physically

motivated hypothesis

W (F) → ∞ as det(F) → 0+ (1.2)

says that an infinite amount of energy is required to compress a portion of B

to a point.

One then seeks to minimize E over some appropriate class of functions; one

reasonable choice for compressible elastics would be

A := {f ∈ W 1,1(B,R3) : E(f) < ∞, u|∂B2 = φ},
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and for compressible materials the determinant constraint can be incorporated

into A. This approach leads to several non-trivial difficulties. The most chal-

lenging of these complications stems from the need to select an appropriate set

of coercivity and growth conditions on W to both facilitate the direct method

of the calculus of variations and respect either (1.2) or the incompressibility

constraint. See [2] and the references therein for a thorough discussion of these

issues and a presentation of some related open problems.

1.3 Anti-plane shear

Let Ω ⊂ R2 and B = Ω × R. Suppose that a hyperelastic, homogeneous,

isotropic, and incompressible material occupies the body B in its reference

configuration. A material is in a state of anti-plane shear if it is deformed in

one direction only, and the deformation is independent of this direction. If

the material under consideration is subjected to anti-plane shear deformation

perpendicularly to Ω, then the displacement may be written as

u(x, y, z) = u(x, y)e3. (1.3)

The relations I1 = I2 = 3 + |∇u|2 can be checked with a routine calculation,

and they justify the following representation:

W (I1, I2, I3) =: W (I1, I2). (1.4)
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Let us ignore the boundary conditions momentarily and observe that one ob-

tains an over-determined system consisting of three equations and two un-

knowns upon combining (1.1) and (1.3). It is natural to expect, at least in

some cases, that this system will admit a reduction to a single PDE for the

scalar u posed on the two dimensional domain Ω; in particular one hopes to

solve a problem of the form
∇ · (W ′(|∇u|2∇u) = b3 in Ω,

u = φ on ∂Ω1,

W ′(|∇u|2)∇u · ν = τ on ∂Ω2,

(1.5)

Knowles discovered the necessary conditions in [22]:

c
∂W

∂I1
+ (c− 1)

∂W

∂I2
= 0, for some c ∈ R. (1.6)

Note that a solution of (1.5) is not guaranteed to be compatible with (1.1).

Condition (1.6) is easily satisfied whenever W is independent of I2, and for

simplicity we shall include this as a hypothesis. Finally, we introduce the

variable q := |∇u|2 and make the simple change of variables:

W(q) := W (3 + q).

We will useW when formulating our governing equations and in the statements

of structure conditions.
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Chapter 2

Broadening global families of
anti-plane shear equilibria

2.1 Introduction

Our primary goal is to rigorously prove the existence of interesting families

of equilibria far from the reference configuration in the context of nonlinear

elastostatics. Global bifurcation theorems for nonlinear elasticity have been

established in, for example, [15], [14] and [12]. Due to the generality of the

systems these authors consider, one must often accept that several alternatives

may hold along the resulting global continuum. Efforts to develop global the-

ories with complete characterizations have been limited. As one might expect,

this requires some restrictions on the material, domain, and deformation. To

this end, we focus on materials whose reference configuration is an unbounded

cylinder that are in a state of anti-plane shear displacement and subjected to

a parameter dependent body force. Anti-plane shear deformations are useful

for many pilot problems. For example, it is in this context that Saint-Venant’s
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principle for nonlinear elasticity was first probed (see [19, Section 6]). Our

investigation into broadening and ellipticity breakdown are in the same spirit.

As with many global theories, the natural first step is to construct a per-

turbative family. We begin by further developing the local bifurcation theory

established in [5, Section 3]. With this in hand, we employ the analytic global

bifurcation theory of [4] to obtain a branch of solutions to the corresponding

static equilibria problem that abides by a series of alternatives, which are in

the same spirit as the ones mentioned above, that hold for a large class of

materials. Sharp results are obtained by imposing reasonable assumptions on

the material and body force; one set of conditions ensures broadening, while

another leads to a loss of ellipticity. We make extensive use of monotonicity

properties of solutions, elliptic type estimates, and a conserved quantity of the

system in order to develop this global theory.

Broadening is characterized by the existence of a sequence of solutions to the

relevant static equilibria problem, for which each element is uniformly bounded

in an appropriate Hölder norm and decays to zero in the unbounded direction

of the cylinder, yet does not admit a uniformly convergent subsequence. Such a

sequence would fail to be uniformly spatially localized. It is in this sense that

the displacements become broad. We also mention that after appropriately

translating each element of such a sequence that one obtains a front type

solution in the limit; see Figure 2.1. Broadening has been a topic of interest
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Figure 2.1: Left: Broadening along the center line y = 0. Right: Shifted
functions converging to a front along the center line y = 0.

in the study of interfacial solitary water waves since at least the 1980s. Amick

and Turner developed a global bifurcation theory which includes broadening

as a possible alternative in [1], while Turner and Vanden-Broeck predicted the

phenomena numerically in [34]. Whether broadening does indeed occur for

such waves is still an open question. To the best of our knowledge, we are the

first to rigorously construct a family of solutions that exhibit broadening in

the PDE context.

A loss of ellipticity occurs when the governing equations change type. This

is possible for some materials subjected to deformations with sufficiently large

gradients. Knowles explores the relationship between ellipticity and crack

formation for nonlinear elastics in [23] and again with Sternberg in [21]. We

construct families of solutions whose maximum deformation gradient must

limit to the critical state where ellipticity breaks down. As far as we know, no

previous global construction has been shown to exhibits such behavior.

2.1.1 The problem

Consider a homogeneous, isotropic, incompressible, hyperelastic material oc-

cupying the region D := Ω × R, where Ω = R × (−π
2
, π
2
). Let u be the
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unknown displacement as in (1.3). Assume that u = 0 on ∂Ω, which may be

interpreted physically as a clamped boundary condition. The structure of the

static equilibrium equations is largely determined by the strain energy den-

sity function W . It is well known that for these materials W = W (I1, I2, I3),

where I1,2,3 are the principal invariants of the Cauchy–Green tensor, and that

I1 = I2 = 3 + |∇u|2 for anti-plane shear deformations (see [19, Section 4]).

Also, note that incompressibility implies I3 = 1. Let us consider generalized

neo-Hookean materials, in which case W depends on I1 alone. We write

W (I1, I2, I3) =: W (I1)

to simplify the notation. Finally, let

W(q) := W (3 + q),

where 1
2
W(q) is the so called modulus of shear at amount of shear q [17].

We also suppose, following for example [15], [12], and [5], that a parameter

dependent live load acts on the material. Let b = b(z, λ) denote the associated

force density. Both W and b are required to be analytic in their arguments.

Near the reference configuration, it is assumed that they have the expansions

W(q) = q + c1q
2 + c2q

3 +O(|q|4) (2.1a)

b(z, λ) = (λ− 1)z + b1z
3 +O(|z|5) (2.1b)

where z is displacement and λ the parameter of the live load. We consider the

case in which b1 ≤ 0, c1 < 0, and b is odd in z. The more general assumption

9



that b is odd in z and b1 + 2c1 < 0 is shown to be a requirement for the

existence of spatially localized solutions near the reference configuration in [5].

In general, the equations that describe anti-plane shear are an over-determined

system consisting of three equations and two unknowns. Knowles gives nec-

essary conditions for non-trivial states of anti-plane shear in the absence of

body forces in [22]. As he points out, generalized neo-Hookean materials al-

ways satisfy these conditions, and hence the governing equations are reduced

to a single scalar PDE:{
∇ · (W ′(|∇u|2)∇u)− b(u, λ) = 0 in Ω

u = 0 on ∂Ω.
(2.2)

Naturally, the structure of both W and b will have a great effect on the qual-

itative features of the equilibria.

The first elastic model we consider, which we refer to as Model I, is equation

(2.2) with a corresponding W satisfying

W ′(q) + 2qW ′′(q) > ξ1 > 0, q ≥ 0 (2.3a)

q + c1q
2 + c2q

3 ≤ W(q), q ≥ 0. (2.3b)

Note that (3.4) and (2.1a) force the relation c21 <
5
3
c2 and guarantee the Baker-

Ericksen inequality [21, Equation 1.15]. Condition (3.4) ensures that (2.2) is

uniformly elliptic regardless of the magnitude of the deformation gradient, and

is equivalent to the strict convexity of the function W(p21+p22) with respect the

the pi variables. For a discussion of variational approaches to the anti-plane
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shear problem and the connection to the convexity properties of strain energy

density functions see [35].

The combined properties (2.3) are used to establish important a priori

estimates. There is no universal choice for the growth conditions of W , but

we mention that polynomial models are common in the applied literature.

In particular, the reduced polynomial model for incompressible materials has

strain energy density given explicitly by:

W(q) =
n∑

i=1

Ciq
i. (2.4)

After normalization so that C1 = 1, we find that for a large class of coefficients

(2.4) will satisfy the assumptions of Model I. When n = 3, (2.4) becomes the

widely used Yeoh model [38]. The parameters of the Yeoh model may be

chosen so that C2 < 0, which is one of our assumptions, in order to capture

some of the experimental properties of rubber [38]. Our final assumption for

Model I is that the the live load b satisfies the following conditions:

(λ− 1)z + b1z
3 ≤ b(z, λ), for z ≥ 0 (2.5a)

−bz(0, λ) < 1, for λ > 0. (2.5b)

The condition (2.5a) is used to help obtain a priori estimates, and (2.5b) is a

requirement of the local theory for homoclinic solutions in [5].

We also consider a second model, Model II, which is again governed by

11



equation (2.2), but where W satisfies

W ′(q) + 2qW ′′(q) > 0 for all q ∈ [0, q1) (2.6a)

W ′(q) + 2qW ′′(q) → 0 as q → q−1 (2.6b)

qW ′(q)−W(q) < 0, for q > 0. (2.6c)

Here, (3.5a) and (3.5b) mean simply that (2.2) is elliptic so long as |∇u|2 <

q1, and that (2.2) loses ellipticity as |∇u|2 → q−1 . This loss of ellipticity

coincides with the failure of convexity in the function W ′(p21+p22) as |p|2 → q1.

Furthermore, in this case, we suppose that b is concave in z and satisfies (2.5).

Condition (2.6c) along with the concavity of b will be used to help rule out

broadening for Model II.

Let us now consider a basic instantiation of Model II. The functions

W(q) = q + c1q
2, b(λ, z) = (λ− 1)z, (2.7)

with c1 < 0, correspond to a “softening” elastic material undergoing simple

harmonic forcing. The criteria for a softening material in the present notation

is simply W ′′(q) < 0, for all q > 0. See [17] for more details on hardening or

softening materials subject to anti-plane shear.

2.1.2 Main results

The primary contribution of this paper is the construction of global families

of solutions to (2.2) that either broaden or lose ellipticity.
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Theorem 2.1 (Model I). There is a curve CI of solutions to (2.2), under the

assumptions of Model I, admitting the C0 parameterization

CI = {(u(s), λ(s)) : 0 < s < ∞} ⊂ C3+α
b (Ω)× (0,∞)

and (u(s), λ(s)) → (0, 0) as s → 0+. Moreover, we have that CI satisfies the

following:

(a) (Symmetry and monotonicity) Each (u(s), λ(s)) ∈ CI is monotone in the

sense that

∂xu(s) < 0 for x > 0∂yu(s) < 0 for y > 0,

and u(s) is even in both x and y.

(b) (Analyticity) The curve CI is locally real analytic.

(c) (Bounds on λ) There exists some 0 < λ−
1 < λ+

1 < ∞ for which s ≫ 1

implies

λ−
1 < λ(s) < λ+

1 .

(d) (Bounds on displacement) There exists C = C(c1, c2, b1) > 0 for which

sup
s≥0

|u(s)|3+α ≤ C.

13



(e) (Broadening) There is a sequence {(un, λn)} ⊂ CI , and a sequence {xn},

with xn → ∞, such that

un(·+ xn, ·)
C3

loc(Ω)
−−−−→ ũ ∈ C3+α

b (Ω),

where ũ is a solution to (2.2), ũ ̸≡ 0, and ∂xũ ≤ 0.

We call ũ in the broadening alternative a front since it has distinct lim-

iting states as x → ∞ and x → −∞. In fact, we will see that ũ must

decay to 0 as x → ∞ but limit to a non-trivial x-independent solutions of

(2.2) as x → −∞. Fronts are of great interest in, for example, the study of

reaction-diffusion systems, hydrodynamics, and mathematical biology. In [6],

the authors consider a problem similar to the one posed here. However, they

assume that b1+2c1 > 0 and are able to construct a global family of front-type

solutions whose displacement grow arbitrarily large. Note that our assump-

tion b1, c1 < 0 is not quite complementary to the one above; however, when

taken together these conditions exhaust the global theory for a wide range the

parameters.

Our second main result concerns Model II. As in Theorem 3.1, we establish

monotonicity, local analyticity, and an upper bound on λ along the global

curve. However, in this case the strictly positive lower bound on λ and the

upper bound on the displacement are lost. Furthermore, the loss of ellipticity,

which is the distinctive feature of Theorem 3.2, is an impossibility under the

14



assumptions of Model I.

Theorem 2.2 (Model II). There is a curve CII of solutions to (2.2), under

the assumptions of Model II, with C0 parameterization

CII = {(u(s), λ(s)) : 0 < s < ∞} ⊂ C3+α
b (Ω)× (0,∞)

and (u(s), λ(s)) → (0, 0) as s → 0+. Moreover, we have that CII satisfies the

following:

(a) (Symmetry and monotonicity) Each (u(s), λ(s)) ∈ CI is such that u(s)

is monotone in the sense that

∂xu(s) < 0 for x > 0

∂yu(s) < 0 for y > 0,

and u(s) is even in both x and y.

(b) (Analyticity) The curve CII is locally real analytic.

(c) (Bounds on λ) There exists some 0 < λ+
2 < ∞ for which s ≫ 1 implies

0 < λ(s) < λ+
2

(d) (Loss of ellipticity) Following CII to its extreme, the system loses ellip-

ticity in that

lim
s→∞

inf
Ω

(
W ′(q) + 2qW ′′(q)

)∣∣
q=|∇u(s)|2 = 0 (2.8)
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We note that working under only the assumptions of (2.1), (2.5b), and

b1, c1 < 0, our methods would show the existence of a global curve of solutions

that satisfy (a) and (b) as above. Moreover, the condition 0 < λ(s) is retained.

The conditions (2.3b) and (2.5a) are only used once (in Section 2.4). They

help ensure global bounds on |u(s)|0 and |λ(s)|, which will be shown to control

|u(s)|3+α. Without (2.3b) and (2.5a), we would be left with the alternatives

(i) sups≥0 |u(s)|0 → ∞ or sups≥0 λ(s) → ∞; (ii) broadening occurs; or (iii)

there is a loss of ellipticity in the limit, which may or may not coincide with

either λ(s) → 0 or λ(s) → ∞. It seems that some restrictions on the growth

of W and b are required for a satisfactory global theory. Perhaps by another

set of assumptions on W and b not utilized here one could force a blow-up in

either |u(s)|0 or λ(s).

2.1.3 History

Let us briefly recall some of the relevant history. Healey and Simpson obtained

global branches of static equilibria for a non-linear elastic mixed boundary

value problems in [15]. This general theory includes alternatives such as a

loss of ellipticity, failure of compatibility conditions, or a return to the trivial

branch of solutions. Healey and Rosakis [14] construct unbounded solution

branches, which are sometimes referred to as “solutions in the large.” This

theory leaves open the possibility that the loading parameter or the norm of
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the deformation grows arbitrarily large as one follows the global curve. Each

of these works are concerned with compressible elastics. Recently, Healey de-

veloped global bifurcation results for nonlinear incompressible elastics with

conclusions similar to [14]. The displacements and domains in the theories

mentioned above are more general than the ones used in this paper. However,

note that each of these works are concerned with bounded domains. Because

our problem is posed on an infinite cylinder, there are serious additional com-

plications due to the lack of compactness properties for the underlying PDE.

This difficulty is overcome with the analytic global bifurcation theory presented

in [4]. These authors also recently developed a center manifold reduction to

construct small solutions to the anti-plane shear problem in [5], which we use

for our local bifurcation theory. We also mention the work of [9, 29], which

treat quasilinear elliptic PDE on the whole space using degree theoretic global

bifurcation theory. In contrast to [4], these authors impose assumptions that

ensure local properness. Because broadening represents a loss of local proper-

ness we find the approach of [4] to be more natural in this context.

A word is in order about our choice of domain. Firstly, we are interested

in developing a global theory for homoclinic type solutions. Demonstrating

broadening behavior is also of great interests to us, which requires the exis-

tence of a sequence of spatially localized functions whose effective supports

grow without bound. A natural setting for either such analysis is an infinite
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cylinder. Moreover, there has been a considerable amount of work regard-

ing exponential decay estimates for anti-plane shear on semi-infinite strips of

the form (0,∞) × (0, h); see [19, Section 6] and the reference therein for a

good overview. Thus, interest in anti-plane shear deformations in unbounded

domains is well established.

2.1.4 Preliminaries

Let us fix some notation that will be used in the remainder of the paper. First,

for k ∈ N and α ∈ (0, 1), let

Ck+α
b (Ω) := {u ∈ Ck(Ω) : |u|k+α < ∞},

where Ck(Ω) denotes the space of functions which are k times continuously

differentiable on Ω up to the boundary, and | · |k+α is the usual Hölder norm.

Much of our analysis will be concerned with solutions whose derivatives decay

uniformly to 0, which leads us to consider:

Ck+α
0 (Ω) :=

{
u ∈ Ck+α

b (Ω) : lim
r→∞

sup
|x|=r

|∂βu(x)| = 0, 0 ≤ |β| ≤ k

}
.

Next, we define the Banach spaces X and Y by

X := {u ∈ C3+α
b,e (Ω) ∩ C2

0(Ω) : u = 0 on ∂Ω} (2.9)

and

Y := C1+α
b,e (Ω) ∩ C0

0(Ω) (2.10)
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where the subscript e denotes evenness in the x and y variables. Equation

(2.2) can be written in operator form as

F(u, λ) = 0,

where F : X × R → Y is real analytic. We will show that CI,II ⊂ X × R

(here, and in the sequel, CI,II will be used to indicate that a statement holds

for both CI and CII). A detailed investigation of the linearized operator Fu

along a local curve of solutions to (2.2) is required in order to establish the

existence of CI,II . The following spaces are useful for this task:

Xb := {u ∈ C3+α
b (Ω) : u = 0 on ∂Ω} and Yb := C1+α

b (Ω). (2.11)

Similarly, let X0 := {u ∈ C3+α
0 (Ω) : u = 0 on ∂Ω} and Y0 := C1+α

0 (Ω).

Finally, we define an exponentially weighted space that plays a role in the

local bifurcation theory. The norm for this space is

|f |Ck+α
µ (Ω) :=

∑
β≤k

|wµ∂
βf |C0 +

∑
|β|=k

|wµ|∂βf |α|C0

where k ∈ N, α ∈ (0, 1), µ ∈ R, and wµ(x) := sech(µx). We may then define

Ck+α
µ (Ω) := {f ∈ Ck+α(Ω) : |f |Ck+α

µ (Ω) < ∞}.

2.1.5 Outline

In Section 2.2, we recall the existence of a local curve of solutions to (2.2)

established in [5, Section 3] and then prove some monotonicity and symmetry
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properties that will be important for the later analysis. This section ends by

showing the linearized operator along the local curve is invertible; a fact which

is essential to the global theory. In Section 2.3, we apply the global bifurca-

tion theory of [4] to the local solutions. We also show that the monotonicity

properties of the local curve are preserved. Bounds on |u(s)|3+α and λ are de-

rived in Section 2.4 through elliptic estimates, monotonicity, and a conserved

quantity. Finally, in Section 2.5 we stitch together the previous work and sys-

tematically eliminate alternatives of the global bifurcation theorem to prove

both Theorem 3.1 and Theorem 3.2.

2.2 Local bifurcation

Our ultimate aim is to construct non-peturbative solutions, but first this will

require us to refine our understanding of the local theory. After establishing

the existence of a local curve, we show some monotonicity and symmetry prop-

erties, which will be extended to the global curve in Section 2.3.2. The proof

of existence for CI,II will rely upon invertibility properties of the linearized

operator Fu along the local curve; these are investigated at the end of the

section.
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2.2.1 Existence and uniqueness

In [5, Section 3], the authors establish the existence of a local curve of homo-

clinic solutions to (2.2) bifurcating from (u, λ) = (0, 0) under the assumptions

b(u, λ) =(λ− 1)u+ b1u
3

W ′(q) =1 + 2c1q
(2.12)

with b1 + 2c1 < 0. When this inequality is reversed, front-type solutions are

instead obtained. The authors extend this argument to deal with more gener-

alized b, including the form (2.1b), in [5, Appendix B.1]. Those arguments can

also be used to show the existence of local solutions under the more general

assumptions of Model I and Model II. This is the content of the next theorem.

Theorem 2.3. There exists an ϵ0 > 0 and a local C0 curve

CI,II
loc = {(uϵ, ϵ2) : 0 < ϵ < ϵ0} ⊂ X0 × R

of solutions to (2.2), corresponding to Model I or Model II, with the asymptotics

uϵ(x, y) = a1ϵsech(ϵx) cos(y) +O(ϵ2) in C3
b(Ω), (2.13)

where a1 =
2√

3|b2 + 2c1|
.

Proof. We reparametrize with λ = ϵ2 for convenience. As mentioned above,

an existence result was obtained in [5, Section 3] under the conditions (2.12).

We will follow closely that proof and focus on the places where deviations are

necessary to accommodate the more general form of W we consider.
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Let L := Fu(0, 0) and L′ be defined as the restriction of L to x-independent

functions (L′ is called the transversal linearized operator). The center manifold

reduction result in [5] requires that 0 is a simple eigenvalue of L′. The operator

L corresponding to (2.12), Model I, or Model II is simply ∆+1 as seen by the

structure of (2.1) and (2.12). Clearly L′ satisfies the requirements mentioned

above. Now, the center manifold reduction given by [5, Theorem 1.1] shows

that solutions of (2.2), that lie in a sufficiently small neighborhood of the origin

in C2+α
b (Ω)× R can be expressed as

u(x+ τ, y) = v(x)φ0(y) + v′(x)τφ0(y) + Ψ(v(x), v′(x), ϵ)(τ, y), (2.14)

where v(x) := u(x, 0), φ0(y) generates the kernel of L
′, and Ψ : R3 → C3+α

µ (Ω)

is a C4 coordinate map. Here µ > 0 is a positive constant depending on the

largest non-zero eigenvalue of L′. Moreover, if (u, ϵ2) ∈ C3+α
b (Ω) × R is any

sufficiently small solution to (2.2), then, by [4, Theorem 1.1], v solves the

second-order ODE

v′′ = f(v, v′, ϵ2), where f(A,B, ϵ2) :=
d

dx2

∣∣∣∣
x=0

Ψ(A,B, ϵ)(x, 0).

(2.15)

Thus, we are left to show that the change in Ψ resulting from the conditions

of Model I or Model II does not affect the existence or general form of uϵ in

(3.20). Let us point out that Ψ inherits the following symmetry properties
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from the original PDE (2.2):

Ψ(−A,−B, ϵ) = −Ψ(A,B, ϵ) and Ψ(A,−B, ϵ)(−x, y) = Ψ(A,B, ϵ)(x, y).
(2.16)

From (2.15) it follows that

f(−A,−B) = −f(A,B) and f(A,−B) = f(A,B). (2.17)

To derive an expression for f , we exploit [5, Theorem 1.2] to conclude that

Ψ admits a Taylor expansion of the form

Ψ(A,B, ϵ) =
∑
J

ΨijkA
iBjϵk +R, (2.18)

where the index set

J = {(i, j, k) ∈ N : i+ 2j + k ≤ 3, i+ j + k ≥ 2, i+ j ≥ 1},

the coefficients Ψijk ∈ C3+α
µ (Ω), and the error term R is of order O((|A| +

|B|1/2 + ϵ)4) in C3+α
µ (Ω).

Combining (2.14) and (2.18) yields

u(x, y) = (A+Bx)φ0(y) +
∑
J

ΨijkA
iBjϵk +R, (2.19)

where A = v(0) and B = v′(0). For a fixed i, j, k the general theory now allows

us to solve for Ψijk via a hierarchy of equations of the form{
L(Ψijk) = Fijk

Q(Ψijk) = 0,
(2.20)
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whereQ is the projection onto kerL′. The Fijk terms are obtained by iteratively

feeding truncations of (2.19) into F r − L where F r is F precomposed with a

certain cutoff function. The key point here is that the Q is unchanged by our

modification of W , and the Fijk terms are independent of terms of the order

O(|A|+ |B|1/2 + ϵ)4) in C3+α
µ (Ω). Our generalized W introduces, for example,

the extra nonlinear term c2∇·(|∇u|4∇u) into (2.2) near (u, λ) = (0, 0). We see

that applying this to (2.19) yields only terms of order O((|A| + |B|1/2 + ϵ)4).

Hence, from this point on the argument for existence of solutions to (2.2)

carries through without change. In particular, one can solve for Ψijk in the

exact manner presented in [5, Section 3.1] and [5, Appendix B.1].

Although the rest of the argument now follows verbatim from [5], we con-

tinue the sketch because it will help to explain some later reasoning. Having

calculated Ψijk, we find that f takes the form

f(A,B, ϵ) = ϵ2A+
3(b1 + 2c1)

4
A3 + r(A,B, ϵ), (2.21)

where r ∈ C3 is an error term of the order O(|A|(|A|+ |B|1/2+ ϵ)3+ |B|(|A|+

|B|1/2 + ϵ)2). Using the re-scaled variables

x =: X/ϵ, v(x) =: ϵV (x), vx(x) =: ϵ2W (x)

we may now write (2.15) as the planar system{
VX = W

WX = V − a−2
1 V 3 +R(V, V, ϵ)

, (2.22)
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where the rescaled error R(V,W, ϵ) = O(|ϵ|(|V | + |W |)). When ϵ = 0 the

system has the explicit homoclinic orbit

V = a1sech(X) W = −a1sech(X)tanh(X). (2.23)

This solution crosses the V -axis transversely. Since (2.22) has the reversal

symmetries

(V (X),W (X)) 7→ (V (−X),−W (−X)) and (V (X),W (X)) 7→ (V (X),−W (X)),

which it inherits from (2.17) and (2.21), this intersection will persist for small

ϵ, so we obtain a family of homoclinic solutions. Undoing the scaling and

appealing to [5, Theorem 1.1] shows that the family (3.20) are indeed solutions

to (2.2).

We now establish some qualitative properties of small solutions to (2.2).

Theorem 2.4. Suppose that (u, ϵ2) ∈ X0 ×R is a solution to (2.2) under the

assumptions of Model I or Model II. There exists δ0 such that if |u|3+α+ϵ2 < δ0,

then (u, ϵ2) ∈ CI,II
loc after a possible translation in x or reflection about the xy-

plane. Moreover, if (u, ϵ2) ∈ CI,II
loc , then u is even in x and y and monotone in

that ux < 0 for x > 0.

Proof. First, we show there exists δ0 small enough to ensure u > 0. The Mal-

grange preparation theorem allows us to write b(λ, z) = zw(λ, z) for a smooth
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w defined in some neighborhood of (0, 0), see for example [7, Theorem 7.1].

Then, (2.2) becomes{
a1uxx + a2uyy + 4W ′′(|∇u|2)uxuxyuy − uw(λ, u) = 0 in Ω

u = 0 on ∂Ω.
(2.24)

where

a1 = W ′(|∇u|) + 2W ′′(|∇u|2)(ux)
2 and a2 = W ′(|∇u|) + 2W ′′(|∇u|2)(uy)

2.

Thus a1 and a2 are uniformly positive for small enough δ0 (note that this is

only a concern for Model II, since (3.4) ensures such a lower bound holds for

Model I). We write (2.24) this way in order to view it as a linear elliptic PDE

and apply a comparison principle argument.

Consider the function

Φδ = Φδ(y) := log (2 +
√
δy) cos(

√
1− λy). (2.25)

An elementary calculation reveals that

a2Φ
δ
yy − w(λ, u)Φδ =

(−ϵ cos(
√
1− λy)

(2 +
√
ϵy)2

−
2
√
ϵ(1− λ) sin(

√
1− λy)

2 +
√
ϵy

)
(1 +O(ϵ2))

+O(ϵ2 cos(
√
1− λy)) in C0(Ω),

(2.26)

where we have used the asymptotics of b and W in (2.1), which hold for

small enough ϵ0. The right hand side of (2.26) is strictly negative whenever

0 ≤ y ≤ π
2
and δ is small enough. Moreover, Φδ > 0 in Ω. So, if we establish
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non-negative boundary values for u on the region (−∞,∞) × (0, π
2
), then

we may invoke the maximum principle for uniformly elliptic operators with

a positive super-solution (see Theorem A.1.(iv)) to conclude that u > 0 on

R× (0, π
2
).

We already know u = 0 on R× {π
2
}, and a phase plane analysis will show

u > 0 on R×{0}. Indeed, v := u(x, 0) solves the ODE (2.15) by [5, Theorem

1.1]. If we write this as a planar system, which has the same structure as (2.22),

then the symmetries (V,W ) 7→ (−V,−W ) and (V,W ) 7→ (V (−X),−W (−X))

imply that a homoclinic orbit that intersects the positive V axis meets the W

axis only at (0, 0). Hence, after a possible reflection u(x, 0) > 0, so u > 0 for

0 < y < π
2
by the remarks at the end of the previous paragraph. Redoing the

above analysis with Φδ(−y) shows u > 0 in Ω.

Now that the positivity of u is established, we find from a moving planes

argument in [24, Theorem 3.2] that u is even in x about some line x = x1

with ux < 0 for x > x1. The translation x 7→ x − x1 sends u to a positive

solution of (2.2) with the desired monotonicity and evenness properties in x.

The phase plane analysis for (2.22) in Theorem 3.4 shows that uϵ
x(0, y) = 0,

where uϵ ∈ CI,II
loc , whence it follows that uϵ is even about x = 0.

Observe that the previous paragraphs established the uniqueness of small

solutions to (2.2) up to translations and reflections in x. In particular, the

elements of CI,II
loc are the unique positive and even solutions to (2.2) in a suffi-

27



ciently small neighborhood of (0, 0) in X0 × R. Finally, the elements of CI,II
loc

must be even in y since the reflection y 7→ −y will take an element of CI,II
loc to

another positive solution that is even and monotone in x.

2.2.2 Linearized problem

In this section, we show the linearized operator Fu(0, λ) : X → Y is invertible

for 0 < λ ≤ 1. This fact plays an important role in the analysis to follow. In

particular, it implies the Fredholmness of F : X → Y , which will extend to

the global curve. A simple calculation yields

Fu(0, 0) = ∆ + 1 (2.27)

for Model I or Model II. The notion of a limiting operator is needed for the

next two lemmas. If

L = aij(x, y)∂xi
∂xj

+ bi(x, y)∂xi
+ c(x, y),

and as x → ±∞ we have

aij(x, y) → ãij(y), bi(x, y) → b̃i(y), c(x, y) → c̃(y),

where each of ãij, b̃i, and c̃ belongs to Cα
b [−π

2
, π
2
], then the limiting operator L̃

is defined as

L̃ := ãij∂xi
∂xj

+ b̃xi
∂xi

+ c̃.
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Lemma 2.5 (Invertibility of linearized operator at 0). For all 0 < λ ≤ 1,

Fu(0, λ) : X → Y is invertible.

Proof. Fix 0 < λ ≤ 1 and let φ(y) = cos(
√
1− λy). Since φ > 0 on [−π

2
, π
2
],

we may write u =: vφ, so that Fu(0, λ)u = 0 implies∆v +
2φy

φ
vy = 0 in Ω

v = 0 on ∂Ω.

(2.28)

Let L be the linear operator associated with (2.28) which acts on v. Note

that L : Xb → Yb has trivial kernel by the strong maximum principle (Theo-

rem A.1.(i)). For γ ∈ R, let Lγ = L − γ and denote by B the corresponding

bilinear operator:

B[w,w] =
∫
Ω

(
|∇w|2 − φy

φ
wwy + γw2

)
dx dy =

∫
Ω

(
|∇w|2 +

(
∂

∂y

2φy

φ

)
w2 + γw2

)
dx dy,

for w ∈ H1
0 . When γ is large enough, B is coercive and hence Lax–Milgram

implies Lγ : H1
0 → L2 is invertible.

We will next show that Lγ : Xb → Yb is invertible. The argument is similar

to the one found in [36, Appendix A.2]. Let ρϵ(x) := sech(ϵx). Conjugating

by ρϵ the problem Lγ = f may be transformed into the equivalent one

Lϵ
γuϵ = Lγuϵ −

2∂xρϵ
ρϵ

∂xuϵ +

(
∂2
xρϵ
ρϵ

− 2(∂xρ
2
ϵ)

ρ2ϵ

)
uϵ = fϵ

where uϵ := uρϵ and fϵ := fρϵ. If f ∈ Yb then fϵ ∈ L2, and the equation

Lγ(uϵ) = fϵ is solvable by the work above. Note that

∥Lϵ
γ − Lγ∥Xb→Yb

=

∥∥∥∥2∂xρϵρϵ
∂x +

(
∂2
xρϵ
ρϵ

− 2(∂xρ
2
ϵ)

ρ2ϵ

)∥∥∥∥
Xb→Yb

−→ 0, as ϵ → 0,
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so for small enough ϵ0, the pertubation Lϵ
γ of Lγ remains invertible whenever

0 < ϵ < ϵ0.

From [11, Theorem 8.8] and [11, Theorem 9.19], we know uϵ ∈ C3+α(Ω) ∩

Cα
b (Ω). Moreover, by Schauder estimates and injectivity, we have the bound

|uϵ|2+α ≤ C|fϵ|α,

where C > 0 is independent of ϵ. Therefore, we are able to extract a sub-

sequence ϵn → 0 for which uϵn → u in C2
loc(Ω) with u ∈ C2+α

b (Ω). Letting

n → ∞ in the above equation we find the Lγu = f .

Now that the invertibility of Lγ : Xb → Yb has been established, we will

make use of the continuity of the Fredholm index to conclude that L : Xb → Yb

is invertible. Let Lγt := L− tγ. It is clear that Lγt is its own limiting operator

for t ∈ [0, 1], since its coefficients are x-independent. The limiting problem

has no non-trivial solutions because Ltγ satisfies the strong maximum principle

(Theorem A.1.(i)). Lemma A.8 of [37] now shows Ltγ must be semi-Fredholm

with index < ∞. Thus, the Fredholm index must then be preserved along

the family {Ltγ}t∈[0,1]. We can now conclude that L : Xb → Yb has Fredholm

index 0, just as the operator Lγ. Hence, L : Xb → Yb is in fact invertible since

it also has a trivial kernel. From [37, Lemma A.12], L : X0 → Y0 must also

have Fredholm index 0, and again the kernel is trivial so that L : X0 → Y0

is invertible. Finally, it is not hard to see from the structure of L that data
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f ∈ Y ⊂ Y0 must have a corresponding solution u ∈ X. For example, if f is

even in y, and v is the unique solution to Lv = f , then a quick check shows

that Lv(x,−y) = f as well. Hence, L : X → Y is invertible.

Now consider the linearized operator Fu(u, λ) with (u, λ) ∈ CI,II
loc . We

know Fu(u, λ)∂xu = 0 by translation invariance and elliptic regularity. Thus,

Fu(u, λ) has nontrivial kernel acting on Xb. However, if we instead restrict to

X, which by definition imposes even symmetry, then we will have injectivity.

Lemma 2.6 (Trivial kernel). For all (u, λ) ∈ CI,II
loc , Fu(u, λ) : X → Y is

injective, whenever (u, λ) ∈ CI,II
loc .

Proof. From [5, Theorem 1.6] and [5, Appendix B.1.], if u̇ ∈ C3+α
b (Ω) is a

solution of Fu(u, λ)u̇ = 0, then v̇ := u̇(·, 0) solves the linearized reduced ODE

v̇′′ = rB v̇
′ + (λ+

9(b1 + 2c2)

4
v2 + rA)v̇, (2.29)

where v := u(·, 0). As noted above, ∂xu is in the kernel of Fu(u, λ), so vx is an

odd and bounded solution to (2.29). Suppose that we had another bounded

solution w ∈ C2
b(R) to (2.29) that is linearly independent of v. From Abel’s

identity

W (x) = W (0) exp

(∫ x

0

tr(P (s)) ds

)
,

where W (x) is the Wronskian of v and w evaluated at x, and P is the matrix
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defined by

P :=

(
0 1

λ+ 9(b1+2c1)
4

c1v
2 + rA(v, v

′, ϵ) rB

)
.

Since ux, uxx, w, and wx are all bounded, and ux, uxx each decay at infinity, we

see that

|detW (x)| ≤ (w2(x) + w2
x(x)) · (u2

x(x, 0) + uxx(x, 0)) → 0 as |x| → ∞.

But then we must have

∫ x

0

rB(ux(t, 0), uxx(t, 0)) dt → −∞ and

∫ 0

−x

rB(ux(t, 0), uxx(t, 0)) dt → ∞ as x → ∞.

(2.30)

Recalling the symmetry properties of f in (2.17) and the explicit form given

in (2.21), it follows that

rB(A,B) = −rB(A,−B) = rB(−A,−B).

This would imply

lim
x→∞

∫ 0

−x

rB(ux(t, 0),uxx(t, 0)) dt = lim
x→∞

−
∫ x

0

rB(ux(−t, 0), uxx(−t, 0)) dt

= lim
x→∞

∫ x

0

rB(ux(t, 0), uxx(t, 0)) dt,

(2.31)

where we used the properties of rB, oddness of ux and evenness of uxx. Equa-

tions (2.30) and (2.31) together force a contradiction. Hence, there cannot be

two linearly independent bounded solutions to (2.29).
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At this point we may conclude that vx generates the solution set of (2.29).

Thus, Fu : X → Y has trivial kernel, since any non-zero element would

necessarily be odd. To see this, suppose, by a slight abuse of notation, that

some w(x, y) ∈ C3
b(Ω) satisfies Fu(u, λ)w = 0. Recall that [5, Theorem 1.1]

gives the expansion

w(x, y) = φ0(x)w(x, 0) + Ψ(w(x, 0), wx(x, 0), λ)(0, y),

where w(x, 0) is odd in x by the work above. The symmetries in (2.16) imply

the additional symmetry

Ψ(−A,B, λ)(0, y) = −Ψ(A,B, λ)(0, y),

from which we may conclude that w is odd in x.

Finally, we show that Fu is invertible along the local curve.

Lemma 2.7 (Invertibility). For any (u, λ) ∈ CI,II
loc , the linearized operator

Fu(u, λ) : X → Y is invertible.

Proof. We found that Fu(u, λ) : X → Y has trivial kernel whenever (u, λ) ∈

CI,II
loc in Lemma 2.6. It therefore suffices to show that this operator is Fredholm

index 0. The limiting operator of Fu(u, λ) is simply Fu(0, λ) because u decays

as x → ±∞. Recall that Fu(0, λ) was shown to be invertible in Lemma 2.5.

By [37, Lemma A.13] it follows that the Fredholm indices of Fu(u, λ) and

Fu(0, λ) match. Hence, Fu(u, λ) is in fact Fredholm index 0, and the result

follows.
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2.3 Global bifurcation

2.3.1 Background theory

We begin this section by recalling some of the global bifurcation theory devel-

oped in [4, Section 6]. The results stated here are tailored to the problem at

hand. Let I = (0, 1) and

O =
⋃
δ>0

Oδ where

Oδ = X ∩
{
u ∈ C3(Ω) : lim inf

(x,y)∈Ω

(
W ′(q) + 2qW ′′(q)

)∣∣
q=|∇u(x,y)|2 > δ

}
.

(2.32)

Theorem 2.8. There is a curve of solutions CI,II ⊂ F−1(0), where F corre-

sponds to either Model I or Model II, parameterized as CI,II := {(u(s), λ(s)) :

0 < s < ∞} ⊂ O × I with the following properties.

(a) One of the following alternatives holds.

(i) (Blowup) As s → ∞

N(s) := |u(s)|3+α +
1

dist(u(s), ∂O)
+ λ(s) +

1

dist(λ(s), ∂I)
→ ∞

(2.33)

(ii) (Loss of compactness) There exists a sequence sn → ∞ such that

supn N(sn) < ∞ but {u(sn)} has no subsequences converging in X.

(b) Near each point (x(s0), λ(s0)) ∈ C, we can reparametrize C so that s 7→

(x(s), λ(s)) is real analytic.

(c) (x(s), λ(s)) /∈ Cloc for s sufficiently large.
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Proof. We have shown that the linearized operator is invertible along the local

curve and the result follows directly from [4, Theorem 6.1].

Alternative (i) encapsulates several interesting possibilities. We note that

a blow-up in (3.62) can be achieved by a loss of ellipticity, λ returning to 0,

or the more obvious unboundedness of λ or |u(s)|3+α. Throughout the rest

of the paper we investigate alternatives (i) and (ii) for Models I and II. This

will ultimately lead us to discover that broadening occurs invariably in Model

I and that a loss of ellipticity is ensured for Model II. At times we focus on

segments of the curve CI,II of the form

CI,II
δ := CI,II ∩ Oδ. (2.34)

Note that CII = CII
ξ1

by (3.4).

At this point, it is convenient to recall another result from [4] which helps

characterize alternative (ii) of Theorem 3.23.

Theorem 2.9 (Chen, Walsh, Wheeler [4]). If {(un, λn)} is a sequence of so-

lutions to (2.2) that is uniformly bounded in C3+α
b (Ω)×R, with the additional

monotonicity property

un(x, y) is even in x and ux ≤ 0 for x ≥ 0 (2.35)

for each n as well as the asymptotic condition

lim
|x|→∞

un(x, y) = U(y) uniformly in y (2.36)
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for some fixed function U ∈ C3+α
b ([−π

2
, π
2
]), then either

(i) we can extract a subsequence {un} so that un → u in C3+α
b (Ω); or

(ii) we can extract a subsequence and find xn → ∞ so that the translated

sequence {ũn} defined by ũn = un(·+ xn, ·) converges in C3
loc(Ω) to some

ũ ∈ C3+α
b (Ω) that solves (2.2) and has ũ ̸≡ U with ũx ≤ 0.

Note that this theorem requires some symmetry and monotonicity proper-

ties in un. The following subsection demonstrates these properties, and more,

for elements of CI,II .

2.3.2 Monotonicity and nodal properties

We show that elements of CI,II
loc exhibit certain qualitative features by using

the asymptotics (3.20) and maximum principle arguments. In fact, we have

already established that (2.35) and (2.36) (with U(y) = 0) hold along CI,II
loc in

Theorem 2.4. Our goal is to prove that these persist along CI,II . The following

sets will be useful for our analysis:

Ω+ := {(x, y) ∈ Ω : x > 0}

Ω+ := {(x, y) : |x| < R, 0 < y ≤ π

2
}

L := {(0, y) : −π/2 < y < π/2}

T := {(x, π/2) : 0 < x < ∞}

B := {(x,−π/2) : 0 < x < ∞}

M := {(x, 0) : 0 ≤ x < ∞}.

(2.37)
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The nodal properties we are concerned with are as follows:

ux < 0 on Ω+

uy < 0 on Ω+

uxx < 0 on L

uxy > 0 on T

uxxy > 0 at (0,
π

2
) and uxxy > 0 at (0,−π

2
)

uyy < 0 on M

(2.38)

The reason for such a long list is owed to the style of argument. Roughly

speaking, we will split the right half (or upper half) of Ω into a finite rectangle

and infinite tail region (or into a finite rectangle and two tail regions). The

conditions in (3.65) will help gain control on the sign of either ux or uy near

the boundary. The following result gives a condition which ensures a sign on

the x derivative of small solutions to (2.2).

Lemma 2.10 (Asymptotic monotonicity). There exists ϵ0 > 0 such that, if

u ∈ C3
b(Ω) and (u, λ) ∈ Oδ ∩ F−1(0), for some δ > 0, λ > 0, ux ≤ 0 on

Lx0 := {(x, y) ∈ Ω : x = x0}, and

|u|2 < ϵ0,

then ux ≤ 0 in Ω ∩ {(x, y) : x ≥ x0}.
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Proof. Fix λ with 0 < λ ≤ 1. Differentiating (2.2) with respect to x gives{
∇ · (W ′(|∇u|2)∇v + 2W ′′(|∇u|2)(∇u⊗∇u)∇v)− bu(u, λ)v = 0 in Ω

v = 0 on ∂Ω

(2.39)

where v = ux. We see that (2.39) is uniformly elliptic by (3.4) in the case of

Model I, and the fact that u ∈ Oδ in the case of Model II. Let v := φz, where

φ(y) = cos(
√
ky) (2.40)

and 1 − λ < k < 1. After plugging (2.40) into (2.39), we find that z satisfies

a uniformly elliptic equation with zeroth order term

1

φ
(∂y(W ′(|∇u|2)φ+ 2W ′′(|∇u|2)(u2

y + uxuy)φ). (2.41)

If ϵ0 is chosen small enough, then from (2.1a) and (2.1b) it follows that (2.41)

admits the C0(Ω) expansion

1

φ
((1− λ− k)φ+O(ϵ20)) < 0. (2.42)

Thus, (2.42) implies that z satisfies the strong maximum principle (Theo-

rem A.1.(i)). Note z = 0 on ∂Ω, and z ≤ 0 on Lx0 , so it follows from the

maximum principle that z ≤ 0 in Ω ∩ {(x, y) : x ≥ x0}. Since φ(y) > 0, we

must have ux < 0 in Ω ∩ {(x, y) : x ≥ x0} as well.

If λ > 1, then v = ux still solves (2.39). For ϵ0 sufficiently small, −bz(u, λ) ≤

0, by (2.1b). As before, the strong maximum principle and boundary condi-

tions now yield the desired conclusion.

38



Remark 2.11. The above lemma is stated for the half strip (x0,∞)×(−π
2
, π
2
),

for some x0 > 0, but a similar result holds for sets of the form (x0,∞)× (0, π
2
)

or (−∞,−x0)× (0, π
2
).

Next, we consider the nodal properties of a monotone solution.

Lemma 2.12 (Nodal properties). Let (u, λ) ∈ Oδ ∩F−1(0), for some δ > 0.

Suppose that ux < 0 in Ω+, uy < 0 in Ω+, and u ∈ X. Then u satisfies (3.65).

Proof. Note ux = 0 on ∂Ω+ from the boundary conditions and evenness in

the x variable. In particular, ux = uxx = 0 on T . The Hopf lemma (Theo-

rem A.1.(ii)) shows that uxx < 0 on L, uxy < 0 on B, and that uxy > 0 on

T . Moreover, uxy = uxyy = 0 on L, since ux = 0 on L. If (s1, s2) is a unit

outward pointing vector at (0, π
2
) with s1 < 0 and s2 > 0, then Serrin’s lemma

(Theorem A.1.(iii)) requires ∂2
sux < 0 at (0, π

2
) since uxx = uxy = 0 at (0, π

2
).

A simple calculation shows ∂2
sux = s21uxxx + 2s1s2uxxy + s22uxyy < 0 at (0, π

2
).

From this we see uxxy > 0 at (0, π
2
). A similar argument shows uxxy < 0 at

(0,−π
2
). We are left only to show that uyy < 0 on M . The evenness of u in

the y variable implies that uy = 0 along M , and the result follows from the

Hopf lemma.

We now show that the collection of (u, λ) satisfying (3.65) is both open and

closed in an appropriate relative topology.
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Lemma 2.13 (Open property). Let (u, λ), (ũ, λ̃) ∈ Oδ∩F−1(0), for some δ >

0. Suppose that 0 < λ, λ̃ and u, ũ ∈ C3
b,e(Ω)∩C2

0(Ω). If u satisfies (3.65), then

there is some ϵ0 > 0 for which |u − ũ|3 + |λ − λ̃| < ϵ0 implies ũ also satisfies

(3.65).

Proof. We will establish the sign of either ũx or ũy in several finite regions, and

then invoke Lemma 2.10 to determine the signs in a leftover tail region. See

Figure 2.3.2 for a sketch of the domains used. Now, because u ∈ C2
0(Ω), there

is an R > 0 large enough so that |u|2 < ϵ/2 for x > R, where ϵ is chosen to

satisfy Lemma 2.10. If |u− ũ|2 < ϵ1 = ϵ/2, then |ũ(x, y)|2 < ϵ for x > R. Let

Ω+,2R be the rectangle (0, 2R)× (−π
2
, π
2
) and Ω+

k the inscribed rectangle with

distance 1/k from Ω+,2R. Let us define several regions useful for our analysis:

Tk := {(x, π
2
) : 1/k < x < 2R− 1/k}

Bk; = {(x,−π

2
) : 1/k < x < 2R− 1/k}

Lk := {(0, y) : −π

2
+ 1/k < y <

π

2
− 1/k}.

For a given k > 0, there is an ϵk such that |u− ũ|3 < ϵk implies ũx < 0 in Ωk,

ũxx > 0 on Lk, ũxy > 0 on Tk, and w̃xy < 0 on Bk.

Suppose ϵ0 < 1, and consider the Taylor expansion of ũx at a point (x0,
π
2
)

on Tk:

ũx(x0, y) = ũxy(x0,
π

2
)(y − π

2
) +O((y − π

2
)2) in C0(Ω), (2.43)
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where π
2
−1/k < y < π

2
. When k is large enough, the remainder term in (2.43)

is dominated by the first term and ũx(x0, y) < 0. Analogous arguments show

that for large enough k, ux < 0 in the rectangle (0, 1/k)× (−π
2
+1/k, π

2
−1/k),

and that ux < 0 in (1/k, 2R− 1/k)× (0, 1/k).

We still need to deal with the corners. For a given k, consider the quarter

circle of radius
√
2
k

in Ω+,2R centered at (0, π
2
). Because ux, uxx, uxy, uxxx = 0

at (0, π
2
),

ũx(x, y) = ũxxy(0,
π

2
)(x)(y − π

2
) +O((y − π

2
)2) in C0(Ω).

For a given k there exists an ϵ′k so small that |u − ũ|3 < ϵ′k implies that

ũxxy(0,
π
2
) > 0. Arguing like before, we see that ũx(x, y) < 0 in the quarter

circle, whenever k is sufficiently large. A similar argument shows that ux < 0

in quarter circle of radius k centered at (0,−π
2
).

From the work above, we find that if k is taken sufficiently large, and ϵ

taken sufficiently small, then ũx < 0 in Ω+,2R. In particular, ũx < 0 on the

line segment with x = R and −π
2
< y < π

2
. Lemma 2.10 now implies that

ũx < 0 in Ω+. If we can show that ũy < 0 in Ω+, then we will be able invoke

Lemma 2.12 to get the desired result.

The argument to establish a sign on ũy is similar to the one just given for

ũx, so we provide only a sketch. Let Ω+,2R = Ω+ ∩ {(x, y) : |x| ≤ 2R} and

Ω+,k = Ω+ ∩ {(x, y) : |x| ≤ 2R, y > 1
k
} and M2R = M ∩ {(x, y) : |x| ≤ 2R}.
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(0, π
2
)

(0,−π
2
) (R, 0) (2R, 0)

Tk

Ω+
kLk

Ω+,k

(0, π
2
)

(0, 0) M2R (2R, 0)(−2R, 0)

Figure 2.2: Left: Regions use to control the sign of ũx. Right: Regions used
to control the sign of ũy.

We see that (2.39) holds for v = uy in Ω+, except the homogeneous Dirichlet

condition is lost. Thus, uy satisfies a uniformly elliptic PDE with a non positive

zeroth order coefficient in the tail region Ω+ ∩ {(x, y) : |x| ≥ R}, where R

is the same constant from the above argument. For small enough ϵ0 and k

we find that ũy < 0 on Ω+,k and ũyy < 0 on M2R. If k is sufficiently large,

then from a Taylor expansion along M2R we find that ũy < 0 in Ω+,2R. Thus,

a sign condition for ũy is established in the finite region Ω+,2R. To deal the

corresponding infinite tails, we just need to establish good boundary values,

since we know ũy satisfies the maximum principle whenever |x| > R (see

Remark 2.11). From the above argument, we have seen that if ϵ0 is small

enough, then ũxy > 0 on T . This, along with the decay of ũ at x = ∞, is

enough to establish that ũy < 0 on all of T . A symmetric argument will show
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that uy < 0 on the line segment {(x, π
2
) : −∞ < x < 0}. Also, ũy = 0 on M

by evenness in the y variable. Finally, since ũy ≤ 0 on the line segment with

x = R and 0 ≤ y ≤ π
2
(and on the segment with x = −R and 0 ≤ y ≤ π

2
, by

evenness in the x variable), we conclude that ũy < 0 on Ω+.

Lemma 2.14 (Closed property). Let {(un, λn)} ⊂ Oδ ∩ F−1(0), for some

δ > 0. Suppose that (un, λn) → (u, λ) in C3
b(Ω) × R. If each un satisfies

(3.65), then so does u, unless u ≡ 0.

Proof. By continuity we have that ux ≤ 0 in Ω+, ux = 0 on ∂Ω, and uy ≤ 0 in

Ω+. So ux and uy each satisfy the strong maximum principle (Theorem A.1.(i))

in the relevant domain because Fu(u, λ)ux = 0 and Fu(u, λ)uy. Hence, if ux

is not trivial, then ux < 0 in Ω+ and uy < 0 in Ω+. Lemma 2.12 now implies

that u satisfies (3.65).

Next, we show that (3.65) holds along CI,II
loc , which in turn shows that they

hold on all of CI,II .

Lemma 2.15 (Nodal properties of the local curve). If (uϵ, ϵ2) ∈ CI,II
loc and

0 < ϵ ≪ 1, then uϵ exhibits the nodal properties (3.65).

Proof. In Theorem 2.4, we established that uϵ
x < 0 in Ω+. Since uϵ

x = 0 on T ,

the Hopf lemma (Theorem A.1.(ii)) implies that uϵ
xy > 0 on T . From (3.20),

we know that uϵ
y(0,

π
2
) < 0 for small enough ϵ. Combining this with the decay

of uϵ
y at infinity allows us to conclude that uϵ

y < 0 along all of T .
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We now proceed as in the proof of Theorem 2.4. We have seen that uϵ

satisfies equation (2.39). If we consider the corresponding uniformly elliptic

operator acting on x-independent functions of the form v = f(y) cos(
√
1− λy),

then we obtain an expression with the following asymptotics in C0(Ω)

(1 +O(ϵ2)(f ′′ cos(
√
1− λy)− 2

√
1− λf ′ sin(

√
1− λy))

+O(ϵ2)(f ′ cos(
√
1− λy)−

√
1− λf sin(

√
1− λy)) +O(ϵ2f cos(

√
1− λy)).

(2.44)

Inspecting (2.44) shows that if we choose f = Φϵ, as in the proof of The-

orem 2.4, then for sufficiently small ϵ we can ensure (2.44) is negative for

0 ≤ y ≤ π
2
. The boundary condition on T , evenness in y (which implies

uϵ
y = 0 on M), maximum principle for uniformly elliptic operators with a pos-

itive super-solution (Theorem A.1.(iv)), and decay in x are now enough to

conclude that uϵ
y < 0 in Ω+. Now, Lemma 2.12 implies the result.

Theorem 2.16 (Global nodal properties). Every (u, λ) ∈ CI,II exhibits the

nodal properties (3.65).

Proof. Let (u, λ) ∈ CI,II
loc . From Lemma 2.15 u satisfies (3.65). Since the

nodal properties are both open and closed in the relative topology of CI,II by

Lemma 2.13 and Lemma 3.26, we conclude that they hold everywhere on CI,II .
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2.4 Uniform regularity and bounds on loading

parameter

The main result of this section, which is stated in Proposition 2.24, is that

|u(s)|3+α is uniformly bounded along CI,II
δ . This is achieved by first using

Schauder theory to estimate |u(s)|3+α in terms of |∇u(s)|0 and then estimating

|∇u(s)|0 in terms of |u(s)|0 and |λ(s)| by a maximum principle argument.

Upper bounds on |u(s)|0 and |λ(s)| are then established for CI,II
δ . Finally, for

s ≫ 1 it is shown that there is a positive uniform lower bound on λ(s) along

CI,II
δ .

2.4.1 A conserved quantity and Lp estimates

We derive a conserved quantity of the system that will play a key role es-

tablishing uniform bounds on |u(s)|0 and |λ(s)| along CI,II
δ . These results, in

tandem with Lemma 2.21, give our desired a priori estimates. The following

calculation is valid for any C2 solution of (2.2). Let

L(z, ξ, η, λ) := 1

2
W(|ξ2 + η2|2) +B(z, λ), (2.45)

where

B(z, λ) :=

∫ z

0

b(t, λ) dt.
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The anti-plane elastostatic problem (2.2) is formally the Euler–Lagrange equa-

tion given formally by

δ

∫
Ω

L(u, |∇u|2, λ) dx dy = 0.

Naturally, the translation invariance in x of our system leads us to expect a

corresponding conserved quantity. Consider the functional

H(u, λ;x) : =

∫ π
2

−π
2

(L(u, |∇u|2, λ)− Lξ(u, |∇u|2, λ)ux) dy

=

∫ π
2

−π
2

(
1

2
W(|∇u|2)−W ′(|∇u|2)u2

x +B(u, λ)) dy.

(2.46)

If (u, λ) solves (2.2), then H(u, λ; ·) is constant in x:

∂xH =

∫ π
2

−π
2

(Lzux + Lξuxx + Lηuxy − (∂xLξ)ux − Lξuxx) dy

=

∫ π
2

−π
2

ux(Lz − ∂yLη − ∂xLξ) dy = 0,

where we used integration by parts and that

(Lz − ∂yLη − ∂xLξ)(y, u, ux, uy, λ) = F(u, λ) = 0.

It is clear that H(u(x, y), λ;x) → 0 as x → ∞, so H is identically 0. We record

this as a lemma. Note that the arguments of H will often be suppressed in

the sequel.

Lemma 2.17 (Conserved quantity). Let u ∈ C2(Ω) be a solution to (2.2) for

a fixed λ. Then H is constant in x. In particular, if u ∈ X, then H = 0.
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The conserved quantity and growth conditions of both W and b are enough

to obtain a uniform bound on |u(s)|0 (and on |λ(s)|, as shown in Subsec-

tion 2.4.3).

Lemma 2.18 (Lp bounds). There exists a constant C(c1, c2, b1) such that if

u ∈ X is a solution to (2.2), corresponding to Model I, with 0 < λ, then

∥u(0, ·)∥2, ∥uy(0, ·)∥6, |u(0, ·)|1/2 ≤ C, (2.47)

where ∥ · ∥p denotes the Lp norm on [−π
2
, π
2
]. Moreover, for any x0 ∈ R we

have

∥u(x0, ·)∥2, |u(x0, 0)|0 ≤ C

Proof. From (2.46), Lemma 2.17, (2.3b) and (2.5a) we see that when x = 0,

then

0 = 2H = 2

∫ π
2

−π
2

L dy ≥∥uy(0, ·)∥22 + c1∥uy(0, ·)∥44 + c2∥uy(0, ·)∥66

+(λ− 1)∥u(0, ·)∥22 +
b1
2
∥u(0, ·)∥44.

For the remainder of the proof, we will suppress arguments of u(0, ·) and

uy(0, ·) appearing in Lp[−π
2
, π
2
] norms. Wirtinger’s inequality implies that

∥uy∥22 − ∥u∥22 ≥ 0, and ∥u∥4 ≤ π∥uy∥4 by Friedrichs’s inequality, so that

c1∥uy∥44 + c2∥uy∥66 +
b1π

2
∥uy∥44 ≤ −λ∥u∥22 + (∥u∥22 − ∥uy∥22) ≤ 0. (2.48)
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Hölder’s inequality yields

∥uy∥44 ≤ π
1
3∥uy∥46.

Altogether these give

(c1 +
b1π

2
)π

1
3∥uy∥46 + c2∥uy∥66 ≤ 0 (2.49)

so that

∥uy∥26 ≤
|c1 + b1

2
π|π 1

3

c2
.

Thus, ∥uy∥6 is uniformly bounded. An application of Hölder’s inequality shows

that ∥uy∥2 is uniformly bounded too. As mentioned above, ∥u∥2 ≤ ∥uy∥2.

Hence, we obtain a uniform bound on |u(0, ·)|1/2 by Sobolev embedding. Be-

cause of the monotonicity of u established in (3.65), we see that ∥u(x0, ·)∥2

and |u(x0, ·)|0 are maximized at x0 = 0. Thus, the L2 and L∞ norms of u are

uniformly bounded on any transversal line in Ω.

Remark 2.19. Note that this says nothing about solutions of Model II. If

u ∈ CII
δ , with δ > 0, then |u| < C, where C depends on q1. This is a

direct consequence of (3.5a), (3.5b), and the homogeneous Dirichlet conditions

(|∇u|2 < q2 along CII
δ ).

Remark 2.20. More generally, if H = M , then the above argument shows

that ∥uy(0, ·)∥6 is bounded uniformly by a constant C that depends on c1, c2, b1

and M , so long as one assumes sufficient growth of W relative to b.
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At this stage, we are left to establish control on |λ(s)| to complete our

desired estimates of |u(s)|3+α

2.4.2 Uniform regularity

We begin by using the so called “P -function” technique (see [33]) along with

standard elliptic estimates to gain some control on |u(s)|3+α.

Lemma 2.21. Let (u, λ) ∈ Oδ ∩ F−1(0), for some δ > 0. If λ and K are

positive, and |u|0 + λ < K, then there is a constant C(K, δ) > 0 for which

|u|3+α ≤ C(K, δ). If (u, λ) is a solution which corresponds to Model I, then

the above estimate holds for some C = C(K).

Proof. We prove this result by using a maximum principle of Payne and Philip-

pin. First, we obtain bounds on |∇u(s)|2. Recall, as mentioned in Remark 2.19

that this is trivial for Model II, so let us assume for now the conditions of Model

I. By Theorem 1 of [26] the function

P (x, y) =

∫ |∇u(x,y)|2

0

(W ′(ξ) + 2ξW ′′(ξ))dξ − 2

∫ u(x,y)

0

b(η, λ)η dη,

obtains its maximum either on ∂Ω or at a critical point of u. We should

note that in [26] the results are stated for bounded C2+α domains. So, our

application includes the additional possibility that the maximum of P occurs

in the limit as x → ±∞. However, the decay of u precludes this scenario for

nontrivial solutions. The homogeneous Dirichlet boundary conditions of (2.2)
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and monotonicity properties of (3.65) now imply that P is maximized at (0, 0),

which is the only critical point of u. Thus,

(2qW ′(q)−W(q))
∣∣
q=|∇u(x,y)|2 − 2

∫ u(x,y)

0

b(η, λ)η dη ≤ −2

∫ u(0,0)

0

b(η, λ)η dη.

So,

2qW ′(q)−W(q) ≤ −2

∫ u(0,0)

u(x,y)

b(η, λ)η dη ≤ 2(u(0, 0))2 max
(x,y)∈Ω

|b(u(x, y), λ)|.

(2.50)

Since b is analytic in both z and λ, it follows that the right hand side of (2.50)

is bounded by C(K). Moreover, the left hand side of (2.50) satisfies

2qW ′(q)−W(q) =

∫ q

0

(W ′ + 2qW ′′(q)) dq ≥ qξ1,

whenever q ≥ 0, by (3.4). Hence,

|∇u|20 ≤
2(u(0, 0))2

ξ1
max

(x,y)∈Ω
|b(u(x, y), λ)|. (2.51)

Standard elliptic theory can now be invoked to upgrade a uniform bound

in |∇u| into a uniform bound in C3+α(Ω). As we have seen in (2.39), ∂xu

solves a divergence form elliptic equation. In particular, from (2.50) it follows

that we may view ∂xu as the solution to a linear PDE with uniformly bounded

coefficients. An application of [11, Theorem 8.29] yields that for some α′ ∈

(0, α]

|ux|Cα′ (ΩM ) ≤ C,
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where ΩM = Ω∩{(x, y) : M ≤ x ≤ M +1}, and both α′ and C depend on K

and δ (or only K in the case of Model I). An analogous bound for |uy|Cα′ (ΩM )

is obtained by differentiating in y instead. Now, by viewing (2.2) as a linear

equation with coefficients that depend on ux and uy, which we have just shown

are uniformly bounded in Cα′
(ΩM), we may apply (linear) Schauder theory to

obtain a uniform bound on |u|C2+α′ (ΩM ). This gives control over |u|C1+α(ΩM ),

so that by repeating the previous argument we gain control of |u|C2+α(ΩM ).

Now, Schauder estimates applied to the linearized equations for either ux or

uy provide a uniform bound on |u|C3+α(ΩM ).

2.4.3 Bounds on loading parameter

Now, we show that as we follow either CI or CII
δ , for some δ > 0, that λ(s)

cannot return to 0 without the corresponding solutions returning to the refer-

ence configuration or the equation undergoing a loss of ellipticity. Moreover,

an upper bound on λ(s) is derived for either case. These estimates will be

used to establish bounds on |u(s)|3+α and (3.62).

Lemma 2.22. If {(un, λn)} ⊂ CI , or {(un, λn)} ⊂ CII
δ , for some δ > 0, is

sequence of solutions to (2.2), that are uniformly bounded in C3+α
b (Ω) and for

which λn → 0, then un → 0 in X.

Proof. Assume that {un} does not converge to 0 in C3+α
b (Ω). By the hypothesis

and (3.65), we may then invoke Theorem 2.9. From this, one may conclude that
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either there is a subsequence converging in C3+α
b (Ω) to a solution (u, 0) ∈ X×R

of (2.2), or there is a subsequence of translates

un(·+ xn, ·)
C2

b(Ω)
−−−→ ũ(·, ·),

where xn → ∞, and (ũ, 0) ∈ C3+α
b (Ω)× R solves (2.2). Moreover, ũx, ũy → 0

uniformly in x, y as x → ∞, and ũx ≤ 0. From (3.65) we also know that

ũy ≥ 0 for y ∈ [−π
2
, 0) and ũy ≤ 0 for y ∈ (0, π

2
]. An application of the

strong maximum principle for signed solutions (see Theorem A.1.(i)) shows

that the inequalities for ũx and ũy must in fact be strict in the interior of Ω.

Throughout the rest of the proof, the properties of u and ũ that concern us

are the same, namely that they are monotone bounded solutions to (2.2) that

decay as x → ∞. For simplicity, let us only write u in the sequel, with the

understanding that the argument applies equally well to ũ.

Let 0 < R1 < R2 and φ(y) = cos(y). Multiplying (2.2) by φ and then

integrating we find

0 =

∫ π
2

−π
2

∫ R2

R1

(∇ · (W ′(|∇u|2)∇u)− b(u, λ))φdxdy

=

∫ π
2

−π
2

W ′(|∇u|2)uxφ
∣∣R2

R1
dy +

∫ π
2

−π
2

∫ R2

R1

(
−W ′(|∇u|2)uyφy − b(u, λ)φ

)
dxdy.

Note that uyφy > 0 by the comments above. For R1 sufficiently large,

1

2
< W ′(|∇u|2) < 1 in (R1,∞)× (−π

2
,
π

2
)

because of the decay in ux and uy. Recall that b has the form (2.1b) when |∇u|2
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is sufficiently small. So for large enough R1 we also have −b(u, λ)−(1−λ)u ≥ 0

whenever x > R1 and −π
2
< y < π

2
. Letting R2 → ∞ we see that

0 =

∫ π
2

−π
2

∫ ∞

R1

(−W ′(|∇u|2) + 1)uyφy + (−b(u, λ)− (1− λ)u)φdxdy

−
∫ π

2

−π
2

W ′(|∇u|2)uxφ(R1, y) dy > 0.

This is of course a contradiction.

Lemma 2.23 (Bounds on λ). Let (u, λ) ∈ CI \ CI
loc. Then there exists some

positive constants λ±
1 = λ±(c1, c2, b1) for which 0 < λ− < λ < λ+ < ∞. If

instead we take (u, λ) ∈ CII
δ \ Cloc, for some δ > 0, then the result still holds

with positive constants λ±
2 , except that λ

− now depends on δ as well.

Proof. First, let us suppose that there is some sequence {(un, λn)} ⊂ CI,II
δ \

CI,II
loc for which λn → 0. By Lemma 2.21 and Lemma 2.18 we see that {un} is

uniformly bounded in C3+α
b (Ω) (in the case of Model II there is dependence

on δ). Then, from Lemma 2.22, it follows that un → 0 in C3+α
b (Ω). How-

ever, Theorem 2.4 then implies that un ∈ CI,II
loc for large enough n, and this

contradicts part (c) of Theorem 3.23.

To establish an upper bound on λ, see that (2.5a) and Lemma 2.17 imply

0 =

∫ π
2

−π
2

(W(|∇u|2) + 2B)
∣∣
x=0

dy ≥
∫ π

2

−π
2

W(|∇u|2)
∣∣
x=0

dy + (λ− 1)∥u(0, ·)∥22 +
b1
2
∥u(0, ·)∥44,

where we are using ∥ · ∥p to denote the Lp norm on [−π
2
, π
2
]. Since W(q) > 0

for q > 0, it follows that (λ − 1)∥u(0, ·)∥22 + b1
2
∥u(0, ·)∥44 ≤ 0. Appealing to
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Lemma 2.18, We find that

λ ≤
(
1 +

|b1|
2

sup
s>0

|u(s)|2
)
∥u(0, ·)∥22 ≤ C(c1, c2, b1).

We are now ready to state the main a priori estimate.

Proposition 2.24. If (u, λ) ∈ CI , then then there exists some C(c1, c2, b1) > 0

for which |u|3+α ≤ C. If instead (u, λ) ∈ CII
δ , then there exists C(c1, c2, b1, δ) >

0 for which |u|3+α ≤ C.

Proof. For (u, λ) ∈ CI , the result follows from Lemma 2.18 and Lemma 2.23

combined with Lemma 2.21. For (u, λ) ∈ CII
δ , the estimate can be obtained

from Remark 2.19 and Lemma 2.23 in conjunction with Lemma 2.21.

2.5 Proof of the main results

We are now prepared to prove the main results. The existence of a global

solution branch, for either model, is shown in Section 2.3. The key difference

between the global behavior of CI and CII is related to alternative (i) of The-

orem 3.23; for CI it is shown to be impossible, thus forcing alternative (ii),

whereas for CII it is shown to hold (note that (ii) is not necessarily excluded

in this case).

Proof of Theorem 3.1. By Theorem 3.23, there exists a curve of solutions CI

extending CI
loc, which is locally real analytic with C0 parameterization

CI = {(u(s), λ(s)) : 0 < s < ∞} ⊂ X × R.
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The symmetry and monotonicity properties of Theorem 3.1.(a) are proved

throughout in Theorem 2.16. The bounds on λ(s) and sups≥0 |u(s)|3+α from

Theorem 3.1.(c) and Theorem 3.1.(d) are established in Lemma 2.23 and

Proposition 2.24, respectively. This establishes all parts of Theorem 3.1 except

for the broadening in (e). From the alternatives in Theorem 3.23, we see that

(e) must hold if

N(s) = |u(s)|3+α +
1

dist(u(s), ∂O)
+ λ(s) +

1

dist(λ(s), ∂I)

is bounded uniformly in s. The bound on the first term follows directly from

Lemma 2.21 and those on the third and fourth terms follow from the estimates

on λ established in Lemma 2.23. Recall that O is defined by (2.32), so (3.4)

implies that the second term remains bounded as well. Hence, we have the

desired control over N(s), and the result must hold.

We need to prove one more lemma in preparation for Theorem 3.2.

Lemma 2.25 (Nonexistence of monotone fronts). Let F correspond to Model

I. Then, F−1(0) ∩ Oδ, for δ > 0, is locally pre-compact in X. In particular,

alternative (ii) of Theorem 2.9 cannot hold for a sequence {(un, λn)} ⊂ CII
δ ,

δ > 0.

Proof. From Theorem 2.9 we find that if F−1(0) ∩ Oδ fails to be locally pre-

compact, then Theorem 2.9.(ii) must hold. Suppose that {un} is a sequence
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satisfying Theorem 2.9.(ii). Then limn→∞ un(· + xn, y) =: ũ(x, y) ∈ C3+α
b (Ω)

must solve (2.2). Moreover, U(y) := limx→−∞ ũ(x, y) satisfies

((W ′((Uy)
2)Uy)y − b(U, λ) = 0, (2.52)

which can be seen by [6, Lemma 2.3]. Multiplying (2.52) by U(y) and inte-

grating by parts yields

0 =

∫ π
2

−π
2

(W ′(U2
y )U

2
y + b(U, λ)U) dy.

From Lemma 2.17 we know that H(un, λ;x) = 0, and hence that H(U, λ;x) =

0. Written explicitly this becomes

0 =

∫ π
2

−π
2

(
1

2
W(U2

y ) +B(U, λ)

)
dy.

After combining these equations, we find

0 =

∫ π
2

−π
2

(W ′(U2
y )U

2
y −W(U2

y ) + b(U, λ)U − 2B(U, λ)) dy. (2.53)

A simple calculation will show

b(z, λ)z − 2B(z, λ) < 0 for z > 0,

where the concavity of b(z, λ) and the fact that b(0, λ) = 0 are used. Recall

that qW ′(q) − W < 0 by (2.6c). But then the right hand side of (2.53) is

negative, which is a contradiction, hence the result holds.

56



Proof of Theorem 3.2. From Theorem 3.23, we see there is a curve of solutions

CII , extending CII
loc, which is locally real analytic with C0 parameterization

CII = {(u(s), λ(s)) : 0 < s < ∞} ⊂ X × R.

As in the proof of Theorem 3.1, we wish to understand the alternatives in

Theorem 3.23.(a). The quantity

inf
Ω

(
W ′(q) + 2qW ′′(q)

)∣∣
q=|∇u(s)|2

is not bounded below a priori along CII as it was for CI . This leads us to

consider N(s) (see (3.62) or the proof of Theorem 3.1) on a segment CII
δ of

CII , with δ > 0. An estimate of the form |u(s)|3+α < C(δ) is obtained whenever

(u(s), λ(s)) ∈ CII
δ , by Proposition 2.24.

Now, if we assume CII = CII
δ∗ , for some δ∗ > 0, then the first term of

N(s) is uniformly bounded along CII by the paragraph above. Of course, this

assumption also implies that the second term is uniformly bounded along CII

by definition. Furthermore, Lemma 2.23 implies that the third and fourth

terms are also controlled. Thus, there is some C ′(δ) for which s ≫ 1 implies

|N(s)| ≤ C ′(δ). Hence, alternative (ii) of Theorem 3.23 must hold. However,

this contradicts the impossibility of fronts established in Lemma 2.25. So we

must have

lim
s→∞

inf
Ω

(
W ′(q) + 2qW ′′(q)

)∣∣
q=|∇u(s)|2 = 0.
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In particular, we must have |∇u(s)|2 → q1. Note that our estimates on

|u(s)|3+α and λ(s) breakdown as δ → 0. This leaves open the possibility that

λ(s) approaches either 0 or ∞, or that a blow-up in C3+α(Ω) (note that |u(s)|0

and |uy(s)|0 are indeed bounded, but the elliptic estimates depend on δ) occurs

concurrently with the loss of ellipticity. This establishes Theorem 3.2.(ii)

The monotonicity and symmetry properties of Theorem 3.2.(a) are prove

in Theorem 2.16. Finally, the bound on λ(s) of Theorem 3.2.(c) is proved in

Lemma 2.23.
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Chapter 3

Anti-plane shear equilibria in
the large

3.1 Introduction

We consider a class of quasilinear elliptic partial differential equations with a

non-linear boundary condition arising in elastostatics. Specifically, they relate

to anti-plane shear deformations, which have received a great deal of attention

in the literature [13, 17, 19, 22, 23, 31, 35]. The governing equations for nonlin-

ear elastostatics in the most general setting constitute a system of quasilinear

elliptic PDEs. Complications stemming from compressibility constraints, ellip-

ticity, and mixed boundary conditions pose serious obstacles to a satisfactory

existence and regularity theory. Global bifurcation theory combined with a

detailed qualitative analysis and sufficient a priori estimates allows us to in-

vestigate the complex interplay between these mechanisms. For deformations

of anti-plane shear type, they can be reduced to a single scalar equation pro-

vided the elastic material satisfies certain physical conditions, see [23, 35] or
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Section 1.3. The resulting problem becomes more tractable and provides value

insights for the general case. However, there is a relative scarcity of results in

this direction. There are a number of works in which deformations localized

to a reference state or solving a reduced ODE model are obtained, but these

are unable to account for the phenomena previously mentioned. On the other

hand, global families of equilibria for the full system have been obtained in a

series of important papers [12,14,15]. The terminal behavior of these curves are

described by several outcomes including, for example, blow-up in an appropri-

ate Hölder space or the failure of ellipticity. The inherent difficulties presented

by systems of non-linear elliptic PDEs leaves the exact outcome uncertain in

general. A primary motivation for this paper is to concretely demonstrate

blow-up and loss of ellipticity for families of anti-plane shear equilibria.

Our investigation is significantly complicated by the inclusion of degener-

ate ellipticity and nonlinear boundary conditions. These features are essential

to models incorporating material failure and deformation dependent bound-

ary conditions. In this paper, we establish global families of anti-plane shear

equilibria on a semi-infinite strip for a large class of materials and traction

forces. The corresponding solutions exhibit arbitrarily large strains or kink-

type singularities. The observed outcome depends upon the ellipticity of the

underlying equations and the structure of the nonlinear boundary condition.

A key component of our analysis is a new, more general, gradient maximum
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principle for a class of degenerate quasi-linear elliptic PDEs. This result is

vital to our proof that a loss of regularity must accompany a loss of ellipticity.

The breakdown of ellipticity has been linked to failure mechanics in a series

of well-known papers exploring crack propagation [21, 23]. Notably, Knowles

points out the similarities between the equations of anti-plane shear and those

of a steady, irrotational, ideal gas; in the latter case, one recognizes the loss of

ellipticity as marking a switch from subsonic to supersonic flow.

3.1.1 The problem

We are now ready to state the problem considered in this chapter. The assump-

tions of Section 1.3 are adopted with B = Ω×R and Ω = (0,∞)×(−h/2, h/2).

Suppose that the material in question is in a state of anti-plane shear with

displacement perpendicular to Ω. The lateral sides (denoted by T and B) are

assumed to be traction free while the near-end (denoted by L) is subjected to

a displacement dependent traction force f = f(λ, z). The governing equations

for static equilibrium are
∇ · (W ′(|∇u|2)∇u) = 0 in Ω

uy = 0 on T ∪B.

W ′(|∇u|2)ux = −f(λ, u) on L.

(3.1)

The nonlinear boundary condition in (3.1) expresses a relation between the

traction force applied to the left boundary, the displacement, and a quantity λ

that serves as both a loading and bifurcation parameter. This is an example of

what is referred to as a “live boundary” condition in the literature [12,27,32].
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These can used to account for complex interactions between an elastic material

and its environment which depend on displacement. Several authors have

studied a reduced model of elastic contact whose boundary conditions are

analogous to ours [20,31].

3.1.2 Additional assumptions

The structure of W plays a crucial in our analysis of (3.1). It is assumed that

W may be expanded near q = 0 as

W(q) = q + c1q
2 + c2q

3 + · · · . (3.2)

Note thatW(0) = 0 andW ′(0) = 1. GivenW , we introduce the two important

functions

E(q) := W ′(q) + 2qW ′′(q), τ(k) := 2W ′(k2)k. (3.3)

The quantity E is useful when describing our structural assumptions and τ

is known as the shear response. The following (strict) ellipticity condition is

assumed in parts of this paper:

E(q) > ξ > 0, q ≥ 0, (3.4)

while at others we impose the following degenerate-ellipticity conditions:

E(q) > 0 for q ∈ [0, qcr), (3.5a)

E(q) → 0 as q → q−cr, (3.5b)
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E ′(qcr) = 3W ′′(qcr) + 2qcrW ′′′(qcr) < 0, (3.5c)

where 0 < qcr < ∞. Note that (3.4) guarantees (3.1) is elliptic for all values of

q. This is equivalent to the strict convexity of W(k2). Such an assumption is

commonly adopted when studying quasilinear PDE. On the other hand, (3.5a)

and (3.5b) make (3.1) degenerate elliptic.

Let us fix some key assumptions on f . For the remainder of the paper we

suppose that f is odd in z and that

fz(λ
∗, 0) =

π

h
, fλz(λ

∗, 0) ̸= 0, 8c1

(
π

h

)3

− ∂3
zf(λ

∗, 0) ̸= 0, (3.6)

where λ∗ > 0. The non-vanishing of fλz is related to a so-called transversality

condition required in our construction of local bifurcation curves. The oddness

of f is a key component in our proof of the monotonicity properties of u. It

will be assumed for some of the global theory that f satisfies the following

growth conditions:

fz(0, 0) = 0, (3.7a)

fλz(λ, 0) > 0 for λ ∈ R, (3.7b)

f(λ, z) ≥ ρ(λ)z − bz3 for z > 0, (3.7c)

f(λ, z) =0 implies fz(λ, z) ̸= 0 for λ > 0, (3.7d)

where ρ(0) = 0, ρ′(λ) > 0 for λ ∈ (0,∞), and ρ(λ) → ∞ as λ → ∞. For the
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degenerate case, we impose the further restrictions that

W ′(q) ≤ 1, (3.8a)

f(λ, z) = λz +Bz3, (3.8b)(
2π

3h

)3

< 2Bm2qcr, (3.8c)

where B > 0 and m = min
q∈[0,qcr]

W ′(q). This condition is used to show that when

the gradient achieves the critical value, it must have nontrivial tangential

component. This is a key hypothesis for our proof that a loss of regularity

accompanies the breakdown of ellipticity.

3.1.3 Main results

Our efforts are focused primarily on the construction and investigation of so-

lutions to (3.1). The following general theorem pertains to a wide class of

strain-energy functions and traction forces. It will serve as the starting point

for a more detailed global theory.

Theorem 3.1. Suppose that W satisfies one of (3.4) or (3.5). In addition,

let f be of the form (3.6). Then there is a curve C = C+ ∪ C− of solutions to

(3.1) with C+ admitting the C0 parameterization

C+ = {(λ(s), u(s)) : 0 ≤ s < ∞} ⊂ R× C3,α
b (Ω)

and (λ(0), u(0)) = (λ∗, 0). Moreover, C+ satisfies the following:
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(a) (Symmetry and monotonicity) Each (λ(s), u(s)) ∈ C+ is monotone in

the sense that

∂xu(s) < 0 for (x, y) ∈ [0,∞)× (0, h/2]

∂yu(s) > 0 for (x, y) ∈ [0,∞)× (−h/2, h/2).

Furthermore, u(s) is odd y and C− = {(λ(s),−u(s)) | (λ(s), u(s)) ∈ C+}.

(b) (Analyticity) The curve C is locally real analytic.

(c) (Alternatives) At least one of the following alternatives hold:

(i) (Blow-up) C+ is not bounded in R× C3,α(Ω) in that

lim sup
s→∞

(
|λ(s)|+ |u(s)|C3,α(Ω)

)
→ ∞. (3.9)

(ii) (Loss of ellipticity) Following C+ to its extreme, the system loses

ellipticity in that

lim inf
s→∞

inf
Ω

E(q)
∣∣
q=|∇u(s)|2 = 0 (3.10)

The price of generality in our assumptions on W and f is paid for in the

ambiguity of Theorem 3.1.(c). The following theorem demonstrates how this
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result can be sharpened by assuming uniform ellipticity and suitable growth

conditions on the traction force f .

Theorem 3.2. Let W and f satisfy (3.4) and (3.6), respectively. Suppose

also that f satisfies (3.7). Then, the curve C+ constructed in Theorem 3.1

exhibits the following behavior:

lim sup
s→∞

|∇u(s)|C0(Ω) → ∞. (3.11)

Our proof of gradient blow-up in Theorem 3.2 relies crucially on (3.4). We

prove an analogous result under the weaker condition (3.5).

Theorem 3.3. Suppose that W and f satisfy (3.5), (3.6), and (3.7). Then,

the curve C+ constructed in Theorem 3.1 must also satisfy the following:

(a) (Loss of ellipticity) Alternative (c).(ii) of Theorem 3.1 occurs, and

(b) (Bounds on λ) There exists λ+ = λ+(W , b, h) for which

0 ≤ λ(s) ≤ λ+,

(c) (Blow-up) If (3.8) is satisfied as well, then

lim sup
s→∞

|D2u(s)|0 → ∞ (3.12)

The proof of Theorem 3.3.(c) is accomplished using a novel gradient maxi-

mum principle for degenerate elliptic PDEs that is of independent interest.
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3.1.4 Notation

Our analysis will take place primarily within Hölder spaces. For k ∈ N, let

Vk := {v ∈ Ck(Ω) | ∂n
y v(·,±h/2) = 0, n ∈ N, β odd, and n ≤ k}.

Note that the homogeneous Neumann boundary conditions on T and B are

incorporated into the definition of Vk. The vanishing higher order derivatives

are needed in several parts of the paper to ensure the existence of sufficiently

regular periodic extensions. The spaces relevant to our functional analytic

framework are

X := C3,α
b,o,0(Ω) ∩ V3

Y := Y1 × Y2 = C0,α
b,o,0(Ω) ∩ V1 × C1,α

o (L) ∩ {v ∈ C1(L) | vy(0,±h/2) = 0}.

Here, the subscript o denotes oddness about the line y = 0, and the subscript

0 is used to indicate uniform decay to 0 as x → ∞ in C3(Ω) (for X) and in

C1(Ω) (for Y ).

Let us now define the nonlinear operator F by

F := (F1,F2) : R×X → Y, (3.13)

where F1 and F2 are given by

F1(λ, u) = ∇· (W ′(|∇u|2)∇u) and F2(λ, u) = W ′(|∇u|2)∂xu+f(λ, u).

(3.14)
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Equation (3.1) may now be recast as the abstract operator equation

F(λ, u) = 0. (3.15)

Given W satisfying (3.4) or (3.5), the following functional acting on u ∈ X

gives a quantitative measure of ellipticity for (3.1) at u :

E∗(u) := inf
Ω

E(|∇u|2). (3.16)

For δ > 0, let

Oδ := (−1/δ, 1/δ)× {u ∈ X : E∗(u) > δ}, and O =
⋃
δ>0

Oδ.

Lastly, we introduce some geometric notation. For l > 0, we define the

following truncated subdomains of Ω:

Ωl := Ω ∩ {(x, y) : 0 < x < l}

Ωl+1
l := Ωl+1 \ Ωl for l > 0.

We also adopt the nonstandard notation

R2
+ := {(x, y) ∈ R2 : x > 0}.

3.2 Local bifurcation

Observe that the anti-plane shear system (3.1) admits the trivial solutions

(λ, 0) for any λ. The main result of this section is that there exists an excep-
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tional parameter value λ∗ at which a curve of solutions bifurcates from the the

trivial family.

We begin by studying the linearized problem at (λ∗, 0) :
∆v = 0 in Ω

vy = 0 on T,B.

vx = −fz(λ
∗, 0)v on L.

(3.17)

It was assumed in (3.6) that fz(λ
∗, 0) = π

h
. It is easy to check that

Φ0(x, y) := e−λ0x sin(λ0y) (3.18)

belongs to X and solves (3.17). This suggests that equilibria near (λ∗, 0)

should look like scaled pertubations of Φ0, which is indeed the case. Let

Φk := e−λkx sin(λky) and λk :=
(2k + 1)π

h
(3.19)

and note that Φk solves an analogous problem when fz(λ
∗, 0) = λk.

Theorem 3.4 (Local bifurcation). Suppose that f satisfies (3.6). Then there

exists an ϵ0 > 0 and a local C0 curve parametrized as

Cloc := {(λ(s), u(s)) : |s| < ϵ0} ⊂ R×X,

where λ(0) = λ∗ and each (λ(s), u(s)) solves (3.1). Each u(s) = us(x, y) obeys

the asymptotic

us(x, y) = Ψ(s, sΦ0) = sΦ0(x, y) + o(s) in C3,α
b (Ω), (3.20)

where Ψ : R×X → Y is analytic. Moreover, there exists an open set V , with

(λ∗, 0) ∈ V ⊂ R×X, such that any solution (λ, v) ∈ V necessarily lies in Cloc.
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Remark 3.5. Theorem 3.4 is proved using a version of the Crandall–Rabinowitz

theorem suited for analytic operators. Analogous results remain valid under

less stringent regularity assumptions.

Our goal is to show that the linearization of (3.13) at (λ∗, 0), which is given

by

Fu(λ
∗, 0) = (∆, ∂x + λ0), (3.21)

satisfies the hypothesis of the Crandall–Rabinowitz theorem Theorem B.1.

The most demanding part of this strategy is verifying Fu(λ
∗, 0) : X → Y is

a Fredholm operator of index 0. As an intermediate step, let us consider the

family of operators defined by

Lt := (∆− γt, ∂x + λ0 − γt), (3.22)

where t ∈ [0, 1] and γ > 0 is a constant yet to be specified. Each Lt will be

shown to be semi-Fredholm with index < ∞ (this amounts to showing Lt has a

closed range and finite dimensional kernel). Homotopy invariance may then be

used to deduce information about L0 = Fu(λ
∗, 0) from the invertibility of L1.

The unboundedness of Ω and lack of smoothness in ∂Ω at the corner points

causes some technical difficulties in the following analysis.

Lemma 3.6. The operator Lt : X → Y is semi-Fredholm with index < ∞ for

all t ∈ [0, 1].
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Proof. It is well-known that Lt is semi-Fredholm with index < ∞ if the oper-

ator is locally proper. In our setting, Lt will be locally proper if any bounded

sequence of the form {uj} ⊂ X, such that Ltuj =: (vj, wj) → (v, w) ∈ Y , ad-

mits a subsequence converging in X. Schauder estimates may be used directly

when dealing with smooth bounded domains, but modifications are needed for

our problem.

The Arzelà–Ascoli theorem ensures the existence of a subsequence {uk}

converging in C3
loc(Ω) to some u for which Ltu = (v, w). Moreover, u is odd

about the line y = 0, and uy = 0 on T and B. We must show the convergence

takes place in C3,α(Ω). For each k, we may differentiate in the interior equation

in x to see ∂xuk solves the Dirichlet problem

(∆− γt)∂xuk = ∂xvk in Ω and ∂xuk = wk − (λ0 − γt)uk on L.

Note that uk can be extended to a 2h-periodic function belonging to C3,α(R2
+)

via even reflection about the lines T and B (recall that elements of the space

X have vanishing first and third y derivatives on T and B). Likewise, vk and

wk admit extensions in C1,α(R2
+) and C2,α(R), respectively. This allows us to

ignore any complications caused by the irregular boundary points (0,±h/2).

Hence, Schauder estimates [11, Theorem 6.6] can be invoked to obtain

|∂xuk|2,α ≤ C(|∂xuk|0 + |wk − (λ0 − γt)uk|2,α;L + |∂xvk|0,α), (3.23)

where the constant C is independent of k. Differentiating the interior equation
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and left boundary condition in y yields a linear elliptic PDE with a uniformly

oblique boundary condition satisfied by ∂yuk. Mimicking the argument above,

using instead now [11, Theorem 6.29], produces an inequality analogous to

(3.23) that is valid for ∂yuk. Finally, applying [11, Theorem 6.6, Theorem

6.29] to the undifferentiated equation for uk, and combining the result with

those above, reveals that

|uk|3,α ≤ C(|uk|0 + |vk|1,α + |wk|2,α;L). (3.24)

Hence, uk → u in C3,α
b (Ω) provided uk → u in C0

b(Ω).

We are left only to show that uk converges pointwise uniformly to u. Sup-

pose that this is not the case. Define the sequence ρj by ρj := uj − u. Then,

there must exist {(xj, yj)} ⊂ Ω with xj → ∞ and yj → y0 ∈ [−h/2, h/2] for

which some subsequence {ρj} satisfies

|ρj(xj, yj)| > c > 0. (3.25)

Let us define θn(x, y) := ρn(x + xn, y), which is well-defined on the shifted

domain (−xn,∞)× (−h/2, h/2). After extracting a subsequence, we find that

there exists a twice continuously differentiable function θ for which θn → θ in

C2
loc((−∞,∞)× [−h/2, h/2]), and{

∆θ − γtθ = 0 in (−∞,∞)× (−h/2, h/2)

θy(x,±h/2) = 0 for x ∈ R.
(3.26)

Note that θ is bounded as |x| → ∞, since |uj|2,α is uniformly bounded. The
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maximum principle and Hopf lemma imply that |θ| cannot achieve its maxi-

mum value at any point belonging to either the interior or the lateral bound-

aries of R×{±h/2}. Hence, θ is maximized as |x| → ∞. For any x1 < x2, we

may integrate by parts using (3.26) to obtain

0 < γt

∫ h/2

−h/2

∫ x2

x1

θ2 dx dy +

∫ h/2

−h/2

∫ x2

x1

|∇θ|2 dx dy =

∫ h/2

−h/2

θxθ
∣∣x=x2

x=x1
dx dy < ∞.

(3.27)

Moreover, θ is odd about y = 0, so Wirtinger’s inequality and the boundedness

of (3.27) imply

lim
x→∞

∫ h/2

−h/2

∫ x+1

x

θ2+ |∇θ|2 dx dy ≤
(
1 +

h2

π2

)
lim
x→∞

∫ h/2

−h/2

∫ x+1

x

|∇θ|2 dx dy = 0.

(3.28)

Finally, (3.28) and Morrey’s inequality imply the existence of a constant C for

which

lim sup
x→∞

|θ(x, ·)|20 ≤ C

(
1 +

h2

π2

)
|∇θ|20

∫ h/2

−h/2

∫ x+1

x

|∇θ|2 dx dy = 0.

One can argue by similar means to find that θ vanishes as x → −∞. Hence,

θ = 0. However, this is a contradiction, because equation (3.25) implies that

|θ(0, y0)| > 0.

The next lemma shows invertibility for t = 1 and sufficiently large γ.

Lemma 3.7 (L1 is invertible). Let γ > λ0 in (3.22). Then, the operator

L1 : X → Y is invertible.
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We defer the proof of Lemma 3.7 to Section 3.6. The Fredholm index of

F(λ∗, 0) is now deduced from our analysis of the operators Lt.

Lemma 3.8. Fu(λ
∗, 0) : X → Y is Fredholm with index 0.

Proof. Recall that Fu(λ
∗, 0) = L0. We have shown that L1 : X → Y is

invertible, hence it has Fredholm index 0. Moreover, in Lemma 3.6 it was

shown that Lt if semi-Fredholm with index < ∞, for t ∈ [0, 1]. Thus, L0 must

have Fredholm index 0 by the continuity of the index.

It is now shown that Φ0, which was defined in (3.18), generates the kernel

of Fu(λ
∗, 0) and that the so-called transversality condition holds.

Lemma 3.9. The kernel of Fu(λ
∗, 0) : X → Y is 1-dimensional and generated

by {Φ0}. Moreover, the condition

Fλu(λ
∗, 0)Φ0 /∈ ran(Fu(λ0, 0)).

Proof. For any w ∈ X we have the half-range Fourier expansion

w(x, y) =
∞∑
k=0

φk(x) sin(λky), where φk(x) =
2

h

∫
L

w(x, y) sin(λky) dy.

If w ∈ ker(Fu(λ
∗, 0)), then each φk must satisfy the ODE{

φ′′
k(x)− λ2

kφk(x) = 0 in [0,∞)

φ′
k(x) + λkφk(x) = 0 for x = 0,

supplemented with the condition that φk decays to 0 as x → ∞. Thus, we

obtain a solution only when k = 0, and it must be e−λ0x.
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Finally, we must verify that

Fλu(λ
∗, 0)Φ0 = (fλz(λ

∗, 0)Φ0, 0) /∈ ran(Fu(λ
∗, 0)).

Let u ∈ X. Then, multiplying ∆u by Φ0 and integrating by parts twice shows

∫
Ω

(∆u)Φ0 dx dy = −
∫
L

Φ0(∂xu+ λu) dy. (3.29)

Hence, if there exists some u ∈ X for which F(λ∗, 0)u = Fλu(λ
∗, 0)Φ0, then

0 =

∫
L

fλz(λ
∗, 0)Φ2

0 dy. (3.30)

Thus, the transversality condition holds whenever fλz(λ
∗, 0) ̸= 0, and this

condition is assumed by (3.6).

We now have all of the ingredients required for the proof of Theorem 3.4.

Proof of Theorem 3.4. This theorem follows from an application of the Crandall–

Rabinowitz theorem (for analytic operators) as found in [3] (see Theorem B.1

for a precise statement). The key hypothesis are verified in Lemma 3.8 and

Lemma 3.9.

Finally, we establish the invertibility of Fu along Cloc. The argument will

also reveal qualitative information about the bifurcation diagram.

Lemma 3.10. The operator Fu(λ, u) : X → Y is invertible for (λ, u) ∈

Cloc \ {(λ∗, 0)}.
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Proof. Let (λ, u) ∈ Cloc \ {(λ∗, 0)}. Consider the family of operators

Ft := Fu(λ
∗, 0)− t(Fu(λ

∗, 0)−Fu(λ, u)).

Note that Ft is locally proper for t ∈ [0, 1] by an argument similar to the one

given in Lemma 3.6. Thus, the Fredholm index is constant in t along {Ft}t∈[0,1].

If we can now show that Fu(λ, u) is injective, then Fu(λ, u) will necessarily be

invertible. Moreover, the kernel of Fu(λ, u) will be trivial provided λ̇(s) ̸= 0

by Proposition 8.3.4 found in [3].

The structures of W and f show that (3.1) is invariant with respect to the

reflection (λ, u) 7→ (λ,−u). This implies λ̇(0) = 0. However, if we can show

that λ̈(0) ̸= 0, then λ̇(s) ̸= 0 must hold for s > 0 sufficiently small. Recall that

us = sΦ0 + o(s) in C3,α
b (Ω). If we take into consideration the odd reflection

symmetry of Cloc, then we are led to the more precise expansion

us = sΦ0 +O(s3) in C3,α
b (Ω). (3.31)

Multiplying (3.1) by Φ0, integrating by parts, and making use of the boundary

condition produces

∫
Ω

W ′(|∇u(s)|2)∇u(s) · ∇Φ0 dx dy =

∫
L

f(λ(s), u(s))Φ0 dy. (3.32)

On the other hand, Φ0 is harmonic and a similar calculation reveals

∫
Ω

∇u(s) · ∇Φ0 dx dy = λ0

∫
L

u(s)Φ0 dy. (3.33)
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After subtracting (3.33) from (3.32), and utilizing the expansions of f , W ,

λ(s), and us, we find

2c1s
3

∫
Ω

|∇Φ0|4 dx dy = s3
¨λ(0)

2
fλz(λ

∗, 0)

∫
L

Φ2
0 dy+

fzzz(λ
∗, 0)

6

∫
L

Φ4
0 dy+O(s4).

(3.34)

This calculation takes into account (3.2), (3.6), that Φ0 ∈ H1(Ω), and the

symmetry relations

∂n
λf(λ, 0) = ∂2n

z f(λ, 0) = 0, for n ∈ N.

The explicit form of Φ0 may now be used to calculate the integrals in (3.34),

and so by cancelling a factor of s2 and letting s → 0 one sees

λ̈(0) =
8c1λ

3
0 − fzzz(λ

∗, 0)

8fλz(λ∗, 0)
,

which is nonzero by (3.6).

3.3 A priori estimates

The curve Cloc constructed in the previous section will be extended using tools

from analytic global bifurcation theory. In this section, we obtain suitable a

priori estimates that are crucial to our analysis of the global curve.

3.3.1 Conserved quantity and L2 estimates

The strain energy density functions considered in this paper are independent

of the spatial variables. As a result, our system is invariant under positive
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translations in the x-variable. Naturally, one expects to find an associated

conserved quantity. As proved in [6],∫ h
2

−h
2

(
W(|∇u|2)− 2W ′(|∇u|2)u2

x

) ∣∣
x=x0

dy = 0 for x0 ≥ 0, (3.35)

which may be checked by differentiating (3.35) in x, integrating by parts, and

making use of the condition |∇u|2 → 0 as x → ∞. An immediate consequence

of (3.35) is that∫ h
2

−h
2

(
2W ′(|∇u|2)|∇u|2 −W(|∇u|2)

)
|x=x0 dy =

∫ h
2

−h
2

2W ′(|∇u|2)uy2|x=x0 dy,

(3.36)

for x0 > 0. We note that the integrand on the left hand side of (3.36) is related

to the Legendre transform of W in a quadratic variable. Recalling (3.3), one

sees that W(k2) transforms as

W∗(p) = kp−W(k2), where τ(k) = p. (3.37)

Equation (3.37) is well-defined for k ∈ [0,∞) under condition (3.4) and for

k ∈ [0,
√
qcr) when instead (3.5) holds. Replacing p in (3.37) allows us to write

W∗(τ(k)) = 2W ′(k2)k2 −W(k2)

for appropriate values of k. It follows that∫ h
2

−h
2

(
W∗(τ(|∇u|))− 2W ′(|∇u|2)u2

y

)
|x=x0 dy = 0, x0 ≥ 0. (3.38)

Hence, (3.38) provides a conserved quantity relating W ′(|∇u|2)u2
y and W∗,

whereas (3.35) gives one relating instead W ′(|∇u|2)u2
x and W . Combining
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(3.35), the nonlinear boundary condition of (3.1), and Hölder’s Inequality

yields

∫ h/2

−h/2

W(|∇u|2)
∣∣
x=0

dy = −2

∫ h/2

−h/2

f(λ, u)ux

∣∣
x=0

dy ≤ 2∥f(λ, u(0, ·))∥2∥ux(0, ·)∥2.

(3.39)

The relation in (3.35) be used to establish upper bounds on both ∥u(0, ·)∥2 and

|u(0, ·)|0,1/2. We must prove a simple structural lemma concerning W before

showing this.

Lemma 3.11. Suppose that W satisfies (3.4) or (3.5). Then, there is a con-

stant m > 0 for which

W ′(q) > m whenever q ∈ [0, q∗),

where q∗ is taken to be ∞ when (3.4) holds and qcr for (3.5).

Proof. Recall that (3.4) states

W ′(q) + 2qW ′′(q) ≥ ξ. (3.40)

This inequality can be integrated once in q to obtain

2W ′(q) ≥ ξ + q−1W(q), (3.41)

and then a second time to show

W(q) ≥ ξq

2
+

1

2

∫ q

0

W(q)

q
dq. (3.42)
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The first claim follows from (3.41) by noticing (3.42) implies W > 0 (recall

that W ′(0) = 1 by (3.2)). In particular, one can take m = ξ/2. The second

claim follows by taking ξ = 0 in the work above because each of the analogous

inequalities are then valid for q ∈ [0, qcr]. Moreover, we can use (3.41) and

(3.42) to give m explicitly by

m = inf
q∈(0,qcr)

W(q)

2q
> 0. (3.43)

Note that m obtained in Lemma 3.11 depends only on the structure of W .

Lemma 3.12. Suppose that (λ, u) ∈ F−1(0) ∩ Oδ. Let W satisfy either (3.4)

or (3.5). If |f(λ, z)| ≤ K, then

|u|C0,1/2(L) ≤
K

m
(2
√
h+ h),

where m > 0 is the constant from Lemma 3.11.

Proof. It follows from Lemma 3.11 thatm|∇u|2 ≤ W ′(|∇u|2). The inequalities

of (3.39) now imply

m∥∇u(0, ·)∥22 ≤
∫ h/2

−h/2

W(|∇u|2)
∣∣
x=0

dy ≤ 2K
√
h∥ux(0, ·)∥2.

Hence, ∥∇u(0, ·)∥2 ≤ 2K
√
hm−1, and an application of Morrey’s inequality in

one dimension yields

|u(0, ·)|C0,1/2(L) ≤ (1 +
√
h/2)∥uy(0, ·)∥2.

We conclude that

|u|C0,1/2(L) ≤
K

m
(2
√
h+ h).

80



3.3.2 Uniform regularity

This sub-section provides several quantitative estimates related to F and Fu.

Most of the estimates will depend upon the ellipticity assumptions imposed

on W . A quick calculation will show the components of Fu(λ, u) are given by

F1,u(λ, u)Θ = ∇ · ((W ′(|∇u|2)I + (∇u⊗∇u)W ′′(|∇u|2))∇Θ)

F2,u(λ, u)Θ = (W ′(|∇u|2) + 2u2
xW ′′(|∇u|2))∂xΘ+ 2uxuyW ′′(|∇u|2)∂yΘ− fz(λ, u)Θ

(3.44)

Suppose that (λ, u) ∈ Oδ, for some δ > 0. Then (3.44) constitutes a uniformly

elliptic differential operator in Ω with a uniformly oblique boundary operator

on L.

Lemma 3.13. Suppose that |λ| + |∇u|2 ≤ K and (λ, u) ∈ F−1(0) ∩ Oδ, for

some δ > 0. Then there exists a constant C = C(K, δ, h, f,W) for which

|u|3,α ≤ C.

Proof. We let C denote a constant C = C(K, δ, h, f,W) throughout the course

of this argument. Note that |∇u|2 ≤ K implies that |u|0 ≤ h
√
K

2
, since u is

odd and vanishes along y = 0. We claim that [25, Theorem 3] may be applied

in our setting to show

|u|C2,α′ (Ω) ≤ C (3.45)

for some α′ ∈ (0, α]. The arguments of the quoted theorem are carried out

locally near a C2,α boundary. If we first extend u periodically about T and

B, as done in Lemma 3.6, then the non-smoothness of ∂Ω at (0,±h/2) can
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be ignored. The remaining hypothesis of [25, Theorem 3] are satisfied because

(λ, u) ∈ Oδ, and it follows that there is some α′ ∈ (0, α) and C > 0 for which

|D2u|C0,α′ (Ω\Ω2)
≤ C. (3.46)

The bounds on |u| and (3.46) can be interpolated to yield (3.45).

Next, we differentiate (3.1) in the y-variable, including the left boundary

condition, and find that uy solves the equations given by Fu(λ, u). Recall that

Fu(λ, u) is given explicitly by (3.44), so uy solves a uniformly elliptic PDE

in Ω with a uniformly oblique boundary condition on L. Moreover, we could

have first extended u periodically, and then differentiated in y, so without loss

of generality we may assume that uy ∈ C2,α(R2
+) and solves the PDE obtained

by extending the coefficients of Fu(λ, u) periodically in the y-direction. The

inequality (3.45) bounds the coefficients of F1,u(λ, u) in C0,α′
(Ω) and those of

F2,u in C1,α′
(L). Linear Schauder theory, for example Theorems 6.4 and 6.29

of [11], may be applied to show

|uy|2,α′ ≤ C.

If instead the interior equation of (3.1) is differentiated in the x-variable, then

upon solving for uxxx (which is possible since the coefficient of uxxx is bounded

below by δ) it becomes apparent that |uxxx|0,α′ ≤ C. Hence, |u|3,α′ ≤ C. In

particular, |u|2,α ≤ C, and the argument above can be repeated to provide the

desired inequality |u|3,α ≤ C.

82



The estimate provided by Lemma 3.13 requires ellipticity, obliqueness, gra-

dient control, and bounds on the parameter λ. The first two of these conditions

are dependent on the structure of W (and also on the size of the gradient in

the degenerate case). Estimates on λ are obtained when f satisfies some mild

growth conditions.

Lemma 3.14 (Bound on λ). Let (λ, u) ∈ F−1(0) ∩ Oδ, for some δ > 0, and

suppose ∂xu < 0 on Ω∩{(x, y) ∈ R2 : y > 0} and ∂yu > 0 on Ω. If f satisfies

(3.7) and ρ(λ) > 0, then

ρ(λ) ≤ b|u|20 + λ0|W ′(|∇u|2)|0.

If f satisfies (3.8) and λ > 0, then we obtain the refined estimate

λ ≤ λ0 − 2B|u|20.

Proof. Recall that the harmonic function Φ0, which is defined in (3.18), solves

(3.17). Multiplying (3.1) by Φ0 and integrating by parts yields

0 <

∫ h
2

−h
2

f(λ, u)Φ0 dy =

∫
Ω

W ′(|∇u|2)∇u · ∇Φ0 dx dy,

whereas multiplying (3.17) by u and integrating gives

0 < λ0

∫ h
2

−h
2

uΦ0 dy =

∫
Ω

∇u · ∇Φ0 dx dy.

Combining these equations with (3.7) and the sign conditions imposed on ux

and uy shows

0 < ρ(λ)

∫
L

uΦ0 dy − b

∫ h/2

−h/2

u3Φ0 dy ≤ λ0|W ′(|∇u|2)|0
∫ h/2

−h/2

uΦ0 dy. (3.47)
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The first claimed inequality follows from (3.47) after observing

ρ(λ)

∫
L

uΦ0 dy ≤ b|u|20
∫ h/2

−h/2

uΦ0 dy + λ0|W ′(|∇u|2)|0
∫ h/2

−h/2

uΦ0 dy

and then dividing by the remaining (non-zero) integral. If f satisfies (3.8),

then (3.47) implies

λ

∫
L

uΦ0 dy +B

∫ h/2

−h/2

u3Φ0 dy ≤ λ0

∫ h/2

−h/2

uΦ0 dy (3.48)

An application of Hölder’s inequality shows that(∫ h/2

−h/2

uΦ0 dy

)3

≤ 4h2

π2

∫ h/2

−h/2

u3Φ0 dy (3.49)

which can be combined with (3.48) to show

λ+
Bπ2

4h2

(∫ h/2

−h/2

uΦ0 dy

)2

≤ λ0. (3.50)

Notice that |u|0 = u(0, h/2) (the maximum principle implies u is maximized

on L, and uy ≥ 0). A simple integration by parts shows that∫ h/2

−h/2

uΦ0 dy >

∫ h/2

−h/2

u sin

(
λ0

2
y

)
dy =

2

λ0

∫ h/2

−h/2

uy cos

(
λ0

2
y

)
dy >

2
√
2

λ0

|u|0

Applying this estimate to (3.50) gives the second claimed inequality.

This result also supplies an estimate on |f(λ(s), u(s))| when (3.8) holds

(assuming that λ(s) ≥ 0). It is immediate that |u|0 ≤
√

λ(s)−λ0

2B
. Notice that

fz(λ, z) > 0, so after plugging in the upper bound for |u|0 into explicit form

of f we find

|f(λ(s), u(s))| ≤
√

λ0 − λ(s)

2B

(
λ0 + λ(s)

2

)
.
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Optimizing this inequality for λ(s) ∈ [0, λ0] yields

|f(λ(s), u(s))| ≤ 1√
2B

(
2π

3h

)3/2

< m
√
qcr, (3.51)

where we have used the definition of λ0 and (3.8).

3.3.3 Compactness

The unboundedness of Ω suggests that bounded subsets of F−1(0) may fail to

be locally pre-compact. Indeed, it was shown in [16] that broadening occurs

for a large class of materials and body forces subjected to anti-plane shear

in an infinite strip. We derive energy-type estimates in the spirit of [18] and

use them to establish exponential decay. This approach, when combined with

Schauder estimates, establishes compactness results needed elsewhere. We

provide a proof applicable to our setting for convenience. For u ∈ C2(Ω) we

define the following energy functional:

E(u;x0) :=

∫ ∞

x0

∫ h/2

−h/2

W ′(|∇u|2)|∇u|2 dy dx =

∫
Ωx0

W ′(|∇u|2)|∇u|2 dx dy,

(3.52)

We will frequently omit the dependence on u in (3.52) and write E(x).

Theorem 3.15. Suppose that (λ, u) ∈ F−1(0) ∩ Oδ for some δ > 0. Then,

|u|0 ≤ M implies the following exponential decay estimate:

E(u;x) ≤ E(u; 0)e−kx, for x > 0, (3.53)
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where k > 0. Moreover, k depends only on M,W, and the constant m > 0

from Lemma 3.11.

Proof. First, let us notice that

E(z) =

∫ ∞

z

∫ h/2

−h/2

W ′(|∇u|2)|∇u|2 dy dx = −
∫ h/2

−h/2

W ′(|∇u|2)uxu
∣∣
x=z

dy,

(3.54)

which can be seen from integration by parts and (3.1). Also,

E ′(z) = −
∫ h/2

−h/2

W ′(|∇u|2)|∇u|2
∣∣
x=z

dy.

Our goal now is to find k > 0 for which kE(z) + E ′(z) ≤ 0. To this end, let

L(z) = {(x, y) ∈ Ω : x = z} and estimate (3.54) by

E(z) ≤ |u|0
l

∫
L(z)∩{|∇u|>l}

W ′(|∇u|2)|∇u|2 dy+

∫
L(z)

W ′(|∇u|2)u2
x dy

∫
L(z)∩{|∇u|<l}

W ′(|∇u|2)u2 dy


1/2

where l > 0 and Hölder’s inequality was used to obtain the last term. Now,

let M(l) = max
q∈[0,l2]

W ′(q) and continue the estimate above by

E(z) ≤

(
|u|0
l

+
h
√

M(l)

π
√
m

) ∫
L(z)

W ′(|∇u|2)|∇u|2 dy,

where the Wirtinger inequality was used to estimate ∥u(z, ·)∥2. Let k(l) be

defined by

k(l) =
l
√
mπ

√
mπ|u|0 + lh

√
M(l)

, (3.55)

so that k(l)E(z) + E ′(z) ≤ 0 whenever l > 0. Integrating this inequality in z

yields

E(z) ≤ E(0)e−k(l)z, for l > 0. (3.56)
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The choice l = |u|0 gives k(l) with the desired properties.

Remark 3.16. Note the decay constant k is independent of δ.

Remark 3.17. This theorem can be generalized to hold for the higher di-

mensional setting. The decay constant would then depend on the Poincare

constant for a cross section of the cylinder.

Remark 3.18. Note that the PDE in (3.1) is simply the Laplacian if W ′(q) =

1. In this case, we see that k(l) → π
h
as l → ∞; this is known to be optimal.

Next, we will upgrade the energy estimate into pointwise bounds.

Lemma 3.19 (Exponential decay of u). Suppose that (λ, u) ∈ F−1(0) ∩ Oδ

for some δ > 0. If |∇u|20 ≤ K, then there exists C(K,h,m) for which

|u(x, ·)|0,1/2 ≤ CE(0)1/4e−kx/4,

where the constants m and k are given by Lemma 3.11 and Theorem 3.15,

respectively.

Proof. Consider the truncated energy Ẽ(u;x) := E(u;x)− E(u;x + 1) where

x ≥ 1. It follows that

m

∫ h/2

−h/2

∫ x0+1

x0

|∇u|4 dx dy ≤ K

∫ h/2

−h/2

∫ x0+1

x0

W ′(|∇u|2)|∇u|2 dx dy = Ẽ(u;x0).

Moreover, Ẽ(u;x0) ≤ E(u;x0) and we see that∫ h/2

−h/2

∫ x0+1

x0

|∇u|4 dx dy ≤ K

m
E(u; 0)e−kx0 .
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Finally, the Sobolev embedding theorem yields the desired estimate.

The following result establishes pointwise decay in the full norm of X.

Lemma 3.20. Let (λ, u) ∈ F−1(0) ∩ Oδ, for some δ > 0, and suppose that

|λ|+ |∇u|20 ≤ K. Then, there exists C = C(h, δ,K) > 0 for which

|u|C3,α(Ωx+1
x ) ≤ Ce−kx/4,

where k is taken according to Theorem 3.15 and x ≥ 2.

Proof. Throughout the proof C will be used for a constant C = C(h, δ,K) > 0,

and it may change from line to line. The result will follow by a combination of

interior Schauder estimates and the exponential decay of u. Indeed, it follows

from Lemma 3.13 that there exists some C for which |u|3,α < C. We may

assume, as justified in Lemma 3.13, that u is 2h-periodic, u ∈ C3,α
b (R2

+), and

F(λ, u) = 0 on R2
+. We have assumed that x > 2, so

Ωx+1
x ⊂ (x− 1, x+ 2)× [−h, h] =: R(x) ⊂ R2

+.

Theorem 6.2 of [11] now implies that

|u|C2,α(Ωx+1
x ) ≤ C|u|C0(R(x)). (3.57)

Recall that uy solves the uniformly elliptic PDE and left boundary condition

given by Fu(λ, u). Moreover, uy = 0 on T ∪ B. So, we may combine [11,

Theorem 6.4] and (3.57) to show

|uy|C2,α(Ωx+1
x ) ≤ C|uy|C0(Ωx+1

x ) ≤ C|u|C0(R(x)). (3.58)
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On the other hand, F1,u(λ, u)[ux] = 0. Solving for uxxx, which is possible since

(λ, u) ∈ Oδ, yields

|u|C3,α(Ωx+1
x ) ≤ C|u|C0(R(x)). (3.59)

Finally, we may appeal to (3.59) and Lemma 3.19 to conclude

|u|C3,α(Ωx+1
x ) ≤ Ce−kx/4 (3.60)

We are now prepared to prove a local pre-compactness result.

Lemma 3.21. Let {(λn, un)} ⊂ F−1(0)∩Oδ, for some δ > 0. Suppose further

that there exists K > 0 for which |∇u|2 ≤ K. Then, there exists a subsequence

of {(λn, un)} converging in R× C3,α(Ω) to (λ, u) ∈ F−1(0).

Proof. The hypothesis of Lemma 3.13 are met and it follows that |un| ≤ C,

for some constant C > 0 which is independent of n. The Arzelà–Ascoli the-

orem and a diagonalization argument imply the existence of a subsequence

of {(λn, un)} converging in C2,α
loc (Ω) to some (λ, u) ∈ F−1(0). Moreover, the

elements un can be taken to converge to u in C0
b(Ω) by Lemma 3.20. We now

show that vn := un − u solves a uniformly elliptic elliptic PDE and invoke

Schauder estimates to obtain the desired estimate. Let us temporarily adopt

a slight abuse of notation and rewrite F(λ, u), as defined in (3.14), in the form

F(z, p, r, λ) : R× R2 × S2 × R → R.

In this format, we have F(u,Du,D2u, λ) = 0. A quick calculation will show
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that 
aijn ∂ijvn + bin∂ivn = 0 in Ω

βi∂ivn + µnvn = 0 on L,

∂yvn = 0 on T ∪B,

(3.61)

where

aijn :=

∫ 1

0

F1,rij(Du(t)
n , D2u(t)

n ) dt, bin :=

∫ 1

0

F1,pi(Du(t)
n , D2u(t)

n ) dt,

βi
n :=

∫ 1

0

F2,pi(u
(t)
n , Du(t)

n , λ(t)) dt, µn :=

∫ 1

0

F2,z(u
(t)
n , Du(t)

n , λ(t)) dt,

and u
(t)
n and λ(t) are given by

u(t)
n := tun + (1− t)u λ(t)

n := tλn + (1− t)λ.

If W obeys (3.4), then the ellipticity and obliqueness of (3.61) is clear. If

instead (3.5) holds, then these properties follow from the observation |∇u
(t)
n | ≤

t|∇un|+ (1− t)|∇u| < qcr. Arguing as in Lemma 3.13 leads us to conclude

|vn|3,α ≤ C,

where C is independent of n. Classical Schauder estimates now supply the

estimate |vn|3,α ≤ C̃|vn|0, where C̃ is once more independent of n. As remarked

above, un → u in C0
b(Ω), and we obtain the desired convergence.

3.4 Global theory

In this section, we combine the local theory and a priori estimates from sections

3.2 and 3.3 with some results from abstract global bifurcation theory to extend
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the local curve Cloc to the non-peturbative regime. Alternatively, one could

opt for lesser regularity requirements on f and W , carry out the arguments

of Section 3.2 with minor modifications, and then extend Cloc using degree-

theoretic techniques. A number of qualitative properties are also shown to

hold for any element of this extended solution family; these will prove to be

important later as we characterize the limiting behavior.

3.4.1 Existence of a global curve

We are almost prepared to state a preparatory global bifurcation theorem.

First, let us prove a preliminary result concerning the Fredholm properties of

Fu.

Lemma 3.22. Let (λ, u) ∈ F−1(0) ∩ Oδ, for some δ > 0. Suppose that u is

non-trivial. Then, Fu(λ, u) : X → Y is Fredholm with index 0.

Proof. Recall that L0 = Fu(λ
∗, 0) : X → Y is Fredholm with index 0. There-

fore, it suffices to show Fu(λ, u) is semi-Fredholm with index < ∞ by the

continuity of the Fredholm index (consider the homotopy tL0+(1−t)Fu(λ, u)).

The argument follows by making appropriate modifications to the one found

in Lemma 3.6. To this end, suppose that {Θn} ∈ X is such that |Θn|3,α ≤ K

and Fu(λ, u)[Θn] =: (vn, wn) → (v, w) in Y . It follows from the Arzelà–Ascoli

theorem and a diagonalization argument that there exists Θ ∈ C3,α(Ω) such

that Θn → Θ in C3
loc(Ω) and Fu(λ, u)[Θ] = (v, w). The estimate of Lemma 3.20
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shows that

|u|
C3,α(Ω

x0+1
x0

)
≤ Ce−kx0/4 for x0 > 0,

and therefore the elements of matrix valued function W ′(|∇u|2)I + (∇u ⊗

∇u)W ′′(|∇u|2) from (3.44) converge uniformly to the identity matrix as x →

∞. The proof of the claim can now be completed as in Lemma 3.6.

The following theorem shows that Cloc can be extended into a locally real

analytic curve contained in F−1(0).

Theorem 3.23. There is a curve C ⊂ F−1(0) ∩ O parameterized as C :=

{(λ(s), u(s)) : −∞ < s < ∞} with the following properties:

(a) (No closed loop) Let C± := {(λ(±s), u(±s)) : 0 ≤ s < ∞}. Then

C+ ∩ C− = {(λ∗, 0)}.

(b) (Blow-up) As s → ∞

N(s) := |u(s)|3,α +
1

dist((λ(s), u(s)), ∂O)
+ |λ(s)| → ∞. (3.62)

(c) C+ can be reparametrized near any point (λ(s0), u(s0)) ∈ C+ \ {(λ∗, 0)}

so that s 7→ (λ(s), u(s)) is locally real analytic.

This result establishes the fundamental existence result underpinning The-

orem 3.1, Theorem 3.2, and Theorem 3.3. The proof of Theorem 3.23 will
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require some additional qualitative analysis of C and is delayed until the end

of this section. The next lemma provides a weaker result to set the global

theory in motion.

Lemma 3.24. There is a curve C ⊂ F−1(0) ∩ O parameterized as C :=

{(λ(s), u(s)) : −∞ < s < ∞} with the following properties:

(a) One of the following alternatives holds:

(i) (Blow-up) As s → ∞

N(s) := |u(s)|3,α +
1

dist((λ(s), u(s)), ∂O)
+ |λ(s)| → ∞ (3.63)

(ii) (Closed Loop) There exists 0 < T < ∞ such that (λ(T ), u(T )) =

(λ∗, 0).

(b) C+ := {(λ(s), u(s)) : s ≥ 0} can be reparametrized near any point

(λ(s0), u(s0)) ∈ C+ \ {(λ∗, 0)} so that s 7→ (λ(s), u(s)) is locally real

analytic.

Proof. We have shown that that the hypothesis of [3, Theorem 9.1.1] are met

(in their notation we take U = O and S = O∩F−1, see Appendix B for more

details). In particular, closed bounded subsets of F−1(0)∩O are shown to be

locally-precompact in Lemma 3.21, Fu(λ, u) : X → Y is a Fredholm operator

of index 0 whenever (λ, u) ∈ F−1(0) ∩ O by Lemma 3.22, and λ̇ ̸≡ 0 by the
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proof of Lemma 3.10. The conclusion of Theorem 9.1.1 supplies a curve C that

satisfies each of the claimed properties above.

3.4.2 Symmetry and monotonicity

We now show that elements of C+ exhibit certain symmetry and monotonicty

properties. The following sets will be useful for our analysis:

Ω+ := {(x, y) ∈ Ω : y > 0}

L := {(0, y) : −h/2 < y < h/2}

L+ := {(0, y) : y ∈ L, y > 0}

T := {(x, h/2) : 0 < x < ∞}

B := {(x,−h/2) : 0 < x < ∞}.

(3.64)

The nodal properties we are concerned with are as follows:

ux < 0 on Ω+

uy > 0 on Ω

uyy(0, h/2) < 0

fz(λ, 0) > 0.

(3.65)

Note that the oddness of u about the line y = 0 allows to extend the claimed

properties of ux and uyy in an obvious manner. We show first that (3.65) holds

along C+
loc. Then, we show that (3.65) is both an open and closed property in

the relative topology of C+ ∩X.

Lemma 3.25 (Nodal properties along C+
loc). If (λ, u) ∈ C+

loc, and 0 < |λ∗−λ| <

ϵ0 for some ϵ0 sufficiently small, then (λ, u) satisfies (3.65).
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Proof. It was assumed in (3.6) that fz(λ
∗, 0) = λ0 > 0. The regularity of f

implies immediately that fz(λ, 0) > 0 if ϵ0 is sufficiently small.

Recall that Fu(λ, u)[uy] = 0. Hence, uy solves a uniformly elliptic equation

no zeroth order term in Ω. It follows that uy satisfies the strong maximum

principle. Therefore, uy > 0 on L would imply uy > 0 in Ω, since uy = 0 on

T,B and uy → 0 as x → ∞. It follows from (3.20) that u is of the form

u(x, y) = ϵ sin(λ0y)e
−λ0x + o(ϵ) in C3,α(Ω),

for some 0 < ϵ < ϵ0. Let 0 < c < λ2
0. Then, for small enough ϵ0 we can

ensure that uyy(0,
h
2
) < ϵ(c− λ2

0) and uyy(0,−h
2
) > ϵ(λ2

0 − c). If 0 < d < h/2,

then (3.20) also implies uy > 0 on [−h
2
+ d, h

2
− d], and finally uy > 0 for

h
2
− d ≤ |y| ≤ h

2
by an application of Taylor’s theorem.

Let us now verify the properties associated with ux. The oddness of u

implies that u(x, 0) = 0 and consequently ux(x,
h
2
) = 0 for x ≥ 0. If we can

show that u > 0 on L+, then it will follow that ux > 0 on Ω+. To see this,

recall that uxy = 0 on T , so the Hopf lemma prevents ux from obtaining a

maximum or minimum on T . Moreover, 0 < f(λ, z) when z > 0 and |z| is

sufficiently small, since fz(λ, 0) > 0. Thus, the claim follows from (3.2) and

the boundary condition

W ′(|∇u|2)ux = −f(λ, u).

Finally, it was established that u is increasing in y and the argument is con-
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cluded by observing once more that u(0, 0) = 0.

(3.65) is now shown to hold for limits of appropriate solutions.

Lemma 3.26 (Closed property). Let {(λn, un)} ⊂ F−1(0) ∩ Oδ, for some

δ > 0. Suppose that f satisfies (3.7), (λn, un) → (λ, u) in R× C3
b(Ω). If each

un satisfies (3.65), then so does u, unless u ≡ 0.

Proof. Let us assume that u is not trivial. By continuity it follows that uy ≥ 0

in ∂Ω. Furthermore, uy satisfies the maximum principle since uy solves and

elliptic PDE with no zeroth order term. Hence, uy ≥ 0 in Ω. A similar

argument shows that ux ≤ 0 in Ω+.

It follows from continuity that fz(λ, 0) ≥ 0. Suppose for contradiction that

fz(λ, 0) = 0. Differentiating the boundary condition on L in y and evaluating

at (0, 0) reveals that uxy = 0. Evaluating (3.1) at (0, x), for x > 0, shows

that uyy(0, x) = 0 (and more importantly that uxyy(0, 0) = 0). Moreover,

ux = uxx = uxxx = 0 at (0, 0). The Serrin edge point lemma can now be applied

to ux in the region Ω \Ω+ to show that uxxy(0, 0) > 0. However, uxy(0, x) < 0

for x > 0 by the Hopf Lemma. Hence, uxxy(0, 0) ≤ 0 and we arrive at a

contradiction. Now, suppose again for contradiction that uy(0, y0) = 0 for

some (0, y0) with |y0| < h
2
(if this were not the case, then the maximum

principle would imply that uy > 0 in Ω as desired). Then uyy(0, y0) = 0.
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Differentiating the left boundary condition in y gives

(W ′(u2
x) + 2u2

xW ′′(u2
x))uxy(0, y0) = E(u2

x)uxy|(0,y0) = 0.

However, this would force uxy(0, y0) = 0 and contradict the Hopf lemma.

We have already shown that uy > 0 on Ω and that fz(λ, 0) > 0. Note that

fz(λ, 0) > 0 implies λ > 0 and consequently f(λ, z) > 0 for z ∈ (0, ϵ), for

some ϵ < 0. Moreover, u > 0 on L+ because u(0, 0) = 0. The left boundary

condition implies that ux < 0 when 0 < u(0, y) < ϵ. Suppose that ux(0, y0) = 0

for some y0 ∈ (0, h/2]. We claim that y0 = h/2. It follows from (3.7) that

fz(λ, u(0, y0)) < 0. However, differentiating the left boundary condition in

the y-variable and evaluating at y0 shows fz(λ, u(0, y0))uy(0, y0) = 0. Hence,

uy(0, y0) = 0 and the sign condition on uy forces y0 = h/2. Evaluating the

PDE of (3.1) at (0, h/2) shows uxx(0, h/2) + uyy(0, h/2) = 0. Recall that

|u|0 = u(0, h/2) and observe that U := |u|0 − u solves the uniformly elliptic

PDE in (3.1). Hence, U satisfies the hypothesis of the Serrin edge point lemma

from which we can conclude uxx+uyy > 0. This is a contradiction and we find

ux > 0 on L+.

We are left to show that uyy(0, h/2) < 0. By continuity uyy(0, h/2) ≤ 0, so

let us assume for contradiction that uyy(0, h/2) = 0. The boundary condition

on T implies immediately that uxy(0,
h
2
) = 0, and (3.1) evaluated at (0, h

2
)
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gives

(W ′(u2
x) + 2u2

xW ′′(u2
x))uxx +W ′(u2

x)uyy = 0, (3.66)

hence uxx(0, h/2) = 0. Differentiating the left boundary condition twice in y,

evaluating at (0, h/2), and making use of uy = uxy = uyy at (0, h/2) yields

(W ′(u2
x) + 2u2

xW ′′(u2
x))uxyy(0, h/2) = 0,

and in particular that uxyy(0, h/2) = 0. Now, differentiating (3.1) in y and eval-

uating all known quantities shows that uyyy(0, h/2) (note that uyxx(0, h/2) =

0). This contradicts the Serrin edge point lemma.

Lemma 3.27 (Open property). Let (λ1, u), (λ2, w) ∈ F−1(0) ∩ Oδ. If u sat-

isfies (3.65), then for some ϵ0 we have |λ1 − λ2|+ |u−w|3,α ≤ ϵ0 implies that

w satisfies (3.65).

Proof. As we saw in Lemma 3.25, the signs of wx, wy on L+, L can be used

to establish (3.65). For any 0 < d < h
2
there is some ϵ0 > 0 such that

|u − w|3,α < ϵ0 implies that wy(0, y) > 0 for |y| ≤ h
2
− d and wyy(0, h/2) < 0.

Now, it is clear from the Taylor expansion of wy in the y-variable at (0, h
2
) that

wy > 0 on L (recall that wy(0,
h
2
) = 0).

Observe that uxx(0, 0) = uxxx(0, 0) = uxyy(0, 0) = 0 and consequently

uxy(0, 0) < 0 by another application of the Serrin edge point lemma. Hence, if

0 < ϵ < |uxy(0, 0)/2| = ϵ0, then wxy(0, 0) < uxy(0, 0) + ϵ < 0. Hence, there is

some d′ > 0 for which wx(0, y) < 0 on (0, d′) whenever 0 < ϵ < ϵ0. Therefore,
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we may assume that ϵ is chosen to ensure wx < 0 on [d′/2, h/2]. Arguing as

in Lemma 3.25 we find that wx < 0 in Ω+ (note that f(λ1, u(0, y)) > 0 for

y ∈ (0, h/2] and fz(λ1, 0) > 0)

We are finally ready to prove the primary theorem of this section.

Proof of Theorem 3.23. Lemma 3.24 establishes the existence and local ana-

lyticity of C. It remains to show C does not form a closed loop. Suppose for

contradiction that this were the case. Then, there exists some 0 < T < ∞ for

which (λ(T ), u(T )) = (λ∗, 0).

Let s∗ > 0 and set C+(s∗) := {(λ(s), u(s)) : 0 < s < s∗}. It now follows

from Lemma 3.25, Lemma 3.27, and Lemma 3.26 that (3.65) must remain

valid for C+(s∗) provided u(s) ̸≡ 0 for all s ∈ (0, s∗). We see from Theorem 3.4

that F−1(0)∩V ⊂ C+
loc∪C−

loc. An easy calculation shows that (λ,−u) ∈ F−1(0)

for any (λ, u) ∈ C+. Hence, C−
loc = {(λ(s),−u(s)) : (λ(−s), u(−s)) ∈ C+

loc}

and (3.65) cannot hold along C−
loc \ {(λ∗, 0)}. Consequently, there exists some

(λ, 0) ̸= (λ∗, 0) such that (λ, 0) ∈ C+ and (λ, 0) must be a point of bifurcation.

Let s0 ∈ (0, T ) be the least value for which u(s0) ≡ 0. Then (3.65) holds along

C+(s0). The local analysis carried out in Section 3.2 can be redone at (λ(s0), 0),

and we conclude that fz(λ(s0), 0) = λ0. To see this, note that fz(λ(s0), 0) must

equal λk for some k ∈ N, otherwise ker(Fu(λ(s0), 0)) is trivial and (λ(s0), 0)

cannot be a bifurcation point. Also, the only Φk that meets the conditions of
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(3.65) is Φ0, and it follows that fz(λ(s0), 0) = λ0 so that Fu(λ(s0), 0)[Φ0] = 0.

However, this is impossible since fλz(λ, 0) > 0 and fz(λ
∗, 0) = λ0.

3.5 Proofs of the main theorems

The main theorems are now proved using results of the previous sections. Most

of the required work is already completed, but the arguments must be pieced

together.

Proof of Theorem 3.1. The existence and local real analyticity of C are shown

in Theorem 3.23. Moreover, it was shown in the proof of Theorem 3.23 that

if (λ, 0) ∈ C, then λ = λ∗. Hence, the symmetry and monotonicity proper-

ties claimed in Theorem 3.1.(a) follow from Lemma 3.25, Lemma 3.27, and

Lemma 3.26. In particular, these properties hold on C+
loc \ {(λ∗, 0)}, are both

open and closed in the relative topology, and therefore must be satisfied on all

of C+ \ {(λ∗, 0)}. Finally, the alternatives of Theorem 3.1.(c) follow directly

Theorem 3.23.(b) (note that the loss of ellipticity corresponds to elements of

C+ approaching ∂O).

Theorem 3.1 lays the foundation for both Theorem 3.2 and Theorem 3.3.

Proof of Theorem 3.2. Theorem 3.1 establishes the existence of C along with

the claimed symmetry, monotonicity, and regularity properties. It remains to

show that the blow-up of u(s) in C3,α can be refined to the claimed gradient
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blow-up in (3.11). Condition (3.4) implies that E∗(u(s)) > ξ for all s (so (3.1)

is strictly elliptic for each u(s)).

Suppose for contradiction that |∇u(s)|2 < K for all s and some K < ∞.

Then |u|20 ≤ Kh2/4 and

ρ(λ(s)) ≤ bKh2/4 + λ0 max
q∈[0,K]

W ′(q)

by Lemma 3.14, and λ(s) is seen to be bounded above (recall that ρ(λ) → ∞

as λ → ∞). It was shown in the proof of Theorem 3.1 that C+ satisfies (3.65),

so fz(λ(s), 0) > 0. Recall that fz(0, 0) = 0 and λ∗ > 0, so it follows that

λ(s) > 0. Hence, there exists δ > 0 for which (λ(s), u(s)) ∈ Oδ. Lemma 3.13

implies the existence of C > 0 such that |u(s)|3,α ≤ C. However, this would

force sup
s>0

N(s) < ∞ and therefore contradict Theorem 3.23.

The argument for blow-up in the degenerate case is much more subtle.

We show that a loss of ellipticity is inevitable in this setting. The failure

of classical elliptic estimates and maximum principles make it challenging to

deduce information about the higher regularity of u(s).

Proof of Theorem 3.3. Note that C+ ⊂ O by the construction in Theorem 3.1.

This implies that |∇u(s)|20 < qcr. The oddness of each u(s) and the mean

value theorem imply that |u(s)|C1(Ω) ≤ C, where C > 0 depends only on h

and qcr. The upper bound on λ(s) obtained in Lemma 3.14 implies λ(s) ≤ λ+

for some λ+ > 0 that is independent of E∗(u(s)). It was shown in the proof of
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Theorem 3.1 that C+ satisfies (3.65), so fz(λ(s), 0) > 0. Hence, |λ(s)| ≤ λ+.

Now, let us show that

lim inf
s→∞

E∗(u(s)) → 0+.

If this were not the case, then there would exist some δ > 0 for which C+ ⊂ Oδ

and |∇u(s)|20 ≤ qcr − δ. However, we could then argue as in the proof of

Theorem 3.2 to show sup
s>∞

N(s) < ∞ and reach a contradiction.

It remains to show |D2u(s)|0 → ∞ as s → ∞ whenever (3.8) holds. Suppose

that this were not the case and in particular that |u(s)|2 < K < ∞. Observe

first that |f(λ, u)| ≤ m
√
qcr by (3.51) (this equation is valid since λ > 0).

Moreover, there exists u ∈ C
1,2/3
b (Ω) and a sequence {sn} for which (λn, un) :=

(λ(sn), u(sn)) → (λ, u) in R × C
1,2/3
loc (Ω) and E∗(u(s)) → 0+ as sn → ∞. If

Scr = {(x, y) ∈ Ω : |∇u|2(x, y) = qcr}, then un can be taken so that un → u in

C3,α
loc (Ω\Scr); this follows from interior Schauder estimates and a diagonlization

argument applied to sets of the form SN := {(x, y) : |∇u|2 < qcr− 1
N
, x < N}.

Moreover, u solves the interior equation given by (3.1) on Ω \ Scr.

Theorem 3.15 implies E(un;x) ≤ E(un; 0)e
−kx for each n, where k is inde-

pendent of n (recall that k depends on h, |un|0, and the constant m given in

Lemma 3.11). Hence, there is some ϵ0, x
∗ > 0 such that |∇un(x, y)|2 < qcr−2ϵ0

whenever x > x∗. Thus, |∇u(x, y)|2 < qcr − ϵ0 whenever x > x∗. We

claim that |∇u|2 < qcr in Ω. Our proof is patterned after a similar result

found in [10]. Suppose that the claim is false. Then, there must exist some
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(x0, y0) ∈ (0, x∗) × [−h/2, h/2] at which |∇u(x0, y0)|2 = qcr. Recall that ∂xu

vanishes along y = 0, so y0 cannot be 0 by Theorem 3.29. Without loss of

generality we may then take y0 ∈ (0, h/2]. We claim that u2
x = qcr somewhere

along T . Suppose for contradiction that this is not the case. Let us assume

first that x0 > h/2. We note that uy(x0, h/2) = 0, and so there must be

some r > 0 for which |∇u|2 < qcr in Br(x0, h/2) ∩ Ω. The regularity of u

implies that there is a first r′, with r < r′ < h/2, which satisfies |∇u|2 < qcr

inside Br′(x0, h/2) ∩ Ω and |∇u|2(p) = qcr for some p ∈ ∂Br′(x0, h/2) ∩ Ωx0 .

Let ν(p) = (ν1, ν2) be the outer unit normal at p. Note that ν1, ν2 ≤ 0. It

follows from Theorem 3.29 and the non-characteristic degeneracy condition

(3.78) that

−2W ′′(|∇u|2)(uxν2 − uyν1)
2 = 0, (3.67)

which is possible only if ν1 or ν2 vanishes, since ux ≤ 0 and uy ≥ 0 in this region

(we need only rule out the case in which ν1 vanishes). If the x-coordinate of

p is x0, then (3.67) implies u2
y(p) = qcr (since ux(p) must vanish). However,

|∇u|2 < qcr in Br′(x0, h/2)∩Ω and (3.78) must then hold in the y direction as

well. In particular, this implies u2
y(p) < qcr, and we arrive at a contradiction.

Finally, when 0 < x0 < h/2 we may repeat the argument above with a family

of ellipses centered at (x0, h/2) and once more conclude that u2
x achieves the

critical value somewhere along T . It follows from (3.1) and (3.65) that ∂2
xun ≥

0 along T for each n. But then u2
x is non-increasing along T and consequently
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u2
x(0, h/2) = qcr. Hence, f(λ, u(0, h/2)) = m

√
qcr, and this contradicts (3.8)

(this follows since (3.8) implies (3.51)). Hence, |∇u|2 < qcr in Ω.

By the reasoning above, we may take u ∈ C3(Ω) with |u|C2(Ω) ≤ K. Con-

dition (3.8) and equation (3.51) prevent u2
x from obtaining the critical value

qcr on L, so |∇u(0, y0)|2 = qcr for some y0 ∈ (−h/2, h/2). The hypothesis of

Theorem 3.29 are met and we conclude that u does not belong to C1,2/3(Ω), a

contradiction.

3.6 Invertibility of L1

Let us begin by fixing some notation. If U ⊂ Rn, then we use W k,p(U)

to denote the Sobolev space of k-times weakly differentiable functions whose

partial derivatives of order k or less belong to Lp(U); the definition of W k,p
loc (U)

is analogous to that of W k,p(U) with Lp(U) replaced by Lp
loc(U). Also, the

spaces W k,2(U) will be labeled by Hk(U). Additionally, we introduce the

extension domain Ωl,ext := (0, l)× R.

Proof of Lemma 3.7. The injectivity of L1 : X → Y follows from the max-

imum principle and Hopf lemma. We are left to show surjectivity. A two

step approximation procedure will be used to obtain weak solutions, which

will then be used to solve L1u = (v, w) ∈ Y . First, we conjugate by e−ϵx and

obtain the equivalent problem

Lϵ
1u

ϵ = (vϵ, w), Lϵ
1 := (∆ + 2ϵ∂x + ϵ2 − γ, ∂x + ϵ− a), (3.68)
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where a = γ − λ0 and vϵ = e−ϵxv. Second, we consider this modified operator

on the truncated domain Ωl with a homogeneous Dirichlet condition imposed

at the far end. Let us introduce the spaces

H1(Ωl) := {v ∈ H1(Ωl) : u|x=l = 0 in the trace sense}

and

H2(Ωl) := L2(Ωl)×H−1/2(−h/2, h/2).

The set H1(Ωl) becomes a Hilbert space when equipped with the H1(Ωl) norm

and obvious inner product. Given (vϵ, w) ∈ H2(Ωl), we call u
ϵ a weak solution

of the equation Lϵ
1u

ϵ = (vϵ, w) if

B(uϵ, φ) :=

∫
Ωl

∇uϵ · ∇φ−2ϵuϵ
xφ+ (γ − ϵ2)uϵφdx dy + (a− ϵ)

∫
L

uϵφdy

= −
∫
Ωl

vϵφdx dy −
∫
L

wφdy

(3.69)

for all φ ∈ H1(Ωl). The bilinear form B : H1(Ωl) × H1(Ωl) → R is coercive

whenever γ > λ0, 0 < ϵ < ϵ0 < a, and ϵ0 is taken small enough. To see this,

note that

B(uϵ, uϵ) =

∫
Ωl

|∇uϵ|2 − 2ϵuϵ
xu

ϵ + (γ − ϵ2)(uϵ)2 dx dy + (a− ϵ)

∫
L

(uϵ)2 dy

≥ min{1− ϵ, γ − ϵ− ϵ2}∥uϵ∥2H1(Ωl)
.

(3.70)

Furthermore, Ωl is Lipschitz, so by the trace theorem

∥u(0, ·)∥2 ≤ C(Ω2)∥u∥H1(Ω2) ≤ C(Ω2)∥u∥H1(Ωl), (3.71)
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for all l > 2 and u ∈ H1(Ωl). Applying (3.71) and Hölder’s inequality to (3.69)

yields

B(uϵ, φ) ≤ C∥u∥H1(Ωl)∥φ∥H1(Ωl),

where C = C(Ω2, γ, ϵ0) and l > 2. Hence, B is also continuous, and the

Lax-Milgram theorem ensures the existence of a weak solution uϵ ∈ H1(Ωl) of

(3.68) given any (v, w) ∈ H2(Ωl). In particular, we obtain such a uϵ for a pair

(vϵ, w) with (v, w) ∈ Y .

The regularity of uϵ must now be considered. We claim that uϵ ∈ C3,α(Ω).

Appealing to Theorems 8.8 and 9.19 of [11] reveals uϵ ∈ C3,α(Ωl). The func-

tions vϵ and w can be extended, via even reflection as done in Lemma 3.6, to

a 2h-periodic functions (ṽϵ, w̃) ∈ C1,α(Ωl,ext) × C2,α(R). A direct calculation

shows that the analogous extension of u satisfies ũϵ ∈ W 1,2
loc (Ωl,ext) (so that

ũϵ and its first order weak derivatives are well-defined and have finite square

integrals on compact subsets of Ωl,ext) and solves the same interior equation

as uϵ (with the extension of vϵ). Using [11, Theorem 8.8] and [11, Theorem

9.19] once more shows ũϵ ∈ C3,α(Ωl,ext). It remains to estimate ũϵ near ∂Ωl,ext.

Recall that ũϵ satisfies ũϵ(l, ·) = 0 in the trace sense, so Theorem 8.36 of [11]

may be used to show ũϵ is C1,α near the line x = l. Estimates at the left

boundary are now obtained by reducing (3.68) to Poisson’s equations with a

homogeneous Neumann boundary condition. Let Θ = e(ϵ−α)xũϵ + e−xw̃(y).
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Then, Θ ∈ W 1,2
loc (Ωl,ext) and{

∆Θ = F in Ωl,ext

Θx = 0 on {(0, y) | y ∈ R},
(3.72)

where

F = e(ϵ−a)x(ṽϵ − 2aũϵ
x + (γ − 2ϵα)ũϵ) + e−x(w̃ + ∂2

yw̃)),

and (3.72) is understood in the weak sense. It can be shown that for any

0 < r < R < l and y0 ∈ R

∫
Br(0,y0)∩R2

+

|∇Θy|2 ≤ C

(
1

(R− r)2

∫
BR∩R2

+

Θ2
y +

∫
BR∩R2

+

F 2

)
,

where C is a dimensional constant. Hence, Θy, and consequently ũy, belong

to W 1,2
loc (Ωl,ext). The interior equation of Lϵ

1 may now be solved for uϵ
xx, and it

follows that ũϵ
xx ∈ W 1,2

loc (Ωl,ext) . This implies Fx ∈ W 1,2
loc (Ωl,ext) and that Θx

solves {
∆Θx = Fx in Ωl,ext

Θx = 0 on {(0, y) | y ∈ R}.

Theorem 9.12 of [11] can now be invoked to conclude

∥D2Θx∥L2(B+
R(0,y0))

≤ C∥Fx∥L2(B+
R(0,y0))

,

for any 0 < R < l and y0 ∈ R. Thus, Θx, and consequently ũϵ
x, belong to

W 2,2
loc (Ωl,ext). It may now be seen that ũϵ ∈ W 3,2

loc (Ωl,ext) by differentiating the

interior equation in y and solving for ũϵ
yyy. The Sobolev embedding theorem

implies firstly that ũϵ ∈ W 2,6
loc (Ωl,ext), and secondly that ũϵ ∈ C1,2/3(Ωl,ext).
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Hence, ∆ũϵ ∈ Cβ(Ωl,ext) with β = min{α, 2/3}, and ũϵ ∈ C2,β(Ωl,ext) by

Theorems 6.18 and 6.27 of [11]. Finally, an argument similar to the one found

in Lemma 3.6 can be use to bootstrap our estimates and yields the Schauder

estimate

|uϵ|C3,α(Ωl) ≤ C1

(
|uϵ|C0(Ωl) + |vϵ|C1,α(Ωl) + |w|C1,α(L)

)
(3.73)

for some constant C1 depending only on a, h, γ and ϵ0 (provided l > 2).

The last step of our argument is to obtain a subsequence {uϵ} converging

to some u ∈ X as ϵ → 0 and l → ∞. This requires uϵ satisfy the symmetry

and derivative conditions of X. Note that Lϵ
1[u

ϵ(x, y) + uϵ(x,−y)] = 0, so the

oddness of uϵ follows from the maximum principle and Hopf lemma. Moreover,

one finds that ∂3
yu

ϵ(x,±h/2) = 0, where 0 ≤ x < l, by differentiating the PDE

in y and solving for ∂3
yu

ϵ. Consider now ũϵ restricted to (0, l) × (−h, h), so

that ũϵ vanishes on three of the four boundary segments. Theorem 3.7 of [11]

implies

sup
Ωl

|uϵ| ≤ sup
L

|uϵ|+ (e2h − 1)|vϵ|0. (3.74)

If uϵ achieves a positive maximum value at some point on L, then uϵ
x ≤ 0

there, and then by the boundary condition uϵ ≤ |w|0
a−ϵ

. An analogous bound

holds at a negative minimum obtained on L. Combining this observation with

(3.73) and (3.74) gives

|uϵ|C3,α(Ωl) ≤ C2(|vϵ|C1,α(Ωl) + |w|C1,α(L)), (3.75)
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for a constant C2 = C2(a, h, ϵ0, γ). Denote by uϵ
n the solution obtained to the

truncated problem with l = n ∈ N. Thus, {uϵ
n} is seen to admit a subsequence

converging in C3
loc(Ω) to some uϵ

∞ ∈ C3,α
b (Ω) by a diagonalization argument.

Note that L1
ϵu

ϵ
∞ = (vϵ, w). The Schauder estimate (3.75) is also uniform in ϵ,

so a second diagonlization argument produces a solution of L1u = (v, w) with

u ∈ C3,α
b,o (Ω). The argument is completed once u is shown to decay uniformly

to zero. This follows from the proof of Lemma 3.6.

3.7 Examples

The framework developed above allows us to construct global solution curves

for a wide class of elastic materials and tractions. In this section, we investigate

some concrete examples covered by Theorem 3.2 and Theorem 3.3. Consider

the functions

W(q) = q + c1q
2 f(λ, z) = λz − bz3. (3.76)

Suppose first that c1 > 0. In this case, Theorem 3.2 is applicable and we find

that C contains a sequence of elements (λ(sn), u(sn)) for which |∇u(sn)|2 → ∞.

Moreover, the left boundary condition of (3.1) can be rewritten for y > 0 to

read

τ(|∇u|) = 2f(λ, u)

√
1 +

u2
y

u2
x

.

Note that d
dk
τ(k) = 2E(k2) ≥ ξ. For any sn, the maximum of |∇u(sn)|2 is

achieved on L and we conclude that |uy(sn)| → ∞.
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If instead c1 < 0, then Theorem 3.3 applies and we obtain global family C

containing a subsequence (λ(sn), u(sn)) for which E∗(u(sn)) → 0 (note that the

construction of C and proof of ellipticity loss do no depend on (3.8)). If b, c1

and h are chosen appropriately, then we conclude also that |D2u(sn)|0 → ∞.

A quick calculation shows that m = 2
3
and qcr =

1
6|c1| , so (3.8) is satisfied if

b < 0 and (π
h

)3
<

|b|
2|c1|

.

3.8 A general gradient maximum principle

Several gradient maximum principles for solutions of degenerate elliptic PDEs

are established in this section. Structural conditions relevant to the investiga-

tions of this paper are imposed, but the results are stated under more general

hypotheses. Consider the problem

∇ · (W ′(|∇u|2)∇u) = 0 in U, (3.77)

where U ⊂ Rn is a bounded C2 domain, W is C3, and (3.5) is satisfied.

Suppose that a second order elliptic differential operator has the symmetric

coefficient matrix A = (aij), with aij = aij(x). If A is positive semi-definite

on U , then there is said to be a non-characteristic degeneracy at p ∈ ∂U if

ker(A(p)) ̸= 0 and A(p)ν ̸= 0, (3.78)

where ν(p) is the outward unit normal at p. Condition (3.78) expresses a
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relationship between a differential operator and the geometry of U that can

be exploited to prove Hopf-type lemmas.

We wish to investigate the properties of solutions exhibiting a loss of ellip-

ticity. To this end, let us consider a neighborhood V of U where qcr − ϵcr <

|∇u|2 ≤ qcr. Moreover, it follows from (3.5) that ϵcr may be selected so that

E ′(|∇u|2) < 0 on V . Let us also point out that the strict sign condition

W ′′(qcr) < 0 must hold. This follows from (3.5b) and Lemma 3.11. Hence, by

taking ϵcr smaller if needed, we may suppose also that W ′′ < 0 on V . The

following notation will be convenient:

aij(x) := δij + 2
W ′′(q)u,iu,j

W ′(q)

∣∣∣∣
q=|∇u(x)|2

, (3.79)

where δij is the Kronecker delta function. The explicit dependence of q on

both u and x will be omitted for the remainder of this section. Note that the

matrix (aij) is positive semi-definite by the ellipticity of (3.77); in particular,

aijξiξj = |ξ|2 + 2
W ′′(q)

W ′(q)
u,iu,jξiξj ≥ 0 on V. (3.80)

The Bernstein technique can be used to obtain a differential equation satisfied

by |∇u|2; by differentiating (3.77) in the kth-variable, multiplying the resulting

equation by u,k, and then summing over each such equation we obtain

aij|∇u|2,ij = 2(u2
,ij)+2

((
W ′′(q)

W ′(q)

)2

− W ′′′(q)

W ′(q)

)
u,iu,j|∇u|2,i|∇u|2,j−

W ′′(q)

W ′(q)
|∇u|2,i|∇u|2,i.

(3.81)
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Taking ξ = ∇u,k in (3.80) yields

∇u,k · ∇u,k ≥ −2
W ′′(q)

W ′(q)
u,iu,ju,iku,jk = −W ′′(q)

2W ′(q)
|∇u|2,k|∇u|2,k. (3.82)

Using
n∑

i,j=1

u2
,ij = ∇u,k · ∇u,k and (3.82) gives

2
n∑

i,j=1

u2
,ij ≥ −W ′′(q)

W ′(q)
|∇u|2,k|∇u|2,k. (3.83)

Using (3.80) once more, this time with ξ = ∇|∇u|2, gives

|∇u|2,k|∇u|2,k ≥ −2
W ′′(q)

W ′(q)

(
|∇u|2,ku,k

)2
. (3.84)

Restricting to V and appealing to (3.81), (3.83), and (3.84) shows that

aij|∇u|2,ij ≥ 2

(
3

(
W ′′(q)

W ′(q)

)2

− W ′′′(q)

W ′(q)

)(
|∇u|2,ku,k

)2
(3.85)

The definition of E and (3.5b) may be used to show

3

(
W ′′(q)

W ′(q)

)2

−W ′′′(q)

W ′(q)
= 3

(
W ′′(q)

W ′(q)

)2

+
3W ′′(q)

2qW ′(q)
− E ′(q)

2qW ′(q)
→ − E ′(qcr)

2qcrW ′(qcr)
> 0 as q → qcr,

so by shrinking V if needed we conclude

aij|∇u|2,ij ≥ 0 in V. (3.86)

Moreover, the differential operator

Q := aij∂
2
ij (3.87)

is degenerate-elliptic throughout U by (3.5) and (3.86) shows that Q|∇u|2 ≥ 0

on V . We are now ready to state a Hopf lemma for |∇u|2.
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Theorem 3.28. Let u ∈ C2(U) ∩ C3(U) be a solution of (3.77) for which

|∇u|2 < qcr in U . Assume that for some p ∈ ∂Ω we have

sup
U

|∇u|2 = |∇u|2(p).

If in addition (3.78) holds at p, then

∂|∇u|2

∂ν

∣∣
x=p>0

Proof. The proof involves the following exponential barrier function

w(x) = d(e−k|x−y|2 − e−kr2), (3.88)

where y = p − rν, r is small enough that Br(y) ⊂ U , (3.86) holds, and k, d

are positive constants yet to be chosen. Let x ∈ Bϵ(p)∩Br(y) for some ϵ such

that 0 < ϵ < r. We find that

Qw = 2ke−k|x−y|2
[
2k(xi − yi)(xj − yj)aij −

(
n+ 2q

W ′′(q)

W ′(q)

)]
≥ 2ke−k|x−y|2

(
2kC1(r − ϵ)2

2
− C2

)
> 0,

where C1 > 0 is determined by the non-characteristic condition (3.78) to satisfy

aij(xi−yi)(xj−yj) ≥ C1|x−y|2, C2 = C2(n,W) > 0, and k is chosen sufficiently

large according to C1 and C2. Furthermore, if d > 0 is taken small enough,

then |∇u|2 − qcr + dw(x) < 0 on ∂ (Bϵ(p) ∩Br(y)) and Q [|∇u|2 + dw(x)] ≥ 0,

so the strong maximum principle implies

qcr − |∇u|2(p− tν) > dw(p− tν) for 0 < t < ϵ.
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It now follows that ∂ν |∇u|2 > 2rkde−kr2 and the claim is proved.

The so-called function “P-function” is defined for u ∈ C1(U) by

P (u;x) :=

∫ |∇u|2(x)

0

(W ′(ζ) + 2ζW ′′(ζ)) dζ = (2qW ′(q)−W(q))
∣∣
q=|∇u|2(x).

We will often adopt a slight abuse of notation and write P (x) in place of

P (u;x). Maximum principles for P-functions can be found in [26,33]. However,

a strict ellipticity condition of the form (3.4) is assumed throughout these

works, and a new argument is required for our setting.

Theorem 3.29. Let W be as in (3.5) and U a C2 domain. Suppose u ∈

C1(U) ∩ C3(U) solves (3.1). Assume also that |∇u|2 < qcr in the interior of

U , that |u|C2(U) ≤ K, and |∇u|2(p) = qcr for some p ∈ ∂U . Then, u /∈ C1,α(U)

for any α ∈ (1/2, 1), provided (3.78) holds at p.

Proof. Let us point out that (3.77) is invariant under translations and rota-

tions. Hence, we may assume that p = 0 and that ν(p) = −en. Condition

(3.78) and the regularity u imply the existence of constants r1, C1 > 0 for which

the inequality ann > 2C1 and (3.86) are valid within Br1(0) ∩ U . Moreover,

U satisfies an interior sphere condition and we may assume that Br2(x0) ⊂ U ,

where x0 = −rν(p) and r1 < r2. A calculation shows

Q[P ] = E ′(q)aij|∇u|2,i|∇u|2,j+E(q)aij|∇u|2ij ≥ E ′(q)|∇u|2,i|∇u|2,i+2
E ′(q)W ′′(q)

W ′(q)

(
|∇u|2,iui

)2
.

(3.89)
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The sign conditions W ′′(qcr), E ′(qcr) < 0 obtained from (3.85) and (3.89) imply

Q[P ] ≥ E ′(q)|∇u|2,i|∇u|2,i in Br1(0) ∩ U. (3.90)

Let Φ : Br1(0) ∩ Br2(x0) straighten the boundary of Br2(x0) near 0; more

specifically, take

Φ(x) :=

(
x1, ..., xn−1, xn − r2 +

√
r22 − x2

1 − · · · − x2
n−1

)
.

Hence, Φ is of class C2 near 0 and for some 0 < κ < 1 we have

κ|Φ(x1)−Φ(x2)| ≤ |x1−x2| ≤
1

κ
|Φ(x1)−Φ(x2)| for x1, x2 ∈ Br1(0)∩Br2(x0).

(3.91)

Consider the transformation Y = Φ(x). In these coordinates, inequality (3.90)

becomes

ãij∂
2
ijP̃ + b̃i∂iP̃ ≥ E ′(|∇u|2)|∇u|2,i|∇u|2,i in Φ(Br1(0)∩Br2(x0)), (3.92)

where

P̃ (Y ) := P (|∇u|2)
∣∣
Φ−1(Y )

, ãij := Φi,lΦj,malm
∣∣
Φ−1(Y )

and b̃i := Φi,lmalm
∣∣
Φ−1(Y )

.

We see from (3.92) and the observation |b̃i∂iP̃ | ≤ C(W , K, |Φ|1) that

Q̃[P̃ ] := ãij∂
2
ijP̃ ≥ −C2 in Φ(Br1(0) ∩Br2(x0)) (3.93)

for some C2 = C2(W , K, |Φ|1). Note that (ãij) = DΦT (aij)DΦ. Hence, the

matrix (ãij) is positive semi-definite near 0. Furthermore, we can assume r1 is
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selected so that

ãnn = Φn,lΦn,malm > C1 > 0 in Br1(0) ∩ U, (3.94)

which is possible since ∇Φn(0) = −ν(0) and ann(0) > 2C1.

Let CR,l be the cylinder defined by

CR,l = {Y ∈ Rn : Y 2
1 + Y 2

2 + · · ·+ Y 2
n−1 < R2 and 0 ≤ Yn ≤ l}.

Suppose R and l are such that

κr1

4
√
n− 1

< R <

√
3κr1

4
√
n− 1

and 0 < l <
κr1
4

, (3.95)

where κ is taken according to (3.91). It follows that Φ−1(CR,l) ⊂ Br1/2(0) ∩

Br2(x0). Let σ ∈ (0, 1) and ϵ0 ∈ (0, π/2) a constant yet to be chosen. Also let

l = (π/2− ϵ0)

√
C1m sin(ϵ0)

4C2

and β =

√
4C2

C1m sin(ϵ0)
, (3.96)

where m = minBr1 (0)∩U P > 0. The constant ϵ0 may be selected so that (3.95)

holds as well. If G := P̃ (1+ sin(ϵ0 + βYn))
−1, then for appropriately chosen ϵ0

the inequality

(1 + sin(ϵ0 + βl))Q̃[G] + 2β cos(ϵ0 + βYn)ãin∂iG >
C1β

2m sin(ϵ0)

2
− C2 > 0

(3.97)

holds in CR,l by (3.96). Moreover, for ϵ > 0 the inequality(
Q̃+

2β cos(ϵ0 + βYn)

1 + sin(ϵ0 + βYn)
ãin∂i

)
[G−G(0)+ϵY 1+σ

n ] > ϵ(1+σ)β cos(ϵ0+βYn)Y
σ
n ≥ 0

(3.98)
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holds in CR,l. Let S := ∂CR,l \ {Y ∈ Rn : Yn = 0 or Yn = l}. It follows that

mR := sup
S

(
P̃ (Y )− P̃ (0)

)
= sup

Φ−1(S)

(P (x)− P (qcr)) < 0.

Note that (3.91) and (3.95) imply dist(Φ−1(S), 0) > κ2r1
4
√
n−1

. Thus, there is

constant mr1 < 0, which is independent of l, such that mR < mr1 . Moreover,

the proof of Theorem 3.28 can be adapted to the domain Br1(0) ∩ Br2(x0) to

supply the estimate

sup
Φ−1(∂CR,l∩{Yn=l})

(
|∇u|2 − qcr

)
< −C3l, (3.99)

where C3 is independent of R and l (in this case, the normal derivative of

|∇u|2 may not exist, but the construction of exponential comparison function

is not effected). Recall that E ′(q) < 0 in Br1(0), so (3.99) implies

ml := sup
∂CR,l∩{Yn=l}

(
P̃ (Y )− P̃ (0)

)
= sup

Φ−1(∂CR,l∩{Yn=l})

(
P (|∇u|2)− P (qcr)

)
< −C4l

2,

where C4 is again independent of R and l. Since G < P̃ in CR,l, it follows that

G−G(0) + ϵY 1+σ
n < 0 on ∂CR,l \ {Yn = 0} (3.100)

if l is sufficiently small and ϵ is taken as

ϵ =
C4

2

(π/2− ϵ0)

√
C1m sin(ϵ0)

4C2

1−σ

. (3.101)

The weak maximum principle may now be invoked using (3.98) and (3.100) to

show

P̃ (Y )− P̃ (0) ≤ −ϵY 1+σ
n in CR,l. (3.102)
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It follows from (3.91) and (3.102) that

P (|∇u|2(−sν))− P (qcr) ≤ −C5s
1+σ (3.103)

for s > 0 small enough and some C5 > 0 which is independent of s. However,

it follows from the regularity of P in the q-variable that

P (−sν)− P (0) ≥ E ′(qcr)

4

(
|∇u|2(−sν)− qcr

)2
(3.104)

for s sufficiently small. The argument is completed by observing (3.103) and

(3.104) prevent u ∈ C1,α(U), where α ∈ (1+σ
2
, 1).
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Appendix A

Maximum principles

We recall some variants of the maximum principle which are used repeatedly

throughout the paper. In particular, we state the strong maximum princi-

ple, including the version which a sign condition on the zeroth order term

is replaced with a sign condition on the solution ( [30, Lemma 1]), the Hopf

boundary lemma, Serrin edge point lemma (see [30]), and finally a variant

which holds when a positive supersolution is known to exist (see [28, Section 5

Theorem 10]).

Theorem A.1. Let Ω be a connected, open set (possibly unbounded), and

consider the second order operator L given by

L :=
n∑

i,j=1

aij(x)∂i∂j +
n∑

i=1

bi(x)∂i + c(x) (A.1)

where the coefficients are of class C0
0(Ω). Suppose that L is uniformly elliptic

in the sense that there exists λ > 0 such that

∑
i,j

aij(x)ξiξj ≥ λ|ξ|2, for all ξ ∈ Rn, x ∈ Ω, (A.2)

119



and that (aij) is symmetric. Let u ∈ C2(Ω) ∩ C0(Ω) be a solution of Lu = 0

in Ω.

(i) (Strong maximum principle) Suppose that u attains a maximum value

on Ω at a point in the interior of Ω. If c ≤ 0 in Ω, or if supΩ u ≤ 0,

then u is a constant function.

(ii) (Hopf boundary lemma) Suppose that u attains it maximum value on

Ω at a point x0 ∈ ∂Ω for which there exists an open ball B ⊂ Ω with

B ∩ ∂Ω = {x0}. Assume that either c ≤ 0 or else supB u = 0. Then u is

a constant function or

ν · ∇u(x0) > 0,

where ν is the outward unit normal to Ω at x0.

(iii) (Serrin edge point lemma) Let x0 ∈ ∂Ω be an edge point in the sense

that near x0 the boundary ∂Ω consists of two transversally intersection

C2 hypersurfaces {σ(x) = 0} and {γ(x) = 0}. Suppose that σ, γ < 0 in

Ω, u ∈ C2(Ω), u > 0 in Ω and u(x0) = 0. Assume further that aij ∈ C2

in a neighborhood of x0,

B(x0) = 0, and ∂τB(x0) = 0,

for every differential operator ∂τ tangential to {σ = 0} ∩ {γ = 0} at x0.
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Then for any unit vector s outward from Ω at x0, either

∂su(x0) < 0, and ∂2
su(x0) < 0.

(iv) (When a positive supersolution exists) Suppose that there exists v ∈

C2(Ω) such that v > 0 and Lv ≤ 0 in Ω. Then either
u

v
is constant, or

u

v
cannot achieve a nonnegative maximum in Ω.

Remark A.2. If, in the context of (iv) above we suppose that that u ≥ on

Ω, then the existence of a positive superolution implies that u > 0 in Ω.
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Appendix B

Bifurcation theory

In this section, we record some useful results from bifurcation theory. First,

we quote a version of the well known Crandall–Rabinowitz theorem as stated

in [3, Theorem 8.3.1]. See [8] for the original paper.

Theorem B.1. Suppose that X and Y are Banach spaces, that F : R×X → Y

is of class Ck, k ≥ 2, and that F (λ, 0) = 0 ∈ Y for all λ ∈ R. Suppose also

that

L = ∂xF [(λ0, 0)] is a Fredholm operator of index zero;

ker(L) is one dimensional;

ker(L) = {ξ ∈ X : ξ = sξ0 for some s ∈ R}

the transversality condition holds :

∂2
λxF [(λ0, 0)](1, ξ0) /∈ range(L).

Then (λ0, 0) is a bifurcation point. More precisely, there exists ϵ > 0 and a
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branch of solutions

{(λ, x) = (Λ(s), sξ(s)) : s ∈ R, |s| < ϵ} ⊂ R×X,

such that Λ(0) = λ0; ξ(0) = ξ0;

F (Λ(s), sξ(s)) = 0 for all s with |s| < ϵ;

Λ and s 7→ sξ(s) are of class Ck−1, and ξ is of class Ck−2, on (−ϵ, ϵ);

there exists an open set U0 ⊂ R×X such that (λ0, 0) ∈ U0 and

{(λ, x) ∈ U0 : F (λ, x) = 0, x ̸= 0} = {(Λ(s), sξ(s)) : 0 < |s| < ϵ};

if F is analytic, ξ and Λ are analytic functions on (−ϵ, ϵ).

This result is used to verify the existence of local solution branches. The

next theorem allows us to extend such a family and provides information

regarding the terminal behavior of the curve. Our presentation is taken from [3,

Theorem 9.1.1]. Let us state some relevant hypothesis and notation. Let

U ⊂ R×X and F : U → Y be R-analytic. Assume also that

(λ, 0) ∈ U and F (λ, 0) = 0 for all λ ∈ R. (B.1)

∂xF [(λ, x)] is a Fredholm operator of index zero when F (λ, x) = 0, (λ, x) ∈ U.
(B.2)

For some λ0 ker(L) is one dimensional and the transversality condition holds.
(B.3)

Let κ(s) = sξ(s), where ξ is taken from Theorem B.1, and define the sets

R+ = {(Λ(s), κ(s)) : s ∈ (0, ϵ)},
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S = {(λ, x) ∈ U : F (λ, x) = 0},

T = {(λ, x) ∈ S : x ̸= 0}.

Make the addition assumption that ϵ is taken small enough so that κ′(s) ̸= 0

for |s| < ϵ and R+ ⊂ T .

Theorem B.2. Suppose that (B.1) holds, Λ′ ̸≡ 0 on (−ϵ, ϵ) and that in R×X

all bounded closed subsets of S are compact. Then there exists a continuous

curve R which extends R as follows:

(a) R = {(Λ(s), κ(s)) : s ∈ [0,∞)} ⊂ U where (Λ, κ) : [0,∞) → R ×X is

continuous.

(b) R+ ⊂ R ⊂ S.

(c) The set {s ≥ 0 : ker(∂xF [(λ(s), κ(s))]) ̸= {0} has no accumulation

points.

(d) At each point, R has an analytic re-parameterization.

(e) One of the following occurs.

(i) ∥(Λ(s), κ(s))∥ → ∞ as s → ∞.

(ii) (Λ(s), κ(s)) approaches the boundary of U as s → ∞.

(iii) R is a closed loop. In other words, for some T > 0,

R = {(Λ(s), κ(s)) : 0 ≤ s ≤ T}
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and (Λ(T ), κ(T )) = (λ0, 0).
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