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Chapter 1

Introduction

Recall a classical result in Partial Differential Equations (PDEs) corresponding to the en-
tire Euclidean space. If f € L*(R"), E(r) = Cnml—n-_— forn > 3,and ¢, = m,a(n)

denoting the volume of the unit ball in R™, then u(x) := (E * f)(z) is a solution of the

Poisson problem for the Laplacian:
Au = finR". (1.1)

Here, * denotes the convolution operator. Then, using properties of the Fourier transform

and Plancherel’s Theorem, for j. & € {1,2,...,n} we have that

10;¢ L2(Rn) — ClI&; & &(§)l|L2(Rn)

_CHé.Jfk f( )'L2R")
. 1.2
H R . (-
< C||fll L2@n)

= C|| fllc2(mn)-



where C' denotes constants that depend only on n and ~ denotes the Fourier transform.

Hence,

> 11050kull 2@y < CllAU| 2@n. (1.3)

Jik=1

If we now set LVQ’Q(R") to be the homogeneous Sobolev space of functions u for which
lullyeagn == D 10;0kull c2n) < oo, (1.4)
k=1

then based on estimate (1.3) we observe that any solution u of (1.1) satisfies
”’U“W%:’(Rn) ~ || AullL2gn), (1.5)

where, for a,b € R, a =~ b means that there exist constants ¢; and ¢, such that
ca<b<csa.

The goal of our work is to explore similar estimates on bounded surfaces. Such settings
are natural to consider since they arise in real-life problems. For example, we are led to
considering PDEs on domains on surfaces when analyzing the flow of water in the ocean,
the flow of air on airplane wings, and the flow of heat through a body.

In the case when a surface S is flat in R™*1, that is, S is an open, smooth, bounded domain
in R™, the Kadlec-Miranda-Talenti identity shows that for a solution u of Au = f € L*(S)
in S with homogeneous Dirichlet boundary condition (i.e. © = 0 on S, the boundary of

S), that

Z/lajaku|2d5=/}Au|2dS—/ 8,/u)2g35d8, (1.6)
S S

(
k=1 o8

where v is the outward unit normal to S and 0, u is the directional derivative of « in the

direction of v, also called the normal derivative. See [7], [10], [11] page 340, [8] and



the references therein. Here we would also like to mention the work in [4] where it is
shown that if 2 is a smooth bounded domain then the problem Au = f in 2, u = 0 on
O has a unique solution u € W?P(Q) for every f € LP(Q), 1 < p < oo. Coercive
estimates are also obtained, however the constants depend on J€2. Two important aspects
arise. First, one needs to consider boundary conditions for u. Second, the geometries of
the domain and boundary play an important role in this new setting. For example, if Gas
is non-negative, which is the case if the domain & is convex, then (1.6) implies (1.5) with
R™ replaced by S, where Ggs is as defined in (7.24). It is important also to point out that
there exist domains for which the equivalent of (1.5) fails. Here is an example in R?.

Fix ¢ € (0,7) and define Qp := {z € C:|2| < land — 0 < argz < 0}.

If 2 = 2 +iy = (x,y) and we let ¢ be a smooth, compactly supported function with

support contained in the ball centered at 0 of radius % and we further define
u(z) == Re (229) p(z), z € Qy, (1.7)

then

u (pe**?) = Re (p20e*'7) ¢ (pe™) = 0 for 0 < p, (1.8)

so u = () on 0€)y. Furthermore,
(Au)(z) = (Ag)(2) Re (2%0) + (ARe (2%9)) - p(2) + (VRe (zf%)) Ve(z). (1.9)
Since z% is holomorphic in C\(—o00, 0], ARe (220 ) = 0 in €, and from (1.9) we see that

|Au(z)| ~ |22 " | near 0. | (1.10)



In particular, if z = re™, then

1
/ | Au( )|2dzz/ (r%_l)Qrdr
Qp 0

I

for every 6 € (0, 7).

On the other hand, for each j,k € {1,...,n},

+ 0;Re (2%) Opp(2) + (OxRe (2%) ) 9j0(2),
and
|0;0ku(2)| ~ |22 72| near 0.

Thus,

2

1
lajaku(z)|2dz%/ (r2lé*2) rdr
0

1
~ / re~3dr.
0

1
However, [ 7472 dr < oo if and only if £ —3 > —1, that is,
0

Qo

T
-—>60>0.
2

This means that the estimate

“u”WZ,2(Qe) ~ ”Au”L2(Qg)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

holds if and only if 0 < § < Z, which in fact corresponds to the case when {2y is con-

2,

vex. This example clearly shows that one cannot hope to prove coercive estimates for

solutions to the Poisson problem considered on arbitrary domains and that the geometry
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of the underlying domain plays an important role. The case when homogeneous Neu-
mann boundary conditions are imposed was treated in [6] and [1]. In these papers, the
authors obtain a formula relating the integral over a smooth bounded domain 2 of a cer-
tain quadratic form in the second derivative of a function u € W22((2) with the integral
on 0 of the squared gradient of u weighted by a curvature term.

To state our main result we need to introduce some notation. If & C R" is an oriented
surface of class C'*, k > 2, with extended unit normal v, v a unit normal to S, and u a
real-valued function on S, we denote by Asu the surface Laplacian of u and by Vsu the
surface gradient of u. For more precise definitions of Vsu and Asu, see Definition 7.2.
We also let G = div v and R = (Jyv;(x));, where v is an extension of the unit normal
with the properties proved in Proposition 5.1. For more thorough definitions and proper-
ties of R and G, see Proposition 5.5 and Theorem 5.3 respectively. If f € C*(S), and if
w is such that Asu = f on S, then we prove in Proposition 7.3 that, if D; = 0; — v;0,,

7 =1,...,n,then

/ lAs’U,IQdS: Z /(Djpk'lt)2d5+/<RV5u, V3U>g dsS
S ik=1"S S

— 2/ |RV sul*dS — Z/ (Dju)0,(Dju) ds
— Jas
° = (1.17)

+ Z /as(c%u) (D Dyu) ds
k=1"

N Z /aS(DjU)([Dj,Dk]u)yk ds.

Gok=1



This integral identity allows us to obtain coercive estimates for the solution of the Poisson

problem for As with homogeneous Dirichlet

(Asu=feL*S)onS

u|as =0 (1.18)
lu e W22(S),

(D) X

Neumann
(Asu=feL*S)onS

&,u|68 =0 (1.19)
(u e W>(S),

(N)

N\

and mixed boundary conditions

(Asu=feL*S)onS

u| =0

M I 1.20

(M) | Oyu=0onT, ( )
\u€ W22(S),

o] <2

where W22(S) = {u C > 1Dz < oo} if D= (Dy,...,D,)and I'; and I'; are
such that 'y UT, = 9S.

As such, we obtain the following results.
If u is a solution of (D) and Gss > 0,

or
u is a solution of (N) and (tﬂk(x))j , 18 positive, definite for z € 95,
or
u is a solution of (M), Gss > 0 on T and (tﬂk(:z:))j’k is positive,
definite for z € I'y,
then
n
/(Dﬂ?ku)2 dS < C’/ |Asu|?dS, for some C' > 0 independent of w.
s s

k=1
(1.21)



Observe that our results generalize the Kadlec-Miranda-Talenti identity, (1.6). Indeed, if S

n+1 n
is flat in R"*!, then As = AinR", Y (D;Dyu)? = 3. |0;0kul?, Vsu = Vu, R =0,
k=1 k=1

v =1(0,0,...,0,1) € R""!, and Gys is the Gauss curvature of the boundary of the domain
S.

The layout of the thesis is as follows. In Chapter 1 we review some notation and basic def-
initions which are relevant to our work, and we prove a partition of unity result. Chapter
2 deals with the theory of integration on surfaces. Here we also show how to define a unit
normal N to a surface which is locally given by graphs of C* functions, k > 2. For such
surfaces we also have a local description of the unit normal ~ to the boundary of a surface.
In Chapter 3, we discuss first-order tangential differential operators. Here we also prove
that tangential operators annihilate functions which are constant on a surface.

We begin Chapter 4 by proving the existence of a distinguished extension to a neighbor-
hood of the surface of the unit normal to a surface. We then introduce the Gauss curvature
for a surface and prove that it is actually the divergence of our extension of the unit nor-
mal. We finish the chapter by proving some useful properties of a particular family of
tangential operators and defining the n x n matrix-valued function R which appears in the
identities on surfaces we prove later in the thesis. Chapter 5 focuses on two integration
by parts results. In Chapter 6 we prove identity (1.17). This is done using the formalism
and properties of a particular family of operators (D;)}_; defined here as well as the work
done in previous chapters. We finish with Chapter 7 in which we prove Sobolev norm es-
timates on surfaces for solutions to the Poisson problem for the Laplace-Beltrami operator

on surfaces with homogeneous Dirichlet, Neumann, and mixed boundary conditions.



Chapter 2

Preliminaries

Let n € N and set R" := R x R x --- x R, n times. We denote points in R" by
x = (xy,....xy,), and for such a point x let 2’ := (xy,...,x,_;) € R" ! and
2" = (ry....,2,_9) € R"2 Throughout we shall use the usual definition of the magni-
tude |x| of a vector r € R", given by

2] = yJa?+ -+ 22 (2.1)

The scalar product of two vectors =,y € R" is given by
(wy) = . (2.2)
k=1
If z € R™ and r > 0, the open ball with center z and radius r is defined by
B (z) ={yeR":|y—x|<r} (2.3)

A set U C R" is said to be open if for every € U there is an ¢ > 0 such that B.(x) C U.
A function f defined on a set O C R" is said to be of class C*(O) if f and all of its
derivatives up to order k are continuous. The partial derivative of f with respect to z; € R

will be denoted by 0, f, %, or 0;f. As is well known, if f € C?(R"), then

0;0;f = 0;0;f. foreveryi,j € {1,...,n}. (2.4)
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The gradient of a scalar function f at a point z € R" is denoted by
Vf:i=(f 0f,...,00nf). (2.5)

We will denote by

V. f(z) = {(r,Vf) (2.6)

the directional derivative of a function f : R™ — R in the direction of a vector 7 € R"
at a point x € R"™. The directional derivative of a scalar function f in the direction of the

normal N is called the normal derivative, and it is given by
Onf = (N.Vf). 2.7
The tangential derivative of f, denoted V,, f, is given by
Vianf =V f s (OnF)N. | (2.8)

If f:R"™ — R"™ is a vector valued function, f(x) = (fi(z),..., fo(x)) with

fi :R* = R, i =1,...,n, then the divergence of f is given by

_Ofi  Of 4 Ofn

divf i= — 4+ —+ ... . 2.9
]Vf 81'1 (911}2 81:n (29)
The Jacobian matrix of such a function f is given by
oh oA ... SN
( (91‘1 61‘2 al'n \
oL 0f .. Of
ox1  Oxz Oxn,
Jf= € Mpyxn, (2.10)
31‘1 31’2 B:L‘n



where M, ., denotes the space of all n x n matrices.

Let vy, va, ..., v,_1 be vectors in R™. The vector product v; X vy X --- X v,_; is defined
as the vector which is obtained by formally computing the determinant of the matrix V/,
formed with vy, va, ..., v,_, as the first (n — 1) rows and (e, ey, . .., e,) on the nt" row,

by expanding along the n'" row of the matrix.

V1,1 U2 o Ul.n
V21 Voo = V2.n n
0] X Uy X e X 0y = det : : : : = Ane;. (211
Un—11 Un—-12 *** Un—-1in J=1
€1 €2 T €n

where A,,; is the cofactor of e; defined by A,; = (—1)""M,,; and M,; is the minor of

matrix V, formed by eliminating row n and column 5 from V.

Remark 2.1. If vy,... v,y are vectors in R", with v; = (vi1,0;2,...,vi,) for every
i € {1,....n — 1}, we observe that v, X vy X -+ X Up_1 is orthogonal on vj, for every

J€A{l,...,n—1}. Indeed, since

U111 U2 - Uin
V2,1 V22 -+ Ugg
(V1 X vg X+ X v,_1,w) = det : : : : , (2.12)
/Un—l,l Up—-12 -°- Un—l,n
wy w2 s W,
it follows that (v; X vy X -+ X v,_1,w) = 0 whenever w = vj, fory=1,...,n— 1

The infimum of a set U C R is denoted by inf(U). We denote by (0] the interior of the
set U and U the closure of the set U. The set of all points which are members of both the
closure of the set U and the closure of the complement of U is known as the boundary of
U, and throughout we use the usual notation JU. We denote the distance between points
x, y € R" by dist(x, y) = |« — y|. The support of f, denoted by suppf, is the closure of

10



the set of points where f is nonzero. If a continuous function f : U — R is compactly

supported we write f € C,(U).

J

Theorem 2.2. (Partition of Unity for compact sets) Let K C R™ be compact, K C |J U;
j=1

where U; is open for j € {1,...,J}. Then there exists a finite collection of C*® functions

{w;}_ such that
(i) Foreveryl < j < J, supp(yp;) is compact and contained in Uj;
(ii) Forevery1 <j<J, 0<¢; <1
J
(iii) Y p;(x) =1, for every z € K.
j=1
Proof of Theorem 2.2. Before proceeding with the proof of Theorem 2.2, we state and

prove two lemmas which will be useful in the sequel.

Lemma 2.3. If C is compact, and U is an open set such that C C U, then there exists a

compact set D such that C C lo) cDcU.

Proof. Let V = U*®N Bg(0), where R > 0 is large enough so that U C Bg(0). Then V is

compact, so there exists a > 0 such that

a = dist(V,C) = inf.ec |z — 9. (2.13)
yev
Let
D = | Bz (2.14)
zeC

Then D is compact, and C' C lo) C D C U. This completes the proof of Lemma 2.3. O

11



Lemma 2.4. If D is a compact set, and U is an open set such that D C U, then there exists

1 € C* such that y) > 0 on D, and 1) = 0 outside some open set contained in U.

Proof. Let

1 1
e_ (z—l)2 . e_ (z+1)2’ 6 _17 1
flz) = { re(-L1) (2.15)

“lo, oz é(=1,1).
Then f € C*°(R), and f > 0on (—1,1). We now let e > 0. Also, for every

a = (ai,...,a,) € R let go(z) := f(8=2) ... f(%&=%=), where f is as defined in

€

(2.15). Then g, € C*°(R™), and

{ga>00n(a1—6,a1+6)X“‘X(an_‘f’an"'e) (2.16)

go = 0 elsewhere.
Set o = dist(D,U) > 0. For every z € D, Ba(x) C U. Moreover, there exists ¢ > 0

such that O,, = (z; — €/, 21+ €) X -+ X (2, — €, 2, +€) C U. Hence, D C |J O,,.
€D
M

Since D is compact, we can extract a finite subcover such that D C |J O,,. Let
=1

M
Y(@) = gu(2). 2.17)
=1
M M
Then ¢ € C*, ¢ > 0on |J O,,, and ¢ = 0 outside |J O,. This proves Lemma 2.4. []
=1 =1

J
Let Cy := K\ |J U;. Then C is compact, and C; C U;. By Lemma 2.3, there exists a
=2

0 J
compact set D; such that C; CD,C D; C U;. Thus K C D; U | U;. By induction, we
j=2

[
can construct the sets Dq, D», ..., D; such that K C D;, where D; is compact, and

.
i C-

o o o
D; c Ujforevery 1 < j < J.Indeed, suppose K CD; U Dy U---U Dy UUy1U- - -UUj,
and let

) (2.18)

k J
Chez1 := K\ [U D;u |J U
=1

j=k+2

12



Then Ciy1 C Ugyy. Therefore, by Lemma 2.3, there exists a compact set Dy, such
that Cjyq Cl()?kHC Dy+1 C Ugsr. By Lemma 2.4, there exists 9y, ...,%; such that
Y; € C*, ¢; > 0on Dj, and ¢ = 0 outside some open set contained in U;. Thus,
J J
o
Zz[zj(x) > ( for every z € U Dj . (2.19)
j=1 j=1

We now define the functions ;:

¥;(x)
;i(z) = ———"—. (2.20)
Z}]=1 ¥;(x)
Then ¢; € C®,suppy; C U;, 0 < ¢; < 1forevery j € {1,2,...,J},andif v € K,
J o J
thenz € |J D;and ) ¢;(z) = 1. This completes the proof of Theorem 2.2. O
j=1 j=1

13



Chapter 3

Analysis on Surfaces

We begin this chapter by recalling the definition of a surface of class C*.

Definition 3.1. For k € N, S C R" is called a surface of class C* if S is compact and if
foreveryx € S, there exists Ty > 0, an open set O' C R" ! and a function P : O’ — R" of
class C* which is one-to-one and such that P(0) = xq, 0, P(z'), 02 P(2'), ..., Op_1P(2)
are linearly independent for every ©' € O', and P(O') = S N B,,(x¢). We call such P a

local parametrization for the surface S.

Lemma 3.2. If S C R" is a surface of class C* and P is a local parametrization of S as

in Definition 3.1, then the vector

NP(a') x -+ X Op_1 P(2))

N(P(.T,)) = lalp(‘rl) X oo X 8n_1p(17l)l

(3.1)

is normal to S.

Proof. This is an immediate application of Remark 2.1. g

Based on Definition 3.1 it follows that for a surface S of class C* there exists J € N,

14



Ty...,7y > 0,2,...,7; €S, and a family of local parametrizations

Pj:0; =S8, PyeC* j=1,....J, such that

! , : _ (3.2)
Sc |JPi(0)). and P(O)) = SN B, (z;) forj=1,....J

j=1
Definition 3.3. Let S C R" be a surface of class C* and O be an open set such that
O C R"!, and consider P : ©' — S such that P is a local parametrization for S. If

[+ 8 — Ris a continuous function such that supp f C P(Q'), then

/' faS = [ F(PEDIOPE) x BPE) % - x 0y P dr.  (3.3)
JS J O

Definition 3.4. Let S C R™ be a surface of class C* and let { O'}i_y and {P;}]_, be as

in(3.2). If f : S — R is a continuous function, then

J
/S fdS = ; /S & fds, (3.4)

where {&;}_, is a partition of unity associated to the open cover {P(O)}-, of S as

given by Theorem 2.2.

Definition 3.5. Let S C R" be a surface of class C*. Let ©" C R"2. A mapping
p : O" — R" is a local parametrization of S provided Op, ..., 0n_sp are linearly

independent and p(O") C 98S.

Definition 3.6. Ler S C R" be a surface of class C*. Let f : 9S — R be continuous with
supp [ C p(O"), where p : 0" — R" is a local parametrization of OS (as in Definition

3.5). Then, for 2" = (x1,2y,...,2,_5) € O,

fds:= | Fp@)Iopa”) x - x Guopl(a”) x Npl)|da".  (3.5)
J oS J OV

15



Definition 3.7. Let S C R" be a surface of class C*. Let f : 0S — R be a continuous

N

function. Let {&}_, C C3°(R™) be a sequence of functions such that % & = 1 in an
j=1

open set containing 0S, and supp §; N IS C p,;(0";), where p; : O"; — R is a local

J
parametrization of OS for j € {1,...,J} and 0S C |J p;(O";). Then
j=1

J
fds =" / & fds. (3.6)
=1 Jos

Remark 3.8. Definitions 3.3, 3.4, 3.6, and 3.7 are independent of the parametrizations

oS

and partitions of unity considered.

In the last part of this chapter we will show how using some given parametrizations for S
and S we can construct at each point z € JS vectors IV and « such that N is an outward

unit normal to S, 7 is a unit normal to 0S5, and N L +.

Lemma 3.9. Let S C R be a surface of class C*. Let ©' C R" ! and let ¢ : O' — R be
such that graph ¢ C S. Then P : O' — R", P(2') = (2/, p(2')) for every 2’ € O isa

local parametrization of S, and

(=Vp(e'), 1)

N2, o) = , oreveryz' € 0. 3.7
(ot = TZED  oreven
Proof.
9;P(x')=(0,...,1,0,...,0;0(2")), forj=1,...,n—1; (3.8)

16



thus, by Lemma 3.2,

|01P(2') X +++ X Op1 P(2)| N(2', p(2")) = O1P(2) X -+ x Op_1P(2)

1 0 0 Orp(z’)
0 1 0 Oap(a’)
=det| : 1 : :
0 0 -+ 1 Oy (3.9)
€1 €y ot €p €n

= el(—l)"“l(—l)"_z(‘)lgo(x') 4+ 4 en_l(—l)Q"”lﬁn_lgp(x') + e, (—1)*"

= (=Vp(a), 1),
and (3.7) now follows. O

Lemma 3.10. Let S C R" be a surface of class C*. Let O' C R* Y and let ¢ : O' — R
be such that graph ¢ C S, and ¢(00’) C 0S. We consider the function v : O" — R,
where O" C R"™2 and ) is such that graph ) C 00O, and the function p : 0" — R",
p(a”) = (", ("), (", Y(2"))) for every 2" € O" is a local parametrization of OS.

Then a unit normal to OS that is also perpendicular to N is given by the vector

dip(x”) X -+ x Jh_op(z”) x N(p(z"))

"y = — , 3.10
V) = @) e X Bap(a®) < Np() (10
where, as proved in Lemma 3.9,
" " " " " ( V"/Q( ”7 d)( ))7 1)
N(p(z")) = N (2", ¢(a"), o(z", 9 (")) = (3.11)
V1+ V(" (")
is the unit normal to the surface S at p(z").
Moreover, the components of y(p(x")) are
—1
w; = 0 (2" (1 + |Ve(z”, ¥(z") )
N e ,,))P[ ()1 [Vila” w(a”)
» (3.12)
+0j90($”v¢(x”))an 199 , Z // // 8 w( //)]
k=1

17



for1 <j<n-2,

1 .
Wy = 1+ Vo2, 0(")]? = (On_re(2”, (z™)))?
= e z/)(:E,,))P[ V(" 9(a")) > — (Burip(a”, ("))
n—2 (3]3)
+ Op_10(x” P Z‘W z"))Okip(x ))]
and
1
wy, = .
V1 [V da"))]?
n-2 (3]4)
: [dn ve(@” p(a Zaw ' p(x"))Opip(a ))]
Proof. Since O;p(«”), ..., 0,_1p(z") are vectors parallel to IS at p(z”), (3.10) is an im-

mediate application of Remark 2.1.
Next, setting w = (wy, ..., wy,) := Op X -+ X J,_9p X N, we have that vy = I%I’ and we

compute w;, j € {1... .,n}. Since for 1 < 57 < n — 2 we have

O;p(2") = (o, L0, 0s(a), By (a () + Dol w(x"))0j¢’(x")),

(3.15)
we can write
— 1+ V(" y(x”))]? (Owp(z") X -+ X Op_ap(z”) x N(z")) =
1 0 s 0 811/) 61(,9 + f)n_lcp 811#
r .- 0 Ot 029 + Op—10 029 (3.16)
P IR o :
0 0 Tt 1 8n~27/’ dn—299 + 871—199 3n—2’¢
O Oop -+ Oposg Opryp -1
€1 €y -0 €Ep-2 €n—1 €n )

Next, we multiply the first (n — 2) rows by d;¢ and subtract each from the (n — 1) row
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to obtain the matrix

det

where

and

(1

0

=-1-— Z@gp "

Using formula (2.11) we compute w; directly:

(_1)n+1

wy =

- det

0 0
10

00 ---
00

VI Ve, @ )P

0 o
0 O
1
0 A
€n—2 €En-1
(")) =
J:
z”) [8390( "z

0 oy

0 O

”)) + 8n—l‘P(lJ

019 + Op_10 019 \
0o + Op_1p Ot

8n~2¢ 6n—290 + 811—190 an—ﬂp

019 + On_1p 019
Oop + On—1p Ot

1 an—2¢ 871—299 + an—l(p 3n-2¢

0

A
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(e Oy(a”

(3.17)

(3.18)

(3.19)

(3.20)



Interchanging rows 1 and 2, then 2 and 3, and so on, (n — 3) times,

(_1)1L+1(_1)n.—3

wy = oh
Vi T
10 --- 0 821,/) 82(,0 + 871—190 8277/)
det 0 0 - 1 an._g’l,/) (?n_zg& + 8n—1S0 8n—2¢
00 - 0 dlw 814,9 + 811—]90 81’1/)
0 0 - 0 A B
_ 1 det ( (911!1 (9190 + 07;-199311# )
VIV o\ A B G:21
-2
1
= \/1 n |V<,’) 37”,1,/1(216”)”2{ - 1¢ kg:

(oup e 9(a") + a0 O ))
— (Onrta” e Zw " ("))

‘ (()199(1:”, P(2")) + On-190(2”, w(xll))dld}(xll)> }’

where for the last equality we have used (3.18) and (3.19). Then, by direct computation,

(3.21) becomes

1
—op(z") — op(a”) Yy O}
VIF VA ">>|2{ 1 Z i
n—2
— ()0 " 0la") Y Bl 0 D)
k=1

— Oip(a”, (")) 190( (2") = O _yo(a”, p(a")) O (") (3.22)

+ Ol v(x Za 2" (x"))Opp (")

-2

+On1p(z” p(2")010(2") Y Opip(a”, ¢($,,))8k¢(xll)}

1

3

=
Il

= - (o) (1 + 19 4(a") )
V14 V(@ (")) . (3.23)
+opla w(") (Bnrp(e" 0a") = Y Ak (e (e Ak(a") ) |
k=1
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A similar computation works for determining w;, j = 2,3,...,n — 2, and we conclude

that
-1

W= |v«,o<x~,w<av~>>12[af‘/’( N1+ V(e g(a"))
) n—2 (324)

+ e, 6(a") (G r (@, 0e") = 3 Oola” (e (a") )|
k=1

forl1 <j<n-—2.

Moreover,

(_l)n—i—n—l B
VI+ IV )P
1 1 "
- \/1 + Ivgg(x//’,w(l.//))lz [1 + |V¢(1’1/7 77D('1”H))|2 - (871—1(70(‘7j 7¢(*T )))2 (3.25)

n—2

el o) S (v o) |
k=1

Wp—1 =

Finally,
1
Wy, = A
V1 V(e ()P
-2
1 [ l/
= 8n a 80
V14 V(" v(z"))]? 1l kz “ ))]
(3.26)
This completes the proof of Lemma 3.10. « O
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Chapter 4

Tangential Operators

We now define first-order differential operators and some of their properties, and we then
focus our attention on a certain group of tangential operators which will play an important
role in our subsequent calculations. Let m,n,r € N and

m n

Lu = (ZZ& b0, uﬁ+2ba%g> (4.1)

p=1j=1 1<a<lr
be a first-order differential operator acting on the vector-valued function
u = (ug)1<p<m, u : R" — R™. The adjoint of L acting on the vector-valued function

v = (va)1<a<r, v : R" — R’ is by definition

v = ( i Z 0;(a ) + é baﬂva> . 4.2)

a=1 j=1 1<B8<m
The symbol of L is the matrix-valued function
a(L,€) = (Z a§‘%> for € = (§); 1<j<n. (4.3)
i=1 1555m

In general if €2 is a bounded domain in R™, whose boundary 92 is a surface of class C* in

R™ with outward unit normal N and u : R® — R™, v : R® — R", are of class C*(R"),
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then the following integration by parts formula holds:

/Q (Lu(x), o(z))dz = /d (oL Nula) v)ds(a) + / (w(z), Lo(z))de.  (44)

Q

A particular class of first-order operators that we are interested in studying are tangential

operators to a surface S.

Definition 4.1. Let S C R™ be an oriented surface of class C* with unit normal N. The

operator L as in (4.1) is said to be tangential if o(L,N) =0on S.

Proposition 4.2. Let S C R be an oriented surface of class C*. Let T be a tangent vector
to S at (2, o(x")), and u : R™ — R a C! function. If u is constant on S, then V,u = 0 on

S.

Proof. Let u : R® — R be a C! function such that w = C on S for some constant C'
Since V,u = 0 on § is a local phenomenon, without loss of generality we can assume
that S is the graph of a C* function o : O’ — R, O’ C R™™'. Then P : O' — R",
P(x") = (2, ¢(2")), ' € O is a parametrization of S and if 7;(z', p(a’)) := 0;P(z")
where 0;P(2') = (0,...,1,0,...,0;¢(z")), 5 = 1,...,n — 1, then we have that the
set {r;(2',o(x")) : 5 = 1,...,n — 1} is a basis for the tangent plane to S at the point
(z',¢(2")) € S. Hence, any tangent vector 7 to S at (2, p(2’)) is a linear combination
of 7}s, and the conclusion of Proposition 4.2 follows if we prove that V. u = 0onS for

each j = 1,...,n — 1. Fix such a 5. Then
V(e o) = (5 (@), (Vu) (@', o)) )

= (9u)(a’, ¢ (2")) + (Onu) (@', o(2') 00 ().

4.5)
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Since u = C' on S, we have that for ¢ in a neighborhood of 0,
u(z’ + tej, p(z’ + te;)) = C. (4.6)

Hence,

d
[;ﬁ [u(a’ + tej, (2’ + tej))]]t:o =0. 4.7)

By taking the derivative in (4.7) we obtain

0= [% [u(a’ +tej. (' + tej))]}

= [((‘)ju)(.r' +tej, o(x' +tej)) + (Opu)(a’ + tej, p(a’ +tej))0jp(a’ + tej)] o

= (Ou)(a’, o (2")) + (Ohu) (', o (") 00 (2).
(4.8)
The proof of Proposition 4.2 can be completed by combining (4.8) and (4.5). O

In what follows, a particular family of tangential operators will prove to be very useful.

More precisely, if S is a C* oriented surface with unit normal N, set
]\ffjk = Nj(‘?k—Nkaj, j,kE {1,...,TL}, J #k 4.9)
Then the following is true.

Lemma 4.3. Let S C R" be an oriented surface of class C* with unit normal N, and let
u : R" — R be of class C' such that u = C on S for some constant C. Then M;u = 0

onS forall j,k € {1,....n}.

Proof. Using a localization argument, we can assume that S is the graph of a C* function

p0: 0 =R, O CR" Fixj, ke {l,...,n}, 7 # k. We distinguish two cases.
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Casel. 1 <j k<n-—1.

Making use of (3.7), for 2’ € O’ we have

()G (@ () Oepla) () (@, (o)
L+ V() L+ [Vip(a')|?
= —0lr) , [fl—u(:(?'+tek,99(w'+tek))}

VITIVoP L

Opp(a

) 4 ter (e ]
v (ARG

(M)’ o (a)) =

t=0 (4.10)

=0,
with the last two equalities obtained using (4.8).
Case2. 1<j)j<n-—1,k=n.

Again using (3.7), for 2/ € O’ we have

(M) (@ o(a"))
() @) (@ o) (D) pla)

L+ [Ve(z)[? 14 [Ve(z')]?

(4.11)
_ [Lu(x + tej. oz + tej))]t:O
T+ Vol@)P
= 0.
This completes the proof of Lemma 4.3 O

Proposition 4.4. Let S C R” be an oriented surface of class C* with unit normal N,
u : R" — R a C! function, and L a first-order operator as defined in (4.1). If u is
constant on S and L is tangential with zero lower order terms (i.e. b*® = 0 for all

1<a<r, 1<3<m)then Lu=0o0nS8.

Proof. Using a localization argument, we can assume that S is the graph of a C* function

¢: O — R, O C R*' Suppose L is asin (4.1) with b*¥ = 0 forall 1 < o < r,
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1< <mando(L,N)=0onS. Recall My as in (4.9). Then
n n n
0= NeNedj = > NpMj+ N; > Ny (4.12)
k=1 k=1 k=1

Hence, for1 < a <r, 1 <3 < m, we use (4.12) and the tangentiality of L to write

n n n n n
Z a?ﬁaj = Z Z a?ﬁNijk + Z a?ﬂNj Z Nkak
J=1 j=1 k=1

= k=L 4.13)

n
=Y a’ NeMj.
G k=1

In particular, since u = C on S for some constant C, (4.13) and Lemma 4.3 give that

Lu=0onS. O

Corollary 4.5. Let S C R™ be an oriented surface of class C* with unit normal N, and
u: R™ — R a C! function. If u is constant on S, then V,,u = 0 on S, where Vg, u is as

defined in (2.8).

Proof. Let L = Vy4,,. Then 0(L,N) = N — N(N,N) = 0 on S. Hence, by Proposition

44,Vipmu=00nS. O
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Chapter 5

A Distinguished Extension of the Unit
Normal

In this chapter we extend the unit normal N that is originally defined at each point of a
surface S C R™ to a neighborhood of S. This extension will have certain properties that
are important for us in the sequel. The extension result is listed below. The proof follows

the work in [2].

Proposition 5.1. Let S C R" be an oriented surface of class C*, k > 2, and let N be the

unit normal to S given by this orientation. For x € R", define the function

dist(xz,S), x above S,

= 5.1
pLT) {—dist(a:,S), x below S. 1)

Then the following hold:

(i) Onp=10nS;

o } N

(ii) Pl

v .

(iii) V (I_V%l) = =& on S;

(iv) There exists € > O such that if we set U := {x +tN(z) : z € §,t € (—¢€o,€)}

and v(z) := %, x € U, then v is a unitary extension of N to the neighborhood U (i.e.
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v| = N, |v| = 1) which satisfies

s
(a) Orvj — Ojv, =00n S, j, k=1,...,n;
(b)O,v;=00nS, j=1,...,n;
(c)divv s is independent of the extension.
Proof.

(i) Since S C R" is a surface of class C*, k > 2, locally it is given by the graphs of
functions of class C*. Fix z; € S. Then there exists r > 0 such that B, (x9) NS is given
by the graph of ¢ : 0" — R for some @' C R""!. Thus O’ 5 2’ — (2/,p(2')) € Sisa

local parametrization for S,

(ZVela),1) , fora’ € O, (5.2)

N(a',p(2")) = 1+ |V(a)]2

and zo = (zg, ¢(zy)), for some z; € O’ C R* . Let p be defined as in (5.1). Clearly

p(z) = 0 if and only if z € S. In addition,
p(x) =inf{lz —y| : y € S}, (5.3)
and if x is in a small neighborhood of x( then
plz) = inf{|z — (v, o(y)) : ' € O'}. (5.4)

We will prove that there exists €y > 0 such that for every ¢ € [0, €) and

x € SN B, (x), p(x +tN(x)) = t. To this end, we make the following claim:

t* = inf{|zo + tN(z0) — (v, 0(¥'))> : v/ € O’} for small ¢. (5.5)
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To prove (5.5),let F : O’ — [0,00), F(y') = |zo + tN(z0) — (v, ¢(¢))|*. Then

n—1
F(y') =) (xo, +tNj(zo) — y;)* + (p(z) + tNa(zo) — 0(y))?, (5.6)
7j=1
and
F(zf) = |0 + tN(z0) — (x5, (zp))|* = [tN(zo)]* = t*. (5.7)

We will show that F((y') > F(xy) forall y € O’ if t is small. The Taylor series of F' at zg
is given by
1
F(y') = F(xp) + (4 — x5), VF(xp)) + 5 (HessF)(€)(y' — 75)*, (5.8)
where £ € [z, y'] and Hess (F') = (0;0F); is the Hessian of F'. Differentiating F' with
respect to y; in (5.6), we obtain
Oy F(y') = —2(x0, + tNk(x0) — yr) — 2(p(5) + tNa(w0) — 0(¥)) 0y p(y').  (5.9)
Substituting ' = x;, we have
(04 F)(zp) = —2tNi(wo) — 2t Ny (20)0y, (), forallk=1,...,n—1.  (5.10)

Now by (5.2), the above expression becomes

2t

i IVQO(.Z")'Q [ayk(p(mé)) - 8yk(p(‘r6)] =0, (5.11)

hence,

VF(ah) = 0. (5.12)

We now let A := Hess F'(¢) be the (n — 1) x (n — 1) matrix (Ajk);x such that

Ajr(¢) = (0,0, F)(¢). What is important for us is that

(Az,2) >0 forevery z € R"™L. (5.13)
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To see why (5.13) holds, we differentiate (5.9) with respect to y; to obtain
0y, 0y, Fy') = 2056420y, 2(y") Oy, 0 (y') = 2(p(20) +tNp(x0) —0(y)) Dy, Oy 0 (y'). (5.14)

Then
n—I1 n—1 -1
Z Aj(Q)zjo =2 Z djpzjzp + 2 Z )0y, 2(C) 252k
Jok=1 jk=1 k=1
n—1
-2 Z + an -LO) (C))(dy]dykﬁ"(())z]:k

J.k=1

(5.15)

The second term in the right-hand side of (5.15) is equal to 2(V((), 2)?. Since

e eCh k>2, gives a local parametrization, we can assume that O is compact and that
Vel ~@y < Cly) and [|0;060] L@y < C(p) for j,k = 1,...,n — 1 and for some
constant C'(2) > 0. Then, turning our attention to the third term in the right-hand side of

(5.15), we have

[ n—1
/ Ny 1
21 ) ((0) = () %0kp(Q)zj2k| < 2n = NNC*(p)lag = ([ < 7121 (5.16)
jok=1
if |2 — (| < —”—Tz() =: €(y). Also,
Y S kel < AC - DER < s
‘ Ok (Q)zi2k| < e)(n—1)z]* < -z :
T+ VAP 4= o 4
if 0 < t¢ < ;(m Hence,
n—1 1
D Al(Qzz 2 202+ 2Ve(0), 2) — 5l 2 0 (5.18)
k=1
if |xg — (] < —,I—l———m =¢€(p)and 0 < t, < W Thus by ( 5.12) and (5.18), we
have that

F(y') = F(x() + ((y — x)), VF(x()) + 1Hess FE)(y —xp)? > F(xp),  (5.19)
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for £ € [zg, '] and for all ¥’ such that |y’ — z{| < €(¢) and t € (0,¢,).

There exist finitely many points z/, ...,z € O such that O’ C U Be(,)(}). Thus, if
z € SNp(0), thenz = (2/, p(x')) and there exists j € {1,..., J} such that

|z' — z%| < e(p). Based on what we proved so far, p(z + tN(x)) = tift € (0,t,).
Moreover, S is compact, so there exist ¢y, ...,y as in Theorem 2.2. For each such ;,

we obtain ¢, that gives p(x + tN(z)) =t. Let
€0 =min {t,,, ... tsn}. (5.20)
Then
p(x +tN(zx)) =t forevery t € [0, €). (5.21)

Taking the derivative of (5.21) we obtain
(Vp(z +tN(z)), N(z)) =1, (5.22)

which yields (i) by setting t = 0.
(ii) By (2.3), Vpls = Vianp + (Onp)N. Since p‘s = 0, by Corollary 4.5 V3,0 = 0,
which together with (i) implies that Vpls —N.

(iii) V (val) IVMVp—i—pV(vl—) Since p = 0 on S, we conclude that V (I p') = %

onS.

(iv) a) A direct computation gives

9ip Orp
Okvj — Ojuk = 0 J ) 0; (—-——)
I g (IV n Vol

] (5.23)
(00— 00i0) + (000~ 4)0) (1)

IVI
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p € C% s0 by (2.4), 8,.0;p — 0;0,p = 0. Using the definition of v; and by observing

that 1 on S, we see that on S Opv; — Oju, = |Vp|(N;0k — Ni0;)(1). Thus, by

—-———1 —_—
Vol

Lemma 4.3, Oyv; — 0;jv; = 0 on S. b) Using the definition of the normal derivative and

<ian|>> <|§£l v <|@Zn)>

:Z_a"‘_pa (0' >
Vol \ V)l (5.24)

the definition of v; we can write

ov; = (v, V) = <V,V
P

) " Okp Ok0jp i: Op 8»p0k< 1 )
— |Vp| |Vpl Vol Vol
By substituting v; for N IZ?] p in the second term of the right-most expression in (5.24), we
obtain
L1 i(@p)2+zn:0p(ué9 ya)( ! )
. ), A o p(Vi0, — 0;) [ ——
Vol 2% 2 M N7
n 1
+ 3 (Okp)1a0; <|V |> (5.25)

k=1

B 52 (190 *Za’“” (wm) % (IWI) on s,

using the fact that |[Vp| = 1 on S and applying Lemma 4.3 to v;0;, — 14,0, on S. By direct

computation, (5.25) becomes

11, Vp]? (-1) 1 1
5 50i(0p+ -+ 0op) + - 5(IVpl*) 72 - 2050
o BT e 2T oy
|V/)|Za]p_ |V]p|2 =0onS.

¢) Direct computation yields

n n n
divy = E ov; = E E V055
Jj=1

=R . (5.27)

= ZZVk[ukaj — I/jak]yj + ZZV}CV]‘(ﬁij)-

7=1 k=1 7=1 k=1
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Remark. SetU := {x +tN(z):z € S,t € (o, €)} Where ¢ is as defined in (5.20). v

is extended in a neighborhood U of S such that |v| = 1 in U, which implies that

i 1 - 1 1
Zz/jc?wkyj = §8xk (Z Vf) = 581%,1/[2 = 58%(1) = 0, (528)
Jj=1 j=1

for j,k =1,...,n. Hence,

veV;(0g,vj) = 0in U. (5.29)
7=1 k=1
By (5.29), (5.27) becomes
divv = Z Z(uk)[ukaj — VO] (v5), (5.30)
j=1 k=1

which shows that div 1/‘ Z >~ NiM;;N; is independent of the extension. This com-

1k=1
pletes the proof of Proposmon 5.1.

O

Let S C R” be an oriented surface of class C* with unit normal N and recall the first-order

tangential differential operators
Mjk = Njak - Nkaj, 1 S j, k S n (531)

as defined in (4.9). If v is as defined in Proposition 5.1, then each operator M, extends

accordingly by setting M, = v;0,—v0;. We now define a stronger notion of tangentiality

for operators.

Definition 5.2. Ler S € R" be an oriented surface of class C*, k > 2, with extended unit
normal v as in Proposition 5.1. The operator L as in (4.1) is said to be strongly tangential
ifo(L,v)=0.
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Next we define the Gauss Curvature for a surface S. Let S, U, v be as in Proposition 5.1.
For a point z € S there exists P : @' — S local parametrization of S in a neighborhood
of P(2') = x. From (v(P(z")),v(P(«"))) = 1 we have that forall j = 1,...,n — 1,

%(u(P(a:’)),u(P(x’))) = 0. Hence, we observe that (%[V(P(CIZ/))]Z/(P(ZIJ)» = 0,

¢y

which implies that (—f’—j[u(P(x’))] is tangential to S at P(z’) forall 1 < j < n — 1. Thus
there exist real numbers b, 1 < j,k, < n — 1, such that

n—1
%[V(P(x'))] = Z bjk|0p, P(x)] forall1 < j <n—1. (5.32)
3 k=1

We now define the matrix

big b2 - bipa
B = (bjk)i1<jh<n—1 = bQ.’l bg.’z 52,7—1 (5.33)
bn_11 -+ o bpin
and the Gauss Curvature
G := Trace B = S bjj- (5.34)
j=1

Theorem 5.3. Let S C R" be an oriented surface of class C*, k > 2, v as in Proposition

5.1, and G as in (5.34). Thendivy = Gon S.

Proof: Without loss of generality we can assume that S is the graph of a C* function

p: O — R, CR" ! Westart by observing thatfor 1 < j <n —1landz’' € O,

bjj = O,

“Onel@) | (5.35)
L+ [Vp(2)?

Indeed the left hand side of (5.32) becomes

—0n, () 5
L+[Ve@@)? |

! . (5.36)
L+ [Ve(a)]?

azjV(P(ltl)) = <8z]
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Substituting (3.8) into the right hand side of (5.32), we obtain

n—1 n—1
b]k(oaa 170 l'kgo( )) = Z( 7b]ka077bjkal‘k(10(x/))
k=t k=1 o (5.37)
= (bjlv ij, ey bjn—-la Z b]kazk@(l'/)> .
k=1

This proves (5.35). For 1 < j,k < n, we again recall the tangential operators My, as

defined in (4.9) and extended for v as defined in Proposition 5.1. Then by (5.30),

(div v) Z Z veMyv;(P(x')) for 2’ € O (5.38)
Jj=1 k=1
If j = k = n, then v, M,,,,v,, = 0. Thus,

n

Z l/k]\/fkjl/] )

k=
n—

"
i[™]=

(div v)

—_
»—-»—A

n—1

I/kMij/j(P(l'l)) + Z VnMnjVj(P(z,))

n—1

+ Z I/kMan/n(P(CL'I))
k=1

ln—ly —Opp(2) 0 Pz (5.39)
2 [ oo By P

Ooyp(2’) 0 L (P(s'
T+ VT Ll
8

(P

3u

1

<.
Il
kS
Il

3
|

J

_+_

Z \/1+|V90 )2
a

Z \/1+|V¢ )2 e—m

(P())].
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By substituting in the appropriate expression for v, (5.39) becomes

S Ol Inp(@) 0 | =80 ]

S T Vo@) 1+ Ne@)E O |1+ Ve(@)P
—if Onp(a)  Onpl@) 0 | —Oyp(@) }
=1 V3I+ Vo) /1+]|Ve()]? Oz 1+ |[Vo(a)|?

(5.40)

n—1 1 2. 9 ~(9zj90(xl)
+Z< L+ V(e ’)I2> 3%[ 1+|Vso(:v’)!2]

7j=1

i O (T 1 -0 1
\/1+|V90 @)F I+ Ne@)P On \VT+Ve@)l)

By direct computation, (5.40) becomes

SN @@ [ T
Z e | ele) VI V)

+ax] (a )a_( 1—|—|Vg0(’£’)|2)]
= (@) - O, () ,
h \/TTWW i [0 0

+02,9(2") 0, (VIF V(@) |

1+ [Vep(a)?

nt 1 2 / AYV]
Wi e [-02,06) - VI Vo)

+04,0@)0s, (VIF Vo @P)]

e el D
% e Tep e (VIFTVRR)

B o S N C0) N
e ra A

R 0, 0(0')0, 0 (@) 0ns B 0 )
+Zk=1 VLt Vo@D
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—_n—l 82 ( n—1
= ;( ———1—|—|V<,9CE’ 3[; (Oupp(z :l

. (5.41)
RS S GO RGO
j=1 k=1 ( 1+ |V90( )l )3
Hence,
(divv)(P(z') = - nz_:l % 0(7) (lp(@)* +1)
o (V1+ [ Ve()P)?
N = = O, (&) 0r,p(2) O, (O, 0(2"))
01— (V1+[Vep(z')?)?
(5.42)
= 2
o V1 V()P
N = = O, 0(2) 0, 0(2') O, (O (')
j=1 k=1 (\/ 1+ |v(,0($/)'2)3
Next we use the quotient rule in formula ( 5.35) to obtain
n—1 n—1 —82 ( )
20 = 2 |w P
= = (5.43)
< (z')
+ <0y, (V14 |Vp(2')[?).
; 1+|Vs0( 1)
To complete the proof we observe that
n—1 -1
k:l k=1
Then, by (5.44), equation(5.43) becomes
n—1 n—1 82 n—1n-1 8x az 8181 :L"
by, = p(z') +ZZ J‘P k‘P( ") 5 L) (5.45)
P S VIHIVe@)P? Hio 1+ |Vip(a')[?)?

By comparing our definition of G in formula ( 5.34) to our formula for div v in equation

(5.42), we conclude that div v = G. O



Lemma 5.4. Let S C R" be an oriented surface of class C*, k > 2, and let M be as in

(5.31), v as in Proposition 5.1, and G as in Theorem 5.3. The following formulas hold:
(i) Mjr = —My;, foralll < j, k <n;

(ii) Op =

n
J]=

viMj, + vg0,, forall 1 <k < n;
1

(iii) Z M, = v;G, foralll < j <n.
k=1

Proof.

(i) Mjk = zxjé)k — I/kaj = —l/kaj + ujé)k = —Mkj.

(i1)
Z viMj, + 0, = Z(V?@k — vjve0;) + Z v;0; = O Z z/f = 0.
=1 J=1 j=1 j=1
(iii)
Z Mjwv =Y (V0 — vi0s)vi = Z [v(Ohvi) — vie(O5v)]
k=1 k=1 k=1
1
= y;divy — 56?]-(|1/|)2 = v;G,
with the last equality obtained using (5.28) and Theorem 5.3. O

Proposition 5.5. Let S C R” be an oriented surface of class C*, k > 2, and U, v as given

in Proposition 5.1. Then for the n X n matrix-valued function

R(z) := Vv(z) = (Okv;(2))jk, x € U, forall jk=1,...,n, (5.46)
the following hold true:
(i) Rv =0inU;
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(ii) Tr(R) = G in U, where G is the Gauss Curvature for S.

Moreover, when restricted to the surface S, R has the following additional properties:
(iii) R depends only on S and not on the choice of v;
(iv) Rl =RonS;

(v) (Ru) |s is tangential to S for any vector field u : S — R".

Proof.

(i) Rv=V|v|?=0inU.

(i) Tr(R) = Tr(0kv;(z));x = div v = G by Theorem 5.3.

(iii) Using (iv) b in Proposition 5.1, Vv s = (. Also, I/’S = N by Proposition 5.1, and
Vl/| s = VianV + (V,v)v. Together these conditions imply that VZ/‘S depends only on the
surface S and not on the extension v. Since R(z) = Vv(x), (iii) follows.

(iv) By (iv) a of Proposition 5.1, Oyv; — O;v, = 0on S for j,k = 1,...,n, which implies
that R = RT on S.

(v) On S, we have that (v, Ru) = (v, (Vv)u) =v-Vv-u =0,since v- Vv = 0on S by

Proposition 5.1. This completes the proof of Proposition 5.5. O
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Chapter 6

Integration by Parts on Surfaces

A version of the integration by parts formula (4.4) can be obtained when one replaces 2
by a surface § in R". However, the drawback of such a result is the fact that the adjoint
appearing in the right-hand side of (4.4) will have to be computed with respect to the
surface & and not R". This is a difficult task and it would be desirable to have an integral
formula that involves the adjoint of the operator considered when acting in R", and not
just on the surface. Theorem 6.2 addresses this issue. To prove Theorem 6.2 we need the

following lemma.

Lemma 6.1. Let S C R" be an oriented surface of class C*, k > 2, with unit normal N,
extended unit normal v as in Proposition 5.1, and ~ the unit normal to OS as defined in

(3.10). If f,g € C!(S), then for every1 < j < k < n,
[upds == [ j0tupas+ [ (Npw-Npfods. 6
Js s as

Proof. It is enough to show that

/]\[7kde=/ (Nj’\/k —Nk.’yj)fds. (62)
JS oS
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Let 2/ = (z1,...,2,_1) = (2",9(z")) € O C R*!, where ¢ is as defined in Lemma
3.10. We now distinguish several cases. Case I. 1 < j,k <n — 2.

We use Definition 3.3, so that the left-hand side of (6.2) becomes
/(I/jak - Vkaj)f ds
S
-1 ’ / ’
- [ o= = ,)|2[3j90($)(3kf)($,90(x))
= Oup(2) (0 )&, p(&)]V/1 + | V(') [? da’
= - [ {as@)|@n v@) + @u)( ol )kl
— 0 (@) [(031)(@, (@) + (Bu) (@', p(a)Bsip(a")| }da’
== | (0001 1@ 0] - 01, Duole) S (@]

(6.3)

If we let (N, ..., N/ _;) be the unit normal to O’ in R®~! as defined by the parametriza-

tion 1 based on Lemma 3.9, integration by parts yields for (6.3)

[N (2, o(2)d50(x") — Nj(2', o(2) o (2] (2, o(a))ds

olod

_ Op(z") o2 (") — 3]'10(96”) " 1
B /0/' [ 1+ |V¢(£E")|28](p( V() V1+ |V”w(x”)|2(9k<p(w (@ ))}

. f(.’L’”, d)(w/l), QO(III”, Z,D(CL'”))) /1 + va(:r,,)’gdx// (64)
= /H [ak¢(x//)8j¢(xll,¢($’/)) _ ajw(zl/)akw(x//’w(x//))]

. f(mll, w(x//)’ gO(fL'”, ’(/)(m”)))dl’”.
On the right-hand side of (6.2) we apply first Definition 3.6, then we substitute the appro-
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priate expression for v as given in Lemma 3.10 to obtain

/ (N — Niy;) fds
oS

— 8190( w( ”)) Ouib(z" 2" (")
/ { \/1—|—|V<p( ) 'Q[)( ,,))|2) [kw( )[1+|V§0( ’w( ))l]

+8k90(' ( "))[8n 1<P //’w // Za 50 // // 87,/)( //)]J

— akgo(x”’w(x”)) a. :IT” " :L'" 2
T T T (e M+ Ve o)

(6.5)

n—2

+ 0" ¥ arp (", (@) = D Oupla”, v ("] }

k=1

. f(x”, ¢(«TH), go(wl/’ ,d)(x//))) dz"

- /0 |030(a” w(&") V(") = D (2", (a")By(a")]

. f(:lf”, w(a?”),QO(ZI?”,w(IL'”)))d.’E”.
Thus (6.2) isproved for 1 < j,k<n—2.Case2. 1<j<n—-2 k=n-1.

We again use Definition 3.3 so that the left-hand side of (6.2) becomes
[ @500 = 118 @) a5
]' / / /
- | == ,)P(@jw(w)(@n-lf)(w o))
— 01p(@) (0) (& (") - VIF Vipl@]P o’
= [ (= 00500 @]+ 0 00100 £ @)

Integrating by parts, (6.6) becomes

(6.6)

[ ~105¢(2") + NjOu_10(z)] (2, (")) ds

\/C\)II

_ j " Yy — aj w(IL‘”) " "
T vaeE o) - e el el ))]

f@" 9@, e(a”, 9 (2") V1 + [V (a") [ da”

= - /O @)@ v @) + B Bar )@ (@) - £ 9", 0l Y(a")da”.

(6.7)
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We again apply both Definition 3.6 and Lemma 3.10 and observe that the right-hand side

of (6.2) becomes
/a (Njtn-1 = Nuc1iy) (2, o(a))ds
S

_ _ 6j99(£llﬂw(x”)) 2" ("2
Jo A i e AN

— Ourp@”, Y+ B rpla”, (") 3 Ao 9la) (e
k=1

an 1@0( (‘T )
\/1+|V90(m” ("))

+ 05p(2”, b (2"))[On-1p(z Zﬁkgp " b(z"))Ok(z )]]}
(" (@), oz, (")) da"”
== /0 105", (") + Onrip(a”, () ;0h(2")]
f@” ("), p(a” p(2")))da".

Case3. 1<j<n-—2 k=n.

[ajw(a;")[l +[V(a”, (")) (6.8)

Using Definition 3.3 and integration by parts, the left-hand side of (6.2) becomes
[ = ) @' pla)ds =
s

—1 , ’ /
_ /o | mij(x )(Onf) (@', ("))

+(0;f)(x 1+ |Vo(z')|]2da

/6a:][f 7', p(z))]dr’ = — /N' ')

iy (z”) 2" ("), ¢ \/de//

1+|V¢ " |z
= /ON ajw(x”)f(l'”,77[)(1'”),SO(CU”,Ib(JS”)))dLL'”.

(6.9)
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By Definition 3.6 and Lemma 3.10, the right-hand side of (6.2) becomes
[ @ = N £ (@)
8s

)
=/ { —0p(z", ¢(z"))
(VI+ Ve, b(=)P)?

-2

[l 0@ = Y Bele” (e "]

=1

05 (a")[1 + [Vip(a”, (")) ] (6.10)

3

bl

1
RV ZCRCaE

+ 50(a", $(a")) Ba-10(a”, (") Zé’so " (") oula"))]

CRICONTCRTED)) }dx"
/ Dbl (", 9", ol B(a")))da".

Case4. j=k=n—1.

/(Vn—lan—l - Vn—lan—l)f(zl, %0(37/))(15 =0, (6.11)
S
and

/as(Nn_l%_l — Npo1m-1) f (2", 9(2"), (2", 9(2")))dz" = . (6.12)

Case5. j=n—1, k=n.



Using Definition 3.3 and integrating by parts, the left-hand side of (6.2) becomes
/(Vn—lan - Vnan-—l)f(z,, @(Il))d‘s
s
—Op_10(2’
- | [ @ vle)

1+ V(a2
-1 2
e U MR R
“/ Do [, pla))] d 6.13)
/ ), wla”, d(z")))ds
o0’

- |, T @ e o VT VP st

= [ et el vl

By Definition 3.6 and Lemma 3.10, the right-hand side of (6.2) becomes
/ (Nn—17n - Nn'yn—l)f(x/a (p(:c’))ds
a8

_ — n—lﬂp(x”a ¢($")) , " z"
- | R e (et e

-3 e v (a"))
) k=1 )
(VIF Vol g

—(an—lSO(CUH,w(I”)))2+(8n 190 // // Zak@ // // 5¢( //)))

(1+ IVela”, )

. f(fr”,l/l(fl,'”),(p(l'”,T,ZJ(I”)))] dl'l/

= /O f (2", 9(x"), (2", (x")))da".
(6.14)

Case 6. j =k =n.

/ (VnBh — UnBn) fdS = 0, (6.15)
S
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and
| o= N gds =0, (6.16)
X

In each case we have proved equation (6.2). Since the cases exhaust all possibilities, this

completes the proof of Lemma 6.1. O

Theorem 6.2. Let S C R" be an oriented surface of class C*, k > 2, with unit normal
N. Let L be as in equation (4.1) with coefficients of class C1 in R™. Let v be an extension
of N, as in Proposition 5.1. If (L, N) = 0. then L extends uniquely to an operator (still
denoted by L) which acts on C' vector-valued functions defined on S such that (Lu) =

L (u’ ) for every u € C(U). Furthermore, similar considerations apply to L*, and for
S

allu,v € CH(S)and1 < jk<n, 1 <a<r1<8<m,

/(Lu v)dS = / w, L*v) dQ—{—Z/ dwa N\Njugvg db+/ (o(L.~)u.v)ds.

Js o 2
(6.17)
Moreover, if o(L,v) = 0 in U, then for all u,v € C'(S),
/ (Lu,v)dS = / (u, L*v) dS + / (o(L,~y)u,v)ds. (6.18)
Js s as
Proof. Suppose o(L, N) = 0. By Lemma 5.4, on S we have
(Lu)q Z Z a®? (Z NiMj; + N; 8N> ug + Z b
(6.19)

= — Z aj Nk]wij/g — Z (Lj NJONuﬁ + Z ba’BUg.
J.B.k 7.8 B

The second term of the rightmost expression in (6.19) contains o (L, N) = 0, so we have
(Lu)a ==Y af’ NeMjsup + Z »*%us  onS. (6.20)
J.8.k
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We now let v be as defined in Proposition 5.1. Then

/ (Lu,vydS = — Z Z/(Mjkuﬁ)(a;'ﬁukva) ds + Z/ b*Pugu,dS.  (6.21)
s s o3 S

gk B

By Lemma 6.1, the right-hand side of (6.21) becomes

I RALACEENI LY [[#rusnaas

(6.22)

- Z Z/ (Vv — Vk”yj)uga?ﬂz/kva ds.

j,k a’ﬁ 88
For the term under the boundary integral we write
— . af _ ap
Z Z (Vﬂkaj VkUgUa — Vk7j0; I/k-Uﬁ'Ua)
3k ap

- <77 V> <0(L7 U)u? U> + IV|2 <U(Lv V)Ua ?)> (623)

= (o(L,v)u,v),

since (7, ) = 0 on S. The term under the first surface integral in (6.22) can be expanded

to obtain

2D us [Mj (G?B Vkva)]
bk B
=3 S s v My + 3 S M (a5, (6.24)

ik a8 ik aB
= IT+1I
Then, by Lemma 5.4, we observe that

1= Z Uﬁa?ﬂvang = (o(L,v)u,v)G=00nS. (6.25)
j’aﬁﬁ
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Next, we again apply (ii) in Lemma 5.4 to obtain

IT + Zbaﬁu5va = — Z ug0; (a;mva> Z ug;0y (a va> Ebaﬁuﬁva
o,fB j

J,a.B

= (u, L*v) + Z [u[ﬂ/j (8,,aj ﬁ) Vo + UgV;a; 8,,11,1]

= (u, L*v) + Z [uﬁa (1/] )va —ug (aul/j)a?ﬁva]

J.a.B8

+ (o(L,v)u, V,v)
= (u, L*v) + ([0, 0(L,v)|u,v) — (¢(L, V,v)u,v)

+ (o(L,v)u, V,v).

Buton S, o(L,v) =0, and

Vo= (0,v5)5-, =0

by Proposition 5.1. Hence,

IT + Z b*Pugv, = (u, L*v) + {[8,0(L,v)]u,v) onS.

B
Furthermore,
([0vo(L,v)]|u,v) = Z Ug (8,,(1?6) VjUq + Z uga?ﬁ(c‘?,,r/j)va
Ja,B Jsa.B
= Z ug (5‘Na?5) Njv, onS,
Jao.B

since 9, (v;) = 0 on S. Hence, for every u, v € C*(S),

/ (Lu,v)dS
s

:/(u, L*v) dS—f—Z/ (8Na?’3) Njugvad5'+/ (o(L,7)u,v)ds.
S jands 8

S

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

When L is strongly tangential, 0,0 (L, v) = 0 by definition, and the theorem is proved. [J
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Chapter 7

Identities on Surfaces

We begin this section by introducing some new operators which will be useful for us in

the sequel. Let

n
Dj = 8j - 1/]6,, = 8j - Z ij/kak, fOI'j = ]., 2, Lo, n. (71)
k=1

Proposition 7.1. Let S C R" be an oriented surface of class C*, k > 2, with extended

unit normal v as in Proposition 5.1, and 7y the unit normal to 0S as defined in (3.10). The

following formulas hold:

(i) D; = kill/kMkjforalll <j<n;

(ii) Mj, = v;Dy — Dj forall1 < j,k < n;

(iii) Zn:lz/ij = 0 and f:lel/j =GonSforalll <j<n;
j= i=

(iv)
[D;, D] = vj(Vvg, V) — i (Vv;, V) on S, forall1 < j, k < n, (7.2)

where [D;, D] is the commutator of D; and Dy, that is,
[Dj, Dk] = DjDk - Dij; (73)
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(v) Forevery f,g € C1(S), and for every 1 < j < n,

[ @inads - / Dy)+1,09)s + | fads

Proof.

(i) Letj € {1,...,n}. Then,

Z l/k]Wk] Z I/]c I/ka - V]c’ik g — Vj Z I/kak j.
k=1

k=1

(i) Fix 1 < j,k < n. Then,

I/jDk — I/ij = V]'(ak - Vkau) - Vk(aj - Vjau)

= I/jak - I/jl/ka uko“f + I/Jl/ka = ]k
(iii) Letj € {1, ...,n}. Then,

n

ZV]D Zz/] ) — v;0, Zujaj—&,: 0.
Jj=1 j=1
Also, on S,

ZD v; = Z —v;0,)V;

j=1

= Zajuj =Y oy = Zaj’/j =g
j=1 3=1 7=l

(7.4)

(7.5)

(7.6)

(7.7)

(7.8)

where for the last two equalities we used (iv)b in Proposition 5.1 and Theorem 5.3,

respectively.
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(iv) Observe that on S, for each j, k € {1,...,n},
DjDk = (8] — I/ja,,)(ak - l/ka,,)

= 8]ak - 8j(l/ka,,) - I/ja,,ak + I/ja,,(l/ka,,)

(7.9)
= 0;0r — (Ojuk)0, — v(0;0,) — 10,0k + V110,08, + v;(O, k)0,

n

= 0,0k — (B)dy — > k(9501 + vi(B;11)8) + v d1k] + v,

=1

where in the last equality we again used (iv)b in Proposition 5.1. We observe that the
expression

n
8jak - (8]'Vk)8,, — Z[l/kl/lajal + I/jl/lalak] + Vjuké)f
=1
is symmetric in j and k. Hence,

n

[D;, Dkl = =Y we(8m)0 + > v;(Bk1)dy
= =1 (7.10)

n

= -y 2(611/]')81 + v Z(aﬂ/k)ala

=1 =1

where in the last equality we used (iv)a in Proposition 5.1. Directly computing (7.10)
yields (7.2).
(v) D; is a first order differential operator defined in a neighborhood U of S C R", which
has symbol o(Dj,v) = v; — v; Zn:lz/,-ui = 0. Hence, by Definition 5.2, D; is strongly
i=
tangential to S. Also, o(D;,~y) = ;. In order to apply Theorem 6.2 we need to compute

DJ’.‘. We have
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(D))" = (aj VY Z Vk5k>
k=1

=—0; + Z[@k(ykyj) + V03,0
k=1
" (7.11)
= —8]' + Z[l/jakyk + Vkakl/j + l/ijak]
k=1

=—0;+v;G+ (v,Vu;) + Z ViV Ok

k=1
= —Dj “+ l/jg + (9,,1/j,

and when restricted to S the ]aét term in (7.11) vanishes. Now (7.4) follows from the above

and Theorem 6.2. O

Definition 7.2. Let S C R" be an oriented surface of class C*, k > 2, with extended unit
normal v as in Proposition 5.1. For any smooth , real-valued function f on S and any
smooth tangential field u = (uy, ..., u,) on S, define
n
(i) divsu:= Y Dju;foralll < j <n;
j=1
(”) VSf = (lev D?fa s 7an)a
(iii) Vif = (D;Dif)jr forall1 < j k < n;

(iv) Asf :=divsVsf = i Dif forall1 < j <n.
=1

J

Proposition 7.3. Let S C R" be an oriented surface of class C*, k > 2, with extended

unit normal v as in Proposition 5.1, and ~ the unit normal to 9S as defined in (3.10). Let
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f € C%(8). If uis such that Asu = f on S, then

/|A5u|2dS Z / D,;Dyu) dS—l—/(RVSu Vsu)GdS
S

J.k=1
—2 / |RV5u|2dS—Z (Dju)d,(Dju) ds (7.12)
— Jos
+Z/ (04u)(DxDyu) ds — Z/ (Dju)([Dj, DiJu)vi ds.

7.k=1

Proof. To simplify the writing, in what follows we will use the repeated indices summa-
n
tion convention. For example, > D;uD;u will simply be written as DjuD;u with the
j=1
understanding that since j is repeated, we sum over j. By formula (7.4), we have

/5 (Agul2dS = /S (D, Du)(DyDyr) dS
__ /‘S Du(D,DyDyu) dS + /S (D;u)(Dy Dyut) ;G dS
+ /d (4Du)(DiDy) ds (7.13)
- - [ DD, P s + | 5D (DD ds

= I+ 11,

where in the second to last equality we have used (iii) in Proposition 7.1 By formula (7.3),

the integral / becomes

[=— / (D;u)(D; Dy Dyu)dS
: (7.14)
_/(Dju)(DijDku)dS_/(Dju)([Dj,Dk]DkU)dS.

S S
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Integrating the first term of (7.14) by parts and again using formula (7.3), we further obtain
I = /S(Diju)(DjDku) ds — /S(Dju)(DjDku)ukg ds
- /d (DD, Deds - /S (Dyu)([D;, D] Deu) dS
_ /S ([Dy. D,Ju)(D,Dyu) dS + /S (D;Dyu)? dS
_ /‘S (Du)([D;, D) G dS — /S (Du)(DyDunGds (19
_ /6 (D[ Difuyyeds /d (D)D) ds

- /S(Dju)([Dj, Dy|Dyu) dS

=Il+12+-[3+l4+15+16+]7-

By (iii) in Proposition 7.1 we have that [, = 0. Also, using Proposition 7.1 (iv) we can
write
I; =— /(DjU)I/j((Vl/k, V)Dyu) dS + /(Dju)l/k«VI/j, V)Dyu) dS
Js s
= /(DjU)((VVj,V)(Vkau)) ds — /(Dju)(Dku)<V1/j,V)1/k ds
Js s
(7.16)
= - /(Dju)(Dku)<V1/j, Vi) dS
s
= ~/ |RV sul? dS,
s
where for the last two equalities again we used (iii) in Proposition 7.1. Next we analyze
L.
I = /(DjDku)l/k<Vz/j,Vu) as — /(DjDku)uj(Vuk,Vu) ds
S S
= /([Dj,Dk]u)l/k<Vl/j,V'u> dS+/(Diju)l/k(ij,Vu) ds
s s

=/1/j(V1/k,Vu>1/k<V1/j,Vu) dS—/Vk(Vuj,Vu)uk(Vz/j,Vu) ds (7.17)
s s
=—/|(Vuj,Vu)|2dS

s

=— / |RV suldS.
JS

54



For the first equality in (7.17) we used (7.2), for the second the fact that v;D; = O on S,
for the third we used again (7.2) and that v, D), = 0 on S, for the fourth equality we used

that
vi(Vv;, Vu) = v;(0v;)(0u)

1. (<,
= 56; <; I/j> ou =0,

and the last equality is immediate. We continue using (7.2) and v;D; = 0 on S to see that

(7.18)

I;=— /(Dju)uj(VVk, Vu)GdS + /(DJ'U)I/k<VI/j, VuyvGdS
S Js
(7.19)
= /(Rvsu, Vsu)GdS.
S
Combining (7.15), (7.16), (7.17), and (7.19), (7.12) follows. This completes the proof of

Proposition 7.3. 0

We now define new operators whose properties will be particularly useful in proving three

corollaries to Proposition 7.3. Foreachj =1,...,n,let
tj = D]’ - 'yj(‘iy. (720)

Computing the symbol of ¢; with respect to v and to v, we see that

o(tj,v) = vi —v{v,v) =77, v) =0, (7.21)
and

olty,v) = —vi{v.v) = v{y7) =0. (7.22)
Hence, t; is a first order differential operator tangent to JS foreach j = 1,...,n.
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Corollary 7.4. If u |3s= 0, then
/ AsuPas =3 / D, Dyu)?dS + / (RV s, Vsu)G dS
7,k=1 (723)
—2/ |RV3U|2dS+/ (87u)2935 ds,
s 88

where

Gas = i ti;. (7.24)
Proof. Since
o([Dj, Dilsv) = [y — vilvs v)llwe — v (v )] = e — v (v )1 = v {7, )] = 0,

we observe that [D;, D] is a first order operator tangential to dS. Hence, we have

[D;, DxJu = 0 on dS and
- /6 (Dju)([Dj, DeJu)yeds = 0 (7.25)
S

Noting that

vty = VD — 0y = 7;0; — Y0, — 0y = 0, (7.26)

in light of (7.25) and (7.20) the remaining boundary terms in ( 7.12) become

S~

(00)(D;Dyu)ds ~ | (Dyu)a,(Dyu)ds
aS as

= 68[ ) (5 + 750y ) (Eju + 7;0yu) — ;(0yu)0y (tju + v;0yu)] ds

t;(7;0,u)d (7.27)

Il
\

38
(0yu) [t (0yu) + (Oyu)(t;v;)]ds

Il
\

a8

Il
\

(0yu)?Gasds.
8s
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For the second equality in (7.27) we used the fact that ¢;(¢;u) = 0 on 0S, while for the
last one we used (7.26). Combining (7.12) and (7.27) we conclude that for u satisfying

Asu = finS and u'as — 0, the formula (7.23) holds true. 0

Corollary 7.5. If O,u = 0 on 0S, then

/lAgUPdS = Z /(DjDku)QdS+/(RV3u, V5u>g ds
s ——y s
= . (7.28)
9 / [RVsu’dS + 3 / (5) ()t ds.
s =170
Proof. Again we make use of the repeated indices summation convention and we start
with (7.12). We only need to analyze the boundary terms in (7.12), the second of which is
zero if O,u = 0 on 0S. Hence the remaining terms are
- [ (©uwa,Du)ds — [ (Dyu)(D; Difuyds
8s as
= —/ (Dju)(DpDju) i ds —/ (Dju)(D;Dyu — D Dju)yids
8s as
= —/ (Dju)(D;Dru)vi ds
8s
—~ [ DD, @u)ds+ [ (Du)Dr)(Drads
8s aS (7.29)
== [ (yu+ 0,0 (15(0,0) + 0, 0r)) ds
+ [t ity + @) twu+ 0,0 ds
as

= —/ (tju)'yj87(87u)ds+/ (tu) [t + v (Oyvi) | (teu)ds
8s as

= / (tu)(t7e) (teu)ds.

as
For the first equality in (7.29) we used formula (7.3) and also the fact that

%Dk = (0 — v,0,) = 0y — (v,v)0, = 0,. For the third equality we made use of
(D;Dyu) vk = Dj(wDru) — D;(vk)Dru. Hence, for a function u that satisfies Asu = f
in S and d,u = 0 on JS, formula (7.28) holds true. (I
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Corollary 7.6. Let 0S = I'y U 'y where I'y and Ty are connected. If u|Fl = 0 and

Oyu = 0on Ty, then

/ |Asu|?dS = Z /(DjDk'u)QdS+/<RV$1L, Vsu)G dS—Q/ |RV su|?dS
Js s S S

—I—/ (0,u)*Gos ds + Z/(tju)(tﬂk)(tku)ds.
I Iz

k=1

(7.30)

Proof. Again we make use of the repeated indices summation convention. Combining the
proofs of Corollaries 7.4 and 7.5, we see that if we consider the boundary terms of (7.12),

we have
—/ (Dj’ll,)([Dj, Dku])'yk ds = 0. (731)
I'

and the remaining boundary terms on ['; follow the calculations of (7.27) to become
/ (0u)*Gys ds. (7.32)
r
The boundary integrals over I's follow (7.29) to become

[ e (733)
I’y
We combine (7.12), (7.32), and (7.33) to complete the proof of Corollary 7.6. O

We close this section with a simplification of the proof of Theorem 3.1.1.1 in [5]. The
lemma below can be used to replace the main step in the proof of the aforementioned
theorem in the setting when S is the C? boundary of an open bounded subset of R™. We
would like to point out that the formalism developed so far allows us to work globally
on S. This is in contrast with the approach in [5] where the computation is done in local
coordinates.
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Lemma 7.7. Let S C R" be an oriented surface of class C*, k > 2, with extended unit

normal v and such that 9S = @. Then for u,v € C*(R"),

/8 [, v) div u — ((u, V) u, 1)]dS

= /[<_2utam vtzm <V) ’U,>> + <Rutan~, utan) + g (u, V>2]dS
S

where Uy, = u — (u, V)v.
Proof. Consider the left-hand side of equation (7.34):
(u,v)ydivu = (u, (div u)v),

and

(. V)u,v) =Y ui(Qpue)ve = <u <Z(ajuk)uk)

Jk=1 k=1

We therefore define the operator L as follows:

Lu := (divu)v — (Z(ajuk)l/k>

k=1 j=1

Then

o(L,v)u = (v,u)v — (u,v)v = 0.

(7.34)

(7.35)

(7.36)

(7.37)

(7.38)

Hence, by Definition 5.2, L is a strongly tangential operator. To determine L*, the adjoint

of LinR", let u,v € C;°(R™). Then integration by parts implies

/ ) (Lu,v) = / ) -((div w)v,v) — En: z,j(ajuk),,k}

L J.k=1

= /n (=V (v,v),u) + Z Ukaj(Uij)}

L jk=1

I/n (=V(rv).u) + <u <Z(aﬂj)“’c+zwaﬂk

j=1 j=1

= /n [(=V (v,v),u) + (u, (div v)v) + (u, Rv)].
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Since V(v,v) = Vian (v, v) + [0, (v, v)]v, we can write the adjoint of L as
L*v = =V (v, v) — 0,(v,v)v + Rv + (div v)v. (7.40)

Now, on S,

divsv = divsvye, + divs[(v, v)v]

= divsvian + Y_ vD; (0, 1)) + (v,v) Y Dy (7.41)
j=1 =
= divsvsan + ('U, I/>gv

using (iii) in Proposition 7.1 for the last equality. On the other hand, on S, we use (i) in

Definition 7.2 and (7.1) to write

n
divev = E Djv; = E (0;v5) l E v;0,v;
j=1 j=1

(7.42)
= (div v) < (v, 0,v).
Combining (7.41) and (7.42) we see that
(div v) |s= divs(Vtan) + G{v, V) + {(Oyv), V), (7.43)
and
((Opv),v)y = 0, (v,v) + (O,v)v = 8, {v,v) (7.44)
since d,v = 0 on S by (6.27). Hence,
(L*v) |s = =Vian (v, v) — [0,(v, v)]v
+ div 5(Vtan)V + G{v, v)v + [0, (v, v)]v + Rv (7.45)

= —Vian (v, v) + div s(vian)V + G{v, V)V + Ru.

Thus, since L is strongly tangential to S and 0S = @, if we apply Theorem 6.2 we get
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that
/ (Lu, u)dS = / (u, L*u) dS
S S
= /K_utana Vian (l/, u)) + (u, Ru) + g<1/7 u>2 (7.46)
S

+ (divs(utan)v, u)]dS.
We integrate the last term of (7.46) by parts to obtain —(usan, Vian (v, u)). Moreover, re-

calling from Proposition 5.5 that Rv = 0 on S and R = R, (7.46) becomes
/ (u, Lu) dS = /[(—2utan, Vian(Vs u)) + (Ugan, Rugan) + G(v, u)?]dS. (7.47)
s s

This finishes the proof of Lemma 7.7. O
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Chapter 8

Coercive Estimates

In this section we are finally able to obtain coercive estimates for the Laplace-Beltrami

operator on C* surfaces in R™. Define for each k € N the Sobolev space

M

WH2(S) =< u: Z/Smau[?ds <00y, (8.1

le| <k
where o = («, . .., ) is a multiindex.
Proposition 8.1. If S C R" is an oriented surface of class C*, k > 2 with extended unit

normal v and Ggs > 0 on OS, then there exists C > 0 such that for any u solution of

Asu= feL*(S)onS

(D) Ulps =0
u e W22(S),
we have
Z / (D;Dyu)?dS < C / |Asul|*dS. (8.2)
Vs s
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Proof. Assume Gss > 0 on 0S and u is as in the statement of Proposition 8.1. Then

> / (D;Dyu)’dS < / (D;Dyu)?dS + / (0yu)*Gas ds
S S oS

jk=1 jk=1
< / |Asul? dS—i-/ |(RVsu, Vsu)|-|G|dS
S S (8.3)

+ 2/ |RVsul?dS

S
< / |A3u|2d8—|—0/ IV sul2dS.

S S

The first inequality in (8.3) is obvious; the second follows from Corollary 7.4; the third is

a consequence of the fact that || R|| ,(s)y < C. To further estimate [ |Vsul® dS, we use

Poincaré’s Inequality which gives for u (reca]l that u| as = 0)
/ lul?*dS < C/ |Vsul?dS. (8.4)
s s
Moreover, integration by parts gives that
/uAgu ds = / |Vsul?dS. (8.5)
s s

Using Holder’s Inequality in (8.5), we further have that for any € > 0,

1 1
/|V3u|2d5§ (/ |u|2d5)2 (/ |A3u|2dS)
S S S

€ 1
< = 24 — | |A<ul?dsS (8.6)
<5 [lrds+5 [ 1asu
< 62/|v u|2ds+—1-—/|A ul?ds
=7 s S 2¢2 s S )
where in the last inequality we used (8.4). Now we choose € small enough so that % < %

and subtract % J5|Vsul*dS from the left-hand side of (8.6) to complete the proof of

(8.2). O
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Proposition 8.2. If S C R" is an oriented surface of class C*, k > 2, with extended

unit normal v, ~ the unit normal to 0S, and (tﬂk(x)) is a positive definite matrix for

jik
x € JS, then there exists C' > 0 such that for any u solution of
Asu=feL*S)onS

(N) yu| 4 =0
u e W22(S),
there holds
Z / (D;Dyu)?dS < C / |Asul® dS. 8.7)
k=173 s

Proof. Assume wu is as in the statement of Proposition 8.2. Using Corollary 7.5 and letting

(t]"\/k(:r))j’k be a positive definite matrix for z € dS, we again obtain

3 / (D;Dyu)2dS < / |Asul>dS + C / Vsul?ds. (8.8)
S S JS

Jk=1

We now use a variant of Poincaré’s Inequality that gives

/ lu —us|*dS < C / |V sul? dS, (8.9)
S S

where us = ﬁ i) s udS is the average of u over S. Also, since uniqueness in (V) is up
to constants, we can assume that us = 0, and we have (8.4). Again (8.5) and (8.6) hold,
and the proof of Proposition 8.2 is completed in the same manner as that of Proposition

8.1. O

Proposition 8.3. Let S be as in the statement of Proposition 8.2. If S = '} U 'y where

I'1 and T'y are connected, Gss > 0 on I'y and (tﬂk(:zt))j . is a positive definite matrix for

x € I'y, then there exists C' > 0 such that for any u solution of
Asu=feL*S)onS
u=0o0nl,
Oyu=0o0nTy

u € W22(S),

(M)
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there holds

Z / (D;Dyu)?dS < C / |Asul? dS. (8.10)
S S

Jk=1

Proof. Assume Gys > Oon Ty, (tj'yk (x))jyk is a positive definite matrix for z € I'y, and u
is as in the statement of Proposition 8.3. Using Corollaries 7.4 and 7.5, the properties of
a positive definite matrix, and the fact that || R|| 1= (s) < C, we again obtain

i /(D]-Dku)?ds < / |Asul?dS + C/ |Vsul? dS. (8.11)
Py s s

Since u|1,l = 0, we can again use (8.4). Then (8.5) and (8.6) still hold, and the proof of

Proposition 8.3 is completed in the same manner as that of Proposition 8.1. O
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