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Chapter 1

Introduction

Recall a classical result in Partial Differential Equations (PDEs) corresponding to the en­

tire Euclidean space. If /  E L'2 ( R " ) ,E / )  =  cn p 2 _  for n >  3, and cn =  ; ^ 4 j ^ p a W 

denoting the volume of the unit ball in R”, then u(x) := (E  * f ^ x )  is a solution of the 

Poisson problem for the Laplacian:

△u =  /  in R".

Here, * denotes the convolution operator. Then, using properties of the Fourier transform

and Plancherel’s Theorem, for j .  k  E { 1 ,2 , . . . ,  n}  we have that

IIOjOL̂ IÎ fiRn) — C ||£j //,. ^(OIL2^.)

<, & EK)/«)
L2 (R")

(1.2)

< CH/HL2^

— C II/IIL2^").
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where C  denotes constants that depend only on n  and A denotes the Fourier transform.

Hence,
n

^ 2  I P j ^ u l|L2 (R") — CHA^Hr2^ ) -  (1-3)
j ,k = l

If we now set W 2’2 (R” ) to be the homogeneous Sobolev space of functions u for which

n

IMIĤ RU) : =  £  I l d A u l l ^ R " )  <  OC, (1.4)
j ,k = l

then based on estimate (1.3) we observe that any solution u of (1.1) satisfies

I M Iw 2 -2 ^ )  ~  l|△ u l|L 2 (Rn )̂  (1-5)

where, for a, b G JR, a «  b means that there exist constants ci and c2 such that

Ci a < b < C2 a.

The goal of our work is to explore similar estimates on bounded surfaces. Such settings 

are natural to consider since they arise in real-life problems. For example, we are led to 

considering PDEs on domains on surfaces when analyzing the flow of water in the ocean, 

the flow of air on airplane wings, and the flow of heat through a body.

In the case when a surface S  is flat in Rn + 1 , that is, S  is an open, smooth, bounded domain 

in R”, the Kadlec-Miranda-Talenti identity shows that for a solution u of Au = f  €  L 2 (S) 

in S  with homogeneous Dirichlet boundary condition (i.e. u =  0 on dS , the boundary of 

<S), that

y  /  \djdk u\2 dS  = [  |A u |2 d S -  /  (dy u)2 Qd s ds, (1.6)
j  k = l J d s

where v  is the outward unit normal to S  and du u  is the directional derivative of u in the 

direction of v, also called the normal derivative. See [7], [10], [11] page 340, [8] and
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the references therein. Here we would also like to mention the work in [4] where it is 

shown that if Q is a smooth bounded domain then the problem A u  =  /  in Q, u =  0 on 

Ofi has a unique solution u G W 2 'p (fl) for every f  G L P (Q), 1 < p < oo. Coercive 

estimates are also obtained, however the constants depend on 9Q. Two important aspects 

arise. First, one needs to consider boundary conditions for u. Second, the geometries of 

the domain and boundary play an important role in this new setting. For example, if Qgs 

is non-negative, which is the case if the domain S  is convex, then (1.6) implies (1.5) with 

R" replaced by S , where Qgs is as defined in (7.24). It is important also to point out that 

there exist domains for which the equivalent of (1.5) fails. Here is an example in R 2 .

Fix 6* G (0 ,7r) and define Q# :=  {z G C : |z| <  1 and — 0 < arg z < 0}.

If 2 =  x +  iy  =  (x, y) and we let p  be a smooth, compactly supported function with 

support contained in the ball centered at 0 of radius j ,  and we further define

u(z) := Re ( z ^ )  p>(z), z € f i e , (1.7)

then

u {pe^ 1̂  = Re ( p ^ e ^ ^ ^  ^  (pe± l d ) =  0 for 0 <  p, (1.8)

so u =  0 on dflo. Furthermore,

(A u )(z) = ( A ^ X z ) R e ( z ^  + (A R e ( z ^ ) )  ■ <p(z) + (V R e  ( z ^ ) )  Vp>(z). (1.9)

Since z ^  is holomorphic in C \ ( —oo, 0], A R e  ( z ^ )  =  0 in Q^, and from (1.9) we see that

|A u(z)| ~  l^ ® '1 ) nearO. (1-10)
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In particular, if z =  rel“, then

for every 0 G (0,7r).

On the other hand, for each j ,k  E { ! , . . . ,  n},

djdku(z) = (djdk p)Re [ z ^  + (djdk Re ( z ^ )  ^ { z )
(1.12)

+ djRe ( z ^ )  dk ^(z) + (dkRe ( z ^ )  ^dj^^z),

and

\djdku(z)\ ~  ^ - 2 | near O. (1-13)

Thus,

i
However, f  r e~3 dr < oo if and only if |  — 3 > — 1, that is, 

o

7F
- > 0 > O .  (1.15)

This means that the estimate

IIM IIW 2 .2 (Q 9 ) ~ IIM ̂ 2(̂ ) (1.16)

holds if and only if 0 < 6* < | ,  which in fact corresponds to the case when Q# is con­

vex. This example clearly shows that one cannot hope to prove coercive estimates for 

solutions to the Poisson problem considered on arbitrary domains and that the geometry
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of the underlying domain plays an important role. The case when homogeneous Neu­

mann boundary conditions are imposed was treated in [6] and [1]. In these papers, the 

authors obtain a formula relating the integral over a smooth bounded domain Q of a cer­

tain quadratic form in the second derivative of a function u G IF 2-2 (Q) with the integral 

on dkl of the squared gradient of u weighted by a curvature term.

To state our main result we need to introduce some notation. If 5  C R" is an oriented 

surface of class C k , k  >  2, with extended unit normal v, 7 a unit normal to d S , and u a 

real-valued function on S , we denote by A^w the surface Laplacian of u and by V5U the 

surface gradient of u. For more precise definitions of V5W and A^u, see Definition 7.2. 

We also let Q =  div v and R = { d ^ j^ x ^ j^  where v is an extension of the unit normal 

with the properties proved in Proposition 5.1. For more thorough definitions and proper­

ties of R  and £ , see Proposition 5.5 and Theorem 5.3 respectively. If /  G C 2 (S), and if 

u  is such that A ^tt = f  on S , then we prove in Proposition 7.3 that, if V j = dj — u /R , 

j  = 1 , . . .  ,n , then
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This integral identity allows us to obtain coercive estimates for the solution of the Poisson

problem for A s with homogeneous Dirichlet

A $ u  =  /  G L 2 (S) on S
U \dS =  ^ 

u  G TV2’2 (5),

(1.18)

Neumann

and mixed boundary conditions

(M )

A 5 « =  /  G L 2 (S) on S 
d~ru \ds ~  0 
u G w 2’2 (5),

(1.19)

△s«  =  /  G L 2 (S) on S

“In = 0
d-yU =  0 on T2

u  G W 2’2 (S),

(1.20)

where I¥ 2’2 (5) =  < « :  £  P “« lk 2 (s) <  00 > if D =  ( P i , .
, N < 2  ,

., P „) and Ti and T2 are

such that Ti U r 2 =  dS.

As such, we obtain the following results.

If M is a solution of (D) and Qgs > 0,

or

u is a solution of (A) and ( t j^ k ^ S )  k  is positive, definite for x  G d<S, 

or

w is a solution of (M ), QQS >  Oon F I and ( t j ^ k ^ ^ j  k is positive,

definite for a? G T2 ,

then

V  f  CD jVkuy dS < C [  |A 5« |2 dS, for some (7 >  0 independent of u.

3,k = J s

(1.21)
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Observe that our results generalize the Kadlec-Miranda-Talenti identity, (1.6). Indeed, if <S 
n+1 n

is flat in Rn + 1 , then A s  E  A in  R", £  ( R ^ k u Y  = £  ^ d ^ 2 , V s u = V u , R  = 0, 
j,k=i

v = ( 0 ,0 , . . .  ,0 ,1) G R n + 1 , and QQS is the Gauss curvature of the boundary of the domain

The layout of the thesis is as follows. In Chapter 1 we review some notation and basic def­

initions which are relevant to our work, and we prove a partition of unity result. Chapter 

2 deals with the theory of integration on surfaces. Here we also show how to define a unit 

normal TV to a surface which is locally given by graphs of C k functions, k > 2. For such 

surfaces we also have a local description of the unit normal 7 to the boundary of a surface. 

In Chapter 3, we discuss first-order tangential differential operators. Here we also prove 

that tangential operators annihilate functions which are constant on a surface.

We begin Chapter 4 by proving the existence of a distinguished extension to a neighbor­

hood of the surface of the unit normal to a surface. We then introduce the Gauss curvature 

for a surface and prove that it is actually the divergence of our extension of the unit nor­

mal. We finish the chapter by proving some useful properties of a particular family of 

tangential operators and defining the n  x n matrix-valued function R  which appears in the 

identities on surfaces we prove later in the thesis. Chapter 5 focuses on two integration 

by parts results. In Chapter 6 we prove identity (1.17). This is done using the formalism 

and properties of a particular family of operators {Dj)^=1 defined here as well as the work 

done in previous chapters. We finish with Chapter 7 in which we prove Sobolev norm es­

timates on surfaces for solutions to the Poisson problem for the Laplace-Beltrami operator 

on surfaces with homogeneous Dirichlet, Neumann, and mixed boundary conditions.
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Chapter 2

Preliminaries

Let n E N and set R" := R x R x • • • x R, n times. We denote points in Rn by 

x  = (x j, . . . ,  x.n), and for such a point x  let x ' :— (x-^ . . . ,  x n - i )  E R”- 1  and

x" := (.ri.......x n ^  € R"- 2 . Throughout we shall use the usual definition of the magni­

tude \x\ of a vector x  E R", given by

The scalar product of two vectors x ,y  E Rn is given by

77 

(x,y} = ^ x k y k . (2.2)
k=i

If x E R" and r  > 0, the open ball with center x  and radius r is defined by

B r (x) := {y E W 1 :\ y — x  |< r}. (2.3)

A set (7 C R" is said to be open if for every x  E U  there is an e > 0 such that B ([x )  C U. 

A function f  defined on a set O C R” is said to be of class C k (O} if f  and all of its 

derivatives up to order k are continuous. The partial derivative of f  with respect to Xj G R 

will be denoted by dX if ,  ^ ,  or d if .  As is well known, if /  G C2 (Rre), then

d id j f  = d jd if. for every i j  G {1 ,.. . ,n } .  (2.4)
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The gradient of a scalar function /  at a point x 6 R” is denoted by

V / := ^ f M , - - - M \ (2.5)

We will denote by

W /(x ) := (r ,V /) (2.6)

the directional derivative of a function /  : Rn —> R in the direction of a vector r  € R" 

at a point x G R”. The directional derivative of a scalar function f  in the direction of the 

normal N  is called the normal derivative, and it is given by

dN f  := { N ^ f \ (2.7)

The tangential derivative of f ,  denoted V ta n f ,  is given by

V ta n f:= V f  ~ (d N f}N . s
(2.8)

If f  : R" —> Rn is a vector valued function, / (x )  =  ( ^ ( x ) , . . . ,  fn^x)) with

/i : R” —> R, z = 1 ,.. . ,  n, then the divergence of f  is given by

d l v / : ^ + ^ + . . . + % 
uX{ (ix^ uxn

The Jacobian matrix of such a function /  is given by

/  2£1
d x i

d j i . . .  a/i

J f  :=

2^ 
dxy d x 2

d f 2 
d x n

€ Mn X n (2.10)

d fn 
dX2
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where M n x n  denotes the space of all n  x n matrices.

Let V i,v 2 , . . . ,  vn - i  be vectors in R”. The vector product t’j x v2 x  ■■■ x vn ^  is defined

as the vector which is obtained by formally computing the determinant of the matrix V,

formed with r?] , v2 , . . . ,  vn _[ as the first (n — 1) rows and (ej, e2 , . . . ,  en ) on the n th  row,

by expanding along the n th row of the matrix.

I * ’1,1

* ’2,1

f l  ,2 • •

1’2,2 • •

• V l.n  )

• 1’2,n n

t’! x v 2 x • • • x Vn^i =  det =  ^ n j e j

^ n —1,1 f n —1,2 ' ' * ^n —l.n J= 1

\ g l e 2  • •

(2.11)

where A n j is the cofactor of e  ̂ defined by A n j = ( —l)"+ iM,y  and M n j is the minor of

matrix V, formed by eliminating row n and column j  from V.

Remark 2.1. Ifv -[ ,. . . , f n _i are vectors in R", with Vi =  (^ ,1 ,^ ,2 ,. • ■, v^n ) fo r  every 

i G { 1 , . . . ,  n — 1}, we observe that vi x  v2 x  ■ ■ ■ x vn _i is orthogonal on Vj, fo r  every 

j  G { 1 , . . . ,  n — 1}. Indeed, since

(11! X  V2 x  '■ • • x vn - i ,  w) = det

1’1,1

1’2,1

f l , 2 ' ’

f2 ,2  ’ ’

’ f f n  )

• 1’2,n

, (2.12)

f n - 1 ,1 l ’n -1 ,2  ‘ ' ‘ ^ n —l,n

\  W i w2 • •• wn J

it follows that fo\ x  v2 x ■ ■ ■ x vn ^ i ,w )  =  0 whenever w = V j ,fo r j = 1 ,. . . ,  n — 1.

oThe infimum of a set (7 C R is denoted by inf((7). We denote by U the interior of the 

set U and U the closure of the set U. The set of all points which are members of both the 

closure of the set U and the closure of the complement of U is known as the boundary of 

U, and throughout we use the usual notation dU . We denote the distance between points 

x, y  G R" by dist(x, y) = \x — y\. The support of f ,  denoted by supp/, is the closure of
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the set of points where f  is nonzero. If a continuous function f  : U —> R is compactly 

supported we write f  E CO(U).

j
Theorem 2.2. (Partition o f Unity fo r  compact sets) Let K  C W 1 be compact, K  C [f Uj 

where Uj is open fo r  j  € { 1 , . . . ,  J}. Then there exists a finite collection o f C°° functions 

{P j} j= i such that

(i) For every 1 < j  < J, supp(pj) is compact and contained in Uj;

(ii) For every 1 < j  < J, 0 < p j < 1; 

j
(Hi) ^2 ‘P j ^ )  =  L  fo r  every x  E K.

J=i

Proof o f Theorem 2.2. Before proceeding with the proof of Theorem 2.2, we state and 

prove two lemmas which will be useful in the sequel.

Lemma 2.3. I f  C  is compact, and U is an open set such that C  E U, then there exists a
o

compact set D  such that C  C D C D C U.

Proof. Let V  = Uc Q B R (0), where J? > 0 is large enough so that U C B R (0). Then V  is 

compact, so there exists a > 0 such that

a =  dist(V, C) =  infi e c  lx — y\. (2.13)
y e v

Let

o=U%  (2J4>
x e c

o
Then D  is compact, and C G D G D G U . This completes the proof of Lemma 2.3. □
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Lemma 2.4. I f  D is a compact set, and U is an open set such that D  G U, then there exists

U € C°° such that ^  > Q on D, and •0 =  0 outside some open set contained in U.

Proof. Let
g (x-l)2 . g (x+1)2

0, z £ ( - l , l ) .
x € ( -1 ,1 ) (2.15)

Then f  G C°°(R), and f  > 0 on (—1,1). We now let e > 0. Also, for every

a = ( « ! , . . . ,  an ) G R” , let ga (x) := f  ( ^  €
a i ) ■ ■ ■ f  (2»—2a), where f  is as defined in

(2.15). Then ga G C°°(Rn ), and

ga > 0 on («i -  e, a^ +  e) x • • • x (an  - e , a n  + e)
< (2.1o)

ga = 0 elsewhere.

Set a  — dist(D, U) > 0. For every x e  D, B “(x) C U. Moreover, there exists e' > 0

such that OXl — (^i -  e \x i  +  ez) x ••• x (x n  — c ',x n  +  c') C U. Hence, D  G |J  OX l.

M
Since D  is compact, we can extract a finite subcover such that D C |J  OX l. Let

M
^ ( ^  =  J Z ^ x ^ ) -  (2 J 7 )

M M
Then ^  e  C°°, ^  > 0 on J  OX v  and ^  =  0 outside J  OX l. This proves Lemma 2.4. □ 

z=i z=i
J

Let Ci := K \  (J Uj. Then Ci is compact, and Ci G Ci. By Lemma 2.3, there exists a
J—2

o J
compact set D^ such that Ci GD\G D^ C I f .  Thus K  G D f J  (J Uj. By induction, we 

1=2
J o

can construct the sets D ^ D ? , . .. ,D j  such that K G (J Dj, where Dj is compact, and

o o o
Dj C Uj for every 1 < j  < J. Indeed, suppose K  G D I U D 2 U ■ ■ ■ U D/. U ( 4 + I U- • -GUj,

and let

C k+ 1 := K \
' k J

U A u (j u,

J=1 j=k+2 ,

(2.18)
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Then C k +i C Uk ^ \. Therefore, by Lemma 2.3, there exists a compact set D k+1 such
o

that Ck+i CZ)fe+ iC  D k+ 1 C Uk+i- By Lemma 2.4, there exists i l ) \ , . . . , ^ j  such that

Uj € C°°, Uj > 0 on Dj, and ^  =  0 outside some open set contained in Uj. Thus,

J J  o
y ^  Uj(%) >  0 for every s  e  | J  ^  .
7=1 7=1

We now define the functions 9?/

(2.19)

(2.20)

Then ^pj G C°°, supp cpj C Uj, 0 < ^  < 1 for every j  G { 1 ,2 , . . . ,  J} , and if x G K ,
J o  J

then .T G |J  Dj and £2 V j(x ) =  1- This completes the proof of Theorem 2.2. □
7=1 7=1
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Chapter 3

Analysis on Surfaces

We begin this chapter by recalling the definition of a surface of class C k .

Definition 3.1. For k E N, S  C R n  is called a surface o f class C k i f  S  is compact and if 

fo r  every x E S, there exists r^ > 0, an open set O' Q R’1 -1  and a function P  : O ' R" o f 

class C k  which is one-to-one and such that P(0) = X Q, d iP ( x 'f  d ^P ^x '),. . . ,  dn - i P ( x f 

are linearly independent fo r  every x ' E O', and P (O ') — S  f~] B r o (xo f We call such P  a 

local parametrization fo r  the surface S.

Lemma 3.2. I f  <S C R” is a surface o f class C k and P  is a local parametrization o f S  as 

in Definition 3.1, then the vector

d iP ( x f  x • ■ • x d n -iP ^ x f 
\d1P ( x f  x • ■ • x dn _ iP (x f \  ‘

is normal to S.

Proof This is an immediate application of Remark 2.1. □

Based on Definition 3.1 it follows that for a surface S  of class C k there exists J  E N,
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r i , . . .  ,r  j  > 0, X i , . . .  ,x ,j e  S , and a family of local parametrizations

Pj : O'j -^  5 , Pj G C k , j  = 1 , . . . .  J, such that
7 (3 2)

S C  ^ P ^ O ^ ) .  and P ^ )  = S  Q B r ^ x ^  for j  = 1 , . . . ,  J. '

Definition 3.3. Let S  C R ” be a surface o f class C k and O' be an open set such that 

O' C  R " - 1 , and consider P  : O' —? S  such that P  is a local parametrization fo r  S. I f 

f  : S  ^  P  is a continuous function such that supp f  C  P ( O 'f  then

I  f d s  := /  f ^ P i x ' ^ P f x ' )  x d2P (x ') x • • • x d n ^ P ^ d x ' .  (3.3) 
JS JO'

Definition 3.4. Let S  C  R ” be a surface o f class C k  and let {O j} j=1 and {P j} j=1 be as 

in (3.2). I f  f  : S  ^  P is a continuous function, then

j j dS '= ^ J s^ dS' (34)

where { ^ } j = 1  is a partition o f unity associated to the open cover {P (O j)} j=1 o f S  as 

given by Theorem 2.2.

Definition 3.5. Let S  C  R "  be a surface o f class C k . Let O" C  R " ' 2 . A mapping 

p : O" —> R n  is a local parametrization o f d S  provided d^p,. . . ,  dn _2p are linearly 

independent and p(O") C dS .

Definition 3.6. Let S  C  R ” be a surface o f class C k . Let f  : d S  -+ P  be continuous with 

supp f  C  p (O " \ where p : O ” - ^  R "  is a local parametrization o f d S  (as in Definition 

3.5). Then, fo r  x" = (x ] ,x 2 , . . .  , x n _2 ) G O ",

[  fd s : =  [  f ( p ( x " ^ \d 1p(x") x ■■■ x dn _2p(x'') x  N (p (x ”)')\dx". (3.5) 
Jos JO"
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Definition 3.7. Let S  C R n  be a surface o f class C k . Let f  : d S  —> R  be a continuous
N

function. Let { ^ } j t j  C C ” (Rn ) be a sequence o f functions such that £ ^ j  =  1 in an 

open set containing dS, and supp ^j D d S  C Pj(O"f), where Pj : O"j —> R is a local 
j

parametrization o f d S  fo r  j  6 { 1 , . . . ,  J}  and d S  C U Pj(O"j). Then

/  f d s  :=  E  /  ^ f d s - <3 6 >
J d S  j =1 J d S

Remark 3.8. Definitions 3.3, 3.4, 3.6, and 3.7 are independent o f the parametrizations 

and partitions o f  unity considered.

In the last part of this chapter we will show how using some given parametrizations for S 

and d S  we can construct at each point x € d S  vectors N  and 7 such that N  is an outward 

unit normal to S ,  7 is a unit normal to dS , and N  ±  7.

Lemma 3.9. Let S  C R" be a surface o f class C k . Let O' C R " - 1  and let cp : O' R be 

such that graph p  Q S. Then P  : O' R", P ( x f  =  (s', p fx '))  fo r  every x' G O' is a 

local parametrization o f S, and

for every f  e  O '. (3.7)
+ IWCr')!2

Proof.

d jP (x ')  =  ( 0 , . . . , l , 0 , . . . ,  dj<p(x')f for j  =  1 , . . . ,  n — 1; (3.8)
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thus, by Lemma 3.2,

|3 iP (? )  x • • • x  dn-^P ^x '^  N (x  , p (x ')) = d iP (x ') x • • • x  dn - iP (x ')

0
1

0
0

d ^ x ' )  \
Q ^ x f

= det
dn -pp(x ') (3.9)

\  ei e2 • • • e„_i en  J

= M - i r ^ - i r 2^ ' )  + • • • + e ^ - i ) 2" - 1^ ^ ' ) + M - i r

and (3.7) now follows.

Lemma 3.10. Let S  G R n  be a surface o f class C k . Let O' C R n - 1  and let p  : O 1 P 

be such that graph p  Q S , and p(dO ') C dS. We consider the function f  : O" ^  R, 

where O" C R n “ 2 and f  is such that graph f  Q d O ', and the function p : O" —> R", 

p(x") = (x "p f(x"  f  p ( x f  f(x ''} f)  fo r  every x" G O" is a local parametrization o f dS. 

Then a unit normal to d S  that is also perpendicular to N  is given by the vector

dip^x") x • • • x  dn _2P(x") x N (p (x" f)
\dip(x") x • • • x  dn -2p(x") x N (p (x " f \  ’

(3.10)

where, as proved in Lemma 3.9,

(3.11)

is the unit normal to the surface S  at p(x").

Moreover, the components o fy(p (x")) are

a ^ ( / ) ( i  +  | v ^ x " ^ ( Z ) ) | 2)

(3.12)
+ d jp (x" , f ( x " ) )d n ^ 1p(x", f ( x "  f) ^  dk p { x f  ^ { x " ) ^ ^ ^ " )
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fa r  1 < j  < n — 2,

V l + I v ^ x " , ^  ))l L

(3.13)
+ ^ (x " ))  £  dk p(x", v f a y f a k fa x")) ,

and

Wn  = —!==================•y r + i w w W
2 (3-14)

• dn _ l f a x f f f a " ) ) - ^ d k p ( x f f ( ^  .

Proof. Since d f a x " f  . . . ,  dn ^ip(x") are vectors parallel to d S  at p (x " f  (3.10) is an im­

mediate application of Remark 2.1.

Next, setting w =  (wb  . . . ,  wn ) := ( fp  x  • • • x dn _2p x  N , we have that 7 =  ^ ,  and we

compute Wj, j  6 { 1 , . . . ,  n}. Since for 1 <  j  < n. — 2 we have

djp(x") =  ( 0 , . . . ,  1 ,0 , . . . ,  d fa fz" ) , d jfax" , f { x ”f  + dn - ip (x " , f ( x " ) ) d j f ’(x " )^ ,

(3.15)

we can write

-  ( d fa x ' f  x  • • • x dn _2p(x") x  N (x ”f  =

Next, we multiply the first (n — 2) rows by dpp and subtract each from the (n — l ) s( row

/  1 0 0 d i f d ip  + d n - i p d i f  \
0 1 • • 0 d2 f d2p  + dn - ^  d2f (3.16)

= det
0 0 1 dn - f a dn-ZV + dn-Vp d n -z f

d2 p  • • dpi—2 ^  9 n —[tp

\  e i e2 • • ^ n ~ 2 ^n—1
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to obtain the matrix

1 0 •• • 0 <91-0 9 i^  +  5„_1<  ̂910
0 1 •• • 0 920 92^  +  9„_ i^  520

det
0 0 • 1 9„-20 9n -2^  +  dn - i ¥  9n _20
0 0 •• • 0 A B

I  e i e2 •• • en _2 ^n—1 ^n

(3.17)

where
n—2

A =  d n - ^ x ”, ^ ( x ”)) -  J 2  9 ^ ( 0 ' ,  0 (^"))9 ?-0(x"), (3.18)

and

n-2
B  = - 1  - ^ d j ^ ’^ x " ^  d ^ x ^ ^ x ' ^ )  + dn _ ^ ^  ] (3.19)

Using formula (2.11) we compute wi directly:

( - l ) n + 1

^ 1  +  |V ^(x", 0(T"))|2
 ̂ 0 0 • • • 0 510 519? +  dn - i ¥  5 i0  ^

1 0 • • • 0 520  d2 (f + dn -\^P 520
• det

0 0 ••• 1 5n _20  5„_2^  +  9n -i</? 5n _20
^ 0 0 ■•• 0 A B  /

(3.20)
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Interchanging rows 1 and 2, then 2 and 3, and so on, (n — 3) times,

( - l ) n + 1 ( - l ) n "3

/  1 0 ••• 0 d ^ d2 p  + dn-VP d2^  \

det 0 • • • 1 dn ^
0 • • • 0 dylp
0 0 A

1 J 4
—;-------- — .. = d e t  .v /l +  | V ^ , ^ " ) ) | 2 V A

dn -2V + dn -y p  dn -2 ^ 
dy'̂ p + dn -y p  dyi/j

dyp + dn _ypdy^ \
(3.21)

____ 1____
7T+WPWW

n—2
^ ( x " )  ~  Q y ^ x ”} ^  dk p(x", ^ (x " ))

(d k p(x", ^ (x^)) + dn _ w (x " , 4>(x"))dk 4>(x")^

n-2
-  (d n _ l p (x \^ ( x " ') )  - ^ d k p ( x \ ^ ( x " ) ) d ^

■ ( d y ^ x "  y ^ x ”}'} + d n - y p ^ w i x ' ^ d y ^ ^

where for the last equality we have used (3.18) and (3.19). Then, by direct computation,

(3.21) becomes

- = = =  I - d y ^ x " )  ~  d y ^ x " ^ d M X " ^ ^ 
0  +  |V ^ " , < a : " ) ) | 2 ( ^

n — 2
-  d y ^ x " ) d n ^ ( x ' ' , ^ (x " ))  ^  dk p(x", ^ ( / ' ^ d k ^ x " )

-  -  ^ ^ ' . a y ^ ^ ' }  0 .22)
n—2

+ dyp(x”, ^ x ”}} ^  dk p(x", ^{x"y)d k ^{x"}

+dn _ y^(x”, 'ip (x " ))d y ilj^  2 2  d k<p(x", ^ (x " ))d k ^ (x " ) >

Vi + IV^V 'JX1 ))l L
n-2 (3.23)

+ dyyp{x”, 1p(x"y) (dn-ytp^x", ^ (x " ))  -  ^  9k p (x " , ^ { x " ^ ^ ^ " ^  .

k=1
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A similar computation works for determining Wj, j  =  2 ,3 , . . .  ,n  -  2, and we conclude 

that

w j =
- 1

n—2
+ d j ^ x " ,  ^(x"y) (d n -i(p(x", ^ (x " )) -  ^ 2  d k ^ " ,  ^ (x " ))d k 4>(x"^

4=1

(3.24)

for 1 < j  < n  — 2.

Moreover,

W n -1 =  - ; r -  ,: z.--------------- B

= ) „  [1 +  |V f | / ,  51 /1 )1 ’ -  « O ) 2 (3 25)
Vi + |v̂ (z",V'M)l2L v 7

+ dn ^ ( x " ,  ^ (x " )) ^  ^ (x '^ d k 'iK x " ^  •

Finally,

Wn ~ yi + W K W >
. n—2

=  A  iv 7  / // ’ / / / n i 2  K 1̂ ^ ’ ̂ ^^ -  ■
(3.26)

This completes the proof of Lemma 3.10. □
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Chapter 4

Tangential Operators

We now define first-order differential operators and some of their properties, and we then

focus our attention on a certain group of tangential operators which will play an important

role in our subsequent calculations. Let m , n, r  G N and

(4.1)

be a first-order differential operator acting on the vector-valued function

u  =  ('̂ 73)i<z3<m., « : R" —► Rm . The adjoint of L acting on the vector-valued function

v =  (L :Ji<a<r, v : R " ~ 4 R r , is by definition

(
r n r  \

- E E ^ ^ “H E 6Q̂ )  • (4-2)
Q _  ̂ J”  ̂ ^ ^  /  !< /3< m

The symbol of L is the matrix-valued function

(
n \

E « ;%  f ° r  e =  o ,  i <  J < «• (4.3)
/ l<o<r

In general if Q is a bounded domain in R” , whose boundary OQ is a surface of class C k in

R ” with outward unit normal TV and u : R " ^  R m , v : R n  ^  R r , are of class C ^ R ” ),
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then the following integration by parts formula holds:

/ (Lu(x), v(x))dx = (o(L, N )u(xfv)dsf.rf + I (u (x f L*v(x))dx. (4.4)
Ju JdU Ju

A particular class of first-order operators that we are interested in studying are tangential 

operators to a surface S.

Definition 4.1. Let S  G Rn be an oriented surface of class C k with unit normal N. The 

operator L as in (4.1) is said to be tangential if a(L, N) = 0 on <S.

Proposition 4.2. Let S  C R” be an oriented surface of class Ck . Let T be a tangent vector 

to S  at (xf p(xrf\ and u : R" -> R a  C 1 function. I fu  is constant on S, then \7Tu = 0 on 

S.

Proof. Let u : R" —> R be a C 1 function such that « =  C on 5  for some constant C. 

Since V Tu = 0 on S  is a local phenomenon, without loss of generality we can assume 

that S  is the graph of a C k function p : O' ^  R, O' G Rn - 1 . Then P : O' -+ R", 

P(x') = (x ',p (x 'f ,  x' € O' is a parametrization of S  and if rrfx', p(x'f) := djP(x') 

where djP(x') =  (0 ,..., 1 ,0 ,.. . ,  djip(x'f, j  =  1 , . . . ,  n — 1, then we have that the 

set {rrfxf p ( x ' f  : j  = 1 , . . . ,  n — 1} is a basis for the tangent plane to S  at the point 

(x', p ( x ' f  £ S. Hence, any tangent vector T  to <S at (x', p ( x ' f  is a linear combination 

of TjS, and the conclusion of Proposition 4.2 follows if we prove that ^ T ju =  0 on 5  for 

each j  = 1 , . . . ,  n — 1. Fix such a j. Then

V T ju(x',p(x')) = ( r r f x ' M ^ ^ x ' , ^
' 7 (4.5)

= (d jir fr fir fx 'f)  + (dn v } (x \p (x f)d j (p(x'f
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Since u = C on S, we have that for t in a neighborhood of 0,

u(x' + tej, r fx ’ + teff) = C. (4.6)

Hence, 
~ d '
— [u(x' + tej ,^ (x ' + tej ))] = 0 . (4.7)

Ldt J Jt=o

By taking the derivative in (4.7) we obtain

r d i0 =  —~ [u(x + tCj, ip(x' + tef)]

= (dju}(x' + te3 ,^ (x ' + tej}) + (dn u)(x' + tej,Lp(x' + te j) )d jV ^

= (djU^x', ^ x f )  + rffurfx', ^ x '^ d j ^ x ' ) .
(4.8)

The proof of Proposition 4.2 can be completed by combining (4.8) and (4.5). □

In what follows, a particular family of tangential operators will prove to be very useful.

More precisely, if 5  is a C k oriented surface with unit normal TV, set

Mj k  := Njdk -  Nrfrf f k E { l , . . . , n } , j r f k .  (4.9)

Then the following is true.

Lemma 4.3. Let S  C R” be an oriented surface of class Ck with unit normal N, and let 

u : R n R be of class C 1 such that u = C on <S for some constant C. Then Mjk u = 0 

on S  for all j ,k  E { 1 ,.... n}.

Proof Using a localization argument, we can assume that S  is the graph of a C k function 

^>: O' R, O' C R"- 1 . Fix f  k E {1 ,... ,n}, j  f  k. We distinguish two cases.
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Case 1. 1 < j ,  k < n — L

Making use of (3.7), for x' E O' we have

(M J k t f ( x ' ^ ( r f f  =
\ / i W f

— u(x' + te k , p (x ' + terf) 
at Jt=o (4.10)

dkw(x') \ . . . , ..
—7 = = = =  ~ru{x + tej, p (x  + t e f ) y f + i w F k  J J J (=o

with the last two equalities obtained using (4.8).

Case 2. 1 < j  < n — 1, k = n.

Again using (3.7), for x' E O' we have

(M d n u){x , p (x '))

_  - d J p (x ')(d n u)(x', ^ (x '))  _

y r+ W w  y r + i w  (4]1)

x /r+ w w
=  0.

This completes the proof of Lemma 4.3 □

Proposition 4.4. Let S  C R” be an oriented surface o f class C k with unit normal N , 

u : R" —> K a C 1 function, and L a first-order operator as defined in (4.1). I f  u is 

constant on S  and L is tangential with zero lower order terms (i.e. IC  ̂ =  0 fo r  all 

1 < a  < r, 1 < 0 < m), then Lu = 0 on S.

Proof. Using a localization argument, we can assume that 5  is the graph of a C k function 

p  : O ' R, O' C R”- 1 . Suppose L  is as in (4.1) with b"^ =  0 for all 1 < a  < r,
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1 < [3 < m  and a(L , TV) =  0 on 5 . Recall M jk  as in (4.9). Then

n n n

dj = £  N k N k dj = £  N k M j k  + N j 52 N k dk . (4.12)
k-1 k=l k=l

Hence, for 1 <  a  <  r, 1 < (3 < m, we use (4.12) and the tangentiality of L  to write

E -E E  + E a?N= E N*a“
7=1 J=1 k=l 7=1 fc=l

n= 52 a f N k M j k .
j,k=i

In particular, since u = C  on S  for some constant C, (4.13) and Lemma 4.3 give that

Lu  =  0 on S .

Corollary 4.5. Let S  C R n  be an oriented surface o f class C k  with unit normal N , and 

-u : R” —> R a C 1 function. I fu  is constant on S, then ^tanU = 0 on S, where V ta n u is as 

defined in (2.8).

Proof. Let L = V t a n . Then a(L , N ) = N  — N (N , TV) =  Oon S . Hence, by Proposition

4.4, V ta n u  =  0 on 5 .
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Chapter 5

A Distinguished Extension of the Unit 
Normal

In this chapter we extend the unit normal N  that is originally defined at each point of a 

surface 5  C R" to a neighborhood of 5 . This extension will have certain properties that 

are important for us in the sequel. The extension result is listed below. The proof follows 

the work in [2].

Proposition 5.1. Let S  C R n  be an oriented surface o f class C k , k > 2, and let N  be the 

unit normal to S  given by this orientation. For x  G R”, define the function 

, . d is t(x ,S ), x  aboveS, 
p(x) := < (5.1)

—disfix, S ) , x  below S .

Then the following hold:

(i) d ^p  = 1 on S;

(ii) V p  = N; 
s

(Hi) V ^ ^  =  T^PT O N  $ '

(iv) There exists co > 0 such that if we set U :— {x + tN (x ) : x  G S , t  G (-eo^o)} 

and v(x) := ^ ^ | , x  E U, then a is a unitary extension o fN  to the neighborhood U (i.e.
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v = N , |^| =  1) which satisfies
s

(a) dkVj — djUk = 0 o n S , j ,  k = 1 , . . .  ,n;

(b) dyVj = 0 on S , j  = 1 , . . .  ,n;

(c) div v is independent o f the extension.

Proof.

(i) Since S  C R " is a surface of class C k , k  > 2, locally it is given by the graphs of 

functions of class C k . Fix x 0 € S . Then there exists r  >  0 such that B r (x f)  A 5  is given 

by the graph of 9? : O ' —> R  for some O' C R " - 1 . Thus O' B x ' —̂ (x r, p (x '))  € 5  is a 

local parametrization for S ,

w .  ̂ = 4 = 0 4 ? -  f°r ̂ e °'- (5-2>V1 + |W(X)|2

and x 0 =  (XQ,^ ( XQ)), for some XQ G O ' C R " - 1 . Let p be defined as in (5.1). Clearly 

p(x} =  0 if and only if x G 5 . In addition,

p(x) =  inf{|x -  ?/| : y G 5}, (5.3)

and if x  is in a small neighborhood of x Q then

p(x) =  inf{|x -  (T/ X T/'))| : y' G O'}. (5.4)

We will prove that there exists e0 > 0 such that for every t G [0, e0 ) and

x G 5  A B r (xf), p (x  + tN (x f)  = t. To this end, we make the following claim:

i2 =  inf{ |x 0 +  tN (xo} — (y', p f y ' f f f  : y' G O'} for small t. (5.5)
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To prove (5.5), let F  O' ^  [0, oo), F (y') = \x0 + tN { X o ) -  (y1, ^ / ' ) ) | 2 - Then 

n—1
f W  =  5 2 ^ ° > +  t N A x o) -  y t f  +  M 4 )  +  tN n (x0 ) -  ¥ (y '))2 , (5.6) 

and

F ( XQ) =  |z 0 +  tN (x 0 ) -  (ZQ, ^ ( 4 ) ) |2 =  | ^ ( s 0) |2 =  t 2 . (5.7) 

We will show that F (y') > F ^X 'Q) for all y' e  O' if t is small. The Taylor series of F  at x 0 

is given by

W )  =  F t ^  +  {(y -  4 ) ,  V F (4 )}  +  l ( H e s s F ) ( W  -  4 ) <  (5-8) 

where £ € [XQ, y'] and Hess (F ) = (djdk F)j^k is the Hessian of F. Differentiating F  with 

respect to yk in (5.6), we obtain

dy k F (y ') =  -2 (^o fc +  tN k (xo) -  y k ) -  2 ( < ^ )  +  tN n (x0 ) -  ^ y ' ^ d y ^ y ' ) .  (5.9)

Substituting y' = x'o , we have

(dyk F)(x'o ) = - 2 tN k (x0 ) -  2 tN n (xo )dyk ^(x 'o ), for all A =  1 , . . . ,  n -  1. (5.10)

Now by (5.2), the above expression becomes

2t
/ l  _LTV7~7 /M2 t ^ ^ ^ 0  ̂ ~  ^ ^ ( ^ o ) ]  =  0’ (5-11)

V I  +  |V ^ V  )l

hence,

V F ( x ^  =  0. (5.12)

We now let A  :=  Hess F(C) be the (n — 1) x (n — 1) matrix (A jk )jk such that

A ^ (( )  — (dy j dy k F ) ^ ) .  What is important for us is that

{A z ,z )  > 0 for every z  6 R”* 1 . (5.13)
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To see why (5.13) holds, we differentiate (5.9) with respect to yj to obtain

d ! A F ^  =  ^3 k + 2 d y ^ y ')d y k^ y ' ) - 2 ^ ^ + t N n ^  (5.14)

Then

? ^ jk (c ) z j z k =  2 ^ 2  $jkz j z k + 2  y  dy j <p^}dyk ¥(Q
jy  i jy  i s r , ex

— 2 ^  (vX^o) +  tN n (xo) — ip^y^i^yjdyk^C^ZjZk^

The second term in the right-hand side of (5.15) is equal to 2 (V ^((), z)2 . Since

9? £ Ck , k  >  2, gives a local parametrization, we can assume that O' is compact and that 

IIW IL~ (Q7) <  C ( ^  and P J% | | L CO(O7) < C ^ )  for j , k  = 1 , . . .  ,n  — 1 and for some 

constant C (^) > 0. Then, turning our attention to the third term in the right-hand side of 

(5.15), we have

^ d ^ K U j Z t  < 2(« -  D C ’ i *  -  O f  < 1 (5.16)

if 14 -  41 8 ( n - l ) C 2 ( f )  ' € ^ ) -  A l s o ’

27
7 W W

n —1

j,k=l

< 2 IC ( f ) ( , . - l ) H ! < ^ | !
(5.17)

if 0 < t^ < ^ ,  (,— ^ . Hence,* 8 C (< ^ )(n -l)  ’

n - 1  1

£  ^ ( ( 4 , 1  > 2 1 ^  +  W O . : ) ’ -  -1 4 ’ > 0 (5.18)

i f  i^o -  <1 < ^ H W )  =  e H  a n d  0 < ^  < SGMV D - T H U S  B Y  (  5 J 2 )  A N D  ( 5 J 8 ) ’ W E

have that

f ( j ' )  =  F ^  + y  -  4 ) .  V F M ) )  +  ! H K S  F i f M  -  4 ) !  > F ( 4 ) ,  (5.19)
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for £ €  [ ^ ,  y'] and for all y' such that \y' — x'0 \ <  €(92) and t  G (0, t ^ .
j

There exist finitely many points x { , . . .  ,x 'j G O ' such that (9' C |J  B ^ l x ' j ) .  Thus, if 
j=i

x €  5  D ^ (O 1), then x = {x \ p (x '))  and there exists j  G { 1 , . . . ,  J}  such that

\x' — ^ |  <  6(99). Based on what we proved so far, p{x + tN (x \)  = t if t G (0 ,iy ). 

Moreover, S  is compact, so there exist 9?^ . . . ,  997 as in Theorem 2.2. For each such p>j, 

we obtain t ^  that gives p(x + tN (x ) )  = t. Let

60 =  min { f ^ , . . . ,  t VN  } • (5.20)

Then

p(x + tN (x ))  = t for every t G [0, e0 )- (5.21)

Taking the derivative of (5.21) we obtain

(V p(x  +  tN (x )) , N { x ^  =  1, (5.22)

which yields (i) by setting t =  0.

(ii) By (2.8), Vp =  V t a n p +  (dN p)N - Since p 
s 5

=  0, by Corollary 4.5 VtanP =  0,

which together with (i) implies that V p = N .

(iii) V f ^ J  =  ^  Vp +  p V ( ^ ) .  Sincep =  0on 5 , we conclude that V ( ^

on 5 .

(iv) a) A direct computation gives

a « a f  d j p \  a f  d l^ P \
3 3 \ \ V p \ J  3 \  \ ^ p \J

= -— -^dkdjp -  djdkp) + ((djp)dk -  (dk p)dj)
(5.23)
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p G C2 , so by (2.4), dk djp — djdkp =  0. Using the definition of i>j and by observing 

that ^  =  1 on 5 , we see that on S  dk Vj — djVk  = \V p\(N jd k — N k d j)( l). Thus, by 

Lemma 4.3, d ^ j  — djVk =  0 on S . b) Using the definition of the normal derivative and

the definition of Vj we can write

(5.24)

By substituting i/j for -—̂ d jp  in the second term of the right-most expression in (5.24), we

obtain

^ 2  • |^ 52^)2+f  QA Â  -
k= l k= l

(5.25)
fc= i

1 n

k= l

d k P  \  a

I W  J

1  ) e 
1 7 7 7  o n  <5, WP\J

using the fact that | V/?| =  1 on <S and applying Lemma 4.3 to Vjdk  — vk dj on S . By direct

computation, (5.25) becomes

A  ■ A » + - ^ a^ + ^ A '  ^ 2 r i ■ 291P

c) Direct computation yields
n n n

div ̂  = E d̂ j= 52 52 ̂ A ^
j = l  7 =  1 ^ 1

ri n n n

= E  E  "^A  - ̂ AA + 52 52 ̂ A A -
;= 1  k = \  j = l  k= l
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Remark. Set U :— {x  + tN (x )  : x  € S , t  e  (e0 , to)} where e0 is as defined in (5.20). u

is extended in a neighborhood (7 of 5  such that |i/| =  1 in (7, which implies that

n  1 /  ” \  1 1
£ ^ U j  = - d Xk I £ ^ |  =  ^ H 2 =  - ^ ( 1 )  =  o,
J= 1  \ j = l  /

for j , k  = 1 , . . .  ,n . Hence,

n n
5 2  5 2  " ^ ( d ^ v f )  =  O inK
j —1 k=l

By (5.29), (5.27) becomes

n n
d i v  17 =  5 2  £ ( ^ ) M  -  ^ ^ j ^

j=l k~l

(5.28)

(5.29)

(5.30)

which shows that div v
s

n n
=  12 12 NkM kjN j is independent of the extension. This com-

J=1 fc=l

pletes the proof of Proposition 5.1.

Let 5  C Kn  be an oriented surface of class C k  with unit normal N  and recall the first-order 

tangential differential operators

M j k  = Njdk -  N k dj, l < f k < n  (5.31)

as defined in (4.9). If u is as defined in Proposition 5.1, then each operator M jk  extends 

accordingly by setting M jk = Vjdk — vk d j. We now define a stronger notion of tangentiality 

for operators.

Definition 5.2. Let S  € R" be an oriented surface o f class C k , k > 2, with extended unit 

normal v as in Proposition 5.1. The operator L  as in (4.1) is said to be strongly tangential 

ifa (L . v) =  0.
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Next we define the Gauss Curvature for a surface S . Let 5 , U, v be as in Proposition 5.1.

For a point x E S  there exists P  : O' -+ S  local parametrization of »S in a neighborhood

of P (x ') = x. From r f(P (x 'f) ,v (P (x 'r f i  =  1 we have that for all J =  1 , . . .  ,n  — 1, 

^ { i f P t x ' r f i f P r f ’))) =  0. Hence, we observe that ^ £ - [ i / (P ( /) ) ] , i / (P (? ) ) )  =  0, 

which implies that ■^-[u(P(x''))] is tangential to S  at P (x') for all 1 <  j  <  n — 1. Thus 

there exist real numbers bjk, I < j , k ,<  n — 1, such that

—  [u(P(x'))] =  5 2  bJk[dX k P(x'')] for all 1 < j  < n -  1. (5.32)
3 fc=l

We now define the matrix

P  ■ ( b jk )  l< j ,k < n —l

^1,1 b l 2 • • • ^ l , n - l

^2,1 ^2,2 ’ ’ ' ^ 2 ,n - l

\  ^ n —1,1 ..................  b n —l ,n —l  J

(5.33)

and the Gauss Curvature
72— 1

Q :— Trace B  =  5 2  ^jj- (5.34)

Theorem 5.3. Let S  E R n  be an oriented surface o f class C k , k > 2, v as in Proposition

5.1, and Q as in (5.34). Then div v = Q on S .

Proof. Without loss of generality we can assume that S  is the graph of a C k function 

p  : O' —> R, O' C R "" 1 . We start by observing that for 1 <  j  < n  — 1 and xl E O',

b ■ =  d
- d X }p(x ')

(5.35)

Indeed the left hand side of (5.32) becomes

dx M (P (x 'f  =  I dX)
~ d X1p(x ')

V'I + W W
i

T i+ W W
(5.36)
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Substituting (3.8) into the right hand side of (5.32), we obtain

^ - 1  n - 1

£  6 ^ (0 ,..., 1 ,0 ,.. . ,  dX k^ x ') )  =  £ ( 0 ,  . . . ,b jk ,0 , . . . ,  bj k dX k(p(x'^ 
k=l k=l

(
n — 1

b j h  b j2 ,  • • • ? ^ j n —h  ^  f y k ^ x ^ ^  ) 

k = l

(5.37)

This proves (5.35). For 1 < j ,  k < n, we again recall the tangential operators M jk as

defined in (4.9) and extended for v as defined in Proposition 5.1. Then by (5.30),

n  n

(div v)(P(x'y) = 2 2  2 2  VkMk j iXj(P(x'y) for x' e O'.
J —I k = l

(5.38)

I f  j  = k = n, then vn M n n un  =  0. Thus,

n ri
(div i/)(P(x')) = ^ ^ v k MkjiXj(P(x'y)

;  =  1 fc=l

n —1 n —1 n —1

= 2 2  5 2  ^ M^ ^ P^  + ^ M n^ ( p ( x ' ^
j = i  k = i  j = i

n —1

(5.39)
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By substituting in the appropriate expression for v, (5.39) becomes

n —1 n —1 dxkv(x') __dXk̂ } _ <9 -dXj<p(x')0 + W w ’dxj [ y n ^ f
V^V' ^x^ix'} d x ^ t x 1) d dx^ix')

^ ^  \A + w w  \/I +W M P  DXK _y i+ iw w 
^  ( 1 \ 3 -dX]<p(x')

(5.40)

dxk¥(x') ___ 1___  d
v/i+ W (<  ' y i + y ^ f ' dxk

By direct computation, (5.40) becomes

n —1 n  — 1

1= 1  k=l (VI + IWJI’)' -a^W ■ Vi + IW )!’

+dI1<fi(x')dI1 (Vi+Wlf?)
n —1 n —1

j=l k=l

dx̂ x') • dXĵ (x') 
(y i+W W )4 -dXkdx.v(x') • VT+jV^/jp

+dXjy(x')dXk (y i+ iw w )
n —1 .

+ y  —7 = = = ^ -  \ ~ ^ x ^ ( x ') • \/T+]V (̂fjp^ ( v ' l+ fW ) 4 L 3

+dXĵ x')dXj (yr+iwyjp)
n —1

( V W f W ) 4
• 4 .  ( ^ 1  + IW W I 1 )

n —1 n —1

j = l  fc=l

^ d̂ ^ ^ -  • d2
x ^x') 

( v W W ) 3 3

1 =  1 fc=l 

n —1

( ^ i+ fW ) 3

^ ( y i W I ) 3
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Hence,

l y r n w i ’
71— 1 71— 1

j  =  l  fc=l

"71— 1

£ (^ ^ ') ) 2 + 1
_fc=l .

(yi+WwP)3

(5.41)

(div ^ ( P ^  = -  £  ’■ (I^MI2 +1)“ f(v l + w ') l2)3

^  ̂  (v^+WlzT)3

h h  (7T+WPW

(5.42)

Next we use the quotient rule in formula ( 5.35) to obtain

^ y i + l W
(5.43)

^ ( y i w i ) ’ ■ M v 'i+ IW W )-

To complete the proof we observe that

dXj

71— 1 1  71— 1

1 + 22 (^^^O)2 = 2 22 d x M ^ d x & M x 'Y 
fc=l J fe=l

(5.44)

Then, by (5.44), equation(5.43) becomes

71— 1 71— 1

j  =  l fc=l ( x /R W ) 3 (5.45)

By comparing our definition of Q in formula ( 5.34) to our formula for div i/ in equation

( 5.42), we conclude that div v = Q.
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Lemma 5.4. Let S  C R n  be an oriented surface o f class C k , k > 2, and let M  be as in 

(5.31), v as in Proposition 5.1, and Q as in Theorem 5.3. The following formulas hold:

(i) M j k  = - M k j , fo r a l l  1 < j ,  k < n;

n
(ii) d k = £  VjMjk + Vkdy, fo r  all 1 < k < n; 

n
(Hi) ^2 MjkVk = VjQ,for all 1 < j  < n.

Proof.

(i) M j k  =  V jd k  ~  V k d j  =  ~ » k d j  +  y j d k  =  ~ M k j .

(ii) 

n n n n
" j M ^  +  V kd »  =  ^ ( ^ j ^ k  -  V jV k d j )  +  y k ^  V jd j  =  d k ^  "J =  9 k-

j= i  j = i  j = i  j= i

(iii) 
n n n

^  M j k y k  =  ^ ( t > j d k  -  y k d j ) y k  =  ^  l ^ j i ^ k )  ~  V k td jV k ) } 

k = l k = l k = l
=  U jd w  y  - ^ d j ( \ u \ ) 2  =  U jQ ,

with the last equality obtained using (5.28) and Theorem 5.3. □

Proposition 5.5. Let S  c R n  be an oriented surface o f class C k , k > 2, and U, y as given 

in Proposition 5.1. Then fo r  the n  x n matrix-valued function

R (x ) := V y (x ) = (dk y j(x ))j t k , x  E U, fo r  all j , k  = f  . . .  ,n , (5.46)

the following hold true:

(i) R y  =  0 in U;

38



(ii) T r(R ) = Q in U, where Q is the Gauss Curvature fo r  S.

Moreover, when restricted to the surface S, R  has the following additional properties:

(Hi) R  depends only on S  and not on the choice o f  u;

(iv) R T  = R  on S ;

(v) (Ru) I5 is tangential to S  fo r  any vector field u : S  —̂ K".

Proof.

(i) R o  =  V |;/|2 =  Oin t/.

(ii) Tr(fi) =  Tr(dkUj(x))jtk =  div v = Q by Theorem 5.3.

(iii) Using (iv) b in Proposition 5.1, V  „v =  0. Also, v 
s

=  TV by Proposition 5.1, and
5

V v \ s  = VtanP + ( y u u)o. Together these conditions imply that V o  depends only on the 

surface S  and not on the extension v. Since R (x) = V u (x), (iii) follows.

(iv) By (iv) a of Proposition 5.1, <9^ — djUk =  0 on S  for j, k — 1 , . . . ,  n, which implies

that R  = RT on S .

(v) On S , we have that {u, Ru) = {u, (y u )u )  = v • ^ v  • u = 0, since v ■ V v  =  0 on S  by

Proposition 5.1. This completes the proof of Proposition 5.5. □
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Chapter 6

Integration by Parts on Surfaces

A version of the integration by parts formula (4.4) can be obtained when one replaces Q 

by a surface S  in R". However, the drawback of such a result is the fact that the adjoint 

appearing in the right-hand side of (4.4) will have to be computed with respect to the 

surface S  and not R". This is a difficult task and it would be desirable to have an integral 

formula that involves the adjoint of the operator considered when acting in Rn , and not 

just on the surface. Theorem 6.2 addresses this issue. To prove Theorem 6.2 we need the 

following lemma.

Lemma 6.1. Let S  C Rn  be an oriented surface o f class C k , k  >  2, with unit normal N, 

extended unit normal v as in Proposition 5. J, and 7 the unit normal to d S  as defined in 

(3.10). I f  f i g  E C l (S), then fo r  every 1 < j  < k < n,

[ (M j k f ) g d S  = -  I  f ( M j k g )d S  + [  (N n k  -  N k y f i fg  ds. (6.1) 
■Is J s  Jds

Proof. It is enough to show that

[  M l k f d S  = I  ( N f K - N ^ f d s .  (6.2)
JS  JdS
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Let x ' =  ( x i , . . . ,  x n - i )  =  (x", ^ (x")) G O ' C R n  \  where -0 is as defined in Lemma 

3.10. We now distinguish several cases. Case 1. 1 < j ,  k < n — 2.

We use Definition 3.3, so that the left-hand side of (6.2) becomes

J  ^ j d k -  uk d ^ f  dS

Jo' V1 +  |V ^ z ') |2

-  dk ^ (x ') (d j f ) (x ',  ^ (x ')) ]^ /!  +  |V ^ (x ') |2 (/x'

d j^ (x ')  (dk f ) ( x ' ,  <^(x')) +  (dn f ) ( x ' ,  (p(x'))dk ^ (x ')
(6.3)

- d k ^ x ' )  ( d j f ^ x ^ ^ x y )  + (dn f ) ^  ^dx '

=  ~  /o '  ( d ' ^ W ^ f ^ ' M x y ) } ^

If we let (N [ ,. . . , A ^_ J  be the unit normal to dO ' in Rn  1 as defined by the parametriza­

tion ^  based on Lemma 3.9, integration by parts yields for (6.3)

' W d x ',  <^(x/))0 j (p(xz) -  N -(x ', ^ (x ') )d k ^ (x ')] f(x ', ^ ( x '^ d s 
do>

y i+ W T
d j^ (x " , ^ (x " ))

d ^ K x " i
v / R W f dk ^ x " , ^ x ' ' ) )

• f (x " ,  ^ (x " ), p (x" , ^ ( x " ) ) ) \ / l  +  \ V ^ ( x ^ d x " (6.4)

d k ^ ^ x '^ d j^ x ” ̂ { x " ) )  -  d j^ (x " )d k <^(x",^(x"))

■ f t x ^ x ' ^ x ^ x " ^

On the right-hand side of (6.2) we apply first Definition 3.6, then we substitute the appro-
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priate expression for 7 as given in Lemma 3.10 to obtain

/  ( N ^ t - N ^ f d s
Jds

7O» q y r ^ v ^ l ^ j j n 2 LA

n —2

+ dk p(x", ^ ^ ^ [ d ^ ^ x " , ^ ( x " ^  -  J2  ^ { x ”, ^ (x " ))d k ^(x'')]

( V ^ H V ^ M ^ B P
^ # " ) [ 1  +  | V ^ ^ ( / ) ) | 2J

(6.5)
n —2

+ d j^ lx " , ^ ^ " ^ [ d n ^ ^ x " ,  ^ (x " )) -  22 dkV(x", ^ (x " ))d k ^(x")] J

■ f ( x " , ^ x " ) , ^ x " ^ ( x " ) ) ) d x "

d ^ ( x " ,^ ( x " ) ) d k ^ (x " ) d k ^ x ^ ^ x ' y f d ^ x " )

■ f { x " M x " \ ^ x " ^ { x " ^ d x " .

Thus (6.2) is proved for 1 <  j ,  k  < n — 2. Case 2. l < j < n  — 2, k = n — 1.

We again use Definition 3.3 so that the left-hand side of (6.2) becomes

J  ( V jd n - l -  V n - i d j j f ^ p t x ^ ^

= ~  [  \ - y r = T = r ^ ( d M x ') ( d n ^ ^
Jo' Ly i  + |v ^ (/) |2

-  dn - 1(p (x ')(d jf)(x ', ^ ( x 1)) ■ v^lTIX M ^^

=  f  ^ - ‘^ ^ ^ ^ ^ ^ ^ l  + ^ ^ - ' ^ ^ ^ ^ W

Integrating by parts, (6.6) becomes

/  { - N n - id jV (x ') + N 'd n _ 1^ (x ') ] f(x ',  (p(x'))ds 
JdO'

J o " [ v W # T  y n w f
• f ( x " ,  ip(x"), ^ { x ”, ^ ( /)))7 1  -I- IV"^^")!2 dx"

( d ^ x " ,  ^ x ' ^  + d ^ ( x " ) ( d n ^ ) ( x " ,  ^ x " ) ) \  ■ f(x " , ^ ' \  ^ x " ,  ^ x ' ^ d x " .

(6.7)
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We again apply both Definition 3.6 and Lemma 3.10 and observe that the right-hand side

of (6.2) becomes

/  { N ^ n - i  -  N n _ r / j) f ( x ',  ^ { x '^ d s 
JDS

J o " ''  (y/1  +  | V<^(:r", '^(^'O) I2 )2 L
n-2

-  (0n - i ^ ( / ,  -0O")))2 +  d n -i^^x" , ^ (x" )) ^  dk p(x", ^ (x " ))d k -ifi(x")

(v^r+iv^w M ip)2 ^ ( / ) ( 1  +  | V ^ " ) # " ) ) | 2]
(6.8)

n—2
+ d ^ x ”, ^(x"))[d n _ 1p (x " , ^ ( x ”)) ~  $ 2  d ^ D " ,  ' i K ^ d k ^ x " ) }  J

■ f ( x " , ^ ’(x " ) ,^ (x " ,^ (x " )))d x "

= -  f  [d j^x", ^'(x”)) + dn-i<Sx", ^ " D d j^ D D ] 
JO"

■ f ( x \ ^ z D M x \ ^ x ' ^ ^

Case 3. l < j < n  — 2, k = n.

Using Definition 3.3 and integration by parts, the left-hand side of (6.2) becomes

J  (i/jdn  -  V n d ^ ftx ', ^ x ’^ d S  =

=  /  - y 7 = = i = = r ^ d i V ^
Jo' v i  +  I W ( ^ ) r

+ ( d j f ^ x ’, ^ ' ) ) ]  ■ 0  +  IV ^ ^ ') ! 2 ^ '
(6.9)

O' JdO'

= ■ f ( x ", y> (x"U (X ". ? W » 0  +  [ V ? ( I ' ) P * "

Jo"
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By Definition 3.6 and Lemma 3.10, the right-hand side of (6.2) becomes

I ( N ^  -  N ^ f ^ x ' ,  ^{x '^ds
9S

Jo"  ̂(yr+]v^(f\^(P)jp)2
n—2

• dn ^ { x ”, ^(x")) -  22 dw (x", ^ ( x ^ B ^ x " )
k=i

(V i^ W w W 5)’ aj»(I ")[n-|vs>(I '.?(I "))|!] (6.10)

n—2

+ djp(x", ^ ^ " ^ ( d n - i ^ x ' ' , ^(x")) 22 d w (x", ^ ( x ^ B ^ x " ) ) 
k=l

■ S ^ ' ^ ' ) ^ ' ^ ' ^ ^

I  a ^ ' W

O "
x \ ^ x y ^ x \ ^ x " y ^ d x " .

Case 4. j  = k = n — 1.

Bn -1 -  V n -xd n ^ f^x ', ^ (x '^ d S  =  0, (6.11)

and

I (N n-^n -! -  ^ - ^ ^ / ( x " ,  ^(x"), p(x", ^ (x ”)))dx" = 0. (6.12)
dS

Case 5. j  = n — 1, k = n.
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Using Definition 3.3 and integrating by parts, the left-hand side of (6.2) becomes

^ n - A  ~  l'n dn-l)f(x ',< p(x '))dS

f  r ^ ^ _ i ^ ) _ 
o’ ' i / f + | V ^ ( f ) P A f ^ x ' , ^

+ - 7 ^ = ^ ^ ^ - ^ ' '  - i 1 '1)] ^ + i w ? * ' 
V1 + |W(OI J

-  /  dX n^ [ f ( x ' ^ ( x ' ) ) \ d x '

-  /  N ^ J ^ ^ , ^ ' ' ) , ^ " , , ^ ) , ! . ,
JdO'

/  n V , ,  „U2 / ( l '' ^ X"^ ̂ X"' VX^")W1 + I W ' I I ’
JO" v i  + iw (z")r
/  f ( x \ ^ x " U ( x \ ^ ^ ^

JO"

(6.13)

By Definition 3.6 and Lemma 3.10, the right-hand side of (6.2) becomes

/ {Nn ^ n  -  N n ^ n A f A , ^ x ' ^ d s 
9S

-(Vi + iv ^ ^ 'W " ) ) !2)2
^ n _ ^ w ( ^ " ) )

n-2
- ^ d k ^{x"  ̂ (x '') ')d k ^ { x ' '^ 

fc=i

( i - H v ^ ^ " ) ) ! 2

n—2
-  A - A A ' i p A A 2 + (d n -i( fi(x " ,^ (x " )) '^ 2 d k ^ (x " ,^ (x " ) )d k ^ (x " ))^

■ f { x " M x " \ ^ x " M x " ^  dx"

f { x " ^ { x " \ ^ x " ^ { x " ^ d x " .

(6.14)

Case 6. j  = k = n.

Vn dn — Vndn)fdS = 0, (6.15)
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and

{Nn y n -  N n ^ f d s  =  0. (6.1 6)

In each case we have proved equation (6.2). Since the cases exhaust all possibilities, this

completes the proof of Lemma 6.1. □

Theorem 6.2. Let S  C R K be an oriented surface o f class C k , k >  2, with unit normal

N . Let L be as in equation (4.1) with coefficients o f class C1 in R”. Let a be an extension 

o f N , as in Proposition 5.1. I f  a (L, N )  =  0. then L  extends uniquely to an operator (still 

denoted by L) which acts on C[ vector-valued functions defined on S  such that (Lu) = 
’ ' s

L (u  j fo r  every' a E C l (U). Furthermore, similar considerations apply to L*, and for 

all u, v E C1 (S) and 1 <  j ,  k < n, 1 < a  < r, 1 < /3 < m,

I (L u ,v) dS  = [  [u. L*v) dS + S ^  /  {dN a^)N jU pva d S  + I  ffi(L .y )u .v )  ds. 
J s  J s  JdS

(6.17)

Moreover, i f  o(L , v) =  0 in U, then fo r  all u, v E C^fS),

I  (L u ,v )d S  = [  (u, L*v) dS + [  {a (L ,y )u ,v}  ds. (6.18)
Js J s  Jas

Proof. Suppose a(L , N )  =  0. By Lemma 5.4, on <S we have 

n /  n \
(L U )a  = -  E  E  a W  E  N k M ^ + n ^ n  UP+ E  ^ ^

j=t a / a (6.19)
=  -  E  ^ 0 N k M ] k u0  -  ( f 0 N ffiN u 0  + ^  ba 0 u 0 . 

3-0̂  j,0 0

The second term of the rightmost expression in (6.19) contains a(L , N )  =  0, so we have

(Lu)a  = -  ^  a ^ N k M j k u 0  + ^  U^up o n  S - 
j,0.k 0
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We now let v be as defined in Proposition 5.1. Then

S

~ E E  / W j k U ^ i ^  f  ba % v a dS.
j . k  a ,0  ^ S  a ,0  ^ S

(6.21)

By Lemma 6.1, the right-hand side of (6.21) becomes

~ ^ 2 ^ 2  ^ l k  “  W j ^ u p a f ^ k V a  d s . 

j ,k  a ,0  ^ d S

(6.22)

For the term under the boundary integral we write

j ,k  a,(3

a(3
V k U p V a  -  ^ j U j ^ k ^ p ^ a

= -  (7, ^  (^(A ^ u ,  v) +  |i/|2 (cr(L, 7)1/, v) (6.23)

= (cr(L,y)u,v),

since (7,1/) =  0 on S. The term under the first surface integral in (6.22) can be expanded

to obtain

j , k  a , (3

a f

j^k  a ,(3

= :  I +  1 1 .

j ,k  a  ,(3

(6.24)

Then, by Lemma 5.4, we observe that

I  = > ;  u^a^VaVjQ = {c(L, v}u, v) Q =  0 on S. (6.25)
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Next, we again apply (ii) in Lem m a 5.4 to obtain

I I  +  ^  b^U pV a =  - 52 \ a<j P v ^ )  + 52 ̂ ^^
a,0 3,o,0 j,o,0 o,0

= (u. L V )  + £
3,0,0

= (u, L ^v) + 52
3,o,0

upVj ( d y a ^ j  v a  +  u p ^ a ^ d y V a

Updy \ y j a f \  v a  -  Up (dyVj) o f  v a

+ {a (L , v^u , V y v )

= (u, L*v) +  ([du a (L , y)] u , v ) -  (a (L , V y ^ u ,  v)

+  (p (L , y )u , V y v ) .
(6.26)

But on 5 ,  a (L , y )  =  0, and

V yV  =  { d y y ^  =  0 (6.27)

by Proposition 5.1. Hence,

I I  + 52 ba /3upv a  =  (u, L*v) +  {[du a (L , z/)] u , v ) on S .
0,0

(6.28)

Furtherm ore,

a0

3,o,0 3,oi,0

= 52U 0  ( ^ Na<j ^  ^ j V a  ° n *$’ 
j,a,0

(6.29)

since d u (y j)  =  0 on 5 .  Hence, for every u , v  E C 1 ^ ) ,

s
(6.30)

W hen L  is strongly tangential, dya( L , v} =  0 by definition, and the theorem  is proved. □
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Chapter 7

Identities on Surfaces

We begin this section by introducing some new operators which will be useful for us in 

the sequel. Let

n
Dj : =  ^3 _  " j ^  =  ^3 _  y  VjVkdk, for J = 1 ,2 ,... ,n. (7.1)

Proposition 7.1. Let S  C R n be an oriented surface of class C k , k > 2, with extended 

unit normal v as in Proposition 5.1, and 7 the unit normal to dS as defined in (3.10). The 

following formulas hold:

(0 ^3 = S  VkMk j forall l < j <  n; 
k=l

(ii) Mjk = VjDk ~  ok Dj for all 1 < j ,k  < n; 

n n
(Hi) 52 vfDj =  0 a n d 52 ^ j ^  = G on S  for all 1 < j  < n;

3=1 3=1

(iv)

[Dj, Dk ] = Vj^Vk-, V) — Vk^Vji V) on S, for all 1 < j, k < n, (7.2) 

where [Dj,Dk ] is the commutator ofDj and Dk , that is,

[Dj, Dk ] = DjDk -  Dk Dj; (7.3)
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(v) For every f g ^ C f f S f  and fo r  every 1 < j  < n,

[  (V j f ) g d S  = [  ( - f ( V j g) + oj g f g ) d S +  [  y j fg d s .  (7.4)
J S Js J d S

Proof.

(i) Let j  € {1 ,.. •, n}. Then, 

n n n
^ V k M k j  =  ^ V k ( v k d j  ~  ^ k )  =  d j  -  V j ^ v k d k  =  T>j. (7.5)
k—\ k= l k= l

(ii) Fix 1 < f k  < n. Then,

V jV k  -  v k T>j =  u f d k  -  v k d v } -  u k (d j  -  i ^ d f

(7.6)
=  V jd k  -  V jV k d v  -  V k d j +  V jV k d v  = . M j k .

(iii) Let ) € { ! , . . . ,  n}. Then,

n n n
^ V i V ^ ^ v ^ d j - O j d f ^ ^ V j d j - d ^ Q .  (7.7)
3=1 3=1 j= l

Also, on S ,

n n

3=1 3=1
n n n

=  £  -  £  " l 9 ^  =  £  d 3U 3 =  &

j= l  j= l  j= l

(7.8)

where for the last two equalities we used (iv)b in Proposition 5.1 and Theorem 5.3,

respectively.
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(iv) Observe that on S , for each j , k  e  { 1 , . . . ,  n},

D j D k  =  ( d j  ~  V j d ^ d k  -  v k d „ )

=  d j d k  -  d j ( v k d v } -  V jd v d k  +  V jd v ( v k d v }

(7.9)
=  d j d k  -  ( d jV k ) d y  ~  V k { d jd v )  -  V jd v d k  +  V jV k d y d y  +  V j(d y V k )d y 

n
=  d j d k  ~  (d jV k ) d y  -  £  [y k V i^ d jd i}  +  v k ( d jV i)d i  +  V jU id id ^  +  V jV k d y ,

where in the last equality we again used (iv)b in Proposition 5.1. We observe that the

expression 
n

d j d k  -  ( d jV k )d y  -  ^ { y k y i d j d i  +  V jV id id k ] +  i ^ d l

is symmetric in j  and k. Hence,

n n

[D j, % ]  =  -  £  v k ( d jV i) d i + 22 y j ( d k V i) d i
1=1 n 1=1 „ (7.10)n n v z

=  “ ^  ' ^ ( ^ j ^ i  +  y j  ^ ( d i y k ) d i , 

z=i z=i

where in the last equality we used (iv)a in Proposition 5.1. Directly computing (7.10)

yields (7.2).

(v) Dj is a first order differential operator defined in a neighborhood U of S  C R n , which 
n

has symbol a ( D j , p )  =  Vj — Vj ]T ^ i  =  0. Hence, by Definition 5.2, D j  is strongly 
t=i

tangential to S . Also, a ( D j , ^ )  =  ^ j .  In order to apply Theorem 6.2 we need to compute

D*. We have
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n 
d j  -  E  ^ d k 

k = l 
n

=  ~ d i  +  ^ [ ^ ( ^ k ^ j )  +  V jV k d k \

" (7.11)
=  ~ f y  +  /  '[ v jd k V k  +  V k d k V j +  V jV k d ^ 

k = l
n

=  — d j  +  V jQ  +  (u , W j)  +  ^  V jV k d k

= - T f  + V jQ  +  d ^ j ,

and when restricted to S  the last term in (7.11) vanishes. Now (7.4) follows from the above

and Theorem 6.2.

Definition 7.2. Let S  G R n  be an oriented surface o f class C k , k > 2, with extended unit 

normal u as in Proposition 5.1. For any smooth , real-valued function f  on S  and any 

smooth tangential field u =  ( « i , . . . ,  un ) on S, define 

n
(i) divgu := £  TfUj fo r  all 1 <  j  <  n;

3 = ̂

(ii) V s f  := (D x f , V 2f , . . . , V n f) -

(Hi) V y  := (T>j T>k f ) j ^ f o r a l l  l < j , k <  n;

n
(iv) &s f  := d i v f ^ s f  = E  T ^ f  fo r  all 1 < j  < n.

3=1

Proposition 7.3. Let S  C R n  be an oriented surface o f class C k , k > 2, with extended 

unit normal y as in Proposition 5.1, and y  the unit normal to d S  as defined in (3.10). Let
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f  E C ‘\ S ) .  I fu  is such that A^u = f  on S , then

V / ( V f D ^ d S  + /  {R V s u ,V s u )g d S 
j,k=iJ s  J s

(T)ju}d^(T)ju) ds (7.12)

n p n p

+ 5? / ^ u ) ( V k V k u) ds -  ¥2 / ^ u ) ( [ V j / D k }uYik ds. 
k=i J d s  j,k=iJ d S

Proof. To simplify the writing, in what follows we will use the repeated indices summa-
n

tion convention. For example, £  TfuD jU  will simply be written as VjuVjU  with the 
J = I

understanding that since j  is repeated, we sum over j .  By formula (7.4), we have

/  \ ^ s u\2d S =  I  (V fD j U f V k T>k u )d S
Js

= — ^  'D] u['DJ V k 'Dk i f  dS  + J  (V ju )(V k V k u )t/jg d S

+ [  ^ u ^ V ^ d s  (7-13)

JdS
= -  I  V ju (p j V k 'Dk u) dS  + /  ^ jV ju ) ( V k T)k u}ds 

JS JdS

= : I  + I f

where in the second to last equality we have used (iii) in Proposition 7.1 By formula (7.3),

the integral I  becomes

I  = -  J  ( V j u f V j V k T)k u)dS

[ (V ju )(V k VjT>kU)dS -  f  (T>j u)(['Dj , V k ]V k u)dS. 

s  J s

(7.14)
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Integrating the first term of (7.14) by parts and again using formula (7.3), we further obtain

1=  (JJk Vju)(VjD k u) dS — I {7)jU)(T>j'Dk u)vk QdS
Js Js

-  [  (VjU^VjVkuYfkds -  I ( V j u)([Dj ,'Dk ]Vk u')dS
JdS Js

= [  ([Vk ,V j ]u){V1V k u )d S +  [  ( P - D ^ d S

-  /  ( V j U ^ J D ^ i ^  [ ( T ^ u ^ V ^ S  dS (7 -1 5 ) 
Js Js

-  [  ('Dj u)(['Dj ,P k ]u)yk ds -  /  {DjU^VkVjU^kds 
JdS JdS

-  j{T> j u')(\T)j ,V k \Dk u') dS

=  A  +  ^2 +  A  +  A  +  ^5 +  4  +  R-

By (iii) in Proposition 7.1 we have that 14 = 0. Also, using Proposition 7.1 (iv) we can 

write

I 7 = — (d)ju)i/j((Viyk , ^ T ^ u )  dS + {T)jU)vk ^ J v j ,  VYDk u) dS
Js Js
= f  ('Dj u)((Vi/j ,V )(i'k 'Dk u)) dS -  [  (V j u)(T>k u )iy v j ^ } v k dS

J s J s  (7.16)
= -  ( V ^ V ^ ^ ^ ^ ^ d S

Js
= -  j  \RV s u\2 dS,

where for the last two equalities again we used (iii) in Proposition 7.1. Next we analyze

J(VjT> k u)vk (yVj, Vu) dS 

= y  ( [ V j ^ k j u ) ^ ^ ^ /
s
ds+L= J u ^ V k ^ 'u ^ V k ^ V j^ u ^  d S —

=  -  y  l-RVswpdS.

j  vk (\7vj,Vu)vk {\7vj,Vu)dS  (7.17)
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For the first equality in (7.17) we used (7.2), for the second the fact that VjVj =  0 on 5 , 

for the third we used again (7.2) and that iyk T>k  =  0 on 5 , for the fourth equality we used 

that

" j ^ V j ,  V u) = i ^ d ^ d m )

( =  0,
(7.18)

and the last equality is immediate. We continue using (7.2) and VjVj =  0 on 5  to see that

h  = — I  (V ju )v j( y v k ,V u }v k Q d S +  (T)ju)vk ( y v j ,V u ) v k Q dS

■’ s  (7.19)
( R ^ s u ,  Vs'u}Q dS.

Combining (7.15), (7.16), (7.17), and (7.19), (7.12) follows. This completes the proof of

Proposition 7.3. □

We now define new operators whose properties will be particularly useful in proving three 

corollaries to Proposition 7.3. For each j  = 1 , . . . ,  n, let

tj := , Dj — ^jdy. (7.20)

Computing the symbol of tj with respect to v  and to 7, we see that

cr(tj, 1/) = Vj — Vj(y, v) — 7^(7, y) =  0, (7.21)

and

=  0. (7.22)

Hence, tj is a first order differential operator tangent to d S  for each j  = 1 , . . .  ,n .
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Corollary 7.4. I f  u 1^=0, then

\k s u\2dS = ^  /  ^ P k u f d S +  (RV s u ,V s u}gdS 
^ s  j,k=i ' s  ' s  (7.23)

- 2  /  \R\7s u\2dS + /  ^ u ) 2gd s ds,

where
n

gds = ^ t j 7 j . (7.24)

Proof Since

^ ( [ ^ r  Ph], 7) =  [77 -  ^<7, ^ I f e  -  "k{7, ^)] -  fat -  ^ ( 7 ,  ^ H T? -  ^<7, 0 ]  =  0,

we observe that [Dj.Vk] is a first order operator tangential to dS. Hence, we have 

[Dj, T>k\u =  0 on 55 and

(PjU){[Dj,T)k ]u ^ k ds = 0 (7.25)

Noting that

7?^ =  7J ^  — ^7 =  ^jdj ~  I j ^ j ^  — 57 = 0, (7.26)

in light of (7.25) and (7.20) the remaining boundary terms in (7.12) become

(ffu)(VfDjU)ds — I (VjU)dy (Vju)ds
Jds Jds

[ ( f fu ft j  + ^jd^itjU  + ^jdy u) — ^j(dy u)dy (tjU + ^jdy u)] ds

{dy u)tj{^jdy u)ds (1.21)

(dy u)[yjtj(dy u) + ( d y u ^ t ^ d s

(dyU)2gd s ds.
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For the second equality in (7.27) we used the fact that tj(tju) = 0 on dS, while for the 

last one we used (7.26). Combining (7.12) and (7.27) we conclude that for u satisfying

A su  =  /  in 5  and u
as

= 0, the formula (7.23) holds true.

Corollary 7.5. If d7 u = 0 on dS, then

I  \As u\2dS = V  / (VfD k u)2dS+  /  (R V s u ,V s u)GdS
5  j,k=iJ s  J s

(7.28)
\RV s u\2dS + S 2  (tju)(tj^k)(fkU)ds. 

^=1 J d s

Proof. Again we make use of the repeated indices summation convention and we start

with (7.12). We only need to analyze the boundary terms in (7.12), the second of which is 

zero if d7 u = 0 on dS. Hence the remaining terms are

— I (f)ju)dy (Dju)ds — /  (T>juf[Dj,T>k]u)^k ds
Jas Jas

= -  I (T>J u)(fDk V j u')^k ds -  I  (V jU ^V jV kU -V k VjuYik ds 
Jas Jas

= - /  {T>j u)(V j V k u ^ k ds 
Jas

= — (V ju)V j(ffu)ds + I  (V ju)(T f^k }(Vk u)ds
JdS JdS ^j 29)

= — (tjU + d y U ^ tj^ u )  + yjdy^dyu)^ ds 
Jas

+ (tju + d 7 u)[tj 'yk + 'yj {d7 yk )](tk u + d 7 u)ds 
Jas

= -  (tju^ jdy ff^u jds + (tju)[tjyk + 7j(d7yk )](tk u)ds 
Jas Jas

= / { tju )(t^ f){ tk u)ds. 
Jas

For the first equality in (7.29) we used formula (7.3) and also the fact that

IkRk = ^k(dk — Vkd») = d7 — (7, o}du = d7 . For the third equality we made use of 

(VfD k uyyk = T>j^k V k u) — V j^^V kU . Hence, for a function u that satisfies Asu = f 

in S  and d7 u =  0 on dS, formula (7.28) holds true. □
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Corollary 7.6. Let QS =  r i U r 2 where I \  and f 2 are connected. I f  u \r  =  0 and

dy u = () on r 2, then

I  \A s u \2 d S  = V  /  fD fD k u}2dS  + I  {R^7s U y s u}Q dS  -  2 /  \R V s u\2dS 
s  j,k=iJ s  J s  J s

+ I  (dy u)2Qd s ds + [  (tju)(tj7k)(tku)ds.

j.k=i
(7.30)

Proof Again we make use of the repeated indices summation convention. Combining the

proofs of Corollaries 7.4 and 7.5, we see that if we consider the boundary terms of (7.12),

we have

I (V ju )([T f, T>k u ] ftk ds =  0. (7.31)

and the remaining boundary terms on f i  follow the calculations of (7.27) to become

(7.32)

The boundary integrals over f 2 follow (7.29) to become

I ( tju )( t) j7 k )(tk u)ds. 
r 2

(7.33)

We combine (7.12), (7.32), and (7.33) to complete the proof of Corollary 7.6. □

We close this section with a simplification of the proof of Theorem 3.1.1.1 in [5], The 

lemma below can be used to replace the main step in the proof of the aforementioned 

theorem in the setting when S  is the C 2 boundary of an open bounded subset of R". We 

would like to point out that the formalism developed so far allows us to work globally 

on S . This is in contrast with the approach in [5] where the computation is done in local 

coordinates.
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Lemma 7.7. Let S C Rn be an oriented surface of class Ck, k > 2, with extended unit

normal v and such that dS = 0. Then for u, v E C^R"),

[(w, u) div u — {{u, V) u, v^d S

[( 21Zta n , Vtan (y,uf] + (RUta n , Û af) T ^  (u, if) ^dS
(7.34)

where u tan = u — (u, u)u.

Proof. Consider the left-hand side of equation (7.34):

(u, if) div u = (u, (div u)if), (7.35)

and
n

(fu,V ')u,if) = Uj^djUk^k = 
j,k=i

(7.36)

We therefore define the operator L as follows:

Lu := (div u)v —
(  n \ n
I ^ y d ju f ) v k j 
\fe=i /  j=i

(7.37)

Then

a(L, if)u = (u, u) v — {u, if) v = 0. (7.38)

Hence, by Definition 5.2, L is a strongly tangential operator. To determine L*, the adjoint

of L in R", let u, v E C“ (Rn ). Then integration by parts implies
n

(fdivu)v,v) -  ^  v j(djUk )ok 
j,k=l -

n
( -V  (y,v) ,u) + ^  u kdj(vj"k)

(7.39)
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Since V (u, v) =  V tan^ , v) + [dy{v, v}]v, we can write the adjoint of L as

L*v = —V tan^, v) — d„{v, v )v  + R v + (div v)v. (7.40)

Now, on 5 ,

div5 r  =  d i v ^ ^  +  div5 [(v, v)v] 
n n

=  div5 vta n  +  ^ j ( ( v  ̂^  +  (^  0  5 2  ^ ^

=  d i v ^ ^  + (v,v}G,

(7.41)

using (iii) in Proposition 7.1 for the last equality. On the other hand, on 5 , we use (i) in

Definition 7.2 and (7.1) to write

=  (div v)

n
div5 v =  J 2  VM

J= I

(v,dyv).

(7.42)

Combining (7.41) and (7.42) we see that

(div z?) |s =  div5 (vt a n ) +  Q{v, V) +  ( (^ v ) , I/),

and

{{dyv\ 0  =  dy{lS,v) + (Oy^V = dy(v,v)

(7.43)

(7.44)

since dv u =  0 on 5  by (6.27). Hence,

(L*v) Is =  -V ta n ^ -y )  -  [dy(v,v)]v

+  div ^(^tan)^ +  G(v, v}v + [dy{v, v}\v + R v  (7.45)

=  -V ta n ^ tO  + d iv 5 (t’t a n )^ +  ( / ^ , ^ ^  +  ^ .

Thus, since L is strongly tangential to 5  and d S  =  0 , if we apply Theorem 6.2 we get
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that

f  {Lu, u )d S  = [  (u, L*u) dS
Js  J s

= J  [ ( - t i t a n ,  V t a n  ( ^  u}} + {u, Ru} + Q{v, u )2 (7.46)

+  (div5 (ut a n )z/, u)]dS.

We integrate the last term of (7.46) by parts to obtain —{ut a n , Vtani^, w)). Moreover, re­

calling from Proposition 5.5 that R v  =  0 on 5  and R  = R T , (7.46) becomes

I  {u, Lu) d S — I  [( 2 'U tan, ^ t a n ^ ,  t l ) )  +  (t< tan, T il tta n )  4“ 0(^, ^) ]dS. (7.47) 
J s  J s

This finishes the proof of Lemma 7.7.
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Chapter 8

Coercive Estimates

In this section we are finally able to obtain coercive estimates for the Laplace-Beltrami 

operator on C k surfaces in R". Define for each k E N  the Sobolev space

where a  = ( « ] , . . . ,  a ^  is a multiindex.

Proposition 8.1. I f  S  C R n  is an oriented surface o f class C k , k > 2 with extended unit

normal v and QQS > 0 on dS, then there exists C  > 0 such that fo r  any u solution o f

A s u  = f  £ O (S )  on S
u \as =  0 
u e  IV2’2 (5),

we have

(V fD k u )2dS  < C  [  \A s u\2 dS. (8.2)
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Proof. Assume QQS >  0 on 5 5  and u  is as in the statement of Proposition 8.1. Then

n Pl p p

V  (p fD k u)2d S <  V  ('DfDk u)2dS  + (dyu fQ dsds
i , k = i  J s  J s  J d s

< f  \A s u\2 dS + [  \(R V s u ,V s U } \ - \g \d S
Js  J s  (8.3)

+ 2 J  \R V s u\2 dS

< I  \A s u\2 dS  + C /  \V s u\2 dS.
Js  J s

The first inequality in (8.3) is obvious; the second follows from Corollary 7.4; the third is

a consequence of the fact that H-RHi^ts) <  &■ To further estimate f s  | V ^up dS, we use 

Poincare’s Inequality which gives for u  (recall that t t |a 5  =  0)

(8.4)

Moreover, integration by parts gives that

[  u £ s u d S  = /  \V s u\2 dS. (8.5)
Js  Js

Using Holder’s Inequality in (8.5), we further have that for any c >  0,

[ \V s u\2 d S <  (  [  |u p d 5 )  ( f  \ ^ s u\2 d S ]

+ (8'6)

~  i  L  | V f “| !  i s + ^ L  ^ “ i2 ^

where in the last inequality we used (8.4). Now we choose e small enough so that y  < | 

and subtract y  J5  |V sw pd5  from the left-hand side of (8.6) to complete the proof of 

(8.2). □
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Proposition 8.2. I f  S  C R n is an oriented surface o f class C k , k > 2, with extended 

unit normal v, 7 the unit normal to dS , and (tjy k ( x ) ^  k  is a positive definite matrix fo r 

x  E dS, then there exists C  > 0 such that fo r  any u solution o f

{
^ s u  = f  E L 2 (S) on S 

= 0 
u E W Z 2 ( S f 

there holds

V  [  ( P ^ u ^ d S  < C [  \&s u\2 dS. (8.7)

Proof Assume u is as in the statement of Proposition 8.2. Using Corollary 7.5 and letting 

{ 1 ^ ^ ) }  k  be a positive definite matrix for x  E dS , we again obtain

£  / (V fD k u)2dS  < I  \ ^ i \ 2 dS  + C I  \V s u\2 dS. (8.8)
j,k=l ds Js

We now use a variant of Poincare’s Inequality that gives

I  \ u - u s \2 d S < C  /  \ ^ s u[-dS. (8.9)

where us  =  ^  J5  u d S  is the average of u over S . Also, since uniqueness in (N ) is up 

to constants, we can assume that u s  =  0, and we have (8.4). Again (8.5) and (8.6) hold, 

and the proof of Proposition 8.2 is completed in the same manner as that of Proposition 

8.1. □

Proposition 8.3. Let S  be as in the statement o f Proposition 8.2. I f  OS =  Ti U ^  where 

Pi and ^  are connected, Q^s > 0 onT ^ and (tjy k (x))^ k is a positive definite matrix fo r 

x  6  f 2, then there exists C > 0 such that fo r  any u solution o f

{
△51/ = f  E L 2 ^ )  on S

" =  0 on r : 
c fu  = Q on T? 
u E W 2 '2 ( S f
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there holds

V  (T>fDk u ? d S  < C  \  \k s u \2 dS. (8.10) 
^ = 1 J s  J s

Proof. Assume Qas >  0 on Tj, ( t j ^ x ) )  fc is a positive definite matrix for x  G r 2 , and u 

is as in the statement of Proposition 8.3. Using Corollaries 7.4 and 7.5, the properties of 

a positive definite matrix, and the fact that H-RHL^ S ) < C, we again obtain

V  (V fD k v )2d S <  \&s u\2 d S  + C \  \V s u\2 dS. (8.11) 
i,k=i J s  J s  J s

Since M|F I =  0, we can again use (8.4). Then (8.5) and (8.6) still hold, and the proof of

Proposition 8.3 is completed in the same manner as that of Proposition 8.1. □
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