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CHAPTER I

INTRODUCTION

1.1 Introduction

Optimization is concerned with achieving the best
outcome of a given objective while satisfying certain
restrictions. The central purpose of structural analysis is
to predict the behavior of known structural configurations
which are subject to known distributions of specified loads,
displacements, and temperatures. As the engineers were able
to perform structural design, it was natural to introduce
optimization schemes into structural analysis. Design
optimization provides not only savings in structural weight
and cost but also allows sensitivity studies which provide
valuable information about the design.

Engineering design optimization is a fundamental
objective of virtually every engineer who strives to create
a component, device, or system to meet a need. To fulfill
this objective, engineers must have organized methods
tailored to the special features and needs of these fields
of engineering design. Thus, an applicable method of optimal
design for finite dimensional optimization and a nonlinear

mathematical programming method will be presented in this



dissertation. Also because the finite element method is the
principal modeling method, it is incorporated as an integral
part of optimal design method. This 1is difficult to
accomplish with a commercially available finite element
code.

It is very important to realize that engineering design
optimization and engineering analysis are fundamentally
different in nature. 1In analysis, one is generally assured
that a solution exists and the numerical methods used are
stable. 1In optimal design, on the other hand, existence of
even a nominal design satisfying the constraints is not
assured, much less the existence of an optimum design. Even
when an optimum design exists, numerical methods for its
solution are often quite sensitive to initial estimates and
require considerable computational art to achieve iterative
convergence. These properties will be observed again and
again in this dissertation.

In the structural optimization of discrete structures,
much of the work has been concerned with truss problems
(,2,3,4,5,6,7,8,9]. Some work has also been reported for
frame structures[10,11,12]. However, the vast majority of
this effort was almost exclusively focused on member
sizing(fixed-shape) problems where the design variables are
the cross sectional area of the truss members. Relatively
little effort has been devoted to the configuration problem
where the node positions in the finite element structure are

treated as design variables, and virtually no effort has



been devoted to the topological problem of choosing the
number of members and their connectivity in the structure.

The beam member is the most common and an important
structural system for a variety of industrial applications.
In this dissertation, applications of the finite element
method and nonlinear mathematical programming techniques
for the optimum design of beam frame structures subject to
sizing changes, configurational changes and topological
changes is presented. These features are required in order
to produce a "true" structural design/optimization tool.
Anything 1less will simply allow the user to "fine tune" an
existing design.

In the context of shape optimization, the geometric
design variables in discrete structures are the coordinates
of node locations(joints) in the structure. The shape
geometry can be optimized through the coordinate change or
use of parametric cubic curves. For beam-type frames, this
means node locations are allowed to vary. Commercial general
purpose finite element codes do not appear to be particular
useful in configuration design because of rigid input and
output formats and no way to access intermediate
information. This creates a need for a special purpose code
for beam finite elements to calculate the static response.
The developed beam elements will meet the particular
requirements in configuration design and do not have the
tradeoffs associated with a commercial general purpose

finite element package.



For this research project, it was decided to develop a
finite element code including tubular circular, tubular
rectangular and symmetric open channel cross sections for
sizing, configurational and topological design for three
dimensional beam frame structures; and to also develop an
efficient algorithm based on combining a finite element
analysis method and a nonlinear mathematical programming
approach subject to multiple 1loading conditions and
displacement and stress constraints.

In Chapter 2, an overview of structural optimization
will be presented as well as a literature review covering
the development and application of structural optimization.
The potential for growth in the area of structural
optimization is also discussed.

In Chapter 3 some general topics related to the
optimization of beam frame structural systems are discussed.
Approaches for finite element analysis and optimization
algorithms are presented.

In Chapter 4 the gradient computations required for
the development of structural optimization are presented.
The calculation of sensitivities with respect to static
response is reviewed.

Chapter 5 introduces the topic of 4£ometric modeling
for structural optimization and topological design, and
presents the shape optimization for beam frame design.

Chapter 6 contains the research results regarding the

application to beam structures subject to sizing, shape



geometry and topological changes.
Chapter 7 presents the conclusions of the research and

recommendations for future studies.

1.2 Objective and Scope of This Research

Schmit[13] pointed out the scope of the structural
optimization field is so broad that there are,
unfortunately, many important topics and associated key
ideas that have not been touched. This dissertation will
address several of the untouched areas required for the
development of a wuseful modern structural optimization
methodology. The objective of this research is to
investigate the applicability of geometric optimization and
topological optimization in the beam structure by developing
innovative ways of merging finite element analysis and
mathematical programming algorithms.

The basic methodology of this research is to
develop a beam finite element program, provide for an
analysis capability for beam type structures using the
finite element procedure, and couple this procedure with a
design optimization algorithm to search for the optimum
design. The major goal is to design, implement and test a
structural optimization algorithm subject to sizing, shape
geometry and topological design for specific application to
three-dimensional frame structures using a beam finite

element.



The focus of the structural optimization developments
in this research is to create an interface between the
structural analysis and optimization algorithms in a very
effective way. This includes the development of strategies
for enhancing the efficiency of the optimization algorithms
and providing the rational heuristic search technique to
guide the optimization process at different 1levels to
progress toward the topological optimum. The approach to
geometric modeling and topologic design will be addressed in
this dissertation. The end result will be a structural
optimization code which extends the capabilities of existing
codes. The algorithm will also serve as a base for future

research in the area.
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CHAPTER 1II

LITERATURE REVIEW

2.1 An Overview of Structural Optimization

Structural optimization began about twenty years ago
with weight minimization. The importance of the minimum
weight design of structures was first recognized in the
aerospace industry where aircraft structural designs are
controlled more by weight than by cost considerations. 1In
ship design, the reduction of structural weight directly
influences not only the cost of the construction but also
the cost of the fuel required to power them. In other
industries dealing with civil, mechanical and automotive
engineering systems, cost may be the primary consideration
although the weight of the system does directly affect the
cost.

A growing realization of the scarcity of raw
materials and a rapid depletion of our conventional sources
of energy is being translated into a demand which emphasizes
the need for the engineers of today to be cognizant of the
techniques for weight and cost optimization of structures.

In addition to the objectives of cost and weight, there are



objectives still to be developed in areas of efficiency,
reliability, performance, or a combination of these.

During the late 40's and early 50's the development of
mathematical programming techniques provided the impetus to
the application of optimization methods in engineering
design. In the late fifties and early sixties the advent of
high speed electronic computers had a profound effect on
structural analysis solution procedures. Of particular
importance is the emergence of the finite element method for
the solution of continuum mechanics problens.

In 1960 Schmit[1] was the first to offer a
comprehensive statement of the use of mathematical
programming techniques to solve the nonlinear inequality
constrained problem of designing elastic structures under a
multiplicity of 1loading conditions. Also he proposed
coupling finite element analysis and mathematical
programming methods for structural design optimization. This
work is significant, not only in that it ushered in the era
of structural optimization, but also because it offered a
new philosophy of engineering design which is only now
beginning to be broadly applied. 1In [2] Schmit provides an
excellent historical review of the development of this
concept.

However, as the applications became more and more
ambitious, the limitations of the mathematical programming
methods proved to be too restrictive for practical

applications. The elaborate mathematical transformations for
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determining travel direction, the sensitivity of the
algorithms to step size and the effect of the initial
starting point on the solution are only a few of the
difficulties encountered in applying mathematical
programming methods to practical structural optimization
problems. To offset some of these difficulties an intense
effort to revive the optimality criteria approach was
conducted in 1968. The approach was presented in analytical
form by Prager and coworkers[3,4] and in numerical form by
Venkayya, Khot, and Reddy[5]. These efforts paid off well as
evidenced by the renewed interest in structural optimization
and subsequently resulted in very successful optimization
schenes.

In 1971 Pope and Schmit[6] made an assessment of
mathematical programming methods for structural design.
Venkayya[7] derived optimality criteria for generalized
stiffness, prescribed displacements, dynamic stiffness and
static stability requirements and wused the optimality
criteria approach for the optimization of structures. 1In
1973 Gallagher([8] wused the fully stressed design(FSD)
concept, which was one of the early optimality criteria, to
design a minimum weight structure.

In 1974 Berke and Venkayya[9] reviewed the optimality
criteria approaches and pointed out the advantages and
shortcoming of these approaches. It was also noted that the
computational aspects of optimality criteria approaches are

more in tune with the requirements of large scale structural
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optimization. Moses[10] gave an update of the development in
mathematical programming methods for structural
optimization. Stroud[11l] presented a comprehensive state of
the art survey of automated structural design with
aeroelastic constraints.

During the late 1970's, development continued in both
optimality criteria and mathematical programming approaches
to structural optimization. In terms of understanding the
automated design process, perhaps the most significant work
was 1in the area of reconciling the mathematics of the two
basic concepts. The definitive work of Fleury[12,13] and
Fleury and Sander[14] offers fundamental insight into the
mathematical basis of both approaches and, in fact, shows a
common basis in the duality of the original problem
statement. This work principally shows that optimality
criteria are valid for a mathematically separable problem
and, as such, may be viewed as a special case of
mathematical programming.

During the early 1980's approximation concepts were
combined with the dual method formulation to create a
powerful new method for minimum weight design of structural
systems[15,16]. This combination has led to a new
perspective from which it can be seen that the generalized
optimality criteria and mathematical programming approaches
have coalesced to the same method. As Fleury[18] shows, "the
mathematical programming and optimality criteria approaches

are far from being ineluctably opposed, and in fact have

12



converged to the same method". The inherent difficulties
associated with conventional optimality criteria have been
resolved by combining approximation concepts and dual
methods.

A significant contribution to advancing the state-of-
art of structural optimization is design sensitivity
analysis. It plays an important role in structural analysis
and optimization, since virtually all optimization methods
require computation of derivatives of structural response
quantities with respect to design variables. In 1979 Arora
and Haug[18] presented three fundamentally different
approaches to design sensitivity analysis. These approaches
have been used extensively in the structural optimization
literature. In 1982 Sobieszczanski-Sobieski[19] further
extended design sensitivity analysis to provide the
necessary coupling between the subsystems of multilevel

structural optimization.

2.2 Development and Application of Structural Optimization

The objective of structural optimization is to find
values for the design variables of a system that minimize a
cost function and satisfy various performance requirements.
The quantities describing a structural system that are
varied during the optimization procedure are called design
variables. The simplest design variables are the cross-

sectional dimensions, for example, the cross sectional area

13



of a structural member, widths, thickness, and the area
moments of inertia. Configurational or geometric 1layout
variables can be included during the optimization process,
such as the coordinate position of joints in a frame, and
the location of the support for a beam. Other design
variables considered in a structural system include topology
and material selection.

Two philosophically different approaches to structural
optimization have been followed in the literature. The first
technique is called the numerical optimality criterion
method, or indirect method. Most recent optimality criteria
methods are based on solving the nonlinear set of equations
obtained by applying the Kuhn-Tucker necessary conditions to
the original design problem. These equations are solved
numerically in an iterative manner until the predetermined
optimality criteria are satisfied. Traditionally, the
following recurrence formula for calculating optimum values

of design variables has been used in these methods:

X5 (v+1) _ c; (v) X3 (v) (2-1)

where Xj = jth design variable(1,2,....m)
cj(v)= multiplier
v = jteration step number
= 0,1,2,00000.V

x(0) = starting point

14



The second basic approach is called the mathematical
programming method, and is more direct in nature. 1In this
approach, one starts with a design estimate X and finds a
search direction based on the local behavior of cost and
constraint functions. A small move in this direction gives
an improved design. Thus, a sequence of design modifications
is generated that reduces the cost function, while
simultaneously satisfying design constraints. Traditionally,
the following iterative formula has been used for design

improvement in these methods:

x(V¥1) = x(V) 4 gx (V) (2-2)

where 6x (V) is a small change in the design at the
vth iteration. There are several procedures for calculating
the optimum design change 6x(V) at each iteration.

The fundamental difference between the two approaches
is that in the optimality criteria approach, the Kuhn-Tucker
necessary conditions are applied to the original nonlinear
optimal design problen, whereas in the mathematical
programming approach, a change in the design is computed by
applying the Kuhn-Tucker necessary conditions to a reduced
problem that is obtained by linearlization of the various
functions about the current design point.

In the indirect approach, different numerical methods
for solving the nonlinear set of necessary conditions give a
variety of optimality criteria methods[8,9,12]. Haug and

Arora[20] show that many calculations in the two approaches

15



are identical and methods of both approaches may be
generated from the same information by a very simple
modification of logic in the gradient projection algorithm.

In general, different types of constraints require
different redesign schemes. Over the past few years there
have been developments in both mathematical programming and
optimality methods resulting in computer programs which from
a solution-time standpoint are equivalent. However, each
type of approach retains its advantages for certain types of
problems. In addition, recent research has shown that in
some cases the methods are essentially identical[13].

Because of its basic generality, we chose to discuss in
greater detail the mathematical programming approach. Using
this approach, a structural optimization problem can be
easily cast in the form which can be handled by a general
nonlinear constrained optimization method.

However, any of these methods require many evaluations
of the constraints. Each constraint evaluation will require
the solution of the finite element problem for
displacements, stresses, and natural frequencies. Therefore,
when possible it is wise to employ techniques which reduce
the number of finite element solutions required.

The literature on the application of structural
optimization is so voluminous that is difficult to cite all
available references. Structural optimization is reviewed in
[21]. Some of the structural optimization papers consider

only static cases while others treat both the static and

16



dynamic case. The type of structures optimized are trusses,
frames, plates or a combination. Most of the numerical
structural optimization research was almost exclusively
focused on sizing design variables. These sizing variables
do not require a change in the finite element model of the
structure as they are modified. The structural optimization
shape design variables which control the geometry of the
structure are more complex than sizing design variables.

One of the first treatments of the general problem of
selection of the shape of a structure by using the design
variables was presented by Zienkiewicz and Campbell[22].
They formulated the shape optimal design problem using a
finite element model and treated the location of the nodal
points of the finite element model as design variables. They
then calculated derivatives of stiffness and load matrices
with respect to design parameters, obtained derivatives of
structural response measures, and employed sequential linear
programming for numerical solution. They presented examples
associated with dams and rotating turbine machinery.
Ramakrishnan and Francarilla[23] employed a similar finite
element formulation, but they used a penalty function method
for numerical optimization. Francarilla, Ramakrishnan, and
Zienkiewicz[24] employed the finite element method for
fillet optimization in order to minimize stress
concentration.

The most direct approach in discrete structure shape

optimization would be to include both member sizing and

17



geometric variables in the design variable set. Pedersen[25]
used this approach to solve plannar truss structure problems
subject to single load condition and stress constraints.
Sheppard and Palmer[26] used dynamic programming to design
towers of practicable size and complexity. Lipson and Gwin
[27] used Box's complex method to design truss structures.
The recent work of Imai and Schmit[28] used the Augmented

Lagrange Multiplier method to solve the shape optimization

problem.
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CHAPTER III

SOME CONSIDERATIONS IN STRUCTURAL OPTIMIZATION

3.1 _Introduction

In this chapter, some general topics related to the
optimization of beam structural systems are discussed. The
general formulation for structural optimization in
mathematical form is presented in Sec. 3-2. The method to
convert the continuum into equivalent finite elements is
described in Sec. 3-3. The combined stress calculation and
Von Mises failure criteria is discussed in Sec. 3-4. The
optimization technique for structural design is presented in

Sec. 3-5.

3.2 The Design Problem

The structural optimization task is presented with
basic definitions to provide a common terminology for
discussion. The problem sis stated in the context of
mathematical programming because this provides the most
general form for design.

Mathematically, the design task is to find the set of n
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design variables contained in the vector X that will

minimize
F(X)
Subject to
95 (X) 2 0 j=1,....m (3-1)
h(X) =0 k=1,....1 (3-2)

The components X; of X are referred to as design
variables. All of the design parameters which can uniquely
determine an engineering design will be written as a
function of X according to a specified practical problemn.
The designer is free to change their values to improve the
design. In structural optimization the design variables are
typically member cross sectional dimensions and joint
coordinates.

The function F(X) is called the objective. While F(X)
may be cost, or some measure of performance, it is commonly
the weight or volume of the structure.

The functions gj(X) and hy (X) represent inequality and
equality constraints respectively. Collectively they will
determine a feasible region in the N-dimensional design
space. Inequality constraints gj(X) are the response limits
imposed on the design. Common inequality constraints
include limits on deflection and stress. These are one-sided

limits that need not be satisfied with precise equality.
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Lower and upper bounds on the design variables are
imposed in the form of side constraints, XiU and XiL,
respectively. These could be included in the general
inequality constraint set gj(X) but are usually treated
separately because they directly limit the region of search
for the optimum.

The parameters n, m, and 1 correspond to the number of
design variables, the number of inequality constraints, and
the number of equality constraints respectively.

The above problem statement is quite general and
provides a logical format for automated design. However, in
order to avoid being unnecessarily abstract, we can, without
loss of generality, specialize this to a more common example

of structural optimization defined as follows:

NE
Minimize W = 2{ P; A; Ly (3-4)
1=1
Subject to
O
i
1 - ] 2 0 i=1,...NE (3-5)
Oallow .
j=1,.. NLC
Y
ijk .
1 - ] 2 0 i=1,...NJ (3-6)
Tallow )
j=1,...NLC
k=1,2,3
x:b & x. i=1,..n (3-7)
i i 1.
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where NE number of finite element

NJ

number of nodes(joints)
NLC = number of loading condition
K = coordinate direction

n = design variables

Here W is the weight of the structure. The parameters

P A

jr and L; represent the material density, area, and

ir
length of the ith finite element in the structural model
respectively. For simplicity, only stress and displacement
constraints are included in addition to the wusual side
constraints.

Here Gij is a computed stress in element i under

loading condition j and r is the displacement at Jjoint

ijk
i under loading condition j in the coordinate direction k.
If both upper and lower bounds are imposed on stress and
displacement, two constraints result, with the appropriate
sign on 0,y1o, and Yallow*

Depending on the structural model, we may wish to
calculate several stresses per element, in which case an
additional subscript would be used on 0. The bounds on 0 and

r are given as G,

allow and Yallow’ respectively.

Conceptually, stress 1limits may be viewed as 1local or
element 1level constraints, while displacement(stiffness)
limits may be viewed as global or system level constraints.
Thus, by including the two types of common design
constraints, we retain the salient features of the general

structural optimization problem.
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The objective function, W, is easily evaluated as the
sum of the individual element weights. In order to evaluate
the constraints on stress and displacement, we assume that
the finite element approach using the displacement method
will be wused for analysis. Therefore, whenever the
constraint functions must be evaluated, an analysis of the
structure 1is required. This entails the solution of the
stiffness equation as a subproblem during the optimization
process. Note that this actually involves the solution of a
set of equality constraints but we treat the analysis as a
subproblem for computational convenience.

Having stated the design task in mathematical form, and
given the ability via the finite element method to evaluate
the objective and constraint functions, it is now necessary
to devise a rational numerical search technique to progress
toward the optimum. The most common mathematical programming
approach is to iteratively update the design by the

equation:
xt = xi-1 4 g+ si (3-8)

Where 1i is the iteration number, S is a vector search
direction in the design space, and q 1is a scalar move
parameter determining the amount of design change possible
in this direction.

A multitude of algorithms are available for determining

the search direction, S, and the scalar parameter, q, each
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with its own unique features. For purpose of this
discussion, the actual algorithm is not of particular
importance, except as it impacts the efficiency of the
overall optimization.

Most state-of-the-art methods in non-linear programming
require that gradient information be available. Finite
element analysis lends itself well to this. Because, for
linearly elastic structures, sensitivity of the structural
response to the design variables may be efficiently obtained
in most cases. In the following section the essential
features of the finite element method are discussed, as they

relate to both fixed-shape and variable-shape design.

3.3 Finite Element Analysis

The finite element technique was developed in the 1950s
by structural engineers for analysis of structural systems.
It is a mathematical technique for constructing approximate
solutions to boundary value and eigenvalue problems. The
method involves dividing the mathematical domain(structure)
associated with the solution into a finite number of
subdomains called finite elements. Generally, variational or
weighted residual concepts are used to construct an
approximate of the solution over the collection of finite

elements.

The finite element method is widely used as an
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approximate method of solution for structural mechanics
problems. Although intially developed by researchers in
structural mechanics, the finite element method has become
useful in many other areas including fluid mechanics, heat
transfer, electric and magnetic fields. In this section, the
finite element method[1l,2] is presented as an analysis
technique for complex structural systems.

Most practical structures are modeled by subdivision
into elements, for purposes of analysis, with the finite
element method. The displacement method is the most popular
form of the finite element method in structural mechanics,
and the equilibrium equation to be solved in terms of

displacements is:
[K] {r} = (R} (3-9)

where [K] 1is the master stiffness matrix, formed by
assembling all element stiffness matrices [K];
NE

[K] = = [K]; (3-10)

i=1

{r} is the global nodal generalized displacement
vector, and (R} 1is the vector of structural generalized
forces. Using the Choleski decomposition method([3,4], ({r}

can be solved by

(r} = [K]"YR) (3-11)
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Once the necessary nodal displacements are determined,
all other structural responses can be sequentially
calculated. We can calculated the member stresses using the
displacement associated with the element together with the
element stiffness matrix or the local interpolation
functions associated with the element.

The beam member is a common structural element in many
important structural systems used for a variety of
industrial applications. Framed Structures are used in many
building, transmission towers, airplane wing structures, and
vehicle uniframe and seat frame structures. Members of a
Frame structure are usually subjected to bending moment,
axial 1load, shear 1load, and twisting moment. 1In this
dissertation, optimal design of general three dimensional
framed structures using hollow rectangular, hollow circular
and symmetric open channel cross sections is considered.

In this chapter, it is assumed that the material is
elastic, homogeneous(that 1is, it has the same elastic
properties everywhere in the bar), and isotropic(that is,
the elastic properties are the same in every direction).
Furthermore, we assume that the strains and deformations are
relatively small. These are the usual assumptions of the
theory of elasticity[5].

For the frame element shown in Fig.3-1, The beam
element includes extension, torsion and bending in two
perpendicular planes and associated shears. The stiffness

matrix of the beam element is a 12x12 matrix of coefficients
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expressing the forces and moments acting on the degrees of
freedom at its ends. Fig.3-2 shows the node at one end of an
beam element and the forces and moments that are present
with respect to a local coordinate system. The force and
moment resultants are as indicated in Fig.3-2. The

components of this force and moment vector are defined as:

o
]

- Axial force in direction of local x axis

*xj
=
]

Axial force in direction of local y axis

o
(]

z Axial force in direction of local z axis

M, = Moment about the local x axis
= Moment about the local y axis
M, = Moment about the local 2z axis

3.4 Combined Stress Calculation

Through the finite element method presented in the
previous section, the stresses and deformations resulting
from the separate effects of bending moment, axial force,
shear force, and twisting moment will be calculated. In
this section, the individual effects of axial force, shear
force, bending moment, and twisting moment are discussed.
The combination of the normal stresses and shear stresses is
presented. Also the stress sampling points are defined for
the different cross sections, and the failure criteria

applied for this work is defined.
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Fig. 3-1 A Frame Elenent
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The normal stress due to axial force and normal stress
due to bending moment are computed individually. The normal
stresses may be obtained by superimposing the stresses from
the bending moments on the stress from the axial 1load by
simple algebraic addition. The shear stress due to torsion
and shear stresses due to bending are computed independently
and then combined to determined the resultant shear stress.

First of all, the normal stress calculation is
obtained using the element theory of mechanics of
deformable bodies. We consider the cross section of a bar,
as shown in Fig.3-2, to be undergoing an axial 1load and
bending moments. This bar is of an arbitary uniform cross
sectional shape. A cross section can be located along the
longitudinal axis by the local coordinate distance x. Any
point in a cross section can be identified using the y-z
local coordinate axes. The cross section is assumed to
remain plannar and normal to the centroidal axis of
deformation. If the y-z axis system has an origin at the
centroid and is a principal axis system, then the normal

stress is equal to

o= - + (3-12)

=
=2
o
2]
®
|
Il

% axial force in the direction of local x axis

=
I

z moment about the local z axis

=
I

v moment about the local y axis
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I, = area moments of inertia about 2z axis

Iy = area moments of inertia about y axis
A = cross sectional area

Yy = y distance for stress calculation

z = z distance for stress calculation

Next, the torsional shear stresses are determined
assuming the cross secton is thin walled. The torsional
shear stresses vary linearly across the thickness of an
element of the open channel cross section and act in a
direction parallel to the edge of the element. They are
maximum and equal, but of opposite direction at the two
opposite edges. The stress at the edge of the element is
determined by the formula[6]:

X "max
Thay = ————a (3-13)

The torsional shear stress will be largest in the
thickest element of the cross section. Where thax is the

maximum thickness and J is expressed in Eq. (3-14). M, is the

X

moment about the local x axis. The torsional constant for

thin walled open section is given by

J = 2/3 bt3 + 1/3 ht3 (3-14)

Where b is the width of the flange and h is the height

of the web. The cross sectional dimensions of the open
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channel section are shown in Fig.(3-3).

For points that are located at reentrant corners, such
as that shown in Fig.(3-3), high stress concentrations can
occur which are not accounted for by the approximate formula
shown in Eq.(3-13). Because of this, such corners are
rounded by fillets, in practice, to allow a smooth flow of
stress from one element to another. To evaluate the maximum
torsional shear stress at the fillet Tg, We use the

empirical formula presented by Trefftz[6].

1.74 (—) (3-15)

[ e

}

Fig. 3-3 Reentrant Corners and Cross Sectional Dimension of
Open Channel Section
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Where r is the radius of the fillet, t is the thickness
of the element and T, is given by Eq.(3-13). It is shown
that the stresses at the reentrant corner are higher,
depending on the magnitude of the radius. The effect of the
reentrant corner is a stress concentration. If t/r=1, for
example, Eq.(3-15) yields a value for Ty which is 74 percent
greater than that given by Eq.(3-13). These concentrations
become less severe when the angle of intersection of the
elements is greater than a right angle.

Bars with thin walled closed cross sections, such as
circular or rectangular cross sections, are called tubes.
The formula shown in Eq.(3-13) for the analysis of open
section cannot be used when the sections are closed. This is
fundamentally due to the way that the member must develop
shearing stress to resist applied torques. The shear stress

due to torsion at any point in the close section is clearly

Do X (3-16)
2 At

Where A, is the total area enclosed by the center line
of the tube wall and t is the thickness on the wall. It can
be seen from Eq.(3-16), in contrast with the thin walled
open section, that it acquires a maximum value at the point

of smallest thickness.
Thus far we have considered the response of the beam to
the internal resultants F,, M

M and M,. Therefore, it

yl zl
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remains to determine the response of beams to the internal
shear resultants Fy, and F,. Often in structural analysis
procedures it is customary to neglect the shearing stresses
in beams. However, this assumption is not always a wise one
in the analysis and design of beams for the reason that
components of the beam may be very thin so that they are
required to carry very large shearing stress. For this
reason it is important to construct accurate, but simplified
techniques for analysis of beams in shear.

When the cross section is composed of open thin walled
elements, the shear stress is essentially uniform over the
thickness and is negligible in the direction perpendicular
to the center line of the walls. The shear stress is given
by Eq. (3-17)

Q, Fy Qy Fy

T=- — - 2 % (3-17)
I, t I, t

z Yy
Where Qz and Qy are moments of the area Ag about the z
and y axes respectively and t is the thickness of the

element at the point (y,z), shown in Fig. 3-4. F_, and F, are

Y
the y and 2z components of the resultant shear force

respectively.

The evaluation of shear stress in thin walled closed
sections is more involved than for a thin walled open
section. Equation (3-17) is not directly applicable in this
case because the quantities Qy and Q, have meaning only for

open sections. To resolve this situation, then, the section
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is imagined to be cut open at an arbitrarily selected point
A on the periphery of the tube. We choose this reference
point A on the wall as the origin of the perimetric
coordinate s, shown in Fig. 3-5. Then the total shear flow
is equal to the sum of the shear flow due to plane bending
and shear flow due to torsion.

While the shear flow gg, in the resulting open section
can be determined by the use of Eg.(3-17). Contiguous points
on either side of the imaginary opening at A will be free to
move relative each other. This relative motion cannot take
place in the actual closed section since the continuity of
deformation of the section would then be broken at point A.
The presence of the statically indeterminate shear flow at
this point of the closed section ensures that contiguous
points do not undergo any relative motion and, thus, the
continuity of deformation is maintained.

Therefore, once the distribution of shear flow gg; in
the imaginary open section is determined, a shear flow g, of
uniform intensity throughout the section can be superposed
on it to obtain the actual shear flow gg in the closed

section. Thus, the formal expression for gg is

qs = qo + qsl (3'18)

Where qgq is to be evaluated by the use of Eq.(3-17).
The resolution of g, is accomplished by turning attention

toward continuity of deformation (compatibility condition).
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Fig. 3-4 Paint(y,z) of the open chonnel section

5

(y,2) \&\;ﬂ_/ point A

Fig. 3-5 Inaginary point A and point(y,z)
for the closed section

39



The shear flow q,, being uniform over the entire cross
section, 1is a constant. In other words, a point on the wall
of the undeformed section cannot move to different points
after deformation (the condition of compatible deformation).
Thus, physically stating that the total relative
displacement of the faces at the hypothetical slit is =zero

for the closed tube, the result for do with t as a constant

is
ﬁ dgp ds
g = - (3-19)
55 ds
The total shear flow may now be expressed in terms of
Fy and F, by introducing Eq. (3-17). The result is

expressed in Eq.(3-20). The shear distribution can be

explicitly determined by Eq. (3-22).

q=- Fy - F, (3-20)

The terms KZ and Ky are defined as follows where t is

treated as a constant;

X jﬂ Q,(s) ds 3 )
= -21
z 56 ds

40



Ky = d; ” (3-22)

Tg(S) = —— (3-23)

The symbol ﬁ’ denotes the integral around the closed
curve of the section center line and Qy(s), Q,(s) are the
moments of the area Ag, shown in Fig. 3-5, about the z and y
axes respectively. t is the thickness at the distance s
measured in counter clockwise direction. Tg(s) is the shear
distribution at the distance s.

We have already discussed the individual effects of
axial force, shear force, bending moment, and torsion,
respectively. In the beam analysis, the cross sectional
forces will produce normal stress O and shear stress T. The
analysis problem then consists in determining the variation
of these two types of quantities and locating the positions
where the combined stress are maximum.

The combination of normal stress and shear stress is a
very complex subject, because the normal stress and shear
stress are not all at their maximum values at the same
transverse section along the 1length of the member.
Therefore, determining the maximum values of the combined
stresses for different types of cross sections is somewhat
cumbersome. In many cases the combined stresses should be

checked at several locations along the member.
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Since each analysis element in a rectangular cross
sectional case, has four walls and two ends, the stress
level 1is sampled at eight locations at the end of each
analysis element. Figure 3-6(a) shows the eight 1locations
within the rectangular cross section where the stresses are
sampled. Figure 3-6(b) shows the four locations within the
circular cross section. The stress concentrations are
accounted for at the reentrant corners of the channel cross
section. The stress sampling locations in the channel cross
section are shown in Fig.3-6(c).

The members of a framed structure are subjected to
state of combined stress due to axial force, shear force,
bending moment, and torsional moment. Thus the effect of
combined stresses must be considered in implementing stress
constraints. In the present work, all members are required
satisfy a failure criteria based on Von Mises equivalent
stress (also known as Distortion Energy Theory([7]).
Generally, Von Mises yield criteria predicts failure quite
accurately[8]. This failure criteria will be applied to the
stress calculated at each node in the finite element model,

and is expressed as

02 + 3 T2 = 0'y2 (3-24)

where O& is the yield stress for the material.
0 is the normal stress.

T is the shear stress.
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(a) Rectangular Cross Section

(b) Circular Cross Section (¢) Channel Cross Section

Fig.3-b Stress Sampling Points
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3.5 Optimization Methods for Structural Design

In the minimization of structural cost, the generalized
reduced gradient approach will be applied to solve the
nonlinear constrainted problem.

The structural optimization problem can be stated in

mathematical form as:

minimize £(X): X=[X;,Xp, X3, ccceve..Xy1T (3-25)
subject to gj(X) 20 j3=1,2,3,.....0 (3-26)
hp(X) = 0 k=1,2,3,.....K (3-27)
where
X = a column vector of design variable

N = total number of design variables
f(X) = objective function

95 (X)
hy (X)

J inequality constraint functions

K equality constraint functions

With no 1loss of generality, this form can be
transformed into the following form which is handled by the

reduced gradient method.

minimize £(X); X=[Xq,Xp,X3seeeeee. X7 (3-28)
subject to hp(X)=0 m=1,2,3,...... M (3-29)
Af£XE<4B (3-30)
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The Nx1 vectors A and B represent the upper and lower
bounds on the design variables. The inequality constraints
of Eq.(3-8) are converted to equality constraints by using

the following transformation,

hj (X) = gj (x) - Sj =0 (3-31)

0 £ sy L oo 3=1,2,3......3

The variables Sj are nonnegative slack variables
included in the original set of design variables. Hence, N
now represents the total number of design variables plus the
number of slack variables included to transform the
inequality constraints to equality constraints. The
parameter M represents the total number of constraints,
equality and inequality. The constraints considered in
Eq. (3-29) include only functional constraints. Variable
bounds are contained in Eq.(3-30) and are handled
separately.

Consider the following strategy. Divide the design

vector X into two classes, (1) decision variables, and (2)

state variables,

X = [z,y]T (3-32)
2 = [29,25,23,0000- ..zQ]T: decision variables (3-33)
y = [yl,yz,y3,.......yM]T; state variables (3-34)

=N-M (3-35)
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The decision variables are independent, and the state
variables are slaves to the decision variables used only to
satisfy the constraints.

Let us examine the first variation of f(X) and h(X),

df = gg(z)T dz + gg(y)T dy (3-36)
2h 2h
dh = dz + dy = 0 (3-37)
2z 3%
where dz = Qx1 vector of differential displacements of z
dy = Mx1l vector of differential displacements of y
gg(z) = Qx1 vector of gradients of the objective
function with respect to z
gg(y) = Qx1 vector of gradients of the objective
function with respect to y
2h/ a2z = MxQ matrix of gradients of the constraints
with respect to z
2h/2y = MxM matrix of gradients of the constraints

with respect to y

Solving Eq. (3-37) for dy yields,

29 ~ 29
dy = - dz (3-38)
Y 92z

Substituting Eqg.(3-38) into Eq.(3-36) and rearranging
will yield the following linear approximation to the reduced

gradient
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-1
r 29 29

9. (X)T = g9(2)T - gg(y) (3-39)

2Y oz

The generalized reduced gradient is the rate of change
of the objective function with respect to the decision
variables with the state variables adjusted +to maintain
feasibility. The word "generalized" 1is included to
underscore the presence of nonlinear constraints. When the
constraints are 1linear the state variable adjustment is
significantly simplified. Geometrically the reduced gradient
can be described as a projection of the original N
dimensional gradient onto the Q dimensional feasible region
described by the decision variables. Hence the reduced
gradient can be used in the same manner as the gradient for
an unconstrainted problem to search for a minimum of f£(X) in
the reduced space. The state variables are adjusted during
the course of the search to maintain feasibility.

The advantage of using the generalized reduced gradient
method for a constrainted problem is the use of state
variables to satisfy the constraints. 1In this dissertation
the design sensitivity analysis is included in the

generalized reduced gradient method.
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CHAPTER IV

SENSITIVITY AND APPROXIMATION

4.1_Introduction

One of the most serious problems that has inhibited the
application of structural optimization techniques to
practical problems is the high computational cost required
for such an application. The high cost is typically
associated with the evaluation of the constraint functions
and their derivatives with respect to the design variables.
For many structural optimization problems the evaluation of
stress, displacement, or other behavioral constraints
requires the execution of costly finite element analyses.
The optimization process may require evaluating the
constraint functions hundreds or thousands of times. The
cost of repeating the finite element analyses so many times
is usually prohibitive in both cost and time.

The problem is often exacerbated when we consider the
calculation of sensitivity derivatives of the constraint
functions. A straight forward and popular way of obtaining
such derivatives is by employing a finite difference
approximation. That is, to obtain a derivative with respect
to a particular design variable, the value of that design

variable is perturbed and the constraint function is
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recalculated. The difference in the value of the constraint
function divided by the design variable perturbation is the
approximate derivative. When the number of design variables
is 1large such a procedure increases the number of required
finite element analyses.

One of the approaches that has been employed to
alleviate the high cost of the very large number of finite
element analyses that may be required for structural
optimization is to develop efficient techniques for
sensitivity derivative calculation. Efficient techniques for
sensitivity derivative calculations are evaluated by
comparison with the alternative of executing one additional
analysis per design variable and employing finite
differences. Optimum design sensitivity analysis seeks rates
of change of predicted response quantities (e.qg.
displacements, stresses) with respect to changes in design
variables. Once the optimum design sensitivity derivatives
have been determined; these partial derivatives provide
valuable information that can be used to guide the design
process and estimate the revised optimum design without
recourse to reoptimization.

The other approach is to employ a fast approximate
structural reanalysis technique. The reanalysis techniques
are evaluated by their ability to reduce the cost of a
repeated structural analysis compared to the cost of a
single analysis. The most popular reanalysis techniques are

approximation techniques whereby the reduced cost is
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obtained at the expense of reduced accuracy. However, in
some cases it is possible to reduce the cost of reanalysis
without compromising accuracy by avoiding repetition of
parts of the analysis which are not affected by changes in
the design variables.

In this chapter, the approaches for calculation of the
derivatives of the constraint functions with respect to
design variables(design sensitivity analysis) are discussed
in Sec. 4-2 and Sec. 4-3. The constraint approximations are

expressed in Sec. 4-4.

4.2 Gradient Computations

4.2.1 Variation of the Equilibrium Equation

The equation of equilibrium in Equation (3-9) may be
differentiated with respect to the ith component of the

design vector X; to give:

D2r 2 K 2R
} o+ [ ] {r} =

Xi -/ Xl aXi

[K1{ } (4-1)

This equation can be arranged as

2r 2R 2K
} = A } = [
axi X

(K] {

] {r} = [RT] (4-2)

axi
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where [R+] is called the force derivative for the
design variable. For the complete set of displacement

derivatives, Eq. (4-2) can be written as

dr or ar
[K] [—,—,ceeeeeeee,—] = [RyL,R7, il R,"]
33X, 3X, 2X,
>R 2R oK 3K N
[({—})rcceeeen. {131 = [[—] {xr},..c..,[—1{r}] = [R]
92X, 92X, X, X,
(4-3)

If the partially inverted [K] matrix is stored during
the Gaussian elimination process necessary to compute the
displacements under the applied loading (R} in Eq.(3-9),
then this matrix can be recalled and used to compute the

displacement derivative using the psuedo-loads(dummy loads)

[RY].

4.2.2_Analytical Method

For a problem with n design variables X;(i=1l,....n),
finite difference derivative calculations of the
displacements with respect to design variables requires one
to repeat the analysis for (n+l) different stiffness
matrices. However, the derivatives can be calculated

analytically in more efficient ways, and the large number of
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analyses associated with finite difference calculations can
be avoided. In this section some approaches for the
analytical calculation of derivatives are discussed.

Analytical calculations of derivatives of displacement
and their functions have been described by Arora and
Haug[1l,2] and Haug and Arora[3]. In these references, three
methods are described: The direct or design space method,
the adjoint variable or state space method, and the virtual
load method. The virtual load method is a special case of
the state space method.

The equation of equilibrium in terms of the nodal
displacement vector {r} is generated from a finite element
model in Eq. (3-9). A typical constraint, such as a limit on

a displacement or stress component may be written as
g =g(r,X) =20 (4-4)
The displacement r is a function of the design
variables. It will be represented as
r = r(X) (4-5)

From Eq. (4-4), the first derivative(first order change)

of a constraint gj({X},{r}) is given as

> 9- >9:
6gs = (—2)T (6x) + (—=

j 3T (6r) (4-6)
2X or

in which
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°%.r_ 2% 293
{—,ooooo.ooco, }

2 x 2X, X,
295 295 293
(—HT = (=2,
or or, 2ry
(4-7)
(63T = (8%, .......,0x)
(6r)T = (bry,....... ,Sry)

M = the number of components in (r}

n = the number of components in (X}
agj 3 . : . °
Note that { } is the partial derivative of gj with
2 X

respect to (X}, keeping {(r} constant. {6X} is a small

change in (X} and {6r) is the corresponding change in {r}.
295 295
} and {

X 2r
given point {x*} with the corresponding values {r*}.

The derivatives ( } are calculated at the
In Eq.(4-5), the dependent variables {r)} are expressed
in terms of the independent design variables (X}. Thus, we

can use the relation

°or

(bry = [ 1 (6%} (4-8)

92X

in which
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ar L] L]
[ 1 = . .
ax L] L]
. . (4-9)
o IyM CRS'
| 2%, 2%y, |

In the procedure proposed by Arora and Haug[2], the
terms ﬁagj/3X}T {Sr} are expressed as functions of {6X}, so
that the vector (8r) is eliminated and Eq.(4-6) can be

written as
Sg5 = (vg)T (&x) (4-10)

The vector {ng} is the gradient for the function 95
with respect to the design variables, at the current design
point. It is the vector of total derivatives of 95 with

respect to (X}, defined as

dgs dgs
(vg4)T = (2 ., —3) (4-11)
dx, X,

The objective of design sensitivity analysis is to find
an expression for {ng}. The design space approach to design
sensitivity analysis was first suggested by Fox[4], and has
been used by Schmit and Miura[5,6] and Arora and Haug[l]. In

this approach the state variable is assumed to be given as
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Eq. (4-5). Then Eg.(4-8) is substituted in Eq. (4-6) and the

equation becomes

3 g 294 2T
8g: = ( (—)T + (—)T [Z—7 ) (8x) (4-12)
22X dr 2X

Comparing Egs. (4-12) and (4-10), we obtain the design

derivative wvector as:

2 95 © 95 ar
VaT = (=T + (—H)T
2X Dr 2X

] (4-13)

The matrix [or/sX] required in Eq.(4-13) is computed by
implicit differentiation of Eq.(3-9), as was first suggested

by Fox[4].

or

[K] [ 1 = [RT) (4-14)

2 X
[R+] is defined by Eq.(4-2). Since Egs.(4-14) and (3-9)
have the same coefficient matrix [K], the decomposed form of
Eq. (3-11) is still available. For given values for [K], (r},
and [2K/2X;], the derivatives [ar/2X;] are computed by
solving the set of simultaneous linear equations based on
forward and backward substitutions. Thus, we obtain a very

concise derivative formula for {ng}.
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In problems where the vector (R} is independent of

the design variables {aR/2X;)} = (0}, Eq. (4-14) is reduced
to

2r 2K
Y= -1

Xi o Xl

1 {r}) (4-15)

i=1,ooocon

Assuming g4 = r4, then {294 /oX}={(0}, ﬁagj/ar} ={I5}
and Ed. (4-13) becomes

2r

wry)T = (1T (=1 (4-16)
2x

Then, the desired derivative vector {Vrj} is computed
by Eq.(4-16) and the matrix [®r/=X] is computed by solving
the X set of Eq.(4-14) for the n unknown vectors er/2 X5},
i=1l,....n.

The second approach, called the adjoint wvariable
method, has been extensively used in optimal control theory.
The method defines an adjoint variable vector {Cj}
associated with the constraint variable function gy, as

defined the solution of the set of equations.

2 95
[K] {Cy} = (
or

} (4-17)
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where ﬁagjﬁar} is defined in Eq.(4-7). Then Eq. (4-13)

is rewritten as

D 94
wgy)T = {-a—;l}T + (cHT [(rRY]
S 93 R 9K
= (=T + ()T [((—) - [—1(r)]
2 X axi 3Xi

(4-18)

The adjoint variable {Cj}

efficiently obtained from the adjoint equation Eq. (4-17)

needed in Eq.(4-18) is

using the previously calculated factor of [K] in Eq. (3-11).
The adjoint variable method requires the solution of Eq. (4-
17) once for each constraint function g(X).

If the number of functions is smaller than the number
of design variables, the adjoint variable method is more
efficient. Conversely, if the number of design variables is
smaller, the design space approach is more efficient. Both
the design space and adjoint methods involve fewer
computations than the finite difference approach which
requires repeated factorization of the stiffness matrix,
whereas the design space and adjoint methods require a
single factorization with several right-hand sides.

The method chosen in this dissertation is design space
method because it is reasonably efficient when there are a
large number of design constraints. For beam-frame
structures, there may be more than one constraint per
element, and thus the number of constraints will be larger

than the number of variables.
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4.3 Sensitivity Derivatives of Static Displacement and
Stress Constraints

The displacement constraint for the Jjth degree of
freedom under the lth loading condition is:

1y (4-19)

95(r,X)= Tajiow ~ T§
allow 0 (4-20)

j=1,2,oooond

v o

1 - rjl/r

1=1,2,....n4

where ngy the number of displacement constraints

ng the number of loading conditions
rjl = the computed displacement

Yy1low — an allowable displacement

The gradient of the constraint for the nodal
displacement is computed using Eq. (4-13) and described in
Sec. (4-2).

The stress constraint at the Jjth critical point
or for the jth member of the structure under the 1lth loading

condition is expressed as:

94 (X, X)= Oa110y = 037 = O (4-21)
= 1-03Y/0,10y 2 O (4-22)
j=1,2,....n4

1=1,2,....nc
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where ng the number of stress constraints

ng the number of loading conditions
051 = the computed stress
Géllow = an allowable stress

The stresses 1in an element may be obtained from the

displacement using
{0} = [S]{r} (4-23)

For the gradient of stress, we simply differentiate

equation (4-23) with respect to each design variable.

20 2dr
} = [8] {

{ } (4-24)

axi

X5
Once the derivative of the displacement {r} is found,

derivatives of the stresses {0} can then be obtained by

differentiation of the stress-displacement equation (4-23).

4.4 Constraint Approximation

In order to make the implicit constraint stated in
Eq. (4-4) computationally tractable it 1is necessary to
construct a series of explicit approximate constraints.
These approximate problems must be algebraically explicit

and they should capture the essential features of the
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original implicit constraint. Various approximate
representations can be generated. For example, Taylor
series expansion can be used as a method for computing the
new displacement vector (r), corresponding to a modified set

of design variables Xj by

*
o2r

n
(="} + = (X3-%3") (—) (4-25)

j=1 D X

J
Equation (4-25) is a first order approximation of the
Taylor Series. Gar*ﬁaxj) can be obtained by differentiation

of Ed.(3-9) with respect to X

JI
* ) r* o K* *
(K] {a o }y = - [a o 1 {r} (4-26)
J J

in which (R} is treated as independent of X Since

5
Egs. (3-9) and (4-26) are similar, the same computational
routine can be used to solve for ﬁar*/axj}.

The computational cost of this operation is the same as
that required for a single additional loading case, and is
found to be much less than the cost of a complete analysis.

Higher order terms in the Taylor's expansion can be
employed. This will lead to more accurate results but the
computational time and storage requirements are more

expensive. This is because of the requirement of generating

and storing all the second-order derivatives.
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CHAPTER V

GEOMETRIC MODELING AND TOPOLOGICAL DESIGN

5.1 Introduction

In the case of shape optimization, the design variables
involved include not only member sizes, thickness and cross
sectional areas, but also configuration parameters and nodal
point locations. The choice of design variables will change
the character of the problem by changing the degree of
nonlinearity of the objective and constraint functions. For
shape optimization, one choice of design variables might be
the nodal coordinates of the members. The advantage of this
choice 1is that one would be able to obtain a general shape
geometry, consistent with the finite element model, in which
the structure is allowed to assume whatever shape is
necessary to obtain the optimum design. The major problem is
the resulting 1large number of design variables. Another
choice would be the configuration parameters, each of which
relates the nodal points along a curve.

The most direct approach to shape optimization would be
to include both member sizing and geometric variables in the
design variable set. Pedersen[l] used this approach to solve
plannar truss structure problems subject to a single loading

condition and stress constraints. Another approach which has
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been applied to discrete structures is multilevel design.
Vanderplaats and Moses[2] used this technique, coupled with
the method of feasible direction, to design trusses under
stress constraints. In this dissertation shape geometry
optimization based on parametric cubic curves is presented.
The design variables are used either for the nodal
coordinates or the shape parameters of parametric cubic
curve.

In Sec.5-2 the parametric cubic geometric definition
which controls the shape geometry is described. 1In Sec.5-3

the method for topological optimization is presented.

5.2 Geometric Modeling

It will be appropriate to divide the structure into
several subregions when the number of master nodes on a
boundary is equal to or greater than 4. Then we can connect
these master nodes with straight lines, quadratic or cubic
curves. In parametric cubic geometry, the parametric cubic

curve (PC) can be represented by

P(u) = S;ud + s,u? + sju +s,

2

fu u? u 1] [S; S, S3 5417

(uy (st (5-1)

where P 1is defined as a general coordinate of n

components. For a space curve, n is 3 and P thus represents
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X, Y, 2. For convenience, the parametric variable, u, is
defined to be in the region 0 € u 4 1, inclusive.
Equation (5-1) is called the algebraic format of a PC

line. Thus, for a space curve, Eq.(5-1) become

X(u) = Sq,u + s,,u? + S3.u +S,,
Z(u) = Sy,u’ + S,,u? + s5,u +5,, (5-2)

A unique set of 12 constant coefficients, called
algebraic coefficients, determines a unique PC curve; it
determines the size and shape of the curve and its position
in space. Two curves of the same shape have different
algebraic coefficients if they occupy different positions in
space.

The algebraic coefficients are not always the most
convenient way of controlling the shape of a curve in a
typical modeling situation. Another form is given to define
a PC curve in its geometric form. It uses the two end points
and the corresponding tangent vectors to represent a PC
curve.

The parametric derivative is

dp 5
-g;— = P,u(u) = 35;u® + 25,u + S, (5-3)
In which a comma denotes differentiation with respect

to the subscript.

If we set u=0 and u=1 in Eq.(5-1]) and Eq.(5-3), we
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obtain

P(0)

I

Sy
P(1) =Sy + S, + S + S,

P y(1) = 38; + 2S5, + Sy (5-4)

Solving the 1linear system in Eq. (5-4) for

algebraic coefficient leads to

[Sy Sz S3 8,417 = (M) [P(0) P(1) P ,(0) P ,(1)]T

(5-5)
where
2 -2 1 1
(M] = | -3 3 -2 -1
0O 0 1 o
1 0 0 o
substituting this into Eq. (5-1) yields
2 -2 1 1 P(0)
-3 3 -2 -1 P(1)
P(u) = [ud u? u 1] o o0 1 o P ,(0)
1 0 o0 o0 P:u(l)

=[Fy(u) Fp(u) F3(u) Fg(u)] [P(0) P(1) P ,(0) P ,,(1)]

(5-6)
where Fi(u) = 2ud -3u? +1
Fy(u) = -2u3 +3u?
Fy(u) = ud- 2u? + u
Fyp(u) = ud - u?
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Eq. (5-6) is called the geometric form, and P(0), P(1),
P’u(O) and P'u(l) are called geometric coefficients. The
F;'s are the blending functions which serve the purpose of
blending the quantities P(0), P(1), P,u(O) and P,u(l)

together so as to form a continuous curve satisfying the end

conditions.

5.3 Topological Design

The salient feature which differentiates the sizing
variables and configuration variables from the topological
variables is that the topological variables are usually
treated as discrete variables and the sizing and
configuration variables are usually treated as continuous
variables. Therefore, gradient techniques may be used for
sizing and configuration variables but may not, in general,
be used for topological variables. Vanderplaats[3] has
pointed out the topological design problem is perhaps the
most difficult of the structural optimization tasks.

Despite its difficulty, the topological problem has
remained of great interest because it is the basic problem
that must be solved before either the configuration or
sizing problem can be attacked. Basically, there are two
approaches that can be used in handling topological
problems: members may be deleted from an existing design or

they may be added to a minimal design
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Because of the extreme cost of the basic structural
analysis, we are forced to discard exhaustive search as an
approach in either deletion or addition. Therefore, we must
develop and rely on heuristic methods[4] to identify which
member should be added or deleted to improve the final
design.

For member deletion, the user must specify a structure
which contains all members that he thinks may be needed.
This, of course, can lead to structures with many possible
candidates for deletion. So it is necessary to devise a
rational heuristic search technique to identify which
members are to be deleted and to guide the optimization
process in the most profitable direction.

The heuristic criteria will play an important part in
guiding a search process efficiently toward a solution. 1In
member deletion, a stress criteria is directly used for the
heuristic function since this information is typically
available from the last step in the optimization process.
Based on the stress in a member, we can determine which
member is the most promising candidate to be deleted in the
subset of the structure.

After the structure has been optimized, we must assume
that one or more performance constraints are active.
Therefore, from the 1list of all the possible candidate
members to be considered, we do not consider any member
which is within a suitable tolerance of the stress

constraint and only consider the remaining members which

68



have reached the minimum size. We select the remaining
member with the lowest maximum stress level and remove it.

The next problem is to determine whether the design
process has converged. If the optimum weight of the new
structure is better than the optimum design of the previous
best design, then the new structure is the optimum
structure. If the new structure is not better than the
previous structure, we have to replace the member just
removed, take the member with the second lowest stress level
and continue to search for the optimum structure.

This produces an algorithm which searches the design
tree by a depth first search with pruning. Thus at any node
in the tree a maximum of two branches will be considered.
The maximum number of branches which will be considered will
be 2n where n=number of possible bars to remove rather than
2™ bars which would be considered by exhaustive search.

Attempting to add elements to decrease the weight is
considerably less straightforward. However, the topology of
the structure can be optimized when members are allowed to
be added. Hence, it is instructive to attempt to create an
algorithm to handle this sort of problem.

To effectively determine from all possible members to
add that member which will most likely reduce the overall
weight, requires the development of a criteria which will
identify at some node of the structure what member should be
added to produce the minimum total weight. Also we have to

develop a heuristic search technique to make the whole
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search process easier.

The criteria in the adding algorithm is based on the
stress 1level. The element considered for addition to the
existing structure is found by starting from the load point
with the maximum highest stress level and moving to the
spatial point of a set of predefined nodal points with the
maximum highest stress 1level. When the subset of the
structure has been optimized, the active constraint at the
load point is the most promising nodal point. If the active
constraint set does not contain the load point, the next
most promising nodal point is the point which has the
maximum highest stress value.

The search process is similar to the deleting method
except for the criteria. The maximum number of bars to add
is predetermined in the optimization process. We choose to
pursue the optimization in the minimum time. Thus if the
possible process design is still greater than the previous
design, the design is terminated.

While this approach could be used when a number of
members are to be considered to be added, the extreme cost
of the structural analysis could be a problem. This add
algorithm cannot be expected to obtain the global(or even
local) optimum. However, the heuristic method presented in
this study is applicable for topology optimization. Also
there is indication that this method can form the basis for
an economically feasible tool for a learning algorithm in

the area of the artificial intelligence.
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CHAPTER VI

RESEARCH RESULTS

6.1 Introduction

In previous chapters of this dissertation, the idea and
the approach of coupling finite element structural analysis
and nonlinear mathematical programming to create optimum
design capabilities were indicated. The parametric cubic
function and topology addition and deletion method which
were used to change the configuration and topology during
the design process, were described.

In this chapter, this approach will be applied to
actual applications in several examples in Sec. 6-3. Also
development and implementation of the computer programs and
computational considerations in structural optimization are

described in Sec. 6-2.

6.2 Computer Algorithms and Computational Considerations

6.2.1 Computer Programs in the Development and
Implementation of Structural Optimization

A schematic representation of the design process

employed by the structural optimization algorithm is
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illustrated in Fig. (6-1). The main program calls subroutine
TRANSFER and the optimization routine. The subroutine
TRANSFER reads member connectivity, joint boundary
conditions and Jjoint geometric coordinate data for the
finite element model. The optimization routine performs the
design process using the generalized reduced gradient
method.

The analysis program by the finite element method is in
subroutine INTRFACE and ANALYSIS. INTRFACE calls subroutines
FORMRT, FORMSM, MULT, INDEX and LINF1lF to calculate the
bandwidth of the stiffness matrix and generate the
stiffness matrix itself. The subroutine FORMRT forms the
transformation matrix for each element and also forms the
transpose of the transformation matrix. Subroutine FORMSM
forms the element stiffness matrix. Subroutine MULT performs
the multiplication of the transformation matrix, stiffness
matrix and transpose of the transformation matrix.
Subroutine ANALYSIS calls the BNDSOLV subroutine to solve
the linear simultaneous equations to calculate displacement,
force and stress. Subroutine BNDSOLV saves computer space
and solves the equation based on the fact that a banded
matrix is generated.

Subroutine INDEX computes the indices required to store
the element stiffness matrix in the global stiffness matrix.
The mth member of a finite element model showing member
indices is given in Fig.(6-2). The 1, 2, 3, 4, 5, 6

references at the jth end describe the m member action and
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displacement vector at this end, while the 7, 8, 9, 10, 11,
12 references define the vector at the kth end. 'm' is the
member number and 'j' and 'k' are the joint numbers of the
near and far ends of the member, respectively. The origin of
the member coordinate is at the near end. The method of
computing the indices is shown in Fig. (6-3).

The design sensitivity analysis is «calculated by
subroutine PARTAL. It calculates numerical partial
derivatives of the constraints with respect to the design
variables using the Cholesky decomposition method.

Subroutine LINF1lF is a linear equation solver. It
decomposes the matrix into a product of an upper triangular
matrix and a lower triangular matrix. It then solves the

matrix equation by forward and backward substitutions.

6.2.2 Computational Considerations

To apply the algorithm described in the previous
section to medium and large scale structures, all the
calculations must be performed as efficiently as possible.
In addition to computing design derivatives and applying
constraint approximations, in this section several
additional computational considerations are discussed.

The structural stiffness matrices are usually quite

sparse and full advantage of sparsity must be taken in any
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structural analysis routine. The nodal point numbering of
the structure can be arranged so that all nonzero elements
of the stiffness matrix lie in a band along their main
diagonals. Since stiffness matrices are symmetric, only half
the bandwidth of the matrix needs to be computed and stored.
It is far more efficient to work with banded matrices than
with the full matrices[1l]. For example, if a structure has
150 degrees of freedom, dimensions of the full stiffness
matrix will be 150x150. If these matrices can be arranged in
a banded form, with half-bandwidth of only 20 for example,
then the arrays that must be stored only number 150x20.
Computationally, it will be most efficient to work with 3000
nonzero elements for the banded matrices, as compared to
22,500 elements for the full matrices.

Eq. (3-9) can be adapted to employ the decomposition of
the symmetric stiffness matrix. If the stiffness matrix is
banded, with half bandwidth b,, then the upper triangular
Cholesky factor is also banded and has the same bandwidth
b, Thus K and U can be computed and stored as banded
matrices. In actual computations, U usually overwrites K.
This procedure significantly reduces computer storage
requirements and computation time.

The computational performance of most optimization
algorithms is quite sensitive to the number of design
variables and/or the number of constraints. Therefore, great
care should be taken in formulating optimization problems to

keep both of these numbers as 1low as possible. Design
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variable 1linking is one means of improving computational
performance by reducing the structural dimension. Because of
practical design considerations such as symmetry in the
structure, fabrication, and joint connection costs, it is
desirable to require some families of elements of a
structure to have the same design variable values. This is
known as grouping of elements, or 1linking of design
variables. Elements of the structure are divided into a
number of groups and the same design variables are assigned
to each group of elements.

One common technique for reducing the number of
constraints is called constraint deletion. In the structural
optimization process, there may be a large number of
constraints, but most of the constraints are not active. The
efficiency of the optimization routine is improved if only
critical and potentially active constraints are considered.
That is, at a given design point we delete constraints which
are far from being active at that point. These constraints
do not participate for a portion of the design process.
Eventually, all the constraints have to be recalculated and
the process of constraint deletion repeated.

In the constraint deletion process, we calculate the
truncation boundary value with the defined truncation
reduction factor. In the optimization process, all the
active constraints will be considered if the constraint is
over the truncation boundary value. By reducing the number

of constraints considered at each stage in the design
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process by temporary deletion of inactive and redundant
constraints, we can increase the efficiency of the
computational algorithm.

The last computational consideration is the "Worst"
stress case design. This consideration becomes important if
there are too many constraints which have to be considered
in the design process, and/or the design optimization
algorithm does not have the capability to handle this many
constraints. The worst stress case in this research is
defined as the case with the greatest combined stress
magnitude among all of the sampling stress points at each
end of the finite element. The total number of constraints
treated in optimal structural design is quite large, so an
effort should be made to logically consider the worst stress
constraints to eliminate redundant constraints.

In the case of stress constraints, the worst violation
among elements of a group, over all loading conditions, may
be treated instead of enforcing a constraint on each element
under each loading condition. Thus the ith stress constraint

may be expressed as

NMi NLC
9= 2. = Max{ gj5(X,r")) =20 (6-1)
j=1 n=1

where NMi

the number of element in the ith group

NLC = the number of loading conditions

n

r’ = displacement in the nth loading case
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Similarly, a displacement constraint is composed on the

the worst violation over all loading considerations as

NLC
gj= = Max{gj,(X,r"} =0 (6-2)
n=1

With this worst case, the number of constraints that
must be treated at each iteration is reduced considerably.

This technique improves the efficiency of the algorithm.

6.3 Test Problenms

Six examples were used for testing the optimization

procedure.

1. Nine element space frame structure
2. Portal frame structure

3. Bartel structure

4. Thirty-Three frame structure

5. Seven frame structure

6. Car seat frame structure

6.3.1 Nine element space frame structure

A problem of minimum volume design of a spatial
structure subjected to geometrical, displacement, and stress

constraints is now considered. Geometric constraints are
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placed on the cross section dimensions of the structure and
stress constraints are based on the maximum combined normal
and shear stresses.

In this section, the optimal design of framed
structures using circular cross sections is considered. The
structure is loaded by distributed forces that are applied
at the top of the structure along each of the top members as
shown in Fig.6-4(a) and Fig.6-4(b). The finite element
model of this structure is represented in Fig.6-4(c).

The structure is composed of 9 members, 9 joints and 3
fixed supports. Design variables in this problem are the
thickness(t) and diameter (D) of the cross section of the
individual members. The design objective is to choose the
element cross section dimensions so that the space frame is
as light as possible, while satisfying constraints on
stresses and displacements.

The objective function F is taken as the total volume
of the structure. The total structural volume is calculated
through multiplication of the element length and element
area. The objective function for the space frame is
expressed as Eq.(6-3), in which L; is the element length and
A; is the element area. The summation in Eq. (6-3) is over

all the members of the space frame.
9
F(X) = > LjA; (6=3)
i=1

Lj= SQRT[(Xj=Xy) **2 + (Y4-¥y)**%2 + (Z4-Zy)**2] (6-4)
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(a) Top View of Structure
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Fig. 6-4 Space Frame Structure
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Aj= 3.14159 * Dy * tg (6-5)

Where Xj, Yj, Zj are the coordinate point of ith member
at the near end.

Xkr Yg, 2 are the coordinate point of ith member
at the far end.

D.

ir &y

i are its design variables.

The combined stresses 1limit is 24.9Kip/in2 for all the
member elements. Young's modulus and shear modulus are
30,000 kips/in2 and 12,000 kips/inz, respectively. The
displacement limit at node 7, 8, and 9 in the y direction is
2.0 inches and the displacement limit at node 2, 3, and 6 in
the vy direction is 0.06 inch. The upper limit on diameter,
lower limit on diameter, upper limit on thickness, and lower
limit on thickness are 15.0in, 1.5in, 0.75in, and 0.075in,
respectively. Initially, the volume of the structure is
30892.6 in3. After six iterations, the volume was reduced to
13971.8 in3 which is within 0.13 % of the optimum volume.
With an additional four iterations, the design optimization
process forces the design to move to a more feasible area.
In this design, the displacement limits at 2, 3 and 6 are
active. Finally, the volume of the optimum design for this
structure is found to be 13783.9 in3.

Considering the variable geometry that node 4 and node
5 are allowed to move in the X direction. The optimum

volume is changed to 12372.5in3. The node 4 and node 5 are

moved to -272.1 in and 272.1 in, respectively. The optimum
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results for

sizing

change only

and sizing and

confingurational change subject to displacement constraints

and stress constraints are given in Table 6-1.

Table 6-1 Optimum results

subjected to displacement and

stress constraints (unit:inch)

Optimum Value

Element & Sizing Change Sizing &
Design Variable Only Configurational
Change
Element 1
Diameter 10.0008 10.0578
Thickness 0.325068 0.315267
Element 2, 3
Diameter 11.3681 15.0
Thickness 0.229158 0.100986
Element 4
Diameter 10.063 10.148
Thickness 0.321124 0.307213
Element 5, 6
Diameter 14.98 14.9806
Thickness 0.103235 0.10273
Element 7
Diameter 10.7487 11.0615
Thickness 0.230893 0.2171
Element 8, 9
Diameter 13.5008 13.5014
Thickness 0.263246 0.263107
Vo%ume 13783.928 12372.5041
in
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6.3.2 Portal Frame Structure

In this section, the optimal design of framed
structures wusing open channel cross sections is considered.
It considers the problem of minimum volume design of the
portal structure subjected to geometrical, displacement, and
stress constraints is now considered. A concentrated 1load
of 15 kips 1is applied in the positive X direction and
negative Y direction on the shear center at node 4. The
portal frame structure and finite element model are shown in
Fig.6-5(a) and Fig.6-5(b), respectively.

A geometric constraints are placed on the cross section
dimensions of the structure. The design data and cross
section limit are shown in Table 6-2. Stress constraints are
based on the maximum combined normal and shear stresses. The
allowable yield stress is 24.9kips/in3. Design variables in
this problem are the cross section thickness(t), web
height(H) , and flange width (B) of the individual members.
The design objective is to choose the element cross section
dimensions so that the portal frame structure is as light as
possible, while satisfying constraints on stresses and
displacements.

The objective function F is taken as the total volume
of the structure. The total structure volume is calculated
through multiplication of the element length and element
area. The objective function for the portal frame is

expressed as Ed.(6-6), in which L; is the element length and
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A; 1is the element area. The summation in Eq.(6-6) is over

all the members of the portal frame.
3
F(X) = > LjA; (6-6)
i=1

Li= SQRT[(X4-Xy)**2 + (¥4-Yy)**2 + (Z4-2Zy)**2] (6-7)

Ai= (2*Bi + Hi)* ti (6-8)

Where X-

jro Y5

jr 2

j are the coordinate point of ith member
at the near end.

Xkr Ygs Zx are the coordinate point of ith member

at the far end.

B:

jr and t; are its design variables.

ir
The displacement 1limit at node 3 and node 4 in the x
direction is 0.5 inches. 1Initially, the volume of the

structure is 10156.8 in3

. After seven iterations, the volume
is optimized to 6375.3 in3. Next, the variable geometry is
considered with the change of x coordinate of node 1. The
final optimal volume is changed to 6369.094 in3. The «x
coordinate of node 1 is moved to 338.27 inches. The optimal
result for sizing change only and sizing and configurational
change subject to displacement constraints and stress
constraints are given in Table 6-3.

The stress concentration at the reentrant corners in

the open channel was considered in the stress calculation.
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The inside sampling point within the cross section was taken
for stress calculation. The radius of the fillet is assumed
to be equal to the thickness of the cross section of the
element. Actually, the maximum torsional shear stress at the
fillet 1is 74 percent greater than at the edge of the

element.

Table 6-2 Design data for portal frame

Parameter Value
Modulus of elasticity E=30000 Kips/in2
Shear modulus G=12000 Kips/inZ2
Upper limit on height 15.00 inches
Lower limit on height 5.00 inches
Upper limit on width 12.00 inches
Lower limit on width 4.00 inches
Upper limit on thickness 0.75 inches
Lower limit on thickness 0.075 inches

The cross sectional force will produce normal stresses
and shear stresses. Each of these will be composed of the
sum of the stresses due to axial force, bending, and
torsion. Within the elastic limits of the assumptions, we
can superimpose these stresses. In this example, it is
assumed that the torque is constant throughout the length of

the member and also the warping displacements are
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unrestrained.

this example.

the warping stress was not considered in

In some practical cases, the warping stresses

must be considered when the warping of the cross section is
restrained. one of the limitations in this open
channel design.
Table 6-3 optimum results subjected to displacement and
stress constraints (unit:inch)
optimum result
Element & sizing sizing &
Design Variable change configurational
change
Element 1
wWidth 4.00 4.0
Height 15.00 15.0
Thickness 0.5273 0.5275
Elenment 2
wWidth 4.0 4.0
Height 14.0472 13.8049
Thickness 0.412068 0.415433
Element 3
Width 4.0 4.0
Height 15.0 15.0
Thickness 0.428793 0.426326
6375.327 6369.09

Volume
in%




6.3.3 Bartel Structure

The next structure was considered by Bartel[2] and is
chosen here for comparison purposes. This structure consists
of two cantilevered beams lying in the x-z plane. The beams
are mutually perpendicular and jointed at their ends by
rigid joints. Fig.(6-6) shows this structure.

The structure consisting of rectangular, hollow beams
is treated. The structure is loaded by force that is applied
at the Joint locations. The force, bending moments and
twisting moments are transmitted from member to member.
Bending, shear, extension and twisting effects in each
member are considered.

The optimal design of the structure subjected to
geometrical, displacement, and stress constraints is
considered. Geometrical constraints are placed on the cross
section dimensions of the structure. A displceament
constraint is imposed on the second node in the y direction.
Stress constraints are based on maximum distortion energy
failure criteria. Fig.(6-7) shows the design variables in
the member cross section. The design objective is to
minimize volume, and satisfy the displacement constraint,
stress constraints and design variable bounds.

The volume of the frame is shown in Egq.(6-9). 1In
Eqg. (6-6), L; is the length of the ith member, A; is the area
of ith member. Aj and L; are expressed in Eq.(6-10) and

Eq. (6-11), respectively, and tj, dj, and h; are its design
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variables. The summation of Eq. (6-9) is over both members of

the frame.

a

n n
V=22V; = X AL (6-9)
1=1 1=1
Li= SQRT[X5-Xy) **2 + (Y4-Yy)**2 + (Z4-2Zy)**2] (6=-10)
A= Ztidi + Ztihi (6-11)
Where X.

g Yj, Zj are the coordinate point of ith member
at the near end.

Xkxr Ygs Zx are the coordinate point of ith member

at the far end.

di, hj, tj are its design variables.
n is the number of the element.

In formulating stress constraints, one needs to perform

stress analysis of the frame. Stresses in members can be

computed from the nodal displacements of the frame. The

following set of generalized displacements(state variables)

is

defined for the two member frame shown in Fig. (6-6).
zq, = the vertical displacement of joint 2.

Z, = the angle of rotation of joint 2 about the Z axis.

the angle of rotation of joint 2 about the X axis.

z, 1is the slope of the X axis at Jjoint 2 due to

bending. It is also the angle of twist for the 2 axis.

Similarly, z3 plays a dual role as the slope of the Z axis

and angle of twist of the X axis.
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A constraint is placed on the maximum stress that
occurs in the frame. This stress is calculated from maximum

distortion energy failure criteria, using the expression
Og = SQRT( 02 + 3 T?) (6-12)

where O is normal stress that results from the axial
force and plane bending moment of the members and T is shear
stress that results from shear force and twisting moment of
the members. Gf is the combined stress. SQRT is the square
root of the function value. A stress constraint at each of

eight sampling points at each end is now written as

SQRT( 02 + 3 T2) - O, = O (6-13)

where Op., is the maximum yield stress. The sampling
points on the rectangular cross section are described in
Sec. (3-4).

The design data for the Bartel structure is shown in
Table(6.4). The algorithm of Sec.(6-2) is applied directly
to the preceding design formulation.

The initial values of the design variables for the
Bartel structure subjected to stress constraints are shown
in Table 6-5. Initially, the volume of the structure is 6480
in3 with no stress violation. This design has 32 stress
constraints, but only 16 constraints are active at the
optimum. The active constraints exist at both of the fixed

ends. In Table 6-5 the results from this solution are

compared to that given by Bartel. One can see by the number
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of iterations required, this method possess a suitable
convergence property.

Next a study is made for this structure when the
design is subjected to stress constraints and a displacement
constraint. The displacement limitation at node 2 in the y
direction is 0.65 in. The initial value and optimum value
for this study are shown in Table 6-6. The displacement
constraint is active during the entire optimization process.

The optimum volume of the structure is 770.361 in3.

Table 6-4 Design Data for Bartel Structure

Parameter Value
Modulus of Elasticity E=3x%10’ psi
Material Steel
Poisson's Ratio 0.3
Upper limit on height 10.00 inch
Lower limit on height 2.5 inch
Upper limit on width 10.00 inch
Lower limit on width 2.5 1inch
Upper limit on thickness 1.0 inch
Lower limit on thickness 0.1 inch
Maximum yield stress 40,000 psi
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Table 6-5 1Initial Data and Optimum Data of the Bartel
Structure Subjected to Stress Constraints
(unit: inch)

Design Initial Optimum Value
Variable Value
Bartel This Work

hl 9.0 10.00 8.2404
dl 9.0 9.547 10.0

tl 0.9 0.1 0.1

h2 9.0 10.00 8.2404
d, 9.0 9.547 10.0

t2 0.9 0.1 0.1
Vglgme 6480 773.9 729.616
(1in~)

# of iterations 15 4

The variable geometry problem simultaneously considered
the size of the dimensions of the elements and joint
coordinates. 1In this example, node points 1 and 2 are fixed
and the X and Z coordinates of the node 3 are allowed to
vary. Table 6-7 shows the summary of the results for the
variable geometry case. It shows the optimum result was
reduced from 729.616 in3 to 701.316 in3.
The iteration history for the fixed geometry and
variable geometry cases is shown in Fig.(6-8). It shows the

convergence rate is quite good. As can be seen in the fixed

95



geometry case, the actual volume is reduced to a value
within 5% of the optimum value after one iteration. From
design iterations 2 to 4, the optimization routine tries to

force the design into a more feasible region.

Table 6-6 Initial Data and Optimum Data of the Bartel
Structure Subjected to Stress and Displacement

Constraints.
Initial Value Optimum Value

h, 9.0 inch 9.2286 inch

d, 9.0 inch 10.00 inch

t, 0.9 inch 0.1 inch

h, 9.0 inch 9.2899 inch

d2 9.0 inch 9.9996 inch

t, 0.9 inch 0.1 inch
Volume 6480 in3 770.361 in3

The stress concentration in the fillet inside the
rectangular cross section was not considered in this
example. According to the design tables for stress
concentration factors by Peterson[3], the maximum torsional
shear stress at the fillet is 25 percent greater than that
on the edge of the element if the radius of the fillet ie
equal to the thickness of the element. However, the normal

stress in the fillet is smaller than the outside edge of the
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element. From the point of view of the maximum combined
stress, we consider the sampling point at the outside edge
of the element instead of the inside fillet point.

This simple example shows that the structural
optimization algorithm used 1is very efficient in this
particular application. The gradient method appears to be
superior to the extended quadratic interior penalty function
optimization method[4]. It 1is also noted here that the
maximum yield stress 40,000 psi used in example is only for
the purpose of comparison. In actual design practice, one

must include a safety factor.

Table 6-7 Initial Data and Optimum Data of the Bartel
Structure for Variable Geometry

Initial Value Optimum Value
h, 9.0 inch 6.0404 inch
d, 9.0 inch 9.9997 inch
t, 0.9 inch 0.10 inch
h, 9.0 inch 9.9999 inch
d, 9.0 inch 9.9995 inch
t, 0.9 inch 0.1 inch
Volume 6480 in3 701.306 in3
X coordinate 100.0 105.0
of Joint 3
Z coordinate -100.0 -95.0
of Joint 3
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6.3.4 Thirty-Three Frame Structure

The automobile structure used today is an assemblage of
sheet metal stampings made rigid by properly placed bean,
columns, and corrugations. In the case of most U.S. made
smaller cars, so-called compacts and subcompacts, the
structure is constructed as a unit-body module. In these
vehicles, the body, frame, and front sheet metal (except the
outer front fenders) are constructed as a single structural
unit welded together. Beam members are used in the unit-body
structure to provide the required structural stiffness. 1In
order to reduce weight and fuel consumption, the unit-body
structure is very attractive.

A typical prototype thirty-three unit-body structure
model shown in Fig.(6-9) is treated as an example of sizing
and configurational change for optimal structural design.
The structure is modeled as a 33-member frame with 22 joints
and 120 degrees of freedom. The joint numbering and member
numbering of the finite element model are shown in Fig. (6-
10). The geometry coordinates of the finite element nodal
points for the frame structure are given in Table 6-8. The
member locations for the structure are given in Table 6-9.
The top view and side view showing the side of the whole
body are given in Fig.(6-11) and Fig. (6-12).

The problem is to minimize the total weight of the

structure and at the same time to ensure the member stress
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TABLE 6-8 The Geometry Coordinates of Nodal Points for
Thirty-Three Frame Structure
(Unit : cm)

Coordinate in Direction

JOINT X Y Z
1 -130.00 270.00 80.00
2 -80.00 380.00 10.00
3 -110.00 390.00 60.00
4 130.00 270.00 80.00
5 -140.00 270.00 50.00
6 =100.00 330.00 0.00
7 80.00 380.00 10.00
8 110.00 390.00 60.00
9 140.00 270.00 50.00
10 -120.00 270.00 -10.00
11 100.00 330.00 0.00
12 0.00 270.00 =10.00
13 120.00 270.00 -10.00
14 =-120.00 100.00 =10.00
15 0.00 100.00 =10.00
16 120.00 100.00 =10.00
17 -110.00 50.00 =-5.00
18 -140.00 110.00 50.00
19 110.00 50.00 =5.00
20 140.00 110.00 50.00
21 =100.00 0.00 0.00
22 100.00 0.00 0.00
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TABLE 6-9 Element Group and Connectivity Data of Thirty-
Three Frame Structure

MEMBER GROUP NEAR FAR MEMBER GROUP NEAR FAR
NO. NO. END END NO. NO. END END
1 1 22 21 2 1 15 14
3 1 16 15 4 1 13 12
5 1 12 10 6 1 7 2
7 2 16 13 8 2 15 12
9 2 22 20 10 2 21 18
11 3 22 19 12 3 21 17
13 3 19 16 14 3 17 14
15 4 13 11 16 4 10 6
17 4 11 17 18 4 6 2
19 5 16 20 20 5 14 18
21 6 13 9 22 6 10 5
23 6 7 8 24 6 2 3
25 7 20 18 26 7 9 5
27 7 14 10 28 7 9 8
29 7 5 3 30 7 8 3
31 8 9 4 32 8 5 1

33 8 4 1
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and nodal displacements are satisfied under the loading
conditions.

The design parameters to be calculated are the cross
sectional dimensions of the members and the coordinates of
the joints. An upper and lower bound constraint is also
imposed on cross section dimensions and coordinates of the
joints.

The members of the thirty-three frame structure are
taken to be tubular rectangular sections. The stress
constraints are based on the maximum distortion energy
failure criteria. In stress analysis, the twisting, bending,
shear, and normal (extension and compression) of the members
are to be calculated. The loading data for the thirty-three
frame structure, listed in Table 6-10, were used to compute
the stress.

Design data for the structure is given in Table 6-11.
To maintain symmetry and to facilitate fabrication of the
structure, 33 members of the structure are divided into a
total of eight groups and each group is assigned three
design variables.

The grouping of members, with members of a group
required to have the same cross sectional area, is used to
maintain symmetry in the structure. The grouping data is

shown in Table 6-12.
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Table 6-10 Loading Data for Thirty-Three Frame Structure

Loading Case Node

load component in direction

X Y Z

I 2 1250 Nt 0 -1250 Nt
21 1250 Nt 0 -1250 Nt

IT1 5 0 0 -1500 Nt
3 0 0 -1500 Nt

8 0 0 -1500 Nt

9 0] 0 =-1500 Nt

18 0 0 -1500 Nt

20 0 0 =1500 Nt

Table 6-11 Design data for Thirty-Three Frame Structure

Parameter

Value

Material

Modulus of Elasticity
Material density
Maximum yield stress
Upper limit on thickness
Lower limit on thickness
Upper limit on width
Lower limit on width
Upper limit on height

Lower limit on height

Steel

2.07x107 Nt/cm3

2.77x10™2 Kg/cm3

1.725x10% Nt/cm?

1.25 cm

0.125 cm

13.5 cm

2.5 cm

13.5 cm

2.5 cm
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Table 6-12 Grouping Number for Thirty-Three Frame Structure

Group Number Member Number
1 1 -6
2 7 - 10
3 11 - 14
4 15 - 18
5 19 - 20
6 21 - 24
7 25 - 30
8 31 - 33

The initial values of the design variables for loading
case one are listed in Table 6-13(A). Initially, the volume
of the structure with loading case one is 1507.26 cm?®  with
no stress constraint violation. After seven design
iterations, it is reduced to 210.33 cm3, a design value
within 9.0% of the optimum value found which could be
reduced further by continuing the optimization process. The
summary of the results under load case one is shown in Table
(6-14).

The initial values of the design variables for loading
case two are listed in Table 6-13(B). Initially, the volume

3 with no

of the structure for load case two is 1171.53 cm
stress constraint violation. After ten design iterations, an

optimum value was achieved in the the optimization process.
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The summary of the results under load case two is shown in

Table (6-15).

Table 6-13(A) Initial Data for Thirty-Three Frame Structure
for Loading Case One. (unit: cm)

Initial Data

Group Element width Height Thickness
Number Number

1 1-6 6.5 5.5 0.6

2 7-10 5.5 5.5 0.6

3 11-14 4.5 3.5 0.6

4 15-18 4.5 6.5 0.6

5 19-20 4.5 5.5 0.6

6 21-24 7.3 5.3 0.6

7 25-30 4.95 6.26 0.6

8 31-33 5.8 4.8 0.6

Initial Weight: 1507.26 Kg

Considering the variable geometry, The X coordinate of
nodes 7, 11 and the X coordinate of nodes 2 and 6 are
allowed to move. By considering the combination of the cross
sectional dimensions and joint coordinates in the
optimization, a considerable weight reduction is achieved as
a result of changes in the geometry. The optimum design for
the thirty-three frame structure due to coordinate changes
for 1loading one and two is given in Table 6-16(A) and Table

6-16(B), respectively. Comparing the results for both the
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case of fixed geometry and variable geometry, an improvement
4.7% over the normal condition for loading case one and 2.0%
over loading case two was achieved. There is essentially no

penalty in the weight of the structure.

Table 6-13(B) Initial Data for Thirty-Three Frame Structure
for Loading Case Two (unit: cm)

Initial Data

Group Element width Height Thickness
Number Number

1 1-6 6.5 6.5 0.4

2 7-10 6.5 6.5 0.4

3 11-14 6.5 6.5 0.4

4 15-18 6.5 6.5 0.4

5 19-20 6.5 6.5 0.4

6 21-24 6.5 6.5 0.4

7 25-30 6.5 6.5 0.4

8 31-33 6.5 6.5 0.4

Initial Weight: 1171.53 Kg

The convergence characteristics of the optimization
process for fixed geometry is indicated by the design
history shown in Fig. (6-13). One can observe that the
convergence rate is quite good. For both cases after a few
iterations, the weight is very close to the final wvalue.
However, the optimization routine is trying to force the

design into the feasible region in the subsequent steps.
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Table 6-14 Optimum Result for Thirty-Three Frame Structure
For Loading Case one

(Unit: cm)
Optimum Data
Group Element Width Height Thickness
Number Number
1 1-6 2.8867 4.5356 0.125
2 7-10 2.50 2.50 0.125
3 11-14 5.64197 2.50 0.125
4 15-18 4.2421 5.96304 0.125
5 19-20 3.61984 2.5 0.125
6 21-24 5.7448 3.46017 0.125
7 25-30 2.5 2.5 0.125
8 31-33 3.48589 2.58375 0.125

Optimum Weight: 189.09794 Kg

Loading Case one

It 1is also noted here that all design variables
associated with the thickness of members for this example
are at their lower bounds at the optimum. This indicates
that the lower bound on the thickness, selected on the basis
of 1local buckling considerations, 1is critical in that
design. Therefore, in many practical design problems it may
be possible to fix the member thickness based on just local
buckling considerations. This will reduce the number of
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design variables for the problem, which will result in
further computational efficiencies.

The design variable linking is imposed to account for
maintaining a symmetrical structure. 1In some cases, it is
possible to change the grouping structure for practical

application.

Table 6-15 Optimum Result for Thirty-Three Frame Structure
for Loading Case Two.
(Unit: cm)

Optimum Data

Group Element width Height Thickness
Number Number

1 1-6 2.5001 2.5 0.125

2 7-10 2.5007 5.0679 0.125

3 11-14 2.7109 3.3149 0.125

4 15-18 8.6686 3.1785 0.125

5 19-20 3.9574 4.2215 0.125

6 21-24 12.3777 4.4396 0.125

7 25-30 8.0733 5.39171 0.125

8 31-33 2.50 2.50 0.125

Optimum Weight: 271.202 Kg

Loading Case two
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Table 6-16(A) Optimum Result for Thirty-Three Frame
Structure for Variable Geometry under
Loading Case one (Unit: cm)

Optimum Data

Group Element width Height Thickness
Number Number
1 1-6 3.0492 4.3273 0.125
2 7-10 2.50 2.50 0.125
3 11-14 5.666 2.50 0.125
4 15-18 3.8979 6.5639 0.125
5 19-20 2.50 2.50 0.125
6 21-24 4.1799 3.93078 0.125
7 25-30 2.50 2.50 0.125
8 31-33 2.50 2.50 0.125
Beginning Coordinate in the x direction 80.0 -80.0

at node 7 and 2

Beginning Coordinate in the x direction 100.0 -100.0
at note 11 and 6

Final Coordinate in the x direction 84.99 -84.99
at note 7 and 2

Final Coordinate in the x direction 101.04 -101.04
at note 11 and 6

Optimum Weight: 184.7042 Kg

Loading Case one
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Table 6-16(B) Optimum Result for Thirty-Three Frame
Structure for Variable Geometry under
Loading Case Two (Unit: cm)

Optimum Data

Group Element width Height Thickness
Number Number

1 1-6 2.5006 2.500 0.125

2 7-10 2.50 4.9436 0.125

3 11-14 2.8061 3.4521 0.125

4 15-18 9.51994 2.50138 0.125

5 19-20 3.91954 4.1244 0.125

6 21-24 12.4384 4.3767 0.125

7 25-30 7.6153 5.8028 0.125

8 31-33 2.50 2.50 0.125
Beginning Coordinate in the x direction 80.0 -80.0

at node 7 and 2

Beginning Coordinate in the x direction 100.0 -=100.0
at note 11 and 6

Final Coordinate in the x direction 82.0496 -82.0496
at note 7 and 2

Final Coordinate in the x direction 100.176 -100.176
at note 11 and 6

Optimum Weight: 270.99 Kg

Loading Case two
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6.3.5 Seven Frame Structure

The seven frame structure shown in Fig.(6-14) is now
considered. The finite element model, which is shown in
Fig.6-14(a), contains five nodal points and seven finite
elements. The frame members are all square tubes 7.62 cm on
a side. A concentrated load of 3340Nt is applied in the
negative x axis and negative y axis at node one. Another
concentrated 1load of 4450Nt is applied in the negative x
axis direction and negative y axis direction at node four.
The material is steel. The cross section dimensions and
loading conditions are shown in Fig.6-14(b) and Fig.6-14(c),
respectively. Young's modulus, Poisson's ratio, and material
density are 2.07x10’Nt/cm3, 0.3, 2.77x10"2Kg/cm3,
respectively. The allowable yield stress is 17,250 Nt/cmz.

The design problem is to find the optimum topology of
the frame structure, which will minimize the total weight,
such that the combined normal and shear stresses are less
than the maximum allowable yield stress value and the
deflection in the y direction at node 1 is less than 0.6
inch. The wall thickness of each tube cross section is
taken as a design variable. In addition, the x coordinate of
node 2 is also allowed to move and is treated as a design
variable in the design space.

The initial topology of the structure has 7 members,
and its optimum mass is 25.3Kg. The thicknesses from member

one through seven are 0.06303cm, 0.05945cm, 0.04687cm,
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Fig.6-14 Seven Frame Structure

117



0.09369cm, 0.04cm, 0.1574cm, and 0.07763cm, respectively,
and the x coordinate of node 2 is 48.3692 cm. Based on the
stress criteria from the last step in the optimization
process, member 6 is the most promising member to be deleted
in the structure.

After member 6 is deleted from the structure, and the
design process procedes to the next subset of the structure.
The optimization process is continued and the optimum mass
value for the subset of the structure is 21.2567Kg. The
design variables for this subset of the structure become
0.04cm, 0.2766cCnm, 0.04cnm, 0.05102cm, 0.04cm, 0.04cnm,
respectively, and the x coordinate is moved to 46.6999cm.

As can be seen from the previous subset result, the new
topology is better than the previous basic structure. The
heuristic search process is continued and member 7 is
determined to be the next most promising member to delete.
Therefore, the algorithm moves to the next state which has
only five members in the structure. After it executes the
optimization task, the optimum value is found to be
18.2082Kg. The design variables in this subset of the
structure are 0.04cm, 0.08166cCn, 0.04cn, 0.2413cm,
0.50652cm, respectively, and x coordinate of node 2 is
changed to 47.6699 cm.

The previous result have been improved again, so the
heuristic search process procedure to the next subset of the
structure and member 5 is to be deleted. Finally, the

search process goes to the final state which only has four
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members in the structure. The final optimum value for the
four member structure is 32.1Kg. It is found that the new
design 1is not better the previous design, so the design
process 1is terminated. The entire search processes in
sequence as obtained by the optimization is shown in Fig. 6-
15.

Next study demonstates this frame structure designed
with cross sectional dimensional change and the change of X
and Y coordinate of node 2 and node 4. It allowed the X and
Y coordinate of node 2 and node 4 to move as much as
possible in the optimization. Starting from +the initial
topology with 7 members, the structure is optimized under
the sizing and configurational change. The result showed
coordinate change of node 2 and node 4 to make element 1 and
3, and element 2 and 4 to become a straight 1line. The
optimal coordinate change for X coordinate of node 2, Y
coordinate of node 2, X coordinate of node 4, and Y
coordinate of node 4 is 41.76cm, 39.34cm, 46.96cm, and
6.6cm, respectively. The optimal thickness for this initial
topology is 0.07106cm, 0.372568cm, 0.05419cm, 0.08597cm,
0.04cnm, 0.3458cm and 0.11106cm. From the previous
optimization result, member 6 is the most promising member
to be deleted. After member 6 is deleted from structure, the
structure 1is optimized with 6 members. The final optimal
mass for second topology is improved, member 7 is deleted
from the topology. Then, the structure continue to be

optimized with 5 members. The final mass for this topology
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is 19.03kg. The optimal mass is improved again, member 5 is
deleted from the topology. But the final mass 1is not
improved, therefore the design process is terminated. The
optimization path with sizing change and coordinate change
is shown in Fig.6-16.

We develop and rely on heuristic methods to identify
which member should be deleted to improve the final design.
The method is presented to indicate how one can perform this
particular analysis task. Because of the extreme cost of the
basic structural analysis, we are forced to discard
exhaustive search as an approach in deletion. However, the
heuristic will introduce some possibility of choosing the
wrong members to delete. When using a deletion method based
on stress criteria, some false steps can be involved to

check if.this happens.
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Optimization Configuration Mass
Path
Initial "E> 25.307Kg
1st §\> 21.2569Kg
2nd 18.2082Kg
3rd :::::ii>> 32.1249Kg
Final : 18.2082Kg

Fig. 6-15 Topological

Optimization Path
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optimization first second third fourth
path

initial

topology

optimal

mass 45.70 31.53 19.03 35.44
(Kg)

x(1) 0.07106 0.05878 0.04 0.12462
x(2) 0.37257 0.41973 0.09258 0.32047
X(3) 0.054186 0.048146 0.04 0.109521
x(4) 0.08597 0.148168 0.229296 0.349763
x(5) 0.04 0.04 0.058939

x(6) 0.345860 0.0839743

x(7) 0.11106

x at 41.7651 41.766 41.766 41.766
node 2

y at 39.3456 39.3468 39.347 39.347
node 2

x at 46.9688 46.9693 46.9698 46.97
node 4

y at 6.65078 6.65035 6.65073 6.65001
node 4

Fig.6-16 Topological optimization path
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6.3.6 Car Seat Frame Structure

The final test problem is a vehicle seat frame
structure; which was designed for optimal volume and
geometry subject to multiple load conditions with
displacement and stress constraints. The seat frame
structure is shown in Fig. (6-17). The finite element model
considered herein is to simplify the structure. It was
idealized with 71 beam elements, 60 nodes and 351 degrees of
freedom. The element numbering and joint numbering of the
finite element model is shown in Fig.6-18(a) and Fig.6-
18 (b) .

The geometry coordinates of the nodal points for the
car seat frame are given in Table 6-17. The member locations
for the structure are given in Table 6-18. The top view and
its section view are shown in Fig.6-19(a) and Fig.6-19(b).
The front view and side view of the seat frame structure are
given in Fig. (6-20) and Fig. (6-21).

The use of hollow circular sections and rectangular
sections as structural components has increased considerably
in recent years. These sections are unsurpassed in their
efficiency, especially when weight and appearance become
important design considerations or when weight saving may be
a substantial economical consideration.

Due to weight saving and symmetry maintenance, the

structure is divided into 8 groups where elements of each
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Fig. 6-17 Vehicle Seat Frame Structure Model
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TABLE 6-17 The Geometry Coordinates of Nodal Points for the
Car Seat Frame Structure
(Unit : Inch)

JOINT X Y z JOINT X Y Z

1 0.00 0.00 0.00 31 9.57 8.15 0.02
2 =-2.17 0.00 2.90 32 11.70 -8.70 4.30
3 -4.17 0.00 5.63 33 11.70 7.90 4.30
4 0.00 =1.22 0.00 34 11.85 8.15 1.51
5 0.00 1.22 0.00 35 13.14 =7.12 2.36
6 -4.17 -5.08 5.63 36 12.68 8.03 2.36
7 -4.17 5.08 5.63 37 12.10 -8.70 5.00
8 0.16 -2.44 0.08 38 13.60 7.90 7.30
9 0.16 2.44 0.08 39 13.60 =7.90 7.30
10 =-3.23 -7.24 5.43 40 16.20 3.90 6.50
11 =-3.23 7.24 5.43 41 13.34 =-5.43 2.36
12 0.73 -3.35 0.35 42 13.14 7.12 2.36
13 0.73 3.35 0.35 43 16.20 -3.90 6.50
14 =-1.20 -8.03 5.16 44 16.60 0.00 5.90
15 -1.20 8.03 5.16 45 16.50 =7.90 12.00
16 4.00 =7.20 1.81 46 14.30 7.90 8.40
17 4.00 7.20 1.81 47 13.54 -3.94 2.36
18 1.90 -8.03 4.17 48 13.34 5.43 2.36
19 1.90 8.03 4.17 49 17.30 =7.90 13.70
20 4.76 -7.83 2.09 50 16.50 7.90 12.00
21 4.76 7.83 2.09 51 13.60 0.00 2.36
22 3.40 -8.15 3.70 52 13.54 3.94 2.36
23 3.40 8.15 3.70 53 19.90 -7.70 18.90
24 5.87 -8.03 2.26 54 17.30 7.90 13.70
25 5.87 8.03 2.26 55 20.80 -7.32 20.50
26 7.54 -8.03 2.48 56 19.90 7.70 18.90
27 7.54 8.03 2.48 57 21.50 =-3.91 22.00
28 9.57 -8.15 0.24 58 20.80 7.32 20.50
29 7.70 8.15 3.78 59 21.50 0.00 22.00
30 12.68 -8.03 2.36 60 21.50 3.91 22.00
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TABLE 6-18 Element Group and Connectivity Data for the Car
Seat Frame Structure

MEMBER GROUP NEAR FAR MEMBER GROUP NEAR FAR
NO. NO. END END NO. NO. END END
1 1 1 2 2 1 2 3
3 2 3 6 4 2 6 10
5 2 10 14 6 2 14 18
7 2 18 22 8 2 22 26
9 2 3 7 10 2 7 11
11 2 11 15 12 2 15 19
13 2 19 23 14 2 23 27
15 3 1 4 16 3 4 8
17 3 8 12 18 3 12 16
19 3 16 20 20 3 20 24
21 3 24 26 22 3 1 5
23 3 5 9 24 3 9 13
25 3 13 17 26 3 17 21
27 3 21 25 28 3 25 27
29 4 51 47 30 4 47 41
31 4 41 35 32 4 35 30
33 4 51 52 34 4 52 48
35 4 48 42 36 4 42 36
37 5 32 37 38 5 37 39
39 5 39 45 40 5 45 49
41 5 49 53 42 5 53 55
43 5 33 38 44 5 38 46
45 5 46 50 46 5 50 54
47 5 54 56 48 5 56 58
49 6 59 57 50 6 57 55
51 6 59 60 52 6 60 58
53 7 44 43 54 7 43 39
55 7 44 40 56 7 40 38
57 8 28 26 58 8 26 32
59 8 32 30 60 8 30 28
61 8 26 30 62 8 32 28
63 8 31 27 64 8 27 29
65 8 29 33 66 8 33 36
67 8 36 34 68 8 34 31
69 8 27 33 70 8 29 34

71 8 36 31
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group are required to have the same cross sectional area.
The design parameters to be calculated include the mean
diameter and thickness of circular cross sections and inner
height, inner width, and wall thickness of the rectangular
cross sections. The design variable assignment is shown in
Table 6-19. The element grouping number and group cross
section type are shown in Table 6-20. The element groups 1,
6, and 8 have hollow rectangular cross section, and the
others have hollow circular cross sections. Design variable
linking 1is used to impose the conditions of symmetry on the
structure. A typical cross section is shown in Fig. (6-22).
The design data for the structure is given in Table 6-
21. The working stress for each member is assumed to be

approximately 60%(24.9ksi) of the yield stress(42ksi) of the

0T

A~
9

«EF——D —_— W —_—

Fig. 6-22 Typical Cross Section and Design Variables
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material wused. The working stress corresponds to a safety
factor of roughly 1.68. The loading cases for the structure

are given in Table 6-22.

TABLE 6-19 Design Variables Assignment

Group Mean Inner Inner Thickness
Number Diameter wWidth Height

1 X(1) X(2) X(3)

2 X(4) X(5)

3 X(6) X(7)

4 X(8) X(9)

5 X(10) X(11)

6 X(12) X(13) X(14)

7 X (15) X(16)

8 X(17) X (18) X(19)
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The objective function is taken as the total volume of

the frame which is expressed as

(6-14)

NM
F= =>_ j}_i AijLij

Where NG = total number of groups

NM = total number of members in the ith group
Lij= length of jth member in the ith group
Aij= area of jth member in the ith group

Table 6-20 Element Groups of the Car Seat Frame Structure

Group Cross Section Element
Number Type Number

1 Rectangular 1-2

2 Circular 3-14

3 Circular 15-28

4 Circular 29-36

5 Circular 37-48

6 Rectangular 49-52

7 Circular 53-56

8 Rectangular 57-71
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The cross sectional area of the circular hollow section

A =3.14159 x D x t (6-15)

and the cross sectional area of the rectangular section is

A=2x (HtW) x t (6-16)

Where H inner height
W = inner width

mean diameter

o
I

ﬂ
I

thickness

Table 6-21 Design Data of the Car Seat Frame Structure

Material Steel
Modulus of Elasticity 3x107 ksi
Poisson's Ratio 0.30
Allowable Working Stress 24.9 ksi

Circular cross section

Upper limit on diameter 2.00 in
Lower limit on diameter 0.174 in
Upper limit on thickness 0.25 1in
Lower limit on thickness 0.047 in

Rectangular cross section

Lower limit on width 0.125 in
Lower limit on height 0.125 in
Upper limit on thickness 0.25 in
Lower limit on thickness 0.047 in
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Table 6-22

Loading Case Data for Car Seat Frame Structure

(Unit: pound)

Load Component in Direction

Loading Node
Case
X Y Z

I 59 326.98 o -138.7
IT 3 138.9 0 -292.3
6 154.45 (0] -348.5

10 154.45 0 -348.5

14 154.45 (0] -348.5

18 76.68 0 -224.8

22 62.95 0 -146.1

7 154.45 0 -348.5

11 154.45 0 -348.5

15 154.45 0 -348.5

19 76.68 0 -224.8

23 62.95 0 =146.1

ITI 58 270.08 0 -135.0
Iv 3 138.9 0 =-292.3
6 154.45 0 =-348.5

10 154.45 0 -348.5

14 154.45 0 =-348.5

18 76.68 0 -224.8

22 62.95 0 -146.1

7 154.45 0 -348.5

11 154.45 0 -348.5

15 154.45 0 -348.5

19 76.68 0 -224.8

23 62.95 0o -146.1

59 326.98 0 -138.7
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In this car seat frame structure, the stress
constraints are imposed at all the members. The twisting,
bending, shear, and normal stress of rectangular and
circular cross sections of the members are to be calculated
in the stress analysis. The normal stresses due to plane
bending and axial force, and shear stresses due to torsion
and plane bending are computed independently and then
combined to determine the total stresses. The maximum
distortion energy failure criteria is applied in the design
optimization process. The sampling points on the rectangular
cross section and circular cross section are shown in
Fig. (3-6).

Symmetric and nonsymmetric boundary conditions were
considered in this example with different loading
conditions. When the translations in the X, Y, and 2
direction are fixed in both sides at node 28 and node 31,
the structure is considered to have symmetric boundary
conditions. If the translations and rotations in the X, Y,
and 2 direction are fixed at only one side at node 28, and
translations and rotations are released at the other side at
node 31, the structure is considered for nonsymmetric
boundary conditions. The translations in the X, Y, and 2
direction are fixed at node one for both sets of boundary
conditions.

First of all, the study documents the car seat frame
structure designed for different loading conditions with

symmetric and nonsymmetric boundary conditions. Now, we

138



consider the symmetric boundary condition first. 1Initially,
the volume of the structure is 311.546 in3 with no stress
violation. Table 6-23 also gives results for the three
different 1loading cases for symmetric boundary conditions.
The optimum volume with loading case one, three, and four is
58.7184 in3, 35.1675 in3, and 71.455 in3 respectively. Next
we consider the nonsymmetric condition. Table 6-24 gives
results for the three different 1loading cases with a
nonsymmetric boundary condition. The optimum volume with
loading case one, three and four is 70.2865 in3, 48.6 in3,
and 84.47 in3 respectively. Comparing Table 6-23 and Table
6-24, the fact is shown that the nonsymmetric boundary
condition is comparatively expensive in the design
optimization process compared to the symmetric boundary
condition.

Another study demonstrate the car seat frame structure
designed to withstand multiple loading conditions. Under the
loading cases one, two, and three, the initial volume is
297.46 in3. After four design iterations, the constraints
were completely satisfied. The final numerical result under
multiple loading for the fixed geometry case is 108.66 in3.
It is shown the volume has increased over the single loading
case. The iteration design history is shown in Fig. (6-23).
As can be seen from the iteration history, the convergence
is very fast and the algorithm possesses suitable

convergence properties.

139



Next, we consider the car seat frame structure designed
under variable geometry. It considers the structural design
as more art than science. Based on the parametric cubic
representation, the curve on nodes 7, 11, 15, 19 and 6, 10,
14, 18 are represented by Eq. (5-2). Now the design variables
are the coordinate parameters and sizing variables. The
initial and optimum data for this case study are shown in
Table 6-26. It 1is shown the optimum volume under the
geometric optimization is reduced about 16.9%. The final
optimum value under multiple loading cases for variable
geometry is 90.199 in3.

The final study is for the car seat frame designed
under topological change. The design is carried out by
adding elements to decrease the volume under loading case
four. There are 12 load points in the structure. The loading
conditions are shown in Table 6-22. An initial design which
has 60 nodes and 71 elements, has been optimized under 12
loadings. The result of the initial topology design is shown
in Table 6-27. The initial optimal volume is 71.455in3.

In order to maintain symmetry, element addition and
element replacement are considered on both sides of the
subset of the structure. The cross section of elements added
is assumed to be circular. Also they maintain the same
cross sectional area as the second group of elements. In
case adding and/or replacing elements is needed, we have to
consider adding(replacing) two elements each time. From the

initial optimized results, the load point at node 6 has the
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Table 6-23 1Initial Data and Optimum Data Under Three
Different lLoading Cases at the Symmetric
Boundary Condition
Optimum Value

Design Starting Loading Loading Loading
Variable Value Case One Case Three Case Four
X(1) 3.7 3.6 1.1736 3.69864
X(2) 1.4 1.3 1.25 1.39865

X(3) 0.2 0.047 0.047 0.10673

X(4) 2.5 1.5503 1.18514 1.9574

X (5) 0.25 0.047 0.047 0.05998

X(6) 2.5 1.8166 1.03074 1.99636

X(7) 0.1 0.047 0.047 0.047

X (8) 1.8 1.61834 0.2975 1.79754

X(9) 0.14 0.047 0.047 0.047
X(10) 2.5 1.9824 1.6955 1.9969
X(11) 22 0.04785 0.047 0.047
X(12) .5 0.7944 0.3239 0.99857
X(13) 4.0 3.79439 2.2379 3.94854
X(14) 0.25 0.047 0.047 0.047
X(15) 2.4 1.87293 0.3709 1.9975
X(16) 0.09 0.047 0.047 0.047
X(17) 1.4 1.5 1.40 1.4022
X(18) 1.4 1.2101 0.4937 1.3969
X(19) 0.25 0.0487 0.047 0.05157
Volume 311.546 58.7184 35.1675 71.455
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Table 6-24 1Initial Data and Optimum Data Under Three
Different Loading Cases at the Nonsymmetric
Boundary Condition
Optimum Value
Design Starting Loading Loading Loading
Variable Value Case One Case Three Case Four
X(1) 3.7 3.5825 0.6404 3.71136
X(2) 1.4 1.2825 0.61277 1.4114
X(3) 0.2 0.047 0.047 0.047
X(4) 2.5 1.3955 1.1581 2.0
X (5) 0.25 0.047 0.047 0.08147
X(6) 2.5 1.79145 0.8491 2.0
X(7) 0.1 0.047 0.047 0.047
X(8) 1.8 1.57705 1.11975 1.80735
X(9) 0.14 0.047 0.047 0.047
X(10) 2.5 2.0 1.96885 2.0
X(11) 0.22 0.06162 0.047 0.0586
X(12) 1.5 0.74985 0.99977 1.01211
X(13) 4.0 3.7498 0.94235 3.96214
X(14) 0.25 0.047 0.047 0.047
X(15) 2.4 1.8554 0.8985 2.0
X(16) 0.09 0.047 0.047 0.047
X(17) 1.4 1.5 1.5 1.49994
X(18) 1.4 1.37591 1.5 1.49994
X(19) 0.25 0.07812 0.06355 0.0776
Volume 311.546 70.2865 48.6 84.478
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Table 6-25

Initial
Loading Cases for Fixed Geometry

Data and Optimum Data under

Multiple

Design Starting Optimum

Variable Value Value
X(1) 3.7 3.6983
X(2) 1.4 1.3983
X(3) 0.2 0.15643
X(4) 2.5 1.9856
X(5) 0.25 0.056048
X(6) 2.5 1.9932
X(7) 0.14 0.047
X(8) 1.8 1.79562
X(9) 0.14 0.0836933
X(10) 2.5 1.98424
X(11) 0.2 0.0767
X(12) 1.5 1.4953
X(13) 4.0 3.9953
X(14) 0.2 0.14671
X(15) 2.4 1.99696
X(16) 0.14 0.047
X(17) 1.4 1.38438
X (18) 1.4 1.38438
X(19) 0.2 0.075094

Volume 297.455 108.6639




Table 6-26 Initial Data and Optimum Data under Multiple

Loading Cases for Variable Geometry

Design Starting Optimum

Variable Value Value
X (1) 3.7 3.69803
X (2) 1.4 1.39803
X(3) 0.2 0.14941
X(4) 2.5 1.9836
X(5) 0.25 0.047
X(6) 2.5 1.99223
X(7) 0.14 0.047
X(8) 1.8 1.79497
X(9) 0.14 0.074629
X(10) 2.5 1.982
X(11) 0.2 0.05366
X(12) 1.5 1.4946
X(13) 4.0 3.99461
X (14) 0.2 0.13007
X(15) 2.4 1.99651
X(16) 0.14 0.047
X(17) 1.4 1.38223
X(18) 1.4 1.38223
X(19) 0.2 0.051449
New coordinate in X direction
On node 6, 7 -4.07932
New coordinate in X direction
On node 10, 11 -3.11909
New coordinate in X direction
On node 14, 15 -1.0899
New coordinate in X direction
On node 18, 19 1.58005

Volume 297.455 90.19943
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maximum stress value. Therefore, we add two connectivities
at node 6 and node 4, and node 7 and node 5.

In the first step, the subset of the structure which
has 73 elements is to be optimized. The result of the first
step is shown in Table 6-27. The optimum volume is 56.69in>.
This design is better than the initial design, so we
continue to add the another two elements. In the second
step, the subset of the structure which has 75 elements is
to be optimized. The optimum volume in the second step is
65.128in3. The result is not better than the previous
design. Therefore, we replace another two elements instead
of adding an element. 1In the third step, the subset of the
structure which has 73 elements is to be optimized. The
optimum volume of the third step is 57.97in3. The results do
not improve again, so the design is terminated. The sequence
of beams added and the optimized volume at each step is
given in Fig. 6-24. It is shown that the optimum volume
under the topological optimization is more improved than
the sizing optimization.

So far we have considered sizing and topological
optimization in which no configuration step was included.
However, the configuration optimization has a large
influence on the structural design. Therefore, the following
study on the car seat frame structure considers sizing,
configurational, and topological change. Also we consider
the structure with a nonsymmetrical boundary condition, i.e.

the translations and rotations in the X, Y, and Z direction
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at node 28 are fixed and translations and rotations at node
31 are released.

In the configuration of the car seat frame structure,
node 1 and node 28 are the ground points and nodes 3, 26, 27
are the connecting points. The coordinates of joints 26 and
27 in the X and Z direction as well as the coordinate of
joints 1, 3, 28 in the Y direction are allowed to change in
the configuration optimization.

When the boundary condition are considered to be
nonsymmetrical, the optimum volume for sizing change only is
84.478in3. The optimum volume for sizing and configurational
change is 81.094in3. The result for the nonsymmetrical
condition is shown in Table 6-28. It also indicates that
configurational optimization generates more improvement than
sizing optimization by about 4.0%.

In the topological design with the nonsymmetrical
boundary condition, the initial volume which has 71 elements
is 81.094in3. Then we want to add a element or elements to
decrease the volume. For the element addition, the cross
section dimension is circular. Also it has the same cross
sectional dimensions as the second group of elements.
Because it begins with a nonsymmetrical boundary condition,
the added element can be considered one element at a time.

After the structure has been optimized under sizing and
configurational change, node 5 at element 22 and node 3 at
element 9 have the maximum stress value. The 72nd member is

added to the subset of the structure and the design process
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proceeds. For the first step, the optimum volume is 85.16
in3. It is not better than the previous structure. Instead
of adding an element, we replace another element (from node
5 to node 11) to add to the subset of the structure. The
result of the subset of the structure is 78.75in3. It is
shown the design 1is improved. Then, we add one more
element (from node 3 to node 18) to the structure.

In the third step, the subset of the structure which
has 73 elements is to be optimized. However, the result is
not better than the previous structure. Therefore, the
design is terminated. The overall topological design process
is shown in Table 6-29. It is shown that topological
optimization for element addition under the sizing,
configurational, and topological change can be improved.

Adding elements to decrease the volume with a heuristic
search process have been attempted. It is shown that the
search process is applicable for topology optimization.
However, this heuristic search process cannot guarantee to
obtain the global optimum. The topology of a structure can
be optimized by this heuristic search method. A global
search process could be developed by the application of

artificial intelligence.
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Table

6-27 Result of Topological Optimization Process Under

the Symmetry Boundary Condition
Design Initial First Second Third
Variable Step Step Step
X (1) 3.69864 4.0 3.5245 4.0
X (2) 1.39865 1.5 1.22465 1.5
X(3) 0.10673 0.047 0.047 0.047
X (4) 1.9574 1.67193 1.52502 1.6563
X(5) 0.05998 0.047 0.047 0.047
X(6) 1.99636 1.33659 1.8651 1.44168
X(7) 0.047 0.047 0.047 0.047
X (8) 1.79754 1.04661 1.5998 0.6388
X(9) 0.047 0.047 0.047 0.047
X(10) 1.9969 1.9866 1.9866 1.9866
X(11) 0.047 0.04744 0.04745 0.04741
X(12) 0.99857 1.0 0.8117 1.00
X(13) 3.94854 4.0 3.81187 4.0
X(14) 0.047 0.047 0.047 0.047
X(15) 1.9975 0.43151 1.82318 0.42335
X(16) 0.047 0.047 0.047 0.047
X(17) 1.4022 1.50 1.5 1.5
X(18) 1.3969 0.69784 1.25563 0.64425
X(19) 0.05157 0.05725 0.04851 0.05857
Volume 71.455 56.69 65.1284 57.97
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Optimization Topology Volume
Path

Initial Initial 71.455
Optimization
First Add Beams
Topological Element 72
Optimization (node 6 - node 4) 56.69
Element 73 (final
(node 7 - node 5) topology)
Second Add Beams
Topological Element 72
Optimization (node 6 - node 4)
Element 73
(node 7 - node 5) 65.1284
Element 74
(node 22 - node 12)
Element 75

(node 23 - node 13)

Third Replace Beams

Topological Element 72

Optimization (node 6 - node 8) 57.97
Element 73

(node 7 - node 9)

Fig.6-24 Topological Change for the Car Seat Frame Structure
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Table 6-28 Optimum Result Under Loading Case Four at
the Nonsymmetry Boundary Condition

Design Sizing Sizing & Configurational

Variable Change Change
X(1) 3.71136 3.74034
X(2) 1.4114 1.44047
X(3) 0.047 0.047
X(4) 2.00 2.0
X (5) 0.08147 0.076904
X(6) 2.0 2.0
X(7) 0.047 0.047
X(8) 1.80735 1.832
X(9) 0.047 0.047
X(10) 2.0 2.0
X(11) 0.058643 0.0574
X(12) 1.01211 1.04244
X(13) 3.96214 3.99252
X(14) 0.047 0.047
X(15) 2.0 2.0
X(16) 0.047 0.047
X(17) 1.49994 1.5
X(18) 1.49994 1.40272
X (19) 0.077592 0.07168

Y coordinate at node 3 -0.277652

X coordinate at node 26 6.80486

Z coordinate at node 26 2.16098

X coordinate at node 27 6.96767

Z coordinate at node 27 2.54845

Y coordinate at node 28 -8.00341

Y coordinate at node 1 0.675662

Volume 84.478 81.094
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Table 6-29 Result of Topological Optimization Process Under
the Nonsymmetry Boundary Condition

Design Initial First Second Third

Variable Step Step Step
X(1) 3.77034 3.71558 3.78369 3.69881
X(2) 1.44047 1.41556 1.48268 1.39881
X(3) 0.047 0.05 0.047 0.156617
X (4) 2.0 1.99984 1.99974 1.98634
X(5) 0.076904 0.0750603 0.0728034 0.0493944
X(6) 2.0 1.99997 1.42066 1.99704
X(7) 0.047 0.047 0.047 0.047
X (8) 1.832 1.81425 1.47246 1.79812
X(9) 0.047 0.0478361 0.0478361 0.047426
X(10) 2.0 1.9998 1.9996 1.99797
X(11) 0.0574 0.059643 0.060206 0.0580206
X(12) 1.04244 1.01785 0.897015 0.998821
X(13) 3.99252 3.81284 3.69082 3.79382
X(14) 0.047 0.047 0.047 0.047
X(15) 2.0 1.9998 1.61733 1.99803
X(16) 0.047 0.047 0.047 0.047
X(17) 1.5 1.49992 1.49987 1.49986
X(18) 1.40272 1.42891 1.5 1.40084
X(19) 0.07168 0.074618 0.07227 0.0751006

Y coordinate -0.277652 0.151154 0.34 -0.760185

at node 3

coordinate 6.80486 7.32426 7.6108 7.39983

at node 26

Z coordinate 2.16098 2.52321 2.69551 2.30011

at node 26

X coordinate 6.96767 7.46305 7.66854 7.29968

at node 27

Z coordinate 2.54845 2.94394 3.16944 2.60019

at node 27

Y coordinate -8.0034 -8.12678 -7.94588 -7.50011

at node 28

Y coordinate 0.67566 -0.123123 0.306309 0.229946

at node 1

Volume 81.094 85.16 78.75 88.64
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CHAPTER VII

SUMMARY AND FUTURE RESEARCH

7.1 Summary

In the previous chapters of this dissertation, the
research which was undertaken, has been described in some
detail. The conclusions which have been previously drawn
will now be summarized.

A systematic approach to the sizing optimization,
geometric optimization, and topological optimization in beam
structures based on finite element analysis and mathematical
programming has been developed. 1In addition, the strategies
for enhancing the optimization algorithm and the method for
implementing geometric and topological optimization have
been presented. It is shown by numerical examples that this
approach performs very well and the methodology is a
powerful design tool in the area of structural optimization.
Also it is verified in this research that the application of
design optimization is not limited only to the area of the
maximum structural behavior, but also in the greatest
aesthetic interest and topology requirements.

The previous examples have indicated that the 1linear
sequence of the explicit approximate method and design

sensitivity methods provide an effective way to improve
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optimization efficiency. Also the constraint deletion
strategy, worst case design, and design variable 1linking
further enhance the performance of the optimization
algorithm.

In principle, the present approach can be extended to
treat problems in other kinds of structures. This, of
course, would require a more sophisticated main searching
algorithm for topological design and consequently a more
complicated computer program in order to retain the
efficiency of the method. Basically, the method seems to be

extremely promising in practical application.

7.2 Future Research

The first aspect of the future research could be in the
incorporation of more requirements, such as fatigue 1life,
fracture mechanics, and dynamic stability, into the
optimization scheme. This involves translating these
requirements into concise and coherent stress, displacement,
buckling, and frequency constraints. In addition, it is
worthwhile investigating the possibility of incorporating
hypothetical damage models into the optimization.
Specification of all these requirement sounds quite ominous,
but the resulting benefits can more than compensate for the
effort by producing reliable, efficient and safe structures.

The next aspect of future research could be in
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implementing the structural optimization algorithm in a
parallel computing environment. Matrix manipulation
constitutes a major portion of computation time in
structural optimization. Hence the parallel programming of
matrix manipulation should yield an improvement in the
computational speed. The computations in the structural
optimization have inherent parallelism which can be
exploited to achieve enhanced speed in computation.

The final aspect of future research could be in
developing a method which is closely aligned with the
automated structural design in the topological design with
the application of artificial intelligence. The potential of
effective learning algorithms for artificial intelligence[1]
could handle the problem of manipulating system graphs in a
sophisticated manner. In addition, graph theory[2] could be
applied to structural topological design in actual practical

application.
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