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CHAPTER 1 

INTRODUCTION 

This study examines free entry and social optimum in a Cournot market. First, a 

homogeneous goods market with linear demand is studied. Second, non-linear demand is 

introduced to the homogeneous goods market. Third, a non-homogeneous goods market 

is examined under the assumption of identical firms. Lastly, the study is extended to non-

homogeneous goods market with non-identical firms. 

 

In the homogeneous goods market, entry biases are considered under the assumption that 

there are two types of firms with different cost functions. It is established that there are 

two kinds of entry biases. First, free entry may lead to excess entry relative to the socially 

optimal level. Second, free entry may lead to the wrong type of firms in the market 

compared to the socially optimal type.  

 

Entry biases have been well established in the literature. Previous research by Guesnerie 

and Hart (1985), Mankiw and Whinston (1986), Suzumura and Kiyone (1987) and Cabral 

(2004) studies free entry from a social welfare point of view. They establish that entry 

biases exist if firms are not behaving as perfect competitors. A common assumption that 

has been made in the literature is that firms are identical. For example, Mankiw and 

Whinston (1986) consider a homogeneous goods market with identical firms that engage 

in Cournot output competition. They show that free entry entails excessive entry from a 
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social welfare point of view. Cabral (2004) considers a homogenous product industry and 

answers the question whether free entry leads to the socially optimal number of firms in 

the market. He discovers that entry costs affect entry biases. When entry costs are low, he 

examines market competition. When the level of competition in the market increases it 

implies insufficient entry, whereas softer competition in the market implies excessive 

entry. On the other hand, when entry costs are high, entry bias depends on the entry game 

being played in the market.  

 

Obviously, the model will be richer when non-identical firms are introduced. In my 

study, there are two different types of cost functions, with firms in the market differing 

based on type. The number of free entry Cournot equilibrium firms and social optimum 

firms are compared in order to investigate entry biases. Generalization to more than two 

types of firms seems straightforward, however a model with two types suffices to make 

the point intended here.  

 

The paper by Gotz (2005) studies a model that is very close to ours in a homogeneous 

goods market. Gotz (2005) examines the existence of Cournot equilibrium under free 

entry, adding technological choice to the model. He allows the firms to choose from a set 

of two technologies, which he calls “small-scale” and “large-scale.” There is a constant 

marginal cost for small-scale technology and zero marginal cost for large-scale 

technology. Since a firm in our study has one of the two different cost functions, Gotz’s 

identification of two different technologies helps us to establish the conditions for the 

existence of free entry equilibrium.  
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The importance of Gotz’s paper arises from the fact that both the market size and 

technology choices of the firms are endogenous. His work differs from other studies in 

the literature about the existence of free entry Cournot equilibrium, since he allows the 

firms in the market to choose from a set of different technologies. The main difference 

between this study and Gotz’s is a focus on entry biases, while he studies only the free 

entry equilibrium. Gotz presents sufficient conditions for the existence of free entry 

Cournot equilibrium but does not discuss the welfare-maximizing number of firms in the 

market. His model contains a homogeneous product market with linear demand. The 

model in this study is extended to a non-homogeneous product Cournot market.  

 

In the last two sections, a non-homogeneous goods market is examined. Under the 

assumption of identical firms, each firm produces one of the two differentiated goods: 1q  

and 2q . The number of free entry and social optimum firms are compared to determine 

entry biases. The main finding is that the number of free entry equilibrium firms is 

always greater than the number of social optimum firms in a non-homogeneous goods 

market when each firm has an identical cost function. 

   

When we let the firms differ in the non-homogeneous goods market, two types of firms 

exist in the market, each type producing one of the two differentiated goods: 1q  and 2q . 

Again, we are interested in a Cournot market with free entry. It does not look promising 

to solve for free entry equilibrium strictly by abstract mathematical calculations. There 

are seven parameters involved in the two first order conditions that are satisfied by the 
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free entry equilibrium number of firms. As a result, first order conditions are obtained 

through calculation but the number of free entry equilibrium firms is found by solving the 

first order conditions with Mathematica software. Similarly, the number of social 

optimum firms is found by maximizing the welfare function over integers with 

Mathematica.  

 

Three tables showing the number of free entry equilibrium and social optimum firms in 

the market are constructed when the parameters are assigned different values. The 

findings from the tables support the results obtained in Chapter 3 and 4 when the degree 

of product differentiation is close to minimum. Corner solutions are obtained when 

products become less differentiated. When the degree of product differentiation 

approaches maximum, non-corner solutions that both types of firms can survive appear 

since the goods become independent goods.  
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CHAPTER 2 

LITERATURE REVIEW 

There exists extensive research on equilibrium in a Cournot market with or without free 

entry. It would be appropriate to divide the existing theory about Cournot equilibrium and 

free entry into six sections as follows: 

2.1. Existence of Cournot equilibrium with and without free entry into market. 

2.2. Properties of free entry Cournot equilibrium. 

2.3. Effects of free entry into market.   

2.4. Structure of free entry game. 

2.5. Comparing Bertrand and Cournot Equilibria. 

2.6. Free entry into market from a social welfare point of view and entry biases. 

 

A discussion of the theory and assessment of relevant papers regarding to each of these 

six sections are provided in the following subtitles. 

 

2.1. Existence of Cournot equilibrium with and without free entry into market: 

Frank, Jr. & Quandt (1963), Frank, Jr. (1965), Ruffin (1971), Novshek (1980, 1984, 

1985), Bamon & Fraysse (1985), Ushio (1983), Amir & Lambson (2000), Gotz (2005), 

and Long & Soubeyran (2000) are some of the economic papers that developed ideas 

about the existence problem of the Cournot equilibrium. Several proofs are known for the 

existence of the Cournot equilibrium under varying assumptions, which have been 
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improved year after year by interested economists. We can summarize the main 

assumptions as follows: 

• Strict concavity of profit function, 

• Existence of identical firms in the market, 

• Concavity of inverse demand function, 

• Convexity of cost function. 

Frank, Jr. & Quandt (1963) present one of the studies about the existence of Cournot 

equilibrium. They consider more general conditions for the existence of Cournot 

equilibrium than has been attempted previously. In their model, all firms in the market 

have the same cost function, which is continuous and monotonically increasing. Their 

main assumptions are that the demand function and the cost function are continuous and 

that the profit function is concave. These assumptions are reduced and simplified by other 

economists such as Novshek and Bamon & Fraysse (1985). 

 

Ruffin (1971) indicates that the conditions for the existence of Cournot equilibrium had 

not been discovered by year 1971, by stating in his paper that “…we should observe that 

Cournot model has not yet been thoroughly axiomatized, so that the conditions for the 

existence of profitable or viable Cournot equilibrium are uncertain.” (Ruffin, 1971, p. 

494). Ruffin (1971) cites the paper by Frank, Jr. & Quandt (1963) to refer to the existence 

of Cournot equilibrium. 

 

Ruffin states conditions for the existence of a profitable Cournot equilibrium and 

indicates that the conditions presented by Frank and Quandt are satisfied by his 
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conditions. He also says regarding to Frank and Quandt that “Unfortunately, they failed 

to address themselves to the survival problem.”(Ruffin, 1971, p. 494). Two of Ruffin’s 

strong assumptions are the existence of identical firms in the market and the strict 

concavity of profit function.  

 

Frank, Jr. (1965) presents another paper, which focuses on entry in a Cournot market. He 

makes five sufficient assumptions, which depend on the slopes of both the demand and 

cost curves, to show the existence of a Cournot equilibrium. One of his assumptions is 

the strict concavity of profit functions. This assumption had been made by all of the 

economists who were interested in the existence of Cournot equilibrium until Novshek 

(1980) came up with the proof of the existence of Cournot equilibrium for any number of 

identical firms without assuming strict concavity of profit functions. 

 

Novshek is the first economist who considered the existence of Cournot equilibrium with 

free entry. This paper, Novshek (1980), is mainly about the precise statement and proof 

of “Folk Theorem” for a homogenous good market with free entry. Folk Theorem states 

that if the firms in the market are small relative to the market then the Cournot 

equilibrium exists and the Cournot equilibrium with free entry is approximately 

competitive.  

 

This paper differs from other papers about the “Folk Theorem” in the way it treats free 

entry. In previous papers dealing with the “Folk Theorem”, free entry is defined as a zero 

profit condition ignoring the integer problem. Novshek does not treat free entry as a zero 
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profit condition and he also handles the integer problem. The definition of free entry from 

Novshek’s point of view is that an infinite number of firms have access to the same cost 

function. In his paper, he also makes the strong assumption that all firms in the market 

are identical.    

 

Novshek explains that firms may become small relative to the market in two ways. First, 

absolute firm size, which can be defined as the smallest output where minimum average 

cost is attained, may become small because of changes in technology. Second, the market 

demand may become large because of it shifts. Ruffin (1971) also presents a verbal 

statement for the “Folk Theorem” in the conclusion part of his paper. Novshek finds that 

argument worth mentioning in his paper. Ruffin states the following regarding to the 

“Folk Theorem”: 

“Imagine a Cournot oligopoly under free entry. There is a U-shaped cost 

curve. For each identical firm, and the number of firms is such that the 

profit is zero. In equilibrium, the demand curve facing the firm is tangent 

to the left of the minimum point on the average cost curve. Now let the 

number of buyers increase indefinitely. This makes the demand curve 

flatter and flatter (e.g., assume each buyer has the same linear demand 

curve). Clearly, by increasing the number of buyers the Cournot solution 

can become arbitrarily close to the competitive solution. The number of 

firms, in the case will, be large; but it will be the consequence of 

fundamental economic and technological conditions. In particular, not 

only must each buyer be a price-taker, but the number of buyers must be 

sufficiently large to give the market “ breadth ” relative to the size of the 

firm. ”(Ruffin, 1971, p. 501). 

 

Novshek has a number of other papers where he discusses the existence of Cournot 

equilibrium. It had not been well-known how to find Cournot equilibria when the number 

of firms in the market exceeds two, until Novshek published his paper titled “Finding All 

n-Firm Cournot Equilibria”, in 1984. In this paper, Novshek deals with n identical firms 
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and a single homogenous good market. He illustrates the process of finding a n-firm 

Cournot equilibria with n firms in the market giving two examples and then points out the 

procedure how it can be carried out in general. 

  

Novshek (1985) examines the existence of Cournot equilibrium in a homogeneous good 

market. He presents a new existence theorem for n-firm Cournot equilibrium. There are 

two existence theorems mentioned in his paper. The first one proves the existence of 

Cournot equilibrium for n identical firms with convex technologies. The second one 

shows that there exists a Cournot equilibrium even if the firms in the market are not 

identical when each firm’s profit function is concave. The concavity of profit functions is 

an assumption also made in the paper by Frank and Quandt (1963). Instead of this 

assumption other assumptions, which imply the concavity of profit functions, are also 

used in the literature. For instance, the assumption of the concavity of inverse demand 

function and the assumption of convexity of cost functions.  

 

The difference between the papers Novshek (1984) and Novshek (1985) is that Novshek 

(1985) is an improved version of Novshek (1984). Novshek (1984) illustrates how to find 

Cournot equilibria when there exist n identical firms in the market. On the other hand, 

Novshek (1985) proves the existence of the Cournot equilibrium with “n” not necessarily 

identical firms when each firms profit function is concave.  

 

The new existence theorem that Novshek (1985) proves does require neither the existence 

of identical firms nor convexity of technologies. Bamon and Fraysse published a paper 
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only a couple of months later than Novshek’s paper in 1985, which is also about the 

existence of Cournot equilibrium and closely related to the Novshek’s work (1985). The 

authors worked independently and proved the existence of Cournot equilibrium under 

different assumptions. Bamon and Fraysse’s proof is based on the condition that the 

demand is large with respect to the number of firms in the market, which corresponds to 

the assumption of Novshek that each firm’s marginal revenue is a decreasing function of 

aggregate output of other firms. Novshek states that his assumption on marginal revenue 

is commonly imposed in the literature, for instance, Ruffin considers an equivalent 

assumption in his paper in 1971.  

 

The theorem that Novshek presented in his paper in 1985 for existence of Cournot 

equilibrium is really important in the sense that it is the first theorem on the existence of 

Cournot equilibrium without making the common assumptions imposed on the cost 

functions of the firms. Novshek (1985) points out that his assumption on marginal 

revenue is implied by another common assumption in literature, which is the concavity of 

inverse demand function.  

 

Novshek provides two examples in his paper (1985) about the nonexistence of Cournot 

equilibrium to help the reader to understand the necessity of the assumptions in his 

existence theorem. He says that the first example is a well-known example in the 

literature but the second example is a new established example. In the first example, he 

shows that the Cournot equilibrium does not exist if there are identical firms with non-

convex technologies in the market. In the second example, he demonstrates that even if 
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the technologies are convex the Cournot equilibrium may not exist if the firms are not 

identical.  

 

Novshek (1985) summarizes the most commonly used three assumptions in the literature 

for the existence of Cournot equilibrium as follows: 

• The convexity of each firm’s technology,  

• Whether every firm has the same technology, 

• The concavity of the inverse demand function.  

 

Moreover, he enlightens us about the results of these three assumptions on the existence 

of Cournot equilibrium. He states the following regarding to the three assumptions: 

“Concavity of inverse demand is enough by itself to guarantee existence 

of Cournot equilibrium; identical firms and convex technology together 

guarantee existence of Cournot equilibrium; and without concavity of 

inverse demand (actually, the marginal revenue condition), if either firms 

are not identical or technologies are not convex, equilibrium may not 

exist.”(Novshek, 1985, p. 86). 

 

Novshek’s paper in 1980 inspired many economists such as Bamon & Fraysse (1985) and 

Ushio (1983). Bamon and Fraysse are also interested in the existence of Cournot 

equilibrium under free entry and examine the existence conditions. The difference 

between the paper by Bamon & Fraysee (1985) and the paper by Novshek (1980) is that 

Novshek (1980) proves the existence of Cournot equilibrium for any number of identical 

firms but Bamon and Fraysse deal with non-identical firms and prove the existence of 

Cournot equilibrium using a new fixed point theorem for non-continuous functions.  
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Bamon & Fraysse (1985) prove that, even if non-convexity in production is allowed and 

the firms are not identical, an equilibrium exists whenever the demand in the market is 

large with respect to the number of firms in the market. As it is mentioned above, 

Novshek independently obtained similar results in his paper in 1985. Novshek proves the 

existence of Cournot equilibrium assuming concavity of the inverse demand function and 

the condition that a firm’s marginal revenue must be a decreasing function of aggregate 

output of other firms. Bamon and Fraysse show that the condition that Novshek (1985) 

assumed is fulfilled if firms are small relative to the market. Therefore, Bamon & Fraysse 

(1985) improve the conditions that Novshek (1985) assumed to prove the existence of 

Cournot equilibrium.   

 

The study of Amir & Lambson (2000) presents results that overlap with the results of 

other papers about the existence of Cournot equilibrium. In the papers by Frank (1965), 

Ruffin (1971), Novshek (1980) and Seade (1980), the Implicit Function theorem, which 

proves the existence of continuously differentiable solutions of a given relation, is widely 

used and some simplifying assumptions, such as decreasing marginal revenue and 

differentiability of reaction curves, are made to sign the derivatives. However, Amir and 

Lambson find these assumptions unnecessary. The goal of Amir and Lambson is to 

obtain minimal sufficient conditions for the existence of equilibrium in a Cournot 

industry with symmetric firms.  

 

Amir and Lambson (2000) prove the theorems for the existence of at least one symmetric 

equilibrium and the existence of two different types of Cournot equilibrium, which are a 
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monopoly equilibrium and a unique symmetric equilibrium. Amir and Lambson (2000) 

bring a simpler approach to the existence problem of equilibrium in a Cournot industry 

than the approach of Frank (1965), Ruffin (1971), Novshek (1980) and Seade (1980).  

 

The Gotz (2005) paper is quite related to our study regarding to the model that he 

presents. This paper examines the existence of Cournot equilibrium under free entry 

adding technological choice to the model. In the paper of Novshek (1985), there are non-

identical firms but the differences of the firms are given exogenously. On the other hand, 

in Gotz (2005), both market structure and technology are endogenous.  

 

Gotz (2005) considers an industry with a homogenous product. He allows the firms to 

choose from a set of two technologies, which he calls “small-scale” and “large-scale” 

technologies. There is a constant marginal cost for small-scale technology and zero 

marginal cost for large-scale technology. Since we have firms with one of the two 

different cost functions in our study, Gotz’s identification of two different technologies 

helps us to establish the conditions for the existence of free entry equilibrium.  

 

In Gotz (2005), there are different fixed costs associated with each technology. The 

inverse demand function contains two parameters that account for the market size. It is 

quite interesting to see that these parameters define the endogenous market structure. One 

of the parameters measures the maximum willingness to pay for the product and the other 

one measures the number of identical consumers in the market.  
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There is a two-stage game in Gotz’s paper. In the first stage, firms decide whether to 

enter to the market and choose their technologies. In the second stage, firms choose their 

output levels. Gotz states an additional condition for the equilibrium in his model with 

technology choice. This additional condition is called the “no-switching” condition since 

it provides that no firm has an incentive to switch its technology choice in the case of 

equilibrium.  

 

After deriving the sufficient condition under which a unique Cournot equilibrium exists, 

Gotz examines the effects of changes both in the two market size parameters and in the 

parameters associated with the technology choice. Moreover, he considers more general 

cases such as the case of more than two technology choices in the market and generalizes 

the conditions of the existence of free entry Cournot equilibrium for “k” different 

technologies in the market. 

 

Gotz (2005) not only presents sufficient conditions for the existence of free entry Cournot 

equilibrium but also examines what happens if the sufficient condition is not satisfied. 

Moreover, he investigates the situations including non-existence, non-uniqueness, and 

asymmetry of Cournot equilibrium under free entry by proceeding mainly by means of 

examples. He derives a condition on one of the market size parameters that ensure that a 

Cournot equilibrium always exists.  

 

The great importance of Gotz’s paper arises from the fact that both the market size and 

technology choices of the firms are endogenous. His work differs form other studies in 
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the literature about existence of free entry Cournot equilibrium, since he allows the firms 

in the market to choose from a set of different technologies.  

 

Long & Soubeyran (2000) bring a different approach and use contraction mapping 

theorem to prove existence and uniqueness of Cournot equilibrium. Long & Soubeyran 

(2000) approach the proof of existence from a different angle by applying the contraction 

mapping theorem to a function involving marginal costs. The authors refer to many 

papers from literature including Novshek (1985) to point out why their approach is 

different than previous studies on existence of Cournot equilibrium. Long & Soubeyran 

(2000) characterize Cournot equilibrium in terms of marginal costs. This approach is 

helpful because firms can manipulate their marginal costs in an earlier stage before the 

Cournot game takes place. As a result Long & Soubeyran (2000) points out a different 

direction for the studies of a class of two stage Cournot games.  

 

2.2. Properties of free entry Cournot equilibrium: 

Ushio (1983) and Corchon & Fradera (2002) contributed to the theory of Cournot 

equilibrium by examining the properties of equilibrium in a free entry Cournot market. 

Ushio is also one of the economists who is inspired by the work of Novshek (1980). The 

paper by Ushio (1983) focuses on the asymptotic properties of Cournot equilibria when 

there is free entry in the market. There are two main assumptions in the paper that 

average cost function is always decreasing and the marginal cost function is non-

decreasing. Under these assumptions, Ushio investigates some properties of Cournot 

equilibrium other than the ones that Novshek has already discussed in his paper in 1980.  
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Ushio (1983) states that as market size increases, equilibrium profits go to zero if average 

cost function is “U” shaped, on the other hand, the equilibrium output of each firm goes 

to infinity if average cost function is decreasing. He actually computes the limit points of 

firms’ profits as market size increases and points out the conditions on earning positive 

profits.  

 

Corchon & Fradera (2002) point out that Novshek (1980) investigated the existence of 

Cournot equilibrium with free entry first but then no one paid attention to the properties 

of this kind of equilibrium. Corchon & Fradera’s paper completes the missing part of the 

literature in terms of properties of free entry equilibrium.  

 

Corchon and Fradera (2002) assume that all the firms in the market are identical and the 

profit function is strongly concave. They investigate not only the effects of a change in 

the fixed cost but also the effects of a change in demand or marginal cost on the number 

of firms and the aggregate output. Corchon and Fradera also provide an example to 

illustrate the effect of an increase in demand on the number of active firms in the market 

and on the aggregate output. Therefore, Corchon and Fradera present the difference 

between the Cournot model with free entry and the Cournot model without free entry.  

 

Corchon and Fradera (2002) answer the question what are the values of price, profits and 

number of active firms that can be generated as a symmetric Cournot equilibrium with 

free entry. They make some strong assumptions, such as unit elasticity of demand and 

constant marginal cost, and conclude that any triple {price, profits, number of active 

firms} can be generated as symmetric Cournot equilibrium with free entry. 
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2.3. Effects of free entry into market: 

Seade (1980) and Ohkawa et al (2005) are interested in the effects of entry. Seade (1980) 

considers effects of free entry into an oligopolistic industry. Especially the effects of 

entry on output are examined in his paper. Seade mentions the paper by Ruffin (1971) 

and states that Ruffin presents sufficient conditions for aggregate output to rise and firm 

output to fall as entry occurs in a Cournot market. However, Seade points out that Ruffin 

does not examine what happens when the sufficient conditions are not imposed. 

Therefore, Seade (1980) focuses on the effects of entry when the sufficient conditions 

presented by some economists, including Ruffin, do not hold. Seade presents much 

stronger sufficient conditions for the behavior of aggregate output and proves that output 

always expands with entry provided the existence of equilibrium. Seade not only 

examines the effects of entry on aggregate output but also examines the effects of entry 

on profits at the firm and industry levels. 

 

Ohkawa et al (2005) consider a symmetric Cournot market with free entry. According to 

the authors in a competitive market with free entry, the market forces inefficient firms out 

and protects the position of efficient firms. This efficiency does not work under imperfect 

competition. “In cases of either (i) a concave demand (which implies substitutability) or 

(ii) strategic complementarity (which implies a convex demand), the type of firms that 

should remain in the market to achieve social optimality does not necessarily coincide 

with the type of firms that will survive in the long run.” (Ohkawa et al (2005), p. 1143). 

That is, the market selects the wrong type of firm in the long run. The authors show that 

such an imperfect selection can occur in the context of an asymmetric Cournot oligopoly. 
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Moreover it is shown that in a symmetric Cournot market with free entry, the number of 

firms in the long run is greater than the socially optimal number of firms. That is, the 

market selects the wrong number of firms. We also prove in our study that socially 

optimal number of firms is less than free entry equilibrium number of firms. (excessive 

entry)   

 

Ohkawa et al (2005) emphasize that the market may select not only the wrong number of 

firms but also the wrong type of firms in the long run. Authors show that there are two 

kinds of mistakes can happen when market selects firms. The first one is that the market 

fails to secure the “good” type of firm in the long run. Good firms are defined as the 

firms that can achieve a higher level of social welfare than bad firms. Existence of bad 

firms results in a suboptimal level of social welfare for the economy. The second kind of 

mistake in the market is that even though the market secures the “good” type firm, it fails 

to reject the “bad” type of firm in the long run. The second kind mistake is related to the 

coexistence of more than one type firms in the market. The authors initially show that in 

a symmetric Cournot market with free entry only one type firm can survive in the long 

run. Our study and Gotz (2005) also show the same result. The authors state that the 

coexistence of different types of firms in the long run is negligibly improbable. It 

depends on whether two or more firm types are located simultaneously on the boundary 

of survival in the market. It is shown that in almost all cases, only one type can survive in 

the long run.  
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The authors suggest that first kind of mistake is a lot worse than the second one because 

we will never observe good firms in the long run in first kind mistake. We cannot 

compare good ones to bad ones in the long run since there are no good firms in the long 

run. This is why the authors call the first kind of market mistake as hidden market failure.  

 

Types of firms in Ohkawa et al (2005) are distinguished by the shape of their average 

cost curves. 21 ACAC >  implies that type two has stronger increasing returns than type 

one. Increasing returns are related to the government intervention to control the number 

of firms in the market to maximize social welfare. Ohkawa at al (2005) show that the 

government can achieve a higher social welfare in the second-best equilibrium with type-

2 firms alone than in the second-best equilibrium with type-1 firms alone because type 

two has stronger increasing returns than type one. The authors also examine 

imperfections caused by government intervention. It seems that government can regulate 

the number of firms by intervening during first stage entry decisions but cannot control 

each firm’s production level once the firm enters to the market. Therefore, there is second 

best optimization problem. Depending on the government’s knowledge of the current 

state of the production technology, there is a set G of firm types available to the 

government. Authors show that the numbers of all but one type of firm in G can be set 

equal to zero in equilibrium. 

 

Ohkawa et al (2005) is quite related to our study in the sense that they also prove that the 

market may select not only the wrong number of firms but also the wrong type of firms in 
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the long run. Our study differs from their study since we examine both homogeneous and 

also non-homogeneous good market.   

  

2.4. Structure of free entry game: 

The paper by Eaton and Ware (1987) approaches the entry situation in a Cournot market 

by exploring the structure of the entry game. Eaton and Ware explain the effects of 

sequential entry into the industry assuming that all the firms in the market have the same 

cost function and produce an undifferentiated product with decreasing marginal revenue. 

They develop a theory of market structure under sequential entry.  

 

2.5. Comparing Bertrand and Cournot equilibria: 

We are interested in the following papers dealing with the comparison between Bertrand 

and Cournot equilibria: Boone (2000), Zanchettin (2004) and Singh & Vives (1984). The 

reason why we are interested in these papers is that these papers contend with 

differentiated good market. The market is a non-homogeneous product market such that 

representative consumer’s utility is a symmetric quadratic function of two products. We 

consider the same linear system of inverse demand functions that are generated by the 

representative consumer’s utility in our non-homogeneous good market calculations. 

Both of the papers Zanchettin (2004) and Singh & Vives (1984) are restricted to 

differentiated duopoly whereas we generalize Cournot competition to the case when the 

number of firms in the market more than two. In fact we denote the overall number of 

firms in the market as 21 NN + , where 1N  and 2N  are the number of type one and type 

two firms in the market, respectively.   



 21 

 

Singh & Vives (1984) analyze price and quantity competition in a differentiated duopoly 

proposed by Dixit (1979). They examine Bertrand and Cournot competition according to 

whether the goods are substitutes, independent or complements. It is shown that if the 

firms can only compete on quantity or price, the dominant strategy for each firm is to 

choose quantity when the goods are substitutes. On the other hand, the dominant strategy 

is to choose price when the goods are complements.  

 

When the firms have constant marginal costs but no fixed costs, and no capacity 

constraints with a linear demand structure, Singh & Vives (1984) show that Bertrand 

competition is more efficient that Cournot competition. The reason is that consumer 

surplus and total surplus are higher in Bertrand competition in equilibrium in spite of 

whether the goods are substitutes, independent or complements. However, with non-

linear demand, the comparison of profits between Bertrand and Cournot competition 

depends on whether the good are substitutes, independent or complements. The authors 

show that profits are larger in quantity competition than in price competition when the 

goods are substitutes but the opposite holds when the goods are complements. Profits in 

both quantity and price competition are equal when the goods are independent in a 

differentiated duopoly. To get these results Singh & Vives (1984) use the duality 

structure of Cournot and Bertrand competition. They show that Cournot competition with 

substitutes is the dual of Bertrand competition with complements. As a result, they prove 

propositions for one type of competition, either price or quantity competition, and for one 
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type of good, either substitute or complement good. The other case follows by duality 

since it could be easily done by interchanging prices and quantities.    

 

 Zanchettin (2004) also examines Bertrand and Cournot equilibria in a differentiated 

duopoly. In fact, Zanchettin (2004) directly refers to Singh & Vives (1984) since he uses 

the same framework in his model except that he adds a wider range of cost asymmetry to 

the model of Singh & Vives (1984).  He focuses only on substitute goods and shows that 

with high degrees of cost asymmetry and/or low degrees of product differentiation, the 

efficient firm and also the industry make higher profits under Bertrand competition than 

Cournot competition when the goods are substitutes. This result contrasts with Singh & 

Vives (1984)’s result that profits are larger in quantity competition than in price 

competition when the goods are substitutes.  

 

The reason for the contrast between Zanchettin (2004)’s result and Singh & Vives 

(1984)’s result is the assumption of “positive primary outputs”. Singh & Vives (1984) 

make the assumption of positive primary outputs, which means that when both prices are 

set at marginal costs, both firms sell positive outputs. This assumption restricts the space 

of parameter values in Singh & Vives (1984). However, Zanchettin (2004) allows the 

parameters to a wider range by not making the assumption of positive primary outputs. 

As a result, he shows that Singh & Vives (1984)’s ranking of profits is reversed in a 

significant area of the parameter space.  
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Allowing parameters to a wider range helps Zanchettin (2004) to obtain additional results 

on equilibrium profits when firms are asymmetric in costs. He shows that the inefficient 

firm’s profits always decreases as products become closer substitutes under both price 

competition and quantity competition. Also, he confirms that the efficient firm’s profits 

are non monotonic in the degree of product differentiation. As a result the efficient firm 

may have a local incentive to reduce the degree of product differentiation. This result 

contrasts with the result under symmetric costs that Bertrand and Cournot duopolists are 

always better off with product differentiation.       

 

Zanchettin (2004) examines non-homogeneous goods market. He points out that this 

paper is a generalization of the paper by Boone (2000) and the paper on which Zanchettin 

and Denicolo worked on together in 2003. Zanchettin (2004) generalizes homogeneous 

goods case by showing that the comparison of equilibrium profits under price and 

quantity competition depends on both the degree of cost asymmetry and the degree of 

product differentiation.  

 

Boone (2000) examines the effects of competition on a firm’s incentives to innovate. 

There are two types of innovations considered: product and process innovations. Boone 

(2000) derives the conditions under which a rise in competitive pressure increases each 

firm's investments in process innovations to improve efficiency. But if the rise in 

competitive pressure induces more industry wide process innovation, it reduces industry 

wide product innovation.  
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Boone (2000) emphasizes that the results he obtained hold only if firms differ on just 

efficiency. If firms differ on more dimensions than just efficiency, his results will no 

longer hold. In fact, Zanchettin (2004) generalizes Boone’s (2000) results showing how 

the equilibrium profits under both price competition model and quantity competition 

model depends not only on the degree of cost asymmetry but also on the degree of 

product differentiation.    

 

Zanchettin (2004) is also related to Häckner (2000) in the following manner. Häckner 

(2000) shows that when there are more than two competitors in the market, price 

competition provides higher profits to the “high-quality firms
∗
” than quantity 

competition. On the other hand, Zanchettin (2004) shows that no matter what the number 

of the firms in the market is, profits are receptive to cost asymmetry and horizontal 

differentiation.     

 

Häckner (2000) concludes that it is uncertain whether price competition or quantity 

competition is more efficient since profits depend on whether the goods are substitutes or 

complements. Assuming that there are more than two firms in the market, prices may be 

higher under price competition than under quantity competition if the goods are 

complements and quality differences are large. On the other hand, high-quality firms may 

earn higher profits under price competition than under quantity competition if goods are 

substitutes.  

                                                 
∗
 Häckner (2000) defines kz  as the ratio between the average quality offered by the rival 

firms and the quality offered by firm k. If kz <1 firm k produces a better product than the 

average rival and vice versa.  
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2.6. Free entry into market from a social welfare point of view and entry biases: 

The papers by Cabral (2004), Guesnerie & Hart (1985), Mankiw & Whinston (1986), 

Okuno-Fujiwara & Suzumura (1993), Ghosh & Morita (2007), Corchon (2006) and 

Anderson & Renault (2003) deal with free entry from a social welfare point of view. The 

recent paper by Cabral (2004) focuses on the welfare properties of free entry under 

simultaneous entry. There is a common belief that free entry into the market is desirable 

for social welfare. Cabral (2004) refers to the papers by some authors including 

Suzumura and Kiyone (1987) that free entry may no longer be good once we remove the 

assumption of competitive pricing behavior.  

 

Cabral (2004) considers a homogenous product industry and answers the question 

whether free entry leads to the socially optimal number of firms in the market. He 

discovers that entry costs affect entry biases. When entry costs are low, he examines 

market competition. Tough competition in the market implies insufficient entry whereas 

soft competition in the market implies excessive entry. On the other hand, when entry 

costs are high, entry bias depends on the entry game being played in the market.  

 

In addition to the model of  sequential entry, Cabral (2004) considers two different 

models of simultaneous entry, which are the “grab-the-dollar” entry and the “war-of-

attrition” entry. He defines these simultaneous entry models as follows:  “The grab-the-

dollar entry model assumes that entry is an instantaneous process and that entry decisions 

are simultaneously made in each period. The war-of-attrition entry model assumes that 
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entry takes time, i.e., in order to enter firms must spend a certain amount of resources 

over a period of time.” (Cabral, 2004, p. 944). Then he points out that when entry costs 

are high, “grab-the-dollar” entry implies insufficient entry however “war-of-attrition” 

entry implies excessive entry.  

 

Cabral (2004) refers to Suzumura and Kiyono (1987) for the discussion of the connection 

between welfare and the number of firms in the market and then presents two excess 

entry theorems. Suzumura & Kiyono (1987) prove the excess entry theorems for identical 

firms in a quasi-Cournot market with free entry. Therefore, their answer to the popular 

question “Is free entry into the market desirable all the time?” is “NO” due to their 

excessive entry theorems.  

 

Guesnerie and Hart (1985) also examine free entry from a social welfare point of view. 

Guesnerie and Hart (1985) consider a model, which is different from the models that 

have been used in the literature before. According to their model, trading occurs in many 

separate markets instead of only one market. The reason why they work on this model is 

that the model makes firms consider profit maximization as an objective even if there is 

imperfect competition. Moreover, in this model, the behaviors of firms do not affect 

incomes of their customers.  

 

Guesnerie and Hart (1985) measure the rate of convergence of Cournot equilibria to 

Walrasian equilibria in terms of welfare loss. “Hence, the paper relates to another 

tradition of the literature focusing on the measure of welfare loss due to imperfect 
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competition.” (Guesnerie and Hart, 1985, p. 525). They make their analysis general 

enough so that it covers both the case of free entry and the case of barriers to entry.   

 

Mankiw and Whinston (1986) present a very well organized paper about free entry and 

social inefficiency and derive the conditions for entry biases in a Cournot market with 

free entry. Mankiw and Whinston (1986) do not only concentrate on the existence of 

Cournot equilibrium under free entry but also provide the conditions under which the free 

entry number of firms represent excessive, insufficient or optimal entry. They help us to 

understand the fundamental forces related to entry biases.   

 

Mankiw and Whinston (1986) point out that free entry into the market is not desirable all 

the time by proving the existence of excessive entry under both imperfect competition 

and what the authors call the “business stealing effect”. The definition of “business 

stealing effect” is that the equilibrium output per firm decreases when a new firm enters 

to the market.  

 

Mankiw and Whinston consider a simple homogenous product market with free entry and 

make the following three main assumptions in their paper. First, the equilibrium 

aggregate output rises as the number of firms in the market increases. Second, “business 

stealing effect” exists. Third, equilibrium price is not below marginal cost.  

 

Okuno-Fujiwara & Suzumura (1993) is an extension of Mankiw & Whinston (1986) and 

Suzumura & Kiyono (1987) in the sense that it extends excessive entry result by 
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considering excessive investments. Okuno-Fujiwara & Suzumura (1993) argue that cost 

reducing R&D investments create incentives towards socially excessive investments. The 

model is a three stage game. In the first stage firms make the decision of whether to enter 

to the market. In the second stage firms make commitment to cost reducing R&D 

investments. In the last stage firms compete in output quantities. Firms produce a 

homogeneous product in a free entry market.    

 

Okuno-Fujiwara & Suzumura (1993) add a new aspect to the literature about excessive 

entry by including cost reducing R&D investments. The authors show that strategic R&D 

investments are socially excessive if the number of firms exceeds a certain critical 

number. It is shown that there exists a critical number of firms, say ∗
n , as a function of 

the elasticity of the inverse demand function such that the sub game perfect equilibrium 

level of investment exceeds the second best level when there are more than ∗
n  firms in 

the market.  

 

Okuno-Fujiwara & Suzumura (1993) attempt to answer the question whether there is a 

welfare improving policy that government can enforce. Their answer is that the welfare 

improving policy is to restrict the number of firms to either zero or one and require the 

marginal cost pricing on the operating firm. Since enforcing the marginal cost pricing is 

almost impossible for an actual government, the authors examine the behavior of second 

best welfare function with respect to a small change in the number of firms. It is proven 

that a small reduction in the number of firms at the free entry equilibrium improves the 

second best social welfare. To prove this result, the authors impose explicit assumptions. 
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The first assumption is on inverse demand function. All linear inverse demand functions 

and all constantly elastic inverse demand functions naturally satisfy their assumption on 

demand. The second assumption is on cost function that needs to be twice continuously 

differentiable with a negative first derivative and positive second derivative. The third 

assumption requires that the second stage strategies are strategic substitutes. Moreover, 

there are other implicit assumptions that are crucial for the excessive entry result such as 

quantity competition rather than price competition, no uncertainty in R&D, symmetric 

equilibria, and no product differentiation.   

 

Ghosh & Morita (2007) explore social desirability of free entry by including bargaining 

to the model. Bargaining takes place between manufacturer and suppliers. Each 

downstream firm acquires inputs from a supplier with bargaining or each upstream 

manufacturer sells its product to a distributor in the course of negotiations. The market is 

a homogeneous final product market with free entry. The authors show that the 

bargaining power of the suppliers of intermediate products affects the social desirability 

of free entry. In fact it is shown that free entry in a homogeneous product market leads to 

a socially insufficient number of firms when the suppliers have sufficiently strong 

bargaining power. This is in contrast to previous studies in the literature about 

homogeneous product markets with free entry that the level of entry is always socially 

excessive. The cause for the contradictory result in Ghosh & Morita (2007) is the 

bargaining that takes place between manufacturer and suppliers. Regulations in anti-

competitive markets are generally rationalized by excessive entry result in the literature. 
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Ghosh & Morita (2007) point to a different approach by including bargaining in to the 

model which leads to interesting results especially regarding to entry levels.  

 

Ghosh & Morita (2007) examine a two stage game in a model that contains a large 

number of potential entrants to the downstream sector each of whom must decide 

whether to enter by incurring a set up cost. After the entry, each downstream entrant is 

matched with an upstream supplier. In stage two, Nash bargaining takes place between 

the entrant and the supplier over the input price and the quantity at the same time. Entrant 

produces a homogeneous final product by acquiring an intermediate product from the 

supplier. (An alternative set up can be made in which potential upstream entrants make 

entry decisions and then each entrant is matched with a downstream firm). The main 

finding is that the number of downstream firms is socially insufficient in the free entry 

equilibrium when upstream suppliers have strong bargaining power. 

 

Ghosh & Morita (2007) consider a social planner to determine socially optimal number 

of firms which is the same approach that we utilized in our study. Social planner can 

control the number of firms that enter the upstream sector but cannot control their 

production decisions one they have entered. The objective of the social planner is to 

select the number of upstream firms that maximizes total surplus, which is defined as 

gross benefit to the consumers less the sum of production costs and entry costs.        

 

Ghosh & Morita (2007) also consider an alternative model in which entry is free in both 

upstream and downstream sectors. In the first stage, there are a large number of potential 
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entrants in the downstream and upstream sectors. Firms make the decision of whether to 

enter. In the second stage, each upstream firm seeks a downstream firm to provide inputs 

and each downstream firm seeks an input provider upstream firm. Matches occur 

randomly and firms that that have failed in finding a match exit the market. In the third 

stage, each pair bargains over input prices and quantities. Ghosh & Morita (2007) find 

that there is a unique pair ( )ff NM ,  such that fM  downstream firms and fN  upstream 

firms enter in the free entry equilibrium where 1≥fM  and 1≥fN .       

 

Ghosh & Morita (2007), as in Mankiw & Whinston (1986), assume that business stealing 

effect is present in the downstream sector. Output per firm falls as the number of firms in 

the industry increases under business stealing effect. In fact, if upstream firms have no 

bargaining power in Ghosh & Morita (2007)’s model, insufficient entry never occurs in 

the presence of the business-stealing effect, and hence the free entry number of 

downstream firms is socially excessive. This is the same as the excess-entry result which 

has previously been demonstrated in the literature. 

 

Ghosh & Morita published another paper about level of entry in free entry equilibrium. 

They offer a new perspective on the question of “Is free entry desirable for social 

efficiency?” by analyzing vertical relationships between industries. In the paper Ghosh & 

Morita (Summer 2007), they examine the number of firms in a vertical oligopoly model. 

The model is similar to the model in Ghosh & Morita (2007) except that there is no 

bargaining in this model. There are two sectors: upstream and downstream sector. The 

number of firms in downstream sector is fixed. However, free entry takes place in 
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upstream sector. The game is a three stage game. In the first stage, firms make their 

decisions whether to enter to the upstream sector. Second stage involves Cournot 

competition in the upstream sector. Upstream firms determine the quantities of 

intermediate product taking rival upstream firms’ output as given. Third stage also 

involves Cournot competition in downstream sector. Downstream firms determine the 

quantities of the final product taking the input price as given. The input price is 

determined in the marker clearing level, which makes the demand of downstream firms 

equal to the total amount of intermediate product supplied by the upstream firms.  

 

Ghosh & Morita (Summer 2007) consider a social planner whose objective is to select the 

number of upstream firms that maximizes total surplus. The authors show that free entry 

in an industry that produces a homogeneous product leads to insufficient number of 

firms, rather than excessive, when we incorporate vertical relationships between 

industries. Ghosh & Morita contribute to the literature by proving that free entry does not 

lead to excessive entry when vertical relationship between industries is taken into account 

or when bargaining takes place between industries.      

 

Let us consider Corchon (2006), which focuses on welfare losses (WL). Especially the 

percentage of welfare losses (PWL) is calculated to determine what kind of conditions in 

the market creates higher WL. For instance, with identical firms and no fixed costs, 

authorities should not be concerned about mergers that do not bring the number of 

competing firms below four. On the other hand merging from duopoly to monopoly 
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almost doubles PWL. Corchon (2006) assumes that firms are identical with no fixed costs 

to capture the full size of WL under the methodology in the first part of the paper. 

 

Cournot (1837, chapter 8) shows that oligopolistic behavior can be approximated by 

perfect competition when the number of firms approaches infinity. He measures WL as 

the difference between social welfare in the optimal and equilibrium allocation. WL tends 

to zero when the number of firms approaches infinity. Corchon (2006) asks the question 

what happens when the number of firms is finite. His answer is that either perfect 

competition is a good approximation (i.e. WL is quite small) to oligopoly or WL is 

significant. The paper states the dilemma as either we find environments in which 

oligopoly produces WL much greater than those found in a linear model or we abandon 

oligopoly model as a whole. As a result, this paper seeks markets where oligopoly 

produces large WL. 

 

First, a non-linear inverse demand function, αbxAp −= , is considered. It is shown that 

for some values of α , PWL is arbitrarily small. Corchon (2006) states that in real world 

markets, α  cannot be observed however it can be estimated. The author uses numerical 

methods to show that maximum PWL is not exceptionally different from the one 

obtained in the linear case, i.e. 1=α . As a result Corchon (2006) is unable to obtain 

significant WL by using a general class of inverse demand functions. And then the author 

turns his attention to free entry with a fixed cost. 
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Corchon (2006) states that one active firm is socially optimal since it yields more social 

welfare then no firms and economies of scale imply that one firm is optimal when fixed 

cost is small enough. Thus 
0

*0

W

WW
PWL

−
=  where 0

W  represents social welfare in the 

optimal allocation with one active firm and *
W represents welfare in Cournot equilibrium 

with free entry. As a result the author derives two formulas one of which represents 

maximal PWL and the other one of which represents minimal PWL depending on upper 

and lower bounds of fixed cost determined by free entry. Corchon (2006) is able to obtain 

substantially big PWL when there exists a large number of active firms in the market. In 

linear case, i.e. 1=α , both maximal PWL and minimal PWL tend to zero as number of 

firms approaches infinity. When α  approaches infinity PWL can be made arbitrarily 

close to 1, i.e. 100% welfare loss. This means that any given price-marginal cost margin, 

or elasticity of demand, is well-matched with any PWL. 

 

Corchon (2006) considers non-identical firms in the last section. Firms differ by their 

marginal costs. PWL in this case depends not only on α  but also on the market share of 

the largest firm and on the Hirschman-Herfindahl index, which is defined as the sum of 

market share squares. Corchon (2006) determines the market structure which maximizes 

PWL. For instance he shows that when 0<α  the market structure that maximizes PWL 

is monopoly. He also proves that PWL is minimized when firms are identical. As a result 

Corchon (2006) shows that WL due to asymmetric firms can be quite large. 
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Corchon (2006) lists important causes of WL as product differentiation, investment, 

research and development (R&D), and location. However, he left these causes for future 

research since an analysis of such factors requires fairly complicated models. 

 

Corchon’s (2006) conclusion emphasizes the importance of economies of scale and 

asymmetric firms to calculate WL in real markets. He also determines that oligopoly 

model cannot be abandoned since he shows that Cournot equilibria yield quite large WL 

due to asymmetric firms. A fine aspect of this paper is that Corchon provides exact 

formula for PWL as a function of α  and the market structure. 

 

Anderson & Renault (2003) calculates PWL under the assumptions of  Corchon (2006) 

assuming inverse demand function of the form αbxAp −=  , where x and p represent 

aggregate output and market price respectively. However Anderson & Renault (2003) do 

not compare PWL between linear and non-liner models as Corchon (2006) does. 

Anderson & Renault (2003) consider the degree of curvature of market demand to 

evaluate the ratios of deadweight loss and consumer surplus to producer surplus under 

Cournot competition. They conclude that “the more concave is demand, the larger the 

share of producer surplus in overall surplus, the smaller is consumer surplus relative to 

producer surplus, and the lower the ratio of deadweight loss to producer surplus.”  

 

Anderson & Renault (2003) makes an important remark about socially optimal entry 

decisions. Of course, a firm’s entry decision to a market depends on its profit, but 

according to Anderson & Renault (2003) the socially optimal entry decision depends on 
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total surplus generated. When demand is very concave, entry is close to optimal. Firms 

capture almost the entire total surplus. A new entrant will not reduce price much and so 

its social value will be small. Even so, it may still earn considerable profit by the business 

stealing effect. However, when demand is convex, much of the surplus generated cannot 

be captured and entry decisions may be far from optimal. 

 

Dixit (1979) presents a theoretical approach to entry barriers for new firms which are 

comparable in size to existing ones in the market. Existing firms choose their best 

strategy keeping in mind the reactions of possible entrants. Dixit (1979) does not consider 

free entry; instead he focuses on a duopoly with one established firm in the market and 

one prospective entrant. He examines the effects of product differentiation on entry. He 

concludes that a greater absolute advantage in demand or in cost for incumbents makes 

entry harder however lower cross-price effects with potential entrants’ products make 

entry easier.  
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CHAPTER 3 

HOMOGENEOUS GOOD MARKET WITH LINEAR DEMAND 

3.1. Statement of the problem 

It is established in this chapter that there are two kinds of entry biases. First, free entry 

may lead to excess entry relative to the socially optimal level. Second, free entry may 

lead to the wrong type of firms in the market compared to the socially optimal type of 

firms.  

 

When non-identical firms introduced, the model becomes more sophisticated. In this 

study, it is assumed that there are two different types of cost functions. Therefore, the 

firms in the market have one of the two different types of cost functions. The free entry 

Cournot equilibrium number of firms is compared to the social optimum number of firms 

in order to investigate entry biases. It seems straight forward to generalize to more than 

two types of firms. However, a model with two types of firms suffices to make the point 

intended here.  

 

The remainder of this chapter paper is organized as follows. Section 3.2 introduces the 

model with two types of firms and Section 3.3 establishes the Cournot equilibrium for 

this model. Sections 3.4 and 3.5 study respectively the social optimum solution and the 

free entry equilibrium for the model. Section 3.6 compares the solutions in Sections 3.4 

and 3.5 and draws the key conclusions of the paper. Section 3.7 concludes chapter 3.  
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3.2. The Methods of Our Research 

There are two types of firms producing a homogeneous product. The cost function of 

type 1 and type 2 firms are given by 1 1 1 1 1( ) q kC q c= +  and 2 2 2 2 2( ) q kC q c= + , respectively. 

Here, 
i

c  and 
i

k  are respectively the marginal cost and the fixed cost of type i firms. The 

inverse market demand function is bQaQP −=)( , where Q  is the aggregate output. For 

convenience, we shall assume that .21 acc <<  That is, type 1 firms have a lower 

marginal cost than type 2 firms. The total number of firms in the market is 21 NN + , 

where 1N  and 2N  are the number of type 1 and type 2 firms, respectively.  

 

3.3. Calculation of equilibrium outputs 

In the Cournot equilibrium each firm’s output is a best response to all other firms’ choices 

of outputs. The best response of a type 1 firm is the solution of the problem:  

1 1 1 1 1 1 1[ ( )]qMax a b q Q q c q k−− + − − , 

where 1Q−  denotes the total output of all other type 1 firms and all type 2 firms. Solving 

this problem yields a type 1 firm’s output best response function: 

1 1
1

2

a c bQ
q

b

−− −
= . (3.1) 

Similarly, a type 2 firm’s best response function is  

2 2
2

2

a c bQ
q

b

−− −
= , (3.2) 

where 2Q−  denotes the total output of all other type 2 firms and all type 1 firms.  
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The system of equations as represented by (3.1) and (3.2) consists of 21 NN +  equations. 

Applying symmetry to all type 1 firms and to all type 2 firms, we can solve for the 

Cournot (or Cournot-Nash) equilibrium output levels. Assuming that all firms produce a 

non-negative output level in equilibrium, the equilibrium output level for each type of 

firms is given by: 

* 2 2 2 1
1

1 2

( 1)

( 1)

a N c N c
q

N N b

+ − +
=

+ +
, (3.3) 

* 1 1 1 2
2

1 2

( 1)

( 1)

a N c N c
q

N N b

+ − +
=

+ +
. (3.4) 

The total equilibrium output is 

* * * 1 2 1 1 2 2
1 1 2 2

1 2

( )

( 1)

N N a N c N c
Q N q N q

N N b

+ − −
= + =

+ +
. (3.5) 

It is straightforward to calculate the equilibrium profit for each type of firms. They are 

( )
2

* *

1 1 1b q kπ = − , (3.6) 

( )
2

* *

2 2 2b q kπ = − . (3.7) 

  

It is worthwhile to point out that all these equilibrium values are functions of 1N  and 2N . 

It follows from (3.3)-(3.7) that in equilibrium each firm’s profit is a decreasing function 

of its marginal cost, its fixed cost, and the number of firms of its type in the market. 
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3.4. The Social Optimum 

In this section we seek to find the social optimal solution. Suppose there is a social 

planner who can control the number of firms that enter to the market but cannot control 

the behaviors of firms in the market. The social optimum is determined in two stages. In 

the first stage, the social planner selects the number of firms of each type. In the second 

stage, firms in the market compete in output via Cournot.
1
 The solution is found by 

solving the two-stage problem backwards with the second stage solution the same as 

given in the previous section for any fixed configuration of firms.  

 

The social planner’s objective is to maximize the total welfare given by the sum of 

consumers’ surplus and profits of all firms. Equivalently, the total welfare is the total 

consumer benefits subtracted by total production costs. Formally, the total welfare is a 

function of ( 1 2,N N ) and is given by 

( )
*

* *

1 2 1 1 1 1 2 2 2 2
0

, ( ) ( ) ( )
Q

W N N P s ds N c q k N c q k≡ − + − +∫ , (3.8) 

 

where *

1q , *

2q  and *
Q  are the second stage Cournot equilibrium output solutions given by 

(3.3)-(3.5), respectively. In the right-hand side of (3.8), the first term is the sum of 

consumer payoffs from consumption, the second term is the total production costs 

incurred by all type 1 firms, and the last term is the total production costs incurred by all 

type 2 firms.  

 

                                                 
1
 This implies that the social optimum here is a second best solution. The first best solution would be when 

the social planner also chose output levels for all firms. 
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Our first result is about the solution to the social planner’s welfare maximization 

problem.
2
 Let 1

o
N  denote the socially optimal number of firms when there is only type 1 

firms in the market, and let 2

o
N  denote the socially optimal number of firms when there is 

only type 2 firms in the market.  

 

Proposition 3.1.  The maximization problem of the total welfare function ( )21 , NNW  has 

a corner solution, which is either 1( ,0)o
N  or 2(0, )o

N .  

Proof:  From (3.3)-(3.5), we have 

* * *

1 2 1

1 1 1 2 1

q q q

N N N N

∂ ∂
= = −

∂ ∂ + +
, 

* * *

1 2 2

2 2 1 2 1

q q q

N N N N

∂ ∂
= = −

∂ ∂ + +
, 

**

1

1 1 2 1

qQ

N N N

∂
=

∂ + +
,   and 

**

2

2 1 2 1

qQ

N N N

∂
=

∂ + +
. 

Substituting the demand equation into (3.8) and integrating gives 

( ) * * 2 * *

1 2 1 1 1 1 2 2 2 2, ( ) ( ) ( )
2

b
W N N aQ Q N c q k N c q k= − − + − +  

The partial derivative of W with respect to 1N  is  

1

W

N

∂

∂
 = 

* **
* * 1 2

1 1 1 1 1 2 2

1 1 1

( ) ( )
q qQ

a bQ c q k N c N c
N N N

∂ ∂∂
− − + − −

∂ ∂ ∂
 

         = 
* * *

* *1 1 1
1 1 1 1 1 2 2

1 2 1 2 1 2

( ) ( )
1 1 1

q q q
a bQ c q k N c N c

N N N N N N
− − + + +

+ + + + + +
. 

                                                 
2
 Given our assumptions about demand and cost functions, it is fairly easy to establish that the social 

planner’s problem has a solution. 
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Rewriting gives 

*
* *1

1 2 1 1 1 2 2

1 1 2

( 1)
1

qW
P N N AC N c N c

N N N

∂
 = − + + + + ∂ + +

, (3.9) 

where * *
P a bQ= −  denotes the market price in the second stage Cournot equilibrium and 

*

1AC  = * *

1 1 1 1( ) /c q k q+  = ( )* *

1 1 1/C q q  is the average cost for type 1 firms. Similarly, the 

partial derivative of W with respect to 2N  is  

*
* *2

1 2 2 1 1 2 2

2 1 2

( 1)
1

qW
P N N AC N c N c

N N N

∂
 = − + + + + ∂ + +

, (3.10) 

where *

2AC  = * *

2 2 2 2( ) /c q k q+  = ( )* *

2 2 2/C q q  is the average cost for type 2 firms. 

 

Assuming an interior solution for the social optimal market configuration, it must satisfy 

the first-order conditions:  

1

0
W

N

∂
=

∂
   and   

2

0
W

N

∂
=

∂
. 

By utilizing the above expressions for the partial derivatives of W, these conditions 

become 

( ) ( )* * * *

1 1 1 1 2 2 1AC c N AC c N P AC− + − = − ,   and 

( ) ( )* * * *

2 1 1 2 2 2 2AC c N AC c N P AC− + − = − . 

Applying the Cramer’s rule to this system of equations leads to 

*

2
1

2 1

P c
N

c c

−
=

−
  and 

*

1
2

2 1

c P
N

c c

−
=

−
. 

It follows that 1 2 1N N+ = −  which is impossible in a valid solution for 1N  and 2N . Hence, 

the social planner’s problem must have a corner solution. It is ( 1

o
N , 0) when the corner 
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solution involves only type 1 firms and is (0, 2

o
N ) when the corner contains only type 2 

firms. 

 

Based on Proposition 3.1. the social optimal market configuration can be found by a 

direct comparison of the total welfare at the two corner points, ( 1

o
N , 0) and (0, 2

o
N ). We 

next proceed to find 1( ,0)o
W N  and 2(0, )o

W N . 

Substituting 2N  = 0 into (3.9) and simplifying gives  

( )
( ) ( )

2 3

1 1 13

1 1

1
1

1

W
a c N k b

N N b

∂  = − − +
 ∂ +

. 

Solving the equation 1/ 0W N∂ ∂ =  yields the optimal number of type 1 firms when there 

exist only type 1 firms in the market, is given by 

( )
2

1
3

1

1

1o
a c

N
k b

−
= − . (3.11) 

Similarly, the socially optimal number of type 2 firms when there exist only type 2 firms 

in the market is given by
3
 

( )
2

2
3

2

2

1o
a c

N
k b

−
= − . (3.12) 

Direct calculations lead to  

( ) ( ) ( )
2 2 / 3 2 / 3

1 1 1 1 1

1 3
,0 ( )

2 2

o
W N a c a c k b k

b b
= − − − + ,  and (3.13) 

( ) ( ) ( )
2 2 / 3 2 / 3

2 2 2 2 2

1 3
0, ( )

2 2

o
W N a c a c k b k

b b
= − − − + . (3.14) 

                                                 
3
 The solution for the socially optimal number of firms as given by (3.11) or (3.12) matches the finding in 

Mankiw and Whinston (1986) for the case of identical firms in the market. 
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Comparing 1( ,0)o
W N  and 2(0, )o

W N  gives the socially optimal market composition. The 

result is summarized in the following proposition. 

 

Proposition 3.2.  The socially optimal solution consists of 1

o
N  type 1 firms if and only if  

1( ,0)o
W N  > 2(0, )o

W N , 

and it consists of 2

o
N  type 2 firms if and only if  

1( ,0)o
W N  < 2(0, )o

W N . 

 

3.5. The Free Entry Equilibrium 

The free entry solution is also determined in two stages. In the first stage, firms of either 

type decide whether to enter the market. In the second stage, firms that entered in the first 

stage compete in output via Cournot. Similar to the socially optimal solution, the free 

entry solution is found by backward induction where the second stage solution is the 

same as the one found for any given market configuration determined in the first stage.  

 

Let 1

e
N  denote the free entry number of firms when there exist only type 1 firms in the 

market, and let 2

e
N  denote the free entry number of firms when there exist only type 2 

firms in the market.  

 

Proposition 3.3.  The free entry equilibrium solution, if it exists, is either 1( ,0)e
N  or 

2(0, )e
N .  
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Proof:  To find the free entry equilibrium number of firms we proceed as follows. 

Ignoring the integer problem, the free entry equilibrium market configuration 1 2( , )N N  

satisfies the following equations: 

 *

1 0π =    and   *

2 0π = , 

where *

1π  and *

2π  are given by (3.6) and (3.7), respectively. The equation *

1 0π =  implies 

that * 1
1

k
q

b
= . Applying (3.3) and simplifying gives 

2 2 2 1 2 1

1

1

( 1) ( 1)
.

a N c N c N k b
N

k b

+ − + − +
=  

Similarly, the equation *

2 0π =  implies 

1 1 1 2 1 2

2

2

( 1) ( 1)
.

a N c N c N k b
N

k b

+ − + − +
=  

Solving the above system of equations in 1 2( , )N N  gives 

2
1

2 1

a c
N

c c

−
=

−
 and 1

2

2 1

c a
N

c c

−
=

−
.  

It follows that 1 2 1N N+ = −  which is impossible in a valid solution. Hence, the free entry 

equilibrium, if it exists, must be a corner solution. It is either 1( ,0)e
N  in which case only 

type 1 firms exist in equilibrium or 2(0, )e
N  in which case only type 2 firms exist in 

equilibrium. 

 

Proposition 3.3. establishes that the free entry equilibrium must be a corner solution. 

However, this proposition is silent on whether free entry equilibrium exists. In the 

following we provide sufficient conditions under which the free entry equilibrium 

involves type 1 (or type 2) firms only. These conditions, therefore, also ensure that free 
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entry equilibrium exists when they are satisfied. Before proceeding, we first find the free 

entry equilibrium number of firms when it consists of either type 1 or type 2 firms. 

Substituting 2 0N =  into the equation *

1 0π =  and solving gives 

1
1

1

1e a c
N

k b

−
= − . (3.15) 

1

e
N  in (3.15) is the number of firms when only type 1 firms survive in a free entry 

equilibrium. Let 1D  denote the corresponding average cost for each type 1 firm. Direct 

calculation gives 

1 1 1D c k b= + . (3.16) 

  

Assumption 1: 1D a< . 

 

Assumption 1 says that if only type 1 firms exist in the free-entry equilibrium then each 

firm’s average cost is less than the highest price consumers are willing to pay. It implies 

immediately that 1

e
N  > 0. 

 

Similarly, substituting 1 0N =  into the equation *

2 0π =  and solving gives 

2
2

2

1e a c
N

k b

−
= − . (3.17) 

2

e
N  in (3.17) is the number of firms when only type 2 firms survive in a free entry 

equilibrium. Let 2D  denote the corresponding average cost for each type 1 firm. Direct 

calculation gives 

2 2 2D c k b= + . (3.18) 
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Assumption 2: 2D a< . 

 

Assumption 2 implies immediately that 2

e
N  > 0. 

 

The next proposition shows that the relationship between 1D  and 2D  determines 

completely which type of firms is present in the free entry equilibrium.  

 

Proposition 3.4.  If 1 2<D D  then there is a unique free entry equilibrium given by 1( ,0)e
N ; 

if 1 2>D D  then there is a unique free entry equilibrium given by 2(0, )e
N . 

 

Proof: In a free entry equilibrium, we have *

1 0π =  and *

2 0π = , where *

1π  and *

2π  are given 

by (3.6) and (3.7) respectively. Using (3.3) and (3.4), the equation *

1 0π =  is equivalent to

 1 1 1

2 1

2 1 1 2 1 1

k b c k b a
N N

c c k b c c k b

+ −
= +

− − − −
. 

Using the definition of 1D  in (3.16), this equation can be rewritten as 

1 1 1
2 1

1 2 1 2

c D D a
N N

D c D c

− −
= +

− −
. (3.19) 

Equation (3.19) indicates a linear relationship between 1N  and 2N , as depicted in Figure 

1. Since 1 1c D a< < , this curve is negatively sloped if 1 2D c>  and is positively sloped if 

1 2D c< . In both cases, the intercept on the 1N  axis is positive and is given by 

1 1 1(a D ) /(D c )− − . On the left side of this curve, *

1 0π >  and on the right side of this curve, 

*

1 0π < .    
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1N

2N

1

1 1

a D

D c

−

−

1

1 2

a D

D c

−

−

1 2if D c>
1 2if D c<

  

 

The equation *

2 0π =  is equivalent to  

 1 2 2 2 2

2 1

2 2

c c k b a c k b
N N

k b k b

− − − −
= + . 

Using the definition of 2D  in (3.18), this equation can be rewritten as 

1 2 2
2 1

2 2 2 2

c D a D
N N

D c D c

− −
= +

− −
. (3.20) 

Equation (3.19) implies a linear relationship between 1N  and 2N , as depicted in Figure 2. 

This curve is negatively sloped since 1 2 2c c D a< < < . Its intercept on the 1N  axis is given 

by 2 2 1(a D ) /(D c )− −  which is positive. On the left side of this curve, *

2 0π >  and on the 

right side of this curve, *

2 0π < . 
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1N

2N

2

2 1

a D

D c

−

−

2

2 2

a D

D c

−

−

  

Consider first the case: 1 2<D D . If 1 2D c> , the two zero-profit curves are shown together 

in Figure 3. In this case, the curve *

1 0π =  has greater intercepts on both axes than the 

curve *

2 0π = . Since the two curves do not intersect, the free entry equilibrium must be on 

one of the two axes. Hence, the free entry equilibrium corresponds to either the point 

where the curve *

1 0π =  intersects the 1N  axis, or to the point where the curve *

2 0π =  

intersects the 2N  axis. The latter cannot be equilibrium, since any point to the left curve 

*

1 0π =  means *

1 0π >  and type 1 firms would have an incentive to enter. At the point 

where the curve *

1 0π =  intersects the 1N  axis, all type 1 firms have zero profits and no 

type 2 firm has an incentive to enter. Therefore, the free entry equilibrium corresponds to 

the point where the curve *

1 0π =  intersects the 1N  axis. The equilibrium number of type 1 

firms is given by 1 1 1(a D ) /(D c )− − , which is equal to 1

e
N  in (3.15). If 1 2D c<  the analysis 
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is similar and the free entry equilibrium still corresponds to the point where the curve 

*

1 0π =  intersects the 1N  axis. 

1N

2N

2

2 1

a D

D c

−

−

2

2 2

a D

D c

−

−

1

1 1

a D

D c

−

−

1

1 2

a D

D c

−

−

*

2 0π =

*

1
0π =

 

 

Next, consider the case: 1 2>D D . The two zero-profit curves are shown together in Figure 

4. In this case, the curve *

2 0π =  has greater intercepts on both axes than the curve *

1 0π = . 

By a similar reason as that given above, the free entry equilibrium corresponds to the 

point where the curve *

2 0π =  intersects the 2N  axis. The equilibrium number of type 2 

firms is given by 2 2 2(a D ) /(D c )− − , which is equal to 2

e
N  in (3.17).  
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1N

2N

2

2 1

a D

D c

−

−

2

2 2

a D

D c

−

−

1

1 1

a D

D c

−

−

1

1 2

a D

D c

−

−

*

2
0π =

*

1
0π =

  

 

3.6. Entry Biases 

In this section we compare the free entry equilibrium market configuration to the socially 

optimal market configuration. This comparison enables us to conclude that there are two 

kinds of free entry biases. First, free entry may lead to too many firms relative to the 

social optimum. Second, free entry may lead to the wrong type of firms in the market as 

required by the social optimum.  

 

Consider first the case when only type 1 firms are present in both the free entry 

equilibrium and the social optimum. By (3.11) and (3.15), the socially optimal number 

and the free entry number of type 1 firms are 
2

1
3

1

1

( )
1o a c

N
k b

−
= −  and 1

1

1

1e a c
N

k b

−
= − , 
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respectively. It follows that 3 2

1 1( 1) ( 1)o e
N N+ = + . Hence, 1 1

o e
N N< .  

 

Next, consider the case when only type 2 firms are present in both the free entry 

equilibrium and the social optimum. By (3.12) and (3.17), the socially optimal number 

and the free entry number of type 2 firms are 
2

2
3

2

2

( )
1o a c

N
k b

−
= −  and 2

2

2

1e a c
N

k b

−
= − , 

respectively. It follows that 3 2

2 2( 1) ( 1)o e
N N+ = + . Hence, 2 2

o e
N N< . In both cases, we reach 

the conclusion that free entry leads to excessive entry relative to the social optimum, 

assuming that the same type of firms are in the market in both solutions. 

 

Finally, we discuss the possibility that free entry and social optimum may involve 

different types of firms. By Propositions 3.2. and 3.4., the social optimum involves only 

type 1 firms while the free entry equilibrium involves only type 2 firms if the following 

conditions hold: 

( ) ( ) ( ) ( )
2 2 / 3 2 2 / 32 / 3 2 / 3

1 1 1 1 2 2 2 2

1 3 1 3
( ) ( )

2 2 2 2
a c a c k b k a c a c k b k

b b b b
− − − + > − − − + , 

2 1<D D . 

The social optimum involves only type 2 firms while the free entry equilibrium involves 

only type 1 firms if the following conditions hold: 

( ) ( ) ( ) ( )
2 2 / 3 2 2 / 32 / 3 2 / 3

1 1 1 1 2 2 2 2

1 3 1 3
( ) ( )

2 2 2 2
− − − + < − − − +a c a c k b k a c a c k b k

b b b b
, 

2 1>D D . 
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As a numerical example, consider a = 1, b = 1, 1 0=c , and 2 0=k . Assumption 1 is 

satisfied if 1 1<k . Assumption 2 is satisfied if 2 1<c . In Figure 5, the top curve in the 

square box corresponds to the equation: 1 2D D= , which is reduced to 2 1c k= . Points 

above this curve are where the free entry equilibrium has all type 1 firms and points 

below this curve are where the free entry equilibrium has all type 2 firms. The bottom 

curve in the square box corresponds to the equation: 1( ,0)o
W N  = 2(0, )o

W N , which is 

2 / 3

2 1 1c 1 1 3(k ) 2k= − − + . Points above this curve are where the social optimum has all 

type 1 firms and points below this curve are where the social optimum has all type 2 

firms. Hence, in Figure 5, region A contains ( 1 2k ,c ) combinations such both the free 

entry equilibrium and the social optimum involve type 1 firms only; in region C both the 

free entry equilibrium and the social optimum involve type 2 firms only; in region B the 

free entry equilibrium involves all type 2 firms but the social optimum involves type 1 

firms only. 
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3.7. Conclusion 

In this chapter, we have attempted to examine entry biases and the existence of free entry 

equilibrium in a Cournot market with two different types of firms, which have different 

marginal costs and different fixed costs. We have obtained three main results in 

homogeneous good market with linear demand.  

 

First, we have proven that there is only one type of firms in the market for both the 

socially optimal solution and the free entry equilibrium. Second, we have shown that 

when there are the same type of firms in the market for both the social optimum and the 

free entry equilibrium, excessive entry exists. Moreover, we provide sufficient conditions 

for the existence of excessive entry regarding to each type of firms. Third, we present 
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sufficient conditions such that there exist only type two firms in the free entry 

equilibrium but there exist only type one firms in the socially optimal solution. This 

result arises from the fact that type two firms have lower fixed cost than type one firms 

has.   
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CHAPTER 4 

HOMOGENEOUS GOOD MARKET WITH NON-LINEAR DEMAND 

4.1. Statement of the Problem 

There are two different cost functions in a Cournot market with free entry. The firms in 

the market are divided into two types, each of which has one of the two cost functions. 

The objective is to investigate the number of free entry equilibrium firms and the number 

of social optimum firms when there are non-identical firms in a Cournot market with 

non-linear demand. The method is to compare the number of free entry equilibrium firms 

to the number of social optimum firms.  

 

4.2. The methods of our research 

The model is a two-stage game. In the first stage, there exist two types of firms and each 

firm must decide whether to enter to the Cournot market. The second stage is the 

production period. Each of the entrants has one of the two cost functions 

2222211111 kq)( and kq)( +=+= cqCcqC  such that )(⋅iC  is continuous and ,0)(C i ≥⋅
′

 

1,2.i 0,for  0)(C i =≥≥⋅
″

iq  Firms with the cost functions )( 11 qC  and )( 22 qC  are called 

type one firms and type two firms, respectively. 

  

The market is a homogeneous product market with non-linear inverse demand 

function αbQaQP −=)( , where Q  is the aggregate output and 0)( <′ QP  at all Q . 
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Moreover, we assume that .21 acc <<  The overall number of firms in the market is 

denoted by 21 NN + , where 1N  and 2N  are the number of type one and type two firms in 

the market, respectively. 
∗∗

21  and qq  are the equilibrium output per firm for the first type 

and second type firms in the market, respectively.  

 

4.3. Calculation of equilibrium outputs 

Profit functions are used to obtain the equilibrium outputs per firm as follows: 

)()( iii qCqQP −=π  

Differentiating ( ) 1111 kcqqbQa −−−= απ  with respect to 1q  gives 

b

ca
QqQ

cQqbbQa
q

11

1

1

1

1

1

1 0

−
=+⇒

=−−−=
∂

∂

−

−

αα

αα

α

α
π

 

Similarly, 

b

ca
QqQ 21

2

−
=+ −αα α  

As a result, 

( ) ( )
b

ca
qNqNqqNqN 11

221112211

−
=+++

−αα
α

. (4.1) 

 

( ) ( )
b

ca
qNqNqqNqN 21

221122211

−
=+++

−αα
α .  (4.2) 

 

Subtracting equation (4.2) from equation (4.1) gives 



 58 

( ) ( )
b

cc
qqqNqN 12

21

1

2211

−
=−+

−α
α .  (4.3) 

 

 

Rearranging (4.1) and (4.2) gives  

( ) ( )
b

ca
qqNqNqNqN 1

12211

1

2211

−
=+++

−
α

α
 

 

( ) ( )
b

ca
qqNqNqNqN 2

22211

1

2211

−
=+++

−
α

α
. 

 

Dividing these two equations produces 

2

1

22211

12211

ca
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qqNqN
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−

−
=

++
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α

α
. 

 

After cross multiplication and rearranging terms yields 

 

( )( ) ( )
( )( ) ( ) 2

1112

2221
1 q

NcaNca

NcaNca
q

−−+−

−−+−
=

α

α
. (4.4) 

 

Plugging (4.4) into equation (4.3) and then solving for 2q gives the equilibrium output for 

type two firms as 

( )( ) ( )
( ) ( ) ( )[ ] αααα αα

α
/)1(

2211

/1

21

/1

1112
2 −

∗

−+−++

−−+−
=

NcaNcaNNb

NcaNca
q .  

 

Equilibrium output for type one firms can be obtained by substituting 
∗

2q into equation 

(4.4) and it is  

( )( ) ( )

( ) ( ) ( )[ ] αααα αα

α
/)1(

2211
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21
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2221
1 −

∗
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NcaNcaNNb

NcaNca
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4.4. Social Optimum   
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The social optimum number of firms in the market, which is denoted by *
N , is the pair 

( )21 , NN  that solves the following maximization problem, which maximizes the total 

surplus in the market.  

( ) .)~()~()(,max
2211

~~

0

2222111121 ∫
+

+−+−≡
qNqN

kqcNkqcNdssPNNW  

 

Proposition 4.1. Social optimum market equilibrium involves only one type of firms. In 

other words, the maximization problem of the wealth function ( )21 , NNW  has a corner 

solution, which is either ( ) ( )*

2

*

1 N0,or    0,N .  

Proof: The maximization problem of the wealth function ( )21 , NNW  can be solved as 

follows: 
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In the above, ∗Q  is given by  
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Differentiating ∗Q  with respect to 1N  gives  
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( )( ) ( )
( ) ( ) ( ) ( )[ ]
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Let us define ( )α++= 21 NNB .  

 

Then, 
B

q

N

Q
∗∗

=
∂

∂ 1

1

. 

 

Similarly, it can be shown that 
B

q

N

Q i

i

∗∗

=
∂

∂
, i=1,2. 

 

Now, differentiating 
∗

1q with respect to 1N  gives 
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The following is obtained by simplifying the above expression 
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Let us define 1)1(1 −∗∗
−+= Qqii αγ . Then
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1
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. 

Similarly, it can be shown that 
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N
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i
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Differentiating welfare function with respect to jN gives  
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Finally, 

 









+−=

∂

∂
∑

=

∗

∗
2

1i

iiij

j
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cNBACP
B

q
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W
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(4.5) 

 

 

Here, jAC  denotes the average cost of type j firms in the Cournot Equilibrium. When the 

positive factor Bq j /
∗

 is ignored, all partial derivatives jNW ∂∂ /  differ only in the 

term jAC .  

 

The necessary condition for welfare maximization is that 0=
∂

∂

iN

W
  for i=1,2. This 

condition combined with equation (4.5) implies that the only way to have an interior 

solution is that average costs for type one and type two firms at the Cournot equilibrium 

should be the same. Since the latter is a probability zero event, the conclusion is that the 

optimal market structure entails only one type of firms. Please see Section 4.6 where 

average cost functions at Cournot equilibrium are examined and it is shown that 

∗∗
= 21 ACAC  has measure zero.         

 

4.5. The Condition that Social Optimum Number of Firms Satisfies 

Now, let us derive a condition that is satisfied by socially optimal number of firms. 

Substituting 02 =N  into the equation 0
1

=
∂

∂

N

W
 yields the optimal number of type 1 firms 

when there exist only type 1 firms in the market. 
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Since 0≠

∗

B

q j
, the other factor is set to be equal to zero. Simplifying and rearranging 

terms give the following: 
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k
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Therefore, the socially optimal number 
∗

1N  of type 1 firms when there exists only type 1 

firms in the market has to satisfy the following condition: 
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Proposition 4.2.The free entry equilibrium solution, if exists, involves only one type of 

firms. In other words, free entry equilibrium is a corner solution, which is either 

( ) ( )0

2

0

1 N0,or    0,N .  

Proof: The free entry market configuration satisfies the following equations: 

01 =
∗

π  and 02 =
∗

π  
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( ) ( ) 0111 =−=
∗∗∗∗

qCqQPπ  implies that ( ) ( ) ∗

∗

∗
∗ == 1

1

1 AC
q

qC
QP , where 

∗

1AC  represents 

average cost of type 1 firms in Cournot equilibrium.  

 

Similarly,  ( ) ( ) 0222 =−=
∗∗∗∗

qCqQPπ  implies that ( ) ( ) ∗

∗

∗
∗ == 2

2

2 AC
q

qC
QP , where 

∗

2AC  

represents average cost of type 2 firms in Cournot equilibrium.  Therefore, 021 ==
∗∗

ππ  

requires that 
∗∗

= 21 ACAC  , which is a probability zero event given that there are two 

different types of firms in the market. Please refer to Section 4.6 where average cost 

functions at Cournot equilibrium are examined and it is shown that 
∗∗

= 21 ACAC  has 

measure zero. 

 

4.6. Examining Average Cost Functions at Cournot Equilibrium 

To examine whether it is possible to have the same average cost at Cournot equilibrium 

for two different types of firms, set average cost functions equal as follows 
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One can easily observe that the equation 21 ACAC = is linear in terms of 1k  and 2k  since 

∗

1
q and 

∗
2q do not include the fixed costs 1k  or 2k in them. Thus, the equation 

21 ACAC = can be represented by a straight line in coordinate plane 1k , 2k . As a result the 

equation 21 ACAC =  has measure zero in two dimensional 1k , 2k  space for any 

parameters 1c , 2c . The conclusion is that average cost functions cannot be equal to each 

other at Cournot equilibrium when there are two different types of firms in the market. 

Note that 1k , 2k  & 1c , 2c  are parameters involved in cost functions to define the two 

different types of firms. Firms are different as long as these parameters do not coincide 

with each other. Since 21 ACAC =  is a measure zero event it is not possible to find 

21
cc ≠  and 

21
kk ≠  such that average cost functions are equal to each other at Cournot 

equilibrium for two different types of firms.   

 

4.7. The Condition that Free Entry Equilibrium Number of Firms Satisfies 

Zero profit condition is used to derive the condition that is satisfied by the free entry 

equilibrium number of firms.  
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It is shown that free entry equilibrium is a corner solution. Therefore, only one type of 

firms exist in free entry equilibrium. Without loss of generality, it can be assumed that 

free entry involves only type one firms. As a result, substituting 02 =N  into the zero 

profit condition above gives the condition that free entry equilibrium number of firms 

satisfies: 
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Simplifying gives  
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As a result, the condition that is satisfied by the free entry equilibrium number of firms is 

obtained as follows under the assumption that there is only type one firms in the market: 
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When this condition is compared to the following condition that social optimum number 

of firms satisfies,  
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it is obvious that 
*

1
0

1 NN > , which means that there is excessive entry when the same 

type of firms exist in the market both in free entry equilibrium and social optimum.  
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Proposition 4.3. The level of entry is excessive when there is the same type of firms in 

the market in both social optimum and free entry equilibrium.  

 

4.8. Conclusion 

In this chapter, a homogeneous product market with non-linear inverse demand 

function αbQaQP −=)(  is examined. There are two types of firms in the market. It is 

shown that both free entry equilibrium and social optimum are corner solutions that only 

one type firms exist. The main conclusion is that when there is the same type of firms in 

free entry equilibrium as well as in social optimum, the entry is excessive.    
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CHAPTER 5 

NON-HOMOGENEOUS GOOD MARKET WITH IDENTICAL 

FIRMS 

5.1. Statement of the Problem 

This chapter contains a non-homogenous goods market assuming that the firms in the 

market are identical. The main interest is a Cournot market with free entry when the firms 

in the market are producing a different good, i.e. there exist two differentiated goods, 1q  

and 2q , in the market. We would like to investigate the number of free entry equilibrium 

firms and social optimum firms under free entry when there is non-homogeneous goods 

in the market. Therefore, we hope to contribute to the literature in terms of examination 

of entry biases in a Cournot market with free entry and non-homogenous goods.  

 

5.2. The methods of our research 

The model is a two-stage game. In the first stage, each firm must decide whether to enter 

to the Cournot market. The second stage is the production period. Each of the entrants 

has identical cost function kq += cqC )(  such that )(⋅C  is continuous and ,0)( ≥⋅′C  

1,2.i 0,for  0)(C =≥≥⋅″
iq   
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The market is a non-homogeneous product market such that representative consumer’s 

utility is a symmetric quadratic function of the two products 1q  and 2q : 

( ) ( )21
2

2
2

121 2
2

1
qqqqqqU γα ++−+=  where the parameter γ  measures the degree of 

product differentiation such that 10 ≤≤ γ . In addition, 0=γ  and 1=γ  correspond to 

independent goods (the maximum degree of differentiation) and homogeneous goods (the 

minimum degree of differentiation), respectively. Note that 10 <≤ γ  in this chapter 

since the market is a non-homogeneous goods market.  

 

The following linear system of inverse demand functions are generated by this utility 

function when maximized with respect to budget constraint: 

211 qqp γα −−=  

122 qqp γα −−=  

 

5.3. Calculation of equilibrium outputs 

First, let us assume that there are only two firms in a non-homogeneous product market 

containing two differentiated products. Firm i is producing good i, i=1,2. Under Cournot 

competition, firm 1’s objective is to maximize its profits with respect to 1q : 

( )[ ]111
1

max qCqp
q
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( )[ ]kcqqqq
q

−−−−⇒ 1121
1

max γα  
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First order condition determines the following best response functions: 

0121 =−−−− cqqq γα  

2

2
1

cq
q

−−
=

γα
 and similarly 

2

1
2

cq
q

−−
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γα
. 

The equilibrium outputs 
oo

21 qq  and  are obtained from the best response functions:  
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2
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q
o

 

Calculation of equilibrium outputs can be generalized when the number of firms in the 

market are more than two. The overall number of firms in the market are denoted by 

21 NN + , where 1N  and 2N  are the number of type one and type two firms in the market, 

respectively. In this case, demand functions turn to be the following linear system: 

∑∑
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i
i qqp γα  
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−−=
12

1
1

1
22

N

i
i

N

j
j qqp γα   

where iq1 and jq2  represent output of firm i from type 1 and output of firm j from type 2, 

respectively. 

 

The optimization problem of type one firms and type two firms are solved to find 

equilibrium outputs
∗∗

21  and qq . Firm i from type one maximizes its profits as follows: 
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i

111
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max −  
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First order conditions: 
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ji γ

γ
α ,    1,,3,2,1 Ni K= . 

There are 1N  equations for type one firms. Similarly, there are 2N equations 

corresponding to type two firms: 
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As a result, 21 NN +  equations are obtained from maximization problem.  

Because of symmetry, in equilibrium 11 qq i =  for 1,,3,2,1 Ni K=  and 22 qq j =  for 

2,,3,2,1 Nj K= .  

First order conditions are reduced to the following system of equations: 
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By rearranging terms,  

( ) 2211 1 qNcqN γα −−=+  
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( ) 1122 1 qNcqN γα −−=+  

Equilibrium outputs
∗∗

21  and qq  are solved from the two equations above.  
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Note that α<≤ c0  in order to avoid the trivial case in which neither firm has an 

incentive to produce.  

Equilibrium outputs 
∗∗

21  and qq  are consistent with 
oo

21 qq  and  that are obtained for the 

case 121 == NN  earlier in this section. 

 

5.4. The Free Entry Equilibrium 

Let us denote the free entry equilibrium number of firms in the market by ( )ee
NN 21 , .  

 

Proposition 5.1.  Free entry equilibrium number of type one firms is equal to free entry 

equilibrium number of type two firms in the market:  

( ) ( )eeeeeee
NNNNNNN ,, 2112 =⇒==  

Proof: Let 
∗

1π  and 
∗

2π  represent equilibrium profits. Under free entry 021 ==
∗∗ ππ .  
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−= 1111 qCqpπ  
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1122111 γαπ  



 72 

( ) 0122111 =−−−−=⇒ ∗∗∗∗
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By substituting 
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Simplifying and rearranging gives 

( ) ( )

( )( )( )2

21

2

21

22

22

11

1

NNNN

cNN
k

γ

αγ

−++

−−+
= .  

Similarly, ( ) ( )

( )( )( )2

21
2

21

22
11

11

1

NNNN

cNN
k

γ

αγ

−++

−−+
=   is obtained from 02 =

∗π  

Consequently, the following equations are obtained from 021 ==
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2

21
2

21

22

11

1













−++

−−+
=

NNNN

cNN
k

γ

αγ  

( )( )
( )( )

2

21
2

21

11

11

1













−++

−−+
=

NNNN

cNN
k

γ

αγ  

Therefore,  

( )( )
( )( )

( )( )
( )( ) eeee

ee

eeee

ee

NNNN

cNN
k

NNNN

cNN

21

2

21

11

21

2

21

22

11

1

11

1

γ

αγ

γ

αγ

−++

−−+
==

−++

−−+
 

( )( ) ( )( )cNNcNN
eeee

−−+=−−+⇒ αγαγ 1122 11  

As a result, 
ee

NN 12 = . Hence, free entry equilibrium number of type one firms is equal 

to free entry equilibrium number of type two firms in the market: eee
NNN == 12

 

 



 73 

 

Next, let us calculate the free entry equilibrium number of firms 
e

N . The condition that 

e
N  must satisfy to be the free entry equilibrium number of firms is the zero profit 

condition: 

( )( )

( )( ) ( )
0

11

1
0

22
2 =−

−++

−−+
⇒=

∗
k

NNN

cNN

eee

ee

γ

αγ
π  

( )( )

( ) ( )
k

NN

cNN

ee

ee

=
−+

−−+
⇒

222
1

1

γ

αγ
 

Solving for 
e

N  gives 
( ) k

kc
N

e

γ

α

+

−−
=

1
 

 

As a result, free entry equilibrium number of firms is  

( ) ( )
( ) ( ) 











+

−−

+

−−
==

k

kc

k

kc
NNNN

eeee

γ

α

γ

α

1
,

1
,, 21 . 

 

5.5. The Social Optimum 

We consider a welfare maximizing social planner who can control the number of firms 

that enter to the market but cannot control the behaviors of firms in the market. 

Hypothetically, the objective of the planner is to choose the welfare maximizing number 

of firms, which is also called the number of social optimum firms and denoted by 

( )*
2

*
1 , NN . 
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The number of social optimum firms in the market is the pair ( )*
2

*
1 , NN  that maximizes 

total surplus in the market. Let us define ( )21 , NNW  as welfare function to represent total 

surplus. From the utility function ( )21, NNW  can be written as follows: 

 

( ) ( )( ) ( ) ( ) ( )kNNqNqNqNqNqNqNcNNW 212211

2

2211221121 1
2

1
, +−





−−+−+−=

∗∗∗∗∗∗ γα

 

 

Proposition 5.2.  Social optimum number of type one firms is equal to social optimum 

number of type two firms in the market:  

( ) ( )∗∗∗∗∗∗∗
=⇒== NNNNNNN ,, 2112  

Proof: The maximization problem of the wealth function ( )21 , NNW  can be solved as 

follows to obtain the solution ( )*
2

*
1 , NN : 

( )

( )( ) ( ) ( ) ( )








+−





−−+−+−=

∗∗∗∗∗∗
kNNqNqNqNqNqNqNc

NNW

NN

NN

212211

2

22112211
,

21
,

1
2

1
max

,max

21

21

γα
 

Let us consider the first order condition with respect to 1N : 

( ) ( ) ( ) ( )

( ) ( ) ( ) 0111
1

2
21122

1

1
1221

1

2
2

1

1
112211

1

2
2

1

1
11

=−
∂

∂
−+

∂

∂
−+−+












∂

∂
+

∂

∂
++−

∂

∂
−+

∂

∂
−+−

∗
∗∗

∗
∗∗

∗∗
∗∗∗

∗∗
∗

k
N

q
NqNqN

N

q
NqNq

N

q
N

N

q
NqqNqN

N

q
Nc

N

q
Ncqc

γγγ

ααα

.(5.1) 

 

1

1

N

q

∂

∂
∗

 and 
1

2

N

q

∂

∂
∗

 are calculated first.  
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( ) ( )[ ] ( )[ ]
( )( )[ ]2

21

2

21

2

2

2

1

1

11

1111

NNNN

NNc

N

q

γ

γγα

−++

+−+−−−
=

∂

∂
∗

 

 

( )( ) ( )( )[ ] ( ) ( )[ ] ( )[ ]
( )( )[ ]2

21

2

21

2

2

121

2

21

1

2

11

1111111

NNNN

NNcNNNNc

N

q

γ

γγαγγα

−++

+−+−−−−++−−
=

∂

∂
∗

 

 

Rewriting and simplifying gives 

( ) ( )
( )( )[ ]221

2

21

22

1

2

11

1

NNNN

NNc

N

q

γ

γγα

−++

−−−
=

∂

∂
∗

. 

 

 

Rearranging (5.1) gives  

( ) ( )[ ]

( )[ ] 0
2

11

1

2
2

2

22

1

1
1

2

122111

1

2
2122

=−−
∂

∂
−−+

∂

∂
−−−+









∂

∂
−−−

∗
∗

∗

∗
∗∗∗

∗
∗

kqN
N

q
qNNc

N

q
qNqNNNcq

N

q
NNqNc

α

γαγγα

. 

 

 

(5.2) 

 

It makes calculations easier if (5.2) is simplified in pieces. Let us split (5.2) into three 

pieces, simplify each piece separately and then put the pieces together: 

( ) ⇒








∂

∂
−−−

∗
∗

∗

1

1

2
2122 q

N

q
NNqNc γγα piece 1 

( )[ ] ⇒
∂

∂
−−−

∗
∗∗

1

1
1

2

12211
N

q
qNqNNNc γα piece 2 

( )[ ] ⇒−−
∂

∂
−−

∗
∗

∗
kqN

N

q
qNNc

2

11

1

2
2

2

22α piece 3 

First, simplifying piece 1: 
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( )

( ) ( ) ( )[ ]
( )( )

( )( )
( )( )[ ]

∗

∗
∗

∗













−++

−−−
−

−++

+−−
−−=










∂

∂
−−−

12

21

2

21

2221

2

21

2

21

1
2

1

1

2
2122

11

1

11

11
q

NNNN

NNcNN

NNNN

Nc
Nc

q
N

q
NNqNc

γ

γαγ

γ

γα
γα

γγα

 

 

( ) ( )[ ]
( )( )

( ) ( )[ ] ( )[ ]
( )( )[ ]

( ) ( )[ ] ( )[ ]
( )( )[ ]321

2

21

22

2

21

2

2

21

2

21

21

2

2

21

2

21

2

2

11

1111

11

1111

11

11

NNNN

NNcNN

NNNN

NNcN

NNNN

Nc

γ

γγαγ

γ

γγαγ

γ

γα

−++

−−+−−
−

−++

+−+−−
−

−++

+−−
=

 

 

Second, piece 2 is simplified as follows: 

 

( )[ ]

( ) ( )[ ] ( )[ ]
( )( )[ ]

( ) ( )[ ] ( )[ ] ( )[ ]
( )( )[ ]

( ) ( )[ ] ( )[ ]
( )( )[ ]321

2

21

2

22

2

22

1

3

21

2

21

2

2

21

2

21
2

21

2

21

2

2

21

2

1

1
1

2

12211

11

1111

11

111111

11

1111

NNNN

NNcN

NNNN

NNNcNN

NNNN

NNNc

N

q
qNqNNNc

γ

γγα

γ

γγγαγ

γ

γγα

γα

−++

+−+−−
+

−++

+−+−+−−
+

−++

+−+−−−
=

∂

∂
−−−

∗
∗∗

 

 

( ) ( )[ ] ( )[ ]
( )( )[ ]

( ) ( )[ ] ( )[ ] ( )[ ]
( )( )[ ]321

2

21

1221

2

22

22

1

2

21

2

21

2

2

21

2

11

11111

11

1111

NNNN

NNNNNNcN

NNNN

NNNc

γ

γγγγα

γ

γγα

−++

++−+−+−−
+

−++

+−+−−−
=

 

 

 

Lastly, simplifying piece 3: 

 

( )[ ]

( ) ( ) ( )[ ]
( )( )

( ) ( )[ ]
( )( )[ ]

( ) ( )[ ]
( )( )[ ]

k
NNNN

NcN

NNNN

Nc

NNNN

NcN
Nc

kqN
N

q
qNNc

−
−++

+−−
−

−++

−−−









−++

+−−
−−=

−−
∂

∂
−−

∗
∗

∗

2

21

2

21

2

2

2

1

2

21

2

21

2

21

2

21

1

2

2
2

2

11

1

2
2

2

22

11

11

11

11

11

11

γ

γα

γ

γγα

γ

γα
α

α
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( ) ( )[ ]
( )( )[ ]

( ) ( )[ ] ( )[ ]
( )( )[ ]

( ) ( )[ ]
( )( )[ ]

k
NNNN

NcN

NNNN

NNcN

NNNN

NNc

−
−++

+−−
−

−++

−−+−−
−

−++

−−−
=

2

21

2

21

2

2

2

1

3

21

2

21

21

22

2

2

21

2

21

22

2

11

11

11

1111

11

11

γ

γα

γ

γγγα

γ

γγα

 

 

 

Putting all three pieces together gives a simplified version of (5.2) as follows: 

 

( ) ( )[ ]
( )( )

( ) ( )[ ] ( )[ ]
( )( )[ ]2

21

2

21

21

2

2

21

2

21

2

2

11

1111

11
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NNNN

NNcN

NNNN
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γ

γγαγ

γ

γα

−++

+−+−−
−

−++

+−−
 

 

( ) ( )[ ]
( )( )[ ]

( ) ( )[ ] ( )[ ]
( )( )[ ]2

21

2

21

2

2

21

2

3

21

2

21

2

2

2

21

2

11

1111

11

11

NNNN

NNNc

NNNN

NcNN

γ

γγα

γ

γαγ

−++

+−+−−
−

−++

+−−
+  

 

( ) ( )[ ]( )[ ] ( )[ ]
( )( )[ ]

( ) ( )[ ]
( )( )[ ]2

21

2

21

22

2

3

21

2

21

1221

2

22
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1

11
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11

11111

NNNN

NNc

NNNN

NNNNNNcN

γ

γγα

γ

γγγγα

−++

−−−
+

−++

++−+−+−−
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( ) ( )[ ] ( )[ ]
( )( )[ ]

( ) ( )[ ]
( )( )[ ]

0
11

11

11

1111
2

21

2

21

2

2

2

1

3

21

2

21

21

22

2 =−
−++

+−−
−

−++

+−+−−
+ k

NNNN

NcN

NNNN

NNcN

γ

γα

γ

γγγα
 

 

 

Note that α<≤ c0  to avoid the trivial case in which neither firm has an incentive to 

produce. Since 0≠− cα , dividing both sides by ( )2
c−α gives (5.3). 
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( )( )
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2
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2
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γ

γγγ

γ
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+−+−
−

−++
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( )( )[ ]
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2

21

2

2
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3
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2
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2
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NNNN

NNN

NNNN

NNN

γ

γγ

γ
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−

−++
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( )[ ] ( )[ ] ( )[ ]
( )( )[ ]

( )[ ]
( )( )[ ]221

2

21

22

3

21

2

21
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2
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1
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11
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NNNN
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NNNN

NNNNNNN

γ

γγ

γ

γγγγ

−++

−−
+

−++
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( )[ ] ( )[ ]
( )( )[ ]

( )[ ]
( )( )[ ] ( )22

21

2

21

2

21

3

21

2

21

21

2

2
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11

11

1111

c

k

NNNN

NN

NNNN

NNN

−
=

−++

+−
−

−++

+−+−
+

αγ

γ

γ

γγγ
 

 

 

 

 

 

 

(5.3) 

 

 

Since the calculations are quite long, we start simplifying (5.3) with the terms containing 

( )( )[ ]221

2

21 11 NNNN γ−++  in the denominator first: 

 

( )( )[ ]
( )[ ] ( )[ ] ( )[ ] ( )[ ]
( )[ ] ( )[ ] 











+−−+−−

+−+−−+−+−−

−++
2

2122

2

2

21212

2

21

2

21
1111

11111111

11

1

NNNN

NNNNNN

NNNN γγγ

γγγγγ

γ

 

 

( )[ ]
( )( )[ ]

( )[ ] ( )[ ] ( )[ ]{ }111111
11

11
2122

2

1122

21

2

21

2 +−−−+−−+−−
−++

+−
= NNNNNNN

NNNN

N
γγγγγ

γ

γ
 

 

 

Simplifying more leads to (5.4). 

 

( )[ ] ( )[ ]
( )( )[ ]2

21

2

21

1221

2

2

11

1211

NNNN

NNNNN

γ

γγγ

−++

−−−+−
. (5.4) 

 

Next, we continue simplifying (5.3) with the terms containing ( )( )[ ]321

2

21 11 NNNN γ−++  

in the denominator as follows: 

( )( )[ ]
( )[ ] ( )[ ] ( )[ ] ( )[ ]

( )[ ] ( )[ ] 











+−+−+

++−+−+−++−

−++ 1111

1111111
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1

21

2

2

1221

2
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2

1

2

221

2

3
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2

21 NNN

NNNNNNNNNN

NNNN γγγ

γγγγγγ
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( )[ ]
( )( )[ ]
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









+−+

++−+−++−

−++
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=

11

11111

11
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1

2

2

1221

2

2

2

1221

2

3
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2
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2
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NNNNNNNNN

NNNN

N

γγ

γγγγγ

γ

γ

 

Simplifying more leads to  

 

( )[ ]

( )( )[ ]
( ) ( ) ( )

( ) 











−+

−+++++−

−++

+−
2

2

2

1

22

2

2

1

2

21

2

1

2

2

22

21

3

21

2

21

2

1

12112

11

11

NN

NNNNNNNN

NNNN

N

γ

γγγγγγ

γ

γ
.(5.5) 

 

Substituting (5.4) and (5.5) into (5.3) gives  

 

( )[ ]
( )( )

( )[ ] ( )[ ]
( )( )[ ]221

2

21

1221

2

2

21

2
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2

11
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NNNN

NNNNN

NNNN

N

γ

γγγ

γ

γ
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+

−++
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( )[ ]
( )( )[ ]

( ) ( ) ( )
( ) 











−+

−+++++−

−++

+−
+

2

2

2

1

22

2

2

1

2

21

2

1

2

2

22

21

3

21

2

21

2

1

12112

11

11

NN

NNNNNNNN

NNNN

N

γ

γγγγγγ

γ

γ
 

 

( )2
c

k

−
=

α
 

 

 

Here, 01 >− γ , since 10 <≤ γ  in a non-homogeneous goods market. Then 

( ) 011 2 >+−
∗

Nγ . As a result dividing both sides by ( ) 11 2 +−
∗

Nγ  and additional 

simplifying leads to    

( )( )[ ] ( )( )[ ] ( )[ ]1221

2

21

2

21

2

21

2

21 121111 NNNNNNNNNNNN −−−−+++−++ γγγγ  

( ) ( ) ( ) ( ) 2

2

2

1

22

2

2

1

2

21

2

1

2

2

22

21 112112 NNNNNNNNNN γγγγγγγ −+−+++++−+  

( )( )[ ]
( ) ( )[ ]11

11

2

2

3

21

2

21

+−−

−++
=

Nc

NNNNk

γα

γ
 

Calculating ( )( )[ ]2

21

2

21 11 NNNN γ−++  and substituting into the equation above leads to 

the following equation: 
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( ) ( )( ) ( ) ( ) ( )

( )( )[ ]
( )2

3

21

2

21

21

2

21

2

2

2

2

23

2

2

11

111131211

c

NNNNk

NNNNNNN

−

−++
=

+−−−−−+−+−+−

α

γ

γγγγγγγγ

 

Finally, the first order conditions with respect to 1N  and 2N  respectively are given by 

(5.6) and (5.7). 

( ) ( )( ) ( ) ( ) ( )

( )( )[ ]
( )2

3

21

2

21

21

2

21

2

2

2

2

3

2

2

11

111132311

c

NNNNk

NNNNNNN

−

−++
=

+−−−−−+−−+−

∗∗∗∗

∗∗∗∗∗∗∗

α

γ

γγγγγγγγ
. (5.6) 

 

( ) ( )( ) ( ) ( ) ( )

( )( )[ ]
( )2

3

21

2

21

21

2

12

2

1

2

1

3

1

2

11

111132311

c

NNNNk

NNNNNNN

−

−++
=

+−−−−−+−−+−

∗∗∗∗

∗∗∗∗∗∗∗

α

γ

γγγγγγγγ

. (5.7) 

Since right hand sides are identical, setting left hand sides equal to solve for ( )*
2

*
1 , NN  

gives 

( ) ( ) ( ) ( )[ ]2

212

2

2

3

2 132311
∗∗∗∗∗

−−+−+−− NNNNN γγγγγ  

( ) ( ) ( ) ( )[ ]2

121

2

1

3

1 132311
∗∗∗∗∗

−−+−+−−= NNNNN γγγγγ  

Since 10 <≤ γ  in a non-homogeneous goods market, simplifying 01 >− γ  gives 

( )( )( ) ( )( ) ( )[ ] 031231
2

1212

2

1

2

212 =+−+−++−+−
∗∗∗∗∗∗∗∗

γγγ NNNNNNNN . (5.8) 

 

Second factor in (5.8) is positive since 0110 >−⇒<≤ γγ  and 

02332210 >−⇒<<⇒<≤ γγγ . Consequently, (5.8) is equal to zero if and only if 

012 =−
∗∗

NN ( ) ( )∗∗∗∗∗∗∗
=⇒==⇒ NNNNNNN ,, 2112 .                
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Next, let us calculate the social optimum number of firms ∗
N . A condition that 

∗
N  must 

satisfy to be the socially optimal number of firms can be found by setting ∗∗∗
== NNN 12

 

in (5.6) as follows: 

( ) ( )( ) ( ) ( ) ( ) ( )[ ]
( )2

3222
232232 1

111132311
c

NNk
NNNNN

−

−+
=+−−−−−+−−+−

∗∗
∗∗∗∗∗

α

γ
γγγγγγγγ

Simplifying gives 

( )( ) ( )( ) ( )( )
( )2

33
3 1111

11
c

NNk
N

−

+++−
=+−

∗∗
∗

α

γγ
γ  

Here, 0110 >−⇒<≤ γγ . Therefore, ( ) 011 >+− ∗Nγ , which allows us to simplify 

( )( )311 +− ∗Nγ  on both sides. As a result, 

( )( )
( )2

3
11

1
c

Nk

−

++
=

∗

α

γ . 

Solving for ∗
N gives 

( )
( )γ

α

+

−−
=∗

13/1

3/13/2

k

kc
N  

As a result, social optimum number of firms is given by  

( ) ( ) ( )
( )

( )
( ) 











+

−−

+

−−
== ∗∗∗∗

γ

α

γ

α

1
,

1
,,

3/1

3/13/2

3/1

3/13/2

21
k

kc

k

kc
NNNN . 

 

5.6. Entry Biases 

Entry biases are examined by comparing e
N  to ∗

N . 

( ) ( ) ( )γγ

α

γ

α

+
−

+

−
=

+

−−
=

1

1

11 k

c

k

kc
N

e  

( )
( )

( )
( ) ( )γγ

α

γ

α

+
−

+

−
=

+

−−
=∗

1

1

11 3/1

3/2

3/1

3/13/2

k

c

k

kc
N  
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∗> NN
e  if and only if kc >−α : 

( ) ( ) ( )
k

c

k

c

k

c

k

c
NN e

2

2/3

3
3/1

2
−

>
−

⇔






 −
>

−
⇔> ∗ αααα

 

( ) ( ) kcc
23

−>−⇔ αα  

 

Note that α<≤ c0  to avoid the trivial case in which neither firm has an incentive to 

produce. Since 0≠− cα , dividing both sides by ( )2
c−α gives 

kc >−α . 

As a result, ∗> NN
e  if and only if kc >−α .  

In fact, since  
( ) ( ) ( )

0
1

1

11
>

+
−

+

−
=

+

−−
=

γγ

α

γ

α

k

c

k

kc
N

e  

( ) ( )γγ

α

+
>

+

−
⇒

1

1

1 k

c
 

kc >−⇒α  

As a result, kc >−α  is always true, which means that the number of free entry 

equilibrium firms is always greater than the number of social optimum firms. In other 

words, the entry is excessive. 

 

Proposition 5.3.  Free entry equilibrium number of firms is always greater than social 

optimum number of firms in the market:  

∗> NN
e

 



 83 

 

5.7.Conclusion  

In this chapter, a non-homogenous goods market with identical firms is examined. It is 

shown that in a non-homogeneous good market when each of the entrant firms has 

identical cost function, free entry equilibrium number of type one firms is equal to free 

entry equilibrium number of type two firms in the market. Moreover, it is found that 

social optimum number of type one firms is equal to social optimum number of type two 

firms.  

 

When entry biases are examined the entry is found to be excessive. It is proven that, the 

number of free entry equilibrium firms is greater than the number of social optimum 

firms if and only if kc >−α .  On the other hand kc >−α  always holds since free 

entry equilibrium number of firms in the market are positive, i.e.  0>e
N . Therefore, the 

main conclusion is that free entry equilibrium number of firms is always greater than the 

social optimum number of firms in a non-homogeneous good market when each of the 

entrant firms has identical cost function. 

 

 



 84 

CHAPTER 6 

NON-HOMOGENEOUS GOOD MARKET WITH NON-IDENTICAL 

FIRMS 

6.1. Statement of the Problem 

A non-homogenous goods market is examined under the assumption of non-identical 

firms in the market. There are two types of firms in the market each of which producing a 

different good, i.e. there exist two differentiated goods, 1q  and 2q , in the market. We are 

interested in a Cournot market with free entry. The number of free entry equilibrium 

firms and social optimum firms are examined under free entry when there are two 

different types of firms in a Cournot market. The main goal is to compare the number of 

free entry equilibrium firms to the number of social optimum number of firms.  

 

6.2. The methods of our research 

The model is a two-stage game. In the first stage, there exist two types of firms and each 

firm must decide whether to enter to the Cournot market. The second stage is the 

production period. Each of the entrants has one of the two cost functions 

2222211111 kq)( and kq)( +=+= cqCcqC  such that )(⋅iC  is continuous and ,0)(C i ≥⋅
′

 

1,2.i 0,for  0)(C i =≥≥⋅
″

iq  Firms with the cost functions )( 11 qC  and )( 22 qC  are called 

type one firms and type two firms, respectively.  

 



 85 

The market is a non-homogeneous product market such that representative consumer’s 

utility is a symmetric quadratic function of the two products 1q  and 2q : 

( ) ( )21
2

2
2

121 2
2

1
qqqqqqU γα ++−+= , where the parameter γ  measures the degree of 

product differentiation such that 10 ≤≤ γ . In addition, 0=γ  and 1=γ  correspond to 

independent goods (the maximum degree of differentiation) and homogeneous goods (the 

minimum degree of differentiation), respectively. Note that 10 <≤ γ  since non-

homogeneous goods market is examined in this study.  

 

The following linear system of inverse demand functions are generated by this utility 

function when maximized with respect to budget constraint: 

211 qqp γα −−=  

122 qqp γα −−=  

The overall number of firms in the market is denoted by 21 NN + , where 1N  and 2N  are 

the number of type one and type two firms in the market, respectively. In this case 

demand functions turn to be the following linear system: 

∑∑
==

−−=
21

1
2

1
11

N

j
j

N

i
i qqp γα  

∑∑
==

−−=
12

1
1

1
22

N

i
i

N

j
j qqp γα   

, where iq1 and jq2  represent output of firm i from type 1 and output of firm j from type 

2, respectively. 
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6.3. Calculation of equilibrium outputs 

To find equilibrium outputs
∗∗

21  and qq , the optimization problem of type 1 firms and 

type two firms is solved. Firm i from type one maximizes its profits as follows: 

( )ii
q

qCqp
i

1111
1

max −  

1111
1

2
1

1

21

1

max kqcqqq ii

N

j
j

N

t
t

q i

−−







−−⇒ ∑∑

==

γα  

First order conditions: 

011
1

2
1

1

21

=−−−− ∑∑
==

cqqq i

N

j
j

N

t
t γα  

( ) 0
2

1

22

1
1

1
1

1
211

12

=−−−−−=⇒ ∑∑

≠
==

cqqcq
N

it
t

t

N

j
ji γ

γ
α ,    1,,3,2,1 Ni K= . 

There are 1N  equations for type one firms and 2N equations for type two firms: 

( ) 0
2

1

22

1
2

1

2

1

122

21

=−−−−−= ∑∑
≠
==

cqqcq
N

jt
t

t

N

i

ij γ
γ

α ,    2,,3,2,1 Nj K=  

As a result, there are 21 NN +  equations obtained from maximization problem.  

Because of symmetry, in equilibrium 11 qq i =  for 1,,3,2,1 Ni K=  and 22 qq j =  for 

2,,3,2,1 Nj K= .  

First order conditions are reduced to the following system of equations: 
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( ) 1
1

2211
2

1

22

1
q

N
qNcq

−
−−−=

γ
α  

( ) 2
2

1122
2

1

22

1
q

N
qNcq

−
−−−=

γ
α  

By rearranging terms,  

( ) 22111 1 qNcqN γα −−=+  

( ) 11222 1 qNcqN γα −−=+  

Equilibrium outputs
∗∗

21  and qq  are solved from the first order conditions.  

( )( ) ( )
( )( ) 21

2

21

2221
1

11

1

NNNN

cNNc
q

γ

αγα

−++

−−+−
=⇒

∗
. 

 

(6.1) 
 

( )( ) ( )
( )( ) 21

2

21

1112
2

11

1

NNNN

cNNc
q

γ

αγα

−++

−−+−
=⇒

∗
.  

(6.2) 

Note that ( )( ) ( )2221 1 cNNc −>+− αγα  and ( )( ) ( )1112 1 cNNc −>+− αγα  to avoid the 

trivial case in which neither firm has an incentive to produce. Moreover we assume that 

α<<≤ 210 cc . 

 

6.4. The Free Entry Equilibrium and  Social Optimum Number of Firms 

The number of free entry equilibrium firms in the market is denoted by ( )ee
NN 21 , . Under 

free entry 021 ==
∗∗ ππ , where 

∗
1π  and 

∗
2π  represent equilibrium profits.  

( )∗∗∗∗
−= 11111 qCqpπ  

( ) 111122111 kqcqqNqN −−−−=⇒ ∗∗∗∗∗ γαπ  

By substituting 
∗∗

21  and qq  from (6.1) and (6.2), 
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( )( ) ( )
( )( )

( )( ) ( )
( )( )

( )( ) ( )
( )( ) 1

21
2

21

2221

21
2

21

1112
2

21
2

21

2221
11

11

1

11

1

11

1

k
NNNN

cNNc

NNNN

cNNc
N

NNNN

cNNc
Nc

=
−++

−−+−

×










−++

−−+−
−

−++

−−+−
−−

γ

αγα

γ

αγα
γ

γ

αγα
α

 

Simplifying leads to  

( )( ) ( )[ ] ( )( )[ ]221
2

211
2

2221 111 NNNNkcNNc γαγα −++=−−+−⇒ . (6.3) 

 

Similarly,  

( )( ) ( )[ ] ( )( )[ ]221
2

212
2

1112 111 NNNNkcNNc γαγα −++=−−+− . (6.4) 
 

 

Last two equations, (6.3) and (6.4), are called first order conditions that are satisfied by 

the free entry equilibrium number of firms. The goal is to solve 
e

N1  and 
e

N2  from (6.3) 

and (6.4) 

( )( )
( )( ) ( )

1

2221

21

2

21

1
11

k

cαNγNcα
NNγNN

−−+−
=−++  

 

( )( )
( )( ) ( )

2

1112

21

2

21

1
11

k

cαNγNcα
NNγNN

−−+−
=−++  

 

By setting right hand sides equal to each other:  

 

( )( ) ( ) ( )( ) ( )

2

1112

1

2221 11

k

cαNγNcα

k

cαNγNcα −−+−
=

−−+−
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( )[ ] ( )[ ]

2

2

2

211

1

1

1

122 11

k

cα

k

ccγγαN

k

cα

k

ccγγαN −
+

−+−
=

−
+

−+−
⇒  

 

e
N2 can be solved in terms of 

e
N1 . Note that ( ) 01 12 >−+− ccγγα  always holds since 

α

α
γ

−

−
<≤≤

2

110
c

c
.   

As a result, 
e

N2 is obtained in terms of 
e

N1 as follows: 

( )[ ]
( )[ ]

( )[ ]

( )[ ]
1

1

12

1

2

2

12

1

1

2

21

12

1

2

1

1

1

1

k

c

cc

k

k

c

cc

k
N

k

cc

cc

k
N

ee

−

−+−
−

−

−+−
+

−+−

−+−
=

α

γγα

α

γγα

γγα

γγα
. (6.5) 

 

The graph of (6.5) on 1N , 2N  coordinate plane is a straight line with the following slope, 

x-intercept (intercept on 1N  axis), and y-intercept (intercept on 2N  axis): 

Slope: 
( )[ ]
( )[ ]

2

1

12

21

1

1

k

k

cc

cc

−+−

−+−

γγα

γγα
 

x-intercept: 
( )

( ) ( )











−−−

−+−
21

1

2

211

1
cc

k

k

cc
αα

γγα
 

y-intercept: 
( )[ ]

( ) ( )











−−−

−+−
12

2

1

121

1
cc

k

k

cc
αα

γγα
 

 

It follows 

� the slope is negative (positive) if ( ) 1 21 c cα γ γ − + −   is negative (positive), 
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� the two intercepts have the same sign (opposite signs) if ( ) 1 21 c cα γ γ − + −   is 

negative (positive). 

 

Hence, there are the following 4 possible cases: 

(i) 2

1

c

c

α
γ

α

−
<

−
 and 2 2

11

k c

ck

α

α

−
<

−
: slope is negative, both intercepts are positive. 

 

Figure 6: Free entry equilibrium when slope and both intercepts are positive.  

(ii) 2

1

c

c

α
γ

α

−
<

−
 and 2 2

11

k c

ck

α

α

−
>

−
: slope is negative, both intercepts are negative. 

 

Figure 7: Free entry equilibrium when slope and both intercepts are negative.  
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2N  

1N  
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2N  Corner  

Solution 

1N  



 91 

(iii) 2

1

c

c

α
γ

α

−
>

−
 and 2 2

11

k c

ck

α

α

−
<

−
: slope is positive, x-intercept is negative, y-intercept 

is positive. 

 

Figure 8: Free entry equilibrium when slope and y-intercept are positive and x-

intercept is negative.  

 (iv) 2

1

c

c

α
γ

α

−
>

−
 and 2 2

11

k c

ck

α

α

−
>

−
: slope is positive, x-intercept is positive, y-intercept 

is negative. 

 

Figure 9: Free entry equilibrium when slope and x-intercept are positive and y-intercept 

is negative.  

 

 

0 
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Non-corner  
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2N  

1N  

 

 

0 

Corner  

Solution 

 
Non-corner  

Solution 

2N  

No  

Solution 

1N  

No 

Solution 
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There are a few observations that follow from the four possible cases. First of all, it is 

obvious that there is no free entry solution in case (ii) when 2

1

c

c

α
γ

α

−
<

−
 and 2 2

11

k c

ck

α

α

−
>

−
.  

On the other hand, the only possible corner solution is the one that only type two firms 

survive, ( )e
N 2,0 , in case (iii) when 2

1

c

c

α
γ

α

−
>

−
 and 2 2

11

k c

ck

α

α

−
<

−
. Similarly, in case (iv); 

the only possible corner solution is the one that only type one firms survive, ( )0,1

e
N , 

when 2

1

c

c

α
γ

α

−
>

−
 and 2 2

11

k c

ck

α

α

−
>

−
 . Both corner solutions are possible in case (i) when 

2

1

c

c

α
γ

α

−
<

−
 and 2 2

11

k c

ck

α

α

−
<

−
. 

 

 

Free entry equilibrium number of firms is the pair ( )ee
NN 21 ,  that satisfies (6.3) and (6.4). 

Social optimum number of firms is the pair ( )*
2

*
1 , NN  that solves the maximization 

problem of wealth function ( )21 , NNW  as follows: 

( )

( )

( ) ( ) 















−−





−−+−

−−+

=
∗∗∗∗

∗∗∗∗

22112211

2

2211

2221112211

,

21
,

1
2

1max

,max

21

21

kNkNqNqNqNqN

qNcqNcqNqN

NNW

NN

NN

γ

α  

 

Analytical solutions to free entry equilibrium and to social optimum require quite 

complex calculations due to the number of parameters involved in the calculations. To 
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obtain free entry equilibrium solution, the pair of numbers ( )ee
NN 21 ,  that satisfies (6.3) 

and (6.4) needs to be calculated algebraically. Such a calculation leads to two second 

degree polynomials one of which is in terms of 
e

N1  and the other one of which is in 

terms of 
e

N 2 . Calculations become fairly complicated since each of these equations 

contains six parameters. As a result, simulations method is preferred rather than algebraic 

calculations in non-homogeneous market with non-identical firms.  

 

The following tables show the free entry equilibrium number of firms ( )ee
NN 21 ,  and 

social optimum number of firms ( )∗∗

21 , NN  in the market when the parameters are 

assigned different values by Mathematica. When both 1N and 2N  are negative the 

solution is set at (0,0). It is assumed that there is a corner solution when one of 1N , 2N  is 

negative in a pair ( )2,1 , NN . If 1N is negative we let 1N =0 in the profit function for type 

two firms and solve for 2N  when profit is zero. If 2N  is found as a negative number as 

well then the solution is set at (0,0).  

 

Social optimum number of firms is found by maximizing the welfare function over 

integers. However, free entry solution is the pair of positive real numbers that solve (6.3) 

and (6.4). To work out the integer problem, four possible integer pairs of ( )2,1 , NN  are 

considered. The integer pair that gives 01 >π  and 02 >π  is taken as the solution. For 

instance, if (3.2,1.8) is a free entry solution then the integer pairs (3,1), (3,2), (4,1), (4,2) 

are considered. However when one of the 1N , 2N  is in [0,1) then corner solution appears  

to be present.
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TABLE 1  

Free entry and social optimum when  20000 15000, ,800 ,50000 121 ==== kccα ,γ  

and 2k  varies: 

2k  γ  Case Free Entry  

( )ee
NN 21 ,  

Social 

optimum 

( )∗∗

21 , NN  

4000 0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.75 

0.8 

0.85 

0.9 

0.95 

iii 

iii 

iii 

iii 

iii 

iii 

i 

i 

i 

i 

i 

(1, 7) 

(1, 6) 

(1, 6) 

(1, 5) 

(0, 7) 

(0, 7) 

(0, 7), (1, 0) 

(0, 7), (1, 0) 

(0, 7), (1, 0) 

(0, 7), (1, 0) 

(0, 7), (1, 0) 

(1,3) 

(1,3) 

(1,2) 

(1,2) 

(1,2) 

(1,1) 

(1,1) 

(1,1) 

(0,3) 

(0,3) 

(0,3) 

6000 0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.75 

0.8 

0.85 

0.9 

0.95 

iii 

iii 

iii 

iii 

iii 

iii 

i 

i 

i 

i 

i 

(1, 4) 

(1, 4) 

(1, 3) 

(1, 3) 

(0, 4) 

(0, 4) 

(0, 4), (1, 0) 

(0, 4), (1, 0) 

(0, 4), (1, 0) 

(0, 4), (1, 0) 

(0, 4), (1, 0) 

(1,2) 

(1,2) 

(1,2) 

(1,1) 

(1,1) 

(1,1) 

(1,1) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

10000 0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.75 

0.8 

0.85 

0.9 

0.95 

iii 

iii 

iii 

iii 

iii 

iii 

i 

i 

i 

i 

i 

(1, 2) 

(1, 2) 

(1, 1) 

(1, 1) 

(1, 1) 

(1, 1) 

(1, 0) 

(1, 0) 

(1, 0) 

(1, 0) 

(1, 0) 

(1,1) 

(1,1) 

(1,1) 

(1,1) 

(1,1) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0)  

2k  γ  Case Free Entry  

( )ee
NN 21 ,  

Social 

optimum 

( )∗∗

21 , NN  

12000 0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.75 

0.8 

0.85 

0.9 

0.95 

iii 

iii 

iii 

iii 

iii 

iii 

i 

i 

i 

i 

i 

(1, 1) 

(1,1) 

(1, 1) 

(1, 1) 

(1, 1) 

(1, 0) 

(1, 0) 

(1, 0) 

(1, 0) 

(1, 0) 

(1, 0) 

(1,1) 

(1,1) 

(1,1) 

(1,1) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

14600 0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.75 

0.8 

0.85 

0.9 

0.95 

iv 

iv 

iv 

iv 

iv 

iv 

ii 

ii 

ii 

ii 

ii 

(1, 1) 

(1, 1) 

(1, 0) 

(1, 0) 

(1, 0) 

(1, 0) 

(1, 0) 

(0, 0) 

(0, 0) 

(0, 0) 

(0, 0) 

(1,1) 

(1,1) 

(1,1) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

15500 0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.75 

0.8 

0.85 

0.9 

0.95 

iv 

iv 

iv 

iv 

iv 

iv 

ii 

ii 

ii 

ii 

ii 

(1, 1) 

(1, 0) 

(1, 0) 

(1, 0) 

(1, 0) 

(1, 0) 

(0, 0) 

(0, 0) 

(0, 0) 

(0, 0) 

(0, 0) 

(1,1) 

(1,1) 

(1,1) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0)  
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2k  γ  Case Free Entry  

( )ee
NN 21 ,  

Social 

optimum 

( )∗∗

21 , NN  

16000 0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.75 

0.8 

0.85 

0.9 

0.95 

iv 

iv 

iv 

iv 

iv 

iv 

ii 

ii 

ii 

ii 

ii 

(1, 1) 

(1, 0) 

(1, 0) 

(1, 0) 

(1, 0) 

(1, 0) 

(0, 0) 

(0, 0) 

(0, 0) 

(0, 0) 

(0, 0) 

(1,1) 

(1,1) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0)  

2k  γ  Case Free Entry  

( )ee
NN 21 ,  

Social 

optimum 

( )∗∗

21 , NN  

18000 0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.75 

0.8 

0.85 

0.9 

0.95 

iv 

iv 

iv 

iv 

iv 

iv 

ii 

ii 

ii 

ii 

ii 

(1, 0) 

(1, 0) 

(1, 0) 

(1, 0) 

(1, 0) 

(1, 0) 

(0, 0) 

(0, 0) 

(0, 0) 

(0, 0) 

(0, 0) 

(1,1) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0)  
 

Table 1 depicts the changes in free entry and social optimum number of firms when 

parameters γ  and 2k  have been changed holding all the other parameters constant. It 

seems that the number of type two firms decreases with the increase in the fixed cost 

2k in both free entry equilibrium and social optimum. Also, as the goods become 

homogeneous corner solutions start to appear. In other words, when the degree of product 

differentiation is close to zero the goods become to be independent goods and both type 

of firms can survive in the market due to the maximum degree of product differentiation. 

Of course when fixed cost 2k  is too high only type one firms survives even though the 

goods are highly differentiated.   

 

In Table 1, as fixed cost 2k  increases, social optimum turns out to be a corner solution 

such that only type one firms survive even when the goods are highly differentiated. For 

very high values of 2k , free entry solution develops into no solution when the goods 

become less and less differentiated. Free entry solution and social optimum start to 

coincide for highly differentiated goods as fixed cost 2k  increases.   
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When fixed cost 1k  and the degree of product differentiation γ  are changed, the results 

will be similar to the results obtained from Table 1. 

TABLE 2 

Free entry and social optimum when  20000 ,5.0 ,800 ,50000 11 ==== kc γα , 2c  and 

2k  varies: 

2c  
2k  Case Free Entry  

( )ee
NN 21 ,  

Social 

optimum 

( )∗∗

21 , NN  

11500 12000 

10000 

2000 

16000 

18000 

30000 

60000 

iii 

iii 

iii 

iv 

iv 

iv 

iv 

(1,1) 

(0,2) 

(0,18) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,1) 

(1,1) 

(1,3) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

15000 12000 

10000 

2000 

16000 

18000 

30000 

60000 

iii 

iii 

iii 

iv 

iv 

iv 

iv 

(1,1) 

(1,1) 

(0,16) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,1) 

(1,3) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

18000 12000 

10000 

6000 

2000 

16000 

18000 

30000 

60000 

iii 

iii 

iii 

iii 

iv 

iv 

iv 

iv 

(1,0) 

(1,1) 

(1,2) 

(0,15) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,1) 

(1,2) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

2c  
2k  Case Free Entry  

( )ee
NN 21 ,  

Social 

optimum 

( )∗∗

21 , NN  

30000 12000 

10000 

6000 

2000 

16000 

18000 

30000 

60000 

ii 

ii 

i 

i 

ii 

ii 

ii 

ii 

(0,0) 

(0,0) 

(1,0) 

(1,3), 

(1,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

32500 12000 

10000 

6000 

2000 

16000 

18000 

30000 

60000 

ii 

ii 

i 

i 

ii 

ii 

ii 

ii 

(0,0)  

(0,0) 

(1,0) 

(1,1), 

(1,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 

40000 12000 

10000 

6000 

2000 

16000 

18000 

30000 

60000 

ii 

ii 

ii 

i 

ii 

ii 

ii 

ii 

(0,0) 

(0,0) 

(0,0) 

(1,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(1,0) 

(1,0) 

(1,0) 

(1,1) 

(1,0) 

(1,0) 

(1,0) 

(1,0) 
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Table 2 demonstrates the free entry equilibrium and social optimum number of firms 

when 2c  and 2k are changed holding all the other parameters constant. In this case, the 

increase in the marginal cost of type two firms decreases the number of type two firms in 

the market for both social optimum and free entry equilibrium. Increasing both marginal 

cost and fixed cost of type two firms drives type two firms out of the market. Type one 

firms continues to survive in social optimum but they also exit in free entry equilibrium 

when product differentiation is held constant at medium level.  

 

According to Table 2, when marginal cost of type two firms is a lot higher than marginal 

cost of type one firms, type two firms cannot survive. As a result, both social optimum 

and free entry equilibrium turns out to be corner solutions that only type one firms 

survives.   

 

TABLE 3 

Free entry and social optimum when  20001 ,5.0 ,35000 ,50000 22 ==== kc γα , 1c  

and 1k  varies: 

1c  
1k  Case Free Entry  

( )ee
NN 21 ,  

Social 

optimum 

( )∗∗

21 , NN  

800 20000 

30000 

40000 

120000 

15000 

13000 

8000 

4000 

ii 

ii 

i 

i 

ii 

ii 

ii 

ii 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(1,0) 

(1,0) 

(0,0) 

(0,0) 

(1,0) 

(1,0) 

(2,0) 

(4,0) 
 

1c  
1k  Case Free Entry  

( )ee
NN 21 ,  

Social 

optimum 

( )∗∗

21 , NN  

10000 20000 

30000 

40000 

120000 

15000 

13000 

8000 

4000 

ii 

ii 

i 

i 

ii 

ii 

ii 

ii 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(1,0) 

(0,0) 

(0,0) 

(0,0) 

(1,0) 

(1,0) 

(2,0) 

(4,0)  
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1c  
1k  Case Free Entry  

( )ee
NN 21 ,  

Social 

optimum 

( )∗∗

21 , NN  

15000 20000 

30000 

40000 

120000 

15000 

13000 

8000 

4000 

ii 

i 

i 

i 

ii 

ii 

ii 

ii 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(1,0) 

(0,0) 

(0,0) 

(0,0) 

(1,0) 

(1,0) 

(2,0) 

(3,0) 

22000 20000 

30000 

40000 

120000 

15000 

13000 

8000 

4000 

iv 

iii 

iii 

iii 

iv 

iv 

iv 

iv 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(1,0) 

(2,0) 

(6,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(1,0) 

(1,0) 

(1,0) 

(3,0)  

1c  
1k  Case Free Entry  

( )ee
NN 21 ,  

Social 

optimum 

( )∗∗

21 , NN  

30000 20000 

30000 

40000 

120000 

15000 

13000 

8000 

4000 

iii 

iii 

iii 

iii 

iv 

iv 

iv 

iv 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(1,0) 

(4,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(1,0) 

(2,0) 

33000 20000 

30000 

40000 

120000 

15000 

13000 

8000 

4000 

iii 

iii 

iii 

iii 

iii 

iv 

iv 

iv 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(1,0) 

(3,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(1,0) 

(2,0)  
 

 

Table 3 displays the effects of parameters 1c  and 1k  on free entry and social optimum 

number of firms. According to Table 3, as the marginal cost of type one firms increases 

type one firms start to exit the market. Type one firms still survives for low fixed cost 1k . 

Both free entry and social optimum are corner solutions that only type one firms survives 

when marginal cost 1c  is less than marginal cost 2c  and fixed cost 1k  is small enough. 

 

6.5. Conclusion 

In this chapter, non-homogeneous good market with non-identical firms is examined. 

Due to the complexity of calculations, free entry and social optimum number of firms are 

not calculated analytically. Instead, solutions are calculated by Mathematica by assigning 

different values to parameters.     
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There are two main conclusions derived in this chapter. First, corner solutions start to 

come into sight when the degree of product differentiation is close to minimum. As the 

product differentiation parameter γ  approaches 1, products become less differentiated. In 

a homogeneous good market both free entry and social optimum number of firms is 

corner solutions as it is shown in Chapters 3 and 4.  

 

Second, when the degree of product differentiation is close to zero the goods become to 

be independent goods and both type of firms can survive in the market due to the 

maximum degree of product differentiation. Evidently, if fixed cost of type two firms is 

too high, only type one firms survives even though the goods are highly differentiated.     

 

Other than these two main conclusions, effects of changes in parameters cause expected 

changes in solutions such as the number of type two firms decreases with the increase in 

the fixed cost 2k in both free entry equilibrium and social optimum. An increase in the 

marginal cost of type two firms decreases the number of type two firms in the market for 

both social optimum and free entry equilibrium. When both marginal cost and fixed cost 

of type two firms go up type two firms start to exit the market. 
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CHAPTER 7 

CONCLUSION 

The main focus of this study is entry biases in Cournot markets with free entry. Entry 

biases are calculated by comparing the number of free entry equilibrium firms to the 

number of social optimum firms. Both homogeneous and non-homogeneous good 

markets are examined. In homogeneous good market, linear and non-linear demands are 

studied separately. In non-homogeneous good market, first it is assumed that the firms in 

the market are identical. Second, non-identical firms in non-homogeneous good market 

are considered.    

 

There are three main conclusions obtained in homogeneous good market with linear 

demand. First, it is shown that that there exist only one type of firms in the market for 

both the social optimum and free entry equilibrium. In other words, both free entry 

equilibrium and social optimum are corner solutions. Second, when there are the same 

type of firms in the market for both the social optimum and the free entry equilibrium, 

excessive entry happens. Moreover, sufficient conditions for the existence of excessive 

entry regarding to each type of firms are provided. Third, it is possible to have one type 

of firms in social optimum and the other type of firms in free entry equilibrium. The 

sufficient conditions such that there exist only type two firms in free entry equilibrium 

but only type one firms in social optimum are presented. 
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When non-linear demand is introduced in homogenous demand market, similar results 

are obtained. It is shown that both free entry equilibrium and social optimum are corner 

solutions that only one type of firms exist. The main conclusion is that when there is the 

same type of firms exist in free entry equilibrium as well as in social optimum, the entry 

is excessive.  

 

Non-homogenous goods market is examined with identical firms as well as non-identical 

firms. Firms are identical when each of the entrant firms has identical cost function. It is 

shown that in the case of identical firms, free entry equilibrium number of type one firms 

is equal to free entry equilibrium number of type two firms in the market. Moreover, it is 

found that social optimum number of type one firms is equal to social optimum number 

of type two firms. When it comes to entry biases, the entry is again found to be excessive 

since it is proven that the number of free entry equilibrium firms is always greater than 

the number of social optimum firms.  

 

Lastly, non-homogeneous market with non-identical firms is examined. Due to the 

number of parameters involved in the calculations, analytical solutions to free entry 

equilibrium and to social optimum are rather complex. Therefore non-homogeneous 

market with non-identical firms is inspected by simulations.   

 

Simulations by Mathematica shows that as goods become homogeneous corner solutions 

start to appear, which is consistent with the findings in Chapters 3 and 4 in homogeneous 
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good market. When the degree of product differentiation is close to zero the goods 

become independent goods and both type of firms can survive in the market due to the 

maximum degree of product differentiation. Evidently, if fixed cost of type two firms is 

too high, only type one firms survive even though the goods are highly differentiated.  

 

In conclusion, entry biases in Cournot markets with free entry in both homogeneous and 

non-homogeneous markets are examined. It is shown that both free entry and social 

optimum are corner solutions and entry decision is excessive in homogeneous good 

market. In non-homogeneous good market with identical firms, both free entry 

equilibrium and social optimum are solutions on the 045  line, in other words the number 

of type one firms is the same as the number of type two firms. Entry is yet again found to 

be excessive. The findings in non-homogeneous good market with non-identical firms 

support the results obtained in homogeneous good market. As the degree of product 

differentiation increases, non-corner solutions start to appear. Both types of firms may 

survive in non-homogeneous good market with non-identical firms depending on the 

fixed costs and the degree of product differentiation.   
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