MAXIMAL MULTIPLICITY AND BIFURCATION IN A CSTR WITH TWO

CONSECUTIVE FIRST ORDER REACTIONS

A Dissertation
Presented to
the Faculty of the Graduate School

University of Missouri-Columbia

In Partial Fulfillment
of the Requirements for the Degree

Doctor of Philosophy

by
BRAHIM BERDOUZI

P. C-H Chan Dissertation Supervisor

December, 1987



MAXIMAL MULTIPLICITY AND BIFURCATION
IN A CSTR WITH TWO CONSECUTIVE

FIRST ORDER REACTIONS

BRAHIM BERDOUZI

PAUL C-H CHAN Dissertation Supervisor

ABSTRACT

The steady state equation of a continuous stirred tank
reactor is considered in the frame work of singularity
theory. The maximal multiplicity of seven is obtained.
The importance of the bifurcation parameter is studied and
a new normal form equivalent to the original function is
obtained. This normal form corresponds to the most
degenerate singularity and its universal unfolding can
predict all the bifurcation diagrams existing for this

problem.
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I. INTRODUCTION

In recent years there has been considerable effort in
determining the maximum number of solutions that can arise
from the equations describing the steady state behavior of
a continuous flow stirred tank reactor (CSTR). The case of
a single first-order reaction is well understood, and the
maximum number of roots has been shown to be three. For n
consecutive reactions, the maximum multiplicity has for a
long time been conjectured to be 2n+l. Recently, however,
Chicone and Retzloff (1982) rigorously established a global
upper bound for maximal multiplicity of 20+l 1. The
prediction is partially confirmed in a paper submitted two
years ago that recently appeared in print (Retzloff et al.,
1987) in which they proved via singularity theory that for
two consecutive reactions (A-»B-C, n = 2), seven solutions
can be obtained. This conclusion follows from the fact that
a seventh order contact is shown to exist and the function
involved is proven to be its own universal unfolding (star
singularity). At about the same time, Farr and Aris (1986)
obtained numerical examples which indeed demonstrate seven
roots. However, these results originate from the unfolding

of a sixth order contact (wigwam singularity). Since the



number of solutions is always odd, the existence of six
solutions guarantees seven.

Both investigations mentioned above differ from
earlier efforts in that the two popular simplifications,
namely infinitely large and/or equal activation energies,
are no longer employed. This follows the observation by
ourselves and others (Retzloff and Chicone, 1981; Chicone
and Retzloff, 1982; and Balakotaiah and Luss, 1984) that
when these simplifications are imposed the global maximum
multiplicity can only be five. For simplicity of the
algebraic manipulations, Farr and Aris (1986) assumed
however that species B is not present in the feed. As a
result, although a seventh order contact can still be
obtained, it is located at the boundary of the physical
region and the unfolding in general fails to yield seven
physical roots.

The star singularity derived in Retzloff et al. (1987)
exists in the feasible region and as an organizing center
must subsume the results of any other lower singularity
including those obtained by Farr and Aris (1986). In this
work we employ the same procedure from singularity theory
(Brocker and Lander, 1975; Golubitsky and Schaeffer, 1979,
1985) to obtain seven steady states for two consecutive
reactions in a CSTR. The numerical examples from rarr and
Aris (1986) are shown to be a specific case of our general
result. It must be pointed out that first, the procedure

used is a local one in that the seven roots are only



guaranteed to obtain in a parameter neighborhood of the
seventh order contact. This observation must be true even
when the most degenerate singularity is unique in the
entire parameter space. Second, there is no requirement of
physical (feasible) roots, which means that when unphysical
roots exist the procedure may yet fail to give the expected
number of feasible steady states. An example of this
situation is the single exothermic zeroth order reaction
analyzed by Balakotaiah and Luss (1984). Third, there are
no restrictions on the parameter values themselves other
than that they must be real numbers. Therefore, if any
additional conditions on the parameters are imposed (e.g.
the reaction rates are to be positive), they must be taken
into consideration as well.

The special version of singularity theory developed by
Golubitsky and Schaeffer (1985) identifies a distinguished
parameter (bifurcation parameter), and all the bifurcation
diagrams that may exist can be predicted by considering the
neighborhood next to the most degenerate singularity. The
general ideas of this procedure are applied in Chapter III
where the most degenerate singularity is identified and the
bifurcation of its normal form is compared to that of the
original function. The flow rate will be chosen as the
bifurcation parameter here, as it is an operating variable
easy to control and measure, thus making the predictions of
the theory amenable to experimental verification. As we

will see, this choice of the bifurcation parameter makes



the model slightly more complicated since the number of
dimensioniess groups will increase by two. This difficulty
can be overcome by use of the chain rule which allows us to
use the analysis of Chapter II and its results in

identifying a new normal form and its universal unfolding.



II. STAR SINGULARITY AND MAXIMAL MULTIPLICITY

2.1 MATHEMATICAL MODEL

We consider the problem of two consecutive first order
reactions (A-»B-C) in a single CSTR. The mass and energy

balances are

VACx - FCpr - FCp - CaV koaexp(-ZA) (1)
It RT

VdCp . Fcps - FCp - CgV kgpexp(-CB) (2)
at RT

+ CpVkgpaexp( —g%)

VpCp gg = FpCpTg - FpCpT + (-AHA)CAVkOAexp(—g%) (3)

+ (-AHp)CpVkggexp(-EB) - hA(T - Tg)
RT

For steady problems {d/dt = 0}, a single algebraic
equation in T can be obtained from (1) - (3). 1In
dimensionless form, the function that results for

enumeration of the critical points is:

f(x, €, Daj, Day, By, By, B3, k) = Da;Bix (4)

1+k

+ Da2B3xk + DajDaj(B; + By + B3)x - 1lnx

- Daj(l + €B;)xXlnx - Daj(l + sB3)xklnx

- DajDaj[l + £(By + By + Bj)]x ™Xlnx

where x = exp[Eé( 1 -1)], € = RTm, Da; = kpp V exp(Eé ),

RTp T Ep F RTp



Da, = kgg V exp(®B), By = Ea  (FAHA)CRfF
F RTp, RTp FpCplf + DATC

k = Ep; with T, = FPCpTe 4 NATC

From physical considerations, we require that 0<g,k,Dap,

Daj<=. Furthermore,
0 < x < exp(l/e), (5)

where the upper bound follows from the physical constraint
that T>0.

Any results obtained for (4) when 0<k<1l can be mapped
to 1<k<~ . To prove this, assume that 0<k<1l. The

diffeomorphic transformation

1 = k', Byk = B3g', Bok = By', B3k = By',
k (6)

Daj; = Dajy', Daj = Dal',_%_= g', x* = x'
when applied to (4) then gives the same equation written in
primedvariables, but now 1 < k' < «=. Therefore, for
brevity, we only need to consider 0 < k < 1.

The maximum number of roots for (4) has been
rigorously established by Chicone and Retzloff (1982) to be

seven. They used a dimensionless equation different from

(4) but which is equivalent to it via a diffeomorphic



variable transformation (Retzloff et al., 1987). Their
analyses did not assume that the activation energies are
equal (k = 1) or large (g€ = 0), or that the reactions are
exothermic (Bj, By, B3>0). On the other hand, the
possibility of unfeasible solutions (either unphysical
roots or unphysical parameter values) was not examined. 1In
this work, numerical examples of seven feasible solutions
are obtained by analyzing (4) in the framework of
singularity theory, which is the subject of the next two

sections.

2.2 MAXIMAL MULTIPLICITY

We now apply the singularity theory to obtain the
maximal multiplicity of steady states in eqn. (4) of the
last section. The reader may refer to Golubitsky and
Schaeffer (1985) where a rigorous treatment of this method
is given. Brief summaries are also found in the work of
Balakotaiah and Luss (1982, 1983, 1984). Here it suffices
to recall the following: given any function f(x;A), if a
solution can be found for some (Xqg,Ag) to the equations
f =20f/ox = ... = aM™-1f£/5x™1 - 0, then an m-th order
contact exists at (xg, Ag). In addition, if f(x:;A\) is
contact equivalent to the appropriate normal form, then in
some neighborhood of xg,Ag, f£(x,A) will have m solutions.
Examples of these solutions are obtained in a systematic

fashion by constructing the loci of successively lower



singularities { £ = 3f/9x = ... = aM-2Pf/5xM=2P _ 0} for a
specific set of the first (2p-2) parameters, starting with
p=1, until p = (m-1)/2 if m is odd or p = m/2 if m is
even.

To derive the maximum number of solutions obtainable
from singularity theory for any given function, it is
therefore necessary to determine first its most degenerate
singularity, i.e. the largest possible value of m.
Clearly, m = 7 should be expected for the present problem.
Since the term DajBjx in (4) will be annihilated by
differentiating twice, only five unknowns, namely Da2B3xk,

14K Daj(1 + €By)x, Das(l + €B3)xX,

1+k

DajDaj(B; + By + B3)x
DajDajs[l + £(B; + By + B3)IX remain in the equations.

x% 32f/ax2 = x3 a3f/ax3 =...= x5 a6£/5%% = 0 (7)

Note that the qth derivative is mulﬁiplied by x9 so that
the order in x remains unchanged for each term. These
equations can now be solved as a 5x5 matrix problem via
Kramer's rule (or more conveniently, a judicious use of
Gaussian elimination) with the unknowns expressed in terms

of 1nx and k. Substituting into the remaining equations
f =x09f/3x =0 (8)

then gives Da;B;x, and lnx itself, in terms of k. By a
tedious manual calculation as reported by Retzloff et at.

(1987), the solution is



1nx = 2 (k% + 3k + 1) (9)
k(k+1)
Da;B;X = 4 (k2 - 2) (k + 1) (10)
(K- 1)3
Da,B3xX = 4 (2k2 - 1) (k + 1) (11)
K(k - 1)3
DajDay(B; + By + Bg)x*tK - 4 (kK2 4+ 3k + 1) (12)
k(k + 1)
Daj (1l + €By)x = { k + 1 )2 (13)
k -1
Day(1 + €B3)xF = ( k + 1 )2 (14)
k -1
DaqDa 1+k _
1Das[1l + €(B; + By + B3)IX =1 (15)

The mapping from 0<k<1l to 1<k<« described earlier is valid
in these equations. If k = {1, 0, -1}, the solution (9) -
(15) is degenerate. For each choice of k = (1, 0, -1},
(x, €, Daj, Dajy,B;, By, B3) can be uniquely determined as
follows: Multiplying (12) by € and subtracting from (15),
we obtain

DajDaxt*k = 1 - 4 (k2 + 3k + 1) (16)
k(k + 1)

Similarly, from (10) and (13), (11) and (14), we obtain

Da;x and Dazxk. These expressions are combined to give

262(k2 - 2)(k + 1)3(2k2 - 1) - 4ek(k - 1)2 (17)

(k2 + 3k + 1)(k2 + 1)+ k2(k - 1)%(k + 1)(k2 + 1) =0
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whereupon (16) can now be rewritten as

Da;Da,xt+K = —262(k2 - 2)(k + 1)2(2k? - 1) (18)
k2(k - 1)2(k2 + 1)

If the seventh order contact is to lie within physically
realizable parameter space, it is necessary by (18) that
1/2 < k2 < 1 or 1 < k% < 2. This latter result had been
previously observed by Retzloff and Chicone (1981). For
these values of k, the signs of the coefficients in (17)
(a quadratic in €) are such that only one root can be
positive, so that € is uniquely determined. Returning to
(9)-(15), it is easily seen that all the remaining
parameters can now be calculated.

In order to rigorously prove that seven solutions must
exist, it is also necessary to show that the function f is
its own universal unfolding. This is a straightforward but
tedious procedure which involves verifying that a certain
determinant is nonzero at the parameter values given by (9)
- (15). The determinant contains the derivatives of a
specified bifurcation parameter and five other unfolding
parameters. Essentially then, only six parameters are
necessary to obtain the universal unfolding (codimension
five). As there are seven parameters in (4), one can be
chosen a priori. From the earlier discussion, it is
evident that the best approach is to specify k. It was
reported earlier (Retzloff et al., 1987) that the
determinant as calculated in this manner is indeed nonzero

for 1/2 < k2 < 1 and 1 < k2 < 2.
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Farr and Aris (1986) also attempted to derive the star
singularity using a similar procedure. They assumed,
however, that species B is not present in the feed

(B3 = 0). It then follows that the parameters are

k% = 1/2, € = 1/12, Day = O,

Dag = (((1 +/ 2 )/( 1 /2 ))2exp(-6//2) (19)

By»e= and Byp-e,
or, in terms of the variables defined in their paper, a-0,
O»=, B»», The fact that some variables are undefined was
believed by these authors to be responsible for the
numerical difficulties that they encountered. If this is
true, then it appears that the difficulties can be avoided

by rescaling
o = oa, B = Ba (20)

as new variables are finite when a » 0. Our choice of
Daj(= O) rather than Daj/Da; (= o) essentially takes this
into consideration. 1In the subsequent section, we shall
verify that this is indeed the 'correct' choice for this
problem.

In the most general situation, a non-degenerate
seventh order contact therefore exists for 1/2 <k?<1 or
1<k%¢<2. For any choice of k within these limits, the
procedure to obtain parameter regions with specific number
of roots is a straightforward one which involves
calculating successively the lower singularities

(Golubitsky and Schaeffer, 1979, 1985; Balakotaiah and



Luss, 1984). Here, the loci of the wigwam points

f = 3f/3% = ... = 3°£/3%%= 0 (21)

must first be obtained. The objective of the calculation
is to then project the solution of (21) onto the plane of
any two unfolding parameters to form a cusp. Seven
solutions can be obtained within the cusp in the
neighborhood of its apex for certain parameter values.

Here, we have chosen to consider the (g, B3) plane, as

various assumptions on their values (e.g. € = 0) have

previously been made. By a straightforward calculation, we

obtain (Chan et al., 1987)

Da;Bjx = _k + 1 [(k% - 1)(1nx)2 - 4(2k? - 1)lnx (22)
(k_ 1)3 k

+ 4 (5k?% - 1)]
2

P

Da,ByxX = k(k+1) [(k2-1)(lnx)2-4(k2-2)1lnx+4(k%-5)](23)
(k - 1)3

DajDa, (B +Bo+B3)x +K = (k+1)[(1nx)2-_a(k2+3k+1)] (24)

k2
Daj (1+€By)x = _ k+1 [k(k+1)lnx-(k2+5k+2)] (25)
k(k-1)2
Da,(1+ £B3)xK = k+l [k(k+1)lnx-(2k2+5k+1)] (26)
| (k-1)2

DalDa2[1+e(Bl+B2+B3)]xl+k = (k+1)lnx—%(2k+1)(k+2) (27)

As before, a redundancy condition can be der:ived after

expressing Da;X, Dazxk and DajDajx

1+k as function of £ and
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lnx (k having already been specified). Naming the right

hand side of (22)-(27) a,b,c,d,e,f respectively we have:

Da;x = d - ac (28)

Dazxk = e - de (29)

DalDa2x1+k= f - ce (30)
hence,

(d-ag) (e - be) = f-ce (31)

Equation (31) is a quadratic in € with coefficients which
are quadratic in lnx. Thus for every lnx, there exist at
most two roots for €. The strategy is to vary 1lnx in the
neighborhood of the seventh order contact (eqn. (9)),
evaluate € by (31) and then evaluate the remaining
parameters by (28) - (30). It should be noted that two
solution branches of (31) can be obtained, one of which
originate from the unphysical root of (17). For
convenience this unphysical branch is discarded. The
remaining solution branch gives the expected cupsoid shape
when projected onto any two parameter plane ((g£,B3) chosen
here).

Within the cusp in the neighborhood of the apex, the
swallowtail points (f = 3f/3x = 32f/ax% = 33f/ax3 = 0) are
now calculated and the solution proujected onto the (Day ,
Daj) plane. The plot can resemble the shape of a butterfly
(Brocker and Lauder, (1975)). The resulting equations (see

appendix A) can be written as:
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k

BjDajx = Ag + AgDajx (32)
B,DajDayx K = Ag + AgDayxF (33)
Daj; (1 + €B;)X = A3 - A4D32Xk (34)
DajDas[1 + £(B; + By B3)1x1+K = -a; + aypasxK (35)
where:
A; =1 [2k + 3 - (1 + k)lnx]
k2
Ay = 1 {(1 + eB3)[(k - 1)2Inx - (k - 1)(k - 3)]
k2
- By(k - 1)2)
Ay =1 [(1 + k)2lnx - (k%+ 4k + 3)]
k2

Ay = 1 {(1 + eB3)[(k - 1)Inx + (3-2k)] - B3(k - 1))

k)[k(1lnx)2 + 2(1 - k)lnx - 6]}

&
n
-

~

-
+

Ag = 1 ((1 + eB3)(k - 1)[k(k - 1)(1nx)%- 2(1 - 2k)Ilnx + 6]
k3
- By(k - 1)2[(k + 2) + klnx])

A7 = (k + 1) (k(1 + k)(1lnx)%- 2(2k + 1)lnx + 6)
k3
Ag = 1 (Bj[k(k - 1)lnx + 2 - 3k] + (1 + €B3)(k - 1)

k3
[- k(1lnx)2 + 2(k + 1)lnx - 6])

Combining (32)-(35) a single quadratic equation in Dazxk is
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obtained:

k,2 k _ _
(Dazx ) (€A8 + A4) + (Dazx )[€(A7 A6) + Az A3] (36)
+ (A; + €Ag) =0

With k, € and B3 already specified equation (36) can be
solved for each 1lnx. Only one solution of egn. (36) gives
parameter values that are in the neighborhood of the
singularity. The other solution will be ignored. A
butterfly shape is obtained in (Da;, Daj) plane (or any
other combination of two parameters among the four left).
The final stage of this procedure is the calculation
of the bifurcation points (f = 3f/8x = 0) for specific
values of Da; and Da; chosen from inside the tail. Here,
only two equations and two unknowns are left, which we

solve in appendix B using Kramer's rule to get:

B = Ci[1 +k -¢e/(1 -egy)] -G,

(37)
k(1 - ey)Da; exp(y)

k(1 - ey)Da;Day exp(k + 1)y

where C; and C, (give in appendix B) are function of 1nx,
and y is 1lnx itself. The expected star structure in the
(By, By) plane is obtained. Seven roots of the steady
state egn. (4) can be shown to obtain for appropriate
choices of B; and B, within the star.

The results of these calculations will be ¢iscussed in

the next section.
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2.3 RESULTS AND DISCUSSIONS

As we have proven in the last section, it is
sufficient to consider only 1/2 < k% < 1. For k = 0.9, the
star singularity given by (9) - (15) exists at parameter
values

€ = 0.03991585, Da;=5.1988x107°/ Day=4.9443,

Bi= 8.90468144x10%,B,=27.409-B;, B3=-9.1855.

The loci of the wigwam points emanating from this
singularity are calculated using (22)-(27) and projected
onto the (£,B3) plane. This is shown in Fig.l where the
cusp shape is evident. It is important to note that the
lower solution branch eventually crosses the feasibility
boundary where Da; becomes negative, as indicated by the
dotted line in Fig. 1. 1In the neighborhood of the apex,
however, both branches are feasible as evidenced in Fig. 2
where the swallowtail points calculated for B3 = -9.11 and
€ = 0.03938, 0.03940, 0.03942 are plotted on the (Day, Dajy)
plane. This figure shows the expected trend for the
problem (Brocker and Lander, 1975). Fixing € = 0.03942,
Da; = 3.38x1076, Da, = 4.26, the bifurcation set is then
calculated and shown in Fig. 3. Seven solutions are now
obtainable in region 1. This is verified in fig. 4 where
f(x) is plotted versus x for B; = 1.17318645x107, By =
28.7906-B;. Alternatively, in éig. 5, a bifurcation
diagram (with B; chosen arbitrarily as the bifurcation
parameter) is shown. This plot also verifies the existence

of seven roots for (4).
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For k = 0.752, the same analyses yield similar results
which are plotted in figs. 6-13. 1In this case, however the
feasible region (Da; > 0) appears to be much smaller as the
lower wigwam branch is unphysical even at parameter values
quite close to the star singularity. In a small
neighborhood of that point, seven roots can still be
obtained by following the same procedures (Figs. 7-10),

To confirm the accuracy of our numerical results, we
have also considered £ = 1/15, B3 = 0 which were chosen by
Farr and Aris (1986) in their unfolding of a wigwam
singularity. As expected, this point lies very close to
the upper wigwam branch of Fig. 6. By choosing the other
parameters as in their calculation, an unfolding of our
star singularity can in fact be achieved (Figs. 11 and 12).
Obviously, the previous results by Farr and Aris (1986) is
only a special case of our analyses.

Keeping B3 = 0 and varying € in Fig.6, it is observed
that as € decreases, the Da; values calculated for the
fourth order contact also decreases until they cross the
feasibility boundary to become negative as expected (Fig.
13). It is worthwhile to observe that Da, remains finite
nevertheless, which proves that the scaling was chosen

correctly.
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In Farr and Aris (1986), B3z = 0 was assumed a priori
(rather than fixing k as we have done here). As a result,
the seventh order contact that is obtained is unfeasible
(Da;j = 0 in (19)) and apparently its unfolding as a star
singularity fails. This problem will be examined in more
detail. We first calculate the wigwam points from (22)-
(27) when B3 = 0. In particular, (23) gives 1nx in terms

of k, i.e.

Inx = 2 [(k® - 2) % /2x2-1] (39)
k2-1
As expected, a double root occurs at k2=1/2, in agreement
with (19). Substituting (28) into the remaining equations,
we obtain

e = k2(- 16k® + 69k%- 30k2-7) + (26kB- 9k%-1) (2k2-1)1/2
4(k2- 1)( -8k6+ 93k4- 6k2+ 1) (40)

Dajx = 2k2-1 2k2(2k2-1)(k2-5) & (-5k%+1) (k2+1) (2k%-1)1/2
k2 (-8k6+ 93k%- 6k2+ 1) (41)

Dasxk =k + 1 [ -3k + 1 # 2k(2k3-1)1/2 (42)

(k - 1)3
These equations can also be written in quadratic forms with
coefficients that are functions of k. For 1/2 <« k2 < 1,
the signs of these coefficients are such that both Da,
values in (42) are positive (hence feasible), whereas the
Daj values in (41) are always one positive, one negative.

In Fig. 14 Daj; is plotted versus k. The region where Da;
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is positive has been magnified hundredfold. It is obvious
that for k20.82, the feasible region is so small that even
double precision arithmetic may fail to give the desired
accuracy. Therefore, in order to guarantee that seven
feasible solution are obtained, it seems prudent in this
case to choose Daj first. Fixing k = 0.752 and Da; =
3.38x10'6, seven roots have indeed been obtained.

When B3 is chosen to be positive near the upper wigwam
branch in Fig. 6, the same unfolding procedure still gives
B, values that are negative. From the definitions of B,
and B3, it then follows that Cpf and Cgf must be of
opposite signs, which is an unphysical result. Our
numerical computations in fact indicate that for 1/2 < k2 <
1, the parameter region B3>0 must be excluded if the
unfolding is to give seven feasible solutions. It appears
therefore that the second reaction is always endothermic.
By similar arguments, it can be shown that the first
reaction is always exothermic. These restrictions apply to
1/2 ¢ k% ¢ 1. For 1 < k? « 2, the requirements are

reversed due to (6).
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IIT. NORMAL FORM

3.1 MATHEMATICAL REFORMULATION

The choice of the kifurcation parameter is very
important in practice as the predictions of the
mathematical model are to be subjected to experimental
verification. 1In this chapter the flow rate (an operating
variable which is easy to measure and control) will be
chosen as the bifurcation parameter. This choice has been
known to give the most degenerate singularity for similar
problems (Balakotaiah and Luss, 1983). We recall that in
chapter II all the parameters except for k contain the flow
rate in their definitions. This is clearly inconvenient for
the present calculations, so that new variables must be
defined. 1In doing so, the model equations become slightly
more complicated as the number of parameters increases by
two. Fortunately the chain rule will allow us to use the
results obtained in the last chapter. We chose the

bifurcation parameter to be:

H = hA
chp
and define:
G =Tt
Te

it is easily verified that:

€By = (-AHA)CAf 1
pCpTC G+H
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€B2 = (-AHp)Caf 1
PCpTc G+H
€B3 = (-AHR)Cpf 1

PCpTc  G+H

Daijx = koa VECp H exp(-Ep)
hAa RT

Dasx kop VECp H exp(- KEp)
RT

1+H

g = RT¢ G+H

Ep  1+H

x = exp(- Ep) exp(l)
RT €

Note that the choice of the new parameters is such

that the only one that contains the flow rate is H.

3.2 THE MOST DEGENRATE SINGULARITY

The bifurcation problem is given by (4). For

convenience however, we consider e€f instead, ie:

ef = eByDa;x + eBj3Da xk + DajDa,e(By + B + B )xl+k
1-41 3¥<2 1742 1 2 3

- €lnx{1l + Daj(l + €B3)x + Daj(l + sB3)xk (4")

+ DayDay[l + £(By + By + B3)1x**K) = 0

The most degenrate singularity is characterized by the

parameter values which satisfy the equations
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ef = 3ef/9x = ... = dPef/axP = ... = Q3ef/d3H =

39¢£f/au9 = 82cf/3xdH = ... = 3aXtSef/axTaH® = 0

with the parameter p, q, and r + s being maximized in

succession.
By identities such as:
9ef/3x = £3f/3x + £f3e/3x = e3f/ax

it is easily seen that equations (9) through (15) are still

valid when p = 6.

For the derivatives of &f with respect to H it can be

shown that:
d9eB4/3H = -€By/(G+H) for i=1,2,3
dDa;x/dH = Dajx/H
aDazxk/aH = Dazxk/H (43)
aDajDa,x *K/am = 2Da;Dasxi*k/H

9elnx/dH = (1 - e€lnx)[(1/(1 + H) - 1/(G + H)]

Equations (43) are used in appendix D to get the following
results:
3ef/3H = g + gz + g3 (44)

where:

gy = £f + elnx + £ ((By+Bo+B3)DajDayxt+k
H H

H
(45)

~ 1lnx[1l+&(By+By+B3)]DajDayxt+X)
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gy = 1 (1-£lnx) (1+Dajx+DayxK+Da; Dayx 1K) (46)
G+ H
g3 = -(l-elnx) (1 + Daj(l + €By)X + Dag(l + €B3)x~
1+H
+ DajDas[1 + £(B; + By + Bj3)1x*K) (47)
Equations (44) - (47) are then used in the same

appendix to obtain 32ef/axdH which is a very
straightforward calculation. Solving the equations 3ef/3H

= 32ef/3x3H = 0 simultaneously at the parameter values

given by (9) - (15) yeilds the following unique solution:
G+ H = 2(1 - £lnx) (48)
1 + H
1 +H = k% +1 ) (1 - elnx) (49)
H (k - 1) elnx

The following relations can also be derived from (48)-(49):

G = 2k%+1 , - £lnx) 2 (50)
H X - 1) £1nx
H = (k - 1)2elnx (51)
k2+ 1 - 2(k%- k + 1)elnx
- 2 .2
G+H = 2 (1 - elnx) k¢ + 1 5 (52)
H elnx (k - 1)

‘Appendix D shows the details of these calculations.

Furthermore, we were able to obtain:

a2ef/3H% = -4 (i - elnx)?(k%+ 1) k%+1 (53)
H(G + H)(1 + H)H (k - 1)2

and



a4
33ef/ax%3H = (D19) (54)

where (D19) is presented in appendix D.
It appears then that the most degenerate singular

point is given by:

ef = 39ef/3x = ... = a%f£/0x® = oef/oH = (55)

32ef/3%3H = 0

whose solution is given by (9) - (15) and two additional

equations chosen appropriately from (48) - (52).

3.3 THE RECOGNITION PROBLEM

Keeping in mind that singularity theory only predicts
local behavior, we consider the recognition problem for the
normal form of the steady state equation (4) or (4'). A
more precise mathematical definition of germs and their
analysis is given in Brocker and Lander (1975).
Essentially, a germ is an equivalence class of mappings
that are up to contact equivalent in the neighborhood of a
certain point. The recognition problem consists of finding
the conditions that a given function must satisfy to be
equivalent to a simpler polynomial function (normal form)
in the neighborhood of the most degenerate singularity.

The uniqueness of the solution of (55) together with
the derivative conditions (53) - (54) and the following
result obtained by Retzloff et al. (1987) (at the most

degenerate singular point):
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a7f/ax7 = - k%(k + 1)2x77 (56)
suggest a normal form as follows:
h(x,H) = -x’+ Hx%- y2 (57)

Remarks:

i) The positive sign of Hx?

is determined by
numerically calculating (D19) in appendix D for all

k.

ii) The term xH2 does not appear in (57) since it can

be absorbed by a change of variable in x.

Balakotaiah and Luss (1983) obtained, for two parallel
reactions under the positive exponential approximation, the
normal form h = -x°+ Hx%- H2. Two of their derivative
conditions were similar to (53) - (54).

The mathematical method for solving the recognition
problem for a given normal form has been developed by
Golubitsky and Shaeffer (1985). This systematic method
consists of three stages. Here we present its main results
when applied to our problem. The restricted tangent space
RT(h) is:

RT(h) = M%® + M3 + MCAZS 4 (h, x3h/ax}  (58)

1) lower order terms

L(h) = M7 + M2 + <A%) (59)
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The complementary space to L(h) is:

L'(h) = <x6,x5,x4,x3,xz,x,l,k,xk> (60)

hence, for any function strongly equivalent to h it

must satisfy (55).

2) Higher order terms

M8 + M3A> + MAD (61)

g
o )
|

monomials in P(h) do not affect equivalence.
3) Intermediate order terms

Any function strongly equivalent to h is given by:

ax’ + bAx? + cA? + P(x,\) (62)

Hh
I

where a,b, and c¢ are nonzero real numbers and p(x,A) should

belong to:
M8 + M3A> + McA2>

This is exactly the right hand side of (61)!

Consequences:

a) By requiring strong equivalence another equation

must be satisfied by the function, namely:

(37£/73x7)2(3%£/0x2)5 _ -(a3£/8x%0n)” (63)
(71)2 (21)3 (31)7

b) When the problem is considered in the context of
general equivalence the restraint (63) disappears

and the recognition problem is completely solved by
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(55) and the following:

32f/3)N2 < 0
33f/5x2an > 0
a’f/ax’ < 0

Hence, the normal form (57) is to be retained for our

steady state equation (4) or (4').

c) Universal unfolding

Once the restricted tangent of space is identified
(egqn. (58)) one needs only to use linear algebra to obtain
the universal unfolding. By following the procedure of
Golubitsky and Shaeffer (1985) we obtain this final result:

One of the universal unfoldings of the steady state
equation (4') has a basis given by <l,x,x2,x3,x4,x5,x6>.
The codimension is therefore 7.

6

ef = -x'+ Hx?- H2+ 3 aixi
i=0

3.4 NUMERICAL ANALYSIS:

For the numerical analysis of the steady state

equation (4') we define the following new variables:

€By = (G + H) eBy ~ for i = 1,2,3
Bgli = Da]x

H
== <k k

Dazx = Dazx
H
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E = 1+ H ¢ (64)
G + H
where
X = exp(- Ep)
RT
elnx = (elnx - 1) 1 + H
G + H

It can be shown that (4') can be transformed into an
equivalent equation (for the number of steady states) and

is derived in appendix C as:
-(1 + Hyef = AgHS + A H? + AJH +A (65)

This is a cubic in H with coefficients Ay (i= 0,1,2,3) that
are functions of X and lnx (appendix C).
The strategy used in the numerical analysis of

equation (65) is as follows:

1. Calculate the parameter values given by (9) - (15)
for a fixed k.

2. Evaluate H and G at the most degenerate singularity
by (50) and (51).

3. Evaluate the new variables by (64).

4. Evaluate for each 1lnx the coefficients in (65) and
solve for H by setting (65) equal to zero.

5. Graph X versus H to get the bifurcation diagra
next to the most degenerate singularity.

The results of this calculation is that in the

neighborhood of the most degerate singular point there
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exist two positive H-branches (feasible solution) as
function of 1lnx and another one that is always negative
(unfeasible solution). Figure 15 shows the corresponding
bifurcation diagram of equation (65). This is to be
compared to figure 16 which is the bifurcation diagram of
equation (57). The equivalence is without doubt striking.

The numerical values of paramenters and state variable
(the most degenerate singularity) in these calculations

are:

k = 0.752 G = 1.12534

B, = 3.940247x10° By = -13.938989x10°
By = -1.855836 Da; = 1.123525x102
Da, = 4.620856x10° £ = 0.6751724x107%
H = 0.3175279x107% X = 0.6078093x1073



50

Tnx ~

-6 -

-8 4

-11

-13

Fig. 15

Bifurcation Diagram of the original function lnx versus 1lnH



51

74
6
5 4
4
3
24
14
0
1]
2 4
34
4
5 ]
6 1
7
8
9
,of - I " ! . I . . . : : . - . . T . . . y
-0 07 -0.02 0.03 0.08 0.13 0.18 0.23 0.28 0.33 0.38 0.41

Fig. 16 Bifurcation Diagram of the Normal Form x versus A



52

IV CONCLUSION

In this work we have shown that for two consecutive
reactions in a CSTR seven steady state solutions can be
obtained in a systematic manner in the neighborhood of a
star singularity. The parameter values for which this
occurs can be restricted to feasible parameter space. The
effects of various assumptions made by previous authors are
considered. It is seen that the analysis presented here is
the most general one thus far. A procedure exists to
obtain all the qualitive different local bifurcation
diagrams that can be found in the neighborhood of an
organizing center. This is outlined in Golubitsky and
Shaeffer (1985), and consists of calculating the hystersis,
isola and double limit varieties of the universal
unfolding. The number of bifurcation diagrams that can be
found in this problem is huge (in the range of one hundred)
and obtaining all of them is tedious.

Using the flow rate as the bifurcation parameter, a
normal form suitable for experiments was obtained in
chapter III, together with one of its universal unfoldings.
It is worthwhile noting that the question of obtaining
maximal multiplicity is independent of the choice of the
bifurcation parameter. However the choice does play a very
important role in the normal form and the bifurcation
diagrams that can be obtained. The bifurcation parameter

of chapter II results in a strong equivalent normal form of
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codimension 5 (—x7

+ B3; Retzloff et al, 1987), choosing a
different bifurcation parameter in chapter III augments the
number of parameters by two, and results in a slightly more
complicated normal form of codimension 7, obtained in the
context of general equivalence this is not a serious
handicap since at the level of universal unfolding all that
is needed is equivalence. Moreover, in more complicated
problems one has to deal with moduli and Lee groups algebra
(Golubbitsky and Sheaffer (1985)).

For three consecutive reactions, the maximum number of
solutions is predicted by Chicone and Retzloff (1982) to be
no greater than fifteen. However the number of parameters
for this problem is only eleven in their nondimensional-
ization, so that the maximum number of local solutions
obtainable by singularity theory is twelve (globally,
thirteen). It remains an extremly tedious problem to see

whether fifteen solution in fact exist for this case.
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NOMENCLATURE
A: heat transfer area
By, By, B3: dimensionless heats of reaction
C: concentration
Cp: specific heat
Daj, Daj: Damkohler numbers
E: activation energy
F: flowrate
G: dimensionless coolant temperature
(-AH): heat of reaction
H: dimensionless inverse flow rate
h: heat transfer coefficient
k: activation energy ratio
ko: pre-exponential factor
m, N, n, p, q, r, s: positive integers
R: gas constant
T: temperature
Tp: reference temperature
t: time
V: reactor volume

X: dimensionless temperature

Greek Symbols

€: reciprocal of dimensionless activation energy
p: density
A: bifurction parameter

a4: constants

55



Subscripts

A, B, C: species
c: coolant

f: feed
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APPENDIX A: Swallowtail Points

We present here the six relevant equations from which

the wigwam, butterfly and bifurcation branches of chapter

II were calculated. Letting B,' = Bj+By+Bj they are:
Vo 14k k
BjDajx+DajDajBy ' k™" "+DagB3yx " -1nx [1+Daj (1+€Bj)x
+Day (1+£B3)xK+DajDa, (1+8B, ' )x1 K] = 0 (A1)
1+k

BlDalx+DalDa2B2'x (l+k)+Da2B3kxk—l—Dal(l+eBl)
(x1nx+x)-Da, (1+eB3)x<(klnx+1)-Da;Dag (1+EBy " )x1+K

[(k+1)1lnx+1l] = O (A2)

DalDasz'(l+k)kxl+k+Da2B3k(k-l)x +1-Daj (1+€Bj)x
~Day (1+£B3)xX[k(k-1)1nx+2k-1]+DajDay (1+eBy ' )x1+K

[(k+1)klnx+2k+1] = O (A3)

DalDasz'(1+k)k(k—l)xl+k+Da2B3k(k—l)(k—2)xk—2
+Day (1+€bj )x-Day (1+£B3)xK[k (k-1) (k-2)1lnx+3k2-6k+2]

1+k

-DajDag(1+€By ' )x X[ (k+1)k(k-1)1lnx+3k2-1] = 0 (Ad)

DajDagBy' (1+k)k(k-1) (k-2)x *K+pa,B3k (k-1) (k-2)
(k—3)xk+6-2Dal(l+sBl)x-Da2(1+eB3)xk[k(k—1)(k—2)
(k-3)1lnx+4k3-18k2+22k-6)-Da;Da, (1+£B, ' )x1*tK

[(k+1)k(k-1)(k-2)lnx+ak3-6k2-2k+2] = 0 (A5)

DajDayBy' (1+k)k(k-1) (k-2) (k-3)x *K4DayBk (k-1)
(k-2)(k-—3)(k—4)xk—24+6Dal(1+sBl)x—Da2(1+eB3)xk
[k(k-1)(k-2) (k-3) (k-4)1nx+5k*-40k3+105k2-100k+24]

1+k

-DajDag (1+eBy " )x 1 ¥ (k+1)k (k-1) (k-2) (k-3)1nx+5k4

-20k3+15k2+10k-6] = 0 (A6)
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The simultaneous solution of (Al), (A2), (A3), (A4), (AS5),
and (A6) has been carried out by Chan et al. (1987) to get
eqns. (22)-(27).
To obtain the swallowtail points, we solve (Al), (A2),

(A3) and (A4). The algebraic manipulations are:

(A2) - (Al) = (A2a)
(1+k) (A2a) - (A3) = (A3a)
(k-1) (A3) - (A4) = (Ada)
(Ad4a) - (A3a) = (A3Db)

(A3b) is solved to obtain DajDa,(l + eBl)xl+k.
Substituting back into (A2a), (A3a), (Ad4a) yields equations

(32) - (35).
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APPENDIX B: Bifurcation Points

For the bifurcation points (f = 3f/39x = 0) we solve
equations (Al) and (A2) of appendix A for the two unknowns

By and By'. These two equations can be written as:

A71B] + AjpBy' = Cp (B1)
Ag1By + AgyBy' = Cy (B2)
where:
Aj; = Dayx(l - elnx) (B2)
Ay, = DajDa,x**K(1 - elnx) (B3)
Agy = Dajx(l - elnx - g) (B4)
Agp = DajDaxi*X[(1 + k)(1 - elnx) - €] (B5)
C] = -DayB3x® + 1nx[1 + Dajx + DayxK(1 + eBj) (B6)
+ DajDayxi+k)
C, = -DayB3kxX + 1 + Dajx(lnx + 1) (B7)

+ Dag (1l + eB3)xk(klnx + 1)

+ DajDa,x**1[(k + 1)lnx + 1]
Letting y = lnx and solving by Kramer's rule, we get
Ci1 Azz - Cz A3
A1l A1
B = - (B8)
k(1 - ey) DajDagexp(k + 1)y
(C2 - Ay Cj)
A1l

By = —mmm e e~ (B9)

k(1 - ey)DajDajsexp(k + 1)y

Evaluating and simplifying the quotients A12 and 221
_ A1l Al
results in equations (41) and (42) of chapter II.
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APPENDIX C: A Bifurcation Equation
We derive here an alternate form of the steady state
equation (4) or (4') in terms of the new variables defined
in section 3.3:

ef = sBl'ﬁ_a'li' H + 2535—6.2;(-}( H
G+ H G +

1+k

o

2
H

+ E(El + §2+§3)551'1532§

@
+[

- (e ? + H 1nx + 1){1 + HDa;x + Hﬁ§2§k
+

Tl

+ Da;XeB; __H__ + Da,x"eB; _H
G+ H G+ H

+ H2Da,Da,xi*K

+ Da;Da,x *kg(B; + B, + By) __HZ ).
G + H

Rearranging and multiplying through by -(1 + H), we get a

cubic in H which can be written as:

-(1 + H)ef = A3H3 + A3HZ + AH + Ag
where:
Ay = Da;Da,x'*K(Elnx + 1)
A+ = E1nE(53.% + Da-xX + Da.Da.xltk =
2 = nx[Da;x + Dasx™ + DajDajsx (G + €B; + €Bjy
+ €By)] + DajX + Da,x* + Da;Da,xitk
A; = ELnX[1 + Da;X(G + £By) + Da,Xx (G + £B3)]
+ 1 + Dajx + Da,xf

Ag = Gelnx + 1
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APPENDIX D: Recognition Problem
In this appendix we derive the equation used in
chapter III for the recognition problem. Differentiating
(4') with respect to H term by term and applying (43), we

obtain:

3ef/0H = €ByDajx(l - ) + eBgDa,xK(1 - 1 )
H A

R
G + H

l+k(

+ €(B; + By + Bj)DajDasx - 1 )

2
H G+ H

1 _-_1 ) (-
1+H G+ H

-(1 - £lnx)(

elnx{(1l + £By) D21¥ - ep; DX (D1)
H G+ H

k k
(1 + eB5)P32¥ _ gp; DX
H G+ H

+

1+k

+

2 DajDas[l + (B + By + B3)]x
H

£(B; + By + B3) DajDay x++kK

G + H

where { - } is the term between bracket in (4').

Rearranging (D1), it can be written as:

def/3H = gy + g2 + g3 (D2)
where g;, g, and g3 are given by (45) - (47). Using (D2)
we have:

32ef/3x0H = 8gy/0% + 8gy/dx + 3g3/dx (D3)

and for a better subsequent use of eqn. (9) - (15) we have:



X9g1/93x

X9g,/3x

X3g3/9dx

At any singu

simplify to:
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= x g 3f/9x + £ (1 + k)xl+kDalDa2{(B1 + By +B3)
H H

- 1nx [1 + €(B; + By + B3)]) (D4)

- eDajDa, x1*¥ [1 4 g(B; + By + Bj)]

= - _€ (1 + Dajx + Dazxk + DalDazxl+k

G+H

) (D5)

k 1+k

+ 1-elnx [Da;x + kDajgx
G+ H

+ (k+1) DajDajx ]

€ {1 + Dayjx(l+eB;) + Dazxk(l+sB3)
1+H

+ DajDagx!*X [1+ g(B; + By + B3) 1) (D6)

-1 - elnx {Daj;x (1 + €Bj) + kDazxk(l + €B3)
1+H

+ (k+1) Da;Dayx ™ [1 + g(B; + B, + B3)1)

larity given by (9) - (15), these equations

gy = 2telnx (D7)
H
gy = 4(1 - elnx)2 k2 + 1 " (D8)
G + H (kK - 1)
g3 = -4(1 - elnx) k% +1 " (D9)
T + H Xk - 1)
Xdg;/9x = (1 + k)elnx (D10)
H
X3gy/3x = 2(k%® + 1) (1 - elnx) [(k + 1) (D11)
(k - 1)2 G+ H

(1 - elnx) - 4g]
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x3g3/9x = 2(k% + 1) [26 - (k + 1)(1 - £lnx)]
(k - 1)2(1 + H) (D12)

letting g; + g3 + g3 = 0, we obtain:

elnx = 2(k®+ 1)_(1 - €lnx)[ 1 - 1 - elnx] (D13)
H (kK = 1)2 1 + H G + H

Furthermore, letting x(8g;/3H + 3g,/3H + 3g3/8H ) = 0 and

use equation (D13), eqn. (48) through (52) are obtained.
The uniqueness of G and H determined by these

calculations suggests that the most degenerate singularity

is already obtained.

We now derive the signs of higher derivatives. Using

(D2) we have:

3%e£/0H? = 8gy/dH + 3g,/3H + 3g3/dH (D14)

It can be shown that at the most degenerate

singularity:
3g1/dH = - 2elnx(l - £lnx) (D15)
H(G + H)
3g,/dH = 92 92 - 2elnx (1 - £lnx) (D16)
H(G + H)
3g3/3H = - 2g3 + 93 + 93 (D17)
1l + H G + H H
+ 1l - elnx [4elnx k2+ 1 ]
(1 + H)(G + H) (k - 1)2
Using (Dl14) - (D17) and (D7) - (D9) it is easy to get eqn.

(53).
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The other higher derivative can be written as:
33ef/ax%sH = az(gl + gg + g3)/ax2 (D18)

Here again, it is more convenient to evaluate

xzaz(gl + gg + g3)/ax2. Straightforward algebra starting

from eqn. (45) - (47) yields the most degenerate point:
33ef/ax%8H = a - eb + c(l - €lnx) + de (D19)
H G+ H G+ H 1 +H
- g(1 - €lnx)
1 +H
where:
a = (k + 1)(kelnx - 2g)

b = (4k)(k%+ 1) - 2(2k + 1)elnx

(k - 1)2
- 48 k + 1 (5k%+ 3k - 1)
k(k - 1)2

c = k(k + 1)2 - ag(2k?- 1)(k + 1)+ k(1 + k)(1 - 2elnx)

k - 1 (k - 1)2

d = 2k3+ 3k%+ 4k - 1

(k - 1)2

- 2
e 2k“ (k t i)
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