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SOIUTIONS OF DNITFERENTIAL  FEQUATICNS NCT CBTAINFD._“
BY GIVING PARTICULAR VALUES TO THR CFNQTKNT AT

INTEGRATICN IN THR ORNERAL SOLUTICN. SRR
T.B. va Q.M. \‘i i

j—~a

In conside'r'ing the sofution of Dif‘"eren.’kia.l g'{ié't.ions,

let the equation be taxen in the form f(x,y,p)=C , in
which » denotes--ﬂ : and f is a rationz2l1, integral,and
algebraic mncfiondgf X,y,and" » ,of degree n in P.
It has been shown that,ir "general, this equation must have
a solution in the form F(x,y,c)mc, ¥ will always be a
function of x, vy, and a variable vnarameter ,c..F will also
be of degres n in ¢ , but may not be §in all cases,a
rational, integral, and algebraic function in x and y. Ve
can assume £ an indecomposable function. Then F will
2180 be indecompossble. For if F could be factored, then
to each of these factors would corresvond a factor of f,
There are, in some c=ses, sclutions which can not be
obtained by assigning varticular values to the. constant of
integration in *he genersl solution. “uch a solution Qf a
Differential ¥quation is called a Singular Solution. The
nrasent theory of singular solutions was exnounded by
Cayley in 18'73. His method is,imigeneral, as f0llows .-

Let f(x,y,n)=C jof degree n in v , . have a gen-
eral solution P®(x,y,c)=0 such that ¥ 1is a rationzl,
integral, and algehraic funetion of x,y, and ¢ , of de-
g'_f‘eé n in ¢, If these functions be renresented geo-
metrical\lv 80 that x anci y are the cocrdinates of a

noint in a vlane, then f(x,y,p)®0 defines 2 ‘system of

curves F(x,y,c)=0. If values be assigned to x and y
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in f(x,y,m)=0, n values of » will bz determined, cor-
resvonding to the Adirections of n curves through the
moint (x,y) . If values be assigned to x and y in F(x,v,c)=o0
n values of ¢ will be determined, corresnénéing to which
there will be n e¢nrves, The curve W(x.y,c)=?c may have
a certain numher of nodes and cusps. If i% be possible,
choose c=¢,s0 that the curve ¥(x,vy,q)=0C will have an ad-
ditional node at some point , P.,called a2 "level vointn,
At this voint there are n values of ¢ ,consisting of 'c,
and n-1 other values. Hence through the level voint vpass
2 nodal curve and n-1 other curves., At this point, there-
fore, there are 24n-1 or n+l directions of the tangent
determined by f=0. But since f is of degree n in 0p,
there can not te n¢l values of v ,unless £ is identical-
1y equal to © for all values of p.

The ¢ =discriminant ,or the condition: for equal val-
ues ‘of e in F=(0 is an invariant of the function,and
ifﬂ relation tb the system of curves T=(0 must be explaingg/
in connection with thé theory of singular solutions. Like-
w1se the n—discriminant of f=¢ is an invariant of the
function f, and its relation to thé system of curves defined
by f=0 mst be exvlained,

If there be any ordinary nodes of ¥=0 ,they will

form a locus called the nodal locus.§¥nce there can be only
n directions of the curve at at a voint, therﬂcan be only

n-2 curves besides the nodal curve, which gives +two di-

4

rections , But sinece there are n values of ¢, the ncdal

curve must corresnond to equal values of «c. Therefore the
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nodal locus revnresents a locus of noints for which
P(x,y,c)=0 gives equal values of ¢, Hence the nodal
locus must be contained in the c—dAiscriminant. “ince at
a nodal voint the n values of v will, in general, be
distinet, there will be no equal values of m for points
on the nodal locus, and hence the nodel locus will not be
contained in the wp~discriminant.

There may also be a cusnidal locus, at every vpoint
of @#hich there are at least two equal values of D cor-
resnonding to the tangent at the cusp counted *wice “and
n-2 other valges. This gives n-1 ecurves +h*ough fhe

are
voint , ™ut since there . n values of ¢ for each voint

Vg
the cusnidal curve must be counted twice, and corresvcnds
to-equal values of ¢, Frem this it is evident that the |
cuspidal locus must be found in both the c—discriminant and
in the »—discriminant .

There may also be a locus called the tac locus, such
that there are, at every noingugequal'values of n and no
'emal-? values of ¢, “This will be a locus of noints at
Whiﬁgwoif + curves of the system are tengent. This locus.
7111 therefore he found in the p-discriminant tut not in
the c-discriminant,

In' general none of these: loci will be solutions
of f£=0, because none of tEeEe \J\o‘ci have, at cach point,
the direction of some curve ~f the system at +hat voint.
This brings us to consider that, if therebe in the vplane any

curve U= tangent at every voint to some curve of the
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of the system TF(x,y,c)=c, then U=Q will be a solution
of f(x,y,n)=0. This is evident from the fact that at
each moint of U=0, U has tﬁe.same coordinates (x,y)
and the same direction as some curve of the syster which
is a solutdton of the Aifferential equation. Hence the
values of x; ¥, and p at each moint of U=0 will sat-
isfy f(x,y,p)=0, and any envelope of the‘system of
curves is a solution of the differential equation. I* is
to the envelone that Cayley annlies *he term "Singular
Solutionn
Through any moint on this curve will pass the tan-
gent curve counted twice and n-2 cther curves. Since the
fWo-£0l1d value of ¢ at any voint on the envelovoe cor-
resvonds to two coincident curves, so the value of 7 must
be tWo-fold corresvonding to two coinsident taongents. There-
fore the envelone, if there be one ,must be found in both
the e— and the v-discriminant,
I* can be shown that if the nodal,cuspidel, tac,

and envelove loci be denoted by N=0, C=r° T=r

* 9

andi U=0 , resnectively, then,- the c-discriminant is
renresenfed hy ﬁ&ﬂ:(}, and the n-discriminant is rep-
resented by CTU=0
The c-Aiscriminant is founA by elinminating ¢  be-
tween PMx,v,e)=0 and %{:—.o . The p-iiscriminant is
found by elimineting v between f(x,y,p)=0 and %—%:o .
The question of the existence of a singular soiu-

tion is not discussed by Cayley exeen* for the marticuler

i .

.cese where n=®: In such a case f(x,y,p)=C may be






represant~d by ( L,M,N Q n,1 )Lr_c. Let *he genera2l solution
~hae Aennted by ( D.(»),.R/Q c,l )’—_:. 0. ?T:t':‘ there te & singular
aolntion it will be LN-M=( or 2 foctor of IJ\/I-M'—Z-.O. Mt
in geheral LN-M"is not decomjndsc,am_e and not a2 singular sclu-
~tion, Henece in general s Aifferential equation of the second
‘degree does not have =2 singuler™ solu*ion, PRut ,according to
Cayley.’_ avery algebraic equation, rational and integral in
x and 'y and denending in any way on 2 variabhle nav'ametev-
c, haé. an enve‘lnne,and the Aifferential equation obf,alned by
2liminating ¢ between F=<(¢ and the Aerived equation has
a singular solution, Therefores = Aiffarential aquation will
nof ,in general, heve sm algebraic sclution which is a raticn=
al and integral funetion of x and vy,
(of his M2thematical Paners)
In Yol. VIII.s . nNage 420 ‘(‘ﬂyley Aiscuases a Aifferen-
tial equation whish does not seem to 2gree with his theorem
thaot every system of algehraic curves as described above |

g2 hag an envelove, The r»roblem is as follows,-

o i

e 1y 9
The general solu*ion of ——)»-— — X = 0 is,
v 2 3 Ax 4
(y$¢) -~ X=0. The »- ani c-Aiscriminants are x=c¢ and

x’:.o resnectively. But this is a cusv locus and not an
' 32

env@lovne, Cayley therefore concluies that - (y+c)"- X=0
-has no envalovne, According to Narbhoux ,the above problem

3 i Qf . do.
comes under 4hes specianl case in which [i=="=0, e.nd_,in orier
to get a singular solution ,it is necessary to revolve the
axes of coordinates through some 2ngle. If in *this case the
axes he revolved +h1~oug)i an angle of 90 , the differenticl

4,
‘ ax/
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becomes y=-oo. Changeing back to the original axes, the
singular solution-if it be considered such - becomes Xz .
Clebsch offers the following exvlanation in regard to the

éxistence of enveloves and singular solutions. Being given

the integral equation F(x,v,c)=0 ,the Aifferential equation

obtained hy eliminating' ¢ -between F=0 and the derived egque-

tion has not all its generslity even though F=0 be perfectly

general, Hence if we make the differential equation veffectly

general, ¢ will not enter in F=0 in an arbitrary manner,

/ : different wey)
Darboux seexs to exnlain this inconsistency 1Bq8 Thugg -

Ir F(x,y,c)=0¢ be a rational,integral, and algebraic function'

it will héve an envelope, énd the differential~equation of

‘'which it is a solution will have =2 singnular so}ution. But,

as he states, some diffemential equations have general solu-

+ions which are not rational, int°g”a1 and algebraic, Hence

he concludes that all differential equations which have no

singular golution are of the kind which have no rational, in-

tegral and algebraic solution. His theory does not hold in

the ahove nroblem unless x=o2 can be considered a singular

solution. The following is, in general , NDarbcuxts metho

of -~ investigating the existence of singular solutions.






mhare has exiasted an error in *the theory of singular
solutions, which has led %o sore confusien angrgiesenﬁed
a seeming ineonsistency. The commonly accented theory was
as follows,- Tvery differential equation has a solution
which is a funetion of x , y, and a variable parameter ,c.
Every funetion of x,v, and c¢ has an envelove,. Therefore
every Aifferential equa*ion has a singular solution, Put
this is no* the case, The inconsistency is exmlained if
it is noticed that not every Afferential equétion has &
solution which is a rational, integral, and algebraic
functionj and that ,therefore, the integral may not have
an envelove. For examnle,- pz— (1-¥)=c , is a ration-
al,.integral, and algehraic funection of x, y, and p, but
the general solu*ion 1s a transcendental fanetion,

=sin( x+c¢)

In general we may say that [if f(x;y,p)==o be of
the n'th degree in p , n curves will vass through any
voint (x',y) , but all +hat is given to determine *hese
is a develonement of y in vositive vowers of x,. The

coefficients in these develovements are rational func-

LXK}
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tions of x’ and y'and one of the roois of f(f,f;p):(h
ani are ,therefore, algebraic functions of 2 single par-
ameter, /But an envelove can not be ohtained by varying
this »narameter, for at the voints of the dAisecriminant of
D on the envelovme <#f there be ones” *he develovement gen-
arally becomes divergent and ceases %o represent a sol-

ution of th%equation. Narboux was nrobahly the firshs to






give an exhaustive Aigcussion of the existen nee of »ingula'rP
‘solutions.
If a Aifferential equation hes,in gwnersl, a solution
whieh is a finite and continuous function of x,y, and c,
then a singular solution is the general rule, and the the-
ory of singular solutions is nothing more than the theory
of enveloﬁes. But since this is not the case, the theory
of singular solutions should be sev2rated from that of envel-
ores and should be develored indevendently, without the as-
summtion of an integ»al solution.
Thus let f(x,y,n)=C define a system of curves.
If there is a singular solution,-that is , an envelbne of
the systemg=then at each vnoint of *the envelove ;0: =0,
since a2t each *oinf there must be equal values of v,
P Moraeover since the envelome is tangent at every noin* to
a curve of the aystem, then %;-r %‘P: 0.
Hence for évery voint, of}the envelope , the three following
equtztionq mist hold.~— (1) f(l('jf') 0 (2 'D; =0 and
(3) A a—f p=0
If we eliminate n between (1) and (2) , we get an ‘equa-
_tion in x,and y vrevnresented Fy A=C, If we eliminate
v between (1) and (3) , we get a different function of
solution
x ani y renresented by B=(0. Then if there be 2 singular,\
,A:o and B=( ,revresenting two 1oci'must have some part
in common denoted by S(x,y)= 0 -~ which satisfies (1), (2)
and (3),
Taking a point on this locus <(x,y)mc, a value

P=m can be determined satisfying (1), (2)and(Zz) such that






f(x,y,m)=C i Qf(x,y,m);o and,‘)f 19_‘1 m=0
m

In order %o have the tangent %o *he anplo'op vass through
’Lf ’l)'f r _.t am o,
' 'n P2m 4K

=r, thia redueces %o Zt— Qj O’ By comnaring

thias with Qf—-)-%’;—m—-(‘, we get %{;—(m—p)--—-(‘.unless %—f-_—.-(‘

the noin*, Aderive (1) which gives

?

Since

man, Assuming *that, %DJJI— is not equal *o zero, and sub-
stituting msp in f(x,y,m)=o0 we get £(x,v,p)=C. Hence
the locus S(x,y):o‘ is a solution of f(x,y,p);-:c, since at
21l noints the values of x, y, an1 v =satisfy *he given
equation., But if gt-=0 then by (2), (-Qf-—‘—'o.

Thiae will exnlain the vwr—mef*ing nroblem di«m. ed ry Cayley.
The equation as stated was,- p —-%xzo .

ﬁ—o unless the ax=s he revolved *through som= angle,such
?ha+ 336 is no longer equal *to zZero.

Ano*her geometric intervretation may be given’if’,
inthe solution F(x,y,c)=c, we consider ¢ as a third co-—<
ordinate , =z, "(x,v,z)=0 then represeﬁts e surface which,
for any values of x and y, gives n values of z, end for
an‘y#'v-alue m=¢ gives the w»nrojecticn on the xy vlane of
' the ..-;mtersection of z=c¢ with 7(x,v,z)=0. The differ-
éanal equation in this case defines a surface such that,
for every mnoint on the 1ntersection of z=c¢ with the =sur-
face, f(x,y,n)=0

The Aifferent loci given by the »- and c-discriminants
may then be internreted as ,follows,—

The nodal locus renresents the vrojection on the
Xy mnlane of the intersection of %wo branches ¢ the sur-
face ,an1 corresvonds %to equal values of ¢ but not of p,

The cuspidal locus renresents the nrojection on the
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xy vlane of a cuspidal edge of the surface, and correspondb
to eoausl values of both E and p .,

"The tac locus is the vrojection on the xy vlane of
+hose noints (f,y;%) and (x,v,7) on the surface at which
tangen* nlanes are parallel. This is evident from the fact
that if the surfaces at the moints (xﬂyﬂg) and (x,v,3)
'are parallel; then +the *wo intersections of Zf=Z' and zZ= 7,

with the surface will be narallel, and the projections will

be tangent. the tac 1locus therefore corresvonds to equal
values of » but unequal values of z.

The envelove locus Tenresents the nrojection on the
xy ..mlane of those voints on the surface at which 2 tangent
plane is narallel to the z axis, This corresvonds to sgual
fartues of both » and 2. ilence the envelope locus will be
found in both the z- and the p-discriminent. Considering
the differenﬁial equation in the form f(x,y,p);zo
then ,‘-g—’tz 0 and since the vplane varallel to the =z axis

is tangent to the surface at the vmoint,

':—f—+ %f—p: 0
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