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NOMENCLATURE

A Matrix of dynamic coefficients

TA Transpose of matrix A.

D Disturbance input

E Vector of projected errors in the output

G Flow rate of inert gas stream (Gas Absorber),

controller transfer function

G^ Transfer function in the feedforward loop

H Inert vapor holdup on each plate (Gas Absorber)

H Output observability matrix

I Manipulated input

£ Vector of manipulated moves

L Flow rate of inert liquid absorbant (Gas Absorber)

0 System Output

P Positive Definite matrix

T Sampling period

a^ Constants used in dynamic vector a

a Dynamic vector (manipulated variable)

b^ Constants used in dynamic vector b

b Dynamic vector (Disturbance Input)

h Inert liquid holdup on each plate (Gas Absorber)

m Control moves on the manipulated input

n Elmenets in projected error E.

P Number of outputs
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q Number of manipulated variables

t Time

u Control element

x^ Composition of liquid leaving the i ^  plate (Gas

Absorber)

x_ Bottoms mole fraction (Distillation Column)

xQ Overhead mole fraction (Distillation Column)

y^ Composition of vapor leaving the i plate (Gas 

Absorber)

a Approximation parameter

8 Approximation parameter

e small positive number

p Square root of residual sum of squares

△ Constant matrix defined by equation (4-9)

<t> Transition matrix



CHAPTER I

INTRODUCTION

Applying digital computers to process control has 

developed rapidly since the late 1950’s. One way of using 

computers in process control is by direct digital control 

(DDC). In DDC the computer completely replaces the analog 

controller, utilizing the information about process 

variables to keep the process under direct control. The 

logical decisions made by the computer are based on a 

sequence of logical steps, called an algorithm, designed 

by the control engineer.

The Dynamic Matrix Control (DMC) Algorithm (Culter 

and Ramaker, 1979) is a direct digital control technology 

that has been used by Shell Oil Company since 1973. As it 

is implied by its name, the whole notion of the DMC 

Algorithm is based on representing the system dynamics by a 

set of numbers arranged in vectors and matrices. Including 

the system dynamics in the design of DMC has helped 

maintaining awareness of deadtime and other unusual dynamic 

behavior. Some complex control problems, which can not be 

treated satisfactorily with traditional proportional­

integral-derivative (PID) techniques, can be solved using a 

digital computer with logic in the control loop.
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The DMC Algorithm is discussed in this thesis.

The discussion will interpret DMC in terms of a combination 

of feedforward and feedback essentially unconstrained 

control of multivariable systems with multiple delays or 

deadtimes. The application of DMC to two example systems, 

namely, a distillation column and a gas absorber is also 

included for the purpose of illustration. Both of the 

systems were used by other authors to test the capabilities 

of control algorithms.



CHAPTER II

GENERAL DEVELOPMENT

1. Process Variables

Computer control plays an important role in 

different aspects of process industry. Examples include 

petroleum, chemical, glass, paper, steel and cement 

industries. In general all of these processes have three 

important kinds of variables.

The process outputs are the variables to be 

controlled. There are two types of control problems, the 

regulator-type and the servo-type. In the regulator-type 

problem the outputs are to achieve a certain limit. For 

example, if a chemical reaction takes place at certain 

temperatures then it is desired to keep the temperature of 

the chemical reactor at certain levels. In the servo-type 

problem the outputs are to follow a prescribed path. The 

tracking of missiles and aircraft is a well-known example 

of the servo-type.

The second group of process variables consists of 

the manipulated inputs to the process. These variables 

usually can be measured and adjusted to control the 

process outputs. Examples include the inlet process flow 

rate or the process feed temperature to a distillation 

column.
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The third group of process variables is called the 

disturbances. Although these inputs affect the outputs, 

and can sometimes be measured, they can not be used to 

control the outputs. Ambient air temperature is an example 

of the disturbance input to the system.

2. Applicability

The DMC algorithm is applied to systems that can be 

represented or at least approximated by a set of linear 

differential equations. Linear systems have two important 

properties which are at the basis of DMC algorithm. The 

first property is the preservation of scale which is 

illustrated in Figure (2-1). Curve 1 is the output response 

due to a step change in the input and curve 2 is the output 

response due to a two-unit step-change in the input. 

Curve 2 is similar to curve 1 but twice the magnitude.

The second property of linear systems is 

superposition which is illustrated in Figure (2-2). Curve 1 

is the output reaction to a step change in input 1, curve 2 

is the output reaction to a step change in input 2, and 

curve 3 is the output reaction to a step change in both 

inputs. Curve 3 is the algebraic sum of curve 1 and curve 

2.

3. Mathematical Analysis

To explain the application of DMC algorithm, 

consider a "black box" system with one manipulated input I,

one disturbance input D, and one output 0 as shown in
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Figure (2-3). Assume that the desired output is zero, that 

is the final value of the output should go to zero.

Disturbance, D

Manipulate^ 
input, I

System Output,

Figure (2-3). "Black Box" System.

A. Dynamic Representation

The dynamics of the system shown in Figure (2-3) 

can be characterized by showing how the system output 0 is 

affected by a step change in the manipulated input I and 

by a step change in the disturbance D. Suppose that curve 1 

in Figure (2-4) represents the output response to a step­

change in I, and curve 2 in the same figure depicts the 

output response to a step change in D. These curves are 

called process reaction curves. Since digital computers 

deal with numbers rather than equations, it is convenient 

to represent these curves by discrete numbers stored in 

vectors.

In Figure (2-5) the process reaction curve due to 

the manipulated input I is sampled and the values a^ are 

normalized by dividing by the highest value am a x < Then 

the response of 0 due to a unit step change in I is 

represented by vector a of normalized coefficients,

T 
* = [ al a 2 a n ! ■ a i ’ “i/ a max-
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In Figure (2-6) the process reaction curve due to 

the disturbance D is sampled and the coefficients b^ are 

obtained. The response of 0 to a unit step change in D is 

represented by vector b,

b = Ibi b 2 ••• bn lT .

Control strategy. The DMC mechanism for the system 

in Figure (2-3) is illustrated in Figure (2-7).

Sufficient information about the system at some 

instant of time t must be available to predict or calculate 

the system response to a given set of initial conditions. 

Suppose that curve 1 represents the output response 0^ of 

the system due to the initial conditions.

Curve 2 represents the projected change in the output 

due to the disturbance D. This curve is obtained by 

measuring D and multiplying its magnitude by the scale 

vector b which is shown in Figure (2-5).

Using the superposition property of linear systems, 

curve 1 and curve 2 are algebraically added to give curve 3. 

Curve 3 represents the projected change in the output due 

to the disturbance and the set of initial conditions.

The final output should be taken to zero by making 

m consecutive step changes in the manipulated input I. To 

obtain the final value zero graphically, curve 3 is added 

to curve 4 which is symmetric to curve 3 with respect to
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Figure (2-6). Vector b.
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the time axis. Therefore curve 4 represents the desired 

net effect of the m-step changes in I on 0.

Mathematically, the equation is:

0 + bD = -A • I

or E = -A • I (2-1)
(nx1) (nxm)•(m*l)

where E = 0 + bD is an n*l vector of the projected error in 

the controlled variable, and A is an nxm matrix whose columns 

are coefficient vector a^ computed in Figure (2-5). The 

general structure of matrix A is shown in Figure (2-8).

In equation (2-1), the output response due to 

the initial conditions 0, the coefficient vectors a. and — —i
b, and the magnitude of the disturbance D are known. The

A =

Qj 0 0 ••• 0

a2 aj 0 ••• 0

a 3 a 2 a l "• 0

• • • •

a a , a i a . Tn n-1 n-2 n-m+1

Figure (2-8). Matrix of Coefficients.

problem is to determine I_, the vector of projected moves

on the manipulated variable by solving equation (2-1).
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If A is a nonsingular* square matrix (m=n), the 

solution of equation (2-1) is given by:

*This is not restrictive since we can always

I = -A- 1 • E. (2-2)

Equation (2-2) gives the exact values of I that 

will compensate for the projected error in the output. 

This solution may result in large manipulated moves which 

are not physically realizable. Even if such control 

moves could be applied physically, there might be large 

differences between successive input moves (ringing 

phenomena) which tends to wear the actuator quickly. 

Figure (2-9) illustrates what is meant by ringing 

phenomena.

<D
<0

5 <0

time

^
<o 
>

c 
«5 
s

Figure (2-9) . Ringing Phenomena.

construct pseudoinverses.
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On the other hand, if A is a rectangular matrix 

(m<n), equation (2-1), with n elements in the projected 

error in the output E, can be solved for m control moves 

on the manipulated variable I using the least square 

formulation. To obtain the least square solution of 

equation (2-1), first premultiply both sides of the 

T equation by A , the transpose of A to get:

AT • E = -AT • A • I . (2-3)

T Then (A A) is a symmetric square matrix (of size m*m < 

n*n) and the solution of equation (2-3) is

T -1 TI = - (AXA) • A • E . (2-4)

Solving equation (2-1) by the least square method 

is equivalent to minimizing the function

7 9
P (I) = ||E - (-A)I||z (2-5)

where | l*!^ is the Euclidean norm (Nobel and Daniel, 

1977). The values of I obtained by (2-4) will not compensate 

for the projected error in the output completely; the 

least square minimum will remain. This will tend to smooth 
2 

the manipulated input curve while keeping the error p (I) 

in equation (2-5) at minimum.
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Further smoothing of the manipulated variable 

T 
curve occurs if the diagonal of the square matrix (A A) 

in equation (2-3) is multiplied by a constant (1+E ), where

£ is a small positive number in the order of .01. This

operation is equivalent to adding the diagonal elements of 

T T(A A) times E , to the matrix (A A). If 1^ is the solution 

of the modified equation, then 

T T T
(A A + £ • Diag(A A)) • I1 = -A • E . (2-6)

T -1
Premultiply both sides of equation (2-6) by (A A) and 

T -1 T
let P = £ • (A A) • Diag(A A), then

T T(J+P)I1 = -(AXA) • A • E (2-7)

where J is the (mxm) identity matrix. Compare equations 

(2-4) and (2-7) to conclude that

(J+P)I1 = I. (2-8)

Since P is positive definite, the norm of the modified

vector of manipulated moves 1^, is less than that of I. 

T .
Hence multiplying the diagonal of (A A) by (1+E ) will tend 

to smooth the input moves curve without increasing the least 

2 • •square error p (I) in equation (2-5) by much since E IS 

small.

Up to this point, the DMC algorithm has been 

similar to the conventional feedforward control since only
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the measurement of D was needed to solve for the manipulated 

moves !_ that would compensate for the projected error in the 

output E totally or partially.

Vector I, obtained from equation (2-1), provides m 

manipulated moves. The first move is implemented and the 

entire vector of predicted outputs is shifted forward one 

interval of time. The output 0, due to first manipulated 

move is measured and the deviation of the measured value 

from the predicted value at that instant of time is used to 

adjust all the m values of predicted outputs proportionally. 

This adjustment in the prediction provides the feedback to 

compensate for the unmeasured disturbances and the errors 

in dynamic predictions. At the beginning of the second 

interval of time, the difference between the predicted 

values of 0 and the setpoint is used to calculate another 

m manipulated moves. The pattern is repeated for each 

successive interval of time.

The above discussion of the DMC algorithm can be 

expanded to incorporate the control of multivariable 

systems. The multivariable problem is solved in the same 

manner as illustrated for the example system in Figure 

(2-3). Consider a system with p output variables and q

manipulated input variables, the matrix of coefficients is 

expanded to
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• A  1 A  n P l P2

Each A., of A (i = 1,2, 

has the same dimensions and the

A 11 A 12

A 21 A 22

• • • A, 
iq

• • • A n 2q

• 
• . (2-9)
•

• • • A 
pq

•••/ p; j = 1,2, •••, q)

same structure as that of

the matrix given in Figure (2-8). A^^ represents the

response of the i output to a step change in the j 

manipulated input. The dimensions of the elements in 

equation (2-1) will be:

E = -A • I (2-10)
(pnxl) (pnxqm) (qmxl)

where

1 = E2
T • • • E ̂  and I = [I? I2T ”  ‘ 1 T1T - (2-11)

E. is a pxi vector which represents the projected error in 

ththe i output, and 1^ is a qxl vector which represents the 

t hprojected moves in the i manipulated input.

Since the coefficients matrix A is constant, so are 

T T — 1 T T "1 T
matrices (A A) and (A A) A . Thus (A A) A may be

computed offline . . .  a distinct advantage of the dimensions

of A are large.



CHAPTER III

GAS ABSORBER

The first linear system to be considered here, was 

presented by Lapidus and Luus (1967) , and consists of a 

six-plate gas absorber controlled by inlet feed streams 

(Figure 3-1) . Perfect mixing with complete vapor-liquid 

equilibrium is assumed for each stage and the holdup of 

noninteracting liquid and vapor in each stage is assumed to 

th be constant. Material balances around the i plate yield: 

dys dx-
aT t  * "T ? = L ( x i-i - x i> + G ( yi + i - y ?  o - 11

for i = 1,2, ••♦, 6, where 

x^,y^ = compositions of liquid and vapor leaving the 

i plate (lb solute/lb inert), 

h,H = inert liquid and vapor holdups on each plate 

(lb) , 

L = flow rate of inert liquid absorbent (Ib/min), 

G = flow rate of inert gas stream (Ib/min), 

t = time of operation (min).

A linear equilibrium relation between liquid and 

vapor at each plate of the form: y^ = a x^ + 6 is assumed. 

Since the liquid composition at each stage is a function 

of time, the dynamics of the system can be consolidated

19
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Figure (3-1). Gas absorber system.
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into a six-dimensional state vector with a two-dimensional 

control vector of the form:

x, . n = x̂, + Au, .—k+1 —k —k

The system was assumed to have an initial equilibrium state, 

x (0) = *o (Prescribed). The elements of the control 

vector u, were taken as the corresponding to the inlet 

liquid and vapor compositions:

U 1 =  X 0 

u2 = (y? -B)/a.

The following set of convenient parameters was chosen: 

a = .72, 3 = 0, L = 40.8 Ib/min, G = 66.7 Ib/min, G = 

66.7 Ib/min, H = 1.0 lb, and h = 7 5 lb. The values of <£, 

△ and XQ, computed with sampling period of one minute, 

are given in Table (3-1). The details of these computations 

are found in Lapidus and Luus (1967).

The DMC algorithm was implemented to control x^ and 

x., the compositions of the liquid leaving the third and o

the sixth plates respectively. Choosing x^ and x^ as the 

controlled variables gives an idea about the behavior of 

the entire system. The output vector is related to the 

state vector by: = Hx^ where H = [ 0 0 1 0 0 1 ] ,

The outputs x_ and x, are measured and controlled 

by the inlet feed streams u^ and u^- The problem is to 

find the proper moves on the manipulated inputs that would
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change the compositions from the initial values (x̂  = -.0788

and xr = -.1273) to the desired final value of zero. The 
o

responses of xo and x, was considered for ten intervals of 

time and the movement on each manipulated variable was 

considered, for four intervals. The problem has the following 

dimensions:

p = 2; two interacting outputs (x̂  and Xg)

q = 2; two manipulated variables (û  and u2 )

n = 10; ten elements in the error projection for 

each output

m = 4; four control moves on each manipulated input. 

For this example equation (2-10) is:

E = -A' • I
(20x1) (20x8) (.8x1)

The coefficient matrix A is given by equation

(2-9) :

A ll'

A 21

A^^ and A ^  describe the 

u, and u 2 respectively.

reaction of xr to a step change in o
A 21 a n d  A 22 represent the corres­

ponding reactions of x^. The coefficient vectors needed to

construct the matrices A^^ of A are shown in Figures (3-2 

to 3-5). Matrix A is given in Table (3-2). The projected
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T T Terror in the output E = [Ê  E2 J . E1 and E2 are 10x1 

vectors which represent the uncontrolled response of x^ and 

x^ due to the initial conditions.

Knowing E and A, equation (2-10) can be solved for

I. The results of the application of' DMC Algorithm to the 

gas absorber are presented and discussed in Chapter V.



CHAPTER IV

BINARY DISTILLATION COLUMN

The second numerical example is a binary 

distillation column, sketched in Figure (4-1), studied by 

Wood and Berry (1973) and Ognnaike and Ray (1979). The 

example was chosen to investigate the applicability of DMC 

algorithm to a multivariate system with multiple delays or 

dead times.

The column service was methanol-water separation. 

The description of the column and its associated instru­

mentation are found in Wood and Berry (1973). The column 

was modelled by the transfer function model:

y(s) = G(s)u(s) + G, (s)d(s) -̂ — a —
(4-1)

where in terms of deviation from steady state,

y^ = overhead mole fraction methanol, 

y^ = bottoms mole fraction methanol, 

u^ = overhead reflux flow rate, 

u^ = bottoms steam flow rate, and 

d = column feed flow rate.

The transfer functions were established by pulse testing 

time. The process reaction curves were assumed to have 

first-order-lag-plus-dead-time model:

30
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COOLING WAT JR

®®
®@
®©
o

Figure (4-1). Schematic.diagram of the distillation 
column (Wood and Berry, 1973).
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where K is the process gain, 9 the dead time, and r the 

time constant. The parameters of the assumed model were 

determined from the transient data. The steady state 

values for the overhead and bottoms compositions were 

96.25% and 0.5% methanol respectively. The transfer 

function matrices in equation (4-1) were:

G(s)

-18.9 e“3 s

21.0s + 1

-19.4 e~3 s

14.4s + 1

(4-2)

and

J  » o  c

14.9s + 1

G , ( S  ) “ d
(4-3)

4.9 e-3.4s

13.2s + 2

where the time constants and time delays are given in 

minutes. Figure (4-2) shows the transfer function model 

fit to the data.

A state variable representation of the model was

presented as (Ogunnaike and Ray, 1979) :
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p
 p

Figure (4-2) Transfer function model fit to the
experimental data (Wood and Berry, 1973).
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The state vector,

x1 (t) = -0.06 x1 (t) + 0.768 u1 (t-l)

x2 (t) = -0.04762 x 2 (t) + 0.9 u2 (t-3) 

x.,(t) = -0.09174 x 7 (t) + 0.6055 u (t-7)

x 4 (t) = -0.06944 x 4 (t) + 1.3472 u2 (t-3)

along with the load vector,

i
LT
 (t) = -0.0671 xT (t) + 0.255 d(t-8.1) 
1 L 1

x
LT
 (t) = -0.0576 x_ (t) + 0.3712 d(t-3.4) 
2 L 2

and the output vector,

y (t) = x. (t) - x_(t) + x (t) 
x x X

y2 (t) = x 3 (t) - x 4 (t) + xL (t)

(4-4)

(4-5)

(4-6)

The derivation of the state-variable representation 

[equations (4-4) to (4-6)] from the transfer function 

[equations (4-1) to (4-3)] is given in Appendix A.

To put the state-variable representation in a 

concise vector-matrix form; make the following change

model

more

in

variables:
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X 1 =  X 1 ^ ) U 1 =  U 1 ^ ' ^

x = x ( t )  u = u ( t - 3 )X X  X X

x 3  = x 3  ( t )  u 3 =  U 1 ^ ‘ ^

x 4  = x 4 ( t )  u 4  = d ( t - 8 . 1 )

x_ = x ( t )  u = d ( t - 3 . 4 )
5  L 1 5

x c  = x_ ( t )
6  L 2

• (4 -7 )

w i th  t h i s  ch an ge  in  v a r i a b l e s  e q u a t io n  ( 4 - 4 ) - ( 4 - 5 )  c a n  be

w r i t t e n  a s :

x = A x + B u (4 -8 )
(6x1) ( 6 x 6 ) - ( 6 x l )  (6 X5 )•  (5 X1)

w here  A i s  th e  d ia g o n a l  m a t r ix  w hose d ia g o n a l  e le m e n ts

a r e

D iag(A ) = ( 0 .0 6 ,  -  0 .0 4 7 6 2 , -  0 .0 9 1 7 4 , -  0 .0 6 9 4 4 , -  0 .0 6 9 7 1 ,

-0 .0 7 5 6 7 )

and

.768 0. 0 . 0 . 0 .

0.. 0 .9  0 . 0 . 0 .

0.
B =

0.

.6055 0 . 0 . 0 . 0 .

. 0 . 1 .3 4 7 2  0 . 0 .

0.. 0 . 0 . 0 .2 5 5  0 .

0.. 0 . 0 . 0 . 0 .3 7 1 2
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The discrete analogous to equation (4-8) is:

*K+1 - *m*K * M D I K '

T -
|(T) = eA T  and A(T) = f eA l B dr 

0 J

* (4-9)

where T is the sampling period. Derivation of equation 

(4-9) from (4-8) is given in Appendix B. For T = 2.5 

minutes, the diagonal matrix H2.5) is given by:

Diag(<}>(2.5) ) = (0.8607, .8878, .7951, .8406, .8456, .8275) 

and

1.7830 0. 0. 0. 0. “

0. 2.1205 0. 0. 0.

A(2.5) = 0. 0. 3.0925 0. 0. •

0. ' 0. 0. 0.5648 0.

_0. 0. 0. 0. 0.8452_

Since the system is initially at steady state then 

the outputs y^(0) and y2(0) are zero. The DMC was 

implemented to keep the outputs at zero despite changes in 

disturbance inputs. The variables of equation (4-7) are 

incorporated into the synthesis of the design of the DMC to 

maintain awareness of time delays. The disturbance inputs 

u^ and u$ are measured and used to predict the necessary 

moves on the manipulated inputs u^, U2, and u^ to keep the
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outputs y^ and y^ as close to zero as possible. The 

responses of y^ and y^ were considered for 40 intervals of 

time and the movement on each manipulated variable was 

considered for 20 intervals. The problem has the following 

dimensions:

p = 2; two interacting outputs (ŷ  and y^)

q = 3; three manipulated variables (u. , u9 and u^)

n = 40; forty elements in the error projection for 

each output

m = 20; twenty control moves on each manipulated 

input.

Hence, for this example:

E = (2*40)xi = 80x1

I = (3*20)xl = 60x1 

A = 80x60.

The coefficient vectors, a. and b., needed to construct 

matrix A and vector E are obtained from equation (4-9) 

as discussed in Appendix B.

Knowing E and A, equation (2-10) can be solved for I. 

The results of the application of DMC Algorithm to the 

distillation column are presented and discussed in Chapter V.



CHAPTER V

DISCUSSION OF RESULTS

A. Gas Absorber

To show the performance of DMC Algorithm on the gas 

absorber in Figure (3-1), the uncontrolled response due to a 

given set of initial conditions is plotted in Figure (5-1). 

The results of using the DMC Algorithm are tabulated in 

Table (5-1) and shown graphically in Figure (5-2). It is 

noticed that the output variable Xg and x^ approach the 

final desired zero values much faster than the uncontrolled 

response in Figure (5-1).

To show the effect of the suppression factors, 

suggested by Culter and Ramaker (1979) and discussed in 

Chapter 2 in this work, an £ = .005 was chosen. The results 

of using a suppression factor of 1.005 is tabulated in 

Table (5-2) and graphed in Figure (5-3).

The absolute sum of the manipulated moves (ASUM) is 

shown in Tables (5-1) and (5-2) to indicate smoothness of the 

manipulated inputs curve. The sum of squares of the error 

(SERROR) is also included in the above tables to show how 

good the output response is. From the values of ASUM, it 

is noticed that a smoother manipulated input curve can be 

obtained by the use of a suppression factor. From the

38
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GAS ABSORBER:

O
U
TP
U
T

Figure (5-2).



43

GAS ABSORBER:

O
U
TP
U
T

TIME

Figure (5-3).



O
U

TP
U

T

F i g u r e  ( 5 - 4 .

O
"

o

II 
II 

H
 

+ 
> 

0
 



45

SERROR values, it can be concluded that the use of 

suppression factors doesn't change the output response by 

much. Figure (5-4) shows the simultaneous control of x^ and 

Xg of the same example system (gas absorber) using the least 

squares optimal control (Lapidus and Luus, 1979). The 

comparison of Figures (5-3) and (5-4) shows that the DMC 

control gives a better result than the least squares 

optimal control.

B. Distillation Column

The results of using DMC Algorithm to control the 

distillation column in Figure (4-1) are tabulated in 

Table (5-3) and plotted in Figures (5-5) and (5-6). 

Curve 1 in Figure (5-5) represents the uncontrolled 

response of the overhead composition to a disturbance of 

(.34 Ib/min). Curve 2 of Figure (5-5) represents the 

response of the overhead composition of DMC is used. 

Curve 1 and Curve 2 in Figure (5-6) represent the 

uncontrolled and the DMC controlled response of the bottoms 

mole fraction to the same disturbance (.34 Ib/min). The 

controlled responses of the outputs in Figures (5-5) and 

(5-6) are almost identical to the desired final values.

The results of using a suppression factor of 1.005 

is shown in Table (5-4) and Figures (5-7). From 

the values of the absolute sum of the manipulated variables, 

it is noticed that the use of the suppression factor in 

DMC Algorithm results in a smoother manipulated curve.
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Figures (5-8) and (5-9) show the responses of the 

overhead and bottoms mole fraction to a disturbance of 

(.34 Ib/min) using conventional control techniques. 

Comparison of Figure (5-5) to Figure (5-10) shows the DMC 

Algorithm give better results.
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CHAPTER VI

PLACE IN THEORY

Feedback and feedforward control methods have been 

employed in a wide range of industrial applications. 

Feedback (FB) control may be described as the use of 

deviation of the controlled variable from a certain desired 

value to cause a corrective manipulated input to be applied 

to the system. The correction by the manipulative moves are 

not felt by the system until the new conditions pass through 

the whole loop, i.e., through the lag of each element. .

On the other hand, in feedforward (FF) technique 

the manipulated variable move is based on the measurement 

of the disturbance input. The magnitude of the measured 

disturbance is used to predict the manipulative action that 

will tend to keep the output as close as possible to the 

desired value before any error is detected in the loop. 

Once the manipulated input is applied to the system, there 

is no chance for correcting the input.

While each of the techniques has some advantages, 

a combination of them (FF/FB) seems much more desirable 

than just a single one (Smith, 1972). In practice the 

inclusion of (FF) is encountered by some difficulties. 

Each disturbance and manipulated variable must be
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predictable qualitatively and quantitatively. Also some 

control equipment must be associated with each of the 

measured disturbances.

The DMC Algorithm uses a combined (FF/FB) control 

for multivariable systems. The numerical coefficients in 

A and b (of sec. 2.2-A) give an accurate representation of 

the dynamics of the system without a deep knowledge of the 

process itself. In the DMC Algorithm, the design of the 

control equipment depends only on the measures of the 

disturbance and not its type. So, in contrast to the 

conventional FF control, only one piece of control equipment 

is needed for all the measured disturbances. Moreover, the 

numerical representation of the dynamics of the system 

makes the deadtime and other unusual dynamic behavior more 

manageable. This fact was seen in the performance of the 

DMC Algorithm on the distillation column.



CHAPTER VII

RECOMMENDATIONS

(1) In this work, the DMC Algorithm was considered 

for multivariable systems which were essentially 

unconstrained. Further investigation should consider the 

effects of constraints on the system variables as suggested 

by Prett and Gillette (1979).

(2) The number of time intervals for which the output 

and input variables were chosen arbitrarily in this work. 

More investigation for the optimal dimensions of the dynamic 

matrix A should be considered.

56



BIBLIOGRAPHY

1. Culter, C. R. , and B. L. Ramaker, "Dynamic Matrix 
Control— A Computer Control Algorithm," Paper No. 51b, 
A.I.Ch.E. 86th National Meeting, April 1979.

2. Koppel, L. B., Introduction to Control Theory with 
Application to Process Control, Prentice Hall,'1968.

3. Lapidus, L., and R. Luss, Optimal Control of Engineering 
Processes, Blaisdell, 1967.

4. Noble, B. and J. Daniel, Applied Linear Algebra, 
Prentice Hall, Englewood Cliffs, New Jersey, 1977.

5. Ognnaike, B. A., and W. H. Ray, "Multivariable 
Controller Design for Linear Systems having Multiple 
Delays," A.I.Ch.E.J., 11, 79.

6. Prett, D. M., and R. D. Gillette, "Optimization and 
Constrained Multivariable Control of Catalytic Cracking 
Unit," April, 1979.

7. Smith, C. L., Digital Computer Process Control, 
Intext Educational Publishers, New York, 1972.

8. Wood, R. K., and M. W. Berry, "Terminal Composition 
Control of a Binary Distillation Column," Ch. Eng. 
Sci., 1973.

57



APPENDIX A

TRANSFER FUNCTION MODEL FOR THE BINARY 

DISTILLATION COLUMN
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A t r a n s f e r  f u n c t io n  m odel f o r  t h e  b in a r y 

d i s t i l l a t i o n  colum n was g iv e n  by e q u a t io n s  (4 -1 ) t o  ( 4 - 3 ) . 

S u b s t i t u t i n g  (4 -2 ) and  (4 -3 ) i n t o  ( 4 - 1 ) :

12 .8 e~ •s - 1 8 .9  e ~ 3 s

1 6 .7 s + 1 2 1 .0 s  + 1

■7s - 1 9 .4  e ~ 3 s

Y 2 ' s ' 1 0 .9 s + 1 1 4 .4 s  + 1

u 1  (s)

+

3 .8  e~•8 .1 s

. d ( s )  (A tD
1 4 .9 s + 1

u 2 *S ’
4 .9  e •3 .4 s
1 3 .2 s + 1

(A -l)  c a ib e  r e s o lv e d  i n t o :

„  , . _ 1 2 .8  e " S  , > 1 8 .9  e ~ 3 s  , . 
y l ( 1 1 6 .7 s  + 1 u l ( } “ 2 1 .0 s  + 1 U 2 S

— 7 s

+ • _—- ---------
1 4 .9 s  + 1

+ 4 .9  e ' 3 - 4 s

1 3 .2 s  + 1

C hoose th e  s t a t e  v a r i a b l e s  x . , x _ , x _ , x . ,  x_ and x T 1 2 3  4 L^ L 2;

su ch  t h a t : 

a .  x . (s) = 1 2 .8  e u ,(s) 1  1 6 .7 S -+  T  X

^  1 6 .7 s  x 1 (s) + x 1 (s) = 1 2 .8  e “ S  u 1 (s)

j -  s x x (s) = - 0 .0 6  x ^ s )  + 0 .0 7 7  e " S  u (s) .
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Take i n v e r s e  L a p la c e  t r a n s f o r m :

k 1 ( t )  = - 0 .0 6  x 1 ( t )  + 0 .7 7  u ( t - 1 ) . ( i )

S i m i l a r l y  th e  o t h e r  s t a t e  v a r i a b l e s  a r e :

X 2 ( s )  2 1 .0 s  + 1 u 2 ( S )

** x ( t )  = - 0 .0 5  x , ( t )  + 0 .9 0  u ( t - 3 ) .  ( i i )
^  w Z

c .  x 3 (s) -  1 # 0 9 s  +  T u 1 (s)

^  * 3 ( t )  = 0 .0 9  x 3 ( t )  + 0 .6 1  u 1 ( t - 7 ) .  ( i i i )

19 4 e " ^ S
d - x 4<5 > = m r ^ ^ ’

—  * 4 ( t )  -  0 .0 7  x 4 ( t )  + 1 .3 5  u ( t - 3 ) .  ( iv )

- o - 8 . I s
E - XL/ S ) = n M - r - r  d <s >

^  X L, = - 0 .0 7  x T ( t )  + 0 .2 6  d ( t - 8 . 1 ) .  (v)
1  L 1

4 o “ 3 .4 s
f .  XT <S > = ?i ?! + 1 d <s >L 3 13.2S + 1

*2 xT ( t )  = - 0 .0 8  x T ( t )  + 0 .3 7  d ( t - 3 . 4 ) .  (v i)
L 2 L 2

N o tic e  t h a t  e q u a t io n s  ( i )  t o  ( iv )  c o n s t i t u t e  e q u a t io n  (4 -4 )

and  e q u a t io n s  (v) and  (v i)  c o n s t i t u t e  e q u a t io n  ( 4 - 5 ) .



Equation (**):

y 1 (s) = x.]. (s) - x 2 (s) X LL 1

y 2 (s) = x 3 (s) - x 4 (s) + x L  (s).

In time domain (A - 2 ) becomes:

y. (t) = X. (t) - X, (t) + X_ (t). 
X X Z

y_ (t) = X_ (t) = x. (t) + X T (t) . Z J XJ-

Equations (vii) and (viii) constitute (4-6).
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The linear, stationary system behavior is described 

by (Koppel, 1967):

g  = A x + B I (B-l)

where x is a n-dimensional state vector, I is an r- 

dimensional control vector, A is a nxn system matrix and B 

is a rx control matrix.

For sampled-data systems equation (B-l) can be 

written as:

x(t) = *(t-t.)x(t ) + A(t-t )I(t ); t < t < t„ (B-2) 
— — ix

At
where the transition matrix <t>(t) = e and matrix A(t) is 

defined by

t
A(t) = / $(T)Bdx (B-3)

0

The behavior of the system at the sampling instants 

is described by

-K+l ^̂ T -̂K + A^ ' LK (B-4)
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w here  T i s  th e  sa m p lin g  p e r io d  and  xv  i s  i d e n t i c a l  to  x ( t v ) .

The s o l u t i o n  o f  e q u a t io n  (B-4) i s  g iv e n  by

x = <t>K x + £ ^K’ 1 " 1  a . i  (B -5)
u  i= 0

w here  XQ d e n o te s  th e  i n i t i a l  c o n d i t i o n s  o f  th e  s t a t e 

v e c t o r  x .

To g e t  t h e  c o e f f i c i e n t  r e p r e s e n t a t i o n  em ployed  by

DMC A lg o r i th m , su p p o se  t h a t

w here  1^ i s  a m a n ip u la te d  i n p u t  and  I2  i s  a d i s t u r b a n c e . 

I n t r o d u c e  th e  i d e n t i t y  m a t r ix  e q u a t io n  (B-5)

^K =  +

K - 1  X 4 1
2 4> • △ •

i = l
r 1  ° i  • r 1 ! ]l 0 1 J l l2

K ^ r 1  K-x ^ - ^ x  = Z <t>
K  0 i = l

' i ' 1  • 4  < ^ 1  + [ ° ] I 2 } (B-6)

Assume t h a t  t h e  f i n a l  d e s i r e d  v a lu e  x„ = 0 , and 

l e t

V  .K - i - 1  A r 0 , , . _ K vT .K - i " l  , . r 0,
a„  = ) • △ • [ ■ . ]  and b = £ $ • A • L. J ,

K  i= 0  I K  . = 0  1

th e n  e q u a t io n  (B-6) becom es:

* ’ - 0  +  b KT2 =  ~a K * I I  (B-7)
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E q u a t io n  (B -7) h a s  th e  same form  a s  t h a t  o f  e q u a t io n 

( 2 - 1 ) .

In  g e n e r a l  i f  I  i s  an  ( I + n ) L  v e c to r  w i th  I 

m a n ip u la te d  i n p u t s  and n d i s t u r b a n c e s ,  i . e . ,

-  =  [ I 1 X2 *”  X I  d I + l  d I+2 *“  d I+ n ]

The c o e f f i c i e n t  v e c t o r s  a and b a r e  g iv e n  by

a lTf =  £ *K " 1 ' 1  • A • [1 0 • • •  0 0 . . .  0 ] T

i K  i= 0  I  n

a o v  = I ^K ' 1 ' 1  ’ △ ’ [° 1  • • •  0  0  • • •  0 ] T 
2 K  i=0  I n

a Tv = Y  / ’ i ’ 1  ’ △ ’ [0 * 1 0 0 ] T

- i K  i= 0  I  n

b . = J  • A • [0 0 1 0 ] T

1 K  i= 0  I  n

b = £ *K ’ 1 ' 1  • A • [0 0 0 •♦♦ 1 ]
- n K  i= o  I  n

and

$ - 0  +  - IK  d I + l b nK d I+n

a lK 1 1 +  ‘ ”  +  a nK I I  *
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SAMPLE COMPUTER PROGRAM
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