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Cursed is the ground because of you;
through painful toil you will eat of it
all the days of your life.

Genesis 3:17b (N.1.V.)

ABSTRACT: We give a formula for the tail of the distribution of the non-
commutative Rademacher series, which generalizes the result that is already avail-
able in the commutative case. As a result, we are able to calculate the norm of
these series in many rearrangement invariant spaces, generalizing work of Pisier

and Rodin and Semyonov.

1. INTRODUCTION

The Rademacher functions are a sequence of independent random variables r,, such that
Pr(r, = £1) = % These functions have played a very important role in mathematics,
finding applications in many parts of analysis, as well as other subjects like electronic
engineering.

One of the key inequalities concerning the Rademacher functions is due to Khintchine
in 1923 [Kh]: if a, is a sequence of scalars, then for 0 < p < oo

00 1/2 00 p\ /P 0o 1/2
2 2
cp | Y lan] <(ED anr <Cp () lan] :
n=1 n=1 n=1

where (), and ¢, are constants that depend upon p only. In particular, C;, < c,/p for
p > 1. (Throughout this paper we will not be rigorous with infinite random sums — an
expression such as the one above means that the random variable in the middle converges
in L, if the right hand side is finite.)
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Clearly, one would desire to find generalizations of such an important inequality. For
example, one might like to calculate the norm of the Rademacher series 22021 anTp in
Orlicz or Lorentz spaces. An obvious result (at least for real scalars) is the following:

0o
E AnTn
n=1

o)
=2 lanl.
n=1

oo

However, another such generalization follows immediately from Khintchine’s inequality.

For a random variable f and 0 < p < oo, let us denote by || f|oy,») the Orlicz norm

exp(
calculated using the Orlicz function et — 1, i.e.

[ lexp(ery = inf{ X : E(exp(|f/A]")) <2}.

0o 0o 1/2
2
o] = (zw ) |

whenever p < 2. (Here, as in the rest of the paper, the expression A ~ B means that
¢ 1A < B < ¢A for some constant c.)

In 1975, Rodin and Semyonov [R—S] considered the value of the Rademacher series

Then

exp(tP)

> o | anry in other rearrangement invariant spaces. In particular, they showed that

Zanrn ~ H(an)”qoo’
n=1 exp(tP)

(see also [P1]), and that
Zanrn ~ H(an)qu7
n=1 exp(tP),r

Wheneverp>2,%+%:1and0<r<oo. Here

1/r

Hﬂ@MMWZ(A(bgUQWW*%ﬁ@»W%) |

o0 T —1 % 1/r .
HmmmmZ{(ZWﬂM/”l%) if 0 <7 < o

SUpP,,>1 n'/Pa it r = o0,

where f* and a; are the non-increasing rearrangements of |f| and |a,| respectively.
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In fact they were able to show that if X is any symmetric sequence space with Boyd
indices strictly between 1 and 2, then there exists a rearrangement invariant space Y on
probability space such that

=~ [l(an)llx -
Y

00
E anTn
n=1

There still remained the question of finding tail distributions of Rademacher series,

that is, to find
Pr ( Z AnTn| > t>
n=1

for every t > 0. This was answered in [Mo] as follows. Given a sequence a = (a,,), we will

define its K-functional with respect to £; and /5 to be
Kis(a,t) =inf {|ld'||; + t|la"|,:a"+a" =a}.

These quantities play an important role in the theory of interpolation of spaces (see [B—S]
or [B—L]). They are not so hard to calculate, since there is the following formula due to
Holmstedt [Ho]:

Kipla,t) =Y ap+t| > (a))
n=1 n=[t2]+1

Then we have the following results.

Pr ( Z anTn
n=1

Pr ( Z AnTn
n=1

(Here, as in the rest of the paper, the letter ¢ denotes a positive constant that changes

1t2

> cKl,g(t,a)) <ce © ¥,

>c ! KLg(t,a)) > ¢ leet’,

with each occurrence.) We remark that the hard part of this result, the lower bound, can
be deduced from a more general result contained in the book by Ledoux and Talagrand
[L—T], namely Theorem 4.15. They obtain a Rademacher version of Sudakov’s Theorem.

From this formula, and using known facts about the Hardy operators, it is possible
to reproduce all of the results of Rodin and Semyonov. It is interesting to note that in
order to obtain the lower bounds of Rodin and Semyonov, one only requires the following
estimate to be true:

[t*]

>c ! Z a, | > clemet,

n=1

Pr

0o
E AnTn
n=1
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This bound has an extremely simple proof: simply consider the random event {r,, =
sign(ay, )} for an appropriate sequence ny, no,. .., ny2.

We might also add that a consequence of the above result is the following. If ¢ <

Pr ( i an’n
n=1

This result can also be deduced from a result of Kolmogorov [Ko] (see also [L—T] Chap-
ter 4).
Recently, Hitczenko [Hi] used the distribution formula to obtain an asymptotically

cllally / llallo, then

> c 1t ||a|]2> > ¢ lemet,

more accurate version of Khintchine’s original inequalities. He showed that

(]E i anTn
n=1

for p > 1, where the constants of approximation do not depend upon p.

p\ 1/p
) ~ K1,2(G, \/]3),

It has also been discovered that many of these results have vector valued analogues
(see [D-M]).

2. THE NON-COMMUTATIVE RADEMACHER SERIES

Now we get to the main subject of this paper. Non-commutative Rademacher series arise in
a natural way when one considers Fourier series on non-commutative compact groups. For
example, a Sidon series on a non-commutative compact group has a distribution equivalent
to a non-commutative Rademacher series (see [F—R], [H-R] and [A—-M]). They are also
the natural things to consider if one wishes to work with random Fourier series on non-
commutative compact groups (see [M—P]).

They were considered by Figa-Talamanca and Rider in [F—R], where they showed the
non-commutative analogue of the Khintchine inequalities (see also [H-R]). Many results
about them are also given in [M—P].

We let M, denote the vector space of d-dimensional matrices (i.e. d X d matrices),
and we let Oy denote the multiplicative subgroup of orthogonal matrices. Let d,, be a
sequence of positive integers, let A,, be a d,,-dimensional matrix, and let €, be a sequence
of independent random variables such that e, takes values in O4, uniformly distributed
with respect to the Haar measure. If A is a d-dimensional matrix, we denote by tr(A) the
trace of A, that is, the sum of the diagonal entries of A.

Then a non-commutative Rademacher series is a random variable of the following

form:

S, = Z dy, tr(e, Ay).
n=1
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If A is a d-dimensional matrix, we define the singular values to be the eigenvalues
of V/A*A, where A* is the transpose of A. We define the Schatten norms on My as
follows: if A € Mg, set [|A|, equal to the usual £, sequence norm of the singular values of
A. Thus [|A]|, is the usual operator norm of A on d-dimensional Hilbert space, ||A]|, is
the Hilbert-Schmidt norm of A, and ||A||; is the trace class norm of A.

The result of Figa-Talamanca and Rider [F—R] is the following:

~ o 1/2
Z d’I’L tr(EnAn) S Cp (Z d’fl ||An||§) )
n=1 n=1

~ 1/2
Cp (Z dn”Aan) <
n=1

for 0 < p < oo. Here C), < ¢,/p for p > 1. From this one can obtain the result

p

0o 2
~ (Zdn ||Anu§> :
n=1

i dy, tr(e,Ay)
n=1

exp(t?)

It is also true that

i dy,, tr(e, An)
n=1

= Zdn HAnHl :
0o n=1

Let s denote the vector formed in the following manner. First list the singular values
of A,,, repeating each singular value d,, times. Combine these into one long list, rearranging
them into decreasing order. Then the above results can be written in the more suggestive
form:

[Sell, = [[Sellexpzy = lIslly - (0<p<o0)  and  [|Sc[l = [|s]]; -

Pisier [P1] was able to obtain partial non-commutative versions of the results of Rodin
and Semyonov. He showed that

I1Sell <c sl

exp(tP) q,00

where p > 2 and 119 + % = 1. He was not able to obtain the lower bound.

The purpose of this paper is to show that all of these results for the commutative
Rademacher series also apply to the non-commutative case. The main result is the following
formulae for the distribution of the non-commutative Rademacher series.

THEOREM 2.1. The distribution of S, is given by the following formulae.

_1t2

N

o

° |
o)

i) Pr(Se > cKj2(t,s)) <

ii) PT(SE > C_1 Kl’g(t, S)) Z C_le_CtQ.
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COROLLARY 2.2.  We have the following for all t > 0:

¢ 'Pr (Z STy > ct) < Pr (Z dp, tr(e, Ay,) > t) <cPr (Z SpTn > c_1t> )

n=1 n=1 n=1

Now we are able to obtain the following results immediately from the commutative

case.

COROLLARY 2.3. We have the following inequalities.
) 1S axp(ery = 15l forp>2 and L4+ 1 = 1;
i1) HSﬁHexp(tp)’r ~ Hqu’r forp> 2, ]lg + % =1and0<r < oo;
ii) ||Sell, = K1,2(s,/p) for 1 < p < oo with with constants of approzimation independent
of p.

The proof of Theorem 2.1 is split into two halves. In the first half we make a number
of changes to the problem, by showing that the problem is equivalent to a similar result
involving Gaussian matrices.

The second half contains the meat of the argument. Part (i) of Theorem 2.1 is es-
sentially the result of Figa-Talamanca and Rider combined with a fairly straightforward
interpolation argument. It is part (ii) that provides the difficulties. The argument proceeds
by considering four cases according to the nature of the sequence s.

The arguments used in this paper assume that the matrices A,, are real valued, but
it is very easy to extend the results to the complex case as well. Instead of using the
non-commutative Rademacher functions, one should use the non-commutative Steinhaus
random variables, that is, &, , where £, is uniformly distributed over the d,-dimensional
unitary matrices with respect to Haar measure. Then comparison results from [M-P]
combined with Lemma 3.9 below will give the results.

This is probably a hard paper to read. It certainly was a hard paper to write. As it
says in Genesis 3:17, we eat of the ground through painful toil.
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3. THE PROOF OF THEOREM 2.1 — PART I

The first observation is that we may assume that all the matrices are diagonal with entries
from the non-negative reals. This follows because A, may be factored A, = U,D,V,,
where U,, and V,, are elements of O, , and D, is diagonal with entries from the non-
negative reals. But tr(e,U,D,V,) = tr(V,e,U,D,), and V,¢e,U, has the same law as
€n-

Thus we will assume that

at 0 O 0
0 ay O 0
A, =] 0 0 ay 0
0O 0 O ag.
where af, a3, ..., ay are the singular values of A,,.
Let G,, be the matrix
9t1 912  9rs 0 914,
. 931 922 933 0 934,
G, = g:?,l 9:?,2 953 - g:TSL,dn ,
Vdn
93’7“1 ggnyz 937“3 e ggnadn

where (g;;) is a sequence of independent Gaussian random variables of mean 0 and variance

1. We would like to compare S, with the random variable
Sa =Y dy tr(GnAy).
n=1

This random variable is particularly easy to understand — it is simply a Gaussian random

variable:

() dn
Sg = Z \/d_nzgznza?
n=1 =1

Unfortunately, this random variable is too large to give us the lower bounds required for

Theorem 2.1 part (ii). To get around this problem, we split G, as follows:
G,=G, +G!,

where
G = GuX|a,)<x and Gy = GaX|a, | >x

7
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Here ) is a universal constant. For the proof to work, A needs to be sufficiently large. As
we proceed, we will make it clear where the restrictions on A\ are required.

We are also going to introduce the following random variables. We let G¢ denote the
d,-dimensional matrix consisting only of the diagonal entries of G,,, and we let G2 =
G, — G% be the d,-dimensional matrix consisting of the off-diagonal entries of GG,,. We
can also split GG, in the following manner:

Gn = GF + G**,
where
G = Gn(X|aa)_<x)(Xjjeaa)_<x) and  GIF = GuX|qa||_v|Gad| >

The strategy will be to compare S¢ with the random variables

Sq = Zd tr G/ Zd tr(G,A )X||G o <As
Sgx = Zd tr(Gr A Zd tr(G,A )XHGdH <AX||Gad|| <A
n=1 n=1

Now let us present the results that we will be requiring. Note that we denote the
commutative Rademacher functions by 7,, so that they will not be confused with the
non-commutative Rademacher functions e,,.

The first pair of results we present are comparison principles. Let us suppose that V,
is a sequence of random variables taking values in My, for which the sequence (a,V;,) has
the same law as (V,,) for any a,, € O4,. We note that the random variables €,, G,,, G},
and G all have this property. We also suppose that x,, is a sequence of d,-dimensional
matrices taking values in a Banach space B. The first result is selected parts from [M—P],
Proposition V.2.1.

LEMMA 3.1. Suppose that T, is any element of My, . Then for 1 < p < oo we have that

p\ 1/p p\ 1/p
<]E ) < sup ||Th|| o (]E ) ) )
n>1

We also have the following.
p> 1/p

p\ 1/p
<]E ) < sup (B Vo)) (E
n>1 oo

The next lemma is simply the commutative version of the same result, and may be
found in [M—P], Theorem 4.9.
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LEMMA 3.2. Suppose that v, is a sequence of independent, real valued, symmetric random

variables, and that x, is a sequence of wvalues from a Banach space B. Then for all
1 < p < oo we have

: )

Next we present a couple of reflection principles. The first will enable us to remove

p\ 1/p
) < sup( [v, )~ (E

n>1

00
E TnTn
n=1

00
E TnUn
n=1

some of the elements of s. Let us suppose that V,, is random variable taking its values in
My, such that the sequence (D, V;,) has the same law as (V},) for any sequence of diagonal
matrices D,, whose diagonal entries are +£1. Notice that all the random variables we have
introduced have this property: €,, Gy, G.,, G G} and G}*. Recall that we have supposed
that the matrices A,, are diagonal.

LEMMA 3.3. Suppose that Al is a sequence of diagonal matrices such that for eachn > 1,
each entry of Al is either the same as the corresponding entry as A, or it is 0. Then for
all t > 0 we have that

Pr (i d, tr(V,AL) > t> <2Pr (i d,, tr(V,Ay,) > t> :

n=1 n=1

Proof. Notice that the random variables
> dy tr(Vad,) and > dy, tr(Ve(24], — Ay))
n=1 n=1

have the same law. Thus

Pr (i d, tr(V,Al) > t) <Pr (i dn tr(V, Ay,) > t) +Pr (i d, tr(V,(24], — A,)) > t)

n=1 n=1 n=1

=2 Pr (Z dy tr(V,Ay) > t) :
n=1

as required. O
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The next lemma is simply the commutative version of the above result, and is essen-
tially the same as [Ka] Chapter 2 Theorem 5.

LEMMA 3.4. Let x,, be any sequence of elements from a Banach space B, and let o, be
a sequence of values taking only the values 0 or 1. Then for all t > 0 we have

Pr( ianxnrn >t> §2Pr< ixnrn >t>.
n=1

n=1
Now we present results concerning the behavior of the non-commutative Gaussian

random variables.

LEMMA 3.5. For sufficiently large X\, the following is true.

E|Gll = EG,[l. ~ 1.

Proof: The statement E ||G,, ||, ~ 1is given in [M—P], Proposition 1.5. That IE |G| ~

1 for sufficiently large A\ then follows by the monotone convergence theorem. O
Let Id,, denote the d,-dimensional identity matrix.

LEMMA 3.6.  There exists constants ¢, and c,, that are uniformly bounded above and

below such that for sufficiently large A we have that

E|G,| =c¢,]d, and E|G,|=c,1d,.

Proof: The first statement is from [M—P], Corollary 1.8. The second statement has entirely
the same proof. O

The next lemma uses a result of C. Borell [Bo] (see also [P2] or [L—TY).

THEOREM 3.7. Let X be a mean 0 Gaussian random variable taking values in a Banach
space B. Let

1/2
o= swp (Blp(x)f) "
¢l g <1

Then for all t > 0 we have

1t2

Pr([[|X]| - E[|X]]| > to) < ce™®

LEMMA 3.8. Fort larger than some universal constant, we have that

1 2

Pr(|Gpll, >1t) <ce ® .
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Proof: Since E ||G,, ||, ~ 1, by Theorem 3.7, it is sufficient to show that if ||A||; < 1, then

(]E|t (AtG )’2>1/2< 1
T < )
n /—dn
But
1 dy, dn
tr(A'Gp, /T Z 917>
dn 1=1 j=1
which is a Gaussian variable of variance
d, d
- 1415 < - 141
=1 ]:1 dn

O

Now we present a principle from [dP—M] (see also [A—M]) that allows us to obtain
results about distributions from L, norm results.

LEMMA 3.9. Let X and Y be two random wvariables taking values in the positive reals
such that the following holds. Whenever X,, and Y,, are independent random variables

with the same law as X and 'Y respectively, for all M € IN we have that

i) E sup X,,<cE sup Y,
1<m<M 1<m<M
1/2
ii) (]E sup Y,%) <clE sup Y.
1<m<M 1<m<M

Then it follows that for all t > 0 that
Pr(X >t) <cPr(Y >c 't).

We can use this to prove a distributional comparison principle.

LEMMA 3.10. Suppose that v, is a sequence of real valued symmetric independent random
variables, such that for any sequence of vectors x,, from a Banach space B

o\ 1/2
<cE

Suppose also that
E |v,| > ¢!

11
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Then for any sequence of scalars a,, and for all t > 0 we have

Pr( 2t>§cPr< Zc_1t>.

Proof: Let usset X = [>.°°  apry|and Y = [>°° | ayv,|. Let 7y, be independent copies
of r,, and vy, ,,, be independent copies of v,, for 1 <m < M, and let z,, ,,, € ﬁo]\g be defined
by

oo oo
g AnTn E AnUn
n=1 n=1

Tnm = (0,0,...,an,...,0) (the a,, is in the mth position).

Then notice that

M oo
sup Xm = E T'nmTn,m 5
1<m<M e nzzl o
oo
M oo
sup }Cn = E E dnqhunimnﬂn
l<m<M m=1n=1 g%

From Lemma 3.2, it then follows that for p = 1, 2 that

1/p 1/p
(]E sup X%) SC(IE sup Yﬁ) ,

1<m<M 1<m<M

and by hypothesis we have that

1/2
(]E sup Yé) <clE sup Y.
1<m<M 1<m<M

Thus we may apply Lemma 3.9 and the result follows. O

The following lemma is an immediate corollary of [M—P], Theorem V.2.7.

LEmMA 3.11.  If z, is a sequence of d,-dimensional matrices with entries in a Banach

space B, then
o\ 1/2

E ~ | B

i dp tr(e,zy) i dp, tr(e,zy)
n=1 n=1

Now we are ready to proceed with the main part of this section. We are going to use

these results to show the following.

12
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LEMMA 3.12.  For sufficiently large A, the following holds for all t > 0:

¢ ' Pr(Sq > ct) < Pr(S. >t) < ¢ Pr(Sg > ¢ 't),
c ' Pr(Sg- > ct) < Pr(S. > t) < ¢ Pr(Sg- > ¢ 't).

IA

First we will show the L,-norm version of this result.

LEMMA 3.13. For sufficiently large A\, and any 1 < p < co we have that

p\ 1/p p\ 1/p

Proof. To show the left hand side is bounded by a constant times the right hand side is
easy. We apply the second part of Lemma 3.1 with V;, = G/, using Lemma 3.6.

Next we show that the right hand side is bounded by a constant times the left hand
side. Let us suppose that the random variables G,, are independent of the random variables

i tr(enxy,) i tr(G xy,)
n=1 n=1

€,. Without loss of generality, we may suppose that measure space upon which the random
variables exist is a product measure of €}, and )¢, and that the random variables €,, depend
only upon the €. co-ordinate, and that the random variables G,, depend only upon the
Q¢ co-ordinate. Let us denote integration with respect to the €. co-ordinate by IE. and
integration with respect to the Q¢ co-ordinate by Eg.

For each wg € Q¢g, by Lemma 3.1, we have that

p\ 1/p p\ l/p
(Ee > < sup |G, (wa)ll o (Ee ) :

n>1
Now we take L, norms of both sides with respect with respect to the Q0 co-ordinate.
We note that the sequence (G €,) has the same joint law as (G7,), and that |G, || < A

Hence we obtain that
p\ 1/p p\ 1/p

<E

as desired. |

Z tr(G, (wg)€entn)

oo
Z tr(epxn)
n=1

i tr(Gl xp) i tr(e,oy)
n=1 n=1

13
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Now we need to be able to compare S with Sg-.

LEMMA 3.14. Let A be a d-dimensional matriz, let AY be the matriz taking only the

diagonal entries from A, and let A*d be the matriz taking only the non-diagonal entries
from A, so that A = A1+ A2d. Then

%maX{HAdHOO A 3 < 1Al < 2 max{]|AY] . [|4*]| .}

Proof: The right hand inequality follows immediately from the triangle inequality. To show
the left hand inequality, note that

|Ad]|,, = élggd\ai,ﬂ <Al -

Finally,
14| = 140l + 4% < 2014l -

as required. m

LEMMA 3.15. For allt > 0 we have

1
—Pr(
2

o0
Y tr(Gn@n)X |G <r/2n

n=1

)

> tr(Gun) X6l <2ATn

n=1

> t) <Pr ( f: tr(e,zn)

§2Pr< >t>.

Proof: As with the proof of Lemma 3.13, we suppose that the random variables G,, are

independent of the random variables r,,. We suppose that measure space upon which the
random variables exist is a product measure of €2, and ¢, and that the random variables
rn, depend only upon the €2, co-ordinate, and that the random variables G, depend only
upon the g co-ordinate. Let us denote measure with respect to the €2, co-ordinate by
Pr,.

By Lemma 3.14, the numbers

X||Ga || <AX||Gad|| <A X||Gnll oo <A/2

and
X||Gnll o <2A X[|Gd || <AX||Gad|| <A

14
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take the values 0 or 1. Thus, by Lemma 3.4, it follows that for each wg € Qg and all ¢t > 0

that
1 o0
) Pr; ( thr(Gn(wG)xn)(MGn(wc)lOOS/\/2)Tn > t)
<c¢ Pr, < Z tr(Gr (wa)Tn)rnl| > t>
n=1
<2Pr, ( Ztr(Gn<WG)xn)(X||Gn(wc)||°o§2>\)7“n > t) .
n=1
Now, taking expectations on both sides with respect to (g, the result follows. O

Now we are ready to combine these results.

Proof of Lemma 3.12: We first prove the first inequality. In order to apply Lemma 3.9,
let us set X = [S¢/| and Y = |S,|. Let €, be independent copies of €, and G, ., be
independent copies of G, for 1 < m < M, and let z,, ,,, be diagonal matrices with diagonal

entries in (2.

Then notice that

M oo
/
sup X, = E g dn, t1(Ghy 1 Tnm) ,
I<m<M m=1n=1 LM
M oo
sup Y, = E dp tT(€n,mTn,m)
lem<M m=1n=1 g%

From Lemma 3.13, it then follows that for p = 1, 2 that
1/p 1/p
(]E sup X,,’;l) ~ (]E sup Y,,fl) ,
1<m<M 1<m<M
and from Lemma 3.11, we have that
1/2
(]E sup Yé) ~IE sup Y.
1<m<M 1<m<M
Thus, we also have that
1/2
(IE sup Xi) ~IE sup X,,.
1<m<M 1<m<M
Thus we may apply Lemma 3.9 twice, once with the roles of X,,, and Y,, reversed, and the

result follows.
The second inequality now follows from Lemma 3.15. O

15
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4. THE PROOF OF THEOREM 2.1 — PART II

We will first show the first half of Theorem 2.1.
PROPOSITION 4.1. The following is true for all t > 0.

—1,2

Pr(S. > cKia(t,s)) <ce ¢ V.

Proof. Choose sequences s’ and s” such that s = s’ + s” and
Kipa(t,s) = 5([Is'l, +ts"[l,)-

We may assume that if a certain number occurs several times in the sequence s, then for
each occurrence this number is split identically between s’ and s”. Thus we may know
that there exist sequences of matrices (A]) and (A”) such that A, = A/ + A and such
s’ comes from repeating d,, times the singular values of A/, and s’ comes from repeating
d,, times the singular values of A!..

From the result of Figa-Talamanca and Rider, we know that

oo
/P -
Pr <Z dy tr(e,Al) > ct Hs"||2> < t—f <ce T,

n=1

(Here we chose p = t2/2). It is also clearly evident that

Zdn tr(e,A;,) < Zdn 1Azl = [Is"]]; -
n=1 n=1
Thus

Pr(S. > 2¢ K »(t, s)) < Pr (Z dn tr(enA) + Y dptr(en A) > c(||s'], + ||s”||2)>

< Pr (Z dy tx(en A7) > ct Hs”HQ)

n=1

< Ce_c—1t2

— Y

and the result follows. |
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Now we finally come to the hard part of this paper: to show the second part of
Theorem 2.1. We will proceed by considering three cases. All of the arguments will make

heavy use of the approximation
—1_—ct? —c 12
c e <Pr(g>t)<ce (t >0),

whenever g is a Gaussian random variable of mean 0 and variance 1.

Our use of the letter ¢ becomes confusing at this point. Thus from now on we will use
subscripts on the letter ¢ to denote different values. However, the same subscripted letter
c may take different values from result to result and proof to proof.

The first case will be dealt with by the following result.

PROPOSITION 4.2.  For sufficiently large A\, the exist numbers ¢y and co such that for all

integers t > 1.
t

Pr(Sg- > c;* Z Sm) > et

m=1
Proof. We suppose that s1, so,..., s¢ is made up as follows: foreachn > 1and 1 <1i < d,,
we pick 0 < K,,; < d,. Then the sequence (si, S2,..., ;) consists of the a}', each one

repeated K, ; times. Let L be the number of pairs (n,i) such that we have K, ; # 0.

Define the following events.
Bui = { Vduglial = ¢ Kol |,

(Vi |Gl = suw gm] < Vdur},
1<i<d,

D, = { ez, <A}

Ch

By Lemma 3.3, we are really asking for a lower bound for the probability of the event

dn

oo dn 0o
YN Vduglial (e <) Xjaaa_<x) =it Y Y K al
n=1 1 n=1

i= =1

However, we notice that this event contains

(| BniNCnn Dy
(n,i):Kp,i7#0

Now,

ﬂ Bn,imcn: m {Cl_lKn,z/\/%ngz < @A}

(n,i): Ky, ;70 (n,i):Ky,i7#0

17
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Since K, ; < d,, if XA and c¢; are chosen large enough, then we see that

oo dnp
Pr ﬂ B,.NC, | > cB_L exp (—04 Z Z Kzﬂ-/dn) i

(n,i):Kp 170 n=1i=1

Event D,, is independent of B,, ; and C),. By Lemma 3.8, it follows that for each number
n that

Pr(|GaM|| . <) = Pr(|Gnllo < A/2) > 5.

Thus

oo dn
Pr ﬂ B,.NnC,ND, | > (0305)_L exp (—04 Z Z Ki,i/dn> )

(n,3): Ky, i 70 n=1i=1

Now K,?m-/dn < K,i, and further, if uw > 1, then (czcs) le™ %" > e“2“. Hence the
probability that we require is bounded below by

oo dnp
(cses) Lexp (—04 Z Z Kn,i) = H ((0305)_1 exp(—C4Kn,i))

n=1i=1 (n,i): K i 70

> H exp(—ca K, )
(1,i): K170

oo dnp
= exp <—02 Z Z Kn,i)
n=11=1

702t
)

=e
as desired. 0

Now we are ready for the second case.

ProPOSITION 4.3.  Fixt > 0. Suppose that there is a number c; such that for allm > 1
and 1 <1 <d, that either a} =0 or

ci lIslly < tV/dnai < crv/dn sl

Then for sufficiently large X\, there are numbers co and c3, depending only on c¢1 and A,
such that

2

Pr(Sg- > c5 't |s[ly) > "

18
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Proof. The second case has a very similar proof to the first case. First, without loss of
generality, we may suppose that A, # 0 for all n > 1. Also recall that

||5||2 = ( dn(a?>2>
n=1 =1

{ e tar V) lslly < gfy < VAN it a} #0,
{gzrfig./dn)\} it al' =0,

Co={ 63 <A}

1/2

Define the events

Bn,i -

By Lemma 3.3, we are looking for a lower bound for the event

oo dp
Z Z Vdngii0i X[|Ga|| _ <aX||Gad|| _<x = cy 't sy,

n=1 =1

This event contains

() BniNCh.
(n.0)

Let us first consider Pr(B,, ;) in the case when a’ # 0. Since tv/dna} < civdy ||s]],, we
see that for sufficiently large A that 2c; *ta?/d,/ ||s|l, < v/d, A, and hence

Now ¢; ' ||s]ly < tv/dpal, and if u > ¢; 2, then cye™%% > e~%% and hence

n\2
Pr(B, ) > exp <—06t2 dn(a;) )

2
HSHQ

Hence for each n > 1
I d,(a?)?
Pr ﬂ B, | > exp —cgt? Z nig )
i:a?#0 = sl
Also

Pr|C,n ﬂ B | > Pr(|Gall < A/2) > el

i:a™=0
7

19
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where the last inequality follows from Lemma 3.8 if X is sufficiently large. Since c7e=“" >

e~°3" whenever u > c; 2, it follows that

dn d (an)z
Pr (Cn N ﬂBn,i> > exp <—03t2 Z n—") .

2
i=1 ||3“2
Hence,
oo d
Pr ﬂ Bn,i N Cn Z exp (_03t2 Z Z n(a/z2) ) _ e_cstZ,
(nvi) n=1i=1 ||8||2
as desired. -

Now for the third case. The argument that follows was suggested by the proof of
Proposition 4.13 in [L-T].

PrROPOSITION 4.4. Fixt > 0. Suppose that there is a number ci such that for alln > 1
and 1 <1 <d, that either a} =0 or

e slly /Vdn <t dpal < e sy -

Then for sufficiently large X, there are numbers cy and c3, depending only on c¢1 and ),
such that
Pr(Se > ts|y) > ¢ e "

Proof. First note that for u > 0 that

Pr (d, tr(AnGn)X|Gnl_>A > u) < min {Pr (d, tr(A,Gr) > u), Pr(|Gnl >N}

< ¢4 min < ex —ﬂ (—cy ' M\%d,)
>~ G4 P d HA HQ y EXP(—Cy n :
n nll9

(Here we used Lemma 3.8.) Now let

t)\l/Q

B ||3“2

6

Since ;! [s|ly /Vdn < tV/dnal < ci ||s|, whenever al # 0, it follows that
—2 Hng 2 n\2 2 2
‘v g < t°dy, Z (ai')” < cidn [|s]3,

i:alr #0
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ie, et slly /dn <t | Anlly < c1|s]ly- Hence
A2 /d, < O|ALl, < A2
Now

E (eXp (edn tr(AnGn)XHGnHOO>/\)) <1+ /0 9e?" Pr (dn tr(AnGn)XHGnIIOC>/\ > u) du

)\dnHAnHQ o0 C_1u2
<l+e / O’ eXP(_szl)‘an) du + cy4 / 0e%% exp —472 du
0 Ao || An I, dn || An]l5

Furthermore,
oo —-1,.2 [e%e) —1)\
/ 0e?" exp _047112 du < / 0e%" exp <—u> du
A4, dp || Anll; Ao | Anll, 14nll
0| Anlly

A0 Ally

< ¢5 exp(—cgl)\an),

exp ((0]|Anlly — cr'A) Ady)

when ) is sufficiently large, because 0 || A, |, < ciAY/2. Similarly

Adn | Anll,
/ 0e? exp(—cy ' N2d,) du = exp (—c; 'N2dy, + N0d,, || Anll,)
0
< eXp(_Cgl)‘an)a

when ) is sufficiently large.
Now,
1< AT [ Anlly

and since e~ " < 1/u for u > 0,
exp(—cg '\2d,) < csA"2d; !,

and so
exp(—cglx\an) < C%CG/\73¢92dn ||An||§ )

Hence

E (exp (Gdn tr(AnGn)XHGn||oo>>\)) <14ecq(1+ 05)0306)\_392% HAnﬂg
< exp(erA30%d,, || A, |12).
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Now,
B(exp(050+)) = I (H exp(0d tr(AnGm))
n=1
— H E(exp(@dn tr(AnGZ))>
n=1
< H exp(crA30%d,, HAn”g)
n=1
= exp(crA 207 ||s]3).
So,
Pr (exp(0Sa) > exp(erh ™20 s[5 + A1V/212)) < e,
that is,

_\1/242

Pr (5@// > (14 A7)t HSHz) <e

IfA> 07_2/5, then

Pr (Sgr > 2t ||s]|,) < e 7%

To finish, we note that
Pr(Sq: > t|s|ly) > Pr(Sq > 2t|s|ly) — Pr(Sar > t|s||,) > 08—16708152 _ AR/
Thus if X is sufficiently large, then
Pr(Se > ts]l,) > ey te™ "
for t > %

If ¢ < 3, then we can use the following inequality (see [Ka], Chapter 1): if X is a
positive random variable, then

X112
Pr(X > ||X||, /2) > 5
411X

Take X = |S€|2. By the result of Figa-Talamanca and Rider, and Lemma 3.13 it follows
that ||.X ||, < co || X]|;, and the result follows. O
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The fourth case follows by comparing the non-commutative case with the commutative
case.

PROPOSITION 4.5. Fixt > 0. Suppose that there is a number c¢1 such that for alln > 1

and 1 <13 <d,
tdna? < e1 |15l /.

Then there is a number co, depending only on ¢y, such that

Pr(S. > cg_lt lls]l,) > 62_16702752.

Proof: We apply Lemma 3.10 with

Vi, tr(Anen)

v, =
! [Anl,

and a, = v/dy, |4y, to deduce that

Pr(S. > tllsll,) > ¢ ' Pr (Z Vi [ Aullyra > est ||s||2) -
n=1
From the hypothesis, we have that

tVdn [[Anlly < e sl

and hence by the commutative Rademacher series result, it follows that

o0
PI‘ (Z \% dn ”A’ILHQ T'n > Cllt ||5H2> Z czle—C4t2,
n=1

as required. m

Now we are finally ready to put the pieces together. Let us restate the theorem we
are attempting to prove.

THEOREM 2.1. The distribution of Se is given by the following formulae.

i) Pr(Se > cKj2(t,s)) <ce €

ii) PT(SE > C_1 Kl’g(t, S)) Z C_le_CtQ.
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Proof: Part (i) is simply Proposition 4.1. To prove part (ii), we may suppose that ¢t > 1.
Now, note that we have the following bound:

Kip(t,s) <D smAt | D> (sm)’
m=1 m=[t2]+1

Then we have two possibilities.

Case 1: The first possibility is that

Z > L Kt s).

In that case, the result follows by Lemma 3.12 and Proposition 4.2.

Case 2: Otherwise, we know that

1/2
tl > (sm)?|  =iKialts)
[t2]+1
We also know that
- 1/2 2]
t Z (5m)> > Z S > [t2]s[t2},
m=[t2]+1 m=1

since the sequence (s,,) is in decreasing order. Hence, if m > [t?], we have that

1/2
o

2ts,, < Z (sm)2

m=[t2]+1

Let M be the least number m such that s,, = sy2j41. Let us replace the matrices A,
with matrices A}, that drop the entries that correspond to s,, for m < M. Thus the new
sequence s’ formed satisfies the following.

Is'lly = 5 Ki2(t,s) and  2ts,, < |s'[l,.

Thus, we may replace the matrices A,, with A/, and, using Lemma 3.3, we are reduced to
showing the following: subject to the restriction that

2tai < il
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we desire to show that

Pr(S. > 2¢ 't ||s]|,) > 2¢ e,

To prove this, we will split the entries of the matrices into three parts. Let

By ={(n,i): ||s]l, < t/dna!'},
By = {(n,3) : ||slly /V/dn < t\/dna? < |||, },
By = {(n,i) : tv/dna? <|slly //dn }-

Then for one of j =1, 2, 3, we have that

n 2
Z dn(a; )2 > % H3||2

(n,i)ij

In that case, we can replace the matrices A,, with matrices that only take those entries that
are in the set B;. Now the result follows by Lemma 3.12, Lemma 3.3 and Proposition 4.3,
4.4 or 4.5.

O
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