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ABSTRACT

We preprocess the input subdivision with n points on the plane in O(n
√
log n)

time and store them in O(n/t) space to facilitate point location in O(log t) time, where

t is an adjustable parameter. When t is a constant we get O(n) space and constant time.

When t = O(n) we get constant space and O(log n) time.
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CHAPTER 1

INTRODUCTION

Point location is a problem in computational geometry that has been studied by

many researchers [5,6,13–15] . Earlier results for this problem [5,13,14] take O(n log n)

preprocessing time, O(n) storage and O(log n) time for locating the point. Recently

Han and Saxena achieved constant space and O(log n) time for locating the point [9] and

Chaganti and Han achieved O(n) space and constant time for locating the point [2] . In

this paper we show that we can preprocess the input subdivision in O(n
√
log n) time to

facilitate the point location in O(n/t) space and O(log t) time, where t is an adjustable

parameter. When t is a constant, we get O(n) space and constant time. When t = O(n)

we get constant space and O(log n) time. The approach we take is to convert the real

numbers of point coordinates to integers and then multiple integers can be packed into

one word. This speeds up the algorithm. The tool we used to do this real number to

integer conversion is the real number sorting algorithm shown in [10] which has time

O(n
√
log n) and runs on the computation model used in computational geometry.
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CHAPTER 2

THE O(N
√
logN) TIME SORTING ALGORITHM FOR SORTING REAL

NUMBERS

It used to be that real numbers can only be sorted with comparison sorting algo-

rithms. Comparison sorting has a lower bound of Ω(n log n) time complexity for sorting

n numbers [4]. This is because for the input n numbers there are n! permutations of these

n number and only one permutation (the right permutation) permutes the input n numbers

to the sorted order assuming that these n input numbers are all different. A comparison of

two input numbers a and b will have the result of a > b or a < b. Among the n! permuta-

tions of n input numbers some permutations A comply with the result of a > b and other

permutations B comply with the result of a < b. At least one of A and B has no less than

n!/2 permutation. If a > b then the permutations in B need not be further considered as

they do not satisfy a > b. But we need to further figure out which permutation in A is

the right permutation. If a < b then permutations in A can be precluded as they do not

satisfy a < b. But we need to figure out which permutation in B is the right permutation.

In the worst case the comparison of a and b will preclude the smaller set of A and B and

thus we have at least n!/2 permutations remaining. Each subsequent comparison will, in

the worst case, cut the number of remaining permutations to half. Thus we need at least

log(n!) comparisons to cut the number of permutations to 1. By Sterling’s approximation

n! ≈ (n/e)n, where e is the natural number. Thus the number of comparisons needed is

Ω(n log n). This reasoning is from [16].
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It has been shown in [10] that real numbers can be sorted in O(n
√
log n) time.

In [10] real numbers are first converted to integers while preserving their relative order.

After converting to integers these integers can be sorted in O(n log log n) time [11, 12].
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CHAPTER 3

POINT LOCATION

3.1 Preprocess

We first convert the real numbers of the point coordinates to integers. This is ac-

complished by sorting the real numbers of x and y coordinates of n points. This is done

in O(n
√
log n) time [10]. We will do this separately for nonnegative numbers and nega-

tive numbers. Let a0, a1, ..., a2n−1 be sorted sequence of these coordinates. We separate

negative numbers from nonnegative numbers and do ai+1 − ai when ai+1 and ai are both

positive or both negative for i = 0, 1, ..., 2n − 1, and find the most significant bit bi of

ai+1 − ai (method given in the following). Let bi be the m-th bit (counting from the least

significant bit starting from 0). If we cut ai+1 and ai at bit bi, that is: remove all bits

less significant than the m-th bit, then the resulting numbers for ai+1 and ai are integers

(after shifting m bits or multiplying by 2−m) and their order is preserved. We will find the

smallest m value m′ from the 2n− 1 bi values and cut all ai’s, 0 ≤ i < 2n, at bit m′. This

converts all real numbers of point coordinates to integers and the original order of these

real numbers is preserved in the converted integers.

Real number a can be cut at bit m′ and converted to an integer by the operation

int(a ∗ 2−m′
).

The most significant bit can be found by the method shown in [7]. It can also

be found by taking the logarithm base 2 then take the integer part of the result. Another
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approach is to first scale all real numbers so that their absolute value is less than 1. Then

take the largest value b among 1/|ai+1 − ai| , i = 0, 1, 2n − 1. Value b can then be used

to convert ai to an integer as int(bai). This converts all ai’s to integers while preserving

their order.

After converting real numbers for point coordinate values to integers we then tri-

angulate the subdivision. This can be done in O(n) time using [3].

We then pack the 2’s complement values of the integer coordinate for x (y) co-

ordinate into one word. Say that each integer has B bits, we will add an extra two bits

of 00 (positive) or 01 (negative) in front of every integer value. The first bit is needed to

prevent overflow to the next integer when doing pairwise addition. The second bit is the

sign bit. Thus, we will use B + 2 bits for each integer. Let the word for the packed x

values be X and let the word for the packed y values be Y . For an edge with the equation

aix+biy+ci = 0 we will also pack the converted integer values (of B+2 bits) of ai, bi, ci

into one word for all edges i = 0, 1, ... of the triangles of the subdivision.

We will also prepare some constants. The constants we need are C1 = (0B+11)n,

C2 = (010B)n. Each of these constant can be precomputed in O(log n) time. C1 is used

to duplicate a B bit integer a for n copies by the aC1 operation. C2 is used to extract sign

bits.

Example:

Line 1: 2x+ 3y = 0,

Line 2: 3x− 6y − 4 = 0,

Line 3: −4x+ 5y − 6 = 0.
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We will evaluate point (10, 12) against these line equations.

Assuming that we use B = 5 bits for each integer. In order for performing the

multiplication for packed integers we use 2 ∗ (B + 2) = 14 bits for each integer. Because

for multiplication the signs are multiplied separately than the numbers and thus, we pack

absolute values into a word and multiply the numbers as:

Figure 1: Multiplication for Packed Integer

Here 2, 3, 4 are the absolute values of the coefficients of x in these 3 equations

and 10 is the x coordinate of the query point.

The sign bits are XORed together as

Figure 2: XOR for Signed Bits

Here the first line is the sign for 2, 3, -4 and the second line is the 3 copies of the

sign for 10. Note that we use the second bit from left as the bit indicating the sign as if

we use 2’s complement representation we need the leftmost bit to take the possible carry.

If we use the sign plus magnitude result, we need OR A and B together as:

6



Figure 3: Sign Representation for Packed Integers with 2’s Complement

If we need to convert the result to 2’s complement (in order for do addition) we

need to shift B 12 bits (number of bits for each integer -2) to the right to get

Figure 4: Shifting for Conversion to 2’s Complement

We then subtract C from B to get:

Figure 5: Subtraction of C from B

We then AND A with D to extract negative numbers:

Figure 6: Extraction of Negative Numbers

We then shift B to the left by 1 bit and subtract E to get 2’s complement of E:

Now get nonnegative numbers by subtracting E from A:
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Figure 7: Shifting and Subtraction to Obtain 2’s Complement of E

Figure 8: Subtraction of E from A to Obtain Nonnegative Numbers

Now OR F and G:

Figure 9: OR Operation between F and G

Using the same technique we can get (3, -6, 5)x12, add (0, -4, -6) and then see the

result of testing (10, 12) against all lines.

3.2 Locating a Point

For a query point q = (x0, y0), we convert its coordinate real values to integers

by cutting them at bit m′ (the same bit used to cut the points in the preprocessing stage)

to convert them to a B + 2 bit integers x1 and y1. We then test (x1, y1) against all edges

of all triangles. Thus, we can decide for each triangle, whether (x1, y1) is within the

triangle, outside the triangle or on the edge of a triangle. Note that these triangle’s edges’

functions are ax+ by+ c = 0 where a, b, c are converted integers. These multiple integer
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addition, subtraction, multiplication is computed in constant time by packing them to

a word as shown in Section 3. These operations are used in previous research papers of

other researchers. It is not clear who was the first to use these operations. These operations

are sufficient for us to determine the triangle that contains the integer coordinate of the

query point in constant time.

3.3 Error Correction and Tradeoff between Time and Space

If our algorithm tells that the query point p = (px, py) is located within triangle

A = △abc then we can test the real value coordinates of p to the 3 lines of A constructed

from the real value coordinates of the 3 points a, b, c of A. Thus we need to fetch 6 real

values ax, ay, bx, by.cx.cy from the input O(n) real values which are the coordinates of the

input points. If our algorithm tells that p is on an edge of a triangle then we need to fetch

the two end points a, b of this edge and then test out whether p (using the real value of its

coordinates) is to the left, to the right or on the edge. If our algorithm tells that the point

p is at a vertex a′ then the real value coordinates a of a′ need to be fetched and compared

with the real value of p to tell whether p = a. If p = a then we are done. Otherwise p ̸= a

and thus we need to cut p and a at a precision such that the converted points p′ and a′′

with rational number coordinates are not equal. Note that the set S of the coordinates of

other points have been converted to rational numbers (integers) before and we need not

to re-convert them. The converted point a′′ cannot be equal to any converted points in S

because a′′ has higher precision than a′ and a′ is not equal to any converted points in S.

Thus, we can retest p against the converted points of S union with {a′′}. Again, this takes
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constant time. Thus, we need to fetch a constant number of real values from the O(n)

input real values. Using [9] we can store t real numbers into a constant number of real

numbers and each of these t real numbers can be extracted in O(log t) time. This will

require us to use O(n/t) space.

10



CHAPTER 4

MAIN THEOREM

An n vertex planar subdivision can be preprocessed in O(n
√
log n) time and

stored in O(n/t) space to support O(log t) time point location, where c ≤ t ≤ n is

an adjustable parameter and c is a constant.
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CHAPTER 5

CONCLUSIONS

We studied point location for planar subdivision. We showed that n points subdi-

vision on the plane can be preprocessed in O(n
√
log n) time and stored in O(n/t) space

to support O(log t) time point location, where t is a parameter. When t is a constant we

get O(n) space to support constant time point location. When t is n we get constant space

to support O(log n) time point location.
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