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ABSTRACT

The first topic of this dissertation is concerned with the L? boundedness of a
maximal Fourier integral operator which arises by transferring the spherical maximal
operator on the sphere S™ to a Euclidean space of the same dimension. Thus, we
obtain a new proof of the boundedness of the spherical maximal function on S™.

In the second part, we obtain boundedness for m-linear multiplier operators from a
product of Lebesgue (or Hardy spaces) on R" to a Lebesgue space on R™, with indices
ranging from zero to infinity. The multipliers lie in an L?-based Sobolev space on
R™ uniformly over all annuli, just as in Hormander’s classical multiplier condition.
Moreover, via proofs or counterexamples, we find the optimal range of indices for

which the boundedness holds within this class of multilinear Fourier multipliers.



Chapter 1

Introduction

Fourier singular integral operators naturally appear in the study of linear partial
differential equations and have proved to be useful tools in the solution of linear
partial differential equations with variable coefficients. These operators generalize
the Fourier transform, or general Fourier multiplier operators, and pseudo-differential
operators, such as those that arise in the study of the wave equation. The fundamental
L2-estimate for Fourier integral operators was established by Hormander [21]; this was
extended by Seeger, Sogge, and Stein [34] to LP for 1 < p < co. In this dissertation we
consider maximal Fourier singular integral operators on R" that arise from natural
process of a pullback of a maximal operator on the unit sphere S” in R**!. Such
maximal Fourier integral operators are associated with symbols of three variable
o(t,&, ), where the supremum is taken over ¢ > 0, = is the space variable, and &
is the frequency variable. Under certain nondegeneracy conditions on ¢ and on the
phase, we establish the L? boundedness of such maximal Fourier integral operators
via an extension of the Rubio de Francia’s technique [6]. As an application we obtain
an alternative direct proof of Sogge’s result [35] about establishing the boundedness
of the spherical maximal operator on the unit sphere S for n > 3.

In the second part of this dissertation, we address the following question: What
1



is the minimal regularity of a multilinear multiplier so that the associated multilinear
operator is bounded from a product of Hardy spaces to another Lebesgue space?
Inspired by the work of Calderén and Torchinsky [3], Grafakos and Kalton [13], and
Miyachi and Tomita [27], we found an answer to the question. We provide necessary
and sufficient conditions on multipliers which lie uniformly over all annuli in an L2-
based Sobolev space for the associated operators to be bounded from a product of
Lebesgue (or Hardy) spaces to another Lebesgue space for the entire range of indices
possible.

The essential results in this work are organized as follows: Chapter 2 contains the
L? boundedness of a maximal Fourier integral and a short proof of the boundedness of
the spherical maximal function on the unit sphere S”. The study of minimal regularity

of multilinear multipliers is given in Chapter 3.



Chapter 2

Maximal Fourier Integrals

2.1 Historical overview

The spherical maximal operator on R" was introduced by Stein in [39] as the supre-

mum of spherical averages of a function. Precisely, this is defined as the operator

1
fo:sup—/ fydary', reR" 2.1
(7) = sug 76 | s, (y)do,(y) (2.1)
where o, is the induced measure on the sphere S(z,7) = {y e R" : |y —z| =r},

and f is any function on R"”, initially taken to be in the Schwartz class. The study
of this operator has provided the impetus for the subsequent development of Fourier

integral operators and their maximal counterparts. Stein [39] obtained the LP(R™)

n

—- and n > 3. The two-dimensional case

boundedness of M whenever for p >
n = 2 turned out to be more complicated and was completed about a decade later by
Bourgain [2]. An alternative proof of these results was given by Mockenhaupt, Seeger
and Sogge [28].

The study of the operator M in (2.1) has stimulated significant new research.

Greenleaf [19] has considered the case where the sphere is replaced by a surface with
3



non-zero principal curvature. Sogge and Stein [36] have studied the case where the
Gaussian curvature of the surface is nonvanishing to infinite order at any point and
later extended this result to variable coefficient maximal operators associated with a
family of surfaces of finite order [37]; the same authors have also considered the case of
non-vanishing rotational curvature in [38]. In this work, Sogge and Stein studied the
maximal operator with respect to dilations of (n — 1)-dimensional compact surfaces
embedded in an n-dimensional manifold. Using intricate estimates for oscillatory
integrals, Isosevich and Sawyer [23] provided a necessary and sufficient condition for
the maximal function associated with surface measure on a smooth convex surface
having finite order of contact with its tangent lines, to be bounded on LP(R") for
p > 2.

The spherical maximal function on non-Euclidean ambient spaces has also been
considered. In this situation, this operator is defined as the supremum of all averages
over geodesic spheres. Kohen [24] has obtained the boundedness for this spherical
maximal operator on hyperboloids. Tonescu [22] extended this result for noncompact
symmetric spaces of real rank one. In [30] Narayanan and Thangavelu showed the
LP-boundedness of the spherical maximal operator on the Heisenberg group H"™ for
p > 2n/(2n — 1) and n > 2. Miiller and Seeger [29] have proved the boundedness of
the spherical maximal function on 2-step nilpotent Lie groups; since S* is a 2-step
nilpotent Lie group, this result covers the spherical maximal function on S?. Fischer

[8] has considered the case of free 2-step nilpotent Lie groups. Nevo and Ratnakumar

n__n_
n—1’ n—1

[31] have proved endpoint restricted weak type ( ) estimates for the spherical
maximal operator acting on radial functions defined on n dimensional symmetric
spaces of constant curvature; these fail for general functions. Sogge [35] has employed
the powerful machinery of Fourier integral operators to deduce the boundedness of

the spherical maximal operator on compact manifolds without boundary and positive

injectivity radius.



Rubio de Francia [0] studied the LP(R™) boundedness of maximal operators formed
by dilations of a fixed singular multiplier transformation. In the present chapter, we
provide an extension of the result in [0], obtaining the boundedness for a maximal
(over t > 0) Fourier integral operator containing a symbol of three variable o(t,¢, x),
under certain nondegeneracy conditions on ¢ and on the phase. As an application we
obtain an alternative proof of the boundedness of the spherical maximal operator on
the n-dimensional sphere S™ for n > 3, which is transferred to R™ via the stereographic

projection.

2.2 Maximal Fourier integral operator

The main result of this section is the boundedness of a maximal Fourier integral oper-
ator on a domain possessing a special geometrical property, called the cone property;
this property is crucial in proving the Sobolev embedding theorem; see [1]. An open
set €2 in R™ has the cone property if there exists a finite truncated cone C' whose
vertex is the origin such that for each point x € () there exists a rigid motion R of
R™ such that z + R[C] is contained in 2. We have the following theorem concerning

maximal Fourier integral operators on such domains.

Theorem 2.1. Let € be an open set in R"™ having the cone property. Fiz 0 < A < oo
and let o : [0,\) x R* x Q — C be a C* function, for some k > n. Let o : [0,\) x
R"® — R" be a Ct-function. For a Schwartz function f supported inside €, define

the mazimal Fourier integral operator

T* f(z) = sup ‘ f(&)a(t,é, x)ezmp(t’m)'gdﬂ, Ve

0<t<A JR7

Suppose that there exist constants Ay, Ay, > 0 and a > % such that o(t,&, x) is

supported in the set {(t,&,x) € [0,\) x R" x Q: [t&] > r} and such that

5



1020 (t,€, )| + LRl < 1] ", (@) with o € LNQ) for all |a] < k& #0;
2. Ay ldet((Jop)(t,x))| > 1 and |Opp(t, x)| < Ay for allxz € Q and 0 <t < .

Then, there ezists a finite constant C (€, a,n, k, Ay, Ay, ) such that
HT*.fHLQ(Q) S O(Qa a,n, k? Al7 A27 ¢)T§_a HfHLQ(Q)

for all Schwartz functions f. Thus T* extends to a bounded map from L*(2) to L*(£2)

with constant depending only on a,n,k, Ay, As, 7, 1, and on €.

Proof. We suppose first that o(t, ¢, x) is supported in the set s < |t£] < 4s for some

s> 0. For 0 <t < A, denote

T'f@) = | J©oltgm)emetds.

Then

< o) ([ o)

We have

/ Do (t, &, x)e’™ et de

+: / F(&)o(t, €, 2)0upe(t, )2 #E1dg,

in which ¢, is the ¢th component function of . Denote

o= ([ )" ([, Femnneeat)

Since  has the cone property, the Sobolev embedding theorem for Q ([1]) says that



for k > n there is a constant C' = C(€2, n, k) such that

sup| f o(t,& = ‘”wtw)fdg\<02/ o(t, &, 2)e*™ PP de | dz.

z€Q o<k

It follows that

2mip(t,xz)-§ th)
<cz/(/ s FOO0(t, €, 2)e d¢| dz.

|| <K

Taking the L?-norm, the above inequality gives

e f||L2(Q) <C Z / (/ /‘ Rnf o (t, &, z)emiehr) £d€’ dazdt) dz.

la|<k

Now letting y = ¢(t, z) and noting that A; |det (J.p)(¢, x)| > 1, we have

Gty <AC Y [ ( / /. dzf“) s

la| <K
1/2
ot €, )‘ d{%) dz.

<ac ™ [(f [ 1o

|| <K

F(©)2a(t,€, 2)e
R

By the hypothesis |0%0(t,&, x)| < [t£]™* Yo (z), we deduce

1Gofll2@) < VIR ACS™ [1f |20y D [¥all ey - (2.2)

|la|<k

Denote o”(t, ¢, x) = td,0(t, €, ) and O'g(t,f,l’) = t&o(t,&,z) (0 =1,...,n). Then, it

is easy to see that

T f(2)]> < Gy f (z) (Gabf(x) + Ay ZGggf(x)), Ve



Taking the integral of both sides of the preceding inequality, we obtain

1T £ 120y < G Fll iz (G ooy + A2 D 1G e llzcey)-

(=1

Applying estimate (2.2) to G,, G

o, and Go§ we conclude that

* 1_q
1T fll 20y < C(2m, K, Ary Ag)s2 ™ (| f | aey Y el (2:3)

|| <k

Assume now that o is supported in the set [t£| > r. Fix functions 7y, v € C§° such

that + is supported in § < |{| < 27 and

WE+D 27 =1, VA,

320

where 7y is supported in |[£| < r. Since o vanishes on [t§]| < r, we have

o(t,&x) = ot & x)y(27t)

>0

for all t € [0,\), £ # 0 and z € Q. Set 0;(¢,&,2) = o(t, &, 2)y(277¢€), 7 > 0 and

F(€)o;(t, €, x)e e tége .

Rn

T f(x) = sup

0<t<A

Notice that o; enjoys the same properties as o and is supported in 2971y < |t§] <

21y It is easy to see that

T f2) < S T (), Vaeq

>0



Combining the above inequality with estimate (2.3) for each o, we obtain

* j—1)(2—a), .2 —a
|7 f||L2(Q) < C(Q,n, Aleg)ZQ(J R ||f”L2(Q) Z ||¢a||L1(Q)-

>0 la|<k

Thus, we have just derived the inequality

* E—
17 L2y < O arm, An, A3 [ Fll ey S0 Iall sy

o<k

for all Schwartz functions on R™ supported in €2. This result can be extended to

LP(Q) functions via the following lemma whose easy proof is omitted. O

Lemma 2.2. Let X be a normed space and let T 'Y — R be a sublinear map

initially defined on a dense subspace Y of X such that

ITW)lx < Cllyllx

for ally € Y. Then T can be extended to a bounded map on X with the same norm.

2.3 The spherical maximal operator on the sphere

We now apply our theorem to derive the boundedness of the spherical maximal op-
erator on the sphere. Let S® be the n-sphere on R™*!. For a point z € S® and r > 0

we define the (n — 1)-sphere
D(x,r)={yeS" : |z —y|=2r}
and the spherical cap

A(z,r)={yeS" : |z —y| <2r}.



For brevity, we set A(zx) = A(x,1/4) for all x € S™.
In analogy with the Euclidean setting, the spherical maximal operator is defined

in the spherical-geometry setting as follows: Given a function g € L'(S"), we define

sto)e) = s | [ o) (2.4

0<r<1/8 "

where H"™! is the induced (n — 1)-Hausdorff measure of R"™ on I'(z,r). The main

result of this section is to show an alternative proof of the following [35]:

Theorem 2.3 ([35]). Forn >3 and p > "=, there is a constant C' = C(n,p) such

that

1Ms (D Lo sn 0y < C 9 Losn 0,) (2.5)

holds for all smooth functions g on S™, where o, = H" is the spherical measure on
S™ and the constant C depending only on p and n. Therefore, Mg can be uniquely

extended to a bounded operator on LP(S",0,) with the same constant.

The main idea of the proof is to apply the stereographic projection to transfer
Mg to the Euclidean space where one has many available tools, such as the Fourier
transform, maximal Fourier integral operators and the Hardy-Littlewood maximal
operator.

Now estimate (2.5) can be localized because of the compactness of the sphere. In
fact, we can find a positive integer Ny such that S" C UN0 1A(z4,1/8). For g € LY(S™),
using partition of unity p; subordinated to A(z;,1/8) to split the function g into
several pieces, g = Z;V:Ol gp;, where 0 < p; < 1 and supp(p;) C A(x;,1/8). The

sublinearity of the operator in (2.4) yields immediately the inequality

9 <3 Msly,)

with ¢g; = gpj, 1 < j < Ny. Note that if function g is supported in A(xo, %), then
10



Ms(g) is supported in A(zo) = A(zo, 1). Thus, to prove the estimate (2.5), it is

enough to show that

Ms(g;)"dor, < C(n, p) / 0,7 dor.

A(zy) A(zy)

). Let e,01 = (0,...,0,1) € R*™". Since

where g; is supported in A(z;, £

Ms(g o R™)(Rz) = Ms(g)(x)

for all rotations R € O(n + 1). A suitable choice of rotations, it suffices to prove the

inequality

/ M (g)?(2)do(x) < C(n,p) / 9@ don(z)  (26)
A(—ent1)

A(_enJrl)

for every integrable function g supported in A(—e,1, %)

Now the stereographic projection I : R" — S™, given by

—_2 1-|zf?
I(z) = jEnPRY + 11]2|2 Ent1s

will allow us to transfer the problem to the Euclidean setting. Fix x € B(0,1) C R”
and denote X(z,r) = II" YT (II(x),r)), (0 < r < 1/8). Note that X(z,r) is an (n —1)-
sphere S"1(c,, p.) C R™ Let p,,_1 = (II71).(H"') be the pushforward measure of

H"! associated with the map II7!. Then

1
el M) = s Ll [ ) d%n-%y)\
0<r<1/8 T L(I(z),r)
1
= swp | [ (0o IDE) dpaa(2)|.
o<r<1/8 T S(z,r)

Since the measure i, is comparable with the normal surface measure on X(x,r) =

11



S" (e, pe), we have

Ms(g)(I(x) ~ sup ——

—1
0<r<1/8T"

/ (g0 T)(y) dowr(y)|.
Sn=1(ca,pz)

(The notation ~ means that the quantities are comparable.)

Now change variables

x rv1 —1r2(1+ |z]?)

TP RR) TR )

Y

then Mg(g)(II(x)) is comparable to

—rv1 —72(1 2
sup a(r,z)"! / (goH)(a: r 5 i +2|I| )Z) don-1(2)],
0<r<1/8 sn—1 1 =721+ [z]?)

V1—7r2(1 4+ |z]?)
1—7r2(1+ |z|?)
for all 0 < r < 1/8 and |z| < 1. Set s = r*(1 + |z[*), (0 < s < 1/32). Then

in which the quantity a(r, x) = is comparable to a positive constant

Ms(g)(I1(x)) can be controlled by

/1 2 _
sup / (go H)( T eyl Sz) do,—1(2)].
0<s< |Jsn— 1—s 1—s

This sequence of calculations leads us to define an operator acting on every locally

integrable function A on R™ by setting

N(R)(x) = sup

O<s<$

/Sn_1h< x _\/5\/1+\x!2—32> don1(2)|.

1—s 1—s

The required inequality (2.6) will be established if the operator N is bounded from
LP to L? when acting on functions supported in the unit ball. The following result is

the main ingredient needed to prove Theorem 2.3.

12



Lemma 2.4. Forn > 3 and p > "5, the operator N satisfies the estimate

INC) os0.2)) < C Il Lo 510.2)) (2.7)

for all smooth functions h supported in the ball B(0,?2).

The proof of Lemma 2.4 will be provided in the next section. Now we examine
certain examples that provide us information about the behavior of this operator.

Fix o € R" and ¢ > 0. Acting N on xp(a,s) yields

N(XB(xo.0))(x) = sup / X s (M—z)dan z).
( (0 ))( ) 0<s<3L2 Snfl B<07\/g<11+|i(‘527‘5) \/g\/m 1( )

Since \/% >1/2forall 0 < s <1/32 and |z| < 1,

Ntsina)@ 2 s [, e 5)(2) doa(e)
0<s<k Jsn-1 B Vi 1l s V5

Denote

Gy = U {zeR" : ]x—x0|2:1—s+s\x0|2}.

O<s<§

For 0 < s < L (U=s)z0—2 < §n=1 Then we have

let vy = —F————
327 5 Vsy/1+|z|2—s

) \n—1 _—
No(0)) 2 | e, (2] () 2 0 (52) 7 2

Thus, we have just established the lower bound

N(XB@o.s) (@) > cnd" 'Xa, -

This inequality tells us that N does not map L” to L? for p < 5.

More interestingly, note that |G,,| is arbitrarily large whenever z, near infinity;

13



consequently, the operator N fails to map LP(R™) to LP(R") globally for all 0 < p < oc.
However, for p > "5 the local boundedness of the operator will be established in the
next section.

To exclude the case p = "5, we use the inequality

gl n—1 1
N(xBo))(x) > cn<1 \:‘vl| ) , VvV 0<]z| < 4—\/5

2.4 The proof of Theorem 2.3

To complete the proof of Theorem 2.3, we fix a smooth function A on R™ supported
in some ball and we prove (2.7) for this h. The passage to general h is achieved via
Lemma 2.2.

Before turning to the proof of Theorem 2.3, let us recall the operator

Y

N(h)(z) = sup

1
0<S<§

/Sn_1h< x _\/5\/1+|5L“|2—sz> do 1 (2)

1—s 1—s

for which we need to obtain L” bounds. Expressing the smooth function h in terms

of its Fourier transform h, we may write:

N(h)(x) = sup

0<s<§

[ (VIR ) e cag]

where m(&) = c/i(;(f ) is the Fourier transform of the spherical measure. It is easy to
see that if h is supported in the unit ball then N(h) is supported in B(0,2). This
operator is similar to the one that was introduced by Rubio de Francia [6]. However,
the method that was used in [0] is based on Plancherel’s theorem and cannot be
applied directly because the multiplier here is a function of two variables x and &. To

avoid this issue, we need to modify slightly the parameter of the operator.

14



In fact, the substitution ¢ = 1—*{55\/ 1 — s+ |x|? yields a bigger maximal operator

T*h(x) = sup
0<t<1/8

/ h(©m(tg)e et <de),
R

in which « : (0,00) x [0,00) — (0, 00) is determined by

2(1+t?)
Ve +2s(1+22) +1+1—s

a(t,s) =

First, we have the following elementary properties of the function a:
1. 1 <aft,s) <2forall (t,5) € (0,1) x [0, 0).
oo 1 1
2. 238—(15, s) + a(t,s) > 5 for all (t,s) € (0,3) x [0, 00).
s
3. For fixed t € (0, 3), the map z — ¢;(z) = a(t, |z|*)z is one-to-one on R".

4. The Jacobian matrix of () is precisely represented as the sum of two matrices

Teua)) = alt,Ja) I+ 252 1, o) B

when B is the matrix with entries b;; = x;z;.

5. The determinant of the Jacobian matrix is bounded below by a uniform constant

(ISL’I)H)

(t, |=[?)
1

—o(t, o) (2P S 1, o) + ot 1)) = 5, Vi€ (0,7).

cmum@mzmmwwo+2

7 t,s)] <6 forallte(0,1)and s > 0.

6. |8t(

Our goal is to establish the LP local boundedness for the operator 7. To do

this, we first fix functions g, € C°(R") such that QZ is smooth and supported in

15



2 < €] < 2 and that

Yo(€) + D (2798 =1,

j>1
where Zb\g is a smooth function supported inside the ball |{]| < 2. Now using the idea

of the Littlewood-Paley decomposition to break the function A into frequencies, i.e.

h= (o) xh+ > Wy *h,

Jjz1

where for a function g, define the dilation g;(z) =t "g(x/t), t >0, =z € R". We

have the following simple estimate
T*h(z) <Y Trh(z), z€R",
j=0

with

Toh(xz) = sup
0<t<1/8

Y

| e miteyTateeermeei e sae

and

Tih(r) = sup
0<t<1/8

/ ﬁ<s>m<ts>$<2f'tf)emw'“ffdg‘, i>1
Rn

Next, we will show that 7 is dominated by the Hardy-Littlewood maximal operator

for all |z| < 2; consequently,
1151 Lr(B0.2)~Lr(BO2) < 00, V1<p<oo.

Indeed, we have

[ Romieei(ee)emeeesag

:/n h(y) /n m(tﬁ)%(té)e%i(a(t,lx\Q)x—y).gd§ "

L[ [ mede)e

(Al R™ Rn
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(a(t,|z

(eltlel Jo-y) Sde dy



= | B0 do ) (02, ol + ) dy,

tn Jon

where
2ta(t, s)

B(t,s) = .
V2 +2s(1+262) + 1+ s+ 1+ 22

Notice that 0 < S(¢,s) < 1 for all (¢,5) € (0,1) x [0, 00).

12
Since the smooth function % has compact support, 1y is a Schwartz function.

Applying Lemma 2.5 to 1y with j = 0 deduces

o o) (800 Ja) + )| <cn) (3.4 (e ey + =2))

<om)(1+ |‘”;y|)_"_1.

Thus, T; is majorized by Hardy-Littlewood maximal function on B(0,2).

It remains to show that

DT Ao < Cnp) 1l sy, P> n/(n—1). (2.8)

j=1

For 7 > 1, in view of the fact that

Im(t)| + |am(t)] /|6 < Clee T, Ve A0,
Theorem 2.1 implies the estimate
1T Bl z2B0.2) < C207 27 |1l 12509 - (2.9)
Next, we show that T;h is pointwise controlled by a multiple of the Hardy-

Littlewood maximal function with a constant that grows like a multiple of 27. Indeed,

17



we will show that
Trh(r) < C(n)2! Mh(z), Ve B(0,2). (2.10)

Using the weak type (1,1) boundedness of the Hardy-Littlewood maximal function
and (2.10), we deduce

HTfthLl'”(B(OQ)) < C(n)2thHL1(B(O,2)) (2.11)

for our fixed function h supported inside the ball B(0,2).

Now interpolating between inequalities (2.11) and (2.9) yields:
IT3 hlloso2y < Cn )25 Al sy, (1< <2). (2.12)

Summing up all inequalities from (2.12) and noting that p > ~=, the inequality (2.8)
is established for -~ < p < 2; hence, Lemma 2.4 is proved for -5 < p < 2. Since the
operator N maps L™ to L™, estimate (2.7) is also true for p > 2 via an interpolation
between LP (for some —"+ < p < 2) and L.

Thus we are only left with establishing inequality (2.10). The following lemma,

whose proof can be found in [10, p. 339-340], can be used to prove (2.10).

Lemma 2.5. Support ¢ is a Schwartz function in R™. For every M > n, the convo-
lution of ¢o—; with the spherical measure do,_1 can be estimated pointwise by

J
C(M,n)2 iso

|pg—i * dop_1(x)] < GtV >

where C'(M,n) is a finite constant depending only on M and n.

Now, the same argument as in proving the pointwise estimate for T{h(x) can be

used together with the above lemma to deduce the inequality (2.10).
18



So far we have been working with a smooth function g with compact support. To

extend the boundedness for Mg to all functions in LP(S™, 0,,), we use Lemma 2.2.

19



Chapter 3

Multilinear Multiplier Operators

3.1 Historical overview

Let o be a bounded function on R". We denote by T, the linear Fourier multiplier

operator, whose action on Schwartz functions is given by

7. = [ o©feede 3.)

Mikhlin’s classical result [20] states that the T, admits an LP-bounded extension for
1 < p < o0, whenever

020(€)] < Cale] ™, € #0 (3.2)

for all multi-indices o with [a| < [§] 4 1. This result was refined by Hérmander [20]

who proved that (3.2) can be replaced by the Sobolev-norm condition

sup (2 () < ox. (3.3)
je

20



for some s > 7, where @/Z)\ is a smooth function supported in % < [€] < 2 that satisfies

> w2 =1
jez
for all 0 # ¢ € R™ Here ||g|lws = ||[(I — A)*2g||z2, where I is the identity operator
and A = 37" | 07 is the Laplacian on R™.
Calder6n and Torchinsky [3] showed that the Fourier multiplier operator in (3.1)

admits a bounded extension from the Hardy space H? to H? with 0 <p <1 if
sup [|o(t-)|lws < oo
>0

and s > % — % Here the index s = 2 — % is critical in the sense that the boundedness

n
p

of T, on H? does not hold if s <2 — 2. This was pointed out later by Miyachi and

»
Tomita [27].

The multilinear counterpart of the Fourier multiplier theory has been rather sim-
ilar in the formulation of results, but substantially more complicated in its proofs.
The theory of multilinear operators, and in particular that of multilinear multiplier
operators, originated in the work of Coifman and Meyer [1], [5], [25] and resurfaced
in the work of Grafakos and Torres [18]. Multilinear Fourier multipliers are bounded

functions o on R™ = R™ x --- x R™ associated with the m-linear Fourier multiplier

operator in the following way

To(fr- o fn) (@) = / Tt o (6 6 i) FalGn) A (34)

where f; are in the Schwartz space of R" and dg =d& - d&,.

Tomita [10] obtained LP* x --- x LPm — [P boundedness (1 < p1,...,pm,p < 00)
for multilinear multiplier operators under a condition analogous to (3.3). Grafakos
and Si [17] extended Tomita’s results to the case p < 1 by using L"-based Sobolev

21



norms for ¢ with 1 < r < 2. Fujita and Tomita [9] provided weighted extensions of
these results but also noticed that the Sobolev space W* in (3.3) can be replaced
by a product-type Sobolev space W1-5m) when p > 2. Grafakos, Miyachi, and
Tomita [15] extended the range of p in [9] to p > 1 and obtained boundedness even
in the endpoint case where all but one indices p; are equal to infinity. Miyachi and
Tomita [27] provided extensions of the Calderén and Torchinsky results [3] for Hardy
spaces in the bilinear case; note that in [27] it was pointed out that the conditions
on the indices are sharp, even in the linear case, i.e., in the Calderén and Torchinsky
theorem.

Following this stream of work, we provide extensions of the result of Calderon
and Torchinsky [3] (m = 1) and of Miyachi and Tomita [27] (m = 2) to the case
m > 3. Our work is inspired by that of Calderén and Torchinsky [3], Grafakos and
Kalton [13], and certainly of Miyachi and Tomita [27]. As in [27], we find necessary
and sufficient conditions, which coincide with those in [27] when m = 2, that imply
boundedness for multilinear multiplier operators on a products of Hardy or Lebesgue
spaces on the entire range of indices 0 < p < oco. One important aspect of this
work is an appropriate regularization of the multilinear multiplier operator which
allows the interchange of its action with infinite sums of H?i atoms (see Section 3.3).
Also, we point out that the complexity of the problem increases significantly as m
increases. In fact, the main difficulty concerns the case where 1 < p; < 2, in which the
boundedness holds exactly in the interior of a convex simplex in R™. This simplex has
m2™~1 4+ 1 vertices but it is not enough to obtain the corresponding estimates for the
vertices of the simplex, since interpolation between the vertices does not yield minimal
smoothness in the interior. We overcome this difficulty by establishing estimates for
all the points inside the simplex being arbitrarily close to those m2™~! 4+ 1 points
without losing smoothness.

We introduce the Sobolev spaces that will be used throughout this chapter. First,
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Sobolev space (of product type) consisting all functions f € L?(R™") such that

1
2

|l smy = (/ 1F W1y Ym) (02) - ()™ \Qdyl---dym> < o0.

Throughout this work, let ¥ be a smooth function on R™" whose Fourier transform

QZ is supported in % < [€] < 2 and satisfies

Y@y =1, £+0.
JEZL
Also, H?(R™) denotes the real-variable Hardy space of Fefferman and Stein [7], for

0 < p < oo. This space coincides with the Lebesgue space LP(R"™) when 1 < p < 0.

The following is the main result of this chapter.

Theorem 3.1. Let0<p1,...,pm§oo,0<p§oo,pi1+---+i:l S1y vy Sm >

n/2, and suppose

S (%) 35)

keJ Pk

for every nonempty subset J C {1,2,...,m}. If o satisfies

A = 5up |0(27 ) ||y s1.mom) < 00, (3.6)
JEZL
then we have
“TaHle XX HPm — P S, A> (37)

where LP should be replaced by BMO if p = oco. Moreover, this result is optimal in
the sense that if (3.6) and (3.7) are valid then we must necessarily have s; > n/2 for

all1 <7 <m, and

X Gz

keJ



for every nonempty subset J of {1,2,...,m}.

Remark 3.2. When 0 < p; <1 for all 1 < j <m, conditions (3.5) imply that s; >

Moreover, the condition in (3.6) is sufficient to guarantee that o lies in L>®°(R™").

Indeed, suppose that o is a function on R™" that satisfies (3.6). It is easy to see that

QZ(%x) +(z) +¥(22) = 1 for all 1 < z < 2. Now we want to verify that |o(2/0z)]

is uniformly bounded in jy € Z for a.e. 1 < |z| < 2. Applying the Cauchy-Schwarz

inequality and using the conditions s;, > 7, we write

|o(2z)|

_‘Z 2]0 Z )/ 230 l (6) 2l+17rzx£d€‘
ll|<1 <1 R

<2 / [T+ ey #TI0+ i) F (o2 )0) (- )|y - g
<1 k=1

< Z C(81,- -+ Sm, n)||0jo_l@/b\||v[,(s1 ,,,,, am) < 3C(S1,. .., Sm, ) SUD ||J]¢||W(s1 AAAAA sm)
lij<1 Jez

for almost all x satisfying 1 < || < 2. Here we set o (E) = 0(215). Thus

||| Loe mmny < 3C (1, -, 8m,n) 31615 ol tspsmmmssm) < 00
j

Throughout this chapter, we use the notation A < B to indicate that A < CB,

where the constant C' is independent of any essential parameters, and A ~ B if both

A < B and B S A hold simultaneously.
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3.2 Preliminaries and known results

Now fix 0 < p < oo and a Schwartz function ® with (/15(0) # 0. Then the Hardy space

HP contains all tempered distributions f on R™ such that

flls = || sup 1% 7], < oo.
0<t<oo

It is well known that the definition of the Hardy space does not depend on the choice
of the function ®. Note that H? = L? for all p > 1. When 0 < p < 1, one of nice
features of Hardy spaces is the atomic decomposition. More precisely, any function
f e H? (0 < p < 1) can be decomposed as f = >, A\yax, where a;’s are L™ -atoms
for HP supported in cubes Q) such that [jax||;~ < |Qk|7% and [ z7ay(x)dz = 0 for
all |[y| < N, and the coefficients A satisfy >, |\g|” < 27|/ f|[%». The order N of the
moment condition can be taken arbitrarily large.

A fundamental L? estimate for T, is given in the following theorem.

Theorem 3.3 ([15]). If s1, ..., Sm > n/2, then

M=/

The following two lemmas are essentially contained in [27], modulo a few minor

modifications.

Lemma 3.4 ([27]). Let m be a positive integer, o be a function defined on R™",
and K = ¢V, the inverse Fourier transform of o. Suppose that o is supported in the
ball {y e R™ : |yl < 2} and suppose 1 <1 < n, s; >0 forl < i < m and

1 <p<qg< 0. Then for each multi-index o there exists a constant C, such that

{y1)™ = ()™ O K(Y) |l La@mt, ayy-ay) < Cally)™ - ()™ K)o @mt, ayy -y
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where y = (Y1, ..., Ym) with y; € R™.

Proof. Denote y = (v/,y"), where ¢ = (y1,...,y) and " = (Y41, - .-, ym). Take ¢ a
Schwartz function on R such that $(y’) = 1 for all ¥/ € R, |/| < 2. It is easy to
see that o(y',y") = (v, y")P(y/) for all ¢ € R™ and y” € R(™=Y", Using the inverse

Fourier transform we have

(") = (K (¢ 9 00) ) (")
_/ K(y/ _ ul’y// _ u”)SD('U/I)(SO(/U/”)dU//d/U/”
Rin xR(m—1)n

=/ Ky —u,y")e()du,
Rn

where ¢ is the Dirac distribution. Therefore,

K (v — ', y")p(u)du
R n

(o)™ - ) 1Ky = ()™ - ()™

< [ (L= o™ IS0/ = o/l )™ ) ot

j=1
< Cullyn)™ - (o™ Ky o ceim ayey [ {wn)™ - ()™ @()| 1o i

< Col[{yn)™ -+ ()™ Ky, y/") | ogen ayy-
Here we used Holder’s inequality in the second to last line. Thus, we have proved
1{y)™ - ()™ Oy K ()| oo et gy ay) S N0 -+ )™ K W) | ot gy gy -
Now interpolate between the last inequality above with the trivial identity

)™ -~ )™ Oy K (W) oot gy = I10)™ === )™ K (W) | ot ays-ay)

we obtain the required inequality in the lemma. O

Lemma 3.5 ([27]). Let s; > 5 for 1 <i < m, and let Z be a smooth function which is
26



supported in an annulus centered at zero. Suppose that ® is a smooth function away

from zero that satisfies the estimates
020 (6)] < Cale] ™

for all £ € R™ & # 0, and for all multi-indices o. Then there exists a constant C

such that

sup [|o(27)®(27)C |yt < Csup |0(27)0 ||yproromem -
jez jEz

Adapting the Calderén and Torchinsky interpolation techniques in the multilinear
setting (for details on this we refer to [15, p. 318]) allows us to interpolate between two
estimates for multilinear multiplier operators from a product of some Hardy spaces

or Lebesgue spaces to Lebesgue spaces.

Theorem 3.6 ([15]). Let 0 < p;,pir < 00 and s; > 0 for i =0,1 and 1 < k < m.
For0<6<1, set ]l) = 1;—9+i L =104 0 and s, = (1 —0)so + 0s1. Assume

0 p1’ Pk Dok D1,k

that the multilinear operator T, defined in (3.4) satisfies the estimates

||To—||HPi,1X_,,XHPi,m_>Lpi < Cl Sug HO’(QJ)'Lb HW(SM ,,,,, Si,m) ) 1= 0, 1,
NS

where LPi should be replaced by BMO if p; = oo. Then
HTO'Hle XX HPM —5 [P S C Sup ||0-<2]){/')\ ||W(sl,u.,sm),
JEL
where LP should be replaced by BMO if p = 0.

The following result is due to Fujita and Tomita [J] for 2 < p < oo, while the
extension to p > 1 and the endpoint case where all but one indices are equal to infinity

is due to Grafakos, Miyachi and Tomita [15].
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1 1 1
P <00, 1 <p<ooand -+ + ==

). Let 1 < py,...
- x LPm to LP with constant at

Theorem 3.7 ([9,
If o satisfies (3.6), then T, is bounded from LP!

most a multiple of A.

We also use the following lemmas.

Lemma 3.8 ([15, Lemma 3.3]). Let s > n/2, max{l,n/s} < ¢ <2, and

Glz) =21+ |2z)™, jeZ xeR™

......

Suppose ¢ € WE*)(R™) and suppo C {|¢| < 271} for some j € Z. Then there

exists a constant C > 0 depending only on m, n, s, and q such that

s | flD) (@) V9 * | fon] D) ()1

T, (i fn) (@)] < Cllo(@) I (G

for all x € R".

Lemma 3.9 ([15, Lemma 3.2]). Let ¢ € §(R™) be such that (0) =0, and set

~

Bifa) = [ emeprfie s e

Let ¢ > 0 and (j(x) = 27™(1 4 |27z])™"¢, j € Z, x € R". Then the following

inequalities hold for each 0 < q < 2:

Z/ A f(2)P da < C|f |2,
JEZ
1A,91) (@) dx < Cyll f 12 llg Do

> [ Gl

JEZ

(3.8)

(3.9)

Lemma 3.10. Suppose {F;} C S'(R™) and suppose there exists a constant B > 1
such that supp F; C {¢ e R | B7'2) < (| < B2’} for all j € Z. Then, for each
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0<p<oo,

1/2
HZFJHHPSH<Z|FJ|2> ‘Lp'
j J

The preceding lemma is well known in the Littlewood-Paley theory, see for example

[11, 5.2.4] and [11, Lemma 7.5.2].

3.3 Regularization of the multiplier

In this section, we show that the operator defined in (3.1) with enough smoothness
of the multiplier can be approximated by a family of very nice operators.
For a Schwartz function K, we denote the multilinear operator of convolution type

associated with the kernel K by

Rmn

Theorem 3.11. Let o be a function on R™ and s, > 5 for 1 < k < m satisfying

(3.6). Then there exists a family of functions (06)0<a<l such that K¢ := (JE)V 18

smooth and compactly supported for every 0 < e < %; also

sup sup [|o°(27 )Y ||y ceroem) < SUp |0(27)0 |y coronsm) (3.10)
0<e<i J€Z JET
and
b T2 (Frve s o) = Tolfrs s Sl = 0 (3.11)

for all functions fr, € L*™, 1 < k < m, where T. are multilinear singular integral

operators of convolution type associated to K°.

The following lemma is the first step in constructing such a family of functions o®

as stated in Theorem 3.11.
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Lemma 3.12. Let ¢ be a Schwartz function. Suppose o is a function on R™" satis-

fying (3.6) for s, > 4. Then we have

supsup ||[(pe * ) (27)]Y |l csroem) < sup [|or (27 )w||W(s1 ,,,,, m)y
e>0 jEZ JEZ

where @ (a1, ..., 1) = ™ple oy, ... e ey,) for all zy e R* 1 < k< m.

Proof. For p € Z,p > 2 denote

Fy={yeR™: 27! —2< |y <27*! + 2}

:{ /g_m"Qjm”gp(5_12jy)a(2j(a? — y))dy}ﬁ(ﬂf)
=3 { [ - )i - )iy }i(o)

= { / Pea-i (T — y)d(2jy)$(2"’y)dy}$(x) (3.12)

+ Z /%2 i(y)o (2 (z — ))@(2#}(% — y))@(x)dy (3.13)
lp|<2

+Z{/%2 (T — )0(2jy)$(2‘py)dy}$(x). (3.14)

3 / eas 0@ — ) — 1) Blpterrsmnrdy

lp|<2

< Y [1eas@Ilo@ = )P = y)lhwesom [Flhgteomdy
lp|<2

S S @il | o)1y S 509 o @Bl o
lpl<2
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in which the second last inequality follows from the fact [0, Proposition A.2| that

||fg||W(31 ~~~~~ sm) f_, ||f||W(31 ~~~~~ sm)

g||W(31 ~~~~~ sm)y

when f,g € WEL-sm) for 51, ..., 8, > 5.

Now fix integer numbers Ny > s, (1 <k <m) and set N = Ny +---+ N,,. Since

vty < |1 f v, the Sobolev norm of the term in (3.12) is bounded by

> H{/%z ; —y)0(2jy)$(2’py)dy}@HwN

p<-3

s Y 3 |{fetieroast - voeie ot

p<=3|al+IBI<N

-y Y| / R R et

9
p<—3|al+|8]<N i<lvi<3

\y! ~

< e J(. pl.

s XY [ () e |H @~ )i (=), dv
p<-3al<N

< 22) (27+7.)4) / |y| ©)eai ()| d

NZ LZZ L) 00 (v) dy

< 3 2 0@ )l 3 / y1*1(0°9) () dy
p<-3 || <N

< sup [l0(2 )l ypier, o
JEZ

Finally, we deal with term (3.14). We have

S Y T e et - e ite e,

p>3 |a\+|ﬁ|<N

= > 3 L@ @ e - i i)

p>3 ol +|B|<N
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Y ¥ [ (559) 10 wlee i
p>3 |al+|8|<N
\Oél
= 2 % [ (555) 100 lo @i @D+ )]
p>3 [af+B|<N
<2 2 / 5’2‘1"] )10 as o5 D -+ Ly
>3 |al +1B|<N
|y| o ,
<> / @) Wl o s
. —~ |ex]
S Y S feerd] . [ () oo w
|a|<N p>3 Fy,
|ex]
< S [ [, (424) ") 0" 0)a-s Wy
la|<N p>3 Wi €
< SupHa(Q”’) Q/JHW(sl ,,,,, sm) Z Z/ €|2y|J ° 0%¢)ea-i(y)|dy
la|<N p=3
< sup |0(27 )9 | ypersom -
JEZ
The proof of the lemma is now complete. O

Proof of Theorem 3.11. Fix 0 < ¢ < Choose a smooth function ¢ such that @

3
is supported in the unit ball and $(0) = 1. Denote by ¢ = ¢, * (0¢°), where
¢° = 0(c71-) — (), and 0 is a smooth function satisfying 6(z) = 0 for all |z| < 1
and O(x) = 1 for all |x| > 2. We note that these functions are suitable regularized
versions of the multiplier in Theorem 3.11. Indeed, let K¢ = (aa)v = (0¢°)V3(e(+));

then, K¢ are smooth functions with compact support for all 0 < & < %

Using the fact that

_ 1
10%¢° ()] < Caplé]™™, €#0, 0<e<g,

Lemma 3.12 applied to the function 0¢® combined with Lemma 3.5 gives

sup sup [|0°(27) ¢l cerosm) S SUD SUP |0(27)6° (279 lyprteroemy
0<e<y JEL O<e<l JEZ
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<sup ||0(2j-)@;\|w(sl,m,sm),
jez

which yields (3.10). Thus, we are left with establishing (3.11). For € > 0, now recall

T(fr,- -, fm)(2) :/Ke(x — Yty s T =Y F1(1) - fon(Um)dy
= [ (€ a6+ Tl e

Involve estimate (3.10) with Theorem 3.7, we can see that T, and 7. are uniformly
bounded from L*™ x --- x L*™ — L? for all 0 < € < 3. By density, it suffices to
verify (3.11) for all functions in the Schwartz class.

Now fix Schwartz functions f;, for 1 < k < m. The Fourier transform of

T5(f1,- .-, fm) can be written by

m—1 m—1
/R 0(€r 1 €= D &)V FlED) Tt () (6 = Y &) s+ dEr.
=1

n(m—1) —1

Similarly, the Fourier transform of T.(fi,..., f;) is

m—1

m—1
Lot = @A) FoaGn ) (6 = X &) d6r-
=1

m—1) =1

We now claim that o converges pointwise to 0. Take this claim for granted, we have

~ ~

(T f)) © = (Tolfire s f)) (€), € =0 (3.15)

for a.e. £ € R™. Notice that

ITe(frseos fon) = Tolfrseos Fdlle = [(TeCfrs s f)) = (Tolfre oo fon)) ||

Since ||0¢||z~ S ||o||re < oo forall e > 0, Lebesgue’s dominated convergence theorem
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implies that
(T-(fis- oo fn)) = (To(fiy oo ) ase—0

in L2, and this establishes (3.11).

It remains to prove (3.15) about the pointwise convergence of 0¢ as e — 0. Now fix
Jo € Z, we want to show that o°(z) — o(z) for a.e. a.e. 270 < |z| < 290! Indeed,
let 0 < & < min {2%072 2710I=2} he an arbitrarily small positive number. Then we

have

0°(2) — o(a)] < / ee@llol@—)  sup |6 (@ —y) — 1ldy
lyl<ve 200 <|z|<2d0+1
[ et~ 9) - ota)ldy
ly|<+/e
4 / o W)llo(@ — 9)6°(x — ) — ola)|dy.
ly|>ve
The first integral vanishes since ¢°(z) = 1 for all 2¢ < |z| < % To estimate the second

integral, we denote

V()= (2 7"2).

l1]<2

Then ¥(z) = 1 for all 1 < |z] < 4. Therefore we have
V(270 —y)) = V(2 z) =1
for all 270 < |z| < 297! and |y| < 27071, Now recall 0j(z) = 0(2/z) and estimate

/ e W)llo(@ — y) — o(2)ldy

ly|<\/e

- / oeW)llo(e — )T (2 — ) — o (@) T(2 ) dy
ly|<ve

< Jlelly sup flo(- =)W (27 —y)) — oW (27%) || 1o
ly|<ve
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jo+2

< el Y sup [[(o;0)( = 27y) = (0,0) 1

j=jo—2 lVISVE
jo+2

“ el S swp (0,)— ) — (0,8l

j=jo—2 [YIS277VE

We would like to show

~

lim sup [(0,0)(- =) = (0,8)]l1 = 0.

e=0 y1<o-i vz

The preceding limit apparently converges to 0 as € — 0 because ajzz € Wstsm) for

sk > %, 1 <k <m. The last term is majorized by

Cllol o / o(y)ldy,
ly|>-1

=7z

which tends to 0 when ¢ — 0.
Thus 0°(z) — o(z) as € — 0 for a.e. 270 < |z| < 2%+ Hence, 0° converges to o
pointwise on R™". Also ||0°[| e gmny S |0 || oo (gmny uniformly for all € > 0. The proof

of Theorem 3.11 is now complete. [

Proposition 3.13. Let K be a smooth function on R™" with compact support. Then

we have
K
HT HHPlX'”XHPM—)L:D S CK < 0
L ! 1 K o
for all0 < p1,....pm,p < 00 and = = — + --- 4+ —, where TX is the multilinear
p N Pm

singular integral operator of convolution type associated with the kernel K.

Proof. The boundedness of the operator 7% can be deduced from [12, Lemma 4.2],

which provides the estimate (for some sufficiently large integer N)

T5(fr - ) (@) S HMN(fk)(UU)a (3.16)
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for all f,, € L?* N HP*, in which

M (f)(z) = sup sup sup |(gp;* f)(y)]

pEFN t>0 yeB(x,t)

is the grand maximal function with respect to N, and

Svim{pe 8B - [ (hla) X relde <1},

|a|<N+1

Taking the LP quasinorm, applying Holder’s inequality to (3.16), and using the quasi-

norm equivalence of some maximal functions [1 1, Theorem 6.4.4] yields

T (fr, - ) lle S T IMN o < Crc [T Il e
k=1 k=1

]

Working with smooth kernels K with compact support comes handy when dealing
with infinite sums of atoms, since we are able to freely interchange the action of T
with infinite sums of atoms. Precisely, a consequence of the boundedness of TX, given

in Proposition 3.13, is the following result.

Proposition 3.14. Let 0 < p1,...,pm < 1 and let K be a smooth function with com-
pact support. Then for every fi € HP* with atomic representation fr, = ij N, Ok g

where ay j, are L*-atoms for HP* and 7, |\, [" < 2P%|| fill 3o for 1 <k < m. Then

T*(fry F) (@) =Y > Mgy A T (@10, - ) (@)

Ji
for a.e. x € R".

Proof. Let 0 < p < oo be number such that % = p% 4+ 4+ pim. For any positive
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integers Ny, ..., N,,, Proposition 3.13 gives the estimate

Ny

N,
TS (e ) = >3 Mg Mg T (a1, i)l o

J1=1 Jm=1

m Ny
< CKZ ka - Z Ak,jkak,jk”H”k H ”fl”HPl .
k=1

Jr=1 I#k
Now passing to the limit, we obtain
oo o
TR (froo b)) @) =D ) Mg Amgn T (01,5 Gy, ) ()
j1:1 j’mzl
for a.e. z € R™. O

Similarly, we can obtain the following result.

Proposition 3.15. Let 0 < p1,...,p0 < 1 and 1 < pryq, .-y pm < 00. Let K be
a smooth function with compact support. Suppose f; € HPi, 1 <1 < [, has atomic

pi<

representation fi = Y . Aik, @ik, where a;y, are L=-atoms for HP and ), |,

Pi

fillben, . Suppose fi € LPt for 1 +1<1i < m. Then

TE(fr, s ) (@) = Z e Z)\l,kl N T vy, s Gy, fiens o fn) (2)
n ki

for almost all x € R™.

3.4 Minimality of conditions

In this section we will show that conditions (3.5) and s, > % are minimal in general
that guarantee boundedness for multilinear multiplier operators. We fix a smooth

function ¢ whose Fourier transform is supported in {271 < |¢| < 21}, it satisfies
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QZ(S) =1forall 271 < €] < 2%, and for some nonzero constant c

Y d27=c, £#0.

jez
Now we have the following theorem:

Theorem 3.16. Let 0 < pr < 00, 0 < p < 00, and s > 0 for 1 < k < m. Suppose

that the estimate

ITe i Fdllr S 500 o)l o T 1l
je

k=1

.....

skzg, V1<k<m, (3.17)

and

SRR

keJ

for every nonempty subset J C {1,...,m}.
The following lemma is obvious by changing variables, so its proof is omitted.

Lemma 3.17. Let ¢ be a nontrivial Schwartz function and s > 0. Then

</ ley)P (1 + |y|2>sdy)é .

forall0 < e < 1.

Proof of Theorem 3.16. We show first the necessary conditions (3.17) for 1 < k < m.

Without loss of generality, we will show s; > 7. To establish this inequality, we need
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to construct some functions 0%, (0 < ¢ < 1), and f, € HP* such that || fi||g» =1 for

all 1 <k <m, and ||T,=(f1,..., fm)ll;» = 1, and further that

sup ||U€(2j')w||w(sl ,,,,, sm) 5 5%731_
JEL

Once these functions are constructed, one observes that

LA Toe (frooos fdlle S supHO (27 o1 H | fillzon S €27
k=1

for all 0 < e < 1. Therefore we must have s; > 3.
Let ¢ be a nontrivial Schwartz function such that @ is supported in the unit ball,

and let ¢o = --- = ¢,,_1 be Schwartz functions whose Fourier transforms, gz?g, is

supported in an annulus = < |£| < 3, and identical to 1 on o < [£] < =

Similarly, fix a Schwartz function ¢,, with q/ﬁ;n C {f eR™ : 2 <[ < —} and %:n
1 on an annulus 2 < |¢] < 2T, Take a,b € R" with |a| = 2 and |b] = 1.

For 0 < e < =—, set

240m ’

(€1 ) = B2 2)Bu(6) (6

It is easy to check that suppo® C {2_% <[ < Qi}; hence, 05(237)2; =ocforj =0
and o°(2 )121\ = 0 for j # 0. This directly implies that
Sup ”0—5(2])wHw(51 ..... sm) — HO-EHW(Sl ..... sm) -

JEZL

Taking the inverse Fourier transform of o° gives

(09) (@1, -, Tm) = " (1) P (w2) G ().
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Now apply Lemma 3.17 to have
0% [ onem S €2

Thus

sup [|0°(27 )¢ llyworvom S €27
JEZ

Now choose f,(£) = eﬁﬁn{ﬁ(%) for1 <k <m-—1, and };(f) = 511%*"{5(%) Then
we will show that these functions are what we needed to construct.

In the following estimates, we will use the fact, its proof can be done by using
the Littlewood-Paley characterization for Hardy spaces, that if f is a function whose
Fourier transform is supported in a fixed annulus centered at the origin, then || f|| ;, ~
| fll ;» for 0 < p < oo, (cf. [9, Remark 7.1]).

Indeed, using the above fact and checking that each fk is supported in an annulus
centered at zero and not depending on ¢ allow us to estimate HP-norms via LP-norms,
namely

| fillzew = | fellee =1, (1 <k <m).

Thus, we are left with showing that ||7,(f1,..., fm)||;» = 1. Notice that q/b;(ﬁ) =1

on the support of fk for 2 < k < m. Therefore,

Ty dd@) = (3(=)573(0)) @) (6) @)+ (duf) (@)
-(p(Z) e () W) @ () @
: (0 % ) (ex) [p(ex)™

—+---+pimezm[(m—1)a+b]-x
(¢ @) (e2) [p(ex)™ 7,

—= £gP1

— cp 627rz[(m— 1a+b]-z

which obviously gives ||T,=(f1,..., fm)|/,» & 1. So far, we have proved that s; > 7;

hence, by symmetry, we have s, > & for all 1 <k < m.
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It now remains to show (3.18). By symmetry, we just only need to prove that

r

1 1
(S—’“ - —> > (3.19)
I\ Dk 2

for some fixed 1 < r < m. To achieve our goal, we construct a multiplier o° such that

sup [|o°(27 )|y oom) S €2
JEZ

for 0 < e < 1 and functions f satisfying || fx||gee = 1 for 1 <k < m and

- n
||T0'E(f1?"'7fm)HLp%€n P1 pr |

Then inequalities

eV T R HTUE(flv""fm)HLp

,,,,,

A
)]
C

'U
S
©
Q
=
=
§
E
3
E

—81——8p

€ 2 ,

AN

for all small positive numbers ¢ yield (3.19).
We construct functions that give us enough ingredients to establish the multiplier

o® and functions fi, (1 < k < m), as mentioned above. Take two smooth functions

¢, ¢ such that (0) # 0, @ is supported in {£ € R" : [¢| < - } and p(§) =1 for

19mr

all [¢] < %, and that gg is supported in an annulus F < |§| < 3o and 5(5) =

for all 55— < [¢] < 5o—. Fix a,b € R" such that |a| = e b = S

For 0 <e < , for r > 1, define

462

Oﬁ(fla s 7§m)

T T

—o(- - w)a(; da-a) 5

=1 =1 1:1
41
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Note that in the case r = 1 we will replace the above by the following function

o) = 3206 — @) 3(6) - Blew)

1

Once again, we have suppo® C {£ € R : 271 < €] < 2%}, which, as in the

previous case, implies that

JEL
Taking the inverse Fourier transform of ¢, we have

r

0 @) = [ B2 36~ )P (L6~ 8) 52 D6 - 6))x

'
=1 =1 =1

X $(§r+1) e a(ém)627ri(x1§1+"'+$r§r+7)r+1§r+1+"‘+$m£mdfl coedp, .

Now we set

T

1 1
Y1 r l§:1 (gl CL), Yk r l§:1 (gl gk)7 SRS Y; €]a r+l<sj)ysm

T

The above change of variables yields

<

2miar Y
€

(Ua)v(ffh e Tm) =TE =1 gl fl)@(xl — ) (1 — 1) (Trp1) - A(Th).

=1

Taking Sobolev norm deduces

r r 2 r %
10y W:w( [ Jo(= ) Mot o) H<1+1xl\2>31dx1---dxr),

=1 =2 =1
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where C' =7 {|||yysi1 -+ - ||l jysm - Next, we show that

/m ¢(€ixl)go(x1 —xy) -y — )
=1

< 8—n—2(51+--~+sr)
N .

In fact, a suitable change variables together with Lemma 3.17 yields

/ @(52T:Il>90($1 —x2) (w1 — ) ﬁ(l + |z > dxy - - - da,

=1

1, < s
= /Iweyl (32) so(yr>|2<1+p\zyl’2>l

H(l*l"—yﬂr Zyl ) dyi - - - dy,

S1++sr
G ety

S1+-+sr
) dy

< / feleun) P (14

—n—2s51——2s
< € '

Y

where the implicit constants do not depend on e. Inequality (3.20) gives us

sup 02D lygter,em = 0 iy o) S &3
JEZ

To construct functions fi, we fix a smooth function ¢ such that Eis supported in

the ball {£ € R" : |{ —a| < 5=} and is identical to 1on {{ € R™ : |¢ —a| < 2}
Now set f; = --- = f, = ( and fk(ﬁ) = 5ﬁ_n@(%’) for r +1 < k < m. It is clear
that

I felleew = (| frlloe = 1, 1<k <m.
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Moreover, ﬁ(fl) e ﬁ(fr) = 1 on the support of the function

T s s

A= 0)e(r Y6 -) - 8(> X))

=1 =1 =1

and also $(§ ) = 1 on the support of the functions J?k for all r +1 < k < m. Therefore

we have

n

v [p(ex)]

Ty (Frv s ) ) = e ) 2 [ o)) e
Taking LP-norm, we deduce

I Zoe (froe )l ™o,

which is the last thing we needed to obtain for our construction. Notice that the

above argument also works for p, = oo. O]

3.5 Endpoint estimate

In this section we consider two endpoint estimates for multilinear singular integral
operators. In the first case all indices are equal to infinity and in the second case one
index is 1 and the others are equal to infinity.

For x € R" and 1 < k < m, define
T8 = {(y1, - ym) ER™ ¢ |y| > 2|2]}.

We say that a locally integrable function K(yi,...,ym) on R™ \ {0} satisfies a
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coordinate-type Hormander condition if for some finite constant A we have

Z/k|K(yly'-'ayk—lax_ykyyk-i-l;"'aym)_K(yla--'aym) | ngA (321)
k=113

for all 0 # x € R™. Another type of (bi)-linear Hérmander condition of geometric
nature appeared in Pérez and Torres [33].

Denote by A, = {(p,00,...,00), (c0,p,00,...,00),...,(00,...,00,p)} the set of
all m-tuples with (m — 1) entries equal to infinity and only one entry equal to p.
The following result provides a version of the classical multilinear Calderén-Zygmund
theorem in which the kernel satisfies a coordinate-type Hormander condition under
the initial assumption that the operator is bounded on Lebesgue spaces with indices

in Ay. We denote by L° the space of all compactly supported bounded functions.

Theorem 3.18. Suppose that an m-linear singular integral operator of convolution
type T with kernel K is bounded from L% x --- x LI to L? with norm at most B for
all (quy ... ,qm) € No. If K satisfies the coordinate-type Hormander condition (3.21),

then

IT(f1, -5 fm)llBrio S (A+ B)|[ filloo - - || fimll £ (3.22)

for all f; in LY. Moreover, T has a bounded extension which satisfies

ITCfrs s )l S (A+ B fille [T 1 fell (3.23)
=
for e L', and fr € LY for all1 <k <m, k#1.

Proof. Fix a cube Q). To prove (3.22) we show that there exists a constant C¢g such

that

L/ | T(frs- o fn)(@) = Cq [ do S (A+ B) || fillzes - [ fml oe- (3.24)
QI Jq
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We decompose each function f; = f + f!, where f = fixo- and f|' = fix(o»

Let F' be the set of the 2™ sequences of length m consisting of zeros and ones. We

claim that for each sequence k= (k1,...,kp) in F there is a constant Cy such that
o1 L ITUE i) = Cilde S (A% Bl Wl (329

Assuming the validity of the preceding claim we obtain (3.24) with Co = > 7, C
Next, we want to establish (3.25) for each k € F. If k = (ki,.. ., kp) has at least
one zero entry we pick C;; = 0. Without loss of generality, we may assume that

k1 = 0. Since T maps L? x L®x --- x L*™ to L?, we have

!Q\/\T e S @) de < (]Q\/|T ,...,f@m)(x)%)%

1 3
T N 2d
< (g L irut s )
< BIQI 21 £zl a2 oo - 1 S22 | oo
< BIQI2|Q* 2| fill e - - | frnllzoe

S Bllfillzes -l fmllzes -

Now suppose that k = (1,...,1). Set Co=T(f, ..., ffm)(zq), where z¢ is the
center of the cube Q). Then, by the coordinate-type Hérmander condition (3.21), we

have

]Q|/|Tf1""’ m)(x) — Cgldx

< |Q_|/ / |K(z—y1,...,2=Ym) — K(xg—1y1, ..., 20— Ym)| H |1 (yw ) |did

L el lekHLw
S / / yl;a(x_xQ)_yka)ym>_K(y177ym)|dgdx
Q k=1

S Allfullzee - | fonllzee -
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This completes the proof of (3.22) and we are left with establishing (3.23). Fix

A > 0. It is enough to show that

{z e R" : |T(f1,..., fm)(@)] > 20} S (A+ B)%Hfl\lm 1 fall oo - - [[ ol oe-

By scaling, we may assume that ||fi|l;1 = |[fallpe = --+ = [[fmllze = 1. Let §
be a positive number chosen later and let f; = ¢g; + b; be the Calderén-Zygmund
decomposition at height 6\, and by = > i by ;, where b; ; are functions supported in

the (pairwise disjoint) cubes @); such that

supp(b1,;) C Qj, /bl,j(:c)dx =0,

n 1
[Busllz < 2°1OMIQs1 D 1@ < 5,
J

g1l e < 270N, lgallp < 1.
Now we can estimate

e €R™ : |T(f1,. ... f)(@)] > 20} <{z € R : |T(g, ..., fu)(@)] > A}

Ll € R ¢ [T(b. o, fu)(@)] > A}
Since T maps L? x L™ x --- x L> to L?, the first part can be controlled by

o €R" & [Tlonee fu)@) > M S5 [Tl S ) @)l

B ol -
=2 g1llr2 2|| [0 m|| Lo°
omB24s
<
D
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To estimate the second part, we set G = U;Q);. Then we have

{z €R™ ¢ |T(bs, ..., fu)@)| > AY <IG|+ [{z € G° : [T(by,..., fu)(x)] > A}

<161+ 5 Z/(Qﬁc

T(bl,jv ey fm)(I)|d$

Notice that
. 1
|G| < Z |Q]| 5 Z |QJ| < ﬁ
J J

Denote by ¢; the center of the cube @;. Invoking condition (3.21) yields

/ T(bes, . ) (2)|da
@)

<)

Q1)

<
CRE

S B L R R O AL
k=2 )

|

/K(w — Yty = Ym)brj (Y1) f2(y2) - - fm(ym)dﬂdw‘

/ [K(:C_yhy% e 7ym) - K(x_cjay% s aym)}bl,j(Zh) ka(l'—yk)dzjdﬂﬁ

k=2

{/1 |K(yl — 21,22, 2m) — K (21, 22, .. -,Zm)|d5}|bl,j(y1)’dy1
r

<A||by /-
Therefore

1 A 2n+1A
ij:/(Q;f)c |T(b1,g>,fm)($)|dl‘ szj:HbLjHLl < o

Choosing § = B! and combining the preceding inequalities we obtain
1 1
{r €R" ¢ [T(fi,o o, fu)(@)] > 20} < $"B + B+2714) < 2" (4+ B,

which yields (3.23). m
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This result allows us to obtain intermediate estimates between the results in [J]
(in which 2 < py, < 0o and 2 < p < o0) and the results in [15] (in which 1 < py < 00

and 1 <p <2).

Corollary 3.19. Let 1 < pp < 00 and 1 < p < oo satisfy 1/py + -+ 1/pm = 1/p.
Assume that (3.6) holds for a function o on R™ where s, > n/2 for all k. Then the

multilinear Fourier multiplier operator T, maps LP* X --- x LP™ to LP.

Proof. Note that Sobolev condition (3.6) for ¢ implies Hérmander condition (3.21)
for K = ¢V. The proof of this implication is standard in the linear case and similarly,
in the m-linear case, it follows by freezing all but one variable (in the bilinear case
it is contained in [27]). We are now able to apply Theorem 3.18 to T, and hence
Corollary 3.19 follows. Interpolating between (3.22) and (3.23) yields that 7, maps
LP X L*™® x -+« x L™ to LP for all 1 < p < oco. By symmetry, we deduce that T}
is bounded from L% x --- x L% to L? for all (q1,...,¢m) € Ay and 1 < p < 0.

Once again, by interpolation, we have that T, maps from LP* x --- LP™ to L? for all

1

1<p1,...,pm§ooand1<p<oosuchthatpil—i----—l—pm

= % with norm at most

a multiple of A. O

Corollary 3.20. Let o be a bounded function on R™"\ {0} which satisfies (3.6) with

sk >mn/2 for allk=1,...,m. Then we have the estimate

1o (fr, - fadllsio S Allfillzee -+ |l finll Lo

for all functions f, € L°.

Proof. As before condition (3.6) for o implies (3.21) for K = ¢". Applying Theorem
3.18 to T, Corollary 3.20 follows. O]
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3.6 Discretization of the multiplier

For 1 < k # £ < m, we introduce sets

€:{<€17---a§m) € (R")™ - gli}ﬂfﬂ < |§/€ = W|&|} (3.26)
c={(&, .., &n) € R")™ - gégfglfjl < |£H| I&I <&l <2060} (3.27)

Now we can construct smooth homogeneous of degree zero functions ¢, , and 1,

supported in U, , and W, 4, respectively such that

S (fnel€i ) + el En)) = 1

1<k#L<m

for every (&1,...,&n) € R™\ {0}; see [1 1, Exercise 7.5.4].

This decomposition of unity leads to a discretization of ¢ as follows

oc=o0 Z (¢H7g+wﬁ,g): Z G0 + Z Y40 (3.28)

1<k#L<m 1<k#L<m 1<k#L<m

Notice that, by Lemma 3.5, if o satisfies (3.6), then so do ¢, 0 and 1, 0. In the
sequel, to obtain the boundedness of T, from HP* x --- x HP™ to LP, we reduce the
matter to establishing the boundedness of T4 , and T, , for all 1 <k # £ < m.

We also use the following dyadic decomposition of the multiplier
0= 05 056 =027 (3.29)

From now on, we denote

GLfioo i fm) =D T (fro-- s ), (3.30)
JEZ
/
G2(fio-- s fm) :(Z T5,(f1, - -,fm)P)l " (3.31)
JEZ



It is easy to see that |T,(f1,..., fm)| < GL(f1,-- ., fm)-

3.7 The proof of the main result

In this section, we prove Theorem 3.1 by considering four cases.

3.7.1 The first case: 0 < p; <1,1<2<m

In this case, we prove the following result.

Theorem 3.21. Let 5 < s1,...,8, <00,0<p1,...,pm <1, cmdl —i—p —%.

Suppose (3.5) holds for every nonempty subset J of {1,2,...,m}. Then (3.7) holds.

Proof. By regularization, we may assume that the inverse Fourier transform of o is
smooth and compactly supported. If this case is established, then Theorem 3.11 yields

the existence of a family of multilinear multiplier operators (T ) ! associated with

0<e<
a family of multipliers (05)0< < such that K¢ = (ae)v are smooth functions with
compact supports for all 0 < e < 3, and that (3.10), (3.11) hold. Fix f, € HP* N L*™,

(1 < k < m). The L? convergence in (3.11) implies that we can find a sequence of

positive numbers (5j)j convergent to 0 such that

]1i_>r£1<)Taj(f1> ‘. afm)($) = Ta(fla s 7fm)<$)

for a.e. x € R™. Fatou’s lemma connecting with (3.10) gives us

HTU(.f17 - '7.fm)HLp Sh]m_égf HTaj(fla s 7fm)HLP

/S sup HTE(fla EIR) fm)HLP
O<€<%

< sup sup [[0°(27) ey | fill s = - || fon || o
0<e<3 JEL

o1



< S'UIZ) ||J(2j-)1Z||W(s1,.,.,sm> | fillzzes =« - || fonl| o
je

thus establishing the claimed estimate for a general multiplier o.

Y

In view of this deduction, we suppose ¢ is smooth and compactly supported.

The aim is to show that

| To(frs s fu)llw S sup 10°(27- ) Nytorssmn | fill o - = 1] fom e (3.32)
je

By the decomposition of ¢ in (3.28), we only need to prove (3.32) for ¢, 40 or ¢, 0
in place of o and for all 1 <k # ¢ < m.

Fix functions f, € HP*. Using atomic representations for HP*-functions, write

fk = Z )\k,jkak,jkv (1 S k S m)7

JLEZ

where ay, ;, are L°°-atoms for HP* satisfying

_ 1
supp(axj,) C Qryys kg lloe < [Qryl 7, / r%ayj, (v)dr =0
Qk,jp,

for all [a| large enough, and >, [Axj, [7* < 2P%|| fi || -
Denote ¢° = ¢, o0 and o' = 1), j0. We first prove (3.32) for T,o. For (&1,...,&n)

in the support Uy, of 0%, we always have [& + ...+ &,] = || Now we further

~

decompose 0¥ as in (3.29) with ¢)(§) = 0°(£)1(277€). In the support of of, we have
61+ G| R (&l = 2

Therefore, the Fourier transform of 7,0 (fi,--., fm) is supported in B~127 < [¢| < B2
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for some B > 1. By Lemma 3.10,

[To0(f1s - S llee < Too(frs - fon) [l v
/
SH(Z |ch§?(f17---,fm>|2>1 2HLP

JEZ

:HGCQI()(fl?"'afm)HLp- (333)

For now we can assume that K = (¢°)" is smooth and compactly supported, Propo-

sition 3.14 yields that

Too(frseeos @) =YD Moo A Lo (o oy g, ) (@) (3.34)

Ji

for a.e. x € R™. Then (3.34) yields

1/2
Galfiseos fu) =( 30 T ) P)
jEL
<D gl A GRoar g, ) (3.35)
Ji Jm
To control the pointwise estimate of G2y (a1, - - - , @m.j,, ), We need the following lemma

whose proof will be given in Section 3.8.

Lemma 3.22. Let n/2 < S1,...,8, < 00, 0 < p1,...,pm < 1 be numbers and let o
be a function satisfying (3.5) and (3.6). Suppose ay, are atoms supported in the cube
Qr, (k=1,...,m) such that

_ 1
lall < 1Qul 77, / 2 ap(z) dz = 0,
Qk

for all || < Ny with N = [n(pik — 1)] + 1. Then there ezist positive functions

bi, ..., b, depending only on m, n, o, s;,p;, N;, and Q;, 1 <1 < m, such that
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1. If o is supported in some U, ¢, then

|Gc2f(a1a7am)| sAblbma <336)

2. If o is supported in some W, 4, then

G}T(al,...,am) ,SAbl"'bmy (337)

and such that ||bl| s, S 1 for all 1 < k < m, where GY and G are defined in

(3.30)and (3.30); Uxy and W, are sets introduced in (3.26) and (3.27) respectively.

0

Since ¢ is supported in Uy ¢, Lemma 3.22 combined with (3.35) deduces

Goo(f1, - fm <AZ S Pl P b1y b,

j"b

—A H ( > Ak |bk,jk> :
k=1 ji

where by, ;, are positive functions with uniformly bounded LP*-norms. Apply Holder’s

inequality to obtain

IGZo(fr, - f) e S Allfillzen - |l fonll o,

combined with (3.33) to yield (3.32) for ¢°. Here we used the fact that p, < 1 and

HZ P\kak|bkak

< Z |)\k’]k‘p ||bk7.7k| LPk ~S Z |)\k?]k:|pk S H.fk| HPk*

We now turn into ¢'. We also decompose o' = 3., o}, where 0 (§) = (5)12)\(2 Ig).
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By a similar argument as in the case for ¢°, we have

Toi(fiseeosfm) = Y Tor(frse s fin)s

JEZ

and
ngl_(fl,..., Z Z)\ljl.. m]m (alh,...,amﬁjm).
Jm
Therefore
’Tal(fla e 7fm)‘ SZ ‘Tajl.<f17' : 7fm)‘
JEL
<> Z Al A [ Tor (arg,s - G, )|
JEZ g1
= Z e Z |)\1,j1| C |)\m7]m| Z |TUJ1_(CL17]~1, e ,am7jm)
Ji Jm JEZ
= Z ‘e Z ’)\1,_7'1| Ce ’)\m,jm’Gi—l (ale, Ce ,am,jm).
jl ,]m
Since o is supported in W, ¢, Lemma 3.22 allows us to replace GL,(ayj,, ..., amj,)

by Abyj, -+ by, in the above inequality to obtain

T (fry o fa)l S AT <Z |/\k,jk|bk,jk>’
k=1 Jjk

which again combines with Holder’s inequality to establish (3.32) for o!. This com-

pletes the proof of Theorem 3.21. O]

3.7.2 The second case: 0 < p; <1 or p; = o0

Theorem 3.23. Let 5§ < s1,...,8, < 00, 0 < p1,...,pp < 1,1 <1 < m, and

p% + -+ pll = ?13. Suppose (3.5) holds for every nonempty subset J of {1,2,...,1}.
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Then

||Ta-||HP1 Koo X HPLX [ X e X [,L0O — 3 [P 5 Sug ||O’(2])w||w(51 7777 sm) - (338)
je

Proof. The proof of this theorem is similar to that of Theorem 3.21. We just only

need to sketch the key differences. The aim is to show that

1T (o eos Fdlle S Al == fell o TT 1l

i=l+1

Fix functions f; € HP". Using atomic representations for H?:-functions, write

fi= Aipain, 1<i<l,

ki€Z
where a; , are L*°-atoms for HP? satisfying

1

supp(ai) € Qins  llaislle < [Qunl 7, / s (2)dz = 0
Qi,k;

for |a| < N; with N; large enough, and »7, [\, |[" < 27

fill%n:. To complete the
proof of the theorem, we repeat the argument in the proof of Theorem 3.21 with

noting that Lemma 3.22 is replaced by the following.

Lemma 3.24. Let § < s1,...,8, <00, 0 <pi,...,pp <1, 1 <1 <m, and suppose
(3.5) holds for all J C {1,...,1}. Let o be a function satisfying (3.6). Suppose a;,

1 <1 <1, are atoms supported in the cube QQ; such that

_1
laill Lo < |Qs] 7, / z%a;(z)dx =0
Qi

for all |a] < Ny with Ny = [n(pik— 1)] +1. Then there exist positive functions by, . .., b

as stated in Lemma 3.22 such that
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1. If o is supported in some U, ¢, then
|Gg'(a1a cee 7alafl+1a cee 7fm)| 5 Abl o 'bl ||fl+1||L°° T ||fm||L°° )

2. If o is supported in some W, 4, then

Gi—(ala s 7al7fl+17 s 7fm) SJ Abl o 'bl ||fl+1||Loo e HmeLOO .

3.7.3 The third case: 0 < p; <1lor 2<p; < oo

Theorem 3.25. Let § < s1,...,8, < 00, p1,...,pm € (0,1] U [2,00], 0 < p < o0,
and pil—{—- . -—l—# = 119. Assume there exists at least one index i such that p; € (0,1] and

also assume the condition (3.5) holds for every nonempty subset J of {1,2,...,m}.

Then (3.7) holds.

Proof. In addition to the assumptions of the theorem, we also assume there exists
at least one ¢ such that p; € [2,00), since otherwise the claim is already covered

by Theorems 3.21 or 3.23. Thus without loss of generality, we may assume that

O0<piy..., i <L 2<pry1,...,0p <00, Ppp1 =+ =Py =00, 1 <1 < p<m, and
pil +---+ pi = %. Our goal is to establish the estimate
o
||TO'||HP1 Xoeoo X HPUX LPUAL 5o X LPP X L X -+ X L® — LP 5 Sug ||U(2j')w||w(31 ~~~~~ sm) - (339)
j€

Assume momentarily the validity of the following estimate

”TJHHPI XX HPUXL? x - x L2XL™ x - x L®—>LP 5 Sug ||U(2j'>¢||w(51 ----- sm) - (340)
je

(p—1)— times (m—p)— times
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Then using Theorem 3.6 to interpolate between (3.40) and (3.38), we obtain the
estimate (3.39) as required. (In fact, since the condition (3.5) with (p;);=1

.....

order to deduce (3.39) from (3.40) and (3.38), we may fix (s;)i=1,..
the usual real or complex interpolation for linear operators.) Thus it suffices to prove
(3.40). In the rest of the proof, we assume p;11 = -+ =p, = 2.

Before we proceed to the proof of (3.40), we shall see that it is sufficient to consider
o that has support in some cone. Indeed, using decomposition (3.29), we may assume

additionally that o is supported in some U, ¢ or W, , as indicated in (3.26) or (3.27).

To simplify notation, we also assume

sup [|0/(27 )9 [|yptsy,om) = 1. (3.41)

JEZL

We shall divide the proof into two subcases. First case: o is supported in U, .
Second case: o is supported in W, ,. In the first case, we shall use a Littlewood-
Paley function. Notice that, in this case, the support of the Fourier transform of
T5,(f1s- - fm) is included in the annulus {{ € R" : B7'27 < [¢] < B2/} with some

constant B > 1. Hence, by Lemma 3.10, we have

1/2
1T (frs e o)l < H(Z\T% Firooos F)| ) (3.42)
JEZ Lr
Thus, in the first case, we recall the function
N\ 172
Gg—(fla' : afm) = (Z |T0'j<f17' . >fm)| )
JEL
and prove the estimate
1G2(frs s folllee S T illaws, (3.43)
i=1
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which combined with (3.42) implies that

1T (s ol S TTIfill o (3.44)
=1

where G} is defined in (3.30).
In the second case, we shall directly prove (3.44). The essential part of the proofs

of (3.43) and (3.44) are given in the following lemma.

Lemma 3.26. Let 3 < s1,...,8, <00, 0 < p1,...,; <1, pppg =+ =p, =2,
Ppg1 = =+ =P = 00, 1 <1 < p <m, and suppose (3.5) holds for every nonempty
subset J of {1,...,1}. Let o be a function satisfying (3.41). Assume a;, 1 < i <1,

are HP' atoms such that

suppa; € Qi, ]l < Qi 7Y%, /ai(x)xo‘ de =0

for |a] < N;, where N; is a sufficiently large positive integer and Q; is a cube, and
that fiz1,...,f, € L? and foi1,..., fm € L®. Then there exist functions by,. .., b

and Fiqq,..., F, such that

1. If o 1s supported in some U, 4, then

l P m
Giar,.. . ap, fras - fu)@) ST 0i@) - T] Falx) - T Iillws  (3.45)
i=1 =141 i=p+1
2. If o is supported in some W, 4, then
p m
Gh(ar, s firs o f)(@)] S TL0@) - T] Bi@) - T1 il (3.46)
i=1 i=l+1 i=p+1

where the function b; depends only on m, n, (Si)i=1...ms (Di)i=1,..ms O, i, a;, and

.....

(fi)izpt1,...m; the function F; depends only onm, n, (S;)i=1,..m, &, fi, and (fi)izpt1,..m;

29



and they satisfy the estimates ||bil| o, S 1 and || Fil|r2 < || fill 2

The proofs of this lemma will be given in Section 3.8. We shall continue the proof
of Theorem 3.25. To utilize the above lemmas, we decompose f; € HPi, 1 < i < [,
into atoms as f; = Zkiez ik Qi k; With A g, a; ., and the cubes @); x, being the same
as in the proof of Theorem 3.23.

Consider the first case when o is supported in some U,,. In this case, Lemma

3.26 yields functions b;, (1 <i<I, k; € Z) and F; (I +1 <i < p) such that

p m
’G?f(al,kl?""al,kzale?""fm)(x)l SHbz,kz(l’> H Fl(x) H HszL‘X’
i=1 i=l+1 i=p+1

S 1and ||Fl|z2 S || fillz2- Notice that b;, do not depend on k; with

and ||b; k|| 0.

j # i and F; donot depend on kq, ..., k;. By the sublinear property of square function,

we have
GZ(fl, oy fm) < Z T Z [Atgy o )\l,kl|G3(a1,k1; e gy fiins s fm)
k1 ki

I P m
SZ”.ZD\LM"')\l7k1|Hbivki(x). H Fy(z) - H Ifillz=
k1 Ky i=1

i=l+1 i=p+1
l P m
:H(Zm bi,kxx))- 1 £ TT 1Al
=1 N\ K i=l+1 i=p+1

The above pointwise inequality and Hélder’s inequality now give (3.43).
Next consider the second case when o is supported in some W, ,. In this case,

using (3.45) implies

|T0(f17"'7fm)| SGclr(flv"wfm)

S D> Pkl
k1 k;
l P m
5(2"'Z|A1,k1'--)\l,kl|Hbi,ki>' II & I Il
ky i=1

ky = i=l+1 i=p+1
60
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l

(Z\)\i,ki bzk) ﬁ Fi- ﬁ 1 fill oo

1 ks i=1+1 i=p+1

)

Arguing in the same way as in the first case, we obtain (3.44). Thus the proof of

Theorem 3.25 is reduced to Lemmas 3.26, which is verified in Section 3.8. O

3.7.4 The last case: 0 < p; < 00

In this subsection, we shall prove the estimate (3.7) for the entire range 0 < p; < oo.
To simplify notation, we use the letters s and p to denote (s1, ..., Sy,) and (p1, - .., Pm),
respectively.

We shall slightly change the formulation of the claim of Theorem 3.1. We assume
0<p1,. ., pm < 00,

00 > S1y...y Sm > N2, (3.47)

and assume they satisfy (3.18) for every nonempty subset J of {1,...,m}. We shall

prove the estimate

1o\ o o rom 20 S sup [ O | A—— (3.48)
je

holds for every € > 0, where 1/p = 1/p; + -+ + 1/p,, and the space LP should be
replaced by BMO if p; = -+ = p,, = p = co. The inequality (3.48) is equivalent to
the estimate given in Theorem 3.1. The proof will be given in two steps.

In the first step, we fix s satisfying (3.47) and consider the set A(s) that consists of
all (1/p1,...,1/pm) € [0,00)™ such that the condition (3.18) holds for every nonempty

subset J of {1,...,m}. We prove the following lemma.

Lemma 3.27. Ifs satisfies (3.47), then A(s) is the convex hull of the point (0,...,0)
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and the points (1/p1,...,1/py) that satisfy

1/pi=0 or1/p;=s;/n orl/p;=s;/n+1/2 for all i, (3.49)

and

1/pi = si/n+1/2 for exactly one i. (3.50)

Proof. Fix s = (s1,...,5,) such that s; > ¢ for all 1 <4 < m. Condition (3.18) gives

a clearer presentation of the set A(s) as

1 1 1 i 1 1 |
A(m,s):{(—,...,—)eRm:0§_§8_+_’ Z_S S—+—},
b1 Dm pi  n 2 P o 2
where J runs over all non-empty subsets of {1,...,m}. We let H denote the convex

hull of (0,...,0) and of all the points (1/p1,...,1/py,) that satisfy (3.49) and (3.50).
We will show that A(m,s) = H by induction in m.

The case when m = 2 is trivial because A(2,s) is the convex hull of the following
points (0,0), (% + %, 0), (3 + %, 22) (0,2 + %) and (%, %2 4- %), hence, the statement
of Lemma 3.27 holds obviously in this case.

Now fix an m > 2 and suppose that the statement of the lemma is true for m — 1.

For 1 < k < m, denote

1 1 1 Sk
Akm,S:{ — e, — EAm,s:OS—S—},
(m,s) (pl pm) (m,s) <
1 1 1
Ffm,s)=3(—,...,—) € A(m,s): — = },
5 (m,s) {<p1 L) e ams): +
1 1 1 S
k _ S L .2k
Fl(m,s)—{(pl,...,pm)GA(m,s). - n}
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and

A%(m,s) = {(1 i) e Alm,s) :

i 1 .
—, §8—+—,V1§z§m}.
y4! Pm n 2

It is easy to see that A(m,s) = UP,A*(m,s). We observe that H is a subset of
A(m,s), since each vertex of H obviously sits inside the convex set A(m,s). Thus, it
suffices to prove that A¥(m,s) is a subset of H for every 0 < k < m.

We first consider A¥(m,s) for 1 < k < m. By induction, the face FF(m,s) is

1 1
P’ pm

p%_ € {0 2% %} for i # k, and there exists exactly one i # k such that pli =2+ %

' n?

1

the convex hull of the following points (0,...,0) and ( ), where - =0,

Similarly, the face Ff(m,s) is determined by the same constraints for all variables
piz_,i # k as those for Ff(m,s). Therefore, by induction, we have that FF(m,s) is the

convex hull of the points (0,...,0,%,0,...,0) and (L,...,1), where L =2 L1 ¢
p1 Pm e n’op

{0,2,% + 1% for i # k, and there exists exactly one i # k such that p%- = 2 4+1 Note

‘nln

s

that the point (0,...,0,%,0,...,0) belongs to the line segment that joins the origin
(0,...,0) with (0,...,0,% + £,0,...,0). Thus Fj(m,s) and Ff(m,s) are contained
in H, and hence, A¥(m,s) is a subset of H since A*(m,s) is a convex hull of two
faces F¥(m,s) and Ff(m,s).

It remains to check that A%(m,s) C H. In this case, we note that the constraints

0<L -2

S5
pi n

<1, V1<i<mand

imply that A°(m,s) is a standard m-simplex with vertices (2, ..., 2=) and (pil, . z%)’
where pii € {%’, %4 %} for 1 < i < m, and there exists exactly one ¢ such that

+ = % 4 £ which implies A%(m,s) C H with noting that the point (2,..., =) ¢

Dpi n

FF(m,s) C H. 0
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By virtue of Lemma 3.27 and Theorem 3.6, to prove the estimate (3.48) under the
assumptions (3.47) and (3.18), it is sufficient to show it for p = (00, ...,00) and for
p satisfying (3.49) and (3.50). For p = (00, ...,00), the estimate (3.48) with BMO
in place of L? is established in Corollary 3.19. Thus it is sufficient to consider the
latter points.

In the second step, we shall prove the following lemma, which will complete the

proof of Theorem 3.1.
Lemma 3.28. Estimate (3.48) holds if s and p satisfy (3.47), (3.49), and (3.50).

Proof. For p € (0,00]™, we define /(p) to be the number of the indices i € {1,...,m}
such that 1 < p; < 2. We shall prove the claim by induction on ¢(p).

The conditions (3.47) and (3.50) imply in particular that there exists at least one
i such that p; < 1. Hence if ¢(p) = 0 then the claim directly follows from Theorem
3.25.

Assume ¢y > 1 and assume the claim holds if ¢(p) < ¢y. Let

P°,s%) =@, ...,p%, 8%, ... s0)
be a point that satisfies the conditions (3.47), (3.49), and (3.50), and satisfies £(p°) =
lo. There exists an index ¢ such that 1 < p? < 2. Notice that 1/p) = s?/n for this
index . Without loss of generality, we assume 1 > 1/p} = s/n > 1/2. Then the
condition (3.50) implies that there exists exactly one i such that 2 < i < m and
1/p? = s /n +1/2. Consider the following two points:

(p,s) = (1,p9,...,p°,n,89,...,s2)

(p”,s") = (2,05, ...,p°,n/2,85,...,8°).

Y

Both (p’,s’) and (p”,s”) satisfy the conditions (3.47), (3.49), and (3.50), and ¢(p’) =
64



((p"”) = {y—1. Hence by the induction hypothesis the estimate (3.48) holds for (p’,s’)
and (p”,s”). Then, by Theorem 3.6, it follows that the estimate (3.48) also holds for

(pY,8%). This completes the proof of Lemma 3.28. O

3.8 Proofs of technical lemmas

Throughout this section, a; are HPk-atoms supported in the cube @)y such that

_ 1
”akHLoo < |Qk| Pr, / xaak(x) dr = 0,
Qk

for all |a] < Ny with Ny = [n(pik —1)] +1 and for all 1 < k < m. Denote by Q* the
dilation of the cube @ with factor 2y/n. Recall functions G and G2 that are defined
in (3.30) and (3.31). Let P, be the set of all subsets of {1,...,m}. For real numbers
S1,.-.,8m > 5, let s = min(sy,...,s,) > 5. We can find a real number 1 < ¢ < 2

such that sq¢ > n. Also let M, be the maximal operator defined by

i@ = (%[ s a)” 351

r>0 \ 7"

3.8.1 Proof of Lemma 3.22

We partition R™ into disjoint subsets as R" = |J,; £, where J runs over P,, and E;

is defined by
E;={@)n()er (3.52)

ieJ ieJe
Let first prove (3.36) with assumption that o is supported in some U, ,. Assume
momentarily that for each J € P, we can construct positive functions b; such that
G2 (as,..., an)(@)| S Abl(x)---bl(a) Vae By, (3.53)
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and that [|b]||z»r < 1. Then the desired functions by, stated in Lemma 3.22 can be

constructed by letting by = > .p bixk,. Thus, it is enough to prove (3.53) for each
J € Pp.

Fix J € P, and divide the proof of (3.36) into two subcases: J # @) and J = {).
For J # (), we may assume that J = {1,...,7} for some 1 <r < m. Fixx € E; =

(M, 1 @7) \ (Ug—, Q%) and denote g; = T, (a1, ..., am). Then

gj(x) = /mn 2jmnKj(2j($ — yl), ceey 2j(l‘ — ym))al(yl) - am(ym)dyl .. dym

with K; = (0(27-)12)\/. Let ¢, be the center of the cube Q) (1 < k < m). For

1 <k <rsincex ¢ Qf and yp € Qp, |v—cx| = |z —yx|. Fix 1 <[ < r. Using

Lemma 3.4 with s; > 7 and applying the Cauchy-Schwarz inequality we obtain

[ @ = )™ (g5 (x)]

< 9 / (TT @@= 90)™ )12 @ = )2 = o) [T el 47

le...me

T

<o [ (T - ) @ = ). 2 =)l [0l i
k=1

QIX"'XQm k=1
JjTrn = -1 r ; .
< 2 [T 1Qul (TI @G- u)™)x
= Q1% XQpxR(m=7)n k=1

X |Kj(2j(x - yl)? cee ?2j(x - y"")ayr—l-l; cee 7ym)’dy1 e ddeyT—l-l to dym

) T _L m _i _ ) s
<o TTIQu % T 1@ ™ /( | /|Ql| L9 — ) x
k:1 Rm*TTL
Qi

k=r+1

r

X (H<yk>8k)Kj(yl>--'7yl—172j(x_yl)7yl+1a"'7ym) Adyldyr+1"'dym
k=1 Lo (dyy---dy;---dyr)
kAl
irn a 1-L e _1 _ . s
s il TL i@l % [ f1el @ -w)
k=1 k=r+1 Rim=n
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x (H ()™ )Kj(yl, U1, 2(T = Y)Y Ym) _dydya -
k=1 L2(dyy-dy;-dyr)
kil

) T s m e B ) 5
S QJMH‘QIJI Pk H |Qr| 7 /|Ql’ 1<2]($—yl)> ' X
k=1 k=r+1 o)
X (H(ywsl)Kj(yh.--,yz—h?j(w—yz),yz+1,.--,ym) _ dy
L2 (dyy-+-dy;-dym)

k=1
ik

=2fm(H\@krl‘pi)h§l’“><x> I] #) 3
k=1

k=r+1

for all x € F;, where

W@ =17 [ @ —w)”
Qu

m

<H (yr)™ )Kj(?/h e 20T = W), Yt Ym)

k=1
k£l

. dy,
L2(dy:--dy;--dym)

X

and b (z) = |Qk|7iXQ; (x) for r+1 < k < m. A direct computation gives

Using the vanishing moment condition of a; and Taylor’s formula, we write

o) =2 o [ { [a-p

la|=N,

% 0155 (2 =), - 2w — =ty — ), 2 (= )

(2= ) aa(un) - () dt ) dyr -+ dy

Repeat the preceding argument to obtain

T

k=1 k=r-+1
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for all x € E;, where b](z) = |Qk|7$XQZ(CU) for r+1 <k <m and

0= [{[] @

la|=IN,

X

<H< > >aa (yl»-'-7?Jl—1,2jxil,yl7yl+1»---7ym)
(=

L2 (dyy-+-dyy-+dym)

x (270(Q0))M|Qu ™ dt} dyi,

with 2!, = xz—c¢;—t(y;—c;). Applying Minkowski’s inequality together with Lemmas

LYl

3.4 and 3.5 implies that
757l < A2 (270(Qu)"

Combining inequalities (3.54) and (3.55), we get

[T =)™ g (=)

(3.56)
< 27T”(H|Qk )mm{h(lo ll) } H by (z
k=r+1
for all 1 <1 <. The inequalities in (3.56) imply that
|9;(2)]
T LT 10) n LA (3.57)
<2 H Q| 7x H (2(z—cp)) " 112112 {hj’ (), hy” (x)}kH by (z)
k=1 k=1 =r+1

for all x € E.

Now we need to construct functions u (1 <k <r) such that

;@) S A [ uj(@) T] vie) (3.58)

k=r+1
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for all x € E; and that
Y b S1. Vi<k<r (3.59)

Note that

’Gi(alw"’am)(l')':(ZlTog‘(CL1,..., A, )1/2 (Z’g] >1/2

JEZ JEZ
< lgile |—A2Hu ) I vl
jez JEZ k=1 k=rt1

Then (3.53) follows by taking b = >~ % when 1 <k <7 and b = |Qk|_iXQZ when
r+1<k<m.

To proceed (3.58), we can choose 0 < A\ < mln{ % Ly %} such that

=t
k=1

This is possible since conditions (3.5) implies that

Set a, = — — % + A; and 8, = 2(}% — ay). Then we have

1
Pk

B >0and B; 4+ ---+ B, = 1. Now define
J J

—s B
b = APy I (2(- = ) X min { A VLT T <k < (3.600)

Then, from (3.57), it is easy to see that (3.53) holds for all x € E,. It remains to
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check (3.59).

Since — = ay, + %, setting

o PL?C =1~ -, Holder’s inequality gives

Biain 5 ; —s : k,0) 5 (k1)1 8
lafllome < APPMQUIE (2 (- = e)) ™ xq@pyell o ||min (A, AFHY

2
LPk

for all 1 < k < r. Notice that n < Z—i, we have

5 2—jnak min {17 (2j€(Qk))akn—$k}

H(Qj(. — )™ oy e

and
: k0) 5 (k1) \ P . k0 k1
[ i {082 04| i (10, 3
) . B
§<A2*j"/2 min{l,(QW(Qk))N’“}) "
Therefore

<o|Qul T2 min {1, (270(Qu)" i {1, (21(Qe)) "}

S@HQu)" min {1, (26(Qu)™ "} min {1, (26(Q) "}

il
Huj LPk

This inequality is enough to verify (3.59). Thus (3.53) is established for J # 0.

Now we turn into the second subcase when J = (. Fix z € Ey = N, Q5. Since
o is supported in Uy g, [& + -+ &n| & [&] & 27 for all (&,...,&,) in the support
of o, where o, is the function appeared in the decomposition (3.29) of 0. Choose a

smooth function ¢ such that @ is supported in an annulus and

O-j(flv"'agm)@(gﬁ) = O-j(glv"wfm)? v (gla"'ygm) 7£ (0’70)

Applying Lemma 3.8 to 15, (ay, . . ., a,,) with the fact that
T, (a1, ..., am)(x) = T5,(a, . .., ap—1, Aj(ar), aggr, - - - ) (T)
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yields
To,(ar, .y am) ()| < Adyj(z) - dmj(z), Ve Ey,

J

where d;; = My(a;)xq: when i # £ and dp; = M,(]Aj(ar)|)xq;. Here we used the

inequality (¢; * | f|?)Y/9 < M,(f), which is clear since sq > n. Thus

Gar,. . am)(@) = (Y |Toy(ar, . a)(@)[2) 7 < AB(@) 00, (x),  (3.61)
JEZ
for all z € Ey with 0! = My(a;)xq: for i # £ and ) = (ZjeZ Mq(|A]’(CL()D2)1/2XQz.

The L?-boundedness of M, and Holder’s inequality imply that

169]] ., < 1IMg(ai)]| 2] Q: VP2 < Nlaall o | Qi /P2 < 1, i # 2.

I

Similarly, we can estimate [|b%||». < 1. Therefore (3.61) yields (3.53) for J = (), which
proves the first part of Lemma 3.22.

We now turn into the proof of (3.37) by assuming that o is supported in some
Wi Fix x € E; for some () # J € Pp,. Recall g; =T, (ay, ..., ap,) as in the previous

case. Then the inequality (3.58) still holds for this case, i.e.

;@) S A uj(@) J] bite)

k=r+1

where u% is defined in (3.60) satisfying (3.59) and J # @. Thus

Glay,... ap) Z|g] ]<A<2Hu > ﬁ bi(x)

JEZ JEZ k=1 k=r+1

<Ab(z)---b (2) (3.62)

_x
where b] = Z]u;“ when 1 < k <r and b] = |Qy] 7 Xq: when r +1 <k <m.
It remains to prove (3.62) for J = (. Since o is supported in Wy, inside the
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support of o; we have |&;| ~ [&] ~ 27. Choose another function ¢ such that such

that @ is supported in an annulus and

01, &m)PE)P(E) = 0 (61, &m), YV (E1s-- 5 6m) #(0,...,0). (3.63)

Applying Lemma 3.8 to T;,(ay, ..., an,) deduces

T, (ay, ... an)(x)| < Ady(z)- - dy;(z), Ve By,

J

where d;; = My(a;)xq: when i # k,¢ and d;; = My(|Aj(a;)|)xq: when i = x, .
Summing over j € Z the above inequality and using the Cauchy-Schwarz inequaltiy

yields (3.62) for J = () with b = M,(a;)xq:r when i # k, £ and
1/2
0= (3 May(125(a)])*) " xe;
jEz

when ¢ = k, £. The proof of Lemma 3.22 is complete.

3.8.2 Proof of Lemma 3.24

The proof of Lemma 3.24 is very similar to that of 3.22. Indeed, we partition R"
into disjoint subsets as R" = (J; E;, where J runs over P; (the set of all subset of
{1,...,1}) and E; is defined by (3.52).

The argument in the case when J # ) for this lemma is nearly identical to the

one given in Lemma 3.22. The minor difference is that we use the function

gi(x) =T, (a1,... a1, fiy1, .- fm) ().

Therefore, we omit the detail computations for the case when J # ().

When J = (), the proof is a bit complicated comparing to the previous one. For
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all x € Ey, we will prove that

Golar, s, fran oo fu) (@) S AD@) - (@) fia e [ fonlle,  (3.64)

if o is supported in U, , and that

Golar, s, fran oo fu) (@) S ADY@) - (@) fia e | frnlle,  (3.65)

if o is supported in W, ;.

Let first establish (3.64), where the proof is divided into 2 cases by considering
whether ¢ belongs to the set {1,...,{}. If £ € {1,...,{}, the argument in the proof
of Lemma 3.22 works well for this case. Therefore, we just only need to consider the
case when ¢ ¢ {1,... 1}. Without loss of generality, we may assume that || f;||~ =1

for all [ +1 <4 <m. Applying Lemma 3.8 to T, (a1, ..., am) gives

|g](l')‘ = |T0j(&17' .- 7al7fl+17 cee 7fm)<l')’ < Adlvj(x) o 'dl,j($)7 Ve E@a

where dy; = ({;  |a1]9) Y9 (¢ * |A; fe )9 xq: and d;; = My(a;)xo: when 1 < i <1

Square and sum over j the above inequality to deduce (3.64) with

= (3006 = a7 (¢ 18, £177)  xan,
jez
and b = My(a;)xq: for 1 < i < I. By (3.9), we can see that 1692, < 1, which
completes the proof of (3.64).
To prove (3.65), we consider 3 cases: (A) k,¢ € {1,...,1}; (B) only one of k or
¢ belongs to {1,...,1}; (C) neither s nor ¢ belongs to {1,...,l}. The first two cases
(A) and (B) can be proceeded as in the proof for (3.64) above. For the case (C),
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(3.65) is also valid for the following choice of functions

by = (Z(Cj  Jaa|1)2/ (G * |Ajf“|q)2/q>l/2XQT’

jez
0 7\2/q 7\2/q 2
) = (DG * Izl (G 185 F)27) xas.
je
and b = M,(a;)xq: for 2 < i <I. This completes the proof of the lemma.

Remark 3.29. In the proof for (3.65) we actually required I > 2. However, the above

argument still works for I = 1 with ¢ = A=Y T, (a1, fo, .. ., fm)Ixqr

3.8.3 Proof of Lemma 3.26

We use the following notations:
I=A1,...,0}, OI={l+1,...,p}, HI={p+1,....om}, A={l,...,m}.

Recall that we are assuming I # () and II # ) (the set IIT might be empty). For
a subset B = {i1,...,ix} of {1,...,m}, we write yg = (¥iy,...,¥;,) and dyp =
dys, -+~ dy,

Let a; (i € I) and f; (¢ € IIUIII) be functions as mentioned in the lemma. Without
loss of generality, we may assume ||f;||L~ = 1 for i € III. We use the decomposition

(3.29) and write
g = Ta(alv"'aa'l7fl+17"'afm> = Zgj7

JEZ

where g; = T, (a1,. .., a1, fiy1, .., fm)-
To prove the pointwise estimate (3.46) with noting that o is supported in W,
we divide R" as R" = (J,; E;, where J runs over all subsets of I and E; is defined

by (3.52). In order to prove (3.46), it is sufficient to construct functions b (i € I
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and F/ (i € II), for each J C I, such that
l9(@) xp, (@) S b (2) ... 0} (2) Yy (2) .. F (@), (3.66)

where the function b/ depends only on m, n, (s;)ica, (Pi)iea, o, J, i, a;, and (f;)ien;
the function F; depends only on m, n, (s;)ica, J, 4, fi, and (fi)ienr; and they satisfy

the estimates

[0, S 1. (3.67)

[E ]2 S W fill e (3.68)

In fact, if this is proved, then the desired functions can be obtained by b; = >, | b/
and F; =Y, F/.

First, we shall prove the estimate (3.66) for J = 0, Ey = Q3 N---NQ;. The
argument to be given below will show the estimate (3.66) with some combination of

the following choices of b? and F:

() = My(a) (@) (o), (3.69)
1/2
) = (L M0 xer(o), (3.70)

1/2
b?@:):(Z@j*|a,~|q><a:>2/q<cj*|Ajfk|q><x)2/q) (@), kel (3.71)

JEZ.

F(x) = M,(f)(x). (3.72)

(2

Q _ . ) 1/2
() (ZMq<AJfZ><x>) , (3.73)

JET

1/2
F(a) = ( (G A @0 + rAjfqux:c)?/q) . kel (3.74)

jez
where (j(x) = 27"(1 4 |27z])7*¢ is the function in Lemma 3.8 and M, is defined in
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(3.51). The above functions 5 and F? depend on other things as mentioned in the
lemma. We shall see that they also satisfy the estimates (3.67) and (3.68). For F?
given by (3.72) or (3.73), the L*-boundedness of M,, ¢ < 2, and Lemma 3.9 (3.8)
give the L?-estimate (3.68). For F? given by (3.74), Lemma 3.9 (3.9) yields the same
L2-estimate since || fillpvo S || fallp = 1 for k € II1. For b given by (3.69), the

L*-estimate || M,(a;)||z2 < ||aill2 and Holder’s inequality give the estimate (3.67):

1691] . < 1My (ai) | 22| QP2 < g 2| QP12 < 1.

||Lpi

For b? given by (3.70) or (3.71), the same estimate is proved in a similar way.

We divide the proof of (3.66) for J = () into the following six cases, (1)—(6),
depending on the indices £ and ¢ involved in the definition of W, ,.

(1) k,¢ € 1. In this case, without loss of generality, we assume {x, (} = {1,2} C L.

Choose the function ¢ satisfying (3.63) on the support of ;. We write

gj = ng(Ajal,Ajag,ag, . ,al,le, ey fp7 Ce 7fm>

By Lemma 3.8, we have the pointwise estimate

1951 S (G # 18an] )G * [Ajaz|) (¢ * las|*) 9 (¢ Jai|") e
X (G i DY (G DY (G | ol )Y
S My(Ajar) My(Ajaz) My(az) - - - My(ar) My(fisr) - - My(f,),

where M,(f) is the maximal operator in (3.51). Summing over j € Z and using the

Cauchy-Schwarz inequality, we obtain

1

o< (X {naen}) (X {Mq<Aja2>}2)§Mq<a3> e Mya)My(fir) - M5,

= JEZ
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This implies (3.66) for J = (0 with b? of (3.70) for i = 1,2, with b? of (3.69) for
3 <i <1, and with F? of (3.72) for [ +1 <i < p.

(2) k,¢ € II. In this case, we may assume {r,(} = {l + 1,1+ 2} C II. Then write

gj = TUj(a].? s aa'laAjfl+1>Ajfl+27fl+37 e '7f,07 B afm)

Hence, by Lemma 3.8,

9i1 S My(ar) -+ - My(ar) My(Aj frin) My(Aj fry2) My(firs) -+ - My(f,).

Taking sum over j € Z and using the Cauchy-Schwarz inequality, we obtain

o< i o0 (5 s (5 (hesssa}’)

JEZ. JEZ.

X Mq(fl+3> o Mq(fp>‘

This implies (3.66) for J = § with b? of (3.69) for 1 < i < I, with F? of (3.73) for
i=1+1,142, and with F? of (3.72) for [ +3 <i < p.
(3) k, ¢ € III. Without loss of generality, we assume {x, ¢} = {p+ 1,p+ 2} C IIL

Then g; can be written as

g; = Tffj(ala S Jal7fl+17 e '7fp7Ajfp+17Ajfp+27fp+37 .. 7fm)

and Lemma 3.8 yields

195] S(¢ * [ax|) /9 M(az) - - - My(a)

X (G [ i)Y IMo(fran) - Mg(fo) (G o |0 ot D)V 0(G # [ foga] )9
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Taking sum over j € Z and using the Cauchy-Schwarz inequality, we obtain

1/2
1 S(Z(Q |G, 5 |Ajfp+1|q>2/q) My(as) - My(a)

JEL
1/2
x <Z(CJ * |fl+1|q)2/q(<j * |Ajfp+2|q)2/q) My(fir2) -+ My(fp)-
JEL
This implies (3.66) for J = @) with the following functions: ¥ is (3.71) with i = 1 and
k=p+1; b0 is (3.69) for 2 < i <; )}, is (3.74) with i =+ 1 and k = p + 2; and
FPis (3.72) for [ +2 <i < p.
(4) k € I and ¢ € II. Without loss of generality, we assume x = 1 and £ =1+ 1.
Then

gj = ng(Ajal,ag, .., ay, Ajfl—i—l; fl+27 ey fpa Ce ,fm)

and Lemma 3.8 yields

9j S My(Ajar)My(ag) - - - My(ar) My(Aj frin) My(fiva) - - - My(fy)-

Taking sum over j € Z and using the Cauchy-Schwarz inequality, we obtain

lg| < < Z {Mq(Ajal)}2) 1/2Mq(a2) o My(ap)

JEL
o\ 1/2
x (Z {Mq(AJ’le)} ) Mq(fl+2) T Mq(fp)-
JEL
This implies (3.66) for J = @ with b? of (3.70) for i = 1, b? of (3.69) for 2 < i < I,
with F? of (3.73) for i = 1 + 1, and with F? of (3.72) for [ +2 < i < p.
(5) k € I and ¢ € III. Without loss of generality, we assume x = [ + 1 and

¢ = p—+ 1. Then we have

9i =Ty, (a1, san, Djfrsns fivas oo fos D foras forzs s fin)
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and Lemma 3.8 yields

1951 S (G*lan]*) /"My (az) - My(ar) My(A; fien) My(frva) - My(f5) (G D foe ).

Taking sum over j € Z and using the Cauchy-Schwarz inequality, we obtain
1/2
9 5(2(@  lan|)/9(G; + |Ajfp+1|q>2/q) My(az) -+ My(a)
JEL

(S s} M)

jez

This implies (3.66) for J = () with the following functions: ¥ is (3.71) with i = 1 and
k=p+1; 00 is (3.69) for 2 < i < ; F?is (3.73) for i = [ + 1; and F? is (3.72) for
1+2<i<p.

(6) k € I and ¢ € III. Without loss of generality, we assume x = 1 and £ = p + 1.

Then g; can be written as

g; = TUj(AjahaZa"‘7al7fl+17‘"7fp7Ajfp+17fp+27"'7fm)

and Lemma 3.8 yields

9j1 S My(Ajar) My(az) - - - My(ay)

X (G * |fl+1|q)1/qu(fl+2) o My (f,) (G * |Ajfp+1|q)1/q-

Using the Cauchy-Schwarz inequality, we obtain
o\ 1/2
|m5(§:{MgAﬂg}) M,(as) - -- M,(a)
JEL

1/2
X (Z(CJ * |fl+1|q)2/q(gj * |Ajfp+1|q)2/q) My(fir2) -+ My(fp)-

JEZ
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This implies (3.66) for J = @) with the following functions: b? is (3.70) for i = 1; b? is
(3.69) for 2 <4 <5 Fl, is (3.74) with i = [ + L and k = p + 1; and F is (3.72) for
[ +2 < i< p. Thus we have proved (3.66) for J = ().

Next we shall prove (3.66) for J # (). Here we do not need the assumption that
o is supported in W, ,. We fix a nonempty subset J of I. We shall prove that there

exist functions Ui,j» k € J, 5 € Z, such that

l9;(@)xe, () S T ul @) - T 1Qi " xq: (@) - [ [ Mq(fi) (e (3.75)

keJ 1€I\J 1€ll

for all j € Z and all € R"; the function ui’j depends only on m, n, (8;)iea, (Di)iea,

o,J, k, j, N, and Qp, and satisfies the estimate
il e S min{(220(Qx))™, (270(Qx)) ™%}, (3.76)

where 7, and J;, are positive constants that will be given in terms of n, k, J, (s;)icJ,

(pi)ics, and Ni. If we have these functions uijj, then we have (3.66) with the functions

= Zuij for ke J,

JEZ
:|Qi|—1/PiXQf for €1\ J

= M,(f;) for iell

In fact, b, k € J, depends only on m, n, (s;)ics, (pi)ics, o, J, k, Ny, and Qy, and
the estimate (3.67) follows from (3.76). The estimate (3.67) for b7 with i € T\ J is

obvious and the estimate (3.68) for F; with ¢ € II holds by the L?-boundedness of

, ¢ < 2. Thus it is sufficient to construct the functions u,g e

Mq
Before we proceed to the construction of uijj, we observe that it is sufficient to

treat only the case j = 0. In fact, if we have (3.75)—(3.76) for j = 0, then the case of
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general j € Z can be derived by the use of the dilation formula

Ty (fro- oo fn) (@) = Ty (F1(279), o, fn(2779)) (202)

and by a simple computation.

Thus we shall consider go(x). Using Ky = (0¢)", we write

go(x) = o Koz —y1, o —ym) [Jastw) - T[] fiw)dyn---dym.  (3.77)

i€l 1€IIUIIT

We write ¢; to denote the center of the cube Q;. Since |z — y;| = | — ¢;| for © & QF

and y; € Q;, from (3.77) we see that the following inequalities hold for = € E;:

[[(x = e - lgo(a)]

ied
K ies iel S ETTUTTT

< / H<x - y¢>5i . ‘Ko(:r: — YLy, T — ym)‘ H ‘Qz’rl/piXQi(yi) . H ’fz(yz)’ dy, - Ay,
"ier iel iell

We now fix a k € J and estimate the last integral as

<.
]Rn

[T &= Kow—wn,.. 0 = ym)

1€ JUIL

Lo (y ) Ly ) L2 (yin) L (yin)

X H|Qi|_1/piXQi(yi) H |Qi|_1/piXQi(yi)
icJ L yagep) ien\ g L (y1\.1)
1 R 0] (7
i€ll L (ym)

where we used the following notation for mixed norm and its obvious generalization

a/p 1/a
HF<21722>HLP(21)L0(,22) = [/ (/ |F(21, )| d21> d22] :
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Recall that the mixed norms satisfy

||F(Zl’22)||LP(Z1)LLZ(z2) < ||F(21:Z2)||Lq(22)m(21) if p<q (3.78)

Since s; > n/2, the Cauchy-Schwarz inequality gives

. (3.79)

L%(yp)

1@ =y eow =yl S [ F@ = = o) [T — 9

i€B

Now repeated applications of (3.78), (3.79), and Lemma 3.4 yield

T e Koo =z =)

Lo (y ) Ly ) L2 () L (yin)

i€ JUIL
S x_yZSZK T—Yy-o oy T — Ym H
zeHA< > 0( ' ) Lo (y o) L2y 2) LY (1) L2 (yinn)
< x—y;) - Kolx — ,...,x—m‘
g( y> 0( n Y ) Pl
= |[{z — yg)** H (zi>si-Ko(zl,...,x—yk,...,zm)‘ :
L2(zp\ {x})

ieA\{k}

Since s;q > n by our choice of ¢, we have

< M),

€Il

T = v sitw)

1€ll

La(yir)

Combining the above inequalities, we obtain the following estimate for x € E:

[T =)™ lgo(@)| S h&O@) TT1Qil 7 T 1Qil ™77 T Mo(£:)(2), (3.80)

ieJ i€J i€\ J i€ll

where

dyk.
L2(zp\ (1))

R0 (z) = |Qk|1/Q H(:p—yk>5k H <zi>8"-Ko(zl,...,x—yk,...,zm)‘
k

i€A\{k}
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We have

[R50 12 ey

S |Qk|1/ H@‘?Jk)sk H <Zi>5i'KO(Zl,-~'7I_yka"'7Zm>‘ 5 9 dyk
Qk ieA\{k} L (ZA\{k})L (x)
- HH S Koz, 7)) oy = ool e
Thus, by the assumption (3.41),
k.0
[A%O]| gy < 1. (3.81)

On the other hand, using the vanishing moment condition of a; and Taylor’s

formula, we can write go(z) as

3 ca/m{/olu—t)Nkl

|o|=Ng,
o t
xakK(]( — Y1y, T Ckyk,...,x—ym>

X (= ) ar () - @) fiaa (W) -+ fnym) i} dy -+ i,

where O Ko(z21, - - -, 2m) = 0% Ko(21, ..., 2m) and xck =1x — ¢t — t(yr — ¢x). Hence

Yk

the following inequality holds for = € E;:

H<x_62> go()] S Z/ / ol H ()

et |a| =Ny ie\{k}
X‘a?Ko( — Y., Zkyk,...,:(:—ym)‘
< Q)™ TT1Q: 7 xauwi) - T 1w dt} dyy - - - dyy,
i€l i€ll

Using this inequality and arguing in the same way as before, we obtain the following
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estimate for x € E;:

[Tz =) - lgo(x) @) [T 1@ 7 T 1@l ™7 T Ma(fi)(@), (3.82)

ieJ icJ ien\J i€l

where

—14+Ni/n
BED (@) = Qi S A«l

la|=Ny " yr€Qk

x H(xgk 2% T G o Koo, ety ,zm)‘ dtdy,
’ A ’ L2(zp\{x})
ieA\{k}
Using Lemma 3.4, we obtain
k,1 Ni/n

From two estimates (3.80) and (3.82), we have

lg0(2)] S [ [(a—cy = 1@l ™7 TT @il /7T T My (£ () xmin{n®9) (), h®D ()}

ieJ i€\J 1ell

for all z € E; and for each k € J. We take positive numbers (fy)res satisfying

> res Br = 1 and take a geometric mean of the above estimates to obtain

l90(2) X, (2) S [l (@) - TT 1@l xar (@) - T My(fi) ()

keJ iel\J iell

where

ul (2) = (2 = c) ™ [Qul ™™ xigpe (@) (min{h™) (), KD (2)})™
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We choose [, k € J, so that we have

Sk I B
>0, —>—-= E =1.
B w2 B

This is possible since 3 > >, ., max{0,1/p; — s;/n} by virtue of our condition (3.5).

If we write 1/pr — Brx/2 = 1/1k, then 1, > 0 and Hélder’s inequality gives

—s —1 1
il e <|[{x — )™ 1Qul ™" x(gp)e (@)

x || (min{n*0(z), h(k’l)(ﬂf)})ﬁknﬁ/ﬁk'

L™k

Since spr, > n, we have

Qx| /Pt if [Qy] <1

—s —1 1
(@ = ey @il x|,

‘Qk|_1/pk+1—5k/n+1/7'k if ’Qk| > 1.
By (3.81) and (3.83), we have

Bk

H (min{h(k’o)(:c), h(’f’l)(x)})ﬂk < min { Hh(k’o)||L2 ,

)

Qe i Q] <1

1,2/ Bk

1 if |Q| > 1.

Thus

|Qk|Nk5k/n—1/Pk+1 if |Qk| <1

J
il e =

‘Qk’—l/Pk-i-l—Sk/"-H/?“k if |Qu] > 1,

which implies (3.76) for j = 0 with v, = NyfBx—n/pr+n and 0y, = n/pp—n-+sg—n/r.
We have v > 0 since Ny is sufficiently large and 6 > 0 since dx, = nfy/2 —n + s >
nP/2 —n/pr + s > 0 by our choice of 5. This completes the proof (3.65).

Now we turn into (3.64). Since the proof of (3.64) is similar to that of (3.65), we
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shall briefly indicate only the key points. We use the same notation as above. Define

1/2
G(ZE) = Gg—(ala <o Qg fl-l—la s 7fm)(x) = (Z |gj(x>|2) :
JEZ
It is sufficient to prove the estimate
G(@)xe, (@) ST 0/ (=) - ][] Fil=) (3.84)

1€l 1€ll

for each subset J of I, where b and F; have the same properties as in (3.66).
First we consider the case J =0, Ey = QiN---NQ;. We divide the proof into the
following three cases, (1)-(3), depending on the index x, £ in the definition of Uy ,.

(1) ¢ € I. Without loss of generality, we assume ¢ = 1. We can write

gj = TUj(Aja17a27"'aalafl-‘rl)"'afpa"'?fm)'

By Lemma 3.8, we have

19i] S My(Ajar)My(az) - - - My(ar) My(fii1) - - My(f)-

Hence

65 (X {miam}) " Mya) M) My o)+ D11,

jeL
Thus we obtain (3.84) for J = () with
o\ 1/2
b = (Z{Mq(Aﬂl)} ) XQ;
j€z
) = My(a;)xq: for 2 <1<,
FP = M,(f;) for 1+1<i<p.
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(2) ¢ € II. Without loss of generality, we assume ¢ = [ + 1. We can write

g; = Taj(ala"'>alaAjfl+17fl+27"'7fp7"'7fm)'

By Lemma 3.8, we have

9j1 S My(ar) - - - My(ar) My(Aj fron) My(fiiz2) - - Mq(fﬂ)-

Hence

G < My(ar) -+ My(ar) ( Z {Mq(Ajfl+l)}2> l/qu(fl—s-?) o My(f)-

jeL
Thus we obtain (3.84) for J = () with
b = My(ai)xq: for 1<i<l,

= <Z {Mq(Aijl)}Q)l/z,

JEZ.

FY = M,(f;) for 14+2<i<p.
(3) ¢ € III. Without loss of generality, we assume ¢ = p + 1. We can write

g; = Taj(ala"'aal7fl+17'"7fp7Ajfp+17"'7fm)-

Lemma 3.8 yields

’gj‘ S (Cj * ‘al‘q)l/qu(GZ) T Mq(al)Mq(flJrl) T Mq(fp)(cj' * ‘Ajprrl‘q)l/q'
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Hence
1/2
G < (Z(Cg‘ * |a1|q)2/q(Cj * |Ajfp+1|q)2/q) Mg(az) - My(ar) My(fiv1) - - - Mo(f,)-
JEZ
Thus we obtain (3.84) for J = () with

1/2
b%’=(2< e lar 215G % 1A Foa] 1) ) X

jez
b = My(a;)xq: for 2<i<l,

= M,(fi) for 1+1<i<p.

Finally we prove (3.84) for J # (). The proof is immediate. Observe that the
estimate of ¢;(z) on E;, J # (), given in the the proof of (3.65) holds in the present
case as well, since we did not use the restriction on the support of ¢ in that argument.

Also observe that there we have actually proved the estimate

> lgi(@) xe, (@) S U (@) b (@) Fla (@) - F (2)

JEZL

for J # (). Thus the estimate (3.84) for J # ) also holds since

_ (Z \gj(gc)ﬁ)m <> Jg;(a)

JEZ JEZ

This completes the proof of the lemma.
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Appendix A

Interpolation illustration in R3

A.1 The smoothness condition in the unit cube

In this section, we will provide some pictures to visualize how the interpolation works
in the proof of Theorem 3.1 and the appropriate smoothness needed for each region

inside the unit cube in R3. We consider the following unit cube

A(1,0,0), B(0,1,0) 1
fPs 4 F
C(0,0,1), D(1,0,1) / ~J
|
E(1,1,0) L R LA P(0,1,3)
! N~
/ L7 7
F(0,1,1) D / U 7 B \\ Q(O,%,l)
/ N4 TN > P 11
Z(l,l,l) / = - R(i’i’l)
/ 1 A \\\\
L(%’O’1> / /1 \\ — S(17%7%)
/ / /[ - -
M(170,%> M / //’;I/’ T(%,l,%)
S| o e l_.
N(1, %70) 20 /B b2
s
7
K(h10) e [
// _ - -
p1

Figure A.1: The unit cube
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A.1.1 Near the origin

In this case, we just only need the following smoothness

n n n
81>§, 82>§, 83>§.
= 11
C'p3 0 R(f’lf’il)
| e
L . R T(31,3)
|
|
: P
|
|
M
S 1
o 55
7
7
7
Z K
7
7
1,74 N

p1

Figure A.2: Region near the origin

A.1.2 Three wedges

In this case, the smoothness depends on each region. For example, in the polyhedron

DMLUSR, we need the following conditions on the indices

n n n S S3 1 1 1
5 2> g s3> g, >

S1 > )
' 2 n n p opy 2

In the prism WTRF L(Q) we require

n
s3>=, —+—>—4——=.
3 2 n n ps  p3 2
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In the polyhedron VSTEN K, we need

>n >n >n 31+32 1+1 1
s —, S —, S —t => — 4+ — — =
1 9’ 2 9’ 3 9’ n n n Do 2
1
oL
cy? . F
[ 0\
| R >
W\
\
D, \\
/ | p
/
/
/ l
/ T
/ |
M
EEEE SRS (R §
0 B P2
/!
//
P K
7 /’
s, L
1 v
pld’A N E

Figure A.3: The wedges

A.1.3 The lower local tetrahedron

Now we are looking for the smooth condition for which the operator T, is bounded on

the tetrahedron X.STR. In this case, we need the following condition on the indices

1 1 1 1
s3> L %2 %

n
Sg > = , .
2 n n n pL P2 p3 2

>n
‘51
2,

27

Note that the vertex of this tetrahedron is X (%, ,% and its base is the triangle

1)
(3:1,3)-

formed by three points R(%, %, 1), S(1, %, %), and T %,
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X(3 33 Cfﬁ 0 F

4°4°4
|
L l R
w
|
D
Ull P
|
|
|
M
JUN— ASSS R g S
[0 B D2
7
//
11
// K R(§71§3il)
g S(1,3,5
1.7 141
Lo74 N E T(31,3)
Figure A.4: The lower local tetrahedron
A.1.4 Three side local tetrahedrons
11 1
RGED ;
S(iaja?) Q
T(jal’j) I
L 1
i N W
/ N
D / AN
U P
| 7/
| /
I/ T
M
U Yl __L_.1
A0 B P2
7
7
7
// K
- X353
174 N E
P1

Figure A.5: Three side local tetrahedrons

In this case we have three regions. Inside the tetrahedron X.STV, the smoothness
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conditions are

n n S1 S 1 1 1 S1  So 1 1 1
Sg> =, s3>, —F+—>—F——2, —f—>—f——

n
S1 > — , )
2 2 n n p pp 2 n n p p 2

2 Y
Inside the tetrahedron X.SU R, we require

n n n S1  S3 1 1 1 S1 o 1 1 1
30 > s>, > —f o o>

s> :
' 2 2 n n p ps 2 n n p p 2

Inside the tetrahedron X.T'RW, we need

n S S 1 1 1 S S 1 1 1
§3>7, —+—>—F+——z, —4+Z>_f— -

n
2’ 2’ 2" nmn n p p3 2 m n p p 2

A.1.5 Three face-out local tetrahedrons

1

CTE F

| [
L 1
I w
D

UI  p

| - /
~

| P T
| -
s

&l

My e _ ] _eL
/)0_ /B P2
-
-,
s
Ve K
-
s
1,74 N E

D1

Figure A.6: Three face-out local tetrahedrons

In this case we still have three regions. Inside the tetrahedron X.USV', the smooth-
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ness conditions are

>n >n >n 31+32+33 1+1 1 1

s —, S —, S — =4+ —=>—4 —4 — — =

1 2’ 2 9’ 3 9’ n n n Do D3 9’
S1 So 1 1 1 S1 S3 1 i 1 1

>n - >n 51+52+53 1+1+1 1
S ) S ) S a) — - — - T 5
P72 ‘T2 T2 n no pr p2 p3 2

S S 1 1 1 S S 1 1 1

LA B T T - S B ST S

n n b1 D2 2 n n b2 D3 2

>n >n >n 81+82+83 1+1 1 1

s -, S s - —4+ =4+ —=>—4+ —+ —— =

P79 27 g BT o n n p p2 p3 2
s S 1 1 1 s s 1 1 1
2428 — =2 C R e

A.1.6 Two upper local tetrahedrons

In this case, the region is formed by two tetrahedrons X.UVW and Z.UV W where
X(%, %, %), Z(1,1,1), U(1, ;, 1), V(1,1, 2) and W(2, ,1). In these two tetrahedrons,

we need all the inequalities appeared in (3.5), i.e

°)

- n n - n S1  So  S3 - 1 4 1 n 1 1
S — S - —+ =+ —=>—4+—+——=
SN 2’ T2 T T n T op  pe py 2

s 1 1 1 s s 1 1 1 s S 1 1 1
T L T S I
n. - n p p 2 m n p p3 2 nm n  py p3 2

Note that when the indices p; are greater or equal to 2, we need less smoothness

indices s;. The smoothness indices are getting bigger when the integrability indices
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1
CIP3 F

I [
L |
w
I 7
D 7
~ V4
U l\\\\(/ oP
! ¢
! \
' \
oM I Vv
SR S _ 1
70 B D2
7
7
7
e K
7
7
1,74 N E

Figure A.7: Two upper local tetrahedrons

become closer to the point Z(1,1,1) on the unit cube. In particular, to obtain the
boundedness of 7T, from a product of Lebesgue spaces LP/, 1 < p; < 2, into an-
other Lebesgue space, we need more derivatives which translates into the inequalities

involving s; given in the upper local tetrahedrons (see Figure A.7 above).
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