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The nature of the Verwey transition in magnetite (FqO,) within a three-band spinless model 
Hamiltonian is examined. These bands, which arise from the minority-spin tZg orbitals on the Fe(B) 
sublattice, are occupied by half an electron per Fe(B) atom. The Verwey order-disorder transition 
is studied as a function of the ratio of the intersite Coulomb repulsion Ur and the bandwidth W. It 
is found that the electrons are ordered beyond the critical value of U,lW=O.25 in essential 
agreement with the results of the one-band Cullen-Callen model. For larger values of lJ,JW, a 
Venvey-like order is exhibited where the electrons occupy alternate (001) planes. The model 
predicts a transition from the metallic to the semiconducting state with the band gap increasing 
linearly with U, beyond the transition point. 

I. INTRODUCTION 

The Verwey transition in magnetitele3 is a well-known 
metal-insulator transition characterized by a decrease of two 
orders of magnitude in conductivity as temperature is de- 
creased below the Verwey temperature of TV-l20 K. The 
transition is accompanied by an order-disorder transition, 
where in the simplest ionic picture, Fe2+ and Fe3* ions order 
on the B sublattice of the spine1 structure, interacting via 
Coulomb forces. Examining this picture quite early on, 
Anderson4 pointed out the remarkable property of the spine1 
B sublattice that the short-range part of the Coulomb inter- 
action is minimized by -(3/2)N’2 different configurations of 
the ions where N is the number of sites on the B sublattice. 
The long-range part of the Coulomb interaction, on the other 
hand, is minimized only by a few of these con@urations. 
The Verwey transition may therefore be interpreted as a loss 
of long-range order (LRO) above T, with no abrupt change 
in the short-range order (SRO). This interpretation is consis- 
tent with the entropy change at the Verwey transition ob- 
tained from specific heat measurements. 

This ionic picture, while providing a reasonable descrip- 
tion of the order-disorder transition, does not provide any 
quantitative description of the transition from metal to insu- 
lator. Issues unaddressed include questions such as: What are 
the charge carriers in magnetite? Is the conductivity via mo- 
tion of ions or does one has to think of itinerant electrons? In 
fact, subsequent to Anderson’s work, a number of models 
have been proposed to describe the mechanism of electrical 
conduction and simultaneously the order-disorder transition. 
These include the itinerant one-band electron model of 
Cullen and Callen,’ and the molecular polaron or bipolaron 
pictures of Yamada and Chakraverty,6 etc. 

The itinerant eIectron mode1 of Cullen and Callen de- 
scribes the Verwey transition in terms of motion of electrons 
on the B sublattice. The Hamiltonian consists of a nearest- 
neighbor hopping integral t and the intersite Coulomb inter- 
action U1 between nearest neighbors. In a seminal work,’ 
Cullen and Callen studied this model and in fact found an 
order-disorder transition below a critical value of U,Jt-2.2. 
However, there was no justification for the origin of such a 
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model and, since there was no reliable estimate for U,lt until 
our recent work,7 the applicability of the Cullen-Callen 
model to magnetite remained unclear. 

Recently we have examined the electronic structure of 
magnetite using density-functional methods with the local 
spin-density approximation (LSDA).7 Based on this work, 
we have obtained a three-band electronic Hamiltonian for the 
motion of electrons on the B sublattice of magnetite. In this 
article, we discuss the results of a mean-field solution of the 
three-band model. We find that both (a) the order-disorder 
transition and (b) the metal-insulator transition can be de- 
scribed within the three-band model. 

il. THE MODEL HAMILTONIAN 

The crystal structure of magnetite consists of three sub- 
lattices, viz., the oxygen sublattice and the Fe(A) and the 
Fe(B) sublattices. The magnetic moments within each Fe 
sublattice are aligned in the same direction, while the two 
sublattices are aligned antiferromagnetically. Since there are 
twice as many atoms on the B sublattice as on A, there is a 
net magnetic moment with a magnitude of 4.1 pB per Fe,04 
formula unit. 

in our earlier work,’ we have calculated the density- 
functional spin-polarized electronic structure of magnetite, 
which is schematically shown in Fig. 1. As seen from the 
figure, the majority-spin bands are semiconducting, while the 
minority-spin bands are metallic, a picture also obtained by 
Yanase and Siratori from independent calculations.8 The 
presence of only the minority-spin electrons at the Fermi 
energy is consistent with the spin-polarized photoemission 
experiments of Alvarado et aL9 

The tag orbitals of the Fe(B) atoms form the electron 
bands at the Fermi energy Ef with the t,, bands occupied by 
half an electron per Fe(B) atom. The electron count is such 
that the presence of these “extra” electrons makes the va- 
lency of half the B site atoms Fe+2 and the other half B site 
atoms have the valency of Fe+3. The picture that emerges 
then is that the “extra” electrons move on the background of 
Fet3 atoms on the B sublattice in agreement with the tradi- 
tional view of charge transport in magnetite.4 

The electronic structure provides justification for the 
conventional picture of conduction via Fe(B) electrons mov- 
ing on the B sublattice. However, unlike the one-band pic- 

6700 J. Appl. Phys. 70 (lo), 15 November 1994 0021 -a979/94/76(10)/6700/3/$6.00 0 1994 American Institute of Physics 

Downloaded 04 Jan 2011 to 128.206.162.204. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions



Density of states 

FIG. 1. Schematic picture of the electronic structure in magnetite as ob- 
tained from the density-functional band calculation (Ref. 7). The minority 
spin tsg electrons on the Fe(B) sublattice play the key role in charge trans- 
port. 

ture of Cullen and Callen, we now have the three t2g bands 
ixy, yz, and zx), which leads to a three-band electron model 
on the B sublattice 

3 3 

“=g) 2 tp,vai+,~jv+lZ C  uip,jvnipnjv. (1) 
I 

f-&u=1 ii p,~=l 

Here LZ,“,(LZ+) are the creation (annihilation) operators of the 
electron on the B sublattice with i, p being the site and 
orbital indices (xy,yz,rx), respectively, nip is the corre- 
sponding number operator, and (i j) denotes summation over 
nearest neighbors (NN). The Hamiltonian (1) consists of a 
tight-binding NN hopping term (the band-structure term) 
plus the Coulomb interaction term. 

The values of the electronic parameters in the Hamil- 
tonian (l), calculated from “constrained” density-functional 
methods,7 have the following values for magnetite: (a) the 
hopping integrals tddo= -0.41 eV, t,,,=0.05 eV, and 
t,,,=0.12 eV, resulting in an average e-0.13 eV and a 
bandwidth of W=1.55 eV and (b) the Coulomb parameters 
Ue=4.1+0.5 eV, U,=O.3-0.4 eV, and l&=0.05-0.1 eV. 
Here the on-site Coulomb repulsion is denoted by iJo and the 
first and the second NN Coulomb terms are denoted by U, 
and U.,, respectively. Since U, is much larger than U1 and 
tpLP, double site occupancy is prevented in view of the fact 
that there are half as many electrons as the B sites. Although 
a small value of U, is necessary to stabilize” the experimen- 
tally observed “Mizoguchi structure” at low temperatures,r’ 
a structure where the unit cell is doubled, U?. is an unimpor- 
tant parameter for our purpose here. In our study below, we 
choose the values of Uo=4 eV and U,=O, leaving thereby 
the only relevant parameter U,IW in the Hamiltonian. 

Ill. MEAN-FIELD SOLUTION 

We study the Verwey transition by solving the Hamil- 
tonian (1) in the mean-field approximation. We retain the 

Ul(eV) 

FIG. 2. Ground-state energy as a function of U, _ The dashed curves corre- 
spond to energies in the limit of zero hopping (no kinetic energy term) for 
various configurations. The configurations are characterized by the mean 
occupation of the xy,yz,zx orbitals on the four Fe(B) atoms, viz., (1) 
{l/2,0,0; llW,o; l/2,0,0; l&0,0), (2) (1,&o; U&o; 6*0}, (3) {l,l,o; 9*0), 
and (4) (12* l/6). The Coulomb energy of the four configurations are (1) 
E=3U,,(2) E=2Ul,(3)E=Uo, and(4) E=U,/3+3U,. Even though 
the’Coulomb energy of configuration (1) is relatively high, the large kinetic 
energy gain for this configuration makes it the ground state for lower values 
of Ur. Configuration (2) wins beyond the transition point of U,-0.38 eV 
,because of its lower Coulomb energy. 

periodicity of the spine1 structure, which means the electrons 
can occupy any of the twelve orbitals [four Fe(B) atoms X 
three orbitals/atom] in the unit cell. In the standard mean- 
field approximation, we have 

nipnjp-(nill>njv+nf~L(njY>-(niP)(njY). (2) 
Incorporating the first two terms in the band-structure part of 
Eq. (l), the total energy may then be written as a sum over 
the occupied one-electron eigenvalues ei minus the Coulomb 
energy 

E= 5 &i-E&do& * (3) 
i 

The mean electron occupations (flip) are calculated from the 
eigenfunctions of the Hamiltonian (l), which in turn depends 
on (nip>. These are then determined self-consistently. The 
procedure is thus to diagonalize the 12X 12 Hamiltonian ma- 
trix for each k point in the Brillouin zone and find the (ni,) 
from the eigenvectors of the occupied states. We then go 
back and find the eigenvalues and eigenvectors taking these 
new values of (nip) in the Hamiltonian. The process is re- 
peated until (ni,) values have converged, which then corre- 
sponds to the minimum energy configuration. We performed 
the eigenvalue summation in the expression (3) with 216 k 
points in the full Brillouin zone. 

The calculated ground-state energy is shown in Fig. 2 as 
a function of the parameter U1. The dashed curves refer to 
the energies of selected configurations without the band- 
structure term, i.e., in the limit of zero bandwidth. Without 
the band-structure term, the ordered phase, denoted by con- 
figuration (2) in Fig. 2, has the lowest energy for all values of 
U,=G~ eV. This phase has the electron configuration where 
two of the four sites in the unit cell have an electron each and 
the other two sites are empty. However, with the inclusion of 
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FIG. 3. The calculated Cullen-Callen order parameter ml as a function of 
the nearest-neighbor Coulomb energy Ur . FIG. 4. Band gap as a function of the nearest-neighbor Coulomb energy U, . 

A metal-insulator transition is seen at the value of Ut=O.38 eV. 

the band-structure term, the disordered phase, viz., configu- 
ration (l), with half an electron on each site, has the lowest 
energy for the smaller values of 7Jr. For higher values of Ur, 
the Coulomb energy of configuration (1) becomes progres- 
sively larger and the ordered phase, configuration (2), wins 
over thereby resulting in a structural phase transition as in- 
dicated in the figure. Thus the transition is a result of the 
competition between the kinetic energy (band-structure en- 
ergy) and the Coulomb energy. 

The ordered phase is similar to the Verwey order with 
electrons occupying alternate (100) planes in the cubic struc- 
ture. The so-called “Mizoguchi” structure,11 inferred to be 
the structure of magnetite at low temperatures, where the 
unit cell has doubled compared to the cubic cell, is not re- 
produced in our calculation because we have restricted our- 
selves to the cubic unit cell of the spine1 structure. To study 
the nature of the transition, we define the order parameters 
following earlier authors:5 

and 

Here ni=2t=I(~il.L). For perfect order m,=l, while for per- 
fect disorder ml=O. 

The calculated order parameter ml as a function of the 
Coulomb parameter U, is shown in Fig. 3, where we also 
reproduce the results of the one-band Cullen-Callen model. 
There is a rather sharp transition around the value of 
Ura0.38 eV in both the Cullen-Callen model and the 
present three-band model. The order parameters m2 and m3 
are zero everywhere except the transition region correspond- 
ing to “multiple order,“5 an issue we have not examined yet 
in any detail. 

We have also calculated the mean-field electronic eigen- 
values (band structure). The bands are metallic until the tran- 
sition point beyond which a band gap develops with the gap 
value increasing linearly with U1 as shown in Fig. 4. 

IV. CONCLUSION 

In conclusion, we have studied the three-band model for 
the Verwey transition in magnetite in the mean-field approxi- 
mation. The Verwey transition is described in terms of the 
order-disorder transition of the tz, “extra” electrons on the 
B sublattice. Whether these electrons are ordered or not de- 
pends on the relative strengths of the Coulomb energy and 
the kinetic energy, characterized by the Coulomb parameter 
U1 and bandwidth W, respectively. For lower values of the 
Coulomb parameter, a disordered state is favored, while a 
larger value results in an ordered state with the crossover 
taking place at the ratio U1/W=0.25. The ordered state in 
our calculation has a Verwey-like order, where alternate 
(001) planes on the B sublattice are occupied by the “extra” 
electrons. We have shown earlier” that given the degree of 
freedom (larger unit cell) the kinetic energy term destabilizes 
the Verwey order into the experimentally observed Mizogu- 
chi order. Finally, even though the Verwey transition occurs 
as temperature is changed, our present results pertain to zero 
temperature with the Verwey transition taking place as elec- 
tronic parameters are varied. We are currently studying the 
Verwey transition within a finite-temperature mean-field 
theory. Preliminary results indicate that our model can ex- 
plain the experimentally observed Verwey transition as a 
function of temperature.r2 

‘N. E Mott, Metal-Insnlutor Transitions (Taylor & Francis, London, 1964). 
‘E. J. W. Venvey, Z. Krist. 91, 65 (1935); E. .I. W. Venvey and P. W. 

Haayman, Physica 8,979 (1941); E. J. W. Venvey, P. W. Haayman, and F. 
C. Romeijn, J. Chem. Phys. 15, 181 (1947). 

3For an overview of the Vewey transition in magnetite, see Philos. Mag. 
42, 327 (1980). 

4P. W. Anderson, Phys. Rev. 102, 1008 (1956). 
5J. R. Cullen and E. R. Callen, Phys. Rev. B 7, 397 (1973). 
“Y. Yamada, Philos. Mag. B 42,377 (1980); B. K. Chakraverty, Solid State 

Commun. 15, 1271 (1974). 
7Z. Zhang and S. Satpathy, Phys. Rev. B 44, 13 319 (1991). 
‘A. Yanase and K. Siratori, J. Phys. Sot. Jpn. 53, 312 (1984). 
‘S. F. Alvarado, W. Eib, F. Meier, D. T. Pierce, K. Sattler, H. C. Siegmann, 

and J. P. Remeika, Phys. Rev. L&t. 34, 319 (1975). 
‘OS. K. Mishra and S. Satpathy, Phys. Rev. B 47, 5564 (1993). 
“M. Mizoguchi, J. Phys. Sot. Jpn. 44, 1512 (1978). 
“M. Samiullah et al. (to be published). 

6702 J. Appl. Phys., Vol. 76, No. IO, 15 November 1994 Mishra, Zhang, and Satpathy 

Downloaded 04 Jan 2011 to 128.206.162.204. Redistribution subject to AIP license or copyright; see http://jap.aip.org/about/rights_and_permissions


