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THE RESONANCE COUNTING FUNCTION FOR
SCHRODINGER OPERATORS WITH GENERIC POTENTIALS

T. CHRISTIANSEN AND P. D. HISLOP

ABSTRACT. We show that the resonance counting function for a Schrédinger
operator has maximal order of growth for generic sets of real-valued, or
complex-valued, L°°-compactly supported potentials.

1. INTRODUCTION

The purpose of this note is to show that for a generic set of compactly sup-
ported potentials, the resonance counting function for the associated Schrédinger
operator has maximal order of growth. We consider odd dimensions d > 1, and
any potential V' € ngmp(Rd). We define the set of scattering poles or resonances
of the Schrédinger operator Hy = —A + V on L?(R?) through the meromorphic
continuation of the resolvent. To make this precise, let xy be a smooth, compactly
supported function equal to one on the support of V. It is well-known that the
operator-valued function A\ — xy (Hy — A?)~!yy admits a meromorphic continua-
tion (denoted by the same symbol) from Im A > 0, taken as the physical half-plane,
to the entire complex plane. The poles of this continuation (including multiplici-
ties) are independent of the choice of yy satisfying these conditions. There are at
most a finite number of poles with Im A > 0 corresponding to the finitely-many
eigenvalues of Hy . The set of scattering poles of Hy is defined by

(1) Ry = {)\j cC: XV(HV — /\2)71)(\/
has a pole at A = \;, listed with multiplicity}.

This definition can be made for both real-valued and complex-valued potentials.
The resonance counting function Ny (r) for Hy on L?(R?), is defined as

(2) Ny(r) =#{X € Ry : | <r}.

The large r properties of Ny (r) have been extensively studied, and we refer
the reader to the review article of Zworski [I7]. The leading asymptotic behavior is
known in one dimension [3} [T2, 20], and for certain spherically symmetric potentials

for odd d > 3 [I8]. Moreover, the following upper bound on Ny (r) for compactly
supported potentials is well-known

(3) Nv(T‘) < vad(l + T‘d),
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see, for example, [ Bl [T4L T8, [19]. In addition, for nontrivial real-valued, compactly
supported potentials, it is known that an infinite number of resonances exist [6} [I0].
More recently, S4 Barreto [§] proved a lower bound of the form
Ny (r
(4) lim sup V—()
,

T—00

>0,

for nontrivial V'€ C2°(R%; R). The situation is different for complex-valued, L*
compactly supported potentials. There are nontrivial examples of such potentials
with no resonances for d > 3 [I].

The purpose of this note is to prove that the resonance counting function
Ny (r), defined in (@), has the maximal order of growth d for a generic family
of either real-, or complex-valued, compactly supported potentials. Following B.
Simon [TT], for a metric space X, we call a dense Gs set S C X Baire typical. Our
main result is the following theorem.

Theorem 1.1. Let d > 3 be odd, let K C R? be a compact set with nonempty
interior, and let ' =R or F = C. Then the set

M = {V € L%(K; F) : Tim sup 22V (7)

r—00 log T

is Baire typical in L=°(K; F).

The term generic is often used to designate a property that typically occurs
for a given family. If X is a complete metric space, a property is generic if it holds
for a family F of dense Gy sets in X. Such a family is closed under countable
intersections and has the property that if A € F, and X is perfect, then AN Bx
is uncountable for any open ball Bx C X. In this sense, our theorem says that
the resonance counting function for a generic family of real- or complex-valued,
L*> compactly supported potentials has the maximum order of growth given by
the dimension d > 1. Since there are nontrivial, complex-valued, L> compactly
supported potentials for which Ny (r) has zero order of growth [1], and since Ny(r)
for the Laplacian (zero real potential) has zero order of growth, our result is the
best possible. We remark that it would be interesting to find nontrivial potentials
Ve LE,(RE:R), d > 3, for which the order of growth of Ny (r) is strictly less

comp

than d.

2. PrROOF oF THEOREM [[1]

We shall denote the scattering matrix for Hy = —A +V by Sy (A). The
operator Sy ()\) acts on L2(S971) and if V is real-valued, then it is a unitary
operator for A € R. The S-matrix is given explicitly by

(5) Sy(A) =T +ca 7 2my(V = VRy NVl = T+ T,

where Ry (A\) = (Hy — A7 and (myf)(w) = [e % f(z)dz [I5]. Under the
assumption that V € Lg5,, (R%: F), the operator Ty : L*(S91) — L2(S5971) is
trace class. The S-matrix has a meromorphic continuation to the entire complex
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plane with finitely many poles in Im A > 0, corresponding to eigenvalues of Hy, and
resonances in Im A < 0. We recall that if Im Ay > 2||V|| L + 1, the multiplicities of
Ao, as a zero of det Sy (\), and —\g, as a pole of (Hy — A?)~1, coincide, cf. Section
3 of [16]. We will work with the function det Sy (A). For N, M, ¢ > 0,j > 2N +1,
let

AN, M,q,5) = {V € L=(K; F) : |[Vl|1= < N, log| det(Sy (V)] < MIA]
for ImA > 2N + 1 and |A| < j}.
We remark that det Sy (\) is holomorphic in this region.
Lemma 2.1. The set A(N,M,q,j) C L=(R?) is closed.

Proof. Let Vi, € A(N,M,q,j), such that Vi, — V in the L* norm. Then clearly
|[V]Le < N. We shall use (@) and the bound

(6) |det(I 4+ A) — det(I + B)| < ||A — B elAh+IBIh+1]

cf. [13]. We let || - || and || - ||]2 denote the trace and Hilbert-Schmidt norms,
respectively, on L2(S971). We wish to show that ||Sy, (A\)—Sy (A\)||1 — 0as k — oo.
Let x € C2°(R?) be a function that is equal to one on K. Using (), we have

[Sv,, (A) = Sv (M)l
< eal NP lmaxll2 (Vi = Ve + Ve Ry, Vi = VRV [ 2 p2) x5 2.

As in Lemma 3.3 of [], using the explicit Schwartz kernel of 7y, one can see that
if [A| < j there is a constant C; such that ||mxx|l2 < C; and |x7’,]2 < Cj.
We need only show that |Vy Ry, Vi, — VRy V| 212 — 0 as k — oo. But since
ImA > 2N + 1 > 2max(||Vk| =, ||V]L=) + 1, the operators Ry, (A\) and Ry ())
are holomorphic functions of A, with norms that are uniformly bounded in this
region. Since
Ry, (A) = Ry (A) = Ry, (M)(V = Vi) Rv (X),

|Rv,,(A\) — Ry(A)|| — 0 as k — oo. Thus |Vi Ry, Vi — VRy V|22 — 0 as
k — oo.

A similar argument shows that || — Sy, (A)||1 and ||[I — Sy (A)||1 are bounded
uniformly for ImA > 2N + 1, |A] < j. Using (@), then, we see that det Sy, (\) —
det Sy (\) and thus

log|det Sy (A\)] < M|AJ9if Im A > 2N + 1 and |A| < 4.
O

In the next step, we characterize those V € L (K; F) for which the order

comp
of growth of the resonance counting function is strictly less than the dimension d.

For N, M, q > 0, let

B(N,M,q)= (] A(N.M,q,j).
j>2N+1

Note that B(N, M, q) is closed by Lemma 11



4 T. CHRISTIANSEN AND P. D. HISLOP

Lemma 2.2. Let V € L*(K; F), with

log V:
lim sup Oglivﬁ
r—00 ogr

Then there exist N, M, | € N such that V € B(N,M,d — 1/1).

<d.

Proof. By |2, Lemma 4.2], there is a p < d such that

) log maxo<g<r log|det Sy (2||V || r= + 1 + re??)]
lim sup Togr =

In fact, the continuity of det Sy (\) in this region implies that this bound is true
for 0 < 0 < 7. It follows that there is a p’ > p, p’ < d, and an M € N such that

log | det Sy (\)| < M[AJP'

when Im A > 2||V]|e + 1. Choose I € N so that p’ < d—1/l and N € N so that
N > ||V||loo, and then V € B(N, M,d — 1/1) as desired. d

Lemma 2.3. The set
log N
M={VelLX (K;F): lim sup log Ny (r)

comp rooo logr

s a G set.

Proof. By Lemma B2 the complement of M is contained in

U BW.Md-1/1),
(N,M,l)eN3

which is an F,, set since it is a countable union of closed sets. By [2, Lemma 4.2],
if V.e M, then V & B(N,M,d — 1/1) for any N, M, | € N. Thus M is the
complement of an F, set. O

We can now prove our theorem.

Proof of Theorem [l Since Lemma shows that M is a G5 set, we need only
show that M is dense in L>°(K; F'). To do this, we use a slight modification of
the proof of [2, Corollary 1.3]. We give the proof here for the convenience of the
reader. Let Vy € L>°(K; F) and let ¢ > 0. By [I8, Theorem 2], we may choose a
spherically symmetric V; € L°(K;R) so that V3 € M and ||[Vi]|r~ < €/2. We
now consider the function V(z) = V(z,2) = zVi(z) + (1 — 2)Vy(z). This potential
satisfies the conditions of [2, Theorem 1.1], and V' (0) = V. Thus, by [2, Theorem
1.1], for some pluripolar set E C C, we have

i log Ny(z)(r)
im sup ——2-~ =

)
r—00 logr

for z € C\ E. In particular, since £ | R C R has Lebesgue measure 0 (e.g. [, Sec-
tion 12.2]), we may choose a point zp € R, zo € E, with |zo| < €/2(1 4 ||Vo| L=)-

Then V(z9) € M and ||V (z9) — Vo||L~ < €. Note that if Vj is real-valued (respec-
tively, complex-valued) then so is V(zp). O
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