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ABSTRACT

The discussion of spatial data and failure time data is developing very fast in
recent years. Bayesian hierarchical linear mixed modeling is widely used in the anal-
ysis. This dissertation discusses the methodologies of applying Bayesian hierarchical
models to different data with geographical characteristics or with right-censored fail-
ure time. A conditional autoregressive (CAR) prior is used for the model to capture
spatial effects. Markov chain Monte Carlo (MCMC) methods are used in the sam-
pling. The Ancillary-Sufficient Interweaving Strategy (ASIS) is applied to improve
the performance for some parameters. The convergence of some of the parameters
improved greatly, but the others do not have very significant improvement. However,
the overall performance has improved greatly since it needs much fewer iterations
than using regular Gibbs sampling to achieve convergence. For the survival analy-
sis, we propose a generalized linear mixed model with different effects for the hazard
rates, and adopte a cure rate model in Chen et al. (1999) for the hazards. A ratio-
of-uniforms method is used to get the posterior density of some parameters that can
not be simply sampled by common methods. Both the Weibull model and cure rate
models are compared. Moreover, for the same data set, competing risks model is con-
sidered by incorporating spatial effect to a latent competing risk model from Gelfand
et al. (2000). The sampling method mentioned in Berger & Sun (1993) is adapted for
efficiency. Finally, spatial confounding occurs when incorporating spatial effects in a
regression model. Several estimators of the coefficients are compared for their Mean

Squared Errors. The corresponding prediction errors are also discussed.



Chapter 1

Introduction

The discussion of spatial data and failure time data, or survival data, has developed
very fast in recent years. Statistical analysis is commonly used for survival data, and
most survival data include geographical components and demographic characteristics
such as age, gender, and race, etc.

The development of Markov chain Monte Carlo (MCMC) methods such as Gibbs
sampling has enabled Bayesian analysis to combine these two types of data and
present more meaningful understanding. Because Bayesian statistics can effectively
use researchers’ prior information, it is able to provide more flexible analysis than
obtained by frequentist methods.

This dissertation focuses on the methodology of applying the Bayesian hierarchical
linear mixed models on different data with geographical characteristics or with right-
censored failure time. MCMC methods are used for different applications with various
models including the linear mixed model, Weibull and the cure rate models, and
the competing risks model. Some advanced sampling methods are implemented to

improve sampling efficiency.



In this chapter, Section 1.1 reviews the models used for spatial and survival anal-
ysis. Section 1.2 discusses some sampling techniques and the programming packages.

Finally, Section 1.3 gives the overview of the chapters in this dissertation.

1.1 Spatial and Survival Analysis Models

1.1.1 Spatial Statistics

Spatial statistics arises when researchers in diverse areas need to do statistical infer-
ence and prediction from geographically referenced data. There are three basic types
of spatial data sets: point-referenced data, areal data and point pattern data. Cressie
(1993) provided a comprehensive guide for spatial statistical methods up to about
20 years ago. Since MCMC methods made full Bayesian analysis of complex models
available, Banerjee, Carlin & Gelfand (2003) presented a practical treatment of hier-
archical modeling and data analysis for complex spatial data sets. Cressie & Wikle
(2011) presented spatio-temporal processes, which bridge classic ideas with modern
hierarchical statistical modeling concepts and the latest computational methods.
This dissertation considers areal data structures. For the hierarchical models, a
conditional autoregressive (CAR) prior originally developed by Besag (1974) is used
to incorporate geographical information. It is computationally convenient for Gibbs

sampling in Bayesian model fitting, according to Banerjee, Carlin & Gelfand (2003).

1.1.2 Survival Models

Survival data have been discussed by many researchers using different models. Since

Kalbfleisch (1978) gave a Bayesian analysis of the semi-parametric regression and life



model of Cox (1972) and modeled the cumulative hazard function as a gamma process,
Bayesian models have been widely developed. Arjas & Gasbarra (1994) considered
simple right censored survival data with a common unknown hazard rate, which is
modeled nonparametrically as a jump process. Aslanidou et al. (1998) extended the
application by analyzing multivariate survival data from a Bayesian perspective using
Markov-chain Monte Carlo methods.

Weibull model is one of the most common models used in survival analysis. It is a
special case of the proportional hazard rate model (Cox (1972)). Many other models
are derived from it. Chapter 4 compares the Weibull model and the cure rate model
extended from Chen et al. (1999), incorporating a hierarchical mixed model.

The theory of competing risks models were introduced by David & Moeschberger
(1978). Since then, many investigations have been carried out for competing risk
models. The problem arises when there are several potential causes for failure, but
there is insufficient information to tell the decisive cause. Chapter 5 discusses a latent
competing risk approach adopted from Gelfand et al. (2000) to deal with survival data

with geographical characteristics.

1.2 Computation

1.2.1 A General Ancillarity Sufficiency Interweaving Scheme
(ASIS)

The Ancillarity Sufficiency Interweaving Scheme (ASIS) was introduced by Yu &
Meng (2011). It is an interesting method using two types of data augmentation to

sample from a posterior distribution p(0 | Yyps) o< p(Yops | @)p(0), where p(Yops | )

is the likelihood and p(@) is the prior for @ = (6q,---,6;). If there is a latent



variable/parameter or missing datum, Y,,;s, such that (Y,,s | 0, Ys) is independent
of 6, the sampling from (0, Y,,;) is called a Sufficient Augmentation (SA); on the
other hand, if there is another missing datum Y,,;s so that (?mis | ) does not depend
on O, then the sampling from (6,Y,,;) is called Ancillary Augmentation (AA). The
ASIS combines both SA and AA in one Gibbs cycle with a one to one mapping, and
does the Gibbs sampling on the basis of conditional densities of both augmentations.

The main steps for the component-wise interweaving strategy is illustrated below.

e Suppose we have the updated ) = (9?), e Gy)).

e Forj=1,...,J let Yg; and Y,; be conditional SA and conditional AA schemes
for ;. Assume one-to-one transformations Y4, = My;(Y,s;6;) and Yg; =
MSJ‘ (sz’s§ ej)-

e Draw Y, | 9]@ and iterate the pair of steps:

e Step (j + 1)4. Compute Yy; with the current € and Y,,;,; draw

9(t+05 (9 | 9(t+1 (t).YA ),

>gv

update Y,,,;s from the new @ and Yy; by the inverse transform.
e Step (j + 1)s. Compute Yg; with the updated Y,,;s and 8 from Step (j + 1)a,

draw

9§t+1 P9, |9(t+1 9.y

>j7 )7

update Y,,;s from the new 8 and Ys; by the inverse transform.

1.2.2 BLAS/LAPACK

Intel® Math Kernel Library threaded BLAS and LAPACK routines are used for

matrix computation including matrix inversion and factorization in the projects. The



code is programed with Intel® Fortran Compiler Professional Edition.

To improve the efficiency of matrix computation, there are two ways by us-
ing BLAS/LAPACK libraries. The first one is by using Sparse BLAS Routines
to take advantage of the sparse matrices. Matrix inversion can be performed by
the PARDISOx (Parallel Direct Sparse Solver Interface, Schenk & Gértner (2004))
package. However, PARDISOx is not an efficient way from the performance and
scalability points of view although the sparse storage format might be efficient. We
found that using the packed storage format for symmetric matrices and utilize the
routines in both BLAS and LAPACK libraries is preferable. The storage might be
less efficient, but more threaded routines as inversion and factorization can be used
to improve program efficiency.

According to Intel® (2009), the ICOF sampling method for Gaussian and multi-
variate Gaussian random generating works best with the generator MCG59 (Intel®)
(2008)).

The program is run on an Intel® Xeon® X5560 2.80GHz 16-processor with 16G
memory. The performance might be affected since the server is shared with other

users.

1.3 Overview

The following chapters are organized as below. Chapter 2 applies the Ancillarity-
Sufficiency Interweaving Strategy (ASIS in Yu & Meng (2011)) algorithm to improve
the convergence of two variance parameters in He & Sun (2000). The performance
of the ASIS algorithm is compared with regular Gibbs sampling by the potential
scale reduction factor, trace plots and posterior estimates. Chapter 3 proposes a

hierarchical logistic linear mixed model to estimate spatial effects and Quality of Life



levels for breast cancer survivors in Missouri. The Discrete Hazard Rate is adapted to
simplify the sampling distribution. Chapter 4 compares a special case of the classic
Cox model with Weibull hazard and the cure rate model originally developed by
Chen et al. (1999). In both models, we proposed a generalized linear mixed model
with different effects to the hazard rates. Chapter 5 discusses the spatial effect and
latent competing risks of right-censored survival data. The spatial effect is included
in the latent competing risk model, and the sampling method mentioned in Berger
& Sun (1993) is adapted. In Chapter 6, the spatial confounding between coefficient

covariates and the spatial covariates in a linear mixed model is discussed.



Chapter 2

ASIS Application in Estimating
Hunting Success Rates

2.1 Introduction

Since Gelfand & Smith (1990), the Markov chain Monte Carlo (MCMC) method has
been a powerful tool in Bayesian computation. However, the MCMC algorithm often
converges slowly. Yu & Meng (2011) proposed an ancillarity-sufficiency interweaving
strategy (ASIS) which significantly boosts MCMC efficiency. In linear mixed model or
hierarchical generalized linear mixed model, some parameters often converge slowly.
Here we apply this strategy to the MCMC steps of He & Sun (2000), and the con-
vergence comparison between before and after using this strategy suggests that this
is quite efficient for some parameters, but less obvious for other parameters.

In Section 2.2, we briefly describe the data, model and the MCMC steps used in
He & Sun (2000). We apply the ASIS strategy in Section 2.3 on two parameters in the
model and give the detailed steps. We evaluate the performance of these parameters

from different perspectives and compare the results in Section 2.4. In Section 2.5, we



discuss the advantages of this strategy, and suggest possible improvement.

2.2 A Bayesian Hierarchical Model

He & Sun (2000) used a Bayesian hierarchical generalized linear model to estimate
the Missouri spring turkey hunting success rates at the subarea level for postseason
harvest surveys. Since each hunter can kill at most one turkey each week, they
assumed that the number of killed turkeys y;; in county 7 during week j has a binomial
distribution with parameters n;; and p;;, where n;; and p;; are the total number of
trips in the sample and the success rate per trip to county ¢ during week 7, respectively.
They modeled the hunting rate by a logistic linear mixed model containing a residual
effect,

Pij
L —py

in which o represents the effect of the jth week, Z; the effect of the ith county, and
e;; the residual effects with N (0, dy).

Further stages of the model include priors on (¢, Z;, e;;) and hyper priors on the
parameters of the Z; and e;;.

Distribution of Z;. Define C = (C};) to be the I x I symmetric adjacency matrix,
Cly = 1 if counties k and [ share a common boundary; C}; = 0 otherwise, including
Crr = 0. Assume Z = (Z,...,Z;) follow the simultaneous CAR prior of Clayton &
Kaldor (1987),

(Z | 01,p) ~ Ni(0,8,(I —pC)7), (2.2)

where ; and p are the variation parameter and correlation parameter among neigh-

8



borhoods.

Let A\; and A; be the minimum and maximum eigenvalues of the matrix C| respec-
tively. If \[* < p < A\;', B =1 — pC is positive definite. For the Missouri data, \;
and A\; are —2.8931 and 5.6938, respectively. So p is in the range (—0.3457,0.1756).

Assume that

inde .
(a) a; "~ N(uj, 1), 5 =1,2.
(b) I v IG (ag, by,) with density 7(8) oc 6~ (@+D exp(—by/d), k = 0, 1.

(c) p~Uniform(A\;' A7,

He & Sun (2000) used the following hyper-parameters:
(1,71, o, T2) = (—2.2,1.5, =2.67,1.5), (ag,bo) = (a1,b1) = (2.15,0.09).  (2.3)
We define v;; = logit(p;;) = log{pi;/(1 — pi;)}, and write
p= (PP P12, 0r2) s Y = (i1, -y, iz, - Yn2)

Fact 1. The full conditional distributions are as follows.

(i) [vij | @, Z, 60,61, ;Y ] s exXp {Uijyij — njj log(1 +€") — L gg@ 2 }

7 indep. 75 2 (i —Zi)+bop; oy
(ii) (a5 | p, 2,81, p; ¥) "0 N (DBl )i ),
-1 —1
(iii) [Z | Py, b0, 01, Y] ~ N(%(%I—i— %B) , (%I+ %B) ) where ¢ =
(Cl, Cey C[)T and C; = Z?Zl(vij — Oéj).

(ZU) (50 | p7a7Z7517p7 ) ~ [G(CL(] —|— b(] + = ZZ 12] 1(UZ_] L ZZ)Q)

(U) (51 |p7a7Z7507p7 )N[G(a1+ bl"‘ 1ZTBZ)



(vi) [p | p,e, Z,60,61;Y] o< [T — pC|'? exp{ — 52" (I — pC)Z}, for p €
ATLATY.

From He & Sun (2000), the conditional density functions of v;; and p in (i) and
(vi) are log concave. So the adaptive rejection algorithm in Gilks & Wild (1992) can

be used.

2.3 ASIS Steps

The convergence of the parameters dy and ¢§; is relatively slow. Here we give the

Gibbs sampling steps and the conditional posterior densities for the ASIS algorithm.

2.3.1 ASIS Steps for J; and ¢,

In our model, we are interested in improving dy and 4, so we use the ASIS algorithm
on the basis of the standard Gibbs sampling steps in Fact 1 and insert the Ancillarity

Augmentation sampling steps before Steps (iv) and (v).

ASIS Algorithm. Before the cycle (¢ + 1), we have (vi(;), a® zZ®, 5(()t), 59, p).
Step 1: Draw independent UE;H) | (ag.t), ZZ.(t), 5((]t), 59, P Y).

Step 2: Draw a1 given (p*+1), Z(t),dét),5§t),p(t); Y) as Step (ii) in Fact 1.

Step 3: Draw ZtD given (pt*), o) 0 6 p®. ) as Step (iii) in Fact 1.

Step 4A: Define §;; = oz(-t+1)+Z-(t+1), and transform UZ-(;H) ton;; = (v§;+1)—5ij)/\/5ét).

J K3

10



Let n = (M1, 01, T2, -+, r2)'. Draw 58”0'5) from the density

(2.4)

1 eyij(ﬁij'i‘\/%ﬁij)
~ (t+1) (t-l-l) - —60/50
[50 ‘ n,« Z ] X 5304-16 { ];[ (1 + 651’;‘—1—\/%77“)"” }

Step 45: Transform 7;; back to o = Bi;+1/05 "% ;. Given (ptHD), ot Z (D),
draw 8§ from IG (ag+ 31J,b + 1 300 S0 (355 — By)?).

Step 5A: Transform ZZ-(Hl) to (; = ZZ-(Hl)/ 59. Let ¢ = (Ci,...,¢;). Draw 5§t+0'5)

from the conditional density

IJ
= 1 _ 1
[01 | a(t+1)’C,5((]t+1)] x IE=) e b1/01 exp{ ~ 3 ZZ (v — Z a;)? }, (2.5)
1

=1 j=1

where the superscriptions are omitted for simplicity.

Step 5S: Transform f, to Z; = 5§t+0'5) E,-, draw 5§t+1) from ]G(al—l—%, bl—l—%ZTBZ),
where Z = (Zy,..., Z;)".

Step 6: Draw pt* | (817D Z(t+1) as Step (vi) in Fact 1.

If we treat (ag,by) = (—1,0), and (ay,b1) = (—1,0) for the prior distributions of

do and dy, the conditional densities in (2.4) and (2.5) are reduced to

eyij(ﬁij-i-\/%ﬁij)

poldo | ) o , (1 + eﬁij+x/%ﬁn)"“’ (2:6)
1 L

p1(d | +) o exp{ 722 Vij — Z — aj)z}. (2.7)

7 1

17

Proposition 1. For k = 0,1, let vz = /0r and denote prp(yx | -) the conditional

density of vy derived from py(0y | -). Then pr(vx | -) is log concave.



Proof. When k = 0, let h(vy) be the logarithm of po(7yo | -),
h(v) = Co+log(yo) + > [yz'j(ﬁz‘j +Y077i3) — nij log(1 + eP5 0%y | (2.8)
2%
where Cj is a constant. It is easy to verify

Bl] +'YOﬁij

2
9 ) = ———Z iy (2.9

af}/o 1 _|_ eﬁzy +707713 )2

It is negative since n;; > 0. The result holds.

If £ =1, let h(7y;) be the logarithm of py(v; | -),

1 .
h(m) = Cy +log(n) — %0, (vij — G — ), (2.10)
Z’j
where (] is a constant. Clearly,
0° 1 T
——h = -2 ¢<o. 2.11
7" = R S @1y
The result holds. O

Proposition 1 shows that both the densities of transformed random variables v, =
Vo and ; = 1/0; are log concave. Therefore, if we treat (ag, by) = (a1, b1) = (—1,0)
n (2.4) and (2.5), we can use the adaptive rejection algorithm in Gilks & Wild (1992)
for log concave functions, and sample vy and v, first, then transform them back to d

and 0.

A Rejection Method for Sampling (v, 71)

Firstly, we make a constraint of (ag, by) = (a1,b1) = (—1,0) in (2.4) and (2.5). Then,

we consider the general case of (ag, by, a1,b1) and draw &y and 07 in Steps 44 and 5A
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in Section 2.3.1 by using the rejection method.

From Step 4A, the unnormalized conditional density function of g is

F(00 | €,0,2) =po(do | ) - Ig(So | a0, bo) < po(do | -) - Mo, (2.12)

where po(dp | -) is defined in (2.6), Ig(do | ao,bo) is the inverse-gamma density of dy
with shape parameter ag and rate parameter by, and M is its maximum. It is well

known that the mode of Ig(do | ag,bo) is bo/(ag + 1), so

by’ (ao + 1>a()+16—(a0+1) ! (ao + 1>ao+l.

F(ao) bo - F(&Q)bo e (213)

We first sample Jy from the density po(dg | -), then use the rejection method to get

the sample from f(dy | £.0,.Z ). The sampling steps are as follows:

Step 4A1: Draw d§ from po(do | -) by Gilks & Wild (1992) Adaptive Rejection Algo-

rithm.

Step 4A2: Draw u from U(0, 1), if

f((s(a]k | év 07 Z) o ( bo )a0+1e—b0/58+a0+1
Mo po(d5 | -) (ag + 1)d; 7

take 5(()t+0'5) = 05. otherwise, continue with Step 4A1.

Similarly, d; can be sampled from Steps 5A.

2.4 Computation and Result

The potential scale reduction factor R (Gelman et al. (2003)) is calculated for both

algorithms to evaluate convergence.
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For a single chain test, it takes about 2.5 CPU minutes to sample 150,000 samples
with 10,000 burn-in cycles by regular Gibbs sampling.

We apply the ASIS algorithm on both parameters dp and §;. With 50,000 iter-
ations and 1,000 burn-in cycles, the estimates are almost the same as the regular
Gibbs sampling as listed in Table 2.2.

A pilot study ran three chains with different iterations and burn-in cycles for each
chain. Three parameters dy, 0; and p were evaluated. As R tends to 1, convergence
was achieved. The potential scale reduction factor is listed in Table 2.1.

Note that dp converges very fast with ASIS algorithm. In fact, with as few as
150 iterations after 20 burn-in cycles, R reaches 1.00. Nevertheless, §; does not have
such good performance. With shorter burn-in cycles, the regular algorithm performs
better for ;. However, with longer burn-in cycles, the overall performance of the
ASIS algorithm gets better. The convergence of other parameters (e.g., p) is affected
a little by 0y and 9;.

We compare the trace plots based on the two sampling schemes. Figures 2.1 (a)
and (c) the 2000 iterations of dg after 100 burn-in cycles with and without ASIS. It
is obvious that the ASIS method is much better than regular Gibbs sampling. From
Figures 2.1 (b) and (c), we see that in order to get the equivalent performance, regular
Gibbs sampling would take about 5 times as many iterations. On the other hand,
01 does not show much improvement by using ASIS algorithm. The trace plots of
4000 iterations of §; after 500 Gibbs cycles are shown in Figure 2.2. There is no clear
winner for this parameter.

The posterior densities of §y and d; are plotted in Figure 2.3. Clearly, the posterior
densities of §; with and without ASIS are almost identical, while those of §; are
slightly different. The result from ASIS is more concentrated towards its mean and

has a slightly thinner tail. The posterior densities from the two algorithms will be
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eventually the same if we run many more iterations, since they theoretically come
from the same posterior density.

We have run both algorithms with different iterations and burn-in cycles. To see
the effects of the sampling schemes on Bayesian estimates of §; and d;, we compare
Bayesian estimates and their standard deviations, together with the running times
in Table 2.2. For dy, the ASIS algorithm takes about 10,000 iterations to get a
consistent estimate, while the regular algorithm takes many more cycles to reach the
same accuracy. As for d;, neither of the algorithms has better performance based on
10,000, 30,000 or 50,000 iterations after 1,000 burn-in cycles. The ASIS algorithm
does takes more time to finish the same cycles as the regular algorithm, but since it

converges faster, it can undoubtably compensate for this deficiency.

2.5 Discussion

Apparently, the ASIS method has improved the convergence of the residual variance
0o greatly, but for the spatial variance d;, we do not see significant improvement.
One reason is that dy is the variance for independent parameters v;;, while d; arises
from the dependent parameters Z;. During the sampling steps, dp would have been
affected less by the previous sampled v;;’s than 6; by Z;’s, ¢« = 1,...,114. However,
the overall performance has been improved by using the ASIS algorithm.

This is a simple example of applying the ASIS algorithm to regular Gibbs sam-
pling. A difficult step of sampling is using ancillarity augmentation. Usually, the
working parameter to insert between the sufficient augmentation steps does not have
a regular density. If the density is log-concave, or related with a log-concave density,
as in our example, sampling is feasible. In this case, we improve the best convergence

with the least extra effort. In other cases however, the researcher might spend much
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time trying to find some effective sampling method to get the algorithm working. So
whether it worth the tough work has to be considered before one uses this method.

As we discussed in Section 2.4, some parameters related with independent parame-
ters might have better performance using the ASIS method than those with dependent
parameters. The efficiency might also be related with the particular dataset. More
research needs to done to make a more accurate conclusion.

In this chapter, the ASIS method is only applied to the variation parameters.
If more parameters are included, convergence might have some improvement, but
the sampling time might be longer. Moreover, for other parameters, the interweaving
steps become much harder because for Gibbs sampling, the parametrization will result
in more complicated densities that might not be able to be implemented. In this case,
we have to make some compromise to improve the best convergence with least extra
effort.

Finally, the sampling time can also be improved by introducing MPI techniques.
We do not have a proper facility to apply it, but there is no doubt it would spend less
time sampling parallel chains with this implementation. If this is the case, the over-
time that has been spent on sampling the non-regular conditional posterior densities

of the interweaving steps for all chains can be greatly induced and hence ignorable.
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Table 2.1: Comparisons of Potential Scale Reduction Factor R for Two Algorithms
in 3 Chains with Different Iterations and Burn-in Cycles

do 01 p | Iterations (Burn-in Cycles)
"N A 100 120|105 500 (20)
Witk Ass | ToT[ L0} T0z] %% 00)
e S
T T

Table 2.2: Comparison of Bayesian Estimates (standard deviations) and Running
Times of g and 6; with and without ASIS. All Iterations are with 1,000 burn-in
period, and time is recorded in minutes.

do o1 Iterations | Time

0.0220 (0.0079) | 0.0559 (0.0139) | 50,000 1.18

Without ASIS | 0.0220 (0.0080) | 0.0561 (0.0141) | 30,000 0.68
0.0229 (0.0085) | 0.0564 (0.0138) 10, 000 0.27

0.0221 (0.0079) | 0.0560 (0.0137) | 50,000 1.48

With ASIS 0.0221 (0.0079) | 0.0559 (0.0136) | 30,000 0.91
0.0221 (0.0079) | 0.0562 (0.0138) 10, 000 0.32
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(a) 2000 Iterations of §, without ASIS
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(b) 10000 Iterations of &y without ASIS
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(c) 2000 Iterations of &, with ASIS
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Figure 2.1: Comparison of Sample Paths of §y from Gibbs Sampling with and without
ASIS for Different Gibbs Cycles after 100 Burn-in Cycles
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(a) o, without ASIS
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(b) 3, with ASIS
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Figure 2.2: Comparison of Sample Paths of §; from Gibbs Sampling with and without
ASIS based on 4000 Iterations after 500 Burn-in Cycles
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Figure 2.3: Comparison of Posterior Densities of §y and ¢; from Gibbs Sampling with

and without ASIS.
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Chapter 3

Hierarchical Bayes Models for QoL
in Survivors of Breast Cancer

3.1 Introduction

Breast cancer is the most common cancer among women in the United States. It is
also one of the leading causes of death among women. In the U.S. in 2008, 210, 203
women were diagnosed with breast cancer, and 40,589 died from the disease (USCS
Working Group (2012)). Yet deaths from breast cancer have decreased significantly
by 2.0% per year among women (Eheman et al. (2012)). Moreover, women with breast
cancer are the largest group of female survivors of cancer (Howlader et al. (2011)).
With declining breast cancer mortality rates and improved survival following breast
cancer, there is increasing focus on the health-related quality of life (QoL) of breast
cancer survivors. Rustgen & Begnum (2000) discussed the importance of the research
on the quality of life in breast cancer patients to the actual care of these women. In
addition to breast cancer survivors, quality of life of survivors of other cancers has

also been studied. There are numerous studies based on socioeconomic factors such
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as Penson et al. (2001), Montazeri et al. (2003), Singh et al. (2002a) and Singh et al.
(2002b). Specifically in breast cancer survivors, increasing emphasis has been placed
on identifying determinants of reduced Qol. among women with breast cancer. These
determinants include treatment (Dorval et al. (1998)), social deprivation (Pollock &
Vickers (1997)), age (Wenzel et al. (1999)), education and marital status (King et al.
(2000)), ethnicity (Ashing-Giwa et al. (1999)), family history (Vacek et al. (2003)),
race (Ashing-Giwa et al. (2007)), and psychological perspective (Kissane et al. (1998),
Ganz et al. (2003), and Ganz et al. (2005)), etc.

Neighborhood disadvantage affects many areas such as adult health behaviors,
breast cancer stage at diagnosis and survival, and QoL of the general population
independent of individual-level factors. Many studies among the general population
have shown that living in a deprived neighborhood adversely affects QoL (Schootman
et al. (2004)). Neighborhood factors such as personal socioeconomic characteristics
(Ross & Mirowsky (2001)), neighborhood residence and health (O’Campo (2003)), so-
cial characteristics (Sampson (2003)), ecological studies within groups (Roux (2003)),
clinical demographic, and socioeconomic factors (Djibuti & Shakarishvili (2003)), and
individual and neighborhood characteristics (Ross et al. (2004)) are all considered.
However, few studies have considered a geographic clustering effect on the quality of
life.

The aim of this chapter is to estimate the extent of geographic clustering effect
of different QoL levels based on a prospective, population-based study at the neigh-
borhood level among women with breast cancer as compared to community dwelling
women without breast cancer (Schootman et al. (2004)). To estimate neighborhood
effect, Ashing-Giwa et al. (2007) used a socio-ecologically and culturally contextual
theoretical model by conducting descriptive, bivariate, and multivariate regression

analysis. Singh et al. (2002a) and Singh et al. (2002b) used principal components
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analysis and join-point regression analysis to model and identify statistically signif-
icant changes in the mortality trends. Schootman & Sun (2004) investigated geo-
graphic variability in the increase in breast cancer incidence observed among large
areas and examined the variability among small areas in the incidence over time.

In this chapter, the discrete hazard rate is adapted to simplify the sampling distri-
bution. A hierarchical logistic linear mixed model based on the discrete hazard rate is
proposed to estimate both the neighborhood effect and the quality of life extent. Since
the geographic effect is concerned, a conditional autoregressive (CAR) prior (Besag
(1974), Cressie (1993)) is used to include geographical relationship among counties.
The ASIS algorithm is used to improve convergence. The hierarchical model has the
advantage of allowing information from all counties to be used for estimating success
rates within each county; in our case, it is used for estimating all QoL level partitions.

In Section 3.2, we describe the data used in the study and explain the motiva-
tion of using the proposed model. In Section 3.3, we propose a logistic linear mixed
model for the discrete hazard rate «;; with a fixed QoL level effect and a random
spatial effect. Prior distributions for the variance components and spatial correla-
tions are also specified. In Section 3.4, Bayesian computation via Gibbs sampling is
implemented with FORTRAN. In addition, the full conditional distributions of all
the parameters are discussed. Bayesian estimates for the parameters in the model are
reported, and their effects are interpreted. The comparison figures are plotted using
CRAN-R. Robustness is also discussed based on several different priors. In Section
3.5, we consider an interweaving scheme of conditional sufficient augmentation and
conditional ancillary augmentation for improving the convergence of some parameters
in the Gibbs Sampling. Section 3.6 discusses the limitation of the model and gives a

guideline for future work.
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3.2 Data Description

The data used in the study were obtained from interviews conducted with 1,150
women with breast cancer (denoted as the “cancer group”) and 1, 157 women without
any type of reportable cancer (denoted as the “control group”). Women in the cancer
group, identified from cases reported to the Missouri Cancer Registry (MCR) ! (now
the Missouri Cancer Registry and Research Center (MCR-ARC)), gave permission to
MCR to release their confidential information to researchers and signed an informed
consent form prior to being interviewed approximately one year following their di-
agnosis of breast cancer. A population-based control group of community-dwelling
women without breast cancer or other cancers was identified through random-digit
dialing and frequency matched by neighborhood (county of residence), age, and race
(in selected area). Their data will be compared to that of women with breast cancer
at the same time points. Women in both groups were 25 years of age or older and
residents of Missouri at the time of diagnosis (cancer group) and interview (both
groups).

The RAND 36-Item Health Survey 1.0 (a.k.a. SF-36) of Hayes et al. (1993), which
consists of eight subscales, were completed by both groups of female respondents
(Schootman et al. (2004)). We include this survey to compare QoL between the
women in the control and cancer groups, since this measure has been used in studies
of both healthy and patient populations. Reliability and validity of the subscales
have been established in studies of both general and patient populations in Stewart

et al. (1988), Wells et al. (1989), and Ware & Sherbourne (1992). General population

!The Missouri Cancer Registry (now the Missouri Cancer Registry and Research Center) is a
Gold- certified member of, the North American Association of Central Cancer Registries (NAACCR).
MCR-ARC is a collaborative partnership between the Missouri Department of Health and Senior
Services (DHSS) and the University of Missouri. Since 1995, MCR-ARC has received financial
support from the National Program of Cancer Registries (NPCR) of the Centers for Disease Control
and Prevention (CDC).
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norms for this instrument are available in Ware (2000).

Two composite scores, measuring physical component summary (PCS) and mental
component summary (MCS) were computed in Taft et al. (2001) from the eight
subscales, corresponding respectively to physical and mental health measurements
following a standard three-step procedure. In this chapter, we consider PCS only.
First, all eight subscale scores ranging from 0 to 100 are standardized using a linear
z-score transformation; second, z-scores are multiplied by the subscale factor score
coefficients and summed over all eight subscales; finally, t-scores are calculated by
multiplying the obtained PCS sums by 10 and adding 50 to the product, to yield
a mean of 50 and a standard deviation of 10 for the US norm population. The
PCS scores range from 0 to 100. We will analyze the scores as outcome measures
potentially associated with neighborhood effects. The SF-36 subscales are reliable
instruments for assessing QoL across race according to Ashing-Giwa et al. (2004).

Although the data had been complete at the time of the study, there were still
some counties where no women were interviewed (5 out of 115 for the control group
and 13 out of 115 for the cancer group.) Also, more than half of the counties have
very small sample sizes. (Both control and cancer groups have 65 counties out of 115
that have less than 5 observations.) To investigate the quality of life of these women,
we divide the scores into several QoL levels for both women in the control and cancer
groups and consider the group frequencies. These levels can be treated as one factor
for the PCS scores and are considered as the QoL level effect. In the chapter, we only
treat the QoL level effect and the spatial effect as covariates.

The relative frequency of the response scores are given in Figure 3.1. We divide
the scores into three levels in such a way that approximately the same number of
subjects (including both the control and cancer groups) are included in each level.

The frequencies of each level for each county and group are computed. People in
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Level 1 have the worst quality of life, considered as “Poor”; people in Level 3 have
better quality of life, and can be viewed as “Good”; and people in the middle level
can be treated as having “Adequate” quality of life. For each group, there are 115
counties, so there are 115 cells for each level, or 345 (115 x 3) cells for each case group.

However, there are still many empty cells using this strategy as shown in Table 3.1.

3.3 A Bayesian Hierarchical Model

3.3.1 Multinomial Distribution

Fori=1,...,]=115,and j =1,...,J = 3, let y;; be the frequency for the j"* QoL
level in the i** county, n; represents the total number of responses for the i county.

Naturally, (y;1, ¥i2, ¥:3) has a multinomial distribution,
3
(Y1, Yios viz)  ~  Multinomial(ng; pi1, pi2, Di3), Zpij =1, pi; >0. (3.1)
j=1

The joint probability mass function of (y;1, yi2, yi3) is

n;! Yil  Yi2  Yi3 | Pij
Di1 Dig Dig” = T4 . 3.2
yir! Yol yis! T T TP ' H Yij! (3.2)

L(yih Yi2, Yi3 \ pu,piz,pis)

3.3.2 Discrete Hazard Rate

For the multinomial distribution, There is one constraint, Z?:l pij = 1, so there are
only 2 “true” parameters for each i. Without information loss, one can consider the

discrete hazard rates o;;, which offers a one-to-one mapping to p;;. In particular, we
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define

Di Di
1 = Pit, Qup = 2 2 (3.3)

Cpiot+ps l—pa
Literally speaking, a;; is the proportion of people in Level 1 in the whole population,
and «ys is the proportion of Level 2 people in those who not in Level 1 (or who are in
Level 2 and 3). It is easy to show that 0 < «;; < 1. Clearly, p;; can be transformed

back from o,
Pil = 41, Pio = il —an), pis = (1— i)l — o). (3.4)

The joint probability mass function of (y;;, j = 1,...,J) then becomes

Yil Yi2+Yiz - Yi2 Yi3
——ai' (1 — ) ai? (1 —app)¥=. (3.5)
Yin! Yio! vis!

L(yilij,ym | ailaai2) =

From (3.3) to (3.5), it is clear that the likelihood function of p;; based on the multi-
nomial distribution is equivalent to the likelihood function of a;; based on an “inde-
pendent” binomial variable y;; | a;; ~ Bin(ni;, o;), j = 1,2, where n;y; = n; and

Nig = Ny — Yi1-

3.3.3 Generalized Linear Mixed Model

We use a hierarchical logistic linear mixed model for the problem. Since «;; is between
0 and 1, we can use logit function to construct the model with the spatial effect Z;,
the QoL level effect 0;, and a residual effect €;;. The residual effect includes some
other sources of variability not explained by the linear part and can include higher

order interaction as well as unknown sources of variability in «;;. We write the model
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as:

logit(c;) = log (%) =Zi+0;+e;,i=1,..., =115 j=1,2. (3.6)
(2]

Distribution of Z;. Assume Z = (Z, ..., Z) follow the simultaneous CAR prior
of (2.2).

For the Breast Cancer dataset, \; and A\; are —2.8932 and 5.6941, respectively.
So p is in the range (—0.3456,0.1756).

QoL Level Effect. There are three QoL levels described in Section 3.2. From (3.3),
it’s sufficient to consider only the first two levels, Level 1 and Level 2, while Level 3

can be evaluated by the other two. We assume
indep .
ej ~ N(Mjﬂ'j),] =1,2, (37)

where (p;, 7;) are fixed constants.

Residual Effect. We assume the residual effects have a normal distribution,

iid

€ij NN(0750)7 Z:1771157j:172 (38)

We also make the following distribution assumptions:
e Oy, follows IG(ay, by), with density 1g(dx | ax,by), for k = 0,1,
o p~ UL

Here (ay, by) are fixed constants.
We write o = (11,. .., 001,092, ...,a52), @ = (01,603)', and assume the condi-
tional independence. Given (0, Z, ), a is conditional independent of (dy, p); given

(01, p), Z is independent of (0, dy); and (0, dy, 41, p) are mutually independent.
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Note that the data of the control and cancer groups are fit with the same model
separately. We will report the estimates for each group and compare them.
The hyper-parameters are chosen to be the same for both control and cancer

groups

(Ml,Tl) = (Mg,TQ) = (O, 10), (ao,bo) = (al, bl) = (203,030) (39)

3.4 Bayesian Computation

3.4.1 Conditional Posterior Densities

Here we give the full conditional distributions in using Gibbs sampling (Geman &

Geman (1994)). We define v;; = logit(a;;) = log{a;/(1 — ayj)}, B =1 — pC,

! !
v = ('Ulla"' , Ur1, V12, ,1)12), and Y = (yll,---,yfl,ylz,---,yfz)-

The full conditional distributions are as follows.
Proposition 2.

(a) Given (0,Z,00,01,p;Y ), vi;’s are independent and the conditional density of v;;

18

0 v — 0; — Z;)*
o 1 ox exp {wguny — g log(1 -+ ) - LEZBZALY - 30)

(b) Given (v,0,Z,01,p;Y), the conditional posterior distribution of &y is

I(J—1) 1 <
IG<a0+T,bo+§Z (v — 0, —Zi)2). (3.11)



(¢) Given (v, Z,dy,61,p;Y ), the conditional posterior distribution of 0; is

N(Tj >_i(vij — Zi) + doptj oy )
[Tj+50 ’]Tj+50 .

(d) Given (v,0,0¢,01,p;Y ), the conditional posterior distribution of Z is
1/2 1 -1 2 1 -1
N{(—(=—I+—B —I+—B
(50<50 5 ) e <50 T35 ) )

where

J-1

C = (Cl, .. .,C])/ and C; = Z('Uij — 9])

=1

(e) Given (v,0,Z, 60, p;Y), the conditional posterior distribution of 01 is
I 1,
]G(al Yo +-Z BZ).
2 2
(f) Given (v,0,Z,dy,061;Y), the conditional posterior density of p is

1 o
1T — pC|V/? exp{ -~z (I—pC)Z}, for pe (AT ATY).
20,

3.4.2 Computation

(3.12)

(3.13)

(3.14)

(3.15)

From He & Sun (2000), we know that the conditional density functions of v;; and p in

(3.10) and (3.15) are log concave. So we can use the adaptive rejection algorithm in

Gilks & Wild (1992) to sample these v;;’s and p. We also adopted the more efficient

algorithm mentioned in He & Sun (2000) to sample §; and Z by eigenvalues.

The number of parameters for (v, 0, Z, dg, 61, p) is (J—1)x [+ (J—1)+1+3 = 350,
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I =115, J = 3. MCMC algorithms are coded in FORTRAN.
We generate 100,000 samples with 10,000 burn-in for the control and cancer
groups. It takes about 6 CPU minutes for each case to compute the 100,000 cy-

cles.

3.4.3 Estimation

Convergence. By checking the traces of the first 10,000 samples after the burn-in
period, the Markov chain of 5 and d; does not converge very fast as shown in Figures
3.2 and 3.3.

Since dg and 9, are two key parameters in the model, a Gelman-Rubin Convergence
Diagnosis (Gelman & Rubin (1992)) in Figure 3.4 is done for the last 50,000 iterations
of 100,000 iterations. It turns out that all the parameter medians converge to 1 and the
97.5% percentiles are all less than 1.05, which suggests that the parameters converge
after 100,000 iterations.

The Bayesian estimates of the parameters are listed in Table 3.2 for both control
and cancer groups.

Estimation of 8. As is suggested in Section 3.3.3, the two QoL level effects
01 and 6, correspond to Level 1 and Level 2 respectively, and Level 3 can be ex-
plained by these two. Figure 3.5 shows the QoL effect density plots. From the
estimates of the parameters, estimates for proportions of three QoL levels without
spatial effect can be obtained by using (3.4) and the inverse of the logit function,
Gy = logit_l(éj) = ¢l /(1+ eéﬂ'). For the control group, the proportion estimates are
(36.6%, 32.9%, 30.5%); and for the cancer group, they are (41.6%, 36.0%, 22.4%).
Clearly, for both groups, proportions decrease with the levels go up, indicating that

the grouping strategy is taking effect. The plot also suggests that proportion gaps
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between different levels are larger for the cancer group than for the control group.
It can be interpreted that women in the cancer group tend to have lower QoL levels
(Level 1 and Level 2).

Estimation of dp and 6;. The density plots for dy and §; are shown in Figure 3.6.
Recall that dq is the error variance and ¢, is the spatial variance, and they indicate
the variability of the error term € and the spatial effect Z. For dy, the estimates of
both groups are similar, while the variance for the cancer group is smaller than that
for the control group. The same pattern applies for ;. Both dy and ¢; have similar
estimates, which suggests that the model is satisfactory.

Estimation of p. By checking the 95% credible intervals, neither the p for the con-
trol group or for the cancer group is significant ( (—0.184, 0.168) for the control group,
and (—0.221,0.171) for the cancer group). Although the p for both groups tends to
be positive on the plot, it is not significantly strong to suggest spatial correlation at

the county level.

3.4.4 Comparison

For parameters Z;,«;; and p;;, we plot maps concerning their values for different
counties to see the patterns among different counties and to compare the effect for
the different groups.

Spatial Effect Comparison. For Z;, we plot two maps in Figure 3.8 for women in
both control and cancer groups. For the control group, Z; in most northern counties
and some southern counties are positive, which suggests that these counties tend
to have positive neighborhood effects on the response, or equivalently, they have
relatively larger proportions on QoL levels. More counties in central Missouri tend

to have negative effects, which means smaller proportions. This is similar with the
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cancer group, although about one fourth counties have Z;’s around 0, and the pattern
is more obvious that central counties tend to have negative spatial effects, while the
northern and southern boundary tend to have positive ones. That is to say, a city on
the northern boundary tends to have more people than a city in the middle for the
same QoL level (Level 1 and Level 2).

Between the two groups, the most populous counties such as St. Louis County,
Boone, Clay and Jackson, tend to have negative Z;’s for both groups. For some
other counties, such as Nodaway, Dallas, especially the counties in the southwestern
Missouri, the effects are opposite. Most counties have similar effects for both groups.

This distinction might be caused by other covariates like social, economical, or
populous factors, which are not included in the model. Nevertheless, we can still
conclude that the QoL of both groups have some relationship with their neighborhood.

QoL Response Comparison. Besides the spatial effects, we can also analyze the
QoL responses. As illustrated in Section 3.3.2, a;; and p;; can be transformed by
a one-to-one mapping. Therefore, it suffices by comparing p;;’s to understand the
patterns of the quality of life of both control and cancer groups. We compare the
Bayesian estimates of p;; with the frequency estimates on the Missouri map as shown
in Figure 3.9. In these plots, (a;) and (¢;), (b;) and (d;) in Figure 3.9 are frequency
and Bayesian estimates of p;;’s, i =1,...,I, j=1,...,J.

Obviously, through the combinations of the QoL levels and the counties, the empty
cells for both groups are shown in Table 3.1, as we can also see in (a;) and (c;) of Fig-
ure 3.9. These empty cells cause a lot of shrinkage on the maps. On the other hand,
the Bayesian estimates have covered all the counties including the empty cells. More-
over, by borrowing strength from neighboring counties, the Bayesian estimates have
the similar proportion patterns with the Frequency estimates so that we may have

comprehensive interpretations over the QoL level proportions over all the counties.
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Note that p;; indicates the proportion of QoL Level 1, p;» represents QoL Level
2, and p;3 represent QoL Level 3, which is a complement to the first two proportions.
The pattern is very clear and indicates different QoL levels.

For both control and cancer groups, there is an obvious pattern that the pro-
portions decrease as the levels go up. This indicates that more women have worse
quality of life in both groups. Level 2, in which people have “Adequate” quality of
life, however, shares one third of the population for both groups, although there tend
to be fewer people in the control group than in the cancer group. For Level 1, the
proportions of women in the cancer group are larger than those in the control group
in almost all the counties, while for Level 3, the opposite situation can be observed.
Therefore, we conclude that women in cancer group tend to have worse quality of life.

Particularly, there is little variability across counties in all the QoL levels for
women in the cancer group although there is variability among women in the control
group. In the central counties for the control group, there tend to be fewer people
on Level 1, and more people in Level 3. This pattern is similar to that estimated
from the spatial effect, which is also consistent with the spatial coefficient p, whose
variance for the control group is smaller than the cancer group. Nevertheless, no
trend can be seen for the cancer group. There are two exceptions, St. Louis County
and Boone County for the cancer group, in which the proportions are different from
other counties. The reason might lie in the different other factors, such as medical
facilities, social environment, or economical reasons, which are not discussed in this

study.
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3.4.5 Robustness

In (3.9), we gave a prior for the sampling. Now we show that this prior is robust
for Bayesian estimators. We give a list of different priors, same for both control and
cancer groups, and the scatter plots of the Bayesian estimates of p;; based on various
priors.

The plots are shown in Figure 3.10 for the control and cancer groups. A diagonal
line is plotted for comparison. The x labels, indicated as p;1, p;a, ZZ are the estimates

for the first prior, the y labels, indicated as p;1, pio, Z;, are the estimates of other

priors. The estimates of other parameters for different priors are listed in Table 3.4.

3.5 Using an ASIS

As we discussed in Section 3.4.3, regular Gibbs Sampling method does not lead to fast
convergence. As shown in Figures 3.2 and 3.3, the Markov chains for the parameters
dp and &; show a serious auto-correlation. We adapt an Ancillarity Sufficiency Inter-
weaving Scheme (ASIS) introduced in Yu & Meng (2011) to improve the convergence
of the MCMC algorithm.

3.5.1 An Algorithm via ASIS for Model (3.6)

For our model, we are interested in improving ¢y and ;. It is easy to see that v;; and
&i; = €ij/\/00 as SA and AA for dy; Z and Z /+/d; are SA and AA for §;. In particular,
the ASIS algorithm was constructed by inserting the AA steps before Steps (b) and
(e) in Section 3.4.1, respectively.

ASIS Algorithm. Before the cycle (¢ + 1), we have (v®, 00, Z® s 50,0,
Step 1: Draw v®+09) | (8® Z®) 58”, 59, p®:Y") as Proposition 2 Part (a) .
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Step 2*: Transform v( 09 ¢4 fu = (v 2t+05 — Bi)/ 58 , where ;; = ) + Z() Let

€ = (511, e ,511, 512, e ,512)’. Draw 5((]t+0'5 from the density

bo /6 6yij(5ij+v5oéij)
e 0% | | = .
5610-1- i [1 65”""/605”} nij

[0 | £.0, 2] (3.16)

Step 2: Transform f,j back to v (t+1) = B + 5ét+0'5) 5” As Proposition 2 Part (b),
draw 60 | (v®D, 00 Z®).

Step 3: Draw 8D given (v, Z® 50+ 50 50, ¥ as Proposition 2 Part (c).
Step 4: Draw Z®*05 given ('v(t*l),0(t+1),5ét+1),5§t),p(t);Y) as Proposition 2 Part
(d)-

Step 5*: Transform Zi(t+0'5) to ¢ = ZZ-(HO'S)/\/ 59. Let ¢ = ((1,...,(;). Draw 55”0'5)

from the conditional density

[51 | e(t—i-l C (t+l]

1 I 2 )
> 5“1+16_b1/61 exp{ 25 (t+1) Z Z . e(tﬂ ) } (3.17)
1

=1 j=1

Step 5: Transform (; to ZZ-(HI) = 55”0'5) ¢, and draw 55”1) as Proposition 2 Part
(e).

Step 6: Draw pt*1) | (61 Z(t+1) as Proposition 2 Part (f).

A Rejection Method for Sampling (3.16) and (3.17) in Step 2* and 5*

To sample from (3.16) and (3.17), we can use exactly the same rejection method as

described in Section 2.3.1 whose candidate density is a special case when (ag, by) =
(a1,01) = (=1,0).
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3.5.2 Numerical Comparisons

Estimates. The estimates of the parameters by using the ASIS agree with the esti-
mates by regular Gibbs Sampling up to the third decimal point, and it takes almost
the same time to compute the 100,000 cycles.

Convergence. The results are shown in Figures 3.11 and 3.12. By comparing 2,000
iterations from regular Gibbs sampling and the ASIS, we can see that the convergence
improves greatly, especially for ;. The acceptance rates for dy and ¢; are shown in
Table 3.5.

Correlations. Besides the trace plots of parameters of interest, the correlation
between iterations is another criterion for the performance of the convergence. For
each case, the sampling computation is done for both regular Gibbs sampling and
ASIS algorithm. Table 3.5 shows the first-order and second-order correlations of
different groups. Obviously, the convergence improves.

Densities. By checking the density plots in Figure 3.6 for the first 3,000 iterations
after burn-in for both regular Gibbs sampling and the ASIS algorithm, it is obvious
that ASIS get close to the reliable density faster than the regular sampling does. The
reliable density is the parameter density of the 100,000 iterations. After the MCMC,

the two densities of the two algorithm match each other very well.

3.6 Discussion

We have applied a logistic hierarchical model with a CAR prior on Quality of Life of
breast cancer survivors. The computation for the hierarchical models was improved
significantly by using an Ancillarity-Sufficiency interweaving algorithm within the
Gibbs Sampling. However, the conclusion that the spatial pattern can be detected

is based on the visual check. There is no statistical statement to prove it. The
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hypothesis testing or model selection can be performed for this purpose.

The project is completed by modeling the control and cancer groups separately.
It is desirable to model the two groups together by adding a group indicator. The
spatial effect shows the same pattern as that with two separate models. However, the
sampling could not be satisfactorily convergent. One of the reasons is that there are
too many missing cells for the model to have enough power fitting all the parameters.
The sample size is too small compared to the large size of parameters. Grouping
does reduce the parameter size, but it loses other individual characteristics, such as
age, income, etc., that can contribute the model. Another reason is that the county
population samples vary so much (from 0 to 523) that the model tends to borrow
strength from the counties with larger populations and therefore larger samples, hence
leading to inaccurate inference for counties with smaller populations and samples.

The research can potentially be enhanced if we reduce the size of the spatial effect
by dividing the state map into meaningful larger regions, such as the seven regions
used by DHSS and MCR-ARC to display behavioral risk factor and cancer incidence
and mortality data (Wilson et al. (June 2010)). The seven regions are Kansas City
Metro, St. Louis Metro, Central, Southwest, Southeast, Northwest and Northeast.
A regional division will help to capture the spatial effect better than the county
division, since fewer parameters will be included in the model, and the difference of
the population sizes of the regional samples can be reduced and each region can be

more representative.
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Table 3.1: QoL Score Levels and Empty Cells for each Level. There are 115 cells
for each level for both control and cancer groups, the empty percentages are given in
parentheses

QoL Score Levels Empty Cells
. Control Cancer
PCS | Level | Condition 1 =0 o 8y T Total: 119 (34.5%)
[0,41) 1 Poor 29 (25.2%) 34 (30.0%)
[41,52) 2 Adequate 33 (28.7%) 37 (32.2%)
(52, 100] 3 Good 34 (30.0%) 48 (41.7%)

Table 3.2: Bayesian Estimates of (g, d1, p, 01, 02) and their Standard Errors (in Paren-
theses)

Groups do 01 P 61 02
Control | 0.092 (0.040) | 0.104 (0.045) | 0.051 (0.096) | —0.551 (0.100) | 0.076 (0.119)
Cancer | 0.079 (0.034) | 0.095 (0.039) | 0.043 (0.111) | —0.341 (0.100) | 0.473 (0.120)

Table 3.3: Hyper Parameters for Five Different Priors

Priors (,ul, 7'1) = (,UQ, 7'2) (CLQ, bo) = (0,1, bl)
Prior 1 (0,10) (2.03,0.30)
Prior 2 (1,50) (2.003,0.25)
Prior 3 (5,10%) (2.01,0.28)
Prior 4 (0,100) (2.09, 0.33)
Prior 5 (—1,10) (2.18,0.35)
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Table 3.4: Bayesian Estimates and their Standard Errors (in Parentheses) for Five
Priors

Control do o1 P 01 0

Prior 1 | 0.092 (0.040) | 0.104 (0.045) | 0.051 (0.096) | —0.551 (0.100) | 0.076 (0.119)
Prior 2 | 0.083 (0.040) | 0.096 (0.044) | 0.051 (0.098) | —0.558 (0.099) | 0.073 (0.116)
Prior 3 | 0.088 (0.039) | 0.101 (0.046) | 0.052 (0.096) | —0.554 (0.099) | 0.076 (0.117)
Prior 4 | 0.094 (0.040) | 0.109 (0.049) | 0.053 (0.094) | —0.551 (0.102) | 0.079 (0.120)
Prior 5 | 0.097 (0.040) | 0.109 (0.046) | 0.051 (0.096) | —0.550 (0.101) | 0.077 (0.118)
Cancer do 01 p 01 02

Prior 1 | 0.079 (0.034) | 0.095 (0.039) | 0.043 (0.111) | —0.341 (0.100) | 0.473 (0.120)
Prior 2 | 0.072 (0.033) | 0.087 (0.038) | 0.040 (0.114) | —0.344 (0.098) | 0.464 (0.119)
Prior 3 | 0.077 (0.034) | 0.092 (0.039) | 0.043 (0.111) | —0.343 (0.100) | 0.470 (0.121)
Prior 4 | 0.084 (0.035) | 0.099 (0.040) | 0.045 (0.110) | —0.340 (0.103) | 0.479 (0.122)
Prior 5 | 0.086 (0.036) | 0.100 (0.040) | 0.044 (0.108) | —0.341 (0.101) | 0.477 (0.122)

Table 3.5: First Order Correlations: the correlations between 5(()t) and 5(()t+1), 59 and

5§t+1); Second order Correlations: the correlations between 5(()t) and 5((]t+2), 59 and

5§t+2); and Acceptance Rates for these Parameters based on the ASIS
Group Control Cancer
Correlations do 01 do 01

Regular First Order 0.95]0.89 | 0.94 | 0.88

Second Order | 0.89 | 0.85 | 0.89 | 0.83

ASTS First Order 0.55 | 0.83 | 0.49 | 0.82

Second Order | 0.31 | 0.77 | 0.25 | 0.74
Acceptance Rate | 0.39 | 0.54 | 0.19 | 0.54
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Figure 3.1: Histograms of PCS Scores, the dividing lines indicate the boundaries of
different levels of QoL
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Figure 3.2: Parameter Traces for Control Group - Regular Gibbs Sampling
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Figure 3.3: Parameter Traces for Cancer Group - Regular Gibbs Sampling
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Figure 3.4: Gelman-Rubin Convergence Diagnosis Plots with Several Priors for last
50,000 Iterations
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Comparison of Level Effects
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Figure 3.5: Comparison of Posterior Densities of 8;, the QoL Effects for Both Control
and Cancer Groups
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Figure 3.6: Comparison of Posterior Densities of ;, ¢ = 0, 1. for Both Control and
Cancer Groups
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Figure 3.9: Comparison of Frequency and Bayesian Estimates of p;;
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Figure 3.11: Comparison of Trace Plots of dx, &k = 0,1 based on Regular Gibbs
Sampling and ASIS for the Control Group
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Figure 3.12: Comparison of Trace Plots of i, &k = 0,1 based on Regular Gibbs
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Chapter 4

Hierarchical Model for Colorectal
Cancer Survival Data

4.1 Introduction

Over that past twenty years, the statistical analysis of survival data has extensively
developed to the application of Bayesian methodology. Breast cancer is a major
cancer that interests many researchers. For instance, Omurlu et al. (2009) compared
the performance of Cox regression analysis and Bayesian survival analysis by using
simulations and breast cancer data. However, a very few statistical researches are
based on the colorectal cancer. Nevertheless, of cancers affecting both men and
women, colorectal cancer (cancer of the colon and rectum) is the second leading
cancer killer in the United States. In the United States in 2008, 142, 950 people were
diagnosed with colorectal cancer, and 52,857 people died from it (USCS Working
Group (2012)). Furthermore, colorectal cancer survivors make up the third largest
group of cancer survivors, according to Eheman et al. (2012). Therefore, it is necessary

to pay more attention to it. This chapter will discuss the Bayesian survival analysis
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on colorectal cancer data.

In modern survival analysis, more concerns are focused on geographical features
of the data. Best et al. (2005) reviewed the main classes of spatial models that have
been used for disease mapping within a Bayesian estimation paradigm. Banerjee,
Wall & Carlin (2003) considered random effects corresponding to clusters that are
spatially arranged, such as clinical sites or geographical regions.

For a large portion of censored data, Berkson & Gage (1952) pointed out that
there exists a cure fraction to be considered in the survival analysis. Chen et al.
(1999) derived the cure rate model by assuming that some latent risk with a Poisson
distribution is generating the observations. Banerjee & Carlin (2004) extended the
model with a spatial effect but treated the latent risk as having a binomial distribution
in the smoking cessation setting. Cooner et al. (2008) propose a unifying class of cure
rate models that facilitates flexible hierarchical model building while including both
existing cure model classes as special cases.

In our model, we adopt the Poisson assumption of the latent risk and extend the
model to the spatial context. The classic Weibull model can be applied as well to
make the comparison.

The following sections are organized as follows. Section 4.2 describes the data
specification and provides a summary for the random effects in the models. Section
4.3 illustrates both the Weibull model and the cure rate model in detail and proposes
a hierarchical linear model with a CAR prior. Sampling and computation issues are
discussed in Section 4.4. We use the ratio-of-uniforms method to sample a specific
parameter. To validate the sampling, several theorems are proved. Model comparison
and the analysis of the colorectal cancer survival are discussed in Section 4.5. Section

4.6 summarizes and discusses the future research.
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4.2 Data Description

The data used in this chapter were obtained from the SEER 17 Registries Database of
the Surveillance Epidemiology and End Results (SEER)!, which contains full cancer
records from 1973 to 2006 in the 17 population-based SEER registries. This chapter
considers the Colon & Rectum Cancer (CRC) incidences in 99 counties of the state of
Iowa (one of the 17 SEER registries) from 1992 to 2006, and censoring occurs at the
end when the data collection was finished in 2006. Since the information of cancer
patients is collected individually since 1973, it is type III censoring (Lee & Wang
(2003)), or right censoring. According to Rowland et al. (2011), the largest numbers
of survivors with colorectal cancer (625, 129) were aged 65 to 84 years in 2007, so we
will take the threshold at 65 years or older. The 17,669 subjects with first primary
CRC, excluding death certificate only cases, are considered. The state and county
neighboring data are from 2000 U.S. Census.

Table 4.1 to Table 4.3 list the frequency summaries of possible crucial effects of
the survival time. Figure 4.1 shows the Kaplan-Meier survival function estimates
across different stages. Figure 4.2 shows a comprehensive scatter plot matrix of these
factors and the survival time.

We will consider the effect of age, county, positive regional lymph nodes, stage,
tumor size and cause of death. To find the best fitting model, several reduced models
are compared. By Table 4.1, the sample size for the “other” digestive system cancer
cause is too small compared to the other causes, so we do not consider it separately
but put it in the “other cancer” group instead.

For the censoring, we consider all the cases alive along with all the cases who died

!Surveillance, Epidemiology, and End Results (SEER) Program (www.seer.cancer.gov) Limited-
Use Data (1973-2006), National Cancer Institute, DCCPS, Surveillance Research Program, Cancer
Statistics Branch, released April 2009, based on the November 2008 submission.
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from causes other than colorectal cancer (including unknown causes, other cancer and
non-cancer causes) as censored.

Suppose that for each county ¢ = 1,..., I, there are n; subjects, indicated by
j=1,...,n;. The survival time ¢;; and the right censoring time c;; for the j subject
)th

in the i’ county (denoted by the (i, j)!" subject) are observed. Define

{yij = min(tij, Cij)7 dij = I(tlj = y2j)7 1= 1, e ], j = 1, Ce ,ni},
where I(t;; = y;;) is an indicator function with

{ dij =1 if tij S Cij,

dij =0 if tij > Cij-

Therefore, the CRC data for the survival analysis can be represented by K = Zle n;
pairs of random variables (v;;, d;;).

Among all the CRC patients of 65 years or older in Iowa, as shown in Table 4.1,
there are 7,165 censored ones, which accounts for 40.1% of the population. If all the
non-CRC deaths are considered censored, the censoring rate would become 69.8%.
The ages of the subjects ranges from 65 to 107. Based on the large sample size, we
consider age as a continuous variable and the other factors as discrete. To simplify the
modes, it is also necessary to group some values of the effects. Kornprat et al. (2011)
gave an optimal cut-off value of 45 millimeters within the whole group of colorectal
cancer patients, but also suggested other cut-off values for different parts of the colon
and rectum cancers. Based on this result and the histogram in Figure 4.2, we divide
tumor size into five groups, as shown in Table 4.3. The positive regional lymph nodes

effect is divided into five groups as well, as in Table 4.4, according to Edge et al.

(2010).
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4.3 Bayesian Models Based on the Weibull Distri-
bution

Consider all the deaths of non CRC as censored, with continuous age, discrete county;,
stage, tumor size and positive regional lymph nodes. We consider two different sur-
vival models, one with the Cox model (Cox (1972)), and the other with the cure rate
model (Chen et al. (1999)). Causes of death are only used to compare the results,
since it makes no sense to include non-CRC deaths in the model when they are all

considered alive.

4.3.1 Survival Models

A Weibull Survival Model

Assume that ¢;; has a Weibull distribution W (e, A;;), a special case of the Cox pro-

portional hazard model (Cox (1972)). Then the density and hazard functions are

given by f(ti; | o, Nij) = oz)\ijt%-_l exp{—)\ijt%}, and h(t; | o, Nij) = oz)\ijt%_l, tij >
0,N; >0, aa>0fori=1,...,] and j = 1,...,n,, respectively, where the )\;;’s are
the hazard rates.

We use a parametric approach to study the geographical variation and spatial

eﬁeCt' Let Yy = (ylla"'ay1n1a"'7y11>"'ayln1)7 d= (dlla"'>d1n1a"'adlla"'adfn])a
and v;; = log(\;;) fori=1,...,1,j=1,...,n, According to Dai et al. (2008b), the

likelihood function of v = (v11, ..., Vinyy -+, VU1, ..., Vn,) and « is
I n;
Lo | y,d) = exp{ 373 (dy [logla) + vy + (0 = Dloglys)] — ey) ). (41)
i=1 j=1
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A Cure Rate Model

We adopt the Poisson assumption of the latent risk of the cure rate model in Chen
et al. (1999), and suppose that N;; is the number of fatal colorectal tumor cells
in the (7,7)" individual, which is distributed as a Poisson random variable with
mean k;;, i.e., N;; | ki ~ Poisson(k;;). An individual dies if N;; >= 1 and is
considered censored otherwise. In this case, if one dies from cancers other than
colorectal cancer, the event will still be considered as censored, which is consistent
with our assumption. Let Z;;; be the incubation time for the k™ fatal cell in the (4, j)™
individual before activation, and assume that Z;;, k = 1,2,... are i.i.d distributed

with cdf F(t) = 1—95(t) and are independent of IV;;. According to Chen et al. (1999),

the survival function for the (4, j)** individual, hence for the populations is

Se(tij) = exp{—ry F(t;;)} = exp{—ri;} + (1 — exp{—ry;})S*(t;), (4.2)

which is a standard cure rate model with exp{—#;;} as the cure rate and S*(-) the
survival function for the uncensored population. Recall from Section 4.2 that ¢;; is

the survival time of the (i, 7)" individual. The corresponding density function is

fe(tiy) = Kij f(ti;) exp{—ri; F'(ti;) }, (4.3)

where f(t) = (d/dt)F(t). In particular, the density and survival functions of ¢;;
given Nij can be written as fc(tij | NZ]) = S(tij)Nij_l(Nijf(tij)), and Sc(tij | NZ]) =
S(ty;)Nis.

We assume a Weibull density for Z;;, with the survival and density functions as

S(t) = exp{—Aijta}, and f(t ‘ a, AZJ) = Oé)\ijta_l exp{—)\ijta}.
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Lettlng N = (Nlla- . '7N1n17 .. .,N]l, .. '>NIn1) and kK = (Klla- oy Ring, - .,K,Il), we
continue using the notations in Section 4.3.1 about y, d and v. Then the complete

likelihood function can be written as

L(ev, d,N)

- HH .f Yij | a, )\’lj)) Js(yw |Oé )\Z]) u LJPOiSSOﬂ(Nij | "{ij)a

=1 j=1

where N is an unobservable latent vector. By summing out IN, the likelihood function

reduces to

I n;
L(a7 K, A | Y, d) = H H (.fc(ylj | «, )\Zj))d”Sc(yZ] | «, )\ij)l_dw

i=1 j=1

= Hl_l (/iijf(yij | a, )\ij))d” exp{ — Hij(l — S(yij | «, )\ij))}

iljl

exp { — [dlj)\wyf]‘ + Hij(l — exp{—)\ijyfj})} }, (44)

or equally

L(a,k,v | y,d) = exp { Z (dij [log(/iij) +log(a) + vy + (v — 1) log(yij)]

i=1 j=1

— [diger oy + (1 — exp{—e"y3 D] ) b (45)

4.3.2 A Hierarchical Linear Mixed Model

We consider the relationship between the transformed hazard rates v;;’s and different

effects including their interactions. The effects include:
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e x;;, the vector of individual covariates including age, stage, tumor size, regional

lymph nodes and interactions between these effects, etc.
e W, the spatial effect of the i*" county.

Therefore, the relationship can be formulated by a linear mixed model,

Uij:,B/wij—FWi—FEij,’i:l,...,[,jzl,...,ni, (46)

where 3 is the parameter vector, and ¢;; is a residual effect including other sources

of variability.

Define X = (xiy,...,@Y,,,..., T, ..., T},,) as the covariates matrix, W =
(Wi,...,W), and € = (e, ..., €r,,). We can rewrite (4.6) into a matrix form,
v=XB+nW +¢, (4.7)

where n = diag(1,,,...,1,,).
Suppose that €;;’s are i.i.d normally distributed with mean 0 and variance d.

Then (4.7) follows a multivariate normal distribution,

(v | X;8,W,d) ~ Nx(XB+nW, k). (4.8)

4.3.3 A CAR Model

Assume W = (W, ..., W;) follow the simultaneous CAR prior of (2.2), in which Z

is replaced by W. The spectral factorization of C' is

C = GAG, (4.9)
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where A is a diagonal matrix whose diagonal elements are the eigenvalues and G
is the orthogonal matrix whose columns are the corresponding eigenvectors. Let (;
and (; be minimum and maximum eigenvalues of the matrix C, respectively. For the
SEER dataset, (; and (; are —3.282 and 6.545 (Sun et al. (1999)), respectively. So p
is in the range (—0.305,0.153).

4.3.4 Other Priors

Since the latent risks IN are arising from the same cancer in the population, it is
reasonable to make an assumption of common mean for all the N;;, i.e., to use one
common £ for all the x;;. Dai et al. (2008a) compared the linear mixed models on
both the cure rate and the hazard rate and concluded that a linear mixed model
on the hazard rate is much more preferable. Since we are interested in effects of
geographical and other individual characteristics, which do not seem to be factors for
the cure rate, the differences of the cancer risk in individuals can be ignored. In this

case, L(a, k, A | y,d) in (4.4) becomes

I ny
H H (HO&)\ijy?j_l)dij exp { — [dijAijys + k(1 —exp{=A;551)] }- (4.10)

i=1 j=1
Since exp(—k) is the cure rate, whose range is between 0 and 1, we consider a gamma

prior for k with a distribution gamma(a,, b.), which is conjugate.

Suppose a ~ gamma(as, bs), where ag is the shape parameter and b, is the inverse
scale parameter. We put a multivariate normal distribution on @ with a diagonal
covariance matrix 7 and mean p and independent inverse gamma distributions on

covariance parameter: 0y and d;, which are conjugate. Finally, we assume that p ~

UG .
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4.4 Computation

The computation is based on 3 chains of 20,000 samples with 5,000 burn-in period.

4.4.1 Model Selection

For the model fitting, we use the deviation information criterion (DIC) to compare
the two different survival models, with the different combinations of the covariates
and their interactions. According to (Gelman et al. (2004)), to calculate DIC, we
need to find D,y (y) and D;(y). We know that

L
A 1 ~
D(y.6) = —2log(p(y | 0)), Davy(y) = 7 > D(y,6"), and Dy(y) = D(y, 0(y)).
=1
where 0 is the general parameter, y is the data, and [ = 1,..., L is the simulation

iterations. Therefore, for the Weibull model,

I n;
D(y.0)=-2> ") (dij [bg(a) + i + alog(yi;) — 10%(%)} - 6””%)7

i=1 j=1

and for the cure rate model,

I n;
D(y,0) = 2Kk —2 Z Z (dij [log(ff) +log(a) + vy + ( — 1) log(yij) — "y

i=1 j=1

+K exp{—e”“yf‘j}).
Therefore, we have DIC and pD as

DIC = 2Davg(y> - Dé(y)v and pD = Davg<y) - Dé(y)
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4.4.2 Full Conditional Posterior Distribution

The full conditional posterior distribution of all the parameters in both the Weibull

and cure rate models are listed.

Weibull Model

Consider the observed data are (y,d, X, Z), the full conditional posterior distribu-

tions of all the parameters are as follows.
Proposition 3.

(a) Given (o, B, W ,0do; data), v;;’s are independent and the conditional posterior

density is proportional to

exp {dz’jvn — "Iy — 2%0 [“z‘j - (B + Wi)]z}- (4.11)

By Proposition 4, the densities are log-concave.

(b) Given (v;y,d), the conditional posterior density of « is proportional to

I n; I n
aas_1+zzzzlz;11dij - exp { — (bs - Z Z d;jlog yij>oz - Z Z evijy%}.(4.12)
i=1 j=1 =1 j=1

By Proposition 5, the density is log-concave.

(c) Given (v, W dy; X,n), the conditional posterior distribution of B is

N((%X’X + T_1> s, (%X’X + 7—1)_1), (4.13)
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where

1
s = 5—0X’('v —gW)+7 .

(d) Define B =1; — pC. Given (v, 3,7, s, d,01,p; X,€,m), the conditional poste-

rior distribution of W is

N(5—10 (5%77’77 + 5% >_177’('u - X0), (5%77’77 + 5% )_1). (4.14)

Obviously, n'n = D where D is a diagonal matriz whose diagonal elements are

(nl,...,nl).

(e) Given (v,8,7v,s8,W; X, €,n), the conditional posterior distribution of dq is

K 1
IG(CLQ‘F?,Z)O“—?ZZ(UU_B,@‘M_VVi)z)a (415)
i=1 j=1
or
K1 :
1G(a0+ = b+ 5 (v = XB— W) (v = XB—nW)). (4.16)

(f) Given (W p), the conditional posterior distribution of 01 is

I 1.,
IG<G1+§,51+§W (I]—pC)W). (417)

(9) Given (W 481), the conditional posterior density of p is proportional to

|
\If—pc\mexp{ —Q—&W(II—pC)W}. (4.18)
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Proposition 4. The conditional density of v;; given in (4.11) is log concave.

Proof. Let h(v;;) be the logarithm of the density in (4.11). Then we have

o o

]
which is negative. O

Proposition 5. The conditional density of a given in (4.12) is log concave, and the

a can be sampled by a rejection method if

I n;
bs — Z dij log Yij > 0. (420)

i=1 j=1

Proof. Let h(a) be the logarithm of the density in (4.12). Then we have

82 1 I n; I n; . )
(@) = = (e =1+ D03 dy ) = DD ey (logyy)’. (421)
i=1 j=1 i=1 j=1
The second derivative is negative provided a,—1+ Y1, > iy dij > 0, which is always
true if not all the subjects are censored.

However, we may use a rejection method to sample . Note that

I ng

exp{ — ZZe”“yf‘j} <1,

i=1 j=1

so the unnormalized conditional density of a is f(a | ) < M - Ig(a | as, bs), where
s = as — 1+ S0 30 dig, by = by — Yo S0 dijlogyyy, and M = T'(a,) /b
Consequently, the rejection method of sampling « is

Step 1: Draw o* from gamma(as, bs),
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Step 2: Draw u from U(0, 1), if

f(a* ) vij, o
S gt Ty~ S

i=1 j=1
take a* as the new «; otherwise, go back to the first step.

This rejection method can be used as long as the condition (4.20) holds.
However, in practice, because of the large sample size, the above right-handed side
term tends to be 0, the rejection method is not as efficient as the algorithm of Gilks

& Wild (1992). Therefore, we do not use it in the sampling steps. a
Proposition 6. The conditional density of p given in (4.18) is log concave.

Proof. By (4.9),

I
B=1-pC=G(I—pANG, so|B|=]](1-pG).

=1
Let s = (s1,...,51) = G'W, we have
I
W'BW =s'(I —pA)s = (1—p()s?. (4.22)
=1
Therefore,
I 1 I
_ 2 _ _ o)
(118) = [0 = 000" e {5 D=0 3 (4.23)

If h(p) is the logarithm of the density in (4.18), we have

2
7’<0’

G
<31~ PGP

Php) _ N
0p? —

so the result follows. O
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Cure Rate Model
The full conditional posterior distributions are as follows.

Proposition 7.

(a) Given (k,a, B, W, o,61,p;y,d,X,n), the conditional posterior density of v;;’s

are

v o o o 1 2
[Uij | ] X exp {dijvij — dije ”yij + /iexp{—e Y ym} — 2—50(112']‘ — ﬁ':cij — Wz) } (424)
Because of the extra term exp{xexp{—e"iyg}} compared to (4.11) (the extra

dij for e"iyg does not affect the log-concavity), the density function is not log-

concave.

(b) Given (v,k, 3, W dg,01,p;y,d, X,n), the conditional posterior density of v is

I ng

i=1 j=1

ng

- Z Z [dijev”yf} —rexp{ - e””y?j}} } (4.25)

=1 j=1

For the same reason as in Proposition 7. (a), the density function is not log-

concave either.

(c) Given (v,a, B, W, b, 61, p;y,d, X, n), the conditional posterior distribution of

K 1S

I ng
(k|v,a5y,d) ~ gamma(ac + ZZ(ZU,

i=1 j=1

I n;
bC+K—ZZeXp{ —e”ijy%}). (4.26)

i=1 j=1
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Since for every i and j, exp{—e"iyi} < 1, the scale of the inverse gamma

distribution s positive.

(d) The conditional posterior densities of other parameters are the same as listed in

Proposition 3.

Sampling Strategies

The age variable is centered for computation, and the survival time is recorded by
year.

Most of the conditional posterior densities are standard or log-concave, so they
can be sampled directly from standard distributions or by using an adaptive rejection
method. In this chapter, we use the Adaptive Rejection Algorithm (Gilks & Wild

(1992)).

Proposition 8. By the proof of Proposition 6, we give the sampling strategies for

01 and p.From (4.22), we get the steps of sampling the parameters.

Step 1: Calculate s = G'W at the beginning of the sampling. G does not change

during the sampling.

Step 2: Find ¢ = (1 — pCy,...,1 — p(;)’, sample §; from I1G(a; + 1/2,b1 + Ei[:l(l —
pGi)si) /2.

Step 3: Sample p by the Adaptive Rejection Algorithm (Gilks & Wild (1992)) from
(4.23).

Proposition 9. The sampling of B based on Proposition 3. (c) can be simplified by

separating 3 into different effects.
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Proof. Suppose there are L different types effects or interactions are included in the
model, and 3 can be divided into (31,...,8r). B3 can either be a singular covariate
for a continuous effect (or the intercept), or an indicator vector for a discrete effect.
X can be divided into different vectors or matrices (X7, ..., X ) correspondingly.
By this division, the 8; can be sampled separately as below. The conditional

posterior distribution of 3; given (v, B(—y, W, do; X, 1) is

1 —1 1 1
N(((S—OX[Xl +"'z_1> K (5—0Xz'Xz +"'z_1> )> (4.27)
where
1, —1
we = 5 Xi(v = XpBp —nW)+ 1 p. (4.28)

Here B_; indicates the vector removing 3;, and X(_; the corresponding reduced
covariate matrix.

What is interesting is that since (3; is an indicator vector or singular value, the
corresponding X; would be simple enough so that X;X; becomes a singular value or

a diagonal matrix, which would enhance the performance of the sampling greatly. [

Proposition 10. For the cure rate model samplings of v;;, since the density function

is mot log-concave, we use a rejection method to sample them from the densities.

Since e"iyg > 0, we have exp{—e"vy} <1, so exp{rexp(—e"iys)} < e".

Let f(vjj | -) be the unnormalized conditional density of v;; in (4.24), and

glvij | ) =

L
o o 1 2
exp {diﬂ]ij — dije" iy — 2—50(%‘]' — Bo — Py — E Eijist — E i — Wi) }7
=1

=1
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then f(v;; | -) < g(vi; | -)e. Since g(v;; | -) is log-concave, which is obvious from

Proposition 4, an exact sampling algorithm is as follows.
Step 1: Draw v}; from g(vy | -).

Step 2: Draw u from U(0, 1), if

u <

< m = exp { — k(1 —exp{—e"iy}) },

take vj; as the new v;;; otherwise, go back to the first step.

When sampling «, a rejection method in the Gibbs Sampler is not very effective,
so a ratio-of-uniforms method (Kinderman & Monahan (1977)) will be used to sample

from (4.25).

4.4.3 Sampling by Ratio of Uniforms Method

For the cure rate model, the full conditional posterior density of « is not a standard
form, nor is it log-concave. We alternatively use the ratio-of-uniforms method pro-
posed by Kinderman & Monahan (1977) and later extended by Wakefield et al. (1991)
to sample the shape parameter o from its conditional density.

The following corollary is derived directly from Wakefield et al. (1991).

Corollary 1. Suppose f is a positive unimodal function on R, and m is the mode.
We assume sup,[f ()] < oo and sup, z[f ()] < co. If U, V are uniform

on A= {(u,v):0<u<a(r),b=(r) <v<b"(r)}, where forr >0,




then X =V /U + p has the density f, and the sampling acceptance rate is mazimized

at p=m.

Denoting the full conditional posterior density of «a by f(a | -), the following

theorems will validate the steps of sampling a.

Theorem 1. Deﬁne hlij = h(a ‘ dijayijavij) = dije”ij — /iexp{—e”if}, Keij =1 Zf
yij = 1 and 0 otherwise, K;;; = 1 if y;; < 1 and 0 otherwise, and Ky; =1 if y;; > 1
and 0 otherwise. Then f(a |-) and " f(a | -) for r > 0 are bounded, given that v,

K are fized. An upper boundary of f(a | -) is

ng

A 1yA
C(T) eXp{—(A - 1)} exp { - Z [(Keij + Kgl])h'llj + Klij"{] } (429)
i=1 j=1
An upper boundary of o1 f(a | -) is
A4 1\ A+! =
C(T) exp{—(A + 1)} exXp { — Z [(Keij + Kgij)hlij + Klijli] } (430)
i=1 j=1

Proof. Consider f(« | -) first. Because of the complexity of this density function,
different cases of y;;s will be considered based on whether they are greater or less
than 1.

Denote that

I

I n; ng
A:aS—I—ZZdU >0, B:bs—ZZdilegyij,

i=1 j=1 i=1 j=1
the normalized density can be written as
I g

> hledyygvg) . (43D)

1 j=1

fla] ) = Ca?* texp{—Ba} exp{ —

7
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with

h(a | dij, yij, vij) = dije"yi; — fiexp{—e”ijyf‘j},
C being the normalizing constant, and all A, B, v, y, x being fixed for each iteration.
The difficulty of finding a boundary lies in the last term. A numerical method will
be efficient and attractive, but we still give a rough boundary for theoretical base.
Note that (A — 1)/B is the mode of a~! exp{—Ba}, we consider only the last
term according to different y;;s. We have

flal) = o(F50)" epi-(a-1)

exp{ — ( Z + Z + Z )h(a \ dijayijavij)}'

yi;<l  yii>1 y;=1
) If yij = 1, hlij = h(O& ‘ dijuyij = 17Uij)- We have

1

ng

ZKeijhlij}-

1 j=1

exp{ - Z h(a | dijayijavij)} = exp{ -

yi;j=1 7

e If y;; <1, then 0 <y < 1. We have
rexp{—e"} < kexp{—e"yi} < kK, —d;je’ < —dye"yi <0,

so —hy;j < —h(a | dij, yij,vij) < K, hence

I n;
exXp ( - Z Z Klijhlij) < exp { — Z h(O& ‘ dij; Yij Uij)}
i=1 j=1 o<1
< exp{ZiKlijm}.
i=1 j=1
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e If y;; > 1, then 1 <y < co. We have
0 < kexp{—e"yi} < mexp{—e"}, —dy; X 00 < —dye"Iyg; < —de",

SO _dij X 00 < —h(Oé | dij,yij,vi]—) < _hlija hence

I n;
0< exp{ — Z h(O& ‘ dij,yij,vij)} < exp{ — ZZKgijhlij}.
Yig>1 i=1 j=1
Therefore, an upper boundary of f(« | ) is (4.29). Similarly, an upper boundary of
o™ f(a ) is (4.30). O

Thus a(r), b= (r) and b*(r) all exist according to this theorem. However, because
of the complexity of f(a | -), it would be very difficult to find their theoretical values.
The following theorem provides the unimodal condition when looking for the nu-

merical value of a(r) by using the Newton-Raphson method.
2

Theorem 2. f(«|-) has only one mode if the censoring rate is less than 1 — ke™?,

given that v, Kk are fized.
Proof. To prove that f(« | -) has only one mode, we consider the derivative of its

logarithm. We continue using the notations in (4.31), and we have

log f(a|-) =logC + (A—1)loga — Ba

I n; I n;
B PN TITENS o L

i=1 j=1 i=1 j=1
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Set its derivative to 0, and we get

0 1 Lo
£10gf(04|‘) = E(A—l)—B—Z dije"? y;: 10g yij

i=1 j=1

I n;
- K Z Z e"Iyg; log yij exp {—ev yfj‘} = 0. (4.32)

i=1 j=1

Note that the left term tends to be +o0o when a@ — 0, and it tends to be —oo
when o — +00, because of the continuity, there must exist at least one value of «
such that the equality holds. Therefore, f(« | -) must have at least one critical points
(maxima or minima).

To prove the critical point is unique and it’s maxima, we only need to show the

second derivative is negative hence the first derivative is monotonously decreasing.

We have
82 1 I n;
gazlosflal) = —5(A=1)=3 > dyey;logys,)’
i=1 j=1
I n;
= mY Y eyl —eyn](logyy)exp { — eyl }
i=1 j=1
1 I n;
= —5(A=1) =3 ) evyiogyy)’
i=1 j=1
[di]— N Kexp{_emjy%}@ _ 6v@-jygj)] (4.33)

One sufficient condition of (4.33) being negative is that
Z Z [di]— + kexp{—e"ys} (1 - e”“yf‘jﬂ > 0. (4.34)
i=1 j=1

Note that e"y > 0, and recall that for w > 0, g(w) = e¢™*(1 — w) has a behavior

as in Figure 4.3. The minimum value for g(w) is —e™ when w = 2. So a sufficient
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condition of (4.34) is

I
dij > Z /€€_2, (435)
or
D/K > ke,

where D is the total of death in the population and K is the total of the population.

2

Therefore, the condition that the censoring rate is less than 1 — ke™* is a sufficient

condition for the unimodal conditional posterior density of a. O

Since the colorectal data has the censoring rate of 69.8%, as long as x < 2.23, the
conditional posterior density is unimodal.
It is also easy to show that the following corollary holds, and the unimodal con-

dition can be used to find b~ (r) and bT (7).

Corollary 2. (u— x)" " f(z) is unimodal if v < p; (x — p)" 1 f(x) is unimodal if

T >N

To generate samples of X, the algorithm is as follows.
Step 1: Find the mode m of f(x) by the Newton-Raphson method.
Step 2: Find a(r), b= (r) and b*(r) as described in Corollary 1.

Step 3: Simulate U ~ Uniform(0,a(r)), V ~ Uniform(b~(r),b*(r)), and compute
x=V/U+m.

Step 4: If U < [f(2)]"/+Y, accept z as a new X; otherwise, return to Step 3.
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We may choose an appropriate r for a better acceptance rate. From our experience,
r = 1 has already provided a good acceptance rate of about 71.4%, so an optimal r
is not necessary. Figure 4.4 shows the acceptance region with the ratio-of-uniforms

method when sampling « for a typical iteration.

4.5 Application

We applied this method to the lowa colorectal cancer cases from the SEER data.
Table 4.5 lists the model specifications with different effects and their interactions.
Both the Weibull and cure rate models were run. Each model took less than one
hour. The DIC of the models and the estimates of the common parameters «, dg, 01,
and p are listed in Table 4.6.

For the cure rate models, the estimates of the parameter x are listed in Table 4.7.
There is a trend that the more effects that are included in the models, the greater the
estimated mean of the latent fatal colorectal tumor cells becomes, hence the smaller
the cure rate is. This can partially be explained by the reason that as more effects
are considered, the hazard rates of the subjects tend to have less variability (the error
variance tends to decrease) between censored and uncensored cases. So it is harder
to detect the real cure rate from the model.

By the DIC comparison, the best model is Model W4 for the Weibull models. For
this particular data set, the Weibull models perform better than the cure rate mod-
els. For both survival models, if only a few effects, say, age and county effects only
included, the models do not converge well, and both have very large error variances.
However, as we increase the amount of the effects, and their interactions correspond-
ingly, the performance does not always get better. In fact, if all the interactions

between different effects are included, neither the Weibull models nor the cure rate
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models converge. The figure compares the posterior means of different effects.

Obviously, the different stages have very different effects. The more distant the
stage is, the more effect it has on the response. The differences of different positive
regional lymph nodes are also very obvious: more nodes lead to greater hazard rates.
However, the tumor size effect does not have such a clear distinction. If the tumor is
small, say, less than 20, it has a relatively smaller hazard rate; otherwise, the trend
is not so clear-cut.

The estimated spatial effects of different counties and their standard errors can
be visualized on an Iowa map, as shown in Figure 4.6.

We could not include the causes of death into the model since we considered
all non-CRC death as censoring. However, we can still compare them with different
stages. Figure 4.7 gives the Bayesian survival estimates of all the subjects for different

causes of death, including cases still alive.

4.6 Discussion

In summary, we analyzed the colorectal cancer survival data in Iowa with both the
Weibull and the cure rate models. Several effects and the spatial effect are incorpo-
rated in the model. The Weibull model performs better for this particular data set
with a high censoring rate. Moreover, stages and positive regional lymph nodes affect
the survival response significantly.

Although the project shows some significant results, there are some limitations.
For many cancers, including breast and colorectal cancers, survival depends on a
variety of factors. Some, such as stage at diagnosis and tumor size, we were able
to consider. We were not able to consider other important factors such as treatment

(treatment type, length, intensity, etc.) in the model due to inadequate or incomplete
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data. In addition, other factors such as income, family history, genetics, environmen-
tal exposures, comorbidities, etc. may also contribute to patients’ survival. Without
including some or all of these factors, we cannot expect full understanding of the
data.

In further research, the tumor size effect can be grouped to see whether larger
tumors may have a more significant effect than smaller tumors. The cure rate model
can be considered again if treating all deaths (including non-CRC deaths), in which
the censoring rate would be less, and the sampling procedure would be more convinc-
ing. Moreover, the causes of death can also be modeled with competing risks, so that

we can have a deeper understanding of them.

76



Table 4.1: Cause of Death Summary, other digestive cancer are included in the “other
Cancer” case, and the percentages are included in parentheses

COD

Alive

Colorectal

Other Cancer

Non-Cancer

Unknown

7165(40.1%)

5334(30.2%)

793(4.5%]0.9%])

4287(24.3%)

90(0.1%)

Table 4.2: Stage Grouping, the percentages are included in parentheses

Stage

In Situ

Localized

Regional

Distant

Unknown

Frequency

663(3.8%)

6717(38.0%)

6505(36.8%)

2904(16.4%))

880(5.0%)

Table 4.3: Tumor Size (in mm) Grouping, the larger tumor sizes (> 60 mm)are
grouped in the models because of their relatively small sample sizes

Group 1 2 3 4 5
Size (in mm) | 0 — 19 | 20 — 39 | 40 — 59 | over 60 | Missing
Frequency 1076 3824 4261 3506 4406

Table 4.4: Positive Regional Lymph Nodes, the numbers are grouped in the models
based on their sample sizes and their scatterplots in Figure 4.2

Group 1 2 3 4 5
Values 0 1-314-9|>10 .
Freq. 8320 | 2838 | 1346 | 351 | 4218

Table 4.5: Model Specifications

Model Effects included

Model 1 | age+county

Model 2 | age+stage+county

Model 3 | age+stage+age xstage+county

Model 4 | age+stage+tumor+regional nodes+county
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Table 4.6: DIC Comparison and Common Parameter Estimates of Different Models.
W as Weibull model, C as the cure rate model. The standard errors are given in
parentheses

Survival Model | DIC Q@ 0o 01 p
W1 27866 | 0.971(0.018) | 4.280(0.190) | 0.050(0.013) | —0.008(0.056)
W2 25462 | 1.006(0.033) | 1.680(0.215) | 0.073(0.037) | 0.004(0.056)
W3 24789 | 1.070(0.023) | 1.588(0.146) | 0.033(0.009) | —0.007(0.055)
W4 24655 | 1.061(0.022) | 1.168(0.112) | 0.032(0.008) | —0.006(0.055)
C1 28725 | 1.608(0.049) | 4.974(0.356) | 0.078(0.025) | —0.008(0.055)
C2 26163 | 1.135(0.020) | 1.243(0.100) | 0.040(0.010) | —0.007(0.055)
C3 26496 | 1.030(0.023) | 0.621(0.127) | 0.035(0.008) | —0.005(0.055)
C4 25784 | 1.045(0.019) | 0.592(0.081) | 0.031(0.008) | —0.005(0.055)

Table 4.7: The Cure Rate Estimates of the Cure Rate Models with Different Effects,
the standard errors are given in parentheses

Model C1 C2 C3 C4
K 0.616(0.016) 2.551(0.110) 2.771(0.147) 3.410(0.234)
Cure Rate 54.01% 7.80% 6.26% 3.30%

Table 4.8: The Estimated Effects and their Standard Errors for Models W4 and C4,
the standard errors are included in parentheses

Coefficients | Mean (Std) of Model W4 | Mean (Std) of Model C4
Intercept —1.3195 (0.0732) —2.3285 (0.0988)
Age 0.3944 (0.0206) 0.3867 (0.0197)
Stage (Unknown= 0)

In Situ | —4.0842  (0.2190) 730500 (0.2057)
Localized | —2.0580  (0.0989) 20372 (0.0940)
Regional | —0.7252 (0.0908) —0.7286 (0.0895)

Distant | 1.6983 (0.0834) 1.6603 (0.0816)

Tumor Size (Missing= 0)

0-10 | —0.6200  (0.1211) | —0.5948  (0.1139)
20-39 | —0.1299 (0.0627) —0.1342 (0.0619)
40-59 | —0.1430  (0.0610) | —0.1537  (0.0605)

>60 | —0.0311  (0.0611) —0.0285  (0.0616)

Positive Regional Nodes (Missing= 0)
0 T1.3265  (0.0604) 12760 (0.0607)
1-3 | —0.7953  (0.0684) | —0.7627  (0.0663)
4-9 | -01335  (0.0725) 01048 (0.0730)
>10 | 04372 (0.1054) 0.3901 (0.1014)
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Chapter 5

A Latent Competing Risk
Approach with A Hierarchical
CAR Model for Colorectal Cancer

Survival Data

5.1 Introduction

We adopt a parametric proportional hazards specification in Gelfand et al. (2000) and
suppose proportional hazard of the general form h(t;v) = ho(t)g(v), where hg > 0
is the baseline hazard, and g¢(-) is a strictly increasing function with v including
covariates and random effects. Gelfand et al. (2000) suggested that ho(t) having the
form ho(t) = >,_, lu(t), with r varying and hy(t) being different hazard for each .
We suppose r = 3 is fixed as we consider three competing risks. The first one is the
specific cancer, e.g. colorectal cancer; the second competing risk is other cancers; and
the third competing risk is causes other than cancer. Cases with unknown causes will

not be considered. For simplicity, we suppose that all three hazards follow the family

85



of Weibull distribution. Berger & Sun (1993) introduced an efficient method to do
Gibbs sampling for the latent variables arising from the competing risk setting. We
will use their method.

For g(v), we assume that v is a random variable of the linear combination of
different covariates. The covariates include age (continuous), stage (4 levels), the
county an individual belongs to (99 levels), etc. We chose g(-) = exp(-) since it is

robust with respect to inference (Cox & Oakes (1984)).

5.2 Data Description

The same data set described in Chapter 4 Section 4.2 is used in this chapter. We
continue using the notations of n;, t;;, and ¢;; in Chapter 4.
We do not consider the unknown deaths from Table 4.1 since they are deaths with

no reported case.

5.3 Modeling

5.3.1 Latent Competing Risk Hazard Model

Assume that T;; = min{Ujj1,--- ,U;;} with some associated covariates v;;. We can
view Uj;; as the observed failure time for the I" risk with the j™ patient in the "
county. We suppose that U;; has a proportional hazard form hj(u)g(v). Then the
density and survival functions are fij(u) = hi(u)g(v) exp{—g(v)H;(u)} and S;(u) =
exp{—H;(u)g(v)}, respectively, with H;(u) = [;" hy(v)dv. We also assume the Uy; are
independent from each other for different ¢, j and .

We specify hy(u) = ap\u®=1 as a Weibull hazard W (ay, \;) for each [, and let
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A= (N, -, N), @a=(ay,--,q). Then the likelihood without censoring for the

failure time T' = {Ty,--- , Ty}, where T; = {T}y,- -+ ,Tin, }, is given by

La,X|t) = HHg vij th i Lo, M) T Sultis | ous )
=1

=1 j5=1
= H Hg Vi Z al)\lt?j’_l exp { — Z Hi(ti; | cu, )\l)g(vij)}. (5.1)
i=1 j=1 =1

Define {yU = mz’n(t,-j,c,-j), dij = I(t ’yw) 1= 1 I,] = 1, .. .,ni}, where

I(t;j = v;;) is an indicator function, i.e.,
dij =1if tij S Cij, dij =0if tij > Cij-

Therefore, the CRC data for the survival analysis can be represented by K = Zf:l n;
pairs of random variables (y;;,d;;). We use a parametric approach to study the
geographical variation and spatial effect. Let y = (y1,---, Y1), ¥i = Wi, ", Yiny)»
d = (dy,---,dr), and d; = (dir,--+ ,dip;) for i = 1,...,1, 5 = 1,...,n;. The

likelihood of the observed data becomes

=1 j=1

Lia,\ |y, d HH (g Vij Z (Y | ou, Nr) HSl(yij | oy, )\l))dm
=1 =1
(ITsitws o r) ™. (5.2
1=1

Fori=1,...,1,j=1,...,n, and = 1,...,r, define I;j; = I(t;; = w;;;), where
I(-) is the indicator function, and denote I = (Iy,...,I;), I, = (I;1,...,I;,,) and
I; = (Lij1,- .., Li1). These indicators can be used as ancillary random variables.

Let U = (Uy,---,Up), U; = (Un,--- ,Uy,), and U;; = (Ujjn, - - -, Uyjr). Gelfand

et al. (2000) used this latent variable for sampling. If we consider U as the complete
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data, under the independence assumption, the likelihood becomes

I g T
Lio, A fu) = HHHQ(Uij)hl(uijl | au, \o)Siuig | auy i)

i=1 j=1I=1
I n; T r

= H H (9(%;‘)) Hal)\zu%lfl exp{ - Z H(uij | ou, )\l)g(vij)}
i=1 j=1 = —
I ]m T lrl lrl

= TITI (o)) TLeni" exo { = 3" Awsiotws)}
i=1 j=1 I=1 =1
I n; I n; r

= TITI#ui e X)=TTTTTI £ (uiie | . ). (5.3)
i=1 j=1 i=1 j=11=1

However, according to Berger & Sun (1993), using the indicator I as a latent
variable is much more efficient for sampling. We may write the likelihood for the

complete data as follows.

I n; r w“
Li, 2 I|y,d) = HHH (fl(yij | oy, )\z)liﬂSz(yij | ay, )\z)l_lijl) ]
=1 j=1 =1

Si(yij | g, \) %

I n; r
= TTTTTI Aitwss | an M5 Si(ysy | enh)' =%t (5.4)

i=1j=11=1

If the Weibull baseline hazard is plugged in, the likelihood becomes

foni v dijliji
Lie, A T |y, d) =T[T]I11 (azkzyf“;_lg(vm)) exp { — Nyitg(viy)}, (5.5
i=1 j=1I=1
and the log likelihood l(a, A\, I | y,d) is
I n;

Z Z Z [dijlijl(log oy + log A\ + (oy — 1) log yij + log g(vij)) — Ayii 9(vig) |- (5.6)

i=1 j=1 I=1
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5.3.2 A Linear Mixed Model

For g(v;;), we assume that g(v;;) = exp(v;;), and that

v,-j:ﬁ'a:ij—l—VVi—l—eij,izl,...,],jzl,...,ni, (57)

where 3 is the regression coefficient vector for the effects, W; is the spatial effect
for the i county, and ¢;; is a residual effect including other unknown sources of
variability. There is no intercept in this linear model because it has been included in A.
Define v = (V11,.+ -, V1nyy -, U1ty -+ Vrny)s X = (T11, -« oy Tlngs e s TL1y -« s TIny) s
W =(Wy,...,W;) and € = (€11, .., €1nys-- -, €01, - - -, €rm,). We can rewrite (5.7) in

matrix form

v=XB+nW +e¢, (5.8)

where 1 = diag(1,,,...,1,,). It is obvious that 1, =n - 1;.
Assume that the ¢;;’s are i.i.d normally distributed with mean 0 and variance dy.

Then (5.8) follows a multivariate normal distribution,

(v]| X;8,W,d) ~ Ng(XB+nW,dlk). (5.9)

5.3.3 A CAR Model

Assume W = (W, ..., W) follows the simultaneous CAR prior of (2.2), in which Z
is replaced by W. Let (; and (; be the minimum and maximum eigenvalues of the

matrix C', respectively. Then they have the same values as in Section 4.3.3.
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5.3.4 Priors

Suppose oy ~ gamma(as, bs), { = 1,...,r, where a4 is the shape parameter and by is
the inverse scale parameter. To identify different hazards, we assume that the «;’s
are order statistics with o, > --- > «4. Identifiability is discussed in Section 5.4.1.
In the application, we take a flat prior with a; = 1 and b; = 0.

Let A, ~ gammal(ap,by),l = 1,...,r, where a; is the shape parameter and by, is the
inverse scale parameter, and take a flat prior with a;, = 1 and b;, = 0. We also suppose

that 5, ~ N(fim, Tm), m = 1,2, 0 ~ IG(ag,b), k=0,1, and p ~ U(Cfl,(’l_l).

5.4 Computation

5.4.1 Identifiability

To avoid the identifiability problem, the shapes for the Weibull hazards of different
risks need to be ordered. If all o; are greater than 1, the hazards are increasing.
Since we are primarily interested in colorectal cancer survival, we assume that the
colorectal cancer has the highest risk. From Table 4.1, the order of the risks goes by
the colorectal cancer, other causes of deaths (including unknown cases), and other

cancers. We assume a1 < -+ < Q.

5.4.2 Model Selection

For model selection, we use the deviation information criterion (DIC) to compare

different models. According to (Gelman et al. (2004)), to calculate DIC = 2D,,(y) —
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Dy(y), we need to find Doy (y) and Dy(y). We know that

1

D(y,8) = —21og(L(y | 0)), Davy(y) = 17 > D(y,6"), and Dy(y) = D(y,6(y)),

=1

where 6 is the general parameters, y is the data, and [ = 1,..., L is the simulation

iterations, and that

D(y, 0)

I g T

= -2 Z Z Z [dijlijl(log a; +1log N + (o — 1) logy;j + vij) — )\lyf‘jle””}.

i=1 j=1 I=1

5.4.3 Sampling

We use Gibbs sampling to complete the sampling. Consider the observed data are
(ya d>X>77)> and define A(—l) = {)\pa 1< p < np 7é l}a Q) = {apa 1< p < np 7é l}a
I_ijy = {Inp,1 <m < 1,1 <p<ny,,m#i,p# j}, the full conditional posterior

distributions of all the parameters are as follows.
Proposition 11.

(a) Given (o(—py, A\, I,v,B8,W &y, 01,p;y,d,X,n), the conditional posterior density

of ag 1is
I n;
as— IR DU Y o -
[y | A, vidata] o« o i g dla exp{ — (bs — szij[iﬂ log yij) cu
i=1 j=1
I N4
—ZZ)\lev“yf‘;}, (5.10)

i=1 j=1

with oy < o < a1, where ag =0 and a1 = 0.
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(b) Given (o, A\, I,v, 8, W 0o, 01,p;y,d, X,n), the conditional posterior density
of \; is
I n;

I n;
(N | au, Iy, v; data) ~ gamma(ah + Z Z d;ijliji, b, + Z Z e”“yf}’). (5.11)

i=1 j=1 i=1 j=1

(¢) Given (a,A\,v,8,W by, 01,p;y,d, X, m), I;;i =1,....,1,j =1,...,n; are in-
dependent. The dead and censored cases should be considered separately.
o [fd;; =0, we have I;; = 0;
e otherwise, given (o, A, I_;jy,v, B3, W, é, 01, p;data), the conditional den-

sity of I;; follows a discrete distribution with

o
(e7] )‘lyij
T QO
> m=1 O‘m)‘myij

Tijl = ﬂ-([ijl = 17Iij(—l) =0 | a,)\7y) = s = 1, e,y (512)

where I;j_yy = {Lijm : m # 1}. Note that Y _ mijm = 1, and it is always

true that only one element in I;; is 1.

(d) Given (a, A\, I,B,W d,01,p;y,d, X,m), v;;’s are independent and the condi-

tional posterior density is

r r 1 5
[Uij | -] ox exp {dijvij Z Iij; — e" ; )\ly,-o‘j’ — 2—50 [Uij — (ﬁ'wij + WZ)] } (5.13)

=1

(e) Given (a,\,I,v,W &y, 0d1,p;y,d,X,n), the conditional posterior distribution
of B is

N((iX’X + T_l> s, (%X’X + T_1>_1), (5.14)
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where
s = | = X' (0 — W) + T_lu]. (5.15)

(f) Given (a, X\, I,v,03,d0,01,p;y,d,X,n), and define B = I} — pC, the the con-

ditional posterior distribution of W is

(W | v,8,00;1) ~ N(fow, Tw), (5.16)

where

N 1/1 , 1 ._\-! N 1 1 _\-1
w = T\ 5 —B ' - X d w — —n' —B .
i 50<50nn+51 ) n' (v B) and T (50"777+51 )

Obviously, n'n = D where D is a diagonal matriz whose diagonal elements are
(nl,. .. ,n[).

(9) Given ((a, A\, I,v,3, W 61, p;y,d, X, n), the conditional posterior distribution
of do is

I n;

(50 | ’U,,@, W,X) ~ [G(Go + g,bo + % ZZ (Uz’j — ﬁ'a:ij — VVZ)2> (517)

i=1 j=1

(h) Given ((a, A\, I,v,8, W &, p;y,d, X, n), the conditional posterior distribution
Of (51 18

I
(61| W, p) ~ IG(a1 5o b WL - pC)W>. (5.18)

(i) Given ((a, A\, I,v,3, W by, 01;y,d,X,n), the conditional posterior density of p
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18

1
o | W, 6] o |I; — pC"l/2 exp{ — 2—61W'(I1 — pC)W}. (5.19)

It is easy to show that all the non-regular distributions are log concave and can

be sampled by the Adaptive Rejection Method ( Gilks & Wild (1992)).

5.5 Result

The computation is based on 3 chains of 20,000 samples with 5,000 burn-in period.

The DIC for 3 risks is 57794. Parameter estimates and their standard errors are
listed in Table 5.1. The spatial effect can be observed from Figure 5.1. No particular
trend is found from the map, which indicates that the response does not have a
significant geographical factor.

From Figure 5.2, it can be seen that the shape of the third risk is much different
from the other two, leading to a smaller hazard rate. The first two risks, however,
does not have a clear shape difference, although they have different hazard rates. This
might be a result of a identifiability problem or a convergence problem, as shown in
Figure 5.3. It is hard to conclude the hazard rate parameters are convergent according
to the trace plots. Moreover, plot (c) suggests that there might be identifiability

problems that have not been detected yet.

5.6 Discussion

This chapter discusses the competing risks model with application of colorectal cancer

in SEER data. The Weibull hazard has been used. For further exploration, other
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different hazard functions can be added to the model for comparison.
If we consider more competing risks, the model will be more powerful for detecting
behaviors of different risks. However, the identifiability problem will become worse.

To reduce its effect, the data have to show great differences between different risks.
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Table 5.1: Parameter Estimates and their Standard Errors, the standard errors are

in parentheses

Shapes Stage (Unknown= 0)
ap | 1.0965 (0.1071) | In Situ | —2.9196
ag | 1.1809 (0.0339) | Localized | —2.6633
az | 3.4650 (0.2633) | Regional | —1.9625
Distant 0.5969
Hazard Rates Other Parameters
A1 | 0.0606 (0.0602) Age 0.1884
Ao | 0.4782  (0.1236) 0o 1.8667
Az | 0.0012 (0.0008) 01 0.0180
p —0.0962
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(a) Estimated Spatial Effect

(b) Standard Errors of the Spatial Effect

~

i
;

Figure 5.1: Estimated Spatial Effect and Standard Errors
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Figure 5.2: Posterior Density Comparison of the Shape and Hazard Rate Parameters
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Chapter 6

Discussion on Spatial Confounding

6.1 Introduction

Spatial analysis is motivated when the error term in a regression model will tend to
be spatially correlated. Anselin (2002) provided an overview of the motivation for
including spatial effects in regression models, both from a theory-driven as well as
from a data-driven perspective. Researchers have modeled the spatial structure by
adding a spatial random effect with zero mean in the model (e.g., Breslow & Clayton
(1993), Ver Hoef et al. (1993), etc.). The spatial analysis has been applied to various
areas. For example, Carlin & Banerjee (2002) discussed the spatial process models for
multivariate survival data sets. Cressie & Wikle (2011) gave a comprehensive demon-
stration of spatio-temporal processes on environmental processes, climate trends and
public-health data, etc.

However, most researches are based on the assumption that the spatial random
effect is independent with the other regressors. In reality, nevertheless, this spatial

effect is unmeasured, and might be correlated with other random variables in the
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model. When this occurs it is not easy to separate the effect of a regression factor
from a spatially varying error. This inability to separate factor effects from spatial
error is referred to as spatial confounding. When the confounder is unmeasured, bias
in estimation of regression coefficients can not be avoided. Paciorek (2010) noted this
issue and showed the bias dependence on the spatial scales of the covariate and the
residual.

This chapter discusses the confounding problem arising from the linear mixed
model with an unobserved random effect, i.e., the spatial random effect. We com-
pare the variances and mean square errors of different estimators of the regression
coefficient for the linear mixed model in the effort of reducing the bias caused by the
confounding issue.

We suppose that y is a random variable with n elements, 3 is a p x 1 unknown
regression coefficient vector, u is a ¢g—vector corresponding to an unobserved random
effect. Assume that X, is a n X p matrix of covariates, and X; is a fixed design

matrix with n x ¢ elements. Consider the linear mixed model

Yy = X0ﬁ+X1u—|—e, GNNn(O, (50‘1’0), (61)

u Nq(O,él\Ill), (62)

where € is the error term, and W, and W¥; are known positive definite matrices.
We often assume that X;, ¢ = 0,1 are fixed or prespecified with full column ranks.
Without loss of generality, we assume that ¥, = I,,. Here W, is fixed but might
not always be identity. Note that w and € are both unobservable. Thus, y has the

marginal distribution

y | Xo ~ N(XoB,00%), (6.3)
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where

1 5
Y=1I,+-X,¥, X, and = 5—0. (6.4)
n 1

Both §y and 9, are often unknown, but » may be known.

Speckman (1988) considered the partial linear model
yi = &P+ f(t:) + e (1 <i < n), (6.5)

where the &; are fixed known p vectors, 8 is an unknown vector of parameters, and
the t; are in some bounded domain D C R¥. He proposed two methods of estimation
based on methods for scatterplot smoothing in the simplified model of (6.5) with
B = 0. The first estimator is obtained from the method of penalized least squares
introduced by Engle et al. (1986) among others. The second method is to estimate
B from partial residuals after adjustment of y; and &; for dependence on ¢;. Both
methods use a smoother matrix for ordinary scatterplot smoothing. Under suitable
assumptions, the asymptotic bias and variance are obtained for both methods, and
it is shown that estimating B by partial residuals results in improved bias with no
asymptotic loss in variance.

Note that the term (f(t1),..., f(t,))" in (6.5) can be reparameterized as X;u.
Two types of adjustment for partial residuals are applied to y and X, in Model
(6.1) under the assumption that X, and w are independent. The first adjustment is
obtained by the conditional posterior distribution of w given y and 3, and the second
by the marginal posterior distribution of w given y.

In Section 6.2, we discuss the linear mixed model (6.1) and its estimators of
the covariate coefficient (3. Besides the generalized least square estimator and the

Bayes estimator, two other estimators motivated by Speckman (1988) are discussed.
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The corresponding predictors of the random effect w and the variable y are also
computed. Section 6.3 compares the variances and MSEs of the estimators under
different conditions. We give two examples for illustration. Sections 6.4 discusses
the orders of the variances and MSEs of u. The variances of the prediction error are
compared in Section 6.5. Finally, the Bayes Factor of testing the regression coefficient

is discussed in Section 6.6.

6.2 A Linear Mixed Model

6.2.1 Generalized Least Square Estimator

For model (6.1), the commonly used GLS estimator of 3 is
Boe = (X)=7'X) X\ (6.6)

Henderson (1975) gave the Best Linear Unbiased Predictor (BLUP) of u,

e = AT X (y — XoBa),

where

A =X X, +nPt (6.7)

It is easy to show that 37" = I, — X1A7' X7, hence AT'X] = S ¥, X{%7". We
define

Co=1I, - S 2X (X271 X,) " Xz 2 (6.8)

Then
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1
g = 5\111)({2-1/20(;2—1/2?, (6.9)

Therefore the predictor of y can be written as

Jo = XoBe+ Xitg = (I, — X2Cex?)y. (6.10)

6.2.2 Bayes Estimator

Consider the Bayes estimator for 8 given 7 using a constant prior for 8, 7(8) x 1,

/

the prior (6.2) for u, and a prior of §;. The joint posterior distribution of (3',u’)

given (y;n) is

Npea (v—1<xa, X))y, 5ov—1), (6.11)
where
X' X X/ X
V=< o ! ) (6.12)
X{XO X{X1 -+ 7]\111_1
We define
Py = Xo(X5Xo) ™ Xy, (6.13)
and
&, = X|(I, - P) X, +n¥;. (6.14)

Both X, and X have full column rank, V' is invertible and
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)

V_l_lvo Vi
‘/1/ (bl_l

where

Vo = (X5 Xo) ' X (I, + X1 @7 X7) Xo(X( X0) ™', Vi =—(X{Xo) ' X{ X

The Bayes estimator of 3 is the first p-vector of V=1 X}, X/)'y, i.e.,

Bs =E(B | y;n) = (X(Xo) ' X((I, — X, B)y. (6.15)
Alternatively, the Bayes estimator can be given by
E@B|y;n) = E[EQ@|yinu)|y;n] =E[(X;X0) ' Xy — Xau) | yin].

Defining

B=®'X/|(I, - Py), (6.16)

it is easy to verify that the marginal posterior distribution of u given y is

(u|y) ~ N(By, 50‘1’1_1>- (6.17)

So the Bayes estimator has the expression (6.15). The predictor of the random effect

uw would be

up = By. (6.18)
Therefore, the predictor of y becomes
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Up = [Xo(X(Xo) 'X((I,— X1B)+ X.Bly

= [(I, - P) X, ®7' X (I, - P)) + Py]y

1 1

_ ([In o= P)X, U7 X|(I, - P)] ' — (I, — P0)>y. (6.19)

6.2.3 X, and u are Independent

The basic assumption of the usual linear mixed model (6.1) and (6.2) is that X, and
u are independent. In this case, BG is unbiased. Motivated by Speckman (1988), we

consider several estimators of 3.

Estimate of 3 from the Conditional Posterior Distribution

For model (6.1) and (6.2), we can treat (6.2) as a prior. Then the posterior distribution

of w given (y; 3, do, 1) is
(ul|y,B)~ N(cl, 60A1‘1), (6.20)
where
e = AT X (y — Xo8). (6.21)

If we replace w in (6.1) by ¢; = E(u | y,3), we get y — X1¢; = Xo3 + €. This is

equivalent to

Sy =%"'X,8+e (6.22)
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Noting that € ~ N, (0, dpI,), the corresponding “OLS” and “GLS” of B for model

(6.22) are identical and given by

Bo = Be = (X,572X,) ' X, 2.

Consequently, u can be estimated by replacing 3 in (6.21) by Bo:

up = %\IllX{E_l(y - Xoﬁo)-
If we define
Co=1I, - ' Xo (X[ Z2X,) " X2,
we get
Up = %\I’lX{COE_ly.
Then the predictor of y would be

¥o = (I, — CoXH)y.

Estimate of 3 from the Marginal Posterior Distribution

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)

In model (6.1) and (6.2), we choose a constant prior for 3 and treat (6.2) as the prior

for w. The marginal distribution of w given y is given by (6.17). We can replace u

in (6.1) with ¢} and get another approximating model,

B*y = X0/6+€7
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where

B*=1,- X,B. (6.29)

It is easy to show that B* = (I,,+ %XllIllX{(In — P,))~!. The corresponding “OLS”

and “GLS” estimates of B for model (6.17) are identical and given by (6.15).

6.3 Comparison of Estimators of the Regression
Coefficient 3

So far, we have listed three methods of estimating 3 and their corresponding predic-
tors, and it would be interesting to compare their MSEs. The estimators of 3 are

given by (6.6), (6.15), and (6.23).

6.3.1 X, and u are Independent

Since E(u | Xy) = E(u) = 0, (6.6) and (6.23) are unbiased estimators. Their MSEs

are

MSE (B¢ | Xo,8) = Var(Bg | Xo, 8) = 6o(XL2'X,) ", (6.30)

MSE(Bo | Xo0,8) = Var(Bo | Xo,8)

1

= S(XpZ72X0) T XIE X (X2 X,) T (6.31)
The MSE of the Bayes estimator can be computed by
MSE(Bg | Xo,8) = Var(Bs | Xo,8)
+[Bias(Bg | Xo,8)] [Bias(Bs | Xo,8)]',  (6.32)
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where

Var(Bs | Xo, 8) = 60(X}Xo) " X4(I, — X1 B)X(I, — X1 B)' X, (X} Xo) ",

and Bias(Bp | Xo, B) = (X X0)” X, X1 BX,83.

Lemma 1. Suppose that S and T are two m X n matrices satisfying S’'S < T'T.

For any positive definite (p.d.) matriz A, S'AS <T'AT.

Proof. Since A is positive definite, there exist orthogonal projection matrices P;,

1=1,...,n, such that
A= Zn: NPy, (6.33)
i=1
where the \; are the eigenvalues of A. Since Y " | P, = I,,, we have
S'S<TT < zn:S’PZ-S < zn:T’PZ-T.

i=1 i=1
This implies that

Y NS'PS<> NT'PT < S'AS < T'AT,

i=1 i=1
and the lemma is proved. O

Theorem 3. Assume that in model (6.1) Xo and w are independent. (6.6), (6.15),
and (6.23) are three estimators for 3 indicated by Bg, Bo, and BB. Then there are

following results:

(a) BG and ﬁo are unbiased estimators.

(b) BG has the smallest MSE among the unbiased estimators, 1i.e.,
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Var(Be | Xo,8) < Var(Bo | Xo, B). (6.34)

(c) Furthermore, ﬁB is biased, but it has the smallest variance, i.e.,

Var(Bs | Xo,8) < Var(Bea | Xo,8). (6.35)

Proof. Part (a) is obvious.

For Part (b), because of (a), the MSEs are equal to the variances. We know that
3 > I, so there exists a series of projection matrices P;, i« = 1,...,n, such that
Y= Z?:l A P;, where the \;s are eigenvalues of 3. It is easy to show that A\; > 1 for

any i =1,...,n, and that =1 =>"" )\%PZ Therefore,

X3 X, X(22X "3 3
X372 X, XXX, =1 N\ 3 %

According to Bhatia (2006), we have
XXX, > (X)Z72X0) (X 271 X0) ' X272 X,
or
(X271 X0)™ < (XPE2X0) XXX (X2 X))

Therefore, Var(BG | Xo,8) < Var(Bo | Xo,3).
For Part (c), the MSE and the variance of the biased estimator BB are not equal.

Since
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>

X)X, X)B'X, i
( )3 (F 4 )exnxzo

X2 'X, XX,

i=1

=
—_

we have

(X5 X0) ™ < (X2 X0) ' X2 X (X2 X)L

From Lemma 1, we have

(X X0) ' X X0(X)X0) ™ < (X2 X)) ' X2 X (X2 X))

Since B* < I, it is easy to show that

VC”’(BB | X0, 8) < (X§X0) ' X{EX0(X(Xo) ",

hence the inequality is proved. O

6.3.2 X, and u are Correlated

We assume that Xy = (21, ..., x,), and suppose that at least one of &;, i =1,...,p,

and w are not independent. Define

x =vec(Xy) = (x},...,x), (6.36)

p

the vectorization of X,. Then the relationship between X, and w can be transformed
to that of & and u. In fact, there exists a one-to-one transformation between Xy and

x, i.e.,

p p
Xo =) (U L)zU], and x =Y (U;® I,) XU,

i=1 i=1
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where U is a p x 1 vector whose i element is 1 and 0 otherwise.

Define

v =E(u|z,0), X = Var(u | z,B3).

Then ~ # 0, and > > 0 if # and u are correlated. Therefore,

E(y | Xo,8) = XoB+ X1v, Var(y | Xo,B) = doI, + XliX{'

Note that if  and v are independent, we have

~v=E(u) =0, ¥ =Var(u) = 0,¥,,

hence

Var(y | Xo,B) = 6.

Define

1 < 1
S = I+ = XiBX], 8 = B + = X197/ X].
0 0

(6.37)

(6.38)

(6.39)

(6.40)

Then the expected values, variances and MSEs of the estimators (B(;, ﬁo, BB) are

E(Be | X0.8) = B+ (X,27'Xy) ' X5 X,

(6.41)

Var(Ba | Xo,8) = 0o(Xe37' X)X Xo( X3 Xo) !, (6.42)

MSE(Bc | Xo,8) = 0o(X637" Xo) ™ XS 85,27 X (X057 Xo) ™" (6.43)

E(Bo | X0,8) = B+ (X\52X,) ' X,5 22X,

(6.44)

Var(Bo | Xo.8) = 00(Xg3 > X0) ' XE Sy B2 Xo( X3 Xo) ™", (6.45)

MSE(Bo | X0,8) = 00(XeZ > X0) ' XE 53,5 Xo( X5 Xo) ™ (6.46)

E(Bs | X0,8) = (X0X0) ' X(B* (X8 + X17),
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Var(Bg | Xo,8) = 0(X;X0) ' X;B*S5 B Xo(X)X,) ™, (6.48)
MSE(BB | Xo.8) = VC”’(BB | Xo,03)

+[Bias(Bs | Xo,8)][Bias(Bs | Xo,8)]". (6.49)
We can now get a theorem about the order of the MSEs and variances of all the
estimators (ﬁg, Bo, BB).

Theorem 4. For model (6.1), consider three estimators for B: (6.6), (6.15), and
(6.23) indicated by ﬁg, Bo, and ﬁB. If Xy and uw are correlated, all the estimators

are biased, and we have the following facts:

(a) The variances satisfy

Var(Bp | Xo,8) < Var(Be| Xo.8) < Var(Bo | Xo.8).  (6.50)
(b) The MSFEs satisfy

MSE(Bs | X0,8) < MSE(Bg | Xo,8) < MSE(Bo | Xo.8). (6.51)

Proof. 1t is obvious that all the estimators are biased. It is easy to show from Lemma
1 that the orders of the variances and the MSEs of Bg, and ﬁo do not change from
Theorem 3 (b).

Moreover, B* < I,,, hence

[Bias(Bp | X0, 8)] [Bias(Bs | Xo,8)]'

< (X} X,) ' X} B*X vy X|B* X,(X}X,) ™.

From the proof of Theorem 3, the inequality (6.51) holds. O
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We give two examples of Theorem 4.

Example 1. (Bivariate Normal Distribution) Suppose that in Model (6.1), X, =

I,, n=gq, and

indep.

x; ~ N,(0,02Ry,),i=1,...,p. (6.52)
Define
Ri,/z = diag(Rglf, e R}C{)z), Yoy = diag(ail, 02,
and

O = (10215 s PpOs,) (6.53)

and consider the bivariate normal relationship between x and u

x
~ N(p+1)n 0,
u

( (X0 @ 1) Ry \/57Ri/2(am®—’")ﬁ/2>> (6.54)
Vo (0! © I,) R 5T, o

In this setting,

o_l 2—1 — (& p;l) >
xT T O'ml ) * Ump )
hence
p
wlz~ N,(* (V010,58 @ LR, 6:(1- Y p2) ). (6.55)
=1
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Therefore, v and X defined in (6.37) have the expression
- Pi g,1/2 s -
y=V6> U—’\Ill/ Rz, S=05(1-) p)¥,.
i=1 7 i=1

Hence,

1 p
Var(y | Xo,8) = 6o(8 = - > _pi¥1).

i=1

Corollary 3. Assume that in model (6.1), x defined in (6.36) and w satisfies (6.54).
B\B has the smallest variance and MSE. The order of the variances follows (6.50), and

the order of the MSFEs follows (6.51).

Furthermore, if
v, =R, =---=R, =R, (6.56)

we have
p 0
¥ = \/61 izgl U—wla}'

Note that Page et al. (2011) discussed a special case of this example by assuming

p =2, and the first column of X is the vector of ones. In this case
Bias(Be | Xo,B) = \/E(f—l(xgz—lxo)—lxgz—lw,
x1

which is the same as Paciorek (2010). Moreover, it is easy to show that

0o ,xx’
> — I, = pP=
M P1 1 (Uxf

—w).
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Example 2. (Linear Relationship) A common relationship between x and u would

be a linear relationship. Suppose that

x=Cu+e, e~ N(0,00¥,), (6.57)

where C' is an np X q¢ matriz. Then x | u ~ N(Cu,6W,). It is easy to show that

zumNN@g%ﬂ@%,@G;) (6.58)
where
/Ty —1 1 -1 01
G2 =C \Ilz C + —\111 y and N2 = —- (659)
M2 02

Therefore, v and X defined in (6.37) have the expressions
v=G;'C e, ¥ =05,G;"
We have
Varly | Xo.8) = do(I,+ —X1G;' X))
where
N2 = 5y (6.60)

Corollary 4. Assume that in model (6.1), x is defined in (6.36) and w is linearly
related as in (6.57).

(a) By has the smallest variance, and the order of variances follows (6.50).
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(b) All estimators are biased, and BB has the smallest MSE. Moreover, the order of
MSEs follows (6.51).

Note that if 05 tends to infinity, which leads to independence of  and w, v would
tend to be 0, and ¥ would tend to be 5, ¥,. Hence, 3% defined in (6.40) would tend

to be 32, and Corollary 4 would become Theorem 3 exactly.

6.4 Posterior Predictor of the Random Effect u

The estimators of u corresponding to the estimators of 3 are given in (6.9), (6.18),

and (6.26). We suppose X and wu are correlated without loss of generality. We define
Ey = E(y | XO)/B)a ‘/y = Va?“(’y | XO)B)) (661)

and use 7 as defined in (6.37). Then the expected values, variances and MSEs of the

estimators of ug, wp and up are

1

E(tg | X0,8) = B@'as(ag|Xo,ﬂ):5\111)({2-1/20(;2—1/2)(17, (6.62)
Var(ug | Xo,8) = %\Iflxg2—1/20(;2—1/2‘@2-1/20(;2-1/2X1\Ifl, (6.63)
E(dio | Xo,8) = Bias(dio | Xo,8) = %\IIIX{COE*XW, (6.64)
Var(to | Xo,8) = %\Ile{COE‘IVQ,E‘ICOXl\Ill, (6.65)
E(ap | Xo0,8) = ®7'X (I, — R)E,, (6.66)
Var(up | Xo,8) = @®7'X{(I, — R)V,(I, — P) X, ®;". (6.67)

The MSEs can be computed by

MSE = Variance + Bias - Bias'.
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Lemma 2. Suppose S and T are two different n x n idempotent matrices with the

same rank r. Then S and T cannot be ordered.

Proof. Since S is idempotent, there exist an orthogonal matrix P such that PSP’ =
diag(I,,0). It is easy to show that PT P’ is idempotent also, and rank(PTP’) =r.
Therefore, the diagonal elements of PT P’ are between 0 and 1 inclusively, and if
they are equal to 0 and 1, the corresponding row and column would be zero.

It S <T, then

diag(I,,0) — PTP' < 0.

Hence the first r elements of PT P’ are 1, and PT P’ = diag(I,,0), so

S—-T=0. (6.68)

On the other hand, if T' < S, then the same result as (6.68) can be derived. Therefore,

the two matrices can not be ordered. O

Noting that Cs and Cp are idempotent matrices with rank p, we consider

Y20 ICLEY? and CoX2C,.

According to Lemma 2, they cannot be ordered. Then Lemma 1 cannot be applied
here, and the variances of the estimators of the random effect u cannot be ordered.
Moreover, both the expected values and the variances are decided by the known
parameter n. If 9, the variance coefficient of the random effect, has larger scale than
the covariance coefficient 9y, they tend to be larger; whereas if §; has smaller scale

than 9y, they would remain in an acceptable range.
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We consider the special case that X, and w are independent. Section 6.3.2 noted
that (6.38) and (6.39) hold for the independence case. Therefore, (6.62), (6.64) and
(6.66) become

E(dg | Xo,8) = 0, (6.69)
MSE(tug | Xo,8) = Var(ug | Xo,8) = %\Illxgz—lﬂcgz—lﬂxlxpl; (6.70)
E(do | Xo,8) = 0, (6.71)
MSE(uo | Xo,8) = Var(to | Xo,8) = %xplx;coz—lcoxlxyl; (6.72)
E(up | Xo0.8) = @7' X (I, — P))XoB, (6.73)
Var(tg | Xo,8) = 060®7'X|(I, — P)S(I, — Py) X, ®7 !, (6.74)

MSE(up | Xo,8) = Var(up | Xo,8)
+|[Bias(up | Xo,8)] [Bias(ug | Xo,8)] . (6.75)

6.5 Posterior Prediction

Consider the predictors of y given by (6.10), (6.19), and (6.27) from the three different

methods of estimation. Define
Q=1I,-P)(I,- X:%7'X})(I, - B). (6.76)

Then the variances of the prediction error are

Var(Je —y | Xo0,8) = S72Cu PV, 5712Cqu712, (6.77)
Var(go —y | Xo0,8) = CoX'V,X7'Co, (6.78)
Var(ys —y | X0, 8) = QV,Q. (6.79)

The scale of the variances of the prediction error is decided by V,,, while V,, depends
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on the relationship between X, and wu, so to determine the variances, the relationship
should be examined first.

We consider the special case that X, and u are independent. Then (6.77), (6.78)
and (6.79) become

Var(ye —y | X0,8) = 6X7?Cex™'?, (6.80)
Var(go —y | X0,8) = 6Cox 'Co, (6.81)
Var(yp —y | Xo.8) = QXQ. (6.82)

6.6 Bayes Factor

In Model (6.1), we would like to consider the Bayes factor in testing
Hy: 3=0vs H : 3#0.

Let the hypotheses be M, and M;. The Bayes factor of M; to M, for (6.1) is
defined by

mi(y) _ / fi(y | 01)m1(81) 6,
mo(y) /fo(’y | 69)mo(00) dOy

BlO - (683)

where m;(y) is the marginal density of y under M;, and 6; is other parameters,

j =0,1. In addition, we assume 0, is fixed, and the prior of (dy, fo) is

(00, Bo) o 5%. (6.84)

We continue using the notations defined in (6.61). Since E(y | X,,8 = 0) = X1,

for the Bayes Factor in testing Hy, we have
T _ 1 _
mo(y|Xo,8;) = (2m) |V, | exp { — 5 (y—X1v)V, " (y— X1v)}.
Let wyy = (y — X17)' V' (y — X17y). Then
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moly) = (2) V|2 el
On the other hand, under My, suppose that 3 follows the g-prior in Zellner (1986),
1B | g.00] ~ N,(0, gdo(X(Xo/n) ),

for some fixed g > 0. A hierarchical prior for 3 is often obtained from assuming a
prior density 7(g) for g. For example, Zellner & Siow (1980) assumed a Cauchy prior
for 3, which is a special case here by assuming g ~ x3.

We suppose that all the parameters other than 3 are fixed. Define
Wey = Xé‘/y_l(y - le)a Weg = X(l)‘/y_1X0>

and Qg) = (war + X Xo/(ngdo)) " (6.85)

Then for H;, we have

maly) = / /ﬁ fi(y | B#0)m(B | 9)n(g) dBdg

X' X 1/2 °° 1
—(n 2 —-1/2 —Wyy/2
= m Ay e [T a(g) exp (G, Qo)
1 / ! —1 /
/B exp{ = 3|8 -, 29)| 2U9)! |B—w,09)| } dBdg
X'X 1/2
— —n/2 —1/2| > —Wyy /2
(2m) V|2 T e
o 1/2 1
/ 7T(Q)‘Q(g)‘ exp{§w;y9(g)wxy}dg~ (6.86)
0
Therefore,
X' X |2 [ 1/2 1
Bu = |5 [ rolew)]” oo (Fenoen . 687
noo 0 2

A Monte Carlo simulation can be done based on the conclusion to calculate Byg.
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