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The Dirichlet problem for elliptic and degenerate elliptic
equations, and related results
Phi Long Le
Steve Hofmann, Dissertation Supervisor

ABSTRACT

The purpose of this thesis is to understand three different types of problems related to
weighted elliptic operators and some results related to solvability of non-degenerate ellip-
tic equations in rough domains. First, we prove that the Dirichlet problem for degenerate
elliptic equations div(AVu) = 0 in the upper-half space (x, ) € R"*! is solvable when n > 2
and the boundary data is in L”(R") for some 0 < p < oco. The coeflicient matrix A is only
assumed to be measurable, real-valued and #-independent with a degenerate bound and el-
lipticity controlled by a f-independent A,-weight u. It is not required to be symmetric.
The result is achieved by proving a Carleson measure estimate for all bounded solutions in
order to deduce that harmonic measure is in the A-class with respect to the p-weighted
Lebesgue measure on R". The Carleson measure estimate allows us to avoid applying
the method of e-approximability, which simplifies the proof obtained recently in the case
of uniformly elliptic coefficients. The results have natural extensions to Lipschitz graph
domains. Second, We obtain Hodge-decomposition, L” bounds semi-groups and their gra-
dients, and then we get L” bounds for Riesz transforms and square functions associated to
a degenerate elliptic operator in divergence form, with degeneracy controlled by a weight
in the Muckenhoupt class A,. Finally, we show that for a uniformly elliptic divergence
form operator L, defined in an open set Q with Ahlfors-David regular boundary, BMO-

solvability implies scale invariant quantitative absolute continuity (the weak-A., property)



of elliptic-harmonic measure with respect to surface measure on 0€2. We do not impose
any connectivity hypothesis, qualitative or quantitative; in particular, we do not assume the
Harnack Chain condition, even within individual connected components of €. In this gen-
erality, our results are new even for the Laplacian. Moreover, we obtain a converse, under
the additional assumption that Q satisfies an interior Corkscrew condition, in the special

case that L is the Laplacian.
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Chapter 1

Introduction

In this doctoral thesis, we investigated three problems as followings:

1. Carleson measure estimates and the Dirichlet problem for degenerate elliptic equa-

tions.

2. L? bounds of Riesz transform and Vertical square functions for degenerate elliptic

operators.

3. BMO solvability and absolute continuity of harmonic measure.

The following is a brief introduction to the results in my thesis.
Given a domain Q ¢ R”, and a function g : Q2 — R, the Dirichlet problem for Laplace’s

equation is to find a function u satisfying

Au=0in Q
u = g on 9Q

The Dirichlet problem is fundamental in many area of mathematics and physics. The ef-
forts to solve the problems led to many revolutionary ideas in mathematics. The first serious
study of the Dirichlet problem on a general domain with general boundary condition was
done by George Green in his Essay on the Application of Mathematical Analysis to the

Theories of Electricity and Magnetism, published in 1828. He reduced the problem to the
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problem of constructing what we now call Green functions, and he argued that Green’s
function exists for any domain. Since then, there are many results that have been de-
rived. Since the original Dirichlet problem cannot describe some complicated situations
in physics, we need to understand the Dirichlet problems in more general forms, and one
of the most well-known versions is to replace the equation Au = 0 by a divergence form
equation — div AVu = 0, where A is an n X n real valued matrix and A satisfies some elliptic
conditions. For nice domains, and nice coeflicients, the Dirichlet problem has been studied
well. For example, we may know the smoothness of the solution, properties of solutions
near the boundary, and solvability of the problem with continuous data on the boundary.
An interesting problem is to understand the solution when the boundary data belongs to L”
on the boundary. For L? data on the boundary, and radially independent symmetric coef-
ficients in a star-like Lipschitz domain (which case may be reduced, after localizing and
pulling back, to the case of #-independent coeflicients in the half-space), the problem was
treated by Jerison and Kenig. For the 2-dimensional upper half-plane, the solvability of
Dirichlet problem was confirmed by Kenig, Koch, Pipher and Toro in 2000 for some p,
again for 7-independent coeflicients, albeit without an assumption of symmetry. In higher
dimension (the domain is still upper-half space), the question remained open until 2012,
when it was resolved in the affirmative by the work of Hofmann, Kenig, Mayboroda and
Pipher, using techniques and results from the solution of Kato problem. My first problem
was to understand the L” solvability of Dirichlet problem in a weighted, degenerate elliptic
setting. In our work, we focus on the domain R’}f‘ = {(x,1) : x € RR",t € R,}. here, A is
an (n + 1) X (n + 1) real-valued matrix, it is t-independent, and satisfies the ellipticity con-

ditions [(A(x)&, O)| < Au(x)|ENIC], KAx)E, €| = A~ u(x)|€)> for some A > 1. We established



Carleson Measure Estimates, i.e., we obtain that for a bounded solution u,

su (L /f(Q)/ [tVu(x, 0> d (x)d—t> < Cllull
Qp u(Q) Jo 0 , ) S )

Base on the above result, we are able to show that the harmonic measure belongs to A, with
respect to surface measure — the latter is a quantitative version of absolute continuity with
respect to surface measure. From that, we may conclude the Dirichlet problem is solvable
for some p large enough.

For our next problem, we start with the assumption that A is an n X n complex valued

matrix and let A satisfy

Ap) €7 < Re(AE,€),

KAME Yl < Ap(x) 1€,

for all £, € C" and for some uniform A and A, with 0 < 4 < A < co. Then we are
able to define the square root operator VL, where Lu := —div AVu. The well-known Kato
problem asked whether we have || VLfll 2@y = IVfll2@n), when f is in W'3(R") — the
homogeneous Sobolev space. The question has a long history, and a number of famous
mathematicians have contributed to its solution. The complete solution was obtained by
Auscher, Hofmann, Lacey, Lewis, McIntosh and Tchamitchian in 2001. The resolution
of the L? Kato problem opened new questions about the problem in L. The problem for
p # 2 was treated by many people, and the complete solution was shown by Auscher in
a publication in 2007. In 2012, the weighted version (i.e., for degenerate elliptic L) of the
L? Kato problem was obtained by Cruz-Uribe and Rios. My project in this direction was
to verify the Kato problem for degenerate operators (with A, degenracy) in weighted L”

levels. We obtained that, for somerange2 —e < p <2+ ¢, || \/Zfllu =~ C||Vf]l.» and also
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weighted L” bounds for square functions defined below

</°° ‘Li/ze_’zuf(x)lzdt) ' ,
0

</°° ‘Ve_muf(x)lzdt) ' .
0

We remark that in this context the restriction on the range of p is natural.

8, ()x)

G, ()x)

The last problem in my thesis concerns solvability of the Dirichlet problem in rough
domains. Recently, harmonic measure and its connection with the geometry of the cor-
responding domain has become an active area with work by Hofmann, Martell, Tolsa,
Nazarov, Toro, Pipher, Kenig, ... just name a few. One of the directions of this type of
problem is to understand what we can conclude about the boundary of the domain once we
know some quantitative properties of the harmonic measure and its converse questions, i.e.,
what we can say about the quantitative property of harmonic measure when the boundary
satisfies some conditions. Another direction is to find the connection between the solv-
ability of the Dirichlet problem, and Square function and Non-tangential maximal function
estimates in L”. In our project, we focused on a different but related problem. We wanted to
understand the relation between solvability of the Dirichlet problem with BMO data on the
boundary and properties of harmonic measure over domains with Ahlfors — David regular

boundaries. Let us consider the operator
L:=—divA(X)V,

defined in an open set Q C R""!, where A is (n + 1) X (n + 1), real, L, and satisfies the

uniform ellipticity condition

n+l1

AP < (AOEE) =) AjX0EE,  lAllsen < A7, (1.1)

ij=1



for some A > 0, and for all £ € R*!, X € Q. We proved that for a domain Omega with
Ahlfors—David regular boundary, if the BMO-Dirichlet problem is solvable, then its L-
harmonic measure belongs to weak -A., with respect to surface measure on the boundary.
For the converse result, we were also able to prove that under an additional Corkscrew con-
dition, we have solvability of the Dirichlet problem for the Laplace operator with boundary
data in L? and also in BMO, provided that the harmonic measure belongs to weak- A, with
respect to surface measure.

This dissertation is organized as followings. In the Chapter 2, we present some defi-
nitions and well-known results that we need for our further arguments. Our results above

will be given in details from Chapter 3 to Chapter 5 in the order that we discussed.



Chapter 2

Definitions and basic results

Definition 2.1. Let 1 < p < co and suppose u be a locally integrable and positive function.

We say u satisfies Muckenhoupt A ,(R") weight if

1 1 y p-l
sup | — x)dxdx —/I xlp-'dx> <K< oo,
Bp(|B|/B’“‘() >(|B| A

where the supremum runs over all balls B ¢ R” and |B| denotes the Lebesgue measure of

the set B.
Now, we would like to recall some function spaces that we need for further arguments.

Definition 2.2. For any open set Q and 0 < p < oo, we define
Lj(Q) = {f : / f@Pu)dz < oo} :
Q
1
with the norm ||f||Lz(g) = (fQ |f(Z)|pﬂ(Z)dZ) P,
We also define

L)1 (Q) = {f : / If(D)IPu(z)dz < 00,¥Q cc Q}.
o

and the space L™ for any p € (0, o) is defined to be the set of all measurable functions f

such that

||f||L5.oo := inf {C >0:u(x:|fx)]>alll) < %, for all @ > O}
= sup {y (u((f(0) > y))F 1y >0}
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Next, we give the definition of weak-type (p,p) bounds and strong type (p, g) bounds of

an operator T

Definition 2.3. We say an operator T satisfies strong type (p, g) bounds if we have the

following

ITflls < Cllflle

and we say it satisfies weak-type (p, ¢) bounds if

IT fllg= < Cllfllez

We also would like to recall the definition of some version of Hardy-Littlewood maxi-

mal functions and also state some properties of them.

Definition 2.4. For any locally integrable function f, we define the centered Hardy-Littlewood

maximal function M(f) as following

M(f)(x) = sup

dz,
r>0 |B( )I B(x,r) If(Z)I ‘

where |B(x, r)| is the Lebesgue measure of the ball B(x, r).

Definition 2.5. For any locally integrable function f € L! we define the weighted

wloc’

centered Hardy-Littlewood maximal function M, (f) as following

1
M- = dz,
() (x) = S,B(E)M(B( 2 Jocen |f(@)|u(z)dz

where u(B) = |, g M(2)dz - the u measure of the set B.

Definition 2.6. For any locally integrable function f € L:l loc» Ve define the weighted

uncentered Hardy-Littlewood maximal function M,(f) as following

M, (f)(x) = sup —— «(B) / |f(@)u(z)dz.

xeB 1



Let us recall the following proposition of maximal functions. See more details in the

book by Loukas Grafakos [G] for proofs of those results.

Proposition 2.7. All the maximal functions M,(f), M(f), M, (f) satisfy the following prop-

erties

1My < Wz MOy 1PN and [ Mu(F| p < 1A
forall1 < p < co.

The following theorem is the solution of Kato problem for weighted operator which was

proved in [C-URZ2].

Theorem 2.8. (weighted Kato problem, [C-UR2]) Let L, be defined below, we have the

following result

12 -
H‘Ep fHLI%(R”) - ||fo||Lﬁ(R”) 5
forall f € Hj(R").

Let us state here some essential inequalities for weighted setting. The first result is the

weighted Poincaré inequality for which the proof was given in Theorem 1.5 of [FKS].

Theorem 2.9. Let 1 < p < oo and u € A, Muckenhoupt class. Then there are positive

constants ¢ = c(p,u,n) and 6 = 5(p, u, n) such that for all function u € W;”IPOC(R”) and for

all1 <k < % +0,

n—1

| 0 | :
lu(x) — Ag |P* dx) < cR( \%7 dx) ,
(u(&a . ol K WB) Ju

where either Ap, = @ fBR u(x)u(x)dx or Ag, = ﬁ fBR u(x)dx and |B| denotes the Lebesgue

measure of the set B.



The next theorem we need is the following weighted Sobolev inequality.

Theorem 2.10. (Theorem 1.2, [FKS]) Take 1 < p < oo and a function u € A,,. There exists

a positive number 6 such that for all u € Cy(Bg) and all k satisfying 1 < k < =+,

n—1

»

Vul® ,udX) ;

|u|kp,udx) < CR (

1
(,U(BR) Br 1(Bg) Br

where C may be taken to depend only on n, the A, constant of u, p.

Lemma 2.11. (Kolmogorov’s inequality) Let f € L}I(R") and 0 < g < 1. Then we have

[ M00] k< Coar 111,
E H
whenever u(E) is finite.

Proof. For a proof, see page 100 in [G]. B

Now we want to give some properties of A, weight condition in which we will need
them later for our arguments. For a reference, the reader can find proofs in the book by

Jose Garcia-Cuerva and J-.L.Rubio De Francia [GF].
Lemma 2.12. If the measure u € A, then there is € = €(u) > 0 such that p € A, _..

Lemma 2.13 (Doubling property). If the measure i € A, then for any A > 1 and for any

cube Q, we have

w(AQ) < CA”u(Q)

where AQ is the dilation of Q at the same center with side length AI(Q).

Moreover, we also have the lower bound, i.e., there is some &' > 0 such that

l@ < C (@)6
u(Q) 10l

where |E| denotes the Lebesgue measure of the set E.
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Proof. See Lemma 2.2 and Theorem 2.9 in [GF] for the proofs. B

Definition 2.14. Let 7 = (T,)~o be a family of operators, we say that 7 satisfies Lﬁ off-
diagonal estimates if for some constants ¢ > 0 and @ > 0 for all closed sets E, F, all h € Lﬁ

with support in E and for all 7 > 0 we have

_cd(E,F)?

IT:hll 2y < ce Al ).

Here and subsequently, d(E, F) denotes the usual Euclidean distance between the two

sets.

Proposition 2.15. For all z € Xg where 8 < 7, the family (e7Lw), (z.Eye‘ZL”) and (\|z]Ve )

satisfy Lﬁ off diagonal estimates
Proof. This is a consequence of Lemma 2.10 in [C-UR2] &

Next, we give some definitions and notations of domains we will work on.

e We use the letters ¢, C to denote harmless positive constants, not necessarily the same
at each occurrence, which depend only on dimension and the constants appearing in
the hypotheses of the theorems (which we refer to as the “allowable parameters”). We
shall also sometimes write @ < b and a ~ b to mean, respectively, that a < Cb and
0 < ¢ < a/b < C, where the constants ¢ and C are as above, unless explicitly noted to

the contrary.

e Given a closed set E C R""!, we shall use lower case letters x, y, z, etc., to denote points
on E, and capital letters X, Y, Z, etc., to denote generic points in R+1 (especially those in
Rn+1 \ E)

10



The open (n + 1)-dimensional Euclidean ball of radius r will be denoted B(x, r) when the
center x lies on E, or B(X, r) when the center X € R"*! \ E. A “surface ball” is denoted

A(x,r) := B(x,r) N 0Q.
Given a Euclidean ball B or surface ball A, its radius will be denoted rg or r,, respectively.

Given a Euclidean or surface ball B = B(X,r) or A = A(x, r), its concentric dilate by a

factor of k > 0 will be denoted kB := B(X, kr) or kA := A(x, kr).
Given a (fixed) closed set E ¢ R™!, for X € R™!, we set 6(X) := dist(X, E).

We let H" denote n-dimensional Hausdorff measure, and let o := H"| . denote the “sur-

e

face measure” on a closed set E of co-dimension 1.

For a Borel set A ¢ R™!, we let 1, denote the usual indicator function of A, i.e. 14(x) = 1

ifxe A, and 14(x) = 0if x ¢ A.
For a Borel set A ¢ R"™"!, we let int(A) denote the interior of A.

Given a Borel measure u, and a Borel set A, with positive and finite 4 measure, we set

fo fdu = p(A)™" [, fdu.

We shall use the letter / (and sometimes J) to denote a closed (n + 1)-dimensional Eu-
clidean dyadic cube with sides parallel to the co-ordinate axes, and we let £(/) denote the

side length of 1. If £(I) = 27%, then we set k; := k.

Definition 2.16. (ADR) (aka Ahlfors-David regular). We say that a set E C R""!, of

Hausdorff dimension n, is ADR if it is closed, and if there is some uniform constant C such

11



that

1

o< o(A(x,r)) <Cr", ¥re(0,diam(E)), x € E, 2.1)

where diam(E) may be infinite.

Definition 2.17. (UR) (aka uniformly rectifiable). An n-dimensional ADR (hence closed)
set E ¢ R™! is UR if and only if it contains “Big Pieces of Lipschitz Images” of R"
(“BPLI”). This means that there are positive constants 6 and M, such that for each x € E
and each r € (0,diam(E)), there is a Lipschitz mapping p = p., : R" — R"!, with

Lipschitz constant no larger than M, such that
H"(E N B Np(z e R : |2l < r})) > 07

We recall that n-dimensional rectifiable sets are characterized by the property that they
can be covered, up to a set of H" measure 0, by a countable union of Lipschitz images of
R"; we observe that BPLI is a quantitative version of this fact.

We remark that, at least among the class of ADR sets, the UR sets are precisely those
for which all “sufficiently nice” singular integrals are L*-bounded [DS1]. In fact, for n-
dimensional ADR sets in R"*!, the L? boundedness of certain special singular integral op-
erators (the “Riesz Transforms”), suffices to characterize uniform rectifiability (see [MMV]
for the case n = 1, and [NToV] in general). We further remark that there exist sets that are
ADR (and that even form the boundary of a domain satisfying interior Corkscrew and
Harnack Chain conditions), but that are totally non-rectifiable (e.g., see the construction
of Garnett’s “4-corners Cantor set” in [DS2, Chapterl]). Finally, we mention that there
are numerous other characterizations of UR sets (many of which remain valid in higher
co-dimensions); see [DS1, DS2].

12



Definition 2.18. (Corkscrew condition). Following [JK], we say that an open set ) C
R satisfies the Corkscrew condition (more precisely, the interior Corkscrew condition)
if for some uniform constant ¢ > 0 and for every surface ball A := A(x, r), with x € 9Q and
0 < r < diam(0Q), there is a ball B(Xx,cr) € B(x,r) N Q. The point X, C Q is called a

“Corkscrew point” relative to A.

Definition 2.19. (Harnack Chain condition). Again following [JK], we say that Q sat-
isfies the Harnack Chain condition if there is a uniform constant C such that for every
p >0, A > 1, and every pair of points X, X’ € Q with 6(X), 6(X’) > p and |[X - X'| < Ap,
there is a chain of open balls By,...,By € Q, N < C(A), with X € By, X’ € By,
By N By, # 0 and C! diam(By) < dist(By, 0Q) < C diam(By). The chain of balls is called

a “Harnack Chain”.

Definition 2.20. (NTA and uniform domains). Again following [JK], we say that a do-
main Q C R""! is NTA (“Non-tangentially accessible”) if it satisfies the Harnack Chain
condition, and if both Q and Qe := R\ Q satisfy the Corkscrew condition. If Q merely
satisfies the Harnack Chain condition and the interior (but not exterior) Corkscrew condi-

tion, then it is said to be a uniform (aka I-sided NTA) domain.

Definition 2.21. (Chord-arc and 1-sided Chord-arc). A domain Q c R""! is Chord-arc
if it is an NTA domain with an ADR boundary; it is /-sided Chord-arc if it is a uniform

(i.e., 1-sided NTA) domain with ADR boundary.

Definition 2.22. (A, weak-A., and weak-RH,). Given an ADR set £ C R™! and a
surface ball Ay := By N E, we say that a Borel measure u defined on E belongs to A (Ay) if

there are positive constants C and 6 such that for each surface ball A = BN E, with B C B,

13



we have

0
ulF)y<cC (%) u(A), for every Borel set F C A. 2.2)

Similarly, we say that u € weak-A.,(Ay) if for each surface ball A = BN E, with 2B C B,

o(F)

6
UQRA), for every Borel set F C A. (2.3)
o(A)

u(F)<C(

We recall that, as is well known, the condition u € weak-A(Ay) is equivalent to the prop-
erty that u < o in Ay, and that for some g > 1, the Radon-Nikodym derivative k := du/do

satisfies the weak reverse Holder estimate

1/q

2A

(fk"da) < ][ kdo ~ M YA=BNE, with2BC By. 2.4)
A 2A o(A)

We shall refer to the inequality in (2.4) as an “RH,” estimate, and we shall say that k €

RH  (Ay) if k satisfies (2.4).

14



Chapter 3

Carleson measure estimates and the
Dirichlet problem for degenerate elliptic
equations

3.1 Introduction

We consider the Dirichlet boundary value problem for the degenerate elliptic equation
div(AVu) = 0 in the upper-half space R""! when n > 2 and which we make precise be-
low. The boundary R" x {0} is identified with R” and we adopt the notation X = (x, ) for
points X € R™! with coordinates x € R"” and ¢ € (0, o). The gradient V := (V,,d,) and
divergence div := div, +0, are with respect to all (n + 1)-coordinates. The coefficient A
denotes an (n + 1) X (n + 1)-matrix of measurable, real-valued and 7-independent functions
on R"*!, The matrix A(x) := A(x, 1) is not required to be symmetric. We suppose that there
exist constants 0 < 4 < A < oo and an A,-weight u on R" such that the degenerate bound

and ellipticity

KAGOE Ol < Au(0IENS] and  (AXE,€) > Au(x)IE’ (3.1

hold for all £, £ € R**! and almost every x € R". We use (-, -) and || to denote the Euclidean

inner-product and norm. An A,-weight ¢ on R" refers to a non-negative locally integrable

15



function u : R" — [0, oo] such that

1 1 1
= — d — —d 00,
“mZS?Q@é””x)Q@mex)<

where sup,, denotes the supremum over all dyadic cubes Q in R" with volume |Q|. We also
use u to denote the measure u(Q) := f 0 u(x) dx and consider the Lebesgue space Lﬁ(R")
with the norm [|fllp@s := (Jgu [f1? dw)'/? for all p € [1,00). There is also the notation
fof dui=u(Q)" [y f duwhilst f, f = 101" [, f0) dx.

If u is identically 1, then A is called uniformly elliptic. The solvability of the Dirichlet
problem for general nonsymmetric coefficients in that case was obtained only recently by
Hofmann, Kenig, Mayboroda and Pipher in [HKMP1]. The result in dimension » = 1 had
been obtained previously by Kenig, Koch, Pipher and Toro in [KKoPT]. These results as-
sert that for each uniformly elliptic coefficient matrix A, there exists some p < oo for which
the Dirichlet problem is solvable for L”-boundary data. Conversely, counterexamples in
[KKoPT] show that for each p < oo, there exists a uniformly elliptic coefficient matrix A
for which the Dirichlet problem is not solvable for LP-boundary data. In contrast, solv-
ability of the Dirichlet problem for symmetric coefficients in the uniformly elliptic case is
well-understood, and we mention only that it was obtained by Jerison and Kenig in [JK]
for LP-boundary data when 2 < p < oo.

The solvability of the Dirichlet problem in the uniformly elliptic case has also been
established for a variety of complex coeflicient structures (see, for instance, [AS, HKMP2,
HMM]). A significant portion of that theory was recently extended to the degenerate elliptic
case by Auscher, Rosén and Rule in [ARR] for L>-boundary data. This extension did not
include, however, the results for general nonsymmetric coefficients in [HKMP1, HKMP2].

This paper begins to fill that gap by extending the solvability result for the Dirichlet problem
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obtained in [HKMP1] to the degenerate elliptic case.
The notion of solvability we consider requires that the A,-weight 4 on R” is extended
to the t-independent A,-weight . (x,1) := p(x) on R™! with [u,]a4, = [ula,. We say that

u is a solution of the equation divAVu = 0 in an open set Q C R""! when u € w2 (Q)

Uy ,loc
and fRTl(AV”’ V@) = 0 for all smooth compactly supported functions ® € C°(€2). The
solution space is the local u,-weighted Sobolev space W;floc defined in Section 3.2. The

convergence of solutions to boundary data is afforded by estimates for the nontangential

maximal operator N, defined by

N.(u)(x) := sup |u(y,?)]
,0el(x)

for all x € R", where the cone I'(x) := {(y,7) € R™! : |y — x| < #}. If p € (1, ), then the
Dirichlet problem for Lf-boundary data, or simply (D), is said to be solvable when for

each f € LI(R"), there exists a solution « such that

divAVu = 0 in R*!,
N.(u) € Li(R"), (D)p.u
lim, o u(-,t) = f,

where the limit is required to converge in L/(R")-norm and in the nontangential sense that
limr(ys(y.n-0) 4y, 1) = f(x) for almost every x € R".

A nonnegative Borel measure w on a dyadic cube Qy in R” is said to be in the A.(Qy)-
class with respect to u when there exist constants C,6 > 0, which we call the A.(Qy)-

constants, such that

u(F)\’
n<c(® 32
w(F) < (u(Q)) w(Q) (3.2)

for every dyadic cube Q C Qy and every Borel set F' C Q. This is a scale-invariant version

of the absolute continuity of w with respect to u. It is well-known, at least in the uniformly
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elliptic case, that solvability of the Dirichlet problem for L”-boundary data for some p < oo
is equivalent to the property that an adapted harmonic measure belongs to the A.-class
with respect to the Lebesgue measure on R” (see Theorem 1.7.3 in [K]). In the degenerate
case, an adapted harmonic measure w”, which we call the the solution measure, can also
be defined at each X € R’fl (see Section 3.5). We prove that solution measure is in the
A-class with respect to u and then deduce the solvability of (D), , stated in the theorem
below. This requires the notation for dyadic cubes Q in R" whereby x( and £(Q) denote the
centre and side length of Q, respectively, and X, := (x¢, £(Q)) denotes the corkscrew point

in R"*! relative to Q.

Theorem 3.1. Let n > 2 and suppose that A is an (n + 1) X (n + 1)-matrix of measurable,
real-valued and t-independent functions on R"'. If A satisfies the degenerate bound and
ellipticity in (3.1) for some constants 0 < 1 < A < oo and an A,-weight u on R", then
there exists p € (1, 00) such that (D), the Dirichlet problem for the equation divAVu = 0
in R with LA(R")-boundary data, is solvable. Moreover, for each dyadic cube Q in R",
the solution measure wX is in the A.(Q)-class with respect to u and the A.(Q)-constant

depends only on n, A, A and [u]a,

Theorem 3.2 (Carleson measure estimate (CME)). Let n > 2 and suppose that A is an
(n+ 1) X (n + 1)-matrix of measurable, real-valued and t-independent functions on RTI.
If A satisfies the degenerate bound and ellipticity in (3.1) for some constants 0 < 1 < A <
oo and an Ay-weight u on R", then any bounded solution u € L®(R™") of the equation

divAVu = 0 in R™! satisfies
(0]

su ,u(Q) /ItVu(x DI’ d,u(X)— Cllull3,, (3.3)

where C depends only on n, A, A and [p]a,.
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The convention is adopted whereby C denotes a finite positive constant that may change
from one line to the next. For a, b € R, the notation a < b means that a < Cb whilsta = b
means that a < b < a. We write a <, b when a < Cb and we wish to emphasize that C

~p

depends on a specified parameter p > 0.

3.2 Preliminaries

We dispense with some technical preliminaries concerning A,-weights u and degenerate
elliptic operators on R” for n € N. The standard dyadic cubes Q and all balls B in R" are
assumed to be open. For @ > 0, let «Q and aB denote the concentric dilates of Q and
B respectively. For x € R" and r > 0, define the ball B(x,r) := {y € R" : [y — x| < r}.
If i is an A,-weight on R”, then the associated measure satisfies the doubling property

w(2B) < [ula,2*"u(B), which implies that
u(B(x, ar)) < [p]a,2%" @22y (B(x, r))

for all x e R", r > 0 and @ > 1 (see, for instance, Section 1.5 in Chapter V of [S2]).
For an open set Q2 € R", the Sobolev space WI}Z(Q) is defined as the completion, in the

ambient space LZ(Q), of the normed space of all f € C*(Q) with finite norm

gy = [P dat [ 194 du <o (3.4)
Q Q

The embedding of the completion W;’Z(Q) in LZ(Q) relies on the A,-property, which en-
sures that if (f)); is a W,?(Q)-Cauchy sequence in C*(Q) converging to 0 in L}(€), then
(fy); converges to 0 in W,;*(Q)-norm (see Section 2.1 in [FKS]). This also implies that
C*(Q)isdensein WI}Z(Q) and so the gradient extends to a bounded operator V : WI}Z(Q) -

Li(Q, R™) which extends (3.4) to all f € W;’Z(Q). The Sobolev space Wéﬁ(Q) is defined as
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the closure of C2°(Q) in W,2(Q). It can be shown that Wy (R") = W)2(R") by following
the proof in the unweighted case given in Proposition 1 of Chapter V in [St] but instead
using Lemma 2.2 in [ARR] to deduce the convergence of the regularization in Lﬁ(R”). The

weighted Sobolev and Poincaré inequalities obtained for continuous functions in Theo-

rems 1.2 and 1.5 in [FKS] also have the following immediate extensions.

Theorem 3.3. Letn > 2 and B C R" denote a ball with radius r(B) > 0. If i is an A,-weight

on R”, then there exists 6 > 0, depending only on n and [u]a,, such that

) 1Q(2+6) 12
( ][ R dﬂ) < 1(B) ( ][ VP du) 3.5)
B B

for all f € Wy(B), and

1/2 1/2
(][ lf(x) = csl? du) < r(B) (][ \4i& du) (3.6)
B B

forall f € W;’Z(B) and cp € {fB f du, fB f}, where the implicit constants depend only on

n and [u]a,.

Forn € N, constants 0 < 4 < A < oo and an A,-weight u on R”, let E(n, A, A, i) denote
the set of all n X n-matrices A of measurable real-valued functions on R" satisfying the

degenerate bound and ellipticity

KAME Ol < Au(0IEd] and  (AXE, €) > Au(x)IErd (3.7

forall ¢, € R" and almost every x € R". These properties allow us to define £, o : Dom(L, o) C Lﬁ Q) —»

as the maximal accretive operator in LZ (Q) associated with the bilinear form defined by
wlf.9) = (AT = [ (LATSTg) du (3.8)
Q Q
forall f,g € W&’i(Q). The domain of £, ; is dense in W&f(Q), and in particular

Dom(L,0) = {f € Wyi(Q) : Supyecmey [0l f> @I/ lgllza) < o0},
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with
/Q (Louof.g) du = aa(f. ) (3.9)

for all f € Dom(L,q) and g € W&f(Q). It is equivalent to define £, o as the composi-
tion — divﬂ,g(iﬂV) of unbounded operators, where — div,  is the adjoint V* of the closed

densely-defined operator V : Wéﬁ(Q) - LZ(Q) - Lﬁ(Q, R™), that is

/ (—div,of, g) du = / (f,Vg) du (3.10)
Q Q

for all f € Dom(div,.q) := Dom(V*) and g € W;;(Q). In view of (3.8) and (3.9), we have
the formal identities div, o = i divou and £, o = —/ll divg(AV).

The space of bounded linear functionals on W&’Z (€2) 1s denoted by Wy 111,2(Q)_ We in-
terpret the inclusions Wy(Q) C LA(Q) € W, *(Q) by identifying f € L2(Q) with the

functional defined by (g) := fQ fgduforall g e Wéﬁ(Q). Thus, setting

Laof@) = a(fe)  and - diveaf(e) = / (£, Vg) dy
Q

for all f,g € W&’i (Q) and f € L*(Q,R"), we obtain an extension of L, o from (3.9) to a
bounded invertible operator from W&’Z (€2) onto Wy /11’2(9), and an extension of div, o from
(3.10) to a bounded operator from Lfl(Q) into W, ;’2(52). The surjectivity of £, o follows

from the Lax—Milgram Theorem. These definitions imply that
VL, 6 divo fllz @z < Ifll0p
forall f € Lﬁ(Q, R™). The topological direct sum or Wéﬁ(Q)—Hodge decomposition
LAQR") = {;AVg : g € Wy (Q)} @ (h € L(Q,R") : div, o h = 0) (3.11)
follows by writing f = iﬂVL;fQ divyof + (f - iﬂVL;fQ div,of) =: i(ﬂVg + h. This

decomposition also extends to Lj(€2,R") for all p € [2,2 + €) and some € > 0 by recent

work of Le in [L], although we do not need it here.
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Now let Q = R”" and consider div, := div g as in (3.10) so L, = —divﬂ(ﬁﬂV)
is maximal accretive, thus having a maximal accretive square root £}/?, in L3(R"). The
solution of the Kato square root problem in [AHLMT] was recently extended to degenerate
elliptic eqations by Cruz-Uribe and Rios in [C-UR2]. This shows that ||£;/*f|| ey~
IV fll 3 e oy for all f € W,2(R"), hence Dom(L?) = W,*(R").

The operator L, is also injective and type-S . in LZ(R”) for some w € (0,7/2), so it
has a bounded H* (S, )-functional calculus in Lﬁ(R“) for each 6 € (w,n), where S, :=
{z € C\ {0} : |argz] < 6}. See Section 2.2 of [A] for the uniformly elliptic case and
Theorems F and G in [ADM] for the general theory. An equivalent property is the validity

of the quadratic estimate

°° dt
/ WL AT = Wllipn VS € LR (3.12)

0
for each holomorphic ¥ on S, satisfying |y(z)| < min{|z|?, |z} for some a, 8 > 0, where
the bounded operator ¢/(z.L,) on Lﬁ(R”) is defined by a Cauchy integral.

The functional calculus then defines a bounded operator ¢(L,) on Lﬁ(R”) for each
bounded holomorphic function ¢ on Sg, and [lo(L,)l| LR)SRED S ll¢ll. Another con-
sequence is that —L, generates a holomorphic contraction semigroup (€_§L“)gegz/ziwu{0} on
Lfl(]R"), thus ¢4 f € Dom(L,) and d,(e "4+ f) = Ly,e™% f forall f € Lﬁ(R”) and ¢t > 0. The
functional calculus also extends to define an unbounded operator ¢(L,) on LE(R”) for each
holomorphic function ¢ on Sy, satisfying |¢(z)| < max{|z|®, 2|} for some «, 8 > 0, but the
algebra homomorphism property of the functional calculus (¢1(L,)¢2(L,) = (d1¢2)(Ly))
must then be interpreted in the sense of unbounded linear operators. This allows us to in-
terpret both the semigroup and the square root of £, in terms of the functional calculus in

order to justify some otherwise formal manipulations, beginning with (3.15) in the proof of
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the following corollary of the solution of the Kato problem in [C-UR2].

Theorem 3.4. Let n > 1 and suppose that A € E(n, A, A, u) for some constants 0 < A <

A < oo and an A,-weight p on R". The operator L, := — divﬂ(iﬂV) satisfies

0 _£2 2 dt _ 2
/0 ||t-£/le t‘E“f”L‘ZI(Rn)T ~ ”Vf”]‘ﬁ(Rn,Rn) (313)
and
® 2 42 2 dt 2
/ ”t Vx,t /Je ! Lﬂflng(er,er+l)7 S ||Vf||L}2‘(Rn7Rn) (314)
0

forall f € W;’Z(R”), where the implicit constants depends only on n, A, A and [u]a,.

Proof. The functional calculus of L, justifies the identity
-E'ue_[z‘cl‘f — .EL/Ze_IzL“.EL/Zf — e—(tz/z)j:’u‘[:lle—(ﬂ/Z)Lyf (315)

forall f € Dom(£}/?) and 7 > 0. The first equality in (3.15), the quadratic estimate in (3.12)

and the solution of the Kato problem in [C-UR2] imply that

dt " 12 - 2 e 4T
T | WL e L
0

— 1/2 2112
~ ”-E,l/ flle(Rn)

o) L, )
A Lo F

— 2
~ ”Vf”Lﬁ(Rn,Rn)

for all f € Dom(L}/?) = W,(R"), which proves (3.13).

The bounded H*(S 9, )-functional calculus of £, implies the uniform estimate
0+ u 1Mp
2L, 112 _ 2L, 112 —2L,12
V.. ”g”Lﬁ(R",R"“) = ||t,e ”g”Lﬁ(Rn) + [tV e u”Lﬁ(Rn’Rn)
2 -2 2 2 2 Q2
S Lue™ gl ) +/R P(AV, e " trg, Ve tug)

2 2 2L, 112 2L, 112
< o | e nlle n
< NgliZa ey + 18 Lue™ gl o le™ 27 e,
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2
< 11gl e

for all g € Lﬁ(R”) and ¢t > 0. Thus, the second equality in (3.15) and the vertical square

function estimate in (3.13), which we have already proved, imply that

dt

© Y o 2 , dt
/ ||t Vx’t /Je t Lﬂf“Lfl(Rn’Rm-l)T s / ||t-£/l€ @/ )L)-lf”Lﬁ(Rn)
0 0

2
7 S ”VfHLﬁ(Rn’Rn)

for all f € W}*(R"), which proves (3.14). &

Now suppose that f : Q — R” is a measurable function for which ;llf € L¥(Q). A
solution of the inhomogeneous equation div AVu = divf in Q C R” refers to any function

1,2
u e WMOC

() such that fRn (AVu — £, VO0) = 0 for all ® € W&’j(Q). All solutions of the
homogeneous equation div AVu = 0 in Q are locally Holder continuous in the sense that

there exist constants Cy, @ > 0, depending only on n, 4, A and [u],, such that

=\ , O\
() — )| < Co (W) (]fBM dﬂ) (3.16)

for all x,y € B and balls B of radius r(B) such that 2B C Q. This is deduced from Theo-
rem 2.3.12 in [FKS], since the proof does not require that A is symmetric. The following
local boundedness estimate for solutions of the inhomogeneous equation is also needed.
The result is a simpler version of Theorem 8.17 in [GT], which we have adapted to degen-

erate elliptic equations.

Theorem 3.5. Let n > 2 and suppose that A € E(n, A, A, 1) for some constants 0 <
A < A < oo and an Ay-weight pu on R". Let Q C R" denote an open set and suppose
that £ : Q — R" is a measurable function such that ,llf € L¥Q). If p € (1,00) and

div AVu = divf in Q, then

1 1/p
el o) < (m / |ul” du) + r(B)IIifllmm (3.17)
2B
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for all balls B of radius r(B) > 0 such that 2B C €, where the implicit constant depends

onlyon p, n, A, A and [u]a,.

Proof. Suppose that div AVu = divf in Q and consider a ball B such that 2B C Q. First,
assume that u is nonnegative and in L*(2B). Let € > 0, set k := r(B)|| /llf I~y and i, :=
u + k + €. Let B, denote the ball concentric to B with radius » > 0 and recall the index
60 > 0 from the Sobolev inequality in Theorem 3.3. We claim that if y € [p, o) and

r(B) < r < r, < 2r(B), then

G +0) 2y 1y
][ AR < (y n ) ][ &du| (3.18)
B, n=-n B,,

where the implicit constant depends only on p, n, A4, A and [u]4,. To prove (3.18), fix

1

neCr(Q)suchthaty: Q = [0,1],p=1onB,,n=00nQ\B,, and [|V7lle < 2/(r, —11).

Setf:=y —1and v := n?i’. Note that v € W&ﬁ(Q) with
Vv = 2nVnii +ﬁn2ﬁ'§_qu,
since 0 < € < ite(x) < |[ull~2p) + k + € < oo for almost every x € 2B, thus

/ (AVu - £,2nVnity = — / (AVu - £, B ' Vu).
Rn Rn

Use this identity and Cauchy’s inequality with € > 0 to obtain

/ @ \Vul? du <, / i (AVu, Vu)
Rn

R

-2 | avu- £+ [ e
R”l

n

sa(p-17! / N (IVul + | EDIVn| dpe + / i |l Vul du
R® R2
<p € / P \Vul du+ et | @\l du
n Rn

+ / BNl du+ | (m/r(B)*#E du
n R”l
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p / 7 Vul? dy + ™! / (/r(B)’#"" dp,
R” R”

where in the second inequality we used the assumption that 8 :=y —1 > p — 1 and in the
final inequality we used the fact that | ;llf | < k/r(B) < ii./r(B) on Q. Next, choose € > 0

small enough, depending only on p, 4 and A, to deduce that

1
/ W' \Vul du <pan / @ (VP + (n/r(B))) du < oy / @ du,
B n r,—n »

" By,
where in the final inequality we used the fact that (B) > r, —r;. Now combine this estimate

with the Sobolev inequality (4.13) and recall that 8 := y — 1 to obtain

(£

1/(:25 +6)
_Y(GE+0) —
TAN du) s ][ IV@#* ") du

B,

1 1

<(B+ 1>r1>2][ #\Vul du
B,

2
r
(o) f
I, —n B,

2

where the implicit constants depends only on p, n, A, A and [u]4,. This proves (3.18).
We now apply the Moser iteration technique to prove (3.17). Set y := - + ¢ and define

1/q
(g, r) := ( fBr ul d,u) for g, r > 0. Estimate (3.18) implies that

20y
r
Oy, ) < (@ : ) O(y.r2)
ry —r
where C depends only on p, n, 4, A and [u],,, and it follows by induction that
m —m 25 !y 2 E'":l ky %

O(px™, (1 +27)r(B)) < (4Cp)r == (Zy)r == @(p, 2r(B)) < D(p, 2r(B))

for all m € N. This shows that

1/p
llitellz=s) = lim ©(px™, r(B)) < ®(p,2r(B)) = <][ g d#)
m—-0o 2

B
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and therefore

1/p I/p
el < 1) < (][ i d,u) < <][ % du) B My + €
2B 2B

for all € > 0, which implies (3.17).

Finally, it remains to remove the assumption that u is nonnegative and in L*(2B). This
is achieved by setting . := max{u,0} + k + € and i, := — min{u, 0} + k + € respectively
and in each case adjusting the proof above to incorporate the truncated test function v :=

n* (hy(iio)iie — (k + €)), where

() X1 x<N+k+e,
X) .=
N (N+k+ef!, x>N+k+e.

We leave the standard details to the reader. B

The following self-improvement property for Carleson measures will be used in con-
junction with the local Holder continuity estimate for solutions in (3.16). The result is
proved in the unweighted case in Lemma 2.14 in [AHLT]. In that proof, the Lebesgue
measure on R” can in fact be replaced by any doubling measure, since the Whitney decom-
position of open sets can be adapted to any such measure (see, for instance, Lemma 2 in

Chapter I of [S2]). The result below then follows.

Lemma 3.6. Letn > 1 and Q C R" denote a dyadic cube. Suppose that a, By > 0 and let

(vi)=0 denote a collection of Holder continuous functions on Q satisfying

0<v(x) <Bo and [v(x) = v < fo ('x;y')

for all x,y € Q. If, for an A,-weight u on R", there exists n € (0,1], B8 > 0 and, for each

dyadic cube Q' C Q, a measurable set F' C Q' such that

1 Q) dt
u(F’) > nu(Q') and - / / vi(x) du(x)— < B,
Q) Jo % t
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then

1 (0] d
/TQ)/O /QVI(X) d,Ll(X)?t Sa,nﬁ + Bo,

where the implicit constant depends only on n and [t]a,.
3.3 [Estimates for maximal operators

For an A,-weight ¢ on R”, define the maximal operators M, and D, , by

M, f(x) := sup ][ ( )If(y)l du(y)
B(x,r

r>0

2
D,.f(x) ;= sup ][ (M) du(y)
r>0 B(x,r) lx — yl

for all suitable functions f on R"” and x € R". The (unweighted) Hardy-Littlewood maximal

12

operator is denoted by M. The maximal operator M,, satisfies the weak-type estimate

u(lx € R S IMfQ > 1)) 5 € g (3.19)
forall k > 0and f € LL(R") (see, for instance, Theorem 1 in Chapter I of [S2]).
Lemma 3.7. Let n > 2. If uis an A,-weight on R", then

p(fx €R" Dy f(O| > &) S kIV f||§5(Rn,Rn) (3.20)
forallk >0and f € WI}Z(R”), where the implicit constant depends only on n and [p]a,.

Proof. If f € CZ(R"), then a version of Morrey’s inequality (see, for instance, Theo-

rem 3.5.2 in [M]) implies that

lf(x) = fO)

S MV )(x)+ MV ()
lx =yl

for almost every x,y € R", hence

Dy f(X) € M(V)(x) + (MJIM(VH)Px))'"2.
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Estimate (3.20) then follows from (3.19) and the fact that M is a bounded operator on

Lﬁ(R“) (see, for instance, Theorem 1 in Chapter V of [S2].) B

For n > 0, define the nontangential maximal operators N7 and ]Vj] by

1/2
N'u(x) := sup |u(y,0)] and Nlu(x):= sup (][ lu(z, 1) dﬂ(Z))
B(y,nt)

(0.nely(x) (1€l (x)

for all suitable functions u on R"*! and x € R", where the nontangential approach region
[,(x) :={(y, 1) € R**! : [y—x| < nr} denotes the cone in R™*! with vertex at x and aperture 7.
If A € &n, A, A\, u), then since A has real-valued coefficients, there exists an integral

kernel W,(x, y) such that

e f(x) = 5 W, (x, ») () du(y) (3.21)

for all f € C°(R") and there exists constants C, C; > 0 such that

Ci - P
[W,(x,y)| < m exp ( Cz—t ) (3.22)

for all # > 0 and x,y € R". This was proved by Cruz-Uribe and Rios under the additional
assumption that A is symmetric (see Theorem 1 and Remark 3 in [C-UR1]). The symmetry
assumption can be removed, however, by following their proof and applying the Harnack
inequality for degenerate parabolic equations obtained by Ishige in Theorem A of [I], which
does not require symmetric coefficients, instead of the version recorded in Proposition 3.8
of [C-URT].

It will be convenient to consider the semigroup generated by £, with elliptic homo-

geneity (¢ replaced by %) and we set P, := e Lu for this purpose.

Lemma 3.8. Let n > 2 and suppose that A € En, A, A, p) for some constants 0 < A < A <

oo and an Ay-weight uon R". If x e R", n > 0 and a > 1, then

N S)ulg( )I(nl)_l[?’m(f — CBeam)O o Mu(Vf1)(x) (3.23)
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forall f € CX(R") and cpam € { Fnceom S At Fyceam f}, and

INI@PHOP <y Mu(IV 1)), (3.24)
™ NI@Pu P < MV (), (3.25)
IN(ViP )P S Ml NXO Py P + INOPLIP + VP, (3.26)

for all f € CZ(R"), where the implicit constants depend only on n, A, A and ],

Proof. Suppose throughout the proof that x € R", (y,7) € I"'(x) and f € CZ(R"). We set
T = fB(x,z)f and fpr) 1= fB(x,z)f dpt.

To prove (3.23), assume without loss of generality that » = 1 and @ > 1. We set
Co(?) := B(x,at) and define the dyadic annulus C;(7) := B(x,2’at) \ B(x,2/ ' ar) for all

J € N. The Gaussian kernel estimates in (3.21) and (3.22) imply that

|l_1[¢)t(f - fB(x,m‘))](y)l =¢!

/Rn Wa(y, D1 (@) = fpxan] du(z)

1
-C
<2 ﬂ(B(y 0 e e"p( :

J=0

ly — zI2

) 1/ (2) = fBxan| du(z) = Zl

To estimate [y, note that B(x,at) € B(y,(1 + a)f) and apply the doubling property of p,
followed by the Poincaré inequality in (4.13) with ¢ = fB(w[) f, to obtain

1/2

Iy <o 1 ][ 1/ (2) = fBoran| du(z) < (][ \4ik d,u) < MLV,
B(x,at) B(x,at)

To estimate /;, for each j € N, expand f(2) — fp(x.ar as a telescoping sum to write

it l(B(x, 2 at)) _ -
[, < Cie @ e l)z'u(’—l : |f = fBe2ian| du
/ 1 u(B(y, 1)) B(x.2at) Ble2ran

J
+ Z |/B(x2ian = [fBx21an| + | fBGGan — fB(x,m)|>

2 } x,2'at
#(E (y’ 1)) i=0 B( X, Zi(]’t)
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1/2
IVfP d,u)

J
< e—C2(2J'*1a/—1)2(1 n 2ja)2n zia, (7[
> 2l

-0 (x,2lat)

o ¢RI (VAP (0],
where the second inequality relies on the inclusion B(x, 2/at) C B(y, (1 + 2/a)t), the third
inequality uses the doubling property of u, and the fourth inequality uses the Poincaré

inequality in (4.13) with cp = fB(x’z,-m) f du. Altogether, we have

(59

S 2
P = foa) IO Sa ( > e—C4’4f<"“>) MV FP)(x) $ MUV 1)),

J=0

which proves (3.23) when cp(y o) = JCB(x,m) f. The proof when cp(, o) = fB(x’m) £ du follows
as above by replacing fp(x 4 With fm,m), since (4.13) can still be applied.
To prove (3.24) and (3.25), suppose that 7 > 0. The Gaussian kernel estimate for e~"£«

in (3.22) implies that 70,2, f(y) has an integral kernel ﬁ/,z (v, 7) satisfying

~ Ci |)’_Z|2
Wo(y,2)| € ——— -C
W02 B0, exp( te

and the conservation property fRn VNV,z (v,2) du(y) = 0 for all z € R" and ¢ > 0. This follows
from Theorem 5 in [C-UR1], where the assumption that A is symmetric can be removed

as per the remarks preceding this lemma. Therefore, we may write

0P f ) =1

/ W, DLF Q) — foom] du(@)
.

and a change of variables implies that

/R ) UW«/UV (0, (@) = fBn] du(z)

-1
sup 0P f(y)| = sup ¢
(y,)el(x) (.0el(x)

We can then obtain (3.24) by following the proof of (3.23) with @ = 1 in order to show that

this is bounded by M,,(IV f|*)(x), since the doubling property of u ensures that

5 Cl 7 |y - le
W IS ————— —Copy——
0N S iy, ) P ( G
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for some positive constants C , and C,, that depend on 1. We obtain (3.25) as an immedi-
ate consequence of (3.24) and the fact that n‘la,Pm = (0P ) s=r-
To prove (3.26), let n > 0, set u,, := P, f and choose a non-negative function ® €

C>(B(y,2nt)) such that @ = 1 on B(y,n¢t) and |V, D| < (n)~'. Let ¢ > 0 denote a constant

that will be chosen later. The definition of £, implies that

][ VP f > dpt < ][ IV 1t [P ®* dpa
B(y.nt) R
1
< ——— [ (AV,uy, Vi(u,, — 0))D?
w(B,nt)) Je " "

B m {<Avxum’ VX[(um - C)(D2]> - 2<Avxur]t’ qu)(unt - C)>(D}
] R~
1

S ——— (Lytty)tty — P + |Vt ||V, @l (e — )P} s
,U(B(y, nl)) - { uint nt nt nt }
1 1
< —— ——10stty |ty — €D + |V 11ty ||V D14y — cld)) du
(B 10) J iy 200 (2n2t r " "
= 1+1I

Now fix ¢ := fB(x,gm). To estimate /, we use Cauchy’s inequality and the doubling property

of u, combined with the fact that B(x, nt) € B(y, 2nt) C B(x, 3nt), to obtain

Is ][ (7~ Buuel® + 1)ty — fP + @)\ f = Fooeann’) du = Iy + L + L.
B(x,3nt)

It is immediate that 1; < M,(Ip~'N7(8,P,./)I*)(x), whilst the semigroup property

nt
/ Osug(z) ds
0

implies that I, < Mﬂ(lN*(asus)lz)(x), and the Poincaré inequality in (4.12) ensures that

up(2) = f(2)| = < NN, (Osus)(2)

I; < M, (IVf*)(x), hence
1 < My(In7 ' NI P HIP)x) + M (IN.(O,u))(x) + M, (V f1P)(x).

To estimate 1/, we use Cauchy’s inequality with € > 0 to obtain

€

Hs —— | VO du+ e (I + ).
uBy.n)) Jen
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A sufficiently small choice of € > 0 allows the e-term to be subtracted, yielding
][ IV Puf P dp s 1+ 11 < My(p™ ' NI@Pp I + INGP I + V()
B(y.n1)
which implies (3.26).

The pointwise estimates in Lemma 3.8 have the following corollary, since the maximal

operator M, satisfies the weak-type estimate
u(fx € R IMuf ol > 1) < &Il
forallk >0and f € LL(R”) (see, for instance, Theorem 1 in Chapter I of [S2]).

Corollary 3.9. Let n > 2 and suppose that A € E(n, A, A, p) for some constants 0 < A <

A < oo and an Ay-weight uonR". If n > 0, then

u(lx € R INVOPAGN > KY) Sy KV IR e 20 (3.27)
u(lx € R I NPy )0 > K1) S K29 ez (3.28)
p(lx € R NIV Py )0 > K1) € K209 gz (3.29)

forall k > 0and f € Wf(R“), where the implicit constants depend only on n, A, A and

[ll’t]AZ'

3.4 Carleson Measure Estimate

In this section, we give a proof of Theorem 3.2 which is our main theorem. To make
the proof easily for readers to follow, we first want to give a brief strategy how we prove

Theorem 3.2 then we will give the details of our proof of the theorem.

Lemma 3.10. Suppose that the hypotheses of Theorem 3.2 hold. If A satisfies the degener-

ate bound and ellipticity in (3.1) for some constants 0 < A < A < oo and an A,-weight u
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on R", then any bounded solution u € L*(4Q X (0,4£(Q))) of the equation div AVu = 0 in

40 x (0,4£6(Q)) satisfies

() ) dt Q) 5 dt )
/ / [tVu(x, " du(x)— < / / |t0u(x, D|” dp(x)— + p(Q)lulls,,
0 0 t 0 40 t

where the implicit constant depends only on n, A, A and [p]a4,.

Proof. Let ®y(t) := @ (¢t/1(Q)), where @ : (0, 00) — [0, 1] denotes a smooth cut-off func-
tion such that ®(r) = 1 when t < 1 and ®(¢) = 0 when ¢ > 2. Integrating by parts with

respect to the f-variable and noting that ||0, D¢l < 1/€(Q), we obtain

21(0Q)
I:= / / \Vu(x, £)* @ (1)t dtdu(x)
0J0
2l(Q)
= / / 8, (IVu(x, t)* @p(1)) £dtdu(x)
0J0

21(0)
< // (Vou(x, 1), Vu(x, 1)) (I)Q(t)tzdtd,u(x)
0Jo

210)
+ / ][ \Vu(x, )* Pdtdu(x)
0 JUQ)

=T +T.
For the term I', we apply Cauchy’s inequality with an arbitrary € > 0, to obtain

, 1 2(Q)
I <el+ - / / IVO,u(x, 1) £dtdu(x).
€ 0Jo

For the term I”, we apply Caccioppoli’s inequality, the doubling property of u and the fact

that ¢ ~ I(Q) in the domain of the integration, to obtain

; 21(0)
I' = IQ) / / IVu(x, 1) dtdu(x)
0 JIQ)

1 / /SI(Q)/Z s
S T lu(x, 0)|"drdu(x)
(D) J20 Juo)2

< w(Q)llull,.
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We now fix € > 0, depending only on allowable constants, such that altogether

2[(Q)
1< / / Vo ,u(x, ) Adtdu(x) + p(Qllull..
0Jo

To complete the estimate, we let {W; : j € J} denote the collection of Whitney boxes
(from a standard Whitney decomposition of R"*!) with the property that W,N(Q0 x (0,21(Q))) +
(. The coefficient matrix A is t-independent, so d;u is also a solution of divAVu = 0 in
each set W;, hence we may apply Caccioppoli’s inequality in combination with the fact that
t = I(W;) in W;, to obtain

Q)
[ [ wueop du$ < 3 | 9outnf farduco + @l
0 0 W,

jeJ

S0 [ Wt 0 diduco) + @l
2w

jeJ

410) L i .
< / / 0, OF dpo + (Ol
0 40 t
as required. B

Proof of Theorem 3.2. Letu € L*(R"*!) denote a bounded solution of the equation div AVu =
0 in R™!. Let Q c R" denote a dyadic cube. It follows a fortiori from Theorem 3.12 that
there exist constants C, ¢y > 0 and, for each dyadic cube Q' C Q, a measurable set F’ C Q’

such that u(F") > cou(Q’) and

1
u(Q)

/ / |t0,u(x, DI d,U(X)T < CllullZ,,
0 F’

where C and ¢ depend only on n, A4, A and [u]4,.
The coefficient matrix A is z-independent, so 0,u is also a solution and thus the degener-

ate version of Moser’s estimate in (3.17), followed by Caccioppoli’s inequality, shows that

35



120, < |lullo. Moreover, the degenerate version of the de Giorgi—Nash Holder regularity

for solutions in (3.16) shows that

X — ¢ X — a
poacsn ot 01 < (721w < . (2)

forall x,y € Q and ¢ > 0, where all of the implicit constants and the exponent @ > 0 depend
only on n, A, A and [u]s,. Therefore, we may apply Lemma 3.6 with {v,, @, By, 7,8} =

{(#0u)*, @, CllullZ,, co, Cllull%,} to obtain

1 o dt
— /0 /Q D, OF A < Il

where the implicit constant depends only on n, A, A and [u]4,. This estimate holds for all

dyadic cubes Q, so by Lemma 3.10, we conclude that (3.3) holds.

First, let us fix some notations. For any given matrix B = (B, ;) (no matter its dimen-
sions), we denote B* = (B;;) as its adjoint (i.e transpose, since our coefficients are real).
Since A is an (n + 1) X (n + 1) matrix that is z-independent on R”*!, we want to write the

matrix A in the following form

_ A b
A= [

where d := A1 041, b := (A1) 1<i<n> € := (Ays1,j)1<j<n+1 and A denotes the nXn submatrix
of A with entries (4)) := A; j, 1 <, j < n. By rewriting the matrix A in a new form, we will
be able to apply some techniques, tools and results from the solution of Kato problem and
its related results to get an estimate for the LHS of (3.3) by changing variable method.

Now, we have that the adjoint of the matrix A will be

-t
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To prove the Theorem 3.2, it is enough to prove that for any dyadic cube Q, the LHS of
(3.3) is bounded uniformly by the RHS for some constant C that does not depend on Q. So,
we fix Q from now on. In order to apply the technique from Kato problem, we also want to

write the vectors b and ¢ in the following ways

clsp = -A; Ve +h, blsg = —A V% +h, (3.30)

where ¢, ¢ € Wli’é (50)- the weighted Sobolev space with compact support where the weight

u € A, weight condition, and h, h are divergence free and supported in 5Q, and where

1
_ - v, 2
2G0) /SQ (I e +

2

h(x) p(x)dx < C. (3.31)

u

c(x)

u

2
1
dx < C——
)“(x) "< TG0 Js

~ 2
1 - h(x) 1

—_— \% 2|4 | == dx < C /
u(SQ)/SQ SN ‘ MO €50 Jso

Note that we may have the above decompositions for b and ¢ because of the Hodge

2
ux)dx < C. (3.32)

b(x)
u

decomposition proved in (3.11).

Recall that we defined P, := "% and P = ¢ "L, the heat semigroup associated to
L, and its adjoint L, but enowed with ellipticity homogeneity (thus, ¢ has been squared).
As we mentioned above, we will do some changing variables. We will do that many times
with different variable in different estimates in our proof and the first time we do is the
following

We make a pull-back of the equation —divAVu = 0 in R""! under the mapping (of

course, we will need to justify we can do that)

po(x, 1) :=(x,7(x, 1) := (x,t — p(x) + Pf],go(x)),

where 7 > 0 is small but a fixed number to be chosen, and ¢ is as in (3.30), and has been

extended to all R” by setting ¢ = 0 in R" \ 5Q. By a little computation, we can get the

37



fact that if u is a solution of —divAVu = 0 in R’}r”, then we also have that u; := uopis
a solution of the new equation —divA;Vu; = 0 (at least formally now, we will give more

details latter), and for J, p to be defined below,

JA) b+A V.o —AV.Pe

A1:

(Ap.p)
J

h - AﬁVxP,’;tgo
where h is the divergence free vector in the Hodge decomposition in (3.30), and J, p are

defined as follows:

J(x,0) =1+ 0P, (3.33)

is the Jacobian of the change variable t — 7(x, f), with x fixed, and

p(x, 1) := (Vo1(x, 1), - 1) = (ViP,0(x) — Vap(x), —1). (3.34)

Let us make precise the meaning of —div A;Vu; = 0, i.e. we are showing that the changing
variable is valid in some sense. In fact, in the sequel, we will consider «; in a certain saw-
tooth domain € in which the mapping (x, r) — p(x,t) is one to one, with range contained
in Rﬁ“, and in which J(x, ) = 1 (uniformly). The fact that —div A;Vu; = 0 in the sawtooth

region then follows from the pointwise identity

A((Vu) o p) - (Vv) o p) J = A\ Vu, - Vvy, (3.35)

for v € W'2(Qy), where v = v o p.
Let us explain what we will do next to get the proof. By Lemma 3.6, it suffices to
estimate the CME for the new solution #; under a smaller subset of Q. Then we extend the

LHS of new CME to the whole R"*! by a special cut-off function, then we do integration
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by parts in time variable 7. After integration by parts, there will be some terms having u3,
and some term having V(u}). For some terms having u?, the most difficult case which is
also the main part of our estimate is when we also have the term div A;V(z). To estimate
that part, we need to use tools from Kato problem, Moser’s interior estimate for degenerate
elliptic equations as well as the Moser type estimate for degenerate parabolic equations
together the properties from our chosen cut-off functions and the geometry of the domain
after we changed variable. For the other terms having u}, we bound u3 by ||u||%, and use
some estimates of the cut-off function and its gradient. To treat the last case which has
V(u?), it is easier since we can hide the similar part of LHS of new CME by Holder’s

inequality with epsilon and bound u3 by |ul|%.

Lemma 3.11. Let n > 2 and suppose that A € E(n, A, A, ) for some constants 0 < A <
A < oo and an Ay-weight yu on R". Let Q C R" denote a dyadic cube and suppose that f :
50 — R" is a measurable function such that ;llf € L¥(5Q). Let ¢ € W&’j(S Q) and suppose

that div AV¢ = divf in 50. If kg > 0, 0 < n < 1/2 and xy € Q satisfy A1, ¢, A)(xp) < Ko,

where

A, ¢, A) := 7 'NIOPud) + N(OP:g) + [M,(V.4)]' + D0, (3.36)
then

10:Ppp(x)| < 10 (3.37)
and

[ = Pu)d(0)] < ko + 13 Ell)t (3.38)

forall (x,1) € T')(x0) N (20 X (0,41(Q))), where the implicit constant depends only on n, A,
A and [pu]a,.
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Proof. Suppose that kg > 0,0 < 5 < 1/2 and xy € Q satisfy A(n, ¢, A)(xy) < . It follows
a fortiori that n’lNQ(atP,,,gb)(xo) < Ko, 80 (3.37) holds for all (x, #) € I';(xo).

To prove (3.38), first note that the properties of the semigroup imply that

(I = Py)p(xo)l = < NiKo (3.39)

nt
/ 9P sp(xo)ds
0

for all ¢ > 0, since N.(0,P¢)(xp) < ko. Now let (x,1) € I';(xp) N (20 X (0,41(Q))). We set

Dot = fB(xO,Zm) ¢(y)dy and apply estimate (3.23) with @ = 2 to obtain

[P(@ = Py ) (O < MLV BP)(x0)]'? < ek, (3.40)

Next, since div AV(¢ — ¢(xp)) = div AVe = divf in 50, and since 0 < n < 1/2 ensures
that B(x, 2nt) € 50, we may apply the degenerate version of Moser’s estimate in (3.17) to

obtain
172
6(x) - pxo)l S ( f 6() - ¢(xo)|2dﬂ()’)) + 7t
B(xo,2m1)
< (Do p(x0) + I11fo) (3.41)
< ko + 1Lf1l).
Combining estimates (3.44), (3.46) and (3.49), we obtain
(1 = Py)d ()] < lp(x) = p(x0)l + [(1 = Pye)p(x0)]
+ [ Pi(@ = Prg ) (X0)| + [Pe(P — B ) ()]

< ko + 15 flleo)t,
which proves (3.38), as the implicit constant depends only on n, 4, A and [u]4,. B

Theorem 3.12. Suppose that the hypotheses of Theorem 3.2 hold. If A satisfies the degen-
erate bound and ellipticity in (3.1) for some constants 0 < 1 < A < oo and an A,-weight

uonR" then for any bounded solution u € L*(Q X (0, £(Q))) of the equation div AVu = 0
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in Q X (0,€(Q)), there exist constants C,co > 0 and a measurable set F C Q such that

H(F) > cop(Q) and
1 /I(Q)/ 5 dt 5
— [tVu(x, D" du(x)— < Cllull,
wQ o e o
where C and cy depend only on n, A, A and [u]a,.

Proof. Next, we will give details about choosing the set F' as we mentioned in the claim

above. Now define the set

Fi={xe Q1 AGLe. AN + AL G AN + NI(TP,0)(0) + NP0 < ko |
(3.42)

where «( is a large number at our disposal. Using the bounds in (3.20), the bounds for Ve,
V¢ that come from Hodge decomposition and the bounds for the operators in A, A, that

were proved in Corollary 3.9, we have

H(Q\ F) < 1,°1(Q),

uniformly in 7.
To prove the CME, from the claim above, it is enough to prove that for the set F' defined

above, we have

Q)
/ / AVu(x, 1) - Vu(x, Hdidx < Cy e |lull>u(0).
FJO

As we mentioned in the strategy how we prove the theorem, we first make a change variable

in time. Here is the detail, let t — ¢ — ¢(x) + Prp(x), this gives us

(0] 210)
// AVu(x,1) - Vu(x, t)tdtdxs// A1 Vuy - Vuytdtdx. (3.43)
FJo FJo

41



We are allowed to do change variable here because of the followings

nt t
/ 0P p(x)ds| <tk < it < g VXEF (3.44)
0

(I =P )e0)] =

since N.(0,P¢)(x) < ko and here we choose 7 small enough, i.e. n < Kaz. We note at this
point that the analogue of (3.44) holds also for (I — #,,)¢ and more over, by our definition

of A, A, and the definition of F in (3.42), we have
max (|0,P@(x)], [0, P;e(x)]) < Ko < N2, Y(x,0) € Q, (3.45)
where Q) is the sawtooth domain

Q := | JTo(),

xeF

and I'g(x) denotes the cone with vertex at x and aperture n. Thus, if (x,7) € €, then

|x — xo| < nt for some xy € F, so that, setting

1
Pt = p()dy.
ot |B(X(), 277t)| |xo—y|<2nt

Then from the inequality (3.23) with @ = 2, we obtain
P (@ = Prom) @] < 1t (Mu(IVel)(x0))* S mtxo < 2t V(x,1) € Q. (3.46)

Next, we define our smooth cut-off function adapted to €2y, as follows. Set

Q =),

xeF

1 if

where I';(x) has aperture g Let 6(x) :=dist(x, F) and let ® € C*(R), with O(r)

r<qe,and ®(r) = 0,if r > ¢, and 0 < @ < 1. We then set

. o(x) t
w0 (D) ().
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Let us make some observations for the cut off function ‘¥, and the related sawtooth regions.

First, we see that

Y(x,)=1, V(x, 1) €F x(0,2[Q)), (3.47)
and also that

supp(¥) C Q0 :=Q; N (20 % (0,4[(Q))),

since 77 is small.

Next, we claim that
I(1 = P, )p(x)] < i, Vx1) € Qo0 := QN (20 X (0,41(0))), (3.48)

and the similar bound holds for (1 — P,,)@(x).

To get the claim, we observe that for (x, f) € €, there is xy € F such that
x €A :=Alxp,nt) :={xeF :|x— x| <nt},

and 2A C 5Q, since t < 4I(Q) and 7 is small. Since ¢ is a W2 weak solution of the

inhomogeneous elliptic equation
Lp = div(c) in 5Q.

The equation is also true for ¢ — k for any constant k. From the Theorem 3.5 and the

definition of the set F as in (3.42), we have that

c
U

(3.49)

N

lp(z) - 90(x0)|2#d2) + 1t

(,u(2A) 2A

nt (Du,*‘P(xO) +

sup lo — ¢(xo)|
A I

N

c >$771/2t~
Ml
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Consequently, for y € A,

I(I = PO < le(y) = p(xo)| + (I = P )e(xo0)l + 1P7,(@ = o) (X0) 1+
1P = Peom) D] < 71,
where we have used the estimates in (3.44), (3.46) and (3.49). In particular, since x € A
we get the claim (3.48). We may also get the same bound for (/ — #,,¢) by the identical
argument.

Moreover, from the change variable, we have the following properties for the Jacobian

matrix, for any pair (x, 1) € €, by (3.45)
J(x,t) = 0, (t —o(x) + Pfltgo(x)) ~ 1.
T, 0 = 9 (t—g(x) + Ppd(x) = 1.

We then have that the mapping

p(xa t) = (x’ T(-x’ t)) = <x7 1+ ?;téo(x) - SD(X)) )
is one-one on supp('¥) with

Tt
T <7(x,1) < %t, V(x,1) € supp(‘P). (3.50)

Consequently, if Qg := U,erl'g(x) is the sawtooth domain with respect to F* with cone of

aperture 3, we have that
Q% C p(Qp) C Qg, VB <. (3.51)

Now, we want to bound |V, ,'P| by the following ways. We set

) PR
E:= {(x, 1€ Qx(0.41Q) : 12 <600 < g } ' (3.52)

E, :=20 X (2U(Q), 4(Q)).
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then from the definition of W, we obtain

1 1
V. (x| < n—tllEl (x,1) + @ﬂgz(x, 0, (3.53)

Now, we give details how we handle the LHS of the (3.43). By (3.47), we have that

20Q)
// AVuy - Vuytdtdx (3.54)
FJo

// AV, - Vi, W2 tdrdx
Ri+l
1 232
= — Ly (uy)¥Y tdtdx
2 RTI

1 1
- // L () P2dtdx — ~ // AV - V(¥)rdrdx
2 RTI 2 RTI
1 1
+ = // ut e, - A\V(PHdtdx + ~ / WA, dx
2 RT‘I 2 F ’

=: S+E, +E; +B,

N

where e,,; = (0, ...,0, 1) and for the boundary term B, we have used that (A7}),+1.,+1(x,0) =
Apiin+1(x), that u;(x,0) = u(x,0) on F and that W(x,0) = 1g(x). Let us give the estimate
for the above terms in two steps:
Step 1: In this step, we want to estimate some easy terms first which are B, E;, E,.
The easiest one is B, so we would like to give the estimate for B first. Since u € L™, we

get the following bound for term B

B| < A / u” du(x) < Ap(Q)llull2,.
(@)

Now we estimate the terms E;. By Holder’s inequality with small o to be chosen latter,

we bound |E;| by two terms as below

1
‘— // AVG2) - V(¥)drdx
2 Rrrl

2 ‘// A Vu, - VWYu,Yrdrdx
RTLI
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1
< 0'// A1Vu, - Vbt]\Pztdldx + — ﬂ M%A]V\P - VWrdtdx
RTI (o8 RTI

= E, +E.

We see that E| is similar to the first term of (3.54) except it is really small when we
choose o~ small enough. Then we can hide the term E1 to the LHS of (3.54). So, to finish
our estimate for |E;|, we only have to give a bound for the second term E1 To do that, we
want to bounds E| by two terms due to the Hodge decomposition h = ¢l + A Vg and

using the fact that ;—3 € L™ and also from (3.53 ). Here is the bound that we have

E| <E; +Ej
where
’” C " 2 dt
B - // " [1 + |V =P ()| ],u—dx.
o Mk, t

and

” C y
Ep = ;}7 //E [1 + ‘Vx(l 7),7,)90()6)| ] l(Qt)Zd
= dt
=~ // ut [1 + ‘Vx(l - P;;)w(x)|2] #de.

)

We want to take care of E|; first, to get an estimate for E|, we decompose the domain

of the integral by dyadic cubes as below

2- —k+1

Z > / / 1+ |V = P )e(x)| ] ILE.ud dx, (3.55)

kQD”

where D] denote the grid of dyadic cubes such that

1 1 ,
64;;2 < diamQ’ < 3—2n2 K, Q eD]. (3.56)
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Let us give an estimate for each element that is non-zero of the summation above. Consider
now any fixed k and 0 € DZ for which the double integral in (3.55) is non-zero, thus for

which there is a point

(x.t) € By [)(Q x 27, 27%1]) . (3.57)

We now fix such a point (xi, ;). By definition of E;,

h

t

T2 <o) < (3.58)

In particular, we will have a point xy € F such that
t

|)C1 - )C()l < %
Note that

0 c A = Alxg, 1275 :={z: |z — x| < n274}. (3.59)
Consequently,

Q x 27,271 c Qo (3.60)

(we recall that Qg := Q) N (20 % (0,41(Q))). Furthermore, since ¢ is Lipschitz with norm

1. Using (3.56) and (3.58), we obtain there is a uniform constant C such that

O x[27K 27 cE, := {(y, 5) €20 % (0,41(Q)) : %5@) < Cns} . (3.61)

It then follows that

27k+l

’ d
u(@) s / / 17,0, () = dy, (3.62)
o Jok S

Now, by (3.36) and definition of F, (3.42), and definition of ﬁj] W)
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which we recall here

1

N'(v)(x) :=  sup v(z, r>|2u<z>dz> ,

0):|x—yl<nt (,u(B(y 1) Syt

we have, for any ¢ € [27%,27%*1],

1
,u(Q’)/ ’Vx(I_Pfyz)SO(x)}zu(x)dx

N

/ V. Py pdx + / V()P p(x)dx (3.63)
A

1
@) u@Q)
(R Po0) + M, (V,6P) (30) 5 1

%A

Moreover, by definition of u;, we have |[u;||o < |[u|lo. Thus,

2= —k+1

d
/ / u1 1+ |VX(I P ,)cp(x)‘ ) ILE,,u(x)Ttdx
2k

<l (1+ 1) (@)

2- k+1

dt
< |u||2 (1 +KO)/ / 1, ,u(x)de.
2k

where we have used (3.62) and (3.63) and the set E 1 was defined in (3.61). Returning

to (3.55), we then have

—k+1

d
< oo 303 (1 + D) / / 1 () dx

k  o'eD}
Cs(y)

nds
< Couporlll® / / —u(y)dy
2Q 0(,\’) S

Cn

< ChupollulZu(Q).

The term E}, is easier since there is no singular term for # but we may treat exactly the

same way as for E|;, so we also have

E|, < Cpuolltl2u(Q).

The term E, has the same bounds as E1 This finishes our Step 1. Now, we move to

next step which we will give an estimate for the term S. This is also the most difficulty part
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of our proof for CME theorem.

Step 2: In order to estimate S, let us observe that

. * k 1
Li@) = div,A\V.P,e -0, (;(Ap,p))

1
Ly =0 (;(Ap, p>> ,
since div, h = 0. We then split S into the summation of two terms
1 2 * (* 2 1 2 1 2
S=— wy(wL P ) Y-dtdx+ = u,0; | =(Ap,p) | Ydtdx =: S; +S,. (3.64)
2 RK‘FI K 2 R’frl J

We treat S, first. Note that by definition of #;, and also the commutative property of semi-

group and the operator £,
3t¢)>:;t = ate_(nt)ZL;f = _ZUZI‘EZP; = —2n2tPf]t.£;-
Integrating by parts in variable 7, we have

1
$i==5 || w0 i) Wraa G, [t 0w pdras

2 Rrrrl

+C, // 10, P; V0 Yudidx =: S| + S| + 87 .
RTrl

Let us handle the latest term S| with the note that §,#;,¢ is bounded in the support of ¥

(see (3.36)- (3.42)), then

IS/l < C, // l}uiaf;,go\lfa;}’\pdtdx < Cyllull’, // l}a,P;tgoat‘PWdtdx
R"* R

< CollulZu(0),

by using (3.53) and the definition of the set E; and E,.
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To treat the term S’l, recall that G,Pfﬂ = —2n2t¢’f]t.£;, get

IS|| = // lufat (LiP;p) Wtdtdx
R*

= // 1;0; [div, A[V (P )| P idtdx
RT-I

= // 1 ui [diviAiV.(0,P; )| Wididx
R

A

(3.65)

// 1 AV (0P ) - ur Vi () WY tdtdx
R

+ =J+K

// ¥V, - AjV (0P p)tdidx
RT—]

1
< 0'// IV [P WP tudtdx + (— + 1) ‘// u? |ant50jﬂ¢‘2 Y tudtdx
Rﬁ‘f’l (o3 RTLI

// u? |V PP tudtdx
R{lﬁl

where we had applied integration by parts in x variable for the second to last line and then

+ =S|, +8, +S5,

the Cauchy—Schwarz inequality with small o~ at our disposal.
The term S is essentially like E|, and may be handled by a similar argument.
Next, we want to give an estimate for the contribution of S),, by using V.0,P, =

V. (=20 P;,L;], and L = 115,

’

SIZ

il

// u? ‘an,Pf],<p|2 W2 utdtdx
Rﬁ+l
// | 2n*u? ‘Vx [?’;t(.ﬁ;ga)} |2 Y2 ur dtdx
R
. dt
Cyllully, // eV [Pr(Lie)] \Z‘PZ/J?dx
R

CoIVlIZ2 e lull2, < CyllullZ(Q),

N

N

where the vertical square function estimate in (3.14) was applied to obtain the penultimate
inequality.
To see the contribution of the term S, we first use the Cauchy—Schwarz inequality with
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small o, we get that

‘Sl‘ =

C, // (101) 0, (P0) W pdtdx
RT—]

dt
o // 10,u1)? Y tudrdx + Cpo // i |? ‘8,7);tg0‘2 ‘Pz,qux
RT'I RT—I

N

It is easy to see that

S|, < Cpoi(Q).

by using the vertical square function estimate in (3.13) to estimate S|, in the same way as

we did for S|, above.

We observe that, we may combine the terms S/, and S}, to get the following fact
S, +S|, =0 / \Vu, | W tudtdx, (3.66)
RT—]

where, as above, we used the notation V = V, .
To get the estimate for the above inequality, we need to get some bound for |[Vu,|. To
make it easier to follow, let us recall that u; = u o p with p(x, 1) = (x, 1 + P;,0(x) — p(x)) =:

(x,7(x,1)). Thus, we get the following facts

oui(x, 1) J(x, )(0:u)(x, (x,1)), and

Van(x, ) = (Va)(x, 7(x, 1)) + (0:u)(x, 7(x, 1) (Vi7(x, 1)),

where, again, J(x, 1) := 0,7(x,t) = 1 + 0,?,’;tgo(x). Hence,

o.u o.u
(Vu)yop = (qul - ’71 (V,7), fTI) :

Since J = 1 in ), we have the following bound for |V, |

0
[Vuy| < ‘ (qul, ﬂ) ’
J
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A

o.u o.u
‘ (qul - ’71(%7), 71> ' + |V 1|81

|(Vu) o pl + [V.7] 10 -

We also note that, by (3.35), the ellipticity of A and the fact that J = 1, we get the estimate
w1 |(Vu) 0/0|2 S A Vuy - Vuy.

This implies that we can hide the first term of (3.66) corresponding to the first bound
of |Vu,| above on the LHS of (3.54) for small . To finish the the bound for (3.66), it
remains to treat the term having |V,7||0,u,|, we write the integral in summation of dyadic

decomposition as we already did in (3.55) - (3.56), i.e.

—k+1

2
// |VXT|2|8,M1|2‘P2td/1(x)dt=E § / / IV 7210, P2 tdu(x)dt.  (3.67)
RTI -k Q’

ko' eDy

Now, we want to point out some geometry observations as following.

Take some t; € [27%,27%!] and a cube Q" € D] for which Q' X #; meets support of P,
say at a point (x,;). Then by construction of ¥, we have §(x;) < %, when by (3.56) we
have 6(x) < ’741 for every x € Q. Thus for each Q', and ¢, above, there is a point x, € F and
an n-disk A" such that (3.59) and thus also (3.60) and (3.63) hold. In particular, we obtain

the following

7 ’ ’
g < 7(x, 1) < gr, Y(x,1) € (Q) := Q x [27F,27%1],

by (3.48) and definition of 7(x, 7). It then follows that ¢ € [27%,27%*!] and

sup [0yu; (x, )] = sup [(0-u)(x, T(x, 1))|
xeQ’ x€Q’

1

1 2t ) 2
) ((,u X dn) (20 % (5,20) /ZQ/ ) “(y)"“ly> (3.68)

1 2t %
<| ——— Au(y, S)> u(y)dsdy |
S ((,U(2Q)I/ZQ'/5 10,u(y, $)I" u(y)ds y)
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where we have applied a Moser’s interior estimate for degenerate elliptic equation and
t-independent of A (see Corollary 2.3.4 in [FKS]).

Now, with the estimate in (3.68), we return to treat the RHS of (3.67). Since we only
want to give bound for the non-zero term in the summation of RHS of (3.67), we look at
the set Q' such that Q" € D] for which I(Q) := Q" x [27%,27%*!] meets support of ¥ and
denote D}(¥) - the collection of all such Q. Thus there is a point (x,7) € I(Q') such that

o(x) < %’ by construction of ¥. Consequently, for any such Q', by (3.56) we have that

. , 1 3 3 ) t
—nt < —nt < =ns, —.
o0(y) < diam(2Q ) + Snt 16nt 877s Vy €20 and s > 7

Besides that, we also have ¢ < 41(Q) in supp(Y), so that s < 2¢ implies s < 8/(Q). Set
* n+l 37]S
Q =<, €R] :(5(y)<?, 0<s<8lQ)¢.

As noted above, (3.63) holds in the present context, so that with the help of (3.68)the

term (3.67) is comparable to

—k+1

1 1 2t
V. 7* - —/ / |0 u( ,s)|2 dsd Y2 tdxdt
3Dl R LY e

k 'eDjw)

1 / 5 2t 5
= — [ V.1l d,u(X)) / / Bu(y, ) Loy gudsdyd
Z EZ /z—k (,U(Q) o 20 J 4 Ho9
27k+l
<y ¥ f

K genfn
=Cro ( // |0,ul* sudyds + // 10 ul* sudyds) :=M+E,

where we have used (3.63) and the definition of 7 for the last inequality and

20

(3.69)

Q" = {(y, 5) € R™ 2 6(y) < %,0 <5< l(Q)}.

for the last equality.
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Notice that, by (3.50) - (3.51), we have

p Q™) CQy N (20 % (0,2(Q))),

and ¥ = 1 on the latter set. Therefore, making change variable s = 7(y, ), we get

M<C,, // (@) pI” Wrdiudy,
R

since J(y,t) =~ 1. Again, if o is chosen small enough we can hide the RHS term of the
above inequality to the second term of (3.54).

Next, we want to handle the term E. In order to get an estimate for E, we apply a Moser-
type interior estimates for degenerate elliptic equations (see Corollary 2.3.4 in [FKS]), and

t-independence of A, we have
1
|asu(y’ S)l S EHu”oo’

Indeed, for any s, by Caccioppoli’s inequality and bound the ¢-derivative by full gradient

then for any (y, s) € Q" \ Q*, take Qy be a a cube centered at y with side length s, we obtain

osu(y, < Osu(x,t
[Osu(y, s)| (X’I)GQI(%?;Z,}S/Z]I u(x, 1)
( ! // 10,u(y, 1) ddt)
uly,
(1% d5) (Qo % (5/2,35/2) M gputsppmgsmy 007 N HEY
1
1 1 // 5 )2
- lu(y, 0P udydt
S<(ﬂ><dS)(2Qo><(s,3S)) ooy HEY
<

—letllco.-
N

where we used Corollary 2.3.4 in [FKS] for the second inequality and Caccioppoli’s in-
equality for degenerate elliptic equation to get the second to last inequality.
With the above estimate, we now have enough tool to handle E. By definition of Q*\ Q**

and doubling property of u

1
E < C, // P, ~ sdspdy
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1850)

< c ) ,, é 81(Q) dS p

= K,n ||u||oo + :u y
20 s Jueg S

< CollulZuQ) < Cpp yllul21(Q).

Thus, we have done for the estimate of S; in (3.64). Next, we make an estimate for term

S,, we observe that since A is t-independent

I
// 120, (j (Ap,p)) W didx
RT'I
I I
// W26, (—) (Ap, p) W2didx + // 2= (3., A"p) Wadidx
Ri‘” J RT—I J

1
// i35 (A, p) Wdrdx = 1+ L+ TIL,
Riﬂ

28,

+

We will estimate the above in order. Recall that J(x,7) = 1 + atP,*ﬁgo(x), hence,

2 D
= // u%&( )(AP,P>‘P2dtdx— // (a P )> (Ap, p) Vdtdx
Rrﬁ»l Rn+l

8 0 X
// 5, (i) % msa( )<Ap, >\P2dtdx+// 22 Pl )at<Ap,p>‘P2dtdx
Rn-ﬂ RT]

J2
1
+ // u%@#’fﬂgo(x)at (ﬁ) (Ap, p) Y2 dtdx
R1+1

8,P" o(x
+// 1”%%5()<Ap,p>6thdrdx
R

=1, + L+ 15 + 1,
(3.70)

where we did integration by parts in 7-variable for the third equality and also used the fact
that the boundary terms vanish since 3;%;,¢li-o = 0 as may be seen by first considering the
case that ¢ is in the domain of -divA;}V, and then using a density argument.

Let us recall that,
p = (VP — Do, -1) = (V.r(x, 1), -1).

Since 0,P,¢ is bounded, and J = 1, in Q, the term I, may then be handled exactly like
E|,.E|, above.
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For the other terms, we need to use other way. Let us start with I;. By the Cauchy—

Schwarz inequality with small o

C dt
Li<o // llétullzlplz‘I’ztudtdx+ p // lu%|a,¢>,,,¢|2|p|2l1ﬂp7dx. (3.71)
R R*

The first of these terms is similar to (3.67) and we may hide it on the LHS of (3.54), if o is
chosen small enough. For the second term, we use a dyadic decomposition as above:
dt
// 10 Ppl PP p—dx

27k (3.72)

. dt
=> >, / / 110,20 pP ¥ dx.

kQD”

By Moser-type parabolic local interior estimates for degenerate parabolic equations (see

Theorem B in [F]) with the rescaling t — >

oP, 0,0 udyd
0P el < ((2Q)r//Qx(2m‘ 90‘““)

Then, for each k and Q" € D/, note that = s, we get

2—k+|

dt
/ / 0P, PP d
2k

—k+2

—k+1 ds 1 dt
< 0.7 o> Cpd (—/ 22y _)
</2_k llullZ, </ /zk } m‘P‘ H )’> W) Jy Ipl ,u(x)t (3.73)
2k+2
<Colull ( / /
2k

since

d
‘(9 Pns‘p} ]]-Qoﬂ de>

) / IpPW2du(x) < (ko + 1) by (3.63) and W2 < 1.

Now, we can take summation in Q" and in k by using equation (3.72) and the inequality

(3.73) and then use square function bound, i.e.

.12 dt
// lllullfo |5t?’,7,<,0| Iplz‘Pz,qux
R
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2~ k+2

d
<CollullZ> ) ( / / ‘0S?;Sgo|zﬂgo,u?sdy>

k Q'en]

<CK0||u||2// {a¢>,¢| 1190,1 Lix

<CK0||u||2/ (/ 10.P%0|” )d,u(x)
d
=C,,llull%, // ‘772;?* ﬂ(p)!thd,u(x)

<Cy LIVl < CyllullZp(Q),
m

where we have used the fact that ‘0#’;‘,,4/2‘ = |172t7’;‘,t (L)

. and L} bound for vertical
square function g, together the definition of ¢ and the solution of Kato problem.
So, we still have the bound for I;. Next, we consider the term I,. By definition of p, we

get

w12 .12, odt
L] < // lu%|vxa,¢>,-,,¢\ Y tudtdx + // luﬂ@,@ﬂ#a} |p|27/1dx. (3.74)
R RI*

We observe that the first term above is the same as S|, in (3.65) and the second term is the

same as the second term on RHS of (3.71). We therefore obtain

L] < llullZ1(Q).

To finish our estimate for term I, we only have to give estimate for the term I in (3.70).

We observe that from the definition of J, we have

. 12 . 12gndt
L] < // Pt |07, | W ptdidx + // [Pt 0P| W —dpu(x)
W R

The second term is the same as the second term in I,. For the first term, once again,

decompose R” into dyadic cubes

.2
// pPud 03P | W prdid
R+
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2= —k+1

>/

For any Q' such that the integral over Q' of the above term is non-zero, notice that 8%,

o« 2
/ ui |07 | IpPY ptddx.
Ql

is a solution of a weighted parabolic equation, we apply a Moser interior estimate for

weighted parabolic equations to get the following estimate

.
) 2—k+1
<. |, (u(Q 2 k/ L
2k+2 ) 1
< i / ( / / }6%7’asso!2dsudy> <@ /Q | Iplz‘Pzdu(X)> di
s||u||2/ (/ / Zs¢!2dsudy> dt
2 —k+2

.2
<l / [ 1Pl sds s
2-k

where we have used (3.63), more precisely, we applied the following estimate

- —k+1
* 2
/ u% |atzpnt‘p| |p|2‘1’2tdt du(x)
Ql
2~ —k+2

|6°P; 0| ds #dy> / PP rdt dpu(x)
Y

2- k+1

2- k+1 2= k+2

1 .
ﬂ(—Q') /Q ‘Vx(l - ?;t)(p(x)|2u(x)dx S K(Z),

and along with the definition of p := (Vx(Pfﬂ - Do, —l) and «j is a fixed large number to
get the estimate for the last inequality.

From the estimate above, we can give a bound for the first term of the bound for I;
by taking summation over Q" and k, then using 9,%;, = B ML f = 2t LPr, =

—ZnZﬂ’;‘ﬁL* and bound the t-derivative by full gradient for ; , we get

>3/

k QD”

P 2
// 182 y|” oI edtdp(x)

<llullZ, // |82P*S90’2 sdsudy

ns’

D—k+1

)
/ uﬂ@f?ntﬂ IpI* ¥ utdtdx.
Q/
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e . 2ds
Slull?, / ( / |02, —) pdy
n 0 )
) o0 ) . e 2ds
<SCyllull?, \svx,fmzﬂcp — ) udy
Rn 0

N
+ CyllullZ, /R ,1 ( /O |sP; Lo

2 ds
) pdy
SCyllullZ Vel < CyllullZpu(Q),

S

where the vertical square function estimate in (3.13) and (3.14) were applied in the penul-
timate inequality.

Hence, we have proved |I3] < |jul|2u(Q). And therefore, we get [I] < ||ul/%u(Q).

Next, we want to give some estimate for the term II. By definition of p, we have d,p =

(V:0,P,,,0), whence it follows from the Hodge decomposition (3.30) that for x € 50,
O, A'p) = (V0 Py, AV Prp) — (V0 P0, AiV 1) — (V. 0P}, €)
(3.75)
= (V.0,P,0, AV L) — (V.0 0, h) .

Thus, we can rewrite II as following

1
m-= // 1} (V:0Py0. AV Pyp) Wi
R"le

1 ok
- //RTI ”%7 (V0P ) Vdtdx

=1I; + IL,.

To estimate II;, we take integration by part in x variable and obtain

1
i :// lu%j (0:Pr0) (L Prsp) Vopdrdx
R+

1
- //]Rnﬂ atp;;t‘p <Vx (u%j) ’AITVXP;HD> lPZdldX
1 g *
- //Rm u%;@ﬂ’:‘ﬂ(p <Vx (le) ’Aﬁvﬂ)m(p> dtdx

=II, + I, +1I, .
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Since L;P;, = —(2°1)~'0,P;,, the term II, is like the second term of RHS of (3.71) but
easier since we have a constant instead of p.
To treat the term II,I’, we first apply product rule for V, (u%%) , and then we use the fact

that J ~ 1, and V.J = V,0,#,,¢ together the Cauchy—Schwarz inequality with small o,

then we have the following bound for IT;

;| < o // IV 1 "W tudtdx + C // IV 0,8 |V utdrdx
Rr}_—#l RT,]

1 dt
+C(=+1) // lu%|a,7);t¢|2|vx7>:;,so|2l1ﬂu7dx. (3.76)

The first term is bounded by (3.66) and therefore we can handle it in the same way. The
second term and the third term are essentially like the two terms bounding I, in (3.74); in
the last term, the factor ‘Vﬂ)fﬂgoz‘ may be handled like |p|?, by using (3.63).

To complete our estimate for II;, we need to take care of II,'. By Cauchy-Schwarz

inequality and J ~ 1, we observe that

" .2 . 12updt
;| < // lu%le‘Plztdtdu(x)+ // l}@,?,ﬂcp| V.25 0| ‘I’ZTd,u(x)
R R

The first term is the same S}; in (3.65) and the second is the same as in the last term in
(3.76). This complete the estimate for II;.

Next, we take care of term II,. From the Hodge decomposition, h is divergence free, so

2
m, = // 0P <vx (ﬂ) ,h> Wdrdx
RT-I J
u% * 2
+ " 78,5‘)mg0 <Vx (‘P ) ,h> dtdx

= 1L, + II,.

We see that II, can be treated exactly like II| above, and the second term is exactly like
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I1 since h = ¢lsp + AV, and

2
ol + dx < C.
ﬂ(Q)/ (' oy )”x

Therefore, to handle h, we may do via (3.63) just like the factor V. %, ¢.

Hence, we also have the estimate II, < ||ul*.u(Q).
Last, to finish the estimate for S, we treat the term III. By an identity analogous to
(3.75), we have
I = //R . u%% (AP0, V.V Prp) Wdidx

I
- // 35 (b+ A V.0, V.V P,0) Wi
RT—]

1
- //R,m M% (Vi (Pr = 1) 0, AV VP 0) Vididx

1 )
_ //R 1 (V) Wi

=111, + IIL,.

For the first term above, we make integration by parts in x-variable. This implies,

1
oI, = // Py —¢ <Vx (u%j‘l’z) ,Al"[antSD;‘;,go> dtdx
R +1
1 >k 3k K
- // 1 u%j (Pre— o) (L0P0) Y2 udtdx
R+
= I, + III,.
By (3.48) we have |P,,¢ — ¢| < n2t < t in the support of ¥. Thus III, upon distributing
V. over u?, % and W? yields integrals that may be handled just like the terms J, S}, and K,
respectively, in (3.65). So, it is left to find an estimate for III’I/.
In order to take care of III/{, we first note that for any F such that VF € LE(R"), we get

the following

- dt
/(/ \(P;';,—I)F\zt—g)udxsIIVFlliﬁ(Rn), (3.77)
» \Jo
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as may be seen by using the element identity
nt
/ OPysds = Py, — Py
0

then we will use Hardy’s inequality to reduce matter to Lﬁ bounds for vertical square func-
tions and then use Kato problem.

Now, we estimate

" 1
‘Illll = "/‘/’Rlﬁl M%i (SD;’;,QD - 90) (.ﬁ;@,?’;;tcp) Y2 udtdx
< / / Il | (P — @) (Li0P;e) | Voudtdx
R? JO

1 1

=) d 3 0 d 3
< IIMIIi,/ (/ (P — ) 2 —;) (/ 20 Loy 2 _t) du(x)

20 t 0 t

0
<l ([ [C1@we-al %) ([ [ 1Fomsel ) au
20J0 20J0

< 2 IVellz: < lullzp(Q),

where we have used Holder’s inequality and support of W for the third line, and we applied
(3.77) and LZ bound for vertical square function for the last inequality.
To complete the proof of our theorem, it remains to estimate the last term III,. To this

ends, we use the Hodge decomposition to write

bﬂsQ A”V& + H

(A V@ — AV Pu@) + AV, P& +h,

where P, := ¢""£x and where h is divergence free.

We recall that by construction, the various estimates that we have used for ¢, #,,¢ hold
also for ¢, P,,. The contribute of h may then be handled exactly like II, above, while the
contribution of A;V,#,,¢ maybe handled like II; above, i.e., by integration by parts in x to

move V, away from (')t?’;;go. Finally, the contribution of (4,V,¢ — AV, #,¢) in term III,
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equals

1 ~ 0 0
RT-I

which can be handled like III;. B

3.5 Solvability of Dirichlet problems for degenerate ellip-
tic equations with L” boundary data

In this section, we will prove that the harmonic measure for the degenerate elliptic operator
—divAV over the domain domain Rﬁ“, where A is the degenerate matrix as above, is A
with respect to the surface measure on the boundary. Then we prove that the Dirichlet
problem with L/} data on the boundary is solvable in the sense of nontangential limit for
some p.

Let us fix some convention, for any R > 1, we define Qp := B(0,R) N RTI. We see
that Q is a Lipschitz domain with Lipschitz constant is bounded by N, for all R > R,
where Ry is large enough. A point (x,0) € R"*! is denoted by small letter x and we denote
capital letter X if X = (x,1) € R’j“. We use ” = ” to mention that the ratio of the two
sides is bounded above and below by positive constants depending only on the allowable
parameters such as n, u, A, 4, Ny.

Recall that we still used the notation u as an A, weight over R” = dR"*! like we dis-

cussed in the previous sections.

Definition 3.13. We say a domain D satisfies ”Corkscrew condition” if there are some fix
number M, and r( such that for any Q € dD, and for any r < r, then there exist a Corkscrew

point A = A,(Q) € D such that M(}l <]A - Q| < rand dist(A, D) > M~ 'r

For convenience of our proof later, let us recall a version of Harnack’s inequality for
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degenerate elliptic equations that was proved in [FKS], see Lemma 2.3.5 page 97.

Theorem 3.14. (Harnack’s inequality) Let u be a non-negative solution of Lu = 0 belong-

ing to the Sobolev space WJ’Z(ZB) for a ball B C R™!, Then we have

supu < Ci%f u, (3.78)

B

with the constant C = C(A, Q) is independent of u and B.

Lemma 3.15. Fix xy € OR"™! and ry > 0, write By = B(xy, 1), Ao := By N R and

B£) = B(xp,19/2). Let 0 < u € w2

u,loc

(BoNR™NY N C(By N R verifies Lu = 0 in By N R™!
in the weak sense and u = 0 on Ay. Then there exists C, 0 < a < 1. depending only on

ellipticity, the dimension n and Lipschitz constant Ny such that

X _ (04 ,
u(X) < C (' xo') sup u(Y), ¥YX e B,nR",

"o YeBonRH

Proof. This is a consequence of locally Holder continuity of the solution u, (see Theorem

2.3.12in [FKS]).

Theorem 3.16. Let u > 0, Lu = 0 in R,, := A(x,2r) X (0, 2r) and also u(y) = 0 on A(x, 2r),

then for all X € Ry, we have

u(X) < C(n, 4, A, No) u(A,(x)), (3.79)
where A,(x) is the Corkscrew point relative to some surface ball A(x,2r) := B(x,2r) N
AR,

Proof. This Theorem is a consequence of Harnack’s inequality, Moser’s estimates and
Maximal principle. For more details, see Theorem 1.1 in [CFMS]. Notice that, even in
[CEMS] the authors proved the Theorem in non-degenerate equations but the proof is still

valid once we have all the ingredients above. i
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Theorem 3.17. (Comparison Theorem) Let u,v > 0 and a point x € OR™'. Suppose that
Lu=1Lv=0uveW2Tyx),uve CTyx), u=v=0onAy(x)and u,v 0. Then

forall X € T,,(x)

u(A,(x)) _ uX)
VA () (X))

here Ty,(x) := A(x,2r) x (0, 2r)..

Proof. The proof is the same non-degenerate elliptic equations. See the proof of Theorem

1.4 in [CFMS] for more details. i

By aresults in [FJK], we have the following definition of Green function and harmonic

measure over the domain Q.

Definition 3.18. There is a Green function gz : Qg X Qg + [0, o] satisfying g(X,y) = 0
fory € 0Qg, —divAVg(-,Y) = dy where dy is the unit mass at Y. Roughly speaking, we can
say the Green function is the week solution of the equation —div AVg = dy as a function of

X.

Remark 3.19. In the uniform elliptic equations, we have rick theory for the Green func-
tion. For examples, we understood the size of Green function, connection between Green
function and harmonic measure, etc., for more details about the Green function in this sit-
uation,the reader may take a look at [K]. We want to point out that, in degenerate setting,
we still have Green function and its size as well as the its connection with the harmonic
measure, but only for bounded domains thanks to the work by [FJK], [FJK1] and [FKS].
Due to the structure of the A, weight, we may not have the Green function for unbounded

domain in general.
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Next is the Theorem 3.3 in [FJK1] in which it gave an estimate the size of the green

function.

Theorem 3.20. Let X, Y belong to the set L = {Z : |Z| < }tT} C R™! then

T 52 ds
X,Y) = S
8rlX. 1) A_y W(B(X,s)) s

where v(B(X, s)) is a weighted measure of the ball B(X,s) c R™ and v(B(X,s)) :=
f f B(X.5) u(x)dxdt as we defined above and "=” means the quotient depends only on the

H measure.

Remark 3.21. The theorem says that the size of the green function over the domain Qg

does not depend on R nor g, provided that R > .

Definition 3.22 (Harmonic measure over domain ). For any X € Q, the harmonic mea-
sure at the pole X is the measure w* on the boundary 9Q satisfying that u(x) = |, 90 hdQX
is the solution of the Dirichlet problem —divu = 0 and u(y) = h(y) for all y € 0Q where

h € C.(Qg).

The following lemma gives us the connection between the Green function and the har-

monic measure for degenerate elliptic operators on bounded domain €.

Lemma 3.23. Let r > 0 and A := B(x, r)NOQg for some x € 0Qg. Suppose that A,(x) € Qg

be a Corkscrew point corresponding to the surface A. If Y € Qg \ B(x,4Mr), then

gr(A(X), Y) = wp(A)B(A(x), 1),

2

where Q(Ar(X), I") = YBA 0

and v(B(X, 1)) := ffB(X,r) u(x)dxdt for all B(X,r) C RTI and
W is as in the elliptic condition.
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Corollary 3.24. Let A = A (x), A" = Ay(xo) € A, Y € R"\ Ty,(x), then

w'(A)

AN =

(3.80)

Proof. By Lemma 3.23 above, for R large, we get

WR(AO(A,(x), 1),

I

gr(Ax(x),Y)

W(ANB(A(x0), ),

d

gr(A(x0),Y)

il

gr(A(x0), A,(X) = W (A)O(A(x0), 9).

Set u(Z) = gr(Z,Y) and v(Z) = gr(Z, A3,(x)) for some Y fixed. Note that Lu = Lv = 0 in

T»,(x) and also u = v = 0 on A(x, 2r). So, by the Comparison Theorem,

uz) _ uA (x)
WZ)  vAW)

VZ € T7/4,(x).

In particular, we can take Z = A (Qy),

8r(As(x0), ¥) _ u(As(x0)) _ u(A(x) _ gr(A,(x),Y)
gr(As(x0), A3 (X)) V(As(x0))  VA(x)  gr(A(x),As.(x))

Hence,

wr(A)  _ 8r(As(x0), A3, (X)) O(A(), 1)
wg() 8r(Ax(x), A3 (%)) 0(As(x0), 5)

~ wp™A),

by the fact that ggr(A,(x),As.(x)) = 6(A.(x),r) (see the proof of Lemma 3 in [FJK] for

details). Let R — oo, we get the desired inequality. B

Remark 3.25. In the proof of Lemma 3.23, the authors only used the local properties of
solution u, so the constants for ratio are really independent of the size of domain Qg or we

may say the constant is uniform in R.
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Lemma 3.26. The harmonic measure wy is doubling and wi{(2A) < Cwi(A) where the

constant C is independent on X, R, A.

Proof. This is a consequence of Lemma 3.23 and Harnack’s inequality and doubling prop-

erty of the measure y.

Definition 3.27 (Harmonic measure for unbounded domain). Let f € C.(R"), the space
of all continuous function with compact support on R”, there is R large enough so that

supp(f) C 0€, extend f to be 0 on the rest of 0Q¢ and call it fz. Define

up(X) := frdwy,  where X € R™!, (3.81)
0Qr

By the maximal principle, ug is an increasing sequence as R is increasing to +oo and also
that ||ug|le < ||fl|l uniform in R. Define u(x, t) be the limit of ug(x, t) as R goes to infinity,
then we also have ||u|| < ||fl|l~ and also ug — u uniformly in any compact subset K C R’f’l.
Combine uniform convergence of ugz on a compact set with Caccioppoli’s inequality, we
deduce ug — uin W,*(K).

Next, we claim that u is a solution of equation Lu = 0. Indeed, for any test function

¢ € CZ(R") then suppy C Qf for some large R. The convergences above give

/ AV(u — ug)Vedx = 0.

This prove the claim.

Letus fix X € Rﬁ“. For any positive function f € C.(R") define the functional u(X) as
above. Then by Riesz representation theorem, there exists a harmonic measure w* so that
u(X) = [p. fdw¥.

X

Lemma 3.28. The harmonic measure w* is a doubling measure for any X = (x,) € R"*!,
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Proof. For any surface ball A := B(x, r) N 0Qx for any radius » > 0 and x € R",

w*(2A) lim Wi (2A)

N

C Igim wi(A)
= Cu*(),

where we have used the Theorem 1 on page 54 of [EG] for the convergence in the first and
last equalities above and the constant C is not depending on Qg, X, r as in the Lemma 3.26.

Fix Xo = (x0,%) € R™! and let w := w**. Harnack’s inequality implies that harmonic
measure w* differs from w by a bounded factor. The kernel function is defined for almost
every w as the Radon — Nikodym derivative K(X,y) := %(y). We see that K(X,y) is

well-defined because of the following.

Lemma 3.29. For any X € R"™!, the harmonic measure w” is absolutely continuous with

respect to harmonic measure (.

Proof. Let O be a Borel subset of R™*! such that w(O) = 0, we will prove that w*(O) = 0.
First observe that is is enough to treat the case that O is a bounded Borel set, since in general
O is a countable union of bounded Borel sets. Then there is some R, > 0 large enough such
that O C B(0, Ry) N 6R’}r“ and also X, Xy € B(0, Ry). Thus by Harnack’s Inequality, there is

some constant C depending on X;, X such that
w*(0) < Cw(0) = 0.

This means w* is absolute continuous with respect to w and therefore, K(X,y) is well-

defined. B
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By using Lebesgue Differentiation Theorem and the fact that the harmonic measure is

doubling, we get the following corollary

Corollary 3.30. The Radon — Nikodym derivative K(X,y) satisfies

X
K(X,y) — hm M,
50 (A, 5)

forall X, y.

Now, we have the following results for the kernel K(X, y).

Lemma 3.31. [fx € OR"! and A (x) is the Corkscrew point corresponding to A := B(x, r)N

OR™!, then

d A (x) C _ [
K(A/(x),y) := ‘Zw 0<% (max { (Iy r xl) 1}) ,

for some fixed 0 < a < 1.

Proof. Let us recall that for any y € dR™! and for s > 0 if X € Qg \ B(y,4As) then
2r(A,(0), X) = WX (A(®y, $))0(A(y), s) and also recall that w := w** for some fixed pole Xj.
Thus for any given y € JR"*! and s > 0, there is some positive number 0 < Y = T(X,, 5)

such that Xy, A;(y),A(x) € {Z : |Z] < %‘Y’}. Choosing R > 7T, by Theorem 3.20, we have

the following estimates

Ar(x)
_ fim @r__(A0 )
Kr(A/(x),y) = lim Wr(A(, 5))
- lim 88AsW), A- (1)
s=0  gr(As(y), Xo)

. (/T 2 ds ) (/T 52 ds>“
=~ lim —_—) R )
520 \Jja,0-4,00 VB, 8)) s A,0)-Xo| VB, 8)) s

Since the last limit does not depend on R > ', this implies
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limsup Kg(A,(x),y)

R—o0

o T s ds T 2 ds\
~ lim lim _ _
R—=e0 5250 \ Jix,0)-4,(x) V(B(Y, ) s A,0-xol VB, 5)) s

o T 2 ds T s> ds
= lim lim YA T
520 R=00 \ Jia )=, VB, 8)) no)-xol VB, ) s

1 . gR(As(y)a Ar(x))
~ lim lim sup
s—0 R—co gR(AS(y)’ XO)

i i @R A, 9)
s=0 Roeo - wR(A(Y, $))

WML
= lsl—{r(} m = KA (x),y),

where in the next to last step we have used that wg — w in the sense of Radon measures.

Hence, by Lemma 2 in [FJK] we get

K(A,(x),) = limsup Ke(4,(x),)) < lim L (max { ('y - x') 1})

Rsoo © wr(A)

{52 )

Lemma 3.32. Let r < 1l and n > 2. If x € OR™! and if A.(x) is the Corkscrew point

corresponding to A(x, r) then
Y 1
wg (A(x,r)) 2 Cy, VY €B Ar(X),Zr ,

where again wg, is the harmonic measure corresponding to the elliptic operator L = — div AV

over the domain Qg and the constant C is not dependent on r, x.

Proof. See the proof of Lemma 3 in [FJK] for more details. B

Notice that the estimate w} (A(x, r)) > Cy is independent on R, so by passing to the limit

as R — oo we get the following corollary for the harmonic measure w.
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Corollary 3.33. Let r < 1 and R > 2. If x € OR"! and if A(x) is the Corkscrew point

corresponding to A(x,r) then
v 1
w (A(x,r)) =2 Cy, VY eB|A(x), Zr .

Lemma 3.34. Let A = A.(xo), xo € OR™, A;j = A(x0,2/r),R; = Aj\ Aj_y for j > 1. Then,

esssup K(A, x) < M2™% ,
r w(A;)

for some uniform constant M depending on allowable parameters.

Proof. Let A" be a small surface. We will estimate w*(A")/w(A"). Let A; = Ay (xo). By

(3.80), ggg’; ~ wg'(A"). On the other hand, Lemma 3.15 and from (3.79) as well as (3.80)

show that

, 1A= x\ wr(A) .
AN < Mwh (A 1A = %ol < M=o
W) < Mg (8) | =55 wr(A))

By the limit argument as in the Lemma 3.31, we get the desired inequality. B

Next, we give the following definition, which was first introduced in [KKoPT]

Definition 3.35. Let Q) € D(R"), where D(R") is the collection of all dyadic grids of R”
with side length 27* for k € Z. We define a good-¢, cover of E, of length k, is a collection

{O}%, of nested (relatively) open subsets of Qy, together with corresponding collection

F ={Q!}; c Dy,, such that

01 D) 02 D D] Ok—l D) Ok D) E, (382)

o=J0. (3.83)
Fi
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and
" (o,ﬂ Qf“) <e W@, VOleF.. (3.84)
We note that by iteration argument, (3.84) implies that
w(O0;N QM < W@, m<I<k. (3.85)

We omit the details.

Give a dyadic Q € D(OR"!), the discretized Carleson region D, is defined to be

Do :={Q eD:Q cQ}. (3.86)

Now, for each Q € D(AR"*!), and for a small y > 0, we define the "Whitney region”

1
Ug = QX (EZ(Q)’ l(Q)) : (3.87)

We may then define the Carleson box associated to Q, by
Ty :=int U Uy | >
Q'eDg
Given x € é‘R’fl , we define the cone with vertex at x by

rx:= |J U

QeD(AR):xeQ

We recall the following result from [KKiPT], see the proof in [KKiPT] for more details

with notice that in their proof, they only need the doubling property and Lemma 3.34

Lemma 3.36. Let E C Qy. Given ¢ > 0 sufficient small, there exists 69 > 0 such that if

w(E) < 6, then E has a good-e€y cover of length k, with

_ log(1/w(E))
log(1/e0) -
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Remark 3.37. We fix a small dyadic number 7 := 27% to be chosen, and given Q € D(R"),
we consider the “’ky-grandchildren” of Q, i.e., the sub-cubes Q' ¢ Q with length I[(Q') =
nl(Q). We let O denote the particular such grandchild that contains the center x, of the

cube Q.

Consider the special case that Q = Q' € F, arising in some good-¢, cover. We then set

éf := Q, defined as in the previous paragraph, and we further define

o= 0

Qi€

Let us state the following Lemma which is stated in [KKiPT] whose proof will be given

here based on their proof.

Lemma 3.38. Let M > 1, and let 59 > 0. Suppose that E C Qy, and that w(E) < 6y. If o
is sufficient small, then there is a Borel set B, such that for every x € E, and Y = (y, t)the

bounded harmonic function defined by u(Y) := w" (1) satisfies
S (u)(x).
Here, we recall that the truncated square function S r is defined as following

Qo) 3
Sr(u)(x) = (/ A_)lqqu(y,t)l UO) (A(y t)) ) - (3.88)

Proof. We fix a positive number ¢, to be specific below, and by Lemma 3.36, we may

choose ¢y = dp(M) (also to be specific below) so that E has a good-¢, cover length

log(w(E
k= k(M) = —Of(‘“( )
0g €
We set
k
F:=) 15 0, (3.89)
j=2
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Claim 1: F only takes values 0 and 1. Hence F = 15 for some Borel set 8.
Proof of Claim 1: We fix a point x for which F(x) # 0, so that necessarily, there is an

[ € [2, k] such that 1 51_]\01(x) = 1. Let [, denote the least such index /. Then,

1510—1\010 =1
implies x € 510_1 \ Oy, 50 x & Oy, hence x ¢ O, for all [ > [y. Thus 15, (x) = 0 for all

[ > [y and the claim follows.

Remark 3.39. We note that for every x € E, one also has that x € O;,] = 1,2, ...,k and
therefore, for each [, there is a cube Qf € ¥, that contains x. With x fixed, we let Qf denote

the particular ko-grandchild (as defined in Remark 3.37 above ) of Qf that contains x.

Remark 3.40. Given Q C Qy, as above we let X, denote a fixed Corkscrew point relative to
0, and we let )?Q be a fixed Corkscrew point relative to the sub-cube Q defined in Remark
3.37; equivalently iQ is a Corkscrew point relative to the ball B(x,, cnl(Q)), where 7 is the

small number fixed in Remark 3.37, and where x, is the center of Q.

Set u(X) := w*(B), where B is the Borel set whose characteristic function equals the

function F defined in (3.89). Thus

u(X) = / F ydw* (y) = / FOKX, y)dw(y), (3.90)

where K(X,y) = %.
Claim 2: There is a positive number a, depending only on the allowable parameters, such

that if € and n are chosen sufficient small, then

u(Xg) -u(Xg)| > a (3.91)
where we have fixed a point x € E, an index [ € [1, k], and the particular Qf that contains x,
and where Qf is defined as in Remark 3.39.
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Proof of Claim 2: We split the domain R” into two domains as below

u<5?QI_) - / FO)dw () + / FO)dw () = 1 +11.
’ R\ o

We note that, by Holder continuity at the boundary, i.e., Lemma 3.15, we obtain |I| < n“.

To estimate the second term, by the definition of F,

I . k ~
X X, Xol
— ~ Q. ~ Q: ~ Q;
I = E :/Q’ ILOj—l\Ojdw P+ § : /Ql ]10j71\0jdw ‘+ /Ql ]10/\01+1dw '
j=2 i i

Jj=l+2 i
= 1L +1L +1I.
We treat these terms in order. First, we observe that I/, = 0. Indeed, for j < [, we have
Q! c O, c 0, and therefore, (5j_1 \O)NQ=0.
Next, by Harnack’s inequality (3.78) and Lemma 3.31 together the representation of u

in the last equation of (3.90),

l

L] < w(Céf) Zw <(5j—1 \0j> N Qf)

j=2
c I
< . w(0;,NQ
w(Qf)j_Z2 (0o )
c !
< 1 ej_l_lw(Ql) < C, &,
w(Q)) FZZ 0 l 0

where the last inequality we have used (3.85).

Now, we turn to term I75. Observe that Q' N O, = Q! by the definition of O,. Therefore,

’”

I = / dew' @ — / dew' @ =: ITy - IT;.
éf éfﬁOM

By the similar argument as for estimate of the term 7/, from Harnack’s inequality (3.78),

Lemma 3.31 and (3.84),

7 C ~ C
I, < —- (0 N 1.) < — O N 0 < Cye.
3 a)(Qf)w 1 N Q; w(Qf)w( w1 N Q) n€o
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Note that, I1; = ﬁ(qu), where u(X) := wx(éf). Therefore, by (3.33), II; > Co. Choose
Q' € D(AR"*"), distinct from Q!, such that /(Q") = I(Q)) > dist(Q', 0)). Then by (3.33) and

Harnack’s inequality, for some ¢; = Cy, we have wXQz"(Q') ~ wX(Q) > ¢,. Consequently,
X)) <1-*®"\0)<1-X(Q)<1-cy.

Without loss of generality, we may suppose that ¢; < Cy, so that ¢; < II; < 1 —¢;. By our

previous estimates,
uXg) = 11y + O(Cy0) + O,
whence it follows that

3 > 3
ch < M(XQf) <1- ch, (392)

provided that first 77, and then €, (depending on 77), are chosen small enough.
Consider now
oy )?A[ }N(A[ -~ ~
" (X@) - / F(y)dw % (y) + / F(y)dw @ (y) = T+11.
’ R1\O! g
As we did with the term [ above, by Lemma 3.15, we obtain 1< n®. We then also split 11

in the same way as we did term /1, i.e.,

I . k ~
fa X5 X5 X5
E _ ol E N 0! N ol
I /Q’ IL0]‘—1\0]'dw + /“1 loj—l\ojdw + /@ ]101\01+1dw
j=2 7 i

Jj=l+2 i i

=: I/\I1+ﬁ2+ﬁ3.

Exactly as with terms //; and I1,, terms 11 1 and 11 » equal 0 and O(C, &) respectively.

The main term is 17 3. Observe that

0N (01\011) = (8N G)) \ 0w,
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and either Q' N Q! = @ or Q! = Q. In the former case, I15 = 0. Otherwise,

~ X*\ g’\ ! P
113:/dw Qﬁ—/ dw % =: 11, - I1,.
Q\f QfﬁOM

11 3 is treated identical to the term I1; by using Lemma 3.31, (3.84) and Harnack’s inequal-

ity

~r C
II; < —-w(Q; N Op1) < Gy,

w(Q;

Finally, we get
=~ X1 Al a
113 = w g (Ql) > 1 —CT] s

by Lemma 3.15 applied to w'?@ <8R’}r“ \ Qf)
Combine our estimates, we find that either

0<u (SZ@,) <Cpf+Cper, o u (X@,) > 1 (O + Cyeo) (3.93)

In either case, choosing 7 first, and then ¢, sufficient small, and combining (3.92) and
(3.93), we establish Claim 2, with say a = ¢;/2.

We now return to the proof of Lemma 3.38. Recalling the definition of the Whitney
region Uy (3.87), we define

n._
UQ .= U UQ’ .
Q' cQ:UQ)>PUQ)

By the weighted Poincaré inequality (4.12), we have

//Ug’f—fug

for all f € W'(UY), where in general fy := m If, f(u(x)dxdt is the mean value of

’ u(x)dxdt < C,l(Q)* // IV 2 u(x)dxdt,
Up

f on U with the weight . Combining the above Poincaré estimate with (3.91), we find that

78



for p(Q x 1) = u(Q) x I(1)

< u(Uo//m (%) - (%a)[

l(U
G, UL 1) //U \Vul* fl(y)dydt

// |Vul* ((QQI) (x)dxdt,

provided that Q! contains some x € E.

a(y)dydt

Consequently, if we fix x and sum over all indicies 7, / such that x € Q!, we find that for

allxe E

> [, wu D oasar < oo
i Uy

because the Whitney region U gl_ has bounded overlaps.

log(l/w(E)) ~, log(1/60)

Since k = log(1/ey) ~ Tog(1/e)

where 7, € have been now fixed, and 9y is at our disposal,

we obtain the conclusion of Lemma 3.38 by specifying ¢, small enough.

Theorem 3.41. Let —div AV be a degenerate elliptic operator defined as before. Then
the harmonic measure corresponding to —div AV belongs to Muckenhoupt A, class with

respect to surface measure on the boundary.

Proof. With Lemma 3.38 in hand, we may now prove our theorem. By Lemma 3.38, we

have that

Mu(E) < / 1S ()P < / Srw’u s // IVuy, P u()dyds < u(Qo).
E ) rfat

where we have applied the Fubini’s Theorem to get the third inequality and the last step

is the CME result with the fact that the normalized solution u satisfying ||u||, = 1. Since

79



M — oo, as 6p — 0, we obtain that for every y > 0, there is a positive ¢, such that

W(E) < 8 ~ dow(Qo) = H(E) < yu(Qo).

This implies that w € A, (u). By transitive property of A, and note that u € A,(0), we get

w € Ao (o), where o denote the surface measure on the boundary. B

Since the harmonic measure w belongs to A, (o) weight condition, we may invoke the
result by Dahlberg, Jerison and Kenig in [DJK] to get that for u is a solution of the equa-
tion —div AVu = 0 then the Square Function S («) is bounded by Non-tangential Maximal
function N, (1) in L} space ( ”S < N” problem ), where the Square Function S («) is defined

as follow

._ 2 ! :
Su)(x) := (//m) [Vu(y, )] 'U(Y),u—(A(y, t))dydt) .

Actually we have a little more stronger results than the L/} bounds. Here is the corollary

that we get from [DJK].

Corollary 3.42. Let © : [0,00) — [0, ) be an unbounded, non-decreasing, continuous
function satisfying ®(0) = 0 and ®(2t) < CO(t). There is positive constant ¢ such that if u

is a solution of —div AVu = 0 then

/aRm PN, (W)du(x) < ¢ / D(S (u))dp(x).

6RT’1

Moreover, if the solution u is vanishing at some fix point X,, we also have the reverse result

/7 O(S (1)) < ) / DN, (1))dp(x).
(RT'

+1
IR}

fOl’ some constant c.

Next, we would like to give estimate for the Radon — Nikodym derivative with respect

to u measure and surface measure o.
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Lemma 3.43. For any Z € R™!'. Let k*(x) = %(x). There is some 1 < p < oo such that

for all y € OR™!, kZ satisfies

1 r 1 1
_ L[ era ) ' [ ae<—1
(cr(A(y, 0 AL B e=7verwrsy O WAy venwon

Proof. This is a consequence of the result w € A, (do).
Since we also have w € A, (du), this implies the following lemma.

Lemma 3.44. For any Z € R"!. Let k4 (x) = %(x). There is some 1 < py < oo such that

forall y € 9R™!, kZ satisfies

1 ~ ro 1 - 1
_ kZ”Od,u) <———— Kdy < ————.
(,U(A(y, ) Jag.s) <] A, $)) Jagy,s) (A, )
Theorem 3.45. There exists solution of —div AVu = O with data f € C.(R") that u(|X]) — 0

uniformly as X — co. Moreover, that such solution is unique.

Proof. By our construction, u(X) = fRn f(»)dw* is a solution of Lu = 0. Suppose that
suppf C Qo C R”. For any X = (x,1) € R""!and for |X| large enough, we have supp(f) C

1 1 _
A(0, 2|X|) and so for ot = 1 get

ux) = | o)
= | fOR)du
]R)l
< N1l (Qo))7 ( / |7<X|P°<y)dy)
A(0,21X1)
< 1Fleott(Q0)) (A0, 21X )75 "

by the Lemma 3.44 for the last inequality.
So, we have limx_,. #(X) = 0 or more precisely that given any € > 0, there is N large
such that u(X) < € for all |[X| > N. Together with the maximal principle, we have the

uniqueness of the solution. B
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Lemma 3.46. For q, is the conjugate of py as in the Lemma 3.44 above. Suppose f €

LI(R") and

u(X) = / FOdde,
5

then

Proof. Fix xo € R", let (x,1) € I'(xg). Write

f=Y fo
k=0

where fb = f:H-A(xO,4t) and fl = f]]‘Ai’ A; = Alxy, 2il) \ A(xo, 2i_1l) foralli > 1.

WLOG, we may assume that f > 0, otherwise, decompose f = f* — f~. Set,

ui(X) = 5 fdw* = | kX du.

R”
We consider u first, by Harnack’s inequality and Holder’s inequality with pairing p, g

satisfying g < go where g will be chosen later

uo(x, 1) = ug(x,4t) = oK dp
; . . 1/p 1/q
< ( / \k("’“)\pdu) ( / Wdﬂ(x))
A(P,s) R»
—1+1/p ~ l/a
< [u(ACx0.40)] ( / Ifolqdu(X))
A(xp,41)
< (MJF7)" (xp).

Denote R; = A(xg, 2't) X (0, 2'f), we claim that for any i > 0
—ia g\ 1/d
ui(x, 1) < 27 (M) ™ (x0),

where « is the same in the exponent of Holder continuity of solution of Lu = 0.
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Indeed, by Holder continuity at the boundary and (3.79)

r\% . .
wi(x,1) < C (—) sup; < C2-u(xp, 2'0).
2t R:

i

Hence,

wi(x,f) < €27 / FRO020 g,
A;

. 5 . 1/p i 1/g
Co i@ (/ ‘k(x°’4’)|p d,u) </ |ﬁ|qdu(X)>
A(x,2i1) A(x0,2'7)

. 1 i 1/g
C2" | ———— |fi|qdll(x))
(,U(A(Xo, 2'1) J Ao 2in)

27 (M) (o).

N

N

N

Hence, we just proved that N.u < C (M#I f |‘7) "7 Notice that since & ¢ RH,,, so there is
some p > p such that kX € RH 5 and also g < qo where g (g, respectively) the conjugate
of p (po, respectively).

Therefore, ||N*M||Lgo < C||f||LzO~ |

Theorem 3.47. The Dirichlet problem

—divAVu =0 in R™,
(D), § Ulr» = f non-tangential for f € LP(R"),
IN.ull oo < ClIfl 0.

is solvable where q is as in Lemma 3.46.

Proof. Enough to prove the non-tangential convergence. Fix € > 0. Recall that the set of
continuous function with compact support Co(R") is dense in LY, let g € Co(R") such that

ILf — g”LZO <e€. Let

f)dw®.

R

/ ” g(dw™.

up(X)

ug(X)
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Then for any x € R", let (y, f) € ['(x), we obtain

I(x) = hrlln lup(y, 1) — f(0)l
o) ='x
< lim g (0) = 001+ Tim g (,0) = 8001+ lg() =
1) ="x 1) = "x
We see that

lim  fug(y, 1) — g(x)] = 0,
PLIN

so it is enough to estimate

lim  |us(y,1) —u,(y, )l = Lm  |u_g)(y, 1)l
(y,t)n% x (y,t)n—'> ‘x

By Lemma 3.46, we get

IN.(t-)ll20 < CIIS = gl

Hence,

0 <IN Gtr-g)llo +11f = gllso < CIf = gllyo = Ce.

For any n > 0,

WE) = p ({x SR T g Jur0s) = [0 > n})

< p(xeR" I > n})

1
C=|l0 < C—.
q "

]7‘]0

N

Since € is arbitrary, we have that u (E,]) = (. This implies the non-tangential convergence.
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Chapter 4

L? bounds of Riesz transform and
Vertical square functions for degenerate
elliptic operators

4.1 Introduction

In this article, we present L” bounds for the semi-groups e~ and their gradients zVe 4,
where £, is a degenerate elliptic operator, in divergence form, with degeneracy controlled
by a weight in the Muckenhoupt class A,. From those results, we then get L” bounds for
Riesz transforms and square functions associated to L,. The A, degeneracy is natural in
this context (in particular, the A, condition allows for appropriate weighted Sobolev in-
equalities), and has been widely studied, see, e.g., [FKS], [FJK1], [FIK2], and [C-UR2].
More precisely, suppose that u € A,(R") (see Definition 4.4 below), and let A be an X n
complex coefficient matrix-valued function defined on R", satisfying the degenerate ellip-

ticity condition

Ap) €7 < Re(AE,€),

KAME Yl < Ap(x) 1€,
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for all £, € C" and for some uniform A and A, with 0 < 4 < A < co. We then set
Lu = —divAVu,

interpreted in the usual weak sense via a sesquilinear form on the weighted homogeneous
Sobolev space W}*(R") =: H,(R"), which we define as the completion of C°(R") with

respect to the norm
1/2
1flly = ( / IVf(X)I2u(X)dX) .
RVI

We also set

1 1
L, =—-L=-—divAV.
Jz K
From now on, we say that x < y if there is a constant C depending only on the fixed

parameters such that x < Cy, and x =~ y if there are constants ¢ < C depending on fixed

parameters so that cy < x < Cy.

The main results in this paper are the following.

Theorem 4.1. Consider an operator L, as above. There exists € > 0 depending on dimen-

sion, the A, constant of u, and the accretivity constants A and A, such that for all p with

|

N [—

’ < €, we have

< =

lle™ Fllzpn + I ViVE™  fllipn < Coll fllgem:

We define vertical square functions adapted to £, as follows:

(/00 ‘L}/Ze_mﬂf(x)’zdt) ' .
0

</°° ‘Ve‘tfuf(x)lzdt) ' )
0

We obtain L? bounds for the vertical square functions.

8, (f)(x)

G, ()x)
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Theorem 4.2. There is an € > 0 depending on n,A, A\ and ||ul||s, such that for all p €
2,2 +€),

I8, (Dllzz + G2, (Nllz < CollFlliz -

where C, depends also on n, A, A and p.

We also consider the associated Riesz transforms, and Kato-type square roots.

Theorem 4.3. There is an € > 0 depending on n, A, A and ||ul|a, such that
VAl = 1L flly. 2-e<p<2+e

The case p = 2 has been treated previously in [C-UR2]. The new contribution in this
paper is to show that there is some interval of p near 2 for which the results of [C-UR2]
continue to hold. We present the proof of Theorem 4.2 in Section 5.3: Proposition 4.44
treats gr,, and Proposition 4.46 treats G z,. The proof of Theorem 4.3 is given in Section
4.5. These results were originally motivated by their use in the treatment of the Dirichlet
problem for certain degenerate elliptic equations [HLLM], but are perhaps of intrinsic inter-
est as well. We note that the methods in the present paper are largely based on those of

Auscher [A], adapted here to the degenerate setting.

As regards our restrictions on the range of p, let us recall that by an example of Kenig

(see [AT, p. 119]), the upper limit 2 + € is optimal for the Riesz transform bound

IV £llz < 1LY flgg
even in the uniformly elliptic case with u = 1. Moreover, for u € A,, one does not expect
to get L” bounds for p < 2 — €.

We note that while this manuscript was in preparation, we learned that our results,

and some additional related ones, have been proved independently in the paper [C-UMR],
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where the authors obtain, in addition to the results presented here, a wider range of p < 2,
assuming the stronger condition that u € A,. In addition, for u € A, they obtain the

unweighted L* bound

/ IV /P dx / L2 fP dx.
R~ R?

We have also learned that the case 2n/(n + 1) < p < 2 of Theorem 4.3, with u € A,, has

been treated independently in [YZ].
4.2 Preliminaries
Throughout the paper, L and £, will be defined as in the introduction, and y will be a fixed

weight in the Muckenhoupt class A,. The A, classes are defined as follows.

Definition 4.4. Let 1 < p < oo and suppose u be a locally integrable and positive function.

We say u satisfies Muckenhoupt A ,(R") weight if

1 / 1 o\
sup [ — (x)dxdx> (—/I (x)|7 T a’x) <K<,
5 <|B| N Bl Jp

where the supremum runs over all balls B ¢ R”" and |B| denotes the Lebesgue measure of

the set B.

Now, we recall some function spaces that we need for future arguments.

Definition 4.5. For any open set Q and 0 < p < oo, we define
Lj(Q) = {f : / f@Pu)dz < oo} :
Q

with the norm || f.2) == (fq If(z)lpu(z)dz)% .

We also define

L)1 (Q) = {f : / If(D)IPu(z)dz < 00,¥Q cc Q}.
o
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and the space L™ for any p € (0, o) is defined to be the set of all measurable functions f

such that

£l peo := inf{C >0:u(x:|fx)>all) < —p for all @ > O}

= sup {y (£ > ¥)? 1y > 0}

Next, we give the definition of weak-type (p,p) bounds and strong type (p, ¢) bounds of

an operator T

Definition 4.6. We say an operator 7T satisfies strong type (p, g) bounds if we have the

following

T fllg < Cllfll

and we say it satisfies weak-type (p, g¢) bounds if
IT fllg> < Clifllzz

We also would like to recall the definition of some version of Hardy-Littlewood maxi-

mal functions and also state some properties of them.

Definition 4.7. For any locally integrable function f, we define the centered Hardy-Littlewood

maximal function M(f) as following

MO =890 15050 e

|f(@)ldz,
where |B(x, r)| is the Lebesgue measure of the ball B(x, r).

Definition 4.8. For any locally integrable function f € L}; loc® e define the weighted

centered Hardy- Littlewood maximal function M,(f) as following

1
M- = dz,
() (x) = s;lgﬂ(B( 2 Lo |f(@)|u(z)dz
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where u(B) = |, g M(2)dz - the u measure of the set B.

Definition 4.9. For any locally integrable function f € L}l loc® Ve define the weighted

uncentered Hardy-Littlewood maximal function M,(f) as following

1

mmm=gﬁﬁémmw@

Let us recall the following proposition of maximal functions. See more details in the

book by L. Grafakos [G] for proofs of those results.

Proposition 4.10. All the maximal functions M, (f), M(f), M,(f) satisfy the following prop-

erties

1My < Wz MOy < 1PN and [ Mu(h] 1 < 1A

forall1 < p < co.

The following theorem is the solution of Kato problem for weighted operator which was

proved in [C-URZ2].

Theorem 4.11. (weighted Kato problem, [C-UR2]) Let L,, be defined below, we have the

following result
H‘E/II/ZfHLﬁ(R") = HV"f”Lﬁ(R") ’
forall f € H,(R").

Let us state here some essential inequalities for the weighted setting. The first result is

the weighted Poincaré inequality for which the proof was given in Theorem 1.5 of [FKS].
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Theorem 4.12. Let 1 < p < oo and pu € A, Muckenhoupt class. Then there are positive
constants ¢ = c(p, u,n) and 6 = 5(p, u, n) such that for all function u € W;:;’;,C(R”) and for

all 1 <k <25+,

1 1
1 kp »
( lu(x) — ABRlpk,udx) < cR ( IVulp,udx) ,

,U(BR) Bg ,u(BR) Br

where either Ap, = u(x)u(x)dx or Ag, = ﬁ f By u(x)dx and |B| denotes the Lebesgue

1
/meR

measure of the set B.

The next theorem we need is the following weighted Sobolev inequality.

Theorem 4.13. (Theorem 1.2, [FKS]) Take 1 < p < oo and a function pu € A,,. There exists

a positive number 6 such that for all u € Cy(Bg) and all k satisfying 1 < k < =+,

n—1

7 5
|u|kp,udx) <CR( |Vu|p,udx) ,

1
(,U(BR) Bg H(Bg) Bg

where C may be taken to depend only on n, the A, constant of u, p.

Lemma 4.14. (Kolmogorov’s inequality) Let | € LL(R“) and 0 < g < 1. Then we have
/ (M ()] < Cop(E) NS,
E H
whenever u(E) is finite.

Proof. For a proof, see page 100 in [G].

Now we want to give some properties of A, weight condition in which we will need
them later for our arguments. For a reference, the reader can find proofs in the book by

Jose Garcia-Cuerva and J-.L.Rubio De Francia [GF].
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Lemma 4.15. If the measure y € A, then there is € = e(u) > 0 such that u € A,_..

Lemma 4.16 (Doubling property). If the measure i € A, then for any A > 1 and for any

cube Q, we have

u(AQ) < CA"u(Q)

where AQ is the dilation of Q at the same center with side length A(Q).

Moreover, we also have the lower bound, i.e., there is some 6’ > 0 such that

6/
HE) - (@)
Q) 10l
where |E| denotes the Lebesgue measure of the set E.

Proof. See Lemma 2.2 and Theorem 2.9 in [GF] for the proofs. B

Definition 4.17. Let 7 = (T,)»o be a family of operators, we say that 7 satisfies Lfl off-
diagonal estimates if for some constants ¢ > 0 and @ > O for all closed sets E, F, all h € LZ

with support in £ and for all # > 0 we have

—cd(E,F)?

WT:hllr2ry < ce 7 Il

Here and subsequently, d(E, F) denotes the usual Euclidean distance between the two

sets.

Proposition 4.18. For all z € Xg where B < 7, the family (e7Lw), (zLMe‘ZL#) and (\|z]Ve )

satisfy Lfl off diagonal estimates

Proof. This is a consequence of Lemma 2.10 in [C-UR2] &
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Now, we state and give a proof of the Hodge decomposition for degenerate elliptic
operator. For the case of non-degenerate operators, see [AT]. In the degenerate case, similar

results have been proved independently in [C-UMR].

Theorem 4.19. (Hodge decomposition for L,) For /ﬁz € LOR",C"), we have a decom-
position f = AVL;li (divf) + h where h is divergence free, i.e. divh = 0 and also

—11 : f
||V‘£,u1; (lef) ”Lﬁ(R”) < ||p||Lﬁ(Rn)f01’p =2+ €, here, e > 0.

Proof. Observe that £;' = L™'u. Thus

1 1
f = —AVL;lﬁ divf + (1 + Avglﬁ div) f

= —AVL 'divf+ (I +AVL ™ div) f

= —AVL'divf + divergence free term.

It remains to check that

IVL™" div fl| peny < 4.1)

LE®R™)
Set v := L7'divf, so Lv = divf in the weak sense. Let B be any cube with radius rg,

choose a smooth function 7 satisfying

3
0<np < 1,ms = 1in By = 0 ousside 5B and [[Vnslz- < <.
I'p

Since Vv = V(v — C) for any constant C, we may replace v by v — C, and assume without

loss of generality that v has mean value 0 in (3/2)B. Then

1
(V- Vomiu <

1
— — Re(AVv - Vv)i
u(B) iB u(B) iB g
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1
= —Re [ (AVv V(i) — —Re (AVv - V(i7p)v
3 3

uB " i uB i
1
= —Re— [ f-V(v 2)——Re/ (AVv - V(2))v
uB) iy T W) s
1 f
= —-Re—— (VIS + (Vip)v)u — —Re/ (AVv - V(n2))v
u(B) o+ (Il Re | "B
1 If] >
S (Vi + IV IIVI)> + Vvl - IV(p)DIv]
,u(B) 5 ( 773 Ur M (B) 5 Ur] 1<
1 (Ifl) 1 v
S Mt — o H
/1(3) iB H(B) iB s
(by Cauchy’s inequality with epsilons, hiding the small term on LHS)
2
< 1 (lfl) N 1 - ;
T B S\ ) P\ S )

with s = 2 — €, by Lemma 4.15 and Theorem 4.12, since we have reduced to the case that

f(3/2)B v = 0. Hence,
s [ P L
w®) S ) S B Jis ekt
1 If] : 1 s :
((B) . ( )“) +C<(B) . 'W'“> ‘

Using the following lemma, we get the desired inequality. i

1
2

Lemma 4.20. Suppose p > 1. Given g, h € LI(R") such that for all dyadic cubes Q C R"
1 1
( 1 /|g|P)”<( 1 /|g| )+( 1 /|h|”u)" (4.2)
— L) S\ A U — . .
1 Jo 120) /o u20) /o
Then there is € = €(C, p,n,w,a) > 0 and B = B(C, p,n,w,a) > 0 such that

|g|p+€'u < B |h|p+E,Ll.
R R

We remark that Lemma 4.20 is of course a weighted version of a Gehring-type lemma.

The proof is similar to that in the unweighted case, but we include it here for the sake of
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self-containment. We note that at this point we do not use the full power of the A, condition,

but only that u(x)dx is a doubling measure.

Proof. Given t > 0, set s = s(t) := (3C + 2)t for some C to be chosen later. Carry out
Calderon-Zygmund decomposition of g” at the height s”, i.e., by a stopping time argu-
ment we obtain a sequence {Q;}32, non-overlapping dyadic cubes (see detail in [C-UMP],
Proposition A.5) such that

1
s? < g’ < Cs?,

H(Q)) Jo,

and {g < s} g a.e. on R" \ (UQ)).
Set
Gs = {x:g(x) > s}
Hs = {x:h(x) > s).
Gt = {x:g(x)>1}.

Ht = {x:h(x) =1}

Then Gs C UQ; upto a set of u-measure 0, therefore, we have the following inequalities

/ gu < Z/ g'u < Cos” Y u(Q)), (4.3)
Gs Q; j

J

and

1 v 1 1 ’
< p < h? , 44
‘S (ﬂ(Q,-) i ) =1 u0) o " (u(sz) 20, | ) @

1 / 1
gHS T+ 8gH, (4.5)
#(2Qj) 20; /1(2Qj) Q,NGr
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1

| ; | ;
h? < h? , 4.6
<,u(2Q,-) /2Q,. g ) ' (u(ZQj) s ) *o

hPu, 4.7)

<

P+ —————
7 'u(20)) J20,0m1

where we have used the fact that for any x > 0 and for i + [% =1

_11
(7 xry X ,
+—<t+p—, since p,p’ > 1.

1 1 _1 1 t
xp =tV (t Vxr) < — ]
)24 p -

by Young’s inequality for the first inequality.

Apply the above inequality for x = h”p in (4.6) to get the desired inequality

1
u20;) fzg,-nm
“a.7).

Now, we combine (4.4), (4.5) and (4.7) get

BC+2t=s5s < C |t+

1
Bl + 21— / hp
Hu20)) J20,n6: "1u2Q)) Jagnm
C
T 5
P u20)) Jag,nm

< 3Ct+ gu hu.

u(2Q)) 20;NG1
Hence

C C

2t < U+ ————
H2Q)) 201Gt " 1u(20;) 2Q;NH1

hu,

or

C C
Q) < = / gH+ — / hu.
2 20,0Gt 7 J20,0m1

By Vitali’s covering lemma, there exists a sub-collection {Q’} such that 2Q’; are pairwise

disjoint, and moreover

Y@y < €Y po)
j i
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N

C C

- / gu+— '
t = 200G, " Jagnhi

; / : /

— [ gu+— [ KWy

t Joi ? Ju

Plug the above inequality into (4.3) obtain

N

sP sP
/ gp,U<C—/ gu+C— [ hlu. (4.8)
Gs t Jai S

From the definition of Gs, Gt, for s > t get

/ gru< s / gu. (4.9)
Gi\Gs Gi\Gs

Recall that by the choice of s, s ~ ¢, combine (4.8) and (4.9)

/ gp/l<ozt”_l/ gu+p | hu, Vt>0, (4.10)
Gt Gt Ht

where «, 8 depend on n, p, C, u.

Set

n() = / gudx.
g>t

By the theorem of Stieltjes integral

/ g’ = / g’ 'gudx = - / sP~ldn(s),
{g>1) {g>1} t

then (4.11) becomes

- / ) sPldn(s) < at’'n(t) + B | hPpu. 4.11)

Ht

Fix 0 < T < o0, set

) = nt if 0<t<T,
=00 1> T
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Then (4.11) becomes

—/ P dnr(s) < at’'nr () + B | WP (4.12)
t

Ht

Let 6 be small enough that 6 < 1 + 9, from the above inequality, we have

_ / AP=D0+0) g (1)

0

_ / l(p_l)é)tp_ldl]T(l‘)

0

= / ” l(p—l)é [ / ” S(p—l)dnr(s)} dt
0 0
= 6(p-1) / fp=ho-l {— / sp_]dnT(s)] dt
0 t

by integration by parts

N

S(p—1) / at PV P (1) dt
0

+5(p—1) / Bt~ / h? udt
0 h>t

= I+1I

oa «©
= - fP= VU g (1) + 11,
146 ), nr(t)

by integration by parts for part I, then we hide the small part of the RHS to the LHS. Hence,

N

- / gy < o / hudxdt
0 h>t

h
hp/l / t(P—])5—1dt
n 0

= C hp+(17—1)6'u_

I
a
T—— S

n

For e = (p — 1)0, then

/ g17+(l7—1)6/J — / g(p—l)(l+6)glu

= - / (=00 (o),
0
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by Stieltjes integral theorem.

Now, we let T — oo to get the desired result. B

Corollary 4.21. Suppose p > 1. Given g,h € LI(R"), suppose that for all dyadic cubes

O cCcR"

s ) < (s [ eta) (s [ )
(u(Q)/Q'g'“ S\w2o L") \weo L")

for some 1 < 6 < p. Then there is € = €(C, p,n,w,a,0) > 0and B = B(C, p,n,w,a) >0

such that

/ gl u < B / A7 .
R7 R?

Proof. This result is a consequence of Lemma 4.2. B
4.3 Holomorphic functional calculus on L?

For this section, we want to recall some facts about holomorphic functional calculus. For
more details , we refer the reader to [A, Section 3.2] (in the unweighted case, but here the
arguments are similar), and also to [C-URZ2].

Let £, as before, we know that £, generates a semi-group (e"4#),.o which has an
analytic extension to a complex semi-group (e‘ZLM)Zez%_v of contractions on L? for some
vel[0,5)and X, := {z € C* : |argz| < .} (see more details in [C-UR2]).

We also have L, has a bounded holomorphic functional calculus on Lﬁ. In particular,
for any u € (v, ) and any ¢ holomorphic and bounded in X, the operator ¢(L,,) is bounded

on Li with the estimate

(L) Al < CllglleolLf N2,
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the constant C depending only on y and v. Moreover, if ¢ satisfies the technical condition

(I < CICP(L + 17>, (4.13)

for all £ € X, for some positive constants c, s, then ¢(L,) can be computed using the

semi-group. Let v < 6 <6 < u < 7. One has

¢(L) = / e, (2)dz + / e 5 _(2)dz, (4.14)

where T, is the half-ray R*e*~% and

1
ne(@) = — / “p(Ode, €T,

27 ye

+iv

with vy, being the half-ray R*e

4.4 L’ boundedness for (e '£#),.q, (VVe Lr),., and Verti-
cal Square functions

We recall the vertical square functions defined in the Introduction:

(/w ‘Li/ze_’ﬁﬂf(x)‘zdt)z .
0

(/‘” ‘Ve_muf(x)‘zdt) 2 .
0

In this section, we will prove the L” boundedness for the operator g,, and G, for

8, ()(x)

G (Hx)

2 < p <2+ e. The case p = 2 1s already known. We have the following.

Theorem 4.22. The vertical square functions gr,,G r, above are bounded in Lﬁ(R").

Proof. In the case u = 1, see [A, p. 74]. The same proof also works for degenerate
operators with A, degeneracy, by the existence of the bounded holomorphic functional

calculus in Lﬁ. ]
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4.4.1 Some kind of local L. — L? off-diagonal estimates for ¢"%

In this section, we will establish some kind of local L/% — Ll’j off-diagonal estimates for e Lu
over some balls B = B(xy, r).
We first prove some properties for £« and then we get similar properties for VtVe "4«

Lemma 4.23. For2 < p < HZT”I + 20, where ¢ is as in Theorem 4.12, then for any ball B

with radius r and the function f satisfying suppf C B, we obtain

~ 11 fr
lle™ % fllzm) < Cu(B)7 2 (E + 1> I llzze)-

Proof. For2 < p < nzT”l + 20, for function f satisfying suppf C B, get

= 1 1 . z
lle™ fllp s = 1(B)? (@ /B le L“fl”#)
u(Byr (L/ e f ~ (L/e‘““fﬂ) pﬂ>; + L/|€_"C"f\ T

u(B) Jp u(B) Jp H(B) Jp
1 1 A :

Cu(B)? - \v/ -tLy 12 _/ -tL, 2 >

He [r(uw)/g' i)+ (s f o ]

r ||f||Lg(B)
+

1
wBt i e ”Lﬁ(m]
4 (% n 1) 1 ez

where we applied weighted Poincaré inequality and Cauchy-Schwarz’s inequality to get

N

N

N

Cu(B)? {

N

=
=
S =

the second inequality and the assumption supp f C B together the Lﬁ bounds for e+ and

VeLu to get the third inequality. B
Remark 4.24. If we have r ~ +/t then with the hypotheses in the Lemma 4.23, we have
11
||€_t£”f||ij(B) < Cu(B)» 2||f||L§(B), VB = B(x,r).

wher62<p<nzf”l+26.
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Now, we fix py = % + 26 and then we interpolate between Lﬁ off-diagonal estimate
and Lﬁ — LI estimate for operator e”L in Lemma 4.23. Let p satisfy 1 = « 4 =2 for
P Po 2

0 < @ < 1, then for annuli C;(B) = 2/*'B\ 2/B with j > 2 and with any function f € L,

which is supported in a subset of C;(B) together the condition 7 ~ r?, we get the following

e fllypm < Cu'B)* @) - ||f||L 2(C(B)

@/n?
alf ||L,§(c (B))

< Cu(2B) Ve 1)

. 1_1) @in? -
< Cﬂ(213)<” 2>€ o a)||f||Lg(c_,(B))-

Thus by doubling property of A, condition, u(IB) < I*"u(B) and we are in the case r* ~ t,

we obtain

(u(B)/ Canel )L < (213)/ el >;

2ip =4 J2 1 2 % —4) 1 ) %
< C2e™a . flfu| <Cev [ ———— Vi
W2/B) Jc B W2 B) Jc.p

for some constant ¢ depending on previous ¢ and a.

That is the proof of the following lemma.

Lemma 4.25. For 2 < p < py where € as above and if t ~ r?, suppose that supp f C C(B),

1-a

then we have for + = « + 1>
14 Po 2

1
2

1 —tLy, ¢|P % _74! ; 5
("E/B’e f M) < <H(2J+1B) c,~<B)|f| 'u> ’ (4.15)

forall j > 1, where C could depend on previous C, c and a.

Lemma 4.26. Let q) := p(’)’fl = %, the conjugate of py, then for gy < q < 2, and

again for any ball B with radius r and if the function f satisfying supp f C B then

e L < Cu(B)* (i+1> V.
| f||L§(B) u(B) \/; ”f”LH(B)

K
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Proof. By using duality for Lemma 4.23.

Remark 4.27. Notice that C;(B) C 2/*1B, so if f is supported in C (B), we get

_ _ i1 (20
lle tL“f”L},(B) < le ZL“fHLg(szB) < Cu(2"'B)274 (— +1 ”f”LZ(C_,-(B))'

Vi

Now, we fix a number ¢ that satisfy the result of Lemma 4.26 and we still call it g.
We abuse using the notation for g, but it is fine for our purpose. Then we interpolate the
above results with the LZ off-diagonal estimate for e "4+, we get some kind of local Li— Lf,

off-diagonal estimates, which is the proof of the following lemma.

Lemma 4.28. For any é = ;10 + 1_7“ where 0 < a < 1, then if supp f C C;(B), we get

~ . 1.1 2y « _@n?a-o)
lle™ fllzs < C [ﬂ(2’3)](2 ! (@”) e Wllegc oy,

forall j>?2, and

) 11 4r ¢
et g < € [ucay] () (Tz i 1) Wl

for j=1.

X2 Xz
Remark 4.29. By the fact that x*e¢”« < Ce™ > for all x > 1, we also get

1 _@In?a-w)

1l _
||€_IL”f||Lg(B) SCu@B)* e @ W llzec sy Y = 2.

By replacing B by the ball 2/B and the fact that C;_;(B) C 2/B, we apply Lemma 4.28

for a function f with support in the ball B to get the following lemma:

Lemma 4.30. Let g be defined as in Lemma 4.26. For %I = % + I_T“ where 0 < a < 1, then

if supp f C B, we get

ir gt 2y T ast B Bi-
lle™™ fllrzcc, vy < € [ll(sz)] ! E +1) e o A llzsc)-
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Remark 4.31. By the identical argument in the previous Remark 4.29, we also get

_@In2(-)

1l .
||€_I£”f||L§(Cj,1(B)) <C [ﬂ(sz)] Prem i), Vi = 2.

Remark 4.32. By analytic extension, we also have

D=

.y L ¢ _atec @0
le™* fllzc,y < C [u(2/B)]* _\/HJrl e 7 [P

forall z € ¥gand B < 7.

4.4.2 L’ boundedness for (¢7'£+),.o and (ViVe L),
In order to get L” bounds for ( ViVe "4+),.0, first, we want to get the following result.
Lemma 4.33. For any dyadic cube Q, we have the following
||£,1M||Lg(2Q) < C%”Mﬂﬂuﬁ)“q(zg)-
Moreover, we also have that there is some €, > 0 such that
NeLyullry < Cill fllzz
for2 —¢€ < p <2+ e where C,Cy do not depend on t.

Proof. To prove the first estimate, we consider two cases as followings.

Case 1: t < [(Q)?

For this case, we decompose f = fi + Y ., f; where f; := f1, and C; is defined as
following C; = 4Q and C; := 2*'Q \ 2/Q for i > 1. Then by the off-diagonal estimate for

tL,e " in Proposition 4.18, we get

— —tL, —tL
I Ludllizo) = NLue™ flliz(@) < Y [[1Lue™ fi] 120,
i=1
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(e8]
_4i2Q
< g e

M fillzcy + 1fllzzam)

i=2

-t il 1) o
<§€ (M '0) (Q) ms >}u) +C | [marp) o
<Y et || My )}% +CH[M(|f|2)}% o

i=2 H
< ‘ MO L

where we have used doubling property of A, weight for the second to last inequality.
Case 2: ¢ > [(Q)?

We decompose the same way as in the Case 1 but for different set C’s. In this situation,

we define C; := (

i+1.2 2
2I(Qz)2) 0\ (l<Q))2 Qfori>1landC, = (;82 Q. Thus we have dist(C;, Q) =

(Zit2)1/2 (21 2)1/2 . )
[( 10y > l(Q)] 10— This give us

1t Ltllz20) < Z e il + 1Al 43)

<i€_"’$2 w270 / (M ()] 1
2 1r =) wo Jo"
vc|mare

<> b | (2

(Q)?

o C | 0rP)

L2(Q)

where we have used the fact that e>*(2'x)" < Coe=2 < Coe™? forany x > 1 and Cy is a

uniform constant that does not depend on ¢, Q, i.
Thus, we just proved that ||£ﬂu||Lﬁ(2Q) < %”Myqul%)”Lﬁ(ZQ) for any dyadic cube Q. More-
over, we also get immediately that
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1
e Lydlog < || M)

SNl ¥Y 2+ e >p>2,
Ll “
by invoking Corollary 4.21 for some O < ¢€;. Then by duality, we have
NeLyullp < Nfllpp,2 —& <p <2

Hence,

I Lollz < 1Az,

for2—e <p<2+e€.1

Now, we would like to give the proof of our first main theorem. For convenience, we

restate the Theorem 4.1 here.

Theorem 4.34. Consider an operator L, as above. There exists € > 0 depending on
dimension, the A, constant of u, and the accretivity constants A and A, such that for all p

with < €, we have

1_1
2 p
||e_tL"f||L;}(Rn) +| ‘/;Ve_m“f”Lﬁ(R") < Cp”f”Lf,(Rn)- (4.16)

Proof. First, we claim that there is some € > 0 such that e=4 is bounded in Ly for all p
satisfying2 —e; < p <2 + 6.

Indeed, let B := B(x, V1) be the ball centered at some x, with radius V7. Let us define
C; := 2*'B\ 2/Bfor j > 1 and C; := 4B, and also Ap := ,ﬁfg e L fu. Then by the

weighted Poincaré Theorem 4.12 and for f; := f1¢,, we get

(:U(B)/B‘e / AB‘ #> <C(:u(B)/B‘\/;V6 !
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where we applied the Lfl off-diagonal estimates for V¢Ve "%« to get the third inequality.

This implies that

1 s\
(i o)

1 -tL 246 s 1 / 246 )plﬂS
L A A
<u(B)/|e f =4l “) +<M(B) el H

(B)/ T
< (g [ 0n 0P ¥ )

1
because |Ap| < [M,, (| f |2)} * for the third inequality, or we have

[lers P usc [ v, 08)] %
B B

for any ball B with radius V. Hence, by decompose R” into dyadic cubes with side length

\/;, we get

, S Cllfllze.

e fllge < C | (M, (£P))*

By using duality, we also have

e L £ 130 < Cllfllz-s.
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Now, we choose € = ¢ to get our claim.

It remains to prove L bounds for the gradients. We prove that there is some € > 0 such

that || ViVe~ tLﬂflle @ < Cpllfllpn forall psuch that 2 — e < p <2 + 6.

First, let us claim that there is some € > 0 such that || ViVe "2 f| e < Cpllfllpen
forall 2 < p <2 + €. In order to get the claim above, we use Gehring’s trick for the proof
of reverse Holder inequality. That means we are proving that there is some 1 > 6 > 0 such

that for any cube Q,

1 2 3
(/’TQ)/Q’\/;VM‘ ,u(x)dx)
1 > !
S (@ /ZQ‘t£ﬂu|2u(x)dx) + ( (Q)/ |M,(If I)\,u(x)dx) n (4.17)

1 Ji 2-0 7
+ (ITQ) /2Q ‘ tVu ,u(x)dx) ,
where u := e~"% f.

Then by Corollary 4.21, that implies there is € = €' (€1, €, 6) > 0 such that

(/‘\/;Vup

for all 2 < p < 2 + € where we applied Lemma 4.33, i.e. ||t£ﬂu||L5 < ”f”LL’ and Ly

1
P 1
) < || anarnt| |+ Ly < 161,
‘u

boundedness of the Hardy-Littlewood maximal function to get the last inequality.

Now, we return to the proof of our claim || V#Ve "L« f|] e < Cpllfllppen forall2 < p <
2 + € where € to be chosen. Let 7y be a smooth function satisfying 1o < 7o < 1, and

also ||Vngll < We want to get the assumption of Corollary 4.21. To get that estimate,

l(Q)

we consider two cases like the proof of Lemma 4.33.
Case 1: [(Q)* < t.
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Let u := 7%« f, then 2u = —L,u. By ellipticity

AVuVunsd
(Q)/' (Q)/' e < / e
:@Re / AVuV [(u - o)y dx - (—Q)Re / AVUV () (u — c)dx
=— 6Re/ %(u - c)nZQ,u(x)dx - %Q)RG/AVanzQ(u —c)dx
l(Q)2 2
,U(Q) E oD+ l(Q)Zu(Q) / b= et
(Q) / ‘AVanQ(u— c)‘ dx
1(Q)? ’ I 1 2
<o | |G| maneoars Jion o | e efuoas
+o @ / Vul® 77Q/1-
Using a%” = —L,u, the property of A, condition, i.e. u € A,_, for some fix small «, the

weighted Sobolev’s inequality and hide the o~ small part of the right hand side, there is

some 6 small enough so that

l

( (Q)/ Vs (X)dx)

1(Qy ) ( / - )
d

) Ll montod )+ HCO) Ve

110 o\
( ; u(Q)/ L ”Q“(x)dx> +( (2Q)/ Vel “)

1 220\
tu(Q)/ 1L, u} nQu(x)dx> +< (2Q)/ V| > :

Hence

1

l 1 1
( (Q)/ NiVuy (x)dx) s (@ /ZQ‘IL"”F”Q"(”‘“) *

1 \/_V 2-
’ (u(z@ /m‘ s

€

0 2-6
)"
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Case 2: [(Q)* > t.

Let us denote u = uudx where u was defined in Case 1 above. By Caccioppoli’s

1
120) fZQ

inequality for parabolic equations d,u — L,u = 0, as proved in the argument for Case 1 just
above, we have

oull?
+ |lu — ull e

L2(20)

1
(u M)@

IV = ll120) S 220)

1220)

Thus, by weighted Sobolev Theorem 4.12 and triangle inequality as well as u € A,

| ;
- Vul?
(u(Q)/' ”'“)

1
2

ou
= ju — ) e = @l g ||
(2Q)/ ") o " (2Q)‘/2 500 |3t |10,
i ol
< -
01 || 200)

A

.U(2Q)/ IVur™ g’u) (2Q)1/2 (||”||L2<2Q> + ||M||Lz(2Q)>
#(2Q)/ vu™ ) (2Q)1/2””” 2(2Q)”‘£ ””L2(2Q>
1 7 2\ ?
- \vj 2-0 /
H20) /zgl e ) ( (20) )
1
. (M(ZQ) /ZQ"/;L“”' “)
Therefore, from the results of two cases, we conclude that
( 0 / | ViVul ,u(x)dx)
“(Gag e o) + (G [ )
" CO) S 420 |0 g
1 o\
(o i )

Combine this with (4.17) to get the claim || VVe~ ’Lﬂflle(Rn Collfllpen for2 < p < 2+¢

N

/\/\\/—\/—\

7

by invoking Corollary 4.21, Lemma 4.33 for some € = €'(€, &,60,u) and the fact that

Jimer

S ”f”L,’f(R") for all p>s and u = e—IL,,f'

y
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It remains to prove the result for the case p < 2. We have that for any function f,

and a cube B = B(xy, r), define (e‘éﬁﬂf)i := (e72%uf) 1¢, and also f; := flc,p where
C;(B)’s are annulli corresponding to any ball B defined as following C;(B) := 4B, fori > 2,
Ci(B) = 2"*'B\ 2'B. Then by L? off-diagonal estimates for v7Ve 2£+ and considering the

situation V7 ~ r, we obtain

s

= H \/;Ve_%L#e_%Lﬂf

L2(B) Li(B)

(),

L2(2/B)

(o)
B.C(B)
s E e ct
j=2

4
< e «

oJete

(4.18)

2
L2(C{(B)) Lu4B)

e_%LH

Jz
Now, we apply L7 — L? off-diagonal estimates for e2<+ for ¢y < ¢ < 2 where %} =2+ La
and 0 < « < 1, with the set B is replaced by 2/B and we also note that r*> =~ ¢, get

e_%'g.u

L2(2/B)
. 1_1 o (2k2j)2(17a)
<3 @B F) (22 T I lyeon)
k>2
+ [u(2"**B)] (3-5) 27 Hligeizg) (4.19)

i 11 e (@)oo
Y (@B (29) e e

k>2

< Z 47 k+)) [,U(B))] T (2k+j)a - (4k+j?(1*n)

k>2

[M(f1)]

L®)’
forall j > 1,2 > ¢g; > g and we have used doubling condition for measure u and property

of maximal function to get the last inequality.

Therefore, from (4.18) and (4.19)

i

12(B)

S0t Y I () )

=1 k2

< [y

[M( )]

Li(B)

[Mafm)

LB
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Hence, for any ¢; such that gy < ¢; < 2, we may have some ¢ satisfying go < g < q; < 2

where gy was mentioned in paragraph just right above Lemma 4.28, obtain

(s [V ) = (s
u(B) /g H) >\ u®) /s

This implies if D ; is the collections of all dyadic cubes Q of R” with side length /(Q) =~ Vi,

Vie L f (0000 ,u) " (4.20)

by Holder inequality, get

q
w= 3 [ [Viwes
QED\/; Q

L —tLy H
<Y wo (MQ)/QMW f

2 2
u)
QED N

1 q1 q1
- M 91q — M g q1 ,
< E ﬂ(Q)(ﬂ(Q)/Q[ W] u) § /Q[ Wl f17] /xs/Rnlfl M

QED Vi Qeb Vi

q1

/ n ’ Vive 5 f Il

by (4.20) and L bound of Maximal functions for gy < g < 2.

Thus, we just proved that there is some € small enough such that for all p with % -

l‘<e,
P

we have

™ Allegezey + IVIVE™ ™ flligany < Coll g

Remark 4.35. Observe that in the case of real valued operator, by following the proof
of Gaussian estimates for semi-group e~"% f in [C-UR1] with the note that all the needed
results for degenerate parabolic equations still valid in non-symmetric case due to the paper
by Kazuhiro Ishige in [I], we also have that the semi-group e"4# has Gaussian estimates,

so we have LP-bound for ™4« f or |le™% fl|,; < C|| flly; for 1 < p < co.

Remark 4.36. By analytic extension (see Section 4.6 in [A]), we have

le™ fll gz + 1 NZVE L Fllpn < Coll iz @.21)
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forallze X, forsome 0 <v<Jand2-e<p<2+e

By interpolating between Lﬁ off-diagonal estimate and L} bounds for VitVe L we get

the following L# off-diagonal estimate corollary.

Corollary 4.37. Let € be as in Theorem 4.1. The function \tVe L satisfies Li - LE off-
diagonal estimate, i.e. for any closed set E, F and for any function f supported in E then
there is a constant C depending on u, n, ellipticity and p such that

dlst (E F)

<C WAz ey

i

Li(F)
where 2 — € < p < 2 + € and c are uniform constants depending on u,n and ellipticity

conditions.
4.4.3 Some kind of local off-diagonal Lft — L estimates for Ve 'L

In this section, we will establish some kind of local Lﬁ - L] estimates for Ve £+ over some

balls B = B(xy, r).

Lemma 4.38. Let N be a fixed number, for any k such that 1 < k < N, then for any
p € (2,2 + €) where € was determined in Theorem 4.1, if B is a ball with radius r = r(B),

we have

(i

—tL,, e —kr’ L, f

3 |

- 1
=5 0 2n(i+1) —-tLy £)2
C§ e * (,LL(Z’“B) sz [Ve = f] u) . (422

i=

where all the constants do not depend on k but depend on N.

Proof. This lemma is a consequence of the L} off-diagonal estimate (Corollary 4.37) for
VtVe £« and weighted Poincaré inequality. Indeed, set C;(B) = 2*'B\ 2B fori > 2 and
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Ci(B) = 4B. We define

1 tL
= — “f s
u(B) Jp
and
1
A= —— e_’L" .
W@B) ¢ T
Then,

1 1
1 _ k2 p g 1 1 k2 _ p P
(ﬂ(B) /B ‘Ve Ty ”) T (u(B) /B ‘rVe e tLW_A)‘ ”)

l L —kr* L, Ly _ P %
<Zr<u(3)/g‘rve (1 = 4) Bean)] [ )

i=1

1
L ol L p_ A
re ckr? (IU(B) o | (€ f A) ]IC,-B‘ /.l>

LN U ANPSTIY
<2 (M(B) o & =) Teo ”)'

(4.23)

where we have used Corollary 4.37 (L} off-diagonal estimate) to get the second inequality
and the fact that

_ dis®(BC;B) 41,2 41
e ckr? < e N2 = e N

b

for1 <k<N.
To finish our proof, we need an estimate for the last summation above. Notice that

i € A, Muckenhoupt class, so by weighted Poincaré inequality (Theorem 4.12), we get

( 1 } (e—tL#f _ Ai+1) :H-C,-B‘p/l> p

u(B) C:B
/1(2”13) 1 ~ 1]7
S ( i+1 |(e tL“f_AHl)‘p'u
u(B) u@2*'B) Jriap
1
2n(i+l) . 1 2 2
<C2 7 2'+1r( : Ve L )
'u(2l+lB) 2i+]B’ f| H

1

1
H(2*B) Jyinp

< 2+, ( |Ve—;1;,,f‘zlu) 2
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By Holder’s inequality and also weighted Poincaré inequality ( Theorem 4.12), one obtains

1 1
A Al = - -tLy, _ : -tL,
s ]} 'N(Z’“B) 2+ ¢ In “(2/B) J,ip ¢ f’u‘
1 1
<C——— Iy o
/J(21+IB) 2t € f /J(ZJHB) 2/+1p ¢ f#‘ g
1

e_tl:#f —

e fu

.
)

1
C|——— .
<,u(21+lB) 241 U2*B) Joig

. 1 2 2
SC2Mr [ —— Ve ' :
"(u@,ﬂm g 1T

forany j <1i.

Hence,

1
1 P
(i [, 14 -al'n)

i+1 % %
c(FEEBN g, (L Ve £
u(B) H2T*B) Jyip

< C2M Ty uerB) | ‘Ve_tﬂ”flz/x
U2 B) u(2*1B) Jyiap

2n(i+1) 1

2
< C27p 2/*Ipnt=h : Ve 'L f|?
d /,t(Z‘HB) i+l g ‘ ¢ f{ ﬂ

Now, we have enough ingredients to prove Lemma 4.38. Notice that A = A, then from the

estimate (4.23)

1 / ‘ _ .2
—— | Vet Lue ™ Lu
(#(B) B /

1 L ;

1
P b
)

1

l _4;\11 L —tLif _ A, P '

< ;: e (,u(B) CB‘(E f=Au) ]101-3} ﬂ)
0 i 1

| o 1 z

+) :;6_4‘N1 ( |Aj1 —A)) I",U)

= = \HB) Jeis

120



1

1 2 \?
- 02n(i+1) —tL
Cze N2 i (/1(2’“3) 2“B| etﬂf‘ ,u) +
1

+ CZ e o Z 221’7" RJ+lgn(i=)j) (M(ZLB) . ‘Ve—t.ﬁuf‘zﬂ) ’

n(it 1 - 2 ’
CZe EPEG <#(2—,+1B) 2MB|V6 L f] #)

i=1

since )2, 2717 < oo,

Lemma 4.39. There is c depending only on dimension and doubling constant of the weight

u € Ay and a below, such that for é = % + 1_7“ where 0 < a < 1, then if supp f C B, we get

1 —of |2 ’
(#(ZJB) Ci(B) Vv 1] #>

j 1
diStz(Cj(B),B)(l—a) 2]r (4 1 a
<C(Qje @& (_ + 1) ( /|f|q/l) ,
E u(B) /s

for all z € X, B < § and where C(q) is a constant depending on q and fixed parameters.

Moreover, we also have the following

1

1 —r |2 ? _ dis?(C;(B)B)(1-a) ,
w(2/B) | VaVe 2 f|'u | < Ce g8 (B) |f| ,
Ci(B)

forall2 < p <2+ € where € is determined in Theorem 4.1.

Proof. The second part of the lemma is a consequence of L;‘; off-diagonal estimate, [Propo-
sition 4.18] and Holder’s inequality. So we only need to give details for the proof of the
first part. It is a consequence of L, off-diagonal estimate of zVe % and local L — L?

off-diagonal estimates of e~*%« as in the Remark 4.32. Indeed, for any function g, set
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g1 = gle,p and g = glc,p for k > 2 where C{(B) = 4B and C(B) = 2B \ 2°!B for any

ball B as we defined before. First, let us prove for the case j = 1. We have

(/|\fVeZ£~f\ u) < </|\/_Ve 2L e2£“f)’,u>

~dist®(C; (B)4B) z 2 2
< E e clz] (/ ‘e 2-£Hf‘ /J
Ci(B)

— dist2(Cy(B).4B)

; - [ (2k+lB)} 1-1 (2k+1 r 1 @ dist2(B,C1(B))(1-a) ||f||
e H o |u ‘ +1) e d |Iflls
vzl .

2
—dist2(Cy (B)AB) 11 () a-o

e [“(2"“3)} 2 e I fllys

A

A

M 10 1

>~
I

2

1_1 /4 ¢
+ [,u(ZB)} za <\/—% + 1> ”f”LZ(B)

o0 1_1 [/ 4 ¢
Z 2kl 3-4) ['u(zg)]z Z (\/_Irz_|+l> 1o s

=1
_1 4r ¢
N —=+ 1] Ifllzems
(va ) Mo

where we have used Lﬁ—offdiagonal estimate to get the second inequality, Remark 4.32 to

>~

=

< [u2B)]

’

get the third inequality and the fact that there is some ¢’ > 0 such that ‘éf;) < (%)

,, 2 _ 2
St 1>ae_(2“r)<la> _@) e

since 4 € A, and also ( Vel <id < Ce cld for some new constant ¢
depending on the previous constant ¢ and the constant C is independent of k, r, z, ¢ to get
the second to last inequality.

In order to prove for j > 2, we do the same way as for j = 1 but we need to do carefully.

Here is the details

IVZe™ |3 e

j+l
<CZ H VzVe 21:“ e 2£ﬂf HLZ(C BT Z H VZVe 34 (e ZLyf ||L2(C,B)
k=j-1
+ Z H VZVe i (e_%Lﬂf)kHLﬁ(CjB)
k=j+2
=I+1I+1II.
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We estimate 7, I and 111 in order. By the L? offdiagonal estimate of /ze™*%» and L” — L?

offdiagonal estimate of e~*4+ as in Lemma 4.30

j_l _(zjfk—l _;L
I <C2e @ e ”fHL},(ckB)
k=1

k

i @Ik 12 k21— [ X }1_1 2%y @
<CY e ET e TET @) (S5 1) Wfllga
= VI g

@200 L_1 (2 ¢
clzl [,u(2B)} 2 q (m + 1) ||f||LZ(B)

+e

Observe that

_eitEly?2 oknla-e _220-a) i
e @ e @ <Ce @ , foralll<k<j

and

1

W@B) 7 < [uB)]

_1
q

N\'—

since g < 2. So,

jrz —a 1_1 2] “ é
I<Cje " [u(B)]* (\/_I_ZI+ 1) </ |f|qu)
B

By the similar argument as for I but easier since k ~ j, we have

j+l

I<CY |l f |2

k=j—1

J*1 2"l *(1-a @ 11
e () e [

k=j—-1

22 -y [ D) @ 11
se-(%(_(lH) (1 (2/B)] Zﬂ(/mq)
<

(4.24)

(4.25)

We need more work for the last term /11, again by using offdiagonal estimate of +/zVe £

and LY — L? offdiagonal estimate as in Lemma 4.30. Using the fact that

k @ k=1, ](y k=1, l(r
(B e
<
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where £, r, |z| are positive and doubling property of A, condition (see Lemma 4.16), i.e

6/
u(B) ( 1B] > let 6, := 1 — 1 >0, we obtain

u(2*B) S |2k
o 2k Jj-1 ) 1.1 (Zk_lr)z(l—(r) 5
i<y e [ (2'B)|* e (/ Iflqu>
k=j+2
oo (m+1)j+2 2k -1 1, 2(1,,1)
3y S e (i)
m=1 k=mj+2 (426)

. Z]e (21?‘ |<1 ) (sz)} s 2_(m+1)€q6' (/ |f|qﬂ) 6

, (ZJr) (1-a) 1_1
<C(q,0 )je 2’B 2 (/ |f17p )

The estimates in (4.24 — 4.26) imply

1 -z
(#(213) c;B | VeVe o f ‘211)

202(1-) 1 : 1 ZJr
stse o Lz(sz)} (®) ( N ) (#(B)/lfl )
~ (2./‘2r22(]—ll) 2y @ q
e (ﬁ”) <u(2’3)/ i)
b Clg, e / 1
’ <2JB>
22 (1-a) 21r
<Cje = g
stge o ( N ) (u(B)/m )
~ (2/'-2r.)"|2<1—a) 2y
e " ( |z|+) ((B)/'f'q)
+C(g.0)je 21'2\ — ( (B)/lflq >

’ 2jr2(lfar) 2‘]
<C(g.8)je " ‘
sc@o)e = ( e ) (.u(B)/ / )

1
2

4.4.4 LI bounds for vertical square functions

Let us recall a simpler version of Theorem 3.1 which was stated and proved in [AM].
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Proposition 4.40. Fix 1 < g < oo and a > 0. Let u belong to A, Muckenhoupt class
as before. Then there exists C = C(q,n,a) and Ky = Ky'(n,a) > 1 with the following
property. If F,G are non-negative measurable functions such that for every cube Q, there

exist non-negative functions Go, Hy with

F < Go+Hyp a.e onQ, (4.27)
(I%Q) / H‘éy) ' < aM(F)(x) forallx € Q, (4.28)
Qo
/%Q)/GQ'M < G(x) forall x € Q. 4.29)
Q

Then for all A > 0, forall K > Ky andy < 1

1
UM, (F) > KA,G < yA}) < C (ﬁ + %) UM (F) > 2.

Remark 4.41. This Proposition 4.40 implies, for 0 < p < ¢, for F, G as above then

q

o, <k (2w XY i, + Ko
AL Ki K AL T e T

If we know that ||M,,(F )”iﬁ is finite then we may choose K large enough and y small enough

so that

q
CK? (% + %) <1-2".

since p < g. Then

(2K)"

M (F)IIY, < CT

P
Ly

IGIL,.

Remark 4.42. Notice that, in the proof of the the above proposition in [AM], the proof
is the same if we replace the collection of cubes Q center at x with sidelength /(Q) by the

corresponding collection of balls B(x, [(Q)/2). Indeed, the main ingredient of the proof in
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[AM] is that the centered and uncentered maximal functions are comparable, and the fact
that those maximal functions satisfy weak-type (p, p) properties. With a little computation,
we see that the maximal function defined over balls is still comparable to those defined

over cubes. So, it is not an issue if we work with balls instead of cubes.

The following result a the main tool for proving L/-boundedness for the case 2 < p.

Theorem 4.43. Let p. € (2, 00]. Suppose that T is sublinear operator acting on Lﬁ and let

A, r > 0 be a family of linear operators acting on LZ. Assume

1

1 2 A
(m/}g'T(l_Ar(B)f)ﬁu) <C (M, (If7))* ), (4.30)
and
1 e .
(@ / ITAr<B>f)|”*u> <C (M, (ITfP))* ), 4.31)
B

forall f € L2, all ball B and all y € B where r(B) is the radius of B. If2 < p < p, and T f

belongs L} space then T is strong type (p, p). More precisely, for all f € L N L2

IT flly < cllflle

where ¢ depends only on n, p and p. and C above.

Proof. This theorem is a consequence of the above proposition. With the Remark 4.42 in
hand, we will work with balls instead of cubes. Let f € Lﬁ NLE. Weletqg = £ and set
F=I|TfP? e Lf . By the sublinearity of 7', for each ball B, recall that r(B) is the radius of

the ball B, there are Hp, G, more precisely,

Gy = 2T - A)fP and

Hp 2T Anp fT,
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so that
F<Ggp+ Hp forallxe B.

Hence, applying Proposition 4.40 and Remark 4.41, with a = 2C*,G = 2C*M,(f?),

M, (F) € Lé) from the hypotheses, we obtain for 2 < p < p.,

IT A1l < IMu(F)ll 2 < ClIGI 2 < CIfl-

Now, we will use the above theorem to prove the L” bounds of vertical square functions

for the case p > 2.

Proposition 4.44. Let € be as in Theorem 4.1. Then for all p € [2,2 + €), we have

g2, (Dllez < 1Az

Proof. We need to verify the condition (4.30) and (4.31) for p. = 2 + €, again we abuse the
notation that € be a small number that could be smaller than the previous epsilon and we
still call it e. For each ball B with radius r = r(B), we apply Theorem 4.43 to the sublinear
operator T = g, with A, =1 - (I - e‘rzLﬂ>m for m a large enough integer number. By
Minkowski’s inequality and for any k - an integer number satisfying 0 < k <m — 1

(aw

2

)I's)
2
p \ 7 dt
<[ G o)

Next, we are using local L?> — L estimates for e "%« ( see formula (4.15)) and the fact that

2 —tL# ok L f)

>, ¢i < oo, Cauchy-Schwarz’s inequality together taking the integration on RHS over 2/*' B
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instead of C;(B), we get

2
1 / 2 px C;
— [ le™ L“hl”*u) <Yy —I— A,
(.U(B) B ; HQ2I*B) Jojip

. J . . .
with ¢; = Ce™ for some constant ¢, C . By the commutative properties of semi-group,

then for each f > 0 and for 4 = (t,[j#)%e—ffu f.
2

1 k2 ) D+« P

(s e (7))
® Cj 2 dt
</0 [;ﬂ(2j+13) 2+1B ] t

C; ) 5
<j>zlﬂ(2j113) /ZHB ‘gﬁﬂ(f)| u<CM, (|g£#(f)‘ ) o),

(1L, )% oL f

for all y € B. By power expansion, we get the desired inequality (4.31).

It remains to check (4.30), decompose f = f; + f> + f3 + ... where f; = f1¢, and C; is
defined as before C; = C;y(B) = 2"'B\ 2'B for i > 2 and C; := 4B. We start with j = 1, we

use the Lﬁ boundedness of g, and that of (I — ¢"Lu) to obtain

(,U(B)/ =) )] )ch(ﬂ(jm) 4B'f'“)

For j > 2, we write

u(B)/’gf‘“ I-e >ff>
), o

As in the Section 4.3, one may use the representation (4.14) with the function ¢(z) =

m 2
2 e Lu I ekﬂ&,) f]‘ ,udxd{.

(tz)%e"z(l - e’zz)’”. The corresponding functions 7. satisfy the estimates (see [A], page 79)

Cr rm
ne(2)] < _inf (1, ) | zel..
TS v i W+

Since forany 0 < 8 < J —w, (ed“)zezﬁ satisfies L? off-diagonal estimates, using the rep-
1 w2\
(tL,)" et (1= 5) "
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resentation (4.14) and the estimate for 7., ,
L2(B)




cair? t r 2m

ClIfllzz -/e_ H 3 |dz,
e e Qi @or

8=

plus the similar term corresponding to integration on I"_.

Using the below Lemma 4.45 for the estimate of the above integration, it gives us the

bound

C . N2 [4IP\"
Wlnf(<m> ,<T> )||f||L§(C,)-

Squaring and integrating with respect to ¢, get

e (=) 1)

since

/“c.f(t>é 472\ dt 2C+ 1 <2c
— 1N 5 s | —— — = ; -
o A4im 4ip2 t t 4im T gpdim T 4im

for m large enough and also u(2/*!B) < 2/"u(B) by doubling property of A, weight. This

2

u < C20ngmi |f 1P,

U2HB) Jyip

implies hypotheses (4.30) in Theorem 4.43 when we choose m large enough. B

Lemma 4.45. Let t > 0,¢ > 0,m > 0 be fixed parameters, and c a positive constant. For

some C independent of j € N,r > 0 and t > 0, the integral

© 4J,2 1 t¢ I"zm
I= / e — ; ds,
0 sT2 (s + D) (s + )"
satisfy the estimate

< C o ( t > ¢ 4Jy2 m
S ———1n — | — .
4im(2ir)T 4jr? t

Proof. See Lemma 5.4 in [A]. R
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Proposition 4.46. Let € be as in Theorem 4.1. Then for all p € [2,2 + €), we have

1G £, (Dllzy < Nl

Proof. As in the proof for L” boundedness of g, , we will check conditions (4.30) and
(4.31) then by the Theorem 4.43 we finish our proof. As usual, we choose A, = [ —
- e"zﬁﬂ)’" for m large enough to be chosen later. Let B be a ball with radius r = r(B)
and k = 1,2,3,...,m. We will check the condition (4.31) first. By Minkowski integral
inequality and for any integer k satisfying 0 < k < m — 1 and also take p, = 2 + € as in

previous Proposition 4.44, we have
(i |
u(B) Jp
[ (G
< -
0

Squaring (4.22) both sides then using Cauchy-Schwarz’s inequality with the note that

2
P« P
M
2

Ve 'L <e—kr2£#f) )p* #) " dt.

( oL f)

._qi-1
>, 8(i) < co where g(i) = 22ip=—  we have
2

/O ( ’““f)‘ ,U)p*dt

<C/ Zg(1)< 21B) HB Ve L f| M)dt

Jjz1

Exchange the sum and the integral, the later is equal to

8())
C2 0 NB) Jyuy 15N 1

which is bounded by the maximal function CM,, <|G z,( f)}2> (v) for y € B. This gives us

the assumption (4.31).

It suffices to check the condition (4.30). Again, decompose f = f; + f> + f5 + ... where

fi = fl¢, and C; is defined as before C; = Ci(B) = 2*1B\ 2'Bfori > 2 and C, = 4B. We
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begin with the following inequality

(i Lo ((1-7=) 1))
< 5 (gt flow (-7 ) w)

We will give an estimate for the RHS of the above inequality for all j > 1.

D2f—=

For j = 1, we use the L} boundedness of Gz, and that of [ — ¢™"Lu to obtain

(lﬁ /B Ge ((1-e7)"4) Izﬂ) |
N (/%/B (1-74)" s zu);
< (,ﬁ ’ |f1|2u)é,

For j > 2,

(g f 02 (=) ) ) |

“ 1 2 m 2 dxdt
= — VIV (I —e 74} 4 ‘ —_—
/0 H(B) /B ( ) Ii| #

t
We finish our argument by doing the similar argument for function g,,. That is, first, we

use the representation (4.14) in Section 4.3 for the function
_2\"
<p(Z):<l_erZ> etz

along with the L? off-diagonal estimate together with the estimate on page 45 in [A] for the

2\ ?
1) = lesosl

Viv (1 - e"2£“> e f

estimate of |.(z)| for ¢ above , we have
2m

(/B
r _@itly?

Vi 1
<C .2 / . . .e ot dZ
W/l r, VI e+t (2 + 42

+ a similar integral over the domain T'_.
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then we invoke Lemma 4.45 to get the estimate for the integral above. Finally, we integrate
with respect to ¢ to get the condition (4.30) in Theorem 4.43 by the identical argument as

in the last part of the proof of Proposition 4.44.

4.5 Riesz transform for degenerate elliptic operators

In this section, we will prove L” bounds of the Riesz transform for 2 —e€ < p < 2 + €
for some small enough €. Moreover, we also will give the proof for L” bounds of vertical
square functions for p < 2. Together with the proofs in Section 5.3, we complete the proof

for L” bounds of vertical square functions forall2 —e < p <2 + €.

For future use, we restate a simpler version of the Theorem 8.1 in [AM] where u € A,-
condition and note that u has order doubling 2n by Lemma 4.16. This theorem is a tool for

us to get L” bounds of operators for p < 2.

Theorem 4.47. Let p. < 2. Suppose that T is a sublinear operator of strong type (2,2),

and let A,, be a family of linear operators acting on Lﬁ where u € A,. Assume for j > 2

1

1 >\’ 1 ’
— T(I - A, <g() | — P , 4.32
<,u(21“ 5 . 7€ A1) u) <5 (i [ 10) 432)
and for j > 1
.1 / |Ar(B>f|2u i <8 (L/Ifl”*u)p]*, (4.33)
u(2*B) Jeym u(B) /g

for all ball B with r(B) the radius of B and all f supported in B. If ¥ = £,;8(j)2*" < oo,
then T is of weak type (p., p.), with a bound depending only on the strong type (2,2) bound

of T, p. and %, hence bounded on LI for p. < p <2.
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We are now ready to prove main Theorem 4.3, which we restate here for the reader’s

convenience.

Theorem 4.48. There is an € > 0 such that

V£l = 1Ll 2-€ <p<2+€.

Proof. We prove the case p < 2 first by applying Theorem 4.47 to the operator 7 = V.L;,!/?

290

Tariemn 2~ e} where € is deter-

to obtain a weak type (p., p.) bound for 2 > p, := max {

26(n—1)+2n

3otn—Dyne 1’ and « is a fixed small number

mined in Theorem 4.1 where we recall that ¢, =
that will be determined in the proof of Lemma 4.49 below. Notice that @ will depend only
on the allowable parameters. We first introduce the operators A, = [ — (I - e"zﬁﬂ)m where
m is some integer to be specified later.

Observe that A, = ZZL { cke”"%‘ for some numbers c¢;. A direct consequence of the

290

local LY — L? off-diagonal estimates (Lemma 4.30 for g = T E——

< p. above) and
Holder’s inequality is that if B is any ball, with radius r = r(B), and for any function

f € L* N LP+ that is supported in the ball B, if j > 1 then one gets

1

1

1 ’ iteania [ 1 z

. AP <&wwww(——/HM),
(mwm e T uB) J;

where we recall that C;(B) = 2/*'B\ 2/B for j > 2 and C,(B) = 4B. Hence, assumption

(4.33) holds with g(j) = e~@’ (-0,
It remains to check the assumption (4.32) for j > 2. To this end, we note for future

reference that by Lemma 4.39 and Holder’s inequality

1

5\ 2
\/;Ve_u:*‘f’ ,u)

1
(#(2’3) C;B
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. 1
e 2a-a 277 ¢ 1 pe
< C(p)je @ (—+1) (—/I |P+ ) . (4.34)
P \/; H(B) Jp I

In order to finish our proof, we need the following lemma.

Lemma 4.49. Let p. be defined above in the proof of Theorem 4.48, there exists C > 0
such that for all balls B with radii r > 0 and for any function f € LZ N LE supported in the

ball B. If j > 2 then

i 1

! -172 <o —'(m—1+a)< 1 / )’
. - C2/"2 — [P
{u(2fB) c‘,-(B)‘ VL1 > f‘ } w(e) J, "

where constant C depends on allowed parameter and also a and m but it does not depend

onr,j,B.

Proof. We use the idea in [A]:

m o m At
VL' (1— e’2£”> f = / Ve 'L (1— e"zﬁﬂ> Ly
0

T

=

/ g2 (0)Ve L fdt,
0

where using the notation for binomial coefficients,

s0=3 ( k)( A

k=0

and y is the indicator function of (0, co).

By Minkowski’s inequality for integral and using the inequality (4.34) above, we get
1
1 )VL‘”Z (I 2r >mf‘2 2
. —e
W2B) Jos g
. 1
e 2JI” ¢ 2/r2(1 ) dl pr
<2C'/ lg.2(1)] (—+1) e ( /| [P ) .
Jo ¥V ® /5"

It remains to estimate the infinite integral, we have

(4.35)

ifkr’ <t<(k+ Drr <(m+ Dr,

gn(t) <

C
Vi— k2
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and

1

lg ()] < CrP™™ 2 ift > (m+ 1)’

Observe that

Oo 2ir “ 220-a) dt

8- <—+1> T

/0 Vi Vi

2 .

r 2y ¢ 220-0) dt

= [ lge <—+1) e

/o Vi Vi
- (k+Dr? 2/r ¢ 220-0) dt ® Y200 di
; 12,20 (—+1) N / g(le 5 S
Z/krz \/; \ﬁ (m+1)r? \/Z

k=1
=+ 1I+1II

We treat above terms in order,

N
o\;

I < /rzg(&n%)ae‘wga)ﬂ
o Vi \ i Vi
g i .
t
C

By a simple calculation, we have for a sufficiently small together ¢ < r* and j > 2

d o _2A31- e 20 2(1-e) (04 2jr2(1 —a/)
(l’ 2e ct ) = t 2e ct _

dt 2 ct
PR e <_g L 41— a))
2 c

e _220-»
Cot "2 o >0

where the constant C, > 0 for sufficiently small  and C, depends on the constant ¢ of
off-diagonal estimates and «. Note that the we determine « by choosing it small enough so

that « satisfies (—% + @) > 0, then we fix that value for a.
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Hence,

2J(1-a) 2/ (1 @)

1< (2jr)aCar_ e =C,RN%
For the term /7, we have

m (k+1)r? C e 2jl" 17 dt
II < - ct

mo k)R C(m) _»2aw (2/7\" dt
L (%) %
m (k+1)r? Cim) _270-o < 2/r >a dt

2 — L e ck+?
ok Vt — kr? Vkr?/)  Nkr?

m

- C(m)szk (3+3) o=ty

N

2

N

C(m)2/*e” c<m+1>)

N

Now we estimate the last term /71,

I < C / R s (2jr + 1)@ dr
< r e« — —
(m+1)r? \/; \/;

. 0 2-jr2(1—(y)
< 202092 / e dt
(m+1)r?
; -m+1
: ® 21 -a)\ "
< 2C(m)27e / -l (# dt
(m+1)r2 ct

. 2] o) 1 _ -m+1 0
2C(my27 2 (M) / 2dt
¢ (

m+1)r2
-m+1
2C(m)y272im+D <1_—“) .
C

This finishes the proof of our lemma. B

We now return to the proof of Theorem 4.48.

Note that (4.32) now follows immediately from Lemma 4.49, provided that m is chosen

172

large enough. By Theorem 4.47 applied to 7' = V.L /=, we therefore get

1 .
”Vf”LE < ||-£ﬁf||Lﬁ, if 2—-e<p<2.
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Combining the preceeding estimate with Lemma 4.51 (which will be proved below) and

duality, we get

1 .
||Vf||L,’,’ x~ ||£ﬁf||Lﬁ, if 2—e<p<2+e

Lemma 4.50. There exists € > 0,C > 0 such that for all balls B with radii r > 0 and

fe LZ N Lf with support in B and also j > 2, then for all p > 2 — ¢,

1

m 2 2
(-4 1]

1
{,U(ZJB) Ci(B)

1

o 1 P

< C2/np—jm=1) (_/| |P > ,
uB) J;

where constant C depends on allowed parameters and m but it does not depend on r, j, B.

In addition, we also obtain the following result and by properties of u € A,, we get for

any function f € Lz supported in the set C;(B), the following holds

o .
u(B) Jp

Proof. The first part is a consequence of the Lemma 4.49 and Holder’s in equality. Next,

m 2 % 1 %
VL2 (I—e’zL”> ‘ } < C2/mim=1 (— |7 ) .
g U H2B) Jyy TTH

we give the proof for the second part of the lemma. For our convenience, let us recall that

the result of the Lft off-diagonal estimate (Proposition 4.18) implies

2\ 2 @) , 2
/ n) <Ce a / VA7
B Ci(B)

Hence, because u € A,, by doubling properties of measure u (see Lemma 4.16), we obtain

( ; / 2 )é R ! 2 :
—_— < VT e a _— | £l ) (4.36)
u(B) Jp K p(27+'B) C_,-(B>f a

Viveh

Vive Lt
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Next, as in the proof of Lemma 4.49, from the representation for V.L™/2(I — e " Lueym £, we

1
2 2
)

a2 / g2 (Ve L fdt
0

have

V,£_1/2(1 _ e—rz.C,l)mf

(o .
u(B) [

1 2\
(5 | /)

°° 1 2 \? dt
S C r2 —_— -
< /0 g2 (D) (#(B)/B #) Vi

. o0 Y dr 1 2
< CZ(]H)"/ lg(De” < — <— Yk ) ,
0 8 Vit \uQ/*'B) Jojip Ul

1

Vive b f

where we used (4.36) to get the last inequality.

@ 2i23-a) dt

o« that we computed in

By the estimate for the integeal fooo lg,2(2)] <% + 1> e

the term (4.35), one gets for any a > 0,
J )a _220-0) dt
e ct JR—

0 _(2.f—]r)2 dt o 2y
/0 lg 2 (Dle” < @S/o g2 ()l <$+1 Vi

—m+1
< 2C(m)2/22/m+h (1;) .
C

Hence, by letting @ — 0,

-1, 2
() dr < 2C(my2UHnIme,

20+ / gr(le T <
0 Vi

So, we get the second part of the lemma. B

Lemma 4.51. There is some € > 0 such that

s

S Wk,

forall p € 2,2 + ¢€).
Proof. We prove this result by using the Theorem 4.43 for p, = 2+ € where € is determined

as in Theorem 4.1. We will check the conditions (4.30) and (4.31) where r := r(B), the
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radius of the ball Band A, = I — (I - e"zLﬂ> for some large m to be chosen later and
_1
we apply the theorem to the operator T := V.L,°.
Now, decompose f = fi + f» + ... where f; = flc,p and C;(B) = 2/*'B\ 2/B and

C,(B) = 4B. By triangle inequality

8

o (-7 s

_1 RN
Z 2L
2 < HVL#Z (I_e r /J> fl
L) 4o

L2(B)

For j = 1, by the Lﬁ boundedness of V.£,* and e~"£«, we have

WaR :
< u(B)? (— |f|2,u) .

[yt (1=e5)" s H@B) /g

L2(B)

When j > 2, we apply the second part of Lemma 4.50 to get

1

f I2u> y

o (o) s

< C27imn=D (B2 (

L3(B) U(2/B) J,ip

This gives us the condition (4.30) for m large enough.

It remains to check the condition (4.31). Let us recall the result of Lemma 4.38 when

t = 0, we have

(o /|
u(B) Jg

Keep in mind that A, = S_r, cxe ™ £x, one gets

( 1 / Ps )pl*
u(B) /; K

[ee) =

—4L oG+ 1 -3 2
cesetan (ot [ eal)

i=1

1 . 1

D P 4i-1 . 1 2
<C —722n(l+1) - \vj 2 .
8 ) 2 W@TB) Jyy T

i=1

\v/ e—krziy f

_1 2
VL et f

by replacing f by £, z f. This finishes the condition (4.31).
By the Theorem 4.43, we get the desired inequality. B
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Proposition 4.52. Forall g € (2 — €,2), we have ||8£”(f)||Lz < ”f”LZ’ where € is as in the

result of Theorem 4.48.

Proof. This is a consequence of Theorem 4.47, more precisely, we will check the assump-
tion (4.32) and (4.33) for the operator T = g,, and A, = I — (I — e"zﬁﬂ) for some m > 0 to

be chosen later. For any 0 < k < m, from the off-diagonal estimate [Lemma 4.30], we have

1
2 : _@ina-a 2ir “ 1 7
,u) < e % ( kr2+1) (,u_(B)/lflq’u)

V B
_@2a-a
< o w((m/vv)

This give us the assumption (4.33). It remains to check the assumption (4.32). Notice that,

e—erL,, f

1
Qmm>w

by Fubini theorem

1 —krz.Eﬂ mJ?
1(2IB) Jc s gL(I_e ) f’ K

[ | (
“Jo u@*B) Jep

Apply the representation (4.14) for ¢(z) = (12)'/2¢*(1 — ¢™"%)", by the L* — L off-diagonal

1

tL,)? et (I —etr £“> f’ ,udx—

estimate in Lemma 4.28 and Minkowski’s inequality, we have

(wm/ W£mu)
2 2
(s /)
<2/»>2(1 - (21 © p rm g (4.37)
\C 1 q
e (ﬁ+)(mupm+m (mm/”')
<2fr>2(1 - [ 2/r 12 r
<C 1 q
[f <|d+)munmmww (mm/v')
C/ewmw G ( /mq):m4
0t @ o\ s I
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2

_Zﬁ”fn+(z)dz+ / e fn_(2)dz

|

=
Q=




plus the similar term over I'_, because @ < 1 and where I'.. are defined in (4.14) above, and
for the last inequality we have used that if r < |z| then <2|7'|r + 1) < 2-2/andif r > |z| then

_@inta-e 21 _@In20-o
e i — < COe coll
|zl

r

for some Cy, ¢y independent of the ratio -

Using the Lemma 4.45 for ¢ = %,T =0, get

c2/ . tN: [(27P\" 1 :
M<2Wmf(<w) (T) )(m/lg'f'q“) :

Square and integrate with respect to #, that implies the assumption (4.32) holds for some m

large enough. B

Proposition 4.53. For all g € (2 — €,2), we have IIGLH(f)IILZ < ”f”LZ where € is as in the

result of Theorem 4.48.

Proof. Like the proof in Proposition 4.52, we will also check the assumptions of Theorem
447 forT =Gy, and A, =1 - (1 - ef’ziﬂ)m for some 0 < m € N. We see that assumption
(4.33) is a consequence of Lemma 4.30, local LY — L? off-diagonal estimates of e~'Zx, it
remains to check the assumption (4.32). For any ball B with radius r and for function f

with suppf C B, we have the following
1

) m 2
,Ll(2j+l B) B GL,u ( ( € f Hax

© 1
_/0 u(2* B /c,.B

By using the presentation (4.14) for the function ¢(z) = ¢ (1 — e""zz)m and Lemma 4.39 -

2 dt

ViVe L (I — e_erL“) f ,lex7.

the local L? — L? off-diagonal estimate for \/EVe‘ZLﬂ also the following estimate (see [A],

page 44-45)

C p2m
)| < ——inf | 1, — 1,
(2l 2] + ¢ ( (Iz| + ©) )
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we get

1

2 2
VIVe(L)f | udx)

1
(ﬂ(sz) C;B
1
_ 1 1L, kL, \" 2 i
_<ﬂ(2jB) (I—e ) f’ pdx

;B
[t (2 Y q
<C(p)]/r+e 5 ( IZI+1> (|Z|+f)lzl (|z|+t)’"| ZI( (B)/lfl >

=M,

plus a similar term corresponding to the integral over I'_. Now, doing the same argument

as in the proof of previous Proposition 4.52, we get

e G ()" (7)) G )

Like before, we square and integrate with respect to ¢, that gives us the assumption (4.32)

for some m large enough.
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Chapter 5

BMO solvability and absolute continuity
of harmonic measure

5.1 Introduction

The connection between solvability of the Dirichlet problem with L? data, and scale-
invariant absolute continuity properties of harmonic measure (specifically, that harmonic
measure belongs to the Muckenhoupt weight class A, with respect to surface measure on
the boundary), is well documented, see the monograph of Kenig [Ke], and the references
cited there. Specifically, one obtains that the Dirichlet problem is solvable with data in
LP(0Q) for some 1 < p < oo, if and only if harmonic measure w with some fixed pole is
absolutely continuous with respect to surface measure o on the boundary, and the Poisson
kernel dw/do satisfies a reverse Holder condition with exponent p” = p/(p — 1). The most
general class of domains for which such results had previously been known to hold is that

of the so-called “1-sided Chord-arc domains” (see Definition 2.21 below).

The connection between solvability of the Dirichlet problem and scale invariant absolute
continuity of harmonic measure was sharpened significantly in work of Dindos, Kenig and
Pipher [DKP], who showed that harmonic measure satisfies an A, condition with respect to

surface measure, if and only if a natural Carleson measure/BMO estimate (to be described
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in more detail momentarily) holds for solutions of the Dirichlet problem with continuous
data. Their proof was nominally carried out in the setting of a Lipschitz domain, but more
generally, their arguments apply, essentially verbatim, to Chord-arc domains. The results
of [DKP] were recently extended to the setting of a 1-sided Chord-arc domain by Zihui

Zhao [Z].

More precisely, consider a divergence form elliptic operator
L :=-divA(X)V, 5.1

defined in an open set Q C R™!, where A is (n + 1) X (n + 1), real, L™, and satisfies the

uniform ellipticity condition

n+1

AP < (AXE €)= ) AyXE  IAlleen < A, (52)

ij=1

for some A > 0, and for all £ € R"™!, X € Q.

Given an open set Q C R"! whose boundary is everywhere regular in the sense of
Weiner, and a divergence form operator L as above, we shall say that the Dirichlet problem
is BMO-solvable' for L in Q if for all continuous f with compact support on 4Q, the

solution u of the classical Dirichlet problem with data f satisfies the Carleson measure

estimate
1
sup // VU S dY < CllfBsoun, - (5.3)
seo.r>0 0 (A, 1)) Jansen

Here, o is surface measure on 0Q2, 6(Y) := dist(Y, dQ), and as usual B(x, r) and A(x,r) :=
B(x,r) N 6Q denote, respectively, the Euclidean ball in R**!, and the surface ball on 6,

with center x and radius r.

Tt might be more accurate to refer to this property as “VMO-solvability”, but BMO-solvability seems
to be the established terminology in the literature. Under less austere circumstances, €.g., in a Lipschitz or
(more generally) a Chord-arc domain, or even in the setting of our Theorem 5.3, where we impose an interior
Corkscrew condition, it can be seen that the two notions are ultimately equivalent (see [DKP] for a discussion
of this point), but in the more general setting of our Theorem 5.1 this matter is not settled.
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For X € Q, we let wf denote elliptic-harmonic measure for L with pole at X, and if the

dependence on L is clear in context, we shall simply write w*.

The main result of this paper is the following. All terminology used in the statement of

the theorem and not discussed already, will be defined precisely in the sequel.

Theorem 5.1. Suppose that Q C R™! is an open set, not necessarily connected, with
Ahlfors-David Regular boundary. Let L be a divergence form elliptic operator defined on
Q. If the Dirichlet problem for L is BMO-solvable in €, then harmonic measure belongs
to weak-A in the following sense: for every ball B = B(x,r), with x € 0Q, and 0 < r <
diam(dQ), and for all Y € Q\4B, harmonic measure w} € weak-A.(A), where A := BNOLQ,

and where the parameters in the weak-A., condition are uniform in A, andin 'Y € Q \ 4B.

As mentioned above, this result was established in [DKP], and in [Z], under the more
restrictive assumption that Q is Chord-arc, or 1-sided Chord-arc, respectively. The argu-
ments of [DKP] and [Z] rely both explictly and implicitly on quantitative connectivity of
the domain, more precisely, on the Harnack Chain condition (see Definition 2.19 below).
The new contribution of the present paper is to dispense with all connectivity assumptions,
both qualitative and quantitative. In particular, we do not assume the Harnack Chain con-
dition, even within individual connected components of €. In this generality, our results

are new even for the Laplacian.

We observe that we draw a slightly weaker conclusion than that of [DKP] (or [Z]),
namely, weak-A.,, as opposed to A, but this is the best that can be hoped for in the ab-
sence of connectivity: indeed, clearly, the doubling property of harmonic measure may
fail without connectivity. Moreover, even in a connected domain enjoying an “interior big

pieces of Lipschitz domains” condition, and having an ADR boundary (and thus, for which
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harmonic measure belongs to weak-A.,, by the main result of [BL]), the doubling property

may fail in the absence of Harnack Chains; see [BL, Section 4] for a counter-example.

In the particular case that L is the Laplacian, we also obtain the following.

Corollary 5.2. Let Q C R"! be an open set, not necessarily connected, with Ahlfors-
David Regular boundary, and in addition, suppose that Q satisfies an interior Corkscrew
condition (Definition 2.18), and that the Dirichlet problem is BMO-solvable for Laplace’s

equation in Q. Then 0Q is uniformly rectifiable (Definition 2.17).

The proof of the corollary is almost immediate: by Theorem 5.1, harmonic measure
belongs to weak-A,, (even without the Corkscrew condition), so by the results of [HM]?, in

the presence of the interior Corkscrew condition, Q is uniformly rectifiable.

We remark that the Corkscrew hypothesis is fairly mild, in the sense that if Q = R""!\ E
is the complement of an ADR set, then the Corkscrew condition holds automatically, by a
simple pigeon-holing argument.

We also obtain a partial converse to Theorem 5.1.

Theorem 5.3. Let Q C R™! be an open set, not necessarily connected, with Ahlfors-
David Regular (ADR) boundary. Let L be a divergence form elliptic operator defined on
Q, and suppose that elliptic-harmonic measure for L belongs to weak-A., in the sense of
the conclusion of Theorem 5.1. Then the Dirichlet problem for L is L? solvable in Q, for
p < oo sufficiently large. In the special case that L is the Laplacian, the Dirichlet problem

is BMO-solvable, provided also that Q satisfies an interior Corkscrew condition.

As noted above, our main new contribution is Theorem 5.1, which establishes the direc-

tion BMO-solvability implies w € weak-A; it is in that direction that the lack of connec-

2See also [HLMNT] and [MT] for more general versions of the result of [HM].
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tivity is most problematic. By contrast, our proof of the opposite implication (i.e., Theorem
5.3) is a fairly routine adaptation of the corresponding arguments of [DKP] and of [FN]. On
the other hand, let us point out that in Theorem 5.3, we have imposed an extra assumption,
namely the Corkscrew condition. At present, we do not know whether the latter hypothesis
is necessary to obtain the conclusion of Theorem 5.3, nor do we know whether the conclu-
sion of BMO solvability extends to the case of a general divergence form elliptic operator

L.

To provide some further context for our results here, let us mention that recently, Kenig,
Kirchheim, Pipher and Toro have shown in [KKiPT] that for a Lipschitz domain Q, a
weaker Carleson measure estimate, namely, a version of (5.3) in which the BMO norm
of the boundary data is replaced by ||ul|.~q), still suffices to establish that w, satisfies an
A, condition with respect to surface measure on 9Q2. Moreover, the argument of [KKiPT]
carries over with minor changes to the more general setting of a uniform (i.e., 1-sided
NTA) domain with Ahlfors-David regular boundary [HMT]. However, in contrast to our
Theorem 5.1, to deduce absolute continuity of harmonic measure under the weaker L™
Carleson measure condition seems necessarily to require some sort of connectivity (such as
the Harnack Chain condition enjoyed by uniform domains). Indeed, specializing to the case
that L is the Laplacian, an example of Bishop and Jones [BiJ] shows that harmonic measure
w need not be absolutely continuous with respect to surface measure, even for domains
with uniformly rectifiable boundaries, whereas the first named author of this paper, along
with J. M. Martell and S. Mayboroda, have shown in [HMM] that uniform rectifiability of
0Q alone suffices to deduce the L* version of (5.3) in the harmonic case (and indeed, for

solutions of certain other elliptic equations as well).

150



The paper is organized as follows. In Section 5.2, we recall some known results from
the theory of elliptic PDE. In Sections 5.3 and 5.4, we give the proofs of Theorems 5.1 and

5.3, respectively.

5.2 Preliminaries

In this section, we record some known estimates for elliptic harmonic measure w; associ-
ated to a divergence form operator L as in (5.1) and (5.2), and for solutions of the equation
Lu = 0, in an open set Q with an ADR boundary. We recall that, as a consequence of
the ADR property, every point on € is regular in the sense of Wiener (see, e.g., [HLMN,

Remark 3.26, Lemma 3.27]).

Lemma 5.4 (Bourgain [Bo]). Let Q C R"! be an open set, and suppose that 6Q is n-
dimensional ADR. Then there are uniform constants ¢ € (0,1) and C € (1, ), depending
only on n, ADR, and the ellipticity parameter A, such that for every x € 0€, and every

r € (0,diam(0Q)), if Y € Q N B(x, cr), then

Wl (A(x,1)>1/C>0. (5.4)

We refer the reader to [Bo, Lemma 1] for the proof in the case that L is the Laplacian,

but the proof is the same for a general uniformly elliptic divergence form operator.

We note for future reference that in particular, if * € 9Q satisfies |[X — X| = 6(X), and

Ay := 8Q N B(%,106(X)), then for a slightly different uniform constant C > 0,
wi(Ax) = 1/C. (5.5)

Indeed, the latter bound follows immediately from (5.4), and the fact that we can form a

Harnack Chain connecting X to a point Y that lies on the line segment from X to %, and
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satisfies |Y — X| = co(X).
As a consequence of Lemma 5.4, we have the following.
Corollary 5.5. Let Q C R™! be an open set, and suppose that dQ is n-dimensional ADR.

For x € 0Q, and 0 < r < diam 09, let u be a non-negative solution of Lu = 0 in QN B(x, 2r),

which vanishes continuously on A(x,2r) = B(x,2r) N 0Q. Then for some a > 0,

S\ 1
u¥Y)y<cC < . ) BCr. 20| //B(Lzr)mu, YY€eBx,rnQ, (5.6)

where the constants C and a depend only on n, ADR and A.

5.3 Proof of Theorem 5.1: BMO-solvability implies w €
weak-A.,

The basic outline of the proof follows that of [DKP], but the lack of Harnack Chains re-
quires in addition some slightly delicate geometric arguments inspired in part by the work

of Bennewitz and Lewis [BL].

We begin by recalling the following deep fact, established in [BL]. Given a point X € €,

let X € 0Q be a “touching point” for the ball B(X, 6(X)), i.e., |X — X| = 6(X). Set
Ay = A(%,106(X)) . (5.7)

Lemma 5.6. Suppose that 0€2 is ADR, and suppose also that there are positive constants

co and n < 1, such that for each X € Q, and for every Borel set F C Ay,
o(F)>(1-npody) = o F)>c. (5.8)

Then w" € weak-A(A), where A = B N 8Q, for every ball B = B(x,r), with x € 6Q and

0 < r < diam(0Q), and for all Y € Q\ 4B. Moreover, the parameters in the weak-A.,
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condition depend only on n, ADR, n, cy, and the ellipticity parameter A of the divergence

form operator L.

Remark 5.7. Lemma 5.6 is not stated explicitly in this form in [BL], but may be gleaned
readily from the combination of [BL, Lemma 2.2] and its proof, and [BL, Lemma 3.1].
We mention also that the paper [BL] treats explictly only the case that L is the Laplacian,
but the proofs of Lemma 2.2 and Lemma 3.1 in [BL] carry over verbatim to the case of a

general uniformly elliptic divergence form operator with real coefficients.

Given the BMO-solvability estimate (5.3), it suffices to verify the hypotheses of Lemma
5.6, with n and ¢y depending only on n, ADR, A, and the constant C in (5.3). To this end,

we fix X € Q, and for notational convenience, we set
r:=46X).

We choose X € dQ so that |[X — X| = r, and let a € (0,7/10000) be a sufficiently small

number to be chosen depending only on n and ADR. We then define Ay as in (5.7), and set
By := B(%,10r), By :=B(%,ar), Ay:=A(%ar). (5.9)

We make the following pair of claims.

Claim 1. For a small enough, depending only on n and ADR, there is a constant 8 > 0
depending only on n, a, ADR and A, and a ball B := B(x;,ar) C By, with x; € 0, such

that dist(B%, By) > Sar, and
X X
wi(A) 2 Bwip(Ax), (5.10)

where A| := B; N Q.
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Claim 2. Suppose that u is a non-negative solution of Lu = 0 in €, vanishing continuously

on 2A%, with [|u|[.~) < 1. Then for every € > 0,

12
u(X) < C, L ﬂ IVu(Y)[?6(Y) dY + C&", (5.11)
o (Ax) M e

where « > 0 is the Holder exponent in Corollary 5.5.

Momentarily taking these two claims for granted, we now follow the argument in
[DKP], with some minor modifications, in order to establish the hypotheses of Lemma
5.6. Let By and A, be as in Claim 1. Let FF C Ay be a Borel set satisfying the first in-
equality in (5.8), for some small 7 > 0. If we choose i small enough, depending only on n,

ADR, and the constant a in the definition of BY, then
o(F) > (1= i) o(A),
where F| := FNA;. Set A; := A\ Fy, and define
f := max (O, 1+ ylogu(lA,)) ,

where y is a small number to be chosen, and u is the usual Hardy-Littlewood maximal

operator on 0€). Note that

0<f<I, I/ lzmowe) < Cy, Is, < f. (5.12)

Note also that if z € 0Q \ 2B, then

o(A)
o(Ar)

u(lg)(@) < S V.

where the implicit constants depend only on n and ADR. Thus, if 77 is chosen small enough

depending on vy, then 1 + ylog u(1,4,) will be negative, hence f = 0, on 0Q \ 2B,.
In order to work with continuous data, we shall require the following.

154



Lemma 5.8. There exists a collection of continuous functions { f}o<s<ar/1000, defined on 0€,

with the following properties.

1. 0< f; < 1, for each s.
2. supp(fy) € 3B; N 0L
3. 14,(2) < liminf,_g fi(2), for w*-a.e. 7 € OQ.

4. sup; |l fsllsmoway < Clifllsmowa) < v, where C = C(n, ADR).

The proof is based on a standard mollification of the function f constructed above. We

defer the routine proof to the end of this section.

Let u; be the solution of the Dirichlet problem for the equation Lu, = 0 in €2, with data
fs- Then, for a small € > 0 to be chosen momentarily, by Lemma 5.8, Fatou’s lemma, and

Claim 2, we have

wi(A)) < / lim inf f, dw® < liminf u,(X) < Coy + Ce", (5.13)
i 57 =

where in the last step we have used (5.11), (5.3), and Lemma 5.8-(4). Combining (5.13)

with (5.5), we find that
wi(A) < (Coy + C&%) wi(Ax). (5.14)

Next, we set A := Ay \ F, and observe that by definition of A and A;, along with Claim

1, and (5.14),
wi(A) < wi(Ax\ A + w}(A) < (1=B + Coy + C&") w(Ay).

We now choose first € > 0, and then y > 0, so that C,y + Ce® < 8/2, to obtain that

P o = o,

wi(F) > >
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where in the last step we have used (5.5).

It now remains only to establish the two claims, and to prove Lemma 5.8.

Proof of Claim 1. By translation and rotation, we may suppose without loss of generality
that ¥ = 0, and that the line segment joining X to X is purely vertical, thus, X = re,.,
where as usual e,,; := (0,...,0,1). Let I,I",I"” denote, respectively, the open inverted
vertical cones with vertex at X having angular apertures 200a, 100a, and 20a, respectively
(recall that a < 7/10000). Then By C I'” (where B is defined in (5.9)). Let By := B(X, r)
denote the open “touching ball”, so that By N dQ2 = (), and define a closed annular region

Ry := 5By \ By. We now consider two cases:

Case 1. 0Q N (Ry \ I) is non-empty. In this case, we let x; be the point in dQ N (Ry \ I')
that is closest to X (if there is more than one such point, we just pick one). Then by
construction r < |X — x;| < 5r, and the ball B, = B(x;, ar) misses I, hence dist(B;, By) >
dist(B;,I"”") > Sar. Moreover, since x; is the closest point to X, setting p := |X — xi|, we

have that Q' N 0Q = @, where
Q = (BX,p)\T) UB,.

Consequently, we may construct a Harnack Chain within the subdomain ' C €, connect-
ing X to a point Y € B(xy, car) N Q’, with 6(Y) > cr/2, where c is the constant in Lemma

5.4. Thus, by Harnack’s inequality and Lemma 5.4,

wy (A 2 wi(A) > 1/C.
Since w}(Ax) < 1, we obtain (5.10), and thus Claim 1 holds in the present case.
Case 2. 0Q N (Ry \T') = 0. By ADR, we have that

o (A0, 10ar)) < C(ar)*,  o(B(X,4r)NoQ) > r"/C.
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Thus, for a chosen small enough, depending only on n and ADR, we see that the set 02 N

(B(X, 4r) \ B(0, lOar)) is non-empty. Consequently, under the scenario of Case 2,
a0 N (B(X, )\ B, 10ar)> crT.

Define

B := min {0 € [0,200a) : 9Q N (BXX.4r) \ B0, 10ar)) < [y},

where I’y is the inverted cone with vertex at X of angular aperture 6 (if n + 1 = 2, it may
happen that 6, = 0, in which case 9Q N (B(X, 4r) \ B(0, 10ar) is contained in the vertical

ray pointing straight downward from 0). Then by construction, there is a point
x1 € Ty, NOQN <B(X, 49\ B(O, lOar))

(or, as noted above, x; lies on the downward vertical ray if n+1 = 2 and 6, = 0). Then B; =
B(x;,ar) misses B(0,9ar), so that in particular, dist(B;, BY) > Sar. Moreover, Q' NJQ = 0,
where now

Q= <(B(X, 4r)\Ty) U Bo> \ B0, 10ar)

(with the obvious adjustment if n + 1 = 2 and 6y = 0). Thus, as in Case 1, there is a point
Y € B(xy,car) N Q', with 6(Y) > cr/2, which may be joined to X via a Harnack Chain
within the subdomain Q" C Q, whence by Harnack’s inequality, Lemma 5.4, and the fact

that wf(Ax) < 1, we again obtain (5.10). Claim 1 therefore holds in all cases. B

Proof of Claim 2. As in the proof of Claim 1, we may assume by translation and rotation
that X = 0, and that X = re,,, with r = 6(X). Let I" denote the upward open vertical cone
with vertex at 0, of angular aperture 7/100. We let S denote the spherical cap inside I', i.e.,

S = 8" NT (recall that our ambient dimension is n + 1). Then by Harnack’s inequality,
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letting i denote surface measure on the unit sphere, we have
w0 5 [ wre)du© = [ (ur6) - uerd)) du) + 06 = 1406,
s s
where we have used Corollary 5.5 to estimate the “big-O” term. In turn,

;|
HE ‘ / / — (u(té)) dtd,u(f)‘ < (er)™ // Vu(¥)ldY,
sJer Ot [NR,

where R, := B(0,r) \ B(0, er), and we have used polar co-ordinates in n + 1 dimensions.

We then have

12
| < (er)"r D2 < // |Vu(Y)|2dY)
I'NR,

1/2
< (g) 1A ( // |Vu(Y)|25(Y)dY) :
B(0,r)NQ

where we have used that by construction, I' " R, € B(0,r) N Q, with 6(Y) = |Y| > er in

I' N R,. Estimate (5.11) now follows, by ADR and the definition of Byx. R
Proof of Lemma 5.8. Let £ € Cy(R™), with
supp({) c B(0,1), ¢=1on B(0,1/2), 0<{<1.
Given s € (0,ar/1000), and z,y € 0Q, set
Ay(zy) = bz 9) (s @-y),
where
b(z, s) := /mg(s-l(z —y)do(y) ~ s", (5.15)

uniformly in z € 02, by the ADR property. Furthermore,

/ Az, y)do(y) =1, VYzedQ.
aQ
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‘We now define
£ = /a MG ) do),

so that f; is continuous, by construction. Let us now verify (1)-(4) of Lemma 5.8. We
obtain (1) immediately, by (5.12), and the properties of A, while (2) follows directly from
the smallness of s and the fact that supp(f) € 2B; N 0€). Next, let z € 0Q be a Lebesgue

point (with respect to the measure w*) for the function 14,, so that

1@ = tim [ AL) Ly do) < timinf £(2).
Nd aQ Nd

by the last inequality in (5.12). Since w*-a.e. z € dQ is a Lebesgue point, we obtain (3).

To prove (4), we observe that the second inequality is simply a re-statement of the

second inequality in (5.12), so it suffices to show that

||fs||BMO(aQ) < If ”BMO(BQ) , uniformlyins. (5.16)

To this end, we fix a surface ball A = A(x, r), and we consider two cases.

Case 1: s > r. In this case, set ¢ := fA(x,Zs) f, so that by ADR, (5.15) and the construction

of Aq,

][ fs—cldo < ][ ][ f = cldo < I fllsose -
A A JA(x,25)

Case 2: s < r. In this case, set ¢ := sz + f+ Then by Fubini’s Theorem,

][ 1fs(2) = cldo(z) < lf () =l / A(z,y)do(2) do(y) < || fllsmoe) -
A 2A 0Q

where again we have used ADR, (5.15) and the compact support property of A(z,y).

Since these bounds are uniform over all x € 0Q, and r € (0,diam(9Q2)), we obtain

(5.16). m
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5.4 Proof of Theorem 5.3: w € weak-A., implies L.’ and
BMO-solvability

In this section, we suppose that Q is an open set with ADR boundary 9Q, and that for every
ball By = B(x, r), with xy € 0Q, and 0 < r < diam(0Q), and for all Y € Q \ 4B,, elliptic-
harmonic measure a){ € weak-A,(Ag), where Ay := By N 0Q2. Thus, w{ < o in A, and the
Poisson kernel k¥ := dw; /do satisfies the weak reverse Holder condition (2.4), for some
uniform g > 1. In our proof of BMO-solvability (but not for L? solvability), we shall also
require, at precisely one point in the argument, that the Corkscrew condition (Definition
2.18) is satisfied in Q. Even in the absence of the Corkscrew condition, it may happen that
there is a Corkscrew point X, relative to some particular A (e.g., for every X € Q, this is
true for the surface ball Ay as in (5.7), with X itself serving as a Corkscrew point), and in

this case, we have the following consequence of the weak-RH,, estimate:

1/q
(][ (kXA)"da) < Co)™. (5.17)
A

Indeed, one may cover A by a collection of surface balls {A” = B’ N 9Q2}, in such a way that
X, € Q\ 4B, but each A’ has radius comparable to that of A (hence o(A’) = o(A), by the
ADR property), depending on the constant in the Corkscrew condition, and such that the
cardinality of the collection {A’} is uniformly bounded; one may then readily derive (5.17)
by applying (2.4) in each A’, and using the crude estimate that w**(2A")/o"(A") < o/(A')™! =
o(A)L

Our first step is to establish an L? solvability result. To this end, we define non-

tangential “cones” and maximal functions, as follows. First, we fix a collection of standard
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Whitney cubes covering €2, and we denote this collection by W. Given x € 0Q, set
W(x):={1 € W : dist(x, ) < 100diam(/)}, (5.18)
and define the (possibly disconnected) non-tangential “cone” with vertex at x by
T(x) = Urew(y - (5.19)
For a continuous u defined on €2, the non-tangential maximal function of u is defined by

N.u(x) := sup |u(Y)|. (5.20)

YeT(x)
Recall that ¢ denotes the (non-centered) Hardy-Littlewood maximal operator on Q2. We

have the following.

Proposition 5.9. Suppose that there is a g > 1, such that (2.4) holds for the Poisson kernel
kY, for every surface ball A = B N 8Q, centered on 0Q, provided Y € Q \ 4B. Given g
continuous with compact support on 0€), let u be the solution of the Dirichlet problem for

L with data g. Then for p = q/(q — 1), and for all x € 02

Nou(x) s (u(lgl”)(x)'” . (5.21)

Thus, for all s > p, the Dirichlet problem is L*-solvable, i.e.,

IV.ullsoo) < Csllgllzsoo) - (5.22)

Remark 5.10. Asis well known, the weak-RH,, estimate (2.4) is self-improving, i.e., weak-
RH, implies weak-RH,.,, for some & > 0, thus, in particular, one may self-improve (5.22)

to the case s = p.

Proof of Proposition 5.9. Splitting the data g into its positive and negative parts, we may

suppose without loss of generality that g > 0, hence also u > 0. Let x € 0Q, fix Y € YT(x),
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and let € 0Q) be a touching point such that |Y — | = 6(Y). Set
Ay = A($,10005(Y)), By := B($,10005(Y)) ,

and note that x € A}. Define a continuous partition of unity > ., ¢ = 1 on dQ, such that

0 < ¢ < 1 forall k > 0, with
supp(go) C 4A},  supp(pr) C Ry := 2°2A5 \ 2FA}, k> 1, (5.23)

set gr = gy, and let u; be the solution of the Dirichlet problem with data g;. Thus,

u=>y. 10 Ui 10 €. By construction, Y is a Corkscrew point for 4A}, and x € 4A}, hence

uO(Y)</ gokVdo < (][
oQ 4A%

Y

1/p
g’ d«f) < (u(g)w@)'",

where in the next to last step we have used (5.17).

Next, we claim that

w(Y) < 27 (u(g”) ()" . (5.24)

Given this claim, we may sum in k to obtain (5.21). Thus, it suffices to verify (5.24). To

this end, we set
Wy ={leW: Imeets 2°"'By}, W] = {leW,: I)=27},
and for each I € W, we fix a point X; € I N 2"‘13*{/, and we define
A=Ay, ,

as in (5.7), with X = X;. We now choose a collection of balls {B;} <<y, with N depending
only on n and ADR, and corresponding surface ball A; := B; N 02, such that R, C UfilA,-,

and such that foreachi =1, 2, ..., N,

rg, ~25r and 2Y'Bj c R™'\ 4B;.
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Then by definition of Ry (see (5.23)), and the ADR property,

p s/ N 1
(X)) < / gdw™ < %) (7[ g’ dff) (Z ][ (k) d(f)
Ry 264277, 1 YA

1/p
< <][ g”d0'> < (,u(gp)(x))l/p, (5.25)
NS

/q

where in the next-to-last step we have used the weak-RH, estimate (2.4) in each A;, along

with the crude bound w*’(2A;) < 1, and the fact that each A; has radius 7y, ~ 2*r.

Next, by Corollary 5.5,

1
w(Y) s 274 // u(Z)dZ
¢ 12 1By J) 21800 ‘

|
27" (2kpyr+1 Z Z//Iuk(Z)dZ

Ji 2772k Ie’W-,i

1
T 2 2L T ()

Ji27ig2kr IEW,{

1 ,
2 (u(8)0) " e D 2 DDA,

ji2ig2ky IG(W,{

A

&

A

where in the last two lines we have used Harnack’s inequality in the Whitney box 7, and then
(5.25) and the definitions of ‘W,{ and of A;. For each fixed j, the surface balls A;, I € (W,i
have bounded overlaps, and are all contained in a surface ball of radius =~ 2kp, thus, we

obtain the claimed bound (5.24), by the ADR property of 9€2. B

With Proposition 5.9 in hand, we turn to the proof of BMO-solvability. Our approach
here follows that in [DKP], which in turn is based on that of [FN]. We now suppose that the
Corkscrew condition holds in €, and that L is the Laplacian. In this case, by the result of
[HM] (see also [HLMN] and [MT]), the weak-A, condition for harmonic measure implies

that 0Q is uniformly rectifiable, and thus, by a result of [HMM?2], we have the following
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square function/non-tangential maximal function estimate: for # harmonic in €,

/m (Su)’ do < c,,/ (Nau)' do, (5.26)

0Q

where C,, depends also on 7, and the UR constants for 92 (and thus on the ADR, Corkscrew

and weak-A., constants), and where

1/2
Su(x) := ( // |vu(Y)|25(Y)1-"dY> ,
T(x)

and T(x) and N.u were defined in (5.19) and (5.20).

Now consider a ball B = B(x, r), with x € 0Q, and 0 < r < diam(dQ2), and correspond-
ing surface ball A = B N 0Q. Let f be continuous with compact support on 0€, and set
h := f — ca, Where cp = f40 + f- We construct a smooth partition of unity >, ,¢x = 1 on
0Q as before, but now with 10A in place of A}. Set Ay := hyy, and let u; be the solution to

the Dirichlet problem with data /. Set
WB::{IEW:ImeetSB}, ‘Wé::{IE‘WB:{’(I):Z_j},

and for each I € ‘Wi, fix a point X; € I N B. As above, let A; := Ay, be defined as in (5.7),

and note that by construction,
zeA;, = e W(),

where W(z) is defined in (5.18). Consequently, given z € €2,

3 // Vuo(V)P 6(Y)' " dY < (Su()’. (5.27)
1

I: ZGA[

Let us note also that

IG(WB - A[CA(X,CI") = A*,
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for C chosen large enough. We then have

// Vu(NF s dY < ) / [Vuo(V) 6(Y) dY
BNQ 1

]EWB

Z ][ // \Vuo(Y)? §(Y) dY do
Af 1

IGWB

/ (Suo(2))’ dor(z)
N

2/p
a(A)P2IP ( / (Suo(z))pdcr(z)> ,
A

X

A

A

where in the last two steps we have used the ADR property and (5.27), and then ADR

again. Therefore, by (5.26), and then Remark 5.10, and the definition of u,

1 2/p
5 | R amar < o ( | |f—CA|P) < 1 Buromy -

For k > 1, we set g, := || = |f — caler, and let v, be the solution of the Dirichlet

problem with data g;. Thus, |u| < v,. For k > 0, set
B :=40B = B(x,40r), B.:=2'B, A, :=B.NoQ,

and let A; be a sufficiently large concentric fattening of A;. Given I € W, define I" =
((1 + 7)1, with T chosen small enough that dist(/*, 9Q) ~ dist(/, 0Q) =~ diam(/). Then for

YelI',with] € (W{g, by Corollary 5.5,

o«nh\* 1 N —a
vi(Y) < ((T)) // Vi S (2’2"1’) ][ N.vido
2r ) Bl JBina AL
l/p 1/p
s (272)7° (7[ (N*vk)pd0'> < (272%)7° (][ | f—cA|Pda>
Ay A2

k
< k(272%) NI fllsmowe »

where in the last two steps we have used Remark 5.10, and a well known telescoping
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argument. Consequently,

// VuVP6ydy s Y i) // V(YR dY
BNQ 1

IE(WB
s > [ mmparas
IeWpg r
—oka P\ 2
< k22 ||f||129M0<aQ) Z (zjr) Z o(Ap)
Ji27isr IeW),
< kP27 ||f||%M0(aQ) o(AY),

since for each fixed j, the surface balls A; with I € ’W{; have bounded overlaps, and are all
contained in A* = A(x, Cr). Dividing by o(A*) and using ADR, we may then sum in k to

obtain (5.3), thus concluding the proof of Theorem 5.3.
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