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Chapter 1

Introduction

This thesis is a compilation of work done in the field of oscillators. One topic is
an investigation into impact oscillators and their properties. The second topic is
concerned with excitation of oscillators. The thesis begins with mathematical pre-
liminaries; this chapter will explain Hertzian contact and Melnikov theory. The next
chapter investigates a mathematical model utilizing Hertzian contact to predict the
behavior of a steel pendulum bob striking an aluminum alloy barrier. The model
is shown to capture the qualitative and quantitative behavior of the impact oscilla-
tor and demonstrates a new qualitative effect: Existence of a non-monotone period
function. The following chapter will prove the existence of a non-monotone period
function for more general impact oscillators. The final chapter is devoted to excitation

of energy in periodic or nearly periodic classical Hamiltonian systems.



Chapter 2

Preliminaries

2.1 Hertzian Contact

Hertzian contact describes a method for finding the displacement in surfaces when
two elastic solids collide. The formulation of Hertzian contact used in later chapters
is concerned with the displacement caused by a sphere impacting the plane, so the
overview in this chapter will only be concerned with sphere-to-plane contact. We
assume that the sphere is rigid. This approximation is valid as our experiments
involve a steel bob impacting an aluminum surface. The elastic modulus of steel
is much greater than aluminum, hence the displacement of points on the sphere’s
surface will be negligible compared to the displacement of points on the planar surface.
Finally, we assume the depth of penetration of the sphere will be small compared to
the radius of the sphere. For more information on the derivation of Hertzian contact
(or other contact mechanics) the reader is referred to [9, 13].

The surfaces of the sphere of radius R (z = R—+/R? — 22 — y?) and plane (z = 0)
near the point of initial contact (taken to be the origin) are denoted by S; and S,
respectively. The contact region that results when the sphere impacts the plane will be

circular. Let a be the radius of the contact region and A := {(x,y)| 2? +y* < a®}. As



the contact region is circular, it will be beneficial to represent points in the contact
region in polar coordinates. The key element of Hertzian contact comes with the
choice of how to define the pressure distribution at each point in the contact region.
Hertzian contact utilizes a pressure distribution, in polar coordinates (r,#), of the
form p(r) := %\/j Do m, 0 < r < a, where pg is the pressure along
the z-axis.

We define the normal (tangent to the z-axis) displacement at a point (z,y) on the
displaced surface S by us(\/ﬁyQ) Using a result of general contact mechanics

(see [13]), the normal displacement at a point (z,y) in the contact region is given by

_ 2
us(v/22 + y?) 1 v // VTP dzdy
w:—x (¥ —y)*

where the constants v, Poisson’s ratio, and E, Young’s modulus, are determined by

the physical nature of each solid. Poisson’s ratio is the ratio of the transverse strain
to the axial strain where the axis is along the direction that the force is applied. The
range of Poisson’s ratio is —1 < v < 0.5, although for most materials 0 < v < 0.5.
Young’s modulus, also known as the elastic modulus, is the ratio of stress to strain for
the range of stresses in which Hooke’s Law holds. Using the polar change of variables

T =2x+ scos(w), y =y + ssin(w), the normal displacement can be rewritten as

o 2T
ug(r _ 1 v / / t) ds dw (2.1)

where r = \/x? + y? and the relationship between s, w, ¢, r and s; in the contact

region is shown in Fig. 2.1.

Using the Law of Cosines and the definition of the Hertzian pressure distribution,
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Figure 2.1: An illustration of the contact region. The points B and C have cartesian
coordinates (z,y) and (z,y) respectively (for simplicity of the figure, we have shown
y = 0). The distance from the origin to point B is r and the distance from the
origin to point C'is t. The distance from point B to point C' is denoted by s with
corresponding angle w. The quantity s; is the distance from point B to the boundary
along the direction given by w.

t? = r? + s* + 2rscosw and we can express equation (2.1) as

1— 1?2

wst) = (o) () [ [ V@ B = AP s

where a? = a? — % and 3 = r cosw. Integration in s yields
1— 2 2 2 2 1
usr) = () () [ G~ actan(2) - pad

1 — 2 2T
— E”)(Z_Z)/O 0? + 82 du

.2 27

- (1 E”)(Z—E)/ a?® — r? cos? w dw
0

1 — 2

— ( =

)(520)(2a% = 12).

The quantity ug(r) is the displacement on only one of the surfaces, by defining a new

constant E*,

1 :1—1/124_1—1/%

Ex Ey Ey




it is possible to express the total normal displacement by

ug, (1) + ug, (r) = o (2a* —r?) (2.2)

for 0 < r < a. Here, v, 15, and F;, Fs denote Poisson’s ratios and Young’s modula

for the two solids. However, since surface S; is rigid, Fy — oo, ug,(r) = 0, and

1 _1—V22

E* Es
Alternatively, the normal displacement due to impact of a rigid sphere and a plane
can be expressed by ugs,(r) = § — (R — v/R? — r2) where § is the maximum normal
displacement and R is the radius of the sphere. Using 0 < r < a << R,

2 T2

r
~)— —.
RivREE—r ° 2R

Setting equations (2.2) and (2.3) equal and equating coefficients yields the equa-

ug,(r)y=60—(R—vVR>—r?)=§— (2.3)

tions
TPoa
6 = ——
2F*’
1 TTPo
— = . 2.4
2R da B+ ( )

Solving both equations for E*, equating the results, and solving for a produces the

equation
a=VR). (2.5)

Solving equation (2.4) for py results in the equation

2a %

. (2.6)

Do =

The total load P compressing the solids is related to the pressure by

a 27 2 a 2
P= / / rp(r) do dr = 22 / rVa =1 dr = Zrpod’. (2.7)
0 0 0

a

5



Substituting equations (2.5) and (2.6) into equation (2.7) results in the Hertzian

contact expression

— %53/2,

P
3

(2.8)

which relates the total load to the maximum displacement. It is precisely this term

that will appear in our model of the impact oscillator.
2.2 The Melnikov Function

The Melnikov function is used in this thesis to determine continuation points of

periodic solutions of the system

U= f(u)+eg(u,t) (2.9)

where u € R? and g(u,t) a periodic function in ¢ with period Q. We also require the

unperturbed system

i = f(u) (2.10)

to have a periodic orbit I' with period €2 contained in a non-isochronous period annulus
and that the period function is monotone in a neighborhood of I'. Derivation of the
Melnikov function also requires extensive use of Diliberto’s Theorem, which is stated

without proof.

Theorem 2.2.1 (Diliberto’s Theorem). Let ¢, denote the flow of the differential
equation 1 = f(u), u € R% If f(§) # 0, then the principal fundamental matriz

solution ®(t) at t = 0 of the homogeneous variational equation

W = Df((€))W (2.11)



with initial condition W(0) = I is such that

o) f(&) = fleulE)),
) fH(E) = alt,)f(ul&) +b(t,E)fH (wu(€))

_ OP s eas
b _ _WWOT | fawie
8 = TFaE@r ’

a(t,§) = /O(2ﬁ(8,€)|f(905(§))|—Curlf(sos(é)))b(&i)ds

where k(t,§) denotes the scalar curvature along ¢(§).

Let ; denote the flow of 4 = f(u) and v denote the flow of & = f*(u). Then
(&) = u(t,£,0) where u(t, &, €) is the solution to system (2.9) with initial condition
¢. We now define R(p, ¢) := @y1,(v) where v € I' is arbitrary but fixed. The (p, ¢)
coordinates are defined in an annulus containing [' and have the property that for p
fixed, R(p, ¢) is tangent to f and for ¢ = 0, R(p, ¢) is tangent to f=*.

In these local coordinates, the displacement function in the Poincaré section with

time slice €2 is given by

Ap,6,€) = 6(R(p. 6),€) (2.12)

where 0(&,€) = u(, €, €) — € is the usual displacement function in the Poincaré
section. The goal is to find implicit solutions of (£,¢) = 0 for small € as these

solutions correspond to continuation points.

Proposition 2.2.2. Kerneld¢(£,0) = [f(£)] where [v] denotes the subspace spanned

by the vector v. Moreover, the range of 0¢(&,0) is [f(£)].



Proof. Using the definition of the directional derivative and the group property of the

unperturbed flow,

(6 0S(€) = o(ut, 6,0l

d
= %(U(Q, U(t, 5, 0), 0) - u(ta fa 0))|t:0

d
= E(u(Q +, 67 O) - u<t7 67 O))‘tZO
= fu(€,£,0)) = f(&) = 0.
This shows that [f(£)] € Kernel 6¢(&, 0).

Consider the vector field f+ and the solution u* (¢, ) of the initial value problem

= ft(u), u(0) = & Then,

S(€0)FH(E) = L (16).0) ~ u (6.6
= ug(2,6,0) (6 — fH(©)
where ug(t,£,0) is the principal fundamental matrix solution at ¢ = 0 for the first
variational equation
W = Df(u(t,&0)W, (2.13)
W) = I.
Using Diliberto’s theorem, d¢(€,0) (&) = a(Q,v)f(€) + (b(Q,v) — 1) f+(€). Since I

is contained in a period annulus, b(€2,v) = 1 and

_ e
W)= =50y, ey W70

where ¢(0) is the tangent vector to the Poincaré section at & determined by the

parametrization and (-,-) is the usual inner product.



Using the above representations for a and b,

0¢(&,0)./4(§) = a(,v) f(€) # 0. (2.14)

Since Kerneld¢(£,0) C [f(£)] and [f*(€)] ¢ Kerneld¢(&,0), then Kernelde(£,0) =

[f(&)] and as a consequence of equation (2.14), the range of d¢(&,0) = [f(¢)]. O

We define H(p, ¢,€) := P - Ap, ¢, €) where P := P(¢) is the projection onto the
range [f(¢e(v))] of the linear map d¢(p4(v),0). Using the usual inner product, we

can also define H by (p,¢.¢) — (A(p, é,€), f(0s(v)). So, H,(0,$,0) is given by
(Ap(0,9,0), f((v)))-
Using Proposition 2.2.2 and Diliberto’s theorem, we have
Ap(0,0,0) = de(pp(v),0) R, (0, )

= Je(04(v), 0) Doy (v) f(v)
= de(04(v), 0)(a(9) f(s(v)) + () [ (2s(v)))
= b(¢)de(0s(v), 0) f* (w4 (v))
= b(@)a(€d,v)f(py(v)).

H,(0,9,0) = (b(¢)a(2,v)f(¢s(v)), f(2s(v)) = b(d)a(Q,v)|f(ps(v))* # 0,

and we can apply the implicit function theorem to obtain an implicit function 7(¢, €)
such that n(¢,0) = 0 and H(n(¢,€),¢,€) = 0. Also, since the function produced by
the implicit function theorem is unique and A(0, ¢,0) = 0, then n(¢,0) = 0.

We want to consider the zeros of the reduced displacement function A given by

(6,€) = Q(O)(AM(,€), 0,€)) = (An(d,€), b, €), [ (ps(v)))

9



where (¢) is the linear projection onto the complement of the range of d¢(¢4(v),0).
We can also make the further reduction A(¢,€) = €(A(¢,0) + O(€)) by expanding
about € = 0.

Let us define the bifurcation function B : R — R by

B(¢) == Ac(¢,0).

The simple zeros of B are the continuation points. In order to obtain an expression
for the bifurcation function, compute the derivative of /~\(¢, €) at € = 0 to obtain the

formula

B(¢) = (A,(0,9,0)1(¢,0)+A(0, 6, 0), f*(05(v))) = (Ac(0,9,0), f*(26(v))). (2.15)

To find a formula for the partial derivative A.(0,¢,0), use the definition §(,€) =

u(£2, €, €) = £ to obtain the equation
Ac(0,0,0) = u (82, py(v),0). (2.16)

The linear map u.(€2,&,0) is the solution of the second variational equation W=
Df(ei(&))W +g(ei(€)), W(0) = 0. The solution is given by the variation of constants

formula

w(2,€,0) = B(Q) / 3 (s)g(ps(6))ds (2.17)

where ®(t) is the principal fundamental matrix solution of the first variational equa-

tion (2.13) which is represented as a linear transformation by
_ (1 atg)
v0=(o 56 )

10



In order to simplify the formula given by variation of constants, let us express ¢ in

the form g(p1(€), ) = e1(t,€)f(2e(€)) + ea(t, €) F-(1(€)) where

1
cl(t7§) = | (Qotl(g))|2< ( (5)7t)7f(90t<§))>7

Substituting the expressions for ® and g into equation (2.17) and simplifying yields

the equation

ue(€2,€,0) = (N(€) +a(2,§)M(£)) f(€) + M(£) f(€) (2.18)

where M and N are defined by

_ o 1 Qe‘ Jo divf(pe(€))dt s
Q) = / () A gls(6)) ds,
_ Q 1
N = | e o) e ds

[ a9 ;

Replacing £ by ¢4(v) and substituting equation (2.18) into equation (2.15) yields the

the simplified representation

B(¢) = |f(o(v) "M (6).

Thus, ¢ is a continuation point if and only if ¢ is a simple zero of the Melnikov

function

Q
M(g) = / e~ I8 I eers D (o () A g(pars(0),1).

The sign of the Melnikov function determines the drift in a direction transverse
to the unperturbed orbit I". Also, since the period function is monotone in a neigh-

borhood of I', the drift of the unperturbed Poincaré map is in opposite directions

11



on opposite sides of the resonant orbit. A plot of these directions at two continu-
ation points is shown in Fig. 2.2. The configuration shown in Fig. 2.3 is called an
island chain. For a more in-depth study of invariant chaotic sets and transient chaotic

behavior present in the island chain configuration see [3].

12



Figure 2.2: The left figure depicts a resonant periodic orbit as a manifold of fixed
points in the Poincaré section. In this illustration, the two larger points represent the
continuation points corresponding to the zeros of the Melnikov function. The ”twist”
in the tangential directions is due to the changing period function while the normal
"push” directions are due to the perturbation as detected by the Melnikov function.
The right figure shows the local directions of twist and push near these continuation
points.

Figure 2.3: This figure depicts the continuation points in Fig. 2.2 after perturbation.
The stability types are as would be expected given the twist and push near those
points. The rotation point is depicted as a center in this illustration, but it can be a
source or a sink depending on the nature of the perturbation.

13



Chapter 3

The Impact Oscillator

3.1 Introduction

The behavior of piecewise smooth dynamical systems has practical relevance to many
areas of science and engineering. For instance, motion dependent discontinuities are
often deliberately included in machinery models to accommodate part tolerances,
a working clearance, or the finite accuracy of a manufacturing process [19]. Other
examples include gear trains with backlash, systems with dry friction, and the appli-
cation of impact dampers for vibration amplitude reduction. Much of the previous
work on systems modeling the impact of two solids has focused on piecewise linear
systems that have a discontinuity in the force-displacement relationship. Although
these systems are piecewise linear, the mere presence of a discontinuity—in these oth-
erwise linear systems—allows for the manifestation of highly nonlinear behavior [25].
While impact oscillators have been studied extensively (see [1, 2, 11, 12, 15, 19, 17,
18, 20, 21, 22, 24, 25, 26, 28)]), the full range of associated phenomena remains to be
explored.

We will investigate the predictions of a mathematical model for a laboratory ap-

paratus consisting of a pendulum and an elastic barrier, which are rigidly attached to

14



a shaker table, together with computerized data acquisition for the pendulum’s an-
gular position. Our model incorporates Hertzian contact between the spherical steel
pendulum bob and the aluminum alloy barrier.

We show that our model captures the qualitative and quantitative behavior of the
impact oscillator; and, we report a new qualitative effect: In the impact regime for a
predictable range of energies, the oscillation frequency increases for small increases in
energy near grazing, reaches a maximum and then decreases for moderate increases
in impact energies, and increases again as the energy is further increased. This
phenomenon is explained in detail and demonstrated using experimental data. In
addition, we discuss experimental verification of a theoretical prediction, involving
synchronization of the system with periodic external forcing at resonance, that follows

from the existence of this non-monotonicity.
3.2 Mathematical Model

Consider a horizontally periodically forced pendulum that encounters a barrier when
the pendulum’s angular position x (measured counterclockwise relative to the down-
ward vertical) is x. (see Fig. 3.1).

The kinetic energy for the pendulum, forced at an excitation frequency €2 and

amplitude A, is

1 2 2
T = §m[<AQCOSQt+Lj:cosx> + <L9'csinx> },

where m is the pendulum mass and L is the pendulum effective length. Here, the
pendulum effective length refers to the distance between the pendulum pivot point and

the pendulum center of mass. Because the mass in this physical system is distributed

15



along the pendulum shaft and bob, the effective length differs from the total length,
[, which is the distance from the pivot to the sphere center of mass. The pendulum’s

potential energy when not in contact with the barrier is
V =mgL(1l — cosz).
Using Lagrange’s equation

d(@T) oT 3V_0

(=) -+ 5=
dt \ Oz Jor O
and inserting damping forces, the equation of motion for the pendulum during the

contact and non-contact regimes is

2

¥+ 2Cwi + aw?sgn(i) — sin Qt cos v + w?sinx

l
ml?

+

H(x —z.)(Fo(x —x.) + Vo(t, 2 — 2.)) =0, (3.1)

where H is the Heaviside function, F,. is the contact force function that occurs at
distance [ from the pendulum pivot point, V. is the elastic damping force, ( is the
viscous damping ratio, w? = g/L is the square of the pendulum’s natural frequency,
aw? is the magnitude of the Coulomb damping, and H is the Heaviside function.

The Hertzian contact force is given by
4 . N3/2
F.(x)= gE\/E(l sinx)*/)

where E' is the elastic modulus of the aluminum alloy (AL 7050-T7651) barrier and
R is the radius of the sphere that impacts the barrier. We take the elastic damping

force to be

Vo (&, ) = pwi(sin )32, (3.2)

16



Asin(Q1)

Figure 3.1: Schematic drawing of the experimental apparatus. The pendulum pivot
and the barrier are rigidly attached to a shaker table that is designed to oscillate
horizontally at a specified amplitude and frequency.

where p is the barrier damping coefficient (see [12, 19]).

The equation of motion (3.1) is made non-dimensional by changing the time-scale
via t — t/w. After simplifying and replacing the sine function in the contact term
by the first term of its Taylor series centered at x. (which is justified by the small
penetration depth and the presence of the Heaviside function factor), and replacing
the Coulomb damping term sgn(4) by the smooth approximation 2/ arctan(100z),

we obtain the smooth dimensionless model equation

2
¥+ 2¢t + a— arctan(100%)
m

Q
—Bsin(—t)cosx +sinz + (v + pi)(z — x.)?H(x — x.) =0, (3.3)
w
where
AQ? AIP2ERY/?
p= w2L’ 7= 3w2mlL?

While the equation of motion incorporates the discontinuous Heaviside function,
we note that the contact term is class C* due to the presence of the Hertzian pene-

tration function given in the model equation (3.3) by (z — x.)%2.

17
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Figure 3.2: Overlay of graphs of the angular position versus time of the unforced
pendulum with no barrier obtained by simulation and experiment using the pendulum
estimated parameters given in display (3.4). Time series show experimental data
(represented by dots) and the simulated data (continuous line).

The physical parameters corresponding to our apparatus are

m =~ 0.0326Kg, R=~0.0095m, [=~0.0524m, z.~ 0.323,

wa13.752sec”!, L= % ~ 0.0519m, (¢~ 0.000145, «a =~ 0.00206.
w

(3.4)

The (dimensionless) damping ratios ¢ and « along with the pendulum’s natural fre-
quency w are identified from experimental data, for the unforced pendulum with no
barrier, by a least squares minimization procedure. The barrier damping coefficient
4 and the dimensionless parameter «, which is proportional to the elastic modulus
E| are determined similarly from experimental data for the unforced pendulum with
barrier. The amplitude A and frequency () are control parameters.

The statically measured parameter values for m, R, and [ together with the iden-
tified values of (, a and w give a good fit to experimental data for the unforced

pendulum with no barrier (see Fig. 3.2).

18



[

-

Figure 3.3: Phase portrait for the undamped, unforced impact oscillator, where x is
the angular position and y is the velocity.

3.3 The Undamped Unforced Pendulum With Bar-

rier

We set ( = a = p = =0 in equation (3.3) and consider the equivalent first-order

system

( Z ) B ( —sinz — y(z _yxc)émx_xc) ) = flz,y). (3.5)

0. 6}
0. 55}
0. 5¢
period (s) 0. 45}
0. 4t
0. 35¢

0. 3¢
-2 -1.5 -1 -0.5 [e]
negati ve x-i nt er cept

Figure 3.4: The figure shows the graphs of period functions of system (3.5), where the
horizontal axis is the negative z-intercept of the periodic orbits. We associate each pe-
riodic orbit with its negative z-intercept. The graphs are for the undamped unforced
system (3.5) converted to the original time measured in seconds (i.e. the periods are
divided by w). The corresponding graphs appear in the order v = 0, 1,102, 10°, 10°
in the figure from top to bottom.

Linearizations at the physically realistic rest points of system (3.5), (0,0) and
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(—m,0), correspond to the (linear) system matrices

Df(0,0):(_(l) é) Df(—w,O):(? (1))

By the usual analysis, using their eigenvalues and eigenvectors, it follows that (—,0)
is a hyperbolic saddle point with stable manifold tangent to ¥ = —x and unstable
manifold tangent to y = x. The rest point (0, 0) is non-hyperbolic; it corresponds to

a linear center. System (3.5) is Hamiltonian, with Hamiltonian

1 2
E(z,y) = §y2 —cosx + g’y(q: — xc)gH(a: —x.)+ L.

Since orbits of system (3.5) lie on level sets of E, it follows that (0,0) is a center.
The phase portrait of system (3.5) is depicted in Fig. 3.3. The region of the phase
portrait corresponding to the physical regime is a homoclinic loop at the saddle point
surrounding an annulus of periodic orbits whose inner boundary is the center at the
origin. Because the depth of the penetration of the pendulum mass into the barrier is
very small compared with the scale of the figure, the periodic orbits surrounding the
center and the homoclinic orbit depicted in the figure appear to merge into a vertical
line segment at the angular value x. = 0.323. Of course, these orbits do not intersect.

A numerical approximation of the graph of the period function, which is defined on
the interval (—, 0) in the negative z-axis by assigning to each point in this interval the
minimum period of the corresponding periodic orbit with this intercept, is depicted
in Fig. 3.4. The period annulus consisting of all such periodic orbits with intercept
in this interval is bounded by the homoclinic loop of system (3.5). The negative
direction of the horizontal axis corresponds to an increase in energy. Note the shape

of the graph, as described in Section 3.1: The period function is not monotonic as
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it would be for the pendulum with no barrier; instead, the period function has two
critical points. The critical point near —0.3 (a relative maximum) corresponds to
the effect of the barrier. But, of course, due to the smoothness of the graph, this
critical point does not occur exactly at the orbit corresponding to grazing the barrier.
Rather, it occurs at an orbit with slightly larger energy, which corresponds to a
positive penetration depth at the barrier. Fig. 3.4 shows the period function (with
respect to the time measured in seconds) for several values of the parameter v. The
graph for v = 0 depicts the graphs of the period function for the pendulum in case
no barrier is present. In this case, as is well-known, the period function increases as
energy increases.

By inspection of Fig. 3.4, it appears that the periods decrease as 7 increases.
The minimum period for v = 10° (which corresponds to the elasticity coefficient
E =~ 2.03 x 10') is approximately 0.3sec. The corresponding frequency is approxi-
mately 3.33 Hz. We also note that the local maximum period corresponding to the
critical point near 0.3 is approximately 0.46 sec, which corresponds to the approx-
imate frequency of 2.17Hz. While resonance is theoretically possible outside this
interval, for example, in the range of energies higher than the energy of the orbit
corresponding to the minimum of the period function, our experiments are restricted
to the range of smaller energies. We will show that the theoretical range of values is
consistent with physical experiments. A proof of the non-monotonicity of the period
function for the model equation (3.5), for the case of large v and barrier position at

the downward vertical, is given in the next chapter.
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Figure 3.5: Overlay of angle versus time for the unforced, damped pendulum with
barrier for experimental data (dotted) and simulation (continuous). Here, we have
used v = 2.71 x 10°(corresponding to elastic modulus £ = 5.5 x 10" N/m?) and
barrier damping coefficient p = 9.69 x 10°.

3.4 The Damped Unforced Pendulum With Bar-
rier

With 6 =0,¢ >0, a > 0, and p > 0 in equation (3.3), the equivalent first-order

system is

To= Y,

. 2 .

y = —2Cy— a—arctan(100y) — sinz
T

3

2

- (’Y + ,Uy)(x - xc) H(l’ - xc)' (36>

The physically realistic rest points of system (3.6) are (—m,0) and (0,0). Lineariza-

tions at the rest points yield the matrices

Df<070)_(_01 _2C£M)’ Df(_ﬂ'70>_<(1] _QCiM)'

An eigenvalue analysis shows that (0, 0) is a hyperbolic sink and (—, 0) is a hyperbolic
saddle with stable and unstable manifolds in the same orientation as in system (3.5).
The barrier damping coefficient p and the elastic modulus v are identified from

experimental data obtained by releasing the pendulum from rest at several different
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heights exceeding the height of the barrier. While the supposed form (3.2) of the elas-
tic damping is of course a phenomenological choice, this functional form is consistent
with experiment. For example, Fig. 3.5 shows the graphs for corresponding exper-
imental data and simulation for the pendulum released from rest at approximately
—0.73 radians from the downward vertical in the direction opposite to the position of
the barrier at x, = 0.323 radians. By numerical integration we find favorable fitting
for v in the range 108-10%'. This is consistent with the expected elastic coefficient
E =7.11x 10" (v = 3.5 x 10®) of the aluminum barrier AL 7050-T7651. The values
that produce the smallest least squares error are v = 2.71 x 10 and pu = 9.69 x 10°.

This v value corresponds to elastic modulus E = 5.5 x 10,
3.5 The Forced Damped Pendulum With Barrier

For 8 > 0, the system described in equation (3.3) is not autonomous. The corre-
sponding first-order system is
To=y,

2
y = —2Cy— a—arctan(100y) — sinx
7T

e

—(v+py)(x —x.)2H(x — x.) + ﬁsin(% t)cosx, (3.7)

or, in a more compact form

( “5 ) A ( 5Sin(%0t)cosx ) '

We expect frequency locking (for small damping and small amplitude forcing)

at (1 : 1)-resonance; that is, in case the forcing (circular) frequency Q/w is equal
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Hz Q/(27) zy

0.75 0.70 2.30
1.25 1.24 1.24
1.50 1.48 3.00
1.75 1.76 1.76
2.00 2.00 2.00
2.25 2.24 2.24
2.50 2.52 2.52
2.75  2.76 2.76
3.00  3.00 3.00
3.25 3.24 3.24
3.50 3.52 3.52
3.60 3.60 3.60
3.75  3.76 3.76
4.00 4.00 4.00
4.25 4.24 4.24
4.50 4.52 2.24

Table 3.1: Experimental data recorded with the shaker table frequencies set to the
values in the left-hand column. The corresponding values in the second and third
columns are the computed frequencies (of the shaker table and the angular response
of the pendulum motion) from a Fourier analysis of the data. They correspond to the
highest peaks in the respective spectral amplitudes. Note that the motion is locked in
(1 : 1)-resonance with the parametric periodic force for the input range 1.75-4.25 Hz.
The motion is not in (1 : 1)-resonance for input frequencies 0.75, 1.50 and 4.50 Hz.
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to a natural frequency of the unforced undamped pendulum with barrier (see, for
example, [3, 10, 27]). The available natural frequencies are determined by the period
function described in Section 3.3.

Recall from our discussion in Section 3.3 that the period function decreases as
energy increases in an interval near (but not containing) the position of the barrier.
Thus, (1 : 1)-resonances will occur for periodic parametric forcing with frequencies
much higher than for the corresponding pendulum with no barrier, which has an
increasing period function. From the bottom graph in Figure 3.4, the approximate
range of available natural frequencies (corresponding to the energy range explored
in our experiments) is 2.17-3.33 Hz. According to the experimental data given in
Table 3.1, the physical forced pendulum is locked in (1 : 1)-resonance over the forcing
frequency range 1.75-4.25 Hz. The theoretical region predicted by the model assumes
small damping and small amplitude forcing; and, of course, the experimental data has
some error due to measurement. While the theoretical range is not expected to match
the experimental range exactly, the qualitative behavior predicted by the theory is
verified by our experiments. The frequency spectra for some of the experimental
data corresponding to Table 3.1 are depicted in Figures 3.6, 3.7, and 3.8. Figure 3.6
shows an example of (1 : 1) resonance locking, Figure 3.7 shows an example not
locked in (1 : 1) resonance, and Figure 3.8 shows the change in frequency spectra of
the response as the forcing frequency moves through the region of (1 : 1) resonance
locking. Our theoretical prediction of the range of (1 : 1) resonance locking is verified
by the experimental data.

The lower bound of the frequency locking range is less than that expected for
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Figure 3.6: The top panel shows an overlay of angle versus time for the forced damped
pendulum with barrier for experimental data (dotted) and simulation (continuous)
for v = 2.71 x 10° (corresponding to elastic modulus £ = 5.5 x 10 N/m?) and
barrier damping coefficient 1 = 9.69 x 10°. The shaker table is forced with amplitude
0.0027m and frequency 3Hz. The bottom panel is the frequency spectrum of the
experimental data. The peak at 3 Hz corresponds to the (1 : 1) resonance.
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Figure 3.7: The top panel shows an overlay of angle versus time (in seconds) for
the forced damped pendulum with barrier for experimental data (dotted) and sim-
ulation (continuous) for v = 2.71 x 10° (corresponding to elastic modulus E =
5.5 x 10 N/m?) and barrier damping coefficient g = 9.69 x 10°. The shaker ta-
ble is forced with amplitude 0.0401 m and frequency 0.75Hz. The bottom panel is
the frequency spectrum of the experimental data. There is no dominant peak corre-
sponding to (1 : 1) resonant with the forcing; the oscillator is not locked in (1 : 1)
resonance.
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Figure 3.8: Frequency spectra of experimental data for a range of forcing frequencies.
There is no dominant peak corresponding to (1 : 1) resonance for 1.50 Hz or 4.50 Hz
forcing, but dominant (1 : 1) resonant peaks exist for all frequencies between 2.00 Hz
and 4.25 Hz.
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the pendulum with no barrier. This is a consequence of our basic discovery: the
response period of the unforced undamped pendulum reaches a local maximum at
some critical amplitude larger than the amplitude of the pendulum corresponding
to the barrier position. The period decreases as the amplitude is increased beyond
this critical value until the amplitude reaches a second critical value at which the
response period is a minimum. For amplitudes that exceed this second critical value,
the period increases with increasing amplitude. The available periods of unforced
periodic orbits is increased from the interval of available periods for the pendulum
with no barrier to include the interval of periods bounded by the first and second

critical values.

3.6 Existence of Harmonics

In the previous sections, we showed the existence of a non-monotone period func-
tion for the unforced and undamped pendulum with barrier and (1 : 1) resonance
for forced oscillations near the contact regime. In this section, using Melnikov the-
ory, we will prove the existence of harmonics. To apply this theory, the forcing and
damping terms must be small. We satisfy this requirement in our model equation by
incorporating these terms as a first-order perturbation, with respect to a new (dimen-
sionless) parameter €, of the unforced and undamped pendulum with barrier model.
We will prove the existence of harmonics for sufficiently small e. While we do not
prove the existence of harmonics for the true model equations (e = 1), the main point
here is that perturbed periodic solutions do exist for our mathematical model near
resonances in the regime with damping and forcing. This provides evidence that our

computer experiments, which show the existence of harmonics for the model equation
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with physically correct parameters, are valid and this agrees with the experimental
evidence of frequency locking.

Let us examine the system

T =y
y = —sinx—v(z—xc)%]i(:ﬁ—xc)

2 Q
+ e(—2Cy — a— arctan(100y) + [ sin(
T

—t)cosx
w

— uy(x —x)2 H(z — z.)), (3.8)

or, more compactly,

( U; ) = f(z,y) +eg(z,y.t, ).

Using numerical approximation of solutions of the unperturbed (¢ = 0) system,
we will show the existence (for small €) of an attractor—a stable periodic orbit—
corresponding to a stable periodic point in a (stroboscopic) Poincaré section. In view
of the damping in our system, it is well-known that it suffices to demonstrate that

the Melnikov function, given by

M(l) = /T f(@(0),y(0)) Ng(x(),y(0),0 +1,0) do,

where t — (z(t),y(t)) is an unperturbed solution on a resonant unperturbed periodic
orbit with period 27T, has simple zeros and the derivative of the corresponding pe-
riod function does not vanish at the resonant orbit (see, for example, [3, 10, 27] for
background on the Melnikov function) and Al is the wedge product.

By substitution using equation (3.8) and some simplification, the Melnikov func-

Ya,b) A (c,d) == ad — be
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tion is recast in the form

Q
M(l) = (I + aly + pls + [ cos(

— U1, + ﬁsin(9 DIs,
w w

where 11,15, I3, I, and I5 are given by

zlz_fi —242(0) do,

IQZ“IT; —2 () arctan(100y(0)) do,

= |~ (0)(alo) = 22 H(s(o) ~ ) do
[4:£ y(0) cos(z(0)) sin(2 o) do,

Ii= | y(0) cos(ax(o)) cos(2 o) do,

=T “
x(0) is the positive z-intercept and 27" is the period.

The first four integrals can only be calculated numerically, but the integrand of I

is an odd function in o, so I5 = 0. This reduces the Melnikov function to

Q
M(l)=¢L +alg+u13+ﬂcos(;l)l4. (3.9)
If I, # 0 and the inequality
‘CI1+(M]2+MI3 <1 (3.10)
By

is satisfied, then M has simple zeros; that is, there exists [y such that M(ly) = 0 and
M'(ly) # 0. For example, in case the unperturbed orbit has period 27Q/w ((1 : 1)-
resonance), there are exactly two simple zeros.

The dimensionless forcing is 27w/ periodic, so we must compute the Melnikov
function on unperturbed (resonant) orbits of system (3.8) (with e = 0) whose periods
are rational multiples of 27w /€. The physical regime for our experiments consists of

orbits close to the rest point at (0,0). For each choice of the parameters, we consider
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Figure 3.9: Plot of the homoclinic loop and a (1 : 1)-resonant orbit for the identified
parameter values v = 2.71 x 10° and p = 9.69 x 10°.
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Figure 3.10: Plot of x-intercept vs amplitude of forcing in centimeters for the identified
parameter values v = 2.71 x 10° and g = 9.69 x 10°. The region above the curve
is where inequality (3.10) is satisfied; that is, simple zeros of the Melnikov function
exist.
an orbit close to this rest point whose period is (1 : 1)-resonant with the shaker period.
For example, suppose the dimensional forcing frequency is 3 Hz (2 = 67 sec™!). Using
E =55x10" (v =271 x 10°) and p = 9.69 x 10°, the (1 : 1)-resonant orbit closest
to (0,0) has negative z-intercept = ~ —0.51 (see Fig. 3.9 for a plot of the resonant
orbit). Also, from our numerical calculations, the derivative of the period function is
positive at this orbit.

Inequality (3.10) is an equality whenever the dimensional amplitude of forcing is
given by

WL

A C[1+Oé[2+,u[3
= e

I

A plot of A versus the negative z-intercept of the unperturbed periodic orbit is de-
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Figure 3.11: Four orbits of the Poincaré map in the Poincaré section for system (3.8)
at the time slice 27w/ with Q@ = 67, ¢ = 0.001, and A = 0.03m, but with no
damping (i.e. with ¢, «, and u set to zero). The initial points are (x,y) equal to
(—0.65,0.0), (—0.544,0.0), (—0.510,0.0), and (—0.23,00). The orbit corresponding
to (—0.65,0.0) appears to correspond to an invariant torus with a dense orbit, the
orbits corresponding to (—0.544,0.0) and (—0.510,0.0) are in the island surrounding
the stable harmonic at (1 : 1) resonance with the sharp points of the outer orbit
indicating the presence of a harmonic of saddle type, and the orbit corresponding
to (—0.23,0.0) (which is in the libration regime that does not contact the barrier) is
near a high-order resonance.

picted in Fig. 3.10. The region above the curve corresponds to the intercepts and
forcing amplitudes that satisfy inequality (3.10).

As long as A > 0.0087 cm, the necessary inequality is satisfied and M (l) has
a simple zero. So, for sufficiently small €, the set of resonant periodic orbits will
break into the familiar “island chain” configuration [3]. Fig. 3.11 depicts a typical
example for the case of no damping, where the (1,1) resonance is dominant but
other high-order resonances also produce island chains at a smaller scale (of island
width). In the presense of damping, the sizes of the basins of attraction of stable
harmonics can be very small, but we expect the attractor near the (1 : 1)-resonance
to be dominant. In our numerical experiments, phase locking occurs for the entire
frequency range given in Section 3.5. A plot of a simulated orbit in a Poincaré section
for system (3.8) is shown in Fig. 3.12. The orbit appears to converge to a stable fixed

point of the Poincaré map, which corresponds to an asymptotically stable harmonic of

32



°© o o

<
© o o
o A N O N b O

Figure 3.12: An orbit of the Poincaré map in the Poincaré section for system (3.8) at
the time slice 2w /Q with Q = 67, € = 0.001 and A = 0.03m. The initial point is in
the third quadrant near a zero of the Melnikov function for the (1 : 1)-resonant orbit.
The solution is numerically integrated over the time interval [0, 27w/ and the final
value is saved; it is the value of the Poincaré map applied to the initial point. The
time is reset to zero, and the system is integrated again over the same interval using
the final point as the new initial value. This process (the Poincaré return map) is
iterated 500 times after which the next 1500 final points are plotted. This simulated
orbit of the Poincaré map appears to converge to a stable fixed point.

the forced oscillator. This asymptotically stable harmonic is near the stable harmonic

in Fig. 3.11.

3.7 Conclusion

We have demonstrated that the Hertzian contact model fits data very well for the
impact pendulum and also proven the existence of harmonics under periodic forcing.
Our most important discovery is the non-monotonicity of the period function for the
impact oscillator. We have discussed and experimentally verified one consequence of
this behavior: the unexpected range of forcing for which (1 : 1) resonance occurs. Due
to the non-monotonicity of the period function, harmonics exist for forcing periods
much smaller than those for the pendulum with no barrier. This phenomenon should

be explored for other dynamical systems modeling repeated impact phenomena.
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Chapter 4

Non-Monotone Period Function for
an Impact Oscillator

4.1 Introduction

The study of period functions is important in applied mathematics; especially, to
determine the range of resonances with respect to periodic forcing. Most often, as
in the free-swinging pendulum, the period function is monotone. Techniques for
detecting monotonicity are the subject of much current research (see, for exam-
ple, [5, 6, 7, 8, 23, 29]). On the other hand, we know of only one example in the
literature where a non-monotone period function occurs for a model equation in ap-
plied mathematics, that is the whirling pendulum (see [16]).

As demonstrated in the simulations of the previous chapter, the (conservative)

dimensionless impact pendulum model

Njw

Z+sinz+vyH(x)z2 =0, (4.1)

where v is a positive parameter has a non-monotone period function. In this chapter,
we will prove the non-monotonicity of the period functions for the more general

differential equation

¥+ f(z)+~vH(x)g(z) = 0. (4.2)
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In section 4.2, we state the precise conditions that we require on the functions
f and ¢ for equation (4.2) to have a non-monotone period function. Under these
assumptions, we prove in section 4.3 that the period function is decreasing near the
rest point at the downward vertical and, as a corollary, the period function is non-
monotone. In section 4.4, our non-monotonicity result is illustrated by numerical

integration of the impact pendulum model (4.1).
4.2 The Model Equation

We will assume

H1: there exist positive constants K; and Ky such that f,g : R — R, f €

CH(=K,, Ky)) N CYR) and g € C1(R);

H2: f(0) = f"(0) =0, f"(0) < 0, f(—=K;) =0, f'(—K;) < 0 and zf(z) > 0 on

(—K1,0) U (0, K»);
H3: ¢'(x) > 0 on (0, K2) and g(0) = ¢'(0) = 0; and

H4: for G such that G'(x) = g(z) and G(0) = 0, there exists a positive constant M

such that the inequality

G'(z)? — 2G(2)G"(x)

R(z) := Gy

IN
|
<

is satisfied for 0 < z < K.

We note that H1 and H2 imply f/(0) > 0, and we define F' such that F'(z) = f(z)

and F(0) = 0.
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The differential equation (4.2) is equivalent to the first-order system

T =y,

y = —flx) —~H(x)g(x), (4.3)

which is in Hamiltonian form with Hamiltonian

E(z,y) = %yQ +U(z,7y) = %yQ + F(x) +vH(2)G(z). (4.4)

Moreover, it has rest points in the phase plane at (z,y) = (0,0) and (—K7,0). We
note that for there to be a rest point at (—K7,0) no additional requirement on the
function g is necessary because the Heaviside function vanishes for negative values of
its argument.

System (4.3) has a hyperbolic saddle point at (—Kj,0); and, there is some number
~v1 > 0 such that, for v > =1, this saddle point has a corresponding homoclinic orbit
surrounding the rest point at the origin and a period annulus containing all other
interior orbits. A sample phase portrait for the impact pendulum (4.1) is shown in
Fig. 4.1. In general, the energies of the energy level sets surrounded by the homoclinic
loop increase from 0 at the origin to F'(—K;) at the homoclinic orbit.

We will prove that if v > 0 is sufficiently large, then there is an open interval of
energy levels, bounded below by the energy of the origin, for which the period function
is decreasing. Since the period function increases near the homoclinic orbit and is C*
in the punctured region surrounded by the homoclinic orbit, the period function is
non-monotone for sufficiently large v > 0. We opt for a simple self-contained proof
of this result, which can also be obtained using more general results on the first

derivatives of period functions (see, for example, [8]).
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Figure 4.1: Phase portrait for the impact pendulum (4.1) for v = 5000.

4.3 The Period Function Near the Origin

By our hypotheses, F' is invertible on the interval (— K7, 0] and F+~G is invertible on
[0, K3). For each energy level E in the range (0, F(—K3)), let _(F) := z € (—K3,0)
such that £ = F(x) and x(F,v) := z € (0, K5) such that £ = F(x) + 7G(z).

Because F71(0) =0 and z_(FE) = F~!(E), it follows that limg .o z_(E) = 0.

Lemma 4.3.1. There exists v, > 71 and a positive constant M such that for U as

defined in formula (4.4), we have

(Ux(w77))2 - 2U(CL’,’7)U$$(ZL‘,’7) S -M

W) =7 AL 2

forally >~ and 0 <z < Ks.

Proof. We have that W (z,v) — R(x) as v — oo and, by hypothesis H4, R(z) < —M

on (O,KQ) ]
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Lemma 4.3.2. The function @) given by

2F"(s)F(s) — (F'(s))”
(F"(s))? ’

for s # 0 and Q(0) = 0 is class C*. Moreover, there exist positive constants FEy and

Q(s) =

C such that Q'(s) < 0 for allz_(E) < s < 0 and 0 < Q(z_(E)) < CVE for all

E < Es.

Proof. The Taylor expansion of the function F' at the origin has the form

)\2 ,U2
F(s):?s ~ 51

s+ 0(s),
where \ and p are positive constants. By substituting this series into the formula for

() and simplifying the resulting expression, we see that () has a removable singularity

at s = 0. The regularized Taylor series of () at s = 0 has the form
Q(s) = —c*s + O(s”),

where c is a positive constant. In particular, Q'(0) = —c?.

Thus, there exists § > 0 such that —2¢? < Q'(s) < —c?/2 for all s € (—6,0). Also,
since z_(F) — 07 as E — 07, there exists E; such that —0 < z_(E) < 0 for all
E < E;. So, forall E < Ey and z_(F) < s < 0, we have Q'(s) < 0.

By the Mean Value Theorem, there is some £ € (0,s) and a positive constant ¢

such that

Q(s) = Q(s) — Q(0) = | Q' ()] s] < 2¢*| 5]

for all s € (—4,0). So, Q(z_(E)) < 2c%| z_(E)| for E < Ej.
Using the Taylor expansion of F', we also have

(F _
lim E= )l = lim

E—0*t \/E E~>O+  F gj_ s—0~ /)\2 §2 4 O \/
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Hence, there exists Ey < B, such that |z_(E)| < 2v/E/VA2 for all E < E,.

Combining our results, we have that

Qr_(E)) < 26| x_(E)| < j_r@ —CVE

for all £ < FE5, where we have consolidated constants. Il

Let P be the period function on the period annulus surrounded by the homoclinic
loop for system (4.2). The period for the orbit at energy level E is given by P(E,~),
and the derivative of P with respect to E is denoted P'(E,~).

The next theorem is our main result.

Theorem 4.3.3. Let 5 be the number in Lemma 4.3.1. For fixed v > 7y, there exists

a positive number E, such that P'(E,~v) <0 for all0 < E < E,.

Proof. Fix~y > . For simplicity, we will suppress 7 in the expressions U(x, ), 24 (e, )
and P(E, 7).
Using the Hamiltonian given in equation (4.4) and integrating along orbits, we

arrive at the familiar formula for the period of the orbit at energy level £ (see [4]):

dx

92 x4 (E)
P(E)=— / —_—.
V2 Jemy VE-U(2)
The change of variables s = h(x), where h(z) = sgn(x)\/2U(z), transforms the
integral into

2 V2P s
PLE) = ﬁ /\/ﬁ U'(h=1(s))y/ E — 82 o

After another change of variables, s = v2FE sin 6, the period function is represented

by

o E =
P(E) :2/_g RTETN R :2/_ (h=1) (v/2E sin 0) do. (4.5)

[ME]

Wl
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By differentiating and splitting the integral in two pieces, we have

P(E) = \/>f ) ( \/2E81n9)81n9d0
\/;fo )"(V2E sin 6) sin 0 df
= I+1I.

Lemma 4.3.4. Let Fy be as in Lemma 4.3.2. If 0 < E < FEs, then 0 < I < (Y.

Proof. Rewrite I as

1—\/7/5 7(6))) sin 6 df,

where 7(0) := F~1(Esin?#), which is a well-defined function because F is restricted to
(—K1,0]. Using the formula (h=1)"(h(s)) = —h"(s)/(W/(s))® and making the change

of variables s = 7(6), we have

I et

Substituting in the formula

77 1(s) =sin H(—+/F(s)/F)
and using the definitions of A and 7, the last expression for I simplifies to

P gE
55 ). @ PEvIONE

By Lemma 4.3.2 and the inequalities Q(s) > 0 and F'(s) < 0 on (z_(E),0), it

follows that I is positive and

Qu_(E) [© —Fl(s) VIQu_(E) _VICVE
I<=— —_———ds = < =C,
V2E  Jo (5 \/E — F(s) VE VE
where we have consolidated constants. O

Lemma 4.3.5. Integral I1 is negative and | II| > Cy/(vWE).

40



Proof. By defining 7(0) := U~'(Esin?#) and proceeding as in Lemma 4.3.4, we

express I in the form

L O W) W) U
"=z Ty pEIE R

By Lemma 4.3.1 and the inequality U’(s) > 0 on (0,24 (F)), the integrand is always

negative. Thus, I < 0 and

11| > M =B U(s) p 2MVE
B — 8 = = s
2v2Ey Jo VE —U(s) 2V2Ey  AWE
where we have consolidated constants. O

To complete the proof of the theorem, we choose F, = min(E,, C3/(v*C%)) so that

P(E,y) =1+ II <0 whenever 0 < E < E,. O

Corollary 4.3.6. Let 5 be as in Theorem 4.3.3. If v > 7o, then the period function
for system (4.2) is non-monotone and has at least one critical point in the interval

[E*7 F(_Kl))'

Corollary 4.3.7. Let v, be as in Theorem 4.3.3. If v > 9 and x. > 0 s sufficiently

small, then the period function for the system

T+ f(z)+vH(x —x.)g(x —x:.) =0 (4.6)

18 non-monotone and has at least two critical points.

Proof. Let T'(zo,x.) be the period of the orbit with initial conditions z(0) = z( and

#(0) = 0 for equation (4.6) and define

T(0,z.) = lim T'(xg, x.).

xo—0
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Since T is continuous and the function xy — T'(z0,0) is decreasing near the origin,
there exists Zy near 0 such that 7'(Zy,0) < 7°(0,0). Hence, T'(Zo, Z.) < T(0,0) for z.
sufficiently small.

Alternatively, in a neighborhood of the origin, for z. > 0, the period function
T(xo, Z.) must coincide with the period function of # + f(z) = 0, which is increasing
near the origin.

Because the periods of periodic orbits are unbounded in a neighborhood of the
homoclinic loop boundary of the period annulus under consideration, we have the

desired result. O

4.4 The Impact Pendulum

3 = 0 is a Hertzian contact model

The non-dimensional system & + sinx + yvH (z)z
(see [9, 13]) for an undamped unforced pendulum striking an elastic barrier at its
downward vertical position. The constant v corresponds to the elastic modulus of
the barrier (see [19]).

The functions f(z) = sinz and g(z) = x2 satisfy the assumptions in section 4.2 for
Theorem 4.3.3, which states that there exists a region near the rest point at the barrier
where the period function is decreasing. Using numerical integration techniques with
v = 3.57 x 10% (an approximate value for an aluminum barrier), we are able to
integrate the system numerically and graph its period function.

A plot of the period function near £ = 0 is given in Fig. 4.2, which confirms that
the period function is decreasing near £/ = 0. The interval of decrease is small in this

case because v is large.

Numerical experiments suggest that a version of the decreasing period phenomenon
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Figure 4.2: Period function for the impact pendulum (4.1) with v = 3.57 x 10%.
persists in case the wall is positioned at some positive angle relative to the downward
vertical. The Hertzian contact model for the impact pendulum with wall angle x. > 0

is

N|w

F+sine+yH(x —x.)(x —x.)2 = 0. (4.7)

Theorem 4.3.3 does not apply to the impact pendulum in this case because our
hypotheses are not satisfied. In fact, due to the smoothness of the period function
and its positive derivative in the region of small oscillation with no impacts, there
must exist an interval containing the contact point on which the period function
increases. Our numerical experiments verify this fact and suggest that the period
function will decrease for an interval corresponding to more energetic impacts, reach
a minimum value, and then increase as the energies of the periodic orbits approach
the energy of the homoclinic loop. This scenario is illustrated in Fig. 4.3.

A natural prediction (cf. [3, Ch. 5]) is that harmonic motions of the periodically

forced and damped pendulum with impacts will correspond to low-order resonances
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Figure 4.3: Period function for the impact pendulum (4.7) with ., = 0.281 and
v = 3.57 x 108.

between the forcing period and the available periods of the conservative impact pen-
dulum studied in this chapter. In experiments, where only relatively small oscillations
are feasible, the interval of available periods is the interval corresponding to the lo-
cal maximum and local minimum in Fig. 4.3. By approximating these values, the
range of (1 : 1)-period locking (harmonic motions) has been predicted and verified by

physical experiments in the previous chapter.
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Chapter 5

Oscillator Excitation

5.1 Introduction

An important problem in engineering is finding methods to excite non-linear systems
to higher energy levels. In the case of an electronic circuit, the goal could be to excite
the system into a chaotic regime or to energy levels so high that the dynamics of the
system are radically altered. This has numerous military applications. For example,
if it is possible to excite the electronic system of a hostile tracking and guidance
system to an energy outside of its intended operational envelope, then the likelihood
of the system failing its mission is greatly increased. For applications of this concept,
see [14] where the authors have implemented this idea using specifically constructed
circuits.

For the purposes of our work, we are restricting the underlying dynamical system

to those of classical Hamiltonian form, that is
T+ V'(z) =0,

where x € R is the state variable, the dots represent time derivatives and V' (z) is the

potential energy. Expressing this as a first order system, we have
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v o= =V'(x),
or as a vector equation

W= f(w). (5.1)

The underlying idea is that we are only allowed to record a time series of the
state variable for the unknown system (5.1). From this time series, we will provide
a method for determining an excitation function g(¢) that produces an increase in
system energy. We will then discuss the feasibility of such a procedure when damping
is included. Finally, we show numerical simulations of the method in action for

example systems.
5.2 Definitions and Assumptions

For simplicity, we now make several definitions and assumptions that will be used

throughout this chapter.

e We define the pseudo-period of an orbit v at a point A in R?, to be the backward

time for ~ to return to the ray, called the return-ray, connecting the origin and

A.

e We define the pseudo-phase of an orbit 7 as the phase of v over the previous

pseudo-period.

e We assume there exists an annulus of stable periodic orbits for the free sys-

tem (5.1) extending from a minimum energy level at the origin to some critical
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energy level which we call E*.

e We assume f in equation (5.1) is Lipschitz with constant L.
5.3 Preliminaries

Let us examine the differential equations

w o= f(w)+eg(t), (5.2)
y = fy), (5.3)

with identical initial conditions, and flows in the phase plane that transversally cross

every line passing through the origin.
Lemma 5.3.1. For allt > 0,
t
wit) = u(®)] < et [ Jgls)]ds = ecG1)
0

where L is the Lipschitz constant of f, w(t) € R, and y(t) € R are the solutions

of (5.2) and (5.3) respectively.
Proof. Let u(t) = w(t) — y(t). Then u(t) = f(w(t)) — f(y(t)) + eg(t) and
t
ult) = u(0) = [ Fw(s) = 1(u(5) + co(s) ds.
0
Taking absolute values and moving those inside the integrals, we have
t t
) 1< e [ latolds+ [ 1) - sl ds
t t
< e/ lg(s)|ds —I—/ Llu(s)| ds.
0 0
Applying Gronwall’s Inequality, we have

t t
fu(t)] < eels 4o / 9(s)] ds = e e / l9(s)]ds.
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Lemma 5.3.2. For sufficiently smalle > 0, if P and T are the pseudo-periods of (5.2)

and (5.3) respectively with initial condition £ = (a,b), then
[P —T| <eM,
up to order € where M does not depend on € or P.

Proof. For initial conditions £ = (a,b) # (0,0), let u(t, &, €) be the solution to (5.2)
for e > 0. We define the return ray as all points (x1, x5) in R? such that bz, —axy = 0,
azxy > 0 and bzy > 0. Hence 'buy (T, &,0) — auy(T, €, 0) = 0, where T is the period for
system (5.2) with e = 0. Also, for small € > 0, there exists a solution u(t, &, €) and a
minimum positive value P, which satisfies bu; (P, §,€) — aus(P, &, €) = 0.

We now define F'(t,€,€) = buy(t, €, €) — aus(t, &, €). Thus, F(T,£,0) = 0 and using

the transverse flow condition,

E(T7£70) - bdl(T7§7 0) - GUQ(T,f,O) = bfl(g) - af2<€> 7é 0.

By the Implicit Function Theorem, there exists n(¢, €) such that F(n(£,€),£,€) = 0

for all (&, €) near (,0).

Differentiating F' with respect to e,

Fi(n(&; €),6),e)ne(&, €) + Fe(n(&, €),§,€) = 0

and hence,

ne(Ere) = %ms, 0.6.¢). (5.4)

After differentiating F'(T, &, €) with respect to €, we have

F.(T,€,0) = bur (T, €,0) — aus (T, £, 0). (5.5)

! Numeric subscripts represent components of a vector function, non-numeric subscripts denote
partial derivatives
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Let ®(t) be the fundamental matrix solution of 4. = D f(u)u,, then the solution of

the variational equation 4. = D f(u)u + g(t) is
T T
0 (T.6,0) = (1), (0.6,0)+ (1) [ 8 (s)gls)ds = (1) [ & (s)g(s) s
0 0
by the variation of parameters method. Plugging into (5.5) and then (5.4), we have
F(T,&,0) = (b,—a) fo s)ds and

(5, fo ) ds|
r<b, “a) f(@\ =M, (56)

where the boundedness of the middle expression is due to the transversality of f and

7e(&,0)] <

the return ray. Expanding 1 about € = 0, we have P = T + en(£,0) + O(e?). Using

inequality (5.6) and gathering terms, we arrive at
[P = T| < ¢€n(&,0)] < eM (5.7)

up to order epsilon. O
5.4 Main Result

We are concerned with the dimensionless system
T+ V'(x) =eg(t) (5.8)

where V' is Lipschitz and g is bounded and continuous. We also require the system
to be of classical Hamiltonian form. Thus, the energy of the system is given by
E(z,i) = %2 + V(x). We also require the system be periodic for e = 0 and every
periodic orbit must cross transversally through every line containing the origin in the

phase plane. As a first order system, this becomes
T =, (5.9)
v o= =V'(z)+eg(t).
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Expressing (5.9) as a vector equation, we have

w = f(w)+ eg(t), (5.10)

where w = (x,v), §(t) is the vector function with 0 in the first component, and g(¢)

in the second, and f is Lipschitz with constant L.

Theorem 5.4.1. For e sufficiently small, the energy of system (5.8) will increase
for g(t) = Z'(t) over one forward pseudo-period, P, where Z(t) is the time series
of system (5.8) with ¢ = 0 recorded over one previous period, T, and extended to a

T-periodic function on all of R.

Proof. Differentiating the energy once with respect to time and substituting (5.9), we

have

C;—f(:r;, v) =00+ V'(x)z = v(=V'(z) + eg(t)) + V'(x)v = evg(t).

Let €; be such that lemma (5.3.2) holds for all € < ¢;. Then P is well defined and the

change in energy over one forward pseudo-period, P, is

AE:/O ev(s, €)g(s) ds, (5.11)

where both v and P depend on g, € and the initial condition &.
Let us choose g(t) = Z'(t) = v(t). We assume P > T, which yields

AFE

€

— /Tv(t,e)v(t) dt + /Pv(t,e)v(t) dt (5.12)

= /OT(U—v+v)vdt+/TP(U—U+U>Udtv (5.13)

where we have suppressed the dependence on ¢ and ¢ inside the integrals on the last

line.
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Taking absolute values and applying the triangle law, this becomes

AE T T P P
——2/[#&—/1W—WMﬁ—/'W—WMﬁ—/|Wﬁ.
€ 0 0 T T

Using system (5.10) and lemma (5.3.1), we also have
v =] < |f(w) = f(@) + eg(t) < Llw — @] + eg(t) < e(e™z(t) +0(t)) = eB(t).

After combining the above inequalities and applying Holder’s inequality,

T
% > 02—60[/ B2(t)dt] "
0
P o [PT P-T
—e[ [ B*(t)dt] 7] [0]*dt] " — |o]* dt
T 0 0
2 T TH+e1 M
> 02—%—6[0(/ BQ(t)dt)1/2+§(/ B(t)dt)"?]
0 T

for all € < €3 < ¢ such that

ea M 1 T 02
/ o2 dt < Z/ 02 = -
0 0

where M is defined in inequality (5.6) and C' is the L? norm of #(¢) on the interval

0 <t <T. Choosing €3 < €5 such that

3C
A([) B2(t) dt)V2 4+ 2( [, TN B (t) dt)v2

€3 <

we have that AE > 0 for all € < e3. If P < T, then replace T with P in every integral

and the inequalities still hold. Il
5.5 Damping

While we treat the system with no external excitation as undamped, the introduction
of the excitation function, €g(t), could introduce damping into the system. The first-

order system with forcing and viscous damping is
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i o= v (5.14)

v = =V'(x)+e(g(t) — av),

where « is the damping coefficient. The corresponding change in energy is given by

C;—l;j(x, v) = vo+ V' (2)d = v(=V'(2) +e(g(t) —av)) +V'(z)v = evg(t) —eav?®. (5.15)

We must then analyze the effect of the damping term over one pseudo-period. The
energy change due to damping will be present not only in the extra term, but also
in the estimates given in lemmas (5.3.1) and (5.3.2). Similar results will hold due to
the smoothness of the differential equation for e sufficiently small.

The energy change over one period due to the last term in equation (5.15) is

Thus, if the damping constant « is sufficiently small as well, the system should increase

in energy for the choice of excitation function given in the previous section.
5.6 Application

In this section we will outline an algorithm for increasing the energy of Classical
Hamiltonian systems in an annulus of periodic orbits and provide numerical results

using the algorithm with example systems. The unforced system has the form
z+V'(z)=0. (5.16)

We record the time trace of the state variable x(t) with initial condition on the

positive x-axis in the phase plane until it returns to the positive x-axis at time T'. We
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then apply an external forcing function eg(t) to system (5.16). We set g(t) = 2/(¢)
extended to a T-periodic function on all of R. We then record the time trace of the

system
i+ V'(2) = eg(t) (5.17)

until the orbit returns to the positive x-axis in the phase plane. The orbit will return
to the positive x-axis for € small by the stability of the periodic orbits.

By the proof of the main result, the energy of the system must increase for € small.
To continue, we set g(t) = 0 and record the time trace of system (5.17) until the orbit
returns to the positive x-axis in the phase plane. We then repeat the process by
setting ¢(t) = 2/(t) and applying the forcing function for one forward pseudo-period.
Each application of this procedure will increase the system energy for € small. The
desired energy level is called the critical energy level and necessarily occurs at an
energy level less than the least energy value beyond the annulus of stable periodic

orbits.

Figure 5.1: Plots of energy curves over time. The critical energy is represented by
the horizontal line. The large points correspond to the beginning of each iteration of
the algorithm while the smaller points are the transitions between the free oscillator
and the externally forced oscillator (g(t) = 0 and g(t) = 2/(t) respectively). The left
figure is for the system & +sinz = 0 with initial conditions z(0) = 0.2, 2/(0) = 0. The
right figure is for the system # + 23 — 32% + 22 = 0 with initial conditions z(0) = 0.1,
2'(0) = 0.

The plots shown in Fig. 5.1 are numerical results obtained by applying the above

algorithm with € = 0.1 to example systems using code written in Mathematica 3.0.
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The critical level for each corresponds to the energy of the homoclinic loop bounding
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Figure 5.2: Plots of energy curves over time. The critical energy is represented by the
horizontal line. The large points correspond to the beginning of each iteration of the
algorithm while the smaller points are the transitions between the free oscillator and
the externally forced oscillator (g(t) = 0 and g(t) = 2'(t) respectively). Both figures
are for the system Z + 2% 4+ z = 0 with initial conditions z(0) = 1, 2/(0) = 0. The left
figure is for € = 0.1 while the right figure is for ¢ = 15.

The plots shown in Fig. 5.2 are numerical results obtained by applying the above
algorithm for small and large choices of €. The annulus of stable periodic orbits of
system & + 2® + 2 = 0 exists for all energy values, thus the critical energy is chosen
independent of the system. For this example, we have chosen a critical energy level
of 100. In the left figure, the energy increases to the critical energy level. However,
when the size of € is increased from € = 0.1 to ¢ = 15, the algorithm fails and the
energy cannot be increased to the critical energy level.

The result of these simulations supports the main result. That is, the energy of
a Classical Hamiltonian oscillator in a neighborhood of stable periodic orbits can
be increased by applying a forcing function determined from a time trace recorded

over one previous pseudo-period provided the magnitude of forcing is kept sufficiently

small.
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Figure 5.3: The left figure is a plot in the phase plane of the system & +sinx+0.12 =
0.1sin(¢+500.167) with initial conditions z(0) = 0.791601, 2'(0) = 0. The right figure
is a plot of the energy of the system after applying the algorithm with the same initial
conditions and € = 0.5.

o |

o 50 100 150
time

Figure 5.4: The left figure is a plot in the phase plane of the system & + 3 — 322 +
2z + 0.03% = 0.1sin(t + 504.264) with initial conditions x(0) = 0.102347, 2/(0) = 0.
The right figure is a plot of the energy of the system after applying the algorithm
with the same initial conditions and e = 0.2.

5.7 Internal Damping and Forcing

Although the proof of the main result does not apply to systems with internal damping
and forcing, applying the same algorithm results in energy increases for many of these
systems as well. To model this, we use systems of the form discussed in the previous
section, only we include small damping and forcing terms. While the proof of the
main result requires periodic motion, in practice, we can apply the general technique
to nearly periodic motion.

The plots shown in Figs. 5.3, 5.4 show that the algorithm can succeed in increasing
the energy even in the presence of damping and forcing. The plots shown in Fig. 5.5
illustrate that with damping and forcing included, small ¢ does not guarantee an
increase in energy. This is due to the loss of energy from damping that increases as

the energy increases. For each critical energy level desired, there will be a minimum
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Figure 5.5: The left figure is a plot of the energy of the system & + sinx 4 0.12 =
0.1sin(¢ + 500.167) with initial conditions z(0) = 0.791601, z’(0) = 0 after applying
the algorithm with € = 0.2. The right figure is a plot of the energy of the system
i +2%—32%4+2240.032 = 0.1sin(¢+504.264) with initial conditions z(0) = 0.102347,
2'(0) = 0 after applying the algorithm with e = 0.1.

magnitude of € required for the energy gain to offset the increased energy loss. This
is in conflict with the small epsilon required in the proof of the main result. For the
example systems shown in this section, there is an interval of values for € that meet

both criteria.
5.8 Higher Dimensions

We can modify the results from the previous sections to include systems with more
than one degree of freedom. We still require a Classical Hamiltonian system. Thus,

the system of concern is of the form
T4+ VV(z)=c€f(t), (5.18)

where z € R, V(z) is the potential, f(¢) is continuous, and € > 0. We also require
the existence of a stable periodic orbit, ¥, for € = 0. Let (¢, ¢, () be the solution to
system (5.18) with initial conditions ¢ = (xg, v9) where x(0, ¢, () = z¢ and ©(0,¢,() =

vo. Let T'(C) be the period for initial conditions ¢ € 3 and € = 0.

Theorem 5.8.1. For sufficiently small €, system (5.18) will increase in energy over

the time interval 0 <t < T(() for initial conditions ¢ € ¥ and f(t) = z(¢,0,().
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Proof. The energy of system (5.18) is given by E(z,i) = 3(i,4) + V(2) and the

change in energy with respect to time is

C;_f = (&(1),2(t)) + (VV (2(t)), 2(t)),

where (-, -) represents the inner product. Substituting system (5.18) and simplifying,

we have

dE

o = CVVI((0) +ef (1), @) + {(VV(2(?)), 2(t)) = e{f (1), (2)).

Thus, the total change in energy for 0 < ¢ < T(¢) along the orbit with initial

conditions ¢ is given by

T(¢)
AE = / (#(1,0,0), (1, €, 0)) dt.
0

Substituting (¢, €, () = @(t,0,¢) + O(e) from lemma (5.3.1) results in

T'(¢)
AE:e/O (@(t,0,C),@(t,0,0)) + (i(t,0,¢), O(e)) dt.

By taking absolute values and applying the triangle inequality, we have

(<)
ﬁz/o (i(t,0,C),@(t,0,0)) dt — |O(e)].

€

So, for e sufficiently small, AFE > 0. [
5.9 Simulations in Higher Dimensions

The system of concern is the two degree of freedom system

. —T

. —-Y

y = 2 1 .2)3/2°
(@ + y?)
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Figure 5.6: Plots of energy versus time with initial conditions z(0) = 0,y(0)
1,#(0) = —1 and %(0) = 1/v/2. The plots correspond to ¢ = 0.01,0.05,0.07,0.08
moving from left to right and top to bottom.

which models the motion of a dimensionless binary system moving in three-dimensional

space. For a more in-depth analysis of this system, see [3]. The energy of system (5.19)

is given by

H(r,y) = 58 +7) -

1
Va2 +y?
where the region of periodic orbits corresponds to the region with negative energies.
To apply the algorithm outlined in previous sections, we record the time-trace of

the system for one period and then apply the recorded data as the forcing function.

This results in a system, with forcing included, of the form

.. —Z

_— —y
y = W + €92,
where ¢g; and g, are the time derivatives of the recorded state variables, x and y
respectively, over one unperturbed periodic orbit. System (5.20) is then integrated
forward in time.
The plots shown in Fig. 5.6 and Fig. 5.7 show energy versus time for system (5.20)

with initial conditions in the periodic regime for various choices of e. The max-
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Figure 5.7: Plots of energy versus time with initial conditions z(0) = 0,y(0) =
1,#(0) = —3/4 and §(0) = /79/12. The plots correspond to ¢ = 0.01,0.1,0.2,0.3
moving from left to right and top to bottom.

Figure 5.8: Plots of energy versus € for system (5.20) with initial conditions z(0) =
0,4(0) = 1,2(0) = —1 and ¢(0) = 1/v/2 for the left panel and z(0) = 0,5(0) =
1,4(0) = —3/4 and $(0) = v/79/12 for the right panel. The time for both simulations
is one full period of the unperturbed system with identical initial conditions.

imum time for each simulation is the period of the unperturbed periodic orbit of
system (5.19) with the same initial conditions. It is clear from the simulations that
the maximum energy gain does not necessarily occur at maximum time. In fact, for e
large enough, the excitation will force the orbit outside of the periodic regime, that is
the negative energy regime. If the excitation were removed once the orbit leaves the
periodic regime and the unperturbed system integrated further, the resulting orbit
would be unbounded.

The plots shown in Fig. 5.8 show energy versus e for system (5.20) with initial
conditions in the periodic regime and integrated forward in time for one period of

system (5.19) with identical initial conditions. In both simulations, the energy gen-
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erally increases as € increases.

5.10 Conclusion

The hope is that an unknown system in periodic or nearly periodic motion can be ex-
cited to higher energy levels using time-trace data recorded over one previous pseudo-
period. This section explored the case of Classical Hamiltonian systems with internal
damping and forcing with periodic or nearly periodic motion in a neighborhood of
the initial conditions. The final results show that, while the theory is only proven
for periodic Classical Hamiltonian motion, the method is generally quite effective at
inducing energy increases in systems in nearly periodic motion with internal forcing
and damping terms present. Of course, the more difficult question is finding a method
to implement this algorithm in an unknown system. The placement of the forcing
term on the right side of equation (5.8) is crucial. The mechanism for implementing
the forcing function in this manner for a realistic system is a problem for further

study.
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