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ABSTRACT 

A spectrum of the imaginary part of the cClTlplex index of 

refraction for water as a function of wave number was cc:npiled fran 

the literature and theoretical considerations. The spectrum ranged 

-6 8 -1 
fran 10 through 10 em . The curve was adjusted within the limits 

of error for the data used mtil an electronic sum rule gave prcper 

results. The spectrum was then appropriately Fourier transforrred 

to yield the real part of the complex refractive index. The results 

of several calculations over various ranges ~re canbined into one 

spectrum over tre range 10-3 through 106 ern-l Both real and imaginary 

parts are presented in graphical and tabular fo:rm. 

'TIlls abstract of 106 words is approved as to fonn and content. 
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CHAPTER I 

INTRODUCTICN 

Water is one of earth's most ccnmon and inportant substances. 

Information cmcerning its optical prc:perties is of great significance 

in many areas of science and engineering. Knowledge of its properties 

is a first step I for example, in the ability to interpret data on aqueous 

solutions, including the oceans and the atmosphere. Water is also 

interesting because it serves as a challenging object for the applica-

tion of the full analytical p<:1M:r of classical electranagnetic theory. 

One tool in th: analysis of its optical prcperties is the canplex 

refractive index N(v) as a function of wave number: 

N(v) :: n(v) + ik(v) (1.1) 

where the wave numl::er, v, is defined as tre inverse of wavelength, and 

has units of an-I. Fran N(v) one can calculate a variety of optical 

properties such as reflectance, transmittance, emittance, and Mie scat-

tering parameters at any spectral location. 

The purpose of the research descri.l::ed in this thesis was a 

d.etennination of N (v) for water throughout the. wave number region of 

fran 10-3 to 106 em-l . This corresponds to a frequency range of fran 

10
7 

to 1016 Hz, a wavelength range of fran 100 A to 10 m. This task 

has been undertaken previously by other investigators, but not over 

such a broad spectral region. 

1 
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survey of the Ii terature 

1 In 1973, Hale and Querry reported optical constants' for the 

region 50 to 5xl04 em-I (200 nm to 200 )JITI wavelength) . They canpiled 

a canposite spectrum of k (v), the extinction coefficient, fran 58 

sources representing data reported over a span of 81 years prior to 

their paper. This spectrum was transfo.rrred by Kramers-Kronig analysis 

to a spectrum of n (v) for the region reported. 

Sane of the data used by Hale and Querry were incanplete or 

postulated. For exarrple, a Gaussian-shaped absorption band was pastu-

6 -1 0 
lated for k(v) with a peak in the area of 1.25xlO em (80 A wave-

length). This would be the peak associated with the K-edge for elec-

tronic absorption. Also, the higher wave-numJ:er side of an absorption 

5 -1 
peak reported at approxirrately 1.2xlO an was postulated to be of 

Gaussian shape and appropriate width. These deficiencies were reccx;r-

nized by Hale and Querry, and were the basis for their inplication that 

more and better data were needed for more accurate determination of 

N(v). 

Since the 1973 paper by Hale and. Querry, there have reen addi-

tional canpilations of n (v), k (v), or CJ. (\)), the latter being the I...anil:::ert 

absorption ccefficient. It is defined in terms of I, the intensity, as 

the fractional decrease in intensity over distance: 

a (v) 
ldI - - f dx = 41Tk(v)v (1. 2) 

Of the more recent literature, the following are notable: 

A report by Heller, Hamn, Birkhoff, and Painter
2 

appeared in 
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1974. The authors obtained n(v), k(v), E (v) 1 and E. (v) 1 the latter two 
r .1 

l::eing the real and ima.ginary parts of the dielectric fW1ction, € (v) 1 for 

4 5-1 
the range 6.WO to 2.lxlO ern (48 to 163 run wavelength). Reflectance 

was rreasured and the above constants WBre calculated by Krarrers-Kronig 

analysis. 

A 1975 paper by Dcwning and Williams
3 reported values for n (v), 

k (v) 1 and ct (v) for the region 10 to 5000 em -1 (2 ~ to 1 mn wavelength) . 

The values of k (v) were obtained by neasurerrent and by calculation fran 

reflectance data. The results for n (v) 'l'N'ere determined by either Krarrers-

Kronig analysis or by calculation fran reflectance and phase shift data, 

depending on whether accurate values of k (v) ~re avai lable for the 

particular region. 

A communication by Kopelevich
4 

reported in 1976 discussed the 

range 1.7xl04 to 4xl04 ern-I (250 to 600 nrn wavelength). The author 

criticized the values of k (v) used by Hale and Que:r:ry in their 1973 

paper. 'The claim was that water samples in the rreasurerr:ents relied 

upon were not pure enough. Kopelevich asserted that lo.-;er values of 

k (v) were inherently l::etter l::ecause they indicated a more pure sanple. 

5 
A 1977 report by Afsar and Hasted gave ct (v), k (v), and n (v) 

for the range 6 to 450 ern-I (22 ~ to 1. 7 mn wavelength). These were 

calculated fram reflectance data obtained by use of a Fourier-transform 

spectrophotareter, with an inproved liquid cell and a rrore accurately 

rreasured reference interfercgrarn, as canpared with earlier rreasurerr:ents 

of the sarre type. 

In a paper published in 1978, Querry, Cary, and Waring 
6 

reported 
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4 4-1 values for a (v) for the region 1. 5xlO to 2. 4xlO em (418 to 640 nrn 

wavelength). These ~e exf€r.i.rrEntal data obtained by a split-pulse 

laser IlEthcrl of rreasuring attenuation. 

7 Tam and Patel gave values for a (v) 

to 2.24x104 em-I (446 to 694 nm wavelength) 

for the interval 1.44x104 

in a paper published in 

1979. 'Ihe technique used was pulsed dye-laser optoacoustic spectroscopy. 

The rrethcrl eliminated the detection of spurious attenuation due to 

scattering. 

In addition to the alx:lve data, there are relations which can b2 

used to obtain reasonable data for optical constants. For exarrple, in 

the region belOW' approx:ima.tely ten em-I, the semi-errpirical Cole-Cole 

equation
8 

gives sound values for th:: real and irraginary parts of the 

dielectric function. In the neighborhood of the oxygen K-edge, at 

6 -1 
4.35xlO em , the shaJ?e of the absorption curve al:x:>ve and l:elcw the 

discontinui ty can l:e obtained fran an empirical equation which gives 

the nass absorption coefficient as a po.-.Br of wavelength. 9 one can 

find the height of the discontinuity fran an empirically obtained 

relationship between the junp in the mass absorption ccefficient across 

the K-edge and the atonic number. lO Given these determinations, one 

needs only sane data in the vicinity of the discontinuity to fix the 

position of the curve. 'I'hese data are available. 

rescription of the Research 

With the additic:n of the above data, it was ho:pecl that a more 

reliable spectrum of N(v) could l:e obtained. The program was, first, 

to obtain reasonable values for a. (v), or equi valentI y k (v), fran the 



w a . 

5 

literature and the relations rrentioned al:ove. These values would span 

-6 -1 the range fran 10 ern ,the end of the spectrum cbtained fran the 

Cole-Cole equation, to 1015 ern-l , the region for which the ~r law 

relation gives reasonable predictions. The ccrnpilation of this Ct (v) 

spectrum is descriJ:ed in Chapter II. 

This spectrum of Ct (v) was tested for accuracy by use of a sum 

==&L4 

rule describing the contributions of electronic absorption. The spectrum 

was adjusted in the region fran the 10# wave-numl::er side of the absorp­

tion peak at 1. 14xl05 ern-I to the botton of the K -edge discontinuity. 

The adjust:Irent was made, v.:ell within the experirrental error stated for 

the data used, tmti1 tre electronic sum rule indicated ten electrons. 

Tte Ct (v) spectrum was then appropriately Fourier transforrred to 

-3 6-1 
given (v) far the range 10 to 10 em . The Fourier transform tech-

nique is equivalent to conventional Krarrers-Kronig analysis, as is 

shown in Chapter III. The advantage is in the ability to use the digital 

FAST FOURIER TRANSFORM yielding equivalent results with much less camr 

puting tine. 

The theoretical developrrent of the Krarrers-Kronig relations, their 

extension to a Fourier transform relationship, and the electronic sum rule 

derivation are presented in Chapter III. The application to direct canpu-

tation is described in Chapter IV. Spectral values of N (v) are presented 

in tabular and graphical form in Chapter V. 'Ihe results are discussed 

in Chapter VI. 
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CHAPTER II 

ACQUISITICN OF DATA 

The Middle Range 

So as not to discard the baby with the bath water, the absorption 

spectrum used by Hale an:1. Querry was retained except where better data 

~re available. Replacerrent of data began in the visible region. 

A significant area of contention has reen the purity of water 

samples for experimental determination of extinction coefficients in 

the visible region. The question involves haN much intensity is lost 

due to scattering, a phenarenon which is aggravated by the presence of 

particles, bubbles, or other irrpurities. That was the substance of the 

objection by Kopelevich to the data used by Hale and Querry. The diffi­

culty is neatly avoided by the technique of optoacoustic spectroscopy, 

as used by Tam and Patel. The method relies on the generation of tran­

sient acoustic waves by any naterial which absorbs a light pulse. Data 

~e obtained by detection and canparison of sound waves over the par­

ticular range of frequencies of input light. The light source was a 

pulsed dye laser. since there is no reliance on the intensity of light 

surviving passage through the sample, scattering is not involved. Tarn 

an:1. Patel measured only absorption. 

The data of Tarn and Patel ~re incorporated into the spectrum. 

The next task was to find values for a (v) which joined continuously 

6 
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with that data. 
4 -1 

At the laMer end, 1. 44xlO em ,the data of Tam and 

Patel joined al.rrost precisely with that of Hale and Querry. Nothing 

4 -1 
additional was required. At the high end, hc:wever, 2. 24xlO em 

there was no real agreerrent arrong investigators up to the area of 

4 -1 5xlO c:m • After considering data of rnmy researchers, it was fOillld 

that the most reas01able and the srncotl"Est curve connecting the two 

areas was obtained by averaging the data of Ienoble and Saint-Guillyll 

with that quoted by Kopelevich. 

The range fran 5xl04 to 6.49xl04 em -1 was left intact with 

the data of Hale and Querry. There seems to be much agreerrent as to 

the values for that region, as is graphically illustrated by Painter, 

Birkhoff, and Arakawa in Figure 4 of their 1969 paper. 12 

4 5 -1 
In the range 6. 49xlO to 2. 06xlO em ,the data of Heller, 

Hamm, Birkhoff, and Painter ~re used because I at the la,.,er end, the 

curve fit quite accurately in position and shape with the data l::elcw 

that. Also, as this was the region which would have the greatest 

effect in adjustrrents to conform to the sum rule, an inability to 

reach ten electrons while staying within the experinental error quoted 

by Heller et al. would have indicated that the data there VJere inafPro-

priate. Because confonnity with the sum rule constraint was obtained 

while renaining ~ll wi thin the error bars, it was evident that the data 

were appropriate. 

5 -1. 
The range above 2. 06xlO an 1.S discussed under "High Frequency 

Data" l::elCM. For the other extrerre, the part of the spectrum fran 10-6 . 

to 5 c:m-l is discussed oolc:w in the section entitled "I.cw Frequency Data." 

Fran 5 to 500 c:m -1, data from Afsar and Hasted were used. Their 
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work represents probably the first comprehensive investigation of 

that range of the spectrum. Further, their technique was advanced 

as ccnpared with earlier rreasurerrents. 

To join with the data of Afsar and Hasted, the values of a (v) 

obtained by Robertson and Williams13 fit quite well. In addition, 

t.l':eir v.:ork was a direct experi.rrental determination of absorption via 

transmittance rreasurements. The values of Rol::::ertson and Williams 

were used where they differed fran those used by Hale and Querry, 

2 3 -1 3 3-1 
narrely in the ranges 5xlO to 10 em and 3. 3xlO to 4xlO em . 

I.i:::M Frequency Data 

The l::::ehavior of a polar liquid in an alternating field is treated 

by Debye in his beak. Polar Molecules.
14 

By calculating the distribution 

function for orientation of the molecules, D3bye obtained the following 

. 15 
expresslOns 

E' = E + o 

S" = 

E - S 1 0 

2 
1 + x 

(

81 + 2) 
x = S + 2 WT 

o 

(2.1) 

(2.2) 

(2.3) 

where E' = E , E" = -E., T = the "relaxation tirre" for the orientation 
- r - ~-

of the molecules, W = the angular frequency of the applied field, s = 
- 0 

the high frequency value for E, ar:rl 8 1 = the static dielectric constant. 
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The characteristic relaxation time for water at roan tem}?erature 

was calculated by Debye to l:e approx.irnately 2. 5xl 0 -11 seconds. 16 This 

corresponds to a wavelength of tie order of one an. In this region, and 

for longer wavelengths, the Debye equations should yield gcx::d predic­

tions, approaching the lew frequency limit srroothly. 

A significant improvement over the Debye relation was rrade by 

Cole and Cole in their paper published in 1941. They first wrote the 

Debye equations in the fonn 8 

E: - I:: o 00 

1::* = I:: + 00 1 + iw1' 
o 

(2.4) 

where £* is the canplex dielectric function, 1::00 is the high frequency 

limit, and E: is the static limit. Then the authors shCMed that l::etter o 

results are obtainable by writing17 

I:: - e: 
e:* = e: + 0 00 

00 1 + (iw1' )l-a 
o 

where a. and l' are parameters to 1::e detennined. 
- 0 

(2.5) 

This equation can be used directly to calculate values for the 

dielectric function, and hence th= canplex refractive index, in the 

vicinity of the frequency corresponding to tlE relaxation tine. Values 

far the paratreters E , E , l' , and a. are available, for example, fran 
. 0 00 0 

Water, a Carprehensive Treatise,18 there obtained fran experimental 

results. The values of the pararreters in that reference ¥.ere used in 

the Cole-Cole equation to calculate the extinction coefficient for 
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'-6 -1 
the range 10 to 5 ern 

High Frequency ])::ita 

In the soft x-ray region, data are scarce. Ha.;ever, the evidence 

indicates a relationship of the form9 

H. = KA n:ru + ~ (2 • 6 ) 
p P 

for the mass absorption ccefficient, ll/p. alp is the attenuation due 

to scattering. This yields, since ).l = 0., 

or if scattering is subtracted. rut, (a-a) + a, and 

-n 
a. = Av 

Thus, the I.amb:!rt absorption coefficient is given by sene negative 

~ of wave m:rrnber. 

EngstrOm suggests a value for n for the soft x-ray region of 

sorrewhat less than three. In the data used for this thesis, n was 

found to be 2.2297 in the area l:etw2en 2.lxl05 and 4.3xl06 em-I (the 

(2.7) 

(2.8) 

latter location being the oottan of the K-edge) I a range corresponding 

to ultra-soft x-rays. Above the K-edge, n was found to be 2.6257. 

This pcm=r law relationship was applied in the follOOng mmner: 

Data fran the National Bureau of Standards
19 ~re available for the 
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7 14-1 
mass absorpticn cc:efficient far the range 8xlO to 8xlO an fuese 

data were extended by extrapolation to the K-edge location at 4.35xl06 

-1 em . This only assures that the ~r n rerrains constant fran the 

K-edge discontinuity to the slightly higl"Er wave mrrnbers stated. 

The magnitude of the discontinuity was dete:rmined fran Figures 

3 and 4 of EngstrOm's 1:x:xJk.
20 

Those figures indicate, respectively, the 

ratio of ness absorption coefficients and the difference l::etween t.tE 

coefficients on either side of the discontinuity. This fixed the bottan 

of the K-edge and left only the region l::etween 2.lxl05 and 4.3xl06 ern-I 

. 2.lxl05 em-I to be filled in. (Data were aVallable up to approxim::ttely 

fran t.tE Heller, Harmt, Birkhoff, and Painter VJOrk.) 

'!he data were joined l:;eb;een the points 2.lxl05 an-I and the 

l::ottan of the K-edge by asstnning a linear relationship on a plot of 

the leg of the Lambert coefficient versus the log of the wave numl:::er. 

The slope of this line would then correspond to n in the pcwer law 

relationship. 

The data fran the paper of Heller et al. could l::e adjusted 

within the experirrental limits, and a new line would be calculated 

each tine. This gave an efficient rreans of adjusbTEnt while maintaining 

self-consistency among all the data. 

Data for frequencies above 1015 an-I w:re effectively ignored, 

that being the range in which absorption predaninately involves non-

atanic/rrolecular phenarena. Inclusion of these data would have made 

use of the electronic StnrL rule impossible as a rreasure of the accuracy 

of the absorption spectrtnn. Further, since optical properties were 
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calculated only up to 106 em -1, inclusion or exclusion of these data 

would have had negligible if any effect on the results. The rreans for 

evaluation of the sum rule in this region arove 1015 ern -1 is descrired 

Application of the SUm Rule 

cnce the new abso:rption spectrun VJaS canpleted I the electronic 

sun rule was applied to test its accuracy. Tre sum rule, as derived in 

Chapter III, in SI units, is 

(2.9) 

where ~ is the mass of an electron l c is the speed of light in vacuum, 

€ the permittivity constant, n the numrer of VJater molecules per cubic 
o 0 

rreter, and e the electronic charge. 

If numerical values of ct (\)) are available up to sane apprcpriate 

Vmax ' the integration fran Vmax to infinity can te done analytically 

using the inverse p~r law relationship descril::ed above. The sum rule 

is written 

z (2.10 ) 

-n 
vvriting ct (v) == Av for V~\)max' so that ct (co) == 0 1 and integrating the 

second tenn, we obtain 



13 

[ v -n+l J 4mc2s max 

Z = ( 2
0j j, (v)dv 

Av 
+ ~l) 

noe 0 

(2.11) 

Since Av -n a (v ), tte result is = !TaX max 

Z = e~>j 
v 

[4O',2E v ~ max 

fa (v)dv + 
n e2~n:; a (v ) 

max 
0 0 0 

(2.12 ) 

7 -1 In the calculation of tl:e sum rule integral, v was 2xlO an 
max 

The value of n was determined fran the National Bureau of Standards data 

to J::::e 2.6257. The numerical integration ¥JaS done using Simpson's rule. 

As v..ere all calculations for this research, the catlputation was done in 

a Fortran program with an AMDAHL 470 ccrnputer. 

The first attempt yielded Z = 8.99086. Raising the experimental 

data of Heller et ale to their rra.xirm.:rm within the stated error, except 

at the end points of the interval used, gave Z = 10.26559. A feature 

included in the data at 2.016xl05 ern-I had teen easily smoothed over 

within the experimental error, and was therefore ignored for the above 

two calculations. The curve had been made to follow the power law 

5 -1 relation fran 1. 667xlO em to the K-edge. For subsequent calculations, 

5 -1 
hov.ever, the power law relationship ¥JaS applied only fran 2.083xlO em 

to the K-edge, and the previously ignored feature was included. This 

had the effect of shifting the curve above its previous position for 

the entire region of the data calculated fran the paM:r law relation. 

It all~ the data J::::elow 2.083xl05 em-I to 1:e kept much closer to the 
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rredian experirrental values. This is reasonable l:ecause the error 

5 -1 
stated by Heller et al. for the vicinity of 2. 083xlO em is 20 per-

cent, while it is 10 percent for the leMer wave numt:er regions. 

After 16 adjustments, the Sjpectrum yielded Z = 10.00000. 

Figures 1 and 2 illustrate the first and last curve in the region of 

adjustrrent. Figure 3 is a graph of the final absorption spectrum in 

full. For the above illustrations, loglOo(v) is plotted against 

loglOv. Further, a graph of the value of the sum rule integral, Z 

plotted against leg 10 v, is included as Figure 4 to shaN where the 

significant cootributions to the sum rule o::::cur. It is clear that 

the region of the data of Heller et al. corresponds to the greatest 

slope of the curve, thereby indicating the most significant contribution 

to the sum. 

With the canpletion of this corrpilatic:n, the absorptioo spectrum 

was ready to l:e Fourier transforrred to give n (v) • 



Fig. 1. The absorption spectrum in the region of adjustnent. The 

log of the Lambert absorption ccefficient, fran 7.079xl0
4 

to 4.467xl0
6 

an-
1 

is plotted against the log of the wave number. The dashed line is the final 

curve obtained, which caused the sum rule integral to yield 10. 00000. The 

sharp feature on the right is the K-edge. 
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CHAPTER III 

THErnETICAL METHODS 

Tl:E Canplex Refractive Index 

The laws governing the pr0p3.gation of electric and. magnetic 

fields are Maxw:ll' s equations. VE can find an expression for the 

fields in a medium which will yield the relationship between absorption 

and phase velocity, the tim: response and dielectric functions, disper-

sian relationships, and sum rules. 

21 Ma.xwell's equations, in cgs units, are 

-+ 
\j • D = 41TP 

-+ 
\j • B = 0 

-+ 
-+ 1 aB "* V'xE+--=u c at 

The quantities in the equations are defined as follows: 

E = the electric field 

-+ D :: the electric displacement 

B == the magnetic induction 

-+ H == the magnetic field 

j _ the current density 

p _ the charge density 

23 

(3.1) 

(3.2) 

(3.3) 

(3.4) 



.--...... ------------------------------~----

24 

-+ -+ -+ 
The constitutive relations for D, H, and J are 

-+ -+ 
D = sE 

-+ -+ 
B = wH 

-+ -+ 
J = aE 

(3.5) 

(3.6) 

(3.7) 

where E: is the dielectric function, J:!.. is the magnetic F€l:'!t"t9ability, and 

a lS the conductivity. 

For an infinite rredium which is charge free (p=O) , hcmc:g-eneous, 

isotropic, and linear (s I w, and (J do not depend on posi tian or tirre) , 

and conducting (aiO) , the equations reduce to 

-+ 
'V • E = 0 

-+ 
'V • H = 0 

-+ 
'V x Ii _ ~ ClE = 4rra E 

c at c 

Taking the curl of Equation (3.10), 

-+ 

'V x ('V x E + J::. ClH ) = IJ x <5 = 0-
c Clt 

Interchanging the order of differentiation, 

(3.8) 

(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13 ) 
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-+ -+ 2-+ . 
Using the identity V x V x E = V(V'E) - V E, and noting from Equation 

(3.8) that the divergence of :E vanishes, we may replace the first tenn 

of Equation (3.13) by _v2 E : 

_'12 E + .l::. _0 (V x B) = 0-
c at 

V€ obtain tiE curl of ~ fran Equation (3.11): 

-+ 
_v2 E + .E. ~( £ oE + 47T0" E) = -0 

c at c at c 

\)2 E _ H£ a ~ _ 47TO"lJ dE == -0 
c 2 at2 c2 at 

Similarly, taking the curl of Equation (3.11), 

-+ 
-+ E aE 47T0" -+ 

V X (V x H - c at ) = V x ( c E) 

(3.14) 

(3.15) 

(3.16) 

Obtaining the curl of E fran Equatim (3.10), and using the sarre identity 

for V x 'iJ x ~, with V'II = 0 fran Equatim (3.9), 

-+ -+ 
_v2 II _ .£ ~(~ aH ) _ 47TO (1 aH ) = 0' 

c at c at c c at 

(3.17) 

-+ -+ 
Thus, E and Rooth satisfy the sarre wave equation: 

(3.18) 



r' , 

I 
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we asS1..ll'r'S a solutirn of the form 

(3.19) 

where Eo is a constant vector. with K - /;/, we note the following: 

aE = -iw E 
at 

a~ _ + 2 ;t 
- - (-iw) (-iw) E = -w t; 

at2 

(3.20) 

(3.21) 

(3.22) 

Then, substituting Equations (3.20), (3.21), and (3.22) into Equation 

(3.18) , 

(3.23) 

The coefficient of E must vanish. This requires that 

2 
2 _ lJEW +' (4'Tl"oJJw) 

K --2- l. 2 
c c 

(3.24) 

Assuming K is canplex, ~ write K - a. + i8. Then, 

2 
a. - 2 2' 8 + l.a.8 (3.25) 

(3.26) 

(3.27) 



ps 
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2 
To find tie real and imaginary parts of K , W2 assurre that E:, 

11, and a are carplex: 

(3.28) 

fl - ].1r + ifl· 
~ 

(3.29) 

a - a + ia. (3.30) 
r ~ 

Then, substituting into Equation (3.24) , 

2 
2 

K = (E +iE.)(].1 +i].1.)w
2

+ 
r ~ r ~ c 

(3.31) 

K2 = [(E fl - E:.].1.)W
2

2 - 41T(a·fl + a l.!,)W2] + 
r r ~ ~ c l r r ~ c 

2 
i[(E:'fl + E l.!.)w2 + 4n(a fl - a.].1')W2 ] 

l r r l r r l l 
C C 

(3. 32) 

~'€ then define 

2 
(E fl -

W 4n(cr.fl + W 
Y - E.l.!')2:- a fl')2: r r l l ~ r r l c c 

(3.33) 

2 
(g.]..I + 

(il 
4n(cr fl -

W 
15 - E l.!')2:+ a.].1')2: 

l r r l r r l l 
C C 

(3.34 ) 

Thus, 

0.35). 

From Equations (3.26) and (3.27), we obtain 



-------------------------

2 2 
y = a - S 

8 = 2aS 
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(3.36) 

(3.37) 

Using S = 8/2a frcm Equation (3.37), the follcwing quadratic results: 

(3.38) 

(3.39) 

The solutions are 

Since a is real, 0.
2 must l:e greater than zero. We must choose the plus 

sign. Therefore, 

a ~ [y + (y~ + ,2) 1, r 
Similarly, a = 8/2 S yields the quadratic 

with solutions 

Again v;e must choose tre plus sign: 

8 ~ [-y + (y~ + ,2)1,] 1, 

(3.41) 

(3.42) 

(3.43) 

(3.44) 

... 
With the result ~ = KK = (a + is)K, the complex phase velocity 

vp can be defined: 
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-+-+ 
K·X - wt = constant 

-+-+ d(K·X - wt) = a 

-+ -+ 
K·dX - wdt = a 

(a + is)K·~ = wdt 

M2asuring ~ in the direction of K I 
P 

dxdt=Vp= W -a-+--ri"""S 

If v.e define the canplex refractive index N as 

c 
N=:- =n+ik v 

p 

v.e finally obtain 

N = c (a + is) 
w 

(3.45) 

(3.46) 

(3.47) 

(3.48) 

(3.49) 

(3.50) 

(3.51) 

(3.52) 

(3.53) 

Thus, with n the real part of the refractive index, and k the 

irraginary part, the result is 

c n=-a. 
w 

_ c 
k--S w 

(3.54) 

(3.55) 

As an example of the relationship l::etw=en e: and N, consider a 
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non-conducting (0=0), non-magnetic (j.1=1) naterial such as water. Wit.~ 

these concli tions , 

Then, 

2 
w 

Y = Er 2 
c 

and 
2 

w o = Ei 2 
c 

a = [Y + (Y~ + e
2)'T' = ~ [or + (£r: + Ei2/'r 

a = [~Y + (Y~ + 02)"J" = ~ [-Or + (£r: + £/)"J' 

Using Equation ( 3 • 5 3) I 

N = ~ h [or + (£r: + £i2)"r + 

• W [-E + (E 2 + E. 2) ~J ~} 1- r r ]. 
c 2 

fquaring both sides, 

2 
N = E + iE. = E r ]. 

The result is that, Ear water, the canplex refractive index is the 

square of the dielectric function. 

In general, 

(3.56) 

(3.57) 

(3.58) 

(3.59) 

(3.60) 

(3.61) 

(3.62) 

I 
I 
I 
I 
I 
I 
I 
I 
! 

I 
1 



31 

K = Ct + is = w (n + ik) 
c 

SUbstituting into Equation (3.19), 

.w( ')" -+ . 1- n+ik K"X -1wt 
E=Ee C e 

o 

e 

w ,,-+ 
-- k(K·X) c 

(3.63) 

(3.64) 

-iwt 
e (3.65) 

Clearly, k governs attenuation of the wave arrplitude, and ~ governs 

the real phase velccity. Thus, the te:rms attenuation (or extinction) 

coefficient and real refractive index for k and n reSf€ctively. 

The Lambert Absorption Coefficient 

The Iarrrert absorption coefficient, ~I is defined as the 

fractional decrease in intensity over distance: 

ldI 
Ct--

1dx 

we obtain an expression for the intensity by integrating: 

dI -CLdx = -
I 

x I 

j(-a.)dx l = f~: 

:x = m(O 10 

-aX 
I = I e 

o 

(3.66) 

(3.67) 

(3.68) 

(3.69) 

(3. 70) 

The intensity is proportional to the square of the ma.gni tude of 

the electric field vector: 
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I ex; (3.71) 

dI 
-0:: 

dx (3.72) 

1 dI 2wk 
- I dx = C- = a (3.73) 

'Writing w = 21Tf and f = ciA, w = 21Tc/A. Then, 

2k 21TC 41Tk 
a = C -),.- = -),.- (3.74) 

With the definition of wave number, v, as I/A, 

a = 41Tkv 

Absorption can also re written in terms of the formula 

-~ m 
I = I e P 

o 

(3.75) 

(3.76) 

where .H. is defined as the linear absorption cc:efficient (ern-I), .e... is 

the density of the absorrer (gm/ern3) , and ~ is the mass per area of the 

absorber (gm/an2). Then, ]lIp is the ffi'3.SS absorption coefficient (cm2/grn). 

It is easily shewn that 'jl=a. Fran the definition of the Iarrbert 

coefficient, Equation (3.70), we require that 

ax = J!. rn (3.77) 
p 

New, x/m = vol1.:rrre/ITB.ss = 1/ p • Thus, 

xlI 
a-=a-=]l-

m P p 
(3.78 ) 
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The result is 11=<:t. The mass absorption ccefficient, then, can J:::e 

wri tten as a/ p • 

The Kramers-Kronig Relations as Obtained 

Frc::m the Response Function 

The real and imaginary parts of the dielectric function are 

related by a dispersion relation. This is a result of the frequency 

dependence of the quantities involved and our insistence on causality. 

The rrethcd was outlined by Peterson and Knight.
22 

The relations will 

later be sh~ to apply also to the camplex refractive index. 

To be most general, the fields should be written as a Fourier 

su]?€rposition of the fields due to all frequencies. W= l:egin by noting 

the definition of the electric displacement in cgs units: 

D = E + 4rrP (3.79) 

With the assumption of linearity, the polarization can l:::e written 

p = X (w) E (3.80) 
e 

Xe (w) is the frequency-de]?€TIdent electric susceptibility. Then, 

15 = ~ + 4TIX (w) E = [1 + 4TIX (w)]E (3.81) e e 

In general, the frequency-de}?€I1dent dielectric function is defined by 

D = E (w) E 

The result is 

= 1 + 4rrx (w) e 

(3.82) 

(3.83) 
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The frequency-dependent fields are written as 

-+-+ -+-+ 
D(x,w) = sew) E(x,w) (3.84 ) 

-+ -+ -+-+ 
where D (x, w) and E (x, w) are meml:;ers of the Fourier-transfonn pairs 

00 

-+-+ 1 f-+-+ -iwt D (x,t) = D (x, w) e dw 
& 

(3.85) 

-co 

co 

-+-+ 1 f-+-+ e +iwt dt D (x, w) = - D(x,t) 
I2TI 

(3.86 ) 

-co 

and 

co 

-+-+ 1 f-+-+ -iwt E(x,t) = -- E(x,w) e dw 
~ 

(3.87) 

-00 

co 

-+-+ 1 J+-+ e+iwt dt E (x, w) = - E(x,t) 
I21T 

(3.88 ) 

-00 

~ proceed fran Equation (3.85) as follows: 

co 

++ 1 J sew) 
++ -iwt (3.89) D(x,t) = E (x, w) e dw 

& 
-co 

00· 

++ ~ f[1+4rrX (w)]E(~,w) -iwt (3.90) D(x,t) = e dw 
I2TI e 

_00 
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co 

co 

- 471"X (w) .t; (x, w) e dw 1 f ± ~ -iwt 
ffrr e 

_00 

co 

D(x,t) = .t;(x,t) + --- 471"X (w) E(x,w)e dw + + ± + 1 I + + -iwt 
I2TI e 

_00 

~ define tha functicn G ( T) as 

00 

G(1") = --- 471"X (w) e dw 1 I -iw1" 
I21T e 

_00 

G (T) is thus the Fourier transform of 471"X (w). 
e 

00 

1 I +iwTd 471"X (w) = - G(T) e T 
e !27r 

-00 

'Ihus, 

(3.91) 

(3.92) 

(3.93) 

(3.94) 

SUbstituting this into Equation (3.92) and interchanging the order of 

integration, 

oc 

D6~/t) = E"6tt) + ~JG(T) E6Lt-T) dT 
1271" 

-co 

(3.96) 

The fact that E(W) is a function of w leads directly to this 

fonn for D(~,t), which has a non-local (temporally) contribution fran 
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-+-+ 
E (x, t) • G ( T) is, evidently I the response function. Causali ty requires 

t.h3.t there l:e no contribution tc D (,;t, t) fran E (,;t, t-T) for T < 0 (no 

contribution fran the future). Then, G (T) must te zero for T < O. 

-+-+ .::t--+ D(x,t) and ~(x,t) must be real. Therefore, subtracting fran 

Equation (3.96) its cauplex conjugate, ~ obtain the following: 

D(~,t) - D*(~,t) = E(~,t) - E*(~,t) + 

(3.97) 

o = 0 + ~f[G(T) - G*(r)] E(~,t-·r) dT (3.98) 
/2; 

-"" 

This implies that G(T) = G*(T), or that G(T) is real. ~ can, fran this, 

deduce serre properties of 47fXe (w), and thus of E (w). Using the definition 

of G(T) and Equation (3.83), 

<XI 

1 f -iwT G(T) = - [s(w)-l] e dw 
Y'2TI_

00 

(3.99) 

'l'l"E ccroplex conjugate is 

OJ 

1 f +iwl'd G* (1') = - [s* (w)-l] e w 
v'2iT_

00 

(3.100) 

In Equation (3.99) we substitute -w for w and obtain 

00 

(3.101) 
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SUbtracting Equation (3.100) from Equation (3.101), 

<XI 
G (T) - G* (T) = - [s (-w) -1] e dw 1 ! iWT 

!2TI_<XI 

co 

co 1!. iWT - [s * (w) -lJe dw 
l2TI-co 

1 ! iWT 0=- [e:(-w)-s*(w)]e dw 
y"2; -00 

This implies that e: (-w) = e: * (w). Then 

Re[e:(-w)] + iIm[e:(-w)]= Re[e:(w)] - iIm[e:(w)] 

Re[e:(-w)]= Re[e:(w)] 

(3.102) 

(3.103) 

(3.104) 

(3.105) 

Thus, Re [e: (w)] is an even function in w; further, the function Re [e: (w) -1]== 

Re[4~xe(w)] is even in w. 

Im[e: (-w)] = -Im[s (w) ] (3.106) 

Thus, Im[e: (w)] is an cdd function in Wi further, the function Im[e: (w)-l]= 

Im[4~X (w)] is odd in w. 
e 

Using the above results, ~ can separate G (T) into a part 

syrrmetric in T, and a part anti-syrmetric in t. Begirming with the 

definition of G(T), separating the susceptibility and the exponential 

into real and i.ma.ginary parts, ~ find 
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00 

G (T) ; I~~ f {Fe [4~"e (w) leos (WT) + Im[ 4rrx., (w) lsin (WT)} dw + 

_co 
00 

~J {Im[4rrx (w) ]cos (uJ'!) + Re [4rrXe (w) ]sm (WT)} dw 
/2;" e 

_00 

(3.107) 

The integrand of the second integral is cdd in wand, therefore, vanishes. 

Thus, 

G(T) = ~fRer4rrx (w) ]cos(w1")dw + 
/2; e 

_00 

00 

~ f I:m[47T X (w) ] sin (wT)dw 
&-00 e 

(3.108) 

The first integral is even in T. ~ define it as G (T) (where the sub­s 

script implies the symretric property). Note that it can l:e written 

(3.109) 

since the tenn containing the sine function is cdd, causing that part 

of the integral to vanish. 

transfonn of Re [4'TTX (w)]. e 

It is evident that G (1") is the Fourier s 

Then, 

00 

Re [47TX (w)] 
e 

1 fG ( ) +iwLd = - T e T 

&_00 s 
(3.110) 

The second integral is cdd in T. ~ define it as G (T) (where the sub­
a 

script implies the anti-symrretric property). Note that it can l:€ written 
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CX) 

i f -iw1' G
a 

(1') = - Im[ 4rrx (w)]e dw 
'2 e 

JI..::rr -00 

(3.111) 

since the tenn containing the cosine function is cx3.d, causing that part 

of the integral to vanish. It is evident that Ga (e) is the Fourier 

transform of iIrn [4rrx (w)]. Then, e 

CX) 

i f +iwe Irn[4rrX
e

(w)] = - - G (e)e de 
'2 a 
""rr _00 

(3.112) 

we can relate the canponents of G ( e) by knCMing that G ( e) = 0 

for e < 0, that G (e) is even in 1:, and that G (T) is cdd in T. For 1: < 0, s a 

G (':<0) = - G (T<O) (3.114) 
s a 

For 1: > 0 (and in general) , 

G (-T) = G (e) s s 
(3.115 ) 

G ( -T) = - G ( 1: ) a a 
(3.116) 

Since 1: > 0 implies that -T < 0, Equations (3.114) and (3.116) give 

G (-T) = - G (-e) = G (e) 
s a a 

(3.117) 
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Thus, for T>O, 

(3.118 ) 

The first result is fran the s:ymnetry property I and the last result is 

fran Equation (3.117). Therefore, 

Nowv v.e can relate the real and inaginary parts of 47l'X (w). 
e 

Separating the integral into one over negative T and another over 

positive T, 

o 

Then, using Equations (3.114) and (3.119), 

Re[4'TfX (w)] e 

o 
1 f iWT = - [-G (T)]e dT + 

v'27T a 
_00 

00 

Substi tutihg -T far !. in the first integral, 'W8 can recanbine the 

integrals into 

v-e now substitute for G (T) fran Equation (3.111): 
a 

(3.119)' 

(3.120) 

(3.121) 

(3.122) 
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co 

1 I{ i fco -iw't } Re[4rrx (w)] =- - Im[4rrx (w')]e dw' x 
e I27T ~ e 

o -co 

x (e-iwt + eiWT)dT (3.123) 

Interchanging the order of integration and performing the integral over t, 

Re [ 4rrx (w)] = .J:. fIm[ 4rrx (w')] (_1_ + _1_) dw' 
e 2rr e w'+w w'-w (3.124) 

-co 
= .J:. I Im( 4rrXe (w') ]dw' 

Re [4rrXe (w) ] 2rr (w' +w) + 
-co 

.J:. I Im[ 4rrXe (w' ) ]dw ' 
2rr (w I -w) (3.125) 

-co 

SUbstituting -w' for ~ in the first integral, and using the fact that 

Irn[4rrXe (w)] is cdd in w, ~ obtain 

New, using 

Im[ 4rrx (w ') ]dw' e 
(w I -w) 

Re[4rrx (w)] = Re[~(w)-l] = Re(s(w)] - 1 e 

Im[4TIX (w)] = Im[s(w)-l] = Im[s(w)] 
e 

the result is 

(3.126) 

(3.127) 

(3.128) 
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"" 
Re[s(w)] = 1 + l!Im[S(W') Jdw' 

1T (W' -W) (3.129 ) 

Similarly, separating Equation (3.112) into two integrals and 

using Equations (3. 114) and (3. 119) , 

Irn[41T Xe(w) ] 

Substituting for G Cr) fran Equation (3.109), s 
00 

Im[ 41TXe Cw) ] i J {I j"" -iW'T } = - - Re[41TXe (w') ]e dw' 
I21T I21T 

-00 a 

( -iWT iWT)d x e - e T 

(3.130) 

x 

(3.131) 

Interchanging the order of integraticn and r:;erfor:ming the integral over 

't f ~ find 

1/ 1 1 Im[ 41T Xe Cw)] = 21T Re[41TXe (w')] (w'+w - w'_w)dw' (3.132) 

= -.1.J Re[41TXe (w') ]dw' 
Irn[41TXe (w)] 21T (w'+w) 

-<Xl 
00 

-.1.J Re[ 41TXe Cw' ) ]dw' 

21T (w'-w) (3.133) 
-<X) 

Substituting :!E..' for w' in the first integral and using the s:yrrrnetry of 

Be [41TX (w)], these integrals t:ecare e 
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0:) 

1 f Re [4'ITXe (w') ]dw ' 
Im [4'ITX (w) ) = - - (') e 'IT w -w (3.134 ) 

-00 

Thus, 'V.e obtain 

co 

Im [£ (w) ] = - ~ f Re [E (w I ) ) - 1 dw I 
'IT (w'-w) (3.135 ) 

These relations can be expressed slightly differently. Beginning 

with Equation (3.124), t,.;e canbine the two teImS in parentheses to fonn 

-co 

Relying on the evenness of the integrand, 

co 

__ _2 J w'Im[4'ITXe (w') ]dw' 
Re[4'ITXe (w) ] 

'IT (,2 2) w -w 
o 

Re[e: (w)] 

Similarly, l:egincing with Equation (3.132) I 

f Be [4TIX (w') ]dw' w e 
Im[4TIX (w)] = - - 2 2 

e 1T (') w -w -co 

co ___ 2wf Re[41TXe (W ' ) ]dw' 
Im[41TX (w)] 

e TI ( ,2 2) w -w o 

(3.136) 

(3.137) 

(3.138) 

(3.139) 

(3.140) 



-

co 

Irn[«w)] = _ 2: ~ 
a 
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Re(8(W')] - 1 dw' 

( ,2 ~) w -w 
(3.141) 

Equations (3.129) and (3.135), or alternatively (3.138) and (3.141) I are 

the Kramers-Kronig relations. 

The Lorentz Oscillator Model 

~rivation of the dispersion relations for the canplex refractive 

irrlex requires sare kncw1edge of the analytic pro:perties of the function 

N(w). Since, for water, N2 (W)=8 (w), it is clear that a kno.vledge of 

the prcperties of 8 (w) will prove helpful in investigating the properties 

of N(w). We 1:egin with the lDrentz mcrlel of the dielectric function. 

Consider t.h: motion of an electron in an applied electric field. 

Tl'E electron is bound to the nucleus with a force constant k, and it 

experiences a damping force I prc:partional to its velcci ty , -myv. The 

equation of motion is 

± d2~ + + * 
~. = m - = -lci - my v + (-e).t; 

dt2 

d2~ ~ + 
m ---..; + my - + 10{ = -eE 

dt':: dt 

y.e assurre an oscillating field vector with angular frequency w: 

+ + -iwt E=Ee o 

Then, substituting for E in Equation (3.143), 

(3.142) 

(3.143) 

(3.144) 



w= assurce a soluticn of the form 

-+ -+ -iwt x=xe o 

Then, taking derivatives, 

d 2.... 2 . x -+ -].wt 
--=-wxe 
dt2 0 

The equation of motion l:ecanes 

45 

2-+ -iwt 
-I11LJ.J x e . -+ -iwt + kx-+ -iwt l.ymwx e e = 

o o 0 

Dividing by ~ and the exponential, 

( 2. k) -+ -w -]. yw + - x = m 0 

eEo 
m 

-eE e-iwt 
o 

Wribng him as wo' the natural oscillator frequency, 

-+ 
x = o 

.... 
eE o 

( 2 2. ) m w -w -].yw 
o 

(3.145) 

(3.146 ) 

(3.147) 

(3.148) 

(3.149) 

(3.150) 

(3.151) 
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Then, writing ~ as in Equation (3.146) I ~ obtain o 

-+ -iwt eEe 
-+ 0 
x = - -( --:=:2~2""'-.-) = 

m Wo -w -l.yw 

-+ eE 

( 2 2. ) m w -w -l.yw 
o 

The dipole marent for this single oscillator is 

-+ -+ 
p = -ex = 

2-+ 
e E 

( 2 2. ) m w -w -l.yw 
o 

(3.152) 

(3.153) 

-+ 
If there are N such oscillators t=er unit vo11..1l.TE, the polarization, P, 

is given by 

-+ -+ 
p = Np = Ne~ 

( 2 2. ) m w -w -l.yw o 

Theref~e, the electric susceptibility, Xe , is given by 

[ 
2 J -+ -+ Ne -+ 

p = X E = 2 2 E 
e m(w

o 
-w -iyw) 

The dielectric function is related to X e 

2 4 TINe 

as follCMs: 

~ = 1 + 4TIX = 1 + 
e ( 2 2. ) m w -w -l.yw 

o 

The tenn 4 TINe 
2 fin is frequently written wp

2
, where ~ is called the 

plasre frequency. 

E; = 1 + 
2 

w p 

( 2 2. ) w -w -l.yw o 

(3.154) 

(3.155) 

(3.156) 

(3.157) 
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This single oscillator model can be extended to account for 

multiple oscillators. For N total electrons per unit volurre, there 

are N
J
. with natural frequency w . and damping constant y .• 

-2J.. ~ 
constraint is 

LN. = N 
. J 
J 

The obvious 

(3.158 ) 

Then, adding up contributions fran all types of electrons (oscillators), 

2 
E: = 1 + 471'e 

rn 

N. 
J 

( 2 2, ) w . -w -~y.w 
OJ J 

This can l::s separated into real and. imaginary parts: 

2 
e: = 1 + 471'e 

rn 

i[471'e
2 L: rn . 

J 

N. [<w .2_w2)+iy.w1 
J OJ J ~ 

2 2 2 2 2 
(w . -w) + y. w 

OJ J 

N . < w . 2 -w 
2

) J ) OJ 
2 2 2 22+ 

(w . -w) + y. w 
oJ J 

N.y.w J J J 
22222 (w . -w) + y. w 

oJ J 

(3.159 ) 

(3.160) 

(3.161) 
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Analytic Properties of N(w) 
2 . 

For water, E(W) = N (w). Then, Equation (3.157) gives 

2 

2 2. 
w -w -J.yw 
o 

2 
The zerres of N (w) are wa and ~, obtained as follON's: 

o = 1 + 
W 
P 

2 

22. 
W -w -J.yw o 

w2 + (iy)w - (w 2 + w 2) = 0 
p 0 

with the following defini lion . 

(WI is real), the zeroes are 

(3.162) 

(3.163) 

(3.164) 

(3.165) 

(3.166) 

(3.167) 

(3.168) 

(3.169) 
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2 
The poles of N (w) are we and wd ' obtained as follows: 

2 2 
W - W - iyw = 0 

a 

( \ . (2 2)~ 
W = -i i

J
± Wo - ~ 

With the following definition 

(W
2 

is real), the poles are 

We = w2 - i(;) 

wd ~ -w2 - i(;) 

r.t.-. 'te23 
v'/<::: can 'WrJ. 

(W-W
a

) (w-w
b

) 

(w-w
e

) (w-w
d

) 

(3.170) 

(3.171) 

(3.172) 

(3.173) 

(3.174), 

(3.175) 

This can be verified by direct substitution fran EqUations (3.168), 

(3.169), (3.173), and (3.174). The result is 

N(w) (3.176) 
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Since the function N(w) is multi-valued, its branch line struc-

ture must t:e found in order to detennine where it is analytic. The 

procedure was outlined by Churchill. 24 

Consider the functions 

f (w) = W - w a a 
(3.177) 

both of which are entire in the ccrnplex p1aile. Using Equation (3.168), 

WI and '( are real. W= define 

2 
Then, redefining fa (w) as fl (z), 

w - w = z - w a 1 

{e9 
fl (z) = (Z-w1)~ = £ eJ. 2" 

1 

Similar ly ,using Equation (3.169), 

(3.180) 

(3.181) 

(3.182) 

(3.183) 



r 51 

with the corresponding definition of fb (w) 
2 

as f2 (z) I 

k . (62\ 

f2 (z) = (Z+W
l

) 2 = rr; e 1\2) 

The polar coordinates for fl (z) and f2 (z) are defined as in the 

follCMing: 

1i\e define tre function 

(3.184) 

(3.185) 

(3.186) 

\fie may define the danain of fez) as {o ~ 61 < 211', 0 S 62< 211'1 r l "> 0, 

r 2 "> 0, and r l +r
2

> 2w
l
}. The last condition is imposed so that f (z) 

is analytic in its danain. This result is equivalent to the staterrent 

that f (z) is analytic everywhere except on the closed line segment 

connecting -~ and +~. This is sho.m as follows: 
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The branch cuts for fl (z) an::l f2 (z) are the rays 8
1

=0 and 

82=0 respectively. Thus, fez) is analytic whenever z¥-wl and 82~0. 

The value of fl (z) is continuous (analytic) across 8l =rr (£l=i~), 

but the value of £2 (z) jumps fran +rr; to -vr; as z crosses fran al:::ove 

to below this line segment connecting -WI and +wl • Thus, £ (z) is not 

continuous (arrl not analytic) on that line segrrent. 

Now, to investigate the behavior of fez) on the ray 8
1
=0, 

r 1 >O, v.e define the function 

F (z) -

in the domain {-rr<~l<rr, -rr<¢2<rr, rl>O, r 2>0}. F(z) is continuous 

across the ray tPl=O and is thus analytic there. (This is the 

(3.187) 

sarre region of the real line as 81=0, rl>O.) If ~ can shOW'" that 

f(z)=F(Z) an, above, and below the ray 6l =¢1=O, then ~ will have 

shown fez) to be analytic an that ray. On the ray 8
1

=<Pl =0, as ~ll 

as a.bove it, 6
1

=<P
l 

and 62=¢2. Thus, f (z)=F (z) for z an or al::ove the 

ray Gl=¢l=O. For z below this ray, <p l =81-2rr and <P 2=e 2-2rr. Then, 

F(z) = (3.188) 

F(Z) = (3.189) 

F (z) (3.190) 

Therefore, f(z) is analytic an the ray 81=0, rl>O. 
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The branch line for f(z) is 

- Ca)l +~ 

In crossing fran above to 1::e1ow the branch line, the function shifts 

fran 

'('IT) ~ 2 -i8 '(0) +i8 
f+ = hl e e vr;- e~ e = iv'r1r 2 (3.191) 

(0<8«1) to 

f = (3.192) 

Now coosider tte functions 

(3.193) 

(3.194) 

toth of which are entire in the canp1ex plane. Using Equations (3.173), 

(3.174), and (3.180), 
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f (w) = w - w + i/~\ = z - w 
c 2 \2J 2 (3.195) 

(3.196) 

W= new define the following functions: 

(3.197) 

(3.198) 

The polar coordinates for gl (z) and g2 (z) are defined as in the follCMing: 

~ may define 

-(0) 
2. 

+(0) 
2. 

z 

(3.199) 

in the danain {Os e3<21l'f Ose4<21l'f r 3>O, r 4>O, r3+r4>2w2}. As in the 

treatrrent for f (z), the branch line for g (z) is the closed line seg:rrent 
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Note that 

2 

I WI I IRe (w ) I IRe(~)1 = 
2 2 Y ~ = == I (w +w --) I a o p 4 (3.200) 

2 

IW21 IRe (w ) I IRe (wd ) I 2 y k 
= == = I (w - - ) 21 c o 4 (3.201) 

Therefore, 

(3.202) 

The branch line for g (z) is 

In crossing fran above to 1::elcw the branch line, g (z) shifts 

fran +i/r3r 4 to -i/r3r 4 • In crossing fran above to 1::elow the ray 6
4
=rr, 

g (z) varies continuously through -/r 3r 4. In crossing fran above to 

1::elow the ray e 3=0, g (z) varies continuously through +/r 3r 4. 

Now I given the carposite function 

h(z) 
f (z) 

- g (z) (3.203) 
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h (z) is clearly continuous and analytic except r;erhaps on the closed 

line segrrent connecting -wI and +wl . (This segment contains the segrrent 

connecting -w
2 

and +w
2

.) 

First, consider the segrrent -wI to -w2 • For z crossing fran 

al:xJve to l::elo.v, h (z) gees fran 

(3.204) 

to 

(3.205) 

The function is discontinuous, and thus not analytic I an that segrrent. 

Secood, cansider the segrrent -w2 to +w2. For z crossing fran 

above to l::elo.v, h (z) gees fran 

(3.206) 

to 

(3.207) 

The function is continuous and analytic on that segrrent. 

Third, consider the segrrent +w2 to +wl . For z crossing fran 

al:xJve to tela..v, h (z) gees fran 

--~ , 
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(3.208) 

to 

f 
h =-= 

g-
(3.209) 

The function is discontinuous, and thus not analytic, on that segrrent. 

The branch line structure for h(z) I therefore, is 

-w -w 
1 2 

+w +w 
2 1 

Substituting z = "' + i(~)' "' = z - i(~ ), fran Equation (3.180), "'" 

obtain N (w) with branch lines as follcws: 

• 'i"" """'i. 
w w 
b d 

'Y 
2 

"h."""""" • 
w' w 
c a 
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The result is that N(w) is analytic on the real line and in the upper 

half plane. 

We can find the high frequency limit for N (w) as follONs: 

For /w / » I w " o 

N(w) 

2 2 w w 
1 + -...--4Pi;-- -+ 1 - P2 22. 

W -w -1yw w 
o 

2 4 
w w 

_-L_-L_ 
2w2 8w4 

As w + 00, N Cw) -+ 1. 

2 

(3.210) 

(3.211) 

This derivation is not invalidated by requiring a more canpli-

cated, or more realistic, mcdel of € (w). Any rncxiel can 1::e written in 

the fom 

€(w) = 

M 
n 

m=l 

N 
n 

n=l 

(w - Z ) m 

(w - p ) 
n 

(3.212) 

where Z are zeroes and P are poles of the function. 25 causality m n 

implies that all the zeroes and poles lie below the real axis. 26 The 

result is the sarre analytical properties for N (w) • 
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The Krarrers-Kronig Relaticns as Obtained 

Fran the Cauchy Integral Formula 

With the above examination of the analytical properties of 

dw) and N (w), we can derive the dispersion relations for N (w). w= 

demonstrate the process first by obtaining the Krarrers-Kronig relations 

for the dielectric function by contour integration. 

W= can shew that tre definition of s (w) via the t.iJn::= response 

function is consistent with the derived analytic properties. The 

definition of G(T) yields 

Since G(T)=O for T<O, we can write 

iW1"d e 1" 

SeJ?CIIating w into its real and imaginary parts, 

sew) -

-:c 

f iw 1" -W.1" 
1 = ~ G(T) ere l dT 

ffn o 

(3.213) 

(3.214) 

(3.215) 

It is clear that, for finite G(T), the function s(w)-l exists, as does 

its derivative, far all w such that Wi ~ O. Therefore, the function 

s (w)-l is analytic on the real axis and in the upper half plane. 

As a result, for any closed contour in the dc:m:rin of analyticity 

of E: (w) -1, the Cauchy integral formula allows us to write 
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s(w) - 1 = ~f [s(w')-l]dw ' 
27T1. (w I -w) 

(3.216) 

C 

w= will want to investigate the function for real, positive w. 

Therefore, placing w on the positive real axis, w-e ch(X)se a contour 

C as follcws: 

R 

-R 

The integral around this contour can J:e written as the sum of four 

parts: 

w-r 

f [e:(w')-l]dw' 
(w '_W) 

= f [s (Wi )-l]dw' 
(w'-w) + f [s (Wi )-l]dw ' 

(w'-w) 
Cr c -R 

R 

f [e:(w')-l]dw' 
(w I -w) 

w+r 

+ f [E(w')-l]dw' 
(w I -w) 

~ 

NON, writing 

Wi _ W + re ie 

+ 

(3.217) 

(3.218) 
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(3.219) 

~ can write tre second integral as 

o . 0 

J [E:(w')-ll~e~ede = ![E:(w')-lJide 
(w+re -w) -7r 

(3.220) 

-'If 

Writing 

w' == Rei~ 

~ can write the last integral as 

Then, 

o 

f [E (w' )-l]dw' 
(w'-w) 

c 
R 

w-r 

= j[E(w1 )-l]dw' 
(w'-w) 

-R 

f [E (w' ) -1 ]dw ' 
(w'-w) + 

w+r 

(3.221) 

(3.222) 

(3.223) 

o 

+ f[E(w')-1]id8 + 
-7r 

(3.224) 

NON W2 apply a limiting process, allcwing R to approach 00 and 

r to approach zero. Since this includes and excludes no new poles, the 
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integral on the left of Equation (3.224) remains the same. The first 

and third integrals on the right became the Cauchy principal value 

(denoted P. V.) of the integral along the real line. In the second 

integral on th: right, w' becaoes ~ and the f1.IDction s (w) -1 can te. 

moved outside the integral sign, the remainder yielding 'TTL The fourth 

integral on the right vanishes tecause s (w') approaches one as the 

rnagni tude of w' increases without l:xJund. Thus, 

f [s(w')-l]dw' 
(w'-w) 

C 

co 

J [8 (Wi )-l]dw' 
== P. V • (w I -w) 

-00 

+ 'TTi[dw) -1] 

NCM, using this in Equation (3.216) and rearranging, 'V.e obtain 

1 
sew) - 1 = -. P.V. 

'TTl 

co 

! [s(wl)-lJdw' 
(w I -w) 

-00 

Separating the functions into real and irnaginary parts yields the 

Krarrers-Kronig relations. 

(3.225) 

(3.226) 

One difficulty with the above derivation is the excursion into 

the lav.er half plane by the centaur Cr. This path is of infini te sirna 1 

length; and with w. <0 for all 0, the f1.IDction given by Equation (3.215) 
1 

remains regular even with 1"-+=. Ft.:Irti:er, the physical constraints on 

G(1") require that G(T)+O as 1"-+00. Ho.vever, this difficulty can be 

avoided. by distorting the contour above, instead of }:;elCM I the pole 

at w on the real axis. Then, since no poles are enclosed, the integral 

must yield zero; 



j rE:(w1)-lJdW 1 = 0 
(w I -w) 

I 

C 
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As l::efore, the integral is divided into four parts. The limit is 

(3.227) 

taken allowing R+co and r-l-(). The only difference is the integration 

around the small semi -circular contour around w which is counter-

clockwise and yields ~TIi(s(w)-l], the negative of the prior result. 

This, ha.;ever, cc:nspires with tre zero on the right of Equation (3.227) 

to give the same an.sv.er as refore, :n.a:rrely Equation (3. 226) and the 

Krarrers-Kranig relations. 

The only requirerrents for the derivation of the Krarrsrs-

Kronig relations above ~e the analyticity of the function E (w) -1 

in the upper half plane and on the real line, and the vanishing of 

the function far I w I +co. W::! can, thus, derive similar relations for 

the canp1ex index of refraction. w= must use N (w) -1, ha..-ever, since 

N(w}+l as Iwl+co. we write 

N(w) - 1 = ~f [N (WI )-l]dw' (3.228) 
2TIi (w i -w) 

c 
using a contour enclosing the pole at w (real). If ~ wish to use 

a contour excluding that pole, the integral on the right of Equation 

(3.228) yields zero. In either case, the result is 

N() 1 - 1 P V) JOC[N(W 1 )-l]dw' 
w- --.•• (I) 

TI1 w -w 
-00 

(3.229) 

Separating the functions intb their real and inaginary parts, 
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00 

n (w) = 1 + 1 jk(W')dW I 

1T (w f -w) (3.230) 

-00 

00 

k (w) =_ 1 j [n(w')-l]dw' 
11" (w' -w) (3.231) 

-00 

These are the Krarrers-Kronig relations for the canplex refractive index. 

The Real Part of N(w) as a Fourier Transfonn 

V€ can obtain new) as a series of two Fourier trans£onns. This 

will be the basis for the calculation described in Chapter rv. Beginning 

with Equation (3.230), w= divide the integral into two equal parts. 

00 co 

new) - 1 = ~fk(Wl)dw' 
21T (w'-w) 

+ -.lfk (Wi) dw ' 
21T (Wi -w) (3.232) 

-00 -00 

Substituting -w' for ~ in the first integral, using the fact that k(w') 

is cdd, and reversing the lllni ts I w= can recanbine the integrals. 

00 

n tw) - 1 = 2; f k (w') [tw'!w) + tw' :w)] dw' (3.233) 

-co 

Now we rely on the value of the integral 

00 of[ -i(W'+W)T + -i(w'-wh]d 1 e e T = 
1 1 

(w'+w) + (w'-w) 
(3.234) 

o 

SUbstituting this integral over T into Equation (3.233), we obtain 
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co co 

n (w)-l = 2; fk (WO){ if G-i (WO +w) T + e -i (WO -WhJdT}dWO (3.235) 

-co 0 

since k (WI) is continuous, ~ can reverse the order of integration. 

(3.236) 

(3.237) 

Substituting:.!. for .!.' the first integral in Equation (3.237) becan:s 

(3.238) 

Now, substituting -Wi for ~, using the c::ddness of k(w'), and reversing 

the limits, the integral (3.238) becomes 

(3.239) 

The result is 

o{ co } 1 1. -iW'T +iWT 
n(w)-l = -f --f[ik (w') ]e dw' e d't + 

I2Tr I[.; 
-(X) -00 
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If ~ define f (T) as the Fourier transfo.rm of ik (w' ) , 

-IXI 

the function n (w)-l can l:e written 

Now we define g ( T) as 

Then, 

{

-f (T), T ~ a 
g (T) :: 

+f (T), T> a 

Thus, n(w)-l is the Fourier transform of the g(T) function. 

The Electronic Sum Rule 

(3.240) 

(3.241) 

(3.242) 

(3.243) 

(3.244) 

VE are now in a position to derive the electronic sum rule. 

Beginning with the Krarrers-Kronig relation for the real part of the 

refractive index, Equation (3.230) I we express the integral over positive 

frequencies. 
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00 

n(w)-l = ~ f w'k(w')dw' 
11" (,2 2) w -w 

(3.245) 

o 

New, v.e define W as sore cut-off frequency above which there is no c 

absorption due to electronic oscillation. Then, that portion of the 

integral fran w to co can 1:e ani tted. c 

We 

~f w'k(w')&!' 
1T ( ,2 2) W -w 

new) = 1 + 

o 

(3.246) 

Choosing sore w»w I the w 
2 tenn daninates the w' 2 in the denaninator 

c 

of the integrand. Ignoring w' 2 by ccrnparison I 

We 

n(w) , 1 + ; t ~2) f w'k(w')aw' (3.247) 

o 

This expression 1:ecanes rrore accurate as w 1::ecares larger. Also, for 

large w, Equation (3.211) gives 

2 

new) :: 1 - ~ 
2w 

This also J::ecanes roc>re accurate as w J:ecares larger. We take the 

limiting case, (.IJ'+OO. 'I'h=n, equating the right sides of Equations 

(3.247) and (3.248), 

We 
2 

w 
1--L = 1-

2w2 
-; jW'k(W' )dw' 
11"W 

we 0 

= ! f w'k(w' )dw' 

o 

(3.248) 

(3.249) 

(3.250) 



I 

I 
I 

( 

I 
I 
I 

68 

~ can extend the upper limit to co since the integrand contributes 

nothing for W >W . c 

w 2 = !jW'k(W' )dw' p 1T 

o 

(3.251) 

v:.e substitute 47TNe2
jm for w 2 and write N as Zn I where Z is the numJ:::er 

.L- - --.£ -
of electrons in the molecule and n is the nurnl:€r of water molecules o 
per unit volurre. 

co 

47Tn ze
2 

4 j o =;- w'k (Wi )dw ' 
m 

co 0 

Z = 2 In 2 j Wi k (w I ) dw I 

1T n e 
o a 

Now, we write the angular frequency in terms of 'Wave nurnl:er. 

Wi = 21TCV 

dw' = 21Tcdv 

(3.252) 

(3.253) 

(3.254) 

(3.255) 

Substituting Equations (3.254) and (3.255) into Equation (3.253), we 

obtain 

<Xl 

Z = 4mC~ JVk (v)dv 
ne 

o 0 

v:.e substitute a(v)/47TV far k(v). 

(3.256) 
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<:Xl 

I Z = rrc 
2
2 Ja (\J) dv 

7Tn e 
o 0 

(3.257) 

I 
I 

Transfonning to Inks units, v.-e obtain the sum .rule used in the calculations 

described in Chapter IV. 

(3.258) 
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CHAP'IER IV 

NUMERICAL METHCDS 

The Nunerical Canputation of n «(0) fran k (w) 

In Chapter III, ~ obtained Equation (3. 230) expressing n (w) in 

tenns of an integral involving k (w I). For numerical calculation of n (w) , 

v.e must rely on numerical values of k (w) known at discrete values of w 

over a finite spectrum. 

Assuning there is sore Wmax above which k (w) yields a ne:gligible 

contribution to tJ::e integral, ~ can restrict our attention to those 

values of t W 1.:$ wrnax" Since k (w) is an cdd function, 

k(O) = 0 (4.1) 

Further, if ~ knON k (w) for 0 < w ~ wrnax ' ~ autanatically know k (w) for 

-wrnax ~ w < 0" We divide the interval -wmax S w S Wmax into N segments each 

of width /;:,w. 

w= begin by evaluating f ( T), tJ::e Fourier transfonn of ik (w , ), as 

specified in Equation (3.241). 

(4.2) 

This integral must be transformed into a discrete stun. For the N points 

70 



i 
71 

(including j=O) fran j=-N/2 to j= (N/2) -1, with 

w = j ilw 

T = milT 

(the index m to l:::e suttrred over later), ~ find 

~l 
2 

f(T) = f(m) = ~ ~ k(j) e-i (j6w) (m6T) ilw 

I2iT , N 
J="2 

(4.3) 

(4.4) 

(4.5) 

The surrmatioo is to (N/2) -1 since the function is presumed r;eriodic (to l::e 

, f~~~1-.l) 'th 'cd 27 The 1 '/2 ' , Fourler trans UL.m::u,; e Wl perl Nilw. va ue at J=N 1S the flrst 

value of the next pericd of the function. (N-+<>:> in the Fourier integral.) 

We write w and ilw in terms of wave numter. 

w = 2rrcv 

ilw = 2rrcllv 

~l 
2 

f (m) = iCLlvl27f ~ k (j) e -i21fjmcLl\!LlT 

, N 
J="2 

Now 'I.e impose the candi tion of periodicity by requiring that 

(4.6) 

(4.7) 

(4.8) 

f (m+qN) = f (m) ( 4. 9) 

where q is any integer. Substituting ~ for m in Equation (4.8) and 
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applying Equation (4.9) yields 

e-i2TIjqNc~v~T = 1 (4.10) 

Therefore, jqNc~vM must te an integer. With 19. integral, ~ can require 

NC~V~T to te unity. Then, 

1 
~T =-­

Nc~v 

~l 
2 

f (rn) = ic~v& L: k(j) 

. N 
J="2 

(4.11) 

(4.l2) 

'l:'h:3 only values of k (j) mown fran real data are those N/2 points 

for O<j$N/2. Since k(j} is crld about zero, the values of k(j) in that 

part of the sum. over negative integers must te replaced by -k(-j). 

f (rn) = ict.vv2TI 
-1 '2 ~m), -1. 1T - J L: [-k(-j) ] e N 

. N 
+ 

J="2 

~ . -id;)j 1 
L.,; k(J) e \ 

j=O 

( 4.13) 

This can te transfonred into a sun over positive integers by defining a 

new index. 

1 :: N + j (4.14) 

We substitute 1:. for i in the first sum in Equation (4.13), then change 
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the durrmy index 1 back to j. 

! 
N-1 '2 ~m). -1 IT - J 

f (rn) = iCflv& 2: [-k (N-j) ] e N + 
,N 
J=-2 

!i.1 
2 

2:k(j) 
j=O 

~ define the flIDCtion k' (j) as follavs: 

-k (N-j ) , ~ ~ j < N 

k' (j) _ 

k (j) I 0 ~ j < ~ 

Then w= can canbine the sums in Equation (4.15). 

f (m) 

N-l 

= iclw/27f 2:k' (j) 

j=O 

(4.15) 

(4.16 ) 

(4.17) 

~ can calculate n (w) -1 with this ftmction f (rn) • The integral in 

Equation (3.242) can be transfo:med into a discrete sum. For a particular 

W I o 

W = 1 flw o 0 

-1 

n (w ) -1 = ~ 2: [ -f (m) ] 
o I21T N 

rn=-2 

i (1 ~w) (m~T) o e flT 

(4.18 ) 

+ 
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+ ....L Lf(m) I2rr . 

i (l
o

11w) (mtl'r) 
e llT 

m=O 

Now, using Equations (4.7) and (4.11), ~ obtain 

-1 , ~10~ J.27T N m L [-f (m)] e + 
N 

IIF2" 

~l 
2 

Lf(rn) 

IIFO 

As 1:efore, this can 1:e written as a sum over posi ti ve integers. 

N-1 '2 ~lo~ J.7T-m 

L[-f(m-N)] e N + 

~ 
2 

~f(m) ei2.(~O/m 
rn=O 

w= obtain -f (m-N) and f (m) fran Equation ( 4.17) and substitute into 

Equation (4.21). 

N-l 

n(woH = (~) ~ 
~ 

~1 
2 

L 
m=0 

N-l 

-L k' (j) 

j=O 

N-1 e-i2~(~\j .ei2.f~o\m 
Lkl(j) 'J \ J 
j=O 

Now we define the fo11cwing function: 

(4.19) 

(4.20) 

(4.21) 

(4.22) 



A(m) -

The result is 

N-l 

-L k' (j) 

j=O 

75 

N-l '2 ~m~, -1. 7f - J 
+Lk'(j),e N, 

j=O 

N -<m< N-l 2- -

(4.23) 

(4.24 ) 

As one can see by tracing back fran A (m) in Equation (4.23) through 

k' (j) in Equation (4.16), this enables the nuuerical calculation of new) 

directly from the k (w) spectrum. 

calculations 

Each of these sums was canputed by arranging appropriate arrays 

and using the FAST FOURIER TRANSFORM algorithm on the AMDAHL 470 computer. 

The wave num1::er spectrum was divided into 217 = 131,072 equal intervals. 

Since, for most k(j) 's, jt.\! fell betv.:een values of \! for which k(\!) data 

~re available, the pro;rarn interpolated to obtain the appropriate k (j) • 

Then, the pr~am calculated the nC\!) spectrum, yielding a value of n(\» 

for each \! for which a k (\! ) value had been input. Again, the program 

interpolated l:etween the values of n (mLl.\!) , obtained for integral fi, to 

arrive at n (v) for the appropriate wave numbers. 

The calculation was first done over the range 0 to 5xl0
6 

em-l 

As is evident fran the Krarrers-Kronig integral, the greatest contribution 
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is obtained fran those values of k (v) for v closest to the wave num1::er 

for which n (v) is being calculated.. Thus, as long as the wave numl:.er 

being investigated is not near an end point of the range of calculation, 

it should yield a reasonable result. The result should be less reliable 

as one approaches an endpoint. This was found to be true. 

The density of the data points input was much greater at lew 

wave nunbers than at high wave numl::ers. As a result, even with 217 

intervals, those intervals at the low end included, and glossed over, 

many data points. Tl"E resolution was, in effect, reduced at the low 

end. The phenanenon is illustrated by Figure 5, which shows the region 

o to 50 an-I. The jagged line was calculated by dividing the region 

of 0 to 5xl05 an-I into 217 intervals. The data, then, had influence 

every 3.8 an -1 The smooth line was calculated by dividing the region 

of 0 to 5xl04 em-I into 217 intervals, resulting in effective data every 

-1 
0.38 an ,and increased resolution. 

In order to overcare the prcblem of resolution, it was necessary 

to choose a smaller range for the calculation. Division of th: larger 

range into more am s:naller intervals would have required more canputer 

rranory than was available. So long as the region of interest was kept 

sene distance fran the endpoints of t:h=: range, the results w=re gam. 

With the intention of canbining the results into a ccrn:posite spectrum, 

calculations ~e made over the following regions, illustrated by the 

indicated figures: 0 to 5xl06 an-I, Figure 6; 0 to 5xl05 an -1, Figure 7; 

O to 5x10
4 an-I 3 -1 . 2 -1 Figure 8; 0 to 5xlO an , F1.gure 9 i 0 to 5xlO an , 

1 -1 0 -1 
Figure 10i 0 to 5xlO an ,Figure 11; 0 to 5xlO an Figure 12; 0 to 

-1 -1 
5xlO em ,Figure 13. 
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The phenanenon of deviation fran goo::l results as an endpoint 

is approached is illustrated by Figure 14. There, t.h:! values obtained 

fran calculations over the two ranges 0 to 5xl06 and 0 to 5xl05 em-I 

are superilrposed. It is apparent that, as the vicinity of lxl05 an-l 

is passed, the calculation over the smaller range gives values which 

J:::egin to differ fran the other values, the latter teing presumably 

mare accurate since they are farther fran an endpoint. This is charac-

teristic of most of the calculations. The results seem accurate up 

to approximately lx10n an -1 for a calculation over the range of 0 to 

5xlOn em-I. ab1 th tha f It seems reason e, en, to use t part 0 each SI;€ctrun 

not limited by poor resolution or by proximity to an endpoint. 

since the Fourier transform teChnique is most accurate in defining 

the shape of the curve, but less accurate in defining its absolute posi-

tion, it was deeJ:TEd desirable to fix the height of the curve at an appro-

priate point~ This was done by calculating the difference l::e~ the 

numl:e.r obtained at a particular point by the program and a reasonably 

certain numl:er far ~ sanE point obtained fran eXI;erirrental or other 

data. This difference was then added to (or subtracted fran) the values 

obtained for the entire spectrum. The point used to fix the first cal­

culated spectrum, fram 0 to 5x106 em-I was v= 1.5802781x104 em-I, for 

which the value: assigned. was n=1.33146. 

This sane point was similarly fixed in the calculations over 

5 4 -1 the ranges 0 to 5xlO and 0 to 5xlO em For calculations over the 

ranges 0 to 5x10n far n<4, a point was chosen in the graph of the cal­

culated spectrum for 0 to 5x10n+1 em-I which seemed rnost likely to l::e 
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stable; that is, a point was chosen as far to the left (low wave numl:er) 

as was reasonable, provided it was a region not tmdergoing violent oscil-

lations, and hopefully provided it had a slope approximately zero. 

Accordingly, the following points were fixed for the ranges specified: 

for 0 to 5xl03 em-I, v=2.103778xl03 ern-I. was fixed at n=I.311l48; for 

2 -1 2 -1 o to 5xlO em , v=1.064143xlO em was fixed at n=1.886343; for 0 to 

I -1 0 
5xlO , v=8.332974 am was fixed at n=2.481153; for 0 to 5xlO , v= 

9.090965xlO-l am-I was fixed at n=6.094436; for 0 to 5xlO-l em-I, 

v=1.204759xlO-1 em-I was fixed at n=8.676634. 

Tte process of joining the parts into one carplete spectrum was 

accarplished by matching slopes and applying a v.eighted average. The 

goal was to obtain a smooth transition fram one curve to the next in 

the region where the greater accuracy was presrnred to shift fran the 

first to the second curve. 

No adjustment was necessary in several cases. The curve calcu':"'" 

lated for the range 0 to 5xlOl am -1 was joined to the curve for the range 

o to 5xl02 em-I at the point fixed as descri1::::ed. above, at v=8. 33297 4 ern-I. 

2 
This is illustrated in Figure 18. The curve for the range 0 to 5xlO 

-1 3 -1 2 
an was joined to that for 0 to 5x10 em at the point v=l. 064l43x10 

ern-I, as illustrated in Figure 

an-I was joined to that for the 

19. 
3 

The curve far the range 0 to 5x10 

4 -1 3 
range 0 to 5xlO am at v=2.103778x10 

ern-I, as illustrated in Figure 20. The curve for the range 0 to 5xl0
5 

1 6 -1 4 -1 
an-was joined to that for 0 to 5x10 ern at v=3. 076097xlO ern ,as 

shown in Figure 22. 

MjustI1:Ents ~re necessary in four cases. Far the leM end l the 
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value for n (v) calculated fran the Cole-Cole equation was used to fix 

-3 -1 the single point v=lxlO em The curve there was assumed to have 

nearly zero slope. Then, a smooth transition was created up to the 

-2 -1 slope at v=7.144963xlO em as calculated fram the curve for 0 to 

5xlO-l em-I. A weighted average was applied to assure that the values 

of n(v) \\ere as required at the endI?Oints, n=8.8486 at lxlO-3 an-I 

-2 -1 (fran the Cole-Cole equation) and n=8. 7978 at 7.144963xlO an (fran 

-1 -1 
the calculation over the range 0 to 5xlO ern ). The result is illus-

trated by Figure 15. 
-1 

The curves for the ranges 0 to 5xlO arrl 0 to 

5xlOO ern-I ¥.ere cc:::nnected by a similar procedure, the difference being 

that the slope at the l~ end was calculated fram the data just- as 

was the slope at the higher end. The transition is illustrated by 

Figure 16. The curves far the ranges 0 to 5xlOO and 0 to 5xlOl an-I 

¥.ere connected by the sarre process, as shown in Figure 17. The curves 

4 5 -1 
far the ra.n:res 0 to 5xlO and 0 to 5xlO em 'il.ere connected by apply-

ing only a ¥.eighted average since this resulted in a ffilOOth transition 

4 -1 
and left the fixed t,:Oint, v=1. 580278xlO ern I intact. This is illus-

trated by Figure 21. 

The final n (v ) spectrum is presented in Chapter V in roth 

graphical and tabular form. 



Fig. 5. An illustration of the increased resolution obtained by reducing 

t.te range of calculation. 'I'h= solid line is the CUIVe far n (\) ) obtained by 

4 -1 
calculation over the range 0 to 5xIO an 'I'h2 dashed line is the curve obtained 

1 1 . th 0 to 5xl05 em-I. The I tter 'h~, by ca cu atlon over e range - a curve Sl~S decreased 

resolution. 
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Fig. 6. Tte spectrun calculated for the range 0 to 5xlO 6 em -1 The 

inaccuracy at the right end of the curve (prlinaril y due to the last dahn 

point) is a result of proximity to the endpoint of the range of calculation. 

This is characteristic of the results illustrated in Figures 7 through 13 

also. The phenarenon is discussed in the text. 
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Fig. 14. An illustration of inaccuracy as an endpoint is approached. 

The dashed line is n (v) as obtained by calculation over the range 0 to 5xlO 6 an -1. 

The solid line was obtained by calculatic:n over the smaller range 0 to 5xl05 em-l 

The latter deviates fran the dashed line as it approaches the right endpoint of 

the range of calculation. 
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Fig. 15. Fitting 1CM frequency results. The dashed line is n(v) as obtained 

-1 -1 
by calculation over tie range 0 to 5x10 an The solid line is that calculated 

-3 -1 
to connect the value of n(v) at lxlO em (as obtained fran the Cole-Cole equation) 

wi th the dashed curve in a snooth mmner. The procedure is described in the text. 
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-1 -1 
Fig. 16. The transition in the region of 10 an The short dashes are 

-1 -1 
n(v) as obtained by calculation over the range 0 to 5xlO an The lang dashes 

-1 
are n(v} as calculated over the range 0 to 5 an . The solid curve is the calculated 

transition beThEen the tvJo. 
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Fig. 17. Tre transition in the region of 1 an-I. The short dashes are n (\l) 

as obtained by calculation over the range 0 to 5 an-I. Tl1f::! lang dashes are n (v) as 

d th 0 to 5xlOl em-I. The lid . the 1 lated . calculate aver e range so curve ~s ca cu trans~tion 

l:e~en the two. 
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Fig. 18. The transition in the region of 10 an-l . The solid line is n(v) 

as obtained by calculation over the range 0 to 5xlOl ern -1 The dashed line is 

2 -1 
n (v) as calculated aver the range 0 to 5xlO em . The two curves were cormected 

at their point of intersection. 
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Fig. 19. 
2 -1 

The transition in the region of 10 au The solid line is n (\») 

2 -1 
as obtained by calculation over the range 0 to 5xlO ern . The dash=d line is n (\) ) 

3 -1 
as calculated over the range 0 to 5xlO au . The two curves \\ere carmected at 

tleir point of intersection 
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Fig. 20. TIE transition in the region of 10
3 

an-I The solid line is n(v) 

3 -1 
as obtained by calculation over the range 0 to 5xlO an The dashed line is n (v) 

4 -1 
as calculated over the range 0 to 5xlO an . The two curves were connected at 

treir point of intersection. The curves are so close together in this region that 

~y are difficult to distinguish. 
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Fig. 21. Tre transition in the region of 10
4 

an-I The short dashes are 

n (v) as obtained by calculation over the range 0 to 5xlO 4 an-I The long dashes 

are n(v) as calculated over the range 0 to SxlO
S 

em-I The solid line is the 

calculated transition retween the two. 
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5 -1 
Fig. 22. The transition in the region of 10 an The solid line is 

5 -1 
n (\i) as obtained by calculation over the range 0 to 5xlO an The dashed line 

6 -1 
is n (\i) as calculated over the range 0 to 5xlO an The curves are so close 

together in this region that they are difficult to distinguish. 
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I CHAPTER V 

RESULTS 

The final spectrum was obtained by canbinatim of the several 

calculated curves as descril:ed in Chapter N. To present only data of 

reasonably certain accuracy, values are not reported for the extrerre 

endpoint regions of less than lx10-3 am-I and greater than lxl06 em-I 

The n (lI) spectnnn is shewn in Figures 23 through 30. The values of toth 

the real and imaginary parts of N ( " ) (n and k) are presented in Table 1, 

i..rrrrediately l::elow. These results are discussed in Chapter VI. 

TABLE 1* 

THE CCMPIEX REFRACTIVE lliDEX OF WATER 

Wave Nurnl::er (an-I) n 

1.0000000D-03 8.8486 0 0 
1.0092529D-03 8.848600 
1.0209'3950-03 8.348600 
1.0303861D-03 8.848600 
1. 0423174D-03 8.348600 
1.0519619D-03 8.848600 
1.0641430D-03 8.848600 
1. 0764652D-0 3 8.848599 
1.0864256D-03 8.848599 
1.0990058D-03 8.848599 
1.1117317D-03 8.848599 
1.1246050D-03 8.848599 
1.13762730-03 8.848599 
1.1481536D-03 8.848599 
1.1641260D-03 8.848599 

116 

k 

6.9309081D-03 
7.0111643D-03 
7.0597634D-03 
7.1415116D-03 
7.2075912D-03 
7.2910511D-03 
7.35851440-03 
7.44372200-03 
7.52991620-03 
7.5995897D-03 
7.68758880-03 
7.7587211D-03 
7.8485629D-03 
7.9577473D-03 
8.03137940-03 
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TABLE l-Continued 

Wave Numl:er ( an-I) 

1 . 1776060 D- 0 3 
1.19124200-03 
1.2050359D-03 
1.2189896D-03 
1.2359474D-03 
1.2502590D-03 
1.26473630-03 
1. 28233 06 ])-0 3 
1.30016960-03 
1.31522480-03 
1.33352140-03 
1.35207260-03 
1.37088180-03 
1.38995260-03 
1.4092888D-03 
1.42889400-03 
1.44877190-03 
1.46892630-03 
1.49279440-03 
1.51356120-03 
1.53815460-03 
1.56314760-03 
1.58854670-03 
1.61435860-03 
1.64058930-03 
1.66724720-03 
1.69433780-03 
1.72583790-03 
1. 75383050-03 
1. 78648760-03 
1.81970090-03 
1.85353160-03 
1.88799130-03 
1.92309170-03 
1.95884470-03 
1.99986190-03 
2.04173790-03 
2.0844-9090-03 
2.12813900-03 
2.17270120-03 
2.22330990-03 
2.2750974D-03 
2.32809130-03 
2.38231950-03 

n 

8.848598 
8.848598 
8.848598 
8.848598 
8.848598 
8.848593 
8.848598 
8.848597 
8.848597 
8.848597 
8.848597 
8.848596 
8.848596 
8.848596 
8.848596 
8.848595 
8.848595 
8.848595 
8.848594 
8.848594 
8.848594 
8.848593 
8.848593 
8.848592 
8.848592 
8.848591 
8.848591 
8.848590 
8.848589 
8.848589 
8.848588 
8.848587 
8.848586 
8.848585 
8.848585 
8.848584 
8.843582 
8.848581 
8.848580 
8.848579 
8.843577 
8.848576 
8.848574 
8.848572 

k 

8.1243784D-03 
8.2184543D-03 
8.33278440- 0 3 
8.42927350-03 
8.52687980-03 
8.62561650-03 
8.74561070-03 
8.8468801D-03 
8.9493222D-03 
9.0947370D-03 
9.2000491D-03 
9.3280345D-03 
9.45780040-03 
9.56731650-03 
9.7004112D-03 
9.85803020-03 
9.9951690D-03 
1. 0157577D-02 
1.029.8883D-02 
1. 0442155D-02 
1.06113270-02 
1.0759452D-02 
1.0909131D-02 
1.11119470-02 
1.1292501D-02 
1.14759900-02 
1.16624590-02 
1.18519590-02 
1.20723030-02 
1.2268463D-02 
1.24965500-02 
1.2728879D-02 
1.29655260-02 
1.32065730-02 
1.3483112D-02 
1.37337820-02 
1. 3989112D-0 2 
1.4282037D-02 
1.4581095D-02 
1.4920732D-02 
1.5233165D-02 
1.5587991D-02 
1.5914395D-02 
1.63226300-02 
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TABIE 1-Continued 

j 
I 

(an-I) I Wave Numt:er n k 
! 
I 
I 2.4378108D-03 8.848570 1.6702833D-02 

2.5003454D-03 8.848568 1.7131293D-02 
2.5644840D-03 8.848566 1.75707440-02 
2.6302680D-03 3.848563 1.80214670-02 
2.7039584D-03 8.848560 1.84837520-02 
2.7797133D-03 8.848557 1.90015990-02 
2.85759050-03 8.348554 1.95339530-02 
2.94442160-03 8.848550 2.00812220-02 
3.02691340-03 8.348546 2.0739111D-02 
3.12607940-03 8.848541 2.1320144D-02 
3.22849410-03 3.848536 2.20186220-02 
3.33426410-03 8.848531 2.2739983D-02 
3.4514374D-03 8.848524 2.34849770-02 
3.5727284D-03 8.848518 2.4366331D-02 
3.70680720-03 8.848510 2.5222617D-02 
3.84591780-03 8.348501 2.6229508D-02 
3.99944750-03 8.848491 2.7213360D-02 
4.16869380-03 8.848480 2.8365480D-02 
4.3451022D-03 8.848467 2.9565835D-02 
4.54988060-03 8.848452 3.0888025D-02 
4.7643099D-03 8.848435 3.23437330-02 
5.0003453D-03 8.848415 3.39461200-02 
5.2601727D-03 8.848392 3.57100240-02 
5.5590426D-03 8.848364 3.76521810-02 
5.88843660-03 8.848330 3.97914850-02 
6.25172690-03 8.848291 4.2343831D-02 
6.6680677 D- 03 8.848243 4.50598920-02 
7.1449633D-03 8.848183 4.82825440-02 
7.6913044D-03 8.848109 5.19744790-02 
8. 3368118D- 03 8.848013 5.6206966D-02 
9.0991327D-03 8.847889 6.12054570-02 
1.0000000D-02 8.847727 6.72.651540-02 
1.00925290-02 8.847710 6.80440480-02 
1.0209395D-02 8.847688 6.8515707D-02 
1.0303861D-02 8.847671 6.93090810-02 
1.0423174D-02 8.847648 6.9950391D-02 
1. 05196190-02 8.847630 7.07603780-02 
1. 06414300-02 8.847606 7.1415116D-02 
1.07646520-02 8.847582 7.2242064D-02 
1.08642560-02 8.847563 7.3078587D-02 
1.0990058D-02 8.847537 7.37547750-02 
1.1117317D-02 8.847512 7.4608815D-02 
1.12460500-02 8.347485 7.54727450-02 
1.1376273D-02 8.847459 7.61710850-02 
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'I7\BLE 1-Continued , 
, 
I Have Nt.m1l::er (an-1) n k 

I 
I 1.14815360-02 8.847437 7.72307310-02 

1.16412600-02 8.847403 7.79453380-02 
1.17760600-02 8.847374 7.88479020-02 
1.1912420D-02 8.847344 7.97609180-02 
1.20503590-02 8.847314 8.0870503D-02 
1.21898960-02 8.847283 8.18069390-02 
1.23594740-02 8.847244 8.27542190-02 
1.25025900-02 8.847212 8.39054450-02 
1.26473630-02 8.847178 8.48770240-02 
1.28233060-02 8.847137 8.58598540-02 
1.30016960-02 8.847094 8.7054283D-02 

I, 

P 
1.31522480-02 8.847058 8.82653290-02 
1.33352140-02 8.847013 8.92873930-02 
1.35207260-02 8.846967 9.05295050-02 ", , ~" 

1.37088180-02 8.846920 9.17888950-02 
"I 
,:J 

1.38995260-02 8.846871 9.28517610-02 
~~ 

·1.4092888D-02 8.846821 9.43604800-02 
:~~ 
t; 

1.42889400-02 8.846769 9.5673165D-02 ~~, 

~~; 
1.44877190-02 8.846716 9.7004112D-02 }II 

1.4689263D-02 8.846662 9.85803020-02 
'jr 

::11 

1.49279440-02 8.846596 9.99516900-02 ,,:1 
~: 

1.51356120-02 8.846538 1.01342160-01 
1.53815460-02 8.846468 1.02988830-01 
1.56314760-02 8.846396 1.04421550-01 
1.58854670-02 8.846321 1.06118270-01 
1.61435860-02 8.846244 1.07594520-01 
1.64058980-02 8.846164 1.09342790-01 
1.66724720-02 8.846032 1.1137562D-01 
1.69433780-02 8.845997 1.1318533D-01 
1.72583790-02 8.845896 1.15024440-01 
1.75383050-02 8.845804 1.17162910-01 
1. 7864876D-02 8.845696 1.19066650-01 
1. 8197 0090-02 8.845583 1.21280270-01 
1.85353160-02 8.845467 1.2325091D-0l 
1.88799130-02 8.845345 1.25831720-01 
1.92309170-02 8.845220 1.2817111D-01 
1.9583447D-02 8.345089 1.3085495D-01 
1.9998619D-02 8.84(.936 1.3328772D-01 
2.04173790-02 8.844776 1.3576573D-01 
2.08449090-02 3.844609 1.38603590-01 
2.12813900-02 8.844436 1.41510980-01 
2.17270120-02 8.844254 1.44807200-01 
2.22330990-02 8.844044 1.4783938D-01 
2.27509740-02 8.843823 1.50935060-01 

I , 

1 1 

~ 
I', 

I' 
i;' 
r~~ 
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'mBIE l-Continued 

Wave N1.llIl1:er (an-I) n k 

2.32809130-02 8.843591 1.54450790-01 
2.33231950-02 8.843349 1.5804841D-01 
2.43781080-02 8.343095 1.6210266D-01 
2.50034540-02 8.842801 1.6587852D-01 
2.56448400-02 8.342491 1.70133620-01 
2.63026800-02 8.842166 1.7449788D-01 
2.70395840-02 8.841790 1. 78974080-01 
2.77971330-02 8.841394 1.83988270-01 
2.85759050-02 8.340974 1.89142940-01 
2.94442160-02 8.840491 1.9444203D-Ol 
3.0269134D-02 8.840020 2.0081222D-01 
3.1260794D-02 8.839434 2.06438240-01 
3.22849410-02 8.333809 2.13201440-01 

I 3.33426410-02 8.338141 2.20186220-01 

! 3.45143740-02 8.837375 2.27399830-01 

1 
3.57272840-02 8.836475 2.35608060-01 

I 3.70630720-02 8.835449 2.44112570-01 
3.84591780-02 8.834348 2.5350711D-01 
3.99944750-02 8.833091 2.6344511D-01 
4.16869380-02 8.831656 2.7408808D-01 
4.34510220-02 8.830103 2.8595003D-01 
4.54988060-02 8.828230 2.9832534D-01 
4.76430990-02 8.826184 3.12313060-01 
5.000.34530-02 8.823834 3.27710 34D-0 1 
5.26017270-02 8.821129 3.4481817D-01 
5.55904260-02 8.817867 3.6298622D-Ol 
5.88843660-02 8.814082 3.8369854D~Ol 

6.25172690-02 8.809677 4.07277240-01 
6.66806770-02 8.804337 4.33700720-01 
7.14496330-02 8.797836 4.63649870-01 
7.69130440-02 8.788091 4.98299150-01 
8.33681180-02 8.776133 5.38009750-01 
9.09913270-02 8.761392 5.84507570-01 
1.00000000-01 8.743107 6.40899810-01 
1.01018290-01 8.741029 6.47053430-01 
1.0204694D-01 8.738919 6.53356390-01 
1.03086070-01 8.736776 6.59842290-01 
1.0415977D-01 8.734549 6.66346530-01 
1.05268880-01 8.732236 6.7296138D-01 
1.06389800-01 8.729884 6.79751450-01 
1.0752266D-01 3.727494 6.8672071D-01 
1.08692610-01 8.725011 6.93825320-01 
1.09900580-01 8.722432 7.0093387D-01 
1.11121990-01 8.719808 7.0833083D-Ol 

I 

I 
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'mBLE 1 ~ontinued 

-1 
Wave Numl:er (an ) 

1.12356970-01 
1.1363183D-01 
1.1494762D-01 
1.16278660-01 
1.17652190-01 
1.19041940-01 
1.20475850-01 
1.21955110-01 
1.23452530-01 
1.24997120-01 
1.26590170-01 
1.28203530-01 
1. 29867360-01 
1.31583070-01 
1. 33321440-0 1 
1.35145010-01 
1.36993510-01 
1.3889928D-01 
1. 4083156 D-O 1 
1.4285650D-01 
1.44943920-01 
1. 47061840- 01 
1.49245070-01 
1.51530480-01 
1.53850890-01 
1.56242800-01 
1.5874498D-01 
1.61287240-01 
1.63945690-01 
1.66647960-01 
1.69472800-01 
1. 72424910-01 
1.75428440-01 
1. 78566510-01 
1. 818 0256 0-0 1 
1.85182520-01 
1.88668760-01 
1.92309170-01 
1.96064970-01 
1.99986190-01 
2,04079790-01 
2.08353120- 0 1 
2.12764910-01 
2.17370200-01 

n 

8.71713tf 
8.714366 
8.711486 
8.708553 
8.705507 
8.702404 
8.699181 
8.695941 
8.692637 
8.689204 
8.685638 
8.681999 
8.678217 
8.674287 
8.670273 
8.666029 
8.661691 
8.657181 
8.652568 
8.647693 
8.642623 
8.637431 
8.632030 
8.626323 
8.620473 
8.614382 
8.607948 
8.601342 
8.594362 
8.587191 
8.579613 
8.571605 
8.563363 
8.554652 
8.545560 
8.535947 
8.526995 
8.517490 
8.507814 
3.497290 
8.486470 
8.474673 
8.462521 
8.449912 

k 

7.1591612D-01 
7.2363597D-01 
7.31375050-01 
7.39401190-01 
7.47567D4D-01 
7.56031940-01 
7. 6453988D-0 1 
7.7326819D-01 
7.82222210-01 
7.91425690-01 
8.00737460-01 
8.10382670-01 
8.20144060-01 
8.30214170-01 
8.40601470-01 
8.50922770-01 
8.61767560-01 
8.7275057D-01 
8.8448433D-01 
8.95963140-01 
9.07799930-01 
9.20216770-01 
9.3280345D-01 
9.45562290-01 
9.58937150-01 
9.72725150-01 
9.8671139D-01 
1. 0011292D+OO 
1. 01599170+00 
1.0310747D+00 
1.04710480+00 
1. 0628945D+0 0 
1.08016510+00 
1.0969584D+OO 
1.11503920+00 
1.13289630+00 
1.1520999D+00 
1.1710897D+OO 
1.19121500+00 
1. 2119652D+OO 
1.23307680+00 
1.25600150+00 
1.2778802D+OO 
1.3022373D+00 
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TABLE 1-Continued 

Wave NllITll::er (an-1) n k 

2.22228630-01 8.435660 1.32705870+00 
2.27247960-01 8.420858 1 . .35204190+00 
2.32541250-01 8.405156 1.37812990+00 
2.38122260-01 8.389151 1.40472120+00 
2.4389337D-01 8.371979 1. c,341354D+00 
2.49976970-01 8.352700 1.46315440+00 
2.56389360-01 8.332788 1.49310430+00 
2.63147960-01 8.311297 1.52507130+00 
2.70271340-01 8.288448 1.55700550+00 
2.77779380-01 8.264599 1.59107310+00 
2.8569326D-01 3.238281 1.62700970+00 
2.94103370-01 8.209818 1.66299190+00 
3.03040030-01 8.179843 1.7009445D+OO 

,., 

3.1253596 0-0 1 8.147128 1.7409654D+00 
3.22552190-01 8.112180 1.73110750+00 
3.33349650-01 8.07446,9 1.82385430+00 ;; 
3.44826000-01 8.033791 1.86805710+00 '. " 3.571 0835D-0 1 7.989355 1.9142125D+00 " :, 
3.70339470-01 7.941322 1.96105670+00 " I> 

3.84591780-01 7.889643 2.01089850+00 
4.00036850-01 7.831158 2.06390710+00 
4.16677450-01 7.768902 2.11344110+00 
4.3481048D-01 7.701126 2.17015190+00 
4.54569190-01 7.625553 2.22428350+00 
4.76211630- 01 7.544423 2.28029Q30+00 
5.0003453D-01 7.455943 2 . .3.3 77 0740+ 00 
5.2625956D-01 7.358822 2.3965701D+OO 
5.5552038D-01 7.252419 2.4608783D+00 
5.88301560-01 7.135674 2.5187795D+00 
6.25028760-01 7.007965 2.5756695D+00 
6.66653250-01 6.867192 2.62960270+00 
7.14331830-01 6.711149 2.68466530+00 
7.69307560-01 6.538143 2.73331790+00 
8.33335720-01 6.346035 2.77312950+00 
9.09096530-01 6.131865 2.80659760+00 
1. OOOOOOOD+OO 5.879378 2.83002420+00 
1.01010150+00 5.853423 2.8276467D+00 
1. 0204083D+00 5.827179 2.83149720+00 
1. 03093200+00 5.800631 2.83504620+00 
1.04166960+00 5.773802 2.83178410+00 
1.05264030+00 5.746661 2.83471980+00 
1.06382450+00 5.719272 2.8308714D+OO 
1.0752761D+00 5.691521 2.83.315370+00 
1.08695110+00 5.663535 2.83517680+00 

I 

I 

J 
,:,~,.~ 
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TABIE 1-Continued 

-1 
Wave Numl::er (em ) 

1.19124200+02 
1. 21898960+02 
1.25025900+02 
1.28233060+02 
1.31522480+02 
1.35207260+02 
1.38995260+02 
1.4288940D+02 
1.4689263D+02 
1.5135612D+02 
1.5631476D+02 
1.6143586D+02 
1.6672472D+02 
1.72583790+02 
1.78648760+02 
1.85353160+02 

°1.92309170+02 
1.99986190+02 
2.04173790+02 
2.08449090+02 
2.12813900+02 
2.17270120+02 
2.22330990+02 
2.27509740+02 
2.32809130+02 
2.38231950+02 
2.43781080+02 
2.50034540+02 
2.5644840D+02 
2.6302680D+02 
2.7039584D+02 
2.7797133D+02 
2.8575905D+02 
2.9444216D+02 
3.02691340+02 
3.1260794D+02 
3.22849410+02 
3.33426410+02 
3.45143740+02 
3.57272840+02 
3.70680720+02 
3.84591780+02 
3.99944750+02 
4.16869380+02 

n 

1.851943 
1.842330 
1.830882 
1.819110 
1.805539 
1.790800 
1.777162 
1.762824 
1.747333 
1. 729441 
1.709762 
1.690223 
1.669053 
1.643739 
1.619157 
1.594131 
1.567492 
1. 542270 
1.531473 
1. 520272 
1.508821 
1.499424 
1.491543 
1. 485266 
1.480747 
1.477194 
1.475642 
1.476571 
1.478232 
1.481006 
1.486740 
1.492960 
1.498932 
1.505906 
1.511879 
1.519076 
1.527225 
1.535500 
1.542658 
1.546272 
1.546670 
1.544080 
1.537967 
1.529309 

k 

4.83938470-01 
4.90670720-01 
4.96352420-01 
5.02099910-01 
5.07913950-01 
5.10258380-01 
5.13795320-01 
5.17356780-01 
5.20942920-01 
5.23347490-01 
5.24553930-01 
5.24553930-01 
5.25763150-01 
5.23347490-01 
5.16166890-01 
5.07913950-01 
4.97496630-01 
4.77298580-01 
4.67509180-01 
4.57920560-01 
4.46467800-01 
4.32304890-01 
4.17628510-01 
4.02522480-01 
3.3796285D-01 
3.73929860-01 
3.5874854D-01 
3.44183580-01 
3.31734120-01 
3.18999600-01 
3.06753940-01 
2.99081910-01 
2.91601760-01 
2.8627943D-01 
2.83002420-01 
2.79762910-01 
2.7 911948D-0 1 
2.81702140-01 
2.88928340-01 
2.99081910-01 
3.10305980-01 
3.2269344D-01 
3.35575420-01 
3.48169030-01 
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f TABIE l-Continued 

Wave ~r (em-I) n k 

4.34510220+02 1.516402 3.6290265D-Ol 
4.54988060+02 1.499422 3.7221181D-01 
4.7643099D+02 1.483693 3.81759760-01 
5.0003453D+02 1.467642 3.93359950-01 
5.0113723D+02 1.467249 3.94266740-01 
5.02342590+02 1.467000 3.95175620-01 
5.03500610+02 1.466543 3.96999670-01 
5.0466130D+02 1. 465400 3.98832140-01 
5.0582466D+02 1.463349 4.00673060-01 
5.0815944D+02 1.460391 4.00673060-01 
5.0933087D+02 1.459690 4.01596710-01 
5.10505000+02 1.458719 4.02522430-01 
5.11681840+02 1.457713 4.03450390-01 
5.12861380+02 1.456898 4.04380440-01 
5.1404365D+02 1.455604 4.06246930-01 
5.15228640+02 1.453825 4.07183470-01 
5.16416370+02 1.452188 4.03122130-01 
5.1760683D+02 1.450255 4.09062950-01 
5.1999600D+02 1.447502 4.09062950-01 
5.21194710+02 1.446666 4.10005940-01 
5.22396190+02 1.445486 4.10951100-01 
5.23600440+02 1. 444197 4.11898440-01 
5.24807460+02 1.442846 4.12847960-01 
5.26017270+02 1.441618 4.13799670-01 
5.27229860+02 1. 439563 4.157096 90-0 1 
5.29663440+02 1.435881 4.15709690-01 
5.3088444D+02 1.434643 4.16668000-01 
5.32108260+02 1. 432797 4.17628510-01 
5.33334900+02 1. 431240 4.17628510-01 
5.34564360+02 1.429982 4.1859125D-01 
5.35796660+02 1. 428308 4.19556200-01 
5.37031800+02 1.426178 4.20523380-01 
5.39510620+02 1.422820 4.20523380-01 
5.4075432D+02 1.421557 4.2149278D-01 
5.42000890+02 1.419809 4.22464420-01 
5.43250330+02 1.417548 4.23438310-01 
5.44502650+02 1.415276 4.23438310-01 
5.47015960+02 1.412092 4.23438310-01 
5.48276960+02 1.410419 4.24414430-01 
5.4954087D+02 1.408657 4.24414430-01 
5.5080770D+02 1.406786 4.25392810-01 
5.5207744D+02 1.404604 4.25392810-01 
5.5462571D+02 1.401123 4.25392810-01 
5.55904260+02 1.399826 4.25392310-01 

J 
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TABLE I-Continued 

Wave Numl::er (em-I) n k 

5.5718575D+02 1.398169 4.2637344D-01 
5.5847019D+02 1.396377 4.26373440-01 
5.5975760D+02 1.394313 4.27356330-01 
5.62341330+02 1.390838 4.26373440-01 
5.6363766D+02 1.389417 4.27356330-01 
5.64936970+02 1.387734 4.27356330-01 
5.6623929D+02 1.385875 4.2834149D-01 
5.67544610+02 1.383660 4.28341490-01 
5.70164270+02 1.380029 4.28341490-01 
5.71478640+02 1.378598 4.28341490-01 
5.7279603D+02 1.376758 4.2932892D-01 
5.7411646D+02 1.374519 4.29328920-01 
5.76766460+02 1.370751 4.29328920-01 
5.78096050+02 1.369211 4.2932892D-01 
5.7942870D+02 1.367219 4.30318620-01 
5.80764420+02 1.364655 4.30318620-01 
5.8344510D+02 1.361083 4.2932892D-01 
5.84790080+02 1.359301 4.30318620-01 
5.86138160+02 1.356772 4.30318620-01 
5.88843660+02 1.352834 4.29328920-01 
5.90201080+02 1.351233 4.29328920-01 
5.91561630+02 1.349696 4.29328920-01 
5.92925320+02 1.347481 4.3031862D-01 
5.95662140+02 1.342949 4.2932892D-01 
5.9703529D+02 1.341074 4.29328920-01 
5.9841160D+02 1.338869 4.29328920-01 
6.0117374D+02 1.334869 4.2834149D-01 
6.0255959D+02 1.333056 4.28341490-01 
6.03948630+02 1.330870 4.23341490-01 
6.06736330+02 1.326773 4.27356330-01 
6.0813500D+02 1.324631 4.27356330-01 
6.0953690D+02 1.322675 4.2637344D-01 
6.1094202D+02 1.320901 4.26373440-01 
6.13762010+02 1.317122 4.25392810-01 
6.15176870+02 1.315327 4.25392310-01 
6.1659500D+02 1. 313112 4.25392810-01 
6.19441080+02 1.308540 4.24414430-01 
6.2086903D+02 1.306556 4.23438310-01 
6.23734840+02 1.303145 4.2246442D-01 
6.2517269D+02 1.301310 4.22464420-01 
6.26613360+02 1.298872 4.2246442D-01 
6.29506180+02 1.294706 4.20523380-01 
6.30957340+02 1.292723 4.2052338D-01 
6.32411850+02 1.290576 4.19556200-01 
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TABLE 1-Continued 

Wave Numl::::.er (crn-1) n k 

6.35330930+02 1. 286576 4.18591250-01 
6.3679552D+02 1.284709 4.17628510-01 
6.3826349D+02 1.282639 4.17628510-01 
6.41209580+02 1.278233 4.15709690-01 
6.42687720+02 1.276473 4.1475358D-01 
6.45654230+02 1.272559 4.13799670-01 
6.4714262D+02 1.270391 4.12847960-01 
6.4863443D+02 1.268440 4.11898440-01 
6.51628390+02 1.265082 4.10005940-01 
6.5313055D+02 1.263173 4.1000594D-01 
~.5614527D+02 1.258880 4.0812213D-01 
6.57657840+02 1.256977 4.07183470-01 
6.6069345D+02 1.253631 4.05312640-01 
6.62216500+02 1.251704 4.05312640-01 
6.63743070+02 1.249380 4.04380440-01 
6.66806770+02 1.24531.8 4.02522480-01 
6.68343920+02 1.243348 4.0159671D-01 
6.71428850+02 1.239445 3.99751540-01 
6.7297666D+02 1.237500 3.98832140-01 
6.76082980+02 1.233597 3.96999670-01 
6.77641510+02 1.231631 3.96086590-01 
6.80769360+02 1.227627 3.94266740-01 
6.82338690+02 1.225566 3.93359950-01 
6.85488230+02 1.220973 3.91552630-01 
6.87068440+02 1.218762 3.89753610-01 
6.90239800+02 1. 215328 3.87070560-01 
6.9183097D+02 1.213645 3.86180320-01 
6.9502432D+02 1.209428 3.8440599D-01 
6.96626510+02 1.207465 3.826393 0 0- 0 1 
6.99842000+02 1. 20 3552 3.80881730-01 
7.0145530D+02 1.201594 3.79131740-01 
7.04693070+02 1.197623 3.7738979D-01 
7.06317550+02 1.195603 3.75655840-01 
7.09577770+02 1.191399 3.73929860-01 
7.11213510+02 1.189086 3 . 72 21181 0- 0 1 
7.14496330+02 1.184740 3.69649520-01 
7.16143410+02 1.182458 3 . 67951130- 01 
7.19448980+02 1.178513 3.64577740-01 
7.22769800+02 1.174089 3.62068000-01 
7.24435960+02 1.172049 3.59575540-01 
7.27779800+02 1.167947 3.57100240-01 
7.2945751D+02 1.165763 3.5464198D-01 
7.32824530+02 1.161869 3.51390600-01 t 7.34513870+02 1.160150 3.4897165D-01 " 
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TABLE l-<:::an tinued 

Wave Nurnl::er (an-I) n k 

7.3790423D+02 1.156338 3.4656934D-01 
7.41310240+02 1.151643 3.4260220D-01 
7.43019140+02 1.149623 3.40243740-01 
7.46448760+02 1.145850 3.36349000-01 
7.49894210+02 1.141428 3.32498850-01 
7.51622390+02 1.139515 3.29450480-01 
7.5509223D+02 1.135773 3.25679290-01 
7.56832900+02 1.133825 3.22693440-01 
7.60326280+02 1.130583 3.18265920-01 
7.63835780+02 1.126485 3.13399150-01 
7.65596610+02 1.124841 3.10305980-01 
7.69130440+02 1.122067 3.06048420-01 
7.72680590+02 1.118262 3.01155050-01 
7.74461800+02 1.116753 2.97707750-01 
7.7803655D+02 1.114243 2.92947730-01 
7.81627800+02 1.110319 2.88263820-01 
7.83429640+02 1.108999 2.83654800-01 
7.87045790+02 1.107403 2.79119480-01 
7.90678630+02 1.104624 2.74024970-01 
7.94328230+02 1.100816 2.69023450-01 
7.96159350+02 1.099603 2.6411322D-01 
7.99834260+02 1.098011 2.59292610-01 
8.03526120+02 1.095643 2.52807610-01 
8.07235030+02 1.092375 2.4762252D-01 
8.09095900+02 1.091270 2.41985950-01 
3.12830520+02 1.090913 2.35933790-01 
8.16582370+02 1. 089721 2.29503940-01 
8.20351540+02 1.087212 2.23763960-01 
8.2224265D+02 1.086723 2.17665770-01 
8.26037950+02 1.087993 2.11246800-01 
8.29850770+02 1.087926 2.05489740-01 
8.33681180+02 1.087480 1.9897117D-01 
8.37529280+02 1.086163 1.92659370-01 
8.39459990+02 1.08647 cf 1.86547810-01 
8.43334760+02 1.089062 1.80214670-01 
8.47227410+02 1.090622 1.74096540-01 
8.51138040+02 1.092339 1.67799300-01 
3 .550667,10+ 02 1.094339 1.62102660-01 
8.59013520+02 1.096068 1.56960420-01 
8.62978550+02 1.096584 1.5198130D-01 
8.6496792D+02 1.097503 1.47160120-01 
3.68960430+02 1.100705 1.42164170-01 
8.72971370+02 1.103057 1.37021950-01 
3.7700082D+02 1.105361 1.3206573D-01 
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TABIE I-<:ontinued 

Nave Numl::er (an-I) n k 

8.81048870+02 1.107674 1.26996030-01 
8.85115610+02 1.110334 1.21840070-01 
8.89201120+02 1.113289 1.17162910-01 
8.93305480+02 1.116059 1.12925010-01 
8.97428790+02 1.118841 1. 083(f0330-0 1 
9.01571140+02 1.122010 1.03941780-01 
9.05732600+02 1.125466 9.99516900-02 
9.09913270+02 1.123640 9.67810090-02 
9.1411324D+02 1.131445 9.32803450-02 
9.18332600+02 1.134419 8.96995250-02 
9.22571430+02 1.137372 8.6455006D-02 
9.26829820+02 1.140345 8.29449870-02 
9.31107380+02 1.143601 7.95774730-02 
9.35405670+02 1.146959 7.65226750-02 
9.39723310+02 1.150368 7.35851440-02 
9.44060880+02 1.153843 7.09234970-02 
9.48418460+02 1.157248 6.85157070-02 
9.52796160+02 1.160584 6.61896590-02 
9.57194070+02 1.163960 6.39425780-02 
9.61612280+02 1.167354 6.19141830-02 
9.66050880+02 1.170827 5.99501320-02 
9.70509970+02 1.174182 5.84507570-02 
9.74989640+02 1.178360 5.63365360-02 
9.79489990+02 1.180893 5.80483850-02 
9.86279490+02 1.183900 5.38009750-02 
9.90831940+02 1.187365 5.26975160-02 
9.95405420+02 1.190334 5.17356730-02 
1.00000000+03 1.193164 5.0791395D-02 
1.00461580+03 1.195932 4.99792970-02 
1.00925290+03 1.198600 4.92935550-02 
1.01624870+03 1.202223 4.85054060-02 
1.02093950+03 1.204471 4.78398870-02 
1.02565190+03 1.206729 4.71834990-02 
1.03038610+03 1.208909 4.6643394D-02 
1.03514220+03 1.211068 4.60034230-02 
1.0423174D+03 1.214136 4.53722320-02 
1.04712850+03 1.216115 4.4749702D-02 
1.05196190+03 1.218113 4.4339434D-02 
1.05925370+03 1.220909 4.3731074D-02 
1.06414300+03 1.222699 4.3330145D-02 
1. 06905490+03 1.224439 4.2932892D-02 
1.07646520+03 1.226967 4.23438310-02 
1.08143400+03 1.228589 4.1955620D-02 
1.08642560+03 1.230259 4.1475358D-02 
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TABLE 1-Continued 

Wave Num1::€r (em-I) n 

1.09395640+03 1.232659 
1.09900580+03 1. 234142 
1.10407860+03 1.235657 
1.11173170+03 1.237862 
1.11686320+03 1.239322 
1.12460500+03 1.2'r1424 
1.12979590+03 1.242789 
1.13762730+03 1.244791 
1.14287830+03 1.246095 
1.1481536D+03 1.247433 
1.15611220+03 1.249353 
1.1641260D+03 1.251193 
1.1694994D+03 1.252405 
1.17760600+03 1.254220 
1.18304160+03 1.255384 
1.19124200+03 1.257072 
1.19674050+03 1.258240 
1.20503590+03 1.259903 
1.21333890+03 1.261488 
1.21898960+03 1.262564 
1. 22743920+ 0 3 1.264125 
1.2359474D+03 1.265652 
1.2416523D+03 1.266657 
1.25025900+03 1.268163 
1.25892540+03 1.269613 
1.26473630+03 1.270543 
1.27350310+03 1.2.71952 
1.28233060+03 1.273363 
l.29121930+03 1.274794 
1.30016960+03 1.276220 
1.3061709D+03 1.277123 
1.31522480+03 1.278508 
1.32434150+03 1.279895 
1.3335214D+03 1.281248 
1.34276500+03 1.282606 
l.3520726D+03 1.283912 
1.36144470+03 1.285242 
1. 37 08818D+O 3 1.286624 
l. 38038430+03 1.287944 
1. 38995260+03 1.289296 
l.39958730+03 1.290696 
1. 40928880+03 1.292093 
1.41905750+03 1.293609 
1. 42889400+03 1.295193 

k 

4.109511 0 D- 0 2 
4.07183470-02 
4.03450390-02 
3.98832140-02 
3.9517562D-02 
3.91552630-02 
3.87962850-02 
3.8440599D-02 
3.8088173D-02 
3.7825976D-02 
3.7'r79185D-02 
3.71355740-02 
3.6879935D-02 
3.65413170-02 
3.6373923D-02 
3.60404450-02 
3.5792344D-02. 
3.56278930-02 
3.53012550-02 
3.5139060D-02 
3.4897165D-02 
3.4656934D-02 
3.4'r977000-02 
3.42.602200-02 
3.41028080-02 
3.3946120D-02 
3.37124370-02 
3.34803620-02 
3.32498850-02 
3.30971150-02 
3.3020994D-02 
3.27936790-02 
3.27182560-02 
3.25679290-02 
3.24930250-02 
3.2418293D-02 
3.22693440-02 
3.21951270-02 
3.21951270-02 
3.2047204D-02 
3.20472040-02 
3.19734970-02. 
3.18999600-02 
3.19734970-02 

4 
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TABLE l-Continued 

Wave Numl::er (an-1) n k 

1.4387986D+03 1.296751 3.2121080D-02 
1. 4487719D+O 3 1.298382 3.219S127D-02 
1.45881430+03 1.300125 3.2 (t 182930- 0 2 
1.46892630+03 1.301901 3.27132560-02 
1.4825131 D+03 1.304521 3.30971150-02 
1.4927944D+03 1.306716 3.37124370-02 
1.5031420D+03 1.309021 3.44977000-02 
1.5135612D+03 1.311404 3.56278930-02 
1.5275661D+03 1. 314837 3.73069840-02 
1.5381546D+Q3 1.317726 3.92455250-02 
1.5483""l66D+03 1.320463 4.1762851D-02 
1.56314760+03 1.325033 4.4852860D-02 
1.57393290+03 1.329242 4.95210340-02 
1.58854670+03 1. 335754 5.69888830-02 
1.59955800+03 1.339863 6.94688550-02 
1.61435860+03 1.341605 8.7859736D-02 
1.62554880+03 1.330121 1.17162910-01 
1.64058980+03 1.295314 1.30854950-01 
1.6519618D+03 1.268459 1.24965500-01 
1.66724720+03 1.242862 1.06853840-01 
1. 6783040D+03 1.231392 8.64550060-02 
1. 6 94337 30+03 1.229289 6.2199965D-02 
1.71001530+03 1.234396 4.32304390-02 
1. 725837 9D+Q 3 1.242239 3.2945048D-02 
1.7378003D+03 1.243370 2.48193350-02 
1.75388050+03 1.256584 2.0313752D-02 
1.7701090D+03 1. 262994 1.6587852D-02 
1.78648760+03 1. 268802 1.41837200-02 
1.80301770+03 1.273883 1.25831720-02 
1.81970090+03 1.278291 1.15821760-02 
1.83653830+03 1. 282194 1.07842550-02 
1.85353160+03 1.285729 1.02988830-02 
1.87068210+03 1.289015 9.88075530-03 
1.88799130+03 1. 292117 9.79016300-03 
1. 90546070+03 1.294933 9.90353280-03 
1.92309170+03 1.297550 1.01109080-02 
1. 94088590+03 1. 299910 1.06118270-02 
1.95884470+03 1.301965 1.1111947D-02 
1.98152700+03 1.304258 1.17975040-02 
1. 99986190+03 1.305885 1.24105250-02 
2.01836640+03 1. 307228 1.31156600-02 
2.04173790+03 1. 303720 1.37021950-02 
2.06062990+03 1.309721 1.4414187D-02 
2.0844909D+03 1.310657 1.4989603D-02 
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TABIE l-Continued 

Wave Numl::er (an-I) n k 

2.10377840+03 1.311148 1.55163710-02 
2.12813900+03 1.311451 1.5696042D-02 
2.15278170+03 1.311588 1.5480684D-02 
2.17270120+03 1.311785 1.47160120-02 
2.19785990+03 1.312433 1.3607870D-02 
2.2233099D+03 1.313587 1.2381981D-02 
2.24905460+03 1.314920 1.1396989D-02 
2.27509740+03 1.316398 1.02988330-02 
2.30144180+03 

.I-
1.318113 9.3065306D-03 

2.32809130+03 1.319948 8.4487049D-03 
2.3550493D+03 1.321906 7.59958970-03 
2.38231950+03 1.323997 6.8831961D-03 
2.40990540+03 1.326183 6.2199965D-03 
2.4378108D+03 1.328504 5.6206966D-03 
2.47172410+03 1.331403 5.0674578D-03 
2.50034540+03 1.333929 4.6003423D-03 
2.5292980D+03 1.336658 4.15709690-03 
2.56448400+03 1.3Ct0174 3.80005730-03 
2.6001596D+03 1.343958 3.5301255D-03 
2.6302680D+03 1.347393 3.402437CtD-03 
2.66685870+03 1.351891 3.4024374D-03 
2.70395840+03 1.356937 3.59575540-03 
2.7415742D+03 1.362546 4.2343831D-03 
2.77971330+03 1.368863 5.14979740-03 
2.81838290+03 1.376092 6.78875510-03 
2.8575905D+03 1.384213 9.39269330-03 
2.89734360+03 1.393260 1.3206573D-02 
2.9444216D+03 1.404875 1.94890260-02 
2.98538260+03 1.417064 2.6103994D-02 
3,02691340+03 1.432585 3.6879935D-02 
3.07609680+03 1.449409 6.1064683D-02 
3 . 12607940+ 03 1.461522 9.2425146D-02 
3.1768741D+03 1.466753 1. 3483112D-01 
3.2284941D+03 1.452013 1.9177418D-Ol 
3.28095290+03 1.411876 2.39767410-01 
3.3342641D+03 1.352917 2.7213860D-01 
3.34965440+03 1.334533 2.7213860D-01 
3.35737610+03 1.326310 2.75924420-01 
3.37287310+03 1.307891 2.78477520-01 
3.3806484D+03 1.297762 2.81702140-01 
3.38844160+03 1.285942 2.8235153D-01 
3.40408190+03 1.263935 2.8040783D-01 
3.4119291D+03 1.252073 2.7976291D-01 
3.41979440+03 1.240033 2.7592442D-01 
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TABLE 1-Continued 

Wave Nu:ml:er (cm-1) n k 

3.42767790+03 1.229654 2.7151270D-01 
3.4434993D+03 1.203002 2.6472207D-01 
3.45143740+03 1.195889 2.58101270-01 
3.45939380+03 1.185419 2.49338960-01 
3.46736850+03 1.1784 Ct6 2.39215960-01 
3.43337320+03 1.162372 2.2897609D-01 
3.49140320+03 1.152284 2.18167540-01 

J 3.49945170+03 1.145545 2.0596344D-01 
3.50751870+03 1.142336 1.93994820-01 
3.52370870+03 1.133346 1.7980019D-01 
3.53183170+03 1.127523 1.67028330-01 
3.5399734D+03 1.125351 1.5409557D-01 
3.54813390+03 1.125532 1.42164170-01 
3.55631320+03 1.128413 1.3115660D-01 
3.5727284D+03 1.129478 1.21001330-01 
3.58096440+03 1.127558 1.11889710-01 
3.58921930+03 1.127959 1.02044630-01 
3.59749340+03 1.130913 9.28517610-02 
3.61409860+03 1.132778 8.35199340-02 
3.62243000+03 1.131711 7.44372200-02 
3.63078050+03 1.132860 6.48321080-02 
3.63915040+03 1.136183 5.48012090-02 
3.64753950+03 1.142068 4.6215765D-02 
3.6643757D+03 1.149520 3.80005730- 02 
3.67282300+03 1.152876 2.81702140-02 
3.68128970+03 1.160993 2.05017130-02 
3.68977600+03 1.168874 1.8611876D-02 
3.69828180+03 1.174582 1.6397972D-02 
3.70680720+03 1.179962 1.45141010-02 
3.7239171D+03 1.188087 1.26996030-02 
3.7325016D+03 1.191390 1.0490354D-02 
3.7411059D+03 1.195340 8.54653630-03 
3.74973000+03 1.199289 7.3247051D-03 
3.75837400+03 1.202951 6.2775495D-03 
3.7670380D+03 1.206519 5.3677236D-03 
3.77572190+03 1.209954 4.82825440-03 
3.79314980+03 1.215699 4.36304950-03 
3.30189400+03 1.218078 4.01596710-03 
3.8106582D+03 1.220535 3.3020994D-03 
3.3194427D+03 1. 223 082 2.9770775D-03 
3.32824740+03 1.225483 2.70265210-03 
3.8370725D+03 1.227769 2.5750765D-03 
3.85478360+03 1.231834 2.4762252D-03 
3.86366930+03 1.233679 2.4254378D-03 
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T.ABIE l-Continued 

Wave NU11l:er (an-I) n k 

3.37257640+03 1.235426 2.38665770-03 
3.38150370+03 1.237089 2.3377074D-03 
3.8904514D+03 1.233670 2.31094730-03 
3.39941990+03 1.240167 2.26876830-03 
3.91741880+03 1.243014 2.14135540-03 
3.93550080+03 1.245672 2.06914130-03 
3.9536662D+03 1.243127 2.01739130-03 
3.9719155D+03 1.250383 1.98971170-03 
3.98107170+03 1.251445 1.9533953D-03 
3.9994475D+03 1.253465 1.90015990-03 
~.O1790810+03 1.255347 1.8104650D-03 
4.03645390+03 1.257102 1.7091892D-03 
4.04575890+03 1.257969 1.58048410-03 
4.06443330+03 1. 259683 1.47160120-03 
4.08319390+03 1.261297 1.34831120-03 
4.10204100+03 1.26282.4 1.24965500-03 
4.11149720+03 1.263577 1.1502444D-03 
4.13047500+03 1.265059 1.07100170-03 
4.14954040+03 1.266450 9.90353280-04 
4.16869380+03 1.267787 9.09473700-04 
4.18793570+03 1.269059 8.4877 0240-04 
4.19758980+03 1.269682 7.92118480-04 
4.21696500+03 1.270902 7.42660190-04 
4.23642970+03 1.272062 6.85157070-04 
4.25598410+03 1.273184 6.3643739D-04 
4.27562890+03 1.274257 5.99501320-04 
4.29536430+03 1.275295 5.42987890-04 
4.31519080+03 1.276305 5.11434640-04 
4.32513830+03 1.276797 4.91801830-04 
4.34510220+03 1.277755 4.6858690D-04 
4.36515830+03 1.278675 4.5059892D-04 
4.38530700+03 1.279561 4.29328920-04 
4.4055486D+03 1.280421 4.0812213D-04 
4.42588370+03 1.281256 3.89753610-04 
4.44631270+03 1.282064 3.73929860-04 
4.46683590+03 1.282852 3.57100240-04 
4.43745390+03 1.283619 3.45772260-04 
4.50816700+03 1. 28436 5 3.41028080-04 
4.52897580+03 1.285037 3.3868046D-04 
4.54988060+03 1.285790 3.37901520-04 
4.57088190+03 1. 286474 3.3946120D-04 
4.59198010+03 1.237139 3.43391980-04 
4.61317570+03 1.287787 3.50582430-04 
4.6344692D+03 1. 288413 3.5874854D-04 
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Wave Nurnl::er (an-I) n k 

4.65586090+03 1.289033 3.7050165D-04 
4.67735140+03 1.289634 3.8263980D-04 
4.69894110+03 1.290221 3.96999670-04 
4.72063040+03 1.290795 4.1762851D-04 
4.74241990+03 1.291353 4.40342030-04 
4.76430990+03 1.291899 4.64290870-04 
4.7863009D+03 1.292438 4.88416290-04 
4.80839350+03 1.292966 5.29407570-04 
4.83058800+03 1.293476 5.7251932D-04 
4.85288500+03 1.293973 6.20569090-04 
4.8752849D+03 1.294457 6.7420217D-04 
4.8977882D+03 1.294919 7.39247970-04 
4.93173800+03 1.295606 8.04989370-04 
4.95450190+03 1.296066 8. 8877155D-0 Cf 

4.97737080+03 1.296499 9.90353280-04 
5.00034530+03 1.296913 1.1010072D-03 
5.02342590+03 1.297292 1.24965500-03 
5.04661300+03 1.297607 1.4021360D-03 
5.08159440+03 1.298051 1.54806840-03 
5.10505000+03 1.298308 1.7170785D-03 
5.12861380+03 1.298472 1.8ft837520-03 
5.15228640+03 1.298590 1.9089306D-03 
5.1760683D+03 1.298681 1.92216270-03 
5.21194710+03 1.298793 1.82721710-03 
5.23600440+03 1.298791 1.67799300-03 
5.26017270+03 1. 298998 1.16088750-03 
5.2966344D+03 1. 299545 9.22125740-04 
5.32108260+03 1.299860 7.22420640-04 
5.34564360+03 1.300214 5.2094292D-04 
5.37031800+03 1.300633 3.20472040-04 
5.40754320+03 1.301291 1.86118760-04 
5.43250330+03 1.301709 1.55163710-04 
5.4701596D+03 1.302269 1.418372QO-04 
5.49540870+03 1.302616 1.37971740-04 
5.52077440+03 1.302947 1 .37116650- 0 4 
5.55904260+03 1.303418 1.35922120-04 
5.58470190+03 1.303718 1.33042420-04 
5.62341330+03 1.304155 1.21868130-04 
5.64936970+03 1.304442 1.1201860D-04 
5.67544610+03 1.304727 1.0512116D-04 
5.71478640+03 1.305142 9.99977300-05 
5.7411646D+03 1.305413 9.5102108D-05 
5.78096050+03 1.305809 8.9000028D-05 
5.80764420+03 1.306070 8.40988670-05 
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Wave Nurnter (an-1) n k 

5.84790080+03 1.306453 8.04989370-05 
5.88843660+03 1.306829 7.7426592D-05 
5.91561630+03 1.307073 7.S013397D-05 
5.9566214D+03 1.307435 7.4953194D-05 
5.9841160D+03 1.307672 7.4044046D-05 
6.02559590+03 1.308021 7.3975881D-05 
6.0673633D+03 1.308341 7.5908453D-05 
6.0953690D+03 1.308548 7.9029665D-05 
6.13762010+03 1.308855 8.09636620-05 
6.1659500D+03 1.309055 8.30979180-05 
6.20869030+03 1.309352 8.8042049D-05 
6.25172690+03 1.309642 9.3473853D-05 
6.2950618D+03 1. 309928 9.94008600-05 
6.3241185D+03 1.310114 1.0707551D-04 
6.36795520+03 1.310387 1.14022390-04 
6.41209580+03 1.310659 1.23962450-04 
6.4565423D+03 1.310923 1.34831120-04 
6.48634430+03 1.311097 1.44141870-04 
6.5313055D+03 1.311352 1.60247090-04 
6.57657840+03 1.311604 1.7409654D-04 
6.62216500+03 1.311852 1.95789840-04 
6.66806770+03 1.312093 2.24796810-04 
6.71428850+03 1.312318 2.65943970-04 
6.76082980+03 1.312525 3.01849280-04 
6.30769360+03 1.312715 3.3368046D-04 
6.35438230+03 1.312388 3.60404450-04 
6.90239800+03 1.313055 3.63739230-04 
6.95024320+03 1.313220 3.62902650-04 
6.99342000+03 1.313373 3.53826330-04 
7.04693070+03 1.313518 3.1973497D-04 
7.0957777D+03 1.313671 2.5397452D-04 
7.14496330+03 1.313871 1.530347BD-04 
7.19443980+03 1.314104 1.05996160-04 
7.24435960+03 1.314329 7.8017161D-05 
7.29457510+03 1.314547 5.80350210-05 
7.3451387D+03 1.314760 4.5049517D-05 
7.41310240+03 1.315031 4.0465988D-05 
7.46448760+03 1. 315228 2.84898490-05 
7.51622890+03 1.315425 2.25055770-05 
7.56832900+03 1.315618 1.9120099D-05 
7.63835780+03 1.315868 1.6390422D-05 
7.6913044D+03 1.316052 1.4002002D-05 
7.7446180D+03 1.316233 1.22115320-05 
7.81627800+03 1.316470 1.1394365D-05 
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TABLE 1-Continued 

Wave Number (an-1) n k 

7.8704579D+03 1.316645 1. 09048610-05 
7.9432823D+03 1.316873 1. 0790713D-05 
7.9983426D+03 1.317042 1.1002215D-05 
8.0723503D+03 1.317263 1.1388857D-05 
8.1283052D+03 1.317427 1.1602462D-05 
8.20351540+03 1.317641 1.1790172D-05 
8.26037950+03 1.317799 1.1905843D-05 
8.3368118D+03 1.318008 1.19949970-05 
8.3945999D+03 1.318162 1.18121820-05 
8.47227410+03 1.318366 1.1603263D-05 
8.55066710+03 1.318566 1.1195156D-05 
8.62978550+03 1.313763 1.0688829D-05 
8.68960430+03 1.318909 9.3064735D-06 
8.7700082D+03 1.319103 5.9510026D-06 
8.85115610+03 1.319296 3.8689235D-06 
8.93305480+03 1.319488 2.6283920D-06 
9.01571140+03 1.319678 2.03340340-06 
9.09913270+03 1.319865 1.70840230-06 
9.1833260D+03 1.320051 1.4986152D-06 
9.2682982D+03 1.320233 1.32358740-06 
9.3540567D+03 1.320416 1.2588968D-06 
9.4406088D+03 1.320596 1.29894310-06 
9.5279616D+03 1.320775 1.41935210-06 
9.6161228D+03 1.320952 1.69001340-06 
9.70509970+03 1.321128 2.00073760-06 
9.79489990+03 1.321303 2.3522861D-06 
9.90831940+03 1.321521 2. 6877 5 790- 0 6 
1.00000000+04 1.321695 2.99978510-06 
1.0046153D+04 1.321780 3.13105100-06 
1.00925290+04 1.321866 3.25304550-06 
1. 01624870+04 1.321994 3.3364924D-06 
1.02093950+04 1.322080 3.41314230-06 
1.02565190+04 1.322165 3.4800873D-06 
1.03038610+04 1. 322249 3.50179040-06 
1.03514220+04 1.322333 3.4640978D-06 
1.0423174D+04 1.322462 3.3580731D-06 
1.04712850+04 1.322546 3.18999600-06 
1.05196190+04 1.322630 2.9321767D-06 
1.05925370+04 1.322757 2.55734980-06 
1.()64143()0+04 1.322842 2.16915280-06 
1.06905490+04 1.322926 1.77088410-06 
1.07646520+04 1.323054 1.3683273D-06 
1.0814340D+04 1.323138 1.05971760-06 
1.08642560+04 1.323222 8.3040536D-07 
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TABLE I-Continued 

Wave N~r (an-I) n k 

1.0939564D+04 1.323351 6.6956099D-07 
1.0990058D+04 1.323434 5.6988883D-07 
1.1040786D+04 1.323520 5.1497974D-07 
1.1117317D+04 1.323648 4.8617222D-07 
1.1168632D+04 1. 323732 4.6215765D-07 
1.1246050D+04 1.323859 4.40342030-07 
1.1297959D+04 1.323946 4.23438310-07 
1.1376273D+04- 1.324074 4.0531264D-07 
1.1428783D+04 1.324159 3.90652080-07 
1.1481536D+04 1.324244 3.74791350-07 
1.15611220+04 1.324373 3.5464198D-07 
1.16412600+04 1. 324502 3.34803620-07 
1.1694994D+04 1.324590 3.15348050-07 
1.1776060D+04 1.324718 2.92947730-07 
1.18304160+04 1.324805 2.69023450-07 
1.19124200+04 1.324937 2.45917900-07 

"1.19674050+04- 1.325025 2.24279790-07 
1.2050359D+04 1.325157 2. 0407516 D- 0 7 
1.21338890+04 1.325290 1.31382180-07 
1.21898960+04 1.325379 1.62102660-07 
1.2274392D+04 1.325512 1.448072QO-07 
1.23594740+04 1.325643 1.32981170-07 
1.24165230+04 1.325739 1.26996030-07 
1.2502590D+04 1.325374 1.24965500-07 
1.25892540+04 1.326012 1.2583172D-07 
1.2647363D+04 1.326104 1.28171110-07 
1.27350310+04 1. 326244 1.33902950-07 
1.2823306D+04 1. 326382 1.40860800-07 
1.2912193D+04 1.326524 1.47839380-07 
1.30016960+04 1.326667 1.52632810-07 
1.3061709D+04 1.326764 1.56960420-07 
1.3152248D+04 1.326909 1.58048410-07 
1.32434150+04 1.327055 1.58048410-07 
1.33352140+04- 1.327201 1.55879910-07 
1.3427650D+04 1.327350 1.53034780-07 
1.35207260+04 1.327502 1.45810950-07 
1.3614447D+04 1.327652 1.3483112D-07 
1.37088180+04 1.327808 1.15024440-07 
1.38038430+04 1.327963 9.1367164D-03 
1.38995260+04 1.328120 7.2910511D-08 
1.3995873D+04 1.328279 5.99501320-08 
1.4092888D+04 1.328440 4.9979297D-08 
1.4190575D+04 1.328603 4.10005940-08 
1.42889400+04 1.328769 3.3480362D-08 

I 
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TABLE 1-Continued 

Wave NumJ:er (em-I) n k 

1.43879860+04 1.328938 2.9633991D-08 
1.4487719D+04 l.329106 2.65332310-03 
1.45881430+04 l.329278 2.4705301D-08 
1.4689263D+04 1. 329452 2.30033000-03 
1. 48251810+04 1.329690 2.17665770-08 
1. 4927 944D+ 04 1.329869 2.09792590-03 
1.50314200+04 1.330052 2.0313752D-08 
1.5135612D+04 1.330238 1.9399482D-08 
1.5275661D+04 1.330490 1.7774203D-08 
1.53815460+04 1.330683 1.6741337D-03 
1.54381660+04 1.330877 1.6061649D-08 
1 . 56314760+ 0 4 1.331144 1.5696042D-08 
1.57398290+04 1.331345 1. 5516371D-03 
1.58854670+04 1.331619 1.5024158D-08 
1.59955800+04 1.331826 1.4716012D-08 
1.61435860+04 1.332106 1.3989112D-03 
1.62554880+04 1.332317 1.3298117D-08 
1. 6405898D+04 1.332598 1.23819810-08 
1.6519618D+04 1.332813 1.13185330-08 
1.6672472D+04 1.333100 9.63363400-09 
1.6788040D+04 1.333316 7.72307310-09 
1.6943378D+04 1.333609 6.3648789D-09 
1.7100153D+04 1.333902 5.2214382D-09 
1.7258379D+04 1.334200 4.43394340-09 
1.73780080+04 1.334425 3.8440599D-09 
1. 7538805D+04 1.334729 3. 4339198D-0 9 
1.77010900+04 1.335035 3.13177200-09 
1.78648760+04 1.335344 2.86939370-09 
1.80301770+04 1.335656 2.6594397D-09 
1.81970090+04 1.335972 2.44225010-09 
1.83653830+04 1.336292 2.2687683D-09 
1.85353160+04 1.336615 2.0979259D-09 
1.87068210+04 1.336943 1.8870793D-09 
1.88799130+04 1.337273 1.7570744D-09 
1.90546070+04 1.337607 1.6397972D-09 
1.92309170+04 1.337944 1. 56960420-09 
1.94088590+04 1.338288 1.46147080-09 
1.95884470+04 1.338635 1.26703950-09 
1.98152700+04 1.339073 1. 0784255D-09 
1.99986190+04 1.339430 9.24251460-10 
2.0183664D+04 1.339791 7.84856290-10 
2.04173790+04 1.340248 7.34159030-10 
2.06062990+04 1. 340620 7.15797440-10 
2.08449090+04 1.341093 7.09234970-10 
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TABIE 1-Continued 

Wave N1.lI1'lb:!r (an-1) n k 

2.10377840+04 1.341475 7.01116430-10 
2.1281390D+04 1.341961 7.29105110-10 
2.15278170+04 1.342455 7.49531940-10 
2.1727012D+04 1.342858 7.5995897D-10 
2.19785990+04 1.343368 7.79453380-10 
2.22330990+04 1.343889 8.08705030-10 
2.2490546D+04 1.344418 8.68540640-10 
2.2750974D+04 1.344956 9.39269330-10 
2.3014418D+04 1.345505 1.01809930-09 
2.32809130+04 1.346066 1.08840400-09 
2.3550493D+04 1.3(~6636 1.16893440-09 
2.38231950+04 1.347219 1.25831720-09 
2.40990540+04 1.347811 1.33902950-09 
2.43781080+04 1.348417 1.42164170-09 
2.47172410+04 1.349159 1.48864160-09 
2.50034540+04 1.349793 1.5804841D-09 
2.52929800+04 1.350438 1.6626091D-09 
2.56448400+04 1.351231 1.76112480-09 
2.60015960+04 1. 352046 1.83988270-09 
2.63026800+04 1.352740 1.93994820-09 
2.66685870+04 1.353594 2.03137520-09 
2.70395840+04 1.354470 2.11733730-09 
2.74157420+04 1.355370 2.21712480-09 
2.77971330+04 1. 356295 2.31627510-09 
2.81838290+04 1.357247 2.41985950-09 
2.8575905D+04 1.358224 2.52807610-09 
2.89734360+04 1.359231 2.65332310-09 
2.9444216D+04 1.360441 2.76560490-09 
2.9353826D+04 1.361513 2.88263820-09 
3.02691340+04 1.362616 2.98394040-09 
3.0760968D+04 1.363990 3.08169850-09 
3.1260794D+04 1.365376 3.18999600-09 
3.17687410+04 1.366312 3.32498850-09 
3.2284941D+04 1. 368287 3.5464198D-09 
3.28095290+0'" 1.369839 3.82639800-09 
3.33426410+04 1.371437 4.14753580-09 
3.38844160+04 1.373098 4.40342030-09 
3.45143740+04 1.375086 4 . 795016 9 D- 09 
3.50751870+04 1.376902 5.40493090-09 
3.5727284D+04 1.379072 5.79148730-09 
3.63915040+04 1. 381341 6.29202070-09 
3. 70680720+0(~ 1.383726 6.85157070-09 
3.77572190+04 1.386239 7.44372200-09 
3.84591780+04 1. 388881 7.99447860-09 
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TABIE 1-Continued 

Wave Numl:::er (cm-1 ) n k 

3. 9174188D+0 4 1.391674 8.6057781D-09 
3.9994475D+04 1.394993 9.3065806D-09 
4.0831939D+04 1.398535 9.9035328D-09 
4.1686933D+04 1.402321 1.04903540-08 
4.2559841D+04 1.406358 1.0710017D-08 
4.3451022D+04 1.410702 1.10100720-08 
4.44631270+04 1.415921 1.15821760-08 
4.54938060+04 1.421603 1.26996030-08 
4.6558609D+04 1.427828 1.99889570-08 
4.76430990+04 1.434685 3.84405990-08 
4.87528490+04 1.442296 6.71104490-08 
5.00034530+04 1.451724 1.10100720-07 
5.12861330+04 1.462543 1.84965250-07 
5.26017270+G4 1.475183 3.62234730-07 
5.40754320+04 1.491831 1.24951120-06 
5.5590426D+04 1.513 34.3 5.9950132D-05 
5.71478640+04 1.543062 3.3905445D-04 
5.74116460+04 1.549412 1.18247000-03 
5.8076442D+04 1.568183 2.00350370-03 
5.88843660+04 1.605555 3.99751540-03 
5.95662140+04 1.635062 3.99751540-02 
6.02559590+04 1.647245 7.24085990-02 
6.09536900+04 1.653100 1.03941780-01 
6.16595000+04 1.652917 1.35141940-01 
6.25172690+04 1.650184 1.6702833D-01 
6.3241185D+04 1.641473 2.0220419D-01 
6.41209580+04 1.620422 2.33770740-01 
6.48634430+04 1.596861 2.58101270-01 
6.57657840+04 1.559942 2.77198030-01 
6.66806770+04 1.521276 2.7719803D-01 
6.76082980+04 1.489551 2.64113220-01 
6.85488230+04 1.469275 2.40874120-01 
6.9502432D+04 1.460977 2.16665690-01 
7.04693070+04 l.461485 1.92659370-01 
7.14496330+04 1.471129 1.6779930D-01 
7.2443596D+04 1.496271 1.42164170-01 
7.3451387D+04 1.536403 1.33287720-01 
7.46448760+04 1.586268 1.48864160-01 
7.56832900+04 1.619420 1.86977840-01 
7.69130440+04 1. 633849 2.39215960-01 
7.81627800+04 1. 626822 2.87600840-01 
7.94328230+04 1.606068 3.21951270-01 
8.07235030+04 1.584638 3.38680460-01 
8.20351540+04 1.570304 3.48971650-01 
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TABLE 1-Continued 

wave NUTiber (an-1) n k 

3.12607940+05 0.854141 7.4608815D-02 
3.3342641D+0S 0.866493 6.06443220-02 
3.57272840+05 C.878766 4.8505406D-02 
3.8459178D+G5 0.890837 3.81759760-02 
4.16869380+05 0.902694 2.9497335D-02 
4.54988060+05 0.913973 2.2273586D-02 
5.00034530+05 0. 924583 1.6360258D-02 
5.5590426D+05 0.934744 1.1635636D-02 
6.2517269D+05 0.944124 7.9577473D-03 
7.14496330+05 0.952792 5.1735678D-03 
7.69130440+05 0.956954 4.0718347D-03 
8.3368113D+05 0.960953 3.1462276D-03 
9.0991327D+05 0.964778 2.3702281D-03 
1.00000000+06 0.968416 1. 7449783D-03 

* The data in the first and third columns are in Fortran, 

double precision, exponential notation. For exanple, 5.0D-04 rreans 

-4 5.0xlO • 
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CHAPTER VI 

CCNCLUSICN 

The prcx:::ess of obtai.niilg the canplex refractive index of 

water }:egan with the acquisition of an absorption spectrum that 

spanned approx:i..rrate1y 14 decades, fran 10-6 to 108 em-l . This 

spectrun cClTIprised smoothly joined data fran various sources, and 

was adjusted within experi.rrental error tmtil an electronic sum 

rule yielded prq::er results. This SfectJ::um was appropriately 

Fourier transfo:rned to give the real part of the canplex refractive 

index. Calculations over several regions v.;ere joined to create 

-3 6-1 
a SlOCXJth spectrun over the range 10 to 10 em The result 

was a canplete and self-consistent spectrum of both real and imaginary 

parts of the canplex refractive index over 9 decades. 

To address the question of error in the calculation of n (v) , 

tI:"e literature was again consulted to find sufficient data for 

canparisan. The following four spectral locations were chosen: 

-1 2 -1 3 -1 4-1 10 an ,5xlO em ,2xlO an , and lxlO an • The prccedure 

was to average the data, then find tre };lerc:ent difference l:etv.een 

the rrean and the results obtained in this research. 

At 10 em-I, the data of DcMning and Williams I Afsar and 

Hasted, and Zolotarev et al. 28 yielded a rrean value of 2.588. 
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The value obtained in this research was 2.399, a difference of 7.6 

I;ercent. In the par:er by Downing and Williams, 10 an-I was the 

lOM:st frequency point of their calculatirns. Their paper stated 

that the data tecCIl.'E "coarse at the l~st frequencies.,,29 Further, 

they obtained optical ccnstants for their calculations fran Ray, 30 

whose data ~re presented graphically and not in tabular fO!:TIl, 

tll:=reby allcwing for considerable inaccuracy. The work by Afsar 

and Hasted used a Fourier transform spectrophotareter. As a result, 

their calculations far the lON endpoint of the range, which is near 

-1 
10 an ,are subject to the sarre problems as are outlined in Chapter 

IV above. The data of Zolotarev et ale are a result of Krarrers-

Kronig calculations, equivalent to the Fourier transfo:r:m rrethcd. 

The data used are sparse in the region of 10 em-l , thus raising 

the objection that resolution in that range vvas not gocd. Considering 

all the above factors, one might well conclude that the results of 

-1 
the present study are more accurate at 10 an than the values used 

for ccrrparison. 

2 -1 At 5xlO an , values by Hale and Qt.Erry, DcM.ning and Williams, 

. 31 32 Pontier and Dechambenoy, Rusk et al., and Zolotarev et ale gave 

a maan of 1. 473. The present work gives 1. 468, a difference of 0.4 

3 -1 
percent. The sane auth.ors reported data at 2xlO em which gave 

a maan of 1. 323. The present work gives L 306, a difference of 1. 3 

4 -1 I;ercent. At lxlO em ,data of Hale and Querry, Pontier and Decham-

l::enoy I and Zolotarev et a1. gave a nean of 1. 325 • The present study 

gives 1. 322, a 0.2 percent difference. ~se values are much closer 
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to. thase af the comparisan warks than at lower wave number regions. 

To. the extent that they differ, it is relieved that the use of such 

• 

a broad ranged and self-consistent abso.rption spectrum as is illustrated 

in Figure 3 gives more reliable results. Considering the uncertainty, 

however, it is probably reasonable to say that the values of n(v) 

are accurate only to. three significant figures. 

Che might hope that tl:e future will bring more efficient 

algorithms for the cauputation of a spectrum over a broad range. 

The ideal wauld :te a single calculation over a very large range 

with very fine divisions among the data. This would give a spectrum 

accurate near the endpoints and high in resalution, one which is 

entirely self-consistent. Hopefully, the present work is a small 

step in that direction. 
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