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1.0 INTRODUCTION

The motion of a single particle in an inertialess 

unbounded Newtonian fluid has been studied for more than 100 

years. The applications of such problems in industry are: 

the transport of slurries in pulp processing, the extrusion 

of molten plastics, the motion of oil droplets in polymeric 

fluids during oil recovery, the manufacture of films or 

magnetic tapes, and so forth. Similar problems are also 

encountered in the study of natural substances such as atmo­

spheric aerosols. For the past few years, environmental 

engineers have shown great interest in the measurement of 

the particle size distribution and the design of sampling 

instruments for these aerosols, but they all met with diffi­

culties due to a lack of basic understanding about their 

hydrodynamic behavior in various external fields. Thus, a 

fundamental understanding of this problem is clearly useful 

and important to making progress in many modern t e c h n o l o g ­

ical a r e a s .

Starting from the early works of Stokes (1851) and Kirch­

hoff (1869) on the slow translation and rotation of a solid 

sphere in a Newtonian fluid, more recent investigators have 

included additional effects such as inertia, non-Newtonian 

fluid properties and external boundaries. These are inter­

esting problems in their own right, and extensive review 

articles have been written on these subject areas (Caswell
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1977, Leal 1979,1980, Brunn 1980) . Qu i te often, the

solution procedure for these problems involves the use of 

perturbation methods, which account for these additional 

effects by assuming that they are small in relation to the 

primary flow. Other investigators have considered the 

motion of nonspherical rigid particles in unbounded Stokes 

flow. Here, the methods that are used can be roughly cl a s s i ­

fied into three categories: (1) the method of separation of 

variables, which may be labeled ’e x a c t ’, for particles with 

’r e g u l a r ’ geometries such as ellipsoids or spheroids (Ober- 

beck 1876, Jeffrey 1915,1922, Payne and Pell 1960), 

spherical caps or lenses (Payne and Pell 1960, Collins 1963, 

Dorrepaal, O ’Neill and Ranger 1976), thin discs (Ray 1936, 

Gupta 1957), toroids (Kanwal 1961, Majumdar and O ’Neill 

1977, Goren and O ’Neill 1980),and two spheres either at a 

finite separation (Jeffrey 1915, Stimson and Jeffrey 1926) 

or in contact with each other (Cooley and O ’Neill 1969); (2) 

the method of singularities for long slender bodies (Burgers 

1938, Broersma 1960, Batchelor 1970, Tillett 1970 and Cox 

1970, 1971); and (3) the numerical methods for ’ i r r e g u l a r ’ 

geometries (Youngren and Acrivos 1975, Gluckman, Weinbaum 

and Pfeffer 1972, Bowen and Masliyah 1973). The technique 

that we will use is of the last group.

In this thesis, we are interested in solving the problem 

of the slow axial rotation of a single, finite axisymmetric 

particle in a Newtonian fluid. We will use the method of

-2-



G r e e n ’s functions to develop a general solution procedure.

which results in an integral equation to be solved, in 

general, by numerical computations. Our calculations are to 

be compared with known results for the particular case of a 

thin disc (Ray 1936), and then the problem of a finite 

cylinder will be considered.

It should be noted that the integral equation which is 

obtained can easily be replaced by a set of algebraic 

equations, which may then be inverted by standard methods. 

As we shall see in the following paragraphs, very high accu­

racy can be achieved even with only minimal computer effort, 

despite the fact that an integral equation of the first kind 

(which this one is) is well known to be often ill-posed. 

Thus, our procedure is far superior to both the finite 

difference and the finite element methods, which, as pointed 

out by Gluckman, Weinbaum and Pfeffer (1973) and by Youngren 

and Acrivos (1975), are extremely unsuitable for problems of 

this nature since the domain of interest extends to infin­

ity. In fact, similar numerical techniques have been applied 

to other problems areas in physics as well, such as elastos- 

tatics in three dimensions (Cruse 1969), heat conduction in 

an anisotropic medium (Chang, Kang and Chen, 1973) and 

potential flow past arbitrary bodies (Smith and Hess 1966) 

or through an orifice (Hunt 1968). In addition, for num e r ­

ous problems involving an infinitesimally thin disc where 

the cumbersome method of dual integral equations must

-3-



frequently be used, (such as in the calculation of the 

surface charge density and potential in an external e lect­

rostatic field (Copson 1945)), our method can obviously be 

applied to extend the results to a finite disc. Other types 

of problems in Stokes flow, such as the axisymmetric motion 

of an arbitrary particle, can also be treated by similar 

procedures, and our calculations in this thesis will be the 

starting point for later work in this area.

-4-



2 .0  MATHEMATICAL FORMULATION

The m e th o d  t h a t  we w i l l  f o l l o w  i s  s i m i l a r  t o  t h a t  in 

S h a i l  ( 1 9 7 9 ) .  A s i n g l e ,  f i n i t e  r i g i d  a x is y m m e t r ic  p a r t i c l e 

r o t a t e s  s lo w ly  w i t h  a n g u la r  v e l o c i t y  w a b o u t  i t s  own a x is  in 

an o t h e r w is e  m o t io n le s s  u n b o u n d e d  N e w to n ia n  f l u i d .  The 

p a r t i c l e  s u r f a c e  i s  d e n o te d  as S. The c y l i n d r i c a l  c o o r d i ­

n a te  s y s te m C  p , G, z )  i s  c h o s e n  w i t h  z c o i n c i d i n g  w i t h  th e 

p a r t i c l e  a x i s .  By n e g le c t i n g  t h e  i n e r t i a  te rm s C  i . e .  a ssu m ­

in g  s m a l l  R e y n o ld ’ s n u m b e r ) ,  i t  i s  e a s i l y  show n f ro m  th e 

e q u a t io n  o f  m o t io n  t h a t  t h e  o n ly  n o n z e ro  v e l o c i t y  c o m p o n e n t 

i s  in  t h e  ^ - d i r e c t i o n ,  w h ic h  we d e n o te  as v . I t  s a t i s f i e s

a 2 v l a v  a 2 v v
------  + ---------+ -------------—  = 0
â P 2 p 3 p d z 2 p 2

( 2 . 1 )

The b o u n d a ry  c o n d i t i o n s  a re

v ----- » 0

v = P

as | r |  =

on S

( p 2 + z 2 ) y 2 — > oo

( 2 . 2 )

A t r a n s f o r m a t i o n  f i r s t  u se d  b y  J e f f r e y  (1 9 1 5 )  i s  i n t r o ­

d u c e d  t o  c o n v e r t  e q u a t io n  ( 2 . 1 )  i n t o  t h e  L a p la c e  e q u a t io n . 

T h u s , we d e f  i ne

w = v C O S 0 ( 2 . 3 )
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By s u b s t i t u t i n g  and  u s in g  e q u a t io n  ( 2 . 1 ) ,  i t  ca n  be show n

t h a t  w i s  a h a r m o n ic  f u n c t i o n ,  t h a t  i s ,

v 2 w 0 ( 2 . ^ )

The b o u n d a ry  c o n d i t i o n s  now becom e

w  > 0 a s | r  |  > oo ( 2 . 5 )

w = p c o s #  on S

S in c e  S i s  n o t  r e p r e s e n t e d  b y  a s i n g l e  c o o r d in a t e  s u r f a c e 

(e v e n  in  c y l i n d r i c a l  c o o r d i n a t e s ) ,  i t  i s  v i r t u a l l y  im p o s s i ­

b le  t o  s a t i s f y  t h e  a b o v e  b o u n d a ry  c o n d i t i o n s  by  a p p ly in g  t h e 

u s u a l  m e th o d  o f  s e p a r a t io n  o f  v a r i a b l e s ,  and  h e n c e  some 

o t h e r  s o l u t i o n  p r o c e d u r e  m u s t be u s e d .

2 .1  G re e n ’ s F u n c t io n  A p p ro a c h

We c o n s id e r  a G re e n ’ s f u n c t i o n  G( r ;  r ’ ) w h ic h  s a t i s f i e s

V ’ 2 G = -4 n :S ( 2 “  X ’ } ( 2 . 6 )

By a p p ly in g  t h e  d iv e r g e n c e  th e o re m  t o  t h e  i n t e g r a l  o f  w ’ v ’ 2 G 

o v e r  t h e  e n t i r e  d o m a in  o f  f l u i d ,  we o b t a in

- 6 -



1 r  - 5  ̂  ^X ' X ’  ̂ a W ’
w ^X } ~ —  | w ’ ----------------- ~ G ( r  ; r  ’ ) —  1 d S ’ ( 2 . 7 )

4rr ’ an ’ an ’ J

H e re ,  n i s  d i r e c t e d  i n t o  t h e  f l u i d ,  and  a l l  p r im e d  q u a n t i ­

t i e s  a re  w r i t t e n  b y  u s in g  t h e  dummy v a r i a b l e s  p ’ , 9 ’ , z ’ .

The  f i r s t  te r m  on t h e  R .H .S .  o f  e q u a t io n  ( 2 . 7 )  ca n  be

s i m p l i f i e d  b y  a p p ly in g  e q u a t io n  ( 2 . 5 )  and  u s in g  t h e  i d e n t i t y

a G ( r ; r ’ )
c o s # ’ ------------------d  S

an ’

a ( p ’ c o s # ’ ) 
G(_r; r ’ ) -----------------------d S ’
’ an ’

( 2 . 8 )

C o m b in in g  ( 2 . 7 ) ,  ( 2 . 8 )  and  ( 2 . 3 ) ,  we f i n a l l y  o b t a in

-  1 r  a V ’

w ( j r )  “  —  ^ X ; £ ’  ̂  ------  ^— ) p ’ c o s # ’ d S ’
^ur J s ’ a n ’ p ’

( 2 . 9 )

We o n ly  n e e d  t o  c o n s id e r  t h e  c o e f f i c i e n t  o f  c o s ( # - # ’ ) in  t h e 

F o u r ie r  e x p a n s io n  o f  G( j r ;  X ’ ^  w h ic h  we d e n o te  as Gi ( p ,  z ; 

p ’ , z ’ ) ,  s in c e  a l l  o t h e r  te r m s  i n t e g r a t e  t o  z e r o .  T h u s

- 1 r
v c o s # Gx ( p , z j p ’ , z ’ )

a v ’
c o s ( # -  # ’ ) ------ ( —  ) p ’ c o s # ’ d S

an ’ p ’
( 2 . 1 0 )

A f t e r  i n t e g r a t i n g  o v e r  # ’ , we o b t a in

- 1  r  a V ’

v -  —  G i ( p , z ; p ’ , z ’ ) ------ ( —  ) p ’ 2 d 1 ’
4 J c  ’ an ’ p ’

( 2 . 1 1 )
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w h e re  C i s  t h e  b o u n d in g  c u r v e  o f  S a lo n g  a m e r id ia n  p la n e . 

The G re e n ’ s f u n c t i o n  i s  know n  t o  be

-co ~ X 1 Z ~  Z ’ I

G j ( p , z ; p ’ , z ’ ) = 2 J i  ( Xp ) J i  ( Xp * ) e d X ( 2 . 1 2 )
J  o

A p p l i c a t i o n  o f  ( 2 . 2 )  t o  ( 2 . 1 1 )  w i l l  r e s u l t  in  a F re d h o lm 

a v 

i n t e g r a l  e q u a t io n  o f  t h e  f i r s t  k in d  and  th e  v a lu e  o f  p —  ( —) 
an p

c a n  be o b t a in e d .  I t  s h o u ld  be n o te d  t h a t  t h i s  f u n c t i o n  r e p r ­

e s e n ts  t h e  s t r e s s  d i s t r i b u t i o n  on t h e  p a r t i c l e  s u r f a c e ,  and 

w i l l  be d e n o te d  h e n c e f o r t h  as cr( p , z ) .  The d im e n s io n le s s 

t o r q u e  i s

T = p o- ( p ,  z )  dS 
.s?

= 2 JT p 2 or ( p , z )  d l ( 2 . 1 3 )

We may now c o n s id e r  t h e  s p e c i f i c  c a s e  o f  a r i g i d  c i r c u l a r 

c y l i n d e r  w i t h  r a d iu s  a and  le n g t h  2 b . The a s p e c t  r a t i o  a i s 

d e f in e d  as b / a .  A p p ly in g  th e  b o u n d a ry  c o n d i t i o n s  ( 2 . 2 ) , 

e q u a t io n  ( 2 . 1 1 )  now b eco m e s

« )  + Gi ( p , a ; p ’ , -  or) cr’ ( p ’ , « )p  ’ dp ’

- 8 -



-a
J Gj ( p , a ; 1 , z ’ ) + Gi ( p , a ; 1 , -  z

J  o

)] or ’ ( b  z ’ ) d z ’

(0  < p < 1 ) ( 2 . 1 4 )

a ) + G ! ( 1, z ; p ’ <  « a ’ ( p ’ , a ) p ’ d p

+ [G X ( 1 ,  z ;  1 , z ’ ) + Gx ( 1 ,  z ;  1 , - z ’ ) ]  a”  ( 1 ,  z ’ ) d z ’
J  0

( -  a < z < a ) ( 2 . 1 4 )

2 .2  A s y m p t o t ic  S o l u t i o n

An a s y m p t o t ic  a n a l y s i s  may be a p p l i e d  t o  t h e  i n t e g r a l 

e q u a t io n  ( 2 . 1 4 )  f o r  v e r y  l a r g e  o r  v e r y  s m a l l  v a lu e s  o f  a 

T h o u g h  i t  i s  e x t r e m e ly  d i f f i c u l t  t o  c a r r y  t h i s  t o 

c o m p le t io n ,  t h e  le a d in g  te r m s  a re  show n  t o  be c o r r e c t  in  t h e 

tw o  l i m i t i n g  c a s e s :

( i )  I n f i n i t e s i m a l l y  T h in  D is c :

F o r  a << 1 , e q u a t io n  ( 2 . 1 4 )  r e d u c e s  t o

P = -  —
1  r1

G i ( p , 0 ; p ’ , 0 )  a 0 ’ ( p ’  ̂ 0 ) p ’ dp *

( 0 < p < 1 ) ( 2 . 1 5 )

w h e re  f ro m  e q u a t io n  ( 2 . 1 2 )

Gx ( p , 0 ; p ’ , 0 )  = 2 J x ( X p ) J i  ( X p ’ ) dX 
o

( 2 . 1 6 )

- 9 -



The s o l u t i o n  may be o b ta in e d  by s ta n d a r d  m e th o d s :

4  P '
Go ’ ( P ' > 0 ) = -  — --------------------------

TI d - p ’ 2  ) 1 / 2

( 2 .1 7 )

S u b s t i t u t i n g  ( 2 .1 7 )  i n t o  ( 2 .1 1 )  and ( 2 .1 3 )  , we g e t

4 [•" s i n X c o s X -  X I z I
V o = -  ( ------------ ----------- ) J j ( X p )  e dX ( 2 .1 8 )

JT J o Xa X

To = - ( 3 2 / 3 )

w h ic h  a g re e  w i t h  th e  p r e v io u s  r e s u l t s  f o r  th e  i n f i n i t e s i m a l ­

l y  t h i n  d is c  ( Ray, 1 9 3 6 ) .

( i i )  I n f i n i t e l y  Long Rod:

F o r a > > l,  ( 2 . 1 ^ )  re d u c e s  t o

1 r®»
1 = -  -  G ^ b z î b z ’ ) c r ' ( b z ' )  d z ’ ( 2 .1 9 )

¿f J  -  00

( a l l  z )

w h e re

r»  -  X I z -  z ' I
G ^ b z j b z ' )  = 2 I [ J i ( X ) ] 2 e dX ( 2 .2 0 )

F u r t h e r  s i m p l i f i c a t i o n s  y i e l d

a ' ( b z ' )  = - 2  ( 2 .2 1 )

- 1 0 -



S u b s t i t u t i n g  ( 2 . 2 1 )  i n t o  ( 2 . 1 1 ) ,  we o b t a in  t h e  r e s u l t

1
v = —

P

T = -8 r ra

( 2 . 2 2 )

w h ic h  i s  c l e a r l y  c o r r e c t .

By a d d in g  ( 2 . 1 8 )  and  ( 2 . 2 2 ) ,  an e x p r e s s io n  i s  o b t a in e d 

w h ic h  i s  a p p r o x im a t e ly  c o r r e c t  in  th e  tw o  l i m i t s

32 3
T = -  ----  ( 1 + -  rr a )

3 4
( 2 . 2 3 )

We w i l l  u se  t h i s  ad h oc  e q u a t io n  f o r  f u t u r e  c o m p a r is o n s  w i t h 

o u r  n u m e r ic a l  r e s u l t s .

- 1 1 -



3.0 Computer Program

As mentioned in the previous paragraphs, an exact a n a l y t ­

ical treatment of equation (2.11) subject to boundary c ondi­

tions (2.2) is not possible for arbitrary values of a, and 

thus a numerical procedure will be used. Our method follows 

closely that of Youngren and Acrivos (1975). For problems 

where a( p , z) is always continuous on S( usually this 

happens if and only if the rigid p a r t i c l e ’s surface is ev e r ­

ywhere smooth in some sense), the most obvious procedure is 

to divide C into N elements, Sj, and replace equation (2.11) 

by

1 N _  _  r
v = —  E <T (. pj , zj ) G i ( p , z ; p ’, z ’ ) p ’ d l ’

A j=l J S>
(3.1)

where a( pj, zj) is the value of a evaluated at the center 

tpj, zj) of the interval 8j. By a T a y l o r ’s series expansion 

of a in equation (2.11), it is easily seen that this a p prox­

imation has a numerical error which is 0( e), where c is the 

maximum length of the line elements 8j, i.e. it is formally 

a first-order method. Since the integrand in equation (3.1) 

is a known function, it can in principle be evaluated to any 

degree of accuracy. G i ( p, z; p ’, z ’ ) can be obtained

analytically in closed form as follows: from p.389 of 

Watson (1966)

-12-



-^ - a t 1 a 2 + b 2 + c 2

e J^(bt) J v (ct) dt = — =  Q _ 1 / 2 (---------- ) (3.2)

o K%/bc 2 be

S u b stituting back into equation (2.12) which then becomes

2 ( Z~Z’ )2+ p 2 + p ’ 2
G x (p, z i p ’, z ’ ) =  — —  Q 1 / 2 [------------------ J (3.3)

Tt̂  p p ' U 2pp ’

From equation (8.13.7) of Abramowitz and Stegun (1970)

2 2 2
Q 1 / 2 (Z) = Z(----)1 / 2  K [(---- )1 / 2 1 - [2(Z+1)] 1 / 2  E[(---- )*

Z+l Z+l J Z+l
(3.4)

where K and E are the elliptic integrals. However, it 

appears that this equation is inconsistent with the de f i ­

nitions of K and E which appear in Chapter 17 of Abramowitz 

and Stegun (1970), and will result in an incorrect numerical 

value for Q I / 2 (Z). The correct expression should be

2 2 2
Q 1 / 2 (Z) = Z( )1 / 2  K( )- [2(Z+1 )1 1 / 2  E(---- ) (3.4a) 

Z+l--------- Z+l-----Z+l

For our numerical calculations, we shall use the polynomial 

appr o x i m a t i o ns  for K and E that appear in Chapter 171 cf. 

equation (17.3.34) and equation (17.3.36) of Abramowitz and 

Stegun (1970)1. Moreover, it can be seen that Q I / 2 (Z) exhib­

its a logarithmic singularity when the modulus of the ell i p ­

tic function K is equal to 1, i.e ., the term G i ( p , z , p ’ , z ’ ) 

is singular when p-p" and z = z ’, as expected. Therefore, the

-13-



a re

a lg o r i t h m  t h a t  i s  u se d  m u s t t a k e  t h i s  i n t o  a c c o u n t .  By 

a p p ly in g  b o u n d a ry  c o n d i t i o n  ( 2 . 2 )  t o  e q u a t io n  ( 3 . 1 )  a t  t h e 

c e n t e r  o f  e a c h  o f  t h e  N s u b i n t e r v a l s ,  we o b t a in  a s e t  o f  N 

a l g e b r a i c  e q u a t io n s ,  w h ic

-  I N  _  _ 
P / = ”  — E a ( p j , z 

4 j  = l 

i = l , ................N

j  ) G i ( p y , z , ; p ’ , z ’ ) p ’ d 1 ’

( 3 .  5 )

I t  r e m a in s  t o  s o lv e  t h i s  s e t  o f  e q u a t io n s  and  o b t a in  t h e

u n kn o w n f u n c t i o n  a f o r  a n y  a s p e c t  r a t i o  a .

O ur n u m e r ic a l  e x p e r im e n t  w i l l  t h u s  c o n s i s t  o f  tw o  p a r t s . 

F i r s t ,  an a l g o r i t h m  i s  d e v e lo p e d  and  a p p l ie d  t o  th e  c a s e  o f 

an i n f i n i t e s i m a l l y  t h i n  d i s c .  H e re ,  we ca n  im p ro v e  on th e 

n u m e r ic a l  s c h e m e , as w e l l  as o b t a in  m ore  a c c u r a t e  e r r o r 

e s t im a t e s  o f  o u r  c a l c u la t e d  r e s u l t s ,  by  d i r e c t  c o m p a r is o n s 

w i t h  t h e  t h e o r e t i c a l  p r e d i c t i o n  o f  e q u a t io n  ( 2 . 1 7 )  and 

( 2 . 1 8 ) .  The a lg o r i t h m  is  th e n  a p p l ie d  t o  th e  c a s e  o f  a 

f i n i t e  c y  1 i n d e r .

3 .1  T h in  D is c

A f i r s t  a t t e m p t  h e re  t o  a p p ly  b o u n d a ry  c o n d i t i o n  ( 2 . 2 )  t o

e q u a t io n  ( 3 . 1 ) ,  and  th e n  i n v e r t  t h e  r e s u l t i n g  m a t r i x

e q u a t io n  b y  G a u s s ia n  e l i m i n a t i o n ,  r e s u l t s  in  a s t r e s s
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distribution which compares very poorly with (2.17), espe­

cially near the edge of the disc, i.e. when p approaches 

unity. In retrospect this is, of course, to be expected, 

since the stress distribution a(p,0) is singular near the 

edge, and hence the approximate equation (3.1) should not be 

valid. The difficulty can be circumvented easily, if we 

first anticipate the stress distribution (2.17), and use an 

alternative approximation for equation (2.15)

_  1 N _  r _  p ’
Pi = —  E f (p j ) Gi(p,-,0;p’,0 )-------------- dp ’

2 j=l JSj (1-p’2 )x 7 2

i = l , ..... N (3. 6)

where 

f (p ) = a ( p , 0) ( 1-p 2 )x 7 2 (3.7)

Clearly f(p) will be continuous for p between 0 and 1. 

Also, we will expect the improper integral in equation (3.6) 

(the integrand is singular at p ’=Pi and at p ’=l) to be 

finite, since the original integral in equation (2.15) is 

known to be also finite. It remains now to calculate this 

line integral as accurately as possible, and then invert the 

resulting set of N x N matrix equations. Applying equation 

(3.3), we obtain

r p ’
I G i ( p , 0 ; p ’,0) ------------- d p ’
J s j  ( 1 - P ’ 2 ) X 7 2

2 r p ’ 1 P 2 + P ’ 2
= -  (—  )i / 2 -------------  Qi/z(--------) d p ’ (3.8)

n: ^Sj p (1-p’ 2 ) 1 7 2  2 p p ’
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The s i n g u l a r i t y  a t  p ’ = l (  w h ic h  i s  m ore  s e v e r e )  ca n  be 

re m o v e d  b y  s im p ly  s u b s t i t u t i n g  p ’ = s in P  and p ,- = s in ^ , -  i n t o 

e q u a t io n  ( 3 . 6 ) .  T h u s  e q u a t io n  ( 3 . 6 )  e a s i l y  t u r n s  o u t  t o  be

N 1 r  2 s in  0 s i n 2 <Pf + s i n 2 0
s in < r ,=  E —  f ( s i n ^ j )  —( ---------)1 / 2 Q I /2 (--------------- )

j  = 1 2 J ^ j r t s i n ^ , -  2 s in < p ,s in P

i = l , .............. N ( 3 . 9 )

d0

A l t h o u g h  a s i n g u l a r i t y  s t i l l  e x i s t s  in  e q u a t io n  ( 3 . 9 ) 

when S j  in c lu d e s  th e  p o i n t  9  = ^ j  , t h i s  weak l o g a r i t h m i c 

s i n g u l a r i t y  d o e s  n o t  p o s e  a n y  g r e a t  d i f f i c u l t i e s  and th e 

i n t e g r a l  may be e v a lu a t e d  a c c u r a t e l y  b y  m o s t s t a n d a r d  n u m e r­

i c a l  i n t e g r a t i o n  r o u t i n e s ,  so  lo n g  as th e  p o i n t  9  = # , i s 

a v o id e d ,  e . g .  f o r  9  < # , - ,  i n t e g r a t e  up t o  P = ^ j - K ,  w h e re  K 

i s  a s m a l l  n u m b e r, w i t h  th e  e r r o r  e s t im a t e d  a n a l y t i c a l l y . 

H o w e v e r , a m ore  e le g a n t  p r o c e d u r e  i s  t o  n o te  t h a t

s in P  s i n 2 <p,-+ s i n 2 0 8tan<p,-
l im  ( ---------) 1 / 2  Q1 / 2 ( ---------------------------- ) = I n ------------------ 2 ( 3 . 1 0 )
9+<?j s in< p , 2 s in < p ,s in #  | 0 ~ ^ j l

and h e n c e  th e  s i n g u l a r i t y  a t  #  = * i  may be ’ re m o v e d *  by 

a d d in g  t o ,  and  s u b s t r a c t i n g  f r o m ,  t h e  in t e g r a n d  o f  e q u a t io n 

( 3 . 9 )  t h i s  same te r m .  T h u s , we o b t a in

- 1 6 -



s i n^,- =
s i n P s i n 2 ^ 7- + s i n 2 9
------ ) i / 2  Q 1 / 2 ( --------------------------)

sinw ?f 2 s in ^ y s in 9

+ 1 n I 0 -  <;, | - l n ( 8 t a n ^ /  ) + 2 l n |  0 -  # ,  | - l n ( 8 t a n ^ ,  ) + 2 d 0

i = l , .............. N ( 3 . 1 1 )

The s e c o n d  i n t e g r a l  in  e q u a t io n  ( 3 . 1 1 )  i s  e a s i l y  e v a lu a t e d 

f o r  a n y  i n t e r v a l  S j .  F o r  t h e  f i r s t  i n t e g r a l ,  t h e  i n t e g r a n d 

i s  now a lw a y s  b o u n d e d (  a l t h o u g h  i t s  f i r s t  d e r i v a t i v e  d o e s 

n o t  a lw a y s  e x i s t ) ,  h e n c e  t h e  n u m e r ic a l  c a l c u l a t i o n  p o s e s  no 

g r e a t  d i f f i c u l t i e s .  The u n k n o w n  f u n c t i o n  f  c a n  now be 

o b t a in e d  b y  s o l v i n g  t h e  s y s te m  o f  N x N m a t r i x  e q u a t io n s  b y 

s t a n t a r d  G a u s s ia n  e l i m i n a t i o n  r o u t i n e s .

The  n u m e r ic a l  v a lu e  o f  t h e  t o r q u e  f o l l o w s  f r o m  ( 2 . 1 3 ) , 

a nd  ca n  be w r i t t e n  as

T = 2 (2 z r) p 2 a ( p , 0 )  dp ( 3 . 1 2 )
J  o

A g a in ,  b y  r e p la c i n g  t r ( p , 0 )  w i t h  f ( p )  and  a p p r o x im a t in g  t h e 

i n t e g r a l  w i t h  an a l g e b r a i c  sum , we o b t a in

N
T = ^rr E f  ( p j  ) 

3=1

2 ( l - p 2 ) ~ 1 / 2  dp ( 3 . 1 3 )
J *5

- 1 7 -



w h e re  t h e  i n t e g r a l  ca n  be e v a lu a t e d  a n a l y t i c a l l y  f o r  a n y 

s u b i n t e r v a l  S j . T h e r e f o r e ,  t h e  t o r q u e  ca n  be c a l c u la t e d 

e a s i l y  as lo n g  as th e  s t r e s s  d i s t r i b u t i o n  i s  k n o w n .

We h a ve  l i s t e d  o u r  c o m p u te r  p ro g ra m  in  A p p e n d ix  A. O f 

s p e c i a l  i n t e r e s t  a re  t h e  f o l l o w i n g  d e t a i l s : 

( i )  The p ro g ra m  is  w r i t t e n  in  d o u b le  p r e c i s i o n  t h r o u g h o u t . 

As e x p e c te d  w i t h  n u m e r ic a l  p ro b le m s  o f  t h i s  n a t u r e ,  c o n v e r ­

g e n c e  c a n n o t  be a t t a i n e d  b y  u s in g  s i n g l e  p r e c i s i o n  a r i t h m e ­

t i c .

( i i )  The i n t e r v a l s  S j ( j = l , . . . . N )  a re  a r b i t r a r i l y  c h o s e n  t o 

be o f  e q u a l  le n g t h  r c / ( 2 N ) .  ( R e c a l l  t h a t  t h e  in d e p e n d e n t 

v a r i a b l e  G g o e s  f ro m  0 t o  r r / 2 ) .  No a t t e m p t  i s  made t o  o p t i ­

m iz e  t h e  i n t e r v a l  s i z e s .

( i i i )  Two s u b r o u t in e s  a re  c a l l e d  f ro m  th e  IMSL l i b r a r y ,  w h ic h 

i s  a v a i l a b l e  in  F o r t r a n  IV  f ro m  th e  UMC c o m p u t in g  f a c i l i ­

t i e s .  T h e s e  a r e :  DCADRE, w h ic h  c o m p u te s  an i n t e g r a l  by 

R om berg  i n t e g r a t i o n  w i t h  e x t r a p o l a t i o n ,  and LEQ T2F, w h ic h 

p e r fo r m s  G a u s s ia n  e l im i n a t i o n C  C r o u t  a l g o r i t h m )  w i t h  e q u i ­

l i b r a t i o n ,  p a r t i a l  p i v o t i n g ,  and i t e r a t i v e  im p ro v e m e n t  i f 

n e c e s s a r y .

O ur n u m e r ic a l  r e s u l t s  a re  l i s t e d  in  T a b le  1 (N = 1 0 )  and

T a b le  2 (N = 1 0 0 ) .

- 1 8 -



TABLE 1

COMPARISON OF CALCULATED f  AND T WITH THEORETICAL

VALUES FOR THE ROTATION OF TH IN  D ISC FOR N=10

C a lc u la t e d

v a lu e s

T h e o r e t i c a l

v a lu e s

P e r c e n ta g e 

e r r o r

Î S t r e s s  d i s t r i b u t i o n f

1 A. 5° - 0 . 1 0 6 1 9 - 0 . 0 9 9 9 0 6 .2 9 6 8

2 1 3 . 5° - 0 . 2 9 7 5 3 - 0 . 2 9 7 2 4 0 .1 0 1 0

3 2 2 . 5° - 0 . 4 8 7 8 3 - 0 . 4 8 7 2 4 0 .1 1 8 1

4 3 1 . 5° - 0 . 6 6 5 9 4 - 0 . 6 6 5 2 7 0 .1 0 2 0

5 4 0 .5 ° - 0 .8 2 7 7 1 - 0 .8 2 6 9 1 0 .0 9 7 9

6 4 9 . 5° - 0 .9 6 9 1 1 - 0 . 9 6 8 1 8 0 .0 9 6 2

7 5 8 . 5° -  1 .0 8 6 6 5 -  1 .0 8 5 6 1 0 .0 9 5 4

8 6 7 . 5° -  1. 1 7 7 4 4 -  1. 176 3 2 0 .0 9 5 1

9 7 6 . 5° - 1 . 2 3 9 2 3 -  1 .2 3 8 0 6 0 .0 9 4 5

10 8 5 . 5° - 1 . 2 7 0 5 3 -  1 .2 6 9 3 2 0 .0 9 5 4

T o rq u e  T

-  1 0 .6 6 6 -  1 0 .6 6 7 0 .0 0 6 4
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TABLE 2

COMPARISON OF CALCULATED f  AND T WITH THEORETICAL

VALUES FOR THE ROTATION OF TH IN  D ISC FOR N=100

C a lc u la t e d T h e o r e t i c a l P e r s e n ta g e

v a lu e s v a lu e s e r r o r

i ^p j S t r e s s  d i s t r i b u t i o n f

1 0 .4 5 ° - 0 . 0 1 0 4 8 - 0 . 0 0 9 9 9 4 .7 5 6 1

5 A. 0 5° - 0 . 0 8 9 9 3 - 0 . 0 8 9 9 3 0 .0 0 4 5 6 3

10 8 . 55° - 0 . 1 8 9 2 9 - 0 . 1 8 9 2 9 0 .0 0 1 6 3 0

20 1 7 . 55° -  0 .3 8 3 9 3 - 0 . 3 8 3 9 3 0 .0 0 0 9 5 3

30 2 6 . 55° - 0 .5 6 9 1 1 - 0 .5 6 9 1 1 0 .0 0 0 8 7 8

40 3 5 . 55° - 0 . 7 4 0 2 9 - 0 . 7 4 0 2 7 0 .0 0 0 8 6 1

50 4 4 .5 5 ° - 0 . 8 9 3 2 3 - 0 . 8 9 3 2 2 0 .0 0 0 8 6 6

60 5 3 . 55° -  1 .0 2 4 1 7 -  1. 0 2 4 1 7 0 .0 0 0 8 6 1

70 6 2 .5 5 ° - 1 . 1 2 9 9 0 -  1. 129 8 9 0 .0 0 0 8 5 9

80 7 1 .5 5 ° - 1 .2 0 7 8 1 -  1 .2 0 7 7 9 0 .0 0 0 8 6 7

90 8 0 .5 5 ° -  1 . 2 5 5 9 7 -  1 .2 5 5 9 6 0 .0 0 0 8 8 0

100 8 9 .5 5 ° - 1 . 2 7 3 3 7 -  1 .2 7 3 2 0 0 .0 0 8 5 7 1

T o rq u e  T

-  1 0 .6 6 7 -  1 0 .6 6 7 - 0 .0 0 0 1 7 2
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As we observed at the beginning of this chapter. our

numerical approximation is, formally, only a first-order 

method. However, from Table 1 and 2, it is clear that the 

actual percentage errors of the calculated stress d i s t r i b ­

ution and torque are much smaller than what may be expected. 

Since a tenfold increase in N reduces the relative error by 

roughly 100 times, we estimate that the numerical procedure 

is actually s e c o n d - o r d e r , i.e.

f  c  a  £ c ^ - f e x a c t 

error = -----------------
c
N 2

(3.14)

C will depend strongly on position. Quite surprising ly, the 

error is large only near the center of the disc. One pl a u ­

sible explanation here is that the numerical approximation 

(3.6) is poorest when p is small, since f(p) itself will be 

a small number and therefore the leading term in its 

T a y l o r ’s series expansion will not numerically dominate the 

next term. We should also note that this large error in f 

at small p does not contribute significantly to the num e r ­

ical errors of the macroscopic properties such as the 

torque. In fact, the percentage error of T is an order of 

magnitude smaller than that of f. Since the torque is given 

by equation (3.13), this effective improvement in accuracy 

must be due to cancellation of any systematic numerical 

errors that were introduced by equation (3.6). In view of 

the superior accuracy of our algorithm applied to the test
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case, we are now confident to proceed to the problem of a

finite circular disc.

3.2 Finite Disc

In this case, no analytical solution is possible at pr e s ­

ent, and we must follow the same numerical procedure as 

outlined in section 3.1 to find the stress distribution and 

the torque for arbitrary values of the aspect ratio a.

First, we attempt to replace (2.14) with an algebraic 

equation analogous to (3.6) with the condition that the 

unknown function which appears outside the line integral 

over 8j must be continuous. Although the asymptotic beh a v ­

ior of the stress distribution <r(p,z) as we approach the 

edge of the finite disc cannot be determined a priori for 

any arbitrary a, it is intuitively obvious that the s i n g u l a r ­

ity for intermediate values of a will not be as severe as for 

the limiting cases of large and small a. Thus, we hypothesize 

that the functions

f (/>,«) = <r(p,«) (l-p 2 )1 / 2

f ( 1, z ) = a ( 1, z) (a2 - z 2 P / 2

(3.15)

will work, i.e. f (/ J , a ), f ( 1, z ) will both be continuous on the 

particle surface. A more accurate estimate of the strengh of 

the singularity will be attempted later. Dividing the

-22-



interval 0 < p < 1 into N subint e r v a l s  Sj and the interval 0

< z < a into N subintervals ej, and substituting (3.15) into

(2.14), we obtain after carrying out the usual manipulations

a ) + Gi ( p , , a ; p ’,-a)] — ---------- dp ’
( 1 - p ’2 )1 / 2

a; 1, z ’ ) + G i (p / , a ; 1, - z ’ )]-------- — — d z
(a 2 - z ’2 )I / 2

«) + Gi(l,z,-;p’,- a ) J -----—  ^ — dp •
( 1 - p ’2 )1 / 2

+ £ f(l,z,) [Gi (1, Z/J 1, z» ) + G x (1, z # ; 1 , - z ’ )1 

3=1 Jej

1 
-------------- dz« 
(«2 - z ’ 2 P  '2

i = l , .......N (3.16)

This is a set of 2N x 2N matrix equations which can be 

solved as before. The integrals are simplified by letting 

P ’ = sinP, Py= sin^,-, z ’ = «sin# and Zf = asinv/. Finally, the 

logarithmic s i n g u larity at the point G - v , , P~Yi can be 

removed by the same procedure as in the previous section, 

which allows the line integrals to be calculated n u m e r ­

ically. The resulting system is again solved by Gaussian 

elimination.

From the calculated values of f(sin^j,a) and f(l,asinyj), 

we can also calculate the torque using equation (2.13)

-23-



N -  r
T = 4 n [ s  f i p ^ a )  p 2 ( 1-p 2 ) - 1 7 2 dp

3 = 1 J *j

N -  r
+ E f(l,zj) (a 2 - z 2 )" 1 / 2 dzl 

3=1 ^ j

(3.17)

Our computer program for this

B. The numerical results for 

torque T are shown in Tables 3

problem is listed in Appendix 

the stress distribution f and 

and 4.

We note that all the results obtained so far follow 

trends that are to be intuitively expected. Of special 

interest, however, is the fact that the torque per unit 

length for the case of a=100 is found to be larger than that 

predicted by the asymptotic theory, i.e. equation (2.22). 

This result is qualitatively correct, since the asymptotic 

theory does not take the contribution of the flat ends or 

the singularity at the corners into account. It should also 

be noted that Chwang and Wu (1974) have previously obtained 

analytically the torque on a rotating axisymmetric prolate 

body with a ’s m o o t h ’ shape, and when their results are 

considered in the limit of a long slender body, it is found 

that the torque per unit length is less than that of 

equation (2.22). There is no contradiction between the 

differing results, however, since a long rod with rounded 

ends will have no singularities and the contribution to the 

torque from those rounded ends will actually be even smaller
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than when a uniform radius is assumed, as is inherently done 

in deriving equation (2.22).
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CALCULATED f  AND T FOR THE ROTATION OF F IN IT E  DISCS FOR N = 10

TABLE 3A

y ,= 9  0° ( f l a t  e n d . z = a ) a = 0 . 01 « = 0 .1 «= 1

i ^7 s t r e s s  d i s t r i b u t i o n f

1 A. 5° - 0 . 1 0 5 6 - 0 . 1 0 0 7  - 0 .0 9 4 8

2 1 3 . 5° - 0 . 2 9 3 8 - 0 . 2 8 1 6  - 0 .2 6 4 5

3 2 2 . 5° - 0 . 4 8 1 2 - 0 . 4 5 9 9  - 0 .4 3 0 7

4 3 1 .5 ° - 0 . 6 5 5 7 - 0 . 6 2 3 5  - 0 .5 8 1 3

5 4 0 . 5° - 0 . 8 1 2 3 - 0 . 7 6 6 4  - 0 .7 1 0 1

6 4 9 . 5° - 0 . 9 4 5 9 - 0 . 8 8 1 6  - 0 .8 1 0 0

7 5 8 . 5° -  1 . 0 5 0 3 - 0 . 9 6 0 4  - 0 .8 7 2 6

8 6 7 . 5° - 1 . 1 1 5 8 - 0 . 9 8 9 2  - 0 .8 8 5 6

9 7 6 . 5° - 1 . 1 2 3 9 - 0 . 9 4 3 2  - 0 .8 3 6 2

10 8 5 . 5° - 0 .  9232 - 0 . 7 0 6 6  - 0 .5 5 0 7
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CALCULATED f  AND T FOR THE ROTATION OF F IN IT E  D ISC S FOR N=10

TABLE 3B

^,- = 90° ( c u r v e d  s i d e ,  p= 1 ) « = 0 .0 1 « = 0 .1 «= 1

i Vi s t r e s s d i s t r i b u t i o n f

11 8 5 .  5° - 0 . 0 0 8 9 - 0 . 0 8 4 1 - 0 . 5 7 9 6

12 7 6 .5 ° - 0 . 0 5 3 8 - 0 . 2 3 4 1 - 0 . 9 9 4 3

13 6 7 . 5° - 0 . 0 7 3 6 - 0 . 2 8 1 1 -  1 .2 4 3 6

14 5 8 .  5° - 0 . 0 8 7 2 - 0 . 3 1 6 5 -  1 .4 7 3 6

15 4 9 .  5° - 0 . 0 9 6 8 - 0 . 3 4 5 2 -  1 . 6 8 0 5

16 4 0 .  5° - 0 . 1 0 3 9 - 0 . 3 6 8 9 - 1 . 8 6 2 4

17 3 1 .5 ° - 0 . 1 0 9 1 - 0 . 3 8 7 8 - 2 . 0 1 5 1

18 2 2 . 5° - 0 . 1 1 2 7 - 0 . 4 0 2 0 - 2 .  1 3 4 0

19 1 3 . 5° - 0 . 1 1 5 0 - 0 . 4 1 1 4 - 2 . 2 1 5 5

20 4 .  5° - 0 .  1 1 6 2 - 0 . 4 1 6 2 - 2 . 2 5 6 9

T o r q u e  T

- 1 1 . 2 6 4 -  1 4 .7 3 9 -  3 9 .8 4 4
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TABLE AA

CALCULATED f  AND T FOR THE ROTATION OF F IN IT E  DISCS FOR N=50

v ,- = 9 0° ( f l a t  e n d , z= a ) «=10 «=100

i s t r e s s d i s t r i b u t i o n  f

1 0. 9° - 0 .0 0 0 2 + 1 .6 8 9 6

5 8 . 1° - 0 .1 5 7 1 - 0 . 1A10

10 1 7 .1 ° - 0 .3 2 6 6 -  0. 3228

15 26. 1° - 0 . A8A3 - 0 .  A825

20 35. 1° - 0 . 62A2 - 0 .6 2 3 0

25 AA. 1° - 0 .  7397 - 0 .  7387

30 53. 1° - 0 .8 2 3 6 - 0 .8 2 2 6

35 62. 1° - 0 .8 6 6 1 - 0 . 865A

AO 71. 1° - 0 .8 5 3 3 - 0 . 85A5

A5 8 0 . 1° - 0 .  752A - 0 .7 5 0 3

50 8 9 .1 ° - 0 .1 7 5 5 + 0 .1 9 2 7
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C A L C U L A T E D  f  AND T FOR THE R O T A T IO N  OF F I N I T E  D IS C S  FOR N = 5 0

T A B L E  4B

<*>,• = 9 0 ° ( c u r v e d  s i d e ,  p =  1 ) a=  10 « = 1 0 0

i V? s t r e s s  d i s t r i b u t i o n  f

51 8 9 . 1 ° - 1 . 6 7 5 9 - 8 . 1 5 4 5

55 8 1 . 9 ° - 4 . 2 0 0 0 -  2 9 .  9 8 8

60 7 2 .  9 ° - 6 . 7 6 8 8 - 5 9 .  2 8 9

6 5 6 3 .  9 ° - 9 .  3 5 8 0 - 8 8 .  1 5 2

70 5 4 .  9 ° -  1 1 . 8 6 1 - 1 1 5 . 0 7

7 5 4 5 .  9 ° - 1 4 . 1 6 1 - 1 3 9 . 2 1

8 0 3 6 .  9 ° - 1 6 . 1 6 5 - 1 5 9 . 9 4

8 5 2 7 .  9° -  1 7 . 8 0 3 -  1 7 6 . 7 5

90 1 8 .  9 ° -  1 9 . 0 2 4 -  1 8 9 . 2 1

9 5 9 . 9° -  1 9 . 7 9 2 -  1 9 7 . 0 2

1 0 0 0 . 9 ° - 2 0 . 0 8 1 - 1 9 9 . 9 9

T o r q u e T

- 2 6 7 . 5 5 - 2 5 2 9 . 4
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As we p o in t e d  o u t  a t  t h e  b e g in n in g  o f  t h i s  s e c t i o n ,  t h e 

s u b s t i t u t i o n  ( 3 . 1 5 )  i s  c h o s e n  in  v ie w  o f  t h e  know n  a s y m p to t ­

i c  b e h a v io r  o f  t h e  s t r e s s  d i s t r i b u t i o n  f o r  an i n f i n i t e s i m a l ­

l y  t h i n  d i s c ,  and t h u s  w i l l  n o t  be th e  ’ b e s t ’ c h o ic e  f o r  a 

f i n i t e  d is c  a ls o .  In  f a c t ,  one  w o u ld  e x p e c t  i n t u i t i v e l y  t h a t 

t h e  s i n g u l a r i t y  a t  t h e  e d g e  o f  a f i n i t e  d is c  w i t h  an a s p e c t 

r a t i o  o f ,  s a y ,  u n i t y ,  s h o u ld  be w e a k e r  th a n  t h a t  o f  a t h i n 

d i s c .  In  s u p p o r t  o f  t h i s  c o n t e n t i o n ,  we n o te  t h a t  t h e  c a l c u ­

la t e d  v a lu e s  o f  f  ( f r o m  t a b l e  3 ) a c t u a l l y  d e c r e a s e  to w a r d s 

t h e  e d g e . To e s t im a t e  t h e  a c t u a l  s t r e n g t h  o f  t h e  s i n g u l a r i ­

t y ,  a n u m e r ic a l  e x p e r im e n t  ca n  be a t t e m p te d  by  l e t t i n g 

f ( p , * ) = a ( p , a ) ( 1 - p 2 ) ” 

f ( 1 , z ) = a ( 1 , z ) ( « 2 - z 2 ) "

The v a lu e s  o f  m, n a re  th e n  v a r ie d  and  an e s t im a t e  o f  t h e 

’ o p t i m a l ’ v a lu e s  may be o b t a in e d .  The c r i t e r i a  f o r  c h o o s in g 

i s  t h a t ,  a t  th o s e  v a lu e s  o f  m, n , t h e  c o r  r e s p o n d in g  s t r e s s 

d i s t r i b u t i o n  f  s h o u ld  a p p ro a c h  a f i n i t e  a s y m p t o t ic  l i m i t  as 

th e  e d g e  o f  t h e  d is c  i s  a p p r o a c h e d .  O ur r e s u l t s  a re  show n in 

T a b le  5 . To t h e  a c c u r a c y  o f  o u r  c a l c u l a t i o n s ,  i t  a p p e a rs 

t h a t  a p p r o x im a t e ly  m = 0 .3 5 , n = 0 .3 0  w i l l  g iv e  th e  d e s i r e d

r e s u l t .  We s h o u ld  a ls o  add  t h a t  t h e  v a lu e s  o f  cr c a l c u la t e d 

f o r  a l l  c o m b in a t io n s  o f  m, n a re  e s s e n t i a l l y  t h e  sam e, w h ic h 

w i l l  i n d i c a t e  t h a t  o u r  c a l c u l a t i o n s  a re  c o r r e c t .
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CALCULATED VALUES OF f  AS A FUNCTION OF m, n . ( a = l,N = 1 0 )

TABLE 5

m= 0. 5 m= 0 .4 m= 0 .4 m= 0. 3 m = 0 .35

( V i > V i ) n=O. 5 n = 0 . 5 n = 0 .4 n= 0 . 3 n = 0 . 30

( 4. 5 ° , 9 0 .  0° ) -  0. 0948 - 0 .0 9 4 8 -  0. 0947 -  0 .0 9 4 7 -  0 .0 9 4 7

( 13. 5° , 90 . 0° ) - 0 .2 6 4 5 - 0 .2 6 5 9 - 0 .  2658 - 0 .2 6 7 2 - 0 .2 6 6 5

( 2 2 . 5 ° , 9 0 . 0 ° ) - 0 .4 3 0 7 - 0 .4 3 7 3 - 0 .4 3 7 3 - 0 .4 4 4 0 - 0 .4 4 0 6

( 3 1 . 5 ° , 9 0 . 0 ° ) - 0 .5 8 1 3 - 0 .  5998 - 0 .  5997 - 0 .6 1 8 7 - 0 .  6091

( ^0 . 5° , 9 0 . 0° ) - 0 .7 1 0 1 - 0 .7 4 9 6 - 0 .7 4 9 5 - 0 .  7911 - 0 .7 7 0 0

( 4 9 . 5 ° , 9 0 . 0 ° ) - 0 .8 1 0 0 - 0 .8 8 2 5 - 0 .8 8 2 3 - 0 .9 6 1 0 - 0 .9 2 0 8

( 58 . 5 ° , 9 0 . 0 ° ) - 0 .8 7 2 6 - 0 .9 9 2 8 - 0 .9 9 2 6 -  1. 1288 - 1 .0 5 8 5

( 6 7 . 5 ° , 9 0 . 0 ° ) - 0 .8 8 5 6 -  1 .0 7 2 1 -  1 .0 7 2 0 -  1 .2 9 6 9 -  1. 1792

(7 6 .  5° , 9 0 . 0 ° ) - 0 .8 3 6 2 - 1 .1 1 3 8 - 1 .1 0 9 5 -  1 .4 6 8 8 -  1 .2 7 4 8

(8 5 .  5 ° , 9 0 .  0° ) - 0 .5 5 0 7 - 0 .9 4 8 1 - 0 .9 8 7 1 - 1 .7 2 0 1 - 1 .3 2 4 1

(9 0 .  0° , 8 5 . 5° ) - 0 .  5796 - 0 .6 0 0 3 - 1 .0 3 5 4 -  1 .8 0 0 5 -  1 .7 7 9 3

( 9 0 . 0 ° ,  76 . 5° ) - 0 .9 9 4 3 - 0 .9 9 1 6 -  1 .3 2 2 3 -  1 .7 5 4 8 -  1 .7 5 7 5

( 90 . 0° , 67 . 5° ) - 1 .2 4 3 6 - 1 .2 4 3 5 - 1 .5 0 6 8 -  1 .8 2 4 6 - 1 .8 2 4 5

( 9 0 . 0 ° ,  58 . 5° ) - 1 .4 7 3 6 - 1 .4 7 3 5 - 1 .6 7 7 6 - 1 .9 0 9 3 -  1 .9 0 9 3

( 9 0 . 0 ° , 4 9 . 5 ° ) -  1 .6 8 0 5 -  1 .6 8 0 4 -  1 .8 3 1 8 -  1 .9 9 6 4 -  1 .9 9 6 4

( 9 0 . 0 ° ,  4 0 . 5° ) - 1 .8 6 2 4 -  1 .8 6 2 4 - 1 .9 6 7 1 - 2 .  0774 - 2 .0 7 7 4

(9 0 .  0 ° , 3 1 . 5 ° ) - 2 .  0151 - 2 .0 1 5 1 - 2 .0 8 0 2 - 2 .1 4 7 1 - 2 .1 4 7 1

( 9 0 . 0 ° , 2 2 . 5 ° ) - 2 .1 3 4 0 - 2 .1 3 4 0 - 2. 1679 - 2 .2 0 2 0 - 2 .2 0 2 0

(9 0 . 0° , 13. 5° ) - 2 .2 1 5 5 - 2 .2 1 5 5 - 2 .2 2 7 7 - 2 .2 3 9 8 - 2 .2 3 9 8

( 9 0 . 0 ° ,  4 .5 ° ) - 2 .2 5 6 9 - 2 .2 5 6 9 - 2 .2 5 8 1 - 2 .2 5 9 1 - 2 .2 5 9 1
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A.O APPLICATION

As mentioned earlier, the torque on the rotating disc and 

the velocity distribution of the fluid are of interest to 

us. The former has been calculated in the last chapter. 

Here we will calculate the velocity fields for several 

values of a. Then, the numerical torque values of the last 

chapter will be compared with an ad hoc equation which we 

suggested in chapter 2.

A.l Velocity Field

To calculate the velocity field of the fluid for the case

of a rotating finite disc with arbitrary aspect ratio a, we 

use equation (2.11) which can be written as

1 i r1 r®» -X|z~a| -X|z+a|
v(p,z)= - — s J i (X p)J j (Xp' )(e +e )dXa(p ’ , a ip * dp

2 [ J o J o

n
o» -X| z-z’ I -xlz+z’l

Ji (Xp)Jj (X) Ce +e )dX<r( 1, z’ )dz’■

u 0 /
(4. 1 )

Since the stress distribution is obtained only at discrete 

points on the particle’s surface, it is obvious that the 

same numerical approximations that were introduced in chap­

ter 3 must be followed in this case to yield

v ( p , z ) =
- 1 N
— 1 S f ( s i n<p_j
2n j=l

« )

sin©
(---- P  Z 2

J ^5
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N
+ E f ( 1, as i nyj ) 
3=1

1 
(-
P

(z-as i n ^ )2 + p 2 + 1 (z+ as i n/?) 2 + p 2 + 1
Q 1 /  2

2p

(4. 2)

Each line integral may now be calculated and the velocity 

distribution is then obtained. We have plotted these results 

in figure 1 ( a = 0 ) and figure 2 ( a = 1 ). The velocity

distributions are clearly consistent with what are expected.

^.2 Torque Comparison

The torque values calculated in chapter 3 are plotted in 

figure 3 together with the prediction of an ad hoc equation 

that we suggested (i.e . equation (2.23)). It can be seen 

that the numerical values are always slightly larger than 

those obtained from equation (2.23). For the limiting cases 

(i.e. a = 0 and a -- > <»), however, the discrepancies are very

small, which is to be expected. In all cases, equation 

(2.23), although not rigorously justifiable, is an adequate 

approximation for the torque on the rotating particle.
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FIG 1. VELOCITY FIELD DUE TO THE ROTATION OF A THIN DISC (<2= 0  )

P
CURVE 1 VELOCITY - 0.05
CURVE 2 VELOCITY = 0.25
CURVE 3 VELOCITY = 0.50
CURVE 4 VELOCITY = 0.75
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CURVE 1 VELOCITY = 0.05
CURVE 2 VELOCITY = 0.25
CURVE 3 VELOCITY = 0.50
CURVE 4 VELOCITY = 0.75
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FIGURE 3. THE COMPARISON OF NUMERICAL RESULTS WITH EQUATION (2 .2 3 )

J
O
O
 
( H
□
c
 ü
□
J
)

CURVE 1 TORQUES FROM NUMERICAL TECHNIQUES 
CURVE 2 TORQUES FROM EQUATION 12.23)
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5.0 RECOMMENDATIONS AND CONCLUSIONS

This works is part of an ongoing effort to study the slow 

motion of rigid particles in a viscous fluid by numerical 

techniques. Here, we have considered the axial rotation of 

an axisymmetrical particle in an inertialess unbounded 

Newtonian fluid. By using the method of G r e e n ’s function, we 

can obtain a line integral which makes the problem easier to 

solve. Although there are singularities in the integrand, 

these can be ’r e m o v e d ’ and thus numerical solution of the 

integral equation is relatively straightforward. From the 

numerically calculated stress distribution, the velocity 

field and the torque on the particle can also be obtained. 

Overall our method is easy to apply and produces very a ccu­

rate results even for the case of a finite circular cylinder 

where no analytical solutions presently exist.

As was mentioned at the beginning of this thesis, the 

method that is developed here may be applied to other prob­

lems in mathematical physics, as well as other types of 

rigid particle motion in a viscous fluid such as the trans­

lational motion of a finite circular cylinder. These should 

be the areas of future research work.
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APPENDIX A

FORTRAN program for calculating the numerical stress 
distribution and torque of the rotating thin disc

IMPLICIT REALES (A-H,O-Z)

DIMENSION THETA(100),PHI(100),X(100,100),V(100),VE(100),E(100)

DIMENSION XX(100,100),WKAREA(11000)

EXTERNAL Z

COMMON B,C

N=10

WRITE (6,10) N

10 FORMAT (1H1,6X,’NUMBER OF INTERVALS=•,I 3)

P=3. 14159

PHI1=O.

PHI2=P/2.

AA=N

DPHI=(PHI2-PHI1)/AA

1=1

PHI(1)=PHIl+DPHI/2.

THETA(1)=PHI(1)

1 1=1+1

PHI(I)=PHI(I-1)+DPHI

THETA(I) = PHI(I )

IF (I.LT.N) GO TO 1

DO 2 1=1,N

C=PHI(I )

B=DSIN(C)
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DO 3 J=l, N

F 1 = TH E TA C J )

DIFF=DABS(F1-C)

IF (I.EQ.J ) GO TO 4

X(I,J)=(DCADREiZ,Fl-DPHI/2.,Fl+DPHI/2.,1.0D-5,0.00001,ERROR 

1,IER)+(DIFF-DPHI/2. )*DLOG(DIFF-DPHIZ2. )-(DIFF+DPHIZ2. )*DLO 

2G(DIFF+DPHI/2.) + DPHI*(DLOG(8.*DTAN(C ))-1.))*2./P

GO TO 5

4 X(I,J)=((DCADRE(Z,Fl-DPHI/2.,FI,1.0D-5,0.00001,ERROR

1, IER)+DCADREiZ,FI,Fl+DPHI/2.,1.0D-5,0.00001,ERROR, I

2ER)) + DPHI*(DLOG(16.*DTAN(C )ZDPHI)- 1. ))*2.ZP

5 XX(I,J)=X(I,J)

3 CONTINUE

VE( I )=B*(-A./P)

V( I ) = B

2 CONTINUE

CALL LEQT2F(XX,l,N,100,V,A,WKAREA,IER) 

T=0.

1 = 0 

PHIU=0. 

FUNCU=0.

9 1=1+1 

PHIL=PHIU 

FUNCL=FUNCU 

PHIU=PHIL+DPHI 

FUNCU= FINTG(PH IU ) 

T=T+V(I)*(FUNCU-FUNCL )
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V( I) = V ( I )*(-2. )

E (I ) = V ( I ) / V E (I )- 1. 0

IF (I.LT.N) GO TO 9

T=-8.*P*T

TE = - 10. 666666667

E 2 = T / T E - 1.0

WRITE (6,30) (( X ( I , J ),1=1,N ) ,J = 1,N)

30 FORMAT (5E15.5)

WRITE (6,12)

12 FORMAT ( 1H0, 15X, 'S T R E S S ’ )

WRITE (6,11)

11 FORMAT (2X, 'C A L C U L A T E D ’, 5X, 'E X A C T ’, 7X, ’E R R O R ’ )

WRITE (6,6) (V ( I ),V E (I ),E( I ), 1=1,N)

6 FORMAT (’ ’ , 3 E 1 2 . 5)

WRITE (6,13)

13 FORMAT (1H0, 15X, ’T O R Q U E ’ )

WRITE (6, 11)

WRITE (6,6) T,TE,E2

STOP

END

DOUBLE PRECISION FUNCTION Z(A)

IMPLICIT REALES (A-H,O-Z)

COMMON B,C

Z=0.

IF (D A B S (A - C ).L T .1.0D - 7) GO TO 1

IF (D A B S (A ).L T .1.O D - 7) GO TO 2

X= DS I N (A )
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Y=B

PP=(X**2+Y**2)/2./X/Y

QQ=DSQRT(X*Y)*2./(X+Y)

RR=((X-Y)/(X+Y))**2

RR2=RR*RR

RR3=RR2*RR

RR4=RR3*RR

ARR=DLOG(RR)

AK= 1.3862944+ 0.0966634*RR+0.0359009*RR2+ 0. 0374256*RR 3+0.0

114512*RR4-(0.5+0.1249859*RR+0.0688025*RR2+0.0332836*RR3+0

2.0044179*RR4)*ARR

AE=1.0+0.4432514*RR+0.062606*RR2+0.0475738*RR3+0.0173651*

1RR4-(0.2499837*RR+0.0920018*RR2+0.040697*RR3+0.0052645*RR

24)*ARR

Z=DSQRT(X/Y)*(PP*QQ*AK-2./QQ*AE)

2 Z=Z+DL0G(DABS(A-C)/8./DTAN(C))+2.

1 RETURN

END

DOUBLE PRECISION FUNCTION FINTG(A)

IMPLICIT REAL*8 (A-H,O-Z)

X= DS IN(A )

Y=DCOS(A)

FINTG=(A-X*Y)/2.

RETURN

END
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APPENDIX B

FORTRAN program for calculating the numerical stress 
distribution and torque of the rotating finite disc

IMPLICIT REAL*8 (A-H ,0-Z )

DIMENSION THETA(100),PHI(100),X(100,100),V(100)

DIMENSION WKAREA( 11000 ),BETA(100),GAMA(100)

EXTERNAL Z,Z1,Z2,Z3,Z4,Z5,Z6,Z7

COMMON B,C,ALPHA,E,F

N=50

WRITE (6,10) N

10 FORMAT (6X,'NUMBER OF INTERVALS=’,I3Z)

A LPHA=10.0

WRITE (6,14) ALPHA

14 FORMAT ( 15X, ’ALPHA=’,F7.2Z)

P=3.14159

PHI1=O.

GAMA 1 = 0.

PH I 2= PZ2.

GAMA2=PZ2.

N2=N*2

DPHI=(PHI2-PHI1)ZN

DGAMA=(GAMA2-GAMA 1)ZN

1=1

PH IC1) = PH 11+ DPHIZ2.

GAMA(1)=GAMA1+DGAMAZ2.
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TH E T A (1 ) = P H I (1)

B E T A ( 1 ) = G A M A ( 1)

1 1=1+1

PHI ( I ) = P H I (I - 1 )+DPHI

GAMA( I ) = G A M A CI - 1 ) + D G A M A

TH E T A (I ) = PH I ( I )

B E T A C I ) = GA M A ( I )

IF (I .LT.N) GO TO 1

DO 2 1=1,N

C=PHI(I )

B= DS I N (C )

DO 3 J=l,N

F 1 = TH E T A (J )

DI F F = D A B S (F 1-C )

IF (I .EQ.J ) GO TO 4

X(I,J) = D C A D R E ( Z , F 1 - DPHI/2.,F1+DPH 1/2. , 1 .O D - 5, O . O O O O 1 ,ERROR

l , I E R ) + ( D I F F - D P H I / 2 . ) * D L 0 G ( D I F F - D P H I / 2 .) - ( D I F F + D P H I / 2 . ) * D L O G 

2(DI F F + D P H 1/2. ) + D P H I * ( D L O G (8.* D T A N (C ) )- 1. ) + D C A D R E (Z 1,F 1- 

3 D P H I / 2 . , F 1 + D P H I / 2 . , 1 .OD- 5, 0 . 0 0 0 0 1 ,ERROR, 1ER)

GO TO 3

4 X( I,J ) = D C A D R E ( Z , F 1 - D P H I / 2 . , F 1 , 1 .O D - 5 , 0 . 0 0 0 0 1 , ERROR

1 , I E R ) + D C A D RE(Z,F1,F1+DPHI/2.,1.0D- 5, 0. 00001,ERROR,I

2ER) + D P H I * ( D L 0 G ( 1 6 . * D T A N (C )/ D P H I )-1. ) + DCADR E (Z 1,F 1-D P H I / 2 ., 

3Fl+DPHI/2.,1.0D- 5, 0 . 00001, ERROR, 1ER)

3 CONTINUE

V C I ) = B

V C 1+ N ) = 1.
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2 CONTINUE

DO 22 11=1,N

C=PHI(I1)

B= DS IN(C )

DO 22 J1=1,N

G1 = BETA(J1 )

X(I1,N2+1-J1)= DCADRE(Z2,Gl-DGAMA/2.,Gl+DGAMA/2.,1.OD-5,O.OOOO1,

1 ERROR,1ER)+DCADRE(Z3,Gl-DGAMA/2.,Gl+DGAMA/2., 1.OD- 5, 0.0000 1,

2ERR0R, 1ER )

22 CONTINUE

DO 24 12=1,N

E=GAMA(12)

F = DS IN C E )

DO 24 J2=1,N

G2= THETA(J 2)

X(N2+1-I2,J2)=DCADRE(Z4,G2-DPHI/2.,G2+DPHI/2.,1.OD-5,0.00001,

1ERR0R,IER)+DCADRE(Z5,G2-DPHI/2.,G2+DPHI/2.,1.OD-5,0.00001,

2ERR0R,1ER )

24 CONTINUE

DO 25 13=1,N

E=GAMA(13)

F=DSIN(E)

DO 26 J3=1,N

G3=BETA(J3)

DIFF1=DABS(G3-E)

IF (13.EQ.J3) GO TO 27

X(N2+1-13,N2+1-J3)=DCADRE(Z6,G3-DGAMA/2.,G3+DGAMA/2.,1.OD-5,
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10.00001,ERROR,IER )-(D IFF1 + DGAMA/2. )*DLOG(DI FF 1 +DGAMA/2. )+(DIFF1-

2DGAMA/2. ) *DLOG(DIF F 1-DGAMA/2. ) + DGAMA*(DLOG(8./ALPHA/DCOS(E ))- 1) +

3DCADRECZ7,G3-DGAMA/2.,G3+DGAMA/2.,1.0D-5,0.00001,ERROR,1ER)

GO TO 26

2 7 X(N2+1-13,N2+1-J 3) = DCADRE (Z6,G 3-DGAMA/2.,G3,1.0D-5,0.00001,ERROR,

1IER) + DCADRE(Z6,G3,G3+DGAMA/2.,1.OD-5, 0. 00001,ERROR, I ER)-DGAMA* 

2(DLOG(ALPHA*DCOS(E)*DGAMA/16.)+1 ) +DCADRE(Z7,G3-DGAMA/2., 

3G3+DGAMA/2.,1.OD-5,0.00001,ERROR,1ER)

26 CONTINUE

25 CONTINUE

CALL LEQT2FCX,1,N2,100,V,A,WKAREA,1ER) 

T=0.

1 = 0 

PHIU=O. 

GAMAU=0. 

FUNCU=0. 

FUNU=0.

9 1=1+1

PHIL=PHIU

GAMAL=GAMAU

FUNCL=FUNCU

FUNL=FUNU

PHIU=PHIL+DPHI

GAMAU=GAMAL+DGAMA

FUNCU=FINTG(PHIU) 

FUNU=FIN(GAMAU) 

V(I)=V(I)*(-2.)*P
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V(N2+l-I)=V(N2+l-I)*(-2. )*P

T=T+V(I)*(FUNCU-FUNCL)+V(N2+1-I)*(FUNU-FUNL)

IF (I.LT.N) GO TO 9

T=4.*P*T

WRITE (6,12)

12 FORMAT (15X,’STRESS’/)

WRITE (6,15) (V(I), 1=1,N2 )

15 FORMAT ( 6E12.5/)

WRITE (6,13)

13 FORMAT (15X,’TORQUE’/)

WRITE (6,16) T

16 FORMAT (15X,E12.5)

STOP

END

DOUBLE PRECISION FUNCTION Z(A)

IMPLICIT REALES ( A-H , O-Z )

COMMON B,C,ALPHA,E,F

Z=0.

IF (DABS(A-C).LT.1.OD-7) GO TO 1

IF (DABS(A).LT.1.OD-7) GO TO 2

X=DSIN(A)

Y=B

PP=(X**2+Y**2)/2.ZX/Y

QQ=DSQRT(X*Y)*2./(X+Y)

RR=((X-Y)/(X+Y))**2

RR2=RR*RR

RR3=RR2*RR
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RR4=RR3*RR

ARR=DLOG(RR)

A K = 1 .3 8 6 2 9 4 4 + 0 .0 9 6 6 6 3 4 * R R + 0 .0 3 5 9 0 0 9 * R R 2 + 0 .0 3 7 4 2 5 6 *R R 3 + 0 .0

1 1 4 5 1 2 * R R 4 - (0 .5 + 0 .1 2 4 9 8 5 9 * R R + 0 .0 6 8 8 0 2 5 * R R 2 + 0 .0 3 3 2 8 3 6 * R R 3 + 0

2 . 0 0 4 4 1 7 9 *R R 4 )*A R R

A E = 1 .0 + 0 . 4 4 3 2 5 1 4 * R R + 0 .0 6 2 6 0 6 * R R 2 + 0 .0 4 7 5 7 3 8 * R R 3 + 0 .0 1 7 3 6 5 1 *

lR R 4 - (0 .2 4 9 9 8 3 7 * R R + 0 .0 9 2 0 0 1 8 * R R 2 + 0 .0 4 0 6 9 7 * R R 3 + 0 .0 0 5 2 6 4 5 * R R

2 4 )*A R R

Z = D S Q R T (X /Y ) * ( P P *Q Q *A K -2 . /Q Q *A E )

2 Z = Z + D L 0 G (D A B S (A -C ) /8 . /D T A N (C ) )+ 2 .

1 RETURN

END

DOUBLE PR E C IS IO N  FUNCTION Z K A )

IM P L IC IT  R E A L*8 ( A - H ,O - Z )

COMMON B ,C ,A L P H A ,E ,F

Z l= 0 .

IF  ( D A B S ( A ) . L T . 1 . O D -7 ) GO TO 2

A 1 = A L PHA

X = D S IN (A )

Y=B

PP= ( X * * 2 + Y * * 2 + 4 * A 1 * * 2 1 / 2 / X / Y

Q Q = 2 * D S Q R T ( X * Y / ( 4 * A 1 * * 2 + ( X + Y ) * * 2 ) )

R R = ( ( X - Y ) * * 2 + 4 * A 1 * * 2 ) / ( ( X + Y ) * * 2 + 4 * A 1 * * 2 )

RR2=RR*RR

RR3=RR2*RR

RR4=RR3*RR

ARR= DLOG( RR)
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AK=1.38629^+0.0966634*RR+0.0359009*RR2+0.0374256*RR3+0.0

114512*RR4-(0.5+0.1249859*RR+0.0688025*RR2+0.0332836*RR3+0

2.0044179*RR4)*ARR

AE=1.0+0.4432514*RR+0.062606*RR2+0.0475738*RR 3+ 0.0173651* 

lRR4-(0.2499837*RR+0.0920018*RR2+0.040697*RR3+0.0052645*RR 

24)*ARR

Zl=DSQRT(X/Y)*(PP*QQ*AK-2. ZQQ*A E )

2 RETURN

END

DOUBLE PRECISION FUNCTION Z2(A)

IMPLICIT REAL*8 (A-H,O-Z)

COMMON B,C,ALPHA,E,F

Z2=0.

IF (DABS(A).LT.1.0D-7) GO TO 2

A 1 = A L PH A

X=DSIN(A)

Y=B

PP=(Al**2*(l.-X)**2+Y**2+l.)/2./Y

QQ=2*DSQRT(YZ(A1**2*(1.-X)**2+(Y+1)**2))

RR=(A1**2*(1.-X)**2+(Y-1.)**2)/(Al**2*(1.-X)**2+(Y+1.)**2)

RR2=RR*RR

RR3=RR2*RR

R R 4= R R 3* R R

ARR= DLOG C RR)

AK=1.3862944+0.0966634*RR+0.0359009*RR2+0.0374256*RR3+0.0

114512*RR4-(0.5+0.1249859*RR+0.0688025*RR2+0.0332836*RR3+0

2.0044 1 79* RR4)*ARR
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AE=1.0+0.4432514*RR+0.062606*RR2+0.0475738*RR3+0.0173651*

lRR4-(0.2499837*RR+0.0920018*RR2+0.040697*RR3+0.0052645*RR

24)*ARR

Z2=DSQRT(l./Y)*(PP*QQ*AK-2.ZQQ*AE)

2 RETURN

END

DOUBLE PRECISION FUNCTION Z3(A)

IMPLICIT REAL*8 (A-H,O-Z)

COMMON B, C,ALPHA,E,F

Z3=0.

IF (DABS(A).LT.1.OD-7) GO TO 2

Al=ALPHA

X=DSIN(A)

Y=B

PP=(A1**2*(1.+X)**2+Y**2+1.)Z2.ZY

QQ=2*DSQRT(YZ(Al**2*(1.+X )**2+(Y+1)**2 ) )

RR=(A1**2*(1.+X)**2+(Y-1.)**2)Z(A1**2*(1.+X)**2+(Y+1.)**2 )

RR2=RR*RR

RR3=RR2*RR

RR4=RR3*RR

ARR=DLOG(RR)

AK=1.3862944+0.0966634*RR+0.0359009*RR2+0.0374256*RR3+0.0

114512*RR4-(0.5+0.1249859*RR+0.0688025*RR2+0.0332836*RR3+0

2.0044179*RR4)*ARR

AE=1. 0+0.4432514*RR+ 0.062606*RR2+0.0475738*RR 3+ 0. 0173651*

lRR4-(0.2499837*RR+0.0920018*RR2+0.040697*RR3+0.0052645*RR

24)*ARR
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Z3=DSQRT(1.ZY)*(PP*QQ*AK-2.ZQQ*AE)

2 RETURN

END

DOUBLE PRECISION FUNCTION ZA(A)

IMPLICIT REAL*8 (A-H,O-Z)

COMMON B,C,ALPHA,E,F

ZA=0.

IF (DABS(A).LT.1.OD-7) GO TO 2

Al=ALPHA

X=DSIN(A)

Y=F

PP=(A1**2*(Y-1. )x*2+X**2+l. )Z2.ZX

QQ=2*DSQRT(XZ(A1*X2*(Y-1. )**2+(X+1)x*2 ) )

RR=(A1**2*(Y-1. )x*2+(X- 1. )x*2)Z (A 1x*2*(Y-1. )x*2+(X+1. )x*2)

RR2=RRxRR

RR3=RR2XRR

RRA=RR3xRR

ARR=DLOG(RR)

AK=1.38629AA+0.0966634xRR+0.0359009xRR2+0.037A256xRR3+0.0

11A512X RRA-(0.5+0.12A9859X RR+0.0688025X RR2+0.0332836X RR3+0

2.0044179X RR4)X ARR

AE=1.0+0.A^3251AX RR+0.062606X RR2+0.0^75738X RR3+0.0173651X

IRRA-(0.2^99837XRR+0.0920018XRR2+0.0A0697XRR3+0.00526A5XRR

2A)xARR

Z4=DSQRT(X)x(PP*QQxAK-2.ZQQXAE)

2 RETURN

END
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DOUBLE PRECISION FUNCTION Z5(A)

IMPLICIT REALES (A-H,O-Z)

COMMON B,C,ALPHA,E,F

Z5=0.

IF (DABS(A).LT.1.OD-7) GO TO 2

A 1 = A L PH A

X=DSIN(A)

Y=F

PP=(Al**2*(Y+ 1.)**2+X**2+1.)/2./X

QQ=2*DSQRT(X/(Al**2*( Y+1. )**2+(X+1)**2) )

RR=(A1**2*(Y+1. )**2+(X-l. )**2)/(Al**2*(Y+l. )**2+(X+l. )**2)

RR2=RR*RR

RR3=RR2*RR

RR4=RR3*RR

ARR=DLOG(RR )

AK=1.3862944+0.0966634*RR+0.0359009*RR2+0.0374256*RR3+0.0

114512*RR4-(0.5+0.1249859*RR+0.0688025*RR2+0.0332836*RR3+0

2.0044179*RR4)*ARR

AE=1.0+0.4432514*RR+0.062606*RR2+0.0475738*RR3+0.0173651*

lRR4-(0.2499837*RR+0.0920018*RR2+0.040697*RR3+0.0052645*RR

24)*ARR

Z5=DSQRT(X)*(PP*QQ*AK-2. ZQQ*AE)

2 RETURN

END

DOUBLE PRECISION FUNCTION Z6(A)

IMPLICIT REAL*8 (A-H,O-Z)

COMMON B,C,ALPHA,E,F
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Z6=0.

IF (DABS(A-E).LT.1.OD-7) GO TO 1

IF (DABS(A).LT.1.OD-7) GO TO 2

A 1 = A L PHA

X= DS IN(A)

Y=F

PP=(Al**2*(Y-X)**2+2. )/2.

QQ=2*DSQRT(1./(Al**2*(Y-X)**2+4))

RR=(Al**2*(Y-X)**2)/(Al**2*(Y-X)**2+4.)

RR2=RR*RR

RR3=RR2*RR

RR4=RR3*RR

ARR=DLOG(RR)

AK=1.3862944+0.0966634*RR+0.0359009*RR2+0.0374256*RR3+0.0

114512*RR4-(0.5+0.1249859*RR+0.0688025*RR2+0.0332836*RR3+0

2.0044179*RR4)*ARR

AE=1.0+0.4432514*RR+0.062606*RR2+0.0475738*RR 3+ 0. 0173651*

lRR4-(0.2499837*RR+0.0920018*RR2+0.040697*RR3+0.0052645*RR

24)*ARR

Z6=(PP*QQ*AK-2./QQ*AE)

2 Z6=Z6-DL0G(8./A 1/DCOS(E )/DABS(A-E)) + 2.

1 RETURN

END

DOUBLE PRECISION FUNCTION Z7(A)

IMPLICIT REAL*8 (A-H,O-Z)

COMMON B,C,ALPHA,E,F

Z7=0.
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IF (DABS(A).LT.1.OD-7) GO TO 1

A1=ALPHA

X= DS IN C A )

Y=F

PP=(A 1**2*(Y+X ) **2+2. )/2.

QQ=2*DSQRT(1./(Al**2*(Y+X)**2+4))

RR=(Al**2*(Y+X)**2)/(Al**2*(Y+X)**2+4.)

RR2=RR*RR

RR3=RR2*RR

RR4=RR3*RR

ARR= DLOG C RR )

AK=1.3862944+0.0966634*RR+0.0359009*RR2+0.0374256*RR3+0.0 

114512*RR4-(0.5+0.1249859*RR+0.0688025*RR2+0.0332836*RR3+0 

2.0044179*RR4)*ARR

AE=1. 0+0.4432514*RR+0.062606*RR2+0.0475738*RR3+ 0. 0173651* 

lRR4-(0.2499837*RR+0.0920018*RR2+0.040697*RR3+0.0052645*RR 

24)*ARR

Z7=(PP*QQ*AK-2./QQ*AE)

1 RETURN

END

DOUBLE PRECISION FUNCTION FINTG(A)

IMPLICIT REAL*8 (A-H,0-Z )

X= DS IN(A )

Y=DCOS(A)

FINTG=(A-X*Y)/2.

RETURN

END
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DOUBLE PRECISION FUNCTION FINC A)

IM P L IC IT  REALES ( A - H ,0 - Z )

FIN=A

RETURN

END
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