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THE POISSON PROBLEM ON LIPSCHITZ DOMAINS
Svitlana Mayboroda

Professor Marius Mitrea, Dissertation Supervisor

ABSTRACT

The aim of this work is to describe the sharp ranges of indices, for which the
Poisson problem for Laplacian with Dirichlet or Neumann boundary conditions is
well-posed on the scales of Besov and Triebel-Lizorkin spaces on arbitrary Lipschitz
domains.

The main theorems we prove extend the work of D. Jerison and C. Kenig [JFA,
95], whose methods and results are largely restricted to the case p > 1, and an-
swer the open problem # 3.2.21 on p. 121 in C. Kenig’s book in the most complete
fashion. When specialized to Hardy spaces, our results provide a solution of a
(strengthened form of a) conjecture made by D.-C. Chang, S. Krantz and E. Stein
regarding the regularity of the Green potentials on Hardy spaces in Lipschitz do-
mains.

The corollaries of our main results include new proofs and various extensions of:
Hardy space estimates for Green potentials in convex domains due to V. Adolfsson,
B. Dahlberg, S. Fromm, D. Jerison, G. Verchota and T. Wolff and the LP — L9 esti-

mates for the gradients of Green potentials in Lipschitz domains, due to B. Dahlberg.
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Chapter 1

Introduction

1.1 Description of main results

Given an open, connected domain €2 C R", let Gp, Gy be the solution operators
for the Poisson equation for the Laplacian in €2 with homogeneous Dirichlet and
Neumann boundary conditions, respectively. The aim of this work is to describe

the sharp ranges of indices p, ¢, « for which

Gp : BY'(Q) — B,(Q),  Gp: F(Q) — Fhb(Q), (1.1.1)
and

Gn : Boo(Q) — Buia(Q), G o Fui(Q)) — Fis(Q), (1.1.2)

are well-defined and bounded, in the case when (2 is an arbitrary, bounded Lip-
schitz domain. Here BP4 FP4 stand, respectively, for the classes of Besov and
Triebel-Lizorkin spaces. Here, F((€2), BL§(€2) are distributions from F£9(R") and
BP4(R™), respectively which are supported in Q. Smoothness spaces in domains,
such as FP4(Q)) and BP4(Q)) are defined by restricting corresponding distributions
from R” to (2.

When Q0 = R", or even when 0Q2 € C*, both 0,,0,, Gp and 0,,0,, Gy, 1 <
1



7,k < n, fall under the scope of the classical theory of singular integral operators
of Calderén-Zygmund type, but this categorically fails to be the case if 92 is not
smooth.

We build on the work of many people who have dealt with
homogeneous/inhomogenous problems for the Laplacian with Dirichlet/Neumann
boundary conditions in Lipschitz domains; an excellent account can be found in
[79]. Earlier results emphasized homogeneous problems with boundary data ex-
hibiting an integer amount of smoothness. The corresponding estimates for the
harmonic functions involve mixed norms (informally, L> in the transversal direc-

tion, and L? in the tangential direction), of the type

1/p
{/ [ sup |V5u(y)|p] dax} < Cllull pre gy, s=0,1, (1.1.3)
09 L yel(2)
1/p
{/ [ sup |Vu(y)|p} dax} < Cl|0vu| o0, (1.1.4)
o0 - yel(x)

for appropriate ranges of p. Here {I'(z)},co0 is a fixed family of cone-like non-
tangential approach regions in {2, with vertices at boundary points, do is the
canonical surface measure on Jf2, and v is the unit normal (defined a.e.) on 0f.
Estimates such as (1.1.3)-(1.1.4) underpin the entire work here and play the role
of end-point/limiting cases in our theory.

The theorems we prove pertaining to the operators (1.1.1) extend the work of
D. Jerison and C. Kenig [68] whose methods and results are essentially restricted
to the case p > 1. Similarly, our main result dealing with the operators (1.1.2)
generalizes the work of E.Fabes, O.Mendez and M. Mitrea [40], and D.Zanger

[130], and answers the open problem # 3.2.21 on p. 121 in C. Kenig’s book [79] in
2



the most complete fashion.

We now turn to a more systematic description of our main results. Let (a)y :=
max {a, 0}, |Q| the Euclidean volume of € and du the normal derivative of u,
normalized in a suitable fashion relative to the distribution f (this concept is fully
explained in the body of the paper). The first central result in this paper reads as

follows.

Theorem 1.1.1. For each bounded, connected Lipschitz domain €2 in R™ there
exists € = () € (0, 1] with the following significance. Assume that ”T’l <p< oo,

(n — 1)(% — 1)+ < s < 1, are such that either one of the four conditions

(1) : n’_lﬁrg<p§1 and (n—l)(%—1)+1—5<3<1;

(I71): 1§p§ﬁ and %—1—5<s<1; (1.1.5)
(I11): %ﬁgpgﬁ and 0<s<1;

(IV): %_agpgoo and0<s<%+€,

15 satisfied, if n > 3, and either one of the following three conditions

: 2 2 :
(' : e Sp< 1= and 0<s <l
, 2 2 1 l4e :
(I7) : 5 <p<tg and ;—HE<s<L (1.1.6)
(I11") - 2 <p<oco and 0<8<%+%,

is satisfied, if n = 2. Then, with o := s+ 1/p—2 and 0 < q < 0o, the operators
Gp : B2 (Q) — BY,(Q), (1.1.7)

G : BU(Q) — BUI,(9), (1.18)



are well-defined and bounded. In the case of Neumann boundary conditions it is
understood that u = Gy f solves Au = flg — [Q7Hf, 1) in Q, dlu = 0 on 09,
and that w is normalized so that (u,1) = 0.

Similar results hold for Triebel-Lizorkin spaces. More specifically, under the

same assumptions on the indices p,q, s, as before, the operators
Gp : F2IUQ) — F21, (), (1.1.9)
Gy Fg(Q) — FU(Q), (1.1.10)

are well-defined and bounded if p # oo and

(min{k +1, ;5 +1})  <g<oo. (1.1.11)

In particular, the above inequality is true when min{p, 1} < ¢ < occ.
These results are sharp in the class of Lipschitz domains. For 9Q € C! one can

take e = 1.

When specialized to the Triebel-Lizorkin scale with ¢ = 2 and a = 0, these
results solve a (strengthened form of a) conjecture made by D.-C. Chang, S. Krantz
and E. Stein regarding the regularity of the Green potentials on Hardy spaces in
Lipschitz domains. Cf. p. 130 of [22] where the authors write: “For some applica-
tions it would be desirable to find minimal smoothness conditions on 0 in order
for our analysis of the Dirichlet and Neumann problems to remain valid. We do
not know whether C**¢ boundary is sufficient in order to obtain h? [a Hardy space
which, in our current notation corresponds to F{ ’2] estimates for the Dirichlet prob-

lem when p is near 1.” On p.289 of [21] the authors make the conjecture that
4



Fé”z estimates continue to hold if Q is of class C*, where k > 1/p.” Here we derive

such estimates when 0f2 is Lipschitz. A sample result reads

0,00, G - hP(Q) — BP(Q), 0,00, Gy : BE(Q) — BP(Q), 1< j,k <n,

(1.1.12)

provided that 1 — e < p < 1, where ¢ = £(2) > 0. This is sharp in the class
of Lipschitz domains. For example, B. Dahlberg [29] has constructed a Lipschitz
domain for which the analogue of (1.1.12) with Dirichlet boundary conditions fails
for the entire LP scale, 1 < p < oc.

It is illuminating to point out that the collection of all points with coordinates
(cr, 1/p) such that a, p are as in the statement of Theorem 1.1.1 can be identified

with the two-dimensional hexagonal region depicted below:

slope %

Figure 1.1

Let us denote by F24(Q2), BL1(Q2) the restrictions of Fy§(Q2) and BLE(R"),

respectively, to 2. With this piece of notation we can then state:

Theorem 1.1.2. For each bounded, connected Lipschitz domain € in R™ there
5



exists € = £(2) € (0, 1] with the following significance. Assume that ”T_l <p < oo,
(n— 1)(% — 1)+ < s < 1, are such that either one of the four conditions in (1.1.5)

is satisfied, if n > 3, and either one of the three conditions in (1.1.6) is satisfied,

if n=2. Then, with a := s+ 1/p—2 and min{p, 1} < ¢ < oo, the operators
G : B9(Q) — B, (), (1113)
Gp : FPUQ) — FIf, (), (1.1.14)

are isomorphisms. These ranges are sharp in the class of Lipschitz domains. For

00 € C! one can take ¢ = 1.

Our approach to Theorem 1.1.1 rests on a suitable extension of the classical
trace/extension theory and on the mapping properties of the harmonic layer po-
tentials on Besov and Triebel-Lizorkin scales in Lipschitz domains. With regard to
the former issue, a basic result proved in this paper is as follows. Let B??(0S2) de-
note the Besov class on the Lipschitz manifold 0f2, obtained by transporting (via

localization, involving a smooth partition of unity, and pull-back) the standard

scale BP4(R™™1), as defined in, e.g., [125].

Theorem 1.1.3. Let 2 be a Lipschitz domain in R™ and assume that the indices
p, s satisfy =1 < p < oo and (n — 1)(% —1); < s < 1. Then the following hold:

(i) The restriction to the boundary extends to a linear, bounded operator

Tr: BV (Q) — BP(0Q)  for 0< g < oo (1.1.15)

P

Moreover, for this range of indices, Tr is onto and has a bounded right inverse

Ex: B(99) — BI, (). (1.1.16)



(i) Similar considerations hold for
Tr: F*9, (Q) — BPP(99) (1.1.17)

(it is understood that ¢ = oo if p = o0). In this situation, there exists a linear,

bounded right inverse

Ex: BU(09) — F'9, (Q), (1.1.18)

P

assuming that also (1.1.11) holds.

This type of results has a long history. Some of the forerunners are the books
by Nikol’skij [106], Peetre [108] and Triebel [124], where the case Q@ = R%, p > 1
has been treated. Cf. also [120] for p = 1 and the discussion in [118]. Jawerth was
the first to consider the case p < 1 (still for the upper-half space) in [66]; cf. also
[47], [48], [49] in this regard. Adaptations to smooth domains are found in [46]
and [125]. Dealing with non-smooth domains raises a new set of challenges and
the case p > 1 has been artfully dealt with in [71] for a class of domains including
those having a Lipschitz boundary; see also the excellent discussion in [68].

Here we extend this work by allowing a range of indices which is optimal in
the context of arbitrary Lipschitz domains. In [71] the authors have constructed
an extension operator by decomposing R™\ 92 in Whitney cubes and gluing local
averages over such cubes via a suitable partition of unity, but the argument breaks
down when dealing with Besov and Triebel-Lizorkin spaces which are not locally
convex. By way of comparison, our approach employs singular integral operators
and —as long as 0 < s < 1, which is natural given that 02 is a Lipschitz manifold —

works for the same range of indices as in the case when (2 = R’.
7



As far as the class of Lipschitz domains is concerned, Theorem 1.1.3 satisfacto-
rily settles the issue under discussion (counterexamples to (1.1.17) when s = 1 in
C' domains can be found in [68]). It also further reinforces the philosophy that the
Lipschitz domains make up the most general class of domains where a rich function
theory can be developed, comparable in power and scope with that associated with
the upper-half space.

We would like to mention that our extension operator also satisfies (with aVb :=

max{a, b})
Ex : FP?(09) — FIM?(Q), 1<p<oo. (1.1.19)

In particular, F7?(9Q) C Tr(Ffflv/Qp(Q)). In this connection, see the open prob-
lem #3.2.20 on p.121 of [79], which asks for an intrinsic characterization of
Tr(Fg/g(Q)), when € is Lipschitz.

Having developed a satisfactory trace theory in Lipschitz domains, extending
the definition of the normal derivative, i.e., O,u = v - Tr [Vu], from functions in
C(Q) to functions belonging to Besov and Triebel-Lizorkin scales is a straightfor-
ward step if the smoothness index is large enough (as to allow for a meaningful
definition of the trace and then to make sense of the dot product). However, mat-
ters are considerably more delicate if u is not regular enough so that Vu has a trace
in the classical sense. Also, recall that in the case when 0 is merely Lipschitz, the
outward unit normal v is only in L*°). Here we describe a procedure which takes

into account not only the smoothness of the function u itself but the smoothness of

the Laplacian of u as well. In fact, our definition of the normal derivative strongly



depends on the choice of an extension f of Au to a distribution in R™ supported
in Q. The notation, dfu, is chosen to reflect this peculiarity.
When 1 < p,q < o0, and u € Bff%(Q) and f € Bff%_Q’Z(Q) (or u € Fspf%(Q),

P,q
f < Fs+

l—2,2
P

(), p # oo) are such that Au = f|g, then one can define dJu €

BI9(09) = (B2 (09)) , 1/p+ 1/ =1,1/q+1/¢ =1, by
(0Fu, ¥) == (f,Ex(v)) + (Vu, VEx(¢)), Vb € B (99), (1.1.20)

where Ex is the extension operator introduced in (1.1.16). It follows that all duality
pairings in the right-hand side of (1.1.20) are well-defined. Note that the definition
(1.1.20) corresponds to a formal application of the standard Green’s formula. This
is essentially the point of view adopted in [40] but its applicability is limited to
the range 1 < p,q < 0o, as BY? (0Q) fails to be a dual space if min{p, ¢} < 1. We

nonetheless have:

Theorem 1.1.4. Let ) be a bounded Lipschitz domain in R™ and assume that
2=l < p<ooand (n—1)(1/p—1); <s<1,0<q<oo0. Then one can define a

concept of normal derivative, extending (1.1.20), such that

{(w) e B (@ @B, , (@) Au=fla} 5 (u,f) = fu € BL(9)

S
p

(1.1.21)
1s well-defined, linear and bounded, 1.e.,
10fullpps, o0y < C(Iflns, . @+ lullna, @) (1.1.22)
P ’ p

holds, and which reduces to (1.1.20) when p,q > 1. Furthermore, there exists a

linear, bounded, right-inverse of (1.1.21).
9



Similar conclusions are valid in the context of Triebel-Lizorkin spaces, for the

map

{(w.f)e PP @ FP, L, (9): Au=flo} 3 (u, f) - Ofu € BY,(99),

. s+3-2,0
(1.1.23)
assuming that in addition one of the following conditions holds:
(1) =tap<t, 2 (I-1) <leo,
(1.1.24)

(2): 1<p<oo, 0<q<o0.
The above result has also pedagogical value since it anticipates the important role
played by the scales Bff%—ZO(Q)’ F::’rq%_Q,O(Q) when dealing with the Neumann
Green potential G later on.

Compared with the work in [40], [130], the principal new difficulty in the
present setting is that, for p < 1, duality techniques cannot easily be implemented.
Instead, our proof relies on a different representation of 9, which makes essential use
of atomic decompositions of BE4(€2) and F24(€2) with atoms individually supported
in Q. This, in turn, generalizes a key result in [21] where the case of Hardy spaces
is considered (for the case of h' see also [3]).

Having discussed the tangential and normal traces we can describe the second

major result in this paper, closely related to Theorem 1.1.1). Consider the Poisson

problem for the Laplacian in a domain 2 C R”
Au= f in Q, Bu =g on 09, (1.1.25)

with either Dirichlet (Bu := Tru) or Neumann (Bu := §/u) boundary conditions.

10



For domains with smooth boundaries, the classical regularity theory of Agmon,
Douglis and Nirenberg [4] has been extended in [69] to the scales of Besov and
Triebel-Lizorkin spaces B?? and FP? with 0 < p,q < oo and s € R. In the case
of domains with isolated singularities, a satisfactory theory has been developed in
[56] for data in Besov spaces with p > 1, and in [82] for suitable weighted Sobolev
spaces.

The first systematic study of (1.1.25) with Dirichlet boundary conditions on
Sobolev-Besov spaces on Lipschitz domains was undertaken by D. Jerison and
C. Kenig [68] via harmonic measure techniques. Subsequently, their results have
been reproved in [40] with an approach which relies on the method of boundary
layer potentials. In particular, this allowed the authors to deal with Neumann
boundary conditions as well. See also [130] in this regard. However, both the
techniques and the main results in [40], [68], [130], are largely limited to the case
p > 1. Note that all Besov and Triebel-Lizorkin spaces with min{p, ¢} < 1 fail to
be locally convex. Furthermore, as visible from (1.1.15)-(1.1.11) the nature of the
trace operator changes below the critical index p = 1 as well.

The Theorems 1.1.5-1.1.6 below describe the most general ranges of indices for
which the Poisson problem for the Laplacian equipped with Dirichlet or Neumann
boundary conditions is well-posed for data in Besov and Triebel-Lizorkin spaces in

Lipschitz domains.

Theorem 1.1.5. Let Q be a bounded Lipschitz domain in R™, n > 3, and, for

il e p < o0, 0<q< oo, (n— 1)(% — 1) < s < 1, consider the following

+

11



boundary value problem:

_ D,q D,q — )
Au=feBll (@), uweBlL(Q). Tru=ge B0 (1.1.26)

P

Then there exists € = £(2) € (0, 1] such that (1.1.26) is well-posed if the pair (s,p)
satisfies either one of the four conditions (1.1.5) when n > 3, and either one of the
three conditions (1.1.6) when n = 2.

Furthermore, the solution has an integral representation formula in terms of
(harmonic) layer potential operators and satisfies natural estimates. Concretely,

there exists a finite, positive constant C' = C(, p,q, s,n) such that

||U||BP+‘1 @) = C”f”BffLQ(Q) +C|lg] BP9(9Q) (1.1.27)

1
In the class of Lipschitz domains this result is sharp. If, however, 9Q € C! then
one may take ¢ = 1.

Finally, analogous well-posedness results hold on the Triebel-Lizorkin scale, i.e.,

for the problem

Au=feFP, (), ueF'(Q), Tru=ge BP09). (1.1.28)

1
s+572 p

This time, it is assumed that (1.1.11) holds and that indices s,p are as before,

except that p < 0.

In Figure 1.2 below, the two-dimensional hexagonal region consisting of all

points with coordinates (s, 1/p) satisfying (1.1.5) is described.

12
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Figure 1.2.

An appropriate interpretation applies to the set of conditions (1.1.6).

Regarding the Poisson problem with Neumann boundary conditions we have:

Theorem 1.1.6. Let €2 be a bounded, connected Lipschitz domain in R™ and, for
”T_l <p<o0, 0<qg< o0, and (n— 1)(% — 1)+ < s < 1, consider the following

boundary value problem:

Au=f o fe Bff%—z,o(g)’ u € B (), Olu =g e BP(09), (1.1.29)

P

where the data are assumed to satisfy the necessary compatibility condition

(f:1) = {9, 1). (1.1.30)

Then there ezists ¢ = £() € (0, 1] such that (1.1.29) has a unique, modulo con-
stants, solution if the pair s,p satisfies either one of the four conditions in (1.1.5)
when n > 3, and either one of the three conditions in (1.1.6) when n = 2. In
addition, the solution (subject to the normalization condition (u,1) = 0) satisfies

13



the estimate

HUHB?‘Z @ = CHf“B:fl_ZO(Q) + Cllgll 2, (a0 - (1.1.31)
1,

1
o

An analogous well-posedness result holds for the problem

Au=f| . [e€ ij%fzo(sz), we FP(Q), dlu=ge B (09), (1.1.32)

assuming (1.1.11) and (1.1.50).

When 02 € C*, one can take e = 1 in each case.

We also analyze the alternative ways of measuring smoothness of solutions of the
Poisson problems. The classical approach includes the estimates on non-tangential
maximal function and square function (area integral). However the character of
the problem at hand forces consideration of the objects adapted for handling data
with the fractional amount of smoothness. In this work we introduce the modified
versions of the aforementioned maximal operators and establish the corresponding
analogues of Theorems 1.1.5, 1.1.6. More details on the history of these results are
included in the Sections 6.1 and 7.1.

A final comment is that most of the results discussed here have natural ana-
logues at the level of symmetric, second order, strongly elliptic systems (with con-
stant, real-valued coefficients) in Lipschitz domains in R"™ with n < 2,3. The last
chapter of the dissertation is devoted to the detailed discussion of the Poisson
problem for Lamé system of elastostatics.

The work reported on here is based on [89], [88] which have already appeared

in press, as well as on [87], [90], [91] which are in preprint format.

14



1.2 Layout of dissertation

The outline of the dissertation is as follows. In Section 2 we discuss the geometry
of Lipschitz domain, boundary layer potentials and basic properties of harmonic
functions. Section 3 contains material pertaining to smoothness scales defined
on R™, or on the boundary and the interior of a bounded Lipschitz domain. In
particular, it contains the atomic decomposition of B2?(€2) and F#(€2), extending
work in [21].

One of the key ingredients in the proof of the well-posedness of the homogeneous
Poisson boundary value problem (i.e., when f = 0 in Q) is the mapping properties
of singular integral operators of boundary layer type. This topic is addressed
in Section 4.1. Another basic tool is the trace/extension theory which occupies
Section 4.2. In Section 4.3, we review and further develop a number of functional
analytic tools, well-suited for work in the context of quasi-Banach spaces. Most
prominently, we identify the p-envelopes of all quasi-Banach spaces on the scales
of Besov, Hardy, Triebel-Lizorkin spaces. Next, in Section 4.4, the well-posedness
of the Poisson boundary value problem is considered. In particular, this section
contains the proofs of Theorems 1.1.5 and 1.1.6.

Section 5 contains a detailed discussion of regularity properties of Green po-
tentials on Lipschitz domains (including the proof of Theorem 1.1.1) along with
a number of corollaries of our results. Here we present new proofs and various
extensions of results such as the LP — L{ estimates for Green potentials due to

B. Dahlberg [29], and the LP— L} estimates for Green potentials due to V. Adolfsson
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[2], V. Adolfsson and D. Jerison [3], S. Fromm [51], and B. Dahlberg, T. Wolff and
G. Verchota (cf. the discussion on p. 1124 in [3]).

Sections 6 and 7 are devoted to the alternative ways of measuring smooth-
ness of solutions of the Poisson problem. More specifically, those contain the esti-
mates on the singular integral operators invoking the modified versions of the non-
tangential maximal operator and square function. We establish the corresponding
well-posedness results for the Poisson problem for Laplacian with Dirichlet and
Neumann boundary conditions and discuss various connections between different
types of estimates for solutions of elliptic boundary value problems in the Besov
and Sobolev spaces as well as related historical references.

Finally, in Section 8 we prove well-posedness of the Poisson problem for Lamé
system with Dirichlet and traction boundary data in low-dimensional Lipschitz

domains and derive estimates for the elastic Green potential.
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Chapter 2

Preliminaries

2.1 Notation and conventions

As is customary, Z and N are, respectively, the collection of integers and the col-
lection of positive integers, respectively. We also set N, := N U {0}.

Throughout the paper, R™ stands for the standard Euclidean space, equipped
with the canonical orthonormal basis e; = (d;x)r, 1 < j < n, and norm |z| :=
Va4 a2 if ¢ = (v1,...,2,) € R". Given a (measurable) set £ in R”, we
denote by |E| its measure and by xp its characteristic function. The (open) ball
centered at a € R™ and having radius r > 0 is going to be denoted by B(a,r); i.e.,
B(a,r):={z €eR": |z —a| <r}.

By a cube @) in R™ we shall always mean a set of the form [y x I x - - - I, where
the I,’s are intervals of the same length, denoted [(Q). If @ is a cube and A > 0,
we let MA@ stand for the cube in R" concentric with ¢ and whose side length Al(Q).

By 0; = 0., = a%j we denote the j-th partial derivative in R", 1 < 5 < n, and by
V = (0, ...,0,) the gradient operator. Iterated partial derivatives are denoted by
0% := o' -+ - 0% where a = (ay, ..., ;) is a multi-index with nonnegative integer
components, of length || = a; + -+ - + a,,. For a scalar-valued function f, V¥ f is
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the vector of all partial derivatives of order k of f, i.e., VFf = (0%f)a: o] =k-

Given 0 < p < oo, we let p’ stand for the Holder conjugate exponent of p when
1 < p < oo, and set p’ := oo otherwise. For a number s € R, [s] denotes its integer
part, while (s); stands for max {s, 0}.

We let (-, -) stand for the duality pairing between a topological vector space
X and its dual X* (which should be clear from the context). In addition, we use
the same piece of notation to denote the inner product in various Hilbert spaces,
including R".

Given an open set  C R", we denote by C°(€2) the space of continuous real
valued functions on 2, by C"(Q2), r € N, the space of r times continuously differ-
entiable real valued functions on €2, and set C*°(2) = () C"(Q2) with intersection
taken over all r € NU{0}. Next denote by C7(2) the space of functions ¢ € C"(Q2)
with compact support (r € NU{0} or r = 00), and by D’(2) the dual of C°(Q),
i.e. the space of distributions in . If £ C Q and u € D’(2), we can restrict u to a
distribution ug in E by setting (ug, ¢) = (u, ¢) for every ¢ € C°(E). The support
of u, denoted by supp (u), is the set of points in 2 having no open neighborhood
to which the restriction of u is 0.

Also, as is customary, we let S(R™) denote the Schwartz class, of smooth, rapidly
decreasing functions, and by S’(R™) the space of tempered distributions in R".

All partial derivatives in this paper are considered (at least a priori) in the sense
of distributions. The Laplacian is then given by A = 9% + --- + 92. A function u
defined in € is called harmonic if Au = 0 in Q. If X(Q) is a quasi-Banach space of

distributions in the open set Q@ C R" (i.e., X(Q2) C D'(Q2)), we set
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HNX():={ue X(Q): Au=0in Q} (2.1.1)

which we equip with the natural quasi-norm.

Given a space X(2) of distributions in the open set @ C R™ we denote by
X1oc(2) the space of distributions w in € such that for every x € Q there exists
V(x) — an open set containing « — such that u|y ) € X(V(x)).

Let 0 < p < oo. By 7 we denote the space of all sequences A = {);}32, such
that A\; € R for every j € N, and ||Al|w = (Z]Oio |)\j|p> v < 00. As usual, (>
is the space of all sequences A = {)\j}]?’io such that A; € R for every j € N, and
[Alle = sup enyqoy [Aj] < 00

Unless really necessary in order to avoid confusion, we shall not make notational
any distinction between scalar-valued object (or spaces consisting of scalar-valued
objects) and their natural vector-valued analogues.

Throughout the paper, A ~ B signifies that the quotient A/B is bounded away
from zero and infinity, by finite, positive constants which are independent of the
relevant parameters in A, B.

Finally, we adopt the standard practice of denoting by C' generic constants
which may differ from one occurrence to the other and write C' = C(k) whenever

it is important to stress that C' depends on a certain parameter k.
2.2 Lipschitz domains

As a preamble, here we review some basic concepts. Recall that a function ¢ :

EF — R, E C R"is called Lipschitz if there exists a finite constant C' > 0 such that
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lo(x) — p(y)| < Clx —yl, for every x,y € E. According to a classical theorem of
Rademacher, for any ¢ : R® — R Lipschitz the gradient V¢ exists a.e. and the
best constant in the previous inequality is || V|| foo@n).

An unbounded Lipschitz domain € in R™ is simply the domain above the graph
of Lipschitz function ¢ : R"! — R, ie. Q = {(2/,z,) : p(z') < z,}. Next, a

bounded domain €2 C R", with connected boundary, is called Lipschitz if:

i) there exist 1;, 1 <1i < m, rigid motions of the Euclidean space and a family

of open, upright, circular cylinders {Z;}, in R™ such that
o0 c | v (2). (2.2.1)
i=1

ii) for each i, there exists a Lipschitz function ¢; : R™ ! — R such that if ¢;Z;
1

denotes the concentric dialation of Z; by factor t; = (1 + 10|\V<ﬂz‘||%oo(RvH)) §>

then
(2N w;l(t,-Zi)) ={z=(2,2,) : pi(2)) <z} Nt Z;, 299
V(0N (4:2:) = o = (2, 20) = 0i(2!) = 20} N1 Z;, (222)
for each 3.

In the sequel, we shall call {O;}1<icim, O; := ¥, *(Z;) N OQ an atlas for O, and
we shall say that a constant depends on the Lipschitz character of (2 if its size is
controlled in terms of m, the number of cylinders {Z;};, the size of these cylinders
and sup{||V;|| pe@n-1y 1 1 < i <m}.

It is sometimes useful to consider the special case of a star-like Lipschitz domain

). This implies the existence of a point 2* € Q and a Lipschitz function ¢ : "1 —
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R with inf_cgn—1 ¢(w) > 0 such that, in polar coordinates (p,w), the domain 2
has the parametric representation Q = {z = z* +wp: w € S, 0 < p < p(w)}.
Let 2 C R™ be a Lipschitz domain (unbounded, or star-like). The radial mazi-

(Q) is defined as

mal function of a given function u € Cp

Uraa () 1= sup |u(x + te,)], x € ), (2.2.3)

t>0

if {2 is an unbounded Lipschitz domain, and

Uraa () = sup |u(e "z)|, x €, (2.2.4)
£>0

if () is a star-like Lipschitz domain.

It is well-known that, for a given Lipschitz domain 2 C R", the outward unit
normal v is well-defined at almost every boundary point, with respect to the surface
measure do. By LP(092),0 < p < oo, we will denote the Lebesgue space of do-
measurable, p-th power integrable functions on 9. Also, 9, := (v, V) will denote
the directional derivative along the unit normal and Vi,,u := Vu — (d,u)r will
stand for the tangential gradient of a function u defined on 0. The tangential
derivatives will be denoted by 0., = v;0, — »d; for j,k = 1,...,n. For each

1 < p < oo we introduce the Sobolev-type space
LY(09) :=={u € LP(09) : Viamu € LP(0Q)}. (2.2.5)

Going further, Lip (0€2) stands for the Banach space of all Lipschitz functions

defined on 0f2, i.e. measurable functions such that

11|z (o0) + sup o) = Fwl o, (2.2.6)

z,y€aN ’$ - y!
zFy

21



Its dual, (Lip (09))’, will be referred to as the space of distributions on 0f2.
Pointwise restrictions to the boundary of a Lipschitz domain €2 are always taken
in the nontangential limit sense. More specifically, for constant k = k(9Q) > 1,

sufficiently close to 1, we define the nontangential approach regions

C(x):={yeQ: |z —y| < rdist (y,00)}, x € 09, (2.2.7)
and, for a function u € C2 (), set
ul (x):= lim u(y) (2.2.8)
o) v—o
y€el'(z)

at every boundary point where the limit exists.
Finally, given Q C R", we let Q, := Q, Q_ := R\ Q and let § : Q — [0, 00)

denote the distance function to the boundary of €2, i.e., 6(x) := dist (x, 092), x € R™.
2.3 Layer potentials

We continue by reviewing the definitions of the classical (harmonic) layer potentials
associated with a Lipschitz domain 2 C R". Recall that the canonical radial

fundamental solution for the Laplace operator A = 9% + ... + 92 in R™ is

B(x) {_%lnm’ - (2:3.1)
xTr) = .O.
1 1
e e P23

where w(n) = % denotes the volume of unit ball in R”. We then define the

single and double layer potential operators by setting

Sf(x):= /E(x —vy) f(y) doy, x € R"\ 09, (2.3.2)
and
Df(x) = /auy [E(x — )] f(y) doy, x € R"\ Q. (2.3.3)
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As a classical, by now, corollary of the LP-boundedness, 1 < p < oo, of the Cauchy

singular integral operator on Lipschitz curves [24], we note the following jump

formulas:
ays‘ — I+ K (2.3.4)
o0y
and
D‘ — 2+ K (2.3.5)
004

where the boundary traces are taken in the sense of (2.2.8) and the operators
involved act on functions from LP(09), 1 < p < oco. Here
Kf(z):=p.v. /a,,y [E(x —y)] f(y) doy, x € 08, (2.3.6)

o9
I stands for the identity operator and K* is the formal adjoint of K. The above

integral is taken in the principal value sense, i.e. removing Euclidean balls of radius
¢ and passing to the limit, ¢ — 0. Later we will also discuss the boundary version

of the single layer potential operator, i.e.

Sf(x) = /E(x —y) f(y) doy, x € 0N0. (2.3.7)
B!

Finally, the Newtonian potential is defined as
IIf(x):= / E(xz —y)f(y)dy, r € R™ (2.3.8)
2.4 Functions with the sub-averaging property

In this section we collect several technical results which are going to be of im-
portance later on. For our purposes, it will be convenient to adopt the following

definition.
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Definition 2.4.1. Assume that €2 is an open subset of R" and that 0 < p < oo.
A function u € LY, (Q) is p-subaveraging if there exists a positive constant C with

loc

the following property:

1

1
= u(y)l” dy) ! (2.4.1)
|BT| By (z)

ol <c
for almost every x € Q and all r € (0,9(x)).
We have:

Lemma 2.4.1. If there exists pg > 0 such that u is po-subaveraging function, then

u is p-subaveraging for every p € (0,00).

Granted this result, it is unequivocal to refer to a function w as simply being sub-
averaging if it is p-sub-averaging for some p € (0, 00). The optimal constants which
can be used in the (2.4.1) make up what we call the subaveraging character of the

function w.

Proof of Lemma 2.4.1. The proof goes back to the work of G. Hardy and J.
Littlewood [64] (cf. also Lemma 2, pp. 172-173, in [43]). The case p > po can be
handled directly utilizing Holder’s inequality with ¢ = p% > 1. Henceforth we shall
focus on the case when p < py.

There is no loss of generality in assuming py = 1, p < 1. We may also assume
(by rescaling and making a translation) that + = 0 € Q and f‘y|<1 lu(y) [P dy = 1.
The goal is then to prove the estimate |u(0)| < C with a constant C' independent

of u. Continuing our series of reductions, we may assume that |u(0)] > 1. Next,
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introduce

my(r) = (/ T(O)|u<y>rpdy)”, mao(r) = sup lu(y)l, e (0,1). (242)

B;-(0)

Thus, for r € (0, 1),
ma(r) < (my(r))? (meo(r))' ™ < (meo(r))' ™, pe(0,1). (2.4.3)

The last inequality holds by virtue of the trivial estimate m,(r) < m,(1), valid
for every r € (0,1), and the assumption m,(1) = 1. On the other hand, for every

x € Q and every r € (0,6(x))

u(z)] < CL/B ( )IU(y)!dy, (2.4.4)

TTL
and, consequently,

1 1
) < C s /B el so e / uwldy 45)

whenever |z| = p and 0 < p < r. Then for any point z* in the ball B,(0) such that

|2*| = p* < p, we obtain

1 / u(y)|dy < C / ()| dy,  (24.6)
B, (0) B;(0)

(r—p)"

which, in concert with (2.4.3), yields the estimate

! miP(r). (2.4.7)

To continue, set p := r® with a > 1 to be specified momentarily. Then (2.4.7)

entails

! dr ! 1 dr ! dr
log Mo (r®) — < C+n/ log —— —+(1—p / log meo(r) —. (2.4.8
/1/2 ) r 1/2 (r—r*) r ( ) 1/2 r) r ( )
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Making the change of variables ¢t := r®, one may write

! dr 1 [ dt
/ log Moo (%) - —/ log Mmoo (t) ¥ (2.4.9)
1 (

/2 r @ J1/2)
Since our assumption |u(0)| > 1 implies mqo(t) > 1, the right-hand side of (2.4.9)

is bounded from below by

1
d
—/ log Mmoo () iy (2.4.10)
. r

Therefore, (2.4.8)-(2.4.10) imply

1 ! d ! 1 d
(——1—|—p>/ log moo(r)—r §C+C/ log T <c (2.4.11)
aQ 1 r 1/2

p (r—r) T

Choose now « > 1 such that £ —1+p > 0. Then (2.4.11) forces

1
/ log mau(r) dr < C, (2.4.12)
1/2

and hence, log ms(1/2) < C for some finite constant C' independent of initial
function u. In concert with the inequality |u(0)| < ms(1/2), this finishes the proof

of the lemma. O

There are clear connections between the subaveraging property and reverse

Holder estimates. To illustrate this, we state the following.

Lemma 2.4.2. Let u be a subaveraging function in a domain Q2 C R™ and assume

that 0 < p,q < oo. Then

L 1
1 7 1 1
(IB\ 5 ()lu(y”qdy) = C(|32 ] ()|u(y)|pdy) (2.4.13)
" e T 2r T

uniformly for v € Q and 0 < r < 6(x)/2, where the constant C depands only on

p,q,n and the subaveraging character of u.
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Proof. We write

[ iy < o [ (1/ |<>|pd)q/pd
|BT’ Br(x) |B7”‘ By () |B7”‘ B (y)

IN
Q

B ( | BZ?" | Ba, (x

from which (2.4.13) readily follows. O

To state our next result, recall the radial maximal operator introduced in §2.2.

The following sharpens Lemma 3 in [119].

Lemma 2.4.3. Let 2 C R" be an arbitrary bounded, star-like Lipschitz domain

and consider 0 < g < p < 00, sp > —1. Then for a subaveraging function u in €2,

(/Q |traa (@) 0 ()™ dx) " <k (/Q ()[4 6(z)* "G da:) o (2.4.15)

where k depends exclusively on p,q, s, n, the Lipschitz character of Q0 and the sub-

averaging character of w.

Several other variants are possible. For example, a similar result holds when 2 is
an unbounded Lipschitz domain in R™. Also, a suitable version of (2.4.15) remains
valid in an arbitrary Lipschitz domain, provided the radial maximal function is

approriately interpreted.

Proof of Lemma 2.4.3. The proof follows closely [119]. Nonetheless, some alter-
ations allow to treat a wider range of indices so we include a complete argument.

We begin by considering the Whitney decomposition of the domain Q2 (cf. [118]).
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Specifically, there exists a sequence of balls {B,,}; with the following properties:

S(z)~rjforx €B,, Q=U;B,, > x; <200 (2.4.16)

J

where y; denotes the characteristic function of the ball B, . Then Fatou’s lemma

implies

[ @ (P sy de < €3 [ 6a) 70 0P hale) (2.4.17)

Next, we set

~

B, :={2€Q: z+te, € B,, for some t > 0}, (2.4.18)
or
ETj ={2€Q: e’z € B, for some ¢t > 0}, (2.4.19)

depending on whether the Lipschitz domain €2 is unbounded or star-like, respec-

tively. Note that supp (x;|u|")wa € B,, and H(Xj’ulp)radHLOO(Brj) < |‘UHI£°°(BTJ.)‘

Also,

/A 5(z) da < Cri! / Pt = Oy, (2.4.20)
0

By,

Consequently, granted the sub-averaging property of u,

1 /
/ 8(2) (G U alw) dz < Oy sup Ju(a)l < Oyt (- / ju(a)|?dz)"
Q B27‘j

z€By, r;

/
< C ( / (5(x)5+”(1/p_1/Q)|u(x)|)qdm)p (2421
Ber
where the last inequality holds thanks to (2.4.16). Recalling that no point of Q
is contained in more than 200" of the balls B,,,, we can combine (2.4.17) and

(2.4.21). The assumption p > ¢ allows to sum up the integrals in (2.4.21), which

leads to (2.4.15). O
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Lemma 2.4.4. Assume that ) is a Lipschitz domain in R™ and 0 < ¢ < p < o0,

s € R. Then for every subaveraging function u in §2,

1

1 1 1/
( / 6(2) "GP u(2)|]? dx) "< /§< / [5(:,;)S|u(g;>uqazx)q (2.4.22)
Q Q
where k depends exclusively on p,q,s,n, and the subaveraging character of u.

Proof. To start, let us observe that for every = € )

()|t < Co(z) " /

Bs(a)/2(x)

(5(y)"luy)])? dy < C(z) ™ / (6(y)°uy)])* dy,

(2.4.23)
owing to the sub-averaging property of v and a simple observation, to the effect

that d(x) =~ d(y) for every y € Bj(y)/2. Next,

1-6

(O(y)7 [uw))*dy) .

(2.4.24)

)] = Julo) "Ju() " < Clu(a) "3()" 0

Q

for every 6 such that 0 < § < 1. Consequently,

syl G o < luta) ) (

Q

(1-6)2

(5(y)° uy)|)* dy

(2.4.25)

At this stage, we set 6 := % (so that 0 < § < 1 given that ¢ < p) and integrate

SIS

both sides of the above inequality in order to obtain (2.4.22). O

To continue, we assume that

I = Z a,0" (2.4.26)
IyI=n
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is a (homogeneous) constant-coefficient, elliptic differential operator of order u €
2N in R". By elliptic, we mean that there exists a finite constant A > 1 such that

AT <Y T a T S AP, YEER™ (2.4.27)

[vl=p

Denote by Ker L the space of all C* functions satisfying Lu = 0 in 2. We now
establish some useful interior estimates; a similar result has been established in

35].

Lemma 2.4.5. Let L be an elliptic differential operator as above and assume that
Q C R” is open. Then for each w € KerL, 0 < p < o0, k € N,, and x € (),

0<r<i(z),

— pntkp

C
Voula)P < / ()PP dy (2.4.28)
B (x)
where C' = C(L,p, k,n) > 0 is a finite constant. In particular,
u € Ker L = u s subaveraging. (2.4.29)

Proof. Rescaling (2.4.28), there is no loss of generality in assuming that r = 1. In
this scanario, (2.4.28) with p = 2 follows from Sobolev’s embedding theorem and
standard interior regularity results (cf., e.g., Theorem 11.1, p.379 in [122]). In
particular, if u € Ker L then u is 2-subaveraging and, hence, (2.4.29) holds, thanks

to Lemma 2.4.1. With this in hand we then write

1 1/2 1 1/p
V() < O o wPay) <¢ (g [ uwpa)
| 7“| BT/Q(:E) ’ 7”| Br(x)
(2.4.30)
by Lemma 2.4.2. O
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Lemma 2.4.6. Let € be a Lipschitz domain in R™ and assume that L is an elliptic
opertor as in (2.4.26). Also, fit 0 < ¢ <p< o0, s € R, and k € N,. Then for any

u € Ker L,

([ ey 6wty dn) " < o [ Gru@iran) ™, sy

where C'= C(L,$,p,q,s,k) > 0 is a finite constant. In particular, when q = p,

1/ 1/
(6@ v ruwly )" < o( [ @)y ar) (24.32)
Q Q
holds for any u € Ker L provided 0 < p < o0, s € R, and k € N,.

Proof. Start with a Whitney decomposition of 2 into a family of balls as in (2.4.16).

Integrating (2.4.28) allows us to write

/ (rj+k\vku($)|)p dx < C/B (75 lu(z)])P dz (2.4.33)

J

which further translates into

/ (6(2)* [ Vru(z)|)? dz < C / (6(2)*|u(x)])? dz (2.4.34)

T Ber
for each j. This, in turn, readily yields (2.4.32) by summing over all j’s. Having

proved (2.4.32), the estimate (2.4.31) follows by bringing in (2.4.22) and (2.4.29)

and by redenoting s by s + n(% - ]l)) O

Lemma 2.4.7. Assume that €2 is a bounded Lipschitz domain in R™ and fir k € N,,
0<qg<p<oo, and s € R with sp > —1. Then there exists a relatively compact

subset O of Q) such that

([ Gariu@iy )™

<c [(/ﬂ(é( G =Dk )|)qu)1/q+igg|u(x)|](2.4.35)
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uniformly for u € Ker L. In particular, for ¢ = p,

( /Q (3(a) u(a) | dr) " < C [( /Q (3(a) 1V u() ) dr) "+ sup |u(x)|] |

€O

(2.4.36)

uniformly for u € Ker L.

Once again, other versions are possible. For example, the same conclusion remains
valid when () is an unbounded Lipschitz domain in R™ in which scenario u is
assumed to vanish at infinity and the last terms in the right side of (2.4.35) and
(2.4.36), respectively, are dropped. Prior to presenting the proof of Lemma 2.4.7

we record a result of independent interest.

Lemma 2.4.8. Assume that f : R — [0, 0] is measurable, r > 0 and 0 < M < occ.

Then the estimate

([ ([ wrm) san) " < ctman ([ 0 s a)

(2.4.37)

holds provided either 1 < p < oo, or 0 < p <1 and f is nonincreasing.

Proof. When M = oo and p > 1 this is just the classical Hardy inequality (cf.
Appendix A.4 in [118]). The case M = o0, 0 < p < 1 and f nonincreasing

is proved in §5 of [119]. The case when M < oo follows from these results by

replacing f by fx(o,um)- O

Proof of Lemma 2.4.7. Our argument is akin the proof of Lemma 1 on p.656 of

[119]. First, there is no loss of generality in assuming that (2 is star-like with respect
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to the origin in R™, as the case of a general (bounded) Lipschitz domain follows from
this via a standard localization argument. Second, an inductive argument reduces
matters to proving (2.4.35) when & = 1. Adopt these conventions and recall the
representation of starlike Lipschitz domain in polar coordinates as discussed in §2.2.

We write

ju(z)| =

/000 x - (Vu)(ze e dt‘ < C’/OOO |(Vu)(xe™)| dt (2.4.38)
and then estimate
@l o
Q
<c / / ™ ) - o ( / T 1(Vu) (e o) di) ! dpdus(2.4.30)

At this stage, we make the change of variables p = ¢(w)e™", n € (0, 00) and re-write

the last integral as

/Sn_l /0“(¢<w)<1_e_n))sp (/Doo |(vu)(¢(w)we_t_")|dt)p(cb(w)e‘”)” dndw. (2.4.40)
If we set A =1t+mn, A € (n,00), we can further bound the above expression by
C/Sn_1 /000(1 —e * </noo (V) (d(w)we™)| d)\)pe_”” dndw. (2.4.41)

If we now split the integral in 7 into two integrals over the sets [0, M| and [M, o),

for some large M, matters are reduced to controlling the following two terms:

[ /S /0 Mnsp( /n M|(vu)(¢(w)we—k)|dx)pdndw, (2.4.42)

o= /5 /Moou—e")sp( / (Va)(@(whwe )| dA) e dndo.(2.4.43)

00
n
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Note that, by interior estimates such as (2.4.28), [II| < C'sup {|u(z)|? : = € O}
for a suitable compact subset O of €2, since the argument of Vu stays away from

0f). As for I, we have

<c /S /0 N nsp( / M(Vu)rad(qb(w)weA)d)\>pdndw. (2.4.44)

Now an application of Hardy’s inequality (2.4.37) with g =0and r =sp+1>0

leads to

Il < C / / (V) rad ((w)we ™ P APFP d\dw
Sn— 1

< /Q Tt (2.4.45)

In the last step we have changed variables back to the original z € ) and, in the
process, have noticed that the Jacobian of this tranformation is bounded given that
0 < A < M. The last step is to eliminate the subscript “rad” in the last integral

in (2.4.45) by invoking (2.4.15). O
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Chapter 3

Function spaces measuring
smoothness

3.1 Quasi-Banach spaces, interpolation and sta-
bility results

The presentation in this section follows closely [77]. For a quasi-normed space
(X, |l - llx), we denote by p = p(X) its modulus of concavity, i.e. the smallest

positive constant for which

lz +yllx < p(X)(lz]lx + llyllx), r,y € X. (3.1.1)

Note that always p(X) > 1. We recall the Aoki-Rolewicz theorem, which asserts
that X can be given an equivalent r-norm (where 2V/771 = p) i.e. a quasi-norm

which also satisfies the inequality:
e+ yll < (llell” + 1y

In general a quasi-norm need not be continuous but an r-norm is continuous. We
shall assume however, throughout the paper that all quasi-norms considered are
continuous: in fact, of course it would suffice to consider an r-norm for suitable r.

To set the stage for adapting Calderén’s original complex method of interpola-
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tion to the setting of quasi-Banach spaces, we first review some basic results from
the theory of analytic functions with values in quasi-Banach spaces as developed
in [128], [74], [75].

Recall that if X is a topological vector space and U is an open subset of the
complex plane then a map f : U — X is called analytic if given zy € U there exists

n > 0 so that there is a power series expansion
f(z) = Z(z—zo)”xn, z, € X, uniformly convergent for |z —zg| < n. (3.1.2)
5=0
As explained in [74], in the context of quasi-Banach spaces, this is the most natural
definition. Indeed, there are simple examples which show that complex differentia-
bility leads to an unreasonably weaker concept of analyticity (see also [128] and

[6] in this regard).

Proposition 3.1.1. Suppose 0 < p < 1 and that m € N s such that m > %.

Then there is a constant C = C(m,p) so that if X is a p-normed quasi-Banach
space and f : D — X is a continuous function which is analytic on the unit disk

D :={z: |z| <1} then for 2 € D we have f(z) = " mzn; and

n=0 n!

1 O)]x < Clm +n)tsup [|£(2)]x- (3.1.3)
This is Theorem 6.1 of [74].

Proposition 3.1.2. Let X be a quasi-Banach space and let U be an open subset
of the complex plane. Let f, : U — X be a sequence of analytic functions. If

lim, o fu(2) = f(2) uniformly on compacta then f is also analytic.

This follows from Theorem 6.3 of [74].
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Proposition 3.1.3. Suppose X is a quasi-Banach space and that U is an open
subset of the complex plane. Let f : U — X be a locally bounded function. Suppose
there is a weaker Hausdorff vector topology 79 on X which s locally p-convex for
some 0 < p < 1 and such that f : U — (X, 79) is analytic. Then f:U — X is

analytic.

This is Theorem 3.3 of [77]. It shows that, many times in practice, the ambient
space (within which the interpolation process is carried out) plays only a minor role
in the setup. More specifically, assume that Y is a space of distributions in which
a quasi-Banach space X is continuously embedded. Then, having a X-valued
function analytic for the quasi-norm topology is basically the same as requiring
analyticity for the weak topology (induced on X from Y).

We are now prepared to elaborate on the complex method of interpolation for
pairs of quasi-Banach spaces. Consider a compatible couple (pair) of quasi-Banach
spaces Xo, X1, 1i.e. Xj, j = 0,1, are continuously embedded into a larger topological
vector space Y, and Xy N X; is dense in X, j = 0,1. Also, let U stand for the
strip {z€ C: 0 < Rez < 1}.

A family F of functions which map U into X+ X is called admissible provided

the following axioms are satisfied:

i) F is a (complex) vector space endowed with a quasi-norm || - ||z with respect

to which it is complete (i.e. F is a quasi-Banach space);

ii) the point-evaluation mappings ev,, : F — Xy + X;, w € U, defined by

evy(f) := f(w) are continuous;
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iii) for any K compact subset of U there exists a positive constant C' such that
for any w € K and any f € F with f(w) = 0, it then follows that the
mapping U \ {w} 3 z — f(2)/(z —w) € Xo + X; extends to an element in

F and

=

< Cllfl1> (3.1.4)
.

These are the minimal requirements needed in order develop a reasonable inter-
polation theory at an abstract level. In practice, a common choice for F, the class of
admissible functions, is the space of bounded, analytic functions f : U — Xy + X;,
which is extended continuously to the closure of the strip such that the traces
t — f(j + it) are bounded continuous functions into X, j = 0,1. We endow F

with the quasi-norm

Hmf:mm{gpwww%w@uﬂrmmm}. (3.1.5)

Although natural in light of the original Calderén’s theory of complex inter-
polation, this definition gives rise to a number of questions in the framework of
quasi-Banach spaces. In particular, the continuity of evaluation functions and
even the completeness of space F are not necessarily satisfied — due to the possible
failure of the Maximum Modulus Principle. One ad hoc remedy is to include the
quantity sup,,cy ||f(w)||x,+x, among the terms whose maximum is considered in
the right-hand side of (3.1.5), though this may lead to a less standard complex
interpolation theory.

Instead, we remark that while in general no analogue of the Maximum Modulus

Principle is valid, for a wide subclass of quasi-Banach spaces, called A-convex
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(analytically convex) in [75], the Maximum Modulus Principle does hold. A quasi-
Banach space X is A-conver if there is a constant C' such that for every polynomial
P :C — X we have [|[P(0)||x < Cmax,= ||P(2)|x. It is shown in [75] that if
X is A-convez it has an equivalent quasi-norm which is plurisubharmonic (i.e. we
can insist that C'=1). Let us also point out that being A-convex is equivalent to

the condition that

max [[f()]lx < C max |()]x. (3.1.6)

0<Re z<1
for any analytic function f: {z € C: 0 < Rez < 1} — X which is continuous on
the closed strip {z € C: 0 < Rez < 1}.
Assuming that X+ X, is A-convex, the axioms (i)-(iii) are readily verified for
Calderén’s norm (3.1.5). We denote by X,, = [Xo, Xi]w, w € U, the corresponding

intermediate spaces, i.e.,
Xy ={z € Xo+ Xy; x = f(w) for some f € F} C Xy + X;. (3.1.7)

When equipped with ||z, := inf {||f||=; f € F, f(w) =z}, x € X, the space X,,
becomes quasi-Banach, in fact analytically convex, for each w € U. Furthermore,
the modulus of concavity of the interpolation quasi-norm || - ||,, does not exceed
p(F), and the inclusion X, — X+ X7 is continuous. Of course, X,, depends only
on Rew and we typically only consider Xy for 0 < 6 < 1.

We now discuss several useful criteria for analytic convexity in the context
of quasi-Banach [attices of functions. To set the stage, assume that (2, %, ) is
a o—finite measure space and denote by L, the space of all complex-valued, pu-

measurable functions on 2. Then a quasi-Banach function space X on (2, %, ),
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equipped with a quasi-norm || - || x so that (X, |- ||x) is complete, is an order-ideal
in the space Lg if it contains a strictly positive function and if f € X and g € Ly
with |g| < |f] a.e. implies g € X with ||g]|x < | f]lx-

Going further, a quasi-Banach lattice of functions (X, || - ||x) is called lattice

r-convex if

H(i )" < (i 5" (3.1.8)

for any finite family {f;}i<j<m of functions from X (see, e.g., [76]; cf. also [83],

Vol. II). This implies that the space
(X]" = {f measurable; | f|'/" € X}, normed by || fllixp == || [F1Y" %, (3.1.9)

is a Banach function space, called the r-convezification of X (cf. also [83], Vol.II,
pp. 53-54, at least if » > 1). The theorem below is due to N. Kalton ([76], [75]),

though in this particular form it is stated in [94].

Theorem 3.1.4. Let X be a (complex) quasi-Banach lattice of functions and de-

note by k its modulus of concavity. Then the following assertions are equivalent:
(i) X is analytically convex;
(ii) X is lattice r-convex for some r > 0;

(iii) X s lattice r-convex for each 0 <1 < (14 logyk) ™ .

To state the next result, recall that, given two quasi-Banach lattices of functions

(X5, Il - 1lx;), 5 = 0,1, the Calderén product XX 0<6<1,is
Xo X0 :={he€Ly: 3f € X, g€ X, such that |h| < [f]*?|g|’},

[ fllxsoxy = it (LAl 1A% 11 < 1l 1A, £ € X5 j=0,1}.
40
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The theorem below is proved in [55] and [77].

Theorem 3.1.5. Let € be a Polish space (i.e., complete, separable, metric space)
and let p be a o—finite Borel measure on ). Let Xy, X1 be a pair of quasi-Banach
function spaces on (2, ). Suppose that both Xy and X, are analytically convex

and separable. Then Xo + X; is analytically convexr and, for each 6 € (0,1),
[Xo, X1]o = X 7XY (3.1.11)
in the sense of equivalence of quasi-norms.

Remarks. (i) As pointed out in [77], the hypothesis of separability in this case
is equivalent to o-order continuity. For a general quasi-normed space X, this
property asserts that a non-negative, non-increasing sequence of functions in X
which converges a.e. to zero also converges to zero in the quasi-norm topology of
X (cf., e.g., [83], Vol. II). An equivalent reformulation is that if g € X and | f,,| < |g|
for all n and f,, — f a.e. then || f, — f|lx — 0. For us, it is of interest to also note

a result, proved in Theorem 1.29 of [26], to the effect that

one of the lattices Xy, X; Xé_eX f is o-order continuous

is o-order continuous for each 6 € (0,1). (3.1.12)

(ii) Tt has been noted in [94] that, for the applications we have in mind (i.e.
sequence spaces), Theorem 3.1.5 continues to hold in the case when just one of the

two quasi-Banach lattices X, X; is separable.

Our final result in the series of analytic convexity criteria is the following ob-

servation from [94].
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Theorem 3.1.6. Assume that (2, ) is a measure space, 0 < p < +o00 and that
(X, || - |lx) is an analytically convex quasi-Banach space. Then LP(2, X), the space
of X-valued functions which are p-th power integrable on §2, is an analytically

convex quasi-Banach space.

Next, a family of quasi-Banach spaces { X, },er, where I is an open interval, is

said to be a complex interpolation scale if for any pg,p; € [
(Xpo, Xplo=X,, if0€(0,1)and 1/p=(1—6)/po+6/p. (3.1.13)

Our next results states that, for bounded linear operators, the quality of being
invertible, or even Fredholm, is stable on complex interpolation scales of quasi-

Banach spaces.

Theorem 3.1.7. Let Xy, X1 be a compatible couple of quasi-Banach spaces and
assume that Xo+ X1 is analytically convex. Also, consider a bounded, linear oper-
ator T : X; — X, j =0,1. If we now set Xy := [Xo, Xi]g for each 0 € (0,1), then

T induces a bounded linear operator
Ty : Xg — X, RS (0, 1), (3114)

i a natural fashion.

Assume next that there exists 0, € (0,1) such that Ty, is an isomorphism (re-
spectively, Fredholm). Then there exists € > 0 such that Ty continues to be isomor-
phism (respectively, Fredholm) whenever |6 —0,| < e.

Furthermore, Te_l agrees with T),' on Xy N Xy for any 6,6 € (0, —€,0,+¢).

The version of this result for Banach spaces is contained can be found in [117], [5],

[116]. (for some elementary proofs of some special cases see also [16] and [110]).
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Nonetheless, since the case of quasi-Banach spaces is of paramount importance to

us we include a proof. The argument below is due to N. Kalton [73].

Proof. The interpolation property (3.1.14) along with the stability of the quality of
being Fredholmness or invertibility for linear operators on complex interpolation
scales of quasi-Banach spaces have been proved already in [77]. Here we focus on
the compatibility condition in the last part of the theorem.

Note that if T}, is invertible then so is T, for z in a neighborhood of 6, in the
strip U and we denote by T,! its inverse. Now, if I is an arbitrary admissible

function, there exists G; € F satisfying the properties
T(G1(6,)] = F(6,) and [|Gi]l7 < 2| F| T (3.1.15)
Therefore, thanks to the axiom (iii), F' can be represented as F = TGy + wk,

where F} € F and w is a suitable analytic function with w(6,) =0 and |w| < 1 on

(z —0,) e* will do). Also, by

W=

the boundary of the strip U (for instance, w(z) :=

(3.1.4),
1Bz < &l Flle &= p(F)CITIIT, I +1). (3.1.16)
Iterating this process, we obtain
F,=TG11 +wkFiq, (3.1.17)
where, for 1 = 1,2, ...,
|Fiills < 6 Fllr and ||Gisallr < 20 BIAT < 261 FILAT . (3.118)
Thus,

n

F = T[Z wk_le] + Ww"F,, forevery n € N. (3.1.19)
k=1
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Granted the estimates (3.1.18), it is not too difficult to see that there exist V/,
neighborhood of 6, such that >~ w*"'G}, converges to a function G uniformly
on compacta and w"F,, converges to 0. By Proposition 3.1.2 G is analytic as a
(Xo + X1)-valued function and satisfies T[G(z)] = F(z), G(z) € X, for every
z € V. In particular, T '[F(z)] = G(z) is analytic for z € V.

Next, recall that Xy N X, is dense in X, for all z, and fix some x € Xy N Xj.
From the above reasoning it follows that there exists V' neighborhood of 6, in U
such that T 'z, viewed as a mapping V > z — T, '[F,(z)] € Xo + X, where
F, € F is the constant function F,(z) := z, is analytic. Since this function is
also independent of the imaginary part of z, we may conclude that it is a constant

function. Thus, T 'z € X + X is independent of z € V| as desired. O

In the second part of this section we discuss some general interpolation results
which are going to play an important role in future considerations. Throughout
the paper, we let (-, -)p, stand for the standard real interpolation bracket. More
specifically, consider a compatible couple of quasi-Banach spaces Xy, X;. Given

a € Xg+ X1 and 0 < t < oo Peetre’s K-functional is defined by

K(t,a; Xo, X1) := inf{||zo||x, +t||x1lx,; ®o € Xo, 1 € X7 such that a = xo+x1}.
(3.1.20)
Then we introduce the real interpolation spaces as
(X07X1)97q = {CL - X() + Xl,

[e’s) B dt l/q
lall o xae, = (/ (t GK(t,a;XO,Xl))q7) < oo}(3.1.21)
0
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if0<f<1, 0<q<o0,and

(X0, X1)p,00 := {a € Xo+ X1; ||all(xo,x100. = sup t K (t,a; X0, X1) < OO},

0<t<oo

(3.1.22)

for 0 <0 < 1.
Some properties of resulting spaces and more details regarding the real method

of interpolation can be found [10], [124], [125].

Theorem 3.1.8. Let X;,Y;, Z;, 1 = 0,1, be quasi-Banach spaces such that XoN Xy
1s dense in both X and X1, and similarly for Zy, Z,. Suppose thatY; — Z;, 1= 0,1
and there exists a linear operator D such that D : X; — Z; boundedly for 1 =0, 1.

Define the spaces

X;D):={ueX;: DueY;}, i=01, (3.1.23)

X; + HDU

equipped with the graph norm, i.e. ||ul|x,p) == ||ul v;, 1 = 0,1. Finally,
suppose that there exist continuous linear mappings G : Z; — X; and K : Z; — Y,
with the property D o G = I + K on the spaces Z; for i = 0,1. Then, for each

0<f<1land0<qg< oo,

(Xo(D), X1(D))oy = {u € (X0, X1)pq : Du € (Yo, Y1 )o- (3.1.24)

Furthermore, if the spaces Xy + Xy and Yy + Yy are A-convex, then

[Xo(D), X1(D)]p = {u € [Xo, X1]p: Du€ [Yp,Yi]s},  0€(0,1). (3.1.25)

Proof. We are grateful to Nigel Kalton for discussions which led to the following
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argument. For the real interpolation method it is convenient to work with K-

functionals. The crux of the matter is establishing the following estimate:

K(t,a; Xo(D), X,(D)) ~ K(t,a; Xo, X1) + K(t, Da, Yy, Y1). (3.1.26)

One direction is, of course, trivial. For the other one, given a € Xy + X, let

a=2xyg+ T, T EXZ', and D&:y0+y1, yiEY;‘, 1=0,1, (3127)

be nearly optimal splittings so that

zollx0 + tllz1llx, = K(, a, Xo, X1) (3.1.28)

and

lyollvo + tllsnlly, = K(t, Da, Yo, Y1). (3.1.29)

We then define a new splitting a = z{, + 2}, where

x; = x; — GDz; + Gy, 1=0,1. (3.1.30)
Then

28l x, < CUlzillx, + llwillv),  =0,1. (3.1.31)
Also

Dzx; = —KDz; + y; + Ky, i=0,1, (3.1.32)
so that

I1Dzilly, < C(llzillx, + lwilly.),  i=0,1, (3.1.33)
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since KD maps X; boundedly into Y; for ¢ = 0,1, and K maps Y; boundedly to
itself, i = 0,1. The estimates (3.1.31)-(3.1.32) then justify the equivalence (3.1.26).

The identity (3.1.25), regarding complex interpolation, is due to J.-L. Lions
and E. Magenes (cf. [84]) when all spaces involved are Banach. However, their
argument goes through with minor modifications for quasi-Banach spaces given
the analytic convexity assumptions made in this portion of our theorem. The only
thing we need to check is that is that the space Xo(D) + X;(D) is analytically
convex, so that the complex interpolation method outlined in the first part of this
section applies to the couple Xo(D), X;(D).

In order to justify this we first note that

Xo(D) + X1(D) = (Xo+ X1)(D) == {u € Xo+ X1 : Du€ Yy+Y;}, (3.1.34)

where the rightmost space is equipped with the natural graph norm. Indeed,
(3.1.34) follows readily from the decompositions (3.1.27), (3.1.30). Thus, it suf-
fices to prove that (X, + X;)(D) is analytically convex. To this end, let f: U —
(Xo + X1)(D) be an analytic function which extends by continuity to U. Since
the inclusion ¢ : (X + X1)(D) — Xo + X; is linear and bounded, f can also be
regarded as a Xy + X;-valued analytic function in U, extendible by continuity to
U. Similarly, the operator D : (Xy + X;)(D) — Yy + Y; is linear and bounded,
thus D f is a Y; + Yj-valued analytic function in U, which extends by continuity to

U. Consequently, given that Xy + X; and Yy + Y] are analytically convex, we may
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write

o3 I Gl o & max I1FE)lbxorx + e [1DF()lhav

<
< %?ii%,l () )| xoxs + C max 1D f(2)]lvom

~ C%ﬁgi)()(l “f(Z)H(Xoerl)(D)a (3135>
as desired. O

We continue this section with a simple, yet useful result, which is essentially
folklore. First, we make a definition. Let Xy, X; and Yy, Y; be two compatible
pairs of quasi-Banach spaces. Call {Y;, Y1} a retract of {Xy, X1} if there exist two
bounded, linear operators £ :Y; — X;, R: X; —» Y;,1=0,1, such that RoF =1,

the identity map, on each Y;, = =0, 1.

Lemma 3.1.9. Assume that Xo, X1 and Yy, Y7 are two compatible pairs of quasi-
Banach spaces such that {Yy, Y1} is a retract of { X, X1} (as before, the “extension-
restriction” operators are denoted by E and R, respectively). Then for each 0 €

(0,1) and 0 < ¢ < o0,
Yo, Yilo = R([XO,X1]9> and (Yo, Y:)oq = R((XO, Xl)gﬁq). (3.1.36)

In the case of the complex method, it is assumed that Xo+ X1 is analytically convex.

As a corollary, we also have the following. Assume that (Xo, X1) is a compatible
pair of quasi-Banach spaces and that P is a common projection (i.e., a linear,
bounded operator on X;, i = 0,1, such that P> = P). Then the real and complex
interpolation brackets commute with the action of P, i.e.

[PXo, PX1]y = P([XO, X1]9> and (PXo, PX1)g, = P((XO,X1)97q>, (3.1.37)
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for each @ € (0,1) and 0 < ¢ < co. In the case of the complex method, it is assumed

that Xo + X1 is analytically convex.

Remark. (i) Generally speaking, given two quasi-normed spaces X, Y and a linear,
bounded operator T': X — Y, by T'X we shall denote its image equipped with the

quasi-norm

llyllrx := inf{||z||x : = € X such that y = Tz}, yeTX. (3.1.38)

In particular, this is the sense in which (3.1.36) and (3.1.37) should be understood.
(77) The portion of Lemma 3.1.9 referring to real interpolation remains valid
when the spaces in question are quasi-normed Abelian groups (in which case, the

operators involved are assumed to be group morphisms).

Proof. The first order of business is to show that Y, + Y7 is analytically convex
(hence justifying the use of the complex method of interpolation for the pair Yy, 7).
One way to see this is by observing that E maps Yy + Y] isomorphically onto
E(Yy+Y1) which, given that this operator has a left inverse, is a closed subspace of
the analytically convex space Xy + X;. Hence, Yy + Y] is also analytically convex.

The remainder of the proof follows a well-known path. We, nonetheless, include
the details for the convenience of the reader. Fix 6 € (0,1) and set Xy = [Xo, Xi],
Yy = [Y0, Y1l By the interpolation property for bounded linear operators, R maps
Xp to Yy, e, R(Xy) C Yy. To justify the opposite inclusion, note that E takes Yy
into Xy which is further mapped by R into R(Xy). Since the composition of these
two applications acts as the identity operator, we may conclude that Yy C R(Xj),

as desired. The proof in the case of the real interpolation method is virtually the
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same and this completes the proof of the first part of the lemma.
Turning to the second part of our lemma, we note that { PXy, PX;} is a retract
of {Xo, X1} (taking E to be the inclusion and R the given projection). Thus,

(3.1.37) is a corollary of what we have proved so far. O

Theorem 3.1.10. (c¢f. [65]) Let u be a fixred Borel measure and denote by LP ()
the corresponding Lebesque spaces. Also, let Xy, X1 be a couple of quasi-Banach
spaces and let Xy = [Xo, X1]p, 0 < 0 < 1, be the complez interpolation intermediate
spaces.

Finally, let T be a sublinear operator from Xo+ Xy into LPo(u) + LP*(u), 1 <

Do, P1 < 00, such that

T || ro () < Aollz||x,, for x € Xo, (3.1.39)
and

T 2| o) < Aill||x,, forze X, (3.1.40)
for some finite, positive constants Ay and A;. Then

| T 2| ro ) < A5 AY||2|x,, for x € Xy, with pig = 1[);09 + pil. (3.1.41)

We conclude our review of interpolation with (a version of) the celebrated

theorem of E. Stein for analytic families of operators.

Theorem 3.1.11. (c¢f. [19]) Let (Ao, A1) be an interpolation pair of complex Ba-
nach spaces and set X = Ao () A1, Xg = [Ao, A1y, for 0 < 0 < 1. Analogously, let

(Bo, B1) be another interpolation pair of complex Banach spaces; set Y = By () B1

and Yy = [By, Bilg, for 0 <6 < 1.
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Next, let L, be a family of linear operators defined in X, with values in ),
indexed by a complex parameter z, with 0 < Rez < 1. Assume that [(L,f) is
continuous and bounded in 0 < Rez < 1, and analytic in 0 < Rez < 1 for every
f € X and every continuous linear functional | on Y. Assume further that for

Rez=0and fe X

1L f e < coll fllxo (3.1.42)

and for Rez =1 and f € X

1L:f v < el flla- (3.1.43)

Then for 0 < Rez =0 < 1 there exists ¢ = ¢(s, qo, q1, Co, ¢1) such that

1Ly < cllfllx, (3.1.44)
uniformly for f € X.
3.2 Function spaces on R"

We debut with a brief discussion of Hardy-type spaces in R™. Fix ¢ € C2°(R") with
supp (¢) C {z € R" : |z < 1} and [p, ¢(z) dz = 1, and set ¢y (x) := t~")(x/t) for
each t > 0. Given a tempered distribution u € S’'(R™) we define its radial maximal

function and its truncated version, respectively, by setting

ut = sup |ab * ul, ut = sup |1y * ul. (3.2.1)

0<t<oo 0<t<

For 0 < p < oo, the classical homogeneous Hardy space HP(R™), and its local
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version, h?(R"), introduced in [54], are then defined as
HP(R") :={u e S'R") : ||ullgp@n) = |Ju* || Lo@n) < o0}, (3.2.2)
hp(Rn) = {U S S/(Rn) . ||u||hp(]Rn) = ||U+||Lp(Rn) < OO} (323)

Different choices of the function ¢ yield equivalent quasi-norms so (3.2.2), (3.2.3)
viewed as topological spaces, are intrinsically defined.
Next, we consider local weak-Hardy spaces h?*°(R"), 0 < p < co. Concretely,

given a tempered distribution u in R",
u € P> (R") <= ut € LP>°(R"), (3.2.4)

equipped with the natural quasi-norm. Here, as usually, LP*°(R") denotes the
weak-LP space, 0 < p < oo. The connection with the standard scale of Hardy
spaces is most visible in the context of real interpolation. Indeed, C. Fefferman,

N. Riviere, and Y. Sagher have proved in [41] that

(R (R™), B (R™))g.00 = HPP(R"), 0 <po,p1 <00, 0<6<1, 1=1040

Ppo

D=

(3.2.5)

In fact, these authors proved the version of (3.2.5) corresponding to the homoge-
neous scale of Hardy spaces (3.2.2) but this distinction is immaterial. Indeed, the
main alteration needed in the original approach is to work with the version of the
grand maximal function defined on p. 76 of [41] in which the nontangential cone is
truncated at a fixed, sufficiently large height (cf. also [54] in this regard).

Later on, we shall make use of Hardy-based Sobolev spaces denoted by A} (R™).
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Whenever 0 < p < o0, k € N, these are given by
RE(R™) :={u € S'(R") : &"u € hP(R"™), Vv € NI with |y| < k}, (3.2.6)

and are equipped with the quasi-norm [[ul[yr@ny == 32, <4 [[07u[pr@n). For 0 <
p < oo and k € N we also set
B (R") == {u €SRY:u=Y u, u, € W(R") ¥y € NI with |5] < k:}
IvI<k
(3.2.7)
which we equip with the natural quasi-norm ||ul|p @y = inf 37 o [y [l en),
where the infimum is taken over all representations of wu.
We now record an important identification result, whose proof is given at the

end of this section.

Theorem 3.2.1. For 0 <p <1 and k € Z,
Wp(R") = F2(R™). (3.2.8)

We continue by reviewing those aspects of the classical atomic theory of Hardy

spaces in R" which are useful for us. Recall that for -25 <p <1 <p; < +00 an

LPr-atom for hP(R™) is a function satisfying supp (a) C @ for some cube @ in R”

with side-length < 1 and so that

lallo @ < |QIFF and / a(z)dz = 0 i 1(Q) < 1. (3.2.9)

n

Then

fERRY) & f=> XNaj€S(R"): {\}; €, a; is an L"—atom for h"(R"),
J
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(3.2.10)

and

"
| f e @r) = inf{ <Z |>\j|p> o f= Z)\jaj, aj is an LP* — atom for hP(R"), {)\,}; € Ep},
J J

(3.2.11)
uniformly for f € A?(R™). We shall also need an atomic decomposition result for
RIR™) ={f € iP(R"): 0;f € "(R"), 1 <j <n} (3.2.12)

which we shall prove in the range 25 < p < 1. This involves “regular” atoms,

defined as follows. Let -5 < p <1 <p; < 4oc0. Call A an LP'-atom for A (R") if

there exists some cube @ in R™ with [(Q) < 1 such that
supp A C Q, |VA| Loy < Q71 7. (3.2.13)

Theorem 3.2.2. For nL—i-l <p<1<p <400,

Ry (R™) = {f = Z)\jAj € S'(R™) : {\;}; € P, A; is an LP*-atom for hzf(R”)}
J

(3.2.14)

and

1 lhe @y = inf{(Z |/\j|p>1/p L F =Y O NAL AN e, Ay LY -atom for h]f(R")}7
j 7

(3.2.15)

uniformly for f € hi(R™).
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Once again, the proof of this result is deferred until the end of this section.

We now briefly review Besov and Triebel-Lizorkin scales in R™. The classical
Littlewood-Paley definition of Triebel-Lizorkin and Besov spaces (see, for exam-
ple, [112], [126]) has the following form. Let = be the collection of all systems
{1520 C S with the properties

(i) there exist positive constants A, B, C' such that

{ supp (Co) C {w; |z] < A},

. , (3.2.16)
supp (¢;) C {z; B2I~! < |z| < C2H} if j=1,2,3..,

(ii) for every multi-index « there exists a positive number ¢, such that

SélRp slelg 271919°¢; ()] < Ca (3.2.17)
TzeR™ 5
(iii)
Zgj(:z:) =1 for every z € R". (3.2.18)
=0

Let s € R and 0 < ¢ < oo and fix some family {¢;}52, € Z. Also, let F denote
the Fourier transform in R™. If 0 < p < oo then the Triebel-Lizorkin spaces are

defined as

PR = {F e S®Y s flapon = | (X 277 G FDI)
j=0

< oo}
LP(R™)

(3.2.19)

If 0 < p < oo then the Besov spaces are defined as

- S 1/q
sy = (3 129 F N GF NG ) < o0}

J=0

Bro®y) = {fe S®): |l

(3.2.20)
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A different choice of the system {(;}52, € = yields the same spaces (3.2.19)-(3.2.20),
albeit equipped with equivalent norms.

There is an alternative version of definitions above starting with a function

oo € S(R™) such that

{ Jan Go() dz # 0,

(3.2.21)
¢(z) = do(x) — 27"¢o(x/2) = L(¢) > [s],
where s € R, [s] denotes the integer part of s and L(¢) stands for the order up to

which the moments of function ¢ vanish, i.e.

/n z¢(x)de =0 if |o| < L(¢) (3.2.22)

(with the convention that this condition is void when L(¢) = —1). It is well-known
that, given any s € R, there exist functions ¢q satisfying (3.2.21). Indeed, for
s < 1 the second condition in (3.2.21) is trivial, whereas for s > 1 we may take
any function ¢y € S(R"™) whose Fourier transform is 1 + O(|£|F1+1) uniformly as
¢ — 0. Next, let ¢;(z) := 2/"¢(27z), j € N, denote the dyadic dilates of ¢. The
Triebel-Lizorkin space FP4(R™) is then defined for 0 < p < 00, 0 < ¢ < 00, s € R,

as

<o)
LP(R"™)

(3.2.23)

PP = {F € S@) oo = || (31296, 1)
j=0

In a similar spirit, Besov spaces are defined for 0 < p,q < 00, s € R, by

Bqu(Rn) = {f € S’(Rn) . ||f||B§’q(Rn) = <Z ||28]¢j « quLp(Rn))l q - oo}
=0

(3.2.24)
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Once again, a different choice of the function ¢g € S(R") satisfying (3.2.21)
yields the same spaces (3.2.23)-(3.2.24) with equivalent norms (see, e.g., the dis-
cussion in [113]).

It has to be noted that the two definitions are equivalent, for one can take a
function ¢ such that (4(§) = Fo(€) is identically 1 if |¢| < 1 and vanishes if
|| > 2. Then with the notation as above ¢ and (; = F¢; satisfy the required

properties.

Theorem 3.2.3. (c¢f. [125], 2.3.3) BP%(R") is a quasi-Banach space for s € R,

0 < p,q < oo (Banach space if 1 < p,q < 00) and
S(R") — BP4(R") — S'(R"). (3.2.25)

in the sense of continuous (topological) embeddings. Similarly, FP4(R™) is a quasi-
Banach space for s € R, 0 < p < 00, 0 < ¢ < oo (Banach space if 1 < p < oo,

1<g¢< ) and
S(R") — FPIR") — S'(R™). (3.2.26)

Furthermore, S(R™) is dense in BP9(R™) and FPY(R"™) provided s € R and
0 < p,q < 0. The class of Schwartz functions is not dense in BS>9(R™), BP>°(R™)

and FP*(R™) if 0 < ¢ < oo and 0 < p < oo.

For the range of indices n/(n + 1) < p,g < oo and n(l/p —1); < s < 1, an

intrinsic definition for membership to B??(R") is obtained by requiring that

1/q
1FC+1) = FONT@n
sra@n) = [|flle@m) + </ “Eat | < oo, (3.2.27)

’t|n+sq

I.f1
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The result stated above is proved, for instance, in [125], §2.5.12. There one
can also find an analogous characterization of Triebel-Lizorkin spaces and intrinsic
definition of spaces (both of Besov and Triebel-Lizorkin type) with larger amounts
of smoothness, involving higher order differences.

Let Q,, stand for the standard family of dyadic cubes in R"”, i.e.,
Q, ={Qi=270,1]"+k: jEN,, k€ Z"}. (3.2.28)
Also, for an arbitrary function ¥ in R"™ and QQ € Q,, set
VYo(z) =2"p(2x — k) if Q=Qj, jEN,, ke€Z" (3.2.29)

Following [49], [50] the spaces b2 and fP9 consist of sequences {\g}gco. (0)<1

equipped with the quasi-norms

1/q
o a/p
Ia}ecani@stlbzs = | So( D 1QIT 2o |ag] ) (3.2.30)
7=0 QEQn
1(Q)=2"

1{ Ao} oean @<

1/q
v = || (3 (@I g xe)?) (3.2.31)
QEQnN
(Q)<1 Lo (&)

where x¢ stands for the characteristic function of (). There is also an appropriate

version of this definition when p = 4+00. Specifically,

1/q
1 q
c0,q 1= Sl e “1/2=s/n| )\ x) dx
s \ e el

1/q
1 —1/2—s/n 1
= SUp reo, (m > <!Q| / /|)‘Q|) |Q\> :

i(P)=t Q€0 acP

1{A@}ocn @)1

(3.2.32)
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Observe that J,({Ag}g) == {|Q|7*/"A\g}¢ is an isomorphism between fP4 and 2%,
for each a € R. Also, as is well known, each fP? is a quasi-Banach lattice.

Finally, as in [49] we define f, as the collection of all sequences {Ag}oco, i(@)<1
subject to the constraint

Ie}ecan @il = | |J @ < +o, (3.2.33)
Ao#0

While f, is not a normed vector space (since the homogeneity of the “norm” may
fail) it is, nonetheless, a normed Abelian group, since the triangle inequality ||s +
g, < Isllf, + |Is'llz, holds. Recall that A is a quasi-normed Abelian group, if it
is an Abelian group (the group operation is denoted by +, the inverse of element
a € A by —a and the neutral element by 0), equipped with a quasi-norm || - ||4
satisfying the following properties: (i) ||al]|a > 0 and ||a]|4 = 0 if and only if a = 0,
(i) || — al|la = ||lal|a, (iii) |la + bl|la < C(||a||a + ||b]|a), where C' > 1 and a,b € A.
For further use, it will be important to note that the real interpolation method
works for quasi-normed Abelian groups in exactly the same way as in the classical
case of quasi-Banach spaces, since the homogeneity condition of the quasi-norm
does not play any role (see [10], §§3.10-3.11 for a relevant discussion).

In the next several theorems we collect some basic properties of Besov and

Triebel-Lizorkin spaces, starting with

Theorem 3.2.4 (Lifting). Assume that 0 < p,q < oo and s € R. Then for any

peR,

FPAR") = (I — AYFPE (RY) (3.2.34)

s+
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Also, for any m € N,
FPAR™ = {feS(R"):0°f e FM (R"), Va with |a] <m}  (3.2.35)
= {feF (R"): 0°f € FP! (R"), YV with |a| = m}

and

Ifllpra@ny = > 10*fllrra @ (3.2.36)
la|<m
~ | fllrre @y + D 10%Flrra @r)-
|o|=m
In particular,
0% : FPY(R") — Fffla|(R”) (3.2.37)

18 bounded.
Furthermore, completely analogous results hold for the scale of Besov spaces as

well.

Theorem 3.2.5 (Embeddings). For 0 < py < p; < 400, s0,81 € R, 0 < g <

@1 < 400 with sy — pﬂo =5 — pﬂl, the inclusion

B (R™) «— BV (R™) (3.2.38)
is continuous with dense range. Moreover, the same holds for the inclusion

FPodo (R™) s FPLO(R™), (3.2.39)

provided that either 0 < py < p1 < 400, 0 < qo, 1 < +00 and sg — pﬁo =5 — pﬂl or

0<py=p1 <+00, 0<qy<q1 <+00 and sy = s1.
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Theorem 3.2.6 (Duality). For s € R and 0 < p,q < 400, one has

(Bro(r") = B

—8+n(%—1)+(Rn) (3.2.40)

and

(FPOR™)" = FYY R, if p>1, (3.2.41)
(AR = B2 0 oy, i p<l. (3.2.42)

Proofs can be found in, e.g., [125], [112]; cf. also the references therein. Here we
only want to point out that (3.2.41) with 0 < ¢ < 1 is not usually covered in the
literature. An argument can be found in [94].

For every choice of r € N and L € NU {0, —1} it is possible to construct

a “father” wavelet ¢ € Cf(R") and a family of

3.2.43
“mother” wavelets ¢* € C5(R"), £ =1,2,...,2" — 1, ( )

in the sense of [34], [86], [95], such that L(¢*) > L for each 1 </ < 2" — 1, i.e.
/ z®p*(x)dr =0 whenever |af <L, 1<£<2"—1. (3.2.44)

In the sequel, we shall refer to these as Daubechies wavelets. Another variant of
this construction, corresponding to the so-called Lemarie-Meyer wavelets, allows
for ¢, 9 € S(R™) and L = oo. Cf. [95] for details. The most striking property of

the wavelet functions is that

{pa: Q€ Q,, Q) =1}U{g: Q€ Q,, I(Q) <1, 1< <2~ 1}, (3.2.45)

is an orthonormal basis for L?(R").
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The wavelet coefficients of a given tempered distribution f € S’(R™) relative
to a family of Daubechies or Lemarie-Meyer wavelets, ¢, 1¢, £ = 1,...,2" — 1, are

then defined as

(foeq), i UQ) =1,
l R
No(f) ._{ ) i (@) <1, (3.2.46)

for each Q € Q,, ¢ = 1,...,2" — 1. The wavelet characterization of Besov and
Triebel-Lizorkin spaces we are about to describe next goes back to [47], [48], [50].
Recall that the collection of vectors xg, x1,..., in the space (X, || - ||x) is called

Schauder basis if every vector x € X can be written in the form

r=Y_ Nz, (3.2.47)
=0
where \; € R, 7 =0, 1, ..., the series (3.2.47) converges in the || - || x norm, i.e.

N
Jim o~ Z; Naj|| =0, (3.2.48)
j:

and coefficients \;, i = 0,1, ..., are uniquely determined by (3.2.47)-(3.2.48). The
Schauder basis is unconditional if for every # € X the series (3.2.47) converges
unconditionally to x, that is there exists ¢ > 0 and F. — finite subset of N such
that for every finite F' € N, containing F. ||z — )

JEF Ajzjllx < e.

Theorem 3.2.7. Let s € R, 0 < p < 00, 0 < ¢ < 00 and assume that r > ([s]+1)
and L > max{[J — n — s|, —1}, where J = wmtipg: Lhen for any family of
Daubechies wavelets as in (3.2.43) the following is true. For each f € S'(R™) one
has

f € FPR") <~ {)\g(f)}QeQn,l(Q)g € fP? for each £ =1,...,2" — 1, (3.2.49)
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with a naturally accompanying norm estimate.
Nezt, assume that s € R, 0 < p,q < oo, r > ([s] + 1) and L > max{[J —

n—s|,—1}, where J := Then for any family of Daubechies wavelets as in

_n__
min{1,p}

(8.2.43) the following is true. For each f € S'(R™) one has
f € BYUR™) <= {X\,(f)}eon @<t € V2 for each £ =1,...,2" —1, (3.2.50)

with a naturally accompanying norm estimate.

Finally, similar statements are true in the case when the Daubechies wavelets
are replaced by Lemarie-Meyer wavelets, this time, with no restrictions on r (regu-
larity) and L (number of vanishing moments). In either case, (3.2.45) is an uncon-

ditional Schauder basis in FP9(R™) if ¢ < oo, and in BP4(R™) if maz{p,q} < co.

Other useful norm inequalities, found in [109], [12], [13], [113], are recorded

below.

Theorem 3.2.8. Let s € R and consider ¢o and ¢ as in (3.2.21). For each fized

N >0, Peetre’s family of mazimal functions is defined for f € S'(R™) by

(¢ * [)(Y)]

: x) = su . , reR" j7=0,12,... 3.2.51
(bg,Nf( ) ye]lgl (1+2]|1’—y|)N J ( )
Then for any 0 < p,q < oo one has
S SJ Lk q l/q
|(@isun?) ™| <Clflrzagn, (3:2.52)
= LP(R"™)
> . q11/q
> (29165l | < ClF g, (3.2.53)

J=0

provided N > n/min{p, q}.
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It has been long known that many classical smoothness spaces are encompassed

by the Besov and Triebel-Lizorkin scales. For example,

C*(R") = BX®[R"), 0<s¢7Z, (3.2.54)
LP(R") = FP*RY), 1<p< oo, (3.2.55)
LP(R™) = FP*R"), 1<p< oo, s €R, (3.2.56)
WP(R") = FP*(R"), 1<p<oo, keN, (3.2.57)
RPR") = FP*R™), 0<p<l. (3.2.58)

Above, the Sobolev (or Bessel potential) spaces are defined by
LP(R") = {([ S A g e L”(R")}, 1<p<oo, sER. (3.2.59)

With F denoting the Fourier transform and F~! denoting its inverse the definition

above reads
LP(R?) = {]—”1(1 e 2 Fg g € L”(R”)}, 1 <p<oo, s€R, (3.2.60)
the norm is given by

1/

@y = 1F L+ [EP)PF f | o (3.2.61)

When smoothness is a natural number Sobolev spaces can equivalently be defined

by

WP(R™) = {f e IPRY); &fe PRV ~: || < k} 1<p<oo, k€N,
(3.2.62)

64



the norm being

£l = > 1107 o). (3.2.63)

lvI<k

Also, C*(R™), s > 0, s ¢ N, denotes the Hélder class of functions endowed with

the norm

ooy = S0 N0 Pl + 37 sup PTG 5 6y

— ayls=1[s]
lal<[s] et I L

/]

A function f € L% _(R™) belongs to the space BMO(R") if

loc

1 N
| fllBMO®R) = Sgp (IQ_I /Q |f(z) = fol dx) < 00, (3.2.65)

where the supremum is taken over all cubes in R" and fqo := ﬁ fQ f(z)dx.
Next, we define the space VMO(R™) as the closure of continuous, compactly sup-
ported functions in BMO(R™). It is well-known that (H'(R™))* = BMO(R") and
(VMO(R"))* = H'(R") (see [43] and [25]).

Further, we define the local versions of the BMO(R™) and VMO(R™) spaces. A

function f € L _(R") belongs to the space bmo(R") if

loc

1 1/2
b = sup{_suwp (o5 [ 170) - foPas)
1@< \|Ql Jo

e
Q:?(%I))>1(’Q| /Q|f(x)’ dx) } (3.2.66)

is finite. Then, vmo(R") is introduced as the closure of continuous, compactly sup-
ported functions in bmo(R"). Once again, (h'(R"))* = bmo(R") and (vmo(R"))* =
h*(R™) (see [54]). Furthermore, bmo(R") and BMO(R™) are included, respectively,
in the inhomogeneous and homogeneous Triebel-Lizorkin scales, corresponding to

F5°?(R™) and its homogeneous version.
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We now proceed to record some important interpolation results. As before, by
[-,-]o and (-,-)g, we will denote the complex and real methods of interpolation,
respectively. Both are applicable to compatible pairs of quasi-Banach spaces Xy,
X1, though in the case of the complex method an extra hypothesis is required,
namely that Xy + X7 is analytically convex; cf. §3.1 for details.

As far as the real method of interpolation is concerned, we note the following

classical result.

Theorem 3.2.9. (¢f. [125]) Let ap, 1 € R, ag # 1, 0 < qo, g1, < 00,0 <0 < 1,

a=(1-0)ay+0as. Then
(Fal(R™), FZM (R"))gg = BRY(R"), 0<p<oo, (3.2.67)
(BL(R™), Be (R"))e,g = BEY(R"), 0<p<oo. (3.2.68)
Turning to the complex method of interpolation, we have:
Theorem 3.2.10. Let ag, a1 € R, 0 < pg,p1 < 00 and 0 < qo,q1 < 0o. Then
[From (R"), F2i0 (RY)], = F29(R”), (3.2.60)

wher60<9<1,az(l—@)ao—i-@al,Il)zlp;f%—pil and%zlq;oe—i-(%.

Furthermore, if ag,aq € R, ag # a1, 0 < po, p1, qo, 1 < 00 and either po+ qp <

o0 or p1 + g1 < oo then also
[Bey ™ (R"), BE ™ (R™)]g = BRU(R™), (3.2.70)
where 0 < 0 <1, a = (1—0)ag + Oy, %zlp;f+i and%:ﬂ—ki,
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Of course, when p,q > 1, this is well-known; cf. [48], [124]. The novelty here
is the consideration of the entire scale p,q > 0. In this form, the result first
appeared in [94]; nonetheless, in the interest of completeness, we include below a

brief argument.

Proof. For a start, for our method of complex interpolation to apply here we need

to ensure that
Fow(R™) + FPP(R") is analytically convex, (3.2.71)

for any set of indices as in the statement of the theorem. To this end, we note that,
thanks to Theorem 3.2.7, F?0%°(R") and F7*%(R") have a common unconditional
basis, namely (3.2.45). This is then an unconditional basis in the sum space,
FPo®©(R") + FPr@(R"). By virtue of Theorem 3.2.7, the wavelet transform, i.e.,
the map associating to each distribution its sequence of wavelet coefficients defined
as in (3.2.46), is an isomorphism between FZ%(R") 4 FPL9 (R™) and fRo® + fria
for o € R, 0 < p; < 00,0 < ¢ < 00,1 =0,1, (see also [50], Theorem 7.20) so
that matters can be reduced to working with the latter space. That is, it suffices
to show fro@o 4 frai regarded as a space of real-valued functions defined on
{Q € @, : I(Q) < 1}, is analytically convex. However, each space ff%, i = 0,1, is
analytically convex (which is visible by applying Theorem 3.1.6 twice) and, hence,
the desired conclusion is furnished by Theorem 3.1.5.

In a similar manner, one can prove that

FP4(R™) is analytically convex for 0 < p,q < oo, a € R,

and separable whenever p + ¢ < +o0. (3.2.72)
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Having disposed of these technical aspects, Theorem 3.1.5 ensures that the inter-
mediate interpolation spaces can be computed using Calderén’s formula (3.1.11)

plus the fact that

fPa = ( poﬂo)l_e( p1,q1>97 (3.2.73)

@Q a1

which is proved in [48].
The case of the Besov scale is rather similar. Here we only want to point out

that the identity

bgq — (bpo#]o)lf@(bgll,ql>97 ap 7& oy, (3.2.74)

@Q

has been established in [94]. O

As far as vector-valued LP spaces are concerned, we state the following result.

Assume that Ay and A; are Banach spaces and that 1 < pg,p; < 00, 0 < 6 < 1.

Then
(L (Ag), LP (Ay)]g = LP" ([Ao, Arls), (3.2.75)
1 _1-6 , 0
where roa—e + o

Here by LP(A) = LP(09; A) we denote the space of all strongly measurable

functions f such that

/89 | f(2)])% do(z) < 400, (3.2.76)

for 1 <p < 0.

For 0 < 4,p <1, m € R, let ST’ be the class of symbols consisting of all

functions p € C°(R™ x R") such that for each pair of multi-indices /3, there
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exists a constant Cs, such that
D DYp(w, &) < Cay(1+ &) rIHo0, (3.2.77)
uniformly for (z,£) € R* x R". For p € S we define the pseudodifferential

operator p(z, D) by

n

p(z, D) f(x) = (2m) ™" / (e, FF(E) e, fESRY,  (32.78)

and write p(z, D) € OPS]s.
The following is a consequence of Theorem 6.2.2 on p.258 of [126] (cf. also
Remark. 3 on p. 257 of [126]). A similar result is also proved in [123] under more

restrictive conditions on the indices involved.

Theorem 3.2.11. Let m e R, 0 < d < 1 and fir o € R, 0 < q < o0, arbitrary.

Then any T € OPST induces a bounded, linear operator

T:FPYR") — F2? (R") (3.2.79)
whenever 0 < p < 0co. Moreover,

T : BP(R") — B2 (R") (3.2.80)
boundedly, whenever 0 < p < o0o.

A useful consequence of the above result, frequently used in the sequel to treat
operators akin the Newtonian potential operator defined in (2.3.8), is recorded

separately.
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Corollary 3.2.12. Assume that m € R, m > —n, and

Tf) = a7 [ CEOaOFNOd  f e S, (3.2.81)

n

where, for each v € N,
(@a)(©)] < Cyle™ P e R\ {0} (3.2.82)

Fiz 0 < g < 00, a € R and ¢, € CXR") (viewed below as multiplication

operators). Then

¢Ty : FPI(R™) — FP9(R™) (3.2.83)
1s a bounded operator whenever 0 < p < co. In fact, so is

oTy : B2Y(R") — BYY (R") (3.2.84)
if 0 < p < oo.

Proof. Fix ¢,1 € C*(R™) and note that u := T(¢f) is a tempered distribution
whenever f € FPY(R"). Indeed, (u,g) = (—1)*(f,¢Tg) and v Tg € C>*(R") for
each g € S(R™). Next, consider some § € S(R") which is identically equal to 1 in

a neighborhood of the origin and set n := F~10 € S(R"). Then one can write

F(u) =0(a(§)F (W f) + (1 —0(8))al§) F (4 f) (3.2.85)
and, hence,
du=¢(uxn) +oF " ((1-0(5))a)F (¥ f)). (3.2.86)

Since §'(R™) * S(R™) < C*°(R"), the first term in the right-hand side of the above

identity belongs to C2°(R™). As for the second one, the membership to F2? (R™)
70



follows from Theorem 3.2.11 as soon as we observe that p(x,&) := (1 —0(¢))a(§) €
ST This justifies the claim made about (3.2.83). Finally, (3.2.84) is proved in a

similar manner. O
3.3 Decomposition of spaces on R”

Some powerful tools in the study of the spaces B?¢(R") and FP?(R™) are the so-
called atomic decompositions. Here we review some of the main results from [47]
and [49] which, in turn, build on the work of many other people.

Turning to specifics, given s € R, 0 < p < 0o, and Q € Q,, I(Q) < 1, call a

function ag an (s, p)-atom if the following properties hold:

(1) supp (aq) € 3@Q, (3.3.1)
(2) 107 aq|lraeny < |QI/"7HP7PV™ i || < K, (3.3.2)
(3) / 27ag(x)dr =0 for each |y| < L, whenever |Q| < 1. (3.3.3)
Here K > ([s] +1); and L > max{[J —n — s|,—1} are fixed integers, whereas the

value of J is to be specified in each specific occurrence. With these conventions,

the following holds.

Theorem 3.3.1. (¢f. [47], [49]) Fiz s € R, 0 < p,q < oo. Then for every

f € BPI(R") there exist a family of (s, p)-atoms {ag}oco, i(q)<1 with J := m,
and a sequence of numbers {\o}oco, i(@)<1 with the property that
1/q
> a/p
11| o ny = Z( > \)\Q\p) , (3.3.4)
]:0 QEQn

UQ)=2
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and such that f can be represented in the form

f= Z Agag with convergence in S'(R™). (3.3.5)

QEQn
(Q)<1

Furthermore, there exists C = C(s,p,n) > 0 such that for any numerical se-

quence {\g}oco, i@)<1 and any family of (s,p)-atoms {ag}oco, @)<1 (with J :=

m), there holds

1/q
| > raaq <c i( > o) (3.3.6)
BYYR™) A
QeQn 7=0 QEQn
Q<1 UQ)=2"7

A similar statement holds for Triebel-Lizorkin spaces granted that, this time,

J = m and p < oco. More concretely, for any f € FPY(R"™), (3.3.5) holds
for some family of (s,p)-atoms {ag}qgeo, 1@)<1 with J = o @nd numerical
sequence {\g}qgco., Q<1 satisfying
1/q
~ q
Iz = ||| D (1R holxe) . (3.37)
QEQn
HQ)<1
LP(R™)
Also, there exists C' = C(s,p,n) > 0 such that
1/q
q
ol <cf| T (10 o) 5
| 3 retal ., <0f| 2 (@177l (33.8)
Qcan Qeon
@< @< .

for any numerical sequence {\q}oca, 1q)<1 and any family of (s, p)-atoms {ag}geco, 10)<1

with J =

_n
min{1,p,q}

Following [49], for s € R, 0 < p < p; < 400, 0 < ¢ < oo we say that

r = {rg}geo..1(@)<1 is a pi-atom for fP7 if there exists Q € Q,, with I(Q) < 1 such
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that rq = 0 whenever @ is not included in @ and |[r||ee < |Q'/P*71/7. We call
the cube Q the support of the pi-atom 7 and denote this as suppr = Q.
Suppose now that « € R, 0 <p <1, p < ¢ < +oo and p < p; < +o0. Then
(cf. [49], Theorem 7.2 and Remark 7.3, pp. 88-90),
|5l fpa ~ inf {(Z |,uk|p> v e Zukrk, r’s are pj-atoms for fg’q} . (3.3.9)
kEZ kEZ

Below, we present an alternative version of the atomic decomposition for Triebel-

Lizorkin spaces. Given s € R, consider the family of functions {ag}qco,,10)<1

satisfying:
(1) supp (aq) € 3Q, (3.3.10)
(2) 107agllo@n < |QI7>7P/™if || < K, (3.3.11)
(3)/ Pag(x)dr = 0 if |Q| < 1 and |7| < L. (3.3.12)

Here K > ([s]+ 1), and L > max{[J —n — s], —1} with J to be specified later. In
fact, {ag}geo.,i@)<1 is a collection of renormalized (s, p)-atoms.

Suppose now that s e R, 0 <p<1land p<qg< oo, p<p <+oo. Consider
the family of functions {Ag}gco,:1@)<1 (depending on parameters s, p, ¢, p1) such

that
Ag satisfies (3.3.10) — (3.3.11) when |Q| =1, and

Ag = Z rorag, T ={rg toean 1@<t is a pi-atom for 7 with supf3:348)

Q'eQn
Q'CQ

and ag satisfy (3.3.10) — (3.3.12) with J =2, when |Q| < 1.

p’
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Theorem 3.3.2. (c¢f. [49], Theorem 7.4) Let s € R, 0 <p <1 and p < q¢ < o0,

p < p; < 4oo. Then

”f”Ff’q(Rn) ~ inf{( Z |)\Q|p)1/p :

QELQn
H(Q)<1
f= Z AoAg and each Ag satisfies (3.3.13)}. (3.3.14)
QEQn
()<t

We now discuss localization properties and the invariance of Besov and Triebel-

Lizorkin spaces under Lipschitz diffeomorphisms.

Theorem 3.3.3. Assume that

1
0<p,q< o0, n(——l) <s<l, (3.3.15)
p +

and let ® : R™ — R"™ be a vector-valued function with Lipschitz components, map-

ping R™ onto itself in a one-to-one fashion, and such that
|®(x) — ®(y)| = |x — y|, uniformly for x,y € R™ with |z —y| < 1. (3.3.16)
Finally, denote by Jg the Jacobian of ®. Then the applications
BPYR") > f+— fod e BYYR"), (3.3.17)
B (R™) S f = (f o @)|Je| € BY(R"), (3.3.18)

are 1somorphisms.

Furthermore, if U € L*(R") is also Lipschitz then the mappings
BPYR") > f— U f e BMR"), (3.3.19)

BP9 (R") > f— U f € BM (R"), (3.3.20)
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are well-defined and bounded.
The same type of results holds in the case of Triebel-Lizorkin spaces FP9(R™)

if instead of (3.3.15) we assume this time

|
0<p<oo, 0<q< oo, n(,——1) <s<l, (3.3.21)
min {p, ¢} +
or
1
0<p<oo, ¢=2, n<——1) <s<1. (3.3.22)
P +

Proof. The claim about the operators (3.3.17)-(3.3.18) follows from Theorem 3.3.1
and the invariance —under these transformations— of the class of atoms for the
spaces at hand, up to a fixed multiplicative constant. Let us note that a similar
reasoning for (3.3.17) is employed in Theorem 6.5 of [127]. In fact, the same
approach is easily implemented in the case of (3.3.19).

In the case of (3.3.20) let ag be an arbitrary (s — 1, p)-atom, where s, p, ¢ are

as in (3.3.15). Thus,

s=1 1 :
supp (ag) € 3Q, |lag|lre@n < Q™ "7, and / ag(z)der =0 if [(Q) < 1.

(3.3.23)
Now, with zg denoting the center of the cube (), we split
aqV = ag, + a3y := V(zg)ag + [V — ¥(zg)]ag. (3.3.24)

It is then immediate that alQ is, up to an unimportant multiplicative constant, an

(s —1,p)-atom, and that [|a3, || Lo @y < C(¥) |Q|%_%, supp agy € 3Q. In particular,
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lad)|| o+ zny < C(¥) provided z% = which, by (3.3.15), guarantees that

1 s
p n

p* € (1,00). Now, for this choice of p*, we may write the sequence of embeddings
L7 (R") = FYA(R") — BI=(R") — B, (R") (3.3.25)

where the last one is elementary and non-sharp (cf. pp.30-31 in [112] for a discus-
sion). From this, the claim about the boundedness of (3.3.20) easily follows.

The case of the Triebel-Lizorkin scale corresponding to indices as in (3.3.21)
is handled in a similar manner. Hence, it remains to consider the situation when
qg=2and s =1. The case when ¢ =2, s =1 and 1 < p < oo is immediate from
the identifications F*(R") = LP(R") and FP?(R") = L*(R™). Finally, for the case
when 5 < p <1, we invoke (3.2.8).

Coing further, the boundedness of the map FP*(R*) 3 f — fo ® € FP*(R")
follows from (3.2.8), the atomic characterization of the space AJ(R"™) in Theo-
rem 3.2.2, and the observation that the type of atoms under consideration (i.e.,
functions satisfying (3.2.13)) is invariant —up to a fixed multiplicative constant —
under composition with bi-Lipschitz homeomorphisms of R”. Next, the bounded-
ness of the map FI*(R") 3 f +— (fo®)|Js| € FP*(R™) is a consequence of the fact
that F*(R") = h?(R™) for 5 <p < 1and (3.2.9)-(3.2.10). This takes care of
the analogue of (3.3.17)-(3.3.18) for the Triebel-Lizorkin scale when ¢ = 2, s = 1
and nLH <p<l.

At this stage, we are left proving the analogues of (3.3.19)-(3.3.20) for the
Triebel-Lizorkin scale when ¢ = 2, s = 1 and 7 < p < 1. These, however, are

proved in a fashion similar to their Besov counterparts, by working with the Hardy-

76



type spaces hi(R™), h?(R™), instead and by relying on their respective atomic

theories. O
We are now in a position to present the

Proof of Theorem 3.2.1. The inclusion h?(R") < FP?(R") is immediate from the
definitions (3.2.6)-(3.2.7), the identity h?(R") = FP*(R"), valid for 0 < p < 1,
and Theorem 3.2.4. In fact, the converse inclusion - at least if k£ € N- follows
in a similar manner. On the other hand, if u € F/*(R") with k < 0 then u, :=
(I — A)~Fu e F*(R") = h?(R") whenever |y| < k and u belongs to the linear

span of {9 u, : v € N7, |y| < k}. Thus, in either scenario, F*(R") — h?(R"). O
We continue with the

Proof of Theorem 3.2.2. We start by recalling the identification (3.2.8). Conse-

quently, by Theorem 3.3.2, it is enough to check that every function Ay, @ € Q,,

_n_

s <P < 1<p; <00, is also a fixed multiple of an

associated with s =1, ¢ = 2
LP-atom for hf(R™). To this end, note that supp Ag C 3Q for any Q € Q,,. Also,

so we claim,

1

IV Agllor ey < CllAgll gty < Cllrll v < CIQIFF, i 1Q] < 1, (3.3.26)

R™)

where the sequence r is associated with Ag as in (3.3.13). Indeed, the first inequal-
ity above follows from the identification F"*(R") = L (R"), the second one by
(inhomogeneous space version of) Theorem 4.1, p.60 in [49], and the last one by

the properties of Ag given in (3.3.13). Further, the inequality

IV Ag |l en < C with |Q] = 1, (3.3.27)
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directly follows from the definition (3.3.13) and conditions (3.3.10)-(3.3.11).
The estimates (3.3.26)-(3.3.27) prove the right-to-left inclusion in (3.2.14). As

for the opposite inclusion, we only need to observe that
f in the space in the right-hand side of (3.2.14) = Vf € h?(R"),  (3.3.28)

plus a natural norm estimate. This, in turn, can be check based on (3.2.10) and

working with individual atoms. This concludes the proof of Theorem 3.2.2.

3.4 Besov spaces on boundaries of Lipschitz do-
mains

There are several ways to define Besov spaces on the boundary of a Lipschitz
domain @ C R"™, denoted in the sequel by BP?(df2). One point of view is to
regard OS2 (equipped with the intrinsic surface measure and the Euclidean distance
inherited from R") as a space of homogeneous type in the sense of R. Coifman and
G. Weiss (cf. [25]). In this latter context, a theory of Besov (and Triebel-Lizorkin)
spaces has been developed in [60], [61], [63], see also references therein.

On the other hand, the scale of Besov spaces can be naturally transported from
R"! to the boundary of a Lipschitz domain  via pull-back and a partition of
unity. For us, this approach (which we shall adopt) has the advantage of allowing
one to carry over, in a fairly direct, straightforward fashion, a great many results
already proved in the Euclidean context. These include: duality and embedding
results, intrinsic descriptions, atomic and molecular decompositions, as well as

interpolation theorems.

78



Turning to specifics, whenever

1
0<p,q< oo, (n—l)(——l) <s<l1 (3.4.1)
D +

and € is the unbounded region in R" lying above the graph of a Lipschitz function
¢ : R - R, we define B»(91) as the space of locally integrable functions f for
which the assignment R"™! 3 z +— f(2/, p(2’)) belongs to BP9(R""1). Regarding
Besov spaces with a negative amount of smoothness, if €2 is the domain in R above

the graph of a Lipschitz function ¢ : R*™! — R, we agree that
f € B (09) <= [(,0())V1+|Ve()? € B (R™), (3.4.2)

whenever 0 < p,q < oo, (n—1)(1/p—1)y <s < 1.

These definitions then readily extend to the case of (bounded) Lipschitz do-
mains in R” via a standard partition of unity argument. The details are as follows.
Recall the concept of bounded Lipschitz domain given in §2.2, along with family of
cylinders {Z;}1<ij<m, the family of rigid motions {4, }1<i<,» and the Lipschitz func-
tions ;, i = 1,2, ...,m (which retain the original significance). Also, let {¥;}, be
a family of functions such that ¥; € C®°(R"), 0 < ¥; < 1, supp ¥; C ¢; *(Z;) and
>, U; = 1in a neighborhood of 9Q. Then for 0 < p,qg < oo, (n—1)(1/p—1)+ <
s < 1 we define the space B??(02) as the collection of all locally integrable func-

tions on 0f) such that
(W f) (W (-, 0i(-)) € BRUR™™),  for every i = 1,...,m, (3.4.3)

endowed with the norm

1/p
(Z” (Tf) @i (oD pa n- ) , (3.4.4)
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with the usual convention when p = oo. The space (3.4.3)-(3.4.4) is a quasi-Banach
space and different choices of the particular partition of unity used in the definition
lead to equivalent quasi-norms. The proof relies on the invariance of BP4(R"™1!)
(for the type of indices considered here) under Lipschitz diffeomorphisms and point-
wise multiplication by Lipschitz functions —cf. Theorem 3.3.3. In fact, it is this
particular result which is the source of the specific limitations on the indices p, ¢, s
enforced throughout this section. The case when p = ¢ = oo corresponds to the

usual (non-homogeneous) Holder spaces C*(0f2), defined by the requirement that

x’ —
cs09) = || fll~@a) + sup M < +00. (3.4.5)
zAy |$ - y|
z,y€0N)

/]

Retaining the notation introduced above we define BY% (0€2) as the collection

of all f € (Lip (99))" such that

(U)W ¢ sV + [ Vs ()2 € BP9 (R™1Y),  for every i = 1,...,m, (3.4.6)

which we equip with the quasi-norm

/]

m 1/p
2, 0m) = (Z () (5 oDV |w7<~>|2ug§@1(wl)> - (34)

The sense in which (3.4.6) should be interpreted is as follows. For each 1 <1i <m,
select ®; € C°(R™1), 0 < ®; < 1, which is identically one in a small, open
neighborhood O; of {2/ € R"™' : ¥ (z',p;(2")) € supp ¥;} and which vanishes
outside a slightly larger open set (5Z For each 1 < ¢ < m there exists F; €

BP9 (R™1) such that the “change of variables” formula

(f,0i€) = (E;, (2:) (7' (-, i) (3.4.8)
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holds for each ¢ € Lip(0f2) (the duality pairings above are those between (Lip(052))’
and Lip(992), and between BY? (R"™1) and (BY% (R"1))* « Lip, (R"™1) := {f €
Lip (R"!) : supp f compact}, respectively). Then we set (U, f)(; (-, i (:))) /1 + Vi (1)]2 1=
F; foreachi=1,....,m
Assume next that ¥ € C2°(R") is such that supp W NS is a relatively compact
subset of ¥~ [graph ¢] N 0L, where ¢ is an isometry of R” and ¢ : R*™! — R is a

Lipschitz function. We claim that
f € B4 (09) = (V)7 (VI +[Ve()? € BXL(R™),  (34.9)

where a similar convention as in (3.4.6) applies. Indeed, with the help of (3.4.8),
one can check that the expression in the right hand-side of (3.4.9) matches, in the
sense of distributions in R™1, " (0, f) (¢ MMA/1+ [Vei(-)]2. Since for
f € BP(09) this belongs to BP% (R"!), the claim follows. In particular, it
follows from (3.4.9) that for 0 < p,q < oo, (n — 1)(]—J — 1)y <s <1, BM(09) is
a quasi-Banach space, with different partitions of unity and Lipschitz graphs used
in the definition yielding equivalent quasi-norms.

It is then natural to expect the following characterization of the diagonal Besov

scale on the boundary of a Lipschitz domain.

Proposition 3.4.1. For (n—1)/n<p<oo and (n—1)(1/p—1) <s <1,

|p 1/p
I ageiomy ~ W lawiom + ([ =L o)™ o)

Proof. This follows directly from definitions and (3.2.27). O

We next record the version of Theorem 3.2.5 for the spaces we are currently

considering.
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Proposition 3.4.2. Let Q) be a bounded Lipschitz domain and assume that (n —
)/n<po<p <+oo, (n—1)/n<qg <q <+oo (n—1)(1/pi— 1)1 <s; <1,

1=20,1. Then, if so — pﬂo =81 — pﬂl, the inclusions

Bow(90) — BIO(90),  BUS(90) — BUG(09), (3.4.11)

so—1 s1—1
are continuous with dense range.

Proof. This is a direct consequences of Theorem 3.2.5 and definitions. O

To state our next result, recall the definition of the conjugate exponent p’ of a

number 0 < p < cc.

Proposition 3.4.3. For 0 < p,q < oo and (n — 1)(% -1, <s<1,

(Br@Q) = BY L (00),  (BPUOR) = BYY

I-s+(n—=1)(; -1+ s+(n—1)(1 -

1) (69),

(3.4.12)

where the pairing between f in a Besov space and g in its dual is a natural extension

of the bilinear form f,g— [, fgdo.

Proof. Let {O;}icr be a finite open cover of 9 with sets which are pieces of graphs
of Lipschitz functions (appropriately translated and rotated). Also, select ¥, €
C°(R™) such that ), W, = 1 near 092 and such that 9Q Nsupp ¥; C O; for each
1€ 1.

If f e BT, 02), then (3.4.8) plus the fact that B! 7

=121,

(BP (R"1))* guarantee that U, f € (B2 (9Q))* for each 7 € I. This observation

13-,

. nr'd
allows us to define the operator A : /13’17%(”71)(%71)+
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ting A(f) := >_,c; Vif. This definition is independent of the partition of unity
chosen at the beginning of the proof.

An inverse for this operator is constructed as follows. By once again chang-
ing variables and relying on the well-known Euclidean counterpart of (3.4.12), we

eventually arrive at the conclusion that A|p, € Bf/_"i;(n_l) g _1)+7IOC(8Q) for each

i € I, whenever A € (BY9(0Q))*. Accordingly, we define B : (BY%(0Q))* —

Bf4i+(n71)(%71)+(ag) by setting B(A) := 3., Vi(Alp,). Once again, the definition

is independent of the particular open cover and partition of unity involved. It is
then routine to check that Ao B =1, Bo A = I which proves the first identity in

(3.4.12).
The second identity in (3.4.12) is proved in a similar manner. More specifically,

assume that f € Bi’/;‘i( Ly, (092). Then formula (3.4.8) written as

n—1)(5
(9. Wif) = ((ig) (' (-, 0i()), (Rif) (W (i (D))V I+ [Vegi()2), (3.4.13)
and duality relation (BP4(R"1))* = BP*? +(]R”_l) assure that U, f €

—s+(n—1)(%—1)

(B29(0R2))*, i € I, and hence A defined by A(f) :=>_,.; ¥;f is bounded operator

from Bﬁi(n_l)(%_l)+(89) to (BP(0$2))*.

Conversely, if A € (BP?7(092))* then by (3.4.13) and standard duality results in

R™! we can show that Ao, € Bﬁ/;i(nfl)(lfl)_F 10c(09) in the sense of restrictions
P k)

of distributions. Then B : (B??(0Q))* — B’_’/i 0R)), with B defined as

(-1

above. As in the previous case, the observation that AoB =1 and Bo A =1

finishes the proof. O

Proposition 3.4.4. Let 2 be a bounded Lipschitz domain in R™. Also, assume
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that 0 < p,q,qo,q1 < o0 and that one of the following two conditions is satisfied:

(1) (n—1)(1/p—1)4 < ag # oy < 1;

(2) =14+ n—-1)1/p—1)y < ap# a1 <O0.

Then, with 0 < 0 <1, a = (1 — 0)ag + O,

(BE"(042), B (092))0,4 = BE1(09).

(3.4.14)

Furthermore, if 0 < p;,q; < 00, ag # a1, and either one of the following two

conditions
(1) (n—1)(1/pi—1)y <a; <1,i=0,1;
(2) =1+ (n—-1)(1/pi—1)y <a; <0,i=0,1,

18 satisfied then

[BE(092), By (0)]s = By (992),

wh6T60<9<1,0422(1—9)&0—1—9011,%::1—_004—% and%:zl;e%—i.

(3.4.15)

Proof. For any triplet of indices s, p, ¢ such that 0 < p,q < oo and (n — 1)(1/p —

1)+ < s < 1, our definitions of the Besov spaces ensure that the linear operators

Ey : BPU0Q) — Di<icm BYI(R™),
(Bt f)i= (W)@ (i) on R 1< <,
and
E_: BY%(09) — @1<icm BYS (R,

(E- i = ()7 (pil))VI+ V()P on R 1 <i <,

(3.4.16)

(3.4.17)

are well-defined and bounded. These operators have left-inverses described as fol-

lows. Let ®; € C°(R"), supp ®; C ¥~'(t;Z;), ®; = 1 in a neighborhood of supp ¥;.
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Also, denote by 7'(z/, x,) := x’ the Cartesian projection on the first n — 1 coordi-
nates in R". If we now set

Ry : P1<icm BPI(R") — BP1(00Q)

(3.4.18)
R+((9)1gz‘§m) = 2;11 ®;(-) gi(m" 0 1byi(+)) on 09,

and

R_: ®1<icn BYL (R™) — BP9, (0Q)

-1

R_((9isiem) = X1 @) (w0 3() |VI+ Ve o BiO)P| - om 92
(3.4.19)

a straightforward calculation shows that

R, o Ey =1, the identity operator on BP(0f)), and
(3.4.20)
R_oE_ =1, the identity operator on B (99).
In turn, these identities, in conjunction with Lemma 13.3 and Theorems 3.2.9-

3.2.10, readily yield interpolation identities claimed in the statement of the propo-

sition. 0

We next discuss atomic and molecular decompositions of the diagonal Besov
scale on 0. Call S = S, = S.(z) a surface ball provided z € 9 and 0 <
r < diam () and S, = B(z,r) N 0Q. Also, for K > 0 and S, (z) surface ball we
write kS := B(x,kr) N 0. Recall the tangential gradient Vy,, defined in §2.2.
A function ag € Lip (02) is called an atom for BPP(0Q2), (n — 1)/n < p < oo,

(n—l)(%—l)Jr <s<1,if
(1) 35 = S,, surface ball, such that supp(ag) C S, (3.4.21)

(2) [|Vianas|| L= (a0) < P (3.4.22)
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It is useful to observe that, by the Fundamental Theorem of Calculus, (1) & (2)

above also entail

n—1

llas||ze@oy < Cr°~ v (3.4.23)
where C' depends exclusively on the Lipschitz character of 2.

Proposition 3.4.5. Assume that Q@ C R"™ is a bounded Lipschitz domain and fix
(n—1)/n<p<1and(n-— 1)(% — 1) < s < 1. Then there exists a finite constant
C = C(09,s,p,n) > 0 with the property that for any countable family {as}s of

BPP(99) atoms and any numerical sequence {\s}s € (P,

Asas| < Cll{As}s]lor 3.4.24
stj 5|| oy < Ol sl (3.4.24)

Proof. Assume that each ag is a BP?(02) atom and that {A\s}s € ¢*. In view of

the fact that

IS5
S

< Z A5l llas| By o (3.4.25)

BPP

it suffices to check that all Besov atoms as in (3.4.21)-(3.4.22) belong to some large,
fixed ball in BPP(012). In turn, by Proposition 3.4.1, this comes down to verifying

that, if ag € Lip (02) is as in (3.4.21)-(3.4.22), then

a —a p
las]|zr o0y < C, /M2 /m| |ic— s do,do, < C, (3.4.26)

y|n 1+sp

for some finite C' = C'(02) > 0. Now, the first estimate in (3.4.26) is an immedi-
ate consequence of (3.4.23), while the second one is handled by decomposing the

domain of integration giving rise to terms of the form I := [¢ [, IT := faa\s s
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plus the other permutation. It is then easy to see that with given restrictions on

indices
_ p
7 - / |as(x) cisl(f/)! dorvdo,
sJs |z —y[nitep

1
OV s oy /S /S e oo, < C. (3.4.27)

IN

using (3.4.22) and

_as(@)P
11 = / / do,do
oo\s Js [T — |” HSP Y
1
< Cllag|¥~ // ——doy,do, < C, 3.4.28
H HL (092) s Joons |£L’ . ylnfprsp Y ( )

using (3.4.23). O

Proposition 3.4.6. Let Q C R" be a bounded Lipschitz domain and fix (n—1)/n <

p§1and(n—1)(%—1)<s<1. Then

. /p
) Nmf{(¥|/\s|p> :

f= Z)\gag, ag are BUP(0S)) atoms, {\s}s € fp}, (3.4.29)
s

uniformly for f € BPP(0R).

In (3.4.29), the infimum is taken over all possible representations of f as
> s Asag, for countable families of surface balls, and the series is assumed to con-

verge absolutely in L _(99).

Proof of Proposition 3.4.6. Fix f € BPP(02) and retain the notation introduced
in conjunction with (3.4.3), (3.4.4). Then (3.4.3) holds and our intention is to

invoke Theorem 3.3.1 (with p = ¢ and n replaced by n — 1) for each function
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(W) (7 (-, 0i(+))) € BP9(R™1). Note that, in this scenario, we can pick K =
1 and L = —1. Consequently, for each 1 < ¢ < m, there exist a sequence of
coefficients { Ay }gea,_1u(@)<1 and a sequence of smooth functions {af, }geo, 1 uq@)<1

such that

supp (ag) € 3Q, 107 agy || Lo @n-1y < |Q*/(=D=/p=hl/(n=1) 15 < 1 (3.4.30)

and for which
(W)W (i) = Yacon, Apaiy,

1= A\ (3.4.31)
101 0 o u()zsy ~ (z |A@Q|p)

(Q)<1

As before, for each 1 < i < m, select ®; € C®(R"1), 0 < &; < 1, which is

identically one in a small, open neighborhood O; of {z' € R : ¢, (2, i(2')) €
supp ¥, } and which vanishes outside a slightly larger open set (’31

Recall that by 7’ : (2/,x,) — a’ we denote the Cartesian projection onto the

first n — 1 coordinates in R"”. Given @ € Q,,_; with I(Q) < 1 we let S C 0 be

the smallest surface ball such that
supp ®; N 3Q C 7'(¢4(9)) (3.4.32)

and observe that the radius of S is at most a (fixed) multiple of [(Q). Now, for a

fixed scalar k > 0, set

(07 (@, (@) = (@) (@), (3.4.33)

first when 2/ € supp ®;, then extend a% by zero outside its support to the entire

boundary d9. Note that there exists C' = C(99) such that |(Vianak) (; (2, @i(2')))] <

C/@|V(a22®i> (z')] < Ckl||[Vagll~ + |lagllr~]. Granted that I(Q) < 1, it follows
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that kK = k(0N2) can be picked so that the function just defined is a B??(0€2) atom.

Furthermore, the choice g := £7'\{, yields

Uif =Y Neas,  |Wifllsreoon) = [{Ns}slle, (3.4.34)
S

for each i € {1,...,m}. Hence, ultimately,

m

F=) > Xas, Il
i=1

S

Bro(on) & [{\s}siller- (3.4.35)

This proves the left-to-right inequality in (3.4.29). The opposite direction, i.e. the
right-to-left inequality in (3.4.29), follows from Proposition 3.4.5 and this finishes

the proof of the proposition. O

Next, we discuss an atomic decomposition result for the space BY?,(0€2) when

(n—1)/n <p<ooand (n— 1)(% —1); < s < 1. First, we make a definition. For

a given, fixed parameter n = n(92) > 0, call ag € L*>°(0N) an atom for B (09)

if
(1) 35 = S,, surface ball, such that supp (ag) C S, (3.4.36)
(2) llasllz=qay < 777, (3.4.37)
(3) /ag as(z)do, =0 when r < n. (3.4.38)

Much as in the case of atoms satisfying (3.4.21)-(3.4.22), we have:

Proposition 3.4.7. Let ) C R™ be a bounded Lipschitz domain and assume that
(n—1)/n<p<1and(n— 1)(% — 1) < s < 1. Then there exists a finite constant

C = C(09,s,p,n) > 0 with the property that for any countable family {as}s of

BPP(0R2) atoms and any numerical sequence {\s}s € (P,

[

< CIH{A . 3.4.39
B o0 = [{As}slle ( )
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Proof. Consider a series ) ¢ Agag where the ag’s are BY”,(0€2) atoms and {A\g}s €
¢?. Much as in the case of (3.4.25), it suffices to observe that if ag € L>(99) is as

in (3.4.36)-(3.4.38) then
las |l grr 90y < C = C(0Q) < +oo. (3.4.40)

To this end, there is no loss of generality in assuming that 7 in (3.4.38) is small
enough so that any surface ball S, with r» < 7 is entirely contained in a coordinate
chart of the atlas {O;}; introduced in §2.2 and so that pull-back of any function
supported in S,, r < n, from 9 to R"~! has support contained in 3Q for some
cube @ € Q,,, [(Q) < 1. In this scenario, it is easy to see that the pull-pack of any
Besov atom on 9 to R"~! becomes a fixed multiple of Euclidean Besov atom, i.e.
satisfies (3.3.1)-(3.3.3) with K = L = 0. However, the Euclidean counterpart of
the estimate (3.4.40) is a consequence of Theorem 3.3.1.

If we work with an atom ag supported in S,, r > n, consider the following
procedure. We take some N € (2r/n,4r/n) NN and collection of disjoint sets
{A; 3N, C 09 such that UY A; = S, and for every i = 1,..., N the set A; is
contained in the support ball of radius r; = 2r/N, so that r; € (n/2,n). Then

N
as = Zi:1 asXA; and

S—l—n_l s—1— n—1

s—1-n=1 n—1
1) < llaslle@a) <7°7 P = (N/2) e, P, (3.4.41)

HaSXAi
i s—1—n=L
hence for aly := (2/N) P asXA;

supp (a) C Sy, 7i € (n/2,7), (3.4.42)

s—1—n=1

laglle@e) <7 7. (3.4.43)
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Now the pull-back of function a%, denoted by ak, satisfies

supp (ay) C 3Q’, Q €9, r<lQ)<1, (3.4.44)
s—1-—n=1

@[ oo n1y < UQ) ™7, (3.4.45)

for some constant £ = £(9€) independent of ak. Therefore, there exists some cube

Q € Q, with [(Q)) = 1 such that
supp (as) € 3Q, Q€ Q,, Q) =1, (3.4.46)
1@% | oo rn-1) < C, (3.4.47)

with C' depending on 99 only. By Theorem 3.3.1 the functions ak, i = 1,..., N,

are uniformly bounded in B?* (R"~!)-norms as Euclidean Besov atoms. Then

N
lasl%s, o0y < C S (N/2) PP D@k By sy < ONPP2 < €, (3.4.48)

BYP (Rr-1
=1

since sp—p—mn+2 < 0 under current assumptions on indices, and (3.4.40) follows.

O

Proposition 3.4.8. For any bounded Lipschitz domain 2 C R™ there exists n =
n(0Q) > 0 such that the following is true. If (n—1)/n <p <1 and (n— 1)(%—1) <

s <1 then

. 1/p
1152, oy ~ i { (3 Asl?)
S
f= Z Asag, ag are BYP (0Q) atoms, {\s}s € Ep}, (3.4.49)
S

uniformly for f € BY" (09).
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Proof. The reasoning parallels to some extent that in the proof of Proposition 3.4.6
so we shall only stress the novel aspects. We also retain the same notation (mostly
pertaining to the geometric aspects of the proof) as before. Given f € BY* (0Q),
we once again invoke Theorem 3.3.1 (with p = ¢, s replaced by s—1 and n replaced
by n — 1) for each function (U, f)(1; (-, wi(-)))/1 + [Vi(-) |2 € BP4(R"1). Note
that, this time, we may choose K = 0 and L = 0. Hence, for each 1 < i < m,
there exist a sequence of coefficients {AiQ}QEanlJ(Q)Sl and a sequence of smooth
functions {af}geo,_,1(@)<1 such that

1

(i) supp (ag) € 3Q,  (if) [la|le@n1y < Q™

(4ii) if |Q] < 1, / ag(x') dz’ =0, (3.4.50)

Rn—1

and for which

(Wi f)(¥ W1+ Vo)) = ZQEQn ! /\QaQa

1w e )

o ) A (2 g

I(Q)<L1

As before, given @ € Q,,_y with [(Q) < 1, we take S C 09 to be the smallest
surface ball such that supp ®; N 3Q C 7'(¢;(S)) and observe that the radius of S
is at most a (fixed) multiple of [(Q).

The main difficulty in further implementing the rest of the proof of Propo-
sition 3.4.6 is that, because of the vanishing moment appearing in (3.4.50), the
concept of atom we are currently working with is no longer stable under (smooth)
truncations. Thus, the definition (3.4.33) requires further adjustments. Specifi-

cally, for each Euclidean atom ag —and with zg denoting the center of the cube
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() — we introduce

| ag (z')
B (@ () = )
) [ ] @) (3.4.52)

b (1 (2!, i

\/1+|sz( DI

first when 2’ € supp ®;, then extend a% and b by zero to the remainder of 9<.

The following properties are apparent:

Uif =) Ap(as+bs), 1<i<m, (3.4.53)
S

@]l ooy < Cr7 5 Byl o0y < O (3.4.54)

Ik = k(082) > 0 such that suppay, supp by C kS, (3.4.55)

=n(09) > 0 such that I(Q) < n = ., s do = 0. (3.4.56)

It follows that the a%’s are (up to a fixed, multiplicative factor) atoms for B2, (99),

whereas the b%’s satisfy

i -1 n-1
105 Loty < Croa - r* 7 =C, (3.4.57)

1
p n—

provided é = , which we shall assume. Consequently, if for each 1 <7 <m

we set g := ¢ b then

19" | s(o0) < Z Nolllbs | Loy < ClI{AGHIe < ClI{AG I < 1111572, 00,

(3.4.58)

where the last inequality follows from (3.4.51). Set g := Y, ¢". Based on the

analysis carried out up to this stage we may conclude that f can be decomposed
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in the form f = g+ ) ¢ Agag where ag are Besov atoms and

1/p
lgllzaony + (3- Asl”) ™ < CllFlngs,om- (3.4.59)
S

There remains to decompose g further. Let a, € R stand for the integral average

1—
n—

of g on 09 and consider pio = i—i— * 50 that =1 < p, < 1 and p, < p. Theorem A
on p.592 of [25] (and its proof starting on pp.626 loc. cit.) then guarantees that
g — ag can be represented in the form ),y c;, where {y;}; € (P — (7 and
the ¢;’s are BY,(0€Q) atoms, with a natural accompanying estimate. As for the
remaining piece, the constant function ag, this can be viewed as a Besov atom
with “large” support (for which no cancellation is required) and which satisfies
agllLo=@0) < C(0Q)||g||Lae). All in all, this justifies the left-to-right inequality
in (3.4.49).

Finally, the opposite inequality follows directly from Proposition 3.4.7. O

Remark. The above atomic decomposition results can, in particular, be used to
show that the space defined in (3.4.6)-(3.4.7) does not depend (up to an equivalence

of quasi-norms) on the choice of partition of unity.

In [49], [47], the authors also develop a molecular theory for Euclidean Besov
spaces. Here we want to record a related result with the Euclidean space replaced
by the boundary of a Lipschitz domain which is going to play an important role
later on. To set the stage, fix 2 C R™ bounded Lipschitz domain and assume that
=lop<l, (n— 1)(% —1) < s < 1. Call mg € L>®(09Q) a BY" (02) molecule if

there exist M > ”le and a surface ball S centered at xg € 02 and having radius
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r € (0,diam ) such that

n—1

(1) |mg(z)| <7 F 14+ r 7Yz —ag)) ™M forz e 0Q, (3.4.60)

(2) mg(xz)do, =0 if r<n. (3.4.61)
o0N

Proposition 3.4.9. Let (n —1)/n < p <1 and (n — 1)(% —1) < s < 1. Then,

given an arbitrary bounded Lipschitz domain Q@ C R™, there exists n = n(02) > 0

such that

/]

. 1/p
Bre (9e) A inf { <Z |/\S|p> :
s
f= Z/\Sms, mg’s are BYP (092) molecules, {\s}s € 6”}, (3.4.62)
s

uniformly for f € BYP (09Q).
Conversely, there exists C = C(9S2, s,p, M,n) > 0 such that for any countable

family {mgs}s of BY?,(09Q) molecules and any numerical sequence {\s}s € 7,

IS

Proof. The left-to-right inequality in (3.4.62) is simple consequence of Proposi-

: < Cl{As}sller (3.4.63)

BPP (69

tion 3.4.8. In the opposite direction, it suffices to prove (3.4.63), a task to which
we now turn. As before, it is enough to show that there exists a finite constant

C =C(09,s,p,n, M) > 0 such that
ms molecule for BY*, (0Q) == ||ms| gre (90) < C. (3.4.64)

To this end, fix mg satisfying (3.4.60)-(3.4.61). If n < r < diam(2, then
ms|lLe@o) < C = C(09), from which (3.4.64) follows from Proposition 3.4.7

as mg is a fixed multiple of a Besov atom with large support (hence, without
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a vanishing moment condition). Therefore, it remains to analyze the case when
r < n, where we adapt an argument used in [25] for Hardy spaces. First, split 02
in dyadic annuli Ay := S,, A; := 2¢S,.\ 20715, i = 1,2, ..., and denote by y; the

characteristic function of A;. Next, introduce

1
m; := mgX; — ( / mg da)xi, i=0,1,.., (3.4.65)
o i A;
so that
m; do = 0, supp m; € Sayiy. (3.4.66)
o0
Also, since |x — xg| < C2%r for x € A;, 1= 0,1, ..., it follows that
ma(z)] < Crs™' = 2iEM sl = o(2ip)sT I QIEMEED e 90 (3.4.67)
In particular,
9! M= 0, s a (fixed multiple of a) BY* (0Q) atom. (3.4.68)

Going further, for ¢ = 1,2, ..., introduce

_ Xi Xi—1
X U(AJ U(Aifl) ( )

and observe that

/89 Xido =0, suppXi C Soirs [Xillwoe) < C2)™"7Y. (3.4.70)
Thus,

(zir)s—l—(n—l)(%—l)xi is a (fixed multiple of a) B??,(99Q) atom. (3.4.71)
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On the other hand,

Jo Z?ig fAi mgdo = [j| < szj rs_l_%Qi(_M+s_l)(2iT)n_l

3.4.72
< Crs—l—(n—l)(%—1)2j(—M+s—1+n—1)’ ( )
while summing by parts yields
[o¢] 1 (o]
Z(m/A ms dU) Z (A — )\]H Z)\]HXJH. (3.4.73)
i=0 ¢ i §=0
We now observe that
mg = Z m; + Z )\j+1)€j+1 (3474)
i=0 5=0
and that, by (3.4.72) and the fact that M > ”le,
> ; n— > . 1 p
SR 4 Y [al@ ) G <O < oo (3475)
i=0 §=0

for some constant C' = C(0€, s, p, M) > 0 independent of r. This concludes the

proof of the Proposition 3.4.9. O

3.5 Triebel-Lizorkin spaces on boundaries of Lip-
schitz domains

Similar considerations as in the previous section apply to case of Triebel-Lizorkin
spaces on the boundary of a bounded Lipschitz domain 2 C R"™, denoted in the
sequel by FP4(0Q). Compared with the Besov scale, the most important novel
aspect here is the possibility of allowing the endpoint case s = 1 as part of the
general discussion if ¢ = 2. To discuss this in more detail, retain the same notation

as in the first part of §3.4 and assume that either

1

0<p<oo, O<q§OO, (n—l)(m

- 1) <s<1, (3.5.1)
+
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or

n—1

<p<oo, ¢q=2, s=1L1 (3.5.2)

In this scenario, the Triebel-Lizorkin scale in R"~! is invariant under pointwise mul-
tiplication by Lipschitz maps as well as composition by Lipschitz diffeomorphisms,
in the precise sense described in Theorem 3.3.3.

We may therefore define the space FP(0%2) as the collection of all locally inte-

grable functions on 02 such that
(U)W, 04(4))) € FPYR™ 1Y), for every i = 1,...,m, (3.5.3)

endowed with the norm

1/p
Fragan) (an <>>>||quRn1) - (3.5.4)

Also, F?%(09) is defined as the collection of all functionals f € (Lip (92))" such

that

(U)W GOV + [V ()2 € FP9(R™1Y),  for every i = 1,...,m, (3.5.5)

and we equip with space the quasi-norm

1/p
[ £l 7w o0 (Z (T ) (W (i) V1 + |V90i(')|2||€781’;‘11(]gn—1)> - (3.5.6)

As in the case of Besov spaces, the Triebel-Lizorkin spaces just introduced are
quasi-Banach with different partitions of unity yielding equivalent quasi-norms.
Also, as before, certain results from the Euclidean setting carry over to spaces
defined on 0f) in a rather direct fashion. Below we list embedding, duality, and

interpolation results which are useful for us later on.
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Proposition 3.5.1. Let Q be a bounded Lipschitz domain in R™ and assume that
two triplets (po, qo, So0), (P1,q1,51) Simultaneously satisfy either (3.5.1) or (3.5.2).

Then the inclusions

FPod (9Q) < FPL0(0), FPoD(9Q) — FPH(09), (3.5.7)

so—1 s1—1

are continuous with dense range, assuming in addition that either sg — pﬂo =51 — pﬂl

and py < p1 or so = s1, po = p1 and gy < q1.
Proposition 3.5.2. For p,q, s satisfying either (3.5.1) with ¢ < oo or (3.5.2),
(FPo(oQ)" = FI209),  if p>1,

D,q * 00,00 -
(EP9(00)" = B*5+(n71)(%71)(89)’ if p<l1, (3.5.8)

and
(FP9(0Q)" = FIP7(09Q),  if p>1,

(F5(09)" = B2

1_84_(”_1)(%_1) (aQ)v Zf p< L. (359)

In each case, the corresponding duality pairing is a natural extension of the distri-

butional pairing on Of).

Proposition 3.5.3. Let Q) be an arbitrary, bounded Lipschitz domain in R™ and
assume that each of the two triplets (po, qo, So0), (P1,q1, 51) satisfies either (3.5.1) or

(3.5.2). Then

[FL(09), FEH1(09Q)] = F21(09),  [F7(09Q), Fi5 (0] = F3™,(09),

so—1 s1—1

(3.5.10)
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0, 8 0, 0
where 0 < 0 <1, s =(1—0)sy+ 0sy, %:1’7)4_1)_1 and%:1—+—,
Furthermore, assume that each of the two triplets, (p,qo, So) and (p, q1, $1), sal-

isfies either (3.5.1) or (3.5.2). Then, if so # s1, s = (1 —0)so+0s1, 0 <0 <1,

(FP©(0Q), FD1(09Q))gq = BY1(0Q), (F2*(09Q), Fo" (09))e,q = B (09).

50—1 81—1

(3.5.11)

In addition, much as in the Euclidean setting, there is a natural identification
between the Triebel-Lizorkin scales defined on the boundary of a bounded, Lipschitz
domain €2 and various Hardy and Sobolev spaces defined on 0f2 by viewing the
boundary as a space of homogenous type (in the sense of [25]). In order to explain
how this can be done, we need to digress momentarily and study Hardy-type spaces
on 0f.

We start by recalling some definitions. Given a bounded Lipschitz domain
Q C R", assume that =1 < p <1 < p; < 400 and fix n = n(6Q) > 0 sufficiently
small. Then, for a surface ball S = S, C 99, we call ag € L*(09Q) a (p, p1)-atom
if

supp (as) € S, |las| rr(o0) < T(nfl)(%fi), and (3.5.12)
/ agdo =0if r <n.
o9

We then set

hP(092) = {f = Z)\Sag c{As}s €, asisa (p,p1) — atom}. (3.5.13)
S
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and equip it with the quasi-norm

|l o0) = inf{ (Z |)\S|p>1/p :
S

f= Z)\Sag, ag is a (p,p1) — atom, {Ag}s € Ep}. (3.5.14)
S

One can check that this is a “local” quasi-Banach space, in the sense that
hP(09) is a module over B> (0€2) = C*(00) for any o > (n—1) <%—1>. (3.5.15)

See, e.g., [98] for a proof. Also, as is well-known (cf. [25]), different choices of the

parameter p; lead to equivalent quasi-norms and

* 00,00 n—1 1
(h(09) = B>~ | (99) = c" V6 00). (3.5.16)
p

It is also going to be useful to note that, for ”T’l <p<l1,
L(0Q) — hP(09), Vg>1. (3.5.17)

Indeed, if f € L9(0N2), ¢ > 1, and if a;y € R stands for the integral average of f on
09, then (the proof of) Theorem A in [25] shows that f — a; can be written as
Zj Aja; where {\;}; € (7 and the a;’s are (p, p;)-atoms, plus a naturally accompa-
nying estimate. As regards the remaining piece, i.e., the constant function ay, this
can be viewed as a Hardy atom with “large” support (for which no cancellation
is necessary) and which satisfies ||af|| o190y < C(0€, p1, )| f|lLaaq). This finishes
the proof of (3.5.17).

A similar construction can be carried out one level of smoothness up, leading
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to the following definition:

hy (092) := {f = Z)\gag : {As}s € P, ag is a regular (p,pl)—atom}, (3.5.18)
S

£ lln2a0) = inf{ (Z |)\S|p>1/p :
S

= Z Asas, {As}s € 7, ag regular (p,p1)-at0m},
S

where, for =1 < p <1 < p; < +00, a function ag € Lip (09) is called a regular

(p, p1)-atom if there exists a surface ball S = S, such that
cs < -0 (E-3) .
supp as = o, HvtanaSHLl’l Q) =T 1 . (35 9)

Note that whenever ag is as in (3.5.19) then, by Poincaré’s inequality, we also have

L—l)-&-l.

|asl|Le: o) < r(”_l)(m v (3.5.20)

We are now in a position to state and prove the following.

Proposition 3.5.4. Let 2 C R™ be a bounded Lipschitz domain. Then
hP(0Q) if =1 < p <1,
FP2(0Q) = (3.5.21)
LP(OQ) if 1 < p < o0,

and
Ri(09) if B <p <1,
FP2(0Q) = (3.5.22)
LR (0R) if 1 < p < 0.
Proof. That (3.5.21) and (3.5.22) hold when 1 < p < oo is a relatively straightfor-
ward consequence of the fact that, in this case, Fi”*(R"1) = LP(R"" 1), FP*(R"1) =
LP(R™1), and the definitions (3.5.3)-(3.5.6).

Let us turn our attention to the case =1 < p < 1 of (3.5.21). Pick f € FP2(09)

and proceed along the same lines as in the proof of Proposition 3.4.8. With the
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aid of the identification F*(R"™') = RP(R""!) and the atomic decomposition
result of the latter space, described in (3.2.10)-(3.2.11), we are able to write f =

g+ > g Asag, where the ag’s are (p, p1)-atoms and

1/p
lgllzaony + (3 sl?) ™ < CllAllppaany, (3.5.23)
S

provided gq is selected such that % == — ﬁ Note that this choice entails 1 < g <

1
p
21 so that g € h?(9€2) by (3.5.17). All in all, this proves that EP?(09Q) — hP(082).

To prove the opposite inclusion, recall the parameter 1 from (3.5.12) and pick
a finite atlas {O;}; for 9Q and 0 < 7, < 7 small enough so that any surface
ball S, has the property that 25, is entirely contained in some coordinate patch
O; whenever r < 1,. Then if ag, S = S, surface ball, is a (p,p;)-atom (i.e.,
it satisfies (3.5.12)), we distinguish two cases. First, if r > n,, it follows that
las| e oa) < C(092,1,) and since LPH(9Q) = FYY*(9Q) — FP*(09Q), it follows
that [las||zr2 g0, < C(O2,p,p1,m).

In fact we claim that the same estimate is valid in the second case, i.e., when
r < no. The idea is that when pull-backed to R"~! in the usual fashion, ag becomes
an atom with vanishing moment for h?(R"~) = FP*(R"!) so that (3.3.8) applies.
Thus, altogether, h?(9Q) — F*(9Q), proving that FP?(9Q) = h?(09).

There remains to show that FP?(9Q) = h?(9) for =l < p < 1, a task we
tackle next. In one direction, we proceed as in the proof of Proposition 3.4.6
with natural alterations (most importantly, the atomic decomposition described
in (3.2.14)-(3.2.15) and the identification (3.2.8) are used here), and obtain the
inclusion F7} ’2(89) — hY(09). Finally, the opposite inclusion is justified in a very
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similar fashion. This completes the proof of the Proposition 3.5.4. O

Remark. Proposition 3.5.4 shows that the particular parameter p; (with the prop-
erty that 1 < p; < +00) used in the definition of the atoms for the space hf(9)
is largely irrelevant (in the sense that a different choice leads to the same space
(3.5.18)). In [11], the choice p; = 2 was made, while in [31] the authors picked

p1 = +00 when p = 1.

To state our next result, recall the tangential derivative operators 0., from

§2.2.

Proposition 3.5.5. For ”T’l <p<l1,

P _ 11 .
MOR) = {f e B, 09
O f € hP(0RY) for every j,k =1,...,n} (3.5.24)
and
| f1lne00) ~ ||f||3171< " )(69) + Z 105, f llre (892), (3.5.25)
1—(n—1 571 j,k

uniformly for f € hi(09).

Proof. Let ag be a regular (p, p;)-atom, so that (3.5.19) and (3.5.20) are satisfied.
P _ D,2 1,1 <
Then ag € A} (0Q) = F"°(00Q) — Bli(nil)(%il)(aﬁ) so that ||aS||BiJ(n1)(;1)(ag) <

C, for some finite C' > 0 independent of the particular atom. Since, after an inte-

gration by parts,

/ Or;pas do =0, jk=1,2,...n, (3.5.26)
o0
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we see that 0., as is a (p,p1)-atom for each j,k = 1,2,...,n. In particular, the

estimate >, ||0;

10s|lmraa) < C holds for a finite constant independent of ag.

This proves the left-to-right inclusion in (3.5.24).

To prove the right-to-left inclusion in (3.5.24), we first observe that by classical
embedding results, Bif(nil)(%A)(@Q) — L2(0N) for some g > 1. Let now f be
an arbitrary function belonging to the space in the right-hand side of (3.5.24) and
pick ¥ € Lip (0€2). We claim that ¢ f belongs to the space in the right-hand side of

(3.5.24) as well. Indeed, by Theorem 3.3.3, ¥ f € Bll’_l(n_ Q) and, for each

b3
1 < j,k < n, Leibnitz’s product rule gives 0., (¥ f) = ¥0y,, f + fO-, ¢ = 1 + II.
Note that I € hP(9€2), by (3.5.15), since d,, f € h?(0Q) and v is Lipschitz. Also,
by the above discussion, I1 € L(9Q) for some ¢ > 1 since J,,1 € L>(012). Thus,
further, 11 € h?(092) by (3.5.17).

This reasoning shows that there is no loss of generality in assuming that f has
small support, say contained in some coordinate patch belonging to some atlas of
0. Assuming that this is the case, we can pull f back to R"~! giving rise to a com-
pactly supported function f € Bll’_l(n_l)(%_1>(Rn—1) — LI(R"Y) — pp(R"L) =
FP*(R™1) and such that Vf € h?(R*1) = F*(R™1). Invoking the lifting theo-
rem (3.2.35) gives that f € FP*(R"') which, ultimately, proves that f € h?(9Q),

as desired. O

Remark. Inspection of the proof shows that the same result remains valid with the

Besov space Bll_1 (0€2) replaced by the Lebesgue space L(0f2) for any ¢

(-1(3-1)
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such that

1 1

1
< =
p n—17"¢

<1 (3.5.27)

Assume that @ C R" is a Lipschitz domain and that ”T’l < p < 1. Fix
l<pi<ocandb>1/p—1/p; and set § := (1/p—1/p1)/b € (0,1). A measurable
function m : 92 — R is called a (p;, b)-molecule for h?(0N) if either
(I): there exists z, € OS2 such that the following two conditions are satisfied

(1-6)/p1 6/p1
([ tmypao) " / o — 2] M) do) <1, (35.28)
o0 o0

/ m(z)do, =0, (3.5.29)
o0
or (II):

Il 1 oy < 1 (3.5.30)

Proposition 3.5.6. For any Lipschitz domain Q@ C R", (n —1)/n < p <1 and
1l <p<oo,b>1/p—1/p1, 6 .= (1/p—1/p1)/b € (0,1), there exists a finite

constant M = M (0, p,p1,b) > 0 such that
[mllwr o) < M (3.5.31)
whenever m is a (py,b)-molecule for h?(0S2).

Proof. The proposition was proved in [25] with the exception of case when molecules
satisfy (3.5.30) only. However, in this latter situation (3.5.31) follows immediately

from (3.5.17) with ¢ = p;. O
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Lemma 3.5.7. Let Q) be a Lipschitz domain in R™ and consider a bounded, linear

operator
T : L*(09) — L*(09) (3.5.32)

such that there exists a locally bounded function k(x,y) : {(x,y) : z,y € 0Q, x #

y} — R with the following properties:
(i) For each f € L*(09Q),
Tf(x)= /3(2 k(z,y)f(y)doy, x € 00 \ supp f. (3.5.33)
(ii) There exist Cy,Cy > 0 such that

|k(z,y)| < Colz —y[~"7Y, (3.5.34)

|y—yo|
x_

|k($7y) - k<x7y0)| < CO n?
| Yol

uniformly for |y — yo| < Ci|z — yo|. (3.5.35)

If, in addition, T*(1) = 0 in the sense that

f € L*(09) with compact support, fdo=0=—= Tfdo =0, (3.5.36)
o9 o9

then T extends as a bounded operator
T : hP(02) — hP(09Q) (3.5.37)
for every "T_l <p<l1l

Proof. The crux of the matter is to show that 7" maps atoms in h?(952) into (a fixed
multiples of) molecules in A?(0S2). This is a well-known approach and we closely

follow [25].
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Assume that a is a (p,2) atom for h?(02) so that the conditions (3.5.12) are
satisfied with some n = n(92). If r > n, then |lal|r2p0) < 77("’1)(%’%) and L%
boundedness of operator 7" immediately implies that Ta satisfies (3.5.30) modulo
some fixed multiplicative constant depending on 02, n,p and T and hence is a
multiple of a (2, b)-molecule.

Suppose now that r < n. In that case we proceed as follows. First of all, the
vanishing moment condition on a along with (3.5.36) yields (3.5.29). Going further,
we use (3.5.32) and size estimates on atom to write

(1-6)/2 6/2
( Irapae)”™" / o — 2,0~ Ta(a)| ] do )
o0N o0

el P e

|x—zo|<Crm

(n—1)b 2 6/2
+ e o= al ™M Ta(@) o)

T—xo|>C1r

) (n—1)(1_1 e 0/2
< C 4 =003 )(/ o e = ol " Ta(a) P doy ) (35.38)

T—xo|>Chr
Using the vanishing moment condition on atom we obtain for every € 992\ supp a

Ta(x) = / kley)aly) do, = / (k) — blz.z,a(y)doy. (3539

and therefore if |z — x,| > Cyr

. 1+(n—1)(1—%)
Ta@<c [ L2l )d0, < o

supp a |ZE - xo|n

(3.5.40)

|z — xo|™

This yields that the expression in (3.5.38) is bounded by

C+CT(19)("1)(%;)rng(nl)(l?l’)g(/ ©€oQ
|

z—xo|>C1r

0/2
o —ao| """ do ) < €

(3.5.41)
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n+1

provided that the integral converges. This however is true for every b < ST

Note that such a choice of b > 1 — % is always possible since p < %=1
p n
All in all, fixed multiple of Ta satisfies (3.5.28)-(3.5.29) with p; = 2, ; — 3 <
b< 2(’:[11) and hence is a molecule for h?(0€2), as desired. O

Recall next the boundary layer potential operators K, K* and S introduced in

(2.3.6)-(2.3.7).

Proposition 3.5.8. Let Q be a bounded Lipschitz domain in R™. Assume that
nl o <00, 0<s5<1,0<gq< oo and the triplet (s, L %) belongs to the

n E’

interior of the convex hull of the following points:

(0,0,0), (1,0,0), (1,0,3), (0,0,3), (5:0.%57),

7 2n

(Ovlvl)a (L#?%) ) (0717%) ) (17%7

N[ =

), (Z5,-5.0), (3542

n+1’ n+1?

or the face that can be described by inequalities

0<s<l, max{%,?:;} <p<oo, ¢=o0, (3.5.43)
or one of the segments

l<p<oo, s=0, ¢g=2, or "T_1<p<oo, s=1, q¢=2. (3.5.44)

Then the operators

K FP(9Q) — FPI(9Q), (3.5.45)
K* : FP9(0Q) — FP4(0Q), (3.5.46)
S - FP9(90) — FP(9Q), (3.5.47)
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are well-defined and bounded. Furthermore, if (n —1)/n < p < oo and (n — 1)(}—17 —

1)y <s<1,0<q< o0, then the operators

K : BP(9Q) — BP(99), (3.5.48)
K* : BP9, (9Q) —s B (9Q), (3.5.49)
S+ B2 (99) — BP(9Q), (3.5.50)

are also well-defined and bounded.

Proof. The boundedness of the operators (3.5.45)-(3.5.47) is well-known when 1 <
p <00, q=2ands € {0,1}. This follows from [39] and [24]. When 2= < p <1,
q =2, s =1, the claim about (3.5.46) follows straight from Lemma 3.5.7, whereas
the claim about (3.5.47) is a consequence of Proposition 3.5.5 (cf. also the remark
following its proof) and Lemma 3.5.7.

Consider next the operator (3.5.45) in the case ”T_l <p<1l,g=2,s=1. Then
FP2(0Q) = h(99), and it suffices to study the action of K on a regular (p,p)-
atom, i.e., a function a = ag satisfying (3.5.19), for some surface ball S = S, and
1 < p1 < co. Note that, for each fixed pair of indices j, k € {1,...,n}, we have

/. 80 aTjk(K a)do = 0. Also, an integration by parts argument allows us to write
O, (Ka) = =20, 0+ 3" (ukagS(aWa) - yjagS(a%a)) (3.5.51)
‘

Thus, since 0, a is an atom for AP(99) for any j, k € {1,...,n}, Lemma 3.5.7 (cf.
also the remark made right after its statement), in concert with Proposition 3.5.6,
proves that there exists a finite constant C' = C'(952, p) > 0 such that

10, (Ka)llwooy < C, Vi k€ {1,....n}. (3.5.52)
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With this in hand, Proposition 3.5.5 gives that
[ Kallpr o) < C, (3.5.53)

which further implies that K maps h}(9€2) boundedly into itself.

The fact that the operators (3.5.45)-(3.5.47) and (3.5.48)-(3.5.50) are bounded
for required range range of indices now follows by interpolation. More specifically,
we could show that the operators (3.5.45)-(3.5.47) are bounded provided that s, p, ¢
satisfy (3.5.44). Then the complex interpolation using identity (3.5.10) yields that

the same operators are bounded if

l<p<oo, g=2, 0<s<1 or
(3.5.54)

mh<p<l, o ¢=2 (n-1(;-1)<s<L

Going further, the real interpolation between the spaces with the same index p and
different smoothness (cf. (3.5.11)) allows to obtain (3.5.48)-(3.5.50) for p < oo and

in particular, gives (3.5.45)-(3.5.47) for
Tl<p=g<oo, 0<(n—1)(;—1), <s<l. (3.5.55)

Now we again interpolate by complex method, this time between two regions de-
scribed in (3.5.54) and the region described in (3.5.55), and denote the result by
Ri.

With this at hand, note that by duality the region where the operators (3.5.45)-
(3.5.47) are bounded should be stable under the affine transformation (s, 1/p,1/q) —
(1 —s,1—=1/p,1 —1/q) when p > 1 and under the transformation (s,p,q) —
(1-—s+(n—-1)(1/p—1),00,00) if p < 1.

Consider first the case when 1 < p < 00, 1 < g < 0o. The corresponding part of

Ry isaconvex hullof 1 < p < 00,1 < g < oo parts of (3.5.54)-(3.5.55) (stable under
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the transformation caused by duality) and points ("T_l, 1, ”2—;1), (Z—jr}, 5 1) (which

are mapped by aforementioned transformations to points (%, 0, "Q—J;l), (n%l, n%l? 0) ).

Another round of complex interpolation, between R; and the points (%, 0, ”Z—J;Ll),

(ni“, HLH,O), finishes the proof of (3.5.45)-(3.5.47). (One can observe that the

above transformation applied to the points from the parts of R, corresponding to

p<1,0<g<oocand ¢g<1,0<p< oo does not enlarge the final polyhedron).
Finally, the argument above based on duality, in particular, gives p = o0, ¢ = 00

case of (3.5.48)-(3.5.50) and hence, the p = 00, 0 < ¢ < oo case of (3.5.48)-(3.5.50)

by real interpolation. O

3.6 Function spaces in the interior of a Lipschitz
domain

Given an arbitrary open subset 2 of R”, we denote by f|q € D'(2) the restriction
of a distribution f € D'(R") to Q. For 0 < p,q < oo and s € R we then set
Ar9(Q) = {f € D'(Q) : g € A29(R") such that g|lg = f},
I fll apaqy = inf {||g|| apo(rny : g € ALUR™), gla = f}, f € AvI(Q).

The convention we make in (3.6.1) is that either A = F and p < o0 or A = B,

(3.6.1)

corresponding to, respectively, the definition of Besov and Triebel-Lizorkin spaces
in Q. Hardy, Sobolev (or Bessel potential) and bmo spaces are defined analogously,
namely
LP(Q) :={f e D'(Q): g € LL(R™) such that glo = f}, 1<p<oo, s€R,
hP(Q) :={f € D'(Q) : 3g € h?(R") such that g|o = f}, 0<p<1,

bmo(Q2) := {f € L2 () : g € bmo(R") such that g|o = [},

loc

(3.6.2)
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equipped, in each case, with the natural, infimum-type, (quasi-)norms.

By (3.2.54)-(3.2.58), it follows that

C*(Q) = B®®(Q), 0<s¢7Z, (3.6.3)
LP(Q) = FP*(Q), 1<p<oo, (3.6.4)
LP(Q) = FP*(Q), 1<p< oo, s €R, (3.6.5)
RP(Q) = FP*Q), 0<p<I, (3.6.6)
WkP(Q) = FP*(Q), 1<p<oo, keN, (3.6.7)
bmo(Q) = F;o%(Q), (3.6.8)
BPP(Q) = FPP(Q), s€R, 0<p< oo, (3.6.9)

where C*(€2) and LP(2) are, respectively, the standard Holder and Lebesgue spaces

in €. It is immediate from these definitions that the restriction operator

induces a linear and bounded operator in each of the following instances:

Rq: BM(R") — BP(Q), 0<p,q<o0, s€R,

(3.6.11)
R : FPI(R") — FP9(Q2), 0<p<oo, 0<g<oo, seR
Let us also note that for each « € N7, 0 < p,q < 00, s € R,
0% FP(Q) — Ff;q‘al(Q) (3.6.12)
0% : BP(Q) — Bf’_q‘al(Q) (3.6.13)

are bounded operators.
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We now pause to record a useful characterization of the local Hardy space h?(€2).
First, we need some notation. Fix ¢ € C°(B(0,1)) such that fB(O,l) Y(x)dr =1
and set 1y(x) := t~™p(z/t). Then the radial maximal function of a distribution u

in € is defined as

ut(z) = sup |(¢y % u) ()], x €. (3.6.14)

0<t<dist(x,00)

For uw € D'(?), k € N, and x € R™ introduce

upa(®) = sup {|(u, ¥)| - ¥ € V,} (3.6.15)

where the class W, consists of all functions ¢y € C2°(R"™) with the property that
there exists r = 7, > 0 with suppy C B(z,7) N Q and ||079||peo@n) < r—"=hl for

each v € N7, |y| < k.

Theorem 3.6.1. (c¢f. [101], [100]) Let Q be a bounded Lipschitz domain in R™.
Fiz 1 as above and define the radial maximal function as in (3.6.14). Then, for

any 0 < p <1 and any u € D'(Q)
u € hP(Q) < u" e LP(Q), (3.6.16)

with equivalence of quasi-norms.

Furthermore, if k € N and 25 <p <1, then

luzallr@n = [|[u™llLr ) (3.6.17)

In particular, a different choice of the function v affects the size of u™ in LP(Q)
only up to a fixed multiplicative constant.

Finally, similar results are valid in the range 1 < p < oo provided hP(§2) is

replaced by LP((2).
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In analogy with the Hardy-based Sobolev spaces in R™ introduced in (3.2.6)-

(3.2.7), for an open set 2 C R™, k € N, and 0 < p < 1, we set
R (Q) ={u e D'(Q): 9"u € h?(Q), Vv € NI with |y| < k}, (3.6.18)
equipped with the quasi-norm [[ul[sr o) = 32}, 1= |07 u|nr (), and

h” () := {u eD'(Q): u= Z My, u, € hP(Q) Vv € NI with |y| < k}
lyI<k

(3.6.19)

equipped with [[ulsr (q) = inf >7 ) [[uylne(e), where the infimum is taken over

all representations of w.

Theorem 3.6.2. Let 2 be a bounded Lipschitz domain in R™. Assume that 0 <

p <1 and that k € Z is either negative, or else satisfies k > n(1/p —1). Then
M (Q) = FP*(Q). (3.6.20)

Proof. Assume first that k& < 0 and note that the inclusion h2(Q) — FP*(Q) is
immediate from definitions, (3.6.12), and (3.6.6) To see the opposite inclusion fix
u € FP*(Q), say u = wlq, w € FP*(R™). Since, by Theorem 3.2.1, w can be
represented in the form w = 37 . ; 0"w,, w, € h’(R"), it follows that u =
> hyi<—k 07 (wylo) and w,lo € hP(2). Consequently, u € hi(§2), proving the right-
to-left inclusion in (3.6.20).

The case when k € N satisfies £ > n(1/p — 1) is essentially due to A. Miyachi
(ct. [101], [102]

As on p. 80 of [102], let us temporarily introduce

WH(Q) = {u € hP(Q) : @u € hP(Q) Vv € N with || = k} (3.6.21)
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and observe that, by virtue of the last remark in §4 of [102],
k k
W, () =Cy (%), (3.6.22)

where C¥(€) is the space introduced by R. DeVore and R. Sharpley in §6 of [36].
Due to the extension resuts for the latter spaces proved in [99] (cf. Theorem 4/(ii)
p.1035 loc. cit.), it follows that Wy (Q) = {ulq : u € WF(R™)} However, WF(R") =

FP?(R™), thanks to (3.2.35) and (3.1.16) so that, altogether,
WE(Q) = FP*(Q). (3.6.23)

Consequently, hy(Q) — WHQ) = F] 2(Q), proving the left-to-right inclusion in
(3.6.20). The opposite inclusion is a direct consequence of (3.6.12) and (3.6.6) and

this completed the proof of the theorem. O

Returning to the mainstream discussion, let us single out two other types of
function spaces which will play an important role for us later on. We continue to
assume that €2 is an arbitrary open subset of R". First, for 0 < p,q < 00, s € R,

we set
A%E(Q) == {f € ALYR™) : supp f C Q},
1] ey, | € AVH(Q),

where, as usual, either A = I" and p < co or A = B. Thus, B{((S2), FI§(€2) are

(3.6.24)

ADA(Q) = (b2

closed subspaces of BL((R") and FZ§(R™), respectively. In the same vein, we also
define

Lo(Q) == {f € L{(R") : supp f C Q}, 1<p<oo, s€R,

RE(Q) :={f € lP(R") : suppf C Q}, 0<p<1, (3.6.25)

bmoy(2) := {f € bmo(R") : supp f C Q},
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with the norms inherited from L?,(R"), R’(R") and bmo(R") respectively. We
understand vmog(€2) as the closure of C.(£2), the space of continuous functions
with support in €, in bmog(€2).

Second, for 0 < p,q < oo and s € R, we introduce
API(Q) ={f e D'(2): Jg € A’S’:g(Q) such that glg = f},

1 laz2() == mf{llgllaza@n) - g € AG(D), glo=F}, [ € ALUD),

(where, as before, A = F and p < oo or A = B) and, in keeping with earlier

(3.6.26)

conventions,
LP(Q):=FPZ(Q) ={f € D'(Q): 3g € L (Q) such that glo = f}, (3.6.27)
if 1l <p<oo,seR, and

hP(Q) = Fé’f(Q) ={f e D'(Q): Jg € h5(Q) such that gl = f}, f0<p <1,

(3.6.28)

once again equipped with natural, infimum-type, (quasi-)norms. Finally,
CH) ={uecCQ): ulsgo=0}, 0<a<l, (3.6.29)
bmo. () := {ul|q : u € bmo (R"™) with suppu C Q}. (3.6.30)

It follows that the restriction operator (3.6.10) induces linear, continuous map-
pings
Ra: Bg(Q) — BYI(Q), 0 <p,g < 400, s€R,
Ra: FI(Q) — FPI(Q), 0 <p,q < 400, s €R, (3.6.31)
Ra: L2y(Q) — L2 (), 1 <p<+oo, s R,

Ra : hy(2) — h2(Q), 0 <p < 1.
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In many instances it is important to establish whether there is a linear, bounded,
extension operator, i.e., a right inverse for the various manifestations of the Rgq.
In the case of (3.6.11) when € is an arbitrary Lipschitz domain this problem has

been solved in full generality by V. Rychkov (cf. [113]) who proved the following,.

Theorem 3.6.3. ([113]) Let Q@ C R" be either a bounded Lipschitz domain, the
exterior of a bounded Lipschitz domain, or an unbounded Lipschitz domain. Then
there exists a linear, continuous operator Eq : D'(2) — S’(R™) such that whenever

0<p,qg<+oo, se€R” then

Eq : AP9(Q) — APYR™) boundedly, satisfying Roo Eof = f, ¥V f € APY(Q),

(3.6.32)

for A= B or A= F, in the latter case assuming p < 0o.

This type of results has many forerunners. See [125] and [44] for the case
of smooth domain. The theory on extension operators on Lipschitz domains
was developed by different methods bringing corresponding restrictions on in-
dices: Calderén’s method [17], extended by E.M. Stein in [118] and then used
by G.A. Kalyabin in [45] and T. Muramatu in [104], allowed to consider Banach
space case only; A. Seeger [115], R.A. DeVore, R.C. Sharpley [37] and A. Miy-
achi [103] relied on approximation techniques and treated the spaces consisting of
locally integrable functions; finally, the results on Hardy spaces were obtained in
[100]. An informative account of these and related matters can be found in [127]

and [113].
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In addition to identifications (3.6.3)—(3.6.6) we would like to discuss the spaces

W,f(Q);:{feLP(Q); af e LPQ)Y 7 : !7|§k}, 1<p<oo, keN,

(3.6.33)

with the norm given by

£y =D 1107 fllee). (3.6.34)

[vI<k

It was proved in [17] that there exists a bounded linear extension operator

E : WL(Q) — WP(R™) such that Roo Epf = f, Vfe Wl(). (3.6.35)
In view of (3.6.32), (3.6.5) and (3.2.56)—(3.2.57) this yields

WP(Q) =L (Q) = FP*(Q), 1<p<oo, keN. (3.6.36)

We now discuss the interpolation of some of the Besov and Triebel-Lizorkin
spaces defined in this section and aim to establish the following analogues of The-

orems 3.2.9 and 3.2.10 in Lipschitz domains.

Theorem 3.6.4. Suppose ) is a bounded Lipschitz domain in R™. Let ag, a1 € R,

ap £ ag, 0<qo,q1,g <00, 0<0 <1, a=(1—0)ag+0ay. Then
(F&l (), FE (Q2))og = BRU(Q2), 0<p<oo, (3.6.37)
(BE(Q), B (Q))gy = BRY(Q), 0<p<oo. (3.6.38)
Furthermore, if ap, a1 € R, 0 < pg,p1 < 00 and 0 < qo,q1 < 00 then

[F20 (9), F2o ()] = F29(9), (3.6.30)
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—0 0 _
where 0 < 0 <1, a=(1—0)ay + O, 110:11704_13_1 and%lz——i——.
]f Qp, 01 € R; Qo 7& aq, 0 < Do, P1, 40, 41 < o and either Po + qo < 00 or

p1 + q1 < oo then also

[BE™ (), BE™ ()] = BLY(Q). (3.6.40)

_ 1_1-0 9 1_1-0 0
where 0 <0 <1, a =(1—0)ag+0bay, ; ="2+ " and ; = =+ .
Finally, the same interpolation results remain valid if the spaces B?(§2), FP9(Q)

are replaced by BY§(Q) and FY{(Q), respectively.

Proof. Thanks to the existence of the universal, bounded, linear extension operator
reviewed in Theorem 3.6.3, the identities (3.6.37)-(3.6.39) follow from (3.2.72),
Lemma 3.1.9 and Theorems 3.2.9, 3.2.10.

There remains to prove the last claim made in the statement of the theorem.

To this end, we note that the operators

I — Egnyg © Rgmg FPUR™) — FJF(),

I — Egng © Rgmg : BYI(R") — BY§(Q), (3.6.41)
are projections onto the target spaces (i.e., are linear, bounded and idempotent).
Furthermore, it is apparent that a distribution f € S’(R™) belongs to the range of

I — Egug o Rymg if and only if supp f C Q. Thus, the second part of Lemma 3.1.9

applies and yields the desired conclusion. O

Theorem 3.6.5. Let Q) be an arbitrary Lipschitz domain. For 0 < py < p1 < +00,

s0,51 €R, 0 < qo < q1 < +oo with s — pﬂo =51 — pﬂl, the inclusion

ng,qo (Q) SN Bg’llm(Q) (3.6.42)
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18 continuous with dense range. Moreover, the same holds for the inclusion

FPo(Q) s FPL(Q), (3.6.43)

provided that either 0 < py < p; < 400, 0 < qo, 1 < +00 and sy — pﬂo =5 — pﬂl or
0<po=p1 <+00,0<q <q <+oo and s = s7.
The same results remain valid if the spaces BP1(Q), FP1(Q) are replaced by

B3 () and F7F (), respectively, or by BYI(S) and FPI(Q), respectively.

Proof. The results immediately follow from Theorem 3.2.5 and definitions of spaces

(3.6.1), (3.6.24), (3.6.26). O

Proposition 3.6.6. (cf. [127]) Let Q2 be a bounded Lipschitz domain, 0 < p,q < 0o

and max(l/p —1,n(1/p— 1)) < s. Then extension by zero defined as

) f), iz e,
flz) = (3.6.44)
0, ifzeR"\Q,
induces a linear and bounded operator from BYI(S2) to BL((S2) and, if p < oo, from
FPa(Q) to FIF(€2).

Furthermore, if max(l/p —1,n(1/p — 1)) <s<1/pand0 < p,q < oo, this

operator also maps BY9(Q) to B () and, if min {p,1} <q, FP9(Q) to FI§(S).

We now discuss lifting results for Besov and Triebel-Lizorkin spaces in Lipschitz

domains.

Theorem 3.6.7. Let () be a Lipschitz domain in R™.

(i) Then, for each a >0 and 1 < p,q < oo,

feBPM(0) < fel’Q) and VI e B2YQ). (3.6.45)
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(i) Suppose that & >0 and 1 < p,q < co. Then
JeFY(Q) < felP(Q) and Vf e FM Q). (3.6.46)

The first part of this theorem is proved in [68] (in fact, there one can also find (ii)
when ¢ = 2). The second part is proved in [45].

For h € R", inductively define the difference operators
(ALF) (@) == fx+h) — f(z), AMTF=AlAMf MeN. (3647

This definition is further adapted to the context of a bounded Lipschitz domain

Q C R" as follows:

(AMfY(z) ifz+lheQforl=0,1,.., M,
(AN f)(x) == (3.6.48)

0 otherwise,

whenever f is defined on ) and = € €.

Theorem 3.6.8. (c¢f. [38]) Let Q be a bounded Lipschitz domain in R"™. Fix

1
0<p,q< oo, n(——l) <s<MeN (3.6.49)
D +

and set p :=max{p,1}. Then f € B?(Q) if and only if

1
v dt\°
[ fllze) + (/0 =% sup HA%Q][H%P(Q) 7] < (3.6.50)

[hl<t

and the expression in (3.6.50) is an equivalent norm on BP9(€Q).
3.7 Local atomic decompositions

Let Q2 be a bounded Lipschitz domain in R™ and assume that 0 < p,q < oo, s € R.

Of course, since BY§(Q), FLi(2) are closed subspaces of BY4(R") and FP(R™),
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respectively, distributions belonging to these spaces can be expanded into series of
atoms according to Theorem 3.3.1. The novel aspect here is that, due to the extra
support condition in the definitions of BY§(€2), FI'(€2) it is possible to ensure that
the individual atoms are themselves supported in 2. Our first main result in this

regard is theorem below.

Theorem 3.7.1. Let Q be an unbounded Lipschitz domain in R™, and assume

that 0 < p,q < 400, s € R. Also, define J := and fix two integers,

min?l,p}
K > ([s]+ 1)y and L > max{[J —n — s],—1}. Then there ezists § = 5(2) € N,
with the following significance. Any distribution f € BQ’S(Q) can be written in the

form

f= Z Agag with convergence in S'(R"™), (3.7.1)

QEQn
(Q)<2-8

where the atoms ag’s satisfy

(1) 3Q € 9, : supp (ag) C Q and pQ C Q for some p > 1, (3.7.2)
(2) 107 agllre@ny < ClQPMYPNIM if |y] < K, (3.7.3)
(3) / tag(x)dr =0 if |y| <L and 1(Q) <277, (3.7.4)

the constant p = p(QQ) is independent of particular atom and the sequence of coef-

a/p\ /4
ficients {\q}q is such that (Zj‘;g (Z Qcon ])\Q]P> ) < 00. Moreover,
HQ)=2"7

1/q
. = a/p
1Al =t | S0 S0 hel) F= Y aug) (375)
=SS QeQ,, Q<27

1(Q)=2

where the infimum is taken over all possible representations of f in a series of

atoms satisfying (3.7.2)-(3.7.4).
123



A similar statement holds for Triebel-Lizorkin spaces granted that, this time,

J = and p < oo. More specifically, any f € FL§(Q) can be expanded as in

_n
min{1,p,q}

(3.7.1)  where the atoms involved  satisfy  (3.7.2)-(3.7.4) and

1/q
(5,0

< 00. Furthermore,
(Q)<2~

Lr(En)
1/q
: _ q
Aol S armad| | o= T )
H(O)<B-s QEQN, I(Q)<2-8
Lp(R™)

(3.7.6)

where, again, the infimum is taken over all possible representations of f in a series

of atoms satisfying (3.7.2)-(3.7.4).

We start by discussing a version of Calderén’s reproducing formula for tempered

distributions in R™, when the mollifiers involved are supported in a cone
I:={(,2,) € R": |2/| < kw,} (3.7.7)

for some fixed k > 0. To state this result, recall that for every function ¢ defined

in R™ we denote by ¢;, j > 1, its dyadic dilates, i.e. ¢;(z) := 2/"¢(2/x), z € R".

Lemma 3.7.2. Let the cone I be as in (3.7.7) for some k > 0 and consider an
arbitrary function ¢y € C(I') with nonzero integral. Also, set ¢p(x) := ¢o(x) —
27"po(x/2). Then for any L € N, there exist two functions, g € C*(I') and
e CX(T), such that Ly, the order up to which moments of 1 vanish, is greater

or equal than L and
f= ij x ¢; x f, with convergence in S'(R"), (3.7.8)

§=0
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for every f € S'(R™). Furthermore, matters can be arranged so that

6L+2 2x65+2
supp (o) C | (isupp o),  supp () € | (isupp o), (3.7.9)

=1 =1

where, for an arbitrary set S C R"™ and 1 € N, we employ the notation

(iS) = {Z Tty € S}. (3.7.10)

Save for (3.7.9) this is a result due to V. Rychkov (cf. [113]) whose approach we
follow closely. The reason for which we chose to present a detailed proof here is

that it will be important for us to ensure that the support conditions described in

(3.7.9) hold.

Proof of Lemma 3.7.2. Without loss of generality, we may assume that fRn ¢o(x) dr =
1. Also, we denote the support of ¢y by S, so that S C I'. Set gy := ¢g * ¢y and
g :=go — 27 "go(-/2) so that Dirac’s delta function can be represented in the form

0= Z?io g;. This and simple algebraic manipulations further entail

) = (5*522%*2%
=0 k=0

= go* (90—0—2(5—90)) +Zgj * (g+2<5_90>)j

Jj=1

= ¢o* (¢0 * (20 — 90)) + Z P * ((% +27"o(+/2)) * (g + 26 — 290>)j

= D 6+, (3.7.11)
=0

where

W= go* (20 —go) and W' := (¢g+2 "¢o(-/2)) * (g + 25 — 2g0). (3.7.12)
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Recalling the convention (3.7.10), we may write

supp (go) C (25), supp (g) C (25) U (45) (3.7.13)
and, hence,
supp (¥5) C U(zS} supp (¥') C U<’LS> (3.7.14)

Note that [, g(z)dz = 0 which forces [, ¥'(x)dz = 0.
In the case L = 0 this finishes up the proof of the lemma (note that it actually
suffices to prove (3.7.8) when f is the Dirac delta function). Otherwise, as in [113],

we observe that
¢ x Ut = g x Uy — 27" (¢ * W) (-/2), (3.7.15)

and repeat the previous construction with ¢g * ¥} and ¢ x W' playing the roles of

¢o and ¢, respectively. After L 4 1 iterations we arrive at an identity of the form
0= ¢j*T)x . x U, (3.7.16)

where fRn Uk (z)dxr = 0. Denote by ¢f, k > 2, the function playing a role of ¢
in the k-th iteration of construction, i.e. given by formula ¢k := ¢5~ ' WE~! with

¢} = ¢o. As inductive reasoning shows, for k > 2

i (supp (¢ ") +supp (¥ 1))

IICw

3
supp (UF)  C U<Z supp (¢f))
i—1

3

C U< (supp (WE™1) + supp (TE™) zsupp (T, (3.7.17)

HC@

i=1
and hence,
6k
supp (UF) U(iS), k=12, ... (3.7.18)
i=1
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Also for k > 2

6 12 12x6k—1
supp (%) C | J(isupp (¢f)) < (J@supp (¥5) € |J (9). (3.7.19)
i=1 i=1 i=1
Overall,
6" 2x6k
supp (UF) U(iS), supp (¥*) U (1S, (3.7.20)
i=1 i=1

for every k =1,..., L + 1. If we now introduce
Yo = U * ... x UEtt and ¢ = Ul x5 UEHL (3.7.21)

it follows that L, > L,

6 62 6L+1 6+62++6L+1 6L+2
supp (o) € [ J@s) + sy + ..+ J @Sy | ¢ | Gs)c | us),
i=1 i=1 i=1 i=1 i=1
2x6L+2
supp (¢) C U (i), (3.7.22)
i=1
and, as in [113], § = Z;io Y; * ¢;, completing the proof of the lemma. O

Another technical prerequisite in the proof of Theorem 3.7.1 is the existence of

a function ¢y which satisfies (compare with (3.2.21)):
bo € CSO(F),
Jan do(x) dx # 0, (3.7.23)

¢(x) == go(x) = 27"¢o(z/2) = L(¢) > L,

for a given number L € N,,.

For the construction of such ¢y we refer to Lemma 3.4 in [21]. Note that
support of ¢y can be chosen arbitrary as soon as it is contained in I' given by
(3.7.7). We will assume that

supp (¢o) C [a,b]" ™" x [an,by] C T, (3.7.24)
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with the values of 0 < ¢ < b < o0 and 0 < a, < b, < oo to be clarified later.
The only restriction we should put for the moment is that a, > bv/n —1/k in
order for the set [a,b]""! x [a,,b,] to be contained in I'. Note that in particular,
O<a<b<a,<b, <oc.

After this preamble, we are ready to begin the proof of Theorem 3.7.1 in the

earnest. In a first stage, we shall treat a special case, namely when

J¢: R — R Lipschitz : Q= {(2/,z,) e R" I xR : ¢(2') < x,},

B (3.7.25)
feBlg(Q), 0€0Q and supp f C QN [-1,1]".
Furthermore, fix £ > 0 so that the cone (3.7.7) has the property that
r+T CQ, Ve (3.7.26)

Recall that we take J := and that the nonnegative integer L, chosen so

that L > max{[J —n — s], —1}, regulates the number of vanishing moments in the
definition (3.7.2)-(3.7.4) of Besov atoms.

Having fixed I" and L, we now select ¢y as in (3.7.23)-(3.7.24). Then, as in
Lemma 3.7.2, we construct the functions ¢y € C*(I'), ¢ € C*(T") with Ly, = L

and

supp (¢;) C 2770, supp (v;) C 2770;, where (3.7.27)
Op := [a, 20]" 71 x [ay, 2b,], Oy = [a,2 x 6E720" 1 x [a,, 2 x 6612,],
and such that the reproducing formula (3.7.8) holds.

In order to continue, we need to introduce more notation. Let N be a large

integer, to be specified later. For any dyadic cube

Qi =277[0,1]" + k, jeEN,, keZm (3.7.28)
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we denote by Qﬁk, ¢ =1,2,...,2Y" the dyadic cubes obtained by further subdividing

Qjr into 2™ congruent pieces. Thus,

QNn

Qjk = U Q?k, ?k’s are pairwise dyadic cubes, Z(Qﬁk) =277N " (3.7.29)
=1

We also set (recall that e, = (0,...,0,1) € R"):

0y = (2 +27ae,) 0 ([-1,1]" +27900),

(3.7.30)
so that for every 7 € N, and k € Z",
the cardinality of Py, is < 2,
, (3.7.31)
Qj n ij c UQ§kerk ij-
At this point, for some large M to be determined later, we write
0 o0 (i) M—-1 00
fla) = D Wy ) = Yy ¢5% (@) + Y (5% 65 % f)(x)
j=0 j=0 j=M
(4i3) -
A@)+ D> [ il =)0 )y dy
j=M kezn v Qjk
(iv) -
DA+ [ wle e Ny
j=M kezn Y QirN;
® S
A0+ Y [ e e N dy
j=M kez" Q§k€7’jk ik
(vi)
= A@) + ) g age, (@), (3.7.32)
Q5
where the following notation and conventions have been used:
M-1
Alz) =Y (w5 % 65 f)(x),
=0
Age, = Q5" sup (% £)(y)l, (3.7.33)

YEQjk

agr, (@) =gk | ila =)0+ () dy.

jk yi
Qjk
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all the cubes (), appearing above are as in (3.7.28), the last sum in (3.7.32) is
performed over all dyadic cubes Q;k such that j > M, k € Z", 1 < ¢ < 2N™,
Q% € Pji, and, in (3.7.33), we set ank(x) = 0 whenever )\ng =0.

To justify the sequence of equalities in (3.7.32), we note that (i) is the repro-
ducing formula (3.7.8), (i) is a trivial spitting of the sum in two pieces, while (i)
follows from the definition of A, writing the convolution with ), in an explicit fash-
ion and decomposing the domain of integration, R", in dyadic cubes of side-length
277, Next, (iv) is a consequence of the fact that supp (¢; * f) C supp ¢; + supp f
in concert with the support condition on f from (3.7.25), the support condition on
¢; from (3.7.27), and the definition of ©; from (3.7.30).

Going further, (v) follows from the definition of Pjj, in (3.7.30) and the second
line in (3.7.31) (keep in mind that, for given j, k, the Q?k’s are pairwise disjoint).
Finally, (vi) is a consequence of notation introduced in (3.7.33) and the conventions
following right after.

We now study the properties of the functions and coefficients in the last ex-

pression in (3.7.32). That
/n a:”’aQﬁk(x) de =0 if |v| <L, (3.7.34)

is an easy consequence of Fubini’s Theorem plus the fact that the first L moments

of ¥ vanish. Furthermore, for any multi-index ~,

g, @] < g2 [ @ -« Hwldy

Jk 4
gk

< (¥, N,7)|Q5, |/ e=hlim, (3.7.35)

where we have utilized the fact that )\ég}k supyeqr, (65 f)(y)] < C| QY| /m17,
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itself a consequence of the definition of /\Qz@k and the fact that Q?k C Qjk-
J
In order to be able to discuss the location of the support of age, recall the
J

definition of O; from (3.7.27) and introduce
Q' = Q5 +2770). (3.7.36)
This, (3.7.27) and the definition of age in (3.7.33) then imply

supp (ank) - Qﬁk + supp (¢;) C @fk (3.7.37)

Note that the appropriate choice of parameters a, b, a, and b,,, namely such that
2 x 620 — a = 2 x 657%b, — a,, allows to ensure that O; and hence éik are
cubes in R™. Our goal is to show that the last set above is contained in 2 whenever
ka € Pji. To this end, we note that, by definition, every cube Q?k in Pj;, intersects

Q+277aye,. Thus, there exist C,C’ > 0, depending only on 92 such that
dist (QSy,, 09) > C277a, — C'2777N > C"1(Q5) (3.7.38)

where C” > 0 can be made as large as we desire by taking N to be sufficiently large.
Now, simple geometric considerations show that, granted (3.7.38), it is possible to
find z = ﬁk) € 0% such that Qﬁk C x + I' (where the cone I' is defined in
(3.7.7)). Thus, altogether, ~§k Ce+T+TCca+T CQ by (3.7.26). In fact, an

inspection of the argument reveals that
dp = p(0Q) > 1 such that p@fk CQ, VQ?k € Pik. (3.7.39)

For later purposes it is important to observe that there exists C' = C(€2) > 0

such that

keZ", Qﬁk S ij —> dist <~§ka [_17 1]n> < c277. (3740)
131



This follows from (3.7.36) and (3.7.30). In particular, given any € > 0, one can

choose M = M (e) large enough so that
j>M, keZ", ﬁk € Pjr, = dist <supp age, -1, 1]") <e. (3.7.41)

Turning now our attention to the sequence of coefficients, given any N, € R,

we write
o;* f
2 0 DS Cp PSR el (1)

since |r — y| < /n279. Taking the p-th power of both sides and integrating the

resulting expressions with respect to x over @)j; further leads to

Qx| (sup |(¢J>x<f)(y)|> SC/Q. (sup ’(%* D)l ) dx. (3.7.43)

IS yeQ ik (1 + 2]|:U - y|)NO

Armed with this inequality and choosing 3 € N depending on constants M and N,
i.e. on {2 only, so that the maximal size of cubes Qék corresponding to )\Qz_k # 0 in
J

the construction above is 2=~ we may then estimate

1/q

1/q
> a/p > q/p
S (X ) <o{Y (X X Rel)
Jj=B+1 I(S)E:Q;*J j=M keZ" Qﬁkefpjk
O
j * Y
<C 2”‘1 / sup ) dx)
(Z keZz:n Qe \eR™ 1+2Jlﬂﬁ—yl)N"
i . 1/q
< (X @65 flia)?) < Clflazary, (3744
j=M

where the last inequality holds for every N, > min{p, ¢} according to Theo-
rem 3.2.8.
Turning to the term A(z) in (3.7.32), we observe that

supp (4) C (242 Y ane,) N ([-1,1]" + UG (2700 +2770y)) . (3.7.45)
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while the set on the right-hand side of (3.7.45) can be covered by a finite collection
of disjoint cubes Qé €0, 0=1,..,NwithN = N(M, N, Q) such that 1(Qf) =277
for every £ =1, ..., N and p Q5 C Q.

It is easy to check that with

Agt = sup (&5 = [) ()],
ye QU 1210,
Age(z) = )\C;%A(x)xc% (x), (3.7.46)

the functions Age are atoms in decomposition (3.7.1) corresponding to cubes of

side-length 277 and coefficients Aqe are such that (3.7.44) can be refined to

1/q
e » q/p
Z( Z |/\Q| > < CHfHBﬁ”q(R”)a
j=p QEQn
U(Q)=2"7
as desired.

Note that the converse inequality

1/q
> q/p
1l Bza@) = I fllppo@ny < C Z( Z ])\Ql”> (3.7.48)
]:ﬂ QEQn

U(Q)=2-7
is provided by (3.3.6) in Theorem 3.3.1.
This concludes the proof in special case (3.7.25) in the case of the Besov scale
Bo(4).
As for Triebel-Lizorkin spaces, we can follow the same line of reasoning starting

with J = to define the atoms and corresponding sequences by (3.7.33).

N S
min{1,p,q}
Once again, the properties of atoms are satisfied and the matters are reduced to

the proof of norm equivalence. To prove it, we note that (3.7.42) implies that, for
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every N, € R and every j = M, M + 1, ...,

ST QU g g (@) =27 S ST (sup [0+ £ v, (@)

YEQjk
keZm Qﬁke’ij kezm QZ EPjk J

<oy 3 (o 1) oo

kezmn QZ G'P yEQ ik

7Sq |(¢J * f) (y)| I _ 7sq * q
< C2 (;SRQL (1+2j’$_y’)m) = C2 (¢ v, f(2))", (3.7.49)

with similar estimates for )‘QS’ ¢=1,2,...,N, so that

1/q
B q > . 1/q
> (1eI " lxe) < | (X @ s r@))
(G 7=0 Le(R7)
LP(R™)
< Cllfllpragny, (3.7.50)

by invoking Theorem 3.2.8 with N, > min{p,¢}. The opposite inequality is pro-
vided by Theorem 3.3.1 and this completes the argument in the case of Triebel-

Lizorkin spaces in the scenario described in (3.7.25) as well. O

Corollary 3.7.3. Let 2 be a bounded Lipschitz domain in R™, and assume that

0<p<+o00, s eR. Also, define J := and fiz two integers, K > ([s]+ 1)+

min?l,p}
and L > max{[J —n—s|, —1}. Then there exists § = 3(Q) € N, with the following
significance. Any distribution f € BL§(2) can be written in the form

f= Z Aoag with convergence in S'(R™), (3.7.51)
Q
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where @) ’s belong to a countable collection of cubes in R", the atoms ag’s satisfy

(1) 3Q € R" such that supp (ag) C Q and pQ C Q, (3.7.52)
(2) 10%agllz=qen) < CQI/" PN 4f 5] < K, (3.7.53)
(3) / tag(x)dr =0 if |y| <L and 1(Q) <277, (3.7.54)

uniformly for some constant p > 1 and the sequence of coefficients {\g}o € (P.

Moreover,

/]

Bra@) & inf{||{AQ}Q|y,gp r=Y AQaQ}, (3.7.55)
Q

where the infimum is taken over all possible representations of f in a series of

atoms satisfying (3.7.52)-(3.7.54).

Proof. Given a bounded Lipschitz domain 2 C R" there exists some ¢ > 0 and
finite collection of balls B; = B(r;, x;), 1 < i < m, such that
By :=Q\ U B(z;,r; — €) is a relatively compact subset of €2 (3.7.56)
i=0
and, for each i = 1,2,...,m, there exists an unbounded (graph-type) Lipschitz
domain Dj;, in suitable Cartesian coordinates, with the property that B; N Q) =

D; N Q. In particular, dist (0By, 92) > 0. Consider next a family of C'* functions

{ni Yo<i<m such that
supp (o) C Bo, supp (m;) C Bla, i —¢), 1<i<m, (3.7.57)

and for which

Z n; = 1 in a neighborhood of . (3.7.58)
i=0
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As regards the piece fy, whose support is contained in By C €2, Theorem 3.3.1

ensures that f can be written as

fro =" shal, (3.7.59)
Q

with {s{}q € ¢ and atoms ag) satisfying (3.3.1)-(3.3.3), and such that

{sg}elle < Clfmollpzr@n = Cllfmoll sz (3.7.60)

There is no loss of generality in assumption that {(Q) < ¢ for some fixed constant
co in decomposition (3.7.59) rather than I(Q)) < 1 as stated originally in Theo-
rem 3.3.1. Pick now ® € C°(Q) with ® =1 on By and write frg = >, 5o (ag®).
In this form, the decomposition suits our purposes since each aOQ<I) is supported in
a cube @ € Q,, Q C Q, dist (Q,09) > ¢l(Q) and such that [(Q) > ¢ > 0 for
two constants ¢, ¢ depending only on €2, By and ®, provided ¢q was suitably small.
In particular, such functions satisfy (3.7.52)-(3.7.54) since the last condition never
comes into play (granted that [ is large).

Concerning the functions fi, ..., f,,, according to what we have proved so far

there exists ¢ = ¢(02) > 0 and, for every i = 1, ...,m, there exists a decomposition
fi= A+ Moag, (3.7.61)
Q

with the following properties. Each A; is a smooth, with support contained in some

fixed, relatively compact subset O of €2 and such that ||A;]| gpr@rny < C||f]

B?P (Rn) .
In particular, these functions can be handled as before. Next, the aég’s are atoms in

the sense of (3.7.33) such that dist(supp(af),9Q) > ¢l(Q) and

dist (supp (ag,), supp (1;)) < €. In fact, since the size of supp (ag,) is proportional to
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[(®) (in the notation used in the proof of Theorem 3.7.1, the size of supp (aQe_k) is
G

proportional to 277), one can see from (3.7.40)-(3.7.41) that choosing M big enough

we can guarantee that the cube p @, where supp (ag) C @, is entirely contained in

e-neighborhood of supp (7;) and hence, is entirely contained in B; N ). Finally,

I{AG elle < Cllfns

=C||fnill 5 p)y =1,..,m. (3.7.62)

All we have to do now in order to obtain the desired expansion of f in a series of

Besov atoms is to paste all these decompositions via affine transformations.

The opposite inequality, H >0 )\QaQ‘ < C|{Xg}ollew, is trivial as soon

BP P
as we observe that the decomposition (3.7.55) is a version of decomposition in
Theorem 3.3.1. The only difference is that in (3.7.55) we allow atoms of arbitrary
large size, but that can be handled following the lines of (3.4.41)-(3.4.48) for (|| =

[s]4+1), and then by Mean Value Theorem for the smaller values of || if necessary.

O

We now discuss a further refinement of Theorem 3.3.1 in the case of Triebel-
Lizorkin spaces. To state this, we need to introduce a new concept of atom.

Assume that s e R, 0 < p<landp<qg<oo, p<p <+oo, define J:=12
and fix an integer L > max{[J —n—s|, —1}. Let Q be a bounded Lipschitz domain
in R", § € N, and p > 1 are constants depending on (). Under these circumstances,

call a function Aq a rough atom for F7i(Q) if

(1) 3Q € R" such that suppA C Q C Q and p@ C €, (3.7.63)
(2) < Q| (3.7.64)
(3) / Ay dr =0 if || < L and Q) < 2. (3.7.65)
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Theorem 3.7.4. Let Q2 be a bounded Lipschitz domain in R™ and assume that
p,q,S,p1,J, L are as above. Then there exist 3 € N, and p > 1 such that any

f € FI§(Q) can be expanded in a series
f= Z Ae Ay with convergence in S'(R™), (3.7.66)

keZ

where the atoms Ay’s satisfy (3.7.63)-(3.7.65)and { A\, }rez € €F. Furthermore,

I1f

Fg’(?(Q) =~ lnf{H{)\k}ngp, f = Z )\kAk}, (3767)

where the infimum is taken over all possible representations of f in a series of

atoms satisfying (3.7.63)-(3.7.65).

Proof. We focus on proving the ”>” part of (3.7.67). The converse, ”<” inequality
follows from Lemma 3.7.5 which can be found right after the proof of this theorem.

We proceed in a series of seven steps starting with:

Step I. Recall the sequence spaces introduced in (3.2.30)-(3.2.33). As proved in
[49], Corollary 6.5, p.85, for every @ € R and 0 < ¢ < 400 we have

1/6
(o S22 N01/0-0)) = J29, 0<0<1, p=0/(1-0), (3.7.68)

where as usually || - || x» := || - || for 7 > 0 and some (quasi-)normed vector space
X.

Step II. Let 0 < p,q < oo and a € R. For an arbitrary subset Q" of {Q € Q, :
1(Q) < 1} we set

29Q) = {{sq}oea.uq<1 € [2?: sg =0 whenever Q ¢ Q'}, (3.7.69)

fo(Q) = {{sq}oeconu@)<1 € fo: sg =0 whenever Q ¢ Q'}, (3.7.70)
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equipped with the quasi-norms inherited from f?9 and f,, respectively. Then the

mappings
R: fP9 — fPa(Q", (R(s)>Q = sg if @ € Q" and zero otherwise, (3.7.71)
E: fre(Q) — fra, (E(s)>Q =50, VQ € Qu with [(Q) <1,  (3.7.72)

plus a set of similar definitions with f?? fP4(Q’) replaced by f, and f,(Q'), re-
spectively, satisfy Ro F = [ in all circumstances when the composition makes
sense.

Let 0<0<1,0<q<+4o00,a€R, and set p:=6/(1—0). It follows from the
above discussion, Lemma 3.1.9 and (3.7.68) that

1/6 1/6

(@) 529 @Noasa0) = (Bl S D1/0-0))

/
= R((fmf;’o’q)e,uue))l . Pa(Q)). (3.7.73)

Step III. Assume that « € R, 0 < p <1 and p < ¢ < 4+00. Then for every subset

Q of {Q € Q,: (Q) <1},

. 1/p
Isll sz ~ inf { (D k)

kEZ

: 1
s = Zﬂksk with HSkaZ?Q/)HSkagW(Q') < 1 for all kj} (3.7.74)
keZ

Indeed, having disposed off (3.7.73), this is proved in a similar fashion to (7.5) p. 88

in [49].
Step I'V. Recall the concept of atom for sequence space introduced in connection

with decomposition (3.3.9). Suppose now that « € R, 0 <p <1, p < ¢ < 400 and
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p < p1 < 400. Then

. 1/p
Hstg,q(Q,) ~ inf { (Z ‘Mk’p> :

kEZ

s = ZM’“T’“ r’s are pi-atoms for fP9 supported in Q/}. (3.7.75)
ke

This is justified in a manner very similar to the proof of Theorem 7.2 on p.88 in
[49]. The only significant alteration is the replacement of (7.5) in that paper by

(3.7.74) above.

Step V. Assume that Q = {(2/,2,,) € R" ' xR : ¢(z') < x,} where p : R"! - R
is a Lipschitz function such that ¢(0) = 0, and fix f € FI§(€2) with supp f C

QN [-1,1]". From Theorem 3.7.1 and its proof we know that f can be written in

the form
f= Z Agag with convergence in S'(R"), (3.7.76)
QEQn
(Q)<2-8
where
[{Aetellfpe < Cll fllmragny (3.7.77)
and
(1) 3Q € 9, such that supp (ag) C Q and pQ C Q, (3.7.78)
(2) 0 aqll ) < CIQIT2II™ if |y] < K, (3.7.79)
(3) / Vag(r)dr =0 if |y| < L and 1(Q) <277 (3.7.80)

To see this, we consider the decomposition f = > gecon S\Q&Q obtained by
(Q)<2-8

methods of Theorem 3.7.1 and for every Q € Q, : Q) < 277 set ag =

Q| =5/ V2 pGy and Ag = |Q|¥/"T1/2-1/P ).
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Also, given any £ > 0 and using (3.7.41), we could arrange matters so that in

addition to (3.7.78)
dist (Q, [~1,1]") < ¢ if j > B. (3.7.81)

Let @' be the subset of {Q € Q, : 1(Q) < 277} consisting of cubes @ satisfying
(3.7.81) and condition p @ C €.

We may therefore set A9 = 0 whenever ) ¢ Q' without affecting (3.7.76),
(3.7.77), so there is no loss of generality in assuming that A := {A\g}g € fP4(Q’) to
begin with. Consequently, by Step IV, there exist a numerical sequence {uy}y € 7
and, for a fixed p < p; < +00, a sequence of pj-atoms for P79 {r}y, such that

Qr :=suppr, € @ and

A= Zﬂkrk, {nteller = ||

keZ

(3.7.82)

Step VI. Continuing the discussion initiated in the previous step, for each k£ € Z

we set

>ocor.oca, (T)qaq, i 1(Qx) <277,
A= (3.7.83)

agq, if Z(Qk) = 2_/6,
where Q, € Q' for each k € Z. It is then clear that f = Y key Mk, ie., (3.7.66)

holds. Also, for each k,
supp A, C Qp € @/, (3.7.84)

so that, in particular, p Q C €.
Going further, from (3.7.83) and (the inhomogeneous space version of) Theo-

rem 4.1 p.60 in [49], if [(Qy) < 277,

Akl prraggny < Cllrel| s < ClQg[MP =P < ClQg|MP 7, (3.7.85)
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where C' = C(p,q,s,n) > 0 is independent of k. Concerning the atoms A; with
1(Qr) = 277, note that they satisfy (3.7.78)-(3.7.79) and, hence, by the estimate

(3.7.77) in the context of FP4(R™),
[ Akl prragny < Cll1g, [ pra < C|Qx| "2 <O, (3.7.86)

where 15, is the sequence indexed by dyadic cubes given by (15, )o = 1 if Q = Q,
and 0 otherwise. The last inequality above follows from observation that [(Qy) =
275,

Finally, (3.7.65) follows directly from (3.7.83) and (3.7.4). Thus, altogether,
each Ay is a rough atom in the sense of (3.7.63)-(3.7.65), up to an unimportant

multiplicative constant.

Step VII. The argument presented up to this point proves the graph-domain
version of Theorem 3.7.4, and there remains to explain how the case of a bounded
Lipschitz domain €2 C R" is handled based on what we have shown so far. This,
however, is dealt with much as in the last part of the proof of Theorem 3.7.1.
More concretely, any f € FFi(Q) can be written in the form f = 7" f; where
fi € FL(€2), supp fo C O, a fixed, relatively compact subset of € and, for 1 <
i < m, supp f; is a suitably small subset of {2 so that the decomposition procedure

described in Step VI applies to each f; and yields

fi=> N4, i=1..m. (3.7.87)
k

The atoms A} having small support are, by (3.7.81), sufficiently close to the support
of the f;’s. In particular, they are supported inside €2 in the desired fashion and can

be selected without further adjustments as part of the final atomic decomposition of
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the original distribution f. The atoms A¥ with large support need only be truncated
by a suitable smooth function ®;, which is identically one on the support of 7;, so
that they now satisfy (3.7.63)-(3.7.65) relative to the original domain € (note that
by choosing 3 large enough, the condition of vanishing moments never gets into
play). Finally, the piece supported in a fixed compact subset of €, i.e., fy, is handled

as in the proof of Theorem 3.7.1. This concludes the proof of Theorem 3.7.4. O
Lemma 3.7.5. Let se R, 0 <p <p; <00, 0<q<o0, and fix
1
LeN,U{-1}, L>n(——1) —s—1. (3.7.88)
p

Also, let () CR" be a cube with [(Q)) < ¢y and assume that A € FPY4(R™) satisfies

1

supp A € Q, || Al|prragny < \Qli_i / 27A(x)dr =0, |y| < L. (3.7.89)

(As usual, the vanishing moment condition is void when L = —1.) Then
where C' = C(co, p, q,p1,8,n) < +00.

The lemma above can be considered as a version of Holder inequality. Indeed,
in the case when p > 1, ¢ = 2, and s = 0, the vanishing moment condition in

(3.7.89) is void and the statement in question becomes

11
l<p<pi <oo, suppACQ, [Alpmne) <I[Q" *» = |[Alwg,<C.

(3.7.91)

Proof of Lemma 3.7.5. If py = p there is nothing to prove, so we assume that

0 < p < p; < oo. Making a translation, there is no loss of generality in assuming
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that the cube @ is centered at zero. We proceed to estimate || Al[}s.q (ny DY using
the Littlewood-Paley type definition of the norm on FP4(R"™). A similar strategy

has been followed in [62]. Specifiaclly, recall (3.2.23) and decompose

1P
”AHqu Rn) — <Z|2Sj¢j*"4|q>
7=0 Lr(R™)
= / (Zusf(asjm)(xw) da + / (Zuw*m(x)w) dx
@ \j=0 RM\e@ \ j=0
= I+1I,

(3.7.92)

for a fixed ¢ > 0 to be specified later. Let r := 2 € (1, 00), % + % = 1. Holder’s

inequality then implies

n<} | (fj 29(, *A><x>q>ghr wl {/CQldx}l’

- 2 o ) (3.7.93)
<C / (Z 2% (g A)(l’)lq> drp -1QI"m
n jZO
< C“AHFm 9(Rn) ’ ‘Q|17H < C:

by the hypotheses on A. Thus, the contribution from I has the right order.
Before turning to 11, we momentarily digress and establish more preliminary
estimates. Given ¢p € C*°(R"), L € Z, x,h € R™, we denoted by Pr(¢)(z,h) the
Taylor polynomial of 1 of degree L expanded about x and evaluated at h (with
the convention that Pr(¢)(x,h) =0 if L < 0). In particular, Taylor’s remainder’s

formula gives
[z +h) = Pr(¥) (@, h)| < Cln, )[RV Y] ooy, L > 1, (3.7.94)
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uniformly in x. Also,

R PL() (2, h)] = P, (0"Y)(z, h), VyeN! |y <L+1.  (3.7.95)

Pick
§eCX(2Q), £=1om@, 0<¢<1,
(3.7.96)
107€ ]| ey < CLUQ)™M, Yy N,
Our long-term goal is to prove the estimate
§ <0 = [|¢; % Al| peqry < CPOHNQIH TR 5 =0,1,2,.... (3.7.97)

For an arbitrary multi-index v € N with |y| < L 4+ 1 we start by estimating

19764 =) = Pu(6;) . DEC 1eiem)
=2 () 20t =) - Pato e 0

B<y

Loo(R™)
> <Zf> (0°¢) (@ =) = Pryg (9°¢5) (w, ))( ) (3.7.98)
- L (&™)
C(n, L) Zl —hI+8l . Q)L—W\_H Lo . 9i(L+1)

B<y
< C(n, L) Q)71 ey,

uniformly in x € R". Here we have used (3.7.94), (3.7.95), (3.7.96). For r > 1,
keN,, k< L+ 1 wenow estimate

[(ds(z =) = Pr(d;)(x,-))E )|y @)
=Y 107[(d5(2 = ) = Prle) (@, )EO o)

Iv|<k

<N 0[5 — ) = Prle) (@, NEO ey - 1QI7 (3.7.99)
[yI<k

S C|Q‘% 2j(n+L+1) Z l(Q)L#»lf\'y\ S C‘Q’% 2j(n+L+1) l(Q)L+1fk

<k
_ C’|Q|7*7 ﬂzg(nJrLH)
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where we have used the fact that I(Q) < ¢p. Next,let 0 <a < L+1,a ¢ N, r > 1,
and select k € N,, k < L 4 1 such that k < a < k+1. Set  :=a—k € (0,1).

Then
1(¢(x — ) = Prl¢;) (@, )§C) | oy @)

< (@ =) = Prldy) (@ DEO g (any - 185 =) = Prl@) (@, DOz, ¢

k1 (R

< C|Q|r st L il IAY),
(3.7.100)

Thus, so far,

(@52 =) = Pu(6) (@, NEO gy < ClQI 25724 (3.7.101)

uniformly in x € R", for every 0 < a < L+ 1,1 <r < co. Via embeddings for

Triebel-Lizorkin spaces, we finally conclude that

1(9(z =) = Prle) (@, )EC) | premny <

P 2 9J(n+L+1)
)

n n

(3.7.102)
uniformly in x € R", forevery 0 <a< L+1,1<r<oo, 0<t<oo.
In fact, we claim that the following endpoint case of (3.7.102)
_a L+l e
1(65(z =) = Pr(¢)(, DEC) | pgony < ClQ| 7 27HEHD,
(3.7.103)

uniformly in x € R", for every 0 < a < L + 1,

holds as well. To see this, assume first that « ¢ N, say a = k+ o0, k € Ny, k < L,
€ (0,1). Then, given that ® := (¢;(x —-) — Pr(¢;)(z,-))&(+) is supported in 2Q),
1(¢; - (& =) = Pr(;) (@, ))§ ()l rgoemen)

|07®(z+ h) — P
< Z 187 ®|| Lo () + Z sup (24 h) (2)]

h o
< Z |07 ® | Lo ) + C Z \|3”¢||Loo(w)‘l(@)17”
[vI<k Iv|=k+1

< C|Q|%7g 2](n+L+1)
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using (3.7.98) and, once again, the fact that [(Q)) < ¢y. The case when a € N,
a < L+1, then follows from the case we have just proved and standard interpolation
inequalities (for the real method).

Recall the smoothness index s and the integrability index p; in the statement

of the lemma and assume for now that s < 0. If p; > 1 we write

(9 ¥ A) ()] = [(A; d;(z — )

= (A, (¢(x =) = Prl¢;)(z,)E())]

< 1Al prrageny - 1052 = ) = Pr(ég) @, DEO ot v . (3-7:105)
< ClQIFTY QAT L gilriy
_ C|Q’1+§—%+%  9i(n+L+1)
uniformly in z, on account of (3.7.89) and (3.7.102). If p; < 1 then
(FPra(RP))* = Fo (R™) (3.7.106)

and (3.7.103) can be employed in order to conclude that, once again, (3.7.97) holds
in this case. This finished the proof of (3.7.97).

Finally, let us consider the case when p; = 1. In this scenario, pick 1 < r < 0o
and o < s such that 1/r —o/n =1—s/n. Then [|A||grag.) < C|Q[''/7, thanks
to (3.7.89) and an embedding, while ||(¢;(x — ) — Pr(¢;)(z,))EC)]|

ClQ

Pl ey S

s L+1
e

“ .20+ by (3.7.102). Combining these two estimates and proceeding

much as (3.7.105) we arrive at the conclusion that (3.7.97) continues to hold in this

case as well.
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Assuming that s < 0 we now proceed to estimate I1. Obviously,

P
oo q

- LR A><m>\q) o

j=0

Q3

(3.7.107)

= IS (s x A)(2)|7 | da.
Lol X e

J€No
zesupp (¢;+A)

Note that, since supp ¢; C B(0,¢,277), the conditions that
z € R"\cQ and x € supp (¢; x A) = cl(Q) < |z] < ¢,277 +/nl(Q). (3.7.108)

In particular, I(Q) < 277 if ¢ > \/n so that, ultimately, |x| < ¢277. This, in turn,

implies that

j < log, (é) . (3.7.109)

Then

SIS

II<c / Z 20 QUi st g0 [T gy
R™\cQ

j<10g2 ‘z‘ )

< clQpP(+a—i+it) / > ANy (3.7.110)
R™\c@

]<10g2( Tel )

p(s+n+L+1)
< cQp(rHE3-t) / <_> dz
R™\c@ |‘/E|

< C\Q|P(1+%—%+%) Q)P — 0 < o

if

p(s+n+L+1)>n. (3.7.111)

Note that this last condition is satisfied whenever (3.7.88) holds. This finishes the

proof of the lemma when s < 0.
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The general case when s € R is dealt with inductively. Specifically, assume first
that s < 1. Fix A as in (3.7.89) and arrange matters so that () is centered at the
origin. Then pick ¢ € C2°(R"™) satisfying ¢» = 1 in [—2¢,, 2¢,|™. Then, in the sense

of tempered distributions,
A=Y "(WTp)(0;A), where T;:=0;A™". (3.7.112)
j=1

Note that 0;A has vanishing moments up to order L + 1 (and (3.7.88) is satisfied
with L+1 in place of L and s—1 in place of s), supp (9;4) C @ and ||ajA||F§1’f(Rn) <
Cll Al prragny < C|Q|ﬁ_%. Since s —1 < 0, what we have proved so far applies and
gives [|0;A| pra @ny < C for each j. Utilizing this back in (3.7.112) and invoking
Corollary 3.2.12 yields || A/ gragny < O, as desired. Clearly, this scheme can be

iterated to cover the case of an arbitrary number s > 0, finishing the proof of the

lemma. O
3.8 Duality of spaces on domains

We start with an auxiliary result concerning density of infinitely differentiable

functions supported in domain in the spaces with extra zero index.

Proposition 3.8.1. Assume that Q) is a bounded Lipschitz domain in R", s € R

and 0 < p,q < 0o. Then CX(§2) (where tilde denotes extension by zero outside €))

is dense both in BL§(Q2) and FLi(2) with p # oo in the case of F-spaces.

Proof. The proof is based on local atomic decompositions of B§(€2) and F{(€2)
spaces: speaking informally, we approximate given distribution by linear combina-

tions of atoms.
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To be more specific, assume that f € BY{(€2) and recall the partition of unity
introduced in the proof Corollary 3.7.3. Following the same steps, we find the

decompositions (3.7.59) and (3.7.61). The only difference is that this time

1/q 1/q
> a/p > ) a/p
SEY )| <o ma [S(X )| <
= S v

(3.8.1)

where ¢ = 1,...,m, and Q,, is a family of diadic cubes in the original system of
coordinates and Q! i = 1,....m are families of diadic cubes in the Cartesian
systems of coordinates C’ chosen so that B, N Q = D, N Q) and D; is a special

Lipschitz domain in C*. Also, ||4;| grogn) < C||f]

Bﬁ”q(R”)'
Going further, for each i =1,...,m and j = 8+ 1,6 + 2, ... we consider partial
sums of the series (3.7.59) and (3.7.61) in the form
S(fm) = > spay,  SU(fm)i=Ait D Noah  (382)
Q:279<1(Q) Q:279<(Q)

Then by construction for each i = 1,...,m and j = 6+ 1,0 + 2, ... the functions

—_—

Si(fno) and S’(fn;) belong to C°(Q) and
lim S7(fno) = fno, lim S?(fn;) = fn; with convergence in BP4(R"), (3.8.3)
Jj—00 j—00

hence,

J—00

lim (Sj(fno) —l—ZSj(fm)) = f with convergence in  B{§(Q2), (3.8.4)
i=1

—_—

and S7(fno) + >0, SU(fn) € C2(Q) foreach i =1,...,m, j =+ 1,842, ..., as

desired.
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The same argument can be used to cover the case f € FLj(€2) with the only

modification addressing the sequence spaces in (3.8.1). O

Proposition 3.8.2. Let Q be a bounded Lipschitz domain. Then with s € R,

1<p,g<oo, Ae{B,F} (and p+# oo when A =F), consider the spaces

APIQ) = {A:CZ(Q) = R; A is linear and

S

3C > 0 such that |A($)] < Cllo] v gy V6 € CZ(R) }3.8.5)
Then there exists an isomorphism
T AP9(Q) 2% APY(Q)). (3.8.6)

Proof. For u € AP9(Q2) we define A, (@) := (U, @) for every ¢ € C=(Q) and U €

AP4(R™) such that Ulg = u. Then the operator

T APYQ) S u— A, € API(Q), (3.8.7)

S

is linear and bounded. It is also one-to-one, for if A, = 0 then Ul|g = 0 in D'(Q)
and hence v =0 in Q.

To see that it is onto consider some A € AP9(R™). Then A extends to a bounded
linear functional on the closure of CT(;’O\(E) in A" (R™). Since the latter is a closed
subspace of A”?(R"), by Hahn-Banach theorem there is U € AP(R™) such that

A(¢) = (U, ¢) for every ¢ € C®°(Q). Then Ulg € AP4(Q) and T(Ulg) = A, as

desired. O

Theorem 3.8.3. Let €2 be a bounded Lipschitz domain. Then there exist isomor-
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phisms

O (BUE(Q) =% BT (Q), seR, 0<p,q< oo,

O (FT()" o, FPA(Q), seR, 1<p<oo, 0<q< oo,

O (FPE(Q)" 2% Bi’fn(%il)(ﬂ), seR, 0<p<1l, 0<g<oo, (3.88)
and isomorphisms

U (BPI(Q)" 2% B (), sER, 0<p,q< oo,

U (FP(Q))* 2% FPA(Q), sER, 1<p<oo,0<q< oo,

U (FP(Q))* 22 Bi’ﬁleil) (), seR, 0<p<l,0<g<oo (389

For s € R and 1 < p,q < oo the spaces B2(S2), FP4(Q) and BL(S2), FL§(Q)
are reflexive.
Proof. We will proceed in several steps, starting with

The proof of (3.8.8). Let us focus on the statement for Besov spaces, the rest
follows verbatim. To this end, consider some functional A : B (2) — R and recall

the projection operators from (3.6.41):
P:=1 — Byug 0 Ryug : BY(R") — BI(Q). (3.8.10)

Then A := Ao P : BP(R") — R is a linear bounded functional on BP4(R™).
By Theorem 3.2.6 we can write A€ Bf/;q/ (R™). Now denote by ® the following

application

o (BY(Q)* 3 A——Alg € BYY (), (3.8.11)

152



then & is linear and bounded by construction.
Finally, there exists an inverse of ® defined in the following way. For u €

B”7 () one can take any U € B”;¥ (R") such that Ulg = u and then set

O (u) : BYY(Q) 3 u— A, € (BYI(Q)), (3.8.12)
where

Ay(v) := (U, v) for every v € BY§(Q). (3.8.13)

Note that by Theorem 3.8.1 for every v € Bl§(f2) there exists a sequence of
functions {¢;};j—¢~ from C(Q2) such that {5]-}‘]?‘;0 converges to v in the norm

of BP4(R™). Therefore if U € BPY (R™) is such that Ulg = 0 then
(U,v) = lim (U, ¢;) = lim (Ulg, ¢;) = 0, (3.8.14)
j—o0 j—o0

so that ®~! is well-defined. Clearly it is linear and bounded.
To prove that ! is an inverse of ® consider first some u € BY7 (€2). Then for

every ¢ € C2°(2)

(@07 (u),0) = (D} (u)la, @) = (2 (u), 8) = (7" (u), P) = (2" (u), 6)

(3.8.15)

and for every U € B’il;q/ (R™) such that Ul|g = u the expression above is equal to

as desired, hence, ® o ®~! = I, identity operator, on BY gql(Q). Note that it is

enough consider ¢ € C2°(Q2) in the argument above by Theorem 3.8.1.
153



Conversely, for every A € (B§(Q2))* and every v € BY{(Q2)
(@ o ®)(A),v) = (D (Alg),v) = (A, v) = (A, v), (3.8.17)

so that @' o ® = I on (BY{(Q))*.

The proof of (3.8.9). Once again, we concentrate on the first statement in 3.8.9,
the second and the third one can be proved following the same lines. For every
A € (B?(Q))* we can define W(A) := A o Rg. By definition W(A) is a linear
bounded functional on B??(R™) and as such belongs to the dual of the latter space
(BP4(R™))* = B”:7 (R"). Also, it is not hard to see that W(A) is supported in
in the sense that for every u € B?%(R") such that suppu C R™\ €2 the application

U(A)u = 0. Hence,
U (BP(Q))* 3 A AoRq € BYL(Q), (3.8.18)

linear and bounded, as desired.

Conversely, we define
UL BY(Q) 3w A, € (BP(Q)), (3.8.19)
where

Ay (v) := (u, V) for every v € BPY(Q) and V € BP4(R"™) such that Vg = v.

(3.8.20)

The definition above does not depend on the choice of V' for given v, since if

Vi € BP4(R™) and V, € BP4(R™) are such that Vi|q = Va|q then

(u, Vi) = lim (65, Vi) = Tim (6, Va) = (u, V), (3.8.21)
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where {¢;}j—¢~ are functions from C2°() such that the sequence {¢; 22, converges
to u in B? ,;%(Q). So U~ is well-defined, linear and bounded.
Let us check now that ¥ and W~ are inverses of each other. For A € (BP?(Q))*

and u € BP9(Q)) (with some U € BP?(R") such that Ulg = u)
(Ut o W(A),u) = (U(A),U) = (A, RqU) = (A, u), (3.8.22)

as desired.

Conversely, consider some u € BY S’?(l)(Q) and V € BP(R") we can write
(T (W), V) = (U7 (u), V]g) = (u, V), (3.8.23)

which finishes the argument.
The proof of reflexiveness. Consider some A € (BY{(Q))* and § € (B2 (Q))*,

s €R, 1< p,q<oo. Then denoting by ®* the formal adjoint of & we have
(®7(), A) = (& ®A) = (&, Kla) = ((oRa. ) = ((oRa, A) = (¥(E), A), (3824)
so that ®* = ¥ which along with (3.8.8) and (3.8.9) proves the last statement of
the theorem. Once again, the case of Triebel-Lizorkin spaces follows verbatim. O
Theorem 3.8.4. Let Q) be a bounded Lipschitz domain. Then
(RY()* = bmog(Q), (hg(2))* =bmo(Q) and (vmoy(Q))* = A'(Q), (3.8.25)

(hp(Q))* ={uc C*R") : suppuCQ}, L <p<l, a= n(% —1). (3.8.26)

n+1
Proof. The series of equalities (3.8.25) were proved in [8], the second one of those
also follows from the same argument as the one used in Theorem 3.8.3 for (3.8.8).
The equality (3.8.26) goes back to [20] and is also a part of Theorem 3.8.3.

Specifically, it coincides with (3.8.9) for s =0, ¢ = 2, S5 <p<Ll O
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3.9 Spaces of null-solutions of elliptic operators

Let L be a (homogeneous) constant-coefficient, elliptic differential operator of order
@€ 2N in R™, as in (2.4.26). Also, fix a (possibly unbounded) Lipschitz domain
Q) C R”, and recall that Ker L stands for the space of functions satisfying Lu = 0
in Q. Finally, for 0 < p < 0o and o € R, we denote by HE(Q; L) the space of

functions u € Ker L subject to

(o)—1
ullz @y = 18IV ul | ooy + > IVl ooy < oo, (3.9.1)
j=0

where («) is the smallest nonnegative integer greater than or equal to a, i.e.,

aif a e N,
(a) =< [a]+1ifa>0, a ¢ N, (3.9.2)
0if a <O.

Above, recall that V7 stands for vector of all mixed-order partial derivatives of
order j and that [-] is the integer-part function. When €2 is bounded, an equivalent

quasi-norm on HE (€2; L) is given by
15619l + sup )] 3.9
re

where O denotes some fixed compact subset of €). Indeed, using the interior es-
timates the lower order term in the right-hand side of (3.9.3) can be controlled
by Cllu| rr(q), with some constant C' depending only on the domain. As for the
converse, (2.4.35) shows that for every 0 < j < (a) — 1

1/

zeO

Vil < €| ( [ 69 )y ar)

"+ sup )|

< C [( /Q (5(;p)<a>—a|V(a>u(x)\)pdx) v +sup |u(x)|] . (3.9.4)
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where the last inequality rests on the observation that 6(*~7 < C6{® = whenever
0 <j < {(a)—1, on the bounded domain .
For each fixed operator L as before, the spaces HE (€2; L) are amenable to com-

plex and real interpolation. Specifically, we have:

Theorem 3.9.1. Let L a constant-coefficient, elliptic differential operator as in
(2.4.26). Also, suppose Q is a bounded, star-like Lipschitz domain in R"™, ag, aq €
R,0<p<oo,0<8<1anda=(1—0)ag+0ay. Then the following interpolation

formulas hold with equivalent norms:
(H5, (2 L), HE (2; L))o, = HL(Q; L), (3.9.5)
[HD, (L), HE, (Q; L)y = HE(QL). (3.9.6)

Proof. The identity (3.9.5) is proved in [119] for n = 2 and L = 9, the Cauchy-
Riemann operator in the plane, and the proof goes through vitually verbatim. In
fact, (3.9.6) is also proved in [119] (once again, when L = ), but for a different
concept of complex interpolation. For the reasoning in [119] to work in our case
(i.e., for the complex method of interpolation described in §3.1), we need to check

two more things, namely:

(i) given ap,; € R and 0 < p < oo, the space HE (€; L) + HE (L) is
analytically convex, and

(i) given f € LP(Q) NKer L, 0 < p < oo, the LP(2) N Ker L-valued mapping

{CeC:Re(>0}>3(— Ref € LP(Q) NKer L, where (3.9.7)

(Ref)(x) = % /0 N t<+m—1i—1(e—t f(e_tx)) dt, €9, (3.9.8)
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is analytic, in the sense of (3.1.2). Here, 2 is assumed to be star-like with respect to
the origin in R", I'(+) is the Gamma function and m € N,. Note that the definition
of the fractional intergration operator R is, in fact, independent of m, as an m-fold
integration by parts shows.

Condition (i) is required since, according to the setup in discussed in §3.1, the
sum of the two quasi-Banach spaces in question must be analytically convex. The
fact that the map (3.9.7) has a complex derivative at every point in the right
half-plane is proved in Lemma 9 on p.663 in [119]. Nonetheless, as pointed out
right after (3.1.2), this concept of analyticity is too weak for our method of complex
interpolation to work. Thus, instead of pointwise complex differentiability, we have
to insist on a power series condition such as (3.1.2), hence the necessity of (ii).
Granted (i)-(ii), the same argument as in [119] applies and yields (3.9.6) (strictly
speaking, this result is proved for analytic functions, [119] but the argument goes
through with only minor alterations in the case of harmonic functions).

We now turn to the proof of (i). Since HPZ (€%; L) + HP (€; L) = HP (€; L) if

—00 < ap < a1 < 400, this claim reduces to showing that

HP (; L) is analytically convex, Va € R, Vp € (0, 00). (3.9.9)
To justify (3.9.9), first introduce

(.5 = {u e I, () /Q\u(x)]pdist (2,007 dr < too},  (39.10)

equipped with the obvious quasi-norm. Next, we note that the map

HP(Q; L) 3w (Vu, VOl ) € LP(Q,69 )@ LP(Q) @ --- @ LP(Q)
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(3.9.11)

identifies HP (€2; L) with a closed subspace of LP(Q, 6~ @ LP(Q) @ --- & LP(Q).
Since, by Theorem 3.1.6, the latter space is analytically convex, it follows that
HP (Q; L) is analytically convex as well.

Next, consider the analyticity claim made in (ii) about the operator (3.9.7)-
(3.9.8). We shall choose m = 1 and drop the factor in front of the integral so that,

for a fixed f € LP(Q) N Ker L, it suffices to consider
{CeC:Re(>0}>(+ / tge’t(l —|—:U-(Vf)(e’tx)) dt, x €. (3.9.12)
0

Continuing our series of reductions, it will suffice to assume that 0 < p < 1 and

justify that, for a fixed f € LP(Q) N Ker L,

{CeC:Re(>0}3(— Acf(:) = /000 te ™ (Vf) (e ) dt (3.9.13)

is a LP(§2)-valued analytic function (the lower order term in (3.9.12) is handled
similarly).

To this end, we fix ¢, € C with Re(, > 0 and formally write

Acf =D (C=GY I (3.9.14)
=0
where
1 [ - _ _ )
fi(x) = 7/ (Int) e (Vi) (e te)dt, €9 jeN,  (39.15)
J:Jo

There remains to show that f; € LP(§2) and that the series (3.9.14) converges

uniformly for | — (,| < n, provided that n > 0 is small enough. This, in turn, will
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follow as soon as we show that there exists a finite constant k = k((,, p, f) > 0 and

some C > 0 such that
Ifill ey < CK?, Vi €N, (3.9.16)

To see this, we first make the elementary observation that, for each € > 0, there

exists a finite constant C. > 0 such that for each j € N,,

te|ln¢t|?
<

: Intfe <
<@ ifo<t<1 and Intfe™

i <(C.) if 1 <t<oo. (3.9.17)
Indeed, in the second inequality in (3.9.17), use |[Int|? < ¢’ for t € (1,00) and the
fact that the mapping (0,00) 3 t — t/e~¢! € (0, 00) has a global maxim at t = j/e,

to write for each t € (1, 00)

Int|ieet < g_jjje_j

i s C(ly, jEN, (3.9.18)
where the last step uses Stirling’s formula to the effect that j! ~ j%¢=7. Finally,
the first inequality in (3.9.17) reduces to what we have just proved by making the
substitution t = e, 7 € (0, 00).

Turning to the proof of (3.9.16) in the earnest, we note that, by assumption,
there exists a Lipschitz function ¢ : S"!' — R with inf {p(w) : w € S"'} > 0
such that Q = {wp: w € 5" 1 0 < p < p(w)}. As a consequence of the Mean

Value Theorem for null-solutions of L, there exists a small, compact neighborhood

O of 0 € Q such that, whenever 0 < p < o0,

/ lu(x)|P dx < C/ |u(z)|P dx, uniformly for u € Ker L. (3.9.19)
Q o\0
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Note that Lf; = 0 in Q for every j € N, so that, for some M > 0 large enough,
[inwra<c [ ipwpas
Q

< C/ / |f] pw)|Pp" "t dpdw (3.9.20)
Sn=1 Je

) p(w) 00 p
<(C.y / / ( / tRe@-Ee-“-E)ﬂ<Vf><e-tpw>|dt) 7 dpd
Snfl e*MAp(w) 0
A p(w) 0o D
sy [ ([ et et dp
Sn—1 e*A/Icp(w) 0

Above, we picked 0 < ¢ < min {1, Re (,} and then made use of the estimate (3.9.17).
Also, (+)raq is the maximal radial operator introduced in (2.2.4).

To proceed, change variables such that p = p(w)e™®, s € (0, M), and A = s+t
so that A € (s,00); in particular, A > ¢t > A — M. Then the last expression in

(3.9.20) is

<

([ et N ot ] ) dst

[ [
< [ (e e v e pwe)]) drds

< @p{ [ [ (e T e pt1) dhd + e |

The second estimate above is based on Hardy’s inequality (in the version discussed
in Lemma 1 on p.670 of [119]). Also, in the last inequality above, we have used
the fact that (V f)a(e *p(w)w) < C|| f|l1r(e), uniformly for A > M and w € 5™,
given that Lf = 0 in Q and that e *p(w)w lies, for this range of parameters, in a
fixed, compact subset of (2.

There remains to handle the double integral inside the brackets. For this we
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make the change of variables 7 = e *¢(w) so that d\ ~ r"1dr and note that
§(rw) = dist (rw, 0Q) = p(w) —r~e ™ — 1~ )\ (3.9.21)
uniformly for A\ € (0, M). Thus, the double integral in question is majorized by

c / 51V )uuall? d < C / BV flPde < C / P da, (3.9.22)

by Lemma 2.4.3 and Theorem 2.4.4.

This completes the justification of (3.9.16) and finishes the proof of the theorem.

Another type of harmonic spaces on €2 can be defined as the collection of all
harmonic functions belonging to FP4(Q) or B4(2). In the rest of the paper theses

spaces will be denoted by H N FP4(Q2) and Ker L N B9((), respectively.

Theorem 3.9.2. Consider an elliptic, homogeneous, constant coefficient differen-
tial operator L as in (2.4.26) of degree pu < n, and fiz a bounded Lipschitz domain
Q wn R™. Also, assume that 0 < qo,q1,q9 < 00, apg, 1 € R, 0 < 8 < 1, and set

a=(1-0)ayg+0cy. Then, if 0 < p < oo,

(Ker L N FR4 (), Ker LN F24(€2)),g = Ker LN BEY(Q), (3.9.23)
and if 0 < p < o0,

(Ker L N BE™(Q), Ker LN BY"(2))g,, = Ker L N BEA(€). (3.9.24)

Next, let 0 < po,p1 < 00, 0 < qo,q1 < 00, ag,a1 €E R, 0 <0 <1, a =

(1—9)040—#9041,%:110;09—1—7% and%zlq;oe—l—q%, then

[Ker L N FPo (Q), Ker L N FP21(Q)]y = Ker LN FPI(Q). (3.9.25)
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Finally, if ag,a1 € R, ag # aq, 0 < po,p1,q0, 1 < 00 and either py + qo < 0o or

p1+q < oo, then
[Ker L N BE™(Q), H N B (Q)]g = H N BE(Q), (3.9.26)

wh6T€0<9<1,0z:(l—e)ao—i-eoq,%:lp;oa—i-p% andézlq;oa—i—%.

Proof. Set X; := FPr9(Q), Z; == Fi'% ((Q) and Y; = F"% ((Q \ Q), where Q
stands for some open cube in R™ containing  and i = 1, 2.

We aim to use Theorem 3.1.8, so the first order of business is to check A-
convexity for the spaces Xy + X; and Y, + Y;. However by the argument of Theo-

rem 3.6.4 the sum of spaces X+ X is analytically convex. As for the sum Y+ Y,

we can define the operators

041—1170

Py =T — Egug o Rymg : FE9,(R™) — F2 (@),

Py:=1—ESoRg: FF'% (Q) — FP"% (Q\Q), (3.9.27)

a;—u,0 a; — 1,0

where ¢ = 0,1 and Eg denotes the Rychkov’s extension operator truncated near Q
so that it maps the functions from 7% (€2) to those supported in the cube @, i.e.
belonging to Z;. Both P, and P, are common projections for the corresponding
spaces and hence Lemma 3.1.9 applies and shows that Yy + Y; are analytically
convex.

Consider the operator D := Lo Eg . One can observe now that, in the notation
of Theorem 3.1.8, X;(D) = Ker LNEFY»%(Q) for i = 1,2. We now let G stand for the
composition Rqoll;, where I, is the Newtonian potential operator associated with

L (defined as in (3.2.81) for a(§) := L(—i€)™!) and, as usual, Rq is the operator
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of restriction to ). Then G : Z; — X, boundedly, thanks to Corollary 3.2.12,
granted that u < n. Furthermore, if I stands for the identity operator, then for

every test function ¢ € C2°(Q2) and for every distribution u € Z;,
(DoG—Tu,v) = (LoEZoRgollu, ) — (u,v)
= (1) (M, L) — () = 0. (3.9.28)

Hence, K := Do(G —1 is a bounded linear operator from Z; to Y; and DoG = [+ K
on Z; by construction. Then (3.9.23) and (3.9.25) follow from Theorem 3.1.8. A
similar argument works for the harmonic Besov scale and this finishes the proof of

the theorem. O

Theorem 3.9.3. Let L be an elliptic, homogeneous, constant coefficient differential

operator L as in (2.4.26) of degree p < n and let Q be a bounded Lipschitz domain

in R™. Then
HE(Q; L) = F£’2(Q) N Ker L, (3.9.29)
HE(Q; L) = BPP(Q) N Ker L, (3.9.30)

for each a € R and each 0 < p < 0.

Even though we are ultimately interested in the case when L = A, our proof
dictates that we consider a general operator L instead of just the Laplacian. Let
us point out that, when L = A, the identity (3.9.29) for & > 0, 1 < p < o0, and
the identity (3.9.30) for @ > 0, 1 < p < oo, have been established by C. Kenig and
D. Jerison in [68] using some deep properties of harmonic functions. In the case of

the Besoov scale, their approach uses the intrinsic characterizations of these spaces
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in terms of finite difference operators of the sort described in Theorem 3.6.8. In
particular, some of the limitations in the range of indices one may consider in this
scenario are inherited from here.

Prior to presenting the proof of Theorem 3.9.3, we isolate one important aspect

in the proposition below.

Proposition 3.9.4. Let (2 C R" be a bounded Lipschitz domain and fix 0 < p < 1.

Then for each function u which is sub-averaging in €,
u € LP(Q) <= u € h’(Q). (3.9.31)

Proof. Let us deal with the direct implication. Since membership to h?({2) is a
local property, it suffices to check that every x, € 02 has an open neighborhood
O C R such that uw € (O N Q). To see this, identify x, with the origin in R"
and consider a Lipschitz function ¢ : R"™! — R such that »(0) = 0 and for which

there exist M, R > 0 with
Ypo= {2, p(): 2 e R" |2'] < R} C 09, (3.9.32)
DR,M Z:{$+t€ni .TEER, 0<t<2M}CQ

As pointed out before, it suffices to check that u € h?(Dpg ). To this end, note
that there exists a vertical, circular, truncated cone I' with vertex at 0 € R"
such that the cone I'(z) := x + I is contained in  whenever x € Dp ). We
fix ¢ € C(B(0,1)) such that [, ¢(z)dr = 1 and set ty(z) = t"P(x/t).

Furthermore, we shall assume that supp¢ C B(0,1) N (=T). Then, for each = €
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Dpaand 0 < t < dist (z,0Dpg ), we may write

(@) = | [ e = y)0u0) dy| < Julimompn) [ 1)l dy < NMuo)
Q
(3.9.33)
where A denotes the non-tangential maximal operator, i.e.
(NU)(Q?) = HuHLoo(p(x)), x € DR,M— (3934)
Consequently,
ut(z) < Nu(z) for every x € Dy, (3.9.35)
where, in the present context,
ut(z) = sup |(Yy * u)(x)], x € D (3.9.36)
0<t<dist(:c7aDR7]w)
The next step is to show that
INul| Lo (pg ) < Cllullzre)- (3.9.37)

Here we adapt an argument from [119]. Begin by considering the Whitney de-
composition of €2, i.e. a countable family of balls {B;}; which cover €, whose
concentric doubles have finite overlap, and such that diam B; ~ dist (B;, 052) (cf.

[118]). Then Fatou’s lemma implies

N(|ufP)(z)de < C Y N (x;|ulP) (z) de, (3.9.38)

DRr,ym ; Dpr .y

where x; denotes the characteristic function of the ball B;. Next, we set

B :={x € Dy : T(z) N B; £ 0} (3.9.39)
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and note that NV (x;|ul?) = 0 on Dy 5/ \ B; and that HN(Xj|u|p)HLoo(]§j) < ”quoo(Bj)'

Also, |§J] < C|Bj|. Consequently,

N (xjlulP)(z) dx < C|B,| sup |u(z)|P < C / |u(x)|P du. (3.9.40)
zEB; 2B;

Dr,m
where the last inequality follows from the sub-averaging property of u. Recalling
that no point of (2 is contained in more than a fixed number of the balls 25;,
(3.9.37) follows from (3.9.38) and (3.9.40).

Now, (3.9.35) and (3.9.37) give that u™ € LP(Dg ) so that u € h?(Dg ), as
desired. This proves the left-to-right implication in (3.9.31).
To see the converse implication, assume that u € h?(Q) is sub-averaging. Then

fix ¢ € C*(B(0,1)) such that fB(O,l) Y(x)dx =1 and write
lu(z)| = }g% |(u ) (z)] < ut(x), a.e. €, (3.9.41)
by Lebesgue’s Differentiation Theorem applied to the locally integrable function w.
Since ut € LP(Q), this forces u € LP(1), as wanted. O
We are now ready to discuss the

Proof of Theorem 3.9.3. It is enough to consider the case when 2 is a starlike
Lipschitz domain. Indeed, every bounded Lipschitz domain can be covered by a
finite collection of star-shaped Lipschitz domains and the spaces involved are local
in nature (i.e., their elements behave naturally under restrictions). In this scenario,

consider first the left-to right inclusion in (3.9.29), i.e.

HP (Q; L) — FP2(Q) N Ker L. (3.9.42)
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The plan is to check this whenever @ € Z and |« is large. The full range of
indices for (3.9.42) will then be covered by interpolation (here, Theorem 3.9.1 and

Theorem 3.9.2 are used). To begin with, we observe that
Ker LN LP(Q) — RP(Q), 0<p<oo. (3.9.43)

This is, of course, trivial if 1 < p < oo and it follows from Proposition 3.9.4
if 0 < p < 1 (the fact that null-solutions of L are sub-averaging follows from
standard interior estimates).

Consider first the case when o € N satisfies o > n(ll) —1);+. Now, u € HE(Q; L),
entails v, V*u € LP(Q2) NKer L so u, V*u € h?(§2) by (3.9.43). Thus, u € h2(2) =
FP2(Q) by Theorem 3.6.2 (and its proof), which justifies the embedding (3.9.42)
in the case we are considering.

Next, we prove (3.9.42) when « € Z is negative. For the sake of clarity, let us
deal with the situation when o = —1 and then indicate the alterations necessary
to treat the general case. Thus, fix u € H”,(;L) so that Lu = 0 in Q and
u, du € LP(R). Our goal is to show that u € FP7(€).

Retaining the notation introduced in the proof of Proposition 3.9.4, it suffices

to prove a local version of this claim, i.e. that u € FP?(Dg ). To this end, for

each w defined in Dpg s we set
M
v(x) = —/ u(z + tey) dt, r € Dg 2, (3.9.44)
0
so that Lv = 0 in Dg p7/2 and

Ohv(z) = u(x) —u(z + Me,,), x € Dg o, (3.9.45)
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In particular, granted the current assumptions on u, we may conclude that 6 d,v €

LP(Dpg ays2). For the purpose of the calculation below, we introduce
Urad(2) == sup {|v(z + te,)| : 0 <t < M}, x € Dp o, (3.9.46)

and denote by “l.o.t.” (lower order terms) expressions which can be dominated in
terms of the supremum of |u| on compact subsets of 2. With do standing for the

surface measure on the graph of ¢, we may then write

M2
/ lv(z)|P dx < C’/ / lv(2', p(z") + 7) P do(x")dr
Dp.ai /2 9QNODg /2 /0

M/2 M p
C/ / (/ |0, v(2!, o(2') + 1+ 1) dt) do(z')dr + lo.t.
99NOD g 1172 0 0

M/2 M P
C / / ( / |3nU(fl?/,90(x')+s)]ds) do(z)dr + lo.t.
0NADR pr/a 70 r

M/2 M P
<c / < / (D)2 o) +s>yds) do(z)dr + Lo,
99ND 172 S0 r

IA

IN

M2
<C / (7[(0n)raa (2’ (') + 7))’ do(2')dr + lo.t.
9QNOD R 5172 J0

< C/ 3(z)P|(0nv)raa ()P dz + lo.t.
DRr ny2

<C d(z)P|Opv(z)P dx 4+ lot. < +oo (3.9.47)

Dgr a2

where the last inquality is a minor variation on the theme of Lemma 2.4.3 (consid-
ered here with ¢ = p and s = 1). Hence, v € LP(Dp r/2) and, thus, v € h?(Dg ar/2)
by Proposition 3.9.4. Consequently, d,v € h” (Dgar/2) so that u € h” | (Dpga2)
as well. Finally, u € Ff’f(DRM/g), by Theorem 3.6.2, which is what we desired to
show.

When a = —k, k = 2,3, ..., we take v := Z%u so that 0*v = u + l.o.t. in Dg .
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Instead of (3.9.47), by proceeding inductively we obtain this time

/ lv(x)]P dz < C/ S(x)P|0kv(2)|Pdx 4+ Lot. < +oo,  (3.9.48)
Dgr my2

Dgr yy2
which serves our purposes well. This finishes the proof of (3.9.42) when a € R and
0<p<oo.

Next, consider the right-to-left inclusion in (3.9.29), i.e.
FP2(Q)NKer L — HP(; L), (3.9.49)

which we shall prove first under the assumption that a € N is sufficiently large,
say a > n(1/p —1);. In this case, F?*(Q) = h2(Q) and if u € hE(Q) N Ker L then
u, 0% € LP(Q2) by Proposition 3.9.4. Thus, u € HE(2; L) and (3.9.49) follows.
Finally, we prove (3.9.49) in the case when « € 7Z is negative. In this scenario,
fix £ € C®(R"), £ = 1 in a neighborhood of €, and select N € N sufficiently large
so that a +Np > n(1/p—1);. In order to continue, recall that II; is the operator
defined as in (3.2.81) for a(¢) := L(—i€)™!, and that Eq is Rychkov’s extension
operator from Theorem 3.6.3. Then, given an arbitrary v € FP?(Q) N Ker L, we

remark that
v = [(ELE)N (Equ)] V€ FP2y (@) NKer LN* — HE(Q; LY (3.9.50)

where the inclusion is a consequence of our assumptions on N and of what we have
proved already. Thus, v € HP(Q; L¥*1) which futher enatils Ve+Vty € LP(Q). In
concert with Lemma 2.4.6, this implies that 5-*V¥#y € LP(Q). Since LYv = u,
this yields 0~ *u € LP(€2). With this in hand, the conclusion that v € H?(€; L)

readily follows and this finishes the proof of (3.9.49).
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This completes the treatment of the Triebel-Lizorkin scale. In the case of
Besov spaces we utilize what we have proved so far and real interpolation (cf.

Theorem 3.9.1 and Theorem 3.9.2). O
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Chapter 4

The Poisson problem for
Laplacian in Besov and
Triebel-Lizorkin spaces

4.1 Mapping properties of singular integral op-
erators

4.1.1 Double layer potential, single layer potential and sim-
ilar operators

We start with the result describing mapping properties on Besov spaces of integral

operator modeled upon the harmonic double layer.

Theorem 4.1.1. Let Q be a Lipschitz domain in R™ (bounded or unbounded).

Consider the integral operator

Tf(z) = /m k(o) f(y)do,, e, (41.1)

satisfying the following conditions:

(1) T1 = const, (4.1.2)

(2) [Vik(z,y)| < Clz —y| Y k=12, N, (4.1.3)
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for some positive integer N. Then, with ¢ := dist (-, 02),

k—1
_1_g ~
1672~ IV T f || oy + D IVITf ooy < Cl S|

J=0

BIP(0Q2)s (4.1.4)
granted that =1 < p < oo and (n —1)(2 —1); <s < 1.

1
p

Proof. Consider first the case p = 1, when we shall prove that

18" =V T f] [l < CIIS

5 (05)- (4.1.5)

To this end, recall from Proposition 3.4.1 that

— f(y)]

flx
11522y ~ 1 oy + [ V@) = JW 4, 45, (4.16)
° o0 Joa |7 —yl

The estimate we seek has local character. Thus, using a partition of unity, we
may assume that the support of f is included in a coordinate patch where 0 is
represented by the graph of the Lipschitz function ¢ : R"! — R. Assuming that
this is the case, we make a change of variables and set f(z) := f(z, ¢(z)), extended
by zero outside of the support. In particular, f € BLH(R" 1),

Thanks to (4.1.2), V*T annihilates constants. In concert with the assumption

(4.1.3) on the kernel, this implies that

k—1-s k % he1-s |f($’) _f(y/)| I,
/Q(s ()| VET f(@)ldz < C/O ¢ /R /R T Ay

< C/Rnl /Rnl @) = f)l (/Ooo = :j’_:z)n+kldt> da'dy’. (4.1.7)

Making the change of variables r = ﬁ, r € (0,00), dt = |2’ —y|dr, we can

further bound the innermost integral above by

00 tk—l—s " 0 T.k—l—s "
dt — .I’,— /|—s —n/ dT < C l’,— /|—s+1—n
|, gt m b [ e i < A
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(4.1.8)

for some finite constant C' = C'(k, s,n) > 0. Thus,

k—1-s k < (y/)| !,
/95 ()|V*T f(x)|de < /Rﬂl/Rnl |x_y|n+sldxdy

S C“f”Bl 1 (Rn—1) < C(||f||Bl 1(89 (419)

as desired. This completes the proof of (4.1.4) in the case p = 1.

Next we turn our attention to the case p = co. The goal is to show that

167~

Y (4.1.10)

To this end, let z* denote the point on 2 such that |z — z*| = §(z). Then we may

write

VT f(z) = | Vik(z,y)(f(y) = f(a)) doy. (4.1.11)

o9
Since f € Bo*(00) = C*(99) we have |f(y) — £(z°)| < Iflls=~nly — I
y € 0. With this in mind and recalling the assumptions (4.1.3) on the kernel,
we split the last integral into two parts, Iy, Is, corresponding to y € S..(z*) and
y € 00\ Se-(x*), respectively, where r := |z — 2*| and ¢ = ¢(99) > 0 is a suitable

constant. We have:

‘y _ Q;*|s
L] < CHfHB;""“(aQ)/ I doy

_ o ln-1tk
Ser(z*) IT y|"

< O fllp>=0 z—yl* " do,

|

/Scr(ac*)

< Cllfllp (asz)/ ( )Ts_nH_kde <Cr*
Ser(x*

sy, (4.1.12)
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On the other hand,

ly — x*|°
T — y‘n71+k dO‘y

[l < CHfHB;’O‘Oo(BQ)/

OQ\Scr ()

< Clfllsz=>o / 2" —y[* " do,
DO\ Ser (%)

< ClIf]

B (99) / P dp < O | fll e any- (4.1.13)

r

These inequalities complete the argument for the case p = oo.
Now the estimate (4.1.4) in the case when 1 < p < oo follows from what we
have proved so far and Theorem 3.1.11. The details are as follows. Consider the

family of operators
L f := oh+al(=ssotzsa] b | (4.1.14)

so that

Rez = 0= |Lof| = 6" 70| V*Tf],

Rez = 1= |L f| = 6" | VFTf).
Our results for p =1 and p = oo lead to the conclusion that the operators

Lo : B2H(09) — LY(Q),

Ly : B3 ™(0Q) — L™ (Q),

are well-defined and bounded for any sp,s1 € (0,1). Pick 0 < sp < s1 < 1,
otherwise arbitrary, so that (3.4.15) applies. In this scenario, Theorem 3.1.11 can
be used and we may conclude that

SFE TS|V f| - BPP(99) — LP(Q) (4.1.15)
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is also well defined and bounded for any s € (0,1) and any p € [1,00]. This takes
care of estimating the top term in the left-hand side of (4.1.4). The remaining
terms can be handle in a simpler, more straightforward fashion so we omit the
argument.

There remains to treat the case when ”T_l < p < 1, in which scenario (by once
again focusing only the top term in the left-hand side of (4.1.4)) it is sufficient to

prove the existence of some finite constant C' > 0 such that
/ (5(a;)k—%—syvaa(x)|)p dz < C (4.1.16)
Q

for every BPP(0f))-atom a.
Assume that a is as in (3.4.21)-(3.4.23), where S = S, = B(z,,r) N 02, and

re-scale a = r"a, with 7 to be specified later. Then, by Holder’s inequality,

/ (52" 59" Ta(a)])" da
B(z0,2r)NQ

= r_Tp/ §(2)*=1= P\ VA Ta () P da
B(zo,2r)NQ

1,z p —z l_p
<r TP (/ 8(x) 5wt VAT a(x)| dx) . (/ d(x)T=r dw)
B(zo,2r)NQ B(zo,2r)NQ

—z

1,2 p
e ([ ol i)
Q

—Tp+ =40 | ~
<OrTE Al (4.1.17)

iz
where we assume that z < 1 — p (needed in the second inequality), and that
—1+8+% € (0,1) (needed in the last inequality). The restrictions just imposed on
z are satisfied whenever z belongs to the nondegenerate interval (1—p(2—s),1—p).

Going further, the key is to select 7 so that a = r™”a is Bi’llJrerl,z (092)-atom.
P
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n—z

An appropriate choice is 7 = — n, in which case

/ <5($)k_%_s|VkTa\)p dz < Cr~ 0P — 0 < o0 (4.1.18)
B(zo,2r)NQ

Next, we turn our attention to the contribution away from the support of the

atom. For notational simplicity we will further assume that x, = 0. Then

s+(n=1)(1-3)
oWl o o™ e 0 B0, 25),

T|1:__y|n+k71 ¥y = |x|n+k71

IVETa(z)| < C /

S

(4.1.19)

At this point we pull-back everything to Euclidean model to obtain

/ SE=IP=17E T (2)|P d
O\B(0,2r)

k—s)p—1
< O prt=D=1) / o dz'dt
a 2|22 >4r2 (J!| 4 t)(nth=Lip

o t(k=s)p—1
<
N /Iz’|2+t221 ('] 4 t)(n+h=Lip

da'dt, (4.1.20)

after rescaling. Now the desired conclusion follows the fact that the last integral
above is finite, an issue addressed below.

First, consider the case when integration is performed over the set described by
|2'| <t and |2/|*> + t* > 1. Denoting the corresponding integral by I; and making

the change of variables ' = ty/ with ¢ € [%, oo) and 3’ € R"™1 we compute

o0 1
I, = t—spt=D0=p)=1 g / dy' 4.1.21
1 /1/2 ot (] 7 o0s (4.1.21)

which is finite since both integrals above are convergent under the current assump-
tions on p and s. As for the contribution from ¢ < |2/[, |2/|* + #* > 1, which we

denote by Iy, we remark that these conditions force |z/| > 1/2. With ¢ := p|2/| we
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obtain

[es) p(k—s)p—l ' —sp—npip ,
= /0 (/) + 1)("+k_1)p dp . /|;C/|>1/2 ’:K ’ o 7 (4.1.22)

which is finite as well. This completes the proof of (4.1.4) for the full range of

indices. O

The next result gives an analogue of Theorem 4.1.1 for single layer-like integral

operators.

Theorem 4.1.2. Let Q2 be a bounded Lipschitz domain in R™ and consider the

integral operator

Rf(x) = /69 k(z,y)f(y)doy, x € Q, (4.1.23)

whose kernel satisfies the conditions
IVEVI (2, y)| < Cla — y|" 2D j=0,1, (4.1.24)

fork=1,2,..., N, where N is some positive integer. Then

k-1

647519 R o + Y IV R ooy < €IS

J=0

o ooy, k=12, N, (4.1.25)

granted that =1 < p < oo and (n — 1)(§ -1 <s< 1

In the proof of this theorem we shall make use of an auxiliary result, addressing
the end-point cases of (4.1.25).
Lemma 4.1.3. (¢f. Lemmas 7.2-7.3 in [97]) Retain the same assumptions as in

Theorem 4.1.2. Then, for each k = 1,...,N, the operator (4.1.23) satisfies the
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estimates

k—1

165 VR ey + DIV BF ey < Cllf ooy (4.1.26)

=0
k—1
=0

Proof of Theorem 4.1.2. Since B, (09) — <B;_11((?Q)>** — <Blo°i§°(89)>*, we
can invoke Theorem 3.1.11 much as in the proof of Theorem 4.1.1 in order to

conclude conclude that
SFE S |VRTf| - BPP(09) — LP(Q) (4.1.28)

is a linear and bounded operator for 1 < p < oc and 0 < s < 1.
Thus, it remains to consider the case when (n—1)/n <p < 1land (n—1)(1/p—
1) < s < 1. Similarly to Theorem 4.1.1, our goal is to establish an estimate of the

form
/Q (5(x)k*%*5|vk3a(x)|>p dx < C (4.1.29)

where a is a BY",(09)-atom and constant C' does not depend on a.
To see this, let a = ag be as in (3.4.36)-(3.4.38), where S = S, = B(x,,r) NS,
x, € 00, r > 0, is a surface ball. In a neighborhood of the support of the atom,

with @ :=r"a, ¢ > 0 and 7, z to be specified later, we write

/ (523 19* Ra(2)] ) da
B(zo,cr)NQ

1,2 p —z 1_p
<O ( / 5(x)* 555 |V* Ra(x)| da:) ( / 5(2) T d:c)
B(zo,cr)N$ B(zo,cr)NQ

S O ||d||Blf2+1,z (aﬂ) S C, (4.1.30)

P
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by Hoélder’s inequality, and (4.1.28) with p = 1 in the last step. For this program

n—=z

to work (i.e, for the last constant above to be finite) it suffices to take 7 := —n
and pick z € (1 —p(2—s),1—p).

There remains to estimate the contribution away from the support of the atom,
a task we shall now consider, starting with the case when r > n > 0 (with 7 as
in the paragraph containing the display (3.4.36)-(3.4.38); in particular, such atoms
do not necessarily have a vanishing integral). Since € is a bounded domain there
exists a constant k = k(€2,n) > 0 such that Q C B(x,, xr) whenever z, € 0f2 and
r > 1. Then the estimate (4.1.30) with ~ in place of ¢ will do.

Turning to the case when r < 1 and assuming that x, = 0 we note, based on

the vanishing moment condition of the atom, that for each = € Q\ B(0, cr),

Vira@)] = | [ [VAk(e0) - 95k, 0)a(y) o,

_ )/S /;%[Vik(a:,(l—ﬁ)y)}a(y) 4 do,

Clallomom| [ 0] o V49, (1 - 0))] do,

IN

rer(nfl)(lf%

(4.1.31)

|| th-1
where, in the last step, we have used |x — (1 — 0)y| ~ |z| and |y| < r in the current
context. With this in hand and proceeding much as in the end-game of the proof

of Theorem 4.1.1 we can show that

/ (6(x)k_%_8|VkRa($)|>p dr < C < oo, (4.1.32)
Q\B(zo,cr)

with C' independent of the particular atom. The lower order terms in (4.1.25)

are handled in a simpler, more direct fashion and this completes the proof of the
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theorem. 0

Corollary 4.1.4. Let §2 be a bounded Lipschitz domain in R™ and fix ”T’l <p < oo,

and(n—l)(%—1)+<s<1,0<q§oo. Then

D : B2(99) — B, (), (4.1.33)
S : B, (99) — B, (Q) (4.1.34)

are well-defined, bounded operators. Furthermore,

D : BY(09) — FI (€), (4.1.35)
S : BI¥,(09) — FP,(Q) (4.1.36)

are also well-defined and bounded provided p # oo and one of the following two

conditions holds:
-1
(1) (n— 1)(% - 1) <s<™= and (2(+ + 4 + %) <q<oo, (4.1.37)
-1
(i) =<s<1 and (L(1-%H)+1) <g<oo (4.1.38)

Proof. The case p = ¢ for (4.1.33)—(4.1.34), (4.1.35)—(4.1.36) and the case ¢ = 2
for (4.1.35)—(4.1.36) follow immediately from Theorems 4.1.1, 4.1.2 and 3.9.3. The

full range of indices is then covered by interpolation and embedding results. O

4.1.2 The normal derivative of the Newtonian potential

Theorem 4.1.5. Consider a bounded Lipschitz domain €2 C R™ and supposed p, q, s

are fixed such that ”T_l <p<oo, (n—=1)(1/p—1)y <s<1land0<q<oo. Then

o, 11 : Bffl/p—zo(Q) — BY7(09), (4.1.39)
OIL: FTY 5 0(Q) — BIE(0Q),  if p # o0, (4.1.40)
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are well-defined, linear and bounded operators.

Proof. We start with implication (4.1.40) for =1 < p <1, (n—1)(1/p—1) <s <1
and p < ¢ < oo. By Proposition 3.4.9 and Theorem 3.7.4 it is enough to show that
9,11 maps rough F?1 (Q)-atoms to BY, (0€)-molecules.

s+1/p—2,0
Note that current restrictions on indices imply that rough FZ;% /p7270((2)—at0ms
satisfy (3.7.63)—(3.7.65) with L > 0. Consider first such a rough atom A supported
in a Whitney cube Q C 2, with center 9 € @ and pick zg € 0N such that
|zg — xg| = dist (zg, 02). Then set m := 9,II(A) on 0N which, so we claim, is a
molecule for BY”, (0€) concentrated about the surface ball S := B(zg,(Q)) N O2.
The claim will be justified by checking (3.4.60)-(3.4.61). Take the vanishing

moment condition, required when (@) is small. Then A has one vanishing moment

and

mdo = 0, I1Ado = /

AllAdx = /
o9 a9 Q

Adr = / Adr =0, (4.1.41)
Q R™
by Green’s formula and the support condition on A.

Turning to size estimates, we observe that m can be expressed in the form

(recall that x( is the center of @),

m@%ié(@_yww»—&x_m*W@»&wA@M% (4.1.42)

|z =yl |z =zl

for some £ € C°(Q2) such that £ = 1 on @, & vanishes outside some small neigh-
borhood ¢@, c=¢(Q) >1,0< ¢ <1, and |VE| < CUQ) .

For the range of indices we are currently working with,

Ffiiq/p_Q(Rn> SN L821(Rn)7 if s+ % —_92_ pﬂl = -1 - p%’ (4143)
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where p; > 1 is the index appearing in (3.7.64), chosen sufficiently close to 1, and
p2 > p1. Also, (L2 (R™))* = Lfg (R™), so that (4.1.42) together with (4.1.43) and

(3.7.64) imply

()| < Il s 1Al ey < CLQIPF B g (4.1.44)
where
|z =yl |z — gl

We can see that

IVE,(y)| < C ﬁ O [l it L GOV S CON IV TR S 5

|z =yl |z — ol

(4.1.46)

By the Mean Value Theorem,

(z — 2 v(z))
IT < Cly—zq| sup |V.———1|VE(y)| < CUQ) sup ~[VE&(y)l,
z€ly.aq] |z — 2| sely.aq) [T = 7]
(4.1.47)
so that
II1 <C sup -, (4.1.48)
sely.aq) | = 7]

since |V¢| < % Using the property that ) is a Whitney cube for 2 and keeping

in mind that y € cQ, z € 02, z € [y, xgl, some elementary geometry leads to the

conclusion that |z — x| < C|z — z|. Consequently,

1 < ClQ)™ (1 + %) N (4.1.49)
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The same reasoning shows that a similar estimate holds for I so that, altogether,

IV Ell gy < CUQ) (1 + %)_ . (4.1.50)

Similarly,

172 HL”2 Rn) < CZ(Q)l_% (1 + M) < Cl(Q)_% (1 + M) ’

Q)
(4.1.51)

where the last inequality rests on the observation that [(Q) is bounded by the

diameter of the domain 2. Then by (4.1.44), (4.1.50) and (4.1.51)

m(z)] < CLQ)Y " (1 + %) - (4.1.52)

Now, by definition, |zg—xzs| = dist (zg, ), so that |r—xs| < |r—zg|+|rg—2s| <

2 |x — xg| for every x € 09. If we now set r := [(Q), then

— 1 |x — —
P e ISR ) ek IS Y PO (41.53)
T 2 T 2 r

which entails

im(z)] < Cr (1 + w) _n. (4.1.54)
This proves (3.4.60) with M = n+s—1 > ”le and justifies the claim that
m is a molecule for BY” (09Q) concentrated about the surface ball S = S,(xg).
At this stage, Proposition 3.4.9 applies and yields that, for ”T_l < p < 1and
(n—1)(1/p—1) < s < 1, the operator (4.1.40) is well-defined and bounded, first
for p < ¢ < oo, and then for the complementary range, 0 < ¢ < p, by embeddings.

To further expand this range, we shall rely on the observation that the normal

derivative of Newtonian potential can be viewed as the adjoint of the harmonic
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double layer. Then, Corollary 4.1.4, the duality results in Theorem 3.8.3 and
interpolation with what we have just proved allows us to cover the more range of
indices described in the statement of the theorem.

Finally, the claim made about the operator (4.1.39) is a consequence of the
boundedness of (4.1.40), duality reasoning described in the paragraph above (in

particular, contributing to the case p = 00) and interpolation. O

Below we present an alternative argument handling (4.1.39) for the range

il op=g<1land (n—1)(1/p—1); < s < 1. This time we can work with

n

the decomposition of BY? 1) spaces to smooth atoms addressed in Corol-

w1 /p—2.0(
lary 3.7.3. This time, the goal is to show that 9,1 maps smooth By, (€)-
atoms to BY”,(99Q)-molecules.

Let a be a smooth BS+1/p ) O(Q) — atom with the support in Whitney cube @
centered at xg € (2 and consider m := 9,Ila.

Assume first that [(Q) is small. Following (4.1.41) one can verify the vanishing

moment condition for m. As for the size estimates, (4.1.42) allows to write for

every x € 0f)

14 C)))

B

V. la(y)| dy

m@)|< [ ly=rol_suw

z€[y,zq)

< Cl(Q) / sup —a(y)| dy < CUQ)I™ 15 e — ag| ™

Q z€y,xq] |JZ - Z|n

<CUQ)* Rty (%) <CUQY ' HE (1 + %) h (4.1.55)

where we used the Mean Value Theorem in the first inequality, and condition

dist(Q, 0N2) ~ [(Q) in the third and the last one. Choosing zg € 0 such that
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dist(zg,0Q) = |rg — xs| and following (4.1.52)-(4.1.54) we finish the proof for
[(Q) small.

If, on the other side, I(Q) > ny for some 1y = 1(9N) fixed, then (3.4.60)
is equivalent to the boundedness of ||m||p~@q) by the constant independent of

molecule. However,

1

1 i
im(z)| < C/lea(yﬂdy <CuQ) T <, (4.1.56)
as desired.

Corollary 4.1.6. Let €2 be a bounded Lipschitz domain in R™ and assume that

rl<p<oo, (n—1)(; — 1) <s <1 Then

D: Br0Q) — B, (), 0<q< oo, (4.1.57)

P

n—1

-1
D : B2P(0Q) —>Fff%(§2), if p# o0 and (min{pin—l—l, . +1}> <qg< o

are well-defined, bounded, linear operators.

Proof. The claim about (4.1.57) was already proved in Corollary 4.1.4. Going
further, we rely on the fact that the double layer potential is adjoint of the normal
derivative of Newtonian potential, duality results and Theorem 4.1.5 to verify that
the operator (4.1.58) is bounded for 0 < s < 1,1 < p < 00, 1 < ¢ < 0o. Then
interpolation with the case p = ¢ < 1 of (4.1.57) yields the desired conclusion about

(4.1.58) for the full range of indices. O
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4.2 Tangential and normal traces

4.2.1 Traces of Besov and Triebel-Lizorkin spaces

Proof of Theorem 1.1.3. To get started, we shall prove a related result to the effect

that the restriction to the boundary map extends as a bounded operator

Tr: BY, (R") — BP(0Q). (4.2.1)

1
p
By a routine density argument, it suffices to show that there exists a finite constant

C =C(09,p,q,s) > 0 such that

[T f]

BPI(00) = CHfHB:fl(R”)a fe B (RY). (4.2.2)
P

»
To this end, using a smooth partition of unity, there is no loss of generality in
assuming that ) is a graph Lipschitz domain. Consider first the diagonal case
p=q<1 Fix f € Bgf% (R™) which, according to Theorem 3.3.1, admits the
representation f = > 5 5 0)<1 SQaq, where the sequence of coefficients {sg}q

belongs to ¢/ and the atoms ag’s satisfy

s+i_n_
supp (ag) € 3Q, | Vagllz=(on) < UQ)™ 7757 (42.3)

Furthermore, it can be assumed that this decomposition is nearly optimal in the

sense that

1/p
||f||B§fl(Rn)%< > |5Q|p> . (4.2.4)

P QeQn:l(Q)Sl
Then we define

Trf = Z 50 <aQ’m> (4.2.5)

Qen, (Q)<1
QNONAD
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and observe that, for each @ € Q,, I(Q) < 1, Q NN # 0, the function ag|an
satisfies the properties (3.4.21)-(3.4.22). Consequently, by virtue of (3.4.29) and

(4.2.4),

A

= O( > |SQ|p>1/p

QeEQn, l(Q) <1
QNONAD

1/p
o > dsal) = fllar (4.2.6)

QREQn:I(Q)<1

IA

proving (4.2.2).
To show that the trace operator we have just defined does not depend on the

particular atomic decomposition of the function f it suffices to show that

fj € Bff% (R"), f; — 0in B, (R") = TrfJ — 0 in (Lip(0Q))*. (4.2.7)

41
P
To see this, we note that under the current assumptions on the indices involved,

there exist 1 < p* < oo and s* € (0,1) such that B”

Tr1/p (R™) — B~ P

*+1/p*

(R™).

It follows that f;lg — 0 in B.*, (Q) and, further, that Tryw(f;lq) — 0 in

o +1 /
Bﬁ’f " (0R2) as j — oo, where Try stands here for the trace operator constructed by
A. Jonsson and H. Wallin in [71]. Since Tr agrees with the composition Tr o Rq
on BY. v /p .(R™) (as it is clear by considering their action on the partial sums

associated with the atomic series representation of functions in B, R™)), it

s +1/p (
ultimately follows that Trf; — 0 in B%* (9€) and, hence, in (Lip(9€2))*. This
justifies (4.2.7) and proves that the operator (4.2.5) is well-defined. This proves
the claim made about the operator (4.2.1) in the case when 0 < p = ¢ < 1 and

m—1)(1/p—1)<s< 1.

Going further, when p = ¢ = co and 0 < s < 1, (3.6.3) gives the identifications
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B>®(R™) = C*(R™), B> (0Q) = C*(0N2), in which case the boundedness of the
operator (4.2.1) is evident. Now the boundedness of the operator (4.2.1) in the
general case, i.e. when 0 < p <oo, (n—1)(1/p—1)y <s<1,0<q < 0, follows
from what we have proved so far and interpolation: by complex method yielding
(421)for 0 <p=qg<o0, (n—1)(1/p—1); < s <1 and then by real method for
the full range of indices.

Having dealt with the operator (4.2.1), we now define
Tr:=Tro Eq : Bff%(ﬂ) — BP(0Q) (4.2.8)

where Fq : BY f%(Q) — BY f% (R™) is the universal extension operator introduced
in (3.6.32). Clearly, the trace operator just defined is linear and bounded. Fur-
thermore, it coincides with the ordinary restriction to the boundary for functions
in C=(Q).

We now claim that its definition is independent of the particular extension op-

erator Eq used in (4.2.8). By linearity, proving this amounts to showing that Tr

20

, () to zero. This, in turn, is a consequence of the defini-
s+5,0

maps the space B
tion (4.2.5) in concert with the fact, proved in Theorem 3.7.1, that functions in
Bf f%,o(Q) admit an atomic decomposition with atoms supported strictly inside €2.
This finishes the proof of the fact that the trace operator is well-defined and bounde
on the Besov scale.

Dealing with Triebel-Lizorkin spaces turns out to be more delicate as this case
brings into focus the peculiarity that the image of the trace of Triebel-Lizorkin

spaces does not depend on index ¢. The proof presented below builds on an idea
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first used in [49] where the authors handled the case of the upper-half space. To

get started, we introduced the operator
Tr: FPY (R") — BP(092), (4.2.9)
P
defined by (4.2.5) whenever f € F?* (R") has the atomic decomposition f =
P
> Qe 1@)<1 5Qaq Where the atoms ag’s satisfy (3.3.1)-(3.3.3) and
~ —1/p q 1
Illes, e = (3 QT Isalxe)?) ; (4:2.10)
? QeQn, I(Q)<1
QNONFAD LP(R™)
cf. Theorem 3.3.1. To prove that the above definition does not depend on the
particular atomic decomposition of the function to which it is applied, we proceed

as before after noting that, granted the current assumptions on the indices, there

exist 1 < p* < oo and 0 < s* < 1 such that F} () — L§:+1/p*

(Q) and we
use the fact that the Jonsson-Wallin trace operator maps L” . +1 /p*(Q) boundedly
to BEP(99).

Next, we note that the operator (4.2.9) is bounded if 0 < ¢ < p since, for this

range, F7% (R") — B’ (R"). As for the case p < ¢ < oo, we will show that

p P

for every f € F""; (R") there exists f* € F""; (R") such that Trf = Trf’. To see
this, based on Theorem 3.3.1 we may write f = > o o y0)<1 S@aq, Where the ag’s
satisfy (3.3.1)-(3.3.3) and (4.2.10) holds. It follows that the ag’s are also atoms for

p,p n . . _ .
the space Fer%(R ), since min{1, p} = min{1,p, q}. Also,

= Z sQag = Trf = Trf'. (4.2.11)

QE, Q)1
QNON£D
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Next, for a fixed m € N, sufficiently large, and for every cube @ € Q,, I(Q) < 1

and such that Q NI # () we define
EG ={x e Q: dist (z,00) > v/n27"I(Q)}. (4.2.12)

Since both Q and R™ \ Q have the cone property, it follows that there exists a

constant ¢ = ¢(9€2, m) > 0 such that
Qe Q)1 QNIN#D= [Ej] > c|Q|. (4.2.13)

Also, there exists m’ € N, depending exclusively on 02, n and m, such that if
Q,Q € Q,and Q' C Q, I(Q) < 27™1(Q) then Q' N EgG = 0. The upshot of
this observation is the conclusion that the family of sets { 7} }gcq,,1(q)<1 has finite
overlap. That is, there exists a finite constant N = N (9, n, m) > 0 such that

>, xm <N (4.2.14)

Qe l(Q)<1
QNON£D

At this stage we may invoke Proposition 2.7 on p. 51 in [49] in order to conclude

that
_ 1/q
> (1 Iselxe))
QEQn, L(Q)<1
QNOQ£D Lo (&™)
_ 1/q
~( X QI Isale)?)
QEen, (Q)<1
QNAN£D Lo (")
~ Z (‘Q’fl/p‘SQDpXEgz ~ H{SQ}QGQnil(Q)Sl o (4215)
QE, Q)1
QNOQ£D L1(Rn)
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Thus, by Theorem 3.3.1, f" € B, (R") = Fpp (R™) and

1l Fwe, (gny Hf|lpm R (4.2.16)
s+5

Now, for p < ¢ < oo, the fact that the operator (4.2.9) is bounded follows from
(4.2.16), (4.2.11) and (4.2.2).
Once we have justified that the operator (4.2.1) is well-defined and bounded,

we set

Tr :=Tro Eqg : FP% (Q) — BP?(09) (4.2.17)

P

where, as before, Eq : F ff% () — 1 (R”) is Rychkov’s universal extension
operator (3.6.32). Now, the trace operator (4.2.17) is linear and bounded and fact
that its definition is independent of the particular extension operator Fg used in
(4.2.17) is proved as in the case of Besov spaces, by relying on the (second part of)
Theorem 3.7.1. This shows that the trace operator is well-defined and bounded on
the Triebel-Lizorkin scale.

As far as the existence of right-inverses for these trace operators is concerned,
first recall the mapping properties of double layer potential established in Corol-
lary 4.1.6. In the remaining of the proof we shall work both with the domain
Q, = Q as well as the complement of its closure, Q_ := R"\ . Let D* be the
harmonic double layer operators associated with €2, and 2_, respectively. The key
ingredient in our approach to the construction of the right-inverse for the trace is

going to be the jump-formula

TroD* =411+ K on BP(09), (4.2.18)
192



which, so we claim, is valid whenever 0 < (n—1)(1/p—1); < s < land0 < ¢ < 0.
Indeed, by what we have proved so far about the trace operator, Corollary 4.1.6
and Proposition 3.5.8, both sides of the equality in (4.2.18) are bounded operators
on BP1(09Q) so it suffices to check this identity for a dense subclass of BP?(0f2).
This, however, is easily checked based on (2.3.5).

To proceed, consider the operator
Ex:=D"—-Rq, 0cFq oD, (4.2.19)

where Eq, : A7, () — AVTL (R™), A € {B, F'}, are Rychkov’s universal exten-
p p
sion operators and

Then, thanks to Corollary 4.1.6, for 2=+ < p < 0o and (n — 1)(110 -1y <s<1

Ex: BP9(9Q) — B, (Q), 0<q< oo, (4.2.20)

n—1

Ex: BPP(0Q)) — Fff%(ﬂ), p # 00, <min{an +1, =+ 1}>_1 < q < o0.

Furthermore, by the jump relations (4.2.18),
TroBx=(LI+K)—(-iI+K)=1, (4.2.22)

i.e., Ex is a linear, bounded, right-inverse for the trace operator on Besov and

Triebel-Lizorkin spaces. O

Corollary 4.2.1. Let Q be a bounded Lipschitz domain in R™ and fix two indices

p, s such that =% < p < oo and (n—l)(i—lp <s<1. Then

S B (09) — B (Q), 0<g< oo, (4.2.23)
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-1
S: B (0Q)) — Fffl(Q), if p# oo and <min{$ +1, =+ 1}) < q < 0.

n—1

Proof. A formal calculation shows that the adjoint operator for the harmonic single
layer is S*g := /Tvr(¢H¢(g)), where ¢,1 € C°(R") are such that ¢ = ¢ = 1in a
neighborhood of £ and Tr is as in (4.2.9). Then Theorem 1.1.3, Corollary 3.2.12
and duality yield (4.2.24) for 0 < s < 1,1 <p < oo, 1 < ¢q < oco. Now (4.2.23)
and (4.2.24) follow by interpolation with the boundedness results stated in Corol-

lary 4.1.4) (in fact, we only need the case p = ¢ < 1). O

For 2 C R™ Lipschitz domain, let us consider the spaces

o

AP9(Q)) := the closure of CZ°(£2) in AP(Q)), 0<p,q<oo, seR, (4.2.25)

S

where, as usual, A = F or A = B. Then Proposition 3.1 in [127] ensures that

(o}

ARI(Q) = ARI(Q) = ARI(QY), A€ {F, B}, (4.2.26)

whenever 0 < p,q < o0, max(l/p —1,n(1/p— 1)) < s < 1/p, and min {p, 1} <

g < oo in the case A = F. Other cases of interest are considered below.

Proposition 4.2.2. Let € be a bounded Lipschitz domain in R™. Then
FP(Q) = FPI(Q) (4.2.27)

provided
0<p<oo, min{l,p}<g<oo, and

4.2.28
dk e N, so that max(zl)—l,n(z—l)—l)><s—k‘<l%. ( )
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Furthermore,
BP(Q) = BP4(Q) (4.2.29)
whenever

1 1 1
0<p,g<oo and Ik € N, so that max (——1,n(——1)> < s—k < —. (4.2.30)
p p p

—_—

Proof. Since, by Proposition 3.8.1, C2°(Q2) is dense in F7(£2) and since the operator
of restriction to 2 maps the latter space boundedly onto FPZ(), it follows that

o

FPi(Q) — FP(Q), 1 <p,g<oo, scR. (4.2.31)

The opposite inclusion is contained in (4.2.26) when k£ = 0 so it suffices to work
under the assumption that k € N. Also, there is no loss of generality in assuming
that ) is the domain in R" lying above the graph of a Lipschitz function. In
particular, there exists an infinite, upright circular cone I', with vertex at the
origin in R™ such that = + ' C Q for every € . In this context, we bring in

Calder6n’s extension operator &. This was originally introduced in [17] as

auf@) = [ [ ot {(55) e = pol} dpd
—/S /Ooozb(pw)f(x/—\;w) dpdw,  x€R, (4.2.32)

where tilde (as well as {---}) denotes extension by zero outside €,
P = (0/0p)*[p"1p(pw)] and ¢ € C*(R™\{0}) is homogeneous of degree —n+k for
0 < |z| < 1, has bounded support, vanishes outside the cone —I', and is normalized
such that

1
/S"—l P Fo(pw) dw = (=] for p small. (4.2.33)
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Above, = pw with p := |z| and w := z/|z| € S"~!, is the polar representation of
x € R™\ {0}. Note that ¢ € C2°(R™) and 0 ¢ supp . We shall also tacitly assume
that the function f is always supported in a bounded subset of 2. The operator

(4.2.32) enjoys the following properties. First,

feC®(Q) = &.f 0= [ in Q. (4.2.34)
This was actually proved in [17]. Second,

felC=Q) = &f=Ff inR", (4.2.35)

which can be seen much as (4.2.34), given that tilde commutes with differentiation
in the first integrand in (4.2.32). Following [17], observe that

) =S5 G) ee 4220

so that by actually carrying out the differentiation with respect to p in (4.2.32) we

arrive at

&f = /S 1/ ¢pw {(ai)wf(x—pw)y]p“dpdw
/Snl/ nl —pw)"ldpdw

- Z Oy % fr +Ex (4.2.37)

[v|=k

where

o, = (=DF KN G(pw),  f, = (0/0x)f, € :=(x)/|z|". (4.2.38)

Note that each ¢, € C>°(R" \ {0}) has bounded support and is homogeneous of

degree —n + k for 0 < |z| < 1. Based on this, it follows from (a version of)
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Theorem 3.2.11 that the corresponding convolution operators, i.e. f +— ¢, * f, for
|7| = k, are smoothing of order k. Also, £ € C°(R™) so that &, is smoothing of any
order. Finally, granted (4.2.28), there exists r € (1,00) so that FP?(Q2) — L"().

Consequently, for each f € C*°(Q) of bounded support,

IEeflpro@ny < C D llpy* fy

FPY(Rn) + OH& * fHFf’q(Rn)

|v|=Fk
< O |0 fllgra gy + ClLFllor@ey
Iv|=k
<
|v|=Fk
< Clfllpra)- (4.2.39)

The third inequality uses the fact that max <]1—7 — 1,n(% — 1)> <s—k< 110 and
0 < min{1,p} < ¢ < oo which, in turn, ensure that the extension by zero from
) to R™ is a bounded operator with preservation of class; cf. Proposition 3.6.6.

Thus, by density,
& FPY(Q) — FPYR") (4.2.40)

is a bounded operator whenever the indices are as in (4.2.28), which, by (4.2.34),

satisfies

Euf 0= f, VfeFPr(Q), pq,s asin (4.2.28). (4.2.41)
Thanks to (4.2.35), we also have

Er: F”q(Q) — FIY(Q), p,q s asin (4.2.28). (4.2.42)

It Rq is the operator of restriction to €2, it follows from (4.2.40)-(4.2.42) that the
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composition Rq o & acts at the inclusion

FP(Q) — FII(Q), P, q,s as in (4.2.28). (4.2.43)

s

Along with (4.2.43), this proves (4.2.27), as desired.
The case of Besov spaces is treated analogously and this finishes the proof of

the proposition. O

Theorem 4.2.3. Let Q) be a bounded Lipschitz domain in R™ and assume that

2l e p<oo, (n—1)(1/p—1)y <s<1and min{l,p} < ¢ < oco. Then

FY ), () ={f € FJ5,(Q): Tr f =0} (4.2.44)
and
Cr(Q) = FIY ), (Q) densely. (4.2.45)

Furthermore, a similar result s valid for the scale of Besov spaces. More specif-

ically, if =1 <p <oo, (n—1)(1/p—1)y <s<1and0 < q< oo, then

B, Q) ={fe€B (Q): Trf=0} (4.2.46)
and
C(Q) = By, ), () densely. (4.2.47)

Proof. By definition, if f € F', | (€2), then there exists u € F7%  (€?) such that

f = u|q. Tt follows that f € Fffl/p(ﬂ) and Tr f = Tru = 0, proving the left-to-

right inclusion in (4.2.44). Conversely, assume that f € F% /p(§) has Tr f = 0.

Since, given the current assumption on the indices, there exists r € (1,00) and
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a € (1/r,1+1/r) such that F'% () < Li(2), it follows that f belongs to the
subspace of functions from L/, (Q2) with zero-trace. By Corollary 3.11 in [68], C2°(Q2)
is dense in this latter space. With this in hand and relying on (4.2.35), written for
k = 1, plus the fact that Calderén’s extension operator £ maps L., (€2) to L (R")
(seen much as in (4.2.39)) ultimately leads to the conclusion that & (f) = f in R".

Now, given that f € F())  (€2) and since max (1/1)— 1L,n(l/p— 1)) <s+1/p—

1 < 1/p we may conclude, based on Proposition 3.6.6 and by once again reasoning

as in (4.2.39), that & (f) € F7, (R"). Thus, fe 7Y ,0(R™) so that, ultimately,
f=floe F2Y,..(82), as desired. This finishes the proof of (4.2.44). Now (4.2.45)
follows from (4.2.44) and (4.2.27). Indeed, if f € F7 () then, by (4.2.27),
there exists a sequence ¢; € C*(Q) such that ¢; — fin F"?, (Q) and further, by

s+1/p

(4.2.44), in F7}Y, (Q). The case of Besov spaces is treated analogously and this

finishes the proof of the theorem. O
4.2.2 The normal derivative

We start with the discussion of normal derivative for harmonic functions. Consider
first a special Lipschitz domain €2 € R” lying above the graph of Lipschitz function
¢ : R"! — R. For every function u harmonic in € one can define a system of

harmonic conjugates

u;(z) = —/0 (Oju)(x +tey,)dt, j=1,.,n—1,

up(z) = u(x), (4.2.48)
where e, = (0,...,0,1) € R™. It is not hard to show that elements of system (4.2.48)
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satisfy the following properties:

Au; =0 forevery j=1,...,n, (4.2.49)
Oju; = Oju; forevery i,j7=1,...n, (4.2.50)
> 0ju; = 0. (4.2.51)
j=1

Theorem 4.2.4. Assume that ) is a special Lipschitz domain in R™. Then normal

derivative defined on harmonic functions in € as

M= Z 8y, Truy, (4.2.52)
18 a linear bounded operator
oo H§+%(Q) — BPP(09), (4.2.53)

provided "% < p < oo and (n — 1)(1—17 -1y <s< 1l

Here {u;}j_, is a system of harmonic conjugates (4.2.48).

Proof. To justify the definition given above, let us consider an arbitrary function

® € C>®(R") and u € C*°(Q) harmonic. Then

O%u(z)®(x) do,

o0

/ Z T]nTru] x)do, = /8(22 2108 9;)Tr u;(z)®(z) do,
- /Q D 050 ®) (w) du — /Q Zan(ajujcp)(x) dz, (4.2.54)

where the last equality is obtained via integration by parts. Resting on (4.2.49)-
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(4.2.51), we further get

:/Qilanuj(x)aj da:—/z&un da

/ Zy] VTt Ou(z) D (x )daz:/m@(x),TrVu(x))CI)(:c) oy, (4.2.55)
as desired.

Turning to (4.2.53), we prove the claim to the effect that
uweHE(Q), a>0, (4.2.56)

yields

u €HLQ) and Y lugllezie < Cllullig o) (4.2.57)
J

Indeed, for every j =1,...n—1

/Q (0(x) @~V @y (2)])" da

[e%¢) p
S C / 5(:L,)p(<0c>—oc) (/ |(V<a>+1u)($—|—t6n)|dt) dx
Q 0

[e%e) [e%¢) p
<C / / rPe) =) (1) ( / |(V<°‘>+1u)((x',<p(x’)+r+t))|dt> drdz’,
Rn—1 0 0
(o) [e’¢) p
<c / / pp@)=a) () ( / |V<a>+1u|*((x’,gp(x’)+)\))d)\) drdz’ (4.2.58)
R7—1 J0 T

via pull-back to Euclidean coordinates (2/,r) € R™! x (0,00) and subsequent
change of variables A :=t + r. Here * denotes the radial maximal function defined
n (2.2.3). Now one can invoke Hardy’s inequality (cf. [119] for the case p < 1 —

it is applicable since |V *1u|*((2', p(2') + \)) is non-increasing and nonnegative
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function of A and p({a) — a) > —1). Then (4.2.58) is dominated by

C/ / \P(a)—a+1) (|V<a>+1u|*((x',g0(x') +>\)))p d\dz'
Rr=1 J0

< C’/ §(z)Plle)—atl) (|V<a)+1u|*(x))p dx. (4.2.59)
0

This, in turn, is controlled in terms of

¢ [ slapt=e s (V@) do < € [ syt (9 ua))’ de
Q Q

(4.2.60)

invoking Lemma 2.4.3 and Lemma 3.1.9.
The lower order terms in HE(Q)-norm 3" || Viu,|| o0y, § = 0,1,...,m — 1
can be estimated by C Ego_l |Viul|| 1) along the same lines.

We proved that {u;}7_; belong to the space H? , (©2) and therefore, to the space

1
P

Bf fl () by Theorem 3.9.3. Routine check on the level of atoms can be used to

P

verify that

Vian o Tr: BYY, ( Omega) — BYP,(09). (4.2.61)
Together with Theorem 1.1.3 this finishes the proof. O

Now we turn our attention to the case of a Lipschitz domain 2 which is starlike
with respect to the origin. Assume that u is a harmonic function on €2 and define

system of harmonic conjugates {Ujk}?,k=1 in the following way:

v = Z Vi dxj A dzg, = 2 Zvjk dz; N\ dxy,
k=1 j<k
1 ! n—2
vjp(x) = —3 t" 2 (Opu) (tx) — 2 (0ju)(tz)] dt, (4.2.62)
0
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where ‘wedge’ is to be interpreted as the exterior product of forms and d :=
Z?Zl 0;dx ;N\ denotes the standard exterior derivative operator in R", with formal
adjoint d*. It can be shown that dv = 0, d*v = du and hence, —(dd* + d*d)v = 0

so that each vj; is harmonic. Indeed,

o) = -1 / "2 2]|?) A (du) (bt

(]

which implies dv = 0.

Going further, with d;; denoting the usual Kronecker symbol, we have

= -2 Z@kvkj d.I]

— {/ " 2[ ik (Okw) (tr) + ta;(Ofu) (tz) — (Ou)(tz) — tag(Opdju) (tw)] dt} dx;

Js

= Z {/1 [t"‘z(n — 1)(0ju)(tz) + "'V (9;u)(tz) - $] dt} dx;

_ Z{/ﬂljt[t“ 19, u)(tx)} dt} dz,
- Zau ) da;

where, in the last step, we integrate by parts in t. Therefore, d*v = du and in

particular, —(dd* + d*d)v = 0.

Theorem 4.2.5. Assume that ) is a Lipschitz domain in R™ which is starlike with
respect to the origin. Then normal derivative defined on harmonic functions in €

as

Opu =0, [Trop] =2 0., [Truy (4.2.63)
J,k i<k
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18 a linear bounded operator

oy - HY L () — BI(09), (4.2.64)

1
P
provided "=+ <p < oo and (n —1)(; —1); <s < 1.

Here {vji}7 =, is a system of harmonic conjugates (4.2.62).

Heuristically, the identity du = d*v yields

o = 2% (0 ) = St + T
J k Jk gk
= Z z/jﬁkvjk — Z ukajvjk = Z aTijjk, (4265)
]7k ]7k‘ ]7k
so that (4.2.63) naturally defines normal derivative.

Proof. Similarly to the case of unbounded domain, we claim that u € H2 (), o > 0,
yields v € HE (Q2) with the appropriate norm control. Recall the representation of

starlike Lipschitz domain in polar system of coordinates as given in §2.2. Then

Z /Q(g(a;)wm V@ (a)]) da

d(w) 1
<C / / (p(w) — pyrte)=) ( / 1172 5|V ()| dt)pp”—l dpdu (4.2.66)
Ssn=1.J0 0

Going further, we subsequently change the variables p = ¢(w)e™®, s € (0,00);
t=e7",r e (0,00); and then A = r+ s, A € (s,00) to majorize the expression

(4.2.66) by
o[ amep e ([T e e g i) et dsa
= C/S B /000(1 — e5)plle)=a) (/OO e XDy (b(w)we ™) | (Xt (5) +
FX(0,) ()X [M1,00) (A) + X (0,011 (8)X (5,01 (A)) d)\)p X

x e*("P==2p) dgduw,
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where M is some large constant. One can see that the parts of integral above
corresponding to X[ar,e0)(s) and x(o,m)(8)X[ar,00)(A) do not exceed Cllul|7, g, owing
to interior estimates since the argument of V**2u stays away from 0€2. As for the

third one, it is bounded by
M M »
C/ / spl{e)—a) (/ |V @Oy (p(w)we™)| d)\) dsdw
Sn=1.J0 s

00 M
< C/ / spl{e=a) </ |V @Oy |* (p(w)we ™) dA)pdsdw. (4.2.67)
Sn—=1.J0 s

Next we employ Hardy’s inequality to estimate it by

M p
C / / )\p“o‘)_aH)<|V<O‘>+1u|*(gb(w)we_/\)> d\dw. (4.2.68)
Ssn=1.J0

Changing variables back to original, we observe that the Jacobian is equivalent to
some finite constant whenever 0 < A < M, so that the integral above is bounded

by
C / 5(z) ()=t D7)+ () P (4.2.69)
Q
and (2.4.32) finishes the proof. O

Corollary 4.2.6. Assume that Q2 is a starlike Lipschitz domain in R™ and ”T’l <

p < 00, (n—l)(]l)—l)Jr <s<1. Then
0% HN Bff%(Q) — BP9 (0Q), if 0<q<oo, (4.2.70)
9% HN Fffi(Q) — BPP(0R), if p# oo andq satisfies (1.1.24), (4.2.71)

where 02 stands for the normal derivative of harmonic function on starlike domain

defined by (4.2.63).
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Proof. For p = qin (4.2.70)—(4.2.71) and ¢ = 2 in (4.2.71) the result is a consequence
of properties of normal derivative proved in Theorem 4.2.5 and equivalence of
spaces of harmonic functions in Theorem 3.9.3. The larger range of indices in the
statement of the corollary will follow by interpolation as soon as we shall show
that the definition (4.2.63) coincides with (1.1.20) when 1 < p < 00, 1 < ¢ < o0,
0<s<l.

We now turn to the proof of this compatibility condition, starting with the case
of Triebel-Lizorkin spaces. When 1 < p < 00, 1 < ¢ < o0, and v € H N Fff%(Q)

we temporarily set 92'u for the functional
(02 u, ) == (Vu, VU), o e BIP(9), (4.2.72)

where U € Ff:g;rl/p,(Q) is such that Tr ¥ = # (since the trace operator (1.1.17)

is onto, there exists at least one such ¥). Note that the pairing in the right-hand
side is meaningful by Theorem 3.8.3 and (4.2.26). Going further, we claim that,
given 1) € BI'" (92), the expression in the right-hand side of (4.2.72) is actually
independent of the choice of ¥ € Ffl_’z;l Jp (§2) with Tr ¥ = 4.

To see this, it suffices, by linearity to treat the case when ¢ = 0, i.e. show that

(Vu,VU) =0, WeF" (09), Tr¥=0. (4.2.73)

1—s+1/p’

Indeed, if ¥ € F7 | (99) has Tr¥ = 0 then, by (4.2.44) and (4.2.45), there

exists a sequence ¢; € C2°(Q2) such that p; — ¥ in Ffl_’g;l 1 (0€2). Consequently,

(Vu, VU) = lim (Vu, Vy;) = —lim (Au, ¢;) = 0, (4.2.74)
J J

since u is harmonic. This proves (4.2.73) and, at this stage, we may conclude that
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02w is a well-defined element in B??,(0Q) = ( Bf:g(@Q)) . Thus,
0 - HNF™, (Q) — B (09), 1<p<oo, 1<q<o00<s<1, (42.75)

is well-defined and bounded.
There remains to show that the operators (4.2.75) and (4.2.71) act in a com-

patible fashion. To this end, fix 1 <p < o0, 0 < s < 1 and let u € HN Fspfl(Q)

and denote by {U]k}? x—; the system of conjugate harmonic functions introduced in
(4.2.62). In particular,

Ujk € HﬂFff;(QL Vi, k,
Uik = —Vkj, VI, k, (4.2.76)
>k Owvji = 30;u, V7,

Then, if ¥ € C®(Q2) and 1 = ¥|sq, we may write

(O0u, ) = Y (O, [Troa], )
i,k
- Z{@akvjk, ) + (Dpvje, aj\m} - Z{@kajvjk, W) + (9051, ak\m}
J.k 4.k

= 1> (0w 0,9) + 1> (O, 0, T) = (Vu, V)
k

J

= (0% u, ). (4.2.77)

v

Since the collection of all such ¢’s is dense in BY? (99), it follows that 0% u = 0%u
in BYP (092), as desired. The case of (4.2.70) is similar and this completes the proof

of the corollary. O

To define the normal derivative on general bounded Lipschitz domain we first

prove an auxiliary lemma.
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Lemma 4.2.7. Assume that € is a starlike Lipschitz domain and "T_l <p < o0,

(n— 1)(% — 1)y <s<1,0<q<o0. Then for every function u € H N Bff;(Q)

P

O%u = lim O,uy, in BPY(09), (4.2.78)

t—1—

where uy := u(t-).

The similar statement holds for w € HN Fffl(Q) with convergence in the space
P

BPP(02) and p # oo, q satisfying (1.1.11).

Proof. First of all, u; = u(t-) € C°°(Q) and hence the normal derivative on the right-
hand side of (4.2.78) is well-defined in the classical sense, that is 0,u; = (v, Tr V).

Consider {v;x}7,—; — a system of harmonic conjugates (4.2.62) for function u.
It is not hard to see that {(vj):}7,—, represents a system of harmonic conjugates

for u; and the latter is harmonic in a neighborhood of € for every ¢t < 1. According

to (4.2.65)

Ovur = 0wy = 0, Tr (vje)s, (4.2.79)
i<k

where v, € H N BY fl (Q) resting on the proof of Theorem 4.2.5. More precisely,

P

it was proved in Theorem 4.2.5 that the “operator of taking harmonic conjugate”

maps HY , (Q2) to HY ,(2) and hence, H N B, () to H N BT (€2) by Theo-

1 1
P P P P

rem 3.9.3. The general case 0 < ¢ < oo follows by real interpolation of HNB"?, (€2)

P

spaces.
Further, for every j = 1,...,n and k = 1,...,n the function (vj;); converges to

vji in the space H N Bff;(Q) as t < 1 approaches 1. Hence, Tr (vj;); converges to
p

Troj in BP(9€) by Theorem 1.1.3 and 02, converges to 95u, as desired. O
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Consider now an arbitrary bounded Lipschitz domain 2 and consider ¥ &
C*(Q) with the small support so that there exists an open set D C R" containing

support of ¥ with the property that D N2 is starlike. Then define

(05w, ) = (02 (ulpra) , ¥), (4.2.80)

where ¢ = Tr U and 1 is an extension of ¢ to Q by 0.
It has to be proved that such such definition does not depend on choice of the

set D C R™. However in view of Lemma 4.2.7

(0, (ulpra) . ¥) = 1im (02 (ulpne), , )

t—1—

~ lim Z/ D) Trd; (ulpeo), (2)d(x) doy.  (4.2.81)

Observe that ¥ € C>(D) and (u|png), € C*(D N Q) is harmonic function in a
neighborhood of Q for each ¢ < 1. Then the last expression above is equal by the

Green’s theorem to

lim (V (ulpra), » V) = (V| png, VI) = (Vu, VI), (4.2.82)

t—1—

since supp(V) C D. Hence (4.2.80) is independent of the choice of D and de-
fines normal derivative of harmonic function on general bounded Lipschitz domain

unambiguously.

Proof of Theorem 1.1.4. We start with the existence and boundedness of operator
of normal derivative. For every pair (u, f) satisfying the left-hand side of (1.1.21)
or (1.1.23) one can assign

Ol = O,I1f + 0% (u — Rollf), (4.2.83)
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where II, as before, stands for Newtonian potential, and 95 is normal derivative
defined by (4.2.80) (observe that u — Rgllf is harmonic function in 2).

Assume that (u, f) belongs to the left-hand side of (1.1.21) or (1.1.23). Then
the equality (4.2.83) combined with (4.2.70)—(4.2.71) and (4.1.39) leads to (1.1.21),
(1.1.23) for the desired range of indices.

The next order of business is to construct linear bounded right inverse for the
operator 9. We will denote QF := Q, O~ := R"\ Q and corresponding objects will
be distinguished by super-index 4+ and —, respectively. Assume that g € BY? (09)

and set
uw:=-8Tg+Rg+oEg oS g; (4.2.84)
f=A(Eq-08yg). (4.2.85)

It is not hard to see that the mapping properties of operators involved imply

u € Bff%(Q) and f € Bff%_2(R"). Also, Au = f|g+ and
flo- =Ra-0A(Eq-08 g) =A(Rq-0Eq- 0S8 g) =AS g =0, (4.2.86)

so that evidently (u, f) belongs to left-hand side of (1.1.21) with appropriate norm
control. Similarly if g € BY”,(9€) then the pair (u, f) belongs to the left-hand side
of (1.1.23).

In the remaining of the proof we will show that the operator defined in (4.2.84)-
(4.2.85) is right inverse for the normal derivative 9/ defined in (4.2.83), i.e. 9/ (u) =
g for arbitrary g € BY% (0€). We present the argument for u, f in Besov spaces.
The situation when (u, f) belongs to the left-hand side of (1.1.23) can be handled

along the same lines.
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To start consider the following representation formula:

O (u) = —0%(STg) + 0L (Ra+ 0 Eq- 0S™g). (4.2.87)
Regarding the first term, we will show that

RN(STg)=— (31 -K")g. (4.2.88)

Since the operators on right and left-hand side of the equality above are both

endomorphisms of B2 (), it is enough to consider g € L?(952). But
o(S*g) = 03(ST), (12.89)
and hence for every 1 allowed in (4.2.80) there holds:

(0,(STg),v) = " 97 ((8*9)|pna) ()¢ (x) do,

— [ @) V(S Ploralo)ie)do, = [ (B = K7) gla)ila) dow, (4290)
oN oN

owing to jump relations (2.3.4). Note that g € L*(9f2) implies that non-tangential
maximal function N(V(8*¢g)|pna) € L*(09) and also N (V(S*g)|pna); € L*(09)
with ((S*9)lpna)j, 7 = 1,..,n denoting harmonic conjugates.  Hence
Tr(V(S*9)|pna); belongs to L*(99Q) for j = 1,...,n, justifying the calculations
behind (4.2.90).

As far as the second term in (4.2.87) is concerned, we will prove that
O (Ra+ 0 Eq- 08 g) = (31 + K*) g, (4.2.91)

which combined with (4.2.90) leads to 9/ (u) = g for arbitrary g € BY? (09), as

desired.
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Fix some function ¥ € C°(R") and domain D € R" as in (4.2.80). We will
assume that D N is starlike with respect to 0. Also, let v := FEqg- o S7¢g. For

arbitrary ¢t > 0
v = o(t) € B (R™); (4.2.92)

fo:=Av, € B, (R"). (4.2.93)
In addition,
Ra-(f)) = A(Rg- (1)) = A(Rq-(v)e = 2(ARq-(v)), = 0, (4.2.94)

and hence f;, € Bff Q) for every ¢t > 0. Furthermore, as ¢ tends to 1, v

1_o 0(
P )
converges to v in BYY, (R"), Rou; converges to Rov in B!, () and f; converges
p p

to f in B (Q). This implies that

1 20
P

N (Rav) = Pn% I (Rauvy), (4.2.95)

in the sense of convergence in space defined on the left-hand side of (1.1.21). Ob-

serve that by classical embedding theorems

BP9, (Q) — B, (Q), B, , () — BYY, (),
p PO p PO

(4.2.96)
B (09) — B (09),

for pg > p and ¢y > ¢ provided s — "le = 59 — ”p—_ol, in particular, we can choose

Do, qo > 1. This allows to consider

(O (Ravr), ) == (f,, O)+(VRqu,, VI),  Vip € BP(9Q) with ¥ = Exy),

(4.2.97)

212



in particular for ¥ and 1 as chosen above. Going further, we denote by subindex

e the convolution with standard mollifier, that is (v). := v * ¢., where

¢ € C2°(R™) is such that (x)dr =1 and ¢.:=ec "¢(-/e), e > 0.

R‘IL

(4.2.98)

Then (v;). and (f;). are both smooth function in R™, moreover, as ¢ tends to 0,

(v¢)e converges to (v) in Bffl (R™).
P

Consequently, we can apply integration by parts to obtain

(VRqu, VU) = hH(l) VRa(v)e(x) V¥ () da
E—> Q

=—lim | ARq(v)e(x)¥(x)dx +1lim [ 0,(v)e(2)(x) do,. (4.2.99)

e—=0 /o e—0 90
As for the first term in the sum above observe that v|g- is harmonic function and
supp(V) C D, therefore Av; vanishes near the boundary of €2 and hence, so does

A(vy)e for € small enough. Then

—lim | ARq(v):(2)¥(x)der = —lim [ A(vy):(2)V(x)de = —(f;, V). (4.2.100)

e—0 Q e—0 Q

On the other hand,

lim [ 0,(v)e(2)Y(x) do, = Oy (ve)(z)(x) do,

=0 Jaa a0

— /a (@) TV (00) (2)) () o, (4.2.101)

where the super-index ~ in notation Tr™ indicates that the trace is taken from the

2~ -side. Combining (4.2.99)-(4.2.101) leads to
(0)(Rav), ) = lim 8Q<V($)7T1"_ V(v) ()¢ () do,
= lim 8Q<V(x),tV(v)(tx)>1/J(x) do, = (31 + K*) g,¢). (4.2.102)
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As before, it is enough to consider g € L?(R") to justify the calculation above.
Finally (4.2.91) and (4.2.92) allow to conclude the existence of linear bounded

right inverse to 9/ with the required mapping properties. O

Corollary 4.2.8. For every bounded Lipschitz domain €2 C R"
1
d,Soq, = :F§I + K* on B2 (09), (4.2.103)

provided 25 < p < 00, (n—=1)(1/p—1)y <s<1land0 < q < oco. Here, as before,

the + sign corresponds to approach from inside or outside of the domain ).

Proof. In view of Theorems 4.2.4, 4.2.5 and boundedness of K* on appropriate
spaces the operators on the right hand side and left hand side of the equality
(4.2.103) are continuous. Also, (4.2.103) holds on the space L?(92) and therefore,

on B> (09). 0

4.3 Envelopes of quasi-Banach spaces

4.3.1 General set-up

Let 0 < p < 1. A set S in a vector space X is called p-convex if S coincides with

its p-convex hull, that is

S:{i)\ja]’ . ajES, )\j20, i)\?ﬁl, nGN} (431)

j=1 j=1
Also, call S absolutely p-convex if S coincides with its absolutely p-convex hull

defined as

{Zn: )\jaj Taj € S, Zn: ‘)\j|p <1, ne N} (432)
p= =1
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Let X be a linear, topological space and, for each 0 < p <1, let Wx , be the

absolutely p-convex hull of the unit ball in X. Set
||l := inf{)\ >0: a/)e WX,p}. (4.3.3)

Recall that X ™, the dual of X, is defined as the collection of all linear, continuous
functionals on X. Here the continuity of linear functional f : X — R has to be

interpreted in the following way:
Ve >0 30 > 0such that ||z||x < = |f(z)] <e. (4.3.4)

If X is locally bounded, with a topology given by a quasi-norm || - || x, the above

condition is equivalent to
I fIl :=sup{|f(z)| : x € X such that ||z|x <1} < +oo. (4.3.5)

We say that X* separates the points in X if x = 0 < f(z) =0, Vf € X"
Throughout the paper, all vector spaces considered are assumed to be quasi-

normed, with duals separating the points.

Proposition 4.3.1. If X is a quasi-normed space whose dual separates its points,

then (4.3.3) is a p-norm: |||z|||, = 0 if and only if x = 0, |||Azl|||, = || |||=]||,, and
Iz +yllly < M=l +[lyll5 Yo,y e X (4.3.6)

Proof. Since the first two properties of the norm are trivially satisfied, we go directly
to proof of an appropriate version of triangle inequality given by (4.3.6).
Fix arbitrary points x and y in the vector space X. Then for every ¢ > 0 there

exist positive numbers A, and A, with the following significance:

Hzlllp <Xe <lllzlls+& Mylly <Ay <llyllly + e, (4.3.7)
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and
AN VPr e Wy, APy € Wy, (4.3.8)

With this in hand, one can write

(A + AP Az AP NP (Ap + AP )\le/p
T Y
= o —— +ay——. (4.3.9)
)\316/10 )\11!/10
Clearly, the coefficients «; and a satisfy |a; [P+|as|? = 1 and therefore, % €
z T Ay
W ,. Hence,
lz +yllly < A+ Ay < [lll[7 + [yl + 2¢. (4.3.10)
Taking arbitrary small value of £, we complete the argument. O

For each X as above, we denote by &,(X) the p-envelope of X, defined as the

completion of X in the quasi-norm ||| - |||,

Remark. (i) The ||| - |||, “norm” generates a locally p-convex topology, weaker
than the original topology on X.

(i) £,(X) is a p-Banach space, i.e. a complete metric space whose metric is
naturally induced by a p-norm.

(ii) When p = 1, £,(X) corresponds to the so-called Banach envelope of X.

For details and additional information on these matters we refer to [94].

Proposition 4.3.2. Any bounded, linear operator T : X — Y extends to a

bounded operator T : £,(X) — &,(Y).
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Proof. Recall that for every space X its p-envelope is completion of X in the norm
given by Minkowski functional (4.3.3). Hence, &£,(X) can be considered as the
space of equivalence classes of Cauchy sequences relative to the norm (4.3.3), more

precisely,

Henfnia] € £(X) =
r, € XVneNandVe >03INeN: V>N |||z, —zpp1]l], <e, (4.3.11)

with the convention that two sequences {z! } and {z/'} belong to the same class if
Ve>03INeN: Vn>N ||a, -, <e. (4.3.12)
Then the norm in the envelope space is given by

I{zntnii]lle, oo == T {faa[. (4.3.13)

Now we can define the extension of T in the form

T ({akiza]) = {Taa}osa]. (4.3.14)

There are two issues to be resolved: unambiguity of such definition

Hentntal = Hynbntd] m E(X) = {Tza}ili] = Ty}l in §(Y)

(4.3.15)
and boundedness of the operator T. We will start with the second one.
Indeed, if [{z,}5°,] € £,(X) then (4.3.11) holds, in particular,
) 1
1nf{)\ >0 : X |zn — Tpi1llx < 1} < e for every n > N. (4.3.16)

217



However, owing to the boundedness of the operator T on initial spaces,
1 C
T2 = Trnally < S ll2n = 2ol (4.3.17)

hence,

1 1
{A>O:Xﬂﬁ%—T%Hm«ﬂ} > {A>o:xmwﬂﬁﬂu<1}

(4.3.18)
and in view of (4.3.16)
) 1
mf{)\ >0 : X T2, — Txplly < 1} < Ce for every n > N. (4.3.19)
This yields [{Tz,};2,] € £,(Y) and

. . 1
IHT2a}22 e,y = Jim [Tl = lim int{A >0 5 | Twally <1}

o 1 .
< C lim 1nf{)\ >0 5 llanllx < 1} < C a2l x) - (4:3:20)

invoking the argument above.
Regarding the unambiguity of the definition (4.3.14), for every two sequences
{z!}0o, and {z'}°°, from the same equivalence class (4.3.12) holds. Also the

nJfn=1

argument above shows that for every € > 0
Tz, = Ty |llp < Cllla;, — 25l < ce (4.3.21)

for values of n large enough. Therefore, {7z} }°°, and {T'z!}>°, belong to the

same equivalence class, as desired. O

Remark. (i) If X is a p-Banach space to begin with, then £,(X) = X. Indeed,

observe that the absolutely p-convex hull of unit ball in a p-Banach space actually
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coincides with the unit ball and hence the norm given by (4.3.3) coincides with the
norm in original space.

(i) £,(X) should be thought of as the “smallest” locally p-convex topological
space containing X. In fact, if X is locally bounded, then &,(X) is the “smallest”
p-Banach space containing X in the sense that every p-Banach space Y with the
property X C Y necessarily contains £,(X). It is justified by the remark above
and Proposition 4.3.2; since the inclusion ¢ : X — Y extends to a linear bounded
operator i : £,(X) — &,(Y). The latter is also the inclusion, for it coincides with
identity on the densely included subspace, and finally, £,(Y) =Y.

(iii) It is almost immediate that for every 0 < p < p* < 1 the envelope &,-((F) =
o,

Since (7" is a p*-Banach space containing (7 the inclusion &,«(¢?) C " holds
automatically in concert with the remark made above. Below we will show that

the converse is also true.

Assume that = (21, 2, ...) € 7. Then we can consider z = 2||z|[p > ooy M X;

where X; := (0,...,0,1/2,0,...) with 1/2 on the i-th place and \; := (||z||) " 2.

Clearly, X; belongs to unit ball in ¢F for every ¢ € N. Also, the sequence of coeffi-

cients {\}22, = (||z]|p=) " {z:}22, € 7" with the £ -norm less than or equal to 1.

o) {2352, belongs to the p*-convex hull of unit ball in

Then the sequence (2||z|

¢ and ||zle,. ey < 2[|2]p yielding E-(£2) D 7.

Proposition 4.3.3. For each 0 <p <1,

£, (X)" = X, (4.3.22)
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Proof. Since X — &,(X), the mapping @ : (€,(X))* — X*, defined by ®(f) := fl|x
is well defined, linear and bounded. Also, by Proposition 4.3.2, any f € X* extends
to a unique element f € (£,(X))*, and we define ¥ : X* — (&,(X))* by U(f) := f.

Then, clearly, ®(¥(f)) = flx = [

—

Also, for any f € (£,(X))*, the fact that (f|x)|x = f|x, in concert with the

—

dense embedding X — &,(X), implies that (f|x) = f. Thus, ¥(®(f)) = f.

This proves that ¥ and & are inverses to each other, justifying (4.3.22). O
Remark. Fix 0 < p < p* < 1. Since W, € W, it follows that |||z||/,» < |||z,
for any z € X. In particular, any Cauchy sequence in ||| - |||, is also Cauchy in

the vector space of equivalence classes of Cauchy sequences) that the identity map

p+- This implies (in concert with the abstract definition of completion as

t: X — X extends to a linear, bounded operator ¢ : £,(X) — &,-(X). However,
even though &£,(X)* = £(X)*(= X*), there are no guarantees that this map is

one-to-one! Also, generally speaking, the dual of £,(X) may not separate its points.

Theorem 4.3.4. Assume that X and Y are quasi-Banach spaces and 0 < p < 1.
Consider an operator T : X — Y. If it is an isomorphism (onto, compact,
Fredholm operator), then so is its extension T : £,(X) — &,(Y). In the case of
Fredholm operator the index is also preserved.

Moreover, if T has a finite dimensional cokernel, then the same holds for T.

Proof. Applying Proposition 4.3.2 to T" and T~!, one can easily confirm that if T
is an isomorphism then so is T.

Concerning the issue of ontoness, we proceed as follows. Consider y € &£,(Y)
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satisfying ||y||e,(v) < 1. There exists § € Wy, with the property ||y —7||s,v) < 1/2.
Then g can be represented in the form § = > A\;y; with ||ly;||y < Land Y |A;P < 1.
If operator 7" is onto, then there exists a positive number k such that Tx; = y;
and ||z;||x <k for every j. Set x := ) \;z; € X and observe that ||z;/k||x <1 for
every j and ) [;|P < 1, yielding z/k = >~ \jz;/k € Wxp. Thus, ||2/k|ls,x) < 1.
By construction, Tz = y. In particular, ||y — T.CEng(y) < 1/2, so that we can
invoke Lemma 2.4 from [77] to conclude that the operator 7' is onto, as desired.
The proof of other properties of operator 7" mentioned in the statement of the
Theorem is a standard argument, closely following that of Theorem 4 in [94]. We

omit the details. O

Theorem 4.3.5. Let E, F' be two quasi-Banach spaces whose duals separate points,
and fir 0 < p < 1. Suppose that F' is a p-Banach space, E C F and the inclusion
L B — F is continuous with dense range. Then F' is p-envelope of E if and only
if E has a good approximation of identity, in the sense that here exists a sequence

of operators {Am}tm, Am : E — E, such that

|Amz|le, 2y < Cllz||F, uniformly in m, for each x € E, (4.3.23)
and

|Amx — z||g — 0 as m — oo, for each fized x € E. (4.3.24)

Proof. The “only if” part of the criterion is trivial, for approximation of identity is

simply realized by the identity operator.

(1%

Turning to the “if” part, observe that by Proposition 4.3.2, the inclusion ¢ :
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FE — F extends to a bounded, linear operator
i:&E(E)— F (4.3.25)

Our goal is to show that this extension is, in fact, an isomorphism.
A moment’s reflection shows that to prove that this operator is one-to-one it is

enough to verify that
z; € B, {z;}; Cauchy in E,(E), z; = 0in F = z; —» 0in &,(E). (4.3.26)
Granted this, and recalling the approximate identity operators A,,, we write
z5lle,8) < Cllz; — Amjlle, ) + CllAm;lle, &) (4.3.27)

Under the current hypotheses on {z;}; and {A,,}, given any € > 0 there exists
Je such that Cljz; || < ¢ and C||z;. — Az, ||g < /2 provided m is large enough.
Thus, [ Any leyr) < Cllas e < 2/2 and Cll Az, ey < CllAnasllp < =/2.
Hence, by (4.3.24), ||z;.||e,e) < €. This proves that {x;}; contains a subsequence
which is convergent to zero in &£,(E). Being Cauchy, then the entire sequence
converges to zero in £,(E), as desired.

Turning to the ontoness of (4.3.25), observe that by current hypotheses for

every x € E and every m € N
||£U||5P(E) S C||Am:lf—$||gp(E)—l—OHAm:Eng(E) S C||Amx—a:||E+C||x||F (4.3.28)

Since m can be chosen arbitrary large, this forces ||z|¢, 5y < C|lz||p for every

x € FE and hence for some constant ¢ > 0

ENBr(0,¢) C EN Bgy)(0,1) € i(E N Bg,1)(0,1)). (4.3.29)
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But F is densely embedded into the space F' and therefore,

Br(0,¢) C i(Be,z) (0, 1)) . (4.3.30)

Since the set on the left-hand side of (4.3.30) is a neighborhood of 0 in F', it follows

from the Open Mapping Theorem on p.9 in [78] that 7 in (4.3.25) is onto. 0

Theorem 4.3.6. Let X;, 1 = 1,2, be arbitrary quasi-Banach spaces and Y;, i = 1,2,
be p-Banach spaces, 0 < p < 1, so that the inclusions X; — Y; are well-defined and
continuous. Next, assume that T € L(Y1,Y3) is well-defined, continuous and has a
continuous inverse to the right as well as its restriction T'|x, € L(X7, Xs).

Then, if £,(X1) = Y1, we also have E,(X3) = Ya.

Proof. Owing to the functorial properties of p-envelopes investigated above, in par-
ticular, Proposition 4.3.2, operators 7' : X; — X5 and R : Xo — Xj extend to
linear bounded operators 7' : &,(X1) — &,(X,) and R : £,(X3) — &,(X1), re-
spectively. Consider an operator T o R : &,(X3) — Y3. It is not hard to see that
T o R|x, = T o R is identity on X,. Since X; is densely embedded into &,(X5),
one can conclude by continuity that 7o R : E,(X3) — Y, is a continuous inclusion.
The similar reasoning applies to operator ToR:Y, — Ey(X3) — identity on X,
and hence, a bounded inclusion from Y5 to £,(X»). Finally, the combination of the

last two statements allows to deduce that Y, = &,(X3). O

Lemma 4.3.7. Let E, F be two quasi-Banach spaces whose duals separate points,
and fix 0 < p < 1. If F = E,(E) then the closure in F of the absolutely p-convex
hull of Bg(0,1), the unit ball of E, is a neighborhood of origin in F.
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Proof. The proof relies on the observation that
|z||r < 1= 3X€(0,1) such that x/A € W =2 € \W CW C W”'HF, (4.3.31)
where W denotes the absolutely p-convex hull of Bg(0,1). O

Theorem 4.3.8. Suppose E and F' are quasi-Banach space, F' is p-Banach, p < 1,
and the inclusion v : E — F' is continuous with the dense range. Then E,(E) = F
if and only if for every p-Banach space Z every linear bounded operator S : E — Z

factors through F, i.e. there exists a linear bounded operator S : F — Z such that

S=Sou..

Proof. Assume that &,(E) = F' and recall that Z is p-Banach, hence &,(Z) = Z.
Then the linear bounded operator S extends by Proposition 4.3.2 to S : £,(E) =
F — &,(2) = Z, as desired.

As for the converse, take Z = E,(E) and S : E — &,(E) to be the inclusion.
Since S : F' — &,(E) is continuous, we deduce that HS'ng(E) < C||lz||p for every
z € F and in particular, for every z € E. But S = S o is an inclusion and

therefore for every © € F we obtain Sz = x. According to Theorem 4.3.5 this

yields £,(E) = F taking A,, = S. O

Corollary 4.3.9. Suppose E is a quasi-Banach space and 0 < p < p* < 1. Then

Proof. To start observe that every p*-Banach space is also p-Banach for p < p* in
concert with our definitions.
Resting on the theorem above, for every p*-Banach space Z and every linear

bounded operator S : E — Z there exists a linear bounded operator S; : E,(E) —
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Z such that S = (1 0 Sy, where ¢; is the inclusion of E into &,(E). Further,
there exists Sy : E,+(E,(E)) — Z such that S; = 125, with the inclusion operator

a1 E(E) — Ep(Ey(E)). Then the assumptions of Theorem 4.3.8 are fulfilled with

S = Sy since 11 019 1 B — E,(E,(F)) is also the continuous inclusion. O
4.3.2 The p-envelopes of Besov and Triebel-Lizorkin spaces

Theorem 4.3.10. Assume that 0 < p* <1 and s* := s+ n(1/p* —1/p). Then
£y (BPIR™)) = BZP(RY)  and  E,-(FPI(R™)) = BZ P (R™), (4.3.32)
fO<pg<p <L
Ep (FPI(R™)) = BL7 (R™), (4.3.33)
if 0 <p<p* <1, p"<q<oo;
Ep (BYI(R™)) = BY (R"), (4.3.34)
if0<g<p <1, p"<p<oo.

Proof. Since all necessary inclusions are satisfied by classical embedding theorems
we can turn to the approximate identity property.

Given a real-valued function ¢ and, for v € Z, k € Z", a dyadic cube Q) = Q, 1,
Qup = {1’ ER": 2k <2 <2 V(ki+1), 1<i< n} (4.3.35)

we set, as usual, pq(z) = 222"z — k).

Let {¢©'}, be a family of “mother wavelets” and, for each m € N, assign

2" —1

Anf =) > (f.eh)eh, (4.3.36)

(=1 |v|<m dist(Q,0)<m

225



i.e. a truncated wavelet expansion of f.

According to [47], [49],

T[S QiIH{fé}Q . (4.3.37)
/=1
where
T = 1QIP2(f, 00). (4.3.38)
Also,
Fo = Q"> Pep, (4.3.39)

is an atom for the spaces BP?(R"™) and FP4(R") for all values of ¢ (provided the
family of wavelets was a priory chosen to have a suitable number of vanishing

moments), and

2n—1
Anf =3 > fbeh (4.3.40)
=1 |v|<m dist(Q,0)<m

Consequently, if X\ := 32 " ||{fé}Q||gp, then A,,f/A belongs to the absolute

p*-convex hull of the unit ball for all B??(R") and FP?(R"), 0 < ¢ < o0, and
||Amf||gp*(B§’q(Rn)) S >\ ~ ||f”Bf:’p*(R")’ (4341)
||Amf||gp*(FSqu(Rn)) S >\ ~ ||f||B§:’p*(R”)’ (4342)

uniformly in m. This justifies (4.3.23) in the present context.

Since it is well known that

Anf — fasm — oo, in BPY(R") and FPYR"), (4.3.43)
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(cf., e.g., Theorem 7.20 in [50]), it follows that the analogue of (4.3.24) also holds.
The proof of (4.3.32) and (4.3.33) is therefore finished.
Turning to (4.3.34), we follow the same pattern to get expansion (4.3.40) and

this time

1/p*

bp,p*zwz_l Z( Z Ifél’”)p*/p . (4.3.44)

=1 =0 Q:1(Q

TP H{fQ}Q

Going further, we can rewrite (4.3.40) in the form

n_1 l/p —l/p
Auf=2_ 2 | 2 oy > | X v s
=1 |v|<m \dist(Q,0)<m dist(Q,0)<m \ dist(Q,0)<m
(4.3.45)

Now it is not hard to see that the functions in the brackets are elements from the

unit ball of B??(R") and with

e S0, - 5 Ko™,

A, f /X belongs to the absolute p*-convex hull of the unit ball in B??(R"™) and

(4.3.46)

o

”Ameé'p*(Bﬁ”q(R")) <A® ||fHBg,p*(Rn), (4.3.47)

as desired. O

In what follows we study p-envelopes of the Besov and Triebel-Lizorkin spaces

on Lipschitz domain.

Theorem 4.3.11. All formulas for p-envelopes of BP%(R"™) and FP(R™) spaces

remain valid for corresponding spaces on Lipschitz domain, B2(SY), BLG(S2) and

FPa(Q), FIH(Q), respectively.

S
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Proof. Let us consider the spaces B??(Q2) and FP4((2) first. The result follows from
Theorem 4.3.10 thanks to existence of Rychkov’s extension operator.

We present the details for the case (4.3.33) of Theorem 4.3.10 only, with the
obvious modifications for other situations. Choose X; := FP4(R") and Y; :=
£y (FPI(R™)) = BYP'(R™). Similarly, X, = FP4(Q) and V; := BY.* (). Then
the scheme suggested in Theorem 4.3.6 can be utilized in the present context,
invoking the operator T' := Rq and its bounded right inverse R := Fgq, constructed
by Rychkov in [113].

As for the spaces BY{(Q2) and FL(€2), we once again turn our attention to
Theorem 4.3.6. We pass from the spaces on R”, namely, X; := FP4(R") and Y] :=
E-(FP9(R™)) = BY-P"(R™) to corresponding spaces on domain, X, := F7H(Q)
and Y, = B’} () via the projection operator T := I — Egng © Rgng with the
bounded inverse to the right given by the natural inclusion R := ¢ acting from the

spaces of compactly supported functions to the corresponding spaces on R". O

4.3.3 Applications: invertibility of boundary operators

Theorem 4.3.12. Let € be a Lipschitz domain in R™. Then the operators
%I + K : BP9(0Q)) — BP9(00Q), (4.3.48)
—5L+ K {f € B (09); (f,1) = 0} — {f € BYY (09); (f, 1{4=300)

are isomorphisms provided the pair of indices (s,1/p) satisfies one of the conditions

in (1.1.5), and 0 < g < 0.

Proof. The operator 1+ K is invertible on BP?(92) spaces for all indices satisfying

the set of conditions (I7) — (IV') from (1.1.5) by the results in [40].
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Going further, in Proposition 3.5.8 it was shown that K is a bounded mapping
on hf(9Q) for each (n —1)/n < p < 1. Based on the invertibility of 37 + K on
hi(09) (established in [31]) and the perturbation argument developed in [77], it
follows that this operator is also invertible on A}(0€2) for 1 — e < p < 1, for some
small € = £(0Q2) > 0.

Observe that, in terms of the Triebel-Lizorkin scale, the results mentioned above
amount to the invertibility of 7 + K on FP2(0Q) for p € (1 —¢,1]. Now we can
take the envelopes of F*(9Q) spaces to extend this result to all spaces BPP(99)
with p and s satisfying conditions (/) in (1.1.5).

At this stage, the real method of interpolation allows us to cover the full range
of 0 < ¢ < o0.

Concerning the invertibility of the operator —%] -+ K*, an argument very similar
in spirit to that utilized above works; the only difference is that, this time, we start

with the invertibility of —%I + K* on
LP(0Q), = F?(09),, 1<p<2+e,
LP(09). := (LI{/(@Q)/RY = FP2(09)., 2—e<p<oo, I/p+1/p =1,
hP(0Q), = FP?(09)., 1—e<p<l.

Above, for a space X C (Lip(9€2))*, we set X.:={f € X : (f,1) = 0}. We omit

routine details. O
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4.4 Poisson boundary value problems

Proof of Theorem 1.1.5. Consider the following integral representation formula for

the solution:
1 -1
u=RqoolloEqf+Do (§[—|—K> o(g—Tr(RqolloEqf)) in Q, (4.4.1)

where, as before, Rq and Eq stand for restriction and extension operator act-
ing between Lipschitz domain Q and R"™ (cf. (3.6.11) and (3.6.32)), D and II
are, respectively, double layer and Newtonian potential (cf.(2.3.3), (2.3.8)) and K
is a boundary operator defined in (2.3.6). Then the well-posedness for (1.1.26),
(1.1.28) rests on the mapping properties of the layer potentials discussed in §4.1
(see Corollary 4.1.6 and Corollary 3.2.12), invertibility of 17 + K on B(92) (cf.
Theorem 4.3.12) and the uniqueness argument presented below.

We claim that the problems (1.1.26) and (1.1.28) with data f = g = 0 have a
unique solution u = 0 for the range of indices discussed in Theorem 1.1.5. Indeed,
the case ¢ = p > 1 was treated in [68]. As far as the range ¢ = p < 1 is concerned,
according to the classical embedding theorems, u € Bffl(Q) necessarily yields
u € Bllia(ﬂ) granted that p <1 and % — %1/;; >1- 1—;';‘5, in particular, for ¢ close
to 1. But according to [68] Au =0, u € Blli(;(Q), ulgn = 0 guarantee u = 0 on
Q. Similarly the uniqueness argument for off-diagonal case of Besov and Triebel

Lizorkin spaces (p # ¢q) can be handled. O

Proof of Theorem 1.1.6. Consider the following integral representation formula for
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the solution:
1 -1
U:RQOHf+SO(_§I+K*) o(g—0,IIf) in Q, (4.4.2)

where S is a single layer potential (cf.(2.3.2)) and K* denotes an adjoint of K. Now
we can summarize the main ingredients necessary for well-posedness of Neumann
boundary value problem.

First of all, the existence and estimates follow from the properties of single layer
and Newtonian potential (cf. Corollary 4.2.1, Theorem 4.1.5 and Corollary 3.2.12).
The invertibility of the operator —%] + K* was proved in Theorem 4.3.12.

As for the uniqueness, arguing as in Theorem 1.1.5, the proof reduces to the
uniqueness of solution for Neumann boundary value problem with u € Biié(Q),
dyuaq € By, (09) for some § close to 1 and satisfying 6 —1+s < (n—1)(1—1/p),

developed in [97]. 0
Corollary 4.4.1. For every function u defined on the bounded Lipschitz domain
Qi R"

ueH (Q) <= ueHNF"(Q), (4.4.3)

p p

where =1 < p < oo, (n—1)(1/p—1); <s <1 and 0 < q < oo satisfies (1.1.11).

Proof. The proof rests on the observation that every harmonic function can be

written in the form
u=D(Tru) — S(0,u), (4.4.4)

Theorem 3.9.3 and mapping properties of the operators involved (see Corollar-
ies 4.1.6, 4.2.1, Theorems 1.1.3 and 1.1.4). O
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Chapter 5

Estimates for Green potentials in
non-smooth domains

5.1 Regularity of Green potentials in general Lip-
schitz domains

Recall from the introduction that Gp, Gy are the Green operators for the Lapla-
cian equipped with homogeneous Dirichlet and Neumann boundary conditions,
respectively. In this section we concentrate on the mapping properties of Gp, Gy
on Lipschitz domains.

Proof of Theorem 1.1.1. The result is a direct consequence of Theorems 1.1.5-

1.1.6, given the trace properties discussed in §4.2. O

Remark I. If o, p and g are as in the statement of Theorem 1.1.1, 1 < p < oo,

then
Gp: BU(Q) — BIL.(Q),  Gp: F29(Q) — I, (Q) (5.0.1)

are bounded operators. To see this, recall from [68] that F22(Q2) = {u € FP?*(Q) :
Tru = 0}, whenever 1/p <o <1+41/pand 1 < p < oo (cf. Proposition 3.3, p. 177

loc. cit). With tilde denoting extension by zero in R™\ ), we may therefore conclude

232



that FP2(Q) 3 f — Gnf € F§§(Q) is bounded, under the current assumptions
made on the indices «, p. Then the claim made about the operators (5.1.1) follows
from this and interpolation.

Next, recall that the Triebel-Lizorkin scale F?¢(R") reduces to the local Hardy
class h?(R") if 0 < p < 00, ¢ = 2, a = 0 and the latter coincides with the Lebesgue
class LP(R™) if 1 < p < 0o. As before for 0 < p < oo and 2 C R™ Lipschitz domain,
we set hP(Q) == FP*(Q) and hh(Q) = Fg’j(Q) (so that hP(Q2) = hy(Q2) = LP(Q)
if 1 < p < 00). These Hardy spaces on domains have been previously introduced
and studied in [7], [21], [22], [23], [70], and [100]. Finally, let V* k=0,1,2, ...,

stand for generic partial derivatives of order k.

Corollary 5.1.1. Retain the notation and hypotheses made in Theorem 1.1.1 on

the indices involved and the domain ). Then

V2Gp : BP(Q) — BP(Q), V?Gy : B(Q) — BRY(Q) (5.1.2)
if 0 < g < o0, and

V2Gp : FP1(Q) — FP(Q), VPG : FUR(Q) — F2I(Q) (5.1.3)

if (1.1.11) holds and p # oo, are well-defined, bounded operators.

In particular, there exists € = £(§2) € (0, 1] such that the operators

V2Gp : hP(Q) — hP(Q),  whenever S <p<l, (5.1.4)
V2Gy : hB(Q) — hP(Q),  whenever S <p<l, (5.1.5)

are well-defined and bounded. Once again, one can take ¢ = 1 whenever Q has a C!

boundary, in which case the range of p’s in (5.1.4)-(5.1.5) becomes 17 <p < 1.
233



The second part of the corollary —including the very last statement about C*
domains— is an extension of a result proved by D.-C.Chang, S.G.Krantz and
E.M. Stein in [21] for domains © with a C* boundary. Their method invokes
a reflection procedure across hyperplanes tangent to the boundary and, as such,
makes essential use of the smoothness of 092 (the differentiability properties of
the reflection function closely mirror those of the boundary of the domain itself).
Let us also mention that an alternative proof of (5.1.4) in C*° domains, based on
the Boutet de Monvel calculus of pseudodifferential operators, is in [69]; cf. the

discussion on p. 32 loc. cit.

_n_

7 even if the domain is smooth has already been

That one cannot allow p <
observed in [23]; see [23] for the appropriate function spaces which permit such
an extension in smooth domains. The condition p < 1 is also optimal. Indeed, in
[68], D. Jerison and C.Kenig have constructed an example of a bounded domain
Q with C"! boundary and a function f € C2°(Q) such that V2Gpf ¢ L'(2), which

sharpens a counterexample due to B. Dahlberg (cf. [29]). In particular, for this

domain,

V2Gp : Q) — h'(Q) (5.1.6)
fails and, hence, so does

V3Gp : LP(Q) — LP(Q) (5.1.7)

for each 1 < p < oo (otherwise this and (5.1.4) would imply (5.1.6) via complex
interpolation). As mentioned in §1.1, (5.1.4)-(5.1.5) answer a question asked by

D.-C. Chang, S.Krantz and E.Stein in [21], [22]. Our solution is very much in
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line with the comment made on p.130 of [22] to the effect that “The literature
for the Dirichlet and Neumann problems for domains with Lipschitz boundaries
(see [79]) teaches us that when the boundary is only Lipschitz then one can expect
favorable behavior for a restricted range of p. It would be of interest to explore

similar phenomena vis a vis to the Hardy spaces introduced here.”

Remark II. Let Gp(z,y) denote the integral kernel of the operator Gp in the
domain Q, that is, Gpf(z) = [,Gp(z,y)f(y)dy. Then the claims made in
Corollary 5.1.1 about V2Gp correspond to mapping properties for the application
u— [, VaVaGp(x,y)f(y)dy. A closely related object is the operator Jf(z) :=
Jo VaVy,Gp(z,y) f(y) dy, x € Q, considered, e.g., in [51] and [67]. This, in turn,

is intimately connected with the solution operator for the problem
—Au=divf inQ, ulpgg=0. (5.1.8)

Since J = —VGp o div, all the results pertaining to Gp in Theorem 1.1.1 can be

translated in terms of J.

Remark III. More can be said when extra geometrical information about the

domain 2 is available. For example, it is well known that
V?Gp: F22(Q) — F2*(Q) for —1<a<ZI-—1, (5.1.9)

where 0 C R? is a nonconvez polygonal domain with w € (m,27) denoting the
measure of its largest re-entrant corner. Note that this allows the inclusion of a
point with coordinates (av, %), for some «, > —%, alongside the hexagon depicted
in Figure 1.1. Accordingly, interpolating between (5.1.9) and (5.1.3) shows that

(5.1.6) does hold in this particular case. Similar results hold for V2Gy.
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Another important subclass of Lipschitz domains is discussed in the section

below.

5.2 The case of convex domains

According to an old result, proved by J.Kadlec [72] in the 60’s (cf. also [121]),
V2Gp : L*(Q) — L*(Q) (5.2.1)

is well-defined and bounded whenever (2 is a bounded convex domain in R". The
relatively straightforward method of proof (involving successive integrations by
parts) makes essential use of the Hilbert character of L? and does not extend to
L? with p # 2.

In the 90’s, B. Dahlberg, G. Verchota and T. Wolff used this L?result and

elements of the Calderén-Zygmund theory to derive the weak-type estimate:
V3Gp : L' (Q) — L">=(9). (5.2.2)

See [2], [3] and [51], for a discussion. In turn, this can be used to conclude that
V2Gp : LP(Q) — LP(9), 1<p<2, (5.2.3)

is bounded, by interpolation with Kadlec’s L?-result via the real method. The
weak-(1,1) and LP boundedness properties of the second derivatives of the Green
potential were reproved by S. Fromm ([51]) and have been utilized in the sequel to
establish higher regularity properties of solutions in convex domains (cf. also [52]

in this regard).
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Another proof of (5.2.2) was given by V. Adolfsson in [2] where he established

atomic estimates amounting to
V2Gp : hH(Q) — L), (5.2.4)

and obtained the LP result (5.2.3) by interpolating between (5.2.1) and (5.2.4)
via the complex method. The atomic estimate alluded to above was obtained by
relying on the L? theory and the asymptotics at infinity for null-solutions of elliptic
PDE’s with L* coefficients due to J.Serrin and H. Weinberger (an idea pioneered
by B. Dahlberg and C. Kenig in [31]).

The analogue of (5.2.1) in the case of Neumann boundary conditions has been
known since the mid 70’s (cf. [59], [56]), but the question of establishing L?
estimates has only been resolved in the 90’s by V. Adolfsson and D. Jerison. In [3],

they proved that for any bounded convex domain €2 in R",
V2Gy : h§(Q2) — LY(9), (5.2.5)
V2Gy : LP(Q) — LP(Q), 1<p<2 (5.2.6)

Once again, their proof of (5.2.5) made essential use of the deep regularity theory for
null-solutions of elliptic equations with bounded, measurable coefficients. Adolfsson
and Jerison then proved (5.2.6) based on (5.2.5) and a non-standard interpolation
method (working at the level of dual spaces). They also proved that the end-point
p = 2 is sharp.

As a result of our Hardy space estimate with p < 1 we can give new, con-
ceptually simple, proofs to all of the above results, as well as several new end-

point estimates. Recall the definitions and main properties of local weak-Hardy
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spaces outlined in §3.2. As is well-known, while the spaces h”*°(R") coincide with
LP>°(R™) for 1 < p < 00, these two scales are not comparable when 0 < p < 1. For

nice functions f in R™ it is nonetheless true that

[l roe@ny < Coll fllntoe my. (5.2.7)
See the discussion in [42]. It is also more or less folklore that
hY(R™) — L'(R™) — h>(R™). (5.2.8)
For an arbitrary Lipschitz domain €2 in R™ and 0 < p < oo we set
P (Q) :={u € D'(Q) : v € AP»*°(R"™) such that v|g = u}, (5.2.9)

equipped with the natural (quasi-)norm. The important remark we want to make
here is as follows. Owing to the existence of a universal extension operator Eg :
FPa(Q) — FPI(R™) (cf. (3.6.32)), it is straightforward to check that the analogs
of (5.2.11)-(5.2.8) continue to hold for spaces defined in Lipschitz domains.

It is interesting to observe that the L? boundedness of V2Gp and V2Gy is
available for domains that are not necessarily convex, but satisfy a uniform outer

ball condition (cf. [1], [96]), so that the reasoning above can be generalized.

Theorem 5.2.1. Consider a bounded Lipschitz domain Q) C R™ satisfying a uni-
form outer ball condition (for instance, convex or with a CY' boundary). Then in

addition to the results of Theorem 1.1.1 (with € retaining the same significance)
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the following operators

V2Gp : hH(Q) — K (), (5.2.10)
V2Gp : B (Q) — hP(Q), A <p <1, (5.2.11)
V2Gy : hy(Q2) — h1(9), (5.2.12)
V2Gy : L'(Q) — LV>®(Q) (5.2.13)

are bounded. In particular, Gp : h*(Q) — C°(Q) and Gy : h}(Q2) — C°(Q) for

n=2.

As will become apparent shortly, the above results contain and strengthen (5.2.2)-
(5.2.6).

Indeed, (5.2.10)-(5.2.11) follow, respectively, by complex and real interpolation
between (5.1.4)-(5.1.5) and the L%result (5.2.1). In turn, (5.2.10) immediately
gives (5.2.4) since h'(Q) — L'(Q), while (5.2.11), with p = 1, in concert with (the

domain versions of) (5.2.7)-(5.2.8) yields
IV*Gop fllrse) < CIVPGpfllne@) < Cllfllnres@) < Cllflriey, (5.2.14)

uniformly, for reasonable functions f. A density argument then gives (5.2.2). Com-
plex interpolation between (5.2.1) and (5.2.10) implies (5.2.3). To justify (5.2.12),
we interpolate between h5(€2), with 1 — p > 0 sufficiently small, and the L3-level,
in order to allow p =1 as well.

Let us also point out that (5.2.12) covers (5.2.5), via a trivial inclusion, and that
an interpolation result similar in spirit to the one just carried out above readily

yields (5.2.6).
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Finally, (5.2.13) is proved analogously, by relying on the real method of inter-

polation and by observing that L'(Q) — {u € h%>*(R") : suppu C Q}.
5.3 Estimates for the gradient of Green potential

The classical LP — L7 estimates for Green potentials in the half-space have been

extended to Lipschitz domains by B. Dahlberg in [29], where he proved that

VGp : LP(Q) — LI(Q), l<p<pate, =5 (5.3.1)

D=

VGp : LYQ) — L 1>2(Q), (5.3.2)

where ¢ = ¢(2) > 0 and p, = T?—J’::s if n > 3 and p, = % if n = 2. Thus,
informally, G p behaves like a fractional integral operator of order one but only for a
more restricted range of indices than what the classical Sobolev-Hardy-Littlewood
theorem would normally warrant. In particular, if Gp(z,y) denotes the Green
function for €2, then, as opposed to the case when 02 is smooth, the estimate
IV.Gp(x,y)| < Clr —y|~" Y, 2,y € Q, may fail for general Lipschitz domains.
A new proof of (5.3.1) was given in [68] based on a suitable functional ana-
lytic calculus for the Dirichlet Laplacian developed by the authors. Since both the
Jerison-Kenig solution as well as Dahlberg’s original argument ultimately depend
on the maximum principle and on positivity, the results in these papers are re-
stricted to the case of Dirichlet boundary conditions. The methods of the current
paper allow for a uniform approach, which also yields stronger results. Recall that
the Hardy space hP is isomorphic to LP” whenever p > 1. A collection of results

then reads as follows.
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Theorem 5.3.1. Let Q) C R"™ be a bounded Lipschitz domain. There exists € =

() € (0,1] such that if p(n,e) == (%2 — %)_1 for n >3, and p(n,e) = = for

n

n =2, then for every = <p < p(n,e) and é = }—17 — %, the operators
VGp: h?(Q) — L1(Q), VGy : hi(2) — LI(Q), (5.3.3)
VGp : L'(Q) — Le1°°(Q), VGy : LY(Q) — L+=1°(Q), (5.3.4)

are well-defined and bounded. In particular, (compare with (5.3.2))
VGp: h(Q) — L1(Q),  VGy:hi(Q) — Lo1(Q) (5.3.5)

are bounded operators. The ranges of indices are optimal in the class of Lipschitz

domains. For 00 € C' one may take ¢ = 1.

To see this, for n > 3, 1 < p < 00, s € R, consider the first operator in
(5.3.3). Let f € LP(2) and construct w € L5(£2) such that Aw = f and |[w]| () <
C|| fllr (o) (for instance, take w to be the restriction to €2 of the Newtonian potential
of f, extended by zero to R"). Then Gp f = w—u, where u is the solution of Au = 0
in Q, Tru = Trw on 9N2. Note that w € L5(Q) — LI(Q) if 1/¢=1/p—1/n and
that, accordingly, Trw € By, (09). Theorem 1.1.5 then implies that u € L{(€2)
as well, granted that the point with coordinates (1 —1/¢, q¢) belongs to the hexagon

in Figure 1.2. A simple analysis shows that this is always the case whenever

5 < q < 2, for some € = () > 0. The bottom line is that
24-¢ l1—e

felr(Q)= GpfeLl(Q) if z:<a<ts ;=3 (5.3.6)
Next, (1.1.9) and classical embeddings readily give
Gp:hP(Q) — IF,(Q) if 2<p<l L=1-1 (5.3.7)
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Interpolating by the complex method between (5.3.6) and (5.3.7) then yields (5.3.3)

in full, as long as % =

3=

% and q < li_e Note that the last condition precisely
amounts to asking that 1 < p < p(n,e), for some ¢ € (0, 1], as desired.

The claim about the first operators in (5.3.5), (5.3.4) are also immediate conse-
quences of (5.3.6), (5.3.7) and interpolation by the complex and the real method,
respectively. The reasoning for Gy is very similar.

Two remarks are in order here. First, the Hardy estimates from §5.1 have once
again played a major part in the proof. Second, the same circle of ideas can be
used to prove similar results for the scales of Besov and Triebel-Lizorkin as well.

We omit the details. Instead, we record a few consequences of our results and the

duality theorems from [20].

Corollary 5.3.2. Let Q0 C R” be a bounded Lipschitz domain. There exists € =

e(Q2) € (0,1] such that if n <p < % and a =1 — ~, then the operators
Gp: L (Q) — C2(Q), Gy : L7, ,(Q) — C*(Q) (5.3.8)

are well-defined and bounded. If 02 € C' one can take e = 1.

Furthermore, if ) satisfies a uniform exterior ball condition, then the operators
Gp: L™ (Q2) — bmo,(Q), Gy : L") 5(©2) — bmo(92). (5.3.9)
are also bounded.

Indeed, the claim about the operator Gp in (5.3.8) follows from (5.3.7) and duality,

using Theorems 3.8.3, 3.8.4. The other operators are treated in a similar fashion.
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Chapter 6

Measuring smoothness of
solutions by means of the
non-tangential maximal function

6.1 Motivation and statement of main results

The well-posedness of the classical Dirichlet problem for the Laplacian in a Lipschitz

domain 2 C R"”, i.e.
Au =0 1in , ul = f, (6.1.1)

is well-understood at the moment for the datum f in various standard smoothness
spaces. More specifically, the case f € LP(0f2) has been treated by B.Dahlberg

and C.Kenig in [27], [31], where they have established the estimate
[Null 2o a0) < C(OQ, p)|| fllLr o0 (6.1.2)

for the optimal range 2—¢ < p < oo, with € = £(9Q) (for the case of C'' domains see
[39], [28]). Hereafter, A is the classical non-tangential maximal operator defined
by

N(u)(z) = HUHL"O(W(JE)M x € 09, (6.1.3)
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where y(z) = {y € Q; |[xr —y| < wdist (y,00)}, with K = &(Q) > 1 fixed, is a
cone-like non-tangential approach region with vertex at x.

More smoothness for the boundary data translates into more smoothness for the
solution and, in the case when f belongs to the Sobolev space LY(9f2), G. Verchota

[129], and B. Dahlberg and C. Kenig [31] have shown that
[N (V)| zrany < COSL ) fIl 2 o0 (6.1.4)

for the optimal (dual) range 1 < p < 2 + ¢, where ¢ = £(02) > 0.

The well-posedness of (6.1.1) for boundary data in spaces with a fractional
amount of smoothness, such as functions in the Besov class BPP(0€2), has been
first studied by D. Jerison and C.Kenig [68], where they have proved the a priori

estimate

”uHBi’fL(Q) < C(09Q,p, s)| fll Bz oo (6.1.5)

for solutions of (6.1.1), whenever 0 < s < 1 and 1 < p < oo satisfy either of the

following three conditions:

2

2 .
1—_1_6<p<1—_6 and 0<s<1;

1§p<1i+€ and %—1—5<s<1; (6.1.6)

2 2
T <p< and O<3<5+5.

A more geometric way of understanding the conditions (6.1.6) is to identify the
space BPP(9)) with the point in R? with coordinates (s,1/p). In this scenario, the

validity region for (6.1.5) becomes the hexagonal region below:
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Figure 6.1.

Though exquisite in their elegance and sharpness, the main results in [68] are
limited to the case p > 1 and to Dirichlet boundary conditions.

In this chapter we are interested in measuring the smoothness of u in (6.1.1)
when f € BPP(0f)) in a new way, by relying on the Besov-based non-tangential

maximal function

S

Ni(u)(x) = ||uHB;1fﬂ(7(x)), x € 0N (6.1.7)

One of the main virtues of this approach is that it allows us to consider bound-
ary data from Besov spaces with p < 1. The issue of studying elliptic boundary
value problems in non-smooth domains with data in quasi-Banach spaces arose in
C. Kenig’s book [79] (cf. Problem 3.2.10 on p. 119 loc. cit.). As we shall see mo-
mentarily, the consideration of (6.1.7) also allows us to treat the case of Neumann
boundary conditions.

To state our first main result, set (a); := max{a,0}.
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Theorem 6.1.1. Let Q) be a Lipschitz domain in R™. Consider the following bound-

ary value problem:
Au =0 in €,
u| = f e BPP(OQ), (6.1.8)
o9
N(u) € LP(09),

where it 1s assumed that

mR<p<q 5<g<oo, (n—1)(G-1)y<s<L (6.1.9)

n — 1-s

Then there exists € = €(Q) > 0 such that (6.1.8) is well-posed if, in addition to
(6.1.9), the indices s,p also satisfy one of the following three conditions:
—<p<1—3E and 0<s<1;

e <p<t and 2-l-e<s< (6.1.10)
1—36<p§oo and0<s<%+5.
Furthermore, the solution has the integral representation formula
u=D[EI+K)f] inQ, (6.1.11)

and satisfies

NI (W)l Lr o) < C(09,p, g, )| f]

B2 (50)- (6.1.12)

It is illuminating to point out that the conditions (6.1.10) amount to the mem-

bership of the point with coordinates (s,1/p) to the pentagon below:
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A few remarks are in order here. For starters, we note that the accompanying
estimate (6.1.12) formally agrees with (6.1.2) and (6.1.4). That is, the latter can be
thought of as a limiting case of (6.1.12), corresponding to ¢ = co and s =0, s = 1,
respectively. In fact, it was this observation which gave us the original impetus
for measuring the smoothness of the solution using the Besov-based non-tangential
maximal function (6.1.7) when the data is in B??(02).

Second, the concept of trace u|sq is well-defined for the problem under discus-

sion. Indeed, since N?(u) € LP(0R) and Bgf% (y(x)) — C*(y(x)) = C*(y(z)), the

Holder class, it follows that u|,m) € C°(y(x)) for a.e. & € 0Q. In particular, it

makes sense to talk about u|sq as a non-tangential limit, i.e.

w(z) ;== lim wu(y), for a.e. x € 99, (6.1.13)

yey(z)

and the corresponding estimate ||u|sq||rr(a0) < C|INI(u)]|r0) holds.
Third, regular elliptic boundary problems in C'* domains with data in Besov

spaces with p < 1 were first treated by H.Triebel in [125]. Subsequently, these
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results have been extended by J. Franke and T.Runst in [46]. A good account of
these developments can be found in Chapter 3 of [112].
As alluded to before, there is a version of Theorem 6.1.1 in the case when a

Neumann boundary condition is considered. Specifically, we have the following:

Theorem 6.1.2. Let €2 be a Lipschitz domain in R™ and consider the following

boundary value problem:

Au =0 in €,

dou| =1 €BOQ), (f.1)=0, (6.1.14)

is(u) € LP(09),

Tl<p<g, %<g<oo, (n-1)(;-1y<l-s<l (6.1.15)

Then there exists € = £(2) > 0 such that (6.1.14) has a unique, modulo con-
stants, solution if (1 — s,1/p) belongs to the pentagonal region in Figure 6.2.

In addition, the solution has the integral representation formula
u=S8[(—1] + K*)~'f] + const, (6.1.16)
and (after a normalization) satisfies the estimate

IV (W)l ooy < C(O2,p, 4, 9)If |57 (00 (6.1.17)

One of the main ingredients in the proofs of Theorems 6.1.1-6.1.2 is estab-
lishing estimates for potential-like singular integral operators. These results are

summarized in the next theorem.
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Theorem 6.1.3. Let Q be a Lipschitz domain in R™ and consider the integral

operator

Tf(z) = /8Q k(o) fy)doly),  z€Q. (6.1.18)

Assume that

T1 = const (6.1.19)
and

Vik(z,y)| < Clo —y[™ (6.1.20)
Then

INAT )l ooy < ClIf |l reoa) (6.1.21)

whenever’%l <p<g, (n—l)(%—1)+<s< 1, and * < q < o0.
It should be noted that the class of operators satisfying (6.1.19)-(6.1.20) con-
tains the double layer potential as well as the Cauchy operator (in two and higher

dimensions; cf. §6.2 for a discussion). A similar theorem also holds for single

layer-like operators. Concretely, we have the following:

Theorem 6.1.4. Assume that Q0 is a Lipschitz domain in R™ and consider the

integral operator T f(z) = [, k(x,y) f(y)do(y). Suppose its integral kernel satisfies
j —(n—14j -
Vo Vik(z,y)| < Clz —y|~") for j=0,1. (6.1.22)
Then
IMZ(T Dl zrey < CllF a7 o0 (6.1.23)

ifnT_l<pSQ; (N—l)(%—1)+<1—8<1, and % < q < 00.
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Our methods are quite general and flexible and, in principle, can be adapted to
other situations of interest. For example, appropriate versions of Theorems 6.1.1-
6.1.2 hold for the Lamé system of elastostatics in Lipschitz domains of dimension
< 3. Indeed, in this situation, the analogues of (6.1.2), (6.1.4) have been established
in [32] via atomic estimates, which are also the main ingredients in the proof of
Theorem 4.3.12. Also, the Theorems 6.1.3-6.1.4 readily extend to the vector-valued

case.

6.2 Mapping properties of singular integral op-
erators

We debut with the
Proof of Theorem 6.1.3. The basic idea of the proof is to consider the sublinear

operator
Tf=NXTf): BPP(0Q) — LP(09) (6.2.1)

and interpolate —using Theorem 3.1.10— between (n — 1)/n < p<land p=gq €
[1,00]. We proceed by analyzing several cases starting with:
Case 1. 1 < p = ¢ < co. The estimate (6.1.21) will be a consequence of the

following sequence of inequalities
(s 1
INP(TF)llvon) < ClIST D VT £ o) (6.2.2)
16T VT fllmy < Cllf 2o on); (6.2.3)

each of which will be proved separately (recall that ¢ denotes the distance to 0f2).

In fact, the inequality (6.2.2) is proved later, in (i) of Corollary 6.3.3.
250



The estimate (6.2.3) will be proved in three steps. The idea is to obtain the
result for p = ¢ = 1, then for p = ¢ = oo and, finally, use Stein’s interpolation
theorem for analytic families of operators (Theorem 3.1.11) to cover the range in
between.

Consider first the case p = ¢ = 1. We shall prove that if
Vik(z,y)| < Clz —y| "D k=1,2,..,N, (6.2.4)
for some positive integer N, then

18" IV T f] 1@ < CIIS

B (0 (6.2.5)

(this result is stated in a slightly more general form than the one we need, which
would correspond to the case N = 1).
Turning to the actual proof of (6.2.5), first recall the intrinsic characterization

of the Besov space B} (9Q)

/]

srtom = oy + [ [ Do yany) (62.6)
The estimate we seek has local character. Thus, using a partition of unity, we
may assume that the support of f is included in a coordinate patch where 0f) is
represented by the graph of the Lipschitz function ¢ : R"~! — R. Assuming that
this is the case, we make a change of variables and set f(z) := f(x, ¢(z)), extended
by zero outside of the support. In particular, f € BLI(R" 1),

Thanks to (6.1.19) we have that V*T' annihilates constants. In concert with
the assumption (6.2.4) on the kernel, this implies that

/Q 5515 (2) VAT f ()| dr (6.2.7)
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can be controlled by a multiple of

* s fa@) = Fwl
/0 t /}Rn1 /Rn1 (o — P +t2)%k_1 xdy. (6.2.8)

In turn, this can be majorized by

C /]R /R 1F@ - Fl( /0 h (|$_2k|:;s)n+k_ldt> dudy. (6.2.9)

Making the change of variables r = m, r € (0,00), dt = |x —y|dr, we can further

bound the innermost integral above by

00 tk_l_s L 00 T.k—l—s L
/ ( gl = Jr—y T / oyt < Cla =gl
0 0

lz —y|+1) 1+ )kl
(6.2.10)
for some finite constant C' = C'(k, s,n). Thus,
[rwmwri@ie < of [ HDT0l,
S C||f| B;*I(Rn—l) S CHf‘ B;’I(BQ) (6211)

as desired; this completes the proof of (6.2.5) in the case p = ¢ = 1.

Next we turn our attention to the case p = ¢ = oco. The goal is to show that
SE=S|VET f] € L>=(Q) for f € B>>(01), with appropriate control of the norms.
To this end, let 2* denote the point on 02 such that |z —z*| = 6(z). Then we may

write

VITf(x) = | Vik(z,y)(f(y) — f(z*)) do(y). (6.2.12)

o0
Since f € B2(09) = C*(09) we have |f(y) — f(@)] < |fllzenly — ="

y € 0. With this in mind and recalling the assumptions (6.2.4) on the kernel,
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we split the last integral into two parts, I, I, corresponding to y € Sigg.(*) and
y € 00\ Sigor(z*), respectively, where r := |z — z*|. We have

ly — *|°

Bl < Cllflzron [ doty)
(09) S1000 (&%) x_y|n71+k
< CHfHB;x"‘”(aQ)/ |z — y|* " F do(y)
S100r(x*)

< Clf]

B> (69) / )TSﬂdeU(ZU) < Crh 1/ || == a2y - (6.2.13)
S100r (z*

On the other hand,

Bl < Cllozen | Bt A
89\510(%(36*) |'T - y|
S CHfHB:o’OO((?Q)/ ‘.’L'* o y’sfnJrlfk do_(y)
A0\ S100r(z*)
< C{||f| Bg %0 (082) / ps_l_kdp < Ors_k ||f| B2 (89) (6214)
1007

These inequalities complete the argument for the case p = ¢ = oc.

Now the estimate
SFE S |\VRT | € LP(Q) for  f € BPP(09), (6.2.15)

k=1,2,...N, se€(0,1), pe]l, o0,

will follow from Theorem 3.1.11. The details are as follows. Consider the family of

operators
L.f = 5k—1+z—[(l—z)so+zs1}|vaf’7 (6.2.16)
so that
Rez =0 = |Lof| = 6F 17| VAT,

Rez =1 = |L, f| = 6" | VFTf|.
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Our results for p = ¢ =1 and p = ¢ = oo lead to the conclusion that the operators
Ly : le(’)l(aQ) — LY(Q),
Ly : BS*(08)) — L>(€2),

are well-defined and bounded. In turn, thanks to Theorem 3.1.11, and standard
complex interpolation results for the Besov scale (cf. [10]; here sy # s is needed),

we may conclude that
SEr S VET f| : BPP(99) — LP(Q) (6.2.17)

is also well defined and bounded granted that s € (0,1) and p € [1, oc].

Case 2. (n—1)/n < p < 1. In this situation we use the atomic characterization

(3.4.29) of Besov spaces. As is well-known, the desired estimate, i.e.

INIT )lleran) < Cllfllsrr o), (6.2.18)
is a direct consequence of
[N (Ta)||ron) < C, (6.2.19)

for every BPP(0f2)-atom a, with a finite constant C' > 0 independent of the atom.
Turning our attention to (6.2.19), we will split the discussion into two parts: near
and away from supp a.

Near the support of a we employ a rescaling technique. Specifically,

N{(Ta)(z) = ITall pra,, (70
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can be bounded by

RS B
ror HTCLHBZf%(Q)a

n—-1
where a :=7r » ais a B"?, _ (09Q) atom.

s—i-?
Upon noticing that s + "T_l € (0,1) and recalling that ¢ > 1, we may now
invoke what we have already proved in the case 1 < p < ¢, i.e. (6.2.17), along with

Theorem 3.9.3, in order to conclude that

n—1

_n—1 ~ _n=1 _
ror | Tallpea, @ < Cr 7 IIaIIBan_I(@Q) <Cr 7.
a ST

The constant C' = C(02, n, s,p, q) above does not depend on the particular atom

a. Then N4(Ta) < or pointwise on Sjg, (where suppa C S,). Consequently,
[N (Ta)ll o si0n) < C (6.2.20)

which is of the right order.
Next, let us estimate the contribution away from suppa. Without any loss of

generality we may assume that 0 € 992 and suppa C S,.(0). For every y, z € Q we

have
Ta(y) = Ta)] = | [ (ko) = biz.w))afu) dofo)

= ‘/ag/ —k((1 =ty +tz,w)dt a(w )da(w)‘.

Keeping in mind the hypotheses (6.1.20) we make on the kernel, the last integral

above is bounded by
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! dt
Cle— /8 ) / e la(w)ldow)

This, in turn, can be majorized by

! dt
C st(1=3)(n— 1)/ 6.2.21
o o [T Dyt i (0220

where r is the radius of the minimal surface ball containing the support of the atom

a. Relying on the intrinsic characterization of Besov spaces, we may write

Ta(y) —T
<Nq (Ta)( /( )/ [Taly alz)|" dydz + || Tal| 7oy (6.2.22)
v(zx

|y _ Z‘2n+sq

The last term above is residual and we leave the details of estimating it to the
interested reader. As regards the next-to-the-last one, using (6.2.21) we estimate

it by

1
1 2n dt q
er(er(lp)(nl))/ / <|y_z|1*8*7 / > dydz. (6.2.23)
+(@) Jr(@) o (L—ty+tz)"

Thus, matters have been reduced to estimating the above integral. A general result

to that effect (whose proof is postponed for a little while) is recorded below.
Lemma 6.2.1. For 0 < s <1 there holds

1522 dt q 1
— dyd <C— 6.2.24
/@/ ly ==l /o[<1—t>y+tz]n> vdz < O (622

where the constant C' is independent of x and q > .

Returning to the main stream discussion, i.e. the sequence of inequalities

(6.2.22)-(6.2.23), we may therefore bound

[ i@y dot) (62.25)
IG@Q\SloT
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by

00 n—2
O =) n=1)p / Ll — (O plsHi=pm=Dlp / w = const,
o[>10r 2] (EFPTLP 1or pLETDP

(6.2.26)

provided the last integral converges. This is indeed the case, granted that s >
(n — 1)(11J — 1), which is part of our assumptions. This observation finishes the

proof in the case when (n —1)/n < p < 1, modulo the

Proof of Lemma 6.2.1. Pulling everything back to the Euclidean model, it suffices

to show (after a translation and a rotation) that

1
ly — Z! T dt > 1

dydz < O 6.2.27

/ /7(0) / 1 —t yn + "zl + 1 yaz = ‘$’sq+(n71)q ( )

By symmetry, there is no loss of generality in assuming that y, < z,, which allows

us to bound the corresponding piece by

/ / / v = ' dt>qdydz. (6.2.28)
7(0) t"2”+1

Switching to polar coordinates y — z = rw where r € (0,00) and w € S,,_1, we may

rewrite (6.2.28) as

1 dt CzZn
/ ) [/0 tnomn 4 Jq /0 P (6.2.29)
o n

which, for ¢ > 1", is controlled by

[e’s) 1 dt
C / L=sa=n [ / —}q dz. (6.2.30)
0 o tral+1

After the change of variables 7 = tz,, (6.2.30) becomes

%) Zn d
C'/ Z " [/ T }q dzy,.
0 o T +1
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Upon noticing that the inner integral is O(1) as z, — oo and O(z,) as z, — 0,
we see that the entire expression amounts to a finite constant as long as ¢ >
(n—1)/(1 —s). This is, however, covered by the current assumptions, so the proof

of Lemma 6.2.1 is finished. O

Case 3. 1 < p < q. The idea is to use Theorem 3.1.10 for the operator 7
defined in (6.2.1), which is obviously sublinear and satisfies the conditions (3.1.39)-
(3.1.40) for pg = 1, p1 = q, Xo := BLY(0Q), and X, := B%(09).

Invoking a complex interpolation result (cf. [125], or the diagonal case of

Proposition 3.4.4) it follows that

Tf=NUTf): BPP(OQ) — LP(09) (6.2.31)
is bounded for every p € [1, ¢], whenever (6.1.9) holds. The proof of Theorem 6.1.3
is therefore completed. O

Remark. It is illuminating to sketch an alternative approach, most easily de-
scribed in the case when (2 is the (unbounded) domain in R™ lying above the graph
of a real-valued Lipschitz function. In this situation, fix an upright, circular cone
I’ with vertex at the origin so that v(x) = x 4+ I, for each x € 0%, and introduce

the linear operator
(Qf(x))(z) = (Tf)(x+ =), r e, zel.
The estimate (6.1.21) is then equivalent to the boundedness of
Q: BI(00) — 1(00, BLa (T)

whenever "T_l <p<gq, (n— 1)(% —1); <s<1,and % < ¢ < oco. Note that the
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reasonings in Cases 1 and 2 ensure the boundedness of the above operator when
1 n — —

0§(n—1)(2—7—1)<5<1, = < q <00, and when p = ¢ =00, 0 <5 < 1. The

remaining cases are covered by interpolating by the real method between p = 1

and p = ¢ = co. In the process, the classical result

(L7 (Ao), L (A1) = L9((Ao, A1)a,g)

0,q
if po,p1 € [1,00], 1/q = (1 —0)/po +0/p1, 0 <0 < 1is used; cf. [85].
We continue with the
Proof of Theorem 6.1.4. Again, we proceed in a sequence of steps.

Case 1. 1 < p =¢q < 0. Using the estimates for p =¢=1and p=qg = o0
which have been proved in [97], Lemma 7.2, p.35 and Lemma 7.3, p.37 respectively,

and Theorem 3.1.11, we conclude that

5k7§+371’vaﬂ . BPP(0Q) — LP(Q), (6.2.32)
whenever

IVEVIk(z,y)| < Clo —y| "2 k=12, N, j=0,1, (6.2.33)

for some positive integer N.

Going further, the estimate
s 1
INMZ(TH)llLr o0y < ClS" VT f|]| oo (6.2.34)

which follows from (6.2.2) by simply replacing s with 1 — s, then implies (6.1.23)

in the case when 1 < p =¢ < o0.
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Case 2. (n—1)/n < p < 1. Similarly to Theorem 6.1.3, it is sufficient to show

that
INM_s(T'a)|| 2o (o) < C (6.2.35)

for every BP?(0Q)-atom a, for a finite constant C' independent of the particular
atom.

Near the support of a we use the same technique as in Theorem 6.1.3, i.e. re-
scale a, originally an atom in B”?(99), to @ := r™"Y/Pq, an atom in B, (09).

7

Invoking the mapping properties of single layer-like operators proved in Case 1 and,
much as before, Theorem 3.9.3, we can show that the analogue of (6.2.20) holds in
this case.

Away from supp a we proceed, in broad outline, as in Theorem 6.1.3 although
the analytical details are different (most notably, atoms have a vanishing moment

condition in this case). To get started, for every y, z € Q we write

|Ta(y) — Ta(z)| =

/ —k‘ (1 =ty + tz,w)dt a(w) do(w)|.
supp a J 0

Since atoms in B”?(0€2) have a vanishing moment condition, this implies that the

expression in the right side can be further written as

/ /Ol(z —Y[(Vek((1=t)y+tz,w) — Vok((1 —t)y+1tz,0))]dt a(w)do(w)

where it is assumed that 0 € 992 and suppa C S,(0). Then the last integral above

is equal to
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/ /z— /Ode(v F(1 = )y + t2, (1 — 6)w))d] dt a(w)do(w)].

Using our assumptions on the kernel, this expression can be further bounded by

max
0€[0,1]

|z — ylwl|
dt a(w)do(w)|.
/Suppa/ (1 =ty +tz) — (1 — Ow|”
If we now observe that |((1 —t)y +tz) — (1 — Q)w| ~ |(1 — t)y + tz| and |w| < r,

we may invoke the size conditions on atoms to eventually arrive at

T < optm (n—1)(%-1) |z —y| dt. 9
Ta(y) — Ta(z)| < Cr o [ =ty + tz] (6.2.36)

Using the estimate (6.2.36), the proof for the case (n—1)/n < p < 1 can be finished

in the same way as it was done in Theorem 6.1.3. We omit the details.

Case 3. 1 < p < q. With the help of Theorem 3.1.10, this follows from what
we have proved so far via interpolation between the cases p = 1 and p = ¢. This

completes the proof of the theorem. O

6.3 Connections with classical smoothness spaces
in €}

The goal of this section is to highlight connections between our Besov-based non-

tangential maximal function and the standard Besov scale in a Lipschitz domain

Q.

Theorem 6.3.1. Assume that 1 < p < g < o0 <qg<ooand0<s<1. Then

’13

for every Lipschitz domain Q there ezists C' = C'(£2,p,q,s) > 0 such that

IV () ooy < CHUHB:’fl ) (6.3.1)
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for every harmonic function u in Q.

The estimate (6.3.1) shows that the solution of (6.1.1) taken in the sense of
Jerison and Kenig [68], i.e. u € B /p(Q), is automatically a solution in the
sense of Theorem 6.1.1 for the range of indices specified above. This also serves

as evidence of the appropriateness of our choice of the Besov-based non-tangential

maximal function as a way of measuring smoothness.

Proof: The proof is based on ideas from complex analysis in higher dimensions,
mostly inspired by the Clifford algebra formalism. In order to be able to follow the
main steps more easily, we shall first carry out the proof in the somewhat simpler
geometrical context of a domain 2 C R” lying above the graph of a Lipschitz
function ¢ : R"! — R.

Let {u;j}1<j<, be a system of conjugate harmonic functions in Q with u = w,,.

For example, we may take (4.2.48). Our first claim is that if

u€ Bet(Q), keNu{0}, ae€(0,1), (6.3.2)
then
uj € B (Q) and ) [ujllpre @) < Cllullpre, @) (6.3.3)
j

Indeed, using Theorem 3.9.3, it is enough to control, for each 1 < j < n,

/Q (52"~ ()] ) (6.3.4)

which, after the change of variables © = 2’ 4+ re,, r > 0, 2’ € 012, is bounded by

C/ / (r'= V", (2 + re,)|)P drda’ (6.3.5)
20 Jo
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<o [ [ [ [Tt ok o) de]ara (6.3.6)
o0 Jo 0

The last inequality above utilizes the fact that
|V, (7)] < C’/ |VEP2u(x + tey,)| dt. (6.3.7)
0
If we now put A =7 +1%, A > r, d\ = dt, the last integral becomes
/ / 1=l [ / IVE2u (2 + ey dA]pdrdg;'. (6.3.8)
o Jo r
This, using Hardy’s inequality, can be further bounded by
C / / (VR0 (2’ 4 Nep ) [PAT=Pd\da! (6.3.9)
o Jo
and, invoking Theorem 2.4.6, by
C/ ()1 P VL (2)|P de. (6.3.10)
Q

The sequence of inequalities (6.3.4)-(6.3.10) along with Theorem 3.9.3 complete
the proof of (6.3.2)-(6.3.3).

Next, define
{E;}1<j<n C Manyon (R™) (6.3.11)

to be a set of matrices (of type 2" x 2" with real entries) such that the following

properties hold
E,E, = —EpE;, if j#Ek, (6.3.12)

E}=—In, Vj=1,,n, (6.3.13)
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where Iy is the N x N identity matrix. For each k = 1,2,..,n, {E}};_, are
inductively defined by setting
0 -1
1.
Bl = ( - ) ,
and for 1 <k<n—-1,1<j<k
EF 0
k41 ._
Ej '_< 0] —E’?>’
J
0 —1Iuw
k+1 . 2
()
Finally, take Ej; to be E7, for j = 1,2,...,n. It is easy to see that the E;’s just

constructed satisfy the properties (6.3.12)-(6.3.13).

An appropriate Dirac-type operator in the current context is

D:=) E;, (6.3.14)
j=1
Counsider the matrix-valued function
F =) wE;: Q@ — My (R"). (6.3.15)
j=1

A direct calculation shows that D*> = —A and DF = 0, i.e. F' is analytic (relative
to D).
The next order of business is to define a suitable Cauchy-type operator. With

this goal in mind, recall that the fundamental solution for Laplacian is

—1 1

r a - )
L) = o e

(6.3.16)

if n > 3, where w, is the surface area of unit sphere (the modifications for the case

n = 2 are minor). A fundamental solution for the Dirac operator D is

Poie(#) = — Dl pp(z) = —— 3

w
n j=1

(6.3.17)

ERa
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If we denote 7 := 37,

x;E; we arrive at
1 z

nwy, |z

T pir(z) = — (6.3.18)

By methods similar to those in classic complex analysis, one may derive Cauchy’s

reproducing formula

F(z) = C(Flog)(z), x€Q, (6.3.19)

granted that DF' = 0 in 2. Here

Cfla) = —— / TV ). fly)doly), xeQ, (6.3.20)

nwy, Jaq |z =yl
where ‘dot’ denotes matrix multiplication, and f is a matrix-valued function defined

on 0f2.
Note that the Cauchy operator (6.3.20) satisfies the conditions (6.1.19), (6.1.20)

and, therefore, obeys (6.1.21). This leads to the following estimate
INI(F) ooy < ClTr Fll grraa), (6.3.21)

where Tr the trace operator, defined in (1.1.15). In turn, the last expression above

is bounded by
1Pl < O3 uslave, o (6322
Z s Z
which, using (6.3.3), can be controlled by a multiple of
HUHB:_’:’%(Q)' (6.3.23)
Therefore it remains to show that

IV (W)l e o0y < CINI(F)| Lo (og) (6.3.24)
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which, in concert with the sequence of inequalities (6.3.21)-(6.3.24), would complete
the argument.

To ‘extract’ u = u,, out of F' and obtain (6.3.24) we observe that

n—1
Y EFE, = Z Zuj —upEy) = (n— 1)F — 2(F —u,E,).  (6.3.25)
k=1

k=1 j=1
Therefore,
1 n—1
w=1, = 3B, [; E.FE, — (n— 3)F] (6.3.26)

which obviously implies (6.3.24).

After this preamble, we are ready to tackle the technically more involved case
of a general (bounded) Lipschitz domain. In fact, since the estimate we seek is
local in character, there is no loss of generality in assuming that Q@ C R is a
star-like Lipschitz domain with respect to the origin. Fix a harmonic function
u € BT, (Q), ke NN{0}, a € (0,1), and define a system of harmonic conjugates
following (4.2.62).

Our first goal is to show that v € B'Y (€, A*R") with norm controlled by that

of u. By Theorem 3.9.3 it suffices to show that
VM o] € LP(Q), Vi, k. (6.3.27)

In order to prove (6.3.27) we assume that, in polar coordinates, €2 can be described
as the set {x = wp;w € S"1 0 < p < ¢(w)} for some Lipschitz function ¢ :

Sl — R with inf ¢ > 0. Dropping lower order terms, we can write

Z /Q(éla(x) [VE ()] )P d

¢(w
<C/S 1/ p(1—c) / |Vk+2 (tpw)]dt) n— ldpdw (6328)
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At this stage, making the change of variables p = ¢(w)e™, n € (0,00) and

-Tr

t=e", r e (0,00), we can re-write the last integral as

L [ ewa—empe ([ el o) e

(6.3.29)

If we set A\=7r+mn, X\ € (n,00), we can bound the above expression by

C /S /O (1 = enpi-o) ( /n OO|vk+2u(¢(w)we—k)\dA)pe—”ndndw. (6.3.30)

If we now split the integral in 7 into two integrals over the sets [0, M] and

[M, 00), for some large M, matters are reduced to controlling

I:= / /M =) (/M |VEP2u (g (w)we™)| dx\)pdndw (6.3.31)
sn=1Jo n
II = /Sn1 /Moo(l — e mpi-e </7700 |VF 20 (p(w)we™)| d)x)pe_"” dndw. (6.3.32)

ote a mterior estimates ull e since € argument o u
Note that, by interi timates, || < C|lul|rs(q) since the arg t of VF*2

stays away from 0. As for I,

o] M
1< cC / / ppa=a) ( / |V’“+2u(¢(w)we—A)|dA)pdndw. (6.3.33)
Ssn=1.J0 n

Now an application of Hardy’s inequality (cf., e.g., [118]) leads to

1] < / / |V 2u(p(w)we ) PAPE=) ddw
Sn 1
< / LIV (6.3.34)

for a suitable compact subset O of €. In the last step we have changed variables
back to the original x € ) and, in the process, have noticed that the Jacobian

is bounded given that 0 < A < M. This proves that the norm of v in B} ()
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can be controlled by that of u in any star-like Lipschitz domains. The case of a
general (bounded) Lipschitz domain follows from what we have proved so far via
a standard localization argument.

Now we use an argument similar to that employed in the case of the unbounded
domain lying above the graph of a real-valued Lipschitz function to finish the
proof of (6.3.1) in the current context. This time, we choose to work with the
Dirac operator D := d + d* (so that D?* = —A) and the ‘analytic’ function F' :=
u—> i<k Vikdz; A dxy (in fact, a differential form of inhomogeneous degree two).

Once again, there is a Cauchy integral operator C (which falls under the scope
of the analysis in §6.2), a Cauchy reproducing formula, etc. We leave the details

to the interested reader. O

Theorem 6.3.2. Let 2 be a Lipschitz domain in R™ and assume that 0 < s < 1,

s+ 4 & N. Then

N (w)]| o) < C’||u||qun @ provided 1 < g < p < o0, (6.3.35)
s+
N (w)|| Lrany > C’||u||quﬂ o () provided 1 < p < g < o0, (6.3.36)

uniformly for uw harmonic in Q and s + % > ”le.

Proof. Consider first the case when p > ¢ and set k := [s + %], €:=8+ % — k. We

have

3=

NI @) = | /8 Q( L st (1, 09(a) T gy dy)g do(z)|

|

IN

[ ([ x5+t dy) ()]

1
. 6.3.37
L (09) ( )

o0
= || s )y
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Since we are currently assuming that p > ¢, this last expression can be bounded

by

P dy) ‘

. 5 (1—¢)q vk—f—l | ,
Xr(2) (¥)0(y) \ u(y)| 2 oo

()

~ (/ 5(y)<1*€+%>q\v’“+1u(y)\qdy)5. (6.3.38)
Q

By Theorem 2.4.6 the last integral above can be controlled by

1

C( [ )= g dy) (6.3.39)
Q

where

(2], ife> {7},

J = X _ X (6.3.40)
[+ 1, ife < {")

Using Theorem 3.9.3, the expression (6.3.39) is further controlled by
Cllullgea ), (6.3.41)
sHq

as desired.
We now turn to the analysis of the remaining case, i.e. p < ¢. Since u is

harmonic, we may write

=

Nl = [ [ ([ dist 5o 19y o]

o0
(6.3.42)

Changing the aperture of non-tangential cones 6 to 6/2, we may bound the last

expression from below by

3=

> o[ ([ st tay) ot
Q N g 0(z
~ (] s |5 dota)]” (6343
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Since p < g, this can be further bounded by

~ ([Tt )

1
P

||| xusn 50T ) o)

(6.3.44)

By Theorem 2.4.6 the last integral is controlled (modulo lower order terms) by a

multiple of

1

([ s ey
Q

(6.3.45)

where j is defined as in (6.3.40). Finally, we may bound the above expression from

below by

C||U||BZ"YLM(Q),
q P

as wanted. This finishes the proof of Theorem 6.3.2.

Corollary 6.3.3. Let 2 be a Lipschitz domain in R™.

(1)) If1<p<o0,0<s<1,ands+n/p¢ N, then
VS ()llzr@0) = [lull 72, (@)
p

uniformly for u harmonic function in ).

(1)) If 0 < s <1 andn/(1—s) <p< oo, then
(4l
NP ()| no0y < ClI8" 2|Vl ooy

for any C function u in Q (not necessarily harmonic).

(6.3.46)

(6.3.47)

(6.3.48)

Proof. The first claim follows directly from Theorem 6.3.2 by making p = ¢. The

second claim is a consequence of the (first half of the) proof of Theorem 6.3.2, in

which we take p = ¢ (note that our current assumptions force k = 0).

270

O



Theorem 6.3.4. For any Lipschitz domain 2 C R"™ and any 0 < s <1, 0<p <

00, there exists C' > 0 so that

16" [Vaulll, an < CINZ (u) | o o0) (6.3.49)
L7=1(Q)

for any C* function u in Q. In particular,

pn bn

N (u) € LP(0)) = u € By 1(Q) (6.3.50)
for the range of indices as in (6.1.9).

A comment is in order here. While it is not clear whether the implication

N2 (u) € LP(0Q) = u € BYY, ()

P

holds for general indices, the above theorem shows that this is nonetheless true

after an embedding, since BJY, () < B UmH(Q).

1
Proof of Theorem 6.5.4. For A € (0, 00) set
Ey = {z € 0Q; Npx(u)(z) > A}, (6.3.51)
Fy = {z € Q; §(z)" 5| Vu(z)| > A} (6.3.52)
The idea is to show that there exist two constants C, ¢ > 0 such that

|FAl < ClEA|I7T, VA>0, (6.3.53)

where |E| is the (surface) measure of the set E. Then, since for a general measure

1

11, = [ o2 il > A (6.3.54)
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we can write

HUHBJLL:LI”ZP_NI(Q) < Ol Vulll

)
- ([ ZpEmia) T
o n—1
1

C(/ AL By 7 dA)W.
0

IN

Note that

VIEN < [ (Wooe () dote) <IN oy
so that

|Exl < AP INGE ()20 06y

Therefore, the last expression in (6.3.55) can be further bounded by

-1

([ s )
0

as desired.

1
|N;OO(U)||Zp(aQ) = [N (W) 2o 992,

In order to prove (6.3.53), we shall work with ‘tent’ regions

z€dQ\O

(6.3.55)

(6.3.56)

(6.3.57)

(6.3.58)

(6.3.59)

associated with arbitrary open subsets O of 0Q2. The idea is that (6.3.53) is going

to be a consequence of the simple inclusion
F)\QT(EC)\)7 V)‘>0>
used in concert with a general fact, to the effect that

IT(0)] < ClO[M™=Y VO open subset of Q.
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In turn, (6.3.61) is seen by decomposing O into a disjoint union of Whitney cubes
{Qx }x (considering OS2 as a space of homogeneous type), so that T'(O) C UpT(c Q)

for some constant ¢ = ¢(02) > 0, and then writing
TO) < Y |T(Qu)] < C Y [Q™™
k k
n/(n—1) .
< DIl =clope, (6.3.62)

k

This proves (6.3.49) and finishes the proof of the Theorem 6.3.4. O
6.4 End of proofs of the main results

Existence, integral representation formulas and estimates in Theorem 6.1.1 and
Theorem 6.1.2 follow from what we have proved so far. There remains to establish

uniqueness, which we address next.
Theorem 6.4.1. If u is a solution of (6.1.8) with f =0, then u =0 in Q.

Proof. To begin with, from standard embedding results for Besov spaces in Lips-

chitz domain, we may infer that
N2 (u) € LP(09). (6.4.1)
Consider next a sequence of domains €2; such that for every j
Q,CQ, QCQ, 00,eC” Q5 /Q (6.4.2)

and so that the Lipschitz character of 9€); is bounded by some constant M, which
is independent of j. The details of the construction of such a family of domains can

be found in [129]. We adopt the following notational convention: objects labeled
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by j are in relation to {2; much as those originally constructed in connection with

Q. In particular,

NG5 (@)lzr@ey) < CliNBz= (u)l]Lr(o0), (6.4.3)

with constant C' independent of j.
Next, we make the claim that, for the range of indices specified in the statement

of the theorem, for every € > 0 there exists a finite constant C. > 0 such that
[T jull e o0, < Ce N5 ()| 2o 00)), (6.4.4)
forj=1,2,....
To see this, using (6.4.3), we write
u(z) —uy)] < fu(z) —u(2)] + |u(z) — u(y)]

< B (645

(v + 12—

It is easy to show that |z — z| < Clz — y| as well as |z — y| < C|z — y|, where

C = C(09). Therefore, the last expression in (6.4.5) can be bounded by

Clz =yl (@) + [l By (6.4.6)

Then,

/39 /asz lz—y |” 1+a|: (x)da(y)};

<] /a ) /a o H(C)!P; da(m)da(y)};. (6.4.7)

Since 2 is bounded, the last integral above is majorized by C[NS(u)| L) for

every a < s. The proof of (6.4.4) is completed by taking « := s — ¢ and recalling

(6.4.3).
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s
n—1

By classical embedding results, for every < s such that 1 — % > 110 — we

have
||TTJ“||B;*1(an) < C|Trjullprr a0;), (6.4.8)

where the constant C' is independent of j. Based on (6.4.3)-(6.4.4), the right side

of (6.4.8) is controlled by
N2 ()| Lr(aq) < +o0. (6.4.9)
On the other hand, we may write, thanks to the estimates in [68], that
lull g, ) < CITr sl 520 oy (6.4.10)

where, once again, the constant C' is independent of j. Since the expression in the
left side converges to ||ull Bl () 88 J — 00, We eventually arrive at the conclusion
1+

that
”uHBii&(Q) < +o00. (6.4.11)

However, by [68], a harmonic function u € Bllfé(Q), with ¢ sufficiently close to 1,
is necessarily zero if Tru = 0 on 02. This proves uniqueness for (6.1.8) in the case
p <L

In the case p > 1, since uloq € By, (99), it follows that

u= D3] + K) ' (ulae)] € B . (Q),
for every e sufficiently small, whenever (s,1/p) lies in the hexagon depicted in

Figure 6.1. In this case, the desired conclusion about the uniqueness of the solution

follows even more directly from [68]. Theorem 6.4.1 is therefore proved. O
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Theorem 6.4.2. Let Q) be a Lipschitz domain in R™. If a function u solves (6.1.14)

with f =0, then, necessarily, u is constant in Q.

Proof. Using the same argument as in Theorem 6.4.1 for p < 1, with smoothness
1 — s instead of s, it can be shown that the size restriction (6.1.17) imposed on

solutions of (6.1.14) implies
u € Bys(Q) (6.4.12)

for some 0 close to 1. Matters can also be arranged so that § satisfies 6 < 1 — s

and 1 — -2 > % — 122 By the work in [97], this entails

n—1

dyu € By (09) (6.4.13)

and the desired uniqueness (modulo constant) result for p < 1 will follow from [97]

as soon as we show that
BPP(8Q) — By (09). (6.4.14)

In turn, this latter embedding can be checked at the level of atoms; we omit the
straightforward details.

For p > 1 the same argument as in Theorem 6.4.1 can be used to show that
u € Bfi_H%(Q) for (1—s,1/p) in the hexagon in Figure 6.1. However, this entails
dyu € B _(99Q) and, further, u = S[(—51 + K*) (9 ulon)] € Bff’s_aJr%(Q) for
every ¢ sufficiently small and every (s,1/p’) in the hexagon in Figure 6.1. Ob-
serving that the hexagon in Figure 6.1 is invariant under the affine transformation

(s,1/p') — (1 — s,1/p) allows us to finish the proof. O
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Chapter 7

Square Function Estimates for
Singular Integrals and
Applications to Partial
Differential Equations

7.1 Motivation and statement of main results
We continue the study of the Dirichlet boundary-value problem for the Laplacian
Au =0 in €, ul = f, (7.1.1)

on Lipschitz domain 2 with a special emphasis on the well-posedness of the problem
at hand for data in specific smoothness spaces. In previous sections we already

discussed the estimates for solutions of the problem (7.1.1)
[N ul| Lo a0) < C(O, )| £l Lr002)s 2—e<p<oo, (7.1.2)
NV oy < CO DIl 1<p<2+e, (.13

established in [27], [31], [129]. Here ¢ = £(92) > 0 is a small constant.

Another result of capital importance is equivalence of the non-tangential max-
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imal operator and the classical area integral

S(u)(x) := (/( )dist (y, 00)* " Vu(y)[? dy> ’ , x € 01, (7.1.4)

often referred to as the square-function of u in the literature, for harmonic functions

in 2. More specifically,
||Nu||Lp(aQ) ~ || Sul|Lr(a0) 0<p<oo, (7.1.5)

uniformly for u harmonic in Q (the “<” inequality requires that w is appropri-
ately normalized). This striking theorem, due to B.Dahlberg [30], extends the
ground-breaking work of D.Burkholder, R. Gundy and M. Silverstein [15], [14],

and C. Fefferman and E. Stein [43], in the case when © = R In particular,
HSuHLp(ag) < CHfHLP(BQ)y 2—e<p<oo, (716)

18(VW)|ze(a) < Cllf |2 00, I <p<2+e, (7.1.7)

for solutions of (7.1.1).
In 1995 D. Jerison and C.Kenig [68] undertook a thorough study of (7.1.1)
on Sobolev-Besov scales. One of their main results, proved by means of subtle

estimates for the harmonic measure associated with 2, is that

HUHB:_’:E(Q) S C(aQap7S)HfHB§’P(8Q)7 (718)

provided the integrability exponent p, and the order of differentiability s, satisfy

one of the following sets of conditions:

2
1+e

2
1+e

2

<p< 2 and 0<s<l; 1<p< and £ —1—e<s<1;
l1—e p

1%€<p§ooa1r1d0<s<§—|—5, (7.1.9)
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where € = ¢(Q2) > 0.

Let us point out that although the range (7.1.9) is sharp in the class of Lipschitz
domains if one insists that 1 < p < 0o, there are suitable versions of (7.1.8) which
continue to hold for certain pairs of indices (s,p) with p < 1. In our earlier work
[87], we have produced such an extension of the main result in [68] based on a

modification of the non-tangential maximal operator, i.e.

Nq(u)(.ilﬁ) = HUHBZfQ(W(w)% x € 0f). (7110)

S

One attractive feature of this approach is its flexibility. For example, this allowed
us to consider boundary data from certain Besov spaces with p < 1 and to treat the
case of Neumann boundary conditions. Furthermore, this is, in principle, applicable
to the case of systems as well.

The goal of the present paper is to continue this work by examining the role of
the square-function in this context. The main question which we address here is
that of the effectiveness of objects like (7.1.4) for measuring the size/smoothness
of solutions of (7.1.1) for f € B??(012).

We are able to carry out this program by introducing an appropriate analogue
of the area integral (7.1.4). Specifically, for each 0 < s < 1 we define the modified

square-function

S(u)(x) := </ 5(y)q”qs|Vu(y)|qdy) ' : r e, 0<q<oo, (7.1.11)
V(@)

where 0 denotes the distance to the boundary. Note that this definition agrees with

that of the classical square function in the case s = 0, ¢ = 2. As customary, the
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appropriate version for ¢ = oo is given by

8% (u)(x) := sup &(y)'*|Vu(y)], x € 0N. (7.1.12)

yEy(z)

Anticipating notation to be introduced later, our main result reads as follows:

Theorem 7.1.1. For a bounded Lipschitz domain € in R™, consider the following
Dirichlet boundary-value problem:

Au =0 in €,

U= f € BYP(09Q), (7.1.13)

84(u) € LP(0Q),

where
Tl<p<g<oo, (n—1)(;—1Dy<s<l (7.1.14)

Then there exists € = €(Q2) > 0 such that (7.1.13) is well-posed whenever the indices

satisfy (7.1.14) and one of the following conditions:

2
1+4¢

2
2+4-¢

2
14-¢

and %—1—€<s<1;

<p<ioand 0 <s<1I; <p<
2 2
T <p<ooand 0<s<2+e (7.1.15)

The solution has the integral representation formula
u=D[EI+K)"f] inQ, (7.1.16)
and satisfies the estimate

185(w)| 2o 00y < C(OR, p, g, 5)|| ]

BEP(9Q) (7.1.17)
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A similar well-posedness result is valid for data in the Sobolev space L?(052)
for a suitable range of indices; cf. the discussion in §7.4.

Here and elsewhere, D denotes the double layer potential operator and K stands
for its (principal-value) boundary version; cf. the discussion in §2.3.

As it will be shown later, the fact that 8%(u) € LP(052) entails the existence of

the nontangential trace

U )= lim u 7.1.18
()= 1 u(y) (7.L18)

at almost every boundary point x. Since, heuristically, multiplying by 0% amounts
to (fractional) integration of order «, our main estimate, (7.1.17), can be viewed
as the natural intermediate analogue of (7.1.6) and (7.1.7).

In the proof of Theorem 7.1.1, the following square-function estimate for sin-
gular integral operators (patented after the harmonic double layer (2.3.3)) plays a

crucial role.

Theorem 7.1.2. Let Q) be a Lipschitz domain in R™ and consider the integral

operator

Tf(z)= /BQ k(xz,y)f(y)doy, x €, (7.1.19)

whose kernel satisfies
\Vok(z,y)| < Cle —y|™, r e, ye o (7.1.20)
Also, assume that

T1 = const. (7.1.21)
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Then

ISI(T f)llzrany < Cllfllsrr o0 (7.1.22)
provided
=l < p<g< oo, (n=1( -1y <s<l. (7.1.23)

In turn, the proof of the above theorem, occupying the bulk of Section 5.3, rests
on atomic estimates and interpolation.

It should be noted that our methods are flexible enough to allow us to treat an
analogue of Theorem 7.1.1 for the Neumann boundary-value problem; the details
are presented in §7.5. Let us also point out that an appropriate analogue of the
classical g-function can also be used to measure size/smoothness in the present
context. We briefly elaborate on this point in the last part of §7.4. Future plans
include dealing with the case of the Lamé system of elastostatics and with parabolic

PDE’s in a similar setting.
7.2 Preliminary results

Our first result amounts to saying that the membership of the modified square
function to LP does not depend on the particular choice of the family of non-

tangential cones.

Lemma 7.2.1. Let Q@ C R"™ be a bounded Lipschitz domain and consider two

families of non-tangential approach regions

{(v(@)}zcon, {7V (%) }aeon, such that v'(x) C y(x), Va € Q. (7.2.1)
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These are defined as
v(z) ={y € Q; |[xr —y| < kdist (y,00)}, k=r(Q)>1, (7.2.2)
corresponding to two choices of the parameter k.

Next, denote by 8¢ 53,7/ the modified square-function (7.1.11) associated with

8,777

(7.2.1), and fir 0 < p < g < 00, 0 < 5 < 1. Then, for each u € CL(Q),

185 (Wl Le(an) = 8L, (W) Le(o0), (7.2.3)

with constants depending only on p, q,08), and the geometric characteristics of the

families (7.2.1).

Proof. This follows along the lines of similar results discussed in §3 of [18], or §3

of [80], with minor alterations. O

Proposition 7.2.2. Let 2 C R" be a bounded Lipschitz domain and fix IC a com-

pact subset of Q). Then for every harmonic function u in €,

182l omy + s )| A (0o (7.2.4)
if, in addition to (7.1.23), ¢ > . Also,

1867 ()| zr o) < CIN (W)llzran), 1 <p < oo (7.2.5)

Proof. Recall the Besov-based non-tangential maximal function (7.1.10). Thanks

to Theorem 3.9.3, for each ¢ > "~ and u harmonic in €2, we may write
Niw)(z) = ullprs, (3@
q

1/q
~ ([ astmortyr - wuids) o suplato)l
v(@)

ze

< C8%u)(x) + sup |u(z)], (7.2.6)

zell
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uniformly for z € 0. Here we have used the fact that dist(y, 0v(z)) < Cd(y) for

every y € y(x).
Turning to the opposite inequality, choose a second family of cones 4" so that

(7.2.1) holds. In particular,
dist(y, 07/ (x)) < Cd(y) < Cdist(y, dy(x)), (7.2.7)

uniformly for x € 0Q and y € 7/(z). Going further, for every x € 02, we have

8 (u)(z) = ( [y - S(y) e Vu(y)|? dy) Ve

1/q
<C (/7(55) diSt(y, (97(x))q—q8—”]Vu(y)|q dy) < C_/\/;Q(u)(x%(?'z'S)

thanks to our assumption on ¢, s and Theorem 3.9.3. With this in hand, Lemma 7.2.1
may now be used to finish the proof of (7.2.4).
Concerning the inequality (7.2.5), standard interior estimates for harmonic

functions allows us to write, at every point x € 02,

835, (u)(@) = sup 6(y)|Vuly)| < C sup (M wp |u<z>|), (7.2.9)

yev' () yer'(z) \ 00v(Y) zeB(y.cop,
where the constant ¢ = ¢(y,7") < 1 is chosen so that the ball B(y, cds,(y)) C v(x)

for every y € 4/(x). Then the last expression above does not exceed

C sup |u(y)| = CN(u)(x), (7.2.10)
yey(z)
as desired. O

Remark. It is useful to point out here that, for any function u € C*(Q),

8% (u) = N'(Vu), (7.2.11)
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which follows by unraveling definitions.

As dictated by the representation formula (7.1.16), at the heart of our strategy
for treating the problem (7.1.13) is establishing the estimate (7.1.17) when u = Df.

This, among other things, is the object of §7.3 below.
7.3 Square-function estimates on Besov scales

We debut with the

Proof of Theorem 7.1.2. First, assume p = ¢ so that

1SS )| 700 —/ /xm )4 VT f (y)| dydo,. (7.3.1)
Since

uniformly for y € €, the expression on the right side of (7.3.1) is further equivalent

to

/Q 5(y)T VT f ()] dy. (7.33)

Let us now recall the estimate

_g—1 n—
6 5T @) < CugllFllpsomy: %52 < q < o0, (n=1)(=1); <s <1,

(7.3.4)

established in Theorem 4.1.1, which is valid for any integral operator satisfying
(7.1.20) and (7.1.21). Then the desired estimate (i.e. (7.1.22) with p = ¢) follows

readily from (7.3.1)-(7.3.3). This completes the proof for p = gq.
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Turning our attention to the case when =+ < p < min{1, ¢} and (n — 1)(% —
1)+ < s < 1, we utilize the atomic characterization of Besov spaces given in
(3.4.29); thus, the goal is to analyze the action of the operator 7" on an individual
atom.

Suppose a is a BPP(0Q)-atom with suppa C S,(z*), for some z* € 00 and
r > 0. We first seek a pointwise estimate on 84(T'f) away from supp a. Concretely,

assume that = ¢ Syo.(2*), then

s—"TTl-I-n—l

VTa(y)| < / IV, k(y, 2)lla(2)| do. < CL (7.3.5)

€8, (a*) jz* —y[*
for each y € ~v(z), owing to the size condition imposed on atom a, and a basic
geometrical observation to the effect that |z*—y| ~ |z—y| for y € v(x), x & Sio.(z*)

and z € S,.(z*). Consequently, for = ¢ Sy, (z*),

n—1 1 %
SI(T'f)(x) < o501 ( | s dy) | (7.3.6)
~v(x) |y -z |qn

By locally flattening 92 to R"~! via a bi-Lipschitz change of coordinates —so that
x* € 02 corresponds to 0 € R"~!— we see that the right side of (7.3.6) is bounded

by

$a4—n—gs
cr’ dy'dt | | 7.3.7
AR a7

|y —z| <kt
y’ERn71
where C' depends only on the Lipschitz character of €. In fact, since |z| + ¢ <

C(]y'|+t) uniformly on the domain of integration, the last integral can be controlled

further in terms of

0 tq—n—qs—l—n—l
A (7.3.8)
o (lz[+8)m
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Introducing ¢t = 7|z| permits us to bound (7.3.8) by

1 ©  rg—gs—1 1
C|;(;|qn+qs—q /0 (]_ + T)qn dr < CW (739)

Therefore,

1
|IL‘ _ 1.*|n+s—1 ’

ST f)(z) < Cr¥ 5 7 Va ¢ Sio(a?). (7.3.10)

In particular,

do, <

T — x*|p(n+s—l) —

/ 84(Tf)(z) [P do, < C P~ 5+~ /
8Q\SIOT($*)

O\ S1or(x*)

(7.3.11)

for some finite constant C', independent of the atom.
We next examine the contribution from x € Sjp.(z*). In this scenario, we
employ a rescaling technique allowing us to invoke the estimates obtained in the

case p = q. More specifically, Holder’s inequality gives

P

/ 184(Ta) (z)|P do, < C, r™ V0= ( / ]8§(Ta)(x)|qdax) ' (7.3.12)
Slor(r*) SlOT(l‘*)

for every 0 < p < q. Now let us define a := r=DG=3) a, which is easily seen to
be a B2(02)-atom. With this piece of notation, the right side of (7.3.12) simply

reads

p

(/&Or(m*) S Ta) ()l d“f‘) - (7.3.13)

In view of the results established for p = ¢, the last integral is bounded by the
constant independent of the atom a € B%7(0f), as desired.

Thus, at this stage,

/ 1S9(Ta) ()| dow < C < +oo (7.3.14)
[2)9]
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for some constant C' > 0, independent of the atom a € BP?(052), proving (7.1.22)
for (n —1)/n < p <min{l,q} and (n — 1)(1/p — 1) < s < 1. This completes the
argument provided ¢ < 1. Concerning the situation ¢ > 1, the full range of indices
(7.1.23) is covered by interpolation with the case p = ¢ (treated earlier) via the

complex method. O

Corollary 7.3.1. Let €2 be a Lipschitz domain in R™. Then for each triplet of
indices s,p, q satisfying (7.1.23) there ezists a finite constant C' = C(Q,s,p,q) > 0
with the following significance.

Whenever u € B!, (2) is harmonic in €,
p

18%(w)ll Lr o) < CHUHij%(m- (7.3.15)
Sketch of Proof. The key steps are as follows. First, it is possible to represent
in the form v = C(Tru) where Tru € BPP(0f2) is the trace of u on 0%, and C
is a Cauchy-type singular integral operator whose properties closely mirror those
of the harmonic double layer (cf. §6.3 for details in the case when p > 1). Then

(7.3.15) follows from the mapping properties of C established in Theorem 7.1.2,

in concert with the estimate ||Trul|grrog) < C|lul|prr (), valid for the range of
s+

P

indices considered here. O

Later on, when discussing the Neumann problem, it will be useful to know the
mapping properties of a class of singular integrals whose kernels are patented after

that of the harmonic single layer. Our main result in this regard is as follows.

Theorem 7.3.2. Let () be a Lipschitz domain in R™. Consider the integral operator

Rf(z) = /89 r(xz,y)f(y) doy, x € Q) (7.3.16)
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such that

Vo Vir(z,y)| < Cle — y|m ) =01, 2 €Q, y € on. (7.3.17)
Then

181_s(R)lzran) < Cllfllr»o00), (7.3.18)
whenever

Tl<p<g<oo, (n—-1)(G-1)y<l-s<lL (7.3.19)

Proof. We use the same general strategy as in the proof of Theorem 7.1.2, although
certain key technical details are different. To get started, consider the case p = ¢;

much as in (7.3.1)-(7.3.3), with 1 — s in place of s, we obtain

n%smﬁmmmwéawlmwammwy (7.3.20)

In concert with the estimate

S— 1 n—
68 VR | lmom < Cugllfllmson. ™5 <4 < 00, (n=D)(A-1)y < 1-s <1,
s q

(7.3.21)

established in §4.1 under the assumptions (7.3.16)-(7.3.17), this readily yields
(7.3.18) for p = 2.

As far as the range "T’l < p < min{l, ¢} is concerned, matters can once again
be reduced to studying the action of operator R on B”Z(9Q)-atom a supported in
Sy(x*), z* € 0. Away from the support, for every x ¢ Sig,.(z*) and every y € v(z)

one computes

IVRa(y)| = ( /S ( *)[Vyr(y, 2) = V,r(y, 29)]a(z) do|, (7.3.22)
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thanks to the vanishing moment condition imposed on B??(9)-atom a. To con-

tinue, we estimate the expression in the brackets:

1

d

/ —V,r(y,0z+(1—0)z")df < |z—z"| max |V,V.r(y,0z+(1—0)z")|. (7.3.23)
o db 0€(0,1)

In the current scenario, |y — 0z — (1 — 0)z*| = |y — x*|, |z — 2*| < r and, therefore,
(7.3.22) is dominated by

rl—s—i—(n—l)(l—%)

e (7.3.24)

With this in hand, the contribution corresponding to integrating away from
the support of the atom can be controlled as in (7.3.5)-(7.3.11) in the proof of
Theorem 7.1.2, with 1 — s in place of s.

Finally, the contribution near the support of the atom turns out to be bounded
similarly to (7.3.12)-(7.3.14) by rescaling the original atom to a B%I-atom, i.e.
> (n=1(;-7)

a:=r »~a’q, and then invoking the p = ¢ results. O

7.4 Square-function estimates on Sobolev spaces

We first record and prove a general interpolation result.

Lemma 7.4.1. Let Q) be a Lipschitz domain in R™ and assume that 0 < s < 1,
1l <p<oo, 1< q< oo Then for every linear operator T mapping functions

defined on OS) to functions in C1(Q), the three-dimensional region
O :={(s,1/p,1/q) € [0,1] x (0,1) x [0, 1]; SUT'f) : LE(9) — LP(0Q)} (7.4.1)

15 geometrically conver.
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Proof. We shall only deal with the model case when €2 is the (unbounded) domain
lying above the graph of a real-valued Lipschitz function; the simple adaptations
to the bounded case are left to the interested reader.

Assume that the points (so, 1/po, 1/qo) and (s1,1/p1,1/q1) belong to O. For

Re z € [0,1] let us introduce

(1)) () = (y+a) = B0~ grp ) e q, yer,

(7.4.2)
where I is a fixed cone in R™ such that y(z) = 2 + I for each x € 0€2. Then
8UT(+)) : LE(0QY) — LP(0R2) (7.4.3)
if and only if
L, : LP(02) — LP(0; LY(T)). (7.4.4)

Observing that £, represents an analytic family of operators allows us to invoke
a suitable version of Stein’s interpolation theorem (cf. [19]) along with the complex

interpolation formulae for vector-valued spaces (3.2.75) to complete the proof. O

We proceed further by restricting our attention to the case of the harmonic

double layer.

Proposition 7.4.2. Assume that ) is a Lipschitz domain in R™. Then

185D )|y < CIIf

LE(69) (7.4.5)

291



provided one of the following conditions is satisfied:

(1) 1<p< oo, max{p,il}<q§oo and 0 < s < 1;
p

2 2
(171) 2<g<p<oo and<s<l+—-——;
P q

2 2
pland0<5<3————. (7.4.6)

p—= p q

(i) 1<p<2 2<¢g<
Proof. The proof is based on the classical estimates

185D erony < Cllfllzen)y, 1<p< oo,
IN(Df)l|roey < Cllfllron), 1<p<oo,
INVD)roey < Cllfllzzon), 1<p<oo, (7.4.7)

used in concert with (7.2.5), (7.2.11), and the inequality

n—1

IS3PUNzsee) < Clifllrgoe, 0<s<1, —— <g=soo, (7.4.8)

corresponding to (7.1.22) with p = ¢. The full range of indices described in the

statement of the proposition is then obtained by invoking Lemma 7.4.1. O

To state our next result, set a A b := min {a, b}.

Corollary 7.4.3. Let 2 be a Lipschitz domain in R™. Then

182D H)llzro) < ClIfll gronz oy (7.4.9)
whenever
=l < p < oo, (n—l)(%—l)Jr <s<min{1,%}. (7.4.10)
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Proof. The case "T_l < p < 2 corresponds precisely to Theorem 7.1.2, whereas the
case 2 < p < oo is covered by Proposition 7.4.2, thanks to the classical embedding

BP2(0Q) — LP(0Q) for 0 < s < 1,2 < p < oo. O

We conclude this section by stating the analogue of Proposition 7.4.2 and Corol-
lary 7.4.3 in the context of the harmonic single layer. The proofs of these results
require only minor alterations compared to the proof presented in the case of the

double layer, and are left to the interested reader.

Proposition 7.4.4. Assume that € is a Lipschitz domain in R"™. Then

187 _o(SHllzraey < Cllfller (o0 (7.4.11)

provided one of the following conditions is satisfied:

(1) 1<p<oo,max{p,L1}<q§oo and 0 < s < 1;
p

2 2
(1) 2<g<p<o0 andl<l—-s<l+4+-——;
P q
2 2
(i) 1<p<2,2<q<—L— and0<l-s<3—°—"°. (7.4.12)
p—1 P q

Corollary 7.4.5. Let €2 be a Lipschitz domain in R™. Then

||8%_5(5f)||m(asz) < C||f||BZi’f/\2(89) (7.4.13)
whenever
=l < p < o0, (n—l)(%—l)Jr < 1—s<min{1,%}. (7.4.14)

Remark. There is also a natural modification of the classical Littlewood-Paley

g-function. In the case of an unbounded domain 2 C R", lying above the graph of
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a Lipschitz function ¢ : R*~! — R, this is given by

00 1/q
gl(u)(z) = (/ t BV + tey,)|? dt> ,  x € 0N (7.4.15)
0

The appropriate variant for the case of a bounded Lipschitz domain can be defined

as

g4 (u)(x) := (/077 7179 | Vu(z + t0(x)) |7 dt) v : (7.4.16)

where 6 is some unit transversal field to 92 and n > 0 is a fixed parameter,
depending on the geometric characteristics of €2.

Many of the results developed in this section have suitable versions in terms
of (7.4.15)-(7.4.16). In particular, the Theorems 7.1.2 and 7.3.2 have natural ana-
logues in this context. One result we would like to single out is as follows. For

every harmonic function u defined on Lipschitz domain €2, we have
lg2(u)||Lra) < C|8%(u)||zra), if 0 <p,q < oo, (7.4.17)
192(w)| Lo a0y > ClI8%(w)[| ooy, if 1< g < p < oo, (7.4.18)
We leave the details to the interested reader (cf. [118] p.90-91 and [80] p. 154-155
for a related discussion).

7.5 Applications to partial differential equations

We are now ready to present the last details in the

Proof of Theorem 7.1.1. To start, fix two appropriate families of nontangential

cones, 7, 7', as in (7.2.1) and set

-/\/sof/(u)(%) = Sllp{‘u(f;l)_;;;(‘?)l; 21,29 € ’y’(az)}, x € 0N2. (7.5.1)
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In this context, we claim that there exists C' = C(q, 9€2) > 0 so that for every

point x € 02 and every harmonic function u in €2,

N2, (u) () < C 82(u) (), ”T <g¢< oo (7.5.2)

Indeed, by (a slight variation of) Theorem 3.9.3 and the Mean Value Formula for

harmonic functions,

./\fsoz,(u)(x) < O sup dist (z,07(2)) | Vu(2)|
z€' ()

< C sup <dist (z,@v(x))q_"_qs/ |Vu(y)|qdy)g. (7.5.3)

z€!(z) 2|z—y|<dist (z,0v(x))

Next, observe that z € 7/(x), 2|y — z| < dist (z, 0y(z)) entail
dist (y, 0y(x)) < Cdist (z,0y(z)) < Cdist (z,09), (7.5.4)

so that, utilizing this back in (7.5.3), we arrive at

1

M@ <0 ([ s ivutyiy)” = Csiwia), (7.5.5)

()
as claimed.

Next, the inequality (7.5.2) leads to the conclusion that

8(u) € LP(0N)) = ./\QO‘;, (u)(z) < 400 for a.e. z € I

= u € C*(y(x)) for a.e. x € 0N

=> there exists liII(l )u(y) for a.e. z € 0N. (7.5.6)
yey' (@

This justifies the claim made in connection with (7.1.11) in §7.1 to the effect that

Au=0in Q & 8lu € LP(0N),0 < s < 1,=— Ju 896 LP(092). (7.5.7)
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Equally important, the above reasoning shows that, for 0 < s < 1,
8lu € LP(0)) = N7, (u) € LP(09). (7.5.8)
Now, the implication

Au=01in Q, N*(u) € LP(09), u o 0= u=0inQ (7.5.9)

has been proved in Theorem 6.1 of [87], granted that s, p are as in (7.1.14)-(7.1.15).
Clearly, this takes care of the uniqueness statement in Theorem 7.1.1.

Finally, existence is seen by taking u as in (7.1.16). The issue of the invertibility
of the operator %] + K on the spaces BP?(09) for the range of indices described in
Theorem 7.1.1 is addressed in Theorem 4.3.12, while the fact that 82(u) € LP(0%2)

follows from our results in §7.3. O

We conclude with a brief discussion pertaining to Neumann boundary condi-

tions.

Theorem 7.5.1. Let ) be a bounded Lipschitz domain in R™ and consider the

following boundary value problem:
Au =0 in €,
Opu| = f € BE(09), [oq fdo =0, (7.5.10)
8_u e LP(0Q),
where =1 < p < g < o0, and(n—l)(%—1)+<1—s<1.
Then there exists € = £(2) > 0 such that (7.5.10) is well-posed if any of the
three conditions in (7.1.15) is satisfied with 1 — s in place of s.

Furthermore, the solution has the integral representation formula

u=S8[(—1I+ K*)7'f] + const in Q, (7.5.11)
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and obeys the estimate

187_s (W) ra0) < C(O2, p, 4, 8)|| f | Brr(o02)- (7.5.12)

The main steps in the proof of Theorem 7.5.1 closely mirror those taken in the
proof of Theorem 7.1.1. Indeed, the issue of existence of the solution for (7.5.10)
is covered by the representation formula (7.5.11) and Theorem 1.5 in [87] to the
effect that the operator %I -+ K* is invertible on the class of spaces under discussion.

As far as uniqueness is concerned, the key step is to observe that, thanks to (7.5.8),
Au =0 on , 81_4(u) € LP(09) = N2, (u) € LP(99). (7.5.13)

However, it was shown in [87] that, under our current assumptions made on s and

b,

Au=01in Q, N7, (u) € LP(09), d,u o 0= u=const in Q. (7.5.14)

Taking u as in (7.5.11) yields existence, given that the operator —%I + K™ is invert-
ible on the subspace of B”?(92), consisting of functions with vanishing moment,
for the range of indices in question (Theorem 4.3.12). Note that the square-function

estimates in the last part of §7.3 guarantee that (7.5.12) holds. O
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Chapter 8

The Poisson problem for the
Lamé system on low dimensional
Lipschitz domains

8.1 Motivation and statement of main results
Consider the Lamé operator of linear elastostatics in R?,
Li = pAti+ A+ p)V(divd), p>0, A>—2pu. (8.1.1)

In this paper we study the well-posedness of the Poisson problems for the system of
elastostatics equipped with either Dirichlet or Neumann-type boundary conditions

in a bounded Lipschitz domain Q C R? (see §8.6 for the two-dimensional case):

—

Li=finQ,  Trid=g on 09, (8.1.2)

—

f in Q Oy =g on 0. (8.1.3)

Lu

Hereafter Tr stands for the trace map on 02, and 0, is traction conormal defined

by

0,1 := \(diva)v + p[Vi + Vi'ly (8.1.4)
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where v is the unit normal to 02 and the superscript ¢ indicates transposition (in
this case, of the matrix Vi = (0;u%); ).

Relying on the method of layer potentials and suitable Rellich-Necas-Payne-
Weinberger formulas, the boundary value problems (8.1.2)-(8.1.3) with f = 0 and
g € LP(OR), 2 —c < p < 2+ ¢, have been treated (in all space-dimensions)
by B.Dahlberg, C.Kenig, and G. Verchota (cf. [33]). In the three-dimensional
setting, these results have been subsequently extended to optimal ranges of p’s
(2 —¢ < p < oo for the Dirichlet boundary condition, and 1 < p < 2 + ¢ for
the traction boundary condition, with £ = £(9€2) > 0) in [32]. More recently, the
results for the Dirichlet problem (i.e., (8.1.2) with f = 0 and § € LP(9Q)) have been
further extended in dimension n > 4 to the range 2 —¢ < p < % + ¢ by Z. Shen
in [114] (though determining the optimal range of p’s remains an open problem
at the moment). In all these works, nontangential maximal function estimates are
sought for the solution .

Following the breakthrough in the case of the Dirichlet Laplacian in [68], as well
as the subsequent developments in [40], a study of (8.1.2)—(8.1.3) on Sobolev-Besov
spaces on low-dimensional Lipschitz domains has been initiated in [94], where the
optimal ranges of indices have been identified under assumption that all spaces
involved are Banach (roughly speaking, this amounts to the requirement that all
the integrability exponents are greater than one). Here we take the next natural
step and extend the scope of this study as to allow the consideration of Besov and
Triebel-Lizorkin spaces for the full range of indices 0 < p,q < oco. This builds

on the work in [89] where we have recently dealt with the case of the Laplacian.
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Our current goals are also motivated by questions regarding the regularity of the
Green potentials associated with the Lamé system and here we prove new mapping
properties of these potentials on LP and Hardy spaces. For example, we show
that (any) two derivatives on the elastic Green potential with Dirichlet boundary
condition yield an operator bounded on LP(Q2), 1 < p < 2, if O C R? is a convex
domain and |A\| < v/3p, and on the Hardy space h'(Q) if Q C R® is a convex
polyhedron.

Before stating our main results we briefly elaborate on notation and terminol-
ogy. We refer to, e.g., [127] for definitions and basic properties of the Besov and
Triebel-Lizorkin scales, B?(R™), FP4(R"), n > 2. An open, connected set ) C R?
is called a Lipschitz domain if its boundary can be locally described by means of
Lipschitz graphs (in appropriate systems of coordinates); see, e.g., [118] for a more

detailed discussion. Given € C R? Lipschitz and 0 < p,q < oo, o € R, we set

BrA(Q) = {u € D'(Q) : Fv € BYI(R?) with v]g = u},
X (8.1.5)
B24(Q) := {u € BLI(R?) : suppu C Q},

a,0
with similar definitions for F£?(€2) and F7§(€2). Here, D(€2) denotes the collection
of test functions in Q (equipped with the usual inductive limit topology), while
D'(Q2) stands for the space of distributions in Q. Finally, if |s| < 1, BP(09Q)
stands for the Besov class on the Lipschitz manifold 02, obtained by transporting
(via a partition of unity and pull-back) the standard scale B?4(R?). Typically, we
shall work with vector-valued distributions, such as @ = (u', u?, u?), etc; however,

even when warranted, our notation for the various function spaces employed in

this paper does not emphasize the vector nature of the objects involved (this will
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eventually be clear from the context).

To state our first result, for each a € R set (a); := max{a,0}.

Theorem 8.1.1. Let Q be a bounded Lipschitz domain in R3, and, for% <p < oo,

0<q < oo, 2(}17 — 1)Jr < s < 1, consider the following boundary value problem:

Li=feB, (), we B, (Q), Tri=ge Br(o9). (8.1.6)

p P

Then there exists € = €(Q2) € (0, 1] such that (8.1.6) is well-posed if the pair (s,p)

satisfies one of the following three conditions:

(1) : ﬁ<p§ﬁ and %—1—5<s<1; (8.1.7)
(I7): = <p<:E and 0<s<1;
(II1): %_agpgoo and O<s<%+5.

Furthermore, the solution has an integral representation formula in terms of

(elastic) layer potential operators and satisfies the natural estimate

||ﬁ||B§f @ = O||f||Bffl72(Q) + gl 52e(o0): (8.1.8)

Finally, an analogous well-posedness result holds on the Triebel-Lizorkin scale,

i.e., for the problem
Li=f¢€e Fff%_z((l), U € Fff%(Q), Trid =g e B2P(092). (8.1.9)
This time, it is assumed that p # oo and
-1
(min{sh+1,5+1}) <g<oo (8.1.10)

In particular, the above inequality is true when min{p, 1} < ¢ < occ.
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In the class of Lipschitz domains this result is sharp, but one may take ¢ = 1 if

o0 e C.

Figure 8.1 below depicts the two-dimensional pentagonal region consisting of

all points with coordinates (s, 1/p) satisfying (8.1.7):

(1,1+%)

LLAARERERERERRRRRRI RRR)

®wy

slope %
Figure 8.1.

To formulate our main result regarding the Poisson problem with traction
boundary conditions we introduce one more piece of notation. Let ¥ be the six-

dimensional linear space of vector-valued functions ¢ in R? satisfying
O + 0, =0,  1<4i,j<3, (8.1.11)

(note that each J € V¥ is a null-solution of £ and 8,,1; = 0), and for a space of

vector-valued distributions X on a set O, define
Vinx ={ieX: (i,lo)=0, Ve U} (8.1.12)

Theorem 8.1.2. Let Q be a bounded, connected Lipschitz domain in R® and, for

% <p<oo,0<q< o0, and 2(% — 1)Jr < s < 1, consider the following boundary
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value problem:

Li— ﬂQ Fe Bl o). e B (Q), ofi=ge B (00),

([, =(g.¥), Vel (8.1.14)

Then there exists € = €(2) € (0, 1] such that (8.1.13) has a unique solution if the
pair s,p satisfies one of the three conditions in (8.1.7). In addition, the solution
has an integral representation formula in terms of (elastic) layer potential operators

and satisfies the estimate

HUHBZ‘;}(Q) < CHf“B:f%_Q’O(Q) + C| g s, (90)- (8.1.15)

An analogous well-posedness result holds for the problem

Li = ﬂg FeFrs, | (), aev nF(Q), old=ge B (00),

1_ v
s—l—p 2,0

(8.1.16)

assuming (8.1.14), (8.1.10) and p # oo. When 9 € C', one can take e = 1 in

each case.

Above, (9f u stands for a suitable concept of conormal derivative which takes into
account both the field @ as well as f See §8.3 for a detailed definition.
Our strategy for dealing with the problems (8.1.6), (8.1.9), (8.1.13), (8.1.16), is

to rely on integral representation formulas of the solution in terms of elastic layer

303



potential operators. This approach brings into focus the properties of singular
integral operators involved in such representations. In this particular, we study the
boundedness of the elastic layer potentials on Besov and Triebel-Lizorkin scales in
68.2, as well as the invertibility of some of their boundary traces in §8.4. As a key
prerequisite, in §8.3 we include a discussion of sharp results for traction derivatives
on Lipschitz domains. The properties of the Green potentials are then analyzed in

§8.5. Finally, in §8.6, the two-dimensional setting is briefly discussed.
8.2 Estimates for singular integral operators

Even though we shall work in the three-dimensional setting, all results proved
in this section have natural versions in R™ with n > 2. Fix a Lipschitz domain
Q1 C R? and denote by do and v the surface measure and the unit normal on 99,
respectively. We start by reviewing the definitions of the elastic layer potentials
associated with €2. Recall that the standard fundamental solution for the system of
elastostatics is given by Kelvin matrix I' = (I'33)a,3, where for each 1 < o, 5 < 3,

3 1 1 5aﬁ 3 1 1 Talp 3
Tos(z) = — (= ap 2 (2 _ . 2= (za)a € R,
o(@) 8w<u+zu+x) o & <u 2M+)\> ap T (@)

(8.2.1)

Here and elsewhere, 4,53 stands for the standard Kronecker symbol. For vector

valued densities on 02, the single (elastic) layer potential operator is defined by

Sfl(x) = /89 T(z—y) f(y)do(y), =eR>\dQ, (8.2.2)
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where do stands for the canonical surface measure on 0f). Also, the double (elastic)

layer potential operator is given by

—

Df(z) = /aﬂ (8,,I'(z — y))t (y)do(y), = €R*\ 0N, (8.2.3)

Here the operator 9, (defined in (8.1.4)) applies to each column of the matrix T'.

The well-known jump-relations for the operators (8.2.2)-(8.2.3) then read:

lim Df(x) = £1f(2) +p.v. /m (0,0(z — )" fly) do(y)

r€V+(2)

(8.2.4)

= (£ + K) f(z), z€ 09,

and

— —

lim 8,Sf(x) = (F3I + K*) f(2), ze€09, (8.2.5)

r—z
z€YL(2)

where K* denotes the formal adjoint of K. In (8.2.4)-(8.2.5), v+(2) are suitable
nontangential approach regions with vertex at z € 02, which are contained in
Q, = Qand Q_ :=R3\ Q, respectively. See, e.g., [DKV] for more details.

Finally, the elastic Newtonian potential is defined as

If(z) = / Iz —y)f(y)dy, xR (8.2.6)

With regard to this operator, we first note the following consequence of known
results about the mapping properties of pseudo-differential operators on Besov and

Triebel-Lizorkin scales.

Proposition 8.2.1. Suppose that 0 < p < o0, 0 < ¢ < 00, 3(m — 1) < a,

and fiz two arbitrary scalar-valued functions ¢, € C°(R3). Then

PIlep : FP9(R?) — FP4(R?) (8.2.7)
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1

m—1)<0[,

1s a bounded operator. Furthermore, for 0 < p,q < oo and 3(
PIlyp - B2, (R?) — BPI(R?) (8.2.8)
15 also bounded.

We shall now state two theorems whose proofs are intertwined and will be pre-
sented together. We would like to remark that the argument presented in §4.1 can
also be applied in this situation, however we present an alternative proof invoking

specific properties of the Lamé system.

Theorem 8.2.2. Consider a bounded Lipschitz domain Q C R3 and assume that

p,q,s are fized such that§<p§oo, 2(§—1)Jr <s<land0<q<oo. Then

,I1: BP0 (9) — B, (09), (8.2.9)
OIL: FPY,, o(Q) — BIP(09), if p # oo, (8.2.10)

are well-defined, linear and bounded operators.

Theorem 8.2.3. Let Q) be a bounded Lipschitz domain in R® and assume that the

indices p, s satisfy % <p<oo and 2(}—17 — 1)y <s<1. Then

D: B(00) — BYL(Q), 81 B%(00) — B (). (8.2.11)

are well-defined, bounded, linear operators for each 0 < g < 0.

The same holds for

D: BIP(0Q) — FP4(Q),  S: B (09) — FP(Q), (8.2.12)

provided p # oo and (8.1.10) is satisfied.
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Proof of Theorems 8.2.3-8.2.2. This parallels arguments developed for harmonic
layer potentials in §4.1, so we shall present a sketch in which only the novel aspects

are emphasized. We proceed in a series of steps starting with

Step I. Consider first the case when 1 < p = ¢ < oo for Besov spaces, and
1 <p< oo, q=2, for Triebel-Lizorkin spaces. For a proof of Theorems 8.2.3-8.2.2

under these assumptions, see [94].
Step II. For 0 < p < 0o, a € R, introduce the space
LE(Q) :={u € LP(Q): Li=0 and ||@lyzq) < oo}, where
(a)—1
lllin ) = 16~V | o) + D IVl Loy (8:2.13)
=0

Throughout the paper, (a) will denote the smallest nonnegative integer greater
than or equal to «, and V’# will stand for vector of all mixed-order partial
derivatives of order j of the components of @. Also, here and elsewhere, we set
d(z) := dist(x,00Q) for x € Q.

The claim we make in this scenario is that

D : BPP(99) — LY

- (Q), S: BV (09)) — Hf;

(), (8.2.14)

1 1
P P

are bounded operators provided 2 < p < oo and 2(11J —1); < s < 1. This is proved
by means of atomic decomposition results for Besov spaces and pointwise estimates

on the kernel of the elastic layer potentials in question. The reader is referred to

§4.1 for details.

Step I1I. The following embedding holds:

L2 (Q) — FP2(Q), if 0<p<oo, a>0. (8.2.15)
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This has been established in [68] for 1 < p < oo, so the novelty here is the
consideration of the range 0 < p < 1, on which we shall focus subsequently. First,

we verify that, if 0 < p <1,
Lii=0in Q& 4 € LP(Q) = u € h’(Q), (8.2.16)

where membership to the local Hardy space h”(2) can be characterized as follows.
Fix ¢ € C*(B(0,1)) such that fB(O l)w(:p) dr = 1 and set ¢y (x) := t"(z/t).

Then for any 0 < p <1 and any @ € D'(Q)

deh(Q) < (0)"(z):= sup |(¢y=u)(x)| € LP(Q). (8.2.17)

0<t<d(x)
With an eye on (8.2.16) we first observe that null-solutions of £ satisfy a sub-
averaging property. That is, there exists a finite, positive constant C' such that if
L =0 in Q then

C
[u(z)| < ﬁ/ |u(y)| dy, VeeQ, 0<r<d(x). (8.2.18)
Br(x)

Indeed, it was proved in [81] that there exist two constants C; and Cy such that
for every null-solution # = (u®), of the Lamé system in an open domain 2 in R3

1
 dmp?

u®(z)

Ta —YaTp — Yp 8
Ci0ap3 + C u’(y)doy,, (8.2.19)
/|yx|:p%:< B P Il’—yl) !

forx € 2,0 < p <d(x), 1 <a < 3. Multiply both sides above by p? then integrate

in p for 0 < p <r. We get

3 Lo — Yo T —Yp\ 5
@ = 2.2
0 = o [, SO0t GTIRE T 20

forz € Q0 <r < d(z), 1 < a < 3, which readily yields (8.2.18). Making a

dilation (to reduce matters to r = 1) and differentiating under the integral sign,
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we also obtain, in a similar fashion,

Ck

\VFi(z)| < i li(y)|dy, z€Q, 0<r<d(x), k=0,1,2,.... (8.2.21)
B

It is known (going back to an old proof of Hardy and Littlewood) that the sub-

averaging property (8.2.18) entails

c
()| < —p/ NP, 2e0 0<r <o), 0<p<on (8222
B (x

3
Thus, for each 0 < p < oo, k=0,1,2,..., 2 € Q and 0 < r < §(z) we may write

1/p
Ck Cy C

Vil < o5 [ jawlas gk [ (S jaerde)
ritt Jp, P @ \ 7 B

Cy (cp / . p
< = — ji(z)[Pdz ) dy
,,n3+k’ P 2) ,,n3 By (x)
C C . 1/p
< = (T—é’/B()IU(y)\pdy) (8.2.23)

so that for each 0 < p < oo and k£ =0,1, ..

*9

C
\VEi(z) P < ﬁ/ o lu(y)|Pdy, x€Q, 0<r<d(x). (8.2.24)
B (x

In particular, by (8.2.24) and Fubini’s theorem,

/ |6(2)*VFii(x)|P do < C’/ (5(3:)3/ " [u(y)P dy> dr < C’/ |tu(x)|?P dx
Q Q Bé(w)/Q T Q
(8.2.25)

since 6(z) ~ §(y) uniformly for y € Bj(y)/2(x).
Next, observe that £@ = 0 in  implies A%% = 0 in 2. Bring in the mean-value

theorem for bi-harmonic functions in R3:

1 2
i) = (y) do, — %(Aﬁ)(x), zeQ, 0<p<d(z), (82.26)

ly—z|=p
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and pick a non-negative, radial function ¢» € C2°(B(0, 1)) such that fBl(O) Y(x)de =

1. We then write

o 1
(1) - (z) = sup el
0<t<d(x)

1
= sup —
0<t<d(z) 1

/Otw (%) /|$_z_t u(z) dazdp‘

1/t p
< C su —/ - ()| + 2|\ V3i(z)|) d
e g e (F) (@) + e1vawi) do
< C’<|U(x)|+5(x)2|v26(x)|>, ze Q. (8.2.27)
Therefore,
1@ llm(@) < Cllllzmay + PVl oy < Clll oo, (8.2.28)

which, in view of (8.2.17), proves (8.2.16). Granted the identification F?*(Q) =
hP(Q2) for 0 < p < 1, this justifies (8.2.15) when o = 0. This argument can be also
carried out when o € N is large, thanks to the Hardy space extension results of
A. Miyachi [103].

There remains to interpolate between these partial results. To this end, we note
that with 0 < p < oo fixed, the spaces L2 (€2), indexed by a € R, form a complex
interpolation scale. With analytic functions (of several complex variables) in place
of elastic fields, this has been proved in [119] but essentially the argument goes
through since it only uses the sub-averaging properties of the elastic fields. This

finishes the proof of (8.2.15).

Step IV. In concert, Steps II and III justify the boundedness of the operators
(8.2.12) for ¢ = 2, provided 2 < p < oo and 2(]% —1); < s < 1. With this in hand,
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interpolation with the results in Step I allows to further extend the range of ¢’s for

which the operators (8.2.12) are bounded.

Step V. The fact that the operator in (8.2.10) is well-defined and bounded when

% <p< 1, 2(% —1) < s<1land 0 < g < oo can be proved using an atomic
decomposition result for the space F7;% /pr,O(Q) in which the atoms are supported

in interior Whitney cubes for 2. This, in turn, is proved in §3.7 (cf. also the

decomposition results for Hardy spaces from [21]).

Step VI. Formally, the operators 0,11 and D are dual to each other (as an inspec-
tion of their kernels shows). In fact, so are Tr oIl and S, where the trace operator
is analyzed in the next section. Dualize the results in Step IV (when 1 < p, ¢ < c0)
and interpolate with the results in Step V, then finally dualize this new round of
results (again, when 1 < p,q < o00) and interpolate with the results in Step IV.
Close inspection of these arguments shows that this procedure yields precisely the
range of indices advertised in Theorems 8.2.3-8.2.2 for the operators (8.2.10) and

(8.2.12).

Step VII. Finally, the results on Besov scales follow from what we have proved so

far and real interpolation. O
8.3 Conormal derivative

When dealing with conormal derivatives, we adopt a slightly more general point of

view and assume that the Lamé system (8.1.1) is written in the form

(L) =" af 000, a=1,23, (8.3.1)
B 3k
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for some (real-valued, constant) coefficient tensor, i.e. some 9 x 9 matrix A :=
<a?]f ) . The coefficient tensor A is not uniquely determined by the initial
j7k7a7ﬁ

system of PDE’s and each choice gives rise to a conormal derivative, i.e.
@) =" afvo”,  a, B4 k=123 (8.3.2)
B gk
Evidently, the traction conormal (8.1.4) is of this type, by choosing
ay = NajOpe + 1(6apdin + 6ardp;), . B4 k=1,2,3, (8.3.3)

which we shall assume from now on.

Our goal is to make sense of (8.3.2) on the boundary of a Lipschitz domain Q C
R3 when the field % is not regular enough in € in order to make sense of Tr (9yu?).
The approach we propose will take into account not only the smoothness of the
field @ itself but the smoothness of Lu as well. For starters, when 1 < p,q < oo,
0<s<1 uderF(Q) and f e FP (Q) are such that L@ = f|q, then we

; 5+%—2,0

define 077 € FP%(9Q) = (Ffig’(m)) /p+1/p =1,1/qg+1/¢ =1, by

-, — —, - —,

@Fa, ) = (f, Ex(d)) + p(Vii + V', VEx({) + V(Ex())")

—,

FANdivi, divEx(®)), V¢ € BYY(0Q), (8.3.4)

where Ex is the (vector-valued version of the) extension operator (1.1.18). Note
that all pairings of distributions in €2 are meaningful, so this procedure does yield
a definition of the traction conormal, though limited to the range 1 < p,q¢ < o0
(since, e.g., BY? (09Q) fails to be a dual space if min{p, ¢} < 1). We nonetheless

have:
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Theorem 8.3.1. Let Q be a bounded Lipschitz domain in R3 and assume that

% <p< oo and 2(113 — 1)y <s<1,0<qg<o0. Then one can define a concept of

traction derivative such that

{(ﬁ, f) e B, (@B Q): Li= TQ} S (i@, f) — 0l € BP9, (09) (8.3.5)

7q
s+l—2,o( v
P P

15 well-defined, linear and bounded, 1.e.,

107 4]

pesyon) < C(Ifllers, @+ lmrs, @) (8.3.6)

holds, and which reduces to (8.3.4) when p,q > 1.
Finally, similar conclusions are valid in the context of Triebel-Lizorkin spaces,

for the map

{@]) e P @arr, , () Li=flo} > (@) — 0] € BL,(00), (83.7)

-1
assuming that s, p are as before, p # oo, and <min{3ip +1, 5+ 1}) < qg<
2 (1 !

2(1- 1)+ .
Proof. We shall break down the argument into a series of steps.

Step I. Firstly, we introduce an operator
oF L§+%(Q) — BPP (092), (8.3.8)

which is well-defined, linear and bounded whenever 2 < p < oo and 2(% -1, <
s < 1, and which reduces to (8.1.4) when # is sufficiently regular (say, @ € C>=(Q)).
To this end, consider the system of elastostatics represented in the form (8.3.1)

and suppose that ¢ : R? — R is a Lipschitz function such that ¢(0) = 0 and, for
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some M, R > 0,
Ygi={, o) : 2’ €R? |2'| < R} C 09, (8.3.9)
Drpy i ={x+tes: v €Xp, 0<t<2M} C .
For every vector field @ = (u', u? u?) such that L4 = 0 in Q we set
M
uj(r) = —/0 (Oju)(x +teg)dt, 1<j,a<3, x€ Dpunym, (83.10)
v; = (U?)lgagg in Draye, 1<5<3, (8.3.11)
where ez = (0,0,1) € R3. Then the following identities can be easily checked:
Opui = Ojuy in Dpg e for every o, jk=1,2,3, (8.3.12)
ug(z) = u*(x) —u(x + Mes) Va € Dryp, Va=1,23  (83.13)
L¥; =0 in Dpgaye forevery j=1,2,3. (8.3.14)
Next, we prove an incisive claim to the effect that, generally speaking,

3
TeLh(Q), 0<p<oo, 020 = Y [Tlswurm < Clilise. (83.15)

J=1

Indeed, since dist (x, 0Dg ar/2) < 6(z) = dist (z, 0Q2), uniformly for x € Dg pr/9, we

may write

P
/ (dist (x, 8DR,M/2)<9>_9|V<9)@@)|> dr
Dgr yy2

M p
<C / JE < / (VO )(x+t63)]dt) dr
DR, a2 0

LERQ/ P (/M!(V<9>“ 0)((2', oo )+r+t))\dt)pdrdx'

|z’ |<R

[uew/ ([Ml (2!, (e ’)+A))d>\>p drdx’ (8.3.16)

|z'|<R
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by changing variables, first Dg e 3 @ = (2/,p(2') +71) — (2/,7) € {2/ € R* :
|z’| < R} x (0, M), and, second X := t +r € (0,2M). Above, (-)* denotes the

maximal radial operator defined (for a function w defined in Dg pr) as

w(x) = sup |w(z + tey,)|, x € Dy (8.3.17)

>0: a+ten €D
This subtlety (i.e., the consideration of the radial maximal operator) is only needed
in order to be able to use Hardy’s inequality when p < 1 (when p > 1, we shall
disregard (-)*, i.e., interpret it as the identity operator). This is because the ordi-
nary Hardy’s inequality continues to hold in the LP-setting even when 0 < p <1
provided the function involved is non-increasing (which is certainly the case for
|VO+1¢]* in the transversal direction); cf., e.g., the appendix in [119] for a precise
statement. Invoking Hardy’s inequality just alluded to, we can further dominate

the last expression in (8.3.16) by

[CER2/ A\P((0)—6+1) |v(9 +1—»| (( ( /)+/\)))p drdz!

|z'|<R

< O/ § ()P0 (17O (1)) da. (8.3.18)
Dpr,m

To continue, we consider a Whitney decomposition of €2 (cf. [118]). Specifically,
there exists a family of balls B; = B, (z;), with z; € Q and 6(z;) = r;, which cover
) and such that their concentric doubles have finite overlap. Then Fatou’s lemma

implies
/ 5@ PlO=0+) (YOG ()" d
DRr.ym

<> / ()P O (y g opn VO () de. (8.3.19)
Dgr m

J
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Note that (X5,npg., |V EP)* is supported in a set of measure < Cr?. Also, on
that set, §(z)P(0)=0+1) < Crg?((e)_eﬂ). Finally, ||(XB].QDRYM|V<9>+1ﬁ|p)*||Loo(DR,M) <

VO] e - All im all,
/D 5(x)p(<0>—9+1) (XBjﬂDR,M|v<6>+1ﬁ|p)* (.l’) dr < CT?+p(<6)_6+1)||V<0>+16||pm(3j)
R,M
< 00 / VO ()P da (8.3.20)
BQTJ‘ (ZJ)

where the last inequality follows from the sub-averaging property of V% (note
that this is still a null-solution for the constant coefficient operator £, so (8.2.24)
applies). Since the family {Ba,;(2;)}; has finite overlap and é(z) ~ r; for z €
By, (2;), adding up inequalities of the form (8.3.20) in j and recalling (8.3.19)

leads to the conclusion that

/ §(2)PO=0D (1O g1 (2))F da < C / §(z)PUO=0\ VO G(z) P dx. (8.3.21)
Dgr.m Q

This readily implies (8.3.15).
After this preamble, we can introduce the operator 9 acting on @ € L’S’ +;(Q)
P

by

(O @)

14

= Za?kﬁ Orjs [Tru’g} ‘Z +Za?£yj(8kuﬁ)('+M€3) , 1<a<3,
T Bk

3R -
B.:k

where the uf’s are as in (8.3.10) and 0, := v;0x —140;, j, k = 1,2, 3, are tangential

derivatives. Note that

9. oTr: FP2 () — BP? (95, 1<j k<3, 8.3.23
jk s+ s—1

P
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are (by Theorem 1.1.3) well-defined and bounded operators, so the first sum in
(8.3.22) is meaningful. The second sum above is harmless (in fact, in L) since
the first-order partial derivatives of u” are evaluated away from 9. Then (8.3.22)
can be used to define 9~ globally on 9Q, by gluing the various local definitions
together using a smooth partition of unity.

By (8.2.15), it follows that the operator (8.3.8) is bounded. There remains
to show that its action is compatible with (8.1.4) in the case when @ € C>(Q),
i.e. that, in this situation, the formula (8.3.22) coincides with the definition of
conormal (traction) derivative (8.3.2). Indeed, for a = 1,2, 3, we may write, based

n (8.3.12)-(8.3.14), that

Z a?,fujakuﬂ = Z ajo.‘,fz/j (83115 + O (- + Me;;))

B?j7k B7j7k
- Z Uik (VJ83 V33>uk+2a]k Vgaku (- + Mes)
8.3,k B3k
= Y a0+ v’ (- + Mes), (8.3.24)
B,.k B.j.k

where in the second step we have used the fact that

Z Z POl (x / (Z Za 0;0ku ) x+te,)dt =0. (8.3.25)

This finishes the proof of the claim made in Step I.
Step II. We next claim that

LE(Q) ={d € F}*(Q): Ld=0in Q} if 0<p<ooanda>3(;—1);. (8.3.26)

This, however, is proved using similar arguments to those employed in the proof

of (8.2.15); cf. §3.9 for details in the case of harmonic functions. In particular,
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(8.3.26) shows that

0y : F',(Q) — BT, (09), (8.3.27)

»
is a bounded operator provided % < p < 00, 2(% —1); <s<land q=2 By
embeddings, the same is true for 0 < ¢ < 2 and, by the discussion just prior
to the statement of Theorem 8.3.1, for 1 < ¢ < oo granted that 1 < p < oo.
Interpolating between these various partial results allows us to conclude that the

operator (8.3.27) is bounded for the range of indices specified in the statement of

the theorem in connection with (8.3.7).

Step IIL Finally, assume that @ € 7 (Q) and fe P, ,(82) are such that

—

LU = f|o. We then set

ol = 8,11f + af(ﬁ— (Hf)b) (8.3.28)

v

where II stands for the elastic Newtonian potential (8.2.6) and 9~ is the operator
(8.3.8), (8.3.27). Now the properties of (@, f) — &/i which have been advertised
in the statement of the theorem can be checked directly from (8.3.28) keeping in
mind the mapping properties of the operators involved. This finishes the proof
of the claims made about (8.3.7). The case of (8.3.5) follows from this and real

interpolation. O

8.4 Boundary integral operators and proofs of
main results

Recall the linear space of vector-valued functions ¥ introduced in §8.1 and the

convention (8.1.12).
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Theorem 8.4.1. For each bounded Lipschitz domain Q in R? there exists ¢ =
£(09) € (0,1] with the following significance. Let 3 < p < co and 2(%—1)+ <s<1

be so that one of the conditions in (8.1.7) is satisfied. Then the operators
s+ K: BPP(OQ) — BPP(09Q), (8.4.1)
—1I+ K*: U B (09) — U N B (690) (8.4.2)
are invertible.

Proof. When 1 < p,q < oo this is proved in [94]. An inspection of the argument
there shows that it is possible to further extend this range, by means of the interpo-
lation techniques developed in Chapter 3, in the fashion indicated in the statement

of the theorem. O
We are now ready to present the

Proof of Theorems 8.1.1-8.1.2. The solution of the Poisson problem with Dirichlet

boundary conditions admits the following integral representation formula
- -1 —
i=(RoolloEo)f+Do (M +K) (7-Tr(RooTloEof)) inQ, (843)

where Rq and Eq are, respectively, the restriction from R? to  and the extension
from € to R3, with preservation of class (cf. [127] for a discussion and references).
Then the relevant properties of @ can be read off (8.4.3), given that all operators
involved are well-understood. The uniqueness part is a consequence of embeddings
and the results for 1 < p, ¢ < oo from [94].

As for Theorem 8.1.2, we proceed similarly, starting with the integral represen-
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tation formula
— _1 =
7= (Rool)f+So <_§J ¥ K*) (g _ 9,1 f) in Q. (8.4.4)

The condition (8.1.14) ensures that §— 9,ILf € U+ N B (9Q) so Theorem 8.4.1

applies. O

8.5 Regularity of elastic Green potentials in Lip-
schitz domains

Given © C R3 bounded, Lipschitz domain, we let Gp, Gy denote the solution op-
erators for the Poisson problem for the Lamé operator with homogeneous Dirichlet
and traction boundary conditions, respectively. In the case of the traction problem,

it is understood that the given datum f is first normalized so that (f,¢) = 0 for

each 1/7 e Vv.
Theorem 8.5.1. For each bounded, connected Lipschitz domain € in R3 there
exists € = () € (0,1] with the following significance. Assume that % < p < o0,

2(% — 1)y < s <1 are such that one of the three conditions in (8.1.7) is satisfied.

Then, with o :== s + % — 2, the operators
Gp: BY(Q) — B, (Q) if 0<q < oo, (8.5.1)
Gp : FPY(Q) — F2L(Q)  if (8.1.10) holds and p # oo, (8.5.2)

are well-defined and bounded. Similar results hold for traction boundary conditions,

i.e. for
Gy : BYH(Q) — BYL(Q) if 0<qg< o0, (8.5.3)

Gy : F25(Q) — F2L(Q)  if (8.1.10) holds and p # oo. (8.5.4)
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These results are sharp in the class of Lipschitz domains. For 0 € C' one can

take e = 1.

The two-dimensional pentagonal region consisting of all points with coordinates
(v, 1/p) such that «,p are as in the statement of this theorem has the following

shape:

Figure 8.2.

Theorem 8.5.1 is a direct consequence of Theorems 8.1.1-8.1.2, given the results
discussed in §§8.2-8.4.

Recall that the Triebel-Lizorkin space FP¢(R?) reduces to the local Hardy class
RP(R?) if 0 < p < 00, ¢ = 2, a = 0 (as is well-known, the latter coincides with
the Lebesgue class LP(R3) if 1 < p < o0). Consequently, for 0 < p < oo and
Q C R? Lipschitz domain, we set h?(Q) := F§**(Q) and h(Q) 1= F}(Q) (so that

hP(Q) = hE(Q) = LP(Q) if 1 < p < o0).

Corollary 8.5.2. Retain the notation and hypotheses made in Theorem 8.5.1 on
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the indices involved and the domain S2. Then

V2Gp : BP1(Q) — BP(Q), V2Gy : BEE(Q) — BEY(Q) (8.5.5)
if 0 < g < oo, and

V2Gp : FP(Q) —s FPI(Q), V2Gy 1 FUE(Q) — FP9(Q) (8.5.6)

if (8.1.10) holds and p # oo, are well-defined, bounded operators.

In particular, there exists € = () € (0, 1] such that the operators

V2Gp : hP(Q) — hP(Q)),  whenever 5z <p<l, (8.5.7)
V2Gy 1 hg(Q) — hP(Q),  whenever 3= <p <1, (8.5.8)

are well-defined and bounded. Once again, one can take ¢ = 1 whenever ) has a

C' boundary, in which case the range of p’s in (8.5.7)-(8.5.8) becomes 3 < p < 1.

The second part of the corollary is related to a result proved by D.-C. Chang,
S.G. Krantz and E.M. Stein in [21] regarding the Green potentials associated with
the Laplacian on C'* domains. In [89] we have successfully dealt with the Laplacian
on arbitrary Lipschitz domains, thus answering in the affirmative a conjecture made
by Stein at al in [21]. In this paper, we take the first steps in the direction of further
extending this circle of ideas to elliptic systems.

To state our next result, let W} (2) denote the usual LP-based Sobolev space
of order (of smoothness) k in Q. Also, by WZf(Q) we denote the closure of C™,
compactly supported functions in W7 (€2) and by L»>°(§2) the usual weak-L? space
in ).
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Corollary 8.5.3. Assume that Q is a bounded Lipschitz domain in R3, and denote
by Gp(x,y) the integral kernel of the elastic Dirichlet Green potential operator Gp
associated with 0. Then VGp(x,-) € L¥?°(Q) and §(-)"'Gp(x, ) € L¥*>(Q),
uniformly for in x € Q. In particular, Gp(z,-) € V{}lp(Q), uniformly in x € Q, for

any 1 <p< %
Proof. For each k =0,1,2,... and 1 < p < 0o, introduce the weak Sobolev space
Wes(Q) == {f e LP™(Q) : 0°f € L"™(Q), |af <k},

plus a similar definition for W}"*°(R?) with 2 replaced by R®. We shall proceed in

several steps.

Step I. We claim that, with (-, -)s, denoting the usual real-interpolation bracket,

(WP @), WP RY) = WES(RY),

6,00

for each £k =0,1,2,..., 1 < pg,p1 <00,0< <1, 1/p=(1-0)/po+0/ps.
To see this, bring in the Bessel potential of complex order z, acting on a tem-

pered distribution f according to

TJ(€) = (1 +4m2(e) 2 f(€),

where ‘hat’ denotes the Fourier transform. As is well-known (cf. [17]), Jx maps

L?(R?) isomorphically onto W} (R?) for 1 < p < oo (with J_, as inverse). On the

one hand, this and real interpolation immediately yield that J, : LP*(R3) —

<W,f° (R3), Wi (]R3)>9 = WP (R?) is an isomorphism whenever 1 < pg, p; < 00,

0<éf<land1/p=(1-0)/po+0/p1. On the other hand, proceeding much as
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in the proof of Theorem 7 in [17] we obtain that, under the same assumptions on
the indices, Ji : LP*(R3) — WP*(R3) is an isomorphism as well. All in all, the

claim made at the beginning of Step I follows.

Step II. We shall now show that

(wr@. @), =wi(@).

for each k =10,1,2,...; 1 < pg,p1 <00,0< <1, 1/p=(1—-6)/po+0/ps.

The left-to-right inclusion is trivial and, granted the result in Step I, the key
step in proving the opposite one is the claim that Stein’s extension operator E :
WP(Q) — WFP(R?) (cf. [118]) also extends as a bounded operator from W} (2)
into W™ (R?).

To see this, we note the commutator identity 0%(Ef) = E(9°f)+_ 5/<|a| T.s(9°f)
where the linear operators T, 5 map LF() boundedly into LP(R?) for 1 < p < oo.
This latter claim is seen as in p. 174 of [68] and p. 187 of [118]. By real interpo-
lation we may therefore conclude that E : WP (Q) — WP (R?) boundedly, as

desired. This concludes the discussion in Step II.

Step I1I. Consider now the linear operator
-1
Ta(x) == @(z) — D((%I n K) (Tr ﬁ)) (x), zeQ,

which, we claim, maps W}**(2) boundedly into itself for any 2 —c <p <3 +e.
By Step II and real interpolation, it suffices to show that 7" : W} (Q2) — W7(Q)
boundedly for %—8 < p < 3+4¢. This, in turn, follows from the mapping properties

of the operators involved. Indeed, Theorem 1.1.3 ensures that Tru € B}, (012) if
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@ € W{ (), Theorem 8.4.1 guarantees that the operator 11 4+ K is invertible on
Bff%((‘?Q) for any 3 — e < p < 3+ ¢, and Theorem 8.2.3 implies that D maps this
latter space into FP?(Q) = WP(Q). This finishes the proof of the claim made in

Step III.

Step IV. Recall the matrix I' = (I'y3)a s With entries as in (8.2.1). To prove the
first claim made in the statement of the corollary, we make the observation that,
in the y variable, the functions |z — y|™, %, 1 < a,B < 3, belong to
ng’oo(Q) uniformly in z € Q. Thus, I'(x — ) € ng’oo(Q), uniformly in x € Q
and since Gp(x,y) = T(I'(z — -))(y) we may conclude with the aid of Step III that

VGp(z,-) € L¥%*(Q), uniformly in x € Q.

Step V. The proof of the fact that §(-)"'Gp(z, ) € L**>(), uniformly in z € ,
follows a similar pattern. The departure point is the observation that T': W7 () —
Vf}f (Q) is well-defined and bounded for 2 — e < p < 3 4 & which, in turn, yields
that WP*(Q) 3> 4 — T(d)/0 € LP*>(R) is a bounded assignment (for the same
range of p’s), by Hardy’s inequality and real interpolation. This finishes the proof

of the corollary. O

Of course, there is a similar result for the (matrix-valued) function G (z,y),
the integral kernel of the operator Gy.

More can be said when extra geometrical information about the domain 2 is
available. For example, according to Theorems 5.4-5.5 in [92], [58] and Theo-

rem 6.1 in [105],

V2Gp : L*(Q) — L*(Q), (8.5.9)
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whenever € is a convex polyhedron in R3. By interpolation with (8.5.7) we see that

for a convex polyhedron 2 C R3,
V2Gp : h(Q) — hP(Q), o <p<2 (8.5.10)

In particular, V2Gp maps LP(§2) boundedly to itself for 1 < p < 2. A similar set

of conclusions applies to the operator V2G . More specifically, with Q as before,

V2Gy : hh(2) — hP(9), = <p<3, (8.5.11)

34e

where the end-point 3/2 is as in [93].
If we denote by LY*°(Q) the standard weak-L' space on 2, then interpolat-
ing between (8.5.9)-(8.5.11) and the results in Corollary 8.5.2 further yields the

following.

Theorem 8.5.4. Let Q C R3 be a convex polyhedron. Then the following operators

are bounded:
V2Gp : h1(Q) — hY(9), V2Gy : h(Q) — h1(Q), (8.5.12)
ViGp : L'(Q) — LY>(Q), ViGy : LYQ) — LY®(Q).  (8.5.13)

We conclude this section with a brief discussion of the mapping properties of
gradient of the elastic Green potentials. Recall that the classical LP — L7 estimates
for gradient of the Green potential associated with Laplacian in the half-space have
been extended to Lipschitz domains by B. Dahlberg in [29]. In [89] we gave new
proofs to Dahlberg’s estimates and extended his main results to other types of

function spaces. The theorem below, pertaining to the mapping properties of the
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Green potentials associated with the system of elastostatics, can be proved in a

similar manner, starting with Theorems 8.1.1-8.1.2.

Theorem 8.5.5. Let Q C R? be a bounded Lipschitz domain. There exists € =

£(Q) € (0,1] such that for every 37 < p < 5> and % = % — 3, the operators
VGp : hP(Q) — LI(Q), VGy : h§(Q2) — LY(Q), (8.5.14)
VGp : LY(Q) — L3/%%(Q), VGy : LY(Q) — L¥2>=(Q), (8.5.15)
are well-defined and bounded. In particular,
VGp: hH Q) — L¥%(Q),  VGy: hi(Q) — L¥*(Q) (8.5.16)

are bounded operators. The ranges of indices are optimal in the class of Lipschitz

domains. For 00 € C' one may take ¢ = 1.
8.6 The two-dimensional setting

All our main results discussed so far continue to hold in the two-dimensional setting,
albeit with possibly different conditions imposed on the intervening indices (p, g, s),
when € is a Lipschitz domain in the two-dimensional Euclidean space R2.
Somewhat more specifically, the conditions (8.1.7) should be replaced with the
demand that the indices 3 < p < oo and (113 — 1), < s < 1 satisfy any of the

following three conditions:

: 2 2 :
(I : = <p<:% and 0<s<l;
. 2 2 11 :
(I7"): 32 <P < i and 5—%<3<1, (8.6.1)
(I11'): e <p<oo and 0<s< +3E
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Also, the two-dimensional analogue of (8.1.10) takes the form
-1
(min{s+1,5+1})  <g<oo. (8.6.2)

With the aforementioned alterations, Theorems 8.1.1,8.1.2,8.5.1, Corollary 8.5.2
remain valid for bounded Lipschitz domains in R2.

In closing, we want to point out that V2Gp : L?(Q2) — L?*(2) is a bounded
operator if either Q C R? is a convex polygon (cf. p.149 in [58], [9]), or the Lamé
moduli satisfy || < v3p and Q C R? is a bounded convex domain ([57]). In

particular, we may state the following:

Theorem 8.6.1. Assume that the Lamé moduli satisfy |\| < v/3u and that Q C R?

1s a bounded convexr domain. Then
V2Gp : LP(Q) — LP(Q) (8.6.3)

is a bounded operator for each 1 < p < 2. In this setting, the operator V2Gp also
maps h' () boundedly to itself. Thus, by embeddings, Gp maps h'(Q) boundedly

into C(Q), the space of continuous functions on .
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