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RELATIVE SUBREPRESENTATION THEOREM FOR A FINITE CENTRAL
EXTENSION OF A REDUCTIVE GROUP
Chengyu Jiao

Dr. William Banks, Dissertation Supervisor

ABSTRACT

Jacquet’s subrepresentation theorem asserts that any irreducible admissible rep-
resentation of a reductive p-adic group is a subrepresentation of IndJGD(T), where P
is a parabolic subgroup of G and 7 is a cuspidal representation. Kato and Takano
extended this theorem to the H-relatively cuspidal case in [KTO0§|. In this disserta-
tion, we work on the level of finite central extensions, and extend Kato and Takano’s

results to the finite central extension case.
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Chapter 1

Introduction

We shall start by talking about the setup in the reductive case discussed in [KT0§],
and we shall clarify all definitions in the following section. Let G be a reductive
p-adic group over a local field F. Let Z be the F-split component. Jacquet’s sub-
representation theorem states that any irreducible admissible representation (m, V)
of G can be embedded into an induced representation from a parabolic subgroup.
Kato and Takano took this result and worked on the following scenario: For a
reductive G, let ¢ be an involution on G, and let H be the o-fixed subgroup of
G,ie. H = {9 € G| o(g) = g}. A parabolic subgroup P is called o-split
if P and o(P) are opposite parabolic subgroups. A representation (m, V) of G is
called H-distinguished if the space of H-invariant linear forms on V, defined as
(VHE = {X: V — C | Mr(h)v) = \v) forallv € V,h € H}, is nonzero. A
representation (m, V') is called H-relative cuspidal if the (H, \)-matrix coefficients
of m are compactly supported modulo ZH, where the (H, \)-matrix coefficients are
defined as py,(z) = (\,7(z7 o) for A € (V) v eV and z € G.

Recall that for a reductive G, a representation (m, V') of G, and a compact open
subgroup K C G, we denote {v € V | w(k)v = v for all k € K}, the space of K-

fixed vectors, by VX. A representation (m, V) is called a smooth representation if for



all v € V, there exists a compact open subgroup K such that v € VX. A smooth
representation is called admissible if the dimension of V¥ is finite for every open
compact K.

The main theorem Kato and Takano showed in [KT08, Theorem 7.1] is the follow-

ing:

Theorem 1.1 (Relative subrepresentation theorem for the reductive case). An H-
distinguished irreducible and admissible representation of G is isomorphic to a subrep-
resentation of a induced representation of ©*, where (7%, V#) is an irreducible and

MNH -relative cuspidal representation of M for a o-split parabolic subgroup P = MU .

One natural question to ask is that given the finite central extension G of a reduc-
tive group G, do we have a similar result? This dissertation aims to answer the above
question by extending the result from |[KTO§| to the finite central extension case.

We say (é,p) is a finite central extension of G if:

1. p: G- Gisa surjective homomorphism of topological groups.
2. of = ker(p) is a finite subgroup of the center of G.

3. p is a topological covering.

Let G = pY(@) be a finite central extension of G. Let H be the o-invariant
subgroup of G. We furthermore assume there is a lifting from H to G. We fix this
specific lifting s and denote the lifting of H by H. A parabolic subgroup G is in the
form of P = MU. Let us adapt the definition of admissible representation to G. For

G, a representation (m, V') of G and a compact open subgroup K C é, we denote all

K fixed vectors by V. A representation (m, V) is called a smooth representation if
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for all v € V, there exists a compact open subgroup K such that v € VE. Tt is called
admissible if the dimension of VX is finite for every open compact K. After adapting

all other definitions from reductive G to CN;, the main theorem is:

Theorem 1.2 (Relative subrepresentation theorem for a finite central extension). Let
(m, V') be an irreducible admissible ﬁ—distinguished representation of G. Then, there
exists a o-split parabolic subgroup P=MU ofé and an irreducible M N ﬁ]—relatively
cuspidal representation " of M such that 7 is a subrepresentation of the induced

representation of T from P to G.

To prove the relative subrepresentation theorem for a finite central extension, this
dissertation is divided into five main sections.

In Chapter 2, we adapt numerous definitions from the reductive G to our finite
central extension G, including the involution o, the (]TI , A)-matrix coefficient of a
representation where \ is a H-invariant linear form, and so on. We have an important

proposition at the end, which states:

Proposition 1.3. Any finitely generated (]TI, A)-cuspidal representation ofCNJ has a

nontrivial H -distinguished irreducible quotient representation.

In Chapter 3, we work on a special type of parabolic subgroup P = MU of G such
that P = p~*(P) and P = o(P). This type of P is called o-split. We also define a
specific family of compact open subgroups that not only have Iwahori factorization,
which is a property that holds for congruence subgroups (this term is generally used in
[Ber92] and [Bum97]) in the reductive case, but also invariant under o. One important
fact we use from [BJ] is that for a family of {K} with Iwahori factorization on G,

{K} also has an Iwahori factorization on G.
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In Chapter 4, we first introduce the Jacquet module (75, V) of a representation

(m, V) on G. Then, we define and show some properties of a special map

Tﬁ . (V*)ﬁ — (Vg)l/\\jﬂﬁ’
such that (r3(\),0) = (A, v), where v € V' is the canonical lift of v € 7. This map
has many useful properties. At the end of the chapter, for another parabolic subgroup
@ of G that is contained in f’, we study how to commute rp with rg. This mapping

plays a big role in our proofs in Chapter 5 and 6.

In Chapter 5, we prove an important theorem:

Theorem 1.4. Let (m,V') be an admissible ﬁ]—distinguished representation ofé and
NS (V*)ﬁ Then, r5(\) = 0 for every proper o-split parabolic subgroup P of G if

and only if (7,V) is (H, \)-relatively cuspidal.

The “if” part of the proof is more straightforward, and we mostly use the work
from Chapters 2 - 4. To show the “only if” part, we have to take a detour. Let
Py = MyUy be the minimal parabolic subgroup of G. Pick v € MyH. We study
@ = ’y/—T/Pv and the relationship between P and @

Chapter 6 gives the statement and the proof of the main theorem.

In the appendix, the first section is a motivating example for this dissertation. It is
an example that Banks, Levy and Sepanski gave in [BLS99]. This gives us a concrete
example of the finite central extension.

The second section of the appendix gives a proof the result at the end of Chapter
2 which was mentioned above.

One might expect the result to be trivial since G and G have a deep connection

through p. However, representations on them have no trivial correlations and are less
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studied in general. Also, as shown in Chapter 2, the only H-invariant linear form is 0.
Therefore, we do not study H-invariant linear forms. We mainly work on H-invariant
forms instead.

There are numerous reasons we care about H -distinguished representations of G
and H-distinguished representations of G. These representations are the basic objects
of harmonic analysis on the space G / Hor G /H, respectively. The classification of
these representations is a fundamental problem. Furthermore, in some studies of
automorphic forms, such as [Jac97|, these representations are proven to be useful
tools. The result over the real field has been well developed. Kato and Takano
tried to extend the theory to reductive GG, which is not developed too much at the
time of their writing. Since their paper came out, it helped many studies such as
distinguished generic representations of GL(n) in [Mat10] and Speh representations
in [Smi20]. In our case of finite central extension G, these representations are even
less studied compared with the reductive and real cases.

Throughout this dissertation there are numerous citations, and I want to quickly
mention what their purposes are. [KT08] works on our main theorem for a reductive
G. On the level of G, [BJ] did a lot of work on the finite central extensions when
they extended Langlands quotient theorem. Parabolic subgroups are a special kind
of subgroup that are fundamental to the study of reductive groups. We use a lot of
information on these subgroups, most of which are found in [Ber92] and [Bum97].
As for parabolic subgroups of a finite central extension é, [BJ] has some useful and

important results.



1.1 Notations and definitions

This section’s purpose is to recall the basic definitions used in this dissertation,
and to introduce some common notations used throughout.

Let F' be a local field, i.e., a commutative non-discrete locally compact field. As
[Wei73] summarized, there are only two cases: If F' has characteristic 0, then F' is
isomorphic to R, C or finite algebraic extensions of the fields Q, (p-adic numbers) for
any prime p. For the other case where F' has characteristic p, there exists ¢ = p" for
some positive integer n, such that F' is isomorphic to a finite extension of F,((T)),
i.e. the Laurent series over [F,.

Recall that a linear algebraic group G is called reductive over a field F' if the
unipotent radical of G, i.e. the largest connected, smooth, normal, unipotent sub-
groups, is simply {1}. Let G be a connected reductive group over F. We denote the
F-rational points of G by G or G(F'). This type of group G is often called a reductive
p-adic group. For a homomorphism ¢ : G — G, we say it is an (F-)involution of G if

o(o(g)) = g for all g € G.
Definition 1.5. We say (é,p) is a finite central extension of G if:

1. p: G- Gisa surjective homomorphism of topological groups.
2. o = ker(p) is a finite subgroup of the center of G.

3. p is a topological covering, i.e., there is an open neighborhood O of 15 and a
homeomorphism j : p~1(O) — O x & such that pry o j = p on p~1(0). where

pr1 is the projection map from O x & to O.

Given a finite central extension G of G. A section of p is a continuous map



s : G — G such that pos = idg where p is the projection of G onto G, and
s(1g) = 1. If the section s is a homomorphism, then we say s is a splitting, and the
central extension G splits. In this case, for the group structure, G~ G x o. Recall

a mapping ¢ : G x G — & is called a 2-cocycle if
(91, 92)c(9192: 93) = c(g1, 9293)c(92. g3)
and ¢(1g, 1¢) = 1y. The multiplication on @ is

(gl,al)(gz, CL2) = (9192,0(91,92)(11&2)-

Let H be a subgroup of G. If there exists a continuous homomorphism sy : H —
G such that po sy = idy, then we say H lifts to G, and sy(H) = H is a lifting of H.

From the definition, simply applying p—! gives us that for A, B C G, AB = AB

and A/B = A/B.
Throughout the dissertation, when picking an arbitrary subgroup of é, we often

look at an arbitrary subgroup B C G. Note B is not necessarily p~Y(B) for some

B Cd.

Recall that for a non-trivial homomorphism ¢ : Z(G) — C where Z(G) is the
center of G, a representation (, V) is called (e-)genuine if for all 3 € Z(G), n(3) =
£(2).

Denote the space of all linear forms on V' by V*. For a genuine representation

(7, V) of G and a subgroup B C G, the space (V*)]§ is the collection of all B-invariant

linear forms on V. That is
(V)2 = {\:V = C| A(x(b)v) = A(v) for all v € V,b € B}.

For reductive G, recall that for a representation (m,V’) of G and a compact open
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subgroup K C G, we denote all K fixed vectors by VX = {v € V | n(k)v =
viforall k € K}. A representation (m,V) is called a smooth representation if for
all v € V, there exists a compact open subgroup K such that v € VX. A smooth
representation is called admissible if the dimension of V¥ is finite for every open
compact K.

Similarly, for G, a representation (m, V) of G and a compact open subgroup K C G,
we denote all K fixed vectors by VE. A representation (m,V) is called a smooth
representation if for all v € V, there exists a compact open subgroup K such that
v e VE. Ttis called admissible if the dimension of VX is finite for every open compact
K.

For a subgroup BcC é, a representation (7, V) is called B -distinguished if for all
beBuveV,

A eV A m(b)v) = (A )} # {0}



Chapter 2

Representations of a finite central
extension

In this section, we review some important definitions from finite central extensions
and adapt definitions of relative cuspidality to our case.

Throughout this dissertation, we are interested in the following setup: Given a
reductive group G and an involution 0. Let H = {g € G | 0(g) = g}, and G is a
central extension of G that splits. We further more assume that there is a lifting from
H to G. Note that H is isomorphic to H. We denote this lifting by sy : H — H.

Lastly, we denote p~!(H) = H. This gives us the following diagram:

~
—_

¥

H

m—

o —Q

For any subgroup J C G which lifts to G with a corresponding lifting s;, define
5:J— Jby d(ss(j)) = ss(a(j)) for j € J. One can check that this is an involution,
but it only takes elements in subsets of G which lifts to G. Since & plays the role of
o on the level of G , we just denote it by o if it is clear from the context.

Recall that for a genuine representation (m, V') of G and a subgroup BC CNJ, the
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space (V*)E is the collection of all B-invariant linear forms on V. That is
(VB = {A:V = C| A(x(b)v) = A(v) for all v € V,b € B}.

Throughout this dissertation, we often look at \ € (V*)ﬁ instead of (V*)ﬁ It is

because of the following lemma:

Lemma 2.1. For any genuine representation (mw,V') of G over C, the space (V*)ﬁ

1S Zero.

Proof. From the exact sequence earlier, as a group, G has the same structure as G x 7.
Take (1,a) € G. Then (1,a~') is also in G. For any A € (V*) and v € V, we have
M 7m((1,a)(v) ) = A 7((1,a7'))(v) ), which results in (¢(1,a) — e(1,a')) A(v) = 0.
As long as the representation is not trivial, we have A(v) = 0. Therefore, (V*)ﬁ = {0}.

In the reductive case (JKT08|), we denote the F-split component, i.e. the largest
F-split torus in the center of G, by Z. Taking their F-rational points, we have Z C G.
Naturally, we have Z C G. The problem is that Z is not necessarily central. To fulfill

our goal, we look at 7' which is the intersection of Z and the center of G.

Definition 2.2. Fix a smooth and H-distinguished representation (r,V). For A €

(V*)ﬁ and v € V, we define a function on G by
paw(r) = (A (2 o)
for z € G. We call such functions the (ﬁ, A)-matriz coefficients of 7.

Lemma 2.3. Let A be a subgroup of G. Then AH = AH.

10



Proof. 1t is clear that AH c AH. To show AH C XITI, denote the lift from H to H
by sy, i.e., h lifts to (h,sg(h)). Let (ah,b) € AH where a € A,h € H,b € o/. Then

it can be viewed as a product of (h, sy (h)) € H and (a, (c(z,h)) b (sg(h) ™) € A,

This shows AH C AH. Therefore, AH = AH. [ |

Recall that for a representation (7, V') of G and a compact open subgroup K C G ,
(7, V) is called a smooth representation if for all v € V| there exists a compact open
subgroup K such that v € VE. It is furthermore called admissible if the dimension

of VK is finite for every open compact K.

Definition 2.4. For A € (V*)#, an admissible representation 7 is (ﬁ , A)-relatively
cuspidal if all (ﬁ , A)-matrix coefficients of m are compactly supported modulo Z'H.
A representation (m,V) is said to be H-relatively cuspidal if it is (ﬁ, A)-relatively

cuspidal for all A € (V*)A.

We need the following proposition, but the proofs and definitions are a bit unre-

lated with the rest of the dissertation. Thus, the proof is shown in the appendix.

Proposition 2.5. Any finitely generated (PAI, A\)-cuspidal representation oféY has a

nontrivial H -distinguished irreducible quotient representation.

11



Chapter 3

o-split parabolic subgroups

We have some important definitions of split torus that we need to define for our

finite central extension.

Definition 3.1. According to [KT08], an F-split torus S C G is said to be (o, F)-
split if o(s) = s for all s € S. For our case, we start with S C G(E), and we have
S=p(S)Cc G In [KTO08], Sp is the maximal (o, F')-split torus of G and Ay is the
maximal F-split torus of G' containing Sy. Similar to the definition of Z' , we apply
p~! and intersect with the center of M , we get S~0/ and A'.

Recall that on the level of reductive groups, with A a maximal torus in G, the
roots are the non-trivial weights for A under the adjoint action on the Lie group of
G. Denote the set of roots of A in G by ® = (G, A). Let &1 be the positive roots
and &, = {a € & | o(a) = «a}. By [HHO8, 1.6], we can find a basis A of ® such
that « is not in ®* for all @ € ®7\P,. Recall again that a subgroup of G is called
a parabolic subgroup if it contains either a Borel subgroup of G or a conjugate of a
Borel subgroup, where Borel group is a maximal Zariski-connected solvable subgroup.
For such A mentioned above, there is a corresponding minimal parabolic subgroup Py,
and any parabolic subgroup P containing F, is said to be standard with respect to

(SOaA(D?A)'

12



Unlike the reductive case GG, we are not blessed with a corresponding Lie Algebra
for our finite central extension G. However, it is shown in [BJ] that every parabolic
subgroup of G is in the form of P = p~Y(P). Therefore, we say P is standard with
respect to (Sp, Ag, A) if P is standard with respect to (Sp, Ag, A). For the rest of the
dissertation, we look at P standard with respect to a fixed (Sy, Ag, A) unless stated
otherwise.

Recall that a parabolic subgroup P of a reductive group G can be decomposed as
P = MU where U is the unipotent radical, i.e. the maximal unipotent subgroup of
P, and M is the Levi subgroup, i.e. the maximal reductive subgroup of P. We also
have a modulus character dp for this parabolic subgroup P. The parabolic opposite,
P = MU is the unique parabolic subgroup of G such that P N P = M. By [BJ],
the parabolic subgroup P of G has the decomposition P = MU where M = p~ (M)
and U is the canonical lifting of U. (This lifting is constructed in the appendix I of
[IMW95].) We still call M the Levi part and U the unipotent part. As of the parabolic
opposite, for visual clarity, we denote the parabolic opposite of U by U- = l? , and
similarly P~ = ﬁ, M- = /]\:/_//

For a subset I C A, let P = M;U; be a standard parabolic subgroup of G
corresponding to I. On the level of é, we have ]51 - M 1[7 7. The corresponding
maximal (o, F')-split torus and F-split torus is denoted by §} and ,21/’17 respectively.
Denote the center of M by Z(M), then for a positive € < 1, we also look at these two

important sets:

—~

Al (e) = {a=p'(a)| ac Arand |a®|p <eforall o € A\I'} N Z(M)

and

13



Si(e)={F=p""(s) | s € SiNA[(e)} N Z(M)

={5=p'(s)|s€Srand |s| <e}NZ(M).

Correspondingly,

—

Al (e) = {a@=p'(a)| ac Arand |a®|p > € for all @ € A\I'} N Z(M),

SH(e) = {p~Ys) | s € S; and |s| > e} N Z(M).

For convenience, if it is clear from the context, we skip writing I and just write
A=(£), 5 () and 5" (¢).
Definition 3.2. P is said to be o-split if P and (;(\P/) are opposite. In this case,

PNo(P)= M, and o(U) is the opposite of U. For I C A, we say I is o-split subset

of A if Py is o-split.

For the special case where [ is the minimal o-split subset of A, we denote lgf by
ﬁo. This is a minimal o-split parabolic subgroup of G.

Now, we find a sequence of open compact subgroups of G with certain properties
called Iwahori factorization. We usually refer to these open compact subgroups as
congruence subgroups. However, we need to construct a sequence of open compact
subgroups that is standard with respect (Sp, Ag, A) and furthermore stable under o.

For a compact open subgroup K of G and parabolic subgroup P=MU , we denote

I_(ﬁ —KnNU. Similarly, denote [_(]\7 =KNMand Ko =KnU".

Definition 3.3. We say K has an Iwahori factorization with respect to P if both of
the followings are true:

14



1. The product map K O K 1\7[( o K is an isomorphism.

2. For every a € A7 (1), aKga™' € Kp,a 'Ky a C Ky

To begin with, for é, [BJ, 2.11] looked at {[?;L}nzo, where each [/(\'7’1 is lifted from
K, on the level of G.

Remark 3.4. For P = MU and K defined above, |[BJ| showed that

1. KNM=KnM.
2 KNU=KNU.

3. KNU-=KnU-.

Similar to the proof of 3 shown in [BJ], we also have

4. HAM = Hn M.
5. HNZ'=HnZ.

Then, they showed the following proposition:

Proposition 3.5. For a minimal parabolic subgroup Py, let P be the parabolic sub-
group containing ﬁo. There is a decreasing sequence {f?;l}nzo of open compact sub-

groups of G satisfying the following properties:
1. {IA(;J}nZO forms a open neighborhood basis of identity in G.
2. Fvery I?;L is a normal subgroup of }?6
3. {}A(f@}nzo has an Twahori factorization with respect to P.

4. {K' N M}nZO has an Twahori factorization with respect to M.

15



We take a step further, and want to have something similar when dealing with
parabolic subgroups standard with respect to (Sp, Ag, A) and invariant under o. Thus

we need the following lemma:

Lemma 3.6. For (Sp, Ag,A), let {f?;l}nzo be the same as above, and P be a o-split
parabolic subgroup standard with respect to (Sy, Ag, A). Let K, = K! No(K"). Then

{IA(n}nZO satisfy the following properties:
1. Fach IA(n 18 o-invariant.
2. Every l?n s a normal subgroup of IA(O.

3. For each K = IA(n, the product map l/fﬁ, l?ﬁl?ﬁ — K is an isomorphism. Also,
for every s € 5}_(1), s[A(ﬁs_l C IA(ﬁ, s‘lf(ﬁ,s C [A(ﬁ,. (Note: This is basically
Twahori factorization, except that the last part holds for S instead of Al We

still call this Iwahori factorization when the context is clear.)

4. {K, N M?} has an Iwahori factorization with respect to M.

Proof. Part 1 is obvious directly by the definition of ]A(n For part 2, to show it is
normal, take any ke IA(n and g € IA(O. We look at gEg_l. It is in IA(,; by proposition
, and we can rewrite k = a(@),g = o(g’) for some ¥ e K!,¢ € KJ. This means
gkg~! = o(g'’K'¢~") € o(K,). This shows gkg~! € K,, showing it is normal. For
part 3, it is sufficient to show the map is surjective. Take ke K. By proposition
, since k and 0(/147\)_1 can be viewed as an element of K, we can decompose them

1

as k = u; myug, and O’(/]{;)_ = u, mauy. We rewrite the second equality to be k=

o(uz) to(my) to(uy )~t. This gives us
o(ux)uy = o(mso) to(uy) tuytmt € U np

16



which contains nothing but the identity element. Therefore, we get that u; = o(ug) ™.

Furthermore, u] = o(uy)™! € (U"NK)N (@0 Na(K)) = U NK = IA([A],
Similarly, u; = o(uy)™! € Ky and my = o(ms)™' € Ky;. Since g}(l) is the (o, F)-

split component of A} (1), the second half of part 3 is obvious.
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Chapter 4

Invariant Linear forms on Jacquet

Modules

In this section, let H-invariant linear form \ on the vector space of an admissible
representation (m, V') of G with o-split parabolic subgroup P =MU. Let (15, V5s) be
the Jacquet module of (, V) along P, where Vs = v/ V(U), T is a M-representation
obtained by restricting 7 from G to M , and V(ﬁ ) is the subspace of V' spanned by
m(uw)v —v,u € [7, v € V. Let j5 be the canonical projection from V' to V5. Let dp be
the modular character of P.

Recall in the reductive case, for an admissible representation (m, Vy) of G, and
P = MU a parabolic subgroup of GG, we denote the Jacquet module by (myp, Vop)
and the corresponding canonical projection by jp. For v € Vo,m € M, in [KT0§],

the Jacquet module is normalized if
mp(m)jp(v) = 85" (m) jp(mo(m)v).

We want to construct a similar “modulus” for our case to normalize our (75, V3).
Let us start with Haar measure. For a locally compact topological group G with a left
Haar measure dg, the covering group G is also locally compact, meaning it also has

a left Haar measure, unique up to a constant. Then we choose a left Haar measure
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dg on G such that

~

measg(K) = measq(K).

For ¢ € C~¥, define 0z so that:

1@ w0 = (5:0) | f@as

In |[BJ} p. 12], it is shown that for a parabolic P, @ € ‘Z/”A_/Y and a = p(a), one has
dp(a) = dp(a).

This is the modulus we use to normalize, giving us

75(M)jp(v) = 052 (W) jp(r(M)v). (1)

For now on, we assume (75, V3) is normalized. The next goal is to construct a
linear form r3(\) that works the same way as A € (V*) but on the Jacquet module

P P

In order to do that, we start with Casselman’s canonical pairing from |[KTO§]
and |Cas95]. For an open compact subgroup K of é’, denote all K-fixed vectors,

{veV :n(ky=uvforallk e K}, by VE . For v € V, define PIA(:V—H/IA{ by

1 .
Pz(v) = ———— w(k)vdk.
w(0) measg(K) /f( (k)

Next, we want to show that for any s € S, there is an isomorphism Pu(m(s)VE) —
(Vlg)f(ﬁ. In [BJ, p. 13], it is shown that for a compact subgroup U, of 17, we define
V(U1) ={veV| fU w)v du = 0}. Then V(U ) UV(UI) where U, tuns over
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all compact open subgroups of U. Now for a given v € V3, take a family {[? }
such that v € (Vﬁ)ffﬁ . Now, choose an open compact subgroup U, of U such that
vEn V(U) c V(Uy). For e < 1, [KT08, 2.8] showed for s € S~(¢), sUis™! C Ky.
By applying p~' to both side, we have for § € S'~(¢), sU;s' C IA((;. Because
5'~(g) € A"~ (e), using the same argument of [Cas95, 4.1.4], we have the above iso-
morphism

Pr(r(3)VX) = (V)" (4.1)

via the canonical projection jz : V — V5. This allow us to define v € Pg(w(s)VE)
as the canonical lift of v € V5 if jz(v) = v.
Here are some related remarks adapted from [KTO8| section 5] by doing similar

calculations.

Remark 4.1. Let v € Pfg(ﬂ'(S)vf() be the canonical lift of 7 € V3, and A a H-

invariant linear form,

1. For another compact subgroup K' cK , if v’ is another canonical lift of v with

respect to K’ , we have that

v € VEiEo- and v = Pr (V') = Pf(ﬁ(v')

2. For two canonical lifts v and v" of v, we have
(A, v) = (\,0).
3. For v e Vf(ﬁf(ﬁ—, we have

(Av) = (A Pg_(v))
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The second part of the previous remark allows us to define a linear from r5(\) on V3

by
(re(A),0) = (\wv),

where v € V' is the canonical lift of v € V5.

Proposition 4.2. Let A be an H -invariant linear form on an admissible representa-
tion (w, V') of G, and let P = MU be a o-split parabolic subgroup ofé with (o, F')-split

component S'=. For each v € V', there exists a positive real number ¢ < 1 such that

A m(3)) = 65(5) 2 (rp(N), 75(3)jp(v))

for all 5 € 5" (e).
Additionally, if there exists a X' as a linear form on Vi such that for any s €
§”, veV,
(A m(3)v) = 65(5) 4N, 75(3)75(v))

for all5 € §'(¢), then N = ris(A).

Proof. We fix a v € V, and choose an open compact subgroup K such that v € VK,
Now, choose an open compact subgroup U; of U such that V& N V(U) c V(T).
As discussed above, there exists a ¢ < 1 such that for § € 5"~ (¢), 30,5 C I?ﬁ.

By the Iwahori factorization with respect to }Nj, v e VK = VRUKMEFJ*, we have

(s € Vf(ﬁf(ﬁ*, and by the first part of the previous remark,

ip(m(8)v) = jp(Pr(n(s)v)) = jp(Pg_(7(5)v)).

On the other hand, from the above l) Js(v) € (VI;)IA{M Because we know s is
central in M, we know 75(5)js(v) is still in (Vﬁ)f(ﬂ and by the backward direction
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of equation (1),

ip((E)) = 0 Tp(3)jp(v) € (Va)™H.
Combining the above two equations, we know Pz _(7(s)v) is a canonical lift of
U

(51?/27@(5)];(@). According to the definition we have

05(3)"2(rp(N), m5(3)ip(v)) = (A, Jp(Pg_ (7(3)v))) = (A, 7(5)v)

where the last equality is from (3) of the previous remark. This finishes the proof of
the first half. To show the uniqueness, let A’ be a linear form on V3 such that for any
s5eSveV,

(A m(3)0) = 65(3) /2N, 75(3)75(v))

for all 3 € 5"~ (¢). Then by the first half, we know

N, 7mp(8)ip(v)) = (rp(A), mp(s)dp(v)-

This shows that X' o m5(5) = r3(\) oms(s) for all j5(V) = Vs. Let s vary in all of

S’ we get N = r5(A), finishing the proof. [ |

It can be checked that for A € (V*)ﬁ, rs(A) € (Vg)ﬁﬂﬁ. This allows us to view
r5 as a mapping from (V*)ﬁ to (VIS*)M”I?.
Let P = MU be a o-split parabolic subgroup of G. Tt is known that o-split

e~ —

parabolic subgroup of M are of the form M N Q = M N @ where () is a o-split
parabolic subgroup of G contained in P. Naturally @ is a o-split parabolic subgroup
of G contained in P. Let L be the Levi subgroup of M N Q and denote p~*(L) by L.
We say L is the Levi subgroup of the o-split parabolic subgroup of MnN @ Then we

have the following for r3, G and rg.
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Proposition 4.3. For P and () as above,

T]Vfﬂ@ o Tﬁ = 7”@.

Proof. Let \ € (V*)ﬁ Let §,q§ be the (o, F')-split component of Q. Apply proposition
to A € (V") first, and then rs(A) € (Vg)ﬁmﬁ, and we can find a positive real

e < 1 for v € V such that both equations
(A w(s)v) = 577 (rp(N), 75(3)p(0)).

(50 753 (0)) = L2 0 (3) 10N, mizng (B)i AT N Q) G p(w),
hold for any § € S (¢) N §/@_(€) = 3’6‘(5)

Plugging the second equation into the first equation,

(A m(s)0) = 077 (3017 53Nz (rpN): Wizng (Bizing ((0)-

Notice that for s € g’_, which is a subgroup of g’_, we mentioned earlier that

05(5) = dp(s) where s = p(s). Therefore,

[KTO8, p. 25]
_t 5Q

55(3)5570(3) = 5p(8)3rng(s) (s) = 35(3).

Also, because we identified (V3) with Vi earlier, it is easy to see for the

MNQ
canonical projection, ji;,5(j5(v)) = jg(v).

Plugging these two equations in, we get

(A7 (3)0) = 6" (B ramg(ra(V) m5(3)

This is the uniqueness part of previous proposition, thus finishing the proof. M
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Chapter 5

Relative cuspidality

The goal of this section is to prove the following theorem.

Theorem 5.1. Let (m, V') be an admissible ]/-\I—distinguished representation ofCNJ and
A€ (V*)ﬁ Then, r5(\) = 0 for every proper o-split parabolic subgroup P of G if

and only if (w,V') is (FAI, A)-relatively cuspidal.

Recall that from section 2, (7,V) is said to be (H, \)-relatively cuspidal if the
support of the (H, \)-coefficient oro(z) = (N, m(z7 1)) is compact modulo Z'H for
allveV.

Let Z; ={z€ 7 | o(z) = z'}. [KT08] showed that Z/ Z; (Z N H) is finite. It
follows that Z'/ Z; (Z'n H ) is finite. This means (7, V) is (H, A)-relatively cuspidal

if and only if ¢, ,(z) is compact modulo Z;f[ for all v € V.

Lemma 5.2. For a compact subgroup C of é, Z;é?[ N §’+(1) 15 contained 1 a

subset of 5'7(1) that is compact module Z,—

In [KT08], the reductive version of this lemma is proved, and we simply apply p~*
to get our result.
Now we prove the “if” part of
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Proof. Let P=MU bea proper o-split parabolic subgroup of G with the (o, F)-split
component S'. Assume (7, V) is (PAI , A)-relative cuspidal. Let K, be one of the open
compact subgroup of G from section 3. Since VE» is finite dimensional, we can take
a compact subset C of G such that the support of ¢, , is contained in Z;(?’ﬁ for all
v € V. Due to the compactness from the previous lemma, we know there is a small

real €’ such that for o € A\I,
Z:CH N S*)c{s=pUs) eS| 1<|s"|r<e '}

Note that for § € (&), 5% ¢ Z;éf[ N S (1). Therefore, for all § € S~ (&)
and v €V,
A7 E)) = a3 = 0.
Additionally, by proposition we know we can choose a small real €’ such that
for 5 € S ("),

55(3) 2 (rp(N), 75 (3)p()) = (A 7 ().

Choosing ¢ = min(e’, "), we know

(rp(\), mp(8)jp(v)) = 0

for all § € S~ (¢) and v € VK. This shows r5(A) is zero on jp(VE) = (Vz)fm.

Finally, we run the same argument for all {[A( }, we know r3(\) =0 on Vz. [

To prove the “only if” part, we start on the level of a reductive group G. Let
Py = MyUy be the minimal o-split parabolic corresponding to a fixed (Sp, Ag, A)
and H be the o-fixed subgroup of G. Let P = MU be a parabolic subgroup of G
with (o, F)-split torus S. We fix an element v € (MoH)(F) = MyH. As [KT0§]
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constructed in section 6.5, denote m, = (o (vy))~!, and there is an F-involution o,

on (G defined as

o,(g9) = myo(g)m; .

It can be easily checked that the o.-fixed subgroup of G is identified with yH~ ™,
and we denote H, = yHy~!. Now we take it to the level of é, and work on H and
ﬁw- S is also a (0., F)- split torus and a o-split parabolic subgroup P is also o,-split.
This allows us to adapt the definition of r5 by changing o to o, and H to ﬁw and
we get to view 75 as a mapping from (V"‘)ﬁW to (V*)Mﬂﬁv.

On the other hand, let Q = v !P~v. From the definitions, this is still a o-split
parabolic with (o, F)-split component v~1Sv. As a parabolic subgroup, we have
Q = M,U,, where M, = v 'M~y and similarly for U, = 7y 'Uy. Again taking
everything to the level of é, we get @ = J\A/[;ﬁ;, and we have a corresponding
TG (V*)ﬁ — (V*)Mmﬁ. Now, we have two r and rg, one from a different in-

volution and one from a different parabolic subgroup. Let 75 is an isomorphism that

~ —

maps V(U) to V(U,).
Lemma 5.3. There is a mapping f, : (V*)ﬁ — (V*)ﬁV such that for every \ €
(VHH v eV,
(rp(fx (M), 3p(0)) = (rg(N), Jg (w5 (v))).
Proof. Denote p~'(y) =7. From 75, we can induce a isomorphism

T55: Ve =V/V(U) = V/V(U,) = V5

and clearly 75 5(j5(v)) = jg(m5(v)) (2). Now, let X' = r5(\) o 75 5, and we want to
show that this \’ satisfies the uniqueness part of . Let e < 1, and 5 € (), we
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look at the following equations:

o BN m5(3)p(0) = g\ 75 (02 @ mp(E)ip0)))
= (rg(\): ™5 gUp(T(3)v))) by equation (1)
= (rg(\), Jg(m5(w(3)v))) by equation (2)
= (rg(N), 6 (759w (7 39 (73 (v))) by (1)

applying@Zto Q@ = (A, (7715775 (v)).

Define f,()\) as (f, A, 7(3)v) = (N, 7(7~159) 75 (v)).
In summary,
o7 AW, m5(3)p() = (A 7(G)),
and by the uniqueness of , we showed that X = r@(A) o 7p a5 is the same with

Tﬁ(f,y)\), i.e.,

(rp(fA),d5(v) = (rg(M): 75 5(15(0))) = (rg(A), Jg (5 (v))

finishing the proof.

Lemma 5.4. Let w,V be an irreducible admissible representation of G. Let ﬁ; =
ZT/[/I(//\} be a standard parabolic subgroup with respect to a fized (So, Ag, A) and o-split
I € A as discussed in section 2. Take v € MyH and Q compact subset of G. Take

A€ (V*)ﬁ If ’I"’yfl‘]g’y()\) = 0, then for each v € V, there exists a positive € < 1 such

that the matriz coefficient @y, =0 on ﬁSﬁ(sﬁﬁ

—_—

Proof. Take w € 0,5€ Sl_(s),/f; € ﬁ],
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ox0(@3 ) = (A, w(h ) msm(3)m(@)o)
since A € (V)H = (A x(h rgm(3)m(@)o)
= (LA 7(@Em@ o)
since f,(\) € (V) by =62 (rp (f5(N) ,75(8)ip(m(@ 1))
by equation (1) = (rz (£,(N) , jp(r(F)m(@ ")v))
by the previous lemma = (r = (V) , -1, (w37 (3)7(@ "))

by assumption =0

Here is the proof of the “only if” part:

Proof. Assume r5(\) = 0 for all o-split parabolic subgroup P. Recall that we want to
show the support of ¢, ,(z) is compact modulo Z;ﬁ for all v € V. [KT08, section 3]
showed a decomposition of G = QSITH. By applying p~*, we have G = ﬁé} TH,
where €) is a compact subset of G and I is a finite subset of MyH. By the previous
lemma, we run through all v € T' and o-split subset I C A. As a result, let € < 1 be
the smallest € in the previous lemma, then for any s € g{f(l) N 5}_ (€), pao restricted
to Q5 'T'H is identically zero. This means that for any § € Sh=(1), if @ restricted
to Q5 'TH is not identically zero, then 3 is not in S/~ (e) for any o-split I € A.

Therefore, the support of ¢, , is the union of O5~'T'H where s runs over all
(557 (1) | e<|s? <1foraeA\A,},

which is finite modulo Z;g(’)_. Therefore ¢, () is compact modulo Z;}AI for all v.
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Chapter 6

Relative subrepresentation
Theorem for a finite central
extension

To understand the statement of our main theorem, let us recall the definition of
induced representation. For a parabolic subgroup P = MU of é, let (7%, V#) be a
representation on M. Then the induced representation Indg(ﬂ#) is a representation

of G acting on the space
CVH# = {r- O # ooy SU2 s # oy
Indz(V7) = {r: G = V7 | 7 smooth and m(umg) = 63" (m)n™ (m)n(g)}
by right translation.

Theorem 6.1. Let (m,V') be an irreducible admissible H -distinguished representation
of G. Then, there exists a o-split parabolic subgroup P=MU ofé and an irreducible
MnN ]:l—relatively cuspidal representation 7 of M such that 7 is a subrepresentation

of Indg(w#).

Proof. We use induction on the dimension d of the maximal (o, F)-split tori of G/Z'.
If d =0, it is shown in [HW93, Propositon 4.3] that G / Z'H is compact, therefore

every admissible H -distinguished representation is i -relatively cuspidal.
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Assume now d > 0. If (7, V) is H-relative cuspidal, then there is nothing to prove.
If not, then there exists a A € (V*)ﬁ such that 7 is not (H, A)-cuspidal. By theorem
, we know there exists a proper o-split subgroup P of G such that r 5(A) # 0. Find
a minimal among these ﬁ, and we call this minimal one @ = M'U". Tt is known that
every parabolic subgroups of M’ is in the form of M’ N Q' where ()’ is a parabolic
subgroup contained in Q. By proposition , rirng (Ta(A) = rg(A). Since Q is the
minimal parabolic subgroup that rz(A) # 0, we have r,(A) = 0. Now, invoking [5.1
again, ry7,5(rg(A)) = 0 means 74 is (M’ﬂﬁ, r5(A))-relatively cuspidal. Proposition

[2.5] gives an irreducible subquotient p'. By the Frobenius reciprocity,

Homg(m, Indg(p’)) ~ Homgy, (75, )

and therefore we have an embedding of 7 into Indg(p’ ). For the induction step,
denote A” to be the F-split component of M’ Then, looking at the maximal (o, F')-
split tori in M’ / A" , the dimension is strictly less than d. Therefore, applying the
induction hypothesis to p/, there is a o-split parabolic subgroup of G , denoted by ﬁ,
where M’ N P = ]\N/[0(70 is a o-split parabolic subgroup of M’ and pis a M{) N H-
relatively cuspidal representation, such that p’ is a subrepresentation of Ind%ﬁ A ﬁ(p).
Finally, this means 7 is a subrepresentation of Indg(lnd% A é(p)), which is isomorphic

to Indg(p). This finishes the induction step, and the proof is complete.
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Appendix A

Appendix

A.1 Appendix 1: A example of such finite central
extension

In this section, we describe one example of a specific finite central extension G
that was mentioned in [BLS99].

Definition A.1. A map c: F* x F* — of is called a Steinberg Symbol if for any

x,y,z € F* it satisfies:
L c(z,y)e(zy, 2) = c(z, y2)c(y, 2)
2. ¢(1,1) = 1, c(x,y) = c(z™t, y™h)
3. ¢(x,y) =c(x, (1 —x)y) for x # 1
If ¢ furthermore satisfies that c(zy, z) = ¢(x, z)c(y, z), we say it is bilinear.

Given an Steinberg symbol ¢ : F* x F* — &/, we have an important theorem (cf.

[BLS99], Theorem 1.5)

Theorem A.2. When c is bilinear, there exists a central extension

—_—~—

1> —-GF)—GF)—1
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When c is a second order Hilbert symbol, it is shown that for non-Archimedean

local field E, we have this exact sequence

—_~—

1= ps— GE) = GE)—1

For a quadratic extension E/F, G(F) is a subset of G(E) and there exists a

splitting s of G(F). This gives us the following diagram:

—_~—

where G(F), as a group, is isomorphic to G(E) X ps.

Furthermore, we have an involution o on G. For g € G(E), it is a E rational point
of G, and ¢ takes each coordinate to its conjugate regarding the quadratic extension
E/F. Tt is easy to check that G(F) = {g € G | 0(g9) = g}. These are all the criteria

we need for our GG, and conclude this concrete example.

A.2 Appendix 2: Proof of Proposition

This section focus on prove the following proposition:

Proposition A.3. Any finitely generated (]/-\I,/\)—cuspidal representation ofCN} has a

nontrivial H -distinguished irreducible quotient representation.

Let us start with some definitions.
Let C°°(G/H) denote the space of all H-invariant locally constant complex valued

functions on G, on which G acts by left translation. Now we can define T)(v) = i,
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as a map from V to C>(G/H), for \ € (V*)ﬁ and v € V. Let C2°(G/H) denote the
subspace of C’“’(é / H ) consisting of all functions compactly supported modulo Z'H.
For a fixed quasi-character w of Z’ which is trivial on Z’ N H, C’gfw(é /H) denote

the space of all ¢ € C°(G/H) such that
p(z9) =w™ ' (2)¢(g)
forzEZ’andgEé

Definition A.4. For an admissible representation (m, V') of G and a quasi-character
w of 7' , let

V, ={veV|r(z)v=uw()foral z € Z'}
We call a subrepresentation (7/, V') of (7, V') to be an w-subrepresentation of (m, V)

if V' is contained in V,,. If furthermore V' = V,, we say V' is an w-representation.

Lemma A.5. Let (7, V) be an admissible representation ofé-’ of finite length. Then
there exists a nontrivial quotient representation of V' which is isomorphic to an w-

subrepresentation of V' for some quasi-character w of Z'.

Proof. From [Cas95, 2.1.9], we can decompose V' into @ V., «, where w runs over a

finite set of quasi-characters of A , and

Vw,oo = U Vw,n
where
Vipn = {v € V|(r(2) —w(z))"v =0 for all z € Z'}.

It suffices to consider the case V =V, for a fixed quasi-character w. If V is

simply V,,1 = V., then there is nothing to prove. If not, then there exist elements
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Zo € 7' such that
W(Zo)vo - W(Z()>U0 7£ 0.

Now we consider ¢y = (m(z9) —w(z0)) from V to V. This is a nonzero G-morphism
with nontrivial kernel. We look at the image of ¢1, V4. It is a proper G-submodule of
V. If Vi CV,, then V/Ker(¢;) = V; gives the desired quotient, then we are finished.

If not, we can find z; € 7' and v1 € Vi such that
m(z1)vy —w(z1)v1 # 0.

We look at ¢ = (m(21) —w(z1))|v;. Similarly, let V2 be the image of ¢, which is a

proper G-submodule of V;. If V5 is not a subset of V,,, we repeat the same process,

giving us a decreasing sequence

V2Vi2Ve2 .

Since V' is of finite length, we must have V;, C V,,. Then, V/Ker(¢yo...0¢1) = Vj

gives the desired quotient.

Let X(G, R%) denote the positive valued character of G. Let
X(G/H.RY) = {x € X(G.RY) | xlu =1}.
We define X(Z’,Ri) and X(Z' N f[,Ri) in the same way.
Lemma A.6.

1. The restriction map
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res: X(G,RX) — X(Z',RX)
res(x) = x|z
15 bijective.
2. res in part 1 sends X(é/ﬁ,Ri) to X(Z'N ﬁ,Ri) bijectively.

Proof. Part 1 follows from [5.2.5|Cas95|. For part 2, for any y in X(é/ﬁ,Ri), it is
obvious that x|z lands in X (Z')Z' N H ,RY). Therefore it is automatically one to
one by part 1.

To show it is onto, pick w € X(Z’/Z’ N f], RZ), and by part 1, we can pick a
X € X(é,Ri) such that x|z = w. Now for any z € 7', we have o(z) € H and

20(2) € Z' N H. Thus w(zo(z)) = 1. This means w o o = w~'. Now, consider

(xoo)lz =(Klz)oo=woo=w"=(xz)" =x""3.

Again, by part 1, this means yoo = y~. Forany h € H,x"'(h) = xoo(h) = x(h),
this shows x(h) =0 for h € H. Thus y € X(G’/ﬁ,Ri), showing it is onto.

As we showed it is both onto and one to one, this finishes the proof of part 2. W
Here is the proof of proposition in the main paper.

Proof. Let (m,V) be a finitely generated (H,\)-cuspidal representation of G with a
fixed \ € (V*)ﬁ By definition, Ty (V) € CgO(é/ﬁ) By |Cas95, 6.3.10], because the
quotient V/Ker(T)y) is finitely generated, it also has to be of finite length. Directly
applying lemma [A.5|we can get a quotient representation (7', V") of V/Ker(T)) that
is isomorphic to an w-subrepresentation of V/Ker(Ty) = T\(V) C C(G/H) for
some quasi character w of Z//Z' N H. We can view (7', V') as a subrepresentation of
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Cgow(é/f[) Now consider |w|™ € X(Z'/Z' N fl,Ri), and by the part 2 of previous
lemma, thereis a x € X(G/H, R’) such that x| = |w|™*. Then now we can consider

the representation y, 7’ on V' defined by

(x7")(9) = x(9)7'(9)

for all g € G. It can be regarded as a subrepresentation of gfwu(é / H ), where w, =
w - |w|™!. Note this w, is clearly unitary. By [KT08, 1.8] and [Cas95| 2.1.14], we can
decompose w -7’ into a direct sum of finitely many irreducible subrepresentations. By

the same decomposition, we have 7’ as direct sum of irreducible subrepresentation. W
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