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ABSTRACT

This research investigates the ability of locating a moving object using the Doppler
shifts of a carrier frequency signal sent or reflected by the object and observed by
several fixed or moving sensors spatially distributed in the 2-D or 3-D space. The
idea was previously studied and several solutions are proposed based on exhaustive
grid search or numerical polynomial optimization. We shall formulate the problem as
a constrained optimization and propose two efficient solutions. The first is by using
linear optimization method to reach a closed-form solution and the second is through
semi-definite relaxation technique to achieve a noise resilient estimate. The solutions
are derived first for the single-time measurement and then developed to multiple-
time observations collected during a short time interval in which the object motion is
linear. Several scenarios are considered including 2-D and 3-D localization geometry,
the sensors are fixed or moving along nonlinear trajectory with random speed, the
presence of errors in the carrier frequency and the sensor positions, and the non-
cooperative object scenario where the frequency of the carrier signal is completely not
known. Analysis validates the algebraic closed-form solution in reaching the Cramer-
Rao Lower Bound accuracy under Gaussian noise within the small error region. The
simulations show good performance for the proposed algorithms and support the

theoretical analysis.
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Chapter 1

Introduction

1.1 Background and Motivation

Localizing a moving object in a network of sensors finds interest in a wide area of
applications including airborne surveillance, navigation, search and rescue, air traffic
control, unmanned aerial vehicle and many others [1, 2, 3, 4, 5, 6, 7, 8]. The objec-
tive of a positioning system is to determine the location of one or multiple objects
in the two-dimensional (2-D) or three-dimensional (3-D) space. A positioning system
can appear in various forms having different configurations, usages, reliability, perfor-
mance, complexity and other attributes. The location information of a stationary or
moving object can be extracted from the interaction between the object and the time,
frequency, energy or bearing signals collected by spatially distributed sensors during
single or multiple time instants. In all these measurements, the object location pa-

rameters are non-linearly related to the available observations [9, 10, 11]. In the past



few years, huge amount of researches have been done making use of the technology
advancement to develop new solutions with better accuracy and lower computational
complexity [12, 13, 14, 15, 16].

In general, the most common strategy is to measure the time information of the
signal. Time measurements such as time of arrival (TOA) or time difference of arrival
(TDOA) are used to form a set of circle or hyperbolic equations and solutions to
these nonlinear equations have been proposed over the years that are computationally
efficient and able to achieve the optimal accuracy. Some of these solutions are based on
iterative methods [17, 18, 19, 20], algebraic closed-form solution (CFS) [21, 22, 23, 24],
numerical search [25, 26, 27| and semi-definite relaxation SDR [28, 29, 30, 31]. Similar
approaches were proposed based on bearing measurements such as angle of arrival
(AOA) [32, 33, 34, 35, 36], energy measurements such as received signal strength
(RSS) [37, 38, 39], or a combination of these measurements [40, 41, 42|. Frequency
measurements like Doppler shifted frequency (DSF) or frequency difference of arrival
(FDOA) can also be exploited to improve the localization performance when there is
relative motion between the object and sensors. Including frequency measurements in
addition to time, several algorithms have been developed in closed-form [9, 10, 43, 44].
Localizing an object using frequency only measurements has attracted considerable
interests over the past few years. It has been driven by the technology advancement
capable of acquiring high precision frequency observations [45, 46, 47, 48, 49], as well
as the increasing demand of innovative approaches to cover a wide range of localization
applications that have been largely expanded to indoor positioning, dynamic routing,
self-driving vehicle and others [50, 51, 52].

Frequency measurement contains important information regarding the velocities of



both the transmitter and the receiver. Such property is quite unique and is in demand
to be studied in depth. However, because the frequency measurement depends on the
radial velocity between the object and sensor, it is required at least one of the two
nodes (object or sensor) to be in a moving status. It is also important to know that
the position and velocity are related in a highly nonlinear fashion with the observed
frequency. This made the problem difficult to be addressed by many researchers and
the usual assessment was to join the frequency with another type of measurement to
simplify the model and make it solvable through various solution approaches [9, 10].

Under some conditions, it might be difficult, costly, unreliable, or even impossi-
ble to have another sort of measurement besides the frequency. For example, TOA
measurements require an accurate timestamp of the transmitted signal and all the
sensors in the network need to be synchronized [53]. The timestamp information is
dropped when using TDOA measurements, but one of the observations should be
used as a reference, which degrades the overall performance [54]. Depending on the
nature of the emitted signal, frequency measurement can have a much higher resolu-
tion than time observation when it has a long pulse duration and narrow bandwidth
[55, 56]. Acquiring both time and frequency measurements could be computationally
demanding due to the evaluation of the ambiguity function [57] or the signal time
scaling [58]. Furthermore, when the emitted signal is very narrow band that is close to
a pure tone, time measurements can be highly inaccurate, which renders their useful-
ness for localization. In the underwater environment, the accuracy of frequency-based
localization algorithms can be increased at a very low cost and their transmit-receive
devices are less complicated compared to those used with time measurements [59].

DOA measurements need the object to be static and their performance is highly de-



graded in shallow water because of the signal interaction with the surface and bottom
of the sea [60]. RSS based localization algorithms are affected by the inaccuracies of
the theoretical, roughly calibrated or imperfect channel models used to compute the
location [61]. It may be more direct to use frequency measurements only for localiza-
tion in such circumstances. Thereby, It is the subject of this research to investigate
the positioning of a moving object by utilizing the DSF measurements observed at a
number of spatially distributed sensors.

From the algorithm perspective, positioning a moving object by frequency obser-
vations only can be more challenging than using time, angle or energy measurements
because frequency observation depends not only on the object position as in other
observations but also on the object velocity, and the two unknowns are coupled to-
gether. It is also more complicated than using the frequency observation together
with the time measurement where the model can be simplified by exploiting the time
measurement [1]. To limit the scope of this study, we shall focus on single object
positioning using Doppler shifts observed at a number of distributed sensors. The
moving object will be considered as a point-source since it is relatively small in size

compared to the localization region.

1.2 Doppler Effect

The Doppler effect first proposed in 1842 by the Austrian mathematician, Christian
Doppler, it is the change in the frequency of a wave when the transmitter and the
receiver are in relative motion [62]. Doppler specifically raised the idea that the

change in the color of stars is due to their relative motion with respect to earth not
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Figure 1.1: Doppler Effect Illustration.

because of the change in their temperature [63]; he also assumed that this exploration
is applicable to all kinds of waves. Fig. 1.1 illustrates Doppler effect on sound waves.
In 1845, Buys Ballot proved Doppler’s theory on sound waves by using two sets of
trumpeters that have the same note with perfect pitch match, one set on a moving
train and the other kept stationary at the train station [64]. Ballot noticed that the
frequency of the two notes was not the same when the train passed the station. In
1868, Doppler effect began to have enormous significance to astronomy when William
Huggins showed that the dark spectral lines of the brighter stars are slightly shifted
from their normal position in the spectrum of the sunlight to the red or blue color
due to the star’s motion towards or away from the earth. Because the wavelengths of
the spectral lines can be measured precisely, this technique helped later to measure
the velocities of the solar prominence, double stars and rings of Saturn [65]. In 1958,
The Applied Physics Laboratory of Johns Hopkins University (APL) developed the
first satellite positioning system that uses Doppler effect to localize a receiver on the
earth. The system uses the received carrier frequencies to determine the velocity of
a moving receiver [66].

Nowadays, Doppler effect is used in many different fields ranging from medical

applications, such as ultrasound imaging, to weather forecasting, traffic control and



military usages, such as target tracking. Table 1.1 lists several outstanding Doppler
applications. Due to the technology advancement of digital processors, Doppler shift
can be measured very precisely with relatively low cost for both microwave signals in
radars and acoustic waves in sonars [67, 59]. This helped to expand the frequency-
based usages to other applications like wireless sensor networks (WSN). The accuracy
of estimating Doppler shift depends on many factors including the operating carrier
frequency and the bandwidth of the signal. In general, we can achieve better Doppler
shift resolution by using higher carrier frequencies; however, each frequency has its
own advantages and weaknesses. As an example, every application is limited by a
specific frequency band for operation; also, higher frequencies usually require more
complex devices which increase the total system cost.

Another way to enhance the accuracy of Doppler measurement is by using narrow-
band signals with the developed discrete Fourier transform algorithms. Narrowband
radars/sonars can be implemented with much lower complexity and hence, lower cost.
On the other hand, the high power of single-frequency carriers creates significant in-
terference to the environment in addition to increasing transmitter detectability by
the adversary intelligent systems. Nevertheless, new techniques like the narrowband
frequency hopping (NB-FH) can help to combat the peak power spectral density and

still maintaining the narrowband advantage [68].



Table 1.1: Doppler Effect Applications

Stars motion

Astronomers use Doppler effect to measure
the movement of stars relative to Earth.
Approaching stars shift the light spectrum
towards shorter wavelengths whereas re-
ceding stars shift it towards longer wave-
lengths.

Doppler
echocardiogram

Physicians and medical technicians apply
Doppler effect in the medical field to mea-
sure the direction and speed of blood cells
inside the artery of the patient using ultra-
sound waves.

Radar gun

Police officers use radar gun that rely on
Doppler effect to check for speeding cars.

Weather
forecasting

In storm systems, meteorologists use
Doppler technology to detect the direction
and velocity of raindrops. These measures
are used then to predict the weather pat-
terns for the next minutes or hours.

Target tracking

Continuous wave (CW) and pulsed
Doppler radars use Doppler effect to
discriminate between a moving and sta-
tionary targets. In addition, these radars
provide accurate range and angle tracking
of a moving target in the presence of
ground clutter.




1.3 Applications

1.3.1 Acoustic Sensor Networks

Underwater systems are growing fast to support the applications of both civilian and
military needs. Underwater communications depend mainly on acoustic signals be-
cause of the physical constraints that limit the propagation ability of electromagnetic
waves [69]. The acoustic signals have better transmission characteristics in water than
in air. They can travel over larger distances because they undergo less attenuation,
their speed is four to five times higher, and they can reach much higher intensity
levels [70]. Underwater acoustics is essential and indispensable in mastering most of
the human activities at sea. However, these advantages are mitigated by the high
ambient noise level and undesirable echoes that perturb the useful signals. Compared
to electromagnetic waves used in free space, the acoustic signal has a much higher
latency characteristic and thus, it can only support limited underwater distances.
The frequency-dependent propagation loss limits the bandwidth of the underwater
channel to a few kilohertz [71]. Furthermore, underwater devices are expensive and
energy consumers [69]. These challenges in addition to the medium variability in both
time and space, lowered the performance of underwater communication systems.
New technologies helped to lessen the above challenges and facilitate the difficul-
ties to produce more efficient communication systems. These include the small size
and high-speed processing unit, which increases the accuracy of the sensor measure-
ments, the design of the autonomous underwater vehicle (AUV) that brought mobility
property into network designs to enhance the accuracy [72] and the implementation

of multiple sensor nodes which raises the information rates and enlarge the coverage
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Figure 1.2: Acoustic positioning system.

area [73].

Target detection and location systems using acoustic signals are commonly called
sonars. These systems use either echo of the transmitted signals (active sonar) or the
direct signal received from a target (passive sonar). In the underwater environment,
the accuracy of frequency-based localization algorithms can be increased at a very
low cost compared to those use time measurements. Also, the time measurements
transmit-receive devices are more complicated than those used to produce frequency
measurements [59]. Furthermore, DOA measurements need the target to be static and
their performance is highly degraded in shallow water because of the signal interaction
with the surface and bottom of the sea [60]. Under some circumstances and when
there is a relative motion between an object and a network of sensors, the DSF
measurements might be preferred to be used for the object positioning service. Fig.

1.2 illustrates typical acoustic positioning system.



1.3.2 Airborne Target Positioning

Detecting and Tracking an airborne target has been continuously developing over the
last 80 years since the radar was first introduced in the late of 1930s. Radar uses
electromagnetic (EM) waves for detection and ranging. EM waves travel very fast,
around 300,000 kilometers (186,000 mi) per second through the atmosphere. Unlike
the acoustic signals that need molecules of solid, liquid or gas for their propaga-
tion, EM waves do not require molecules and can travel not only through a material
medium but also through a vacuum of space. Because EM waves travel much faster
than acoustic signals, radars can cover a much larger geometrical region compared
with that covered by sonars when considering both are working on their intended
environments. Regarding the frequency of operation, radar systems support a wide
range of frequencies that extend to few gigahertz, while sonar systems can only work
within tens of kilohertz.

In the last two decades, multiple-input multiple-output (MIMO) radar has been
introduced as a newly emerging technology in the design of radar systems. The
essence of the MIMO radar is to employ multiple, spatially distributed transmitters
and receivers for emitting several orthogonal waveforms and capturing their echoes
reflected by a moving target. One of the main problems of the conventional radar
system is the target fading resulted from the low coherent gain obtained from the
processing of the echos received by the array elements. In the MIMO radar system,
the independent signals received at the widely separated antennas are exploited to
improve the radar performance [74]. The spatial variations of the target’s radar cross
section (RCS) associated with the noncoherent processing of the signals can be used

to obtain the diversity gain for the estimation of several parameters like the direction

10



of arrival and Doppler [75]. The Doppler shifts included in the reflected echos have
information about both the position and velocity of the target. Fig. 1.3 illustrate the

operation of MIMO radar system.

Figure 1.3: Hlustration of MIMO radar system.

1.4 Literature Review

Localizing an object in the 2-D or 3-D space based on frequency only measurements
has been widely discussed in the literature with different scenarios and different ways
of intercepting the signals sent by or reflected from the object. A less complex sce-
nario for frequency-based localization is that the source is stationary and the sensors
are moving with known positions and velocities. Such a scenario has found many ap-
plications related to radar and indoor localizations [76, 77, 78]. Some considered using
only one moving receiver that intercepts the transmitted signal at multiple short in-

tervals along the receiver’s trajectory and others investigate several moving receivers
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with each of them intercepts the transmitted signal only once for a one-time solution.
Many solutions of different complexity and performance have been developed over
the years and encouraging results have been reported [79, 80, 56, 81, 82, 11]. Numer-
ical search solutions are proposed with different levels of computational complexities
(79, 80, 56, 76, 78], some of these argued that their approach can work better than
two-step algebraic solutions under high level noise situations [80, 76]. A low cost CFS
is proposed by [59] for a proactive scenario to localize an underwater vehicle using
only one moving sensor. In [81], another CFS estimator is proposed with special
treatment to the bias problem associated with the pseudo linearization method. [82]
derives two solutions based on CFS and SDR and provides treatment to the sensor
locations uncertainty.

Another scenario is that the source is moving and the sensors are stationary. The
source velocity is an unknown parameter in addition to the position. 2-D localization
by DSF under this situation was considered in [83, 84, 85] by using computationally
demanding numerical grid search to reach a solution. To reduce the computational
complexity, [83] took the rate of change in DSF as additional measurements such
that the search dimension is three. Besides the low computational efficiency of this
method, it uses the DSF rate, which is not a very reliable quantity and rarely to
be used. [85] presented a different formulation by introducing some intermediate
variables, which are products of some of the unknowns without using the rate of fre-
quency change and the search dimension is two. The method can be easily developed
to 3-D localization with an increment of one in the search dimension. The method
suffers from ghost solutions when a limited number of measurements are used. [84]

addressed the problem by using the extra measurement of DSF derivative in addition
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to DSF, where one dimensional grid search is sufficient for localization in 2-D by
three sensors. [86] extended the application to a MIMO scenario for the tracking of
a moving object through the signal reflections associated with different transmitter
and receiver combination pairs. [87] discusses the ability to locate multiple moving
targets using several fixed receivers in the 2-D space. The approach was to do an
extensive four dimentional grid search to find all the points that regenerate the re-
ceived frequency. This procedure is repeated for each one of the frequencies measured
at the different receivers. The locations of targets can then be estimated from the
intersection points of the surfaces generated by each receiver with the help of pattern
recognition techniques.

Recently, [88] expressed the DSF measurement model in a polynomial optimization
form and applied a software optimization package to obtain a solution. This method
assumes the source frequency is known and the performance is suboptimal as it did
not include proper weightings for the error and the algorithm will need to convert
the polynomial model to a sum of square and then to a semi-definite programming

(SDP) formulation.

1.5 Contribution of the Research

This research advances further the method of locating a moving source by DSF mea-
surements. Different from the previous methods where exhaustive grid search or
numerical optimization is necessary, we propose a novel formulation to the problem
that enables the development of a computationally attractive algebraic closed-form

solution or a noise tolerant convex optimization solution. Furthermore, we provide
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comprehensive treatment to the problem where the source frequency has errors or
is unknown, sensor position errors can be present, successive-time measurements are
available to improve localization, and sensors are moving along nonlinear trajectory
with random speed.

At the beginning, we consider the less complex scenario where the localization
geometry is 2-D. The development starts assuming the source frequency is known
but subject to random errors. We propose a novel nonlinear transformation of the
frequency measurement model to a pseudo-linear form by introducing some nuisance
variables. The localization problem is then converted to a quadratic optimization un-
der a set of quadratic constraints relating the independent unknowns and the auxiliary
variables. Solutions to the constrained optimization are derived using the linear opti-
mization method that leads to an algebraic closed-form solution or the semi-definite
relaxation (SDR) technique that yields a noise-resilient solution. The algebraic so-
lution is analyzed and shown to reach the optimum accuracy level described by the
Cramer-Rao Lower Bound (CRLB) over the small error region under Gaussian noise.
Both solutions are next extended to the situation that the frequency measurements
at successive times are available to improve performance, where the source is in linear
motion. After that, we consider the non-cooperative scenario in which the source
frequency is completely not known. Taking advantage of the solution for the case of
known but erroneous source frequency, a new approach is proposed for joint estima-
tion of the source frequency, position and velocity that is computationally attractive
and able to achieve the CRLB performance.

Then, we consider the development to 3-D positioning scenario where the measure-

ment model is more complex as the number of unknown variables increased by two
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compared with the 2-D case. Assuming the carrier frequency is inaccurately known,
we transformed the nonlinear DSF equation to a pseudo linear one by introducing
some nuisance variables and then, we built the quadratic cost function with several
quadratic constraints that relate the independent unknowns and their polynomials.
Two solutions are proposed to minimize the constrained cost function and deliver the
object location estimate. The first one is by using a linear algebraic method that
yields a CFS , and the second one is by transforming the cost function to an SDP
problem and solve it using the SDR technique. Then, we extended the methods to
the multiple time measurements model in which each sensor collects several measure-
ments during the non-maneuvering status of the object. Also, we discussed the case
when the carrier frequency is completely unknown and derive a new estimator that
jointly estimates the frequency and the object location by making use of the two
solutions to the case of the inaccurately known carrier frequency.

Later, we investigate the moving sensors scenario where each sensor moves along
nonlinear trajectory with random speed and collects frequency measurement from
the object. Based on the same derivation approach, the CFS and SDP solutions are
derived for 2-D single-time , 2-D multiple-time, 3-D single-time and 3-D multiple-time
localization cases. Analysis of the algebraic solution is done to obtain the additional
conditions, due to the sensor movement, that are needed to be fulfilled for achieving
optimum accuracy.

The CFS is proved theoretically and by simulation to reach the CRLB accuracy
under a low level of Gaussian noise. The SDP can tolerate higher noise levels and
work with a fewer number of measurements. Although the 2-D and 3-D solutions idea

is the same, the derivations for the 3-D case have a lot of differences with the 2-D one.
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These differences came from the fact that the CFS and the SDR derivations highly
depend on the number of unknown polynomial terms and the relations among. The
details of 2-D and 3-D localization problems and the proposed solutions are presented
on Chapter 3 and Chapter 4 respectively. In Chapter 5, we presented the solutions

when the sensors are moving.

1.6 Content Organization

The dissertation is organized as follows. Chapter 2 introduces the problem scenario
and several existed solutions from the literature. It also includes the derivation of
the iterative maximum likelihood and the Cramer-Rao lower bound (CRLB) for the
problem. Chapter 3 explains the localization problem in 2-D case and the proposed
solutions. Chapter 4 extends the investigations and the proposed solutions to the
3-D case. Chapter 5 presents the scenario of moving sensors. Chapter 6 gives the

conclusion of this research.
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Chapter 2

Background

This chapter introduces the localization problem that we are going to investigate in
this research and summarizes other researchers works that have been done on closely
related problems. In addition, we shall derive a generic maximum likelihood estimator
that can be used for different scenarios of the problem, and also derive the Cramer-
Rao lower bound that will be used to evaluate the performance of different solution

methods.

2.1 Localization Scenario

Fig. 2.1 illustrates the localization scenario. An object starting at unknown position
u® € R? in the d-dimensional space is traveling at an unknown velocity u° € R?. It
emits a tonal at frequency f2 during the linear trajectory. The emitted signal is re-
ceived by M spatially distributed sensors at known positions s¢ € R% i =1,2,..., M,

in each of N consecutive time steps. The observation period is not long, so that the
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velocity remains the same over the duration. Each sensor is capable of determining the
received signal frequency, giving a total of M N frequency observations. We shall con-
sider the time step between every two successive observations as unity for simplicity

where the actual time step can be absorbed into u° as a multiplication factor. For 2-D

T ;0

o )T, u° = [2°, 9°]" and 8¢ = [z¢, y¢]" whereas for

localization, we define u°® = [z

oy, 2ol a0 = (20, 90, 29T and 8¢ = [x9, 4?2, 22]T.

3-D localization, we use u® = [x ¢

In each observation time k, the object is at the unknown position

u, =u’+ku°, k=0,1,...,N—1 (2.1)

The observed frequency in sensor i at instant k is [80]

fo(ug — )T

Jri =15 —

P P + nkyi, (22)
c Huk; — 87|

where c is the speed of signal propagation and ny; is the observation noise. Putting

together the frequency measurements from all M sensors at time k gives the vector

£ = [frrs fozs ooy fonr]” =+ 0y, (2.3)

and f7? is the true value of f;, without noise. n; is modeled by a zero-mean Gaussian

vector with covariance matrix Q. Over the N observation times, we have

f=[fL, £, ... fy " =f+n. (2.4)

The covariance matrix of n is denoted by Q,,, which is block diagonal with diagonal

blocks Qi, £k =0,1,..., N — 1, assuming the noise is uncorrelated at different times.
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The carrier frequency f2 is not fully known. There is some knowledge from the

past so that the known value f, is modeled by

fo:fg‘l’Afo; (25)

and the error Af, follows a zero-mean Gaussian distribution with variance O’J%o.
The available sensor positions are also not accurate and they are corrupted by the
additive noise As;,

s; =s; + As;. (2.6)

The sensor position vector is

s=[sl, s, ...t ]F =s°+ As. (2.7)

As is zero-mean Gaussian distributed with the covariance matrix equal to Q,. For
simplicity, the measurement noise, carrier frequency error and sensor position errors
are uncorrelated and the covariance matrices Q,, and Q, and the variance 012[0 are all
assumed known.

The localization scenario described is for the general case. In the particular situ-
ation that the measurements are from a single time instant only, IV is equal to 1. In
addition, if the carrier frequency is completely not known, szco will correspond to oo.
Q. will be zero if the sensor positions are accurate.

The objective is that given the M N frequency measurements together with the
available carrier frequency f, and sensor positions s, we would like to estimate the
object initial position u® and its velocity u°. In the situation where multiple frequency

observations over a time period are used, the problem is indeed more appropriate to
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Figure 2.1: Localization scenario of a moving object.

be referred to as target motion analysis (TMA).

2.2 Chan Method

is 2-D and the scenario is single-time measurement.

In [85], Chan assumes the carrier frequency is unknown, the geometry of localization

described in (2.2) is highly nonlinear, the numerical grid search over some of the
unknowns is considered. Usually, It would require five dimensional search to solve the

problem, which is computationally expensive. Instead, Chan proposed introducing
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intermediate variables that are products of some of the unknowns to reduce the search
dimension to only two, over the position coordinates. The resultant intermediate
model becomes linear and solvable through the ordinary least square (LS). For each
grid point, the corresponding intermediate variables can be computed and then, the
measurement vector is reconstructed and compared with the actual one obtained form
the sensors. Among the trial grid points, the one that gives the best fit is selected for
the object location estimate.

We shall present Chan’s solution for the unknown carrier frequency case, followed
by the modified solution for the known carrier frequency case. The solutions can be

applied for both 2-D and 3-D localization when the variables are defined accordingly.

2.2.1 Carrier Frequency Unknown

The measurement model in (2.2) can be expressed in vector form as
T
0 {fé’ <u0f§>T] =f-n, (2.8)

where H® is M x (d + 1) matrix constructed as

—1 (UO_S?)T
¢ [Jue—st]]
1 o (uo_sg)T
H° — effwe=sgll | (2.9)
1 — (u°—s9,)T
U effue—st[
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The LS solution of f¢ and a’f? is

fo
uf,

= (H'H)'H'f, (2.10)

where H is evaluated at the trial object position u and the available sensor positions

s. The reconstructed measurement vector is
f=HMHH) 'H'f. (2.11)

Subtracting f from (2.11) will give the error vector associated with that particular

grid point and the cost function of it is

2

Ju) = ||f —f|| =7 (I-HH"H)'H)f. (2.12)

Minimizing (2.12) gives the solution to u® and the corresponding object velocity u°

is found from (2.10) with H constructed at the solution of u°.

2.2.2 Carrier Frequency Known

When the carrier frequency is known, the model is slightly changed to account only
for the location parameters. Let d; be the range rate between the object and sensor

i expressed as
T,0
(u®—s?)'u c
7

lwe —s?l /o

di =c(fo—fi)/fo= ni, (2.13)
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and collecting the rang rates of all sensors in one vector to get

d= [dl,dQ,...,dM]T:ﬁouo—fin, (2.14)
where H® is M x d matrix constructed as
o o o ] o (0] T
H — {(u —s7)  (u®—s9) (u _SM):| ' (2.15)
[ue —s9[| 7 [Jue — s3] e — %[l

The cost function at any object position u in this case will be
j(u) = d? (1 - ﬁ(ﬁTﬁ)—lﬁT) d. (2.16)

Thus, the estimation of object position is found from the grid search process that
minimizes (2.16) and the velocity of object is determined by the following LS opera-
tion,

u=(H"H)'H’d. (2.17)

2.3 Shames Method

Shames explained the scenario for locating a moving target using several fixed sensors
working on the active mode based on the frequency shift of the received signals [88].
Each sensor transmits a signal with a distinct carrier frequency f., ,7=1,2,..., M,
and measure the Doppler shift of the reflected one. The localization here is to be

achieved instantaneously without envisioning collecting information from sensors at
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a number of successive time instants. The Doppler shift measured by sensor ¢ is

(11° — <9\T'yy0
Jei(u Sz)o Y, (2.18)
¢ [[u? — 7]

where the constant 2 comes from the two-way signal propagation and e; is the mea-
surement noise. Since ¢ and f,; are constants and assumed known; it is more conve-

nient to deal with the range rate quantity similar to the one described in (2.13),

(u® —s¢)Ta° c
di = ‘ - €, (219)
we —s?l| 2 fe,
and d; here is cw;/(2 f.;), ¢ = 1,2,...,M. To solve for the unknowns, Shames

converted (2.19) to a polynomial equation (excluding the noisy terms) by multiplying
its both sides by ||lu® — s?|| and then squaring it to get

o __ O o __ O
(u—s0) (a2 = ((uo—s) o)+ 1= 5] (CH“ stll,

e — (u’ —sy Tllo) e;.
fc,i fc,i ’ Z> '

(2.20)
The second term on the right side of (2.20) is only noise and the idea is to find u

and u that make this noise as small as possible. Thus, the solution to (2.20) can be
found by minimizing the following cost function
M
s 0% =37 (w7 = s2)" (u” = s7)df — ((u° —s9)"0)?)"

(2.21)

(2.21) is polynomial in the unknowns and can be minimized using some modern
polynomial optimization packages such as GloptiPoly 3 [89]. The typical approach

followed in the polynomial optimization packages is to first transform the sum of
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squared polynomial functions to a hierarchy of semidefinite programming (SDP) re-
laxations whose associated optimal values converge to the global optimum and then
solve them using the available SDP solvers like SeDuMi [90] and SDPT3 [91]. The
size of the hierarchical SDP-relaxations grows fast with the number of unknowns and
the order of the polynomials, which limits the applicability of the approach to only
small or medium size problems [92].

The target location estimate proposed by Shames is
[u”, llT}T = min j(u®,u°). (2.22)

Any solution of (2.19) is also a solution of (2.22) but not vice versa as both u® and
—u° give the same cost value in (2.21). To remove the sign ambiguity of the velocity
parameters, Shames used the same LS formula described in (2.17) with d constructed
from the d;’s defined below (2.19) and H is found using (2.15) with u obtained from
the solution of (2.22).

The solution presented by Shames method can be used for both 2-D and 3-D
localization; however, for 3-D, the number of polynomial terms in (2.21) will be
excessive and GloptiPoly 3 will take much longer time to converge, as we shall see in

chapter 4.

2.4 Semidefinite Programming Method

Semidefinite programming (SDP) is an extension of linear programming (LP) and
share many features and characteristics of the corresponding LP algorithms, such as

the duality theory and solvability in polynomial time. Typically, it intends to mini-
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mize a linear objective function subject to nonlinear, but convex, matrix inequality
constraint. SDP can also be viewed as a special case of cone programming, which
has useful applications in combinatorial optimization, control theory, statistics and
others. The matrix inequality constraint is written in the form that all eigenvalues of
the matrix are non-negative; thus the matrix is positive semidefinite. Mathematically,

we can express the SDP problem as [93]

minimize A e®,
st.  Lje®=h;, j=12.4q, (2.23)

® >0,

where ® is the variable matrix that must lie in the cone of positive semidefinite
symmetric matrices, Ae® = >"_ 5" A(a,b)®(a,b) is the linear objective function
that need to be minimized and L; e® = h;, j=1,2,...,¢q are linear equations of ®
that must be satisfied. Note that A, Ly,...,L,, and hy, ..., h, are the data for the
SDP problem and they are assumed known and constant.

The idea is to convert the localization model of (2.2) into SDP problem similar to
(2.23) and solve it efficiently using some available SDP packages like CVX [94]. This
approach will be further elaborated and explained in chapters 3, 4 and 5. Similar
to this approach for other localization problems has been reached, to name but few
95, 96, 97, 43].

SDP solutions are robust and can achieve optimum accuracy under harsh local-
ization environments in which the measurements are limited in number and/or highly

disturbed by noise. However, on the other side, the computational complexity of SDP
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limits its usages to only problems that are not highly sensitive to time. The famous
interior-point method [98] that are commonly used to solve the SDP problems is an
iterative method that depends mainly on solving a least-squares problem of the same
size as the original problem at each iteration. Theoretically, the interior-point method
according to the worst-case analysis, can solve the SDP problems to a given accuracy
within time grows no faster than a polynomial of the problem size [99]. In practice,
the observations to the behavior of the interior-point method are very optimistic as
it shows much better computational efficiency than predicted by theoretical analysis

[100].

2.5 Maximum Likelihood Estimator(MLE)

The idea of the MLE estimator is to choose a value in the parameter space that
maximizes the likelihood for a data set as the estimate of the unknown parameter.
Given a set of data g, the likelihood function for an unknown parameter vector ¢° is
denoted by £(¢°;g). The maximum likelihood estimation is to choose the estimate
of ¢° at which the value of g is most likely to happen.

The method of maximum likelihood is very well-known in statistics. In general,
for a fixed set of data with a specific statistical model, the method of maximum
likelihood finds a set of values for the model parameters that maximize the probability
of observed data under its statistical distribution. For our localization problem, we

define the data vector g as

g=[f", f,,s"]", (2.24)
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and the unknown vector ¢° as

¢o — ['LIOT, uoT o SOT}T ’ (225>

We assume that the measurement noise vector n, the carrier frequency error A f, and
the sensor position error vector As are independent and identically distributed such

that the probability density function of g can be given by

p(gl9°) = p(£6°) x p(fol f7) x p(ss®) . (2.26)

We also assume that f, f, and s are normally distributed and their density functions

are respectively given by

1 1
flp7) = ——exp [ —=(f — £2(¢°)TQ(Ef — £2(4°)) ) | 2.27
) = oo (- F@QIE P ) e
o\ __ 1 _<f0_ (()))2
p(folf) = Gr exp (—20]%0 ) (2.28)
° *;ex —ls—s"T Ms—s") . .
pls) = e (56 -7 s - (229

Inserting (2.27), (2.28) and (2.29) in (2.26) and looking at it from different perspective
by considering f is fixed and ¢° is variable, this equation is called the likelihood

function,

—M(N+1)—1 —MN

£¢%g)=02m" = Q77 Q7T o))
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e )
P 2 207 2 ‘

(2.30)

To continue derivation, it is more convenient to deal with the log-likelihood function

which is obtained by taking the natural logarithm of both sides of (2.30) as shown

below,
(g g) =k — o (£~ £ Q7 (F— 1°(6°) — 507 (fo— 12
S5 -)TQ (58, (231)

where k is constant and does not depend on ¢°. Maximizing (2.31) is equivalent to

minimizing the following cost function

C(¢%) = (F—1°(¢°)" Q" (F—£°(8°) + 0,2 (fo — f)* + (s =) Q' (s — 7).

(2.32)

The idea is to find ¢° that gives minimum cost function. The minimum point of
the cost function is equivalent to the point where the slope of (2.32) is zero. Since
f°(¢°) is nonlinearly related to ¢°, the MLE will not have direct closed-form solution.
However, the MLE is still possible if there is an initial guess ¢, sufficiently close to
¢°. The nonlinear function £°(¢°) can be linearized and then iterative method can be
used to find the MLE. Consider ¢, is a point sufficiently close to the point that gives

minimum cost function value; the frequency measurement vector can be expanded
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using Taylor series as

£°(¢°) = £°(d) + G(¢0)(¢° — ¢0) + o([|¢” — &o]) , (2.33)

where G(¢°) is referred to the Jacobean matrix of f°(¢°) given by

o Of  [Oof  of of° of
G0 =567 = |ou au afs 9s | (2:34)

The partial derivatives in (2.34) can be found in Appendix A. Substituting (2.33) in
(2.32) will result in

(C(¢O) = (f - fo(¢o) - G(¢o) <¢O - ¢o))T le (f - f0(¢0> - G(¢o)(¢0 - ¢o))
+ 0 2 (fo— £+ (s =) Qo (s —5°) + ol|[¢” — o)) . (2.35)

Taking the derivative of the right side of (2.35) with respect to ¢° and equating it to

Zero give

0=-2G(8,)' Q' (f — £°(,) + G(¢,)p, — G(8,)¢°) — 20;7b] (fo — by, 8°)

— 2B, Q" (s — Bs¢") + o([|¢” — o[l (2.36)

where by, and B are the partial derivatives of f2 and s® with respect to ¢° respectively
and both are derailed in Appendix A. Neglecting the nonlinear terms of ||¢° — ¢, ||

and solving (2.36) for ¢° will give the iterative MLE solution.

1

Py = (G(¢1)TQ;1G(¢Z) + U;fb};bfo + BSTQs_lBS)f
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x (G(¢)"Q, ' (f — £°(¢) + G(¢)1) + 0;°b} f, + BIQ.'s) . (2.37)

The MLE in (2.37) is for the general case in which the localization geometry can be
2-D or 3-D, the scenario is for single-time or multiple-time measurements, the carrier
frequency is available or unavailable and the sensor positions are accurate or have
error. We set aJZf to zero when the carrier frequency is unavailable. When Af, or
As are absent, we set their corresponding variances to very small values to avoid the

computation of zero inverse.

2.6 CRLB

We shall establish the CRLB for the localization problem and use it as a benchmark
to examine the performance of different estimators. The object location vector for

estimation is

6° = [u”, ul ", (2.38)

) . i T )
The nuisance variable vector is a® = [ o SOT} . The parameter vector for evaluating

the CRLB is the two together, ¢° = [GOT , T } T Considering the observation vector
is g = [fT, fos ST}T, the logarithm of the probability density function under the

Gaussian data model is

In£(¢% g) = nL(¢%f) + InL (¢ s) + InL(¢% f,)
I

=K — % (F—f)" Q1 (f—f°) — 597, (fo— £ = % (s—s)" Q. (s —s°), (239)
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where k is a constant not dependent on ¢°, and f° is a function of ¢° implicitly.
Applying matrix inversion on the expectation after taking derivatives with respect
to ¢° twice, the CRLB can be partitioned into a 2 x 2 block matrix with the blocks

corresponding to the estimation performance for §° and a°,

2 Aoy L X 'Y
S T "
The blocks are
X - _p [PInf (& )] o - OF (2.41a)
T 060067 | T 080 " 99T
Y=-FE :82;;‘5 éi‘f) = %f;j . aif:T7 (2.41D)
2o [ et e

and Q, = diag(aj%o, Q). Appendix A gives the expressions of the partial derivatives
in (2.41). Invoking the partitioned matrix inversion formula [101] yields from the

upper left block
CRLB(6°) = (X - YZ'Y") ' =X '+ X 'Y (Z - YTX'Y) 7 YTX . (242)

Recognizing X! is the CRLB in the absence of carrier frequency and sensor position

errors, the second term is the performance loss resulted from the presence of A f, and

As.
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2.6.1 Summary

This chapter explains the scenario of the localization problem that we are going to
discuss in this research and define the mathematical model with all the variables and
constants associated with it. The chapter also presents a summary of several solution
methods that have been proposed by other researchers, along with some adjustments
for the scenarios to match the model of our problem. After that, we derived the
maximum likelihood estimator that can iteratively solve the problem when an initial
start point close to the actual object location is available. We end the chapter by
deriving the Carmar-Rao lower bound, which is an important benchmark for the

variance of any unbiased estimator.
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Chapter 3

2-D Object Localization

3.1 Formulation

The unknowns u® and u° are coupled together and related to the frequency observa-
tions in a highly nonlinear and complicated fashion in the measurement model (2.2).
In order to solve for the unknowns, we shall derive a formulation of the localiza-
tion problem under the assumption that the errors are not significant in which the
second and higher order error terms are negligible. The proposed formulation can
yield an object location estimate by algebraic evaluation for a closed-form solution
or by SDR for a convex optimization solution. The cases of available and unavailable
carrier frequency, and single-time and multiple-time measurements will be addressed

separately.
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3.1.1 Carrier Frequency Available

The available carrier frequency is related to the actual by (2.5). We shall express the
frequency measurement model (2.2) in terms of the inaccurate carrier frequency and
the available sensor positions. Let ry; = ||u} —s;|| be the Euclidean distance between
the object at instant k& and the i-th sensor at noisy position s;, and py; = (U —s;) /7%
be the unit length vector pointing from s; to uj. Applying the Taylor-series expansion

with respect to As; gives

1 1 1 T
= — ——(uf —s;)" As; + o(||As;]]) . 3.1
||uz . (Si . ASz)H Thi 7,]3;7i( k ) (H H) ( )
Using (2.5)-(2.6) and (3.1), (2.2) becomes
A ué — S; Tl'lo
o= fo = PUEZSET b Afso1) + oS- 3.2)
The composite noise term ¢y, ; is
oTl'lo __fo
Epi = (’L — 1) Af, + —f;’uOTPﬁASi + Mg (3.3)
c cry; '

where P? = I — p? ,p7 is the orthogonal projection matrix of pf ;. We shall define
dy i as the M x 1 vector whose i-th element is —1 + p%ilo/c, and Dy, as the M x
2M matrix whose i-th row is zero except the elements Dy (i,2(i — 1) + 1 : 24) =
—uTPofe/(cry;). Collecting the composite errors from different sensors at time k

gives

E = df,kAfo + DsykAS +ng. (34)
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Defining the vector dy = [d},, d},, ...,d} y_;]|" and the matrix D, = [D{,,, D]

...,DIy_, |7, the error vector of all M N measurements € = [gf,...,e5_4]" is N
e=d;Af, +D;As+n. (3.5)

€ remains Gaussian and has the covariance matrix equal to
Q. = Elee’] = 0},d;d} + D, QD] + Q... (3.6)

To proceed further, it is more convenient to work with a scaled version of the

normalized Doppler shift
di; = C(fk,i - fO)/fo : (3-7>

It has the meaning of the object range rate at time k observed by sensor . Rearranging

(3.2) gives
(dpi — enic)fo) rhi = — (uf —s)" 1 + Af, 0(1) + o(||As;|)). (3.8)
Recall that ry; = ||uf — s;|| which is defined before (3.1), squaring both sides yields

. 2 P
— 2/ f)duar? sena + & (il = 257 + ugl?) = (s7i)” - 2570w ug

i

+ (WT00)’ + o(ers) + Af,0(1) + o(|Asi]]) . (3.9)
In terms of coordinate components, we have
(sTu)” = 220 + 429 + 2u,,3°5° (3.10)

36



and (3.9) turns into

Q(C/fo)dk,ﬁi,ﬁk,i+0(€fm)+Af00(1)+0(||ASi||)Zdi,i||si|| — 2 sTug + di s ||wg|?

— 273%% — Y2y — 2wy1°9° + 28T wPuTug — (uzTuo)2 . (3.11)

uy is the object position at the time k. It is dependent on u® and u° only. Expressing

it by (2.1) leads (3.11) to

2(c/fo)dk7ir,37i5k7i+0(6k,i)+Afo o(1)+o(]|Asi]|) = d HSZH —2d S u —an%is?uo
vl I” + 2ndy w0 + (K2}, — af) &% + (K2dy, — u?) 97 — 2ai:d°°

asTavar e+ 2nsT i 0] — (a0 — 2 0] - 2 Ta @l (3.12)

(3.12) is a rather involved nonlinear equation for the unknowns. The following
considers the observations from single-time snapshot first and continues for multiple

instants next.

Single-Time Observation

Each sensor has only one measurement. Setting & = 0 and dropping the time zero

index for simplicity, (3.12) reduces to the simpler expression

2(c/ fo)dirie; +oler) + Af,0(1) +ol[|Asy|) = d |Isil|* —2d}s] v’ + & [Ju’||* — 27
— 2% — 2x;;4°9° + 28] u’uTu’ — (u"Tu")2 . (3.13)

3.13) remains to be a highly nonlinear equation with respect to u® and u°. We
ghly
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shall formulate the localization problem as a constrained optimization. Let the un-

known vector be
T
(PO — |:uoT’ HUOHQ, j;,o2’ y‘02’ j?oyo’ uoTuouoT’ (uOTﬂo)2:| ) (314)

Also, define the M x 9 matrix

2d2sT —d? 22 oy} 2my,  —2sT 1
2d2sT —d%? 22 Y2 2way, 28t 1
A 252 2 Ty Y2 2 ’ (3.15)

_Qd?\/fsﬂ —d3, 23 3 2xmyn —2sh, 1

the M x 1 vector

h=[d s, d3[sal® . .., a3 llsnl®]" (3.16)
and the M x M matrix

B = 2%diag{[d1rf, dyr? .., dyr] ) (3.17)

Overi=1,2,...,M, (3.13) forms the matrix equation after dropping the second and
higher order error terms,

Be~h— Ay°. (3.18)

The approximation is valid when the error is small. ¢° has 9 elements but the number
of independent variables is only 4. Five constraints are necessary to relate the elements

of the variable ¢ for the estimation of ¢°. Based on ¢° defined in (3.14), Table 3.1
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Table 3.1: Relations Among the Elements of ¢ for the Single-Time Measurement

Case

Elements Relations

p(l) =z 0(3) = p(1)* + ¢(2)*
(2) =y ©(6)? = (4)p(5)

e(3) =a*+y° @(7) = p(1)p(4) + ©(2)¢(6)
p(4) = i? ©(8) = (1)p(6) + (2)¢(5)
o(5) = g? ©(9) = (1)e(7) + (2)¢(8)
¢(6) = iy

@(7) = i(xx + yy) ©(4)p(9) = p(T)p(7)
©(8) = y(zi + yy) ©(5)p(9) = »(8)p(8)
©(9) = (zi + yy)* ©(6)0(9) = p(T)e(8)

shows the individual components of ¢ and lists the relations among the elements.

Let the weighting matrix W be an approximation of the covariance matrix inverse

for the equation error of (3.18) that is equal to

W=BTE[e’] 'B'=B7Q.'B,

(3.19)

where Q. is given by (3.6) with N = 1. The localization problem can be cast as a

weighted least-squares (WLS) optimization under a set of constraints as follows:

min J = (h—Ap)" W (h— Ap),
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(3.20D)
(3.20¢)
(3.20d)
(3.20¢)

(3.20f)



The 5 quadratic constraints (3.20b)-(3.20f) come from the first five entries in the
right column of Table 3.1. The remaining three relations in the Table are redundant
in the formulation (3.20). They can be exploited to improve the tightness of the
optimization when it is approximated with SDR.

The constrained optimization problem (3.20) will be solved using unconstrained

minimization or convex optimization that will be described in Section 3.2.

Multiple-Time Observations

The transformed observation equation at a certain time instant & is (3.12). By col-
lecting in each term the lumped variable involving the object position and velocity,

we define the unknown vector as

800(1 . 13) — [UOT’ 1‘10T7 ||110||2 ’ uOTﬁO, i‘OQ, on’ :toyo’ uOTﬁoﬂOT, ||1-10||2 l-loT}T,
°(14:16) = [ (ua)?, [[a?* , ua ja?* "

(3.21)

¢ in this case has 16 elements and the individual variables are shown in Table 3.2.
The number of actual unknowns is only 4 and the elements are related to each other.
Table 3.2 tabulates all possible first and second order relations for the elements of the
estimation variable ¢.

Let Ay be the M x 16 matrix having the i-th row

A(i,1:9) = [Qdiﬂ-sf , 2kdi7isf , —dig, —2kdy ;@7 — KAyt — KRy 2xy: ],

Ay(i,10:16) = [ —2s] , —2ks] , 1, k*, 2k ],

(3.22)
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the length M vector hy be
by, = [di, lIs” s d2a llsall” s - s di s lsadll)" (3.23)
and the size M matrix B; be
B, = ziodiag {[diar? s diorio, - desriag] b (3.24)

Putting together Ay, hy and By for £ =0,1,..., N — 1 separately such that

A=[AT AT, ... AL ], (3.25)
h=[hl, nf, ... 0% ], (3.26)
B:diag{Bo,Bl,...,BN_l}, (327)

we can represent all M N equations over ¢ = 1,..., M and k =0,..., N — 1 of (3.12)
in a matrix form as

Be~h— Ay°, (3.28)

where the second and higher order errors terms have been ignored and the approxima-
tion is reasonable when the errors are small. The optimization for the multiple-time

measurements case, using the weighting matrix in (3.19) with N larger than one, is

min J=(h—Ap)" W(h—Agp), (3.29a)
st o(5) = p(1)* + ¢(2)% (3.29b)
p(6) = p(1)p(3) + (2)p(4), (3.29¢)
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Jri= 13 —

©(10) = o(1)@(7) + ¢(2)¢(9),
p(11) = o(1)@(9) + ¢(2)¢(8),
p(12) = 0(3)@(7) + @(4)9(9),
p(13) = @(3)(9) + ©(4)#(8),
p(14) = ©(1)@(10) + ¢(2)p(11),
p(15) = 0(3)9(12) + p(4)p(13),

©(16) = p(1)p(12) + ¢(2)p(13).

used to improve the optimization when (3.29) is approximated with SDR.

3.1.2 Carrier Frequency Unavailable

fo(ug —si)"u°

CTky
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+Eri + O<HAS7J||) .

(3.29d)
(3.29¢)
(3.29f)
(3.29g)
(3.29h)
(3.291)
(3.29))
(3.29Kk)
(3.291)

(3.29m)

We have taken the first 12 relations in Table 3.2 to impose constraints among the
16 elements of ¢, for the purpose to fix the number of independent variables to 4.

The remaining relations in Table 3.2 are not needed in the formulation. They will be

When the carrier frequency is not known, f¢ is an additional unknown. In terms of

the available noisy sensor positions, (2.2) becomes after using (2.6) and (3.1),

(3.30)



The composite noise term ey, ; is

e = —20TPEIAS; + nyg (3.31)

where P,tg is given below (3.3). The covariance matrix of the composite noise vector

from all measurements is

Qe = DSQSDZ + Qn ) (332)

and Dy is defined below (3.3) and (3.4).

Rather than constructing a pseudo-linear formulation that would result in a large
number of auxiliary variables and constraints, we shall utilize the formulation for the
known but erroneous carrier frequency case for joint estimation of the object location
and emitted frequency. The methodology will become clear in Section 3.3 for finding

the solution.

3.2 Solution: Carrier Frequency Available

We shall present two methods to solve the constrained WLS problems for localization.
One is based on the unconstrained successive minimization that results in an algebraic
closed-form solution. The other is the convex optimization method using SDR. The
former is computationally attractive and is suitable in the small noise environment.
The other is more computationally demanding but can yield better results when the
noise level is high. Both methods will be able to achieve the CRLB performance
in their intended operating environment. This section presents the solutions for the

single-time and multiple-time observations when the carrier frequency is available.
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The solutions when the carrier frequency is unavailable will be described in the next

section.

3.2.1 Algebraic Solution

This solution assumes the elements of ¢ are independent variables to obtain the WLS
solution, and the constraints are exploited next through nonlinear transformation to
refine the estimate [12]. Albeit the matrix and vector variables A, B, h and W are
defined differently, both the single-time and multiple-time observation cases share the

common form that the solution to (3.20a) or (3.29a) when ignoring the constraints is
¢ = (ATWA) " ATWh. (3.33)

The covariance matrix of the WLS solution ¢ can reasonably be approximated by
[12],
cov (p) =~ (ATVVAY1 : (3.34)

when the noise in A is not significant to be neglected.

The weighting matrix W is given by (3.19) and it is unavailable since B and
Q. involve the true object location. Nevertheless, we can construct W through
approximating the true values needed with the least-squares solution of ¢ by using
W =1 in (3.33). The resulting error for the solution of ¢ is often negligible as the
WLS optimization is not sensitive to the error in the weighting matrix [9, 10].

The refinement steps for the single-time and multiple-time observation scenarios
are not the same, due to the differences in the definitions of ¢ and the constraints.

They are elaborated separately below.
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Single-Time Observation

We shall utilize the relations (3.20b)-(3.20f) among the elements of ¢ to improve the

estimation accuracy. Let us introduce the separate unknown vector

. . T
oT ’ uoT ® uOT]

P’ = [u , (3.35)
that has independent variables. It consists of the first, second, fourth and fifth ele-
ments of ¢° in (3.14). Also, let the pseudo data vector constructed from the WLS
solution (3.33) be

g T

h=[p"(1:5), ¢*(6), 9" (7:9)] (3.36)

Expressing ¢ = ¢°+ Ap where Ay is the estimation error of the WLS solution, every

element in h can be expressed in terms of the elements of ¢ and ¢°. In particular,

h(1:2)=¢°(1:2)+ Ap(1:2), (3.37a)

h(4:5)=9°(3:4)+ Ap(4:5). (3.37b)
Moreover, from the five constraints in (3.20),

h(3) = p(1)°(1) + 9(2)8°(2) — (1) Ap(1) — 9(2)A¢(2) + Ap(3) + Ap(1)* + Ap(2)?,

(3.38)
R(6) = 50(5)5°(3) + 59(4)5°(4) — 59(5)A0(4) — 5 o4 Ap(5) +20(6)Ap(6)
+ Ap(4)Ap(5) — Ap(6)?, (3.38b)
W(T) = o(A)8°(1) + 0(6)7°(2) — o(1)Ap(4) — 9(2)Ap(6) + Ap(7) + Ap(1) Ap(4)
+ Ap(2)Ap(6), (3.38¢)
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h(8) = ¢(6)£°(1) + ¢ (5)9°(2) — »(2)Ap(5) — (1) Ap(6) + Ap(8) + Ap(1)Ap(6)

+ Ap(2)Ap(5), (3.38d)

h(9) = e(T)¢°(1) + ¢ (8)9%(2) = p(1)Ap(7) — 9(2)Ap(8) + Ap(9) + Ap(1)Ap(T)

+ Ap(2)Ap(8). (3.38¢)

In (3.38), we have avoided the true values appearing in the error terms by as-
sociating the elements of @’ with those of ¢°. For instance, (3.38a) has applied
P2 (1 Ap(1) = ¢°(1)Ap(1) = p(1)Ap(1) — Ap(1)? and F°(2)Ap(2) = ¢°(2)Ap(2) =
P(2)Ap(2) — Ap(2)%; (3:33b) has used F(HAG(E) = (5)Ap(A) = p(5)Ap(d) —
Ap(4)Ap(3), P°(3)Ap(5) = ¢ (4)Ap(5) = p(4)Ap(5)—Ap(4)Ap(5) and ¢°(6) Ap(6) =

©0(6)Ap(6) — Ap(6)?, etc. Accordingly, we construct the 9 x 4 matrix

10 0 0
0 1 0 0
(1) »(2) 0 0
0 0 1 0
A=|0 o0 0 1|, (3.39)
0 0 5)/2 ¢(4)/2
e(4) ¢(6) 0 0
¢(6) ¢(5) 0 0
e(7) »(8) 0 0
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and the 9 x 9 matrix
B = diag{[1}, 2¢(6), 1§]"} - C. (3.40)

C is a sparse matrix with the non-zero elements given by

C(3,1:2)=¢"(1:2) , C9,7:8)=¢"(1:2),

PB)/2 /2 0 51

(3.38) in matrix form, after dropping the second and higher order error terms, is

BAp ~h— Ap°. (3.42)
The WLS solution for ¢° is
¢ =(ATWA) 'ATWh. (3.43)
W is set as
W =B 7(ATWA)B, (3.44)

which is an approximation of E[BA@A@?BT]~! where (3.34) has been used.
At last, we obtain the object position and velocity estimates from ¢ using (3.35)

by

6= | = . (3.45)



The matrix P has four possible choices:

P= , (3.46)

whose purpose is to resolve the sign ambiguity after the square-root operation. The
correct choice of P is determined by trying all four possibilities of 8 and selecting
the one that gives the smallest approximate Maximum Likelihood (ML) cost function

deduced from (3.2), which is defined by (3.58)-(3.59) with Q. equal to (3.6).

Multiple-Time Observations

The refinement step in this case uses the same unknown vector in (2.38). It is the first
four elements of ¢° defined in (3.21). From the constraints (3.29b)-(3.29m), following
similar procedure as in the single-time observation case by expressing ¢ as ¢° + Agp
and dropping the second and higher order error terms, the associated set of linear
equations is

BAp ~ ¢ — A6°. (3.47)
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The elements of C are zeros except for those in (3.50),

C(5,1:2) = (1:2) , C(14,10: 11) = (1 : 2),
o) e | o) 0 @)
C(6:9,3:4)= #(3) ! , C(10:13,7:9) = 0 v ) ,
0 o(4) e3) 0 p(4)
(p(4)/2 ¢(3)/2 0 w(4) ¢(3))
C(15:16,12:13) = P38 el®)
v(1) »(2)
(3.50)
The WLS solution for 6° is
9 =(A"WA)'ATWo, (3.51)

and the weighting matrix is set to (3.44) where B is now given by (3.49)-(3.50). The
covariance matrix of the estimate over the small error region can be approximated by
[12]

cov(d) ~ (ATWA) ™, (3.52)

where the noise in A and W are small enough to be neglected.

The Algorithm 1 Table summarizes the proposed algebraic solution for the single-
time observation case and Algorithm 2 Table for the multiple-time observation sce-
nario. In Algorithm 2, we have repeated steps 8 and 9 several times to improve the
weighting matrix W as we approximate the true object location it requires by an

estimate. Repeating such processing is not needed for Algorithm 1 unless the object
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Algorithm 1: Algebraic Solution for Single-Time Observation

Input: f - frequency measurement vector.
S - sensor position vector.
Q., Qs, JJ%O - noise covariance matrices.
Output: 0 - object location estimate.
Implementation:
Construct A and h according to (3.15)-(3.16).
Set W =1L
Solve for ¢ using (3.33).
Obtain an initial estimate of 6 using (3.55).
Find P using (3.46) and the procedure below it.
Update W using (3.6), (3.17) and (3.19) by approximating
the true values needed for 7;, dy and Dy from the
initial estimate of 6.
7. Repeat steps 3-6.
8. Construct A and h according to (3.39) and (3.36).
9. Form W using (3.40)-(3.41) and (3.44).
10. Solve for ¢ using (3.43).
11. Obtain the final estimate 8 using (3.45)-(3.46) and the
procedure below them.

A

is found located near the sensors.

3.2.2 SDR Solution

This solution transforms the constrained optimization to a semi-definite programming
(SDP) problem [102, 103] through SDR, so that it can be solved efficiently by some

convex optimization package such as CVX [94].
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Algorithm 2: Algebraic Solution for Multiple-Time Observations

Input: f - frequency measurement vector.

S - sensor position vector.

Qn, Qs, JJ%O - noise covariance matrices.
Output: 0 - object location estimate.

Implementation:

1. Construct A and h according to (3.22)-(3.23) and (3.25)-(3.26).
2. Set W =1L

3. Solve for ¢ using (3.33).

4. Set an initial estimate of § as ¢(1 : 4).

5. Update W using (3.6), (3.19), (3.24) and (3.27) by approximating

the true values with those computed from the initial
estimate of 6.
6. Repeat steps 3-5.
7. Construct A according to (3.48).
8. Form W by (3.44), (3.49)-(3.50) using 0 to obtain ¢ from (3.21).
9. Generate the final estimate 6 using (3.51).
10. Repeat steps 8-9 a few times.

Single-Time Observation

The optimization problem is (3.20). Expanding the cost function J and dropping the

constant term h?” Wh that does not depend on the unknown ¢, it becomes

J(p,®) = tr (A"WA®) — 2h" WAy, (3.53)

where ® = e’ and has rank one.
We form the SDP by considering both ¢ and ® are variables and relaxing the rank

of ® to be larger than one, resulting in

minJ (p, ®), (3.54a)
7K
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Table 3.3: Constraints Among the Elements of ¢ and ® for the SDR Solution of the
Single-Time Measurement Case
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s.t. -0, (3.54b)
" 1

All constraints specified in Table 3.3. (3.54c)

In the SDP, (3.54b) comes from relaxing the rank of ®. The constraints in Table
3.3, which includes those of (3.20b)-(3.20f), are directly deduced based on Table 3.1,
by realizing from the definition of ® below (3.53) that its (7, j)-th element is simply
related to those of ¢ by ®(i,7) = ¢(i)¢(7). All constraints are linear, except the
four non-negative constraints from the definition of ¢°. In addition to the five con-
straints (3.20b)-(3.20f), including the remaining constraints from Table 3.1 improves
the solution, due to the rank-1 relaxation of ® in the SDP.

The relaxed optimization problem can be solved by a convex optimization package.

The object localization estimate is

o= | | = ' , (3.55)
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where P is given by (3.46) whose correct choice is elaborated below (3.46).

Multiple-Time Observations

The equivalent objective function of (3.29) has the same form as (3.53). After SDR,

the relaxed SDP is

minJ (o, ®) , (3.56a)
0, o
o
St. 2l -0, (3.56D)
" 1
All constraints specified in Table 3.4. (3.56¢)

The constraints listed in Table 3.4 is deduced directly from Table 3.2. Due to the
expansion of the number of variables from the original 4 unknowns to the 16 in ¢, using
only the 12 constraints (3.29b)-(3.29m) is found not sufficient after relaxation. We
include all constraints from the first and second order relations among the elements
of . Exploiting all of the constraints not only improves the tightness of the SDP
optimization to the original, but also increases the noise tolerance.

After solving (3.56), the object location estimate is the first four elements of the

 solution from the relaxed SDP,

0=p(1:4). (3.57)

The Algorithm 3 Table summarizes the proposed SDR solution for the single-

time observation case, and the Algorithm 4 Table for the multiple-time observation
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Table 3.4: Constraints on ¢ and ® for the SDR Solution of the Multiple-Time Mea-

surements Case
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Algorithm 3: SDR Solution for Single-Time Observation

Input: f - frequency measurement vector.
S - sensor position vector.
Q., Qs, JJ%O - noise covariance matrices.
Output: 0 - object location estimate.
Implementation:
1. Create A and h according to (3.15)-(3.16).
2. Set W =1.
3. Construct the SDP problem as follows:
a. Define ¢ as a 9 x 1 vector and ® as a 9 x 9 symmetric
matrix.
b. Set the objective function as (3.53).
c. Set the constraints according to (3.54b) and Table 3.3.
4. Use an SDP solver to find ¢ and ®.
5. Form an estimate of § using (3.55).
6. Determine P using (3.46) and the procedure below it.
7. Update W using (3.6), (3.17) and (3.19) by approximating the
true values with those computed from the estimate of 6.
8. Repeat Steps 3-6.

scenario.

3.3 Solution: Carrier Frequency Unavailable

When the carrier frequency is not available or the error Af, is not zero mean, f,
becomes an unknown in addition to ° = [u°? , u°T'|T. While it is possible to create
a formulation for constrained optimization in this case as what we did when it is
available, the number of elements in ¢° and the number of constraints would be
excessive. We shall propose an approach for obtaining a location estimate in this
case, by making use of the solution when the carrier frequency is available.

When accounting for sensor position errors, the measurement model for the un-

known carrier frequency case is (3.30), where the covariance matrix of the composite
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Algorithm 4: SDR Solution for Multiple-Time Observations

Input: f - frequency measurement vector.
S - sensor position vector.
Q., Qs, JJ%O - noise covariance matrices.
Output: 0 - object location estimate.
Implementation:
1. Create A and h according to (3.22)-(3.23) and (3.25)-(3.26).
2. Set W =1.
3. Construct the SDP problem as follows:
a. Define ¢ as a 16 x 1 vector and ® as a 16 x 16
symmetric matrix.
b. Set the objective function as (3.53).
c. Set the constraints according to (3.56b) and Table 3.4.
4. Use an SDP solver to find ¢ and ®.
5. Form an estimate of § using (3.57).
6. Update W using (3.6), (3.19), (3.24) and (3.27) by approximating
the true values with those computed from the estimate of 6.
7. Repeat steps 3-5.

error resulting from the frequency measurement noise and sensor position errors is
(3.32). The composite error is Gaussian distributed since the two components are and
the ML cost function of (3.30) can be approximated by the following after dropping
o([|Asl),

I ) = (- 1(7,0)) Q" (£~ £(£,.6)) (3.5%)

f (fo,8) is the reconstructed frequency vector using the model (2.2) with f¢ replaced

by f, and s? by s;, i.e.,

F01:2) +k0(3:4)—s,)T0(3: 4)

cll0(1:2) +k0(3:4) s (3.59)

fk,i(fmo) = fo -

J(f,,0) is a highly nonlinear complicated function of the unknowns. For a given f,,
a solution of @ has been derived in Section 3.2, where 07 is set to zero in (3.6) when

forming the weighting matrix W. Hence we can interpret (3.58) as a function of
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single unknown f,,

I = (£- 1) @t (£ (1) (3.60)

The f, that minimizes (3.60) can be found by a simple sequential search within an
interval. Essentially, with a certain f,, we (i) find the corresponding @ using a solution
method in Section 3.2, (i) obtain the elements of £(f,) by fri(fo) = fri(fo,8) from
(3.59), and (iii) evaluate J(f,) by (3.60). Among the trial f, values, the one that
yields the smallest J(f,) is the solution for f¢. The associated 0 is the solution for
0°.

In practice, the range of possible values of f, is known, based on some prior
knowledge or derived from the observed frequency values [84]. The sequential search
can be accomplished through a coarse grid search followed by the Newton-Raphson
iteration for better efficiency and higher accuracy. The difference between the case
where f, is completely not known and the case where f, is available but Af, has a
non-zero mean will be only the size of the grid search. The number of grid points can
be reduced to account only for the small region around the available f, taking into
consideration that oy, plays an important role in controlling the size of this region.

The Newton-Raphson iteration is [104]
S = 10 = (VIO T VD), (3.61)

where [ = 0,1,..., [ — 1 represents the iteration count and f(go) is the carrier fre-
quency value obtained from the coarse grid search process. V.J(e) and V2J(e) are

the first and second derivatives of J(e) with respect to f,. Obtaining the explicit
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expressions of V.J(e) and V2J(e) is prohibitive. We resort to the numerical approxi-

mations
0] _ 0]
va(f) = T4 M(); Mo ). (3.62)
0] O]
sz(f(gl)):vj( o +5()S—VJ(fo ), (3.63)

and 0 is a small value. The maximum number of iterations [,,,, is chosen to satisfy
the required accuracy. Algorithm 5 summarizes the processing steps for localizing the
object when the carrier frequency is not available.

Before closing this section, we would like to comment on the number of sensors
needed for the proposed solutions. The closed-form algebraic solution considers all 9
variables in (3.14) are independent in the first WLS optimization step. As a result it
requires at least 9 sensors to operate. The SDR solution, on the other hand, imposes
constraints among the elements of ¢ during the optimization process and thereby
requiring less sensors. Simulations show that 6 sensors are sufficient for SDR to
produce a reasonable estimate and 7 sensors to yield the CRLB performance. The
sensor requirements are the same regardless the carrier frequency f, is available or
not. For multiple-time observations, the number of sensors required for both the
algebraic and SDR solutions are less. The last subsection in Section 3.5 examines

further the number of sensors needed of the proposed algorithms.

3.4 Analysis

Under the first order analysis where the second and higher order noise terms are

negligible, we shall derive the theoretical covariance matrix of the proposed algebraic
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Algorithm 5: Algorithm for Localization when Carrier
Frequency Unavailable

Input: f - frequency measurement vector.
S - sensor position vector.
Q., Qs, UJ%O - noise covariance matrices.
fomin s foomaz - minimum and maximum values of f,.
L - step-size.
0 - small value for obtaining gradient.
Imaz - maximum num. of Newton-Raphson iterations.
Output: 0 - object location estimate.
Implementation:
1. For fo,tst = fo,min to fo,max stepping by Hy
1.1. Find @ by Algorithm (*) using f, st as the carrier
frequency.
1.2. Obtain f(f,ss) from (3.59).
1.3. Determine Q. using (3.32) by approximating the true
values with f, 45 and those computed from 6.
1.4. Obtain J(fo+s) using (3.60).
end For
2. Set £” to the trial £, s value having J(f,1s) the smallest.
3. Set [ = 0.
4. Find VJ(£P) and V27 (£ using (3.60), (3.62)-(3.63).
5. Determine féH_l) using (3.61).
6. Repeat steps 4-5 for [ = 1,2,..., ;e — 1 or reaching
required accuracy.

7. Obtain the final solution of 8 using félm“) and
Algorithm (x).

Algorithm (x) in steps 1.1 and 7 is Algorithm 1, 2, 3 or 4
according to the scenario (single-time or multiple-time
measurements) and the solution method.
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solution and examine the conditions needed for achieving the CRLB performance.
The analysis presented is for the more general case of multiple-time observations.
The analytical result and conclusion are valid for the single-time observation scenario

as well when the variables are defined accordingly.

3.4.1 Carrier Frequency Available

The covariance matrix of the proposed solution for the multiple-times observation
case having f, available is (3.52). Using (3.19) and (3.44), its inverse over the small

error region is
cov(0)™' ~ ATB-TA"B Tcov(e) 'B'AB'A. (3.64)

Let D = [df, D] for convenience so that (3.6) can be written as cov(e) = Q,, +
DQ,D7, where Q, is defined below (2.41). Applying the matrix inversion lemma
[104] gives

cov(e) ' =Q,' - Q,'D(Q' + D'Q,'D)'D'Q,". (3.65)

Inserting it to (3.64) yields

cov(@) '~ ATBTA"TBTQ'B'AB'A - ATBTATB7Q.'D(Q_"

+D”Q;'D)"'D'Q;'B'AB'A. (3.66)

(3.66) has the same structural form as (2.42) with (2.41) inserted. B in (3.27) is
diagonal and B in (3.49) is sparse, their inverses can be evaluated analytically. Using

the true values in A, B, A and f‘), direct algebraic evaluation with the gradients
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shown in Appendix A gives

of°

o—1 A opo—1Ao0
B AB A _W’ (367&)
of°
= —. 3.67b
ST ( )
Let us introduce a few small noise conditions:
Nk Afo .
—— ~0, ———~0, i =1,2,...,M, 3.68a
Tei— 19 Tei— 19 ( )
Ax;
Ax; ~0 or :f_O,z:l,Q, , M,
&
Ay;
Ayi~0 or =2 ~0, i=1,2,..., M, (3.68D)
Y;
Az
Az; ~0 or OxZ_O, i=1,2,...,M, k=1,2,... N,
Tk
Ayi .
Ay;~0or — ~0, i=12,....M, k=1,2,...,N, (3.68¢)
Tk
Aol
g0(17):0forj:1,2,...,4,7,8,...,13, (3.68d)
©°(J)
Aol
i(])zoforj:3,4,k:1,2,...,N. (3.68¢)
Tk

(3.68a) simply means that the frequency measurement noise and carrier frequency
error are small relative to the Doppler shift, which is expected to be the case in
order for localization using frequency observation possible. (3.68b)-(3.68¢c) require
the position coordinate errors of sensor 7 be small compared to the true coordinate
values and relative to its distance from the object at time k, e =1,2,..., M and k =
1,2,...,N. (3.68d)-(3.68¢) demand the errors in the first stage solution sufficiently
small compared to the true values and to the object-sensor distances for two of its

values. (3.68d)-(3.68¢) should be satisfied when (3.68a)-(3.68¢) are fulfilled unless for
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some unfavorable nearly degenerated localization geometry.
When the small noise conditions (3.68) are satisfied, we can validate that A ~ A°,

B ~ B°, A ~ A° and B ~ B°. Hence

~ L~ ofe
BT7AB A ~ 50T (3.69)
As a result, when (3.68) is fulfilled,
cov(f) ~ CRLB(#) . (3.70)

The proposed algorithms utilize the Taylor-series expansion and contain some
approximations. Nevertheless, the Taylor-series expansions are applied with respect
to the measurement noise or sensor position errors, and the approximations come from
maintaining in the expansions up to the first order error terms that are valid under the
small noise conditions specified in (3.68). Albeit the expansions and approximations,
the proposed algorithms are able to attain the lower bound performance over the

small error region where the small noise conditions are satisfied.

3.4.2 Carrier Frequency Unavailable
The cost function for minimization in this case is (3.58). Expanding the function
fri(fo,0) through the Taylor-series at the true value (f2,6°) gives

Ofn.i
(o )+ Pl (0 —0%) 4 olf,— £2)

g 700 g ?00

0 fs
Afo

fk,i(fo;e) - fl?,i +

+o(||0—6°]), (3.71)
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where f,gl = fri(f2,6°). Up to the first order error, putting (3.71) in (3.58) and
setting to zero the gradients with respect to f, and 6, the deviation of the solution

from the true value is

o . . AT . . -1 . AT

Jo— 15 B ot of° _, | of°  of° ot of° Q- (f — )
0 — 6° B afe’ 06°T < | afe’ 06T afe’ 00T ¢ '
(3.72)
Under (3.68a)-(3.68¢), f — f°, 9f°/8f° and 9f°/90° can reasonably be approxi-
mated by €, 0f°/0f° and 0f°/00°. Thus, multiplying (3.72) by its transpose and

taking expectation yield, up to the first order error,

ore  of 17 ore of 1\
cov(f0,0)2<[a_ﬁ7%7] Q! [@7%7]) . (3.73)

After applying the block matrix inversion formula [104], substituting (3.6) with
aj%o = 0 and simplifying, the lower right block is the same as the right side of
(2.42). Thus, the minimization of the cost function (3.58) will give an estimate having
the CRLB accuracy, under the first order analysis where the small noise conditions
(3.68a)-(3.68¢) hold.

The proposed method finds the minimizer of (3.58) efficiently as follows. First,
for a certain trial f,, it minimizes (3.58) over §. The corresponding solution has been
derived in Section 3.2, with the setting that UJ%O = 0 for Q. when forming W. The
resulting cost is obtained by (3.60). Second, a simple sequential search on f, is able to
yield the final solution that gives the smallest value of (3.60). This process essentially
reaches the global minimizer of (3.58). As the global minimizer of (3.58) achieves the

CRLB, the proposed solution is able to yield the CRLB accuracy. This conclusion
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is based on the first order analysis under all small noise conditions in (3.68) when
obtaining @ by the algebraic solution, or under the conditions (3.68a)-(3.68c) when
finding it by the SDR solution.

The proposed method handles the unknown carrier frequency scenario by a coarse
one-dimensional grid search to locate the region where the global minimum of the cost
function (3.58) lies and followed with the Newton-Raphson (NR) iteration. The NR
method, perhaps, one of the most common iterative methods used in optimization.
It converges at quadratic rate which is much faster than other methods with linear
convergence [105]. The NR iteration will reach a minimum and achieve global con-
vergence if the coarse grid search locates the global minimum region correctly. Using
sufficiently small step-size in the grid search can take care of the global convergence
issue. Having a too fine step-size, however, may result in unnecessary computation
and increase processing time. Tradeoff between maintaining global convergence and
reducing processing time should be considered when choosing the step-size for the
grid search of the proposed method. In our simulation study, 300 grid points are used
for the 1-D search to obtain the solution for the unavailable carrier frequency case

with a strong convergence behavior.

3.4.3 Complexity

While both the algebraic closed-form and SDR estimators are based on the same WLS
formulation, the computational complexity of the closed-form estimator is much lower
than that of the SDR. The closed-form estimator applies unconstrained optimization
in two stages to solve the constrained problem where explicit solutions of both stages

exist. Albeit matrix inversion is needed, efficient implementation is commonly avail-
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able. The SDR estimator solves the constrained optimization problem directly by
SDR. The relaxed problem is convex and guarantees the global optimum solution,
which, nevertheless, does not have an explicit solution. Finding the solution requires
iterative numerical optimization procedure typically based on gradient or subgradi-
ent with the constraints imposed. Scaling of the values and parameters may also be
needed to improve numerical accuracy. Consequently, the SDR estimator demands
much larger amount of computation than the closed-form estimator. Using the generic
convex optimization toolbox CVX, obtaining the SDR solution is at least 1300 times
slower than using the closed-form estimator as shown in Table V from the simula-
tion. Having said, the SDR estimator has the attractive aspect on performance where
it outperforms the closed-form estimator considerably when the noise level becomes

large, which will be demonstrated in the simulations.

3.5 Simulations

This section supports performance of the proposed methods by simulations. The
scenario is for underwater acoustic application in which the object is moving at a
constant speed of v° = [[u°|| = 10 m/s and radiates a single tone at f¢ = 15 kHz
[1, 81]. The signal propagation speed ¢ is 1500 m/s [1, 83, 81]. The covariance
matrices of frequency measurements are Qi = o02I;, k = 0,1,...,N — 1, and the
unit of o is Hz.

We shall use 10 different localization configurations. Each configuration places the
sensors within a square area of 1.5x1.5 km? and the object inside 4x4 km? [1, 85, 84],
both are centered at the origin, and their Cartesian coordinates are chosen randomly

by following uniform distribution. The velocity direction is also created randomly
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and it is different in each configuration. The performance measure is mean-square
error (MSE) of the object location estimate that is computed by averaging over a
number of ensemble runs and the 10 randomly created geometries. The number of
ensemble runs is 1,000 for the carrier frequency available case and 100 for the carrier
frequency unavailable situation, unless specified otherwise.

The proposed closed-form and SDR solutions will be denoted by CFS and SDP in
the figures shown. The SDR solution is obtained using the CVX toolbox [94], where
two different scaling factors, s; and s, are applied to the sensor position vector s
defined in (2.6) and d; given by (3.7), to handle the numerical aspect of CVX for

achieving better accuracy.

3.5.1 Single-Time Observation

We use M = 10 sensors. For each random geometry generated, their positions sat-
isfy |ls; —s;|| = 150 m for 4,5 = 1,2,...,M and i < j to avoid near degenerated
geometries. The scaling factors s; and sy for using CVX are 0.0018 and 0.15. When
the carrier frequency is unavailable, a sequential search of 300 frequency points fol-
lowed by the Newton-Raphson iteration with 6 = 0.03 is used. For comparison, the
figures include the solutions from [88] that is denoted by Shames and [85] that is
represented by Chan. Both are slightly modified to match the our problem scenario.
The Shames method assumes the carrier frequency is known and accurate, and it is
changed slightly to include some conditions from the measurement equations to im-
prove performance of the polynomial optimization package used. The Chan method
assumes the carrier frequency is unknown and it is modified to work with the case

when the carrier frequency is known as well. The grid size of Chan method is adjusted
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so that it takes comparable computation time as the proposed SDR solution. The
CRLB derived in Section 2.6 is presented as a performance reference.

Fig. 3.1 shows the estimation accuracy of the proposed methods as the frequency
measurement noise level o increases when f, is known exactly and the sensor position
noise is absent. The MSE of the proposed CFS and SDP methods follow the CRLB
performance well for both position and velocity estimation when ¢ is at a small to
moderate level. CFS leaves the CRLB early and SDP is able to stay further with the
CRLB as the noise level increases. Shames is unable to produce solutions for some
ensemble runs as the noise level increases and its performance shown is by excluding
those runs. Even so, it has subsoptimal performance and cannot reach the CRLB
regardless of the measurement noise level. Beyond the noise level of o = 107125 Hz,
it fails to provide a solution of a configuration in all ensemble runs. Chan has poor
performance due to insufficient grid resolution for maintaining close computational
complexity with SDP. In term of the relative processing times among the algorithms
for this simulation that are obtained by Matlab implementation, Table 3.5 indicates
that they do not vary much with respect to the noise level. Most importantly, it shows
that CFS outperforms all the other methods significantly by a big margin. SDP and
Chan follow next and they require almost half the time needed for Shames. The
relative computation time of SDP in Table 3.5 is obtained from the universal solver,
i.e., the CVX implementation. When the code for the SDP problem is specially
designed, the computation time could be considerably reduced.

Fig. 3.2 illustrates the performance when the carrier frequency f, is completely
not known, where the other settings remain the same as in Fig. 3.1. The absolute

performance drops compared to Fig. 3.1 as we have an additional unknown of the
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Table 3.5: Relative Processing Times of Different Algorithms

Relative Processing  Time

o (Hz) CFS SDP Shames Chan
0.001 1 1317 2665 1460
0.01 0.98 1414 3238 1541
0.05 1.05 1416 3169 1508
0.1 1.05 1314 3215 1545

carrier frequency for estimation. Nevertheless, the relative performance among the
algorithms remains similar.

We next examine in Fig. 3.3 the estimation performance with respect to the
amount of sensor position error, where the measurement noise and carrier frequency
error are absent to highlight its effect on localization. The covariance matrix of sensor

positions is diagonal with the elements randomly set as

Q. = o2diag{[0.638, 0.675, 0.927, 1.028, 0.949, 0.624, 0.359, 0.401, 0.559, 0.933,

0.641, 0.971, 0.872, 0.383, 0.818, 1.082, 0.694, 0.339, 1.081, 0.622 |}, (3.74)

and the unit of o, is m.

Without accounting for the sensor position error by setting o, = 0 in the CFS
algorithm, the MSE is nearly 4 dB higher than the CRLB before the accuracy deviates
significantly from the bound. When accounting for the sensor position error, both
CFS and SDP yield the CRLB performance and the latter remains close to the bound
even when the sensor position error is large.

Fig. 3.4 evaluates the performance as the accuracy of the available carrier fre-

quency decreases, where the measurement noise is at a low level of o = 0.001 Hz and
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Figure 3.1: Performance of the proposed methods at different o levels for single-time
measurement when f, is available. (a) position estimation, (b) velocity estimation.

the sensor position noise is absent to emphasize the effect of the carrier frequency
error. Both CFS and SDP achieve the CRLB accuracy over the small error region
and have close performance. If we always assume the available carrier frequency is
accurate by setting oy, = 0 in CFS, the performance is much worse and the degrada-
tion is more significant for velocity estimation, unless the frequency error is very small
so that the accuracy is dominated by the measurement noise. The results indicate

the importance of taking the error of the carrier frequency into consideration when
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Figure 3.2: Performance of the proposed methods at different o levels for single-time
measurement when f, is unavailable. (a) position estimation, (b) velocity estimation.

designing a localization algorithm.

3.5.2 Multiple-Time Observations

We use M = 7 sensors and the minimum distance among the sensors in each randomly
generated geometry is 350 m. The number of successive measurements for each sensor
is N = 35. The processing steps 8 and 9 in Algorithm 2 of CFS are repeated 5 times.

The scaling factors s; and sy for use with CVX in obtaining the SDR solution are
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Figure 3.3: Performance of the proposed methods at different oy levels for single-time
measurement when f, is available. (a) position estimation, (b) velocity estimation.

0.0175 and 0.001.
about 300 frequency points and the Newton-Raphson iteration uses 6 = 0.001.

Fig. 3.5 gives the estimation performance as the noise level o increases when
the carrier frequency is exactly known and the sensor position error is absent. SDP
appears to deviate from the CRLB performance in the velocity estimate when the
measurement noise is very small, possibly due to the relaxation. As ¢ increases, CFS

leaves the CRLB while SDP remains to follow the bound much further for larger o.

-10 -5 0 5

20 log(os(m))

10 15 20

In the case of unavailable carrier frequency, the grid search has
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Figure 3.4: Performance of the proposed methods at different o, levels for single-time
measurement. (a) position estimation, (b) velocity estimation.

The results for the unknown carrier frequency case are shown in Fig. 3.6, where
the sensor positions are exact. The observations have close agreement with Fig. 3.5.
As the absolute localization performance reduces when the carrier frequency is not
known, SDP can reach the CRLB in velocity even when the carrier frequency error

is small in this simulation.
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3.5.3 Number of Sensors

We examine the number of sensors needed for the proposed CFS and SDR algorithms
in reaching the optimal accuracy. The number of ensemble runs for this simulation
is 10,000. Fig. 3.7 illustrates the performance for the single-time measurement case
as the number of sensors increases. The setting follows that of Fig. 3.1, except the
object is placed in the same area as the sensors [88] for generating the 10 randomly
formed geometries. The measurement noise level is kept at ¢ = 0.1 Hz. When
applying Algorithm 1 for CFS, steps 9-11 are repeated 5 times to improve W using
0 from step 11 to form ¢ by (3.14), as the object can be near the sensors in some of
the 10 geometries. CFS requires at least 9 sensors to operate properly as expected
by theory. SDP attains the CRLB performance starting at 7 sensors. The Shames
algorithm is able to give reasonable results if we have 6 sensors. Even so, it is not able
to produce a solution 131 times, 1 time, 1 time and 2 times when using 6, 7, 8 and 9
sensors, and those are excluded when obtaining its MSE performance. Furthermore,
it cannot reach the CRLB when the number of sensors increases and has twice the
complexity of SDP (see Table 3.5). Performance of the Chan method is limited by
the insufficiently small grid size for the solution search, although it is expected to
function with 5 sensors [85].

Fig. 3.8 shows the results for the case of multiple-time observations with setting
that corresponds to Fig. 3.5, except the object is placed in the same area as for
the sensors. The measurement noise level is fixed at ¢ = 0.1 Hz. Steps 8 and 9 in
Algorithm 2 for CFS is repeated 5 times. CFS now only needs 6 sensors to operate.

SDP also reduces the number of sensors needed for functioning well to 4.
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A minimum of two sensors can be sufficient for localization in the multiple-time
measurements case when analyzing the CRLB. It appears the proposed closed-form
and SDR estimators require more sensors than needed for localization. It is our next
research investigation to improve the algorithms by reducing the number of sensors
they need to yield an accurate solution.

Both the closed form solution CFS and the semi-definite relaxation SDP algo-
rithm are based on the same WLS formulation with a set of constraints. In terms
of complexity, the CFS estimator is far more attractive than the SDR, as discussed
in Section 3.4.3 and validated by Table 3.5. It works better with more regular local-
ization geometry such as those having near optimum sensor placement [106]. CFS
has the limitation that it requires additional sensors and high SNR, (small frequency
observation noise) to function well and it can only reach the CRLB performance
under the small noise conditions specified in (3.68). In terms of performance, the
SDR estimator is much better in handling poorer localization geometry, operating
with fewer sensors and working at lower SNR. While the SDR solution yields better
performance, careful scaling of the input values and parameters may be needed to im-
prove the numerical accuracy in which the scaling adjustment could be dependent on
the SDP solver used. Incorporating an SDP solver may require certain hardware and
software that could be prohibitive in some practical applications. Generally speak-
ing, the CFS algorithm should be used under an environment where the localization
geometry is typical, the number of sensors is sufficient and the SNR is high, or when
the computation complexity is an important factor for consideration. In the situation
where the number of sensors is limited or the SNR is low while the complexity is not

a crucial factor, the SDR solution is recommended.
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The proposed algorithms appear to require small frequency measurement errors
to operate well, especially for CFS. CFS can serve as an effective initialization to
the iterative implementation of the ML Estimator, especially in the single-time mea-
surement case where the deviation from the CRLB seems gradual. The low noise
requirement, to some extent, comes from the frequency only localization problem it-
self, which has been illustrated in the prior research studies [85, 84, 88]. The recent
publication [59] has shown that frequency estimation error ¢ in the order of 10 mHz
is achievable for the sonar scenario with a carrier frequency of 15 kHz, a data length
of 0.2 sec and an SNR of 0 dB. We shall continue to improve the proposed algorithms,
and evaluate their applicability in practical environments where high SNR for having

low frequency error may not be guaranteed.

3.6 Summary

This chapter develops several algorithms and investigates their performance for pas-
sive localization of a moving object using the Doppler shifted frequency measurements
in the 2-D space. We take a comprehensive treatment to the problem by considering
the carrier frequency is known but having errors or is completely not known, and the
sensors may have position errors. Moreover, the cases of single-time measurements
and multiple-time observations are studied. We propose a novel transformation for
the localization problem to become a quadratic optimization with a set of quadratic
constraints. Two methods are derived to solve the constrained optimization problem,
one is the computationally efficient closed-form solution and the other is the noise
resilient SDR solution. The closed-form solution is shown theoretically to reach the

CRLB performance under small Gaussian noise while the SDR solution can include

7



many additional constraints to increase the robustness against noise. Simulations
support the proposed solutions in reaching the optimal performance, and the better

accuracy and computational efficiency than the existing methods from the literature.
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Figure 3.5: Performance of the proposed methods at different o levels for multiple-
time measurements when f, is available. (a) position estimation, (b) velocity estima-

tion.
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Figure 3.6: Performance of the proposed methods at different o levels for multiple-
time measurements when f, is unavailable. (a) position estimation, (b) velocity esti-
mation.
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Figure 3.7: Performance of the proposed methods using different number of sensors
for single-time measurement when f, is available. (a) position estimation, (b) velocity
estimation.
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Figure 3.8: Performance of the proposed methods using different number of sensors
for multiple-time measurements when f, is available. (a) position estimation, (b)
velocity estimation.
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Chapter 4

3-D Object Localization

This Chapter study the problem of moving object localization in the 3-D space. 2-D
and 3-D localization problems are different in many aspects. First, 2-D scenario is
much simpler and has fewer unknowns than the 3-D situation. Second, the number
of auxiliary variables associated with the solution formulation in 3-D is increased
by five for the localization case and by seven for the multiple-time case compared
to the 2-D situation. The consequence is a considerable increase in the number of
relations among the independent unknowns and the nuisance variables, resulting in
a significant jump in the number of constraints that are far more complex to handle,
especially in the SDP solution. We find all the constraints, select those that are
relevant for improving performance and provide them in this Chapter. Third, the
investigation on sequential analysis, the proposed sequential estimator and its analysis
for the multiple-time case are new and they were not considered in Chapter 3 at all.
Additionally, this Chapter examines the effectiveness of the proposed CFS solution

as an initialization to the iterative Maximum Likelihood Estimator (MLE). Fig. 4.1
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illustrates the localization scenario in 3-D space.
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Figure 4.1: 3-D localization scenario of a moving object.

4.1 Formulation

The frequency measurement model (2.2) is nonlinear with respect to the unknowns.
Direct evaluation of (2.2) to estimate the location parameters of the object is difficult.
While it is possible to use numerical grid search to obtain the solution based on (2.2),
it will be time consuming and the accuracy is limited by the grid resolution.

We shall transform the measurement model to a pseudo linear form under the
assumption that the noise is not significant in which the second and higher order
noise terms are negligible. The new model enables the formulation of a weighted
least-squares (WLS) optimization problem with several quadratic constraints relating

the unknowns. Two solutions will be proposed to solve the WLS problem. The first is
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by algebraic evaluation to reach a CFS and the second is through convex optimization
by SDR. Each of them shall be derived separately for the single-time and multiple-
time cases. Also, a separate approach and solutions for the scenarios of available and

unavailable carrier frequency shall be considered.

4.1.1 Carrier Frequency Available

We shall first express the measurement model (2.2) in terms of the available carrier

frequency and sensor positions. Let

Pi = g = i (4.1)

be the Euclidean distance between the object at time k and the inaccurate sensor
position s;, and

Pri = (ug —s7)/[[ug — 87|, (4.2)

be a unit vector pointing from s? to uj. Using (2.5) and (2.6), the Taylor-series

expansion of the frequency shift term in (2.2) at (f,,s;) is, up to the first order error

terms
fo ul — s\ e f ul — s ) Te pz??l'lo f l'loTPL,q
O< ko_l)o = O( g 'Z) - . Afo‘l’ 2 O_szSiv (43)
cllug —s¢|| CThy c CTY,

where 7 ; = [[ug —s7|| is the true value of r; and Py? = I — pf pP7 is the orthogonal
projection matrix of pg ;.
In terms of the range rate dj; rather than the observed frequency fj;, it is after
using (2.5) and (4.3),
Jri — fo) (up —s;)"a° ¢

c(
dy; = = e 44
& fo Tk * fogk, ( )
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where the equality is used instead of approximation by assuming the higher order

error terms are too small to be considered further. ¢ ; is the total error equal to

oTl'lo —c —f, iIOTPJ‘Q
Eki — (pk’l—> Afo + QASZ' + Nk - (45)
¢ ki
For all measurements, we have
d=[dj,d; ... . dy]", (4.6)
in which dy, = [di.1,...,dka|" and €p = g1, exm]’, K =0,1,...,N — 1. From
(45), € 18
Er = df,kAfo + DsykAS + ny, (47)

where dyj is the M x 1 vector whose i-th element is (pf;0° — ¢)/c, and Dy, is the
M x 3M matrix whose i-th row is zero except the elements Dy (7,3(i — 1) +1: 3i) =

—fou"Pyo/(cry ;). Hence

e=d;Af,+D;As+n, (4.8)

in which the vector dy = [d},, df,, ...,d} y_;]" and the matrix D, = [D],, D],
..,DIy_1]". € is zero-mean Gaussian distributed with the covariance matrix equal

to
Q. = Elee"] = 0} d;d} + D,Q.D! + Q.. (4.9)

Rearranging (4.4) gives

(dp; — cerif fo) i = — (uj — sl-)T u’. (4.10)
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If we square (4.10), apply (4.1) and neglect the second order error term,

—2cdy;rieni/ fotdr,; (i) — 28T g + |ug]®) = (siTu")2—2sTu01'1°Tuz—|—(uZTu0)2 :

%

(4.11)
Let us define
siQ = 47,y 27, 2wy, 2m2, 2yizi ] (4.12)
VQ — [‘,1'3027 on’ 2027 j;,oyO7 i,02307 yOZ"O]T, (413)
such that
(sl-Tl'lo)2 = SZTQVQ . (4.14)

Thus, (4.11) can be expressed as

o Do 2
20dk7i7’,2€72-5k7i/f0 = di}i IIs: H2 - 2dz’isiTuZ + dz’i ||uZ||2 — szVQ + ZSTuOuOTuZ — (uZTuO) )

(4.15)

Section 4.2 proposes two methods to solve (4.15) for the localization case and Section

4.3 for the multiple-time situation.

4.1.2 Carrier Frequency Unavailable

The carrier frequency f¢ is regarded as an additional unknown. The Taylor-series

expansion of (2.2) at s; is, after keeping only the first order error term,

(()) u — S; Tl'lo
fio = go - LMW (4.16)
CTi
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where the composite error term ¢ ; is now

Eki = —Asl—i—nlm, (417)

and P3¢ is given below (4.3). The covariance matrix of the zero-mean error vector &

from all M N measurements is

Qs - DstDZ + Qn ) (418>

and D, is shown under (4.7) and (4.8). Section 4.4 presents the solution in this case.

4.2 Single-Time Observation

Having one set of measurement at a given time, setting & = 0 and dropping this

subscript in (4.15) give
2cdir?e; ) f, = d2 ||si||? — 2d2sTu® 4+ d? |Ju®|? —siovo+2s; uuu’ — (u”u’)? . (4.19)
Let ¢° be the unknown vector constructed as
¢’ = [UOT, |u|)?, v, uun, (uOTuO)?T : (4.20)

Also, define

B— 2f£ diag { [dir?, dor2, ..., dyr2 ]}, (4.21)
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2dis]  —di s, —2s] 1
, (4.22)

2d3sy —dy; Siig —2sy 1
T
h=[dlsi)”, dlls2l” -0 diyllsal®] (4.23)

where B is M x M, A 'is M x 14 and h is M x 1. (4.19) can be expressed in a matrix
form over : = 1,2,..., M as

Be=h— Ay’ (4.24)

The weighting matrix of (4.24) is set as the covariance matrix inverse of Be,
W=B7E[e’] 'B'=BTQ'B, (4.25)

where Q. is given by (4.9) with N = 1.

Although the number of elements in ¢° is 14, it has only 6 independent variables.
To build an estimator that solves for the actual unknowns u and u and maintains the
same degrees of freedom in finding them, we shall have eight constraints to relate the
elements of ¢°. The constraints can be used along with (4.24) and (4.25) to form a

WLS optimization problem given by:

min J = (h— Ap)" W (h— Ap), (4.26a)
st @(4) = p(1)? + p(2)* + ¢(3)?, (4.26D)
0(8)” = ¢(5)(6), (4.26¢)
0(9)” = ¢(5)p(7), (4.26d)
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Table 4.1: Relations Among the Elements of ¢ for the Single-Time Case

‘ Elements ‘ Relations ‘
e(l) == ©(4) = (1) + ©(2)? + ¢(3)?
(2) =y ©(8)* = ©(5)(6)
P(3) =2 ©(9)% = @(5)p(7)
o(4) =2 +y° + 22 ©(10)? = (6)¢(7)
@(5) = i* (11) = p(1)p(5) + ©(2)¢(8) + ¢(3)p(9)
©(6) = 5> ©(12) = p(1)p(8) + ¢(2)¢(6) + ¢(3)p(10)
o(7) = 2* ¢(13) = p(1)p(9) + ¢(2)¢(10) + ¢(3)p(7)
wgg; = &g @(14) = p(1)p(11) + ©(2)p(12) + (3)p(13)
(p =Xz
©(10) = gz ©(5)p(10) = p(8)p(9)
o(11) = @(2d + yy + 22) P(5)p(12) = p(8)p(11)
©(12) = (i + yi + 23) P(5)p(13) = p(9)p(11)
©(13) = Z(xd + yy + 22) ©(5)p(14) = p(11)p(11)
o(14) = (wd + yy + 25)? ©(6)p(9) = (8)¢(10)
P(6)p(11) = p(8)p(12)
P(6)p(13) = ¢(10)p(12)
©(6)p(14) = p(12)p(12)
(7)p(8) = v(9)p(10)
(T p(11) = p(9)p(13)
(T)p(12) = ¢(10)p(13)
o(TNp(14) = p(13)p(13)
P(8)p(13) = p(9)p(12)
P(8)p(14) = p(11)p(12)
©(9)p(12) = ¢(10)p(11)
©(9)p(14) = (11)p(13)
P(10)p(14) = p(12)p(13)
©(10)* = ©(6)(7),
©(11) = (1)¢(5) + ¢(2)¢(8) + ¢(3)¢(9),
©(12) = p(1)p(8) + v(2)p(6) + ¢(3)¢(10),
©(13) = p(1)p(9) + ©(2)p(10) + ¢ (3)@(7),
p(14) = p(1)p(11) + ©(2)(12) + (3)p(13).

(4.26¢)
(4.26f)
(4.26g)
(4.26h)

(4.26i)

Table 4.1 shows the individual components of ¢ and lists all linear and quadratic re-

lations among them. The first eight constraints on the right of Table 4.1 are taken for
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the optimization problem (4.26) and the rest are redundant for the WLS formulation.
They will be used when we obtain the SDP solution later in this section. We continue

and develop two solutions to solve the constrained optimization problem (4.26).

4.2.1 Algebraic Solution

In this solution method, we assume the elements of ¢° are independent and find its
estimate using the direct WLS solution first. Then, the eight quadratic constraints
(4.26b)-(4.261) are used to build another WLS problem through nonlinear transfor-
mation to refine the first solution estimate [12].

The WLS solution to (4.26) when ignoring the constraints is
o= (ATWA) " ATWh. (4.27)

The weighting matrix W is given by (4.25). It requires the true object location to
evaluate B and Q.. WLS optimization is not sensitive to small error in the weighting
matrix [9, 10] and we can approximate W using the object location obtained from
the least-squares solution by setting W =1 in (4.27).

The estimation error A = ¢ — ¢° of (4.27) has the covariance matrix that can

be approximated by [12, 104]
cov (Ap) = (ATWA) ™", (4.28)

where the noise in A is assumed too small and can be neglected.
We next incorporate (4.28) and the constraints (4.26b)-(4.261) to perform the

refinement process of ¢ through the second WLS optimization. Let ¢° be the unknown
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vector that contains the six independent object location parameters,

~O0

¢’ = [uT, w wul]" (4.29)

and h be the pseudo data vector constructed from ¢,

h=["(1:7), ¥*®B), ¢*(9), ¥*(10), @7 (11: 14)]" . (4.30)

The nonlinear transformation is done through relating the elements of h with those

of @°. It is recognized that
h(1:3)=@°(1:3)+ Ap(1:3),

h(5:7)=@°(4:6)+ Ap(5: 7).

(4.31)

From (4.26b)-(4.261) and dropping the second error terms, we are able relate the rest
of the elements of h to @° that are shown in Appendix B. Putting (4.31) and (B.1)
in matrix form yields

h~ Ag° + BAg, (4.32)
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where the 14 x 6 matrix A and the 14 x 14 matrix B are

_ I3 033 _
(1) ¢(2)  ¢(3) 01x3
033 I3
©(6)/2 ¢(5)/2 0
i 03x3 ©(7)/2 0 ©(5)/2 ’ (4.33)
0 @(7)/2 ¢(6)/2
0 9B ») 1) 0 0
e@® 0 p(10) 0 ©(2) 0
©(9)  »(10) 013 ©(3)
(P(11) ¢(12) »(13) O1x3 ]
B = diag{[17, 207 (8 : 10), 111"} — C. (4.34)

C(4,1:3)=¢°T(1:3) , C(14,11:13) =°T(1:3),C(11:13,1:3) = diag{p°(5:7)},

¢°(6) ¢°(5) 0 ¥(2) ¢°(3) 0
C@8:10,5:7) == [2(7) 0 ¢°05)|, C(11:13,8:10) = |¢°(1) 0  ¢°3)|>
0 @%(7) ¢°(6) 0 ¢(1) ¢°(2)
(4.35)

and the rest of the elements of C are zero.

The WLS solution for ¢’ is

¢ =(A"WA)'ATWh, (4.36)
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in which W approximates E[BApA@?BT]~! by using (4.28),
W =B T(ATWA)B'. (4.37)

The covariance matrix, after neglecting the noise in A under small noise assumption,
is

cov(@) = (ATWA) ™" (4.38)

The matrix B needs the true object location for C in (4.35) and it is not known.
Using the solution of (4.27) can approximate B to obtain . To increase the accuracy,
we can iterate (4.36) a few times by using the last update of ¢ for C in (4.35).

Since ¢ contains only the squared velocity parameters, further processing is needed
to fix the sign of . This is done by trying all eight possible sign permutations and
select the one that gives the smallest approximate ML cost function having f2 and
sy replaced by f, and s;. The final solution is

o_ ul p(1:3) | (4.39)

u P\/p(4:6)
where P is a diagonal matrix that has the chosen signs.

4.2.2 SDP Solution

The solution is obtained by transforming the constrained optimization in (4.26) to a
semi-definite program [102] by the SDR. This solution is computationally demanding

but it is robust against noise and requires less number of sensors. The expanded form
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Table 4.2: Constraints of the SDP Solution for the Single-Time Case

‘ @ and @ ‘ ® ‘
0(4) = d(1,1) + 9(2,2) + ¥(3,3) o(8,8) = B(5,6)
o(11) = O(1,5) + D(2,8) + B(3,9) $(9,9) = ®(5,7)
0(12) = B(1,8) + B(2,6) + &(3,10) | B(10,10) = (6, 7)
o(13) = (1,9) + (2,10) + &(3,7) | &(5,10) = B(8,9)
e(14) = B(1,11) + B(2,12) + (3,13) | &(5,12) = B(8,11)

o(5,13) = (9, 11)

&(5,14) = d(11,11)

®(6,9) = (8, 10)

0(5) >0 o(6,13) = (10, 12)

©(6) >0 D(6,14) = B(12,12)

o(7) > 0 ®(7,8) = ®(9, 10)
p(14) > 0 o(7,11) = (9, 13)
O(7,12) = (10, 13)

O(7,14) = B(13,13)

B(8,13) = (9, 12)

B(8,14) = (11,12)

3(9,12) = (10,11)

®(9,14) = (11,13)
®(10,14) = (12, 13)

of the objective function (4.26a) is
J(®,¢) = tr (ATWA®) — 2h" WAy, (4.40)

where h”Wh is dropped since it does not depend on the unknown ¢. ® = @@’ is
a matrix of rank one. The SDP problem is formed by considering both ® and ¢ are
variables and relaxing the rank of [[® ¢|T, [ 1]7] for the minimization of (4.40).
The relaxed SDP problem is

minJ(®, ¢), (4.41a)
D0
o
ot ? =0, (4.41D)
" 1
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All constraints listed in Table 4.2. (4.41c)

It is crucial to impose all the constraints in Table II that are derived from the
necessary and extra relations from Table I when solving the SDP. The SDP in (4.41)
has been relaxed by SDR and the extra optimization variable ® has been added. The
constraints enable the tightening of the relaxed SDP for reaching a solution that will
be close to that of the original WLS optimization problem.

(4.41a) is a convex function and can be minimized efficiently using some optimiza-
tion packages such as CVX [94]. The linear constraints in Table 4.2 are constructed
according to the relations listed on the right of Table 4.1 and by exploiting the defi-
nition of @ in which ®(i, k) = ¢(i)@(k). The other five non-negative constraints are
directly from the definition of ¢°. The object location estimate is

o_ ul p(l:3) (4.42)

al  |PVeBG |

where P is found by the procedure at the end of Section 4.2.1. W in (4.40) requires
the true object location. It is set to the identity matrix for solving an initial solution

to approximate W before obtaining the final solution by repeating the SDP.

4.3 Multiple-Time Observations

This section presents solutions to the scenario in which multiple snapshots are col-
lected by each sensor during a period of time when the object motion is linear. As

the object position changes over the period, more auxiliary variables will appear to
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relate the initial object position u at k& = 0 with the other position u,. The algebraic
and SDP solutions for this case will need a different development from the single-time

case.

Inserting (2.1) that expresses uj in terms of u® and u° to (4.15) gives

2Cdk7’irl%,i€k7’i/f0 = d H ZH - 2dk zsz u’ — dek zS'L uo + d HuOH + 2kdk zu u
+ (K221 — si)" vor2sTutuTu+2ksT 0 |02~ (uTa®) k2 a? | ' —2kuT a2,

(4.43)

where 1 = [11, 0Z]7. Although (4.43) remains highly non-linear with the unknowns
u’ and u°, it is pseudo linear with respect to the unknowns and their product terms.
We shall set the unknown vector as

¢°(1:20) = [uT, a’", u’l*, uTa?, vD, uwlaou’T, [a|*a’]",

(4.44)
e°(21:23) = [ e, uTw @), (uTu’)?]"

The independent object location variables are ¢°(1 : 6), and the other 17 elements
@°(7 : 23) are auxiliary. Let the M x M diagonal matrix By, the M x 23 matrix Ay

and the M x 1 vector h; be

B = 2? diag { [dy17%.15 Tk 27"k, 9y s r,@Mr,%,M} I3 (4.45)

Ay(i,1:14) = [27’,“ S; 2k7’,“ I —2kri,, — (k27"1m~ siQ)T },
’ ’ (4.46)

Ap(i,15:23) = [ —2s] , —2ks] | k*, 2k, 1],

2 2 21T
hy = [ lIsall™ s o llsall” s i snlP ] (4.47)
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Collecting Ay, h;, and By for k =0,1,..., N — 1 give

T
A=[A],A], ... A ], (4.48)
h=[hl nl, ... 05 ], (4.49)
B:diag{Bg,Bl,...,BN_l}. (450)

In matrix form, (4.43) fori = 1,...,M and kK = 0,..., N — 1, after neglecting the

second and higher error terms under small noise assumption, is

Be=h— Ay°. (4.51)

The constrained optimization problem for the multiple-time case is

min J = (h—Ap)" W (h — Ap), (4.52a)
7}

st. (C.1), (4.52b)

where W is given by (4.25). To fix the number of independent variables in (4.52) to
only 6, we have imposed 17 constraints (C.1a)-(C.1q) listed in Appendix C, by using
the relations among the auxiliary variables and the independent unknowns. They can
be verified directly by substituting the elements of ¢° in (4.44). Interestingly enough,
each constraint can be expressed in a quadratic form in terms of the elements of ¢°.

We next derive the algebraic and SDP solutions from (4.52).
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4.3.1 Algebraic Solution

The problems (4.26) and (4.52) have similar form when ignoring the constraints.
Pretending the elements of ¢ are independent, the WLS solution and its covariance
matrix have expressions (4.27) and (4.28), with the matrices A, B and the vector h
defined differently in (4.45)-(4.50) and W given by (4.25).

Similar to the procedure for single-time scenario, the solution of ¢ from (4.27)
is nonlinearly transformed to obtain the final object location 8° = [uT , u’T]" by
making use of the relations among the elements of ¢ described in Appendix C. Let
the data vector h of the second WLS be

h=[p"(1:7),2008), T (9:11), 27 (12:17), (18 : 21),2p(22), <p(23)}T :
(4.53)
We can write h in terms of Ap and @°(1 : 6) or equivalently #° by using similar

manipulation for obtaining (B.1). Neglecting the second and higher order error terms,

we reach

h = A¢° + BAg, (4.54)
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where A and B are

(4.55)

03x3

I3

I3

03x3

01x3

03x3

03x3

©(8)

p(13)
p(14)
p(11)

p(12)
¢(10)
p(14)

©(9)

0

p(12)
©(13)

0

~~ o~~~ ~~ o~

~— ~— ~— ~— ~—

— — — — —

~ ~— ~— ~— ~—

> @ o 0 0
- = — —
@:/l\/l\(\(
S S S S
—

o

N

SN—

S

o= 3)
X X mm

o —
o o S

—

0

—

SN—

S

01x3

p(16)  »(17)

| #(15)

(4.56)

diag{[17,2,17.2,2,2,2,2,2,17 2. 1]"} — C,

B =
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C(7,1:3)=C(8,4:6) = C(22,18 : 20) = C(23,15: 17) = ¢°7(1: 3) ,
C(8,1:3)=C(21,18:20) = C(22,15: 17) = 9°T(4: 6) ,
C(9:11,4:6) = C(18:20,9: 11) = diag{p’(4: 6)} ,

C(12:14,4:6) = [C(18: 20,12 : 14)}T :

C(15:17,9: 11) = diag {¢°(1 : 3)} , C(15 : 17,8) = @°(4 : 6), (4.57)
C(15:17,12: 14) [C(18:20,12: 14)]T
¢’(2) ¢’(3) 0 ¢’(5) ¢’(4) 0O

= 1e?(1) 0 ?B3)] . T |e6) 0 ¢(4)]
0 (1) ¢°(2) 0 ¢°(6) ¢°(5)

and the other elements of C are zero.
The WLS solution to (4.54) after setting the weighting matrix to (4.37) with B
given by (4.56)-(4.57) is
0= (ATWA) 'ATWh, (4.58)

It has a covariance matrix approximately equal to

cov(f) ~ (ATWA)™. (4.59)

4.3.2 SDP Solution

Expanding the objective function J in (4.52) gives (4.40) after dropping the term

h”Wh that is independent of the unknown vector ¢. Using the same methodology
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as in the single-time case, the relaxed SDP is

minJ(®, ), (4.60a)
@0
g
ot 7l -0, (4.60b)
" 1
All constraints listed in Table 4.3. (4.60c¢)

The constraint (4.60b) relaxes the rank of ® = pp’. The other constraints listed
in Table 4.3 are directly deduced from the relations among the elements of ¢ and also
from the relation between ¢ and ®. The object location estimate is extracted from

the first 6 elements of the solution ¢ after solving the SDP,

0 =p(1:6). (4.61)

Table 4.3 comes with considerable amount of optimization effort. The first and
second order relations are over several hundreds. We have carefully investigated each
and eliminated those that are not doing much to improve the tightness of SDP. The
relations in Table III are those that will make a difference to improve the performance
when included as constraints for solving (4.60). It is a big distinction with the 2-D case
SDP solution [107] in which the number of relations are not as many and optimization

is not needed to reduce the number of constraints.
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Table 4.3: Constraints on ¢ and ® for the SDP solution of the multiple-time Case

©(9) = 0(4,4) p(11) = &(6,6) ©(13) = ©(4,6) @(15) = ©(4,8) @(17) = &(6,8)
©(10) = ©(5,5) ¢(12) = ©(4,5) ©(14) = ©(5,6) ©(16) = (5,8) ©(23) = ©(8,8)
@(7) = (1,1) p(16) = (1,12) ©(19) = ®(4,12) ©(22) = ©(1,18)
pand ® | +®(2,2)+9(3,3) | +B(2,10) + @(3,14) | +®(5,10) + B(5,11) | +B(2,19) + ®(3,20)
©(8) = ®(1,4) o(17) = (1,13) ©(20) = B(4,13) ©(22) = B(4,15)
+3(2,5) + ©(3,6) | +B(2,14) + B(3,11) | +B(5,14) + ®(6,11) | +&(5,16) + B(6,17)
©(15) = ®(1,9) o(18) = ®(4,9) ©(21) = B(4,18) ©(23) = ®(1,15)
+0(2,12) + ®(3,13) | +8(5,12) + ®(6,13) | +P(5,19) + ®(6,20) | +&(2,16) + B(3,17)
B(4,10) = B(5,12) | ®(5,16) = B(8,10) | H(9,20) = ®(13,18) | ®(11,18) = (13,20) | B(14,22) = B(16,20)
B(4,11) = ®(6,13) | ®(5,17) = B(6,16) | B(9,21) = B(18,18) | ®(11,19) = $(14,20) | B(14,23) = &(16,17)
B(4,12) = ®(5,9) | ®(5,20) = B(6,19) | B(9,22) = D(15,18) | (11,21) = $(20,20) | B(15,19) = B(16, 18)
D(4,13) = ®(6,9) | B(5,22) = B(8,19) | ®(9,23) = ®(15,15) | ¥(11,22) = $(17,20) | B(15,20) = ®(17,18)
B(4,14) = B(5,13) | ¥(5,23) = B(8,16) | B(10,11) = ®(14,14) | ¥(11,23) = &(17,17) | B(15,21) = B(18,22)
B(4,15) = B(8,9) | B(6,15) = B(8,13) | B(10,13) = ®(12,14) | (12,17) = $(13,16) | B(15,22) = B(18,23)
B(4,16) = B(5,15) | ®(6,16) = B(8,14) | B(10,15) = ®(12,16) | (12,20) = $(13,19) | B(16,20) = H(17,19)
® B(4,17) = B(6,15) | ®(6,17) = B(8,11) | ®(10,17) = ®(14,16) | $(12,21) = $(18,19) | B(16,21) = H(19, 22)
B(4,19) = B(5,18) | B(6,22) = B(8,20) | ®(10,18) = B(12,19) | $(12,22) = $(15,19) | B(16,22) = H(19, 23)
B(4,20) = B(6,18) | B(6,23) = B(8,17) | ®(10,20) = ®(14,19) | ¥(12,23) = B(15,16) | B(17,21) = B(20,22)
B(4,22) = B(8,18) | B(9,10) = B(12,12) | ®(10,21) = ®(19,19) | ®(13,16) = $(14,15) | B(17,22) = B(20,23)
B(4,23) = B(8,15) | (9,11) = B(13,13) | B(10,22) = ®(16,19) | (13,19) = $(14,18) | B(21,23) = H(22,22)
B(5,11) = B(6,14) | ®(9,14) = ®(12,13) | B(10,23) = ®(16,16) | $(13,21) = B(18,20)
B(5,13) = ®(6,12) | ®(9,16) = ®(12,15) | ®(11,12) = D(13,14) | (13,22) = (15,20)
B(5,14) = ®(6,10) | B(9,17) = ®(13,15) | ®(11,15) = B(13,17) | $(13,23) = B(15,17)
B(5,15) = ®(8,12) | ®(9,19) = ®(12,18) | ®(11,16) = ®(14,17) | (14,21) = B(19,20)

4.4 carrier frequency unavailable solution

The proposed method estimates the unknowns 8° = [u°? | 0" |7 and f¢ together by
taking advantage of the solution when the carrier frequency is available.

The measurement model when f¢ is an unknown is (4.16). The error term has
Gaussian distribution since it is a linear combination of Gaussian random variables.
Let f(fo,ﬁ) be the parametric form of the frequency vector in f, and €, having s?
replaced by s;. From (2.2), the elements of f(f,,8) are

£(0(1:3) +k0(4:6) —s,)70(4 : 6)
cl0(1:3)+kO(4:6) —s|

Fri(for0) = fo— (4.62)
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The approximated maximum likelihood (ML) cost function is

7(1on6) = (£~ 1(£.0)) Q" (F~£(1..0)) (163

where Q. is defined in (4.18). (4.63) is nonlinear with respect to the unknowns.
Obtaining the solution by minimizing (4.63) directly is not trivial. The gradient-
based iterative solution requires a good initial guess, in which pseudo linearization
can be a possible approach to obtain an initial guess [108, 109] to start the iteration.
The grid search solution will be very time consuming since there are 7 unknowns. We
shall resort to a hybrid solution that uses a search over f¢ and the proposed solution
for the available carrier frequency case.

For a given f,, 8 is found by the algebraic or SDP solution derived in Section 4.2
for single-time case or Section 4.3 for multiple-time scenario, where ‘7;2‘0 is set to zero
in (4.9) to obtain Q. for the weighting matrix W. Inserting this f, and the resulting
0 solution to (4.63) gives the cost for this f,. We repeat this process for several f,
trial values and identify the one that has the minimum cost. The corresponding 6
will be the location estimate of the object.

The range of possible f, values is often known in practice [79]. We can improve
the performance and efficiency by searching f, with a coarse grid size, followed by
the Newton-Raphson iteration to refine the value. Interpreting (4.63) as a function

of single unknown f,, that is

T = (£~ 1) @t (£ £(5)) (164
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the Newton-Raphson iteration is [104]

FED = f0 e (V2I(FD)) TV I(fD) (4.65)

[=0,1,..., e —1 represents the iteration index with [,,,, set to achieve the required
accuracy level, fc(o) is the estimate from the coarse grid search and £ is the step-size
constant between 0 and 1 to stabilize the iterative process. V.J(e) and V2J(e) are
the first and second derivatives of J(e) with respect to f, and they can be obtained

using the finite-difference approximations

(4.66)

V2I(f0) ~ , (4.67)

where ¢ is a small constant.

4.5 Sequential Multiple-Time Solution

The CFS and SDP methods presented in Section 4.3 for multiple-time scenario are
suitable for batch processing where N observations are collected before estimation can
take place. It would be desirable to have a sequential solution for the multiple-time
scenario that provides the timely improved object motion parameters upon a new
observation arrives. It could also reduce complexity without redoing the estimation
entirely when we have a new snapshot observation.

The proposed multiple-time sequential algorithm first uses the single-time case
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solution, either CFS or SDP, to obtain the object location parameters for the newly
arrived observation. It next combines this single snapshot solution with the estimate
from all the past observations.

Let 0, be the single-time case solution from the newly received k-th observation
and 0;_1y be the estimate from all the past observations up to time k-1. They are

related to the true value of the updated estimate 0?1@} by, after using (2.1),

= H{k} 0&,} + , (4.68&)
O¢k—1) A1y
H, I,  klIs

Hy, = , H = . (4.68b)
I 0353 I3

The WLS solution by minimizing the weighted Lo-norm of [ AT AGT{Fk_l} 17 is

—1 T
G{k} = (H{Tk}W{k}H{k}) H{k}W{k} [0% s 0?,{71}} s (4.69&)

Wiy = diag{cov(é’k)_1 Hi0(, 1) > COV(O{k—1}>_1 00k_1) } : (4.69b)

In Wy, cov(fy) is given by (4.59) with @ replaced with ), and cov(f;—1}) is given
in (4.70) with k — 1 instead of k. cov(e)™!|, stands for obtaining cov(e)™' with e

replaced by *. The accuracy of Oy, k = 1,2,..., from the WLS optimization is
—1
COV(O{k}) ~ (Ht{k}w{k}H{k}) s (470)

where the approximation comes from the randomness of 8 in Wy;.

In summary, the sequential algorithm operates as follows. (i) Set 80y = 6y at the
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start; (ii) Apply the single-time algorithm, either CFS or SDP, to obtain 8} using
the latest received snapshot observation fy; (ii) Use (4.69) to obtain 8 from 6}, and
O¢i—1y

The multiple-time sequential algorithm is much more efficient in computation than
the batch multiple-time solution presented in Section 4.3. The computation complex-
ity in the sequential estimation is dominated by the single-time case estimate that
involves 14 unknown variables, whereas the batch processing algorithm, regardless
of CFS or SDP, has 23 unknown variables. Having said, the sequential algorithm
may deviate from the CRLB earlier than the batch algorithm in suffering from the
thresholding effect, which is dependent on the latest single snapshot observation only

instead of k 4+ 1 snapshot measurements.

4.6 Analysis

We shall prove that under first order analysis in which the second and higher order
noise terms are negligible, the covariance matrix of the proposed algebraic solution
can reach the CRLB accuracy when some conditions are met. The CRLB has been
derived in Section 2.6 which has a generic expression applicable to the 3-D case as
well. We only present the analysis for the solution of the multiple-time case. The
same analysis applies to single-time case and we can reach the same conclusion. The
analysis begins with the batch algorithm for the known carrier frequency case first
and the unavailable carrier frequency scenario next. It then continues for the study

of the sequential algorithm.
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4.6.1 Carrier Frequency Available

Let us start from (4.59). Inserting (4.25) and (4.37) and taking inverse give
cov(@) ' = ATBTA"TBTQ.'B"'AB'A. (4.71)

4.9) can be expressed as Q. = Q, + DQ,D?, where D = [d, D,] and Q, =
f

diag{aj%o, Q;}. Using the matrix inversion lemma [104], the inverse of Q. is

Q.'=Q,'-Q,'D(Q,'+D"Q,'D)"'D'Q,". (4.72)

Inserting it to (4.71) gives

cov(@)' = ATBTATBTQ;'B'AB'A - ATBTATBTQ.'D(Q;"

+D’Q;'D)"'D'Q;'B'AB'A. (4.73)

B! and B! can be evaluated analytically since B in (4.50) is diagonal and B in
(4.56) is sparse.
We list below several small noise conditions such that the approximations of A, B,

Aandﬁbytheir true values are valid. For k =0,1,..., N—1land:=1,2,..., M,

they are:
i
i), 4.74a
T T2 e
Afo
—7 _~0, 4.74b
fRi =18 ( )
Ar; ~0, Ay; ~0, Az; ~0, (4.74c¢)
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Azx; Ay; Az

—~0, — ~0, — ~0, (4.74d)
Z; Yi 2
Az; Ay, Az,
0, 2l 0, 22, (4.74e)
L Tk Tk
Al
2€) ~0or Ap(j) ~0, j=1,2,...,6,8,9,...,20, (4.74f)
©°(4)
jov
@:o, j=1,2....6. (4.74g)
Tk

The conditions are essentially requiring the noise of a certain measured or esti-
mated quantity is small compared to the true value. Such a noise requirement is
expected, otherwise the localization will not yield meaningful results.

When (4.74) is fulfilled, direct evaluation gives

~ |~ ~o 1~ ofe
B'AB'A ~ B 'A’B'A° = 4,
ofe
D~ . 4.75b
Using (4.75) in (4.73), we reach the conclusion that
cov(f) ~ CRLB(6). (4.76)

4.6.2 Carrier Frequency Unavailable

We shall first show that minimizing the cost function (4.63) can give a solution that
can reach the CRLB performance under the conditions in (4.74). We then prove that

the proposed method can efficiently finds the minimizer of (4.63).
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The expansion of ﬁ“( f0,0) around the true values up to the first order error is

0 fri
00T

.  Of
Foi(fon) = oo+ 2| gy
afo fo 00

0 —6°), (4.77)
f8.0°

where f;?z — fri(f2,0°). Using (4.77) in (4.63) and setting the gradients with respect

to f, and @ to zero yield

. . AT . . -1, .
fo N [afo af0] B [afo 8f0] [afo of°

P - g° a_fg’ 00°T € 8_foo’ 00°T a_fg’ 00°T

T
]Q?ﬁi%
(4.78)
where f° is the vector with elements fk,i(fo,O), k=0,1,--- ,N—landi=1,2,---, M.
(4.78) is the expected solution of the proposed method. It is reasonable to approxi-
mate £ — £°, 9f° /02 and 9f°/90° by €, 9f°/df? and 9f°/06° under the small noise
conditions in (4.74a)-(4.74e). Subtracting the true solution from both sides of (4.78),

taking outer product and applying expectation give

0 o 17T o 0 -t
wtrot) = ([0 o] @ [0 ] ) e
When we apply the block matrix inversion formula [104] to (4.79), keep only the lower
right block, insert (4.18) and simplify, it becomes the expression of the CRLB. Thus,
under the small noise conditions (4.74a)-(4.74e), the solution that minimizes (4.63)
will achieve the CRLB accuracy.
The procedure in the proposed algorithm of using a one variable search over f,

together with the frequency available solution will eventually reach the smallest value

of (4.64). This process is basically finding the global minimizer of (4.63). We can
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therefore conclude that the proposed method gives a solution that reaches the CRLB

accuracy, under the small noise conditions in (4.74).

4.6.3 Sequential Algorithm

We shall analyze the theoretical performance of the sequential algorithm and show

that it can achieve close to the CRLB accuracy, i.e.
cov(@xy) ~ CRLB(6Y,,) , (4.80)

providing with the small noise conditions in (4.74), through the mathematical induc-
tion.

It is clear from the start of the sequential algorithm that
cov(fy0y) ~ CRLB}(6°), (4.81)

by the analysis in Sections 4.6.1 or 4.6.2. Assuming (4.80) is true up to time k& — 1 in
which cov(@x-1y) = CRLB(#f,_,,), we next show that (4.80) is true at time k£ under
(4.74).

In (4.69b), it is reasonable that 8,1y closely approximates §° given (4.74). The
inverse of the Fisher Information Matrix (FIM) is the CRLB [104]. Using the analysis
results in Sections 4.6.1 or 4.6.2, putting in (4.68b) and (4.69b) and multiplying out,

we have

1

cov(Bry) ~ (FIM(6%,_,y) + HYFIM(6)H, ) . (4.82)

According to the Gaussian data model and the uncorrelated behavior of the ob-
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servations at different time instants, it is straightforward to validate that

CRLB(#:,,) — [ vy, ) + PO pnen 2% ) (4.83)
“ T o6y By ) |
We have from (2.1)
007
g, (4.84)

in which 8, = 6 has been used. Using (4.84) in (4.83) yields immediately (4.80). We
therefore conclude that the sequential solution reaches closely the CRLB performance

under the small noise conditions listed in (4.74).

4.6.4 Complexity

The CF'S is algebraic and it is more computationally efficient than the SDP solution.
We shall perform complexity analysis of the two solutions for the available carrier
frequency case. The unavailable carrier frequency case is basically repeating the
processing of the available carrier frequency case several times.

Going through the steps of obtaining the CFS, Appendix D shows that the com-
plexity of CFS is given by (D.1). The complexity of the SDP solution involves forming
the objective function (4.40) that takes the amount of (D.2) and solving an SDP that
has the worst-case complexity given by (D.3) [110]. Simplifying (D.1) and (D.2)—(D.3)
further by keeping the dominant components, Table 4.4 summarizes the complexity
of the solutions we proposed, in terms of the number of multiplications.

Regardless of the specific solution for single-time, multiple-time(batch) or multiple-
time(sequential), the complexity has the common expressions in Table 4.4 but taking

different values of the parameters. The parameter values for the three specific cases
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Table 4.4: Complexity of the Algebraic Solution CFS and the SDP Solution in terms
of the number of multiplications.

Sol. Order of Complexity
CFS O ((N®+3N?+18N)M?3 + (2LN*)M?
+(2L2N)M + 4nL? + X )
SDP @) ((N3 +3N? +18N)M?3 + (2LN?*)M? + (2L°>N)M
+2VI(C8 + C2L2 + CL3) In(1/e) + X)
n: (number of repetitions + 1) in the second stage of CFS
M: number of sensors
N: number of consecutive time measurements
L: length of the pseudo unknown vector ¢
C': number of constraints
X: additional computation from sequential algorithm

Table 4.5: Parameter values for Table IV.

Cases N|L|C| X
CFS: Single-Time 1] 14 0
CFS(batch): Multiple-Time N | 23 0
CFS(sequential): Multiple-Time | 1 | 14 413
SDP: Single-Time 1|14 30 0
SDP(batch): Multiple-Time N {2398 | 0
SDP (sequential): Multiple-Time | 1 | 14 | 30 | 4L3

are listed in Table 4.5.

Roughly speaking, the complexity difference of the two algorithms amounts to the
use of the second stage processing in the CFS and an SDP solver in the SDP solution.
The former has a complexity on the order of L? and the latter v/LC?In(1/e), where
L < C from Table 4.5 and € < 1. It becomes clear that CFS has lower computational

complexity.
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4.7 Simulations

The performance of the proposed solutions is compared with the CRLB and other
solutions from the literature for shallow water acoustic application where the signal
propagation speed ¢ is about 1500 m/s [1, 81, 111]. We use shallow water localization
for illustration in this section and the proposed algorithm can be applied to other
environments and applications for localization such as by a radar network or an
airborne platform. The scenario assumes the object is moving within a 3-D cuboid
space of dimensions 3 x 3 x 1 km? centered 500 m below the sea surface at (0,0, 500)
m at a constant speed |[u°|| = 10 m/s and is radiating a tonal signal at frequency
fo =15 kHz [1, 81]. The fixed sensors are placed at two different regions with equal
size of 2 x 2 x 0.1 km? centered at (0,0,50) m and (0,0,950) m. The power of the
frequency measurement noise is denoted by o2. It is inversely proportional to the SNR
and to third power of the data length [104]. Having higher SNR or longer acquisition
time can reduce frequency measurement error o.

We shall use 10 randomly generated configurations, where the Cartesian coordi-
nates of the object initial position, velocity direction and sensor locations in each are
sampled from a uniform distribution within the limits. The sensor positions satisfy
|si —s;|| =400 m for 4,5 = 1,2,...,M and i < j to avoid poor geometry and sup-
port the conditions in (4.74). For the unavailable carrier frequency case, we used 150
grid points for the coarse search process, d for the Newton-Raphson iterations is set
to 0.01 at [ = 0 and then changes to félﬂ) — fél) for l =1,2,...,lhee — 2, and the
step-size £ is 0.25. Algorithm performance is measured using the mean square error
(MSE) of the object location estimate computed by averaging the squared error over

10 randomly generated configurations having 1000 ensemble runs in each except the
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tests that include the Shames method [88] or the grid search process where we used
only 100 ensembles to reduce the processing time.

The proposed closed-form and SDP solutions are denoted by CFS and SDP. In
addition, the CFS is used to initialize the MLE by the Gauss-Newton iterative imple-
mentation and the resulting solution is denoted by CFS-ML. The Newton-Raphson
iterations in the unknown frequency case is dropped from the CFS-ML solution as
the refinement process is achieved by the MLE. The SDP solution is obtained using
the CVX toolbox [94] where three scaling adjustments are used to reduce the round
off errors and achieve better accuracy. The sensor position vector s in (2.7) is scaled
down by the maximum distance between any two sensors, the range rate vector d in
(4.6) is scaled down by its maximum element.

For comparison, we include the solutions from [85] and [88] indicated by Chan
and Shames, respectively, after some modifications to match the 3-D scenario. We
change the model of Chan method to find the solution for the available frequency
case as the original model assumed it is unavailable. We also change the step-size of

the grid search so that its computational time is comparable to the SDP solution.

4.7.1 Performance w.r.t. Measurement Noise

For this test, the covariance matrices Qi, K = 0,1,..., N — 1 of the measurements

are set to 02I; where o is in Hz. The sensor positions covariance matrix Q is O.

Single-Time

The number of sensors M is 16. Fig. 4.2 shows the performance as the noise level o

increases when f, is exactly known. When ¢ is within the small to moderate level,
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the MSEs of CFS and SDP attain the CRLB accuracy for both position and velocity
estimation. As o increases to a large level, the SDP shows steady performance while
the CFS leaves the CRLB. The CFS-ML improves the result of CFS by extending its
optimal accuracy to slightly larger noise level. Regardless of the measurement noise
level, Shames could not reach the CRLB performance. Chan shows poor estima-
tion accuracy due to the limited grid resolution when maintaining its computational
complexity close to that of SDP.

Table 4.6 examines the relative average processing times of the simulation in Fig.
4.2 obtained from Matlab implementation at two different levels of . CFS-ML is 3
times slower than CFS and both of them show great benefit over the other methods
by consuming much less processing time. Shames has a very long processing time,
while SDP and Chan have moderate computational complexity. It is possible that the
complexity of SDP can be reduced when the code for the SDP problem is specially
designed, the one used in this simulation is from a universal solver that may have
unnecessary procedures added to the original problem. The measurement noise level
does not affect much the relative average processing times of these methods.

Fig. 4.3 illustrates the performance when the carrier frequency f, is unavailable,
where the other settings remain the same as for Fig. 4.2. The absolute performance
drops from that in Fig. 4.2 as the number of unknowns for this case is increased by
one. CFS-ML appear to handle larger o level better, and it can extend the CRLB

performance of CFS significantly by 20 dB.
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Table 4.6: Processing Times at different values of o relative to that of CF'S at o = 0.01
Hz.

o (Hz) CFS CFS+ML SDP Shames  Chan

0.01 1.00 2.89 993.47 11331240 723.15
0.1 1.15 3.15 985.59 112809.24 720.97

Table 4.7: Processing Times for the sequential and batch algorithms at different k
values relative to that of S-CFS at k=2.

S-CFS B-CFS §S-SDP B-SDP EKF

k

2 1.00 4.07  419.57 5798  0.13
4 1.00 4.10 42156 573.06 0.12
8
1

0.99 5.16 416.63 562.87 0.12
6 0.99 7.81 440.23 571.80 0.12
32 1.37 19.18  449.36 582.76  0.12

Multiple-Time

The number of sensors is M = 10 and that of successive measurements is N = 35.
Fig. 4.4 gives the estimation MSE versus ¢ when the carrier frequency is exactly
known. At low noise level of ¢ = 0.001 Hz, SDP could not reach the CRLB, possibly
due to the relaxation accuracy limit. As o increases, CFS leaves the CRLB first and
followed by the CFS-ML, while SDP remains to follow the bound much further for
large o.

In Fig. 4.5, we show the results for unavailable carrier frequency situation where
the observations are similar to those from Fig. 4.4. The accuracy of SDP at low noise

level can reach the CRLB, since it is limited by noise instead of relaxation.
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Figure 4.2: Performance of the proposed methods at different o levels for single-time

case when f, is available.

Sequential Multiple-Time

We use M = 16 and N = 5 for this test. The algorithm updates the location of the
object sequentially as k increases. Fig. 4.6 shows the performance at k¥ = 4 when

of, = 0. The sequential algorithm using CFS is denoted by S-CFS and that using

SDP is S-SDP. When o < 0.05 Hz, both the S-CFS and

performance. At larger noise level, the S-CFS leaves the CRLB accuracy whereas the
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Figure 4.3: Performance of the proposed methods at different o levels for single-time
case when f, is unavailable.

S-SDP continue to perform well.

4.7.2 Performance w.r.t. Sensor Position and Carrier Fre-
quency Errors

The covariance matrix of sensor position errors is randomly set as

Q, = o’diag{[6, 5, 8,9, 8,4,8,9,6,3,3,7,9,3,6,8,8,3,3,4,5 4,6,8,7, 8,
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Figure 4.4: Performance of the proposed methods at different o levels for multiple-
time when f, is available.

4,9,4,8,3,3,6,6,7,7,3,9,4,2,6,3,4,3,3,4,5 4]/10}, (4.85)

where the unit of o, is meters. Fig. 4.7 gives the estimation performance with respect
to o4 when the carrier frequency error is absent, where the measurement noise covari-
ance matrix is arbitrarily chosen as Q,, = 10~ "diag{ [4, 3, 6, 7, 8, 1, 8, 10, 3, 0.1, 1,
4,9,1,6, 8]} Fig. 4.8 presents the results as oy, increases while keeping o, = 0

and Q,, = 107%I5. Both CFS and SDP show similar performance by having optimal
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Figure 4.5: Performance of the proposed methods at different o levels for multiple-
time when f, is unavailable.

accuracy over the region of small to moderate levels of errors. CFS-ML outperforms
the others by its ability to reach the CRLB at larger noise level. When we neglect
the error of carrier frequency by setting o, to 0 in (4.9) for CFS, the performance
becomes much worse unless oy, is very small where the accuracy is dominated by the

measurement noise.
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Figure 4.6: Performance of the proposed methods at different o levels for the sequen-
tial estimation when f, is available.

4.7.3 Sequential Estimation for Multiple-Time as Time k In-
creasing

Using M = 16 sensors and having the noise level at ¢ = 0.1 Hz, the MSE of the object

location estimate at successive k values is plotted in Fig. 4.9 using only one randomly

generated configuration where the sensor position error and carrier frequency noise

are absent. We include the extended Kalman filter (EKF) [104] denoted by EKF as a

comparison to our proposed sequential method. The state vector of EKF is [u?, u?]?
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Figure 4.7: Performance of the proposed methods at different o, levels for single-time
case.

and the input at each instant is the frequency measurement. It is initialized with the

object state vector equal to 0 and the state covariance matrix by [112]
Qstate = diag { 1500°I,/3, 500°/3, 10°13/9 } . (4.86)

The proposed sequential algorithms S-CFS and S-SDP are able to locate the object

and track it well with the optimal CRLB accuracy for the tested values of k. While
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Figure 4.8: Performance of the proposed methods at different o, levels for single-time
case when f, is available.

EKF eventually can reach the CRLB when £ is sufficiently large, they considerably
outperform the EKF when k is small.

The processing times of the algorithms at several k values from Matlab imple-
mentation are recorded in Table 4.7, under the settings of Fig. 4.9. EKF is most
computationally efficient, which takes about 1/8-th of the processing time of S-CFS.
However, its tracking performance is inadequate. Both sequential algorithms, S-CFS

and S-SDP, maintain nearly the same amounts of processing times regardless of k
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and they are less than those of their batch counterparts, B-CFS and B-SDP. When k&
increases, the B-CFS processing time increases at almost constant rate and becomes
large. The time consumed by the B-SDP does not vary much with £ as it is dominated
by the relaxation process which is mostly dependent on the number of unknowns and

the number of constraints rather than the measurement data size.
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Figure 4.9: Performance of the proposed methods at different k for the sequential
estimation when f, is available.
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4.7.4 Sensor Number

Figs. 4.10 and 4.11 give, respectively, the performance when using different number
of sensors for the single-time and multiple-time scenarios. The settings are the same
as in Fig. 4.2 and Fig. 4.4 for the two cases, while keeping the measurement noise
level at ¢ = 0.01 Hz.

For the single-time scenario in Fig. 4.10, CFS needs at least 14 sensors to work
properly due to the significant number of unknowns in (4.20). SDP attains the CRLB
with only 9 sensors. Shames cannot reach the CRLB even when the number of sensors
is large and has a very long processing time. Chan has poor performance regardless of
the number of sensors due to the accuracy limited by the grid size of solution search.
Using smaller grid size could improve the accuracy but it will be at the expense of
consuming longer processing time.

Fig. 4.11 shows similar observations for the multiple-time case. CFS now requires

9 sensors to operate and SDP can reach the CRLB with only 6 sensors.

4.8 Summary

In this chapter, We have investigated the problem of locating a moving object in 3-D
by using frequency measurements. Several scenarios including the single-time and the
multiple-time, both having carrier frequency known with error or fully unknown are
studied in the possible presence of sensor position errors. For each individual scenario,
we proposed two solutions based on the algebraic closed-form approach or the semi-
definite relaxation. The first is computationally efficient that consumes small amount

of computation time and the latter is noise resilient that can tolerate large amount
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Figure 4.10: Performance of the proposed methods using different number of sensors
for single-time case when f, is available.

of noise. The semi-definite relaxation solution has several hundreds of constraints
and we have evaluated each and listed the crucial ones that improve performance.
Both solution methods attain the CRLB performance under their intended operating
environments. We have also demonstrated CFS is an effective initialization for the it-
erative implementation of the MLE. Furthermore, a sequential estimator is developed
for the multiple-time scenario where the object location parameters are updated upon

a new observation arrives. Finally, the study contains theoretical analysis to prove
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Figure 4.11: Performance of the proposed methods using different number of sensors
for multiple-time when f, is available.

that under small Gaussian noise, the algebraic solution and the sequential estimator
can reach the CRLB accuracy having available and unavailable carrier frequency, with

the simulations providing the validation.
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Chapter 5

Moving Sensors Scenario

The measurement model given in (2.2) is valid when the sensors are fixed. To consider

the sensor movement, we use the following model

fo(ug — Sz,i)T(ﬁo - Szz)

o o
CHuk _Sk,z‘H

fri=f5— + Nk, (5.1)

where s} ; € R¢ and Spi € R? are the true position and velocity of sensor i at time
instant k, and d is the localization dimension. r;; = ||u — sg;|| is the Euclidean
distance at instant k£ between the object and the noisy position of sensor ¢. Collecting

sy ; and sy, over M sensors and N time observations gives

s0= (s 85 s s ] =5 As, (5.2)
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and sy, and s are

sp = [sth, SPas - st )T (5.4)
sz = [Sz,jia szga ] SZTM]T . (55)

As and As are uncorrelated zero-mean Gaussian distributed error with covariance
matrices given by Qs and Qg respectively. To solve for the unknowns u® and u°,
we assume that enough measurements are available and the errors of sensor position,
sensor velocity and observation noise are uncorrelated and not significant in which the
second and higher error terms are negligible. We shall first reformulate the problem
to get an objective function with some second order constraints. Then, two solutions
will be proposed to minimize the objective function and obtain the object location
estimate. We shall also address the cases single-time and multiple-time measurements

separately.

5.1 Formulation

We start by expressing the measurement model (5.1) in terms of the available quan-
tities f,, si; and S;; as

fo(ug —sp)T (0 — $k,)

CTk;

fk,i = fo_

+eri T Afoo(1) +o([|[Askill) + o[ Asil])  (5.6)

where €y ; is the composite error term given by

ol e — &° . __fo o
Epi = (p—k’l( ki) — 1) Afo—i—c TOO (ﬂo—éz,i)TPt?ASk,i_J%pZT-ASk,i‘i‘nk,i. (5.7)

) ¥
¢ ki
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Pri = (U — ski)/rr: is a unit length vector pointing from s;; to uj and Pk{‘i’ =
I — p; p; is the orthogonal projection matrix of pf ;. Let dy be the M x 1 vector
whose i-th element is —1+p7%(0° — §7 ;) /c, D as the M x dM matrix whose i-th row
is zero except the elements D ;(i, dx (i—1)+1: dx (i) = —(0° =83 )" Profo/(c 1y ,),
and D; j, as the M x dM matrix whose i-th row is zero except the elements Dy (i, d x

(1—1)+1:dx (i) = —f—fpg?,;. Collecting the composite errors from different sensors

at time k gives

EL = df,k:Afo + DS’]CAS + DSJgAS + ng . (58)
Defining the vector dy = [d},, d},, ...,d} y_;]", the matrix D, = [D,,, DI,
..,DIy_1]", and the matrix D; = [Df,, Df,, ..., D} y_,]", the error vector of all
M N measurements € = gl ..., 5 |7 is
e=d;Af, + D;,As + D;As +n. (5.9)

€ remains Gaussian and has the covariance matrix equal to
Q. = Elee"] = 0} dyd} + D,Q,D! + D;Q;D! + Q,,. (5.10)

To proceed further, it is more convenient to work with a scaled version of the nor-

malized Doppler shift
dk,i = C(fk,i - fo)/fo : (5.11)
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It has the meaning of the object range rate at time k observed by sensor 7. Rearranging

(5.6) gives

(i — €ric/ fo) Thi = — (0 = sp0)" (0% = 813) + Afy 0(1) + o[ Asgl) + o(|| Asi])).
(5.12)

Recall that 74, = |[u} — s;|| which is defined before (5.1), squaring both sides yields

SN2 . 2 )
—2(c/ fo)duiri i€rit+di ; (HSk;in — 2sp up + ||UZ||2) = (s£,0°) +(81,u2) "+ (sp 8n)
+(uZTu°) 2skZukuZTuo—stZu"UOTuk—lﬂskZs;“u uy; — QS]“S]”S,” QSkZSszkzllk

+ 28 sy 07 + o(er) + Afo o(1) + of[|Asyl) + o[ Asiill) . (5.13)

uy is the object position at the time k. It is dependent on u® and u° only. Expressing

it by (2.1), we obtain the following

(uZTu")2 = (uOTu") + 2kuTauTwl + k:2( oTy ")2 , (5.14a)

spoupuy n’ = s uuu’ + ks (un u + uu? ) + ks uu a,  (5.14b)

o, 0T 0 __ o 0T 0 o, 0T -0
spu’uy v’ = sf uu v’ + ksfu’n u (5.14c¢)
sy Seius u® = st 8 0T u’ + ksj 8y, 0070 (5.14d)
k,i¥k,i Uk k,i¥k,i k,i™k,i :
T . T ..o T . T .o T . T -0
Sk.iSk,iSk Ug = S, ;Sk,iS; ;1 + ksk7isk,isk7iu , (5.14e)

Inserting (5.14) in (5.13), we get

SN2 . 2 .2
_2(C/fo)dk,z‘7”zz igk,ri‘dzi (Hssz2 - 255,1‘112 + HUZHQ) = (Sg,iuo) +(S£iu2) +(S£isk,z’)

4 (uoTuo) 4 2]{ZUOT o oTuo 4 k2 ( orl' - o) o 2Sk luouoTuo o kak luou(’TuO
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<o ol T

2T o0 0T -0 T I\ 0,01 0 T <0 T . ~oT' o T ¢ <ol o
—2k%8; ;00" 0’ —2(sy, ks )u’u” 1’ —2ks; 00’ u’+2s; ;80”7 u’+2ks; Sy 0

u
T ¢ T ;o0 T & &1 450 T & & 0 I o T o
— 28}, 81,18y, 07 — 28, ;81 ;8 ;u” — 2ks ;S8 ,0° + 28; jups; 1’ + o(ep,) + Afoo(1)

+o([[Aspll) + o([[Askall) - (5.15)

N2 (e 2 : : .
The terms of (s}, u°)", (57,u?)” and $7 ugs] u° can be expanded into

T -0\2 2 .02 2 .02 2 :02 20,00 2020 <0 20
(s,m-u ) =23, + Y Y+ 220+ 221 i Y i T7Y° + 228 i 28,2020 + 2yk 28,00 27

(5.16a)
(SiiuZ)Q = a7, 0% + Ur 27 20 Y+ 25,0020 + 20kEny° 2

+ K2y 2% 4 Ky 7 4 KP4 2% 2K i i 800° + 2K g 2,200

+ 2k i 2020 + 2k a0 + 2k yy° + 2kE 202

+ 2k iUk (Y010 + 2°9°) + 2k 2y, (2727 + 2°2°)

+ 2Ky iz, (Y°2° + y°2°) | (5.16b)
SpUSE 00 = T g 0080 + YUy Y+ 2h,id0i 2020 Ynidn Y 4 2pidn,i a2

+ Th iUk Y2+ 2k Uiy 20 Tpidk 2000 4 Yt 2U° + kg idn 2%

+ kyr iUk + kg2 + k (Yridns + Trilea) 2°0°

+ k (zk,ii;kj + xk,izk,i) x°z° + k (zk7iyk7i + yk,izk,i) on-o . (516C)

Inserting (5.16) in (5.15) and rearranging,

. . 2
2(c/ fo) diiry ienito(er)+Af, 0(1)+o(|| Asp || ) +o([| Askl) = di st iSki— (Sk.iSk,)
42 (8T Snasni — d2isis) W2 (ST 8ns (KSps + spa) — k2 ys) WO+ (&2, — 32,) 2

+ (diz - yiz) 902 + (diz - lez) 2%+ (dei,i - kag,isk,i - (Ikz + kxkz)z) %
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+ (K2}, — 2kt $ni — (yu + kina)) 97 + (K2d3; — 2ksy 8 — (2 + Kina)?) 22
— 281 iUk i TOY° — 284, 21, 0°2° — 20k i 20,y 20 — 2 (T + kEn) (Yri + kUki) °Y°
— 2(wpi + kdgs) (2r + kri) 3°2° — 2 (Yoo + kna) (2ri + kdna) 9°2°
+2 (kdy ; — ki ; — Sp.Ski — Thadng) 2°5° + 2 (kdy; — ki, — St.Ski — YeiUni) Y°U°
+2 (kdj ; — kZp ; — SpiSki — Znitn) 2°2°=2@n, (ki + Yri) 2°9°—20n (kini + vr,) y°i°
— 2835 (kg + i) 2°8° — 2 (K2 + 2ri) 2°2° — 200 (képi + 204) Y°2°
— 28 (ki + Ya) 2°9° + 28] uouT0° + 2 (sp,; + ksy.i) " 0ou 0 + 2k8] uta 0

42 (K2 + k)| wuT0® — (ula’)” — 2k wotaTa’ — k2 (uw0)’ (5.17)

5.1.1 Single-Time Measurement

We set k£ = 0 and drop the time zero index for simplicity, (5.17) reduces to

2(c/fo) dirie; + oe:) + Afoo(1) + o[ Asi]) + o[ Asi]]) = d2sTs; — (sTs:)°

.. T . T . . . . 0\ 2
+2(s]8i8; — di's;)” u’+2s]§;8] W +a] b°+28] uu u’+2s] uu”u’ — (ua’)”,

(5.18)

a; and b? are vectors given in (5.25) and (5.26) and in (5.28) and (5.29) for 2-D and
3-D localization respectively. (5.18) remains to be a highly nonlinear equation with
respect to u® and u°. We shall formulate the localization problem as a constrained

optimization. Let the unknown vector be

T
. . P .o\ 2
(po — uoT7 uoT7 bOT, uoTuouoT7 uoTuouoT7 (uoTuc)) i| ) (519>
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Also, define the matrix

—2 (7818 — d2s;)’ —2sTssT  —al —257 26T 1
A_ —2 (sgszsz—d§s2)T —2sTg,sl  —al —2sT —2¢1" 1 (5.20)

o T : .
=2 (shismsdnr — diysny)” —2shsysh; —al; —2s, —2sT, 1

the vector

h = [dfslTsl — (slTsl)2 , d3stsy — (s%SQ)Z oo, d3 st sy — (SLSM)2]T, (5.21)

and the M x M matrix
B-= zfﬁdiag{[dlrf, dor?, ... dyr? ]} (5.22)

Overi=1,2,...,M, (5.18) forms the matrix equation after dropping the second and
higher order error terms,

Be~h— Ay’ (5.23)

The approximation is valid when the error is small. The covariance matrix for the

equation error (5.23) is equal to
cov(Be) =BE [ee'| B" =BQ.B”, (5.24)

where Q. is given by (5.10) with NV = 1. We shall build the optimization problem for

2-D and 3-D localization separately in the following two subsections.
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2-D Localization

The transformed observation equation in (5.17) describes the relation among the un-
knowns and the available data in the 3-D coordinates. Considering the 2-D version of
the problem and single-time measurement, (5.17) reduces to (5.18) with the following

definitions of a; and b°

a, = [(d? —a?), (&2 —97), —a}, —y7, —2&:0, —2xys, —2 (s]'$; + witi)

— 2 (s]'8; + yithi) . =2y, =22 )" . (5.25)

b° = [1,02’ yo2’ Zt’02, on’ xoyo, i,oyo’ QTOjﬁ'O, yoy~07 xoyo’ ijZO}T, (526)

The unknown vector ¢° in (5.23) has 19 elements but the number of independent
variables is only 4. Fifteen constraints are necessary to relate the elements of the
variable ¢ for the estimation of ¢°. Based on ¢° defined in (5.19), Table 5.1 shows
the individual components of ¢ and lists the relations among the elements. The
localization problem can be cast as a weighted least-squares (WLS) optimization

under a set of constraints as follows:

min J = (h— Ap)" W (h — Agp), (5.27a)
17
s.t. All the constraints listed on the right column of Table5.1. (5.27b)

The 15 quadratic constraints (5.27b) come from the relations among the nuisance
variables ¢(5 : 19) and the actual unknowns ¢(1 : 4). There are other second order
relations among the elements of ¢ are redundant in the formulation (5.27). They will

be used for the SDP solution method to improve the tightness of the optimization
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Table 5.1: The Elements of ¢ and The 15 Constraints for The 2-D Single-Time
Measurement Case.

Elements Relations
p(l) == ¢(5) = ¢(1)
p(2) =y 0(6) = (2)°
©(3) =i o(7) = (3)°
o(4) =y ©(8) = p(4)?
p(5) = a*
o(6) = y? ©(9) = p(1)p(2)
o(7) = @? ©(10) = (3)¢p(4)
©(8) = 5> P(11) = p(1)¢(3)
©(9) = zy ©(12) = (2)p(4)
¢(10) = 2y ¢(13) = p(1)p(4)
p(11) = zi p(14) = p(2)p(3)
©(12) = yy
(13) = =y p(15) = p(L)p(12) + ¢(3)p(5)
o(14) = yi ©(16) = p(2)p(11) + p(4)p(6)
p(15) = x(zd +yy) | ©(17) = p(1)e(7) + p(4)p(14)
p(16) = y(zz +yy) | ©(18) = p(2)¢(8) + ¢(3)p(13)
e(17) = 2(zd +yy) | ©(19) = p(1)p(17) + ¢(2)¢(18)
©(18) = y(zi + yy
©(19) = (z& + yy)*

when it is approximated with SDR.
The constrained optimization problem (5.27) will be solved using unconstrained
minimization or convex optimization that will be described in Sections 5.2 and 5.3

respectively.

3-D Localization

For 3-D localization, the vectors a; and b° of (5.18) are defined as follows

— 2@y, —2@izi, —2yizi, —2 (878 + widi) , —2 (]S + i), =2 (s 8 + %)

— iy, — 225, — 22, —22iWi, —2%i%, —2ui%i )T, (5.28)
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b’ =[x, Y2, 2°%, 3%, , x%y°, x%2°, Yozl a%y°, 1°2°, y°z°, x°2°, y°y°, 2°2°

moyo’ LCOZ'O, yoio, yoz-o7 203.707 Zo,yo]T. (529>

The unknown vector ¢° has 34 elements in this case with only 6 independent variables.
The elements ¢°(7 : 34) are polynomial function of the first 6 elements of ¢°. Thus, we
shall build 28 constraints to relate the dependent variables with the actual unknowns,
©°(1: 6). The following weighted least-square (WLS) optimization along with the 28
constraints form the localization problem for this case. The constraints are directly

derived from the definition of ¢°.

min J = (h—Ap)" W (h— Ap), (5.30a)
%)
s.t. All the constraints listed in right column of Table5.2 (5.30Db)

5.1.2 Multiple-Time Measurements

The transformed observation equation at a certain time instant k is (5.17). For

simplicity, we incorporate the vectors a;; and b? to get

. N\2
2(c/ fo)dp,iri i£nito(eni) +A fo o(1)+o(|| Asg ) +o([| Asell) = di ik iski— (sk 1)
+ 2 (sp S,k — di’iskﬂ»)T u’ + 2 (g Sk, (kSki + i) — k dz,is,m-) u’ + a ;b°
+ 2S;€Z ‘ulu® +2 (Sk.i + kSy Z) 1°u’lul + 2ksk ;u’u Ty + 2k (kSk: + Sk Z) u’u’lu’

(uoTuo) — 9%k uoTuouoTuo ]{32( oT 0)2 7 (531)
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Table 5.2: The Elements of ¢ and The 28 Constraints for The 3-D Single-Time

Measurement Case.
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and a;,; and b are given by (5.41) and (5.42) for 2-D localization and (5.44) and
(5.45) for 3-D localization. By collecting in each term the lumped variable involving

the object position and velocity, we define the unknown vector as

Soo — [UOT, uoT, bOT, LIOTLIOLIOT, LIOTLIOLIOT, (uoTuo) ’ uoTuouoT7 uoTuouoT7

wlauTw, (aa)’ 7. (5.32)

Let Ay be the matrix having the i-th row

T

. . . . . T
Ak<l, i) = [—2 (sgisk,iskﬂ» — di’isk,i) s —2 (siiskﬂ- (k‘Sk,i + S]m') —k di’ism) , —aﬁi,

— 280 =2 (s, + ksi,)" L L —2kSE,, —2k (kS + i)’ 2k, k7], (5.33)

the length M vector hy be

.2 .2
hy, = [di,lsﬁlsk,l - (S£1Sk71) ) dZ,QS;}F,sz,Q - (S}izsk,z) ey

diMSg,MSk,M — (s;‘ngk,MﬁT, (5.34)
and the size M x M matrix B be
B, = Q%diag {[diar?y, diorio, - desring] b (5.35)
Putting together Ay, hy and By, for K =0,1,..., N — 1 separately such that
A=[A] AT, ... AL ], (5.36)
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h=[nl nl, ... w5 ], (5.37)
B:diag{Bo,Bl,...,BN_l}, (538)

we can represent all M N equations over i = 1,..., M and k =0,..., N — 1 of (5.31)
in a matrix form as

Be~h— Ay, (5.39)

where the second and higher order errors terms have been ignored and the approx-
imation is reasonable when the errors are small. The covariance matrix of (5.39) is
given by

cov(Be) =BE [ee’]| B =BQ.B”, (5.40)

and Q. is given by (5.10) with N > 1. The following two subsections present the

optimization problem for 2-D and 3-D localization separately.

2-D Localization

In the 2-D coordinates, we define the vectors a;,; and b® of (5.31) as

ar; = [(dh, — 27.) s (dis—9R.) s (K*dp; — 2ks] 8n,) — (2ng + king)?)
((K*d3; — 2kst $5i) — Wi + k9n)?) =200k, —2 (T + k) (Yn + ki) |
2 (k dy; — ki ; — SfiSki — Teidng) > 2 (k di; — ke — SkiSki — Ynalk) »
(

— i (KUki + Yni) , =20k (ki +2r0) )", (5.41)

bo — [33'02, yo2’ :I';,OQ’ on’ xoyo7 j;,oyo’ woi,o’ yoy-o7 :L,oy-o’ yoi,o}T’ (542)
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Table 5.3: The Elements of ¢ and The 21 Constraints for The 2-D Multiple-Time
Measurements Case.
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In this case ¢° has 25 elements and the individual variables are shown in Table 5.3.
The number of actual unknowns is only 4 and the elements are related to each other.
Table 5.3 tabulates the second order relations that relates nuisance variables of ¢
with the object location independent variables. The optimization for the multiple-
time measurements case, using the weighting matrix in (5.47) with N larger than one,
is

min J = (h— Ap)" W (h— Agp), (5.43a)
7}
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s.t. All the constraints listed on the right column of Table 5.3. (5.43b)

The relations in Table 5.3 are used to impose constraints among the 25 elements of ¢,
for the purpose to fix the number of independent variables to only 4. There are other
redundant second order relations among the elements of ¢ that are not needed in the
formulation but they will be used later to improve the optimization when (5.43) is

approximated with SDR.

3-D Localization

We define the vectors ay; and b? of (5.31) here as

a,; = | (diz - zzz) ) (diz - yil) ) (diz - Zl?z) ) (kzdi,i - kagisk,i — (Tri + ]mlm)z) )
(K23, — 2ksi $u; — (yri + kin)?) o (K2d3; — 2ksh $i — (2 + Kéni)?) o — 200,00
— 2812k —2Uki%hi s —2 (T + kdki) (Uni + kUki) , —2 (Tri + ki) (2ri + ki)
— 2 (Y + ki) (2 + ki) L2 (kdi; — ki ; — Sp.Ski — Trabrg)
2 (kdy; — ki — St.iSki — Yeilng) »2 (kdi; — kZp; — St.Ski — Zhithi)
— 285 (KUki + Yni) » =20k (kTgi + Tri) , =22k, (KTk,; + i) » =205 (KZki + 284)

— 20 (K2i + 1) s =280 (kyks +yea) 15, (5.44)

o __ 02 02 02 02 02 02 0,0 0.0 0.0 200 00 070 0,:.0 0,:0
b —[I Yy 2, LY 2 Ty, Y2, Y, T2,y rT,YY,

o :0 0,0 0 20 O .0 0 20 0.0 or01T
2020, x%y°, x°2°, yoi°, y°z°, 2°2°, %y’ , (5.45)
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and in the same way, we build the following optimization problem,

min J = (h—Ap)" W (h— Agp), (5.46a)
%)
s.t. All the constraints listed on the right column of Table 5.4 . (5.46b)

@ in (5.46) has 42 unknown elements of which only 6 are independents. The elements
@(7 : 42) are directly related to the first 6 unknowns of ¢ as shown in Table 5.4.
These relations represent the key for our developed algebraic solution and also the
SDP solution through the SDR method.

The matrix W mentioned in (5.27a), (5.30a), (5.43a) and (5.46a) is an approxi-

mation for the weighting matrix and it is set to
W = cov(Be) ™, (5.47)

where cov(Be) is given in (5.24) and (5.40) for single-time and multiple-time mea-

surements respectively.

5.2 Algebraic Solution

We shall present in this section an algebraic closed-form solution to solve the con-
strained WLS problems for localization. The method is computationally attractive
and will reach the CRLB performance in the small noise environment. First, we as-
sume the elements of ¢ are independent variables to obtain the WLS solution. Next,

we exploit the constraints to refine the estimate through nonlinear transformation
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Table 5.4: The Elements of ¢ and The 36 Constraints for The 3-D Multiple-Time

Measurements Case.
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[12].
Although the matrix and vector variables A, B, h and W are defined differently
for the four different cases discussed in 5.1.1 and 5.1.2, the solution to the optimization

problems given in (5.27), (5.30), (5.43) and (5.46) is
¢ = (ATWA) ' A"Wh. (5.48)

When the noise in A is not significant, we can reasonably approximate the covariance

matrix of the WLS solution ¢ by [12],

1

cov (p) ~ (ATWA) "~ (5.49)

The weighting matrix W is given by (5.47) and it is unavailable since B and Q. are
function of the true object location. Nevertheless, we can construct W by using the
noisy elements of (5.48) obtained from its initial estimate when setting W = 1 in
(5.48). The error resulting for the solution of ¢ can be neglected as the WLS solution
is not sensitive to the error in the weighting matrix [9, 10].

Now, we shall utilize the relations among the elements of ¢ to improve the esti-

mation accuracy. Let us introduce the separate unknown vector
6° = [u”, a”]" (5.50)

Also, let the pseudo data vector be the WLS solution (5.48). The relations among
the elements of ¢ and 6° can be used to perform a nonlinear transformation in which

every element in the data vector can be expressed in terms of the elements of ¢ and
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0°. In particular,

o(1:2d) = 6°(1: 2d) + Ap(1 : 2d) | (5.51a)
©(2d+1) = ¢(1)60°(1) — ¢°(1)Ap(1) + Ap(2d + 1), (5.51Db)
©(2d+2) = ¢(2)6°(2) — ¢°(2)Ap(2) + Ap(2d + 2) , (5.51¢)

©(Bd+1) =@(d+1)0°(d+ 1) — p°(d+ D) Ap(d+ 1) + Ap(3d + 1), (5.51d)

©(3d+2) = p(d+2)0°(d + 2) — °(d + 2)Ap(d + 2) + Ap(3d + 2), (5.51e)
Pl +1) = S0(2)6°(1) + J0(18(2) ~ 26" (Dde(1) — 56" (1)Ag(2)
+ Ap(4d + 1), (5.51f)

where Ay is the estimation error of the WLS solution. The nonlinear transformation
in (5.51) is valid for all the different cases of localization scenarios we are discussing
in this chapter. The transformation for the rest of elements in the data vector is given
in (5.52), in which we coded the indices of the data vector and reveal it for the four

different cases in Table 5.5.

ple1) = p(3H°(3) — ¢ BIAK(3) + Ag(9), (5.520)
p(e2) = p(6)8°(6) — ¢°(6)A(6) + Ap(12), (5.52b)
plc) = 5e@)0°(1) + S e(0°(3) — 26" (VAG(3) — S B)AG() + Ap(d),  (552)

SP0°3) L (2)A(3) — S B)AG(R) + Ap(15),  (5.520)

o(cB) = 5pld +2)0°(d+ 1) + sp(d + DI°(d+2) — 2o°(d+ 2 Ap(d + 1)

pled) = 5o(3)6°(2) +

- %w(d +1)Ap(d+2) + Ap(ch) | (5.52¢)
p(c6) = 5p(6)0°(4) + Lo(H)°(6) — L (H)A(6) — Le"(6)Ap(4) + Ap(1T),  (5.521)
plc) = 50(6)8°(5) + 50 (DF(6) — 30 (B)A(6) — 1 o(6)Dp(5) + Ap(18),  (5.52)
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o(c8) = gold + DI°(1) + L p(18(d+1) — 2p°(d+ 1)Ap(1) = Zp"(DA(d +1)
+ Ap(c8), (5.52h)

0(c9) = 5old + 2)0°(2) + L P(2)8(d+2) — Zp°(d+ DAp(2) — Lp"(2)Ap(d +2)

+ Ap(c9), (5.521)
P(c10) = J(6)0°(3) + Jo(3°(6) — 50 (6)Dp(3) — S (B)Ap(6) + Ap(21),  (5.52)
ple11) = ld +2)0°(1) + 5p(18°(d+2) — 5°(d + 2 Ap(1) — 56" () Ap(d +2)

+ Ap(cll), (5.52k)
p(c12) = L(6)0°(1) + Zo(F(6) — 50°(6)Dp(1) — 3°(VAG(6) + Ap(23),  (5.52)

ple13) = Spld + 1)°(2) + 2e(2)0°(d + 1) — 50°(d + DAP(2) — 50 (Ap(d+ 1)

+ Ap(c13), (5.52m)
plc14) = J(6)0°(2) + Jp(°(6) — 5 (6)Ap(2) — S (DAp(6) + Ap(25),  (5.52)
ple15) = 5p(4)0°(3) + 5o(3)0°(4) — s (DAp(3) — L B)Ap(4) + Ap(26),  (5.520)
P(c16) = J(5)0°(3) + Jo(°) — 50" ()Dp(3) — S (B)Ap(5) + Ap(27),  (5.52)
plel7) = Sp(10°(1) + L p(13)6°(2) + Lo(5)0°(3) + 2 0(9)6°(4) — £ (3)A(5)

— 5P WAR(9) — 5" (MAG(I) — 26 (Ap(13) + Ap(15) (552)
ple18) = Sp(14)0°(1) + S p(12)0°(2) + S o(O)6°(3) + 5 0(6)6°(4) — 5 (1)Ap(6)

— 5P (DAR9) — 3 (2)Ap(12) — S (1)Ap(14) + Ag(16), (5.521)

p(c19) = Jo(T°(1) + Jp(10)6°(2) + 50 (100°(3) + Jp(14)6°(4) — 56°(1)Ap(T)

S @AG(10) — L% B)Ap(11) — Lo (4)Ap(14) + Ag(1T), (5.525)
p(c20) = Jo(10)6°(1) + 50(®)0°(2) + 50(13)0°(3) + 2p(12)6°(4) — 5 () A(8)
~ ¢ MAG0) — S (WAG(12) — Je"BIAG(13) + Ap(1S) (5.52)

ple21) = e (1T)0°(1) + So(18)°(2) + Le(15)°(3) + Jo(16)0°(4) — 50 (3)Ap(15)
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— 5P WAG(16) — 1o (1)AR(IT) — 262 Ap(18) + Ap(19) (552)
p(e22) = So(M°(1) + So(1)6°(3) + p(13)6°(4) — Lo () Ap(T) — 3¢ (3)Ag(11)
— °(4)Ap(13) + Ap(20), (5.52v)

p(c23) = J(®)0°(2) + p()0°(3) + 50 (12)0°(4) — Jp*(2)Ag(8) — L¢"(4)AG(12)

— ©°(3)Ap(14) + Ap(21), (5.52w)
p(c24) = p(7)60°(3) + ©(10)0°(4) — ©°(3)Ap(7) — ¥°(4)Ap(10) + Ap(22), (5.52x)
p(c25) = p(10)0°(3) + ¢(8)07(4) — ¥ (4)Ap(8) — ¥ (3)Ap(10) + Ap(23), (5.52y)

p(c26) = S p(22)0°(1) + L p(23)0°(2) + Le(NI(3) + Jo(8)0°(4) — 2o (3)Ag(17)

— 5P WAR(18) — L (1)Ap(22) — 56 () Ap(23) + Ap(24), (5.52)
Ple2T) = p(22)0°(3) + P(23)°(4) — () Dp(22) — ¢ () AG(23) + Ap(25),  (55%n)
p(c28) = Jo(19)°(1) + 50(22)6°(2) + Je(@HH°(3) + 5e(N(4) + 5 0(13)0°(5)

+SR(10°(6) — e (WAK(T) — 26 (5)Ap(13) — 26 (6)Ap(14) - 26" (1)Ap(19)

~ S (DA(22) — Lp%(3)Ap(23) + Ap(28), (5.52ab)
p(c29) = Sp(4)0°(1) + S P(20)0°(2) + LP()(3) + Se(13H(4) + Jo(9)F°(5)

+ 5015)6°(6) — 56 (B)Ap(8) — 5 ¢ (HAp(13) — L P(6)Ap(15) — 1¢°(2) Ag(20)

— 5@ ()AG(2) — S (3)Dp(25) + Ap(29), (5.52ac)
p(c30) = 3p(26)8°(1) + Lp(21)8°(2) + J(21)6°(3) + Je(106°(4) + L o(15)6°(5)

+ 3008°(6) — J6°(6)A0(9) — 5o (1Ap(14) — 10 (5)Ap(15) — 16°(3)Ag(21)

— S (DA(E6) — Le%(2)Ap(27) + Ap(30), (5.52ad)
p(c31) = Je(10)6°(1) + 5 @(16)0°(2) + Je(IN°(3) + 5 p(19)6°(4) + L p(24)6°(5)

+0(26)0°(6) — S (DAG(10) — Zp*(2)AR(16) — Lo B)Ap(1T) — L (1)Ap(19)

— 57 5)Ap(20) — Lo (6)Ap(26) + Ag(31) (5.5200)
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p(c32) = JP(1)°(1) + 5e(16°(2) + Je(I9)8°(3) + 50(22)6°(4) + L p(20)6°(5)

+50(N8(6) — 5" 2AG(11) ~ L (NAG(16) — Jp*(B)Ag(18) — 10°(5)Ap(20)

S (AG(22) — L (B)Dp(2T) + Ap(32), (5.52af)
ple33) = Jp(IT8(1) + Lp(18)8°(2) + Jp(12)6°(3) + L o(29)6°(4) + L p(25)6°(5)

+30D8(6) — 50°(B)AG(12) — Jp"(NAG(IT) — L2 Ap(18) — £ (6)Ap(21)

~ 5 (DAR(23) — 26" (5)Ap(25) + Ap(3) (5.5%s)
ple3h) = Jo(BII(1) + 50(32)60°(2) + Je(3HH°(3) + 5 0(28)60°(4) + L p(29)6°(5)

+ 50(30)6°(6) — 5o (4)Ap(28) — L ¢°(5)Ap(29) — Jp*(6)Ag(30) — S0°(1)Ap(31)

- %@0(2)Aap(32) _ %¢0(3)A¢(33) + Ap(34), (5.52ah)
p(c35) = Sp(10)6°(1) + 10(19)6°(4) + p(22)6°(3) + p(23)6°(6) — (1) Ap(10)

~ 1 @AR(19)  °(5)Ag(22) — (6)Ap(28) + Ap(35), (5.5
p(e36) = 2 p(11)6°(2) + p(24)0°(4) + J(20)6°(5) + p(2)6°(6) — 3¢°(2)Ag(11)

~ 197 B)AR(20) — (1 AG(24) — °(6)Ap(25) + Ap(36), (5.52])
P(c37) = SP(I2H°(3) + p(26)6°(4) + p(21)0°(5) + 1p(21)6°(6) — 2 °(3)Ap(12)

~ 1 O)AG(21) — (D AG(26) — ' (5)Ap(27) + Ap(3T), (5.52ak)
p(c38) = (10)6°(4) + p(16)6°(5) + (17)6°(6) ~ & (1) Ap(10) ~ *(5)A(16)

— °(6)Ap(17) + Ap(38), (5.52al)
p(c39) = (16)6°(4) + (11)6°(5) + 0(18)6°(6) — & (3)Ap(11) ~ " () A(16)

— ¢°(6)Ap(18) + Ap(39), (5.52am)
p(c10) = p(IT)0°(4) + P(I9)0°(5) + p(12)0°(6) ~ °(6)Ap(12) — ¢ () Ap(17)

— ¢°(5)Ap(18) + Ap(40), (5.52an)

plel) = Jo(BH(1) + 5 0(30)60°(2) + J(40)8°(3) + o(BUI°() + L p(32)6°(5)
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+ 50(3)6°(6) — 5" WAGBL) — Je°(5)A0(32) — 16" (6)Ag(33) — 50°(1)Ap(30)

N — N~

°(2) Ap(39) — %w(s)m(am) + Ap(d1), (5.520)
p(c42) = (38)07(4) + »(39)0°(5) + p(40)0°(6) — ¢?(4) Ap(38) — ©?(5)Ap(39)

— ¢°(6)Ap(40) + Ap(42). (5.52ap)

The nonlinear transformation in matrix form, after dropping the second and higher

order error terms, is

BAgp ~ ¢ — A6°. (5.53)

The matrices A and B are the key elements of this transformation and they are
constructed differently for each localization case. Table 5.6 and Table 5.7 define the

A matrix for the four different cases. The B matrix is given by
B=1-C, (5.54)

where C is sparse matrix with non-zero elements defined in Table 5.8 for the 2-D

localization and in Table 5.9 for the 3-D localization. The WLS solution for ¢ is
0= (ATWA) 'ATWp. (5.55)

W is set as

W =B T(ATWA)B ', (5.56)

which is an approximation of E []N3A<pA<pT]§T]*1 where (5.49) has been used. The

151



Table 5.5: The indices of the data vector for the four different cases corresponding to
each code index

Code | 2-D Single-Time | 2-D Multiple-Time | 3-D Single-Time | 3-D Multiple-Time
cl - - 9 9
c2 - - 12 12
c3 - - 14 14
c4 - - 15 15
ch 10 10 16 16
cb - - 17 17
c7 - - 18 18
c8 11 11 19 19
c9 12 12 20 20
cl0 - - 21 21
cll 13 13 22 22
cl2 - - 23 23
cl3 14 14 24 24
cl4 - - 25 25
clb - - 26 26
cl6 - - 27 27
cl7 15 15 - -
cl8 16 16 - -
c19 17 17 - -
c20 18 18 - -
c21 19 19 - -
c22 - 20 - -
c23 - 21 - -
c24 - 22 - -
c25 - 23 - -
c26 - 24 - -
c27 - 25 - -
c28 - - 28 28
c29 - - 29 29
c30 - - 30 30
c31 - - 31 31
c32 - - 32 32
c33 - - 33 33
c34 - - 34 34
c35 - - - 35
c36 - - - 36
c37 - - - 37
c38 - - - 38
c39 - - - 39
c40 - - - 40
c4l - - - 41
c42 - - - 42
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Table 5.6: The entries of Ajgxs and Azywg matrices for the 2-D Single-Time and 3-D

Single-Time cases respectively.
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Table 5.7: The entries of K25X4 and A oy¢ matrices for the 2-D Multiple-Time and

3-D Multiple-Time cases respectively.
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Table 5.8: The non-zero entries of Cigy19 and Casy 95 matrices for the 2-D Single-Time
and 2-D Multiple-Time cases respectively.

Row | 2-D Single-Time \ 2-D Multiple-Time Row 2-D Multiple-Time

- Col 1 Col 2 Col 3 Col 4 - Col7 | Col 10 | Col 11 | Col 13

5 ©°(1) 0 0 0 20 | .5e°(1) 0 5p°(3) | ¢°(4)

6 0 ©°(2) 0 0 22 ©°(3) ©°(4) 0 0

7 0 0 ©°(3) 0 - - - - -

8 0 0 0 ©°(4) - - - - -

9 B5p2(2) | be°(1) 0 0 - - - - -

10 0 0 S5e°(4) | 5e°(3) - - - - -

11 | .5¢°(3) 0 5p(1) 0 - - - - -

12 0 | 5@ | 0 5¢°(2) - - - - -

13 | .5¢°(4) 0 0 5p(1) - - - - -

14 0 5p°(3) | 5e°(2) 0 - - - - -

- Col 5 Col9 | Col 11 Col 13 - Col8 | Col10 | Col 12 | Col 14

15 | 5¢°(3) | 5¢°(4) | 5¢°(1) | 5¢°(2) 21 | 5¢°(2) | 0 | 5¢°(4) | ¢°(3)

- - - - - 23 | ¢°(4) | ¢°(3) 0 0

- Col 6 Col9 | Col 12 Col 14 - Col 17 | Col 18 | Col 22 | Col 23

16 | 5p°(4) | 5¢°(3) | 5¢°(2) | 5¢°(1) 24 | 5¢0°(3) | 5°(4) | 5¢°(1) | 5¢°(2)

- - - - - 25 0 0 ¢’(3) | ¢’(4)

- Col7 | Col 10 | Col 11 Col 14 - - - - -

17 | 5p°(1) | .5e°(4) | .5p°(3) | .5y°(4) - - - - -
Col 8 | Col 10 | Col 12 Col 13 - - - - -

18 | 5¢°(2) | 5¢°(1) | 5¢°(4) | 5¢°(3) - - - - -

- Col 15 | Col 16 | Col 17 Col 18 - - - - -

19 | .50°(3) | .5e°(4) | 5p°(1) | .5ye°(2) - - - - -
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Table 5.9: The non-zero entries of Cgyy34 and Cysy 49 matrices for the 3-D Single-Time
and 3-D Multiple-Time cases respectively.

Row 3-D Single-Time \ 3-D Multiple-Time Row 3-D Multiple-Time

- Coll | Col2 | Col3 | Col4d | Colb | Col6 - Col 10 | Col 19 | Col 22 | Col 23
7 (1) 0 0 0 0 0 35 | .75p(1) | .250(4) | .5p(5) | .5p(6)
8 0 ©(2) 0 0 0 0 - - - - -

9 0 0 ©(3) 0 0 0 - - - - -

10 0 0 0 o(4) 0 0 - - - - -

11 0 0 0 0 »(5) 0 - - - - -

12 0 0 0 0 0 »(6) - - - - -

13 | 5p(2) | .5ep(1) 0 0 0 0 - - - - -
4 | 5p3) ] 0 | 5p(1)| 0 0 0 - - - - -

15 0 50(3) | .5p(2) 0 0 - - - - -

16 0 0 0 B5p(5) | 5p(4) 0 - - - - -
17 0 0 0 5p(6) 0 5p(4) - - - - -
18 0 0 0 0 5p(6) | 5p(b) - - - - -
19 | .5p(4) 0 0 5p(1) 0 0 - - - - -
20 0 5p(5) 0 0 5p(2) 0 - - - - -
21 0 0 5p(6) 0 0 5¢(3) - - - - -
22 | 5p(5) 0 0 0 5p(1) - - - - -
23 | .5y(6) 0 0 0 0 5¢(1) - - - - -
24 0 50(4) 0 5p(2) 0 - - - - -
25 0 50(6) 0 0 5¢(2) - - - - -
26 0 0 Sp(4) | 5p(3) 0 0 - - - - -
27 0 0 5p(5) 0 5p(3) 0 - - - - -

- Col7 | Col8 | Col9 | Col 13| Col 14 | Col 15 - Col 11 | Col 20 | Col 24 | Col 25
28 50(4) 0 0 B5p(5) | -5p(6) 0 36 750(2) | .25p(5) | .5p(4) | .5p(6)
29 0 5¢(5) 0 5p(4) 0 .5p(6) - - - - -
30 0 0 5p(6) 0 50(4) | .5p(5) - - - - -

- Col 10 | Col 11 | Col 12 | Col 16 | Col 17 | Col 18 - Col 12 | Col 21 | Col 26 | Col 27
31 5¢(1) 0 0 B5p(2) | 5p(3) 0 37 | .750(3) | .250(6) | .5p(4) | .5p(h)
32 0 5¢(2) 0 Sp(1) 0 5¢(3) - - - - -
33 0 0 5p(3) 0 BSp(1) | 5p(2) - - - - -

- Col 19 | Col 20 | Col 22 | Col 23 | Col 24 | Col 25 - Col 10 | Col 11 | Col 16 | Col 17
28 | .5e(1) 0 5p(2) | 5p(3) 0 0 38 v(4) 0 »(5) ©(6)
29 0 5¢(2) 0 0 BSp((1) | 5p(3) 39 0 o(5) »(4) 0
31 50(4) 0 0 0 5¢(5) 0 - - - - -
32 0 BSp((5) | Sp(4) 0 0 0 - - - - -

- Col 21 | Col 23 | Col 25 | Col 26 | Col 27 | Col 28 - Col 12 | Col 17 | Col 18 | Col 19
30 | .5p(3) 0 0 Sp(1) | 5p(2) 0 39 0 0 »(6) 0
31 0 0 0 5p(6) 0 0 40 ©(6) »(4) »(5) 0
32 0 0 0 0 5¢(6) 0 - - - - -
33 50(6) | .5p(4) | .5p(b) 0 0 0 - - - - -

- Col 28 | Col 29 | Col 30 | Col 31 | Col 32 | Col 33 - Col 31 | Col 32 | Col 33 | Col 38
34 | 5p(4) | 5p(5) | 5p(6) | S5p(l) | 5p(2) | 5p(3) 41 | 5p(4) | 5p(5) | .5p(6) | -5p(1)
- : - - - - : 42 0 0 0 (@)
- - - - - - - - Col 39 | Col 40 | Col 41 | Col 42
- - - - - - - 41 | 5p(2) | 5e(3) 0 0

S I I I N S A I A P B ) A ) A




covariance matrix of @ under the small error region can be approximated by [12]
cov(f) ~ (ATWA) ™!, (5.57)

where the noise in A and W are small and can be neglected.

5.3 SDP Solution

We shall transform the optimization problem in (5.27) to a semi-definite programming
(SDP) problem and solve it through SDR technique. This method is robust against
noise, requires fewer sensors compared to the algebraic method in Section 5.2 and
can operate in difficult sensors-object geometries. However, it is less favourable in
terms of computational complexity and software/hardware design requirements. The
objective function in (5.27) irrespective of the different definitions for h, A, ¢ and

W for the four localization cases can be expressed as
J(®@,p) = tr (ATWA®) — 2h" WAp. (5.58)

The term h”Wh is dropped as it is independent of the unknown vector ¢, and
® = ¢y’ is a matrix that has rank equal to one. The SDP problem is constructed
as a minimizer of (5.58) under the rank relaxation of [[® ¢]© [® 1]7] to one
and several affine constraints that are basically come from the relations among the

elements of ¢ and ® as shown in Table 5.11-Table 5.13. The mathematical model of
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Table 5.10: Constraints of the SDP Solution for each Localization Case

‘ Localization Case ‘ Constraints
2-D Single-Time The corresponding constraints in Table 5.11
2-D Multiple-Time All the constraints in Table 5.11
3-D Single-Time All the constraints in Table 5.12 and the corresponding constraints in Table 5.13
3-D Multiple-Time All the constraints in Table 5.12 and Table 5.13

the SDP problem is

minJ(®, ¢), (5.59a)
D0
0]
st.| 7| =0, (5.59)
" 1

The constraints corresponding to each localization case indicated in Table 5.10.

(5.59¢)

(5.59) can be solved using some optimization packages such as CVX [94]. The SDP
problem in (5.59) is valid for all the localization cases discussed in Section 5.1 and can
be used separately for each localization case when the variables h, A, ¢ and W are
defined accordingly. The object location estimate is extracted from the independent

elements of ¢ after the SDP is been relaxed,

0 =p(1:2d). (5.60)

W in (5.58) is not known due to the requirement of the true object location. Never-
theless, W can be set to identity for the first solution trial and then we can use this

solution to get an approximate of W for the second trial.
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Table 5.11: Constraints on ¢ and @ for the SDP solution of the 2-D localization
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Table 5.12: Constraints on ® for the SDP solution of the 3-D Single-Time and 3-D

Multiple-Time localization
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Table 5.13: Constraints on ¢ and @ for the SDP solution of the 3-D localization
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5.4 CRLB

The CRLB derived in Chapter 2 is valid only for the fixed sensor scenario and does
not consider the additional error coming from the sensor movement. In this section,
we shall change the derivation slightly to consider the error of sensor velocity.

We define the nuisance variable vector as

a’ = [fo, 8T, T (5.61)

o)

and the observation vector as

T

g=[f", f,,s", s"] (5.62)

Since the location vector for estimation is 8 = [u°" | u°T ] and the parameter
vector for evaluating the CRLB is ¢° = [0OT , a7 } T, the logarithm of the probability

density function under the Gaussian data will be

In£ (¢ g) = InL (¢ f) +InL(¢” fo) + InL(¢%s) + InL (9% )
1 1,

e S QN () 20 (o~ ) 5 (55T QT (s - 5)
S Q B8 (5.63)

where k is a constant. The CRLB can be partitioned into a 2 x 2 block matrix as

sure]\X Y|

C °) =~
RLB (¢°) E{ T .
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The blocks in (5.64) are corresponding to the estimation performance of 8° and a°,

and they are given by

[0*Inf(g;¢°)] ofT __, of°

X=-F | 06°00°T | ~ e nlagow (5.65a)
[0%Inf(g;¢°)]  ofT __, Of°

Y =-F i 00°0a°T ] = 99° nlaaoT, (565b)
hf(ed)]  oFT L oF

4=k Oa® O™ - da® nlaaoT + Qa17 (5.65¢)

where Q, = diag(aj%o, Qs, Q). The expressions for the partial derivatives in (5.65)
are given in Appendix E. Applying the partitioned matrix inversion formula [101] on

(5.64) to get, from the upper left block
CRLB(6°) = (X - YZ'Y") ' =X '+ X 'Y (Z- YTX'Y) 7 Y'X . (5.66)

The first term on the right of (5.66) is the CRLB of 8° when there is no sensor
location error or carrier frequency noise. The second term in (5.66) is the additional

performance loss in the presence of Af,, As and As.

5.5 Analysis

In this section, we shall prove that the covariance matrix of the proposed algebraic
solution can reach the CRLB accuracy under the first order analysis in which the
second and higher order noise terms are very small to be neglected when some con-
ditions are satisfied. We shall start with the theoretical covariance matrix given in

(5.57) as a general equation for all the localization cases and then we shall give the
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conditions for each specific case separately according to the definition of A and W.
Inserting (5.47) and (5.56) in (5.57) and taking the inverse of both sides up to the

first order noise component give
cov(@) ' = ATBTATBTQ.'B"'AB'A. (5.67)

For convenience, we express (5.10) as Q. = Q,, + DQ,D?, where D = [d;, Dy, D]
and Q,, is defined below (5.65). The inverse of Q., from the matrix inversion lemma
[104], is

Q.'=Q,'-Q,'D(Q,'+D"Q,'D)"'D'Q,". (5.68)

Inserting (5.68) in (5.67) gives

cov(@) "' =ZATB-TATBTQ;'B"'AB"'A
—~ATBTA"BTQ'D(Q;' + D’Q;'D)"'D’Q;'B"'AB'A .

(5.69)

B! and B! can be evaluated analytically since B is diagonal and B is sparse.
Replacing A, B, A and B in (5.69) by their true values and inserting (5.65) in (5.66)
with the gradients given in Appendix E, the following two equations can be shown to

be true upon using direct algebraic evaluation

~ ~ ofe
o—1 Aopo—1 A0 __
B A'B A = o (5.70a)
of°
D= . 5.70b
Ooa°T ( )
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Table 5.14: Small Noise Conditions For £k =0,1,..., N—1landi=1,2,..., M

No. | 2-D Single-Time | 2-D Multiple-Time | 3-D Single-Time | 3-D Multiple-Time
T, ~ Mk, i ~ N, ~ Mk ,q ~
! T 7,5 =0 Foorz =0 77,7z =0
Afo Afo Afo Afo
2 = ~ > ~ 5 o~ 5 ~
Fo—iz =V 71 =0 Tz =V - =0
Az AIk,z Az Afl‘k,z
22 o, =0 ze =0 ez, =0
) Ayp i ) Ay 4
3 S¥i ~ Yki ~ () 2¥i ~ ) Ykii ~ ()
Yi Yk,i Yi Yi i
AZ-; ~ Azk,z ~
=0 . 0
o . e =0 . =0
Ay Ayr.i Ay Ayki
4 o . = e =0 g, =V
, _ N
Bz~ () ki~ ()
T3 Tk,z
Az; ACUk,i ~ Az; ATy s ~
i = i, =0 sy =0 i, =0
g i = o, =0 5 =0 i, =
AZI,L' ~ A'ék:,b
2 =0 7, 0
oT 3 T & oT . ol -
6 S, AS; 0 Sk,iASk,i O S; AS; ~ 0 Sk,iASk i 0
sgTsy T P87 sgTsy T SRSt
7 $2T As; ~0 éZ?;ASk i 0 §2T As; ~0 SZEASk,l 0
sgTsy T SRS sgTsy T sphish
Ap(l) Ap(D) Ap(l) Ap(D)
o =0 e =V sy =V o =0
8 1=1,2,...,18 1=1,2,...,18, [=1,2,...,33 1=1,2,...,33,
22,23 38,39, 40
Ap(l Ap(l Ap(l Ap(l
9 900():0 f()go SOO()ZO f()go
T3 Tk,i T3 Tk,i
[=1,2,...,4 [1=1,2,...,4 1=1,2,...,6 [=1,2,...,6

(5.70) can be achieved when the approximation of A, B, A and B by their true values

is valid. The conditions to assure this validation for the four localization cases are

listed in Table 5.14.

The first and second conditions of Table 5.14 impose that the Doppler shift gen-

erated by the relative movement among the object and the sensors is relatively large

compared to the measurement noise and the error of carrier frequency, which is ex-

pected in order for the localization by frequency only measurements to be possible.

The third and fourth conditions require the sensor position error relative to the true
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sensor position coordinates and to the true sensor-object distance to be small. Con-
dition 5 implies that the error of sensor velocity is relatively small compared with
the true values of the sensor velocity coordinates. Conditions 7 and 8 demand that
the error associated with the dot product between the position and velocity of the
sensor is relatively small compared with the true value of this product. Condition
8 requires the elements of A that are coming from the first stage solution to have
sufficiently small error compared to their true values and condition 9 needs the error
of the elements in C to be small relative to the sensors-object distances.

When the conditions of Table 5.14 are satisfied, we get

~ of°
“IATR-1A ~
B7AB A~ 20T (5.71)
and as a result,
cov(f) ~ CRLB(0). (5.72)

5.6 Simulations

To test the performance of the proposed solutions, we shall simulate the problem of
localizing a moving object in the underwater environment using the acoustic signals.
The object travels at a constant speed of ||[u°| = 10 and radiate a single tone at
12 =15 kHz with speed of propagation ¢ = 1500 m/s [1, 83, 81]. The measurements
have covariance matrices Q, = o0?Iy;, k = 0,1,...,N — 1, and the unit of ¢ is
Hz. The mean-square error (MSE) of the object location estimate will be used for

the performance measure and it is computed by averaging 1,000 ensemble runs. The

CRLB derived in Section 5.4 is presented as a performance reference. We shall denote
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the closed-form solution by CFS and the semi-definite programming solution by SDP
in the result figures. The SDP solution is obtained using the CVX toolbox [94]. To
handle the numerical aspect of CVX, two scaling factors , s; and sy, will be used.
s1 is applied to the sensor position vector s defined in (5.2) and s; is applied to the
sensor velocity vector § defined in (5.3) and to the quantity dj; given by (5.11). We
assume f, is exactly known and the sensor position and sensor velocity errors are

absent.

5.6.1 2-D Single-Time

For this localization case, we used M = 20 sensors with positions and velocities
shown in Table 5.6.1. The sensor positions satisfy the condition [|s; —s;|| > 150 m
for i,7 = 1,2,...,M and i < j to avoid near degenerated geometries. The object
is placed at ug = [1607.01 1472.35]7 m outside the sensors region with velocity
u® = [7.5726 6.5311]7 m/s. The scaling factors for using the CVX are s; = 5.6 x 10~
and s, = 6.1 x 1072,

Fig. 5.1 shows the estimation accuracy of the proposed methods as the frequency
measurement noise level o increases. The MSE of the CFS and SDP methods reach the
CRLB accuracy level for both position and velocity estimation excluding the position
estimation for SDP at ¢ = 3.2 mHz, possibly due to CVX numerical accuracy, and

also the CFS accuracy at 0 = 1 Hz, due to the threshold effect.

5.6.2 2-D Multiple-Time

In this case, only M = 4 sensors are used and each sensor collects N = 15 mea-

surements throughout its random movement. The sensors positions and velocities for
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Table 5.15: Sensor Positions in (m) and Velocities

Localization

in (m/s) for 2-D Single-Time

1 -44.16 -311.56 -5.9757 -3.3623
2 -180.90 587.49 2.2498 -4.0959
3 447.67 -278.44 -6.9171 0.7386
4 39.70 39.88 6.7859  -5.385

5 300.42 223.29 -6.2975 4.3638
6 509.53 119.83 1.6936 -6.4772
7 -263.74 -375.92 5.9557 -1.4524
8 -377.65 -682.32 1.7847 -6.1058
9 -507.07 67.76 -2.4296 0.7225
10 -206.74 -110.62 6.269 1.029

11  461.93 354.00 4.139 -2.618
12 -561.46 -244.15 -0.8908 5.0193
13 740.70 -179.93 -1.5429 2.5112
14 379.52 -574.18 -3.6148 1.1946
15 -564.68 -580.38 -6.8161 2.5024
16 134.35 422.09 -2.5331 4.748

17 72885 64294 1.3534 -1.5602
18 208.66 743.82 3.8845 -3.0508
19 52836 698.54 6.5255 -0.5112
20 636.30 -705.82 1.498  -4.8675
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Figure 5.1: Performance of the proposed methods at different o levels for 2-D single-
time case. (a) position estimation, (b) velocity estimation.

k=0,1,...,N — 1 are shown in Table 5.16. The object starts the linear motion at
ug = [—188.96 491.34]T m with velocity u° = [—0.7598 —9.9711]7 m/s and ends at
ug, = [—199.6 351.74]7 m. The CVX scaling factors s; and s, are both set to 0.01.
Fig. 5.2 illustrates the performance of the proposed methods for this localiza-
tion case where only few sensors are available but using multiple-time measurements
from each sensor. The absolute performance improved compared to Fig. 5.1 as we

have larger number of measurements in total. Nevertheless, the relative performance
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Table 5.16: Sensor Positions in (m) and Velocities in (m/s) for 2-D Multiple-Time
Localization

.
~.

810.37 -284.30 9.0958 -0.3082
523.63 -606.07 8.138 -4.7586
0.85 -323.26  6.0098 -3.7123
572.21 479.81 7.436  5.8103
817.59 -278.76 7.2234 5.5363
530.33 -612.71 6.6972 -6.6346
6.19 -327.89 5.3331 -4.6322
579.73 474.11 7.5188 -5.7028
826.55 -277.19 8.9634 1.5769
536.26 -620.03 5.9359 -7.3237
10.27 -333.66 4.0868 -5.7617
586.31 467.34 6.582 -6.7625
835.65 -277.50 9.0955 -0.3182
541.72 -627.72 5.4572 -7.687
14.10 -339.59 3.8274 -5.9372
591.64 459.56 5.3299 -7.7876

746.99 -285.99 3.8611 8.2414
463.54 -631.35 9.3566  1.1507
-43.16 -341.02 -6.8761 1.618

521.74 424.69 -1.4801 -9.3201
755.47 -282.68 8.4782  3.3088
472.41 -628.15 8.8644 3.2084
-36.94 -337.66 6.216 3.3556
529.70 429.76 7.959 5.0703
760.51 -275.10 5.0447 7.575

477.50 -620.21 5.0936  7.9326
-31.40 -333.28 5.5379 4.3852
536.57 436.23 6.8684 6.4715
769.38 -273.07 8.871 2.0331
482.95 -612.52 5.4541 7.6892
-26.96 -327.79 4.4449 5.4901
542.71 443.40 6.1389  7.1672

I S G ey B
CEC R E s Slo oo ononwnon|

= W N R WN R WN PR WNREAE WN R WD PR WD -

77848 -272.96 9.1003  0.115 | 12 844.52 -279.54 8.8707 -2.0346
489.19 -605.45 6.232 7.0734 | 12 546.86 -635.62 5.1363 -7.905
-23.03 -321.92 3.934 5.8671 | 12 18.17 -345.37 4.069 -5.7743
548.32 450.98 5.6118  7.587 | 12 596.75 451.62 5.1093 -7.934
787.49 -274.28 9.0043 -1.3234 | 13 852.72 -283.49 8.1999 -3.9485
497.19 -600.47 8.0053 4.9786 | 13 551.96 -643.55 5.1076 -7.9236
-18.82 -316.24 4.2009  5.679 | 13 23.34 -350.18 5.1673 -4.8164
553.53 458.85  5.2137 7.8659 | 13 601.95 443.74 5.1966 -7.8772
792.40 -281.94 49173 -7.6582 | 14 860.29 -288.55 7.56564 -5.0589
506.44 -598.67 9.253  1.8038 | 14 557.94 -650.83 5.9791 -7.2885
-11.83  -317.24 6.9924 -1.0024 | 14 29.31 -353.96 5.9688 -3.7778
558.92  466.59 5.3908 7.7455 | 14 608.17 436.65 6.2205 -7.0965

801.27 -283.99 8.8665 -2.0526
515.49 -601.31 9.0482 -2.6458
-5.15  -319.55 6.6767 -2.3065
564.77 474.00  5.851  7.4041

N JO0 OO OO UL UL U b W W W WO NN NNEFE PP RO oo | S
=W N R R WN FR WD R WN R A WN R WND R WN R WN -
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Figure 5.2: Performance of the proposed methods at different o levels for 2-D multiple-
time case. (a) position estimation, (b) velocity estimation.

among the CFS and SDP algorithms remains similar except the threshold effect of
CFS appears at 0 = 0.56 Hz and the SDP follows the CRLB very well in this case.

5.6.3 3-D Single-Time

For the 3-D single-time case, the unknown vector ¢ in (5.30) has 34 elements; there-
fore, we used M = 35 sensors to accommodate the algebraic solution requirement.

The positions and velocities for this case are shown in Table 5.6.3. The minimum
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distance among the sensors are imposed to be no less than 250 m and the scal-
ing factors s; = 5.63 x 107% and s, = 8.1 x 1072 are used. The true position
and velocity of the object are set as uj = [—14.71 992.2 — 1356.53]7 m and
u’ = [—5.0886 2.9613 — 8.6430]" m/s.

Fig. 5.3 shows the estimation performance for the proposed methods when large
number of sensors are used to locate a moving object in the 3-D space. The CFS
and SDP algorithms exhibit optimum accuracy when o is equal or less than 0.5 Hz.
Higher o levels can still be tolerated by the SDP method but it will cause the CFS

to leave the CRLB accuracy.

5.6.4 3-D Multiple-Time

We use M = 4 sensors for this localization case and the number of successive measure-
ments for each sensor is NV = 20. The sensors locations are given in Table 5.18. The
scaling factors s; and sy for use with CVX in obtaining the SDR solution are 0.015.
The object movement starts at ug = [—524.37 —831.08 549.01]7 and ends at ug, =

[—566.55 —948.45 613.26]7 with constant velocity u® = [—2.2198 —6.1775 3.3817|.

Fig. 5.4 gives the estimation performance as the noise level ¢ increases when only
4 sensors with multiple-time measurements are used for the 3-D object localization.
The SDP velocity estimation slightly deviate from the CRLB at o = 3.2 mHz due
to the CVX numerical accuracy limit and the threshold effect appears on the CFS
algorithm when o is larger than 0.5 Hz. Otherwise, both the CFS and SDP solutions

perform very well in reaching the CRLB.
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Table 5.17: Sensor Positions in (m) and Velocities in (m/s) for 3-D Single-Time
Localization

~.

T Yi 2 T Yi Zi
41.83 -206.72 539.89 0.7738 1.6133 4.7143
-4.87 -116.38 -524.85 4.6771 -4.8408 -5.048

-344.35 -193.66 -428.95 2.4653 -4.3342 1.8965
-481.78 546.54  454.49 -1.0883 -5.2303 -1.1167
-470.06 -159.43  52.05 0.0349  3.5272 -2.4159
-470.23 108.24 -127.74 3.0438 1.1788  0.9633
394.19 79.31  -728.67 -3.0827 5.7171 -2.5574
-638.72 337.34 6.21 5.7533 -5.2548 -2.3914
9 54999 -557.65 491.69 2.0803 5.6624 -3.1808
10 -274.88 361.88 654.14 -0.4382 -3.6867 -0.9863
11 642.72  250.05 -224.01 -2.5141 -2.3323 -5.068
12 -601.02 -144.89 -279.45 -4.6114 3.3999 1.6901
13 -193.31 186.87 252.84 -3.2119 -4.8618 -0.6891
14  594.58 612.51 -601.58 -3.893 1.1395 1.1096
15 -622.39 -75.92 372.39 -4.0489 54512 -2.2167
16 -48.58 337.21 53254 5.0095 1.0994 3.5499
17 -464.80 392.13 239.44 2.9073 -1.9004 0.2159
18 -620.32 -533.79 24.34 5.3742 2.8665 -0.7975
19 417.98 -363.18 290.10 -1.9452 -0.5624 -5.2735
20 -590.62 -708.32 545.38 4.1296 -3.5323 -2.2578
21 87.36 327.66 -325.66 -5.3217 -3.4894 0.1171
22 65590 391.34 641.73 3.5027 5.7393 0.947

23 35.70 -265.93 196.75 -5.4708 1.2978  2.6842
24 274.52 40795 -471.59 -3.2451 0.0086 4.1627
25 -311.16 615.55 -691.30 -5.7376 -5.2862 0.1318
26 150.65 591.39 423.48 -4.4309 2.9829 -4.4513
27 -181.19 659.02 128.06 -2.8 2.8342 -1.9115
28 268.43 -347.39 739.44 -4.6474 -5.3978 -2.6595
29 372.08 212.18 740.58 -5.5725 2.6022 -2.262
30 -700.67 -313.47 415.36 3.571 2.422  -2.8766
31 -388.60 423.64 -267.34 1.1884 2.6506 2.8262
32 -737.46 130.50 -378.85 -3.537 5.9034 -0.2801
33 5B87.05 -515.19 -461.30 -5.674 3.0132 5.4079
34 410.57 739.39 663.38 -4.5391 4.5071 -0.7607
35 571.14 503.14 263.78 -2.4108 2.5939 -4.2892

0 3 Tk W
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Table 5.18: Sensor Positions in (m) and Velocities in (m/s) for 3-D Multiple-Time
Localization

~.
.

541.08 -72.55 13.28 2.40  0.5033 11.6478
-40.09  122.74 -261.30 -0.60 9.5683 0.5991
-161.57 -398.25 6.09 -4.25 7.8974 4.824
-179.46  148.47 -511.28 -5.40 4.9859 7.9491
542.44  -67.08 23.77 -4.96 2.6669  10.4843
-34.33 125.41 -268.51 4.76  4.1969 -7.208
-159.74 -388.82 9.47 -3.19  9.0597 3.3817
-178.70  157.74 -505.74 -4.76  7.9962 5.5322
540.29  -56.86 29.47  -5.00 9.1731 5.6993
-28.53 132.63 -271.07 2.47 8.922 -2.5626
-159.28 -391.92  19.16 2.99 0.9674 9.687
-180.45 164.50 -497.47 -5.33  4.5002 8.2732
539.34  -55.95 41.30  -1.31 0.1448 11.8295
-26.12 140.70  -266.47 -4.04 7.3967 4.6063
-160.02 -390.35 29.19 -1.71  0.2966 10.0334
-177.11  160.33 -488.06 4.65  2.6384 9.4126
549.90  -59.95 45.06 3.57 10.715 3.759
-26.01 145.60 -258.21 -4.22 2.5044 8.259
-163.31 -386.91 38.19 -4.21 2.2258 9.0013
-170.77  156.91 -479.97 5.38  4.7864 8.0837
555.30  -60.32 55.66 4.81  2.4534  10.6047
-29.08 151.56 -251.33 -4.80 4.6837 6.8759
-156.27 -390.77  44.46 494  6.3248 6.2678
-161.48 157.41 -474.44 4.76 7.9948 5.5336
561.97  -56.68 64.82 5.85  4.8592 9.1556
-27.58  150.25 -241.94 1.95 0.4156 9.3955
-154.29 -391.04 54.44 1.96 0.3912 9.9853
-153.68 162.03 -468.53 4.95  7.5925 5.9139
563.12  -55.58 53.02 -1.58 0.2144 -11.7945
-23.96 148.86 -233.15 3.55 1.5648 8.7885
-144.46 -389.70 52.17  -2.22  9.6749 -2.2741
-146.89 170.09 -466.06 2.41 10.2594  2.4716
565.25  -44.81 48.40 -4.26 10.1082 -4.6208
-16.61 148.61 -226.97 4.73  5.6324 6.1778
-137.63 -386.60 59.06 5.07 5.519 6.8913
-143.63  177.29 -473.45 -5.40 5.7713 -7.395
567.22  -55.57 43.70 4.32  10.0436 -4.7033
-11.43 151.86 -219.56 4.71 3.8875 7.4112
-129.96 -379.92  58.56 -0.50 10.1577 -0.5053
-145.22  185.92 -479.78 -5.14 7.1174 -6.3338

z; Yi 2 Z; Yi Zi k

505.61 -119.53 4896 -10.16 -3.242 5.2772 | 10
-69.72  108.41 -226.60 -0.58  1.4588  9.4766 | 10
-192.30 -438.54  56.84 9.73 1.6639  2.4846 | 10
-228.49 108.47 -482.84 7.27 -0.9038 -7.9633 | 10
515.33 -113.43  52.12 3.04 11.0651 3.1564 | 11
-63.47 11295 -220.89 4.59  6.2178  5.7046 | 11
-187.37 -436.18  48.26  -4.62  2.9445  -8.5852 | 11
-221.16  115.51 -479.10 3.51 9.5334  3.7372 | 11
521.83 -103.55 50.81  -1.31 11.7567 -1.3156 | 12
-64.22  112.00 -230.42 1.20 0.1528  -9.5289 | 12
-181.73  -427.73  49.01 0.75 10.1273  0.7515 | 12
-218.08 125.83 -478.05 1.04 10.7221  1.0489 | 12
524.20 -92.07 4873  -2.04 11.5415 -2.0719 | 13
-60.65  120.72 -232.26 -1.81  9.2532 -1.84 13
-179.99 -417.95 46.78  -2.18  9.6919  -2.2357 | 13
-218.66 134.06 -485.06 -5.34 6.2831 -7.0105 | 13
522.48 -82.59  41.74  -5.66 7.7962 -6.9906 | 14
-59.88  127.54 -238.98 -4.80 4.9046 -6.7199 | 14
-181.01 -410.28  40.15  -5.03  5.8772  -6.6214 | 14
-220.63  139.56 -494.17 -4.92  3.1501  -9.1136 | 14
517.70  -76.57  32.66  -5.87  4.9664 -9.0857 | 15
-60.46 130.38 -248.14 -2.76  0.8726 -9.159 | 15
-183.46 -405.04 31.77  -4.76  3.2798 -8.384 | 15
-213.20  132.17 -496.90 2.64 10.1353 -2.7299 | 15
515.12 -75.12  21.13  -2.86 0.7324 -11.5301 | 16
-56.13  121.92 -246.74 -1.38  9.4026 1.3966 | 16
-182.07 -406.17  21.75 1.76  0.3144 -10.0244 | 16
-204.92  128.78 -503.00 5.04  7.3917  -6.0949 | 16
521.64 -76.12 11.22 549  3.6537  -9.9083 | 17
-568.66  124.52 -255.64 -3.36  1.3703  -8.8942 | 17
-182.50 -406.00 11.57  -0.46 0.021  -10.1723 | 17
-198.10 129.68 -511.35 5.31 4.3823  -8.3499 | 17
532.54  -74.88 6.59 4.26  10.1051 -4.6248 | 18
-58.39 12436 -265.24  0.31 0.0101  -9.6006 | 18
-172.49 -406.82  9.88 1.67  9.9024 -1.6898 | 18
-189.09 134.59 -514.80 3.28  9.7196  -3.4571 | 18
542.44  -70.52 1.64 4.51 9.8369  -4.9579 | 19
-49.66 122,15 -261.90 -3.13  8.4481 3.3345 | 19
-167.35 -405.10 1.26 4.59 2.8857 -8.62 19
-182.17 141.64 -519.23 4.03  9.0186  -4.4203 | 19
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Figure 5.3: Performance of the proposed methods at different o levels for 3-D single-
time case. (a) position estimation, (b) velocity estimation.

5.7 Summary

In this Chapter, we investigated the moving sensors scenario where each sensor moves
along nonlinear trajectory with random speed and collects frequency measurement

from the object. Incorporating the sensor movement in the frequency measurement
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Figure 5.4: Performance of the proposed methods at different o levels for 3-D multiple-
time case. (a) position estimation, (b) velocity estimation.

model results in an increase in the complexity of the model and significant increase
in the number of auxiliary variables. The consequence is a large increase in the
number of constraints when forming the optimization problem especially in the SDP
solution procedure. Also, We have derived the error term associated with the pseudo
linear formation including the sensor velocity error which will define later, during
the analysis study, additional small noise conditions needed to implement the CFS

algorithm.
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In addition, we have investigated the sensors movement and found out that the
circular movement of the sensors is not appropriate for the pseudo linear formation
and can deficient the additional information coming from the sensor movement and
makes it vain to reduce the number of required sensors.

Both the closed form solution CFS and the semi-definite programming SDP al-
gorithms derived using the same WLS formulation with a set of constraints. Matlab
simulation is used to test the performance of the proposed methods. Both algorithms
perform well in reaching the CRLB accuracy. In terms of computational complexity,
the CFS estimator is more attractive than the SDP. It is favorable when regular local-
ization geometry such as those having near optimum sensor placement [106] are used.
CFS requires additional sensors and low data error to operate and it can only reach
the CRLB performance under the small noise conditions specified in Table 5.14. The
SDP estimator is much better in handling poorer localization geometry, operating

with fewer sensors and working with higher data error.
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

This research investigates the localization of a moving object in position and velocity,
by observing the emitted frequency from the object that is subject to the Doppler
shift effect at a number of stationary or moving sensors. Previous attempts rely on
exhaustive grid search or numerical polynomial optimization to obtain a solution.
We proposed a constrained optimization to formulate the localization problem, which
enables the problem to be solved efficiently using the linear optimization method to
reach a closed-form solution CFS or the semi-definite programming SDP technique
to achieve a noise resilient estimate. The CFS has the best computational efficiency
among all the other estimators but requires additional sensors and small frequency
observation noise. The SDP gives much better performance in handling poorer local-

ization geometry, operating with fewer sensors and working at higher measurement
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noise level but needs further processing time and more complicated hardware and
software units.

The algorithms are derived for several different scenarios based on the same for-
mulation approach. We started with the 2-D localization, stationary sensors and
single-time measurement scenario. Then, we developed the algorithms to multiple-
time observations, which helped to reduce the number of sensors required and produce
better location accuracy assuming the motion of the object is linear with constant
speed. After that, 3-D localization is considered which is more complected regarding
the number of auxiliary variables associated with the pseudo linear formulation and
also in handling much more quadratic constraints that relate the independent un-
known and the nuisance variables. Later, we considered the sensors are moving along
nonlinear trajectories with random speed and derived the CFS and SDP solutions
for the 2-D single-time, 2-D multiple-time, 2-D single-time and 3-D multiple-time
localization scenarios. The presence of errors in the carrier frequency and the sensor
positions are considered. The non-cooperative scenario where the carrier frequency is
completely not known is also addressed. Analysis validates the proposed closed-form
solution in reaching the Cramer-Rao Lower Bound accuracy under Gaussian noise
over the small error region. Simulations support the performance of the proposed
solutions.

The proposed CFS algorithm appears to require small frequency measurement
errors to operate well. CFS can serve as an effective initialization to the iterative
implementation of the ML Estimator, especially in the single-time measurement case
where the deviation from the CRLB seems gradual. While the SDP solution gives

better performance when the SNR is low or the number of sensors is small, careful
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scaling of the input quantities and parameters may be needed to improve the numer-
ical accuracy in which the scaling adjustment could be dependent on the SDP solver
used. Incorporating an SDP solver may need certain hardware and software that
could be prohibitive in some practical applications. In general, the CFS algorithm
should be used under an environment where the localization geometry is typical, the
number of sensors is sufficient and the SNR is high, or when the computation com-
plexity is an important factor for consideration. In the situation where the number
of sensors is limited or the SNR is low while the complexity is not a crucial factor,
the SDP solution is recommended.

Without accounting for the sensor position error by assuming their locations are
accurate although they have error, the MSE is nearly 4 dB higher than the CRLB
at low noise level and deviates significantly from the bound early when the noise
level increases. When accounting for the sensor position error, both CFS and SDP
reach the CRLB accuracy and the latter performs well even when the sensor position
error is large. When the available carrier frequency has some error but assuming it as
accurate in CF'S, the performance is highly degraded unless the error is very small and
the the measurement noise becomes the dominant over the carrier frequency error.
The results manifest the importance of taking the error associated with the carrier
frequency or the sensor locations into consideration when designing a localization

algorithm.
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6.2 Future Work

The proposed solutions for the problem of object localization using Doppler shifted
frequency measurements can be further investigated to improve the performance and
accommodate other localization scenarios. Additional research can be done on im-
proving the noise resilient ability of the algebraic solution, reducing the number of
constraints for the SDP algorithm, and better handling the sensor position and ve-
locity errors. The problem of optimum sensor placement is another interesting topic
that can help to reduce the required number of sensors when the measurement noise
level is high. The mobility pattern of the sensor can be investigated to draw a clear
picture of its effect on the localization ability and accuracy.

The problem of object localization using multiple-time measurements investigated
in this research is a special case of object tracking under a linear motion constant
velocity model. The proposed algorithm may be applicable for other motion pattern
of the object if the observation period is short enough that constant velocity model
holds approximately within. Our future work is to extend the proposed algorithms
to the more complex object tracking scenario where the motion is nonlinear and the
velocity is not constant. One approach is to incorporate a disturbance term in the
object trajectory model to account for the position variations and apply a dynamic
velocity model, such as a constant acceleration model, to describe the velocity changes

over time.
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Appendix A

The partial derivatives in (2.41) are:
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where d is the dimension of localization and the matrix P,ﬁf is defined below (3.3).

by, and B, in (2.36) are

of;

bfo :W = [Ogdv L, O;M} ) (A3a)
Os

B, =06 [0anrx2at) > Tan] - (A.3b)
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Appendix B

From (4.20), (4.29) and representing an estimated value (-) by (-)° + A(+), it is direct
to validate the following relations for the elements of h in (4.30) after dropping the

second order error terms,

h(4) = o()g’(1) + ¢(2)¢°(2) + ¢(3)°(3) — ¢*(1)Awp(1)

~ P(2)Ap(2) - $°(3)A0(3) + Apld), (B.1a)

R(8) = 59(6)3°(4) + 59(5)5°(5) — 5¢°(6)A(5)
— 5 ()Ap(6) + 20(8) Ap(8) — Ap(8), (B.1b)

R(9) = So(TF(4) + 2o(5)3°(6) — 5¢°(1Ap(5)
— S (B)A(T) + 26(9)Ag(9) — Ap(9)” (B.10)

R(10) = Jo(NF(3) + 3o(6)F°(6) — 50" (7)A(6)
— %@0(6)Ag0(7) +2p(10)Ap(10) — Ap(10)?, (B.1d)

h(11) = (8)8°(2) + ¢(9)8°(3) + (1)3°(4) — ¢°(5)App(1)

—¢7(2)Ap(8) — ¢?(3)Ap(9) + Ap(11), (B.1e)
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h(12) = o(8)¢°(1) + p(10)&°(3) + ¢(2)@°(5) — ¢”(6)Ap(2)

— ¢ (1)Ap(8) — ¢?(3)Ap(10) + Ap(12), (B.1f)
h(13) = p(9)7°(1) + (10)7°(2) + (3)8°(6) — ¢°(T) A (3)

— ¢’ (DAP(9) — ¢°(2)Ap(10) + Ap(13), (B.1g)
h(14) = e(11)°(1) + ¢(12)8°(2) + ¢(13)8°(3) — ¢°(1)Ap(11)

— 9%(2)Ap(12) — ¢°(3)Ap(13) + Ap(14). (B.1h)
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Appendix C

From the definition of ¢° in (4.44), it is simple to validate the following relations,

which form constraints to the WLS problem for multiple-time scenario:
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©(16) = p(1)©(12) + @(2)9(10) + ¢ (3)¢(14)
= @(5)p(8),

e(17) = p(1)e(13) + ¢(2)p(14) + p(3)¢(11)
= ©(6)¢(8),

©(18) = ¢(4)p(9) + ¢(5)¢(12) + ¢(6)¢(13),

©(19) = ¢(4)¢(12) + (5)¢(10) 4 (6)p(14)

©(20) = p(4)@(13) + ¢(5)p(14) + (6)¢(11)

©(21) = p(4)@(18) + ¢(5)p(19) + ¢ (6)¢(20)
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Appendix D

This Appendix examines the complexity of the algebraic and SDP solutions for
multiple-time scenario, when the carrier frequency is available. The single-time sce-
nario is a special case where the number of successive time observations N is 1. The
study concentrates on the batch processing for multiple-time case. The complexity

difference with the sequential version is summarized at the end.

D.1 Algebraic Solution

The algebraic CFS involves one least-squares computation for initializing the first
stage weighting matrix and two WLS calculations from the two stages. The overall
complexity is dominated by the evaluation of the weighting matrix (4.25). Table D.1
lists the detailed operations and the associated computational costs in terms of the
number of multiplications for the algebraic solution [113, 114]. When the second stage

is repeated 1 — 1 times (n > 1) to improve W, The computational complexity is
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M?N? +3M?N? + 18M°N + (2L + 3)M?*N? + 3M>N
+ (2L + 5L+ 1)MN + (2/3 +4n)L* + (4 + n(1 + 2K))L?

+ (K +3)LK +n(K/3+2)K*, (D.1)

where M is the number of sensors, N is the number of measurements in consecutive
time instants, L is the length of the pseudo unknown vector ¢ in the first stage and

K is the length of the unknown vector ¢ that is equal to 6.

D.2 SDP Solution

The SDP solution requires the formation of the objective function (4.40) and the
solution of the relaxed SDP (4.60). Also, (4.60) is solved twice, first with W set to
the identity matrix to obtain an initial solution and second with W formed by the
initial solution to obtain the final solution. Generating the objective function for the
first SDP solution uses the operations in entries 1-2 of Table D.1 and that for the
final SDP solution needs entries 4-9. There are extra M N multiplications in entries
2 and 9 due to the factor 2 in (4.40). Obtaining the objective functions take the

computational cost of

M?N? +3M?N? + 18 M°N + (2L + 3)M*N?

+3M?N + (2L> + 6L +3)MN . (D.2)
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The worst-case complexity of solving an SDP is [110]

where m is the number of equality constraints, N,z is the number of semidefinite
cone constraints, n is the dimension of the i-th semidefinite cone, p is the barrier

parameter for measuring the geometric complexities of the cones involved,

Nsd
=1

and € > 0 is the solution precision. The relaxed SDP (4.60) has C' + 1 linear equality
constraints and one semidefinite cone constraint of size L + 1 (hence Ny = 1 and

n3¢ = L+ 1). Thus, the worst-case complexity is on the order of
O (VL(C*+ C2[* 4+ CL) n(1/e)) . (D.5)

The proposed SDP solution calls an SDP solver twice and the amount in (D.5) needs
to be doubled.

D.3 Sequential Estimation

The sequential multiple-time algorithm requires an extra step to update the solution
by the object location estimate from the current single time measurement. Table D.2

lists the extra computational cost of this additional step.
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Table D.1: Computational Costs of the Algebraic Solution CFS

Operations (LS) Computational Costs
ATA MNL (L +1)
ATh 2MNL
(ATA)™' (ATh) L3/3+2L?
Operations (First WLS) Computational Costs
2 dgdf (M2N? + MN) +2MN (3M)*
+D QSDT +Qn +3M2N (MN +1)
Q! MPN
B-'Q.'B! 2M2N?
ATW 2LM?2N?
(ATW) A MNL(L+1)
(ATW)h 2MNL
(ATWA) ™' (ATWh) L3/3+2L?
Operations (Second WLS) Computational Costs
B! L?
~1 (ATWA) B! 20 + (L% + L?)
ATW 2K L?
(ATV“\?) A LK (K +1)
(A"™W)h 2K L
Nl
(ATWA) (ATWh) K3/3 + 2K?

Table D.2: Extra Computational Costs for the Solution Update of Sequential Process

Operations Computational Costs
er{kfl} K/2
B! L3
~1 (ATWA)B~! 20 + (L% + L?)

ATWA 2KL?+ LK (K +1)
HT W, K?/2

HI,\ Wy ) Hoy K?/2

(H{T }W{k}) 67 9{k 1}] 2K (2K)
(m {k}W{k}H{k}) K3/3+2K?

‘ (H{k}w{k}wg 9{Tk_1}]T)
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Appendix E

The partial derivatives in (5.65) are:
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where d is the dimension of localization.
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