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Abstract

Let ¢(-) denote the Euler function, and let a > 1 be a fixed integer.
We study several divisibility conditions which exhibit typographical
similarity with the standard formulation of the Fuler theorem, such as
a™ =1 (mod ¢(n)), and we estimate the number of positive integers
n < x satisfying these conditions.
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1 Introduction

Let a > 1 be an integer, and let (-) denote the Euler function, whose value
©(m) at any positive integer m is the cardinality of the group (Z/mZ)*. The
classical theorem of Euler asserts that

n‘a“’(") —1 (1)

provided that a and n are coprime. It is a well-known and amusing fact
that one can “accidentally misplace” the location of the symbol ¢ in Euler’s
theorem and still obtain a valid mathematical statement:

nle(a” —1) for every a > 1;

see [14] for an even stronger statement. In this paper, we study the validity of
other divisibility properties of the Euler function with a form similar to (1).

More precisely, let F,(x) denote the set of positive integers n < z that
satisfy the condition

p(n)]a" —1, (2)
and let G,(x) denote the set of positive integers n < x for which
n ‘ o(n)* — 1. (3)

We show that both F,(z) and G,(x) are rather “thin” sets.

Theorem 1. For a fized integer a > 1, the following estimate holds:

#Fa(x) < xexp (— (2_1/2 +0(1)) y/log z log log logx> )
where the function implied by o(1) depends only on a.

Theorem 2. Let a > 1 be a fized integer. If a is even, then the estimate
#Ga(2) = n(x) + 0 (zexp (= (272 + 0(1)) Viogzloglogz ) )
holds, where 7(x) is the number of primes p < x. If a is odd, then
#Ga(x) < wexp (= (2712 + o(1)) Vlog rloglog v )

Here, the functions implied by o(1) and the constant implied by O depend
only on a.



We also investigate the set of positive integers n for which (2) holds for all
integers a coprime to ¢(n), which is equivalent to the divisibility condition

Alg(n)) [n. (4)

Here, A(:) denotes the Carmichael function, whose value A\(m) at a positive
integer m is the exponent of the group (Z/mZ)*, that is, A(m) is the largest
multiplicative order of any element in (Z/mZ)*. More explicitly, for a prime
power p”, one has

v—1 :
w " p—1), ifp>3orv<2;
A(p)_{2”_2, ifp=2and v > 3;

and for an arbitrary integer m > 2,

A(m) = lem [A(p7h), ..., A(pyF)],

where m = pi* - - - p.* is the prime factorization of m. Also, A(1) = 1.

Let H(z) denote the set of positive integers n < x satisfying (4). Clearly,
the bound #H(x) < #F,(x) holds for every fixed integer a > 1. However,
we give a much sharper estimate on #H(x) than the one that follows from
this inequality and Theorem 1.

Theorem 3. The following estimate holds:

#H(x) < exp (O ((log2)*""))
where the constant implied by O is absolute.

Finally, recall that the famous Lehmer conjecture asserts that p(n)|n—1
if and only if n is a prime number; see [12, 13]. For a fixed polynomial
f(X) € Z[X], let L;(x) denote the set of positive integers n < z with the

property:
w(n) | f(n). (5)

We show that lim, .., L;(z)/7(z) exists and is a rational number. More
precisely, we show:

Theorem 4. Let f(X) € Z[X] be a polynomial. For each root m of f(X),
there exist certain residue classes {aj., (mod ¢(m)) : j = 1,...,ry} for



which the following estimate holds:

#L(x Z Z (x/m; p(m), o m)

f(m)=0 j=1

+0 (:ce'xp <— (2712 +0(1)) \/W)) ;

where the function implied by o(1) and the constant implied by O depend only
on f.

In the statement above, 7(z; ¢, &) denotes (as usual) the number of primes
p < z in the congruence class p = a (mod ¢). We now recall the result of
Walfisz [18], which asserts for every fixed modulus ¢ > 1, the estimate

holds for some constant C'(q) > 0 depending only on ¢ (in fact, the earlier
result of Tatuzawa [16] suffices for our application). Using (6) together with
Theorem 4, it follows that for any polynomial f(X) € Z[X], there exists a
rational number x; > 0, depending only on f, such that

#L () = ryn(e) + O (wexp (— (272 + 0(1) Viog wloglog ) )

Moreover, if f has no positive integer root, then x; = 0.
For a slightly restricted class of polynomials, following ideas from [12], we
obtain the following stronger statement:

Theorem 5. Let f(X) € Z[X] be a polynomial of degree k, with f(0) # 0,
whose roots all have multiplicity at most v. For each root m of f(X), there
exist certain residue classes {o, (mod p(m)):j=1,...,r,} for which the
following estimate holds:

L) = 303 wlo/mip(m), )

f(m)=0 j=1
+0 ( 1-1/(2v+1)40(1) + xl—l/(k-ﬁ-l)-ﬁ-o(l)) ’

where the function implied by o(1) and the constant implied by O depend only
on f.



Under the conditions of Theorem 5, from (6) we derive the estimate

#L(x) = rym(x) + O (:c exp (—@%))

for some constants x5 and Cy > 0 that depend only on f. Moreover, under
the Fatended Riemann Hypothesis, it follows that

#Ef(l’) _ Iﬁfﬂ'(l’) +0 (1,1—1/(21/4-1)-‘:-0(1) + xl—l/(k-i—l)-i—o(l)) ]

Throughout this paper, the letters p, ¢ and r are always used to denote
prime numbers. We use the Vinogradov symbols < and >, and the Lan-
dau symbols O and o with their usual meanings; the implied constants may
depend, where obvious, on the integer a or the polynomial f.

For a positive real number x, we write logx for the maximum of the
natural logarithm of z and 1. For a positive integer n, P(n) denotes the
largest prime factor of n (and P(1) = 1).

Our arguments rely on several well-known results about the distribution
of smooth numbers, that is, positive integers n < x with P(n) < y; see, for
example, [6, 8, 17] for exhaustive accounts of such results. We also apply
recent results about smooth values of the Euler function; see [1].
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2 Preliminaries

We need the following result of Canfield, Erdds and Pomerance [3] on smooth
numbers (see also Hildebrand [7] for a similar estimate in a wider range):

Lemma 6. Uniformly for exp (vlogz ) <y < z, the set
S(z,y) ={n<x: P(n) <y}
has the cardinality
#S(x,y) = xexp(—(1+ o(1))ulogu),

where u = (logz)/(logy).



We also need the following simplified version of Theorem 3.1 in [1]:

Lemma 7. Uniformly for exp (vlogz ) <y < z, the set
T(z,y) ={n<x: Pp(n)) <y}
has its cardinality bounded by
#T (z,y) < zexp(—(1+0(1)) uloglogu),
provided that uw = (logx)/(logy) — 0.

Finally, we need the following simple estimate, which is an immediate
consequence of the Prime Number Theorem together with partial summation:

Lemma 8. Uniformly for x >y > 2, the set
U(z,y) = {n < x:p*|n for some prime p >y}
has its cardinality bounded by

#U (2, y) <

ylogy’

3 Proof of Theorem 1

Let x be a large positive real number, and put

Y = exp <\/2logxlogloglog:c> )

By Lemma 7, we have the estimate

#7T (v,y) < zexp (—\/(0.5 + 0(1)) log x log log logx) , (7)

and by Lemma 8, the following estimate holds:

#U(x,y) < zexp (—\/(2 + 0(1)) log z log log logz) : (8)

Now let N be the set of positive integers n < x that satisfy (2) but do
not lie in 7 (z,y) UU(x,y). For every n € N, since n &€ T (z,y), it follows
that the prime p = P(¢(n)) has the properties:
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(i) p>y;
(i)  ple(n);
(@) pla®— 1.

As p? ¥ n (since n & U(x,y)), there exists a prime ¢ = 1 (mod p) such that
q|n. If t, denotes the order of @ modulo p (note that we can assume that x is
large enough so that a is not divisible by any prime p > y), then from (zii) we
deduce that t,|n. Clearly, t, < p < ¢ <n < z, and therefore ged(q, t,) = 1;
consequently, n = 0 (mod ¢ - t,). Thus,

DD DI ST DD

P>y q<z q p>y P q<z
¢=1 (mod z) ¢g=1 (mod p)

6.
Applying the well-known bound

1 log1
Z t < og OgLE"
p p

q<z
g=1 (mod p)

(see, for example, the proof of Theorem 3.4 in [5], or that of Lemma 2 in [11]),
we derive that

#N < a:logloga:ZZ%:xloglogggi Z 1
P

p>y =0 2iy<p<2itly Pl
rloglogz - 1 zloglogz < - =1
< TZQ Z ?STZ2 Z;Rj(t)a
j=0 2y<p<2itly P §=0 t=1

where R;(t) is the number of primes p with 27y < p < 29y and ¢, = .
Since p|a’ — 1 whenever ¢, = t, it follows that we have R;(t) < t/log(27y).
If T; < 271y, then

1 1 1 1
> SB(t) = > F1(t) < > RO+ > R
t=1 t<2i+1ly t<Tj} J T;<t<2itly
1 . T; 2y
< — 712y < I+ —.
KZT log(2y) T} log(27y) ~ T;log(2y)




We now choose T; = (27y)'/2 (to balance the last two terms), substitute
the resulting bound into the preceding estimate for #A/, and sum over 7,
obtaining:

xloglogx

N
N < y'/2logy

< xexp (—\/(0.5—i—o(l))log:clogloglog:c) . (9
Inserting the bounds (7), (8) and (9) into the inequality

#Fu(r) <H#T (2,y) + #U(2,y) + #N,

we finish the proof. O

4 Proof of Theorem 2

Let x be a large positive real number, and put

Yy = exp <\/O.5logxloglog:c> :

From Lemma 6, it follows that

#S(x,y) = xexp (—\/(0.5 + 0(1))log z log logz) , (10)

and by Lemma 8, we have the bound:

#U(x,y) < zexp (—\/(0.5 +o(1)) log x log logx) : (11)

Now let N be the set of positive integers n < x that satisfy (3) but do
not lie in S(z,y) UU(z,y). For every n € N, write n = pm with p = P(n).
Since n € S(x,y) UU(z,y), it follows that p > y and p? { n; thus,

plelpm)* —1=(p—1)%(m)* — 1,
and therefore,
ple(m)® — (=1)%

Note that if a is even and ¢(m) = 1, this condition is always satisfied; on the
other hand, if m = 2, then n = 2p cannot divide the odd number p(n)® — 1.



Now let Q be defined as the empty set @ if a is odd, and as the set of
primes p < z if a is even. In each case, one has Q@ C G,(x), and therefore,

#Ga(x) = #Q+ O (#S(x,y) + #U(x,y) + # N\ Q). (12)

If n = pm lies in N'\ Q, then m < x/y, and a is odd or p(m) > 1; in
particular, m > 3 and ¢(m)® — (—1)* # 0. On the other hand, for fixed m
in the range 3 < m < z/y, there are at most

log x

w (p(m)* = (=1)") <

log log

choices of a prime p > P(m) for which n = pm lies in N\ Q, where w(N) is
the number of distinct prime factors of an integer N > 1. Consequently,

#WNNVQ) < Y wle(m) —(-1)")

3<m<z/y

xlogx

_rleer T |
Jloglog 7 _xexp( \/(05+0(1))103$10g10g:c>

Substituting this bound together with (10) and (11) into the estimate (12),
we finish the proof. O

5 Proof of Theorem 3

We begin with the following statement, which may be of independent interest;
our proof uses Rankin’s method (see, for example, Chapter IIL.5 in [17]).

Lemma 9. Let P be a finite set of odd primes, and let Qp be the set of odd
primes q with the property that if a prime p divides ¢ — 1, then p = 2 or
p € P. Finally, let Mp be the set of squarefree positive integers m with the
property that if a prime q divides m, then ¢ € Qp. Then

#{m e Mp:m <z} <exp (O ((log x)(#P+1)/(#P+2))) ’

where the implied constant depends only on #P.



Proof. For an arbitrary real number ¢ > 0, we have the bound

#{meMp:m<z} =

Moreover,

>
q<zx qc
qEQp

IN

IN

S Y () Yo

m<x m<x meMp
meMp meMp glm = ¢<z
1 1
= z° <1+—) < zfexp —
q° q°
q<z q<z
qeQp q€Qp

1 1 1 1
14+ — 4 — 4 ... 14+ — 4+ — 4 ...
<+26+220+ )||(+pc+p2c+ )
peEP

(1 o 2—0)—1 H(l i p—c)—l < (1 i 2—0)—(#’P+1).

peEP

Now choose ¢ such that

(1-27%""=(log x)l/(#P+2).

Then, from the preceding estimate, we have

Also,

3 l < (log ) #P+V/G#P+2)

q<z
q€Qp

clog2 = —log (1 — (logz) V#P+2)) = O ((log z) "/ #P+2) |

where the implied constant depends only on #7P; thus,

1¢ = exp(clogz) = exp (O ((log )

The result follows.

#PE/#P42)))
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We now turn to the proof of Theorem 3. Let n € H(z) be fixed, and
let n = 2% [+, p;* be its prime factorization. Since A(p(n)) is odd only for
n € {1,2,3,4,6}, we can assume that o > 1 in what follows. We can further
assume that L > 1, since the set of integers in H(z) of the form n = 2% has
at most O(logz) elements.

Let P = {p1,...,pr} be the set of odd primes p that divide n, and let Q be
the set of odd primes ¢ that divide ¢(n) but not n. Assuming p; < --- < py,
we write

/—1
po—1=22]]p” [[ ™ 1<t<L (13)
j=1

qeQ

where 7, ; > 0 and dy, > 0 (for example, p; must be a Fermat prime). We
also put v,; = 0 for j > . For all choices of ¢, j, g, we obtain that

L L L
p(n) = 227 [0 e =) =227 [ [ o) (2“‘ [Ir 11 q‘”"’)
=1 =1 j=1

qeQ
L
_ —14+A B;—14+C; D
= 2 L [ L™
j=1 qeQ

where

L
A=Y
=1
L
Gy = Y s 1<,
(=1

L
Dy = ) by q€Q
=1
Since P N Q = &, it follows that

A(p(n)) = lem {A (20714), {A (Pfj_le) }ISJSL @) }qeg] ’

and therefore,

lem [)\ (20-1+4) | {)\ <p]@j—1+0j> }1§j§L A () }qeg}

Using properties of the Carmichael function, it is easy to see that

L
o [[»l. (1)
(=1

11



(i) A<3;
(i) C; <2for1 <j<L;
(13i) D, <1 for qe Q.

Note that the condition (7) implies that L < 3.
We claim that each D, = 1. Indeed, if ¢ € Q, then

L
q|2a IHpﬁz 1p£_1 and q+2aHp§Z

Hence, ¢ | (pe — 1) for some ¢, which implies that é,, > 1. The claim now
follows from (i77).
Using (14) and the fact that D, = 1 for every ¢ € Q, it follows that

(¢g—1) 2O‘Hp q € Q.

Here, we have used the fact that py, 1 (¢ — 1), which follows from the factor-
ization (13). Defining P* = {p1,...,pr_1}, it is clear that Q is a subset of
the set Qp« defined in Lemma 9 (with P replaced by P*). Moreover, each
quantity [[, o q%4 that occurs in (13) clearly lies in the set Mp.. By (i) and
(i), the exponents oy and -y, ; in (13) are all less than or equal to 3. Since
#P* = L —1 <2, Lemma 9 now implies that each prime p; can be chosen
in at most exp (O ((logz)3/*)) different ways, and the result follows. O

6 Proof of Theorem 4

As in Section 4, we put

Yy = exp <\/0.510ga?10g10g1'> .

Thus, we can again use the estimates (10) and (11).
Let NV be the set of positive integers n < x that satisfy (5) but do not
lie in S(z,y) UU(z,y). For every n € N, we write n = pm where p = P(n).
Since ged(p, m) = 1, we have ¢(n) = (p—1)¢(m). In particular, from (5) we
derive that
f(m) = f(pm) = f(n)

0 (modp-—1).

12



Hence, for each fixed m < x/y such that f(m) # 0, there are at most
7 (|f(m)|) possible choices for a prime p for which n = pm lies in N, where
7(N) is the number of positive integer divisors of N > 1. The classical result
of van der Corput (see [4, 10]) shows that

log z)Ks
Z T(|f(m)]) < zllog)™s < T exp (—\/(0.5 + 0(1))loga:loglog:)3> :
m<z/y Y
f(m)#0

where Ky is a constant depending only on f.

We now consider the polynomial F(X,Y) = f(XY) — f(X). Clearly
F(X,Y)= (Y -1)G(X,Y) for some G(X,Y) € Z[X,Y]. Thus, if f(m) =10
then the condition (p—1)¢(m) | f(pm) is equivalent to p(m) | G(m, p). Hence,
if m is a root of f, we have that n = pm lies in N if and only if the
prime p belongs to one of the progressions p = a;,, (mod ¢(m)), where
Qjm, j =1,...,7y, runs through all r,,, roots of the congruence G(m,r) =0
(mod ¢(m)). Therefore, we see that for some rational number x; > 0 and
real number ¢y > 0, depending only on f, there are

Z >y Z) S w(afmip(m).ay,)  (15)

=0 j=1 p<z/m 0 j=1
p=aj,m (mod ¢(m))

integers n = pm lying in A/, and we obtain the bound stated in the theorem.
As it is clear that k;y = 0 if f has no integer roots, the proof is complete. [

7 Proof of Theorem 5

For positive integers r and v, we put

S
= H qjhj/ﬂ7
j=1
where \
1
j=1

is the prime factorization of r. We also denote by F/(X) € Z[X] the product
of all of the irreducible divisors of f(X); in particular, f(X) | F(X)". Finally,

13



let
v k

= d = —
*=g, 77 md =1

+1°
If p|n and ¢(n)| f(n), then obviously f(m) = f(n) = 0 (mod p — 1),
where m = n/p. Therefore, F'(m) =0 (mod p,(p — 1)). By the Nagell-Ore
theorem (see [9] for the strongest known form), we see that for every p, there

are
X
M, < (7 + 1) e
P poy(p—1)

values of m < x/p satisfying the last congruence. Therefore, the number of
n < x such that ¢(n)| f(n) and also having a prime divisor p in the range
2® < p < 2”log x is bounded by

Y e Y (Zﬁﬁ)pw

2t/ (k+D) <p<xhlogx z@<p<zPlogx p
T
v o(1) 1—a/v+o(1) B+o(1)
< g <1+1/V+1)p <z +x ,

zo<p<zPlogzx

since p,(r) > /¥ for any 7.

Now, if p > 2flogx, then m < 2/*+U(logx)~!; hence, f(m) = 0
(mod p — 1) implies that f(m) = 0. The contribution from such n = pm is
given by (15) from the proof of Theorem 4.

It remains to consider those n < z such that P(n) < z“. Clearly, every
such n has a divisor m with & < m < 2?®. Writing n = mr we see that
o(m)| f(n) = f(mr) implies that F(mr) =0 (mod p,(¢(m))). For fixed m,
if the last congruence is solvable, then ged(m, p,(w(m)))|F(0)|f(0). Since
f(0) # 0, this shows that ged(m, p,(¢(m))) = O(1). Now, applying the
Nagell-Ore theorem once more, we see that for every m, there are

fim < (mpm(m))

+ 1) me®

values of r < z/m with F'(mr) =0 (mod p,(p(m))). Therefore, the number
of n < @ such that ¢(n) | f(n) and also having a divisor m with z® < m < z?®

14



is bounded by

S s S ()

o <m<g2e e <m<g2e ¥

T
§ o(1) 1—a/v+o(1) 2a+0(1)
< zae<m<g2e <“L1 /v 1) m =z & '

Recalling the choice of o and 3, we obtain the desired result. O

8 Remarks

It is easy to show that, for any positive integer k, there are infinitely many
integers a > 1 for which the lower bound

Fo(x) > (logz)k

holds. Indeed, let py,...,py be distinct primes, and suppose that the integer
s = py - - - pi satisfies the condition

ged (p(s),5) = 1.

For instance, one can choose large primes p; such that max;{p,;} < 2min;{p,}
and P(p; — 1) < /p; for each j; see [2]. Now let b > 1 be an integer such
that

b=1 (mod ¢(s)),

and put a = b¥®). Then, for any integer n composed only out of the primes
p1,-- -, Dk, We have (2).

It is also easy to check that every positive integer n of the form
n = 2%.3°.77.43%° with arbitrary positive integer exponents «, 3,7, 6,
satisfies the relation (4). Therefore,

#H(x) > (logx)*.

These lower bounds, however, are still far from the upper bounds given
in this paper. It would be interesting to know, even conjecturally, the actual
rate of growth of these functions.
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