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For .any years conforwal transforaations have been stud-

• 
1ed. Riaaann surfaces of a8lJ1 of th have be. cOl!rtructed and 

their principal properties have been discovered and examined in the 

study ot the theory of functions of a complex variable. tor it a 

tranatormation is oontoraal it must satiefy. the Cauchy-Ri ann e- . 

quations as rill be shown later. O<aparatively little, hOwever, 

has ever been done with contonaal transformations. In this paper, 

we have made a study of some o-f the propert 18. of euch tranetoraa-

tions and have constructed Riemann surfaces of a tew of th_. In 

Part I. -an ordinary conformal transformation has been cODsidered 

and its Riemann surface constructed. Then by ans of non-contor.--

a1 transtoraationa upon the contormal. one, non-conformal tranatorm-

atiofts between real variables were obtained. and through the prop-

erties of the for.er. the propert i es of the latter were d1scov red 

and the Rt.8Im surfaces were constructed. In I'art II. the non-

conformal transtor.at1ons were studied directly. 
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PARr I. 

NOX-COtmmIAL TRANSJORMATIONS OBTAINED 

FRCII COtmmIAL TRANsroRIIATIOIiS. 

Betore considering tbe particular oonforMal transtor,aa-

t ion frca which tbe non-conformal transforaations were derived, it 

. is necessary to prove that the ori&lnal traJlstonaation was real.-

1y confo,...J.. This i. proved as to110"8:-

/D \ X = g. (t) ~ J X = {~(t) 
Let V, l ~ = f. (t ) aIId " h = if. (t) be two curve. in the d -plane which 

L.t {M. = .Af{Ct) f. ( t) ] 1; 
intersect at a point. l' • and let 1\. _ it 10 (,l and '\ ~ ) 

nr - t3 (t) '1' t)j 
S.(A ~ A[i1.l;t) f·Jt)] , 
t CIT-; 1'31 f.J;t) <I,,(t)) be their corresponding curves in tbe \.1.)' plane _ich in-

tersect' a SOM point Q. Let~. poirlt. 'p ad Q be the origins in the 

two planes. Thi. can al".,s be .ade possible by a change ot .... 

Then ~ (0) = t.(O) and !fl (d) ~ ~ (0) . ' Let Lc:;x" be tile angle bet.we. (9. 

and ~ and ¥- be tile angle between "k, and 1(. to pron L c>c " L(8. . 

-K~ 

JJ.­

The slope of ~, = tan - I ~/(j) 
'(V 

/7) , I, 
The slope ot v2.!:' tan- ~"t..) 

.: ( ;1;) I 

"then since tan -;t - tan - n?t. == tan' 





LOC:- &'-1 cj!'U) 1,.(:1;) - I!.(;i) LI{;t) 

f l{it) fJ;t) + 'I ii;) ~/(t) 

The slope of If;" tan -I 13'[/(1) 0' (.t)] 
4' fI (t) r;, (t)] 

The slope of *; tu -I S'[f.(;l) ~J;t)J 
4 1[12.(t) ~(t)] 

• ,, '1. JB~tw.- ' J3IptJf,ctD t4 I?(t) ~ (t) J - ,;gIL{.Cl) f..(t)J 1JTI (~JiJ(t)J 
A '[I(;t)#(t~ /J'f/Jt)/fi-ct-JJ + IlJ/,(t) t./.JtSj t.g'[~(t) fit)J 

Theil for La( to be equal to Lf9 t the following equation -at be true. 

~ cd) #'(t) - rt '(;f;) t '(t) = 
I' (t) 1-' (;t) + tf,'(;t) f,.' (~) 

f3'£p i ) r: (t)] !J llW tf..( tJ] - )JL(..r;l.),e(.t) ] JJ II (tJ f, (;t) ] 
A'[f (iJ t/ (t)) A'[~{tJ '/.Jt)] + if L{ ;f) if aD JsTPt)tflt)] 

This equation i8 only true provided the Cauchy-Ri..ann equations are 

. satisfied. 

i.e. if 

Therefore for a transformation to be conformal ,t e function must be 

an analytic function. 
. 3 

The confonaal transformation considered was If»' - 3 fAr ~ ~) 

whose Ri-.nn surface 18 represented by Planes II and III. Here 





3. 

there are two planes, a ,,-plane and a I-plane, which consists of 

three sheets. If M.r.3 - '3 tAr:= d' I then the singular points fo,nd 

cl {l.O=+l and tW= - I by setting ~ equal to zero are • Branch 
cl.w- 8=--:z. a= +~ 

lines were drawn in the J-P1ane freD j::- -~ to -00 (red line) and 

3:::- -¥ ~ to + 00 (blue line). The branch line is therefore the 

line ~ = 0 or the )(-axis. 
. 

Substituting ~.:.}: + d l 
riginal equation. 

and w = tIJ + 1M.. in the 0-

'3 ,.. 3 • 
M-- + 3~ tV1... - 3M..N"~-1l/'" i. - 3A.N - 3 vi... :; X--I-(J" 

and equating real and imaginary part s, 

have 

~ ~ - 3 A.A.t'V"'1. - J ~ .: X. 

.3 3 .,u. '1. tV'"' - I1J-' - .3 1)'-' -- if 

Then substituting this value in the equation 6- = 0 • we 

or rv--=. () (the ~- axis) and 

(an hyperbola). 

These two curves in the Ur-plane correspond to the ~;: 0 

or )(- axis in the d -plane and they are called the iaages of the x.-:, 

axis. 

and J ~ +~ then 

branch points are double. 

or ,..ur ~ {t~ 
-~ 

i-I or ur~ -I 
:"I-~ 

• So the 

The portion of the ~axis from W::-.;2. to W z OO and the 

r !ght-hand portion of the hyperbola are images of the X-axis from 

to j = - 00 • while the..u,- axis fraa AV'::. + ~ to w ~ ~ 00 
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and the hft-hand portion of the hyperbola corr •• ponel to the )c.- axis 

frca X.:= + j, to X.::::. + ~. '!'he portion of til. A.(- axis between W'=.- ~ 

and .w-::+~ corre.pond. to the x-axis from J=- -2 and J = + ~. Thue 

the w- p.1an. i. diyided 1Dto three parts, each of which corresponds 

to one sheet ot the J-p1ane. !he illage. of the origin in the ~­

plMae are the poiDts (-t 13) 0 ). ( 0) 0 ), and (-Vi, 0 ) corr.-

sponding to the origins 11'1 the first, .econd, and third sheet re­

sp8ctiveq. lage. of the 'd-axi:s ( X = 0 ) are the o/-w. (~-= 0 ) 

and the hyperbol, .-(N 1. - :1 11"'2-_ .3 :: 0 for if X=o • then sinoe 

A..v.J _ 3 ..(,..(/1r 2. - 3..(A" = 0 or ,AA, ':." 0 

(1/" .. axis) and ..u, 1._ 3 1'V"2._ '3:: 0 (an hyperbola). This hyper-

bola has i1;a vertices at (-lGJo ) and (+11'3,0), images of the ori-
, 0 

gin and haa asynaptote. with the .lope y, or the ".)0 line •• 

In order to still further 8ubdivide the plane. iaage. of 

o ~ ~ ~ 
the if S- line. and of the cirole. x: + ~ ==.JlJ wer~ also found. 

The "image. of the ~5°lifteB were found a. follow., 

Here 1 = X. and ! = - x. • 

. Then in polar coordinate., wb8rtf:-~=t (cosc9+i sin f!) ) 

and J= '" (coa f + i ain 1 ). AAr 3 - 3,A.Ar = r bec OllIe B 

(" (coa 3/9 + i Bin 38 )-r (coa61 + i sin 61 )~ .IV (coal+ 1 Bin 'I ) 
tr. whiob, equating rHl. and iaaginary part., 

t 3 
coa 3~ - 3;0 coa () = IV coa & 

1.3 sin 3f) - 3f sin B ::- /l/ sin & 

'or the ~ SO liM I fl., co. f ~ ~ sin c/ 
,', t.3 c083c9_~f' coa&= 1'3 8in3(}-~ sin & 

fro." whioh t=.O and ~ ~ ::f:T3 (~e -~ 6}) 

t " ~ 3 (j - ~ 3(} 
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The equation r ::; 0 is the o_r-ig- in- e----

To plot the curve .to.::: ± 3 ( edJ f) - ~f}) the following val.-
I ~ 3fi -~3f) 

uss were used:-

f) 0° I So -f-S" / 3S D 7S o /iPs o _ Jo jO 

t ±lj3 00 00 00 00 00 .00 

For the -'Iso line, h008 f= -N sin fl 
,'. ;>3 C08 3 & - yo cos & -= _~~ sin 3& + 3 t sin d 

from which. /oJ:; 0 and ± V 3(~B +~ V 
( eo<. 3 c9 +~3d 

The equation ~:. 0 is again the origin. _ 

- 3ot) /0 () SO 
:i- 1- r~, fo ~ 

To plot the equation ~ = :± 
3( ~ 0 + etr:> OJ 
~ 3B"t~3& 

) the following 

values were used, together · with the fact tbat the curves corre8pond-

ing to ~:-)C are the reflection on the 1r.. axis ot those corre.pond­

ing to ~ :. -xe 

fi"& _Is o + J{.So - J3So + liP.So 1 0.5° - 7J D 

~ O<::J tOO 00 00 '00 00 

Images of tbe circle were found as f01-

lows. As before 

f 3 COB 3 & - 3 COB f} = N COB t/ ~ )i. 

( 1 Bin 3 (} - 3 Bin &= .Iv Bin if: 1-
Then corresponding to X 1.... + ~ '-= Jj) "e have 

~ If ~ 3 ~ .0 '-(r COB 3 rY - r COB (J ) + ( t Bin jl v - 3 sin '" ) = If 
or cos ~ & = If - 1 1. - " 

-b 

From this equation the following values were found:-





(: t I 

t = ::f ~ 

f=~ 
f;: I,r 

jJ ~ /,.!>-

fl =- I, / 

f = /.1 

~:; ,.r 

I:: t.2. 
(J = .1 

6. 

& =- OJ J r 0 {J 

f} = 0) I f'd • 

~~/~ 
& = / I 0 / '7 0 _ 11 0 

_ /, q 0 
) J ) I 

():: I ~ ~ - J/f)o I": -/ (p, • 

fi:: J~ oJ - 6- oJ I 7 J- ~ - J 7 J - t 

~ ~ / ~') - I 0 ~ 1 7 /) ~ - 1 7 () • 

8 :; 1,0 -J'" I' 'I- II -1'1f.(J 
) I J 

6'-- ill: ~70· 
& =- .3 J - JO - J J-J' I If S ,0 -I 'fJ- D 

By _ans of the.e valu... r~eriq that. since the curve. in the 

d -plane are ortbogo,nal •. the curve. in the \.o .. plane are also orthog­

onal, and that the angle. between the c~rv. and the u ... axia at the ­

branch points are .¥SDbeCaf.lS8 the branch points are of the .econd 

order, the iJlages ot the circle .x '-+ d '": ~ were plotted. 

Thel mage or the circle )(. -L. + J 2:. i is the curve ".; . 

~ ~ 9~ 9 - 1;-0 '1..,11'. By JUans ot the tollowing value. and the or­
_1,/,41 

thogonal and angle properties. the curve was plotted. 

fl / %2. 2, / 1,2- It' /. 01' j. 1 .f' .tOIo 
'() ~ Jfo D ::/:/3" ::t: 0

0 
.~:-- *" /.fD -:i:: :t o o 

:1; 32 0 

± ,!OD 
± J1jo' :t II. 7(1 :r-/ tDO ~d' :1= / /Po- D ::t/(". 

-3; l¥t O ~ 

The iJaage ot ).l- + 1-J ~.:} 1. the curve C08 ~ (:J:: J- ~ ')..-(9. b 
' 0 _ ~4J 

R_bering the ... propertie., this curve was platted by _aD8 ot 





foll owing values. 

t .. , 3 10 ()~a' ; :./,S ~= 0
0 

t::., 3J 
- 84' 9 :; f = j. ' 1f

o 

t~ · 3 'f ~ /() f = I. 7 (J ::. 5,5~ 

;;=- .33 5Jo ;4 ~ i.?' & == ;;.. J,-IJ 

jJ ~ .3 lfb- /.f 0 = /, 1 & =- 0 " 

flo; I 3 36- t; / o 
~~.I fJ~. 

L:: .3:l b 7j(J (J ~ · it & lAAA-~. 

In planes H and III, as in all the figures, correwponding 

points, lines, and portions of the plane are similarly colored. 

The c.onnectlons between the thr.e she ts of the rplane 

are t~d by foll owing a closed curve whiwb puses through all 

'three portions of the "",,-plane. It this curv starts in part It cor-

responding to sheet I in the :2, .. plane. and passe. across a red · line 

it co 8S into part n. corre.ponding to sheet II, 80 the oonnection 

across the red cut line is between sheets I and II. It the curve 

goes on across a blue lin., it COIMS into part II, _iob corr8spo,nds 

to sheet III in the ~ .. plan8J so the conn ction acroas the blUe Gut 

1ine is from sheet II to sheet III. If the curv. pas88s on acr08s 

a red lln. it .till remains in part III, 80 a passage in sheet III a-

cross the red line does not c mge sheets. From part III, U the 

curve crosses the blu lin., it co s into part n again, &0 the 

connection trOll sheet nI across the red cut line is to sheet II. 

Frc. part II across the 'red lin., the curve passes back again into 

PartI, 80 the connection across the red line i8 from aheetII to 
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aheet I. FrOll part I across the blue line, the curve stUl r-.1na 

in part I. 80 a passage in aheet I across the blue cut line does not 

change sheets. Hence tu connection on the red branch line, the 
t!,~ 

negative end of the )'-axi., is denoted by~ wh11. that on the blue 

branob lin.) the positive end of the)'. axis, is indicated by 

! >< i e =-~ X_--2.. 
". 'j.} 

The connections being established. the Riemann surface ia · 

entirely finished,and any point in eitber plane can be quickly la­

c at ed in the other. 

a Rt.aann surface of a non- . 

conforraal transforation of real variables was constru.cted. In 

the original transtonaation, <AI' 3_ 3 ~ = :2,) let JL= ~ d • d =- 'r 

and ~= 2.4.. • ~= t which giYes the transtornaation, 

6== t,A2.3-3~2-3A.. 

~:: J 2 .4.~1 _A,3_ 3;t 

Instead of constructing the surface by using the corre­

spondences given directly by this transfo~tion. Plane IV was con­

structed trOll nane III by Mans ot the transtor.ation X ,:::.2 6' and 

""'-'d'=' J and Plane I. from Plane II by •• ans of the tranaf'orution 

Alt.:. .2,.4. d .... - t an t V = • 

In ,lanes III and rI. )( =",rJ and (J = !- . Since ~ ~ 7' , 

the 6' - axis. 7'-: 0 • corresponds to the X- axis. t"" 0 • But sinoe 

)(~ 2 d • that is 0 .::fK. the brancb points (-2.,0 ) anci( +<-/0 ) 

in the 2-plane become the branch points (-1,0 ) and (+ I, 0 ) in the 

t-1"" plane. Aa ~ mcreases fro. +~ along the X-axis. (f incre.ses 

r rOil + I • along the (J - axis and as X. decreases tro. -2 along the x.-
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axis, ~ decreases tr_ -/ along the <f-axis. As "-goes froJll-l to + 1./ 

6 goes from -/ to +1 • Corresponding to the i-axis ( X== 0 ) is 

tbe 1:axis ( 0'::. 0). Corresponding to tbe fl~lines, ,::x. and d ::-x, 

are the two ~ lines /:: ", ff» and 7~ -1.5'. The images of the circles 

1- 1I1l').. ~1- L X. +- d 1. = IV ~ are ellipses T U =+ I % /L • By means of the.e 

images. the 6' -/' plane is divided into portions sDdlar to those 

of the ,-Plane. 

In Planes I and II, M-= 1.4.. and 1r=;t. By this trana­

t'orMtioft, the ,M.- axis ( rIr: 0 ) ill Plane II becomes the,4.- axis (;t=t> ) 

in Plane I. The branch point. (+ I.I(J )and (-1,,0 ) in Plane n. be­

come the branch points (+f 1 0 ) and (-{ 1 0 ) respectiveq in Planel, 

while the branch point s (+ 1./ 0 ) and (-:2" c? ) becOll8 respectively 

the branch points (+ (J 0 ) and (- I, () ) in Plane I. As M: starts 

fro. t 2. and lncreases towards + Qa. A. start s fr_ -t I and increases 

towards +co ' . and a. M.-atarts froa- J and ir!creues towards -00 • A­

starts from- I and increues towards - 00. Since ,.;u, -= ~ 4 J the 

Y-axis (~~ 0 ) becomes the l-axis ( t = 0). The hyperbol 
'1- ,42- ;t L. 

.AA.J 2- _ ~ -= I become s the hyperbola ~ - /3 ':: J • which 

has its vertices at (± ~) 0 ) and haa asymptotes with the slope ± 113. 

This hyperbola divide. the /.1- t plane into thr .. . portions each of 

which oorrespoDds to a single sheet of 'the 0-7' plane. The hyper-

~~ '1... 

bola ~ - rv-- = I becomes an hyperbola with the equation 
,A. 1- + 
~ - /l., -= 0 with ver:'ices at (±i lI3

1 
0 ) and with asymptote. baving t 

the slope ::t?-f3 . 
The curves corr.sponding to those in plana II which were 
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the images of the circles in ,lane III have very coaplicated equa-

tiona. So these curves were plotted rather treely by .eans ot a tew 

corresponding points. 

The images 0 t the lines in nan. II which were the iaages 

ot the ~jOlin8 in Plane III were tound as follows:-

Since W=-f cos (} • 

V-~ f . sin () • 

;.1. = ft. cos t.)} • 

flr=;t ;t z;' sin W t 

then jJ cos & = ~ /), cos w -----------(1) 

;; sin f) = /V sm to ----------( 2) 

In Plane n) ('3 COli 3 ~ - 3 t COli (J "' t 3 lIin J c9 - 3 t 
.', Since sin 3 X:: 3 sin X - If- sin 3 )( 

sin i) -----(3) 

cos .3 X -= If cosJ)C - 3 coa 'X 

(3) becomes 

. 1f! 3 
COli 3-6) - 3;03 COli & - ~ COli 6J = r3 

lIin f)- 'I. 3 lIin 3f) 

rain f:) ----------------- ----------------------------------~4) 
( 

.,.. '-A l.L l- ~ 
Frca 1) and (2) ;0 cos fY:::- T)"II cos W 

'). '-LJ 1. ').. t sin l7 ~ ~ sin OJ 

By addition. t ~ (coa '"61 + sin ~6 ) = ~/L ~ cos""" +- h" sin'-"" 

').. =- fft~coa ')ow + A 2. sin"'-w -------( 5) . 

Using (1). (2) and (5) and substituting in (4) 

'I (r /L 3 cos 3w )- ~ (#/l- " cos~ +,A.,""" 8in'-W ) ~/l" cos w ) 

-3 (!2-/1, cos W )-::. 

3 ( 1.j. ~ '\. cos'2-w + .Jv 1. sin ~w )( /L sin W ) - 'f !lJ3 sin3w - 3 JL ain W 

f Il.. a COS3~ + /2, 3 sin:aw - {g n.3 sinlow coa w - 12 Jt 3 ain w coa%..w 

_ ~ I"\.. COS W + 3 IV sin w.::: 0 

Fr_ which jl,=O and 





or 
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11.. "- ( K cos"w + sin"w - 10 ain'-w coa c.u - 1'- ain (.0 coaL(o )-= 

" cos (AI - a sin w 

to ~ w- 3~w 

rrom this equation the following values were obtained and by _ana 

ot them, the curves were p~otted. 

w~ 9o~ 27 00 N ~. W:t -Uo Jl,~ ±. f-h 

to ~ loD Iv=±. ~ 91 w :: ~i · fl., =:.-:i: .g7~ 

w ~ ± ~S· 

w = :t: 81° 

.. 

TV: r /. "1 

tv ~1' 

N= ±-.. 8'11 

tlJ ~ * J. J ~ 
.. 

!t1 ~d ' 

w = -:t~. 

/V: ::t- /./1 

w ~ - "0 0 

l'lJ =:± J.OJf 

w ": £(0
0 

'!'he images ot the images ot the -~s"lin. were f nd by the 

reflection on the Jl- axis ot the line obtained above. 

The :bRages of the lin •• J 6'::'r 'and J--= 7i:: , in Plane ~ 

were found in Plane I by means of the real transforation. 

6' ~ Jf A,,,J - 3 d "- - 3A... 

l' ~ 12 ~~t - it 3 - 3;t 

It O~ ±-j • to:: ± 
-34-

• 





By _ans of value. obtained tr_ these equations, the curves were 

plotted. 

The conneoiions between the twee sheet s of the 6-1' plane 

were found by following the path of • closed curve in the ~- t plane. 

They are the ... a. tbe cODnectiolls in the x.-~ plane. bee .. se tb. 

transformation. u.ed were one to one tr~sformations. 

In this aanner, • ca.plet. Rt..ann surface of a real trans­

foration was constructed and its properties were tOUDd to differ 

but little fr. the original Ru.ann surface fro. which it was d.-

rived. In this case, however, the tranetonaatlon between the two 

surtaces was vefy .illple and it .e .. reasonable that the surface. 

should differ but little. In oonstruoting the next surface, a 

more complicated transfol'llation was -.played in changing the coo-

toraal into nonconfo~al transformation and the surfaces were 

found to differ very •• aential~. 

In the original. transforaation. to 3 - 3 l..C =- 2- • let 

)(. ." ; • '0 = I and .u" ~ • 'lr" i . then the trllDatonud:ion bee_I 

A.-~ 
- - -- ---- - -- ... 

I - -:;;t l.. -..3.,4. ~ 

3 t -1- 3_ 314.'­

I -J;t2..-JA'L. 

Here a8 before most of the surface was not obtained di-

rectly fra. this tra.formation but each plane was found separately 

frOil the .~ane8 in the oonformal tran8formation. 
~ 

Between Jt].anee III and IV (B). the tran.foraation i8 ~.::: f 
and 'X=-; . So the ..... of the pointe ( 0) 0 >. (+1.,0 ) anti( -1-

1
0 ) 
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in Plane III are the points (0(, 0 ), (~J 0 ), and (-i-/ O ) re­

spectively in Plane IV (B). The ~- axis ( ~:! 0 ) becomes the 6-axis. 
~ . 
I = 0 and the )-axis ( x=-0) becomes the liM at iafinity (0(' = 0 ). 

I J ~ 
The images o.f x -= ::! (f are (5 = S 0' or I ::t. I • The iaages of the 

r"\. .... 
'1-L l- ~ 1 I L 

circle s X .,.... d- =)11 are the hyperbolae 6 t- -+ 6 t..:: ~ • The 

images of these hyperbolae in Plane I (B) were not plotted as the 

transformation gave a very complicated curve. 

The transforation between Planes II and I (B) is A,(..::: ~ 

and rv:;t • Then 'the point s ( 0) 0 ) t (~" 0 ). (± ~ I 0 ) t (;f: 13, 0 ). 
IL 

( ± ooJ 0 ) in Plane II become the points (ocJ 0 ) (± I J 0 ) (± Y~I 0 ) 

(:1= i13, 0 ). and ( 0,0 ) re.pectively in Plane I (B). The t,t .. axis 

( N'~ 0 ) beco.s the ~- axie ( t:= 0 ) t The 1J:.we ( M,.,~ 0 ) becomes 

the line at infinity (A.:: 00 ) whUe the line at infinity (UJ: 00 ) 

~ v~ 
becomes the ""'axis ( 4 ~ 0 ) • The image of the hyperbola # 'L - "3 =:> / 

is the ellipse, /cl.. ~ + :;t ~~ I and that of the hyperbola ~1-- V ~ I 
~ ~ 

4..... z...'1- ":\. 
is the cirole -r 4- 1/ ~ I • The iaages of the lines I:::i: I • 

v~ 1'3 

7'"::.:t{ and 6'::~ were obtained directly from the transformation 

between I (B) and IV (B). that ie 

, - jA:, ~- J42.. 

r:: 3 :t - rt 3 _ J t4 '1... 

I - 3.1:.. ~ - 3 -0.. &. 

(~ JA:- -;t 3_ J1A..."2.. 
I ~ I _ 3,1. '2. _ 34- 'L and if T ~ ~ I , 

From this equation. the following val-

ues were obtained and by Mans ot th •• t'- curves were plotted. 

I 

,[ 0 .1 -/ .'- -1. +,3 -,3 -;-J- -.f I /,.r 2 J .3.~- if. 

~ ~13 3 
~.J- :i: • (, :1=, J'f ±J,1.. ~ -:i:.fo'1- ±.It, ±,Jf. 0 is" 1·1 " J 

,10 ~. 
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The image of l'=-J was plotted froll that of f=- +/ by synaetry. 

If 'I"=- +. S ,then /.L::: ± ,r--Ji - "t 3 f-/,S z 2.._.~- • From 
f ~ 3A: - 'IS" 

this equation, the curve was plotted by means of the following val-

U8S. 

t () . ) .}S -.1 -I. I /,.!J - 1- ~,cr 3 ~ . 
,4.- r113 

J ~. 3 i ± .1 ± .bf:, . '-17 :f: I. 'I *1. J ±.t" . 3 ~ . .:::lO 

Tbe image of ~ -;S was plotted by symmetry. If f ":"- +- -4. , ;t ... 

± ..,{ I - .3 1.l..: - ~ ,4. , in al V ; ~ • From this equation~ the fol l ow g v ues were 

obtained and t he curve plotted • 

~ 0 ,1- . 3 Jf . ~ .. -.2. -.¥ -.£' -.~ -I. -I. I -I. l. -I,r 

t- 11{j' :t: .,J -1..¥ :t:,3 .0 -t.!" ::t-.#~ ±.Lf ~. 3 0 -± .1 ~ - .1.1 .:I:.£' ri""- .1 
:l 

The curve 0== -i was plotted by syumetry. Then in Plane I (B). 

'L i '-
the portion inside the circle -t- + - IJ := I, (the purple circle) J 

121 '1~ 

represents one sheet in the (f - 7' plane because this circle rep-

resents t he line at inf inity in the (J' - ',' plane. The portion above 

the ~-axi8 outside of t he circle represents another sheet of the 6-1' 

plane while t he portion below the ,4 .. axis represents the third sheet. 

If the cuts in the 6-1" plane are taken along t he 6- axis from the 

points :± '2, to 0.0 , the first sheet joins to itself while the second 

and t hird sheets join to each other along each end of tlite A-axis. as 

can be eas11y seen by tracing a curve across the brown lines in the 

A - t plane. The connect ions t herefore are represented by 
.1 ___ __ _ 

~ ---x=:~-- ~ · 
In this manner. _ the Riemann surface for the real trans-





formation, 

15. 

~3 

~:t. 2. _ 3.A'L 

3;t - ;t3_ ~~ 
I - 3;(: 1.. _ 3.4.. .... 

was constructed. It i8 represented by Planea JY (B) an6 I (B). 

Plane I (B') is a representation of the central. portion on Plane t (B) 

on a larger scale. 

This surtace differs decidedly trom that ot the original 

surface trom which it was derived. The non-conformal character of 

the transformation is also clearly mown, and it is also interest­

ing to note how one sheet ot the 6-1' plane, a sheet infinite in 

extent, has been transformed into a circle of finite extent. 

The remaining Riemann surfaces were constructed direct-

ly trOll the non-conforma1. transtoraations by Mans ot certain prop-

erties the 'nvelope and Jacobian a8 wUl be shoWn in Part II. 





PART II. 

RIJaIANN SURFACES CONSTRUCTKD DIRl!X:TLY FR(B( TIllE 

NOX-GONrQRMAL TRANSFORMATIONS. 

Consider a transCormation such as 15' '" It 4). 1" =- f (~, -i.) 
by means of which tor 8D1 point. lvL • in one plane there is a 

corresponding point J lIYt. in the otber plane I and wben the point. 

M, describes a curve then the point, Yvt. • likewise describes 

a ourve, and also let tI'Ie Cirst derivative ~~ exist Cor all 

6' ~ IT) ~ ,q, = y, \ u.,) 
values ot and I • Then, usually, it two curves ~I 'It= 1'. I-<.c,.,J 

and ~'1 {~: ~~), whioh together rltli> tl'lieir Cirst derivatives are 

it) :: I (~J,t) 
continuous, are tangent in one plane, two othJer curves <£, t 

6-= J " A/ :£) 1'-= ~I l 'OL.~ ) 
and c,").. fJ' , corresponding to ~, and ~~re8pecti..,ely r-= ~ /JIJ t ) 
by means ot the above transformation and fulfUling tbe same con-

d it ions as C, and C).. . will be tangent in the second plane. HOw-

ever, there are except i ons to this under certain circumstances. 

Let (!!, J ,Q, ~ f t AAJ) be a curve ful filling t he same 
Li-= r(~) 

conditions as the curvesabove and l ying in the first plane and 

let (!. r 6 -== (~ ) t) = { l f I f.0) ) y;(u)J be the corre-
C1' ~ Cj- (~) t:) == ~ L tf <.~) ) y ( (.{.) ] 

sponding curve in the second plane. Here the transformation must 

be 80 constructed that both d t and d-Q,.. never vanish at the 8 
eI vv ~ u.., 

t 1me. This can always be done by ans of so par ter i t nec-

eseary the length. 

\1:. ~ ~!~/~IP(~) _ ;t ~/ 
TheD ~ ~1,A../ ~ . - / AlM.-

and the contact property wUl in general ba retained if 
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Hence it is seen that ) -r depends onq upon 4.J. t and ~ 1: • 
~6 ~~ 

aDd theretore it tile above transforation be applied to two ourves 

t and e . whioh are tangent in the firn plane, the cOlTeapond-, '1-

1ng ourve. (!, and ~~ wW \l8ually be tangent in tile second plane 

sinOG ~t: i. tbe._ for ~ and C at tMir cOIIIDOn point. 
~~ ~ 

But if the Jacobian 1. equal to zero tkt i. if 

IlIJ1 ourve. through the 8_ points bave tagency in the new plane. 
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Therefore when the Jacobian is zero J the contact law 

breaks down. Of course the Jacobian is not usually equal to ze-

ro, so that this failure of tile contact law onlJ occurs along 

certain ourves or at some certain points or point as is cl.ear-

.ly shown in the examples whtich follow. 

The only troublesome case appear s when in the expres-

sion d1-::: 2;4 .4-....... T t,;c i M-- both the numerator and 
d (j i ~ ~AJJ +- h ~ v.-

the denOJDinator vanish. This uaually only happens at iDdividual 

points on the envelope aDd these points,., be considered in each 

oase, as wUl be done in the following examp1es. 

Ex. I. An example of thia fallure in the contact law 1s shown 

in the transformation illustrated by Planes V. and VI. and by 

Planes V' and VI' • Hler. the tr8Dstonu.t1oD 18 6:; d) 1'-=,4.. 'l-+ t:l­

If the Jacobian is set equal to aero, there results 

J= = 
t /-U 

) 

~1-, --
c)4/ a IL 

If 2( ;t, 'l--4~)::O , . t +4 = 0 and j:-- Q. = 0 • which are the 

lfj 0 lines in Planes V. andV' • 

Corresponding to theae linea ;t -:.. /L. and t -=- - /oL • 

there are in Planes VI and VI' • the two linea 6' = I and f; - _.~ 
6=- _ ( 1.. l.. 

- which are th_selv.& singular linea as i8 shown blow. 

~ {O=~~ 
If in the tr Mato on ('- ::. .<l.">-+;i L, we o.oJlsidar 

the f~ of lines t =- 1( where 1<. i:= CJ and find the envel.opes 

ot the images of these lines in Plane VI J these envelopes are 

found to be the images of the lines which were tound by setting 
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t.he Jacobian equal to 381"0. i. e. t-=-- /02... and t =- --~ which 

cut the lines t~ *'- at an angle of f 5 0.. This is a striking 

example of the failure of the contact law for curves which are 

6 r.-.j -I_a.,.. i tangent in the plane have ~.8 wh ch cut each other 

at an angle of lj5°in the ~L plane. If O-=- ~) 1~4.'J-+t2.. 

corresponding to the family of lines i' -=- It where It -=/= 0 
~ (j'l- k %-

th.ere is the f aily of parabola. I:::. k 'J- + . To find 

the envelope of tbese parabolae) the derivative with regard to 

is set equal to zero. i. e. 

z frr ~ 't i ;, ~ 0 

-t /v 'L _ 'I or /( ~ 0 ,(Xu I 1. - /.2. 

Substituting these values in the equation of the parabolae. if 

(1:~ ) 
( t~) 
\ t~) 

These three curve. £, . 1:..-'2. ' and k.~ are all possible 

envelopes . 

CODsider first ( E, ), 6' - ~ .::. 0 and the equation 

of the parabolae I ( "P ) I 1'::: ~ 'L + J(~ Solving ~, and e , 
the point of intersection of the two is found to be the point 

{ 
1':: ~k1.. ' df\ 20 
6 ~ K>- · 'lbe slope of ( p ) is J 6':: K" which at the 

point of irrtersection is equal to 2. The slope of £' is JJ'f 
I d 

which is equal to I at all. points. Therefore since the slopes 

are equal at the point of inters ction, £. is an envelope of the 
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parab0 lae. In the 88J18 manner it can be proven that £"l- is an en­

velope of t he parabolae. The curve E 3 ( 6::: 0) is not an en­

velope. for bere the point of intersection is 1'-::. k ~ 6 = 0, and 

a7" :z 6'/ 
the slope of P. /5 6 ~ / I< '2.- . at this point is aero wIdl.e 

the s10pe of I::.~ is 81"""s infinite. Therefore since the al.opes 

are not equal at t he point of intersection, E!> is not an _velope. 

In Plane V t the lines found by setting tile Jacobian e­

qua1 to sero are shoum as the tfJ_o lines. They divide Plane V 

into four parts each of wIIl!ich represents one sheet in Plane VI. 

c~ 
The images of these lines fora the envelopes E I and '1.~he four 

sheets in Plane VI. Beyond these lines, values obtained through 

transformation do not exist. and as l' is the sum of squares no 

values exist below t he 6'- axi s . The lines bee equi-

lateral hyperbolae in the ~ plane whUe t be lines 7'~ t<.. 

become circles about the origin. The connections of the four 

sbeets of the (J - 7" p;lane can be found by tracing around one 

of these circles. starting in Part I wh'ic!! represents Sheet I 

and crossing the red line we C01ll8 into Part II , so at the red 

lin. Plane VI folds over and forms Sheet n. Passing on across 

a blue line w. come into Part III , so at the blue line Plane VI 

folds back and fonas Sheet III. Pass ing on across tbe red line 

again, we come into Part IV t 80 on the red lin. Plane VI folds 

back again and fonas Sheet IV . Passing on across the blue line 

W. come again into Part I, so at the blue line, Sheet IV join~ 

on to Sheet I . In this wAy J t he four sheets of Plane VI are all 

connected and if one could look at a cross section of t his plane 
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it would look lilte this, l' -___ ~ . Since all the sheet s 

come to a single point at the' origin, the 61' plane, if opened 

out. would fora a cone -with its vettex at the origin. and any 

curve in the 61' plane which crossed every sheet in the plane 

would pass entirely around the cone. 

6' -/- A- 1- i 2.-
Tbe same transformation : ;(/L) I ~ A.. + is again 

represented by Planes V' and VI' • H'ere, however, the property 

that tbe images of the lines formed in Plane V' by setting the 

Jacobian equal to zero become the envelopes in Plane VI' is per­

haps more clearly shown as the images of tile lines /t =~ and ~~/k 

are found to be the parabolae rr -::. ~ + 'K 2.. which have as 
Kl.-

anvelopes the two lines £, and £1... It also shows these parab-

olae taDgent to t I and E 1.. whUe their images in tlle other plane 

intersect at an angle of ~5°. Plane VI' (B ) is _rely Plane VI' 

on a larger se ale. 

For the troublesome case where th.8 nwaerator and de­

nominator both vanish in tlJle expression d l' ~ r-,Q., ~~ + ~;t: ~ 
dl d6 I~ ~-t<.-- + fi :t~ ) 

in this transformation, Jf:::" ~~ I and it both the nimerator 

and denominator vanish, then ~.Q = 0 and 1: =- 0 wIIicb is the or­

igin in the ~ plane. But this is also the origin in the Or-
plana and is the point where the two envelopes oome togetber and 

where all tour of the sheets in the 61' plane are joined togetb-

ere 

Ex. II. Another failure of the contact law is even more for-

c ibly illustrated in the transformation represented by Planes 

VII and VIII. 
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6 ==;t - - - - - - - - - -- (j ~ 

r,'-: ~ d -+ A L _- _ _ _ _ _ ~ -(:t) 

If the JacobiaD i. set equal to zero. we have 

~~ 
Jt 
J'r -J-t 

If - '--?t: - :l,~ ~ 0 , then -L+:to; 0 t wide» i. the _ J..j!;o 

line. The image of this line in tlle 61' plane is the parabola, 

rr~ _ () 1-. 

To find the envelope, from (1) and (2), we have 
~ ~ ~ /021 6 +- 4 'L _ _ _ __ - - - (3 ) 

J r _ ~ 0' + ~~ 
'--- -Then 
c}1Q;' 

Lett ing this equal lero, .. ~av. 

or /.l.- = - 6' 

SUbnitutiDg thi. value in (3), 

? = _~(j'2..+6''1-
~ 6~ . A~I or I -= - whiob i8 tile envelope ill the v plane. 

In Plane VIII. the _velope i. sJlowD 8Dd as no value of 6 and f' 
exist inside of this parabola that part of tile figure haa been 

cut awar and the Ri.-nn surface foraed by Joining the two sheet. 

at thl. envelope. The mage. of the lin.. IJ-=h.. • whlioh are 

the straight linea _ ~:.. 2 J< 6 + 1<. 2., are ahCND tang_ .~ tile 

envelope. aDd passing at tbe 8I1velope fro. one a!Jeet to tlIe 

other. In tlle d Illane. the corre,poDdil'lg lilles are ... n to 

cut e&clt other at an angle ot 1(-5 D. The upper right-Mnd balt 

ot till. plane repre.ents one net iD tJIe III plane .n. tile 
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lower left-hand balf represents t_ other sheet. The two sheets 

of the 6' l' plane fora a ruled .urface for which the envelope 

is the edge of regression. 'fbi. fact indicates the possibility 

of further study here aiDce it is clear that an.r straight liDe 

envelope leads to an ana1ogo\ls proof in developable sUrface •• 

Ex. III. In Planes IX and X. there 18 another exaMPle ot the 
~~ 

iaage of tbe curve obtained by setting the Jacobian equal to ze-

ro becoaing the envelope in the second plane. Bowever J here both 

the curve aDd the envelope have degenerated into the point. at . 

the origins. Here the tranafonaation is 

(j:~'L_i2- r~ ~~ 
J 

It the Jacobian vanishe., 

dO d 6' 
J N ' ;)l:. 

~7' Jl' - )-

~tQ... ~:t 

~ ~ ) - 2. t 1_ ( ~1., '1-) :: 0 
+ - 1.( 4 + 

~ "L l~ , 

Therefore 4 '-+ ~ '-::. 0 , wIllieh is the origin. Of cour ... 

by this transtoraation the iaage of the origin i. tile origin. 

To find the envelope, cODsidw the family of linea ;t~h 

{ 
6:: IJ..'-_I<'L. 

and tbe corresponding fallily of curves rr ~ ~ ~ or 
6 := J~-k~ 

ftL · 
For the.e curves 

l.f k It - ~ )( 2- 6' - ? ~ ~ 0 - - - --- - - - . - tJ) 

Taking the derivative with regard to t. and setting it 

equal to zero, 

J{P 1(1-/- t J(t5~ 0 

'rca which I ~ 0 or 1 l."::! - (J 
2.. 
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~Ubstituting the8e value. in (1) it It -:: - ~ t we have 8 2.+ 1" ~ 0 

t:\ ~ 
"bicb is the origin and if J<. = 0 t I::: 0 • But I::: 0 is 

not an envelope becau.e its slope is alwqs lero, and tile slope of the 

curves is changing. Therefore in the8e plane8 also, the image 

of the curve obtained for the vanishing Jacobian is the envelope 

in the other plane. 

The Rt.a.rm arface was then constructed by plotting 
. ~ 

a f .. correspondtDg OUrYe8. The mages of the cf-axis ( I ~O 

are the ,.0- axis ( ;t ~ 0 ) and t .x-axb ( A...:. 0 ). The iaa.­

ges of the ?'--. axis ( 6:::. 0 ) are the lines 1--::: ± A. • the if .s 0 

lines. The iaages of t .. If.t° line ( 6:1' ) are th line. 

A- = ( }-J: Y2 J): and of tlte -.If S' liDe _ the lines /.I. =- (- I *--vi.) 1. . 
The mag •• of the lin.. 7" ~ k are the hnerbolae A.:';[: k whU. 

th~ of the lines 6' ~ K.. are the lyperbolu A.. 'l.-- /t -: k The .. 

are shown in the surtace. TIJe U r and lower halt of the ~ 
6 r.\., plane represent respectively the first and second s!\eets of the 

plane as can be readily 8een by taking values t any poiDt in 

the upper half ~f the ~ plane and then taking tlte correspond­

ing point in the lower half of it. They will give the S81D8 val­

ue in the ()1'" plane. If the cut i8 made in the 61' plane a­

long the {f'- axis fr_ the origin to + 00 t the connection be-

tween the sheets, found by tracing the path of a cl08ed curve 

about the origin in the ~ lane. is seeD to be fro. t • tirst 

to the second &beet and frc. the second to t e tirst sheet as is 

indicated in the tigure as ~ ==x-- - 2.. 

Ex. IV . Tuning back to the Plan.. I and IV t .10 wer. torMCi 
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indirectly by means of a transtormation upon a Riemann Sllrface 

for a cQllPlex variable. it was found tbat tbe point s found by 

setting the Jacobian equal to zero were the points fOnl8rly de-

noted as singular points, and that the envelope was also singu-

lar points. 

For in the transfonaat ion, , -1 
(J ~ JfA 3 _ 3~ 1. - J~ 

7':: / ~ ~ 1,;t - ;t :3 - 3;t 

if t he J acobian vanishes, 

~ ) 11 ) /24 < 37 2
- "3 - b vi \ 

;; ) d I' ~ :H d ) ; .z 4-">- - 3 t '-- -3 I 
d 41 J x. 

J = 

or / ~ /.L l- -f fAt 1,i ~ - R' ~ 1.. + 2, t 2-+ j Jf + I -==- o 

I",the solution of tllds equation. i -:::. 0 • and therefore ~ :; ± k 
which are the singular points in tile Ai:. plane. 

( NOTE . In the above &quat ion. t hat i =- 0 mq be shown by con-

structing t he surface 

J : I~A- I+ !;'~'J.i.'" - r-~ '- +'2. { '-f-J."+I 

and examining it for maxilla and minima. It will be found t hat 

t he surface is always positive and t hat tbe P'oints ( ± ~ 0 ) 
/ 'L J 

are minima . ) 

Or in an easier manner. t hese· points can be found directly trOif 

the Jacobian for 

J :: \ /2. A- 'L - 31 1. - 3 r- -t 11- J.f- 4..'-1 1.. =- 0 

and since this is t sum of two squares and equal to zero than 

/ I ~A, 3t~- 3 7;. 0 

and J Jj. i- ~,. i 2.. = 0 
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Froa which if ;t -=- () , /.l. ~ =t i . 
The images of these singular point s ( ± ~ () ) are of course the 

ploint s ( :1::- / J 0 ). which are sillgular point s in the 6' -'I plane. 

To prove that these points are the envelopes in the orr plane 

gave in this transforaation an equation which was too complicated 

to handle. Therefore it was proved in general that envelope in 

one plane is equivalent to the Jacobian vanishing in the other . 

The proof is given below. 

To ~ t~ the eDvelope in ~ plane is equivalent 

~ the v~ishE!g of tbe Jacobian 

in the other plane • -- --

Let tbe trlU18fOl'lllltion be 6' ~ f f A I ;t ) , ?-:= tf ( 4, -t) . 

Let :t~ '* ' then 6', /(4 ,-k), '7' ~ t/ (AJ,, ~) . 
To find the envelope, A.. is eliminated, which gives sOIDe function 

of 6' , l' and * . as ) ( cf) 7', k . 

Let J ( 6', 1'~ K) = O. 

Then does d j: =::- 0 ~ 
~K 

But '1 (6', I, 1() = 'J [ ! (,4" k ) , :/( '(! ,;t ) I }9~ 0 
) . 

and the total partial dariv"at ! 8 also equal lero • 

• I, S '"1- _ U d 6 + J '}- ~ l' +- U = 0 _ _ _ _ _ _ _ _. (1) 
S '" Jd J k. d 'I J k J I< 

also U - u ~ -/- d_'l 4 ~ T -- 0 
a ~ - c:) 6 d ~ J 7' dA - - -- - - - - - -- "- ( 2 ) 

For an envelope. both ') ( 6 T X ) and U (0' T, K ) are ) } J K } 

set equal to zero, and k eliminated between th_. which then gives 

a fUnction. 





But equatioD8 (1) aDd (2) are al".,8 true aDd on the eDYelope 

d d- OJ 1', k) == 0 - - _ _ _ - - - - - - - - - (3) 
J J( 

Tlleretore 8ubstituting (3) in (1), on the envelope, it lUst be 

that 

U . J 6' + J ~ , ~1' ~ 0 ___ -- - __ ___ -<4) 
J(f dk J r J I< 
c') 'J . ~ 6' + d 7-. d 7" -:::-- 0 - - - - - - - - - - - - . ( 5) 
J(5' ~ ~ J1'" d~ 

For equations (4) and (5) to be true, either ~ and ~?: are 

I a~ J1 1" d , 
each equal to zero or else the detenainant ~~ J d ~ which 

~~ U-
l;i 'd4.1 

is the Jacobian ot the transformation, .. st be equal to lero. 

But, in general, on the envelope. the deriva.tives ~ l and N 
cannot both be equal to lero. Theretore th- Jacobian _stbe 

equal to lero. Therefore, tbe envelope in one plane is equivalent 

to the vanishing ot the Jacobian in the other plane. 

Ex. V. In a aill1lar aanner. in nane. I(B ) aDd tv(B) tile point s 

tound by 8etting the Jacobian equal to lero were also found to 

be the singular points. 

Here the tranatonaatioD is 

.-<V 3 

6' =: J - 31T-3~~ 
3;t - t:J - .3 )~~~ 

I - 3;t "l- - 3 .-4- '-

and it t he Jacobian vanishe8 

l. 1 "1"- II ~ /~.J:( 
d () d O' 3 4- ,;L - Al.. - - } 

( I - J / t 2. -JA1.:)1-

J = 
- ) 

cJ ;t ( J - .3 t ?o. - j.,AL"") 2.. 

dl.V 
-

dl d l' J ~ ~ -t J:' d .3 3 t ~ ;t 2.._ /z ,Q..'1. -t 3;(}+ Cf-<L 
- J 

J it - -- - , - ~---

dA- ( 1-.3 ;t ?.- 3 l..) 2- ( I - 3 /l J. _ 34-L)l 

:::: 0 
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This equation, if ;t-=:o . wlIdch is allowable for the 

same reason as in the previous e.xample. becomes 

2.. Jj. ~ /-j-4 +7 ~ - 3 4.,-=-0 

From which A = -± I ,4, = -:r: I or At := ::t 11/ 
) ,~ 

The points (± J J 0 ) are the singular points already 

t ound while the points ( ± ff J f) ) are points where the trans­

tpr.mation itself becomes indeterminate. 

Ex. VI. The last Riemann surface constructed was tlat repre-

aentad by Planas XI and XII. Here the ordinary transformation 

for polar coordinates was used, i.e. 

(j' ="-~ coa ~ , 
7' = I ain ~. 

If the Jacobian is set equal to zero, 

I 
froll wbich, aince coa "J. ¢ +- sin !J..p = I '( ::: o. Therefore r = 0 

is the singular line foed by letting the Jacobisn vanish. The 

i 6'1' mage of this line in the plane is a single point, the or-

igin. 
~o-Ja~i 

To find the envelope, let ~ - .J:. ,then ( 'i' ~ .Ie ~ r 
From thea-e sin ? ~ ftf ' and since C08 tjJ =:- !i=~')..f 

" .,(," - ~ z.. (j '2... ~ 1. "":'\. 2... 
U ::: Ie p J - ~ 2 or :: 1\ - / • which 

i8 the equat ion of circles about the origin as a center and the 

images of the lines ( -= k . 





'lakirJg the derivative with regard to It of U,is equation 

and settiag it equal to zero. .. Mva 

2 j( ~= 0 or 1(:; 0 

If l' -=- 0 , 
')- 1"':\ '). 

(f' + I ~ 0 _lch is the origin'lherefore in this 

sUrface also the envelope is the image of the curve found by set-

t1ng the Jacobian . equal to zero. Just as it was known it would 

·be because of tbe general proof previouslp given. 

In Planes XI aDd XII, ollly two ets out of an infin-

ite nWllber are sbown. 'or sinoe the values of 6 aDd /" are re-
-:-:-, 

peated every t .. t> increases by ~ If • a strip from f ~ - II 

to t '" + il' re)resents two sheets of the tJ r- plane. ODe 

sheet being re~esented by that portion with negative values ofi 
and the other sheet by that with positive values of ( . Strips 

o t width 'Jr . above and below that shown in Plane XI would rep­

resent other pUre of skeets in the (['I plane, and it is eas­

ily seen tbat such str i .s and their corresponding sheets are 111-

f hite in DUlDber. 
~ 

In Pl.8Jle XII, the parabolae d"' == ± J and 't:: =I::.. If 4 

are sho

F1
WD _. Yhe1r Dlagell are the Curvell : :i::,4~ and ~ 

::t ~ respecti .11 and are shown in Plane XI. These pa.-
~~ 

rabolae t which are tangent to til origill. :ve Dages wbie pass 

through the line icb is the e of the origin at an angle 

of 1f .5.. This i. &not r 8X8DlN." e of t " 8 failure of the contact 

law. 

It i. also interest hlg to not ice the little porti ons 

about the origin whie are nclosed by two parabolae. In the 
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transformation, these become small triangular pieces which have 

as their bases the line which is the image ot the origin. It 

i8 also clearly shown by Plane XI t that the only connection be­

tween the two sheets is at the origin, and tbat if the cut in the 

first sheet is along the 6' axis from the origin to - 00 then in 

the second sheet it is along the same axis from the origin to + Q::> 

Amechanical conception of the manner in whi.ch the trans-

formation ocours may be formed as follows. Imagine the two abaete 

of the 61'- plane, which are joined together at the origin, grad­

u~ pulled apart until tber become two cones with only their 

vertic •• touching. How imagine these cones surrounded by an in-

finite cylinder, then if every point on the cones is projected 

p18rpendicularly upon this cylinder and the cylinder cut along the 

elanent correaponding to the two cut lines J when this cylinder 

was flattened out it would be exactly the portion of the plane 

represented in Plan, XI. The relation between tbis failure in 

the contact law when the Jacobian is zero and the ordinary the-

ory of singular points in complax variables is very easily seen. 

For if the Jacobian is equal to zero then 

dM.- ~rtA-

J ~ 
- ~ ) 

d~ d'U- .~ _ d1.A.- clv-d ).. ~O 
;) /zr J v-

::: 

dif d)L d"(1- d)L 
d )L ) 0\ 

0 
But in complex variables. tbe Cauchy--Riemann equat ions must 81-

80 be satisfied 

i.e. ~~ -v-
:::- av-d )'. 

d ~= jv--

J1 d ~ 
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• Dce 

J == (:; 11- ( ~;r~ 0 ~ (t;Y+ ( ~;;~ = 0 

and siDce these equations are the 8UII8 of squares aDd alao equal 

to zere. it is necessary in order to satisty the tormer that 

d~ _ 0 d t\A. 0 i J)'. - aDd. d '1 -:. and in order to sat sty the latter that 

.) v- ~ 0 and c) 11- -=- 0 • It beire necessary to satisty two 
~) d~ 

equations instead of OD8. points hu.tead of curves rill be toWld 

by setthlg the Jacobian equal to zero, 8Dd theae ,,111 be the 80~ 

called singular points found in the usual urmer. for in find­

ing these sil'lgular points, the derivative ~~ is set equal to 

~ = ~ + d'\A.- 1 _ 0 Y . 
zero. i.e. } d 

d~ 0,," 0' 
or 

aDd equating real and 1uginary parts. we have ~ ~ :.- tJ and ~ .~ ::: 0 
6~ d~ 

or else ~-v- ~ 0 aDd c} ~ ~ 0 
d6 d ~ 

wbich are the same equations as thos8 toUDd before. 

Th. Caucb;y-Ri-.rm equations may be considered as spec-

ial cases of the &quat ions 

d ~ = A d'\A.. + d3 d ~ - - - - - - - - - -- - r (1) 
d"t d)'. d~ 
~ -v- "d~, G::\ J"4- ( 2) 
~ = v ~ -t" oU Ja- - - - -

where Jf ~ J) 13 =: 0) C.: 0 J and £): - I. 

It the above equations are taken :burt.ad of tbe Cauchy­

Ri-.nn equations. the JacobiaJ'l beca.8a 

J" -: d~ ( 11 Jv- + i3 &) - J"-- ((!, 1"'"" + of) ~"-)= 0 
J >c: JV J)' dO' c) 0 }t cl d-

or JJ. (d~) 2- + (t3 -C) J 't<. ~ ~ _ ~ J"-<.::: 0 - - - - (3) 
rJ~ ~)t J"J- d11 v4- . 0 
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. . 

This equation will have aaginary roots only n 

that is when -A1) > (is_C)2-> 0 and in that case, when the Ja­

cobian is set equal to zero. singular points will be found. aa 

i8 shown by Exsple IV where 

J6 ~~ 
J4 ) Jt 

~)~ 
J AJ ~;t 

J -
_I \ ~ 4,'" - 3X ~ -3 ) 

- ~J.f~) 

Here ~, :: J 6 aDd ~"' - Jf ;} ~ aDd if equa-
J ;t~,L d AI - J A.-

li 0 13 :! OJ C ~ 0 tiona (1) and( 2) are to be satisfied t/'f'::. J 

and f) -: - lj. • bence (13-C )' -+- Jf cit 1) J -- - Lf 1c 

is less than zero. 

The equation (3) will have equal and real roots if 

( t.3 - e ) 1- + Jf Jf ~:. 0 or ((3- C ) ~ = - J,L A J) and thia 

is the case when the vanishing Jacobian gives the s curve twic • 

It rill bave real and tUlequal root s 

which 1. the case 'Whezl the Jacobim repr sents two different curves. 

Iiwould now be possible to study transformationa icb satisty 

such linear differential equations as tbose given in (l~ and (2) 

and doubtless 8 e very interesting t or 8 aJJd facts would be 

discovered. 

AI described in the pree ding paragr8Jlhs. s ot the 

properties of non-conformal transfo tiona have been studied and 

several Riemann surfaces of 8Uell tr8llsfo ti08a bav been con-

structed. There now remain. one curiou. pro rty of s such 

transtor.matioDs ich will • ex lained in Part· III. 





PARr III. 

A PSlIJDO-CONFORJIAL PRO~'l'Y OF S(IIE 

NON-COMFORIIAL TRANSFORIIATIONS. 

luppose we start with a conformal transformation and 

draw the two planes. If we now transform thes8 two planes by 

means of any fixed transformation. then the transformation be­

twa n the last two planes will be non-contor.mal but Devertheless 

it can be proven that there i8 one peculiar concept which we have 

called the alpha angle (written Angle or p ) wIIldc remains un-

changed. Hence with regard to this concept such a non-conform­

al transtor.mation ~ be said to be pseudo-conforaal. 

I ~ 

. ~' 

~' 
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Consider four planes as shown above and let the trans­

formation, T . between nanes II and nI be contormal but let , 
the transformations between Planes I and III t 1',- , and between 

Planes III and IV. ~ • be non-conformal ,we will &bow that the 
f:""1 

transformation between Planes I and IV. I~ . is nonconformal 

but that the peculiar angle is unch8Jlged. 

tively 

In Plane II, let the equations for f I and t be respec-

£ ') 

(1/) 

Then the tangent of the angle between L' and t is tan :L ct, - 2, t;t , 

if+- ~I 

It tbe equations of the lines £ 8Jld ,g ! in Plane I are r8Sp8C-

tively 

Then we shall define the alpba angle (Angle ) bet en L and t 
to be the .!.!!.!!! as the angle f between f. ' and £', i.e. 

tan CAngle( L I ) ) '= :to-J - ~(N J 
4 + ~. 

If now in Plane II. we replace tllle straight lines L ' 
p' C! J I 

and ,iJ by the curves and e respeotively where C and C I bave 

the equations 

then 

jJ( VJ) - - - _ - -- ' ( ~ /) 

fl~) , -- - - -- . Ce! / 
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and tht8 curves ~ 'aDd c ' become in Plane I the two curves C 

and c with the equat iODs 

~=- /(2.'1-) - -- - - - - - -- ( c. ) 

"if" rC2.Y ) -- - - --- - --- ( e. J 

Then the tangent. T , to C is 

, - 'J 0 ." ~ ! I l :L;<') (x. - X-.) - - - - _. (T .1 

aDd tbe tangent , i) to e. is 

~ - 7r ~ 2 fJ I I 2. ~) ( x. - X-o) - -- - -- - - - i) 

and from the definitioD of Angle f 

tan -t (1',t) ctaD~. (7', J:.D,. I' (2.J.) - y? I (2J) . 
I +- f 'L ').. '1-) v:" ( 2 X. ) 

which is the 881De as tbe tangent of the angle between ~ f and e,.... • 

. ', tan[Angle crr, tJJ::-tan[Migle (C;e'D -- - --- - -- . -- (1) 

If. therefore. we define the ADgle bet"MIl two curves as the An-

gle between their tangents at tbeir point of intersection, tIlen 

tan[Angle (C}c)]= tan[Angle(/, i )J- - - - -- - - - - (2) 

and from (1) and (2) 

t an [Angle ( C) c ) J.:- tan [ angle \ c : c.~ J 
Therefore tbe original definition of the Angle can be replaced 

by 





J... 

T' <: 't ) 

r," , 

C' 
~--O' 

I 

The transformation J T. , between Plane II and III i. 

conforaal, i. e. 

" d'll'­~ = J,.t 
d4J 

If this transformation, 'T, . between Plane II and III is ~:: ~(A.,A.,~) 

and ;t ~ ;t (,(A,I ".,) , then the two cur~8 (!, 'and c,. in Plane 

T1' I 
II "ill become two curves' and ~ in Plane III i for if 

"r = / (v..) - - - - - - - -- e' 

IlT =- f (~) - -- ~ - ~ . ~' 

then by MallB of .A'" fo [M-J -t -u.-)] \ -__ --r ' 
t ~ t [ ~ .y { vv) ] J 
~ ." ~ [""" f (M- )] l -----2r I 

t ~ t l:w 1 f (u ) J J 
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We ahall noy show t hat 

M:- dt: + J:t- ~v-l 
d-tj _ -~ ~ c) '1I'"" d -v....J~1 
~ - -:::. 

dA, dft-. + ~A dv- J 1"1 dvvv d.uJ ~V" cl -u.. C ' 
T" 

(,q,: + "e,:-) [~) - </1 (,v.,) ] 

C4. :, +- ,<L ~) L ' + t AJv) 1 ( <N) J 

:- - .'. t an ~ (7"')' J"}= tan ~ ( C.l
1 

~ 1. 

:: - A-zr +- ~~ :( 'CA.A.) 

I 

( -v-) ,4/ A,.v t ,4, 11-

" 

By means of the transtonnat ion J 113 J between Planes III and IV t 

r'~ ( ' T1 
the two cur ves A. and will become two curves I and Y respec-

" I , 

t ively, and if the equations of J and 0' are 
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the corr8'sponding curves will have the equations 

6 ~ i A. UJ, IC MJ)J}" 
1': ): [ AA-, / (Ak)J 
6"' t A [ 4.V, f ( ~) ] L 0-
'j' , Jt [ -LV, Y;(,t.v)] J 

We wish t oo show that tan ~ (r) ({):: tan ~ (C)~) 

We have already proved that 

and that 

tan 4- (C,c)=tan 4- (7': 0-') __ __ - - -- -' (2) 

So now it is only necessary to provo t hat 

tan ~ (T, ~}tan 4- (T' ; 0') 
This proof follows. 
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But. by definition, 

~?J d,~l dl-J . J;tJ . 
:& [r, O'} '-.6 "-~U-?r,, r;U p ' - do. ~' -~LL(r' , 

4+(<'.(1'1 (d.7') . '+(f:l (dX-) - ,If) 
d..6 11 do 0 J-p' J.;;; ?/ 

tan 

tan 'i> [ T\ a) : t an X [ r I, 0 j _ _ _ _ _ _ _ (3 ) 

Therefore fram equations (1), (2) and (3 ) above 

tan ~ [1") OJ::tan ::>[C)c] 
which shows that transformation 1;, is non-conformal but that the 

Angle i8 uncbanged. 

It is now possible t 'lbuild up wbole groups of trans-

formations at will exactly as the one just studi d was construct-

ed, and to study the propertiM of these in an exactly analogous 

mann$r. In fact any fixed non-conformal transformation defines 

an assemblage of transformations which ~s in a one-to-one assign-

ment to the conformal transformation and the new transformations 

will not be conformal if the fixed transformation is not so. 

In particular , let the fixed transformation be a lin-

ear one. This will give an enormous extension of non-conformal 

transformations from a conformal one. Suppose fixed transfor-

mation is 
( 

a 

V = 
aU )::: 

This transformation will cbange a line into a line but the an-

glee will not be preserved. Many consequences which come about 
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through such a transformation can be easily seen. In this case, 

the concept , alpha angle or Angle, h'&s been studied already. This 

concept is really very important as it is fundamental in the study 

of non-ouclidean geometry and study of it really means & study 
• 

of pseudo-conformal transformations in non-euclidean space. 

~e ordinary theorems of complex variables can be iJa­

mediately translated into theorems in this study without excep-

t ion and every equation or formula of complex variables becomes 

a formula here. 

For example a pair of equations analogous to the Cauchy-

Riemann equations , 

can be found as follows. Suppose the fixed transformation is the 

linear one given above i.e. 

~ = eL' ~ + t " + (!;' 

~t-~ t- <!..... 
lr -::. ~" }. +- t!(l~ +- ~ & ' :t - - -

~ +- ~1-~ 
. Then the non-conformal transformation will have t e following 

form , 
""/~ + t'j: of- c I 

C<A.I -t- -a-.i-. c--

We Shall consider the special ease where 

Then 
tt I x: I ' 

-1N -= + t +~ -- - -

'I + ~ " M 
tI 

/lr ": 4A... ~ 
+- e _ ____ 

rf 

- - - - (1 ) 

(2 ) 
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and r" c.-'A- -+ t ';i 1- c I _ _ _______ _ - - - (3) 

t: a ~ + J "j; +C,'I ______ _ _ __ (4) 

where II- .,. I {x, 1) am :t - 'I ( )C, '3-) ' 
aDd from tbese we want to get a pair of equatioDs between ~ , 

. d.U... 

~ • ~ and 4 which rill be analOgOU8 to U. Caucby-
r,iN- J~ ~ v-

Riamann equations. 

he., (3) and (4) 

if: / ~A.. + .t I cJr CL -

~~ d)' 

~= t J4. Jr' J;t-Q., +-
~ ~ J", 

#-= " d4- + -t " JT Cl-- -
dl' d~ J" 

~= ,,~4.... ~"M a, ~ + 

~~ d~ d} 

rrca (~) and (2) 

x = t ~ - J ' /11"' - t ile' + t Ie II 

a Ii t " _ a." k ' 

Then 
If , II', 

~_:.. a..-<N -Q,1r -Q., C - a.. e" 
" /J I , 17 " a.. q. - a... ..&-





But on account of the Cauchy-Riemann equations tlese equations 

become 

$ = d~ 
d -tA.I 6 f 

a - ~ 0 
~~ 

Eliminating d,,­
~)L 

and ~ ~ between these four equations J 

l' 
we have 

d :2. [a/a" +,t ') 'I] ~ 
df:. + tt' ''' + .$-' >- ;)1r 

_ [ a:'-+ ~:l-J ~ 
ev' +?' a v-

For this particular case of a non-conformal transform-

at ion , the two equations just found are analogous to the gener-
\ 

alized form of tbe Cauchy-Riemann equations given on page 3 J • 

JV I ) O~ n ' ..... + ' ~ ) 0 ) _ - ~ Here /) ~ r::J :; :.. [ a ' ((./ 1 + .t ' IJ C::. ct; ~ - [~/~ + ~"J 
w... c..: ~+ t' ~ 

Now just as before if (I3- C) ~+1f)j't)<O when the Jacobian 

is set equal to zero singular points will be found I then since 

in this particular case ( 13 - C) l. + J.j jj. $ = Lf[ec,'u II f -&,'~J' ~ 'fl~·~t·"1 "" 
a'7.. + ,1. a'''''-/- .t' ~J 

_ If a (J" - tt".t ') l- and this quantity is alW8fB less . 

than zero, in art'J transformation fulfilling the conditions of 
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this particular case, singular points and not singular lines would 

be found. 

Thus the generalization previously indicated leads to 

very interesting problems which were perhaps not evident at that 

t iDle. In a similar manner, every theorem and fonwla of complex 

variables could be translated into a theorem or formula for non­

conformal transformations and such a study would doubtless re­

veal Dl8IJJ interesting properties of tbese transformations. 
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