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INTRODUCTION.

For many years conformal transformations have been stud-
jed. Riemann surfaces of many of them have been constructed and
their principal properties have been discovered and examined in the
study of the theory of functicns of a complex variable, for if a
transformation is conformal it must satisfy the Cauchy=-Riemann e-
quations as will be shown later. Comparatively little, however,
has ever been done with conformal transformations. In this paper,
we have made a study of some of the properties of such transforma=-
tions and have constructed Riemann surfaces of a few of them. In
Part I, en ordinary conformal transformation has been considered
and its Riemann surface constructed. Then by means of non-conform=-
al transformations upon the conformeal one, non-conformal transform-
ations between real variables were obtained, and through the prop-
erties of the former, the properties of the latter were discovered
and the Riemann surfaces were constructed. In Part II, the non-

conformal transformations were studied directly.
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PART 1.

NON=CONFORMAL TRANSFORMATIONS OBTAINED

FROM CONFORMAL TRANSFORMATIONS.

Before considering the particular conformal transforma-
tion from which the non-conformal transformations were derived, it
is necessary to prove that the original transformation was real-
ly conformal. This is proved as follows:-

x- 4,(t) 2 f;(t)
Let 0, "P and Gz be two curves in the ,_plane which

(t -G
) -4l {M;ﬂ[jﬁm%m} K

intersect at a point, P , and let K, TzB[f,(t)‘/,(t)J and

{M: AL i)

¥ Blf»@t) (/,Lt)] be their corresponding curves in the ,-plane which in-
tersect a some point @ . Let the points P and Q be the origins in the
two planes. This can always be made possible by a change of axes.
Then g,(o) : f,(o) and 5”, (0) = 74(0) . "Let /¢ be the angle between @,
and QMdlﬁ be the angle betweenk, and 7[;. to prove 4°X = 4,"9-
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Then for ZX to be equal to./7, the following equetion must be true.
f ) ) - A L)
| f’(t) 62’(;1;)+,4/( y )',; -
BTLE) L@ A TAD fiw)) - B4 L) ATL 9]
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This equation is only true provided the Cauchy-Riemann equations are
-satisfied,

i.e. it 94 - OV
dx éwa,
e _ O

and °Y) ¥
Therefore for a transformation to be conformal ,tho function must be
an analytic function.

The conformal transformation considered was W Jw = 2/,

whose Riemann surface is represented by Plamnes II and III. Here
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there are two planes, a w-plane and a z-plane, which consists of
three sheets. If Aw3- FJw = ¥ then the singular points fownd
by setting gﬁ; equal to zero are -&w-_’: and {3;_; « Branch
lines were drawn in the }-plane from 3= -2 to0 —oc (red line) and
3: + 2 to + ¢ (blue line). The branch line is therefore the
line /7: 0 or the x-axis.
Substituting x+2i and w: W+ VL  in the o=
riginal equation,
AP+ Buwtel < 3t e Y~ 3w — 3 < )u—?i
end equating real and imaginary parts,
W'~ 3wt -3 w =X
3t — % 3o y
Then substituting this value in the equation '3,= 0 , we
have
3 v =3v-0
or v=0 (the u-axis) and
- -8=0 (an hyperbola).
These two curves in the w-plane correspond to the ’y= o

or X-axis in the ?~p1ane and they are called the images of the X —

axis,
+1
Ir 3:—2,1;1'10!1 Mra— 3w+ 2=0 or AU = {fi
-1
sne };HL then . - Jar —2=0 or uf=i—/ « So the
+ 2

branch points are double.
The portion of the u-axis from w=-2 to w=2 and the
right-hand portion of the hyperbola are images of the Xx-axis from

§,= -2 to }:-oo » while the u«- axis from w=+2 t0o w=+ o
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and the left-hand portion of the hyperbola correspond to the Xx- axis
from X = +2 to X=+co , The portion of the u-axis between w=-2
and w=+2 corresponds to the x-axis from §=-2 and 9=+ 2 « Thus
the w-plane is divided into three parts, each of which corresponds
to one sheet o‘f the Z—plm. The images of the origin in the ¥~
plene are the points (+7V3, ¢ ), ( 0,0 ), and (-V3, O ) corre-
sponding to the origins in the first, second, end third sheet re-
spectively. Images of the g-uis ( X=0 ) are the v-axis (=0 )
and the hyperbolg .- 34— 3=0 for if X-o , then since
Xe A’ 3uv* - 3w , 4’-3wn*-3mw=0 o =0
(v- axis) and «w = 32*- 3=0 ( an hyperbola). This hyper-
bola has its vertices at (-V3,0c ) and (+V3, 0 ), images of the ori-
gin and has asymptotes with the slope —17'-5 or the 30° lines.

In order to still further subdivide the plane, images of
the #5°1lines and of the circles X*+ 431= 2" were also found.

The images of the 45 lines were found as follows,
Here ’?‘:% and 4?:—)6.

‘Then in polar coordinates, where w -/ (cos&+1i sin 0 )
and 9= (cos}ﬂ-i- t sin/), ArSe San = becomes
/’3 (cos 36 +1gin 36 )-3/0 (cos®+ 2 8in O )= ~ (cos f-)—l sin)/)
from which, equating real and imaginary parts,

facos%; - 3/ cos 9= ~ cos 0
/0'3 sin 36 — 3/0 gin8 =~ gin ¢
For the #5°1ine, ncos ¥ =n sin/
A ﬂ" cos 319-—-“3/0 cos 0= /,3 sin3& “% sin O

frmwih 020 ad o= = 3(er06-ei O






Se

The equation /J 0 is the origin.
To plot the curve = + V (es> 8 ~ W‘” o the following val-

ues were used:=

T

8 0° | /5° —45° ) /38° | 75° | J6s® |- )08° e3a°f Jo° £
/Oi'[/—:}" co | 0o |eo | co | o | oo .-t—zl.—tz,élz

For the -45° line, A cos /: -~ sin ¢/
.’./JJCOs 30 - 3/ cos @& :../0" sin 3(9-#3/0 sin 0

from which ©:¢ and + || 3(end +ewr @)
Crr 30 + Rew 34

The equation / 0 is again the origin.

To plot the equation = + ' 3(ecn g+ Cﬁ&) , the following
e 30 + 2360

values were used, together with the fact that the curves correspond-

ing to fg:—)c are the reflsction on the = axis of those correspond-

ing to ﬂazﬂc.

O | =39 + 457 |-138% |+ 168°| 105° | ~78°
ﬁ oo o o0 o0 <0 oo

Images of the circle X '+ ’31: 4  were found as fol-
lows. As before
'pacOB 36 — 3/o cos = n cos§/= 2
/o’ sin 30~ 30 sin 8= 2 sin (= e
Then corresponding to X *+ ,9 *= 4 we have
(f%o. 34 —%coaa ) + (/o sin 30 —3p sin 0 )= 4
or cos 20- 1?‘__779 - 72.4

-— é/ay

From this equation the following values were found:-






6o

=+ | 8- 0, ,80°
+ -0, 1£0°
7»‘% &ma7w7
B=11° 769°-11°-169°

O RS- 142 1660 -166°
O-48° 48" 178°%-78"
§=10"~10° 1705 ~170°
§=1/¢5-16% /64° -1y’
6= 205 270°

0= 38° -39 148 ~jus°

"

ﬁ

/.’

a

/
ﬂ
/
/
ﬁ
ﬂ

By means of these values, remembering that, since the curves in the
9~ plane are orthogonal, the curves in the w-plane are also orthog-
onal, and that the angles between the curve and the «-axis at the
branch points are #J ‘because the branch points are of the second
order, the images of the circle X2+y *= % were plotted.

The iimage of the cirscle X *4 ? 9 is the curve -
Coo 2 6= Q_M By means of the following values and the or=

._6 /49‘
thogonal and angle properties, the curve was plotted.

Pl 1 a |2/ (22|18 | /5 | L] & |gob
4 + 4ol 30 | = 0° |.- £ )8° | *F2o0® |+32°] . )
0 +)40° | £ 1477 | £190° |0 | % 1087 */60° |2/48° bl | =70

The image of x>+ '8’-: ) is the curve cos 2 - ;z&’“;,c&
-0

Remembering the same properties, this curve was platted by means of

(3






following values.

Te

m
=, 306 8 " e 0°
P s, Vs L5 d= ¢
/o=,36" 6‘1,.'»47. A d= 4°
=3 3/ P §- 56°
ﬁ:jS 52° ﬁ:/.? d = 4:'5-0
pe345 | U5 kg | d=0°
02,338 4/° 9= g ma?
:.325 72° j =4 ‘9"""’67’

In planes H and III, as in all the figures, correwponding
points, lines, and portions of the plane are similarly colored.

The c.onneotions between the three sheets of the }-plano
are fo#msd by following a closed curve whish passes through all
‘three portions of the w~plane. If this curve starts in part I, cor-
responding to sheet I in the 2-plane, and passes across a red line
it comes into part II, corresponding to sheet II, so the connection
across the red cut line is between sheets I and II. If the curve
goes on across a blue line, it comes into part II, which corresponds
to sheet III in the é-plano, s0 the connection across the blue cut
line is from sheet II to sheet III. If the curve passes on across
a red lkne it still remains in part III, so a passage in sheet III a-
cross the red line does not change sheets. From part III, if the
curve crosses the blue line, it comes into part II again, so the
connection from sheet III across the red cut line is to sheet II.
From part II across the red line, the curve passes back again into

partI, so the connection across the red line is from sheetII to
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sheet I. From part I across the blue line, the curve still remains
in part I, so a passage in sheet I across the blue cut line does not

change sheets. Hence the connection on the red branch line, the
¢ $elovos:
negative end of the x-axis, is denoted by‘( while that on the blue

branch line, the positive end of the X axis, is indicated by
i s—1 P — e

) ] ) ) I s

The connections being established, the Riemann surface is
entirely finished,and any point in oithor plane can he quickly lo-
cated in the other.

Using this Riemann suiface, a Riemann surface of a non-
conformal transformation of real variables was constructed. In
the original transformstion, W °— 3w =2, 1¢t X-30 , =P
and «= 24 , =% which gives the transformation,

0= 4o°- 3.17%- 34
=20 13- 31

Instead of constructing the surface by using the corre-

spondences given directly by this transformation, Plane IV was con-

structed from Plane III by means of the transformation X =20 and

1

M

.
/" and Plane I, from Plane II by means of the transformation

"

2/4' &nd {V"=t .
In Planes IIT and IV, X =20 and T?‘, Since =T ,

the d‘axis, T=0 » corresponds to the X-~axis, r?':a « But since

bad
"

20 , that is 0=7X, the branch points (-2,0 ) and(+2.9 )

in the 2-plane hecome the branch points (/0 ) and (+/. U ) in the
0-T plane. As X increases from +2 along the X-axis, 0 increases

from +! , along the 0-axis and as X decreases from-2 along the X—






axis, 0 decreases from -/ along the f-axis. As X goes from-2to+2,
6 goes from —/ to +/ . Corresponding to the ;-axis (X=0) is
the T-axis ( ("=0 ). Corresponding to the #:°lines, 7=x and 4=-X
are the two lines 7:27 and 7--20 . The images of the circles

X"+g": n*  are ellipses 40% T = nt . By means of these
images, the 0'-7' plane is divided into portions similar to those
of the }—plane.

In Planes I and II, =22 and =7, By this trans-

formation, the -axis ( =0 ) in Plane II becomes the 4-axis ({=0 )
in Plane I. The branch points (+/,2 )and (—/,0 ) in Plane II, be-

come the branch points (+1l, 0 ) and (~£,9 ) respectively in Planel,

while the branch points (+2,0 ) and (-2,2 ) become respectively
the branch points (+/,0 ) and (~/,0 ) in Plane I. As « starts
from+2 and increases towards + ¢, A starts from +| and increases
towards +© , and as «starts from -/ and increases towards —©° , A
starts from—/ and increases towards —<c . Since =2 & , the

V-axis ( m=0 ) becomes the f-axis ( I'=C ). The hyperbola

2 2.

;8 v 2 /tL
e !  becomes the hyperbola 7; - //3:/ » which

has its vertices at (*92, ¢ ) and has asymptotes with the slope +273.
This hyperbola divides the <-l plane into three portions each of
which corresponds to a single sheet of the -7 plane. The hyper-

s 2

bola 4-;1 - = | becomes an hyperbola with the equation

AI—

e 1£=0 with vertices at (£175,0 ) and with asymptotes having t
the slope =+ 2 Y3 .

The curves corresponding to those in plane II which were
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the images of the circles in Plane III have very complicated equa-
tions. So these curves were plot‘ted rather frooly' by means of a fow
corresponding points.

The images of the lines in Plane II which were the images

of the 4 5°1ine in Plane III were found as follows:-

Since W"f cos ¢ , M= 24, A=L eos w ,
oo atn 8, v A ton stnc,
then /P co8 0= 710 €08 W =memmmemmmm (1)
P sinf= v sin W ---oeom-me (2)
In Plane II,/_Pcos 30—3/9 cos &:/’3 ein3&-3/o sin @ —aamu (3)

.-, Since sin JX = 3 sinx—~ ¥ sin’x
cos 3X= 4 cos’k — 3 cosX
(3) becomes
'4‘/3eou30 - 3/)3cos(9 - 3/,-.; cos & = %os sin 0 —6?43 sin’¢/
?ﬁsin& ---------------------------------------------------- €4)

From (1) and (2) 0" cos =4 7" cos *w

/.9'L sin*d = 2" sin w
By addition, P *(cos @ + sin" 0 ) =4r"cos’w + 2> sin*w
o > ~42’c08 W + A" 8in w ==-====(5)

Using (1), (2) and (5) and substituting in (4)

¥(§ 22 cos )-2 (42 %cos’tw +A." sin"w )22 cosw )

—3(22 cosw )=

3( 4 cos*o+n® sinw ) A sinw )~ 4 22 sin’w - 31 gin w
o £r? cos’w +n351n3w — bn® sin'w cosw— |2 n? sin w cos wr
—bnr cosw + 3 psinw=0

From which /=0 and
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n (& cosw + ginw — b sin*w cos W — |2 sinw cos’w )=

‘Jcosw—- 3 sin w

or
no= % (amw-.Bmw

3
[ %ecoy’w +13 anlw — beas W —)2 Ao w

From this equation the following values were obtained and by means

of them, the curves were plotted.

w=0° 1§0°| v = 866 || w=28° | N=x23,)§

w- 70",2700 N v, Wwa2—-25° | ns: =506

0

W =/0° rn=%*.99/ w = 2°¢ /1,2'-*:.87‘»

|
»
o

w=-/0° | =788 1 w- o2+ 8F
w=-20" | n=+8F2 || w= =48 | =% (.17
w: 20° N:r[.@’] (,0,17’-6’ )'vvvvvaua_ !

] * °

w= 30 ;uwwa-a,. w =l “J\:vwd-—a,

w=-3¢"° /1/:1‘-.5977 w= ~bo v 2_,7

w==50" | na% 390 = 78°| == )04

w:* ¥’ ru&m?, w: ¥0° | wekgay

‘Luu:t 89° | w wwa? w: 70° wat,b1%

The images of the images of the-4s’line were found by the
reflection on the N-axis of the line obtained above.
The images of the lines, 0'=% /and T'==/ in Plane IV

were found in Plane I by means of the real transformation.
G- %a° -3 JT -3
™t -2 -3t
It 6~*| A== _\(T”” WP and if Tex), asa) T EIL

_3/‘_ |t






12.

By means of values obtained from these equations, the curves were
plotted.

The connections between the three sheets of the (-7 plane
were found by following the path of a closed curve in the a-1 plane.
They are the same as the connections in the x—«a, plane, because the
transformations used were one to one trgqnsformations.

In this manner, a complete Riemann surface of a real trans-
formation was constructed and its properties were found to differ
but little from the original Riemann surface from which it was de-
rived. In this case, however, the transformation between the two
surfaces was vefy simple and it seems reasonable that the surfaces
should differ but little. In constructing the next surface, a
more complicated transformation was employed in changing the con-
formal into nonconformal transformation and the surfaces were
found to differ very essentially.

In the original transformation, w?- 3w =2, 1et

T !

X= ~—'- = - M= = _z,.
7’ "9 5 and 2! v T then the transformation becomes

Al
6= - e —sar

o 3t -10-3”
1 -3l -34®

Here as before most of the surface was not obtained di-
rectly from this transformation but each plane was found separately
from the planes in the conformal transformation.

Between Planes III and IV (B), the transformation is Y= 0';-‘\-
and X:OTI . So the images of the points ( 0,0 ), (+24,9 ) and(—2,0)






in Plane IIT are the points (X 0 ), (L,_, 0), and (-L,0 ) re-
spectively in Plane IV (B). The x- axis ( =0 ) becomes the U-axis,
T=0 and the ?-axis ( x=0) becomes the lime at imfinity (oc=o0 ).

-~

T=+ | . The images of the

=4 4 =
The images of X 43 are 5 °r I
circles X"+ ”Z( *= ™ are the hyperbolas _—6"’ *-—-6{,,= ~5 ., The

images of these hyperbolas in Plane I (B) were not plotted as the
transformation gave a very complicated curve.

The transformation between Planes II and I (B) is W= —
and f\r:—f' . Then the points ( 0,0 ), (2/,0), (£%0 ), (*73,0 ),
(t©°,0) in Plane II beceme the points (o<, 0 ) (= /.0 ) (£),0 )
(£173,0 ), and ( 0,9 ) respectively in Plane I (B). The 4- axis
( v~ 0 ) becomes the A~axis ( £=0 ), The waxis ( 4= o ) becomes
the line at infinity ( 4 - 2o ) while the line at infinity (w=°°)
becames the t-axis ( ~=0 ). The image of the hyperbola AL — %2/

is the ellipse, A *+ 1% , and that of the hyperbola %"L— vi: )

3
is the circle —%—L -+ Z,/;;: / « The images of the lines T=2/ ’
>

Tes £ and (=% were obtained directly from the transformation

between I (B) and IV (B}, that is
d = A’ ~
| ~3t*-34%
~N . 3 T - L2~ 3 t/LL
re =t —

1 —3L%- 34"
it st —X°2-3td
From this transfgrmation, DS o SRt
It L343t~

3(E-1)

and if 723+ ,

then 4 - . From this equation, the following val-

ues were obtained and by means of them, the curves were plotted.

Ao [0 =12 [~2|+3|-3 |5 |=£| 1 |42 |3 |35|4%
A L;:[J 85 | £.6 £ 34 :L-,(,‘L(,mgl oMl (24 | 0 |45 |)] AR wwa
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The image of T=-) was plotted from that of /< +/ by symmetry.

0\

It T=+.§ , then

A =

(3t -3 415 15

:t-]'}'

3t — LS
this equation, the curve was plotted by means of the following val-

From

ues.
L | v do1S =0 -1 I |28 | o | 28] 3 Yy
a }:3’15 £39 |* .06 |47 |£d4 |EL] & | .3 W~‘3 <o

The image of TEo5 was plotted by symmetry. If 6*-’/‘—;_ » t=

—_————

From this equation; the following values were

o‘otainéd and the curve plotted.

2

.3

4 |8

-2

-5

-/

-/ x

N

L s

.5

+ B

*3|.0

+.$5

+ 4o

+ 4

+./

.2/

The curve €=~§ was plotted by symmetry. Then in Plane I (B),

(=

the portion inside the circle >

represaents one sheet in the 0-T plane because this circle rep-

l/\3

—+ %—’:— !/, ( the purple circle),
k]

resents the line at infinity in the O'-' plane. The portion above

the a-axis outside of the circle represents another sheet of the 0 -7

plane while the portion below the A-~axis represents the third sheet.

If the cuts in the 0~T plane are taken along the O-axis from the

points *2 to oo , the first sheet joins to itself while the second

and third sheets join to each other along each end of the #—axis, as

can be easily seen by tracing a curve across the brown lines in the

a-it plane. The connections therefore are represented by

-

2

2

s D

3

In this manner, the Riemann surface for the real trans-
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formation i

0-_ »°

I=32% —z,~
™ 3.5;@3", 3'1/4—1
I=BL™ - ga%

-~

was constructed. It is represented by Planes IV (B) ané I (B).
Plane I (B') is a representation of the central portion on Plane { (B)
on a larger scale.

This surface differs decidedly from that of the original
surface from which it was derived. The non=conformal character of
the transformation is also clearly shown, and it is also interest-
ing to note how one sheet of the 6-7 plane, a sheet infinite in
extent, has been transformed into a circle of finite extent.

The remaining Riemann surfaces were constructed direct-
ly from the non-conformal transformations by means of certain prop-

erties the dnvelope and Jacobian as will be shown in Part II.






PART II.

RIEMANN SURFACES CONSTRUCTED DIRECTLY FROM THE

NON-CONFORMAL, TRANSFORMATIONS.

Consider a transformation such as 6’/(/’11), //\—’ﬁ(/\%i)
by means of which for any point.m , in one plane there is a
corresponding point, 1, in the other plane, and when the point,

/W. , describes a curve then the point, { , likewise describes

a curve, and also let the first derivative %%l exist for all

values of § and T . Then, usually, if two curves @,i

R 2 ‘7‘5‘, )

; t- V. (w)
(13 R= }ﬂ,,( w) '

and U, » which together with their first derivatives are

7(;%(«) 6" h':"(’-‘b,t)
continuous, are tangent in one plane, two other curves C,

/ 6- Ag L) %:.’”'\L,C)
T e corresponding to C, and @,_rospoctively '
T 9.(00)

by means of the above transformation and fulfilling the same con-

and ¢

ditions as C, and C, , will be tangent in the second plans. How-
over, there are exceptions to this under certain circumstances.
Let (9 {w:?pkw) be a curve fulfilling the same
L=y (w

conditions as the curveSabove and lying in the first plane and

6 = {lat)= {1l (v, V()
let Q{T\z %r(a«,t): %L(/(w, V(%)]J be the corre-

sponding curve in the second plane. Here the transformation must

be so constructed that both %‘«t and ‘::’: never vanish at the same

time. This can always be done by means of some parameter if nec-

essary the length. 3 )
> (% . z
Then E g S 9_%( ) = b
da dw ¢ Aun
and the contact property will in general he retained if
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. oT 3 dg XL
v i v S
LY 0f 4+ % ot
P da 9 3
It
o + 9% de~ / e v
da Ot 3o - 7@ ,w+

| ot s
SohyET

Hence it is seen that é:g depends only upon < , 2‘, and -‘%3;.
b <
and therefore if the above transformation be applied to two curves

C’, and C:_, which are tangent in the first plane, the correspond-
ing curves ¢, and ¢, willusually be tangent in the second plane

singe 391: is the same for G and C, at their common point.
A

But if tho Jacobian is equal to zero that is if

J- /“' rt =4, %m =
?/‘Z’%[ é ?‘.’L

Then from (1) . ;
rom 72):’\2 ?‘L(/("‘%): G

S5 )

06 Fe(K+ T2y F*®
which shows that the slope of ¢ in plane II:is independent of

tboslopoorCinPlaneIanddopondsonlyuponlvand.t;i.o

any curves through the same points have tangency in the new plane.






Therefore when the Jacobian is zero, the contact law
breaks down. Of course the Jacobian is not usually equal to ze-
ro, so that this failure of the contact law only occurs along
certain curves or at same certain points or point as is clear-
ly shown in the examples which follow.

The only troublesome case appears when in the expres-

N

< v,

sion 20 - Z&“’ ,TjZ’C t‘*.’ both the numerator and

o0 Lo 2w + Zo Ean
the denominator vanish. This usually only happens at individual
points on the envelope and these points may be considered in each
case, as will be done in the following examples.
Ex. I. An example of this failure in the contact law is shown
in the transformation illustrated by Planes V. and VI. and by
Planes V' and VI' . Here the transformation is 0= ﬂ/t, T=a>+ 2™

If the Jacobian is set equal to zero, there results

)6 I
q,l é <L 2
Jolo o Tt s e
‘ﬂ,él 2.»21:
v o™ ’

It o( L =)0 t+a:0 ang - u:0 » which are the
17L$° lines in Planes V. andV' .
Corresponding to thess lines /t - 2 and (Jf: —Q

there are in Planes VI and VI' , the two lines (f - T end /- _ "

o~ — =
0= - —i; which are themselvea singular lines as is shown below.

Y -
If in the transformation 9: /Q; 2, we consider
M= o>+ 4 ‘
the family of lines £= A where A3 © and find the envelopes
of the images of these lines in Plane VI , these envelopes are

found to be the images of the lines which were found by setting
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the Jacohian equal to zero, i. e. t-_ < and t= —<_ which
out the 1ines L=< =t an angle of #5°, This is a striking
example of the failure of the contact law for curves which are
tangent in the O7T plane have images which cut each other
at an angle of %4 in the 2T plane, It (= A, T=a™ 1>
corresponding to the family of lines 1= /{ where A =+ 0
there is the family of parabolas / = s + . To find
the envelope of these parabolae, the derivative with regard to
is set equal to zero. i. e.
; A 3
2 kT =4 470
2 e

or 7( = 0 m/ '( = /q_
Substituting these values in the equation of the parabolas, if
7{":}; , 7/\0"';0 or

<
C-L=0 - - (L:,)
C+ V-0 __ E
and it K = o, 2 (fj
§ <0 - --~ ----- (&)

These three curves )~ y ¥ L., and E are all possible

2 3
envelopes.

Consider first ( E' )y §'= Dy ~ (¢ and the equation

2 /1
of the parabolae, ( |° ), T = d//(,._-}- )(7'. Solving E' and C |

the point of intersection of the two is found to be the point

T= 5 )> a7 )
{5‘ KK". 'l‘hoalopeof(P)is ‘SE: ?'—E,_wbicherttbe
point of intersection is equal to 2. The slope of ')‘:/ is 3)—;;
which is equal to £ at all points. Thersfore since the slopes

—

are squal at the point of intersection, t‘ is an envelope of the
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parabolac, In the same manner it can be proven that K_is an en-
velope of the parabolas. The curve L " ( G = 0) is not an en-
velope, for here the point of intersection is P k> =0, and
the slope of | , 3%6 x Q}K% , at this point is zero while
the slope of 5, is always infinite. Therefore since the slopes
are not equal at the point of intersection, E;sin not an envelope.
In Plane V, the lines found by setting the Jacobian e-
qual to gzero are shown as the /< lines. They divide Plane V
into four parts each of which represents one sheet in Plane VI.
The images of these lines form the envelopes L and Ez;%/;o four
sheats in Plane VI. Beyond these lines, values obtained through
transformation do not exist, and as T is the sum of squares no
values exist below the 0-&axis. The lines O = 7 become equi-
lateral hyperbolas in the 41  plane while the lines 7 = K
become circles about the origin. The connections of the four
sheets of the 0 T plane can be found by tracing around one
of these circles. Starting in Part I which represents Sheet I
and crossing the red line we come into Part II, so at the red
line Plane VI folds over and forms Sheet II. Passing on across
a blue line we come into Part III, so at the blue line Plane VI
folds back and forms Sheet III. Passing on across the red line
again, we come into Part IV, so on the red line Plane VI folds
back again and forms Sheet IV. Passing on across the blue line
wé come again into Part I, so at the blue line, Sheet IV joingh
on to Sheet I. In this wiy, the four sheets of Plane VI are all

comnected and if one could look at a cross section of this plane
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it would look like this, E . Since all the shests
come to a single point at the origin, the 67 plane, if opened
out, would form a cone with its vettex at the origin, and any

curve in the (5 f)\ plane which crossed every sheet in the plane

would pass entirely around the cone.

represented by Planes V' and VI' . Here, however, the property
that the images of the lines formed in Plane V' by setting the
Jacobian equal to zero become the envelopes in Plane VI' is per-
haps more clearly shown as the images of the lines t= k and 27 a:
are found to be the parabolae (/\= %.: + 7.4 l. which have as
envelopes the two lines E , and E;_ . It also shows these parab-
olae tangent to E , and El while their images in the other plane
intersect at an angle of 45°. Plane VI'(B) is merely Plane VI'
on a larger scale.

For the troublesome case where the numerator and de-
nominator both vanish in the expression Q_fl_\ ~ ?:"'_ji:_-f %t,t&_

) ~ 36 Lo <+ /fr t.’
in this transformation, ;2?’ A Q—’z—_ff and if both the nimerator
and denominator vanish, them 2<-0 and 7=0 which is the or-
igin in the 2T plane. But this is also the origin in the 07
plane and is the point where the two envelopes come together and
where all four of the sheets in the o plane are joined togeth-
or.
Ex. II. Another failure of the contact law is even more for-
¢ibly illustrated in the transformation represented hy Planes

VII and VIII.
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A

Here 6= - - . U
('\=2,A]t4/a_,"___,___f‘-(1)
If +the Jacobian is set equal to zero, we have
g 30
Ja AA.:’ o)t _ 0) | -_;-Qt"‘021,'=0
.3_(_'\ ﬂ - 9.7t+24.)2»¢
3o’ 4t
It —27%4- 2¢=0 ,then 4+ 1=0, which is the — ¥5°

line. The image of this line in the O plane is the parabola,
AP

To find the envelope, from (1) and (2), we have

-

= 220 +4%------. - (3)

Then )T . 20+ 24

Ia

Letting this equal zero, we have < §+2ae=0

or 2 =— @

Substituting this value in (3),

T-=-26"+0"

or T — (> which is the envelope in the (7 plane.
In Plane VIII, the envelope is shown and as no value of & and T
oxist inside of this parabola that part of the figure has been
cut away and the Riemann surface formed by joining the two sheets
at this envelope. The images of <the lines a—:k , which are
the straight lines 1= 2 K6 + K *, are shown tangent v the
envelope, and passing at the envelope from one sheet to the
other. In the Ai- plane, the correpponding lines are seen to
cut each other at an angle of ] ’. The upper right-hand half
of this plane represents one shest in the 0T plane while the






Jower left-hand half represents the other sheet. The two sheets
of the 0 7\ plane form a ruled surface for which the envelope
is the edge of regression. This fact indicates the possibility
of further study here since it is clear that any straight line
envelope leads to an analogous proof in developable surfaces.
Ex. III. In Planes IX and X, there is another example of the
image of the curve obtained by setting the Jacobian equal to ze-
ro becoming the envelope in the second plane. However, here both
the curve and the envelope have degenerated into the points at
the origins. Here the transformation is
O 417 T-2k

If the Jacobian vanishes,

o0 0| g, ot

= QU
Jeoe x| |7V . ’f(/ﬁﬁt/tl):o
YR Y
Therefore A+ L>= 0 , which is the origin. Of course,

by this transformation the image of the origin is the origin.

To find the envelope, consider the family of lines »t‘-/ll

and the corresponding family of curves { ,6\2 = ;{Jj or
- 2 l = 9/ 4

6-T _K*
he

For these curves

LS
BKO - 46 -Tc0 oo - oD
Taking the derivative with regard to % and setting it

equal to zero,

/6 K*+ & Ko-v0

from which (=0 or 7( = "
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Substitnting these values in (1) if %: = % , wehave §%T=0
which is the origin and if K= 0 T=0 . st T=0 is
not an envelope because its slope is always zero, and the slope of the
curves is changing. Therefore in these planes also, the image
of the curve obtained for the vanishing Jacobian is the envelope
in the other plane.

The Riemann surface was then constructed by plotting
a few corresponding curves. The images of the 6-axis ( 1 =0 )
are the A- axis ( £ =0 ) and the A-axis ( 4. =0 ). The ima-
ges of the T-axis ( § =0 ) are the lines Ae *+4 , the 4%°
lines. The images of the #4°1line ( &= ) are the lines
A= (/fTi)/t and of the —45" line are the lines 2 =(-/ *ﬁ)i-
The images of the lines 7~ K are the hyperbolae a7 - K while
thoke of the lines §= K are the hyperbolas o'= = X, Thess
are shown in the surface. The upper and lower half of the A/ZL

~

plane represent respectively the first and second sheets of the 0
plane as can be readily seen by taking values of any point in
the upper half of the /‘Vt plane and then taking the correspond-
ing point in the lower half of it. They will give the same val-
ue in the 57\ plane. If the cut is made in the 67\ plane a-
long the (- axis from the origin to + ©© , the comnection be-
tween the sheets, found by tracing the path of a closed curve
about the origin in the ,47( plane, is seen to be from the first

to the second sheet and from the second to the first sheet as is
!

indicated in the figure as , X .
Ex. IV. Turning back to the Planes I and IV, which were formed
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indirectly by means of a transformation upon a Riemann surface
for a complex variable, it was found that the points found by )
setting the Jacobian equal to zero were the points formerly de-
noted as singular points, and that the envelope was also singu-
lar points.

For in the transformation,

6 - 4ad-dul™ - 3a
= /th't‘ 1°- 3L

if the Jacobian vanishes,

30 —
J = ':?‘i’ﬁ 2275105, —bat

3 a7 Q#U'f, 1227 =3T3
3ot )
or /(o.L‘—ré*¢Lta~é’¢t+2t+,z‘;+’°0

=0

"

Lithe solution of this equation, T=0 , and therefore -l = % }?_

which are the singular points in the l/t plane.
( NOTE. In the above equation, that Z=c) may be shown by con-
structing the surface
4= Joaot+ Farl> ~§a* +a L5 X ¥
and examining it for maxima and minima. It will be found that
the surface is always positive and that the points (:!:}U 0 )
are minima. )
Or in an easier manner, these points can be found directly frog
the Jacobian for
Tz (2™ 38*-3)" + 144 N A
and since this is the sum of two squares and equal to zero then
/aém‘——ﬁfl* =0
ama 4% L0






From which it 1= 0 , 25 *z' .
The images of these singular points (*/ o ) are of course the
points ( =/, 0 ), which are singular points in the (-1  plane.
To prove that these points are the envelopes in the 67T plane
gave in this transformation an equation which was too complicated
to handle. Therefore it was proved in general that envelope in
one plane is equivalent to the Jacobian vanishing in the other.
The proof is given below;

To show that the envelope in one plane is eguivalent

to the vanishing of the Jacobian

in the other plane .

Let the transformationbe 0 = 7/« %) , T = %(Lé) :
Let ’LL-_//Q , then (- f/( 2, /e), = 5///(4,, /2)

To find the envelope, A is eliminated, which gives some function
of (' ’ 7\and "k, as ST\JY, 7\,/(/-

Lt F(6, 7 k)=o0.

Then does JdF _p 7
9K

G0, 7 k) T (e k), A t), K-

and the total partial derivetives also equal zero.

b SFY D6, 9F 3T, 9F .. )
SK = 90 JK IT JK I K

5_7—_ c)_7c)5'+d$‘ ST _
da = 90 & IT I T Tt st
For an envelope, both F ( 0,7 ,K ) and 97 (6,1 )

also

K ) are
set equal to zero, and /f eliminated between them, which then gives

a function, —

$ (0, T)=0.






(3)

that

9_"7_\1 M + “)} ‘ﬁ\: O . e v —-(4)

9F K oT %;,57\

FA 4 e
For equations (4) and (5) to be true, either 3_6% and j‘—"f ard
each aqual to zero or else the determinant i%;§< ) which
is the Jacobian of the transformation, must bemoc,luﬁ to zero.
But, in general, on the envelope, the derivatives j—g and 3;?\

cannot both bé equal to zero. Therefore the Jacobian must be
equal to zero. Therefore, the envelope in one plane is equivalent
to the vanishing of the Jacobian in the other plane.

Ex. V. In a similar manner, in Planes I(B) and fV(B) the points
found by setting the Jacobian equal to zero were also found to

be the singular points.

Here the transformation is

and if the Jacobian vanishes

3¢ o Pt P A A SOL S
e |57 3F | — 3 £7= 37" (1-3t*-3a)"
J = ov o | \ -0
3T, o I 12 oL+ 12 et” 3 F e /24319,
A () (I—;Z*-3,ﬁ)” (//~JZ‘—3¢L)Z






This equation, if A =0 , which is allowsble for the

same reason as in the previous exemple, becomes

/“5¢z+7¢‘f—JQ‘=O

From which ) - —+ /) e==+| Or ,,a,:_-tE
The points (£ /,0 ) are the singular points already
found while the points ( =+ 7/37 , 0 ) are points where the trans-
formation itself becomes indeterminate.
Ex. VI. The last Riemann surface constructed was that repre-
sented by Planes XI and XII. Here the ordinary transformation

for polar coordinates was used, i.e.

0‘:_/,0 cos ¢,
’r:f sin ¢

If the Jacobian is set equal to zero,

frok which, since cos @ + smip =/ /> =0 . Therefare o= 0
is the singular lire foind by letting the Jacobian vanish. The
image of this line in the (7 plane is a single point, the or-
igin. |

o”=/em7

To find the envelope, let o - ///e » then é T=te .L;ng
From these sin 515 = ﬁ\ , and sin_ce cos & zﬁ~lu:{
6:%7//_—-'/7(‘ or 0 =KX=/, which
is the equation of circles about the origin as a center and the
images of the lines /“ = k






Taking the derivative with regard to /k of this equation

and setting it equal to zero, we have

3Kk =0 o K-0
1 #-0, 6 + 7T =0 which is the originTherefore in this
surface also the envelope is the image of the curve found by set-
ting the Jacobian equal to zero, just as it was known it would
be because of the genmeral proof previously given.

In Planes XI and XII, only two sheets out of an infin-
ite number are shown. For since the values of ( and 7] are re-
peated every t.’mo/o increases by 27 , a strip from /-‘ ==
to /o =+ I represents two sheets of the o1 plane, one
sheet being represented by that portion with negative values of /0
and the other sheet by that with positive values of /0 « Strips
of width 2T above and below that shown in Plane XI would rep-
resent other pairs of sheets in the U/ plane, and it is eas-
ily seen that such strips and their corresponding sheets are in-
finite in number.

In Plane XII, the perabolae ¢ = + 7" amd =+ ¢~
are shown . Their images are the curves ~ = * c"7/‘6_ and p =

. ‘ b /o
* i’:% respectively and are shown in Plane XI. These pa-
rabolae, which are tangent to the origin, have images which pass
through the line which is the image of the origin at an angle
of ¥5°. This is another example of the failure of the contact
law.

It is also interesting ‘to notice the 1ittlo‘ portions
about the origin which are enclosed by two parabolae. In the
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transformation, these become small triangulsr pleces which have
as their bases the line which is the image of the origin. It
is also clearly shown by Plane XI, that the only connection be-
tween the two sheets is at the origin, and that if the cut in the
first sheet is along the 0 axis from the origin to —©° then in
the second sheet it is along the same axis from the origin to + <o
Amechanical conception of the manner in which the trans-
formation occurs may be formed as follows. Imagine the two sheets
of the 0T plane, which are joined together at the origin, grad-
ually pulled apert until they become two cones with only their
verticew touching. Now imagine these cones surrounded by an in-
finite cylinder, then if every point on the cones is projected
perpendicularly upon this cylinder and the cylinder cut along the
element corresponding to the two cut lines, when this cylinder
was flattened out it would bhe exactly the portiocn of the plane
represented in Plane XI. The relation between this failure in
the contact law when the Jacobian is zero and the ordinary the-
ory of singular points in complex variebles is very easily seen.

For if the Jacobian is equal to zero then

éu.)é_w—_
J__ Iy ~ du éw,cﬁ_’{‘_v)%—&_‘:_a
dr dv- J o J
Ol B R

But in complex variables, the Cauchy--Riemann equations must al-

"

80 be satisfied

i.e. ‘)h_%' . P
d x -
dn IV
J«? 9
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Hence
I- 33 )
dy- c)aa dy Y

and since these equations are the sums of squares and also equal
to zero, it is necessary in order to satisfy the former that
%”; =0 and i—;& =0 and in order to satisfy the latter that

%¥'= 0 and %‘—; — 0 . It being necessary to satisfy two
equations instead of one, points instead of curves will be found
by setting the Jacobian equal to zero, and these will be the so-
called singular points found in the usual manner, for in find-

ing these singular points, the derivative %4—"-'_ is set equal to
Qv _ dL‘(‘ + Q—M—i =0 9/

zero. i.e. d_’g ~ A% 613
. Y 3 oY= 6
Je 9 ox
Jg( "8
: é_:"‘: é_":‘-:zo
and equating real and imaginary parts, we have o\¢> Loy

or else 27~ -0 and 3+ =0
o 48 SR YA
which are the same equations as those found before.
The Cauchy-Riemann equations may be considered as spec-

ial cases of the equations

- _ e r .
3y A oy 2
S . dw é_~_~ e (2)
- ¢ 3y D 3

vhere 4. | 439 C- 0, and D=~
If the above equations are taken instead of the Cauchy-
Riemann oquationa. the Jacobian becones
Es du R s 3*) 0
J‘ + 43 ) ( a
<-)_,V(—: C JI—L ;_l,g: — @ i_ = = e s
or Ja(d)@) (8- ) Sy 9y d'a (3)

V‘Li’
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This equation will have imaginary roots only when (H‘C)i YAD <0
that is when —A4D > (B8-C)’2 O and in that case, when the Ja-
cobian is set equal to zero, singular points will be found, as

is shown by Example IV where

s g'g > s_/g \2 A%~ 3t -3, — bat
J - 3T IT : 24 ol , 127 EY, A
v It
Here 3—2: %g and 3—%\:—-4%% and if equa-
tions (1) and(2) are to be satistied A =0, 320, C=0
and D=-4 , hence ( B-c)z—r+¢4@‘.= -4 whichk

is less than zero.
The equation (3) will have equal and real roots if

( B-C>L+ L RD=0 or (ﬁ-C)'L= ~ 4 AL end this
is the case when the vanishing Jacobian gives the same curve twice.
It will have real and unequal roots when ( /3.C)"+ 4 4P >0
which is the case when the Jacobian represents two different curves.
Itwould now be poa;me to study transformations which satisfy
such linear differential equations as those given in (1) and (2)
and doubtless some very interesting theorems and facts would be
discovered.

As described in the preceding paragraphs, somcof the
properties of non-conformal transformations have been studied and
several Riemann surfaces of such transformations have been con-
structed. There now remains one curious property of some such
transformations vhich will be explained in Part III.






PART III.

A PSEUDO-CONFORMAL PROPERTY OF SOME
NON-CONFORMAL TRANSFORMATIONS.

Suppose we start with a conformel transformation and
draw the two planes. If we now transform these two planes by
means of any fixed transformation, <then the iransfomation be-
tween the last two planes will be non-conformal but nevertheless
it can be proven that there is one peculiar concept which we have
called the alpha angle (written Angle or > ) which remains un-
changed. HWence with regard to this concept such a non-conform-

al transformation may be said to be pseudo-conformal.
v
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Consider four planes as shown above and let the trans-
formation, ’T: , between Planes II and III be conformal but let
the transformations between Planes I and III, T,_ , and between
Planes III and IV, T, , be non-conformal ,we will show that the
transformation between Planes I and IV, rT; » is nonconformal
but that the peculiar angle is unchanged.

| In Plane II, let the equations for f,' and £ be respec-

tively

Vs &+ b (L")
R YY)
2

!
Then the tangent of the angle between L and f/ is tan 2 a-2a' )
b+ aar

n /
If the equations of the lines oC and C in Plane I are respec-

‘%1 W)C'f*(/' ~~»~~~~h_..<£//
"(‘f/ cL’X.?‘&/‘I-_-,, i.;‘\“/J}

tively

"

N

Then we shall define the alpha angle (Angle) between L and é
) /
to be the same as the engle }ﬂ sotwwen 4wt L , s,

tan (Angle( L, & ) ) - '2""’+‘ 2a’
q ml

If now in Plane II, we replace the straight lines J[ '
r / / P
and A, by the curves C'and ¢ respectively where C and ¢’ bave

the equations

o= j(w) R Gl)

then
/)

/ 4 /
tan (angle (C,C)J . M_@i

| + 0/?@) P ()
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/ /
and the curves G and C become in Plane I the two curves C

and ¢ with the equations

aéﬁg,/(z)c) - e WG/
v f(2x) momm Le
Then the tangent, | , to C is ~
7_:10 ~ Z%é/\LK-)(X“Xo) Y
and the tangent, I, to i
Y = Yo = 20" ax) (x-xo) - - )

and from the definition of Angle,

, . /) /
tan Jé/\’P)t):tan[Anglo (T',,t)j= z (2x)- f (2x)
| + ﬁ'ux) W’(zx),
which is the same as the tangent of the angle between C'and c.
.". tan[Angle (T’ t)_]:tanElngle(C,'a’)J-- --ee s (1)

If, therefore, we define the Angle between two curves as the An-
gle between their tangents at their point of intersection, then

tan[Angle (C,¢ )] = tan[Angle (T £ ). - - - -- -~ - = (2)
and from (1) and (2)

tan[Angle (C,C)_]= tan Langle (cfc')_j
Therefore the original definition of the Angle can be replaced
by

o | ’
tan I8 (C,c) = tan x (Cle)
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The transformation, T‘ , between Plane II and III is

conformal, i. e.

dec = 9 pd o 9w
P c ot oA

If this transfomation.‘—r.‘ , between Plane II and III is 1= A2 (2, %)
, /
and 7[: = /t(w, w) , then the two cur ves e and ¢ in Plane

IT will become two curves | and ¥ in Plane III; for if
v = /(/u) -
'T'—;f(“»)‘-- R

then by means of A= & |, {(w)] T
.t=t[4~.ﬂw)]}

ﬂ-“-a[.w,f(w)] \ o d
- t{w,f(u)ﬁ d
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We shall now show that

6{%— - _—g‘} - QE * Qg—’l_{ iT/U]c,; = A, T R l/(""‘)
Ao )  de| Y Y
i Y’ E@Z{' i‘ﬁ“* f—i TL e T %cu)
Then _ éi_
tan X (TY') = M}r' Aoy’
R
™y

L= vt e f o]l anflu]) - [t rofl))[- entn L]
L’Q’w + R {/(fvﬂ [._/"4;0* ‘Q’v-%(“)] F [_/e“".f_/a‘”//(w)j L—'%‘ﬁ— - %/(MB

(aip+ 2% ) L fin) - ;ﬂ/u;)] L fl) — Pl fae X (C1e?)
(2t el flogl] 1t fle

< tan J—(T),)/):tan A (C;,"/,)'

By means of the transformation, TIJ , between Planes II1 and IV,
T]I ' a/l -
the two curves A and will become two curves | and Y respec-

/ 4
tively, and if the equations of I' and § are
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Jﬁaggﬁfﬁuj$r,
A= X[ /()] |
a - '2'[ W//(“)J}X/
- €] fw)
the corresponding curves will have the equations
) "11 AJL[‘““’Z’/(W)JL-‘
T= €] }L(M)J J
0= Jafw ypw)] }b/
™= w, f)]
We wish to show that tan P (T, %)= tan % (C,e)

We have already proved that

tan JS(C,c)=tan<t(C,’c')--_,;-_ . o

and that

tan y (Ce)tan X (T ') .

So now it is only necessary to prove that

*(T,¥)=ten X(T, ")

This proof follows.

P i - At]
Az 2%~
i) e ol
K d,ule 2 Aw -’-,
_.l_} = A = M,(,q, ) _Za:} /
A0 «!9} 1y X

(1)

(2)
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But, by defirnition,

Therefore from equations (1), (2) and (3) above

tan 35[1") b’}ta.n >[C,c]
which shows that transformation 'T,;_ is non-conformal but that the
Angle is unchanged.

It is now possible to:build up whole groups of trans-
formations at will exactly as the one just studied was construct-
ed, and to study the propertied of these in an exactly analogous
manner. In fact eny fixed non-conformal transformation defines
an assemblage of transformaticns which is in a one-to-one assign-
ment to the conformal transformation and the new transformations
will not be conformal if the fixed transformation is not so.

In particular, let the fixed transformation be a lin-
ear one. This will give an enormous extension of non-conformel
transformations from a conformal cne. Suppose fixed transfor-

mation is
/

= _a;)gi 11//'_,?»+O_/
ax + ~&7+c,

realx H bl
ay + o+
This transformation will change a line into a line but the an-

gles will not be preserved. Many consequences which come about
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through such a transformation can be easily seen, In this case,
the concept, alpha angle or Angle, has been studied already. This
concept is really very important as it is fundamental in the study
of non-cuclidean geometry and study of it really means a study
of pseudo-conformal transformations in non-suclidean sp;ce.

The ordinary theorems of complex variables can be im-
medietely translated into theorems in this study without excep-
tion and every equation or formula of complex variables becomes

a formula here.

For example a pair of equations analogous to the Cauchy-

Riemann equations

X 9y
do _ _ %
e)vJ, 3)6

can be found as follows. Suppose the fixed transformation is the

linear one given above i.e.

w=wh+ by el
o + by +
2/_ - Q"% + (’_p ‘3/+°‘:
an + 6‘3,"’('—
Then the non-conformal transformation will have the following

form

\ & e b '{r-'/t +c!

We shall consider the special case where ([, = 5-:.0 and C =~ |

Th /
- w=axtblygte o . o)

o0 A el (2)






and r.)z a'a + é-'/'é +C'__._~____,~---(3)

g = a% + 4L 4 _____._(4)
/
where 4 - / and 7 - ( ]
7 0oy) = Yix, %)
and from these we want to get a pair of equations between ?(f_
3p , %% and 2 which will be analogous to the Cauchy-

Riemann equations.
From (3) and (4)

5«3 3"3 d
From (1) and (2)
X _ w-(l"l"‘_ﬂ/’”("’-{- 6{’0"
’,-é- u_ " ' ’
,)?; a‘w —a v —a'e' o Lo
Then ) Y
a'b"
2P _dp dx 4 aq g_:t] 4" +[,fi& +g'.)t] ‘
é% é* dw a"-"—a,"@' é? j% a"#,—d’e“

)

-““"é:'*‘ gg_a‘:] ald —+[ °“'+4'°E —4

dp. _op & é d

iy wﬁmﬁsg“ ST e e

3

%% .34 3% 4 3a ) [ g Lot _4” 94 ' at

O w w ;3;0‘&? ‘ )/; bo]a.{— * +45, «& YTy

9% . 39 3y, d¢ 3 | ¢! - ' ~a!
—a A = 3 '19a ét] &

d - f?: o 3%: M- a:'+g J%) 44" '+Z 3‘3"“4 "B 4"
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But on account of the Cauchy-Riemann equations these equations

become
; 0 _ i@,_ N \-__a/r&n_ﬂ %// é&
p o+i_og'f+é'l}§&
0w a b —a' b 349,
é ~ 0 + l“WﬂL o /“ﬂ L:i S)_fQ:
XW a'b" —a" (7" &‘a'

L
3_%,,_ > 9 4 __f“'“”f{/r-gt—J du
e))c, (l'/gf'l-—— w".,(;-" é’b’k -

Eliminating o and da between these four equations, we have

o 7.
d _ d [w a‘ + "}
Q/Zi —f S ar+ 4 -

For this particular case of & non-conformel transform=-
ation, the two equations just found are analogous to the gener-

alized form of the Cauchy-Riemann equations given on page 3.

more f= 1, (3= 2] J‘M} C=0 sfau[, éJ

+ 4T & 8

Now just as before if | )3‘(5)1-)—’}/)@(0 when the Jacobien

is set equal to zero singular points will be found, then since

in this particular case ( )5’-(;) + 4 “,9 é‘zw, :/4,(;!,(,,'] l,iw ’;.l.. \
) .’L+ 2

‘ 7 y 2
— 4 (4’% - a,’,%') and this quantity is always less

than zero, in any transformation fulfilling the conditions of
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this particular case, singular points and not singular lines would
be found.

Thus the generalization previously indicated leads to
very interesting problems which were perhaps not evident at that
time. In a similar manner, every theorem and formula of complex
variables could be translated into a theorem or formula for non-
conformal transformations and such a study would doubtless re-

veal many interesting properties of these transformations.
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