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Preface

This investigation was begun because the writer feels
that the results of teaching mathematics in the high school are
not commensurate with the time devoted to it and that there is a
lack of appreciation of mathematics shown by the pupils. The pro-
blem thus raised, How to Improve the Teaching of Elementary Mathe=
matics, was attacked from the standpoint of motive. From this
humble beginning the scope of the investigation grew to its present
dimensions.

The investigation is confined, for the most part, to the
teaching of mathematice in the first year of the high sehool altho
poriions of the subject matter have been drawn from the work which
is traditionally given at a later period. Some geometry and even
trigonometry is included in the course but no attempt has beéh
made to correlate the subjects of elementary mathematics.

The following course is not presented as a final solution
of the problem, but it is rather an attempt to base a course upon
pedagogical principles which are widely accepted. The success of
this or any proposed course depends largely upon the teacher, and
any one attempting to follow the plan should first be sure that
they understand and are in sympathy with it.

I am especially indebted to Dr. L. D. Ames, Assistant
Proflessor of Mathematics, for many suggestions and valuable crite
icism; to Dr. E. R. Hedrick, Professor of Mathematics, for his
assistance in developing the mathematical point of view herein
presented; and to Dr. W. W. Charters, Professor of the Theory of
Teaching, under whose direction this work was originally begun,
for his constant eﬁcouragment and guidance as well as for valuable

suggestions and criticism.
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faction with the results
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Chapter 1
Introduction

To one engaged in the teaching profession, or even to .
‘ahlaymen who has come into contact with the educational system
of the present time, it is scarcely necessary to present evie
dences of dissatisfaction regarding the results of the in-
struction in our schools. In fact, this element of dissatis-
faction is characteristic of the present educational situation.
It shows itself in many forms, many, if not all, recent in-
novations being traced to this source.

Although this dissatisfaction extends to all subjects
of the curriculum, and perhaps is Justified in all of them, it |
is nowhere more acute than in mathematics. Centered as it
now is largely around arithmetic and secondary mathematics it
is beginning to extend to the college work.

It is proposed in this paper to investigate the cause
or caugses of this dissatisfaction with respect to elementary
mathematicse® and to offer a solution of the difficulty based
upon certain well accepted educational principles.

As was stated in the opening paragraph, it probably is
not necessary to present argument to convince one who is in
touch with our schools that a dissatisfaction exists in regard
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* The term "elementary mathematics" when used in this
digscussion refers to the mathematics taught in the secondary
school; more specifically, to the work of the first years of
that school. The course we finally formulate may not be cone
sldered elementary in the usual sense, but we shall call it
elementary mathematice because it is to be taught to pupils in
the first year of the secondary school in the place of the
traditional first year of algebra usually given. Unless
stated explicitly to the contrary, the term "elementary mathe-
matics" wgll always carry with it this meaning.



to the results of present instruction in elementary mathematies.
But fon the pﬁrpose of locating the causes and sources of this:
dissatisfaction and thus defining our problem, it may be well to
examine the evidences. |

A consideration of the available data may not give us
an abgolute result since it is, in general, based upon opinion,
either directly or indirectly. But these opinions are from men
who are looking at the matter from somewhat different angles and,
if found to agree fairly closely, they should be sufficiently
near the truth to be accepted for, et least, a tentative work-
ing basis.

Section I: General evidences.

A general unrest and agitation is shown by the already
great and constantly increasing variety of text books each of
which is intended to correct evils of our teaching, by the
organizations of secondary teachers for the study and improve-
ment of the teaching of mathematics, by the "real applied pro-
blem" movement, etc.

In this country new text books were never more numernus.
It is scarcely a decade since the graph, (one of the first
radical innovations), the omission of the Euclidean process for
finding the highest common divisor, etc. made their appearance
in our texts. Since then texts representing radical departures
from both the traditional subject matter and the traditional
order of arrangement have bemn peesented. More radical than the
texts are the experiments which are being carried on in some of
our secondary schools. Of these that should be especially
~mentioned are : (1) An experiment at Lincoln, Nebraska, carried

on by Miss Edith Long during the past ten years in which she has



iorked out a first year's work in elementary science which forms the
basis for the three following years of correlated mathematics;

(2) the courses in first and gecond yesr mathematics which have
been worked out by the School of Education of the University of
Chicago, which is an attempt to formulate a correlated course in
mathematics which shall not separate algebra, geometry, etc.

The course of the second year has appeared within the last few
monthe.*

In many of the states we find orgahizationSof the teach-
ers of mathematics in the secondary schools.# In connection
with these assoclations there are committees working on various
phases of the instruction in mathematics, such as, "Real Applied

#%
Problems", "Fundamentals", etc.

Section 2: Attitude of Mathematicians.

Mathematicians, who have given the matter of secondary
instruction serious thought, insist upon the unsatisfactory cone
dition of our instruction. The editor of "fhe Teaching of
Elementary Mathematics™ begins the preface with the statement
that "Perhaps no single subject of elementary instruction has sufe
fered so much from lack of scholarship on the part of those who
teach it as mathematics. ##x%% The true significance and the

symbolism of the processes employed are concealed from the pupil

##

and teacher alike."

In his presidential address before the American Mathemge
» For the latest report of this work see School Science
and M#thematics, Jan. 1911, p. 64.
For a list of many of these associations see School
Science and Mathematics, February, 1911, p.1l86, which is the official
publication of practically all such organizations in this section
of the country.
#%  For reports of these Commbttees see School Science and
Mathematics. Since Spring 1909.

Smith: Teaching of Elementary Mathematics, preface IX,
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tical Society,* Professor E.H. Moore says, "Engineers tell us
that'in schools algebfa is taught in 6ne water tightqcompértment,
geometry in another and physics in another, and that the student
learns to appreciate (if ever) only very late the absolutely close
connection between these subjects, and then, if he credits the
fraternity of teachers with knowing the closeness of this relation,
he blames them most heartily for their unaccountably stupid way

of teaching him."

In a recent report we find the statement that, "The
present perliod is one of protest against methods and matter; a
period of dissatisfaction and retesting the curriculum."#

In the introduction to his book, Der Mathematische
Unterricht an der hBheren Schulen, Felix Klein of Germany laments
the condition existing in the teaching of mathematics in German
secondary schools and sums up the present evils in the expression,
"A system of a double forgettery, (System des doppelten Vergessene)"
By this he means that what the student is taught in the secondary
school is of 1little or no value to him in the University, and also
the University student who has been trained in pure mathematics
finds, when he goes out to teach in the secondary schobls, that he
can make little use of his knowledge of higher mathematics;
neither the secondary schools nor the University efficiently pre-
pare for the other.

Professor Forsyth, of England, states his position by
saying that "As regards algebra, many of the text-books used to be
certainly very repellent.f** The great movement in England, known
""" » Bulletin of the A. M. S. 1903, Vol. 9, p. 415.

# Report of the Committee on Fundamentals of the Central
Association of Science and Mathematics; School Science and Mathe-

matics, December 1910, p. 805.
## Britigh Association Meeting, Glasgow, 1901, p. 37.
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as the "Perry Movement" ig an agitation for the bettering of in-
struction in elementary mathematics.

Statements corroborating the above evidence could be
multiplied almost indefinitely by quotation from almost any one
who has spoken upon the subject.

Section 3: Poor preparation of freshmen
in the University.

Another source of evidence of the inefficiency of the ine
struction in elementary mathematics is the quality of the product,
1. e. the abilities of the graduastes of the secondary schools. In
the University of Missouri, during the present year 1910-1911, 20%
of the freshmen taking the first year work in mathematice (algebra
and trigonometry) were forced to drop the course because of insuffi-
cient preparation.* At the University of Wisconsin a study# was
made recently of the effective preparation of freshmen entering
from accredited schools. It was shown that good work in mathematic:
in the secondary school was less indicative of good work in mathemas

tics in the University than in the case of history or english.

Section 4: Problem Stated.
The evidences ﬁhich we have Just presented, coming as it
does from various sources and various view points, agrees to a sure
prising degree. While a careful study of the abilities of the pupil

during their secondary school course and at the completion of that
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* The per cent given does not include those who continued the
work and failed at the end of the semester. Those who were asked to
drop the course made a grade of less than 30% (upon a scale of 100)
upon a test given during the third week of the semester. The test
covered only the topics of elementary algebra which had been re=-
viewq# by the classes.

W.F.Dearborn, The relative Standing of Pupils in the High
School and in the University, Bulletin of the University of Wig-
consin, High School Series, No. 6, 1909.
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course, would be exceedingly valuable here, the data at hand suf-
fices to define our prdblem on general lines.,

One point upon which the authorities mentioned agree and
which 1s emphasized to a greater extent in the complete articles
from which the quotations were made, is that we err in_what we
teach. A second point upon which there is an equal unaminous

agreement 1s that we use faulty methods of teaching.

Thus our problem divides naturally into two phases; (1)
sub Ject matter, (2) method. At first thoursht it may appear that
the first is exclusively the problem of the mathematician and the
second a problem for the educator. That the present conditions
exist and that we have been somewhat slow in reachihg a solution of
the problem may be because of this very ppinion. A4Although certaine
ly the mathemativian must be consulted and must, to a great extent,
finally pass upon the subject matter, it is equally certain that it
is folly to attempt to teach things to the child at an age when he
is not prepared for them. The determination of these factors is
within the field of psychology and sociology, things which the
mathematician as such is not able to do. On the other hand, it is
equally as dangerous for the educational thinker to determine upon
a method of teaching without having it passed upon by a person who
has a comprehensive knowledge of mathematics.

In the remainder of this paper we shall attempt, from the
standpoint of both the educator and the mathematician, to solve
the first phase of the problem and shall introduce as much of the
second as is necessary to make the first clear. Our problem, in
brief, is to work out the organization of a course in elementary
mathematics® for pupils in the first year of the hirh school.

D D G e D - D P S P WS A P A G WD WS D B D D WD S wd WD B WD 4S G D WD M T = > W P WP P WS WS P D - WD WD D S D SR T D R em D - W - - -

See footnote on page 6.
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Chapter II

In which we state the
aim of education and
define mathematics in
order to have a basls
for the selection of

sub ject matter.



Chapter II1

Basis for Selection of Subject Matter.

There are three factors to be considered in the selection
of subject matter in mathematics suitable for the child in the first
year of the high school.

First, we must cohsider the aim of education in order
that ﬁe may have spread before us the who1::§% sub ject matter which
the child should be taught in order to realize that aim. Second,
from this whole array the mathematlician should select that sub ject
matter which lies within his field. Finally, the instincts and
acquired tendencies resident and potential in the child of fifteen
mupt be considered in order that we mav select from the realm of
mathematics the subject matter which may be taught during the first
year of the high school.

Section 1: Aim of education.

Because of the scope of this investigation, a thorough
going consideration of the aim of education will not be attempted.
We shall accept as our aim of education this statement, "Education
is to make youth willing and able to realize the ideal purposes” . *

In order that this aim may be of use to us in the choice
of subject"matter, it will be necessary to analyse the concept
"realizing ideal values". Professor Mﬂnsterberg, whose aim of
education we have quoted, goes into this analysis in a quite thoro

D - s W - - D W T e S - - - e W W D S G " D - D G R S G W TP W G W D W T n W e = " S = an .- e -

#  Munsterberg; Psychology and the Teacher, p. 70.
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going manner and we shall epitomize what he says. "Take the
material of our‘experience in its crude state without the meanings
which we read into it because of our education." In our exper=
ience "There are an infinite number of impulses, impressions, and
suggestions, of demands and ideas and things." It is chaos, or
to quote a well known expression, "a blooming, buzzing confusion."
This is the world in which we live. In this chaotic and discon=
nected succession of experiences, it is unreal, meaningless. To
make thls world real, to give it meaning, is the human ideal or
‘end of life.

How is this world to be made real? How are we to give
meaning to this chaotic experience? It is by noting that certain
bits of experience repeat themselves, that they occur in certain
connections, that they in turn give rise to other bits of exper=
ience. Thus all need not be chaos; single experiences may be
connected and related to each other. To determine and understand
these connections, these relations existing between the factors
of our experience is and ever will be the human ideal. For, to
use a mathematical expression, our experiences do not form a con=
vergent series. In the words of Mﬁnaterberg, "If we go to the
deeper meaning of human knowledge, it shows itself everywhere as
the endlessly complex effort of mankind to understand the chaos
of experience in such s way that single experiences may assert
themselves."

This is not done because of the chance desires of in-
dividuals or races; it 1is not because mankind or individuals will

derive pleasure from it; 1t is not because their wealth will be
increased; it is not because their lelsure or span of years will

be augmented; it is rather because such is the inborn natuse of



15

of the human being. Why have we inherited from the past master=
pieces of literature and art? Why have these come down to us
inviolate? Why are they treaéured by us today? Why have men
drawn and continue to draw inspiration from that which was written
two thousand years ago? Is it not because these are records of
succesgsful attempts to understand the chaos of experience? It is
because the writers were able to grasp clearly the factors of ex=
perience, to disregard that which was superfluous, to give meaning
to the relations of man to man, of the individual to society, of
the state to the individual. We today recognize these same re-
lations as valuable because they help to make our world real.

To summarize, to make our world real, to realize the
ideal values of 1life, we must learn to appreciale and control

those relations which exist between the bits of our experience.

Section 2: The field of mathematics.

Our aim of education having been stated, it is necessary
to define the part that mathematics plays in helping to realize it.

When we consider this question we find that there is a
great diversity of opinion regarding the aim or field of mathematics.
We find sponsors for a great variety of aims ranging from the
scientific enthusiast who claims the aesthetic pleasure derived
from the highly developed processes bf mathematics is paramount,
to the other extreme of the educational theorist who advocates
that mathematics be taught "incidentally". Another equally une
Jjustifiable position is to urge as the reasons for teaching mathe=
matics or the basis for the selection of topics the manifold ine
direct values which are supposed to result therefrom. I refer

to such values as "good judgment", "constructive imagination",
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"rational memory", "logical and accurate reasoning power", etc.*®
Thatthese values constitute a sufficient argument for the study
of mathematics or fbr the selection of topics is doubtful, es=
peclally when we recognize that many if not all of these same
values are claimed by other subjects of the curriculum. Further=-
more, in the light of recent investigation it seems doubtful if
such general powers as these can result from the study of any
particular subject. That these values may, to some extent, result
from a study of mathematics is not disputed; 1indeed, if mathematies
is properly taught it is our opinion that many of these powers will
be developed in the pupil in the realm of mathematics, but they do
not constitute a real, direct motive for the study of mathematics.
The consensus of opinion among the leading mathematicians
seems to be tending toward the point of view that mathematics is to
aid one to understand the experiences of 1life. That sort of exe
perience does mathematics help one to uhderstand? What are the
relations of exparience which we call mathematics? Take very
simple cases which certainly fall within the realm of mathematics;
volume and pressure of a gas, distance and velocity, the weight of
a body and its distance from the center of the earth, the time of
day and the temperature, the cost of any commodity and the amount
purchased, and so on. What is the relation with which we are cone
cerned in wach of these cases from the standpoint of the mathemati=
cian? What is it in the case of the volume and pressure of a gas?
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* W. H. Metzler; The Educational Value of Mathematics,
Report of Association of Teachers of Mathematics in the Middle
States and Maryland, July 1905, p. 39. Mr. Metzler, in this
article, enumerates some fourteen values which he recognizes as
resulting from a study of mathematics. He arrives at this con-
clusion by taking as his thesis "every individual possesses
certain qualities, abilities and powers of mind and heart" and by
showing what of these"qualities, ablilitles and powers of mind

and heart" mathematics develops. )
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What is it, in the words of Professor llinsterberg, that "asserts

itself?" Is it not the guantitative relation that the volume

variegs inversely as the pressure? What is the relation be-
tween distance and velocity in the case of uniform motion that

"asserts itself?" Ig it not the gquantitative relation that the

distance is the product of the time and velocity, or the distance
varies directly as the velocity? and so on, we might show

in each fase the factor that"asserts itself" that "persists"

is some form of a quantitative relation betwseen varying quantities.

The study of these gquantitdbkve relastions between

varying quantities or factors and the means of controling these

relations we call mathematics.”

This definition is essentially the well known mathematical
"function" notion. When we speak of one variable quantity as
being a function of another variable quantity, we mean that they
are so0 related that when one is known, the other can be determined.

This is exactly the case in the illustrations given above.
In the case of a gas, when we know the exact relation between the
volume and pressure, we can determine the volume for any given
pressure. For instance, if the relation is pv = 100, the volume
is 10 when the pressure is 10; the volume is 25 when the pressure
is 4; and so on.

Besides these specific illustrations, wé find a common
example of the "function" notion in the general "cause and effect"
relation. This relation we employ in the ordinary conversation amd
by it we mean that given certain known causes, certain effects
necessarily follow. The farmer knows that neglect of his crops
necessitate a failure, that his stock demand a certain amount of
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* It is not intended to include higher mathematics in this

definition. Algo there 1s no attempt to brimg under this defini-
tion demonstrative geometry.
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food, etc. |

| Lest we may be accused of having stated an entirely
‘new view of mathematics and one which is radical, we may investigate
the aims of mathematics as stated bv'some mathematicians who have
given the matﬁer serious thougth |

‘This statement of the aim is supported by Professor E. H.
Moore, in the addrqse)to which reference has been made. It
also received the support of the Committee on Fundamentals in its
report to the Central Sssociation of Science aﬁd Mathematics.*

Professor D. E. Smith says, "The teacher who falls to
emphasize the idea of algebraic function fails to reach the pith
of the science."¥

In another place he quotes Comte** as saying "Algebra
is the science of funotions," and andorses it by saying, "Taking
Comte's definition as a point of departure, it is evident that
one of the first steps in the scientific teaching of algebra is
the fixing of the idea of function".™

So well does Professor Smith explain his poéition re=
garding the "function" that we quote at some length.

"Happily this 1s not only pedagogically one of the first
steps, but practically it is a very easy one because of the
abundance of fgmiliar illustrations. 'Two general circuﬁstances
strike the mind; one, that all that we see 1is subjJected to con=
tinual transformation, and the other that these changes are mutuale-
ly interdependent.' Among the best elementary illustrations are
those involving time; a stone falls, and the distance varies
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School Science and Mathematics, December, 1910, p. 807-8

»

# D. E. Smith; Teaching of Elementary Mathematics, p. 168."°
## The Philosophy of Mathematics, translated from Cours de
s

Philosophy positive, by W. M. Gillespie, New York, p. 55,
D. E. Smith, loc. cit. p. 183.
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as the time, and vice versa; we call the distance a function of
the time, and the time a function of the distance. We take a
railway Journey; the distance agaln varies éa the time, and again
time and distance are functions of each other. Similarly, the
interest on a note is a function of the time, and also of the rate
and the principal.

" "This notion of function is not necessarily foreign to
the common way of presenting algebra, except that here the idea 1is
emphasized and the name 1s made prominent. Teachers always give
to beginners problems of this nature: Evaluate x® ¥ 2z # 1 for
x =2, 3, etc., which is nothihg else than finding the value of a
function for various values of the variable. Similarly, to find
the value of a2 o 3a% o 3ab2 £ b° for a = 1, b = 2, is merely to
evaluate a certain function of a and b, or, as the mathematician
would say, f(a,b), for special values of the variables. It is
thus seen that the emphasizing of the nature of the function and
the introduction of the name and symbol are not at all difficult
for beginners, and they constitute a natural point of departure.
The introduction of algebra should therefore include the giving.
of values to the quantities which enter into a function, and thus
the evaluation of the function itself."

"Having now defined algebra as the study of certain
functions, which includes as a large portion the solution of
equations, the question arises as to its value in the curriculum."®

Professor J. W. A. Young states his position in these
words. "The most salient feature of natural phenomena is change,

variation; the most important single branch of mothematics ----

the Calculus ~-- is a study of variation, and may be called, in an
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D. E. Smith; Teaching of Elementary Mathematics, p.l164-5,
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important sense, the mathematics of nature. Geometry is an oute
growth of field measurements, as its name 1mplies,’and in fﬂact
there is little of secondary mathematics, at least, that might
not have come into existence as direct or indirect consequence

of mathematical formulation of the quantitative relations which
exist in nature."*

"To these may be added", says Professor Young, "the
following from the important report of the commission appointed
in 1904 by the soclety of German Natural Scientists and Physi=
cians to investigate questions relative to instruction in mathe=
matics and the natural scisences.

"' With full recognition of the formal culture value of
mathematics, one-sided and practically meaningless special topics
may be omitted, but on the other hand the power of viewing mathe=
matically the world of phenomena surrounding us should be developed
as highly as possible. From this there arises two special pro=-
blems: the strengthening of the power of space intuition and the
training to # habit of functional thinking. The task of logical

training, from time immemorial alloted to mathematics, is not
hampered thereby, but we can say that this task only gains
through the more pronounced fostering of the aspects mentioned,
for thereby mathematics is brought into closem relation with the

other domains of interest of the pupil, in which he is to set

his logical powers to work, tn*®

Professor Felix Klein in Garmany is emphatic in his sup=~
* Young, J.W.A. The Teaching of Mathematics, p. 15.
# The italics are mine.
#* Quoted by Young, loc. cit. p. 48. For an extended teeat-
ment of the value of mathematics, see chapter II of Young.
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port of the habit of functional thinking as the aim of Mathematics:

In one of the most recent German texts#ihich he enthusiastically

endorses, the equation is introduced as the equality of two func;
tions and the first work is the evaluation of functions for
special values of the variable. |

In a recent article Professor Hedrick says, "The chief
direct value of algebra, in fact the real sub ject-matter of
algebra, aside from the rather insignificant chapter of shorthand
which I have mentioned, consists in the study of variable quan-
‘tities, the relations between such variable quantities and the
acquigition of the ability to control and to interpret such re=
lationg"===v=n== "With this ﬁqtive, then, firmly established,
algebra receives for the first time a thoroughly firm foundation
in modern pedagogy; for we have seen that neither the short-
hand of symbolism, nor the search for problems affords a satise
factory basis. Moreover, algebra itself emerges strengthened
and besutified, no longer needing any apologist, but manifesting
itself as a true need of the modern world, which is, both in its
manifold scientific enterprises and in its every day affairs,
vitally interested in controlling and interpreting the relations
between varying quantities, and in assuring itself that even its
humblest citizens have some appreclation of the possibilities of
such relations. As a means for selection of topics, this modern
view of algebra is therefore absolutely satisfactory."**

Although as we have Just shown, this goal or aim, i.e.
the habit of functional thinking, has been advocated by the
authorities cited and by others, this point of view has not been
fully appreciated by most mathematicians and has not been generally
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* Klein; Der Mathematische Unterricht an der hBheren Schulen.
M@ller,®. Die mathematik suf den Gymnasium und Realschulen,

Ergter Teil . 120 et sequa.
##*  Hedrick, E.ﬁ.pSchool Science and Methematics, Jan. 1911.pp.54-
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accepted by teachers; neither has it been worked into our texts,
~embodied in treatises on the teaching of mathematics, nor become

influential in our teaching of the subject;
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Chapter III

In which we discuss the
interests. and acquired
tendencies of the child,

his method of thinking,

his attitude toward scienti-
fic processes, and his
stahdard of excellence.

(The third factor in de=-
termining the course of

study. )



Chapter III

Psychology of the Child.
Section 1: Hig instincts and acquired tendencies.

Having indicated on rather broad lines the sort of sub-
ject~-matter that mathematics provides for the realization of the
aim of education, we may now consider what portions of this subject
matter can best be acquired by pupils in the first year of the
high school, i.e. by pupils during their fifteenth year. This
questlon can be answered only by considering the nature of the
vchild. Unfortunately, there is a scarcity of accurate information
about the child of fifteen. But in the training of children in
general, the following classes of activities are chief importance:
"imitation, play, construction, curiosity,or investigation, sociabil-
ity, collecting, ownership, expression, love, sympathy, manipulation,
amblition, emulation, rivelry, love of approbation, pride, independe
ence, defiance, courage,'aesthetic»and ethical appreciations (as
approval and disapproval), tendencies to avoid inactivity and pain
(whether mental or physical), pugnacity and fear."™

In addition to this general information, we know that the
child of fifteéﬁ has just entered upon hls adolescent years, and
that during this period of his 1life certain activities become very
prominent, more so than either before or after.

His curiosity 1s never stronger. There is nothing in

the child's physical or phenomenal environment to which he does
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not respond and respond enthusiastically. He wants to understand
it; hé wants ﬂo know ﬁhe why} 'his_whole attitude towards‘nature
suffers a radical change. He begins to appreciate the extent of
time and space; he is coming to realize the significance of cause
and_effect.

Pregident Hall says: "The normal boy in the teens is '
essentially in the popular science age. He wants and needs great
wholes, facts in profusion, but few formulae. He would go far to
see scores and hundreds of demonstrative experiments made in
physics, and would like to repeat them in his own imperfect and
perhaps even clumsy way without being bothered by equations. He
ig often a walking interrogation point about ether, atoms, X-ray,
nature of electricity, motors of mahy kinds, with a native gravity
of his mind towards those frontier questions where even the great
masters know as little as he. He is the questioning age, wswsxxs®,

"Last, and perhaps most important of gll for our purpose
today, the high school boy is in the stage of beginning to be a
utilitarian. The age of pure sclence has not come for him, but
applications, though not logically first, precede in order of
growth and interest the knowledge of the laws, forms, and ab-

stractions." *

Section 2¢ His method of thinking and his learning process.
Not only should we consider the sorts of things the high
school freshmen normally wishes to do but also his method of
| thinking and his learning proeess.
According to Profeasor Dewey intellectual thinking is
divided into "Five logically distinct steps". (1) A felt dif-
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ficulty; (2) its location and definition; (3) suggestion of
possible solutioﬁ; (4) development by reasoning oETgearings of
the euggestion, (tentative selection); (5) further observation
and experiment leading to its acceptance or rejection.*

(1) "A felt difficulty" means a break in .our accustomed
activity, & situation in which our usual way of acting does not
give satisfaction; a puzzling situation. This &s called a
"problem".#

Consider the case of a boy solving a quadratid equation,
who has not studied square root. As long as he deals with equa=
tions whose roots are rational he has no need for square root, proe
vided of course that he is dealing with fairly small numbers. But
aeAsdon as he attempts an equation whose roots are irrational, he
finds his accustomed action blocked; he feels a difficulty; he
does not completely understend the sitmagion; he has a "problem".

| For any pupil the "problems" lie in the path of that
pupil's accustomed activity or tendencies to action, that is in the
path of his instincts and acquired tendencies. The interruption
of these activities furnishes the "felt difficulty". The feeling
of value attached to the "problem" thus raised varies directly as
the value of the activity interrupted.

What is & "problem" for one may not be a "problem" for
another; what is a "problem" for an adult teacher does not
‘neceesarily constitute a "problem" for the student. For their
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* Dpewey;  How We Think, p. 72 et sequa. Compare McMurry's
five formal steps; McMurry, Method of the Recitation.

# "Problen"” is used here in a technical sense to indicate
a psychological problem and not a problem in mathematics. Here=-
after in this paper when a psychological problem is meant the
quotation makks will be used except in the case of quotations from
authorities.



tendencies and interests are not the same and the bresk or dif=
ficulty in their action may not occur at the same place. This
suggests that "problems" cannot be given to the students ready
made nor to students collectively any more than knowledge can be
poured into them.

"It is, indeed, a stupid error to suppose that arbitrary
tagks must be imposed from without in order to; furnish the factor
of perplexity and difficulty which is the necessary cue to thought.
Every vital activity of any depth and range inevitably meets ob=
stacles in the course of its efforts to realize itself ---- & fact
that renders the search for artificial or external problems quite
superfluous. The difficulties that present themselves within
the development of an experience are, however, tc be cherished by
the educator, not minimized, for they are the natural stimuli to
reflective inquiry."*

"A problem is a mental thing, a psychical thing; it
involves a certain mental attitude and process on the part of the
one to whom it presents itself. Nothing is made really a problem
by being labeled such, ==-=- or eveﬁ because it is "hard" and
repulsive. To appreclate & problem as such, the child must feel
it as his own difficulty, which has arisen within and out of hie
own experience, as an obstacle which he has to overcome, in order
to secure his own end, the integrity and fullness of his own exe
perience. But this means that problems shall arise in and grow
out of the child's own impulses, ideas, habits, out of his attempts
to express and fulfill them --~ cut of his efforts to realize his
interests, in a word."#**
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In ocase the student has no "problem", thought is prac=-
tically impossible. There 1is no steadying or guiding factor in
the process of reflection. Suggestions flow at random; the
mind wanders; mothing is aimed at; a conclusion is never reached.
But on the other hand, if there is a "problem" the student is
aiming at something. Not only does the "problem" direct infer=
ences but also, to some extent, the very suggestions themselves.

The effect of no "problem" is illustrated in laboratory
work in which the student is simply asked to make observations.

Because it is laboratory work and material apparatus is used the

work is supposed to be concrete and real to the student. But
unless the observations and instruments are tools for solving a
"problem", the whole process is abstract. Readings and observations
are made at random; they have no meaning; a conclusion is not
formed and the student has acquired no new knowledge, at least of
the sort we wighed him to acquire.*

(2) We have refered to a "problem" as a felt difficulty
in the ehilds activities. This implies the location of the difw
ficulty between certain limits and its definition. This is the
second step.

The location of the "problem" is very important. Withe
out the exact location of the difficulty, any attempts at a solu-
tion must be random and uncontrolled. For instance, in attacking
a problem in interest, 1f the pupil begins multiplying}and dividing
before he has decided what quantities are given and what quantity
is to be determined, his obtaining the correct result 1s a mere
matter of chance. There is nbthing to guide his efforts until he
decides whether he is to find the rate, interest, principal, or time,
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i.e. until he defines his "problem".

A large part of the pupil's technique consists of his
ability to define accurately his "problem". The importance of
the definite location of the problem suggests that one of the
characteristics of good thinking is the suspension of judgment and
not the jumping at a conclusion before the "problem" is well defined

(3) This brings us to the third step, suggestion of possible
golutions. The situation in which the difficulty occurs will call
up certain meanings and past experiennpes. The number of things
called up, of course, depends largely upon the individual. The
ability to call up a large number is a mark of good thinking.
Suspeﬁded judgment is also an essential factor in this phase of
the process of thinking. But mere observation or the calling up
of past experiences is valueless in itself. To be of value, they
must be in connection with a "problem", i.e. they must be for a
purpose.

To illustrate, if a pupil is solving a problem dealing
with levers, calling up what he knows about falling bodies, interest
problems, etc. willbe of no value to him. Only facts connected
with levers are valuable.

(4) The next step is to make a tentative selection from the
suggestions which have been called up. We usually refer to this
as reasoning. In it all obviously impossitle and irrelevant sug-
gestions are rejected.

(5) The fifth step is the verification or experimental core
roboration of the tentatively accepted solution. If this solution
efficiently controls the situation; 1if the methdd solves the
"problem" it is accepted as correct. Im mathemsatics this means
substituting the result in the problem and if it satisfied the con=
ditions of the problem the result is correct. In addition to this
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the verification often includes the consideration of the implication
of the result. y

Besides the five steps which we have considered there 1is
a sixth, 1.e. the application or use of the result. To simply ar=
rive at a correct result is to leave a task half finished.

The importance of the application cannot be over estima=
ted . Without this the result will probably have no meaning for.
the individual, that is to say it is valueless for him, and he will
probably not be able to make use of it in a future situation. Bor
example, the statement of the P§thagorean theorem and even its
logical proof may be familiar to a pupil before he has necessarily
grasped its meaning.

In this connection Professor Dewey says,® "A true conm=
ception is a moving idea, and it seeks outlet, or application to
the interpretation of particulars and the guidance of action, as
naturally as water runs down hill. sessssse Application is as
much an intrinsic part of genuine reflective inquiry as is alert
observation or reasoning itself. Truly general principles tend
to apply themselves. The teacher needs, indeed, to supply cone
ditions favorable to use and exercise; but something is wrong
when artificial tasks have arbitrarily to be invented in order to
securs application for principles.”

Moreover, it is only through application and use that we
acquire meanings. Take, for example, the case of some simple mean
ing. When we hear the word chair spoken or see a chair, a meaning.
is at once present in our minds. This meaning may not be the
same to all persons or to the same person under different circum=
stances. To & person who is tired, a chair means a place to rest.

Under other conditions or to another person, & chalr may signify an
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article of furniture which will assist in beautifying a room. A
chair may mean something to stand on in order to hang a picture;

to a child it may mean something with which to form a train of cars.
This suggests, first that the meaning is not dependent upon the
mere obJect, ibs material, construction or physical quélities;
second, that the meaning is connected with or grows out of the use
we may make of the object.® |

Professor Dewey says, "The acquisition of definiteness
and of coherency (or constancy) of meanings is derived primarily
from practical activities. By rolling an object, the child makes
its roundness appreciable; by bouncing it, he singles out its
elasticity; by {Mfowing it, he mekes weight ite conspicuous
distinctive factor. Not through the senses, but by means of the
reaction, the resvonsive adjustment, is the impression made dige
tinctive, and given a character marked off from other qualities
that call out unlike reactiona. wuszs#xwx Variations in form, size,
color, and arrangement of parts have much less to do, and the uses,
purposes and functions of things and of their parts much more to do,
with distinctness of character and meaning than we should be likely
to think,"#

The same notion may be illustrated by the futility of
teaching a child to skate away from ice; of teaching a child to
swim without going into water. It is only by participation in
the real activit& that the child learns how ; 1learns the meaning
of gkating , of swimming.

Section 3: His attitude toward scientific processes.

In the preceding pages we have placed much emphasis upon
activity, the doing of things, the acquiring of meanings through
use. However, as we have already pointed out, this activity
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must be in connection with a "problem"; it must be the means of
controling and end which appeals to the child as valuable.

It is a common observation that when the child is inter=
ested in a thing, he applies himself diligently, he turns aside
because of no difficulty. Saying that he 1s interested, is say=
ing that he has an end in view; The tools he uses, the processes
- he employs, his activity are a means to that end. Agide from
the use he can make of them, he has little appreciation of
scientific processes.

In mathematics the processes, operations, amd symbols
are, from the point of view of the child, means to an end. He
exerts himself that he may control that end and not because he
appreciates mathematics as a ecience. For him the equation is
a means for controling a problem; clearing of fractions 1is a
means for solving an equation; completing the square is a wap
of controling a quadratic equation; exponents are ways of writing
products; etc.

What is at one time a means may become an end and the
value which was attached to the original end is transfered to the
means as an end. This is the case in clearing of fractions as
a means of solving an equation. The equation.originally was a
means but now is thought of as an end; the feeling of value
which was attached to the problem is now attached to its means,
l.e. the equation.

Section 4: His standard of excellence.

The peweceding discussion has implied a psychological
order of procedure and organization of subject-matter as opposed
to a logieal order. The acceptance of the psychological order
will mean, in actual teaching, that often the student must be

allowed to use facts and processes which he may not understand.
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In mathematics he may, and often does, make use of the theorems
regarding'the slhilarity of triangles long before he is acquainted
with their logical proof or even understands the full significance
of the theorems.

"Our progress in genuine knowledge always consists in
part in the discovery of something not understood in what had
previously been taken for granted as plain, obvious, matter-of-
coufse, and in part in the use of meanings that are directly grasped
without question, as instruments for getting hold of obscure,
doubtful, and perplexing meanings. No object is so familiar, so
obvious, so commonplace that it may not unexpectedly present, in
a novel situation, some,problem, and thus arouse reflection in
order to understand it ."#

But however seriously this non-rigorous treatment of
sub ject~matter may be attacked by the man of pure science, just
such a procedure is in full accord with the nature of the adolesceht

Speaking of the adolescent youth, President Hall says,
"Never 1s the power to appreciate so far ahead of the power to exm
press, and never does the understanding so outstrip ability to
explain. Over accuracy is atrophy. Both mental and moral ace
quistion sink at once too desep to be reproduced by examination
without injury to both the intellect and will. ##:x:% With pedagogie
tact we can teach about everything we know that is really worth
knowing; but if we amplify and morselize instead of giving great
wholes, if we let the hammer that strikes the bell rest too long
against it and deaden the sound, and if we wait before each methodiec
step till the pupil has reproduced all the last.we starve and retard
the soul which is not all ingight and receptivity."®* %
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In the next chapter we shall refer to this non- rigorous
method in connection with the problems in the course we shall
propose. There we shall show that mathematicians also favor this

attitude toward the work in elementary mathematics.



Chapter IV

In whichbwe apply the
principleé of Chapters
III and 1V in discussing
the details of organizing
a course in elementary
mathematics for the first

year of the high school.



Chapter IV

Details of organozation.

A. Problems

Section 1: Problems the core of the course.

The nature of the child as presented in Chapter III is
>very gigniflicant when applied to elementary mathematics. A
course in elementary mathematics must be based upon valuable pros=
blems, in fact they must form the core of the whole course, and
the processes and the tools of mathematics are to come as a means
to an end,* i.e. the solving of valuable problems. The child
normally exerts himself only in response to a "problem" and hence
to motivate his activities a"Problem”is a prerequisite.

The traditional organization of the subject-matter of
elementary mathematics, i.e. placing the theory and processes first

and making 1ittle of application, is opposed to this point of view.

Section 2: Non~rigorovs solution of problems.

In chapter III, it was st&ted that the non-rigorousness
of solution of problems which is necessitated by psychological
facts is in keeping with the nature of the child in the first
year of the high school.

At first sight, it may be felt that such an attitude with
respect to elementary mathematics is extremely radical and would
not have authoritative support from mathematicians. As a matter
of fact it is not necessarily radical and has strong support.

Refering to the objections which may be raised to a less
formal and systematic procedure in mathematics, Professor Moore
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gays, "That the boy will be learning to make practical use in his
scientific investigations, to be sure in a nallve and elementary
way, of the finest mathematical tools which the centuries have
forged, that under gkillful guidance he will learn to be interested
not merely in the achievements of the tools but in the theory of

- the tools themselves, and that thus he will ultimately have a
feeling that mathematics is indeed itself a fundamental reality

of the domain of thought, and not merely a matter of symbols and
arbitrary rules and conventions."#®

"Ac 2 pr'e mathematician, I hold as the most important
suggestion of the English movement uxx+, that by emphasizing
steadiiy the practical sides of mathematics, that is, arithmetic
computations, meghanical drawing and graphical methods generally,
in continous relation with problems of physics and chemistry and
engineering, it would be possible to give very young students a
great body of the essential notions of trigonometry, analytic
geometry, and the calculus. This is to be accomplished on the
one hand by the increase of attention and comprehension obtained
by connecting the abstract mathematics with subjects which are
naturally of interest to the boy x:wxexst, and on the cther hand by
a diminution of emphasis on the systematic and formal sides of
the instruction in mathematics."#

Professor John Perry of Fngland states his p0sition 50
specifically that we quote at length.

"As soon as we give up the idea of absolute correctness
we see that a perfectly new departure may be made in the study of
mathematics. The ancients devoted a lifetime to the study of
arithmetlc; 1t required days to extract the square root or to
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multiply two numbers torether. Is there any great harm in skip=
ping all that, in letting a schoolboy learn multiplication sums,
and in stmeting his more abstract reasoning at a more advanced
point? Where would be the harm in letting a boy assume the truth
of manypropositions of the first four books of Euclid, letting
him accept their truth partly by faith, partly by trial? Giving
him the whole fifth book of Euclid by simple algebra? Letting
him assume the sixth book to be axiomatic? Letting him, in

fact, begin his severer studies where he is now in the havit of
leaving off? We do much less orthodox things. Every here and
there in one's mathematical studies one makes exceedingly large
assumptions, because the methodical study would be ridiculous

even in the eyes of the most pedantic of teachers. I can imagine
a whole year devoted to the philosophical study of many things
that a student now takes in his stride without trouble. The
present method of training the mind of a mathematical teacher
causes it to strain at gnats and to swallow camels. Such gnats
are most of the propositions of the sixth book of Fuclid; pro=
positions generally about incommensurables; the use of arithmetic
in geometry; the parallelogram of forces; etc.; decimals. The
camels I do not care to mention, because I am in favor of their
being swallowed, and indeed I should like to see them greatly
increased in number; they exist in the simplest arithmetic, and
geometry, and algebra. Why not put aside ever so much more, so
as to let a young boy get quickly to the solution of partial difwm
ferential equations and useful parts of mathematics that only a
few men now ever reach? I have no right to dictate in these
matters to the pure mathematicians.% They may see more clearly

. than I do the necessity for a great mathematician going through

# Ses citation from Professor l.oore given on p. 37

»



the whole grind in the orthodox way; but if so, I hardly see their
position in refard to arithmetic and other things in the study of
which they allow skipping. I should have thought that the ade
vantage of knowing how to use spherical harmonics or Bessel
functions at the age of seventeen, so as to be atle to start in
mathematice at Cambridge jjust about the place where some of the
best mathematical men now end their studies for ever, of starting
at this high level with youthful enthusiasm, and individuality,
and inventiveness, would more than compensate for the evils of
skipping."#

This very emphatic stand for a non-rigorous course,
using theorems of geometry early without proof,etc., which is
taken by Professor Perry is also taken by the Committee on Fundam=
mentals of the Central Association of Science and Mathematics in
its report last December.

It would be possible to cite other authorities who have
taken a stand for what we have & non=rigorous course, but these
" these are sufficient to show that such a procedure has support
among mathematiciang.

It should be mentioned in this connection while we are
pleading for this non~rigorous course that by this it is not meant
that the course shall not give training which is accurate or that
slip-shod methods and work will be accepted. Our position is
rather that we will not insist on the pupil going through each of
the logical steps before he is allowed to use a fact. For instance,
the pupil may use the Pythagorean theorem before he goes through
each logical step necessary for i$s proof. But when a student
solves a pfoblem he should be able to satisfy himself as to the re=~
liebility of his result.
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Ssection 3: Types of problems.

Our next step is to consider in detail what sort of
problems we should use as the basis of a course in elementary
mathematics. As has been pointed.out in Chapter 11I, a "problem"
is a mental thing and because a situation is presented to the
pupil by the statement in the text, it does not necessarily fol=
Jow that this situation will become a "problem" for any particular
pupil. The probability that it will do so varies as the close=
ness of its connection with the life of the pupil.

In the course of a supplementary investigation we have
examined and classified the problems found in three algebra texts
now widely used . The principal criteria of the classif'ication
was the degree of probability that they would cccur in the life of
an sverage individual.

Ve find the following classes of problems.

(1) The first class consists of those problems whose proba=
bility of arising in the life of an individual is quite large.
Typical of this class are simple problems in mensuration, per=
centage problems, problems involving uniform motion, the lever,
simple machines, etic.

(°) Tcllcving this class with no well defined line of dis=-
tinction is & second class of problems whose probability of arising
in the 1life of an individual is, in general, much less than that
of the first class. I refer to the problems which are encountered
in special activities. Typical of this class are the more diffim
cult problems of specific gravity, mensuration of unusual solids
or areas, problems from concave mirrors and concave and convex
lenges, etc.

(%) A third clase exists, probably the most important of all

classes, which may never arige in actual life but which we may
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define as"analogous" to those which do arise in actual 1life.

By "analogous" problems we mean prbblems which deal with the vare
»iation (functional) relations which actually exist between vary-
ing quantities but which present them usually in a simplified

form so that they are within the comprehension of the pupil. Ex-
amples of this type of problem are mechsnics problems in which
friction 1s neglected, problems to which approximate laws are apm
rlied, the well known clock problems illustrating relative motion,E:

The hypothesis or conditions given inall three of these
classes are those which normally and in the natural order of events
would present themselves to an individusl. Problems belonging
to any one of these first three classes, we shall speak of as
practical.

(4) In contrastwith the three classes of problems just
mentioned, we find problems such that the hypothesis or conditions
glven do not exist in the natural order of events. Some parts
of the hypothesis must of necessity be determined by the solu=
tion of the converse problem. This type of problems may Le
illuatrated by the following example.

"A rectangle is four feet longer and three feet narrower
than the side of the eyuiiclent square. Find the side of the
square."

#n the natural order of events, the hypothesis that the
length of the rectangle was four feet longer and three feet nar=
rower than the side of the gquivalent square, could not be known
until the side of the equivalent square was known. Thus the
hypothesis could be known only by solving the converse problem;
what is the side of & square which is equivalent to a rectangle
nine by sixteen? For this reason the first problem would never

erige in the life of any individual. ©Nor is it valuable in that
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it illustrates especially any functional relation.

(5) We find problems of the Tollowing type in the algebra
texts: "The area of New Hampshire is 3/11 of that of ¥aine. 12
times the area of New Hampshire diminished by 3 times the area
of maine ig 7000 square miies. Find the area of each."

This problem presumaﬁly attempts to Justify ite presence
on the ground that since it deals with actual objects and objects
of which the pupil has probably heard before, it 1is concrete and
hence interesting to the pupillbecause of this "sugar-coating",
but as has been pointed out on page 26 the mere fact that a pro=
biem has to do with material objects does not make it concrete.

It is needless to say that such a problem or analogous one would
not arise in the life of an individual and further more that the
hypothesis could only be known by first knowing the result or
conclusion.

(6) Somewhat in contrast to these we find a class of problems
of which the folloﬁing is an example: "Saild one boy to another:
'If you give me one-half of your money and 50 cents, I shall have
4 times as much as you; but I give you £0 cents you will have
$2.50 more than B.' How much has each?" Problems of this-type
should be classed as éuzzles. To this class belong the problems
propounded by the philosophers and logicians of the past.

(7) There is a last class of problems which deal explicitly
with number reletions. We might call them denatuedd problems
since they do not pretend to be concrete or to possess qualities
which should excite interest.

In the same sense as We called the problem of the first
three classes practical, we may call those of the remaining four
classes artificial. In the light of our discussion in chapter III,

these artificial problems would never become "problems" for a child
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except possibly those of the sixth and seventh classes if they
are presented for what they are.
A count and classification of the problems in three of

our present day texts is given below.

Table A
Types 1 2 3 4 5 6 7 Total Drill
Text
A(1908) B 134 12 21 0 13 69 236 1980
#B(1907) O 64 26 7 11 7 7 122 1286
c(1907) 29 166 24 121 135 1 113 589 2174
A text of thirty years ago 398}* 4000
Table B; Percentages.
1 2 3 4 5 8 7
A .8 56.8 5.0 9 0 5.5 29,
B 0 52.5 21.2 5.7 9 5.7 5.7
C 5 ‘28 4,2 20.5 23. 02 19.2
Table C

Ratio of problems of application to drill problems.
A 1 to 8
B 1 to 10.5
C 1 to 3.7
Text of thirty
years ago 1 to 10
These tables, while not including a large number of
texts, are representative and are sufficient to give us some
idea of the problem situation. Three conclusions may be pointed

out. First, the trend of the texts is toward a prcrortionately

larger number of problems of application; gecond, desirable

.--——-———----—-_——----—-—-———----—--—--o—_‘—-—---—--—_——_———————-—_.‘.

# This text is not strictly an algebra but combines some
geometry with the work of the first year. With the exception

of text A, each text is supposed to cover only one year's work.
These were not classified but with very few exceptions

 they come under classes 6 and 7.
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which furnishes a large number of problems of application shows

a large percentage of artificisl problems; third, proper care is
not always taken in the selection of problems feor texts. Thene
is also a decrease in the amount of work expected of the pupils.
In the text of thirty years ago (it is an early edition cf a text
which became widely used) it is stated explicitly in the preface
that the 4000 problems should all be sfigved in the course of the
first year. The texts of today reduse this number by at least
helf.

During the past few years there have been many attempts
made to collect new problems suitable for use in the teaching of
elementary algebra and geometry. The most serious and thorough
of these is the investigetion now in progress by a Committee of
the Mathematical Section of the Central Association of Science
and Mathematics. This Committee was created by the Association
et ite meeting in November 1908, and is still pursuing its work.

The "problem" of their investigation is; "(1) the deterw
mination of the extent of the direct applications of the elemen=
tary algebra and geometry and the collection of a fund of real
applied problems? (2) the determination of their adaptability
for the teaching of 2lgebra and geometry to secondary school
pupils."#

The bulk of the work done and reported upon at this

» The preliminary report of the Committee on the first
phagse of their problem is found in the School Science and Mathe=-
matics for November, 1909. Problems collected by the Committee
are found inall numbers of School Science and Mathematics since
March 1909 until sometime in the fall of 1910. The essential
conclusions presented in the report seem to be that algebra and
geometry are to be taught as tools for controling certain situa=-
tions. Together with a knowledge of the processes and facts
of the subjects, a true and adequate conception of their uses
in practical 1life is to be taught.
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amination of the reports of the Committee suggests to one that
tha number of problems repérted is surpridingly small if a large
number of "real applied problems" exist.

The classes are glven in the report® and the following
problems are given by the editors as typical of these classes.

1. Problems involving a geometrical demonstration.

In laying out 8 "turnout" or switch, on a railroad
track a "frog" is used at the intersection of the two rails to
allow the flanges of the wheels moving onone rail to cross to the
other rail. The angle of the frog which must be selected for
any place depends wmpon the central angle of the curves of the two
tracks. If one track is straight and the other curved, prove
that the angle of the frog equal the central angle between the
radii of the curved track drawn to the points of its intersection

with the straight track.#

2, Problems involving & geometrical construction. ¢
To draw easement of cornice tangent to rake
comnice BC at B ®
3 Problems involving computation. ”
Y-,

.

. r

In a smokestack for a locomotive, find : |
' |

[ X

the diameter of the base of the cone @ so that

z\
/

the annular space may be equivalent to the opening
of the c¢ylindrical part of the stack S. The "
diameter of the section of the stack contain-

ing the base of C is 40 inches. The diameter

of the cylindrical part of the stack is 17 inches.

* For thies report see School Science and Mathematics,
November, 1909, p. 673. In addition to this the Committee has ig=
sued a complete classified list of the problems collected. This
may be obtained from the Committee.

The wording of the problem has been changed slightly so
as to avoid drawing a figure.
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4. Problems involving the solution of equations.

In accurate tool work where holes are to be bored close
together in a metal plate by means of a lathe, the centers are
first marked carefully to thousandths of an inch. This may be
done by first turning the discs on the lathe such that when placed
tahgeht to each other their centers mark the positions of the
centers of the reguired holes. These circular discs are then
fastened on the metal plate in tangent positions and holes are
bored at their centers.

Three holes are to be bored, the distance between whose
centers shall be 0.650 in., 0.790 in., and 0. 865 in., respectively.
Find the radii of the required discs.

5. Problems involving the evaluation of formulae.

The following formulae is used for computing the horse

power of automobile engines:
H.P. = KND(D - 1)( R £ 2)

where K is 0.33 for racing cars, and 0.197 for commercial touring
cars: N is the number of cylinders; D is the diameter of the
cylinders; and R is the ratio of the stroke(in inches) to the
diameter (in inches). What will be the horse power of a four
cylinder engine of a racing cor in which the diameter of the
cylinder is 4 in. and the stroke 5 in.?

6. Problems involving both algebra and geometry.

A flat circular disc of metal is to be stamp-
ed in the form of a spherical segment with a flange.
The figure shows a cross-section of the resulting
piece of metal, A being the width of the spherical
part, B the depth or altitude of the segment, and
C the outer diameter of the flange. The problem

is to determine the size to cut the sheet of metal
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in order that when stamped the piece may have these dimensions.
Prove that the radius of the required flat circular sheet is equal
to B.

Although the Committee has probably done all that they
could do, they have not done what they claim. For while problem 1
which deals with the relation between the angle of a frog and the
central angle of the curve of the track, is expressed in concepts
which may lie within the experience of the average pupil, itis ex=
pressed in concepts for which he probably feels but little interest.
Moreover, it seems that as the frog is already made and that the
traock is to be laid so as to suit the frog, the problem should be
stated in converse order; i.e. to prove that the cehtral angle of
the curve of the track is equal to the angle of the frog. Another
criticism is that it is not true to facts since tha curve of the
track is not circular but has a variable radius of curvature.

The second problem, to draw easement of cornice tangent
to rake cornice, is stated in terms which the pupil will not com=-
prehend and in which he wlll therefore have no interest.

The third prcblem is unreal in that locomotives do not
have a smokestack of the type represented and also no reason is
apparent to the inverted cone being placed in the opening.

These conditions are apparently introduced to make the problem
éeem concrete but they really tend to make the hypothesis more
obscure without adding interest.

An analysis of the problem involving the solution of
equations reveal about the same condition.

Without stating an analysis of the other types, these
~conclusions may be drawn:

1. They are not in all cases real in the sense that they

present a problem as it actually occurs.



(2) Where they do represent problems that actuslly occug
the concepts of the problems are not, in all cases, closely con=
nected with the 1ife of the child.

(Z) For these reasons the "real applicd problems" as pre-
sented in the report of the Committee do not sesm to be suitable

for pupils in the first year of the high school.

3ection 4: The type of problem we shall use.

We have found, in the case of both our current texts
and the report of the Coumiltec on "Real Applied Problems", the
number of desirable problems of application to be small, especially
if we keep in mind that problems are to be the core cf elementary
mathematice. Also in both casss, problems were found which had
no connection with the 1life of the child and problems which pre=
sented unreal hypothes#s

It is therefore apppopiate that we consider, in the
lirht of our previous discussion, what sort of problems we should
base a course in elementary mathematics upon.

From the standpoint of motive, the ideal method would
be to take those problems which the pupil actually has from day
to day. But we would find that the average pupil will have few
problems which afford simple direct applications of algebra and
geometry; that class work would be impossible since probably no
two pupils would have the same type of' problem at the same time
and not in the order which is demanded by the plan of the course;
the work would be very irregular since many days might elapse
without & problem. such conditions, while from the ldeal stand=
point they may not present unsurmountable difficulties, considered
in their relation to the schools and the curriculum of the present

day are undesirable. We are, then, forced to admit the necessity
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of introducing problems which are to some extent extraneous to
the life of the pupil. |

To decide upon the sort of problems we should introduce
we will return to the aim of elementary mathematics which we stated
on page 17. Viewing the matter in this 1light we find that the
life of every individual is filled with situastions involving
quantitative relations: the relation of his income to his ex=
penditures; the choice of the best route from a possible two or
two or more; the time necessary to complete a task; the most Pro=
fitable method of cultivating a field; the most profitable selec=
tion of feed for stock; &be. In fact, his whole life is an in=
quiry of how best to do things to gain a certain end; of what is
the relation between cause and effect.

To be sure, few if any of these "problems" could be said
to be a problem to be solved by simultaneous equation, or a quad=
ratic equation, or & theorem in geometry. In faqt, very few of
them would be recognized as ptroblems in the usual sense. But in
each there are certain "variation relations" between the quantities,
probably quite complex, but nevertheless the relations exist and
it is only but recognizing the existence of these relations and
possessing a knowledge of them that a dependable solttion of the
puzzling situation can be reached.

The complex relations which exist are often combinations
of simpler relations or, in many instances, they differ only so
slightly from a simple variation relation that a very approximate
result may be obtained by the use of a simple relation.

The problems of the course should be such as to illustrate
the simple variation (functional) relations which exist between

naturally varying quantitles. They should also be expreseed in
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concepts which are suitable to the child. These problems are

not necessarfly "real applied problems" or problems which may arise
in the 1ife of the individual. So much the better if they are but
the important thing is that they offer a means for the study of

the variation relations existing between the factors of the child's
environment.

The type of problem Just indicated is not only desirable
from the standpoint of the aim of mathemativs but also from the
point of view of the instincts and acquired tendencies of the child.
The high school freshman is especially interested in understanding
hisg phyeical environment; a knowledge of "variation relations"

is a means to this end.

B. | The Functional Idesa Carried Out.

With problems of the type just described as the core,
end following the aim of mathematics we have presented, we have
organized a course which follows. Many of the problems(probably
about helf) have been taken from current texts, care being taken
to avoid objectionable types. The great majority of the problems
would fall under the class of analogous problems (see page 41l).

| In the study of the variation relations presented in the
problems, the equation* is used where the relation may be easily
stated in the form of an equation. When this is not practicable,
other means of solution are employed.

# Equation is used here in the sense of an equation of
condition tather than as an ldentilty. This distinction is not
usually made in elementary mathematics and should not be forced

upon the pupil. However the teacher should be familiar with

the significance of the equation of both types and the distinction
shouldgge kept in mind. qDoing this the teacher's attitude toward

the equation will be decidedly different to what it is when the
equation is thought of only as an 1ldentity.
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In sdlving equations the processes necessary for their
control are introduced. Only after these processes have forced
themselves upon the child, so to speak, are they studied as such,
and then only as a means to an end, i.e. the solving of equations
which come from valuable problems. For an example of how this
has been carried out, see Chapter III, p.37 et sequa of the fol=-
lowing course. Short drill lists have been inserted for use
when the need has arisen but the bulk of the child's knowledge of
the processes of algebra is acquired in the solution of valuable
problems.

Such an attitude toward the processes of algebra hes
necessitated the entire orission of some processes found.in the
traditional course and the slighting of others. For exanple;
long division, radicals, and exponents as topics have been omitted
factorigg, multiplication, fractions, etc. have been given much
less space than in standard texts.

In the earlier part of the course the notion of "variation
relation™ has not been made as prominent as in Chapters 1V and V,
but even in the first chapters of the text emphasis is placed upon
the relation existing between the quantities 1n any given problem.

When 1t has been desirable to study a variation relation
which is impracticeble to express by means of an equation, other
means, graphical illustration, has been employed. This is the
case with the relation between the time of day and the temperature
some problems from trigonometry, maximum and wisiztw problems, ete.
(See Chapter 'V and the first half of Chapter IV .)

In the last pages of Chapter V, an attempt ls made to
gum up and systematize the pupil's knowledge of the various types

of vatiation relations which have been taken up in the course.
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Results: Tentative Report.

This céureé, although'the notions upon which it is based
are 1argely theoretical, has been partially tried out. Last
September the writer was given a first year class of thirteen
boys (which number was later reduced to eleven) in the University
High School. The class was about the average of first year class=
es in the high school, although the average age of the class was
slightly above the average age.

At the date of this writihg, May 1, 1911, the course
has been completed by the class. The general interest of the class
and the attitude of the pupils in particuler have been especially
good. The writer has not found 1t equalled in any of his classes
in his former experience as & teacher. The abliity of the pupils
to attack the problems, which must be admitted to be difficult,
has surpassed the expectations of even the writer.

| While it is impossible to tell accurately whether the
pupils have grasped the meaning of the relations represented by
the problems, it seems that they have.

In regard to the processes of algebra, not all of the
drill exercises printed in the text were used. An informal test
upon the processes studied was given the class after they finished
Chapter III. This test was given also to the other first year
claeg and to the second year clesses, all of which had used tﬁe
traditional type of text. Owing to the fact that there was little
common ground upon which to compare the two first vear classes and '
that the second year classes had had far more preparation, no.
dependable conclusions could be drawn. But there appeared to be
little difference between the two first year classes 1n the

solving of simple equations; in the case of quadratic equations

(which the other first year class could not solve at all) the
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gsecond year classes were superior although individuals in my class
did as well as the average of the second year classes. On the
whole, it would seem that, so far as the processes of algebra
which are necessary for solvine equations, my class compares
favorably with other first year classes. BPesides this they have
gained other valusble knowledge of which the other classes know

nothing.



A FIRST COURSE 1IN ALGEBRA
Chapter 1I.

In arithmetic, we arc givén in the chapter en percentage
the following rules:
Te find the porcentage, profit, er loss, multiply the Base,
er,principal, by the ratc cxpresscd as hundredthsa |
' Te find the ratc divide tho percontago, profit, or loss,
by tho rrincipal, ar basc.
Teo find the b;sc, er prinocipal, divide the perointage,
prafit, or loeé, by thc rate cxpresscd as hundrcdths.
" Selve the follewing preblcms ®y the abovo rulce.

1. If yeu purchasc s horsc for $140.00 and wish te sell
him se as te mako 15% what pricc must yeu ask?

. 8. Suprosc you arv fouding a bunch of cattlc and they,
tegother with the foud, have cest you $1280.00. If they scll
for $1425.00 what Is your pcr cunt of prefit?

3. Suppesuv an agcnt whe is sclling geods on a cemmission
of 3% makcs during a ocrtain ycar,-a gress profit sf {3784.20,
what volumc of busincss did hc de? :

4. If yeu purchasc s housc and lot for $5800,00 and acll
it fer #6500.00, what per ccnt have you mads on your moncy 1if
you pav an agent 1 1/2% for making the sale?

- B, In a ocrtain town thc pepulation aooordin? to thc last
ccnsus is 6784, of whidh 29A7 arc colercd: 7hat 1s thc per cont
of colercd porulation in thc tomn?

. Vhat is your groatcst difficulty in selving thc above pre-
Plema? Do yeu havc diffioulty in dceiding whioch rulc yéu nccd
to usc fer a partioular prgdlom? Weuld it not simplify the work

invoivod, if, instcad ef having te make a cheicc from threc
rulcs, we sould havo ene rulc which might bc uscd to solvc all
such preblcms? We shall scu that this is possiblc if enly v

know hew te usc this enc rulc whon it is given us. And it may B¢



cncouraging te know that thc prec.sscs wo luarn in the usc af
this rulc will be very uscful en othcr occasienss

Tdks the first rulc whioh we statcd on page li If wic writo
it brictiy, it says; Basy multiplicd by rat. is cqual te por-
ocntagcs This atatcﬁunt is still tee lcngthy and somcvhat ocum-
borsemc fer sonv.nicnt usv. As wo shall usc it for all rroblcme
of thc kind which we¢ have boun salving, it is advisablce to
shortcn the statoment still morc ond henoe put i# in a morec
workabl. ferm. If ebbrcviations arc uscd for the words, tho
stat.unncnt will bl very much shertincda. Yau havce alrgédy uscd thc
sign = for "is cqual to". A vcry cenvenicnt plan fer choosing
abdrcviastions for words such as dbas, ret-, cto., is to takc tho
first lotter of the —ord for thc abbrcviation, Thus —c¢ would rcp-
rcgent “baac” By b, tpstc® by »r, n4d ®pcrocntog® By . Sagpr
ooc vy rcproscnt "oultiplicd by* by agrooing that when twe o
BoT. lotterey or o nunbur and a lottor arc writton tag.thor with
ne symbol bitwien thcmas dr or 7 b, thoy arc te bc unduerstocd
a8 buing pultipliud teguther.

This agroomcnt is just the samo as wo usc when we writo
8 bu., 15 ﬁtn., 20 A, ctc. Thc mcaning in theso instanccs 1is
obyicus: 3 bu,, ncaning 3 timcs 1 bu.; 15 min., moaning 15 tinmcs
-1 nin.3 ¢te. Thio samc mcaning holds in thc case of 7 b.

Our rul¢ new bioonis whun tho abbréviazionl Just suggest. d
arc uscd,

' bDre=p

“whish 40 rcade basc timcs tiic Patc cquals perocntage or wmorc
bricfly, b r cquals p.

Applicd f.o problcm 1, wc havcs 140 x .16 =1
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Arplied ts problem 2, we have 1280 r = 145

Applied té problem 3, we have ».03 = 3784.20

140 x .15 is read 140 times .15. Tve numbera, for example
2 and 3, ocannot be written tegether as e have agreed to write
latters bscauss numbers writtén in that mannar have anether
meaning. Thus 23 means ﬁot 2 times 3,'hut 20 plus 3. The ex-
preaaion 1280 r is read 1280 times r er sinmply 1280 r.
.03 ia read B times .03. It is better written .03 b.

You should note that eaoh'ef thesa groups of symbols is
a definate atatement. For instance, the second group says that
1280 times the rate is equal te 145. Such a atatement as this,
in which tve quantitative axpressions are declared to be equal,
is apcken of as an equation. iou will also note that each ef
thess equations contains ene letter, whisch ef course represents
acme quantity, whoaehvalue or amount is not known; ao ene may
loek upen thess equations ﬂnt only as a atatement of a fact, but
also as asking a question, i.a, 1280 r = 145 may be thought of
a8 aakipg the question, what number multiplied by 1280 will givae
the product of 145. The procsas ef answering this question is
spoken of as solving the equation.

What queation does the fifst eguation ask? VWould
P =140 x .15 ask the same question? Can we then, if we wish
to do 8o, write p = 149 x .15 in the place of 140 x .15 = p?
e apeak of this as reversing the order of the squation and it
is geen that this may be dons without destroying the truth of
the statement.

To aolve the first equation it is only neceaséry to multiply

140 vy .15. VWe then have the value of p or our ansver.
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T# you will cendier tha fnllewing juestions, they will
] oolakly suggeat & mathod for selving the othar equationa. Eow
Ae yeu find the numbar whioch multiplied ®y 5 gives 357 Th2 number
which multiplied By 13 gives 517 The numbsr whioh mutirlied dy
%37 gives 851% These Auestione might have ®esn askedi by means of
the fellowing equations, if wa will agre~ to repreaent the word

urbsr by nd

5n = 35
13n = 51
37n = 851

In the sinpler protrleme the result is so well known that you
will bu atls te aay it eff at once and the procesa by which it
was odtaeinad may not »e thought of. but in the third a nethsd
will prorably e nsceasary. If you think of tihe gueatien# sekoi
by the squation, it ia evident that we muat divide 851 by 7.
If we say this with respeot ton the squation, we would say that
wa divide both sides eof the equation By 37.

Te selve our asecond problem on page 3, we will 4ivide both

eidas of the aquation Py 1280. Doing this we have

r = T%%% or .113..... or 11.3%.
The ansawer te the question, what numher multiplied ty 1280 givas
145, 1s then 11.3%.

In order to datarmine whether this answer is correct or net,
we try the regult in the rreblem. If it fits the conditions of
the rreblem, we may that ‘it is ocorrect; if 1t doss not fit the
cenditienas of the preblem, it is net the correct result. Thia
procegs ia called ochemcking o~ur work.

If we rafer to the original prorlem on page 1, it 1s clear
that tc ohack eur work we sheuld take 11.3% ~f 1280. That 1=

.11% times 1280 whieh is 144.64. This 1s nearly 145. Sinee 11.3%

/
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g 1ot exaet, e ghould not axpect 11.37 of 1280 to be sxactly
145. We may then say that thia reault chscks and is eufficiently
correat.

The solution of the third protrlem is effasoted in the same
manner. Selve it and csheack the result.

Yeu will obaerva that wa hava thus ®Been able to aolve by
one ruls, rreoblemg whioh ordinarily would have required three
rulea. This is & saving of time ani snergy in lerning rulea.

In studying the rrotlems of the following liat, which you are
to sclve by very much the same methedas, alwaya rsad ths problen
over carsefully, ricking out ths number which is the base, ths
rnumbsr which is the rats, ote. Keep in mind what we have bean
refering tc ac "our rule", i.s, Base multiplisd by rats 1a sjual
to porcentage eor br = p. This means of courss that the per-
centage 18 ths predvet of two numbers, (one of ~hich 1g usually
e decimal fracstion) and henoce muast Aepend upon them for its
valus. Our rrobvlerm always ia to find ona of the three, bass,
rate, or psrecentage, when the other two sre given.

l. If you purchass rreperty for 2360 and wish to sell it
80 a8 tn make a rrofit of 15%, what anount muat you agk for it?

2. A merschant buys butter for 30¢ a pound and aella it for
36¢ a pound. What is hia por eant of profit on the ocost?

3. What must re ths per oent of profit on an Investment
Af 8525 ia to rroducs $60n?

4. The valuaticn of a achoel Alstricet 1s $2,900,000. The
oitizens of the distriot vote to raise $50,000 for a new achool
builéirg by direot tax. What will ®» the tax on cach $100 val-
uation, 1f they wish to raise the ancunt in & yeara?

5. A daaler buys 100 plars of shoeos at $2.00 each and sslle
76 pairs at $2.850 each. He wishes to mark down the price of the
receiring 26 pairs and yot make a profit of 20% on tha whols.
That yrrice per rair will give thias recault?
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¢. The waizht of bread is 133 1/3% of the woight of the
tiour. If wheat losea 18% of its weight in being madc into flour,
iow many pounia of bread can be madd from 20 btushcls of wheat?
(There ia €0 pounds in one dushel of wheat,)

7. An agent received 3% commission for tuying andi 3 1/2%
commniasion for selling mome property. He paid $5768 for it and
gol@ it for &72¢0. What was his total commisaion?

8. I paid a ocolloctor #24.84 for ocolleoting outatanding
acoounts. If I raid him 7% for cocllecting, hov much did he
colleot? How much did I rcoeivo?

' 9. If coal is rurchased for $2.6% per ton and sold for
$3.2F what is the per cent of profit?

1C. A dcsler pays %1235 for a bill of goods upon which hs
was allowed a discount of 207 and 5% off. What was thc list price
of thea goods?

1l. Exprose with approriate symbolas the following statementes:
7 pounis rlus 15 ounces.

12. 5 foot and 3 inches; 9 feet and 2 inchos.
13, 6 yards and 2 feet; 20 yards and 2 1/2 fast,
14. 3 heursg and 29 minutcs; orre hour and 46 minutca.

15. Vhat question does 8n = 96 ask if n ia an ab-
dreviation fer the vord number? "n = 841 1l2n = 2167

18. What queation 4ocea 137n = 1507 ask? 2n ¥ 5 = 437

17. Apk thees Qquostions by means of cquations: VWhat numbor
multiplied by 9 givea 377! What number multirliod by 15 gives 2101?

18, V%hat number multiplied by 6 and added to 30 gives 54?
19. What number is there such that 1/2 of it added te
1/3 of it oquals 3N?

In our future work we shall often wish to put othsr rules
into & similar compact and definit:« form By stating them in torme
of symbols and abdraviations. In genoral we shall usn the first
letter of a word as an abbrcviaticn for the word. For a fow words
and phrasna, wa have gdoptcd spegiasl symbols Py é~muon conment and
they are universally us~d. Some of these are =, §, %4, -, ate,

Stuate in eompaoct and definite form ths following ruleqs,
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moat ¢f whish you have heard before.

1. The area of a rectangle is squal to the vroduct of
ite length by its width.

2. The area of a triangle is equal to one half ef the pro-
duct of its base and altitude.

3. The amount is equal te the base, or principal, plus
the preduct of the base, or principal, by the rate.

4. The intsreat 1s ejqual to the product of the principal,
rate and time (in daya) divided by 360.

Selve the problem: If you knew that a merchant's profit ia
30% and yeu purchase a suit of olothes for %22, what did the
sult ocost him?
You will observe that this problem is one which comea under
‘tho third rules Just stated. Yeu have already stated the rule in
torms of symbels as,
a="pb £ br.
Pfocesding as usual, e have
22 = p £ .300
or » f .30b = 22.
Vie have here ® added to .30b. The sum is evidentiy 1l tirmea ?
# .30 times » which nay be expressed by writing (1 # .30)v

or 1.30b = 22, The remainder ef the selution is as in previous

preblema. Complete the solutinn and check your result.

Solve the follewing problems by finding the valus of the
letter in ths equation and check the results. Uge decimal fraotions

in expressing results where necessary.

1. 8x £ 2x = 3¢

2. 2b /£ 6» = 28

3. 6b £ » -~ 3 =12

4, 7Tb £ 9b = 11b £ 3b = 32
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5. 16r £ 13r - 9r = 1llr = 24

1 2 1
8. > £ FoT= 2

7. 4a £ 3a # .25a - Ba = 10

Be 3x f o47x f 3.25x - 8x = 27

9., X = +4x £ 7.2x § 5.6x = 29.7
3

19. 7 ¢ %b P - %b = 48

11, 2r £ 7r § 4r - 3r = 2r = 17

12, 3k #k £ Tk = 11k £ 2k = 14

Solve the felloring list of protlems which desal with per-
centage and intersst. In sach case form an edquation dv aprlying
the symbolic rule which you have nraviouslv gtated. Solva the
equation thus formed and check the result by trying it in the
procviem.

1. That sum of merney must you invest 1in an enterprise
yielding 259 rrefit in order that the amount may be :21000?

2. Vater in freezing expsnds 10% of its velume. How ruch
water when frazen 'will just fill a five gallon freszer?

3. How much must you ask fer a hruse, if you wish te re-
ceive 4000 after the agent's commissinn of 3 1/29 is deducted?

4. An agent reoceived £945 with whiich te puy lucber aftsr
deducting his comnission of S;. en the price of the lumber. kew
muoch was his cemmission?

5. A merchant receivsd :1918 with whieh te buy ceorn after
deducting his ovumrissien of 29 on the price of the corn. ‘hat
was his o~mmission arnd how much was used to purchasa corn?

6. 'hat wust be the sale pries of s piace cf land in crder
that, after deducting an agents sommission of 49, thas seller
may racaive £1200%

7. A bro:er sold stocks for #1728 and remitted £16a3.44
to his principal. That was the rate of his cormission?

8. Kow much must I remit te my broker in order that he may
Puy $600 werth ef bends fcr me and reserve 5% for his commission?
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a. Theat losas 18% ¢f its weight in being grouni inte flrur.
Thera &0 pounds of vh=at in s bushal and 195 pounds ~f fleur
jn a barrsl. How many pounds of whaat ars r-guired for 75 Larrels
¢f fleur?

10. A fothar invests %1000 at 6 1/27 interect. YWhen tha
rrincipal and interest amounted to 2235, he gave it to his aem
for his ocllege sducation. How long had the rieney heen investedt

1l. Six years age s mar inveated $£470 at sinple interest.
The amcunt at rresent is $611. ¥Hat is the rate per cent?

Te sum up the work of the previcus nages; v have learn~d
that rulags which we are oosmnallad t» uss in solving rrodlems may
Ba more convenisnt fer uss if they are axpressed by using letters
and ather gymbols for abbraviationas. We are arle te rot only oxe
press the rules nore driefly and definitely but we ares often
eble ts sembine in one, twe orF nore rules as was ions in the
casa eof psroantag».

Th= statement which we obtain when wa apply a ruls stated
in eymbolioc ferm to a proevlem, we oall an equation. The equation
18 thought of nnt cnly as stavang a faot but alao as asking s
queation. The prercess hy neans af whioch we ortain the reaquired
regult to the squatinn, or answer to the questicn, 1a called
solving the equation. Ths result is sometines spoken of s¢ the
root ef the aguation or the value of the unknomn.

In expressiens such as 7bt, 7 which is written immediately
before the b 1is called the ccoefficient of B, It tells hew

nany b's are dbeing oconsidered.

Practios reeding the rrotleng en page 7 and tell what numbtera

ara sosfficslents.
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“ow great a weight oan vou balance with a laver oy beariiz
devr. with your wealight of 120 rounds, if you uses a laver 10 fe=t
lerng and the fulcrim or turning point is 1 foot from ths weight?

The teater-board 1s a very simrle form of a lever and one
with whieh you are probatly acquaintsed. You will rscall or oan
easily find out vy trvine it, that the farther vou are from the
fulcrur or turning,point, the greater the welght you can raisa.
Also, two boys en ocne end ef = teeter can raiss mors than
one is able to ralse. Evidently there are twe quantitisa hers
whioh determine the turring ef’ert (moment) and hence directly
conoern us, i.e. thoe welght and the distance of the weight from
the fulorum. As te Jjust how these twe jusntities determine the
turning effect Or moment, we ghall have to take the statasmant
frcm mechanies in whioh we are told that when a forcee, suoch as
your welght, tendes te cause a ri_ id bar, such as a laver or teeter,
to turn abeut a fixed point and the dber just balances, the groe
duost of the forces tending to eause the bar te rotate in one direce-~
tion by its distance from the fulerum is squal to the produsct of
the foroe tending te ssuse the bar to rotastse in the opposita 4i-
reoction by its distance from the fulerum. This means in the ocase
of a teeoter-toard, that ygur waight multiplied by your distance
frex the fulorum is equal to the praduct of the other hyy's
woelight times his distanoe from the fulorum.

Hew might you express the above statement in terms ¢of syxbols?
Ve may choose eur abbrsviations as repressnted by the following

diagram:

. 1 —n ¥

Jering these aymbols, eur rule becomes

wl = TD
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Cenparing eur abbraviations with tha preblem proposed, we

?ind that WV 1s to te found,
D 1s given as 1 foot,
w 18 given as 120 pounds,
d 1is given as 10 fecet minug 1 foct,or 9 fest.
Hence our equation is 1% =9 x 120
or W = 1080 pounds.
Checking, 1l tines 1080 = 9 times 120

1000 = 1080.
Therafore we may aay that our regult is corrsct.
Sclve the following list of problaons whioh come under the
rule which we have just exprsssed in symbolic form. Check all

regults by trying them in the problem.

1. That weight can a man who weighs 160 pounds, raigs with
a leaver 5 fest long if he can place his fulcrum 6 inches from
the weight?

2, One boy, whe weighs 75 pounds, sits 7 feet from ths
fulcrum, ard a second boy, whe waighs 105 pounds, sits on the
sther gide. At what distanes from the fulerum should the aecond
toy sit in order to nake the teester just balance?

3. A welght restg en a orewbar 6 feet in length, one end
of which acts as a fulcrum and ths ether is surported By a apring
balance which reads 42 pounds. If the weight is 6 inchee from the
fulcrum, hew great is it? (The arrangement is illuatrated ty
the follewing figure.)

A
Spring balance
Welght

4. After having pelved the above probtlems ean you suggest
hov you might determine the weight of a gteel beam, which welghs
over 500 rounds, with a spring balance which does not read
to over 50 pounds.

Can you suggest more than one method? Illustrate your plans
by drawings.
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£« A suction pump is a device for raising water from wella.
The handle works against a pin ae that the lenger and of the
handle is pushed dewn, the ghorter end is raised and the water
with 1t, Bow many pounds ef water ean ysu raise if you press
dewn 20 pounds sn the outer end of the handle. The handle is
3 feet long and the pin is 4 inches from the shorter end.

6. What is the differonce between saying that a force just
Pelances a weight and saying that a foree raises a weight? Will
the rg:l.e :hioh we have been using hold in a problem sucsh as the
oane ApPove

7. A wheelbarrow 1s leadsd with 45 briockas averaging 6
ounds aziooe. What lifting ferce will be necessary at the
Ea.ndloa £ it 4s 4 1/2 feot from the center of the wheel
to the end ef the handleg and the oentser ef the load is 2 feet
frem the eenter of the wheel?

8. A stene alab weighing 2400 peunds rests with ite edge
.en & orowbar 8 inches frem the fulorum. If the erewbar is 6
feat leng, how many pounds nust & man 1lift at the ethsr end
in order to raise the stone?

9., John and Roy weigh 100 and 110 poundes respsctively.
Johr places a etone on the board with him so that they balanee
when he is 8 feet from the fulorum and Roy ia 7 fest from the
fulorum. How muoh does the stone wéigh?t

10. Henry and James are 5 and 7 feet respectively from the
gulerum and the teeter balamcea. If Henry welgha 756 pounds, hew
nueh does James weigh?

1l. Suppese you have a weight ef 500 pounds to raise by
reans of g8 lever & foet long. Suggest some oombinations ef the
length of the lever and the forse you must apply to raise the
weight. Will any combination auffice to raise the weight? Wny!
That oondition must be satisfied by the combination in order
that the weight ef 500 pounds may be raisedt
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i
l. If sewM travela 1080 fest peor secend, hew far dess it

travel in 15 seocends? .

In this prodlam twe of the quantities mentiened are avi-
dently, "1080 feet per secend" and "15 seoocnds". Is a third im-
plied in "hew far"? The quantity rerresentud »y "1080 fuet por
scoend" is ocalled velooity, spued, or rate. "16 sceqnda" 1s called
the tine and "hew far" is oalled th: Aistance. Dees a rclatien
exist Betwecn thcse quantitiecs? If ao; what 1s it? Express this
relatien in torms of symbolas, explaining what eaoch symbel repre-
sents.

Yeur symbelio atatcment will prodadly be

d = vt
‘ihat 4ocs this equation say? Upern what twe quantitics decs
the distancc derend? Can yeu explain the nature ef thia depend-
once? Uren what decs the time depend? The veleolty? Illustrate.

o

2. If a transoontinental train averages 35 milce per
heur, how far desa it travel in 2 1/2 daye?

3. Light travels at a spuved of appreximately 186,000 miles
per sccond. Hew long will 4t take light te travel 240,000 miloa?
(This is approximately the distsnce frem the earth to the meon.)

4, If seund travels 1080 feet por sccend, hew many scoends
will elapse bstween the time the flash of a gun ia ebsorved and
the repert is hoard 1f it 1s a mile distant?

5. VWhat is the speed of an autemehile if it cevers 78
milce in 5 hours? If it cevers 108 milos in 3 hours? In 11 heurs?
In 7 1/2 heurs? hew 40ss the spn:d change with the time required?

6. If you have a journey ef 45 miles to malle, how many heurs
will it take if yeu travcl at a rate of 5 milos per howr?
7 miles por hour? 15 miles per heur? As you inorease yeur speed
hew decs the time required ochange?

7. In the fellowing problems we shall oonslider the veloolty
of 3 Pullet te bc oconstant and the velccity ef seund to be 1100
fset ror secend.

Two and ene half secends after = marksman firces his rifle
he. hears the bullst strike the target which is 50 yarda dis-
tant., Find the velecity of the tullet.
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8. C(n:. and thre. feurths sceonds aft.r a marksman fircs his
riflc¢ he hears the wullot atrike the target 5C rods distant.
Find the volacity of the bullet.

9. A marksman fircs at a target 1000 yards distant. The
bullet passecs ever a Boey whe hears the seund ef it striking the
target and the report of the gun at the same instant. The velocity
of the bullet ig 18850 frcct psr second, Find the distance of the ®
boy from the target,

10. If you and anothcr porsen whom we may call I'r. Smith,
engago in businoas, you furnishing %50 and !r. 3mith %25, how
will you divide a profit of 307 B ’ '

““hat quantitics arc therc in this preblom? Vhat is their
relation? State this relation in English and then ir terms of
symbolas. Scc 1f your atatcment makcs a rule whioch will work in
the following problcms.

1l. Two partncrs have invested in an e¢nterprise £3000 and
{2000 rcspectively. FEHow should a profit of $360 te divided?
A profit of $8507?

12, Onc¢ partncr has throe times as muech investcecd as the other.
How should s profit of {7000 bc divided? Urcn what dces a
partner's share of thu profits depend?

13. A woy wishes tc cut a border for a flower bed from a
board 14 fest long sc as to have no waste. If the length 1is
to be twlce the width, how must he cut it?

14. A farmcr wisghes teo enoclese a field »ith 80 rods of
wire fonoing. He wishes the fleld teo be three times as long as
it 1s wide. ™hat must bec its dimensicns sc that he may just
ugse 80 rcds of fencing?

15. The sum of the thre¢e angles of a triangle 1s 180°.
If the three anglcs arc sjual, hcw many degrees in each? If
one angle is 90° and the second is doubls the third, find the
number of degrscs 1in each.

16. A flag role 60 fect high was broken sc that the part
troken off was two times the part left standing. Find the
length of the two partas.

17. Divide a pole 20 fect long inte two parts so that cne
rart shall ®e four times as long as the other.

18. If a tennis ball rebounds to 2/3 of the hieght from
which it was dropped, from what height was it dropred if the
rebourid was 5 fect? If the height of its secend rebound was
4 1/2 feet?
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Chaptcr II.

Supnse y-u weigh 130 pounds and wish to raisc a welight of
700 prunds By applying your wcight at the ¢nd of a lover 7 foct
lcnge How near the other ond must you place thc fulcrum so that
your Teight may just balancc the 700 porunds?

You will roecall having sclved prablems invelving levers,
dPut this preblems you will find diffors frem those which we have
provicusly solved, in that instcad of cne of the wcights boing
unknovn the distancss «f the weights from the turning peint or
fulcrum are nct known.

Using ~ur usual ncth~d ~f chrrsing abbreviaticrna feor the
distancss from the ™cightg t~ the fulcrum, ~e rapresent the
disrsnce nf the weipght te be ralscd frem ths fulerum by D,
and your distancc from the fulcrun by d. Put since the problem
states that thc entirc length of the lever is 7 fect, 4 nust
bc equal tc 7 - D. V¢ usually writc thls thus:

If w. reprosent the distance of tho woight to bo ralscd
from the fulerum by D, then 7 - D nust rcprcsunt your distance
frem the fulcrum.

Frosecding as in former problums wo gt frem the ernditiens
«f the pradblcen,

700 D = 130 tines 7 - D.

ihe narks ( ) are called parcenthescs and may be uscd to
indiocate that thc samc ~perati'n is tc be perfrrmcd en several
numbers or symb~ls., ¢ may thon ~rite

700 D = 130(7 - D).

Perferming the indicsted preeccss, the equatlen becorcs
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700 D = €910 - 130 D
In what respecot dces this equatirn differ from those which
we have previcusly sclved? Iou will notioce that there is a D
on each side cf the sesquality sign. Scme methed must be fcund by
msans of whioh we can gét beth on the same side or we canmnct use
what we have alrcady learned about solving equations. Suppcese

e add 130 D tec both sides of the equatien.

700 D = 910 - 130 D
130 D = 130 D
830 D = 910 ¥ 10 D = 130 D
or 830 D = 910
Y6 are ncw able to finish thec rrcblem by our usual methed.
Dcing so D= %%% = l.1 fust the distance of the weight

from the fulecrum. Ycur distance from the fulerum is 7 - 1.1
or 5,9 fect.

Tc oheek our result we try it in the problem.

1.1 times 700 = 770
5.9 times 13¢ = 767
feet
These pruducts are not exactly equal but the result l.l,was
nct exaoct, so we should nct expect the products to be exactly
equal. Therefore we nay say that the result 1s sufficiently
correct.

A moments ocnslderation will shnw that the method we uged
for removing the D from the right hsnd side of the equation
ls a legitimate operation. For if the twc expressions 700 D
and 910 - 130 D are equal, the equality will certainly not be

destroyed by inoreasing each of the exrressions by the samse

amount,
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Sclve and cheock cach of these equaticns.
1. 8x = 12(16 - 4x)

2. 6x 3 =23(2 f 3x) £ 25

2, 57x = 9(24 - x)

4, 4lx = 23(14 - 3x)°

5. Tx - 12 = 3(9 - 2x)

6. Bx ¥ 21 =172 - x

7. 2(a - 7) =11 £ 65(24 - a)

8. 3(8 - 5p) =23 £ 7(2 - 4p)

9. 243y £ G) = 16 = 24 £ 2(y £ 3)
10. 6 f8x =7 =21 ¢ 3(x - 5)

11. 10x £ 5 = 7x = 17 £ 6(21 - 2x)

1

3

1l 1
14. = = 5(12 - X)

16, 3x = 4 = ,2(8 - +3x)
1 1
15. = £ 3= 5{5 - 3x)

17. Supperse you wcigh 15y pcunds and —igh to ralge a weight
nf 500 pcunds By aprlying your meight tc a lever 8 feet long.
How noar the wcight must you place the fulerum if vou are tc just
balance the welght on the lever? At least how ncar the weight
must the fulcrum be if you arc to ralse the welight?

18. Yhere would you have tc place the fulerum if you raise
a welght of 200 pcunds with the lever of the above problem?

400 pounds? 800 pounds? Vhat would happen in the first case
if you placod the fulcrum 1 feot from the 500 pound —eight?
8 inoches from the weight? 2 feet from the velght?

19. Two men are oarrying a weight of 250 pounds which is
sugpended from a prle at a pcint 2 feet from one man. If the men
are 5 feet apart, how many pounds 1s sach man carrying?

In this problem, instead of wishing te find the weight or
foroe whioh nust be placed at one end of the lever in order tco
raigse a given weight at the oth:r end, we have the given weight

Flaced at some point on the lever and surported By forces aprliad
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at the ends of thc levcr. It is ~ur problem to find tho manitude
of these foroess The i#ethed cf solving is very much the same as
in previous prcblens. Ye may teke one of the points of support
as the turning point or fulecrum, and considcr the force at the

other point of support and the weight as the activs forces.

firgt man weirht second man
* 2o ft. % 3 ft. A

kefering to the figure, we nay take the pcint of suppert at
the first men as the fulerum. The distance from the fulecrum to
the weight is twc feet and the length of the pcle is 5 feet. If
we roprescnt the force whioch the seoond man is supporting ®y F
¢ have as our cquation

BF = 250 x °

5F = B0O

F = 100
If the secund man suppcerts 100 pcunds, what does the cother man
suppert? Vhat effoot would it have on the number of nounds that
each suppcerts if tho weight were moved to the left? To the right?
If the pcle were 10 foot long and the —elght were 4 fcet from
the first man?

In solving such problems as the one abave, it is cften of

great advantage to draw a rough diagram and nark upun it the
distances and weighte of tho particular problem. Some carc shcould

be taken to have a unit of representation; thus 1f this line

Y P -
v v

rerreseonta 2 feet, then thls line

. 2 - I

will represent 3 fest. The line is 6alled the

-

unit lcngth and reprosonts 1 £o-t.  3uch a Alagran rill always

serve as a rcugh cheek upen y-ur 'ork and often 15 suggostive
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of the wethod of selution in a diffiocult problem. In solving
problens in thoe future, draw a rough diagram whenever the

problem will permit.

20. If twe boys are carrying a weight of 90 peunds
suspended frem a pole 8 feet long and one boy is supperting
55 pounds, how many pounds ic the ether supporting? If one
supports 48 pounds?

21. A basket weighing 50 pounds is carried by tro beys whe
1lift at the endec of a light stick. Fow much does each boy 1lift

if the basket is at the middle point? 1Is the length of the
pole cencerned? If so, hev?

22. A basket weighing 84 pounds, hangs en a stick € feet
long at a point 2 feet frem one end. It is carried by twe boys,
ene at each end of the stick. HEow much does each boy 1ift?

23. A basket weighing 90 pounds hangs on a pole 6 feot
long at o point 2 feet from the middle. If 1t is carried by
tve boys, one at sach end of the pole, how much does each 1lift?

24, Two men lifting at tiws ends of a pole 8 feet long
raise a certain weight. That is tho weight, and at what point
does it hang if one man lifts 25 pounds and tbe other 85 pounds?

25. A beam is 12 feot long. 1t carries a 40 pound weight
at one end and a 60 pound weight at the ether end. "here is
the fulerum if the bean balances?

26. Velghts eof 10 and 12 pounds are fastened to the ends
of a 10 foot pcle. At vhat point must the pole be supported in
order that it may balance?

27. A boan is 16 feet long. At vhat point is it to be
supported if 1t is to carry, —hen balanced, 450 pounds at one
end and 690 pounds at the other?

28, %Yhen a farmer uses three horses, he often uses a three-
horse double-tree of the type illustrated by the following
diagran.

+ . e .
Locs i 1L 4
A\ 28 1,' t i
H =¥
| .
A-

fan

"hers should the hole H be bored if it is 5 feet from A to B?
"e assume that each horse pulls an equal amount.

29. If in the above problem the total pull of the three
horges is 4500 pounds, what effect would moving H 2 inches to
the right have ugon the individual horses? If H was moved 2
inches to the left? 4 inches tc the left.
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30. In planting corn with a listcer it is necessary to have
the horses walk 3 feet, 6 inehes apart. Draw a diagram similar
to the above showing a double=tree for three horses and determine
the dimensions of the double-trees AB and 0D and where the holea
H and K should be bored if the holes A, E, O, and D are 3 inches
from the ends of the double=tree.

3l. Another ptyle of a three-horse double-~tres sometimes
used is sho'm By the following dlagram.

.‘ Lo ) L 1
i
Lr—————T-ﬂ
—A——rs ——F&
c ﬁ D

All and holes are 1 1/2 inches from the end. If Ll is 10 inches
long and RS is 2 feet, 3 1/2 inchea, wWhere should the hole A be
bored? What will be the langth of CD? Yhere should the hole H
te bored? Assume that the pull per horse is 1200 pounds.

32. A beam ig 12 feet long. It ocarries a 40 pound weight
at one end, a 80 pound reight 3§ feot from thie end, and a 70

pound weight st the other end, There is the filcrum if the Yeam
balances?

In this problem we find three weights but the same rule
applies. The sun of the products of the weightas on one side
of the fulcrum and their respective distances from the fulcrum
1s equal to the sums of the products of the veights on the other

slde of the fulcrum by their respective distanoces from the
fulorum.

33. A beam carries s weight of 240 pounds 7 1/2 feet from
the fulorum and a weight of 265 pounds at the other end which
is 10 feet from the fulcrum. On whioh sido and how far from the

fulcrun should a weight of 170 pounds be placed so as to make
the beam bdalance?

84, Four boys wish to sit on s teeter. If two of the boys
weighing 78 and 90 pounds sit opn the same side of the fulorum
at distances of 3 and § feet respectively, and another boy
~ciching 82 pounds sits on the other side of the fulcrum at a
distance of 3 feet from it, where should the fourth boy who
Welghs 100 pounds sitt



l. A beam of uniform thickness and weighing 100 pounds
is used as a lever in raising a building. If the beam is 18
fest long and the fulcrum is placed 1 foot from the building
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