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GEOMETRIC COMBINATORICS
IN DISCRETE SETTINGS
David Covert

Dr. Alex losevich, Dissertation Supervisor

ABSTRACT

This thesis is a compilation of work in which the author studies geometric config-
urations in finite fields and the integers modulo ¢q. The results of this dissertation are
threefold. First, we prove a finite field analog of the Furstenberg-Katznelson-Weiss
theorem on triangles in R?. Second, we study volume sets in IFZ and discuss some
applications to sum-product problems. Finally, we study geometric combinatorics in
Z/qZ. We generalize a result of Hart and losevich [27] which has applications to
sum-product problems. Finally, we show that the Zg analogue of a sphere with unital

radius is ¢¢~'-dimensional.



Chapter 1

Introduction

1.1 Statement of Purpose

Geometric combinatorics ties together techniques from number theory, harmonic anal-
ysis, and combinatorics. A large subset of problems in geometric combinatorics asks

one to answer the following question:

Question 1.1. How “large” must a set be in order to ensure that it contains certain

geomelric configurations?

Finite field models were originally studied as a “playground” of sorts for their Euclidean
analogues. Using finite field models allows one to gain insight into a problem without
having to worry about technical issues such as convergence. Often times, a thorough
understanding of a problem in finite fields can translate to a good understanding of
its Euclidean analogue. However, there are distinctions to be made between contin-
uous and finite problems. A highly regarded paper of Dvir ([12]), for example, was
able to establish the finite field analogue of the Kakeya conjecture, which, roughly
speaking, stated that a set in a finite field containing a line in every direction had
nearly full cardinality. The Euclidean version remains unsolved for d > 3. Dvir was

able to use to his full advantage, the algebraic nature of finite fields, and he solved



the problem by showing that the only low-degree polynomial which could vanish on a
Kakeya set was in fact the zero polynomial, which was enough to show that a Kakeya
set is sufficiently large. However, this method does not immediately yield a result in
the continuous setting. On the other hand, there are obstructions with which one
must contend in finite fields that do not appear in Euclidean problems. For example,
one must contend with nontrivial spheres with zero radius.

While finite field models have provided insight in how one might solve the analogue
in Euclidean space, some finite field problems are interesting in their own right. Fur-
thermore, once one is interested in finite field problems for their own sake, a natural
generalization for which one might hope is to replace the finite field with the inte-
gers modulo ¢. In this dissertation, the author will discuss some results in geometric
combinatorics arising in problems from finite fields and the integers modulo ¢.

A large portion of this thesis is based on methods of exponential sums combined
with Fourier analytic methods. In particular we use to our advantage the notion
of orthogonality. We typically want to find the size of certain algebraic varieties
Ay = {z € G*: f(x) = t}, where t € G is a unit, and where G is a finite abelian

group. Utilizing orthogonality, we can then write

[Ad = 1GI7 Y > x(s(f(x) = 1),

reGe seG

where Y is a nontrivial character on G. We hereby review the basics of Fourier analysis

over finite abelian groups for completeness.

1.1.1 Fourier analysis over finite abelian groups

To obtain our results, we relied heavily on Fourier analytic techniques, and we review

some properties here. Most of the Fourier analytic machinery can be stated for finite



abelian groups or even locally compact abelian groups G (see, for example, [38]),
though we need only restrict ourselves to the cases of finite fields and the set of
integers modulo ¢. Here and throughout, G will denote a finite abelian group, and
we let |E| denote the cardinality of the set £ C G.

Recall that a character on G is a homomorphism from G to the set T = {z € C:
|z] = 1}. The set of characters G" has size |G"| = |G|, and it is a group (called the
dual group) under the operation (x1 - x2)(9) = x1(9)x2(g), for x; € G" and g € G.
The inverse of a character y € G” is the character Y, which is the complex conjugate
of x. The character y = 1 is typically called the trivial character on G, and we
refer to all other characters as nontrivial. One of the most basic, and yet most useful

properties of characters is their orthogonality:

Lemma 1.2. Let H be a subgroup of a finite abelian group G and x a character on

G. Then,
1 |1 Xy is the trivial character
m Z x(h) = { 0  otherwise
heH
1
In particular, @ Zx(g) =1 if x 1s the trivial character, and zero otherwise.
geG

We now consider separately the cases of finite fields and integers modulo gq.

1.1.2 Finite Fields

Recall that a finite field F, must have cardinality ¢ = p’, where p is a prime. Viewing
[F, as a field extension of F,,, we recall that the trace function

{—1

Tr:F,—T, r—z+al +-- 4t

is linear, and it satisfies T'r(x9) = T'r(z), for all + € F,. There are two types of

characters to consider when working with finite fields. First are the characters on the



additive group (FF,, +) which are called additive characters. The additive characters of
[F, are all given by x.(x) = e,(cI'r(z)), for some ¢ € F,, where e, (z) = exp(2miz/n).
When ¢ = 1, we call x. = x1 the canonical additive character of F,. The second
type of characters are those on the multiplicative group I, which are simply called
multiplicative characters (here and throughout if R is a ring, then we denote the set
of units in R by R*). Let g be an primitive element of F). Then every multiplicative
character is of the form v.(¢’) = e,_1(cj), where ¢ € {0,...,¢q — 2}. Of particular
importance is the unique multiplicative character n which annihilates the squares of
elements in F. Using the notation as above, n(z) = w%(z), and when ¢ = p is
prime, 7 is called the Legendre symbol of IF,,. We also note that all characters on Z,
the d-dimensional vector space over F,, are of the form y,(z) = x(v-z), where v € F?

and x is a nontrivial additive character of F,. We use Lemma 1.2 as follows:

Lemma 1.3 (Orthogonality).
_ 1 m=(0,...,0
quX(fC'm:{o m;égo,...,o; (1.1)
zelFd

1.1.3 Fourier analysis in F,

Let x denote a nontrivial additive character of F,. For a function f : IFZ — C, put

Fm) =q7* > fa)x(—a-m). (1.2)

zelFd

In turn, Lemma 1.3 has the following consequences:

Lemma 1.4. Let f,g:F¢ — C. Then,

flz) = Z Fm)x(z-m) (Inversion) (1.3)
g Z f(x)g(z) = A(m)w (Parseval’s identity) (1.4)



In particular, if f = g, then we get Plancherel’s identity:

aIf15 = 1£15-

Proof. We start with (1.3). We write

S Fmxta-m) =3 3 f)x(—y - m)x(z - m)

zERd meF¢ yeFd

=g "> fy) Y x(m-(x—y))

= f(x).

Similarly for (1.4), we have

> Fm)gm) = ¢ > > fla)gy)x(—z - m)x(y - m)

meFrd meFd zefd
=¢ " fl@)gly) Y x(m-(z—y))
xyng 7n€Fg
=¢ "> fla)gle)
zefd

1.1.4 Fourier analysis in 7,

It is customary to write the set of integers modulo ¢ as Z/qZ, although we have found
the notation Z, more convenient. The characters on the additive cyclic group Z, are
all of the form x.(z) = e,(cx) for ¢ € Z,, and we henceforth refer to them as (additive)
characters mod ¢q. We will work over the space Zle, the d-fold Cartesian product of
the ring Z,. Since Z, is not in general a field, the set Z;l is not in general a vector
space. However, Z;l is a free module over Z, with rank d, and we will not worry too
much about the distinction. All characters on Z¢ are of the form x.(z) = x(z - 2),

where z € Z, and x is a nontrivial character mod ¢. Let x denote a character mod

5



q, and let f : Zg — C. Then, in analogy with the finite field case,

fm)=q*>" fl@)x(—z-m).

€Ll

We also have the following analogies of Lemma 1.3, (1.3), and (1.4).

Lemma 1.5. Let x denote a nontrivial character mod q and let f, g : Zg — C. Then,

—d . . 1 7n/::(0,...,0) .
q %X(x m) = { 0 otherwise (orthogonality) (1.5)
TELg
flx)=q" Z f(m)x(x -m) (inversion) (1.6)
mezd
g Z fz)g(z) = Fim)g(m) (Parseval’s Identity) (1.7)
z€L meZd
Proof. The proof follows line for line as in the finite field case. O]

We also note that characters on the multiplicative subgroup Z, are called Dirichlet

characters (mod ¢), and they will be utilized in the auxiliary lemmas in Chapter 4.



1.1.5 Notations

We will abuse notation and write E for the characteristic function of E. We write
X <Y to mean that there exists some positive constant ¢ so that X < ¢Y. Similarly,
X 2 Y will mean that ¥ < X, and X ~ Y will mean that both X < Y and
X 2 Y hold simultaneously. We will also write X < Y (respectively, X > Y) to
emphasize that X < c¢Y (respectively, X > ¢Y') for a sufficiently small (respectively,
large) constant c¢. Furthermore, we write X ~ Y, to mean that with respect to some
parameter, we have lim X/Y = 1. Given a ring R, we use R* to denote the set of

units in R. Finally, for a function f : IF;Z — C we write

£l = D ()P

zelFd



Chapter 2

k-point Configurations

2.1 Background

Given a set E C R? define its distance set as A(E) = {|z — y| : ,y € E}, where
| - | denotes the usual Euclidean distance. In 1946, Erdds ([15]) posed the following

question, now known as the Erdos distance problem.

Question 2.1. Let E C R4, and let g(n) = min{|A(E)| : |E| = n}. What is the best

lower bound one can achieve for g(n)?

Remark 2.2. Erdds showed that g(n) 2, n'/e for all d > 2, and he conjectured

Vogn  d4=2
g(n) 2
na d>3

Very recently, Katz and Guth ([25]), were successful in showing that for d = 2, one

has g(n) 2 logn, a very near optimal bound. One can find a nearly complete history

of the Erdds distance problem in [22].

Later, Falconer considered a continuous version of the Erdos distance problem. He
showed ([17]) that if £ C R? has Hausdorff dimension dimy(E) > 4, then A(E),
the distance set determined by E, has positive Lebesgue measure. He also exhibited a
set F' C R? with Hausdorff dimension dimy (F) = ¢, whose distance set had measure

29

8



zero. These two findings led to what is now called the Falconer distance conjecture:

Conjecture 2.3. Suppose that E C R has Hausdorff dimension dimy(E) > £.

Then its distance set, A(E), has positive Lebesque measure.
Remark 2.4. The best know results towards a resolution of the Falconer distance
conjecture belong to Wolff (d = 2, [47]) and Erdogan (d > 3, [1/]) who have shown

that A(E) has positive Lebesque measure so long as dimy(E) > % + 1.

After carefully considering these two problems concerning distances, one can be
led toward generalizations in many directions. For instance, one can study analogues
of these statements in finite fields (see, for example [8, 28, 32, 36]). Viewing distances
as “2-point configurations”, one can also ask what happens for k-point configurations.
For example, given a finite set £ C R?, what is the minimal number distinct triangles
determined by E? A result in a similar spirit is the following result of Furstenberg,

Katznelson, and Weiss ([18]).
Theorem 2.5. Let E C R? be a set of positive upper Lebesque measure:

D(E) = limsup 1E O Ba|
Rsoo | DR

> 0,
where | - | denotes Lebesque measure, and Bgr is a ball of radius R centered at the

origin. Then, given 6 > 0 and T = {6, u,v} C R?, there exists a threshold (g such

that for all ¢ > 0y, E5 contains a congruent copy of {1 = {6, lu, lv}.

Remark 2.6. Bourgain ([1]) was able to show that if the given triangle is an arith-
metic progression {0, u,2u}, then taking the d-neighborhood of E is in fact necessary
to maintain the validity of Theorem 2.5. It is unknown whether the d-neighborhood

of E can be replaced simply by E when the triangle is non-degenerate.



2.2 Results

Many k-point configuration problems have been studied, notably in finite field ge-
ometries (see, for example, [8, 26, 37, 45, 48]). Throughout the remainder of this
chapter, however, we will explore a finite field analogue of Theorem 2.5. For ease and

clarity, we make the following definitions.

Definition 2.7. A k-simplex (which we just call a simplex, when the context is clear)

is a set of (k+ 1)-points in FZ spanning a k-dimensional subspace.

We will say that two k-simplices A and A’ are congruent if there exists an or-
thogonal map O € O4(F,) and a vector 7 € F? such that A = O(A’) 4+ 7. Note that
this congruence is an equivalence relation, and we then consider the set of resulting

equivalence classes

Tw(E) = {A € EF1}\ ~.

k+1
Note also that T;(E) can be viewed as a natural subset of ]Fg +) (see Lemma 2.10

below). Our main result of this section is the following theorem which appeared in

[10]:
Theorem 2.8. Let E C IFZ have size |E| > pq?, where g < p < 1. Then, there
exists a constant ¢ so that

d+1)

Ti(E)| > cp'~q("

In other words, when E C IFle has density p as above, the set of d-simplices determined

by E has density > cp?t.

10



Remark 2.9. The assumption that |E| > pq¥implies that the number of (d+ 1)-point

configurations determined by E (up to congruence) is no less than

|E|d+1 - (d42—1>
pg - q(3) ~ P

since the size of the subset of the translation group that maps points in E to a set of
size E is no larger than |E| = pq® and the rotation group is of size ~ q(g) Our result

shaves off a power of p from the trivial estimate.

2.3 Proof of Results

2.3.1 Proof of Theorem 2.8

Here, we roughly state the argument. We prove Theorem 2.8 by first making a
reduction to a statistical statement about hinges (the term ”hinges” is defined below).
Having made this reduction, we next show, using a pigeon-holing argument, that for
some x € F the hinge is large. To finish the argument, we realize a dichotomy. If
the number of transformations mapping the hinge to itself is small, then a purely
probabilistic argument gives that the number of distinct (incongruent) (d + 1)-point
configurations is what we claim. Otherwise, if the number of transformations mapping
the hinge to itself is large, then a purely combinatorial gives the result.

We start with the statistical reduction. We observe that if |E| > pg?, for p as in
Theorem 2.8, then it suffices to show that

d+1)

d+1
H(Gz‘j)1gz’<jgd+1 S th ’ )

|R(B)| > o}\ > ept-1g("t), (2.1)
where

Ry(E)={@",....y" ) eEx - xE: ||y —y| = ai;},

11



and for x € IE‘Z,
Izl = 21 + - + g
This follows immediately from the following simple linear algebra lemma.

Lemma 2.10. Let V' be a simplex with vertices V; € IFZ, where 1 = 0,..., k. Let V'

be another simplex with vertices V; € ]FZ also fori=0,...,k. Suppose further that
Vi = Vil = Vi = V]l (2.2)

for alli,j. ThenV and V' are congruent (i.e., they are members of the same equiv-

alence class of Ty(E) ).
We will postpone the proof of Lemma 2.10. Our main estimate is the following:

Theorem 2.11. Suppose that a; € Fy fori=1,...,d, and let E C IFZ. Then,

1 d E E - ) | —|E|d+11 1
H(x,x,...,x)e X X E:|x I||—Oéz}‘— p (1+0(1)) (¢ — o00)

whenever |E| > ¢% 2.
We again postpone the proof of Theorem 2.11.

Remark 2.12. The threshold q’% < p < 1in Theorem 2.8 is a direct consequence of
Theorem 2.11. While the exponent qd_% 18 nontrivial, we believe the correct exponent

to be closer to q%, although we have been unsuccessful in showing this is true.

Theorem 2.11 then implies that there exists an element x € E so that

{2 eEx - xE:|z—2'| =} > %(1+0(1)). (2.3)

12



Fix a d-tuple a = (;)1<i<a With o € F for i = 1,...,d. We define the hinge h, o
to be the set {(z!,...,2) € Ex--- X E : ||z — 2| = a;}. Let M, C O4(F,) denote
the set of d x d orthogonal matrices which map the set h, , to itself. That is, we set
Mo ={0 € O4(F,) : O(hyo) = hyo}. Finally, put A; = {2 € E: ||z — 2'|| = a},
where the set is indexed in ¢ according to the distance a; € Fy'.

Using the notation as above, we consider three cases: when |M, | is small, when
at least one set A; is small (which we will see forces |M, | to be small), and when
each A; and M, , are large.

In the first case, suppose that |M, | < pq(g). Then, (2.3) immediately implies
that the number of distinct d-point configurations between the d sets A; is

d, —d
. 1N S 1Bl (1d+ o(1)) > et 1q(8). (2.4)
‘Mx,oz pq<2)

In the second case, suppose that one of the sets A; has size |A;| < pg?~! for some

1. We then utilize the orbit-stabilizer theorem from elementary group theory:

Proposition 2.13 ([34]). Let a group G act on a set S. Let Gs = {gs : g € G} be
the orbit of s € S, and G4 = {g : gs = s} the isotropy group of s € S. Then there is

a bijection between Gs and G/Gs. Consequently,
Gs| = (G : Gs) = |G]/|G4].

We let the group O4(F,) act on Fi. Recalling that [Og(F,)| ~ q(g), and since

orthogonal maps preserve the length of a certain vector, we get that the size of

1

the orbit of any point is exactly ¢?~'. Hence, picking some z from the previously

mentioned set A;, we get that the size of the stabilizer group of this element z is

< q2)

G.| = .
G |Gz| ¢t

13



The final element here is to notice that

d
d

O
|Mx,a‘ < |GZHAZ| S F ’ pqd t= pq<2)7

since the number of hinge-preserving orthogonal matrices is no more than the number
of orthogonal transformations which fix a given vector z € A;, times the number of
choices for that vector z. Indeed, this forces |M, | < pq(g), and we then proceed
as in the first case getting the correct amount of distinct d-point configurations by
pigeon-holing.

The final case follows by a result of Steven Senger ([10]).

d
2

Theorem 2.14. Let |A;| > pg®™' and |M, .| 2 pq( ). Then, we can find at least

cpd_lq(g> distinct d-point configurations among the sets Aj;.

d
We see that in any case, there exist no less than cpd_lq(Z) many distinct d-point
configurations. Since this holds for any fixed vector o = (;)&,, and since there are
q — 1 choices for each a; € F,\{0}, then there are at least

d
2

ep™ g (g — )7 > cp gl

many distinct (d+ 1)-point configurations determined by E. This completes the proof

of Theorem 2.8 modulo the proofs of Theorem 2.11 and Lemma 2.10.

2.3.2 Proof of Theorem 2.11

To prove Theorem 2.11 we will actually prove the following more general result.

Theorem 2.15. Let r > 2 be an integer, and let H, , represent the set of r—hinges,

r—1

with distances o = {a; }i—;, which are present in E. That is,

Hyp= {2 o) € Bx - x B o '] = ),

14



where a; #0 fori=1,...,r — 1. Then,

2

E
|H7”,oz| = 1
q

(1+0(1)),
=B d+ 51

whenever |E| > g

Setting r = d + 1 in Theorem 2.15 gives Theorem 2.11. in order to complete the

proof, we will need the following estimates.

Lemma 2.16. Let S; = {x € F¢ : |lz|| = t}. Identify S; with its characteristic

function. Fort # 0,

[Sel = ¢ (1 +0(1)) (2.5)
and if also m # (0,...,0),

[Su(m)] < 2¢77 . (2.6)

As before, we will postpone the proof of Lemma 2.16. We will proceed with the
proof of Theorem 2.11, and we induct on r. Before we handle the case r = 3 we first

observe the following estimate which originally appeared in [32].
Lemma 2.17. Using the notation as above, we have |Hs o| = |E| +0(¢"T | E)).

To see this, write

’H2a‘—ZE y)
_quZ’E

= ¢ EPIS| + ¢ Y |Em)
m#0

m

S(m)

s

15



and

¢ < 2¢%q~ 5 ¢|E| = 2¢"7 |E.

> |Eon

m##0

We now illustrate the base step. First we write

|Hsol =D |EN (z = S)%.

zel

Note that

En(z—S |_ZE
= qd > E(m)S(m)x(m - )

BISI + ¢* S Bm)Bmx(m - 2),
m#0

which gives

[Hsol =) |EN (x = 5)

zeE
2

= [EP’[SPPq + 2|E||S|g" Y [E(m)PIS(m)| + ¢ )

m#0 T

=|EP’|S]’q* + O (!E|2|Slqdq(‘“)/2 +q* ) \E(m)l2\§(m>|2)

m7#0
= |EPISPPq + O (|EP[Slg "D + ¢ '|E]) .

ZE x(m - x)

m7#0

If |E| > ¢*% then

[Hsol = |EI*¢7*(1+ 0(1)).

For the inductive step, assume that we are in the case |H, .| = (L?Vl (1 4+ o(1)) for

16



|E| > q%‘”ﬁ. We begin by writing

Hopiol = > Hpolz,z',.. 2" )E(@")S(x — 2")

z,zl,.. 2"

Y Bl 0 Bl

m

= ¢ B||S|[Hpal + ¢" " Hoo(m,0,...,0)S(m)E(m)

m#0
= q Y| E||S||H,4| + R.

Applying Cauchy-Schwarz gives

R2 < q2d(r+1) Z |S(m)|2|E(m)|2 Z |Hr,oz(ma 0,... ’0)|2

m#0 m70

S q2d(7’+1)q_d_1q_d|E| Z |Hr,o¢(ma 07 s 70)|2
m#0

<P NEY | Hyo(m,0, ..., 0)?

Also, we have that

Since |[E N (z — )| < ¢%71, it follows that

A= |Hoo(m,0,... 0) = ¢~ 2N " | F(m) 2
=T | f()?

_op N\ 2(r—2
<gq 2rd+d (qd 1) (r )|H3,a|7

17



and therefore,
A S q—27"d+d (qd—l)Q(T_2) |E|3q_2(1 + 0(1))
Finally,

_ _1\ 2(r—2 r— —9or
R2< g% (g 1) |B(1+ (1)) < 2B (L + o(1).

~Y

This implies that,

2r

_ -3 _, 1
[Hri1al = 0 B||S||Hy ol +O(¢" % 72| EJ?),

and we hence get

B+

r

|HT+1704| = (1+0(1)),

whenever
2r—3 1
|E’ > q2r—2d+2r—2 .

Finally, to finish the proof of Theorem 2.11, it remains to prove Lemma 2.16. We

first need the following well known result on Gauss sums.

Proposition 2.18 ([35]). Let x denote a canonical additive character and v denote
the quadratic multiplicative character onIF, (or the Legendre symbol, when q is prime).
For a € F,, we have

> x(az?) =n(a) Y x(@)n(@). (2.7)

z€lfy z€lfy
Furthermore, one has

D x(@)w(r) = A - V4,

z€lfy

18



where ¢ = p* and

A = { ((_—11)23_1 p=1mod 4 (2.8)

p =3 mod 4
Proposition 2.19 ([31]). Let x denote a nontrivial additive character on F,, and n

the quadratic multiplicative character of F,. Then,

Z x(az +bz™')| < 2y/q, and (2.9)

xEF;

Z x(az + bz~ M)n(z)| < 2\/q (2.10)

IEF;

Remark 2.20. The estimate (2.9) was originally due to A. Weil ([}6]), and such
sums are called Kloosterman sums. The sums appearing in (2.10) were first treated

by Salié ([}0]), and they are called Salié sums or twisted Kloosterman sums.

To prove Lemma 2.16, we apply orthogonality to see

1S = Si@) =g D> > x(sal) . x(szd)x(—st)

CUE]Fq SE]Fq Q?E]Fg

=q"" + R(1),

where

R(t)=q" Y ) x(sa])...x(szf)x(—st).

SEF; $EFZ

From Proposition 2.18, we have

R(t) = ¢ = 2D ni(s)x(—st),

s€Fy
where A\, € {£1, £i} is explicitly defined in Proposition 2.18 and depends only on g¢.
Now, if d is even, we have
=2 d=2
R(t)=q7 X > x(—st)=—q7 X!

SEF;
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Furthermore, if d is odd, we have

In either case, R(t) = o(¢?™1), and (2.5) follows. For (2.6), write

Sim) =g 3 Si(@)x(—z - m)

zelFd

=q " T Do xswd)x(—wima)x(—st)

s€lFq 1=1 z;€F,

— ST ST xlse? - ()

sy =1 i€y

e SIS (s (o ) ) () s

seF} =1 2;€F,

I (—”41” - st)

seFy =1 i€l

dl)\d ZU (_M_ t)

SEFX

Applying Proposition 2.19; we see that

§t(m)‘ <q 5. 2,/q = 2%, as claimed.

2.3.3 Proof of Lemma 2.10

Let m.(z) denote the r-th coordinate of z. By translating, we may assume that
Vo = 0. We may also assume that Vi, ...,V are contained in IE";. The condition that

|Vi = Vi|| = [|[V/ = V]]| for all 7, j implies that

ZWT(W)WT(V}) = Zﬂ-r(‘/;/)ﬂ-r(‘/j/)' (2.11)

r=1

Let T be the transformation uniquely defined by T'(V;) = V/. To show that T is

orthogonal it suffices to show that | Tx|| = ||z|| for all 2. By assumption, the V;’s
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form a basis, so we have

Thus, by (2.11), we have that

Tzl =) > ttym(Vm (V) = Y Y tatym (Vi) (V) = |l

LY L]

giving the result.
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Chapter 3

Volume Sets and Applications

3.1 Background

Given a subset A of a ring R, we define its sumset and productset to be

A+ A={a;+ay:a; € A}, and

A-A:{ayag:aiEA},

respectively. A famous and still unresolved question posed by Erdos and Szemerédi
([16]) asks whether the sumset and productset of an arbitrary set of integers A can

both be small. Specifically, they conjectured:

Conjecture 3.1. Given any d > 0, then there exists a constant Cs so that
max{|A + A, |A- A} > C5| A,
holds for all finite subsets A C 7Z.

In other words, they ask if one can find a nontrivial lower bound on |A- A|+|A+ A|.
The sum-product problem has a very rich history (see, for example [43] or [44] for a
nice survey). It has been shown to have connections with geometric incidence theory,
first by Elekes ([13]) when he deduced a sum-product bound using the Szemerédi-

Trotter theorem on incidences in the plane. As the incidence theory is based in R2,
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the results of Elekes and Solymosi, hold also for finite sets of real numbers, with the
integers as a special case. This sum-product problem has received much attention
over the last few years, and the best results towards a resolution of the Conjecture

3.1 are due to Solymosi ([42]) who showed that when A C R is finite, one has

A5

max{|A+ A|,|[A-Al} > ————.
(4 AL 144 >

It is also noteworthy to mention that when either the sumset or productset of a
set of integers is small, the other is large. See, for example, [7, 42, 43, 44], and
the references contained therein. Furthermore, sum-product problems have received
much attention in the setting of finite fields. There are, however, two new obstacles
with which one must contend in the finite field case. First, incidence theory is simply
not as well understood in finite fields, at least in comparison to the continuous case.
Since the best known results are based on incidence theory, this presents a rather
large problem. One therefore pursues sharper incidence results in hopes of obtaining
better sum-product estimates. Secondly, one must also contend with the existence of
subfields. For example, when ¢ = p?, the field F,, contains F,, as a subfield. Therefore,
one usually works with sets satisfying either |A| 2 q%“ or one works with A C F,,.
One of the first contributions to the understanding of the sum-product problem
in finite fields was a result of Bourgain, Katz, and Tao ([6]), where they showed the

following result holds for finite fields with a prime number of elements.

Theorem 3.2. Let A C F,, where p = 3 mod 4, and p° < |A| < p'~°, for some

d > 0. Then, there exist constants ¢ = c¢(9) and € = €(5) > 0, such that

max{|A + A, [A- A[} > c(d)| A",
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where € = 0 as 6 — 0.

Remark 3.3. When p = 1 mod 4, there is an element i € F, withi* = —1. Therefore,
one can construct a set E = {(t,it) : t € F,} with A(E) = {0}. Furthermore, if one
does not restrict to the case |A| < p'=°, then A = F, can in fact be a subring, and
hence |A+ A| = |A- A| = |A|. Interestingly, the restriction |A| > p° has been found
to be unnecessary, and it was removed in [5]. The proof of Theorem 3.2 ultimately

relied on finding a suitably sharp incidence bound for IF,,.

The first concrete relationship between § and €(d) in Theorem 3.2 was given by

Hart, losevich, and Solymosi ([29]) when they showed the following.
Theorem 3.4. Let A C Iy, where q is not necessarily prime. Then,
AP S g A+ APIA- A|A] + g3 |A+ Al|A - Al

In particular, when q> <Al S 1o, then one has

|A|3/2
g/t

max{|A+ Al |A- Al} 2
In a similar spirit, Garaev ([20]) was able to show that for A C [F,, one has
- |A[*
A+ Al[A- Al Z min § p[A], — ¢,
p
and in particular, when |A| > p3, this implies

max{|A+ Al [A- Al} Z V/plAl.

For small subsets of F,, building upon work of M. Garaev ([19]), Katz and Shen [33],
12
and others, Rudnev has shown ([39]) that one has max{|A+ A|, |A- A|} > B A

gAY

whenever |A| < /p. Other lines of attack to study the sum-product phenomenon have
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included studying the size of sets |dA?%| ([27]), or more generally, studying |f(A)],
where f is a polynomial in many variables (see, for example, [21, 33, 41] and the
references contain therein).

Matrices could also be of assistance to obtain a sum-product result. For example,

consider the determinant of a 3 x 3 matrix with entries in A C F:

a b ¢
d e f|=uaei+bfg+cdh—ceg—bdi—afh e 3A% —3A3
g h i

It was was this hope of extracting information from the determinant of a d x d matrix

to get a result on the size of dA? that led to our embarkment on the following project

([9)-

3.2 Results

For ' € FY, define vol(z', ..., 2%) = x' - (x* A --- A x?), where A denotes the wedge
product
2 n __ . 2 n
u A AUt =det(i w0 u”),
where ¢ = (i1,...,14) is the set of coordinate directions in Fg, and where = -y =

T1Y1 + - . . xqyq is the usual dot product. For a set £ C Fg, we define its volume set as
vol(E) = {vol(x*,... 2% :2' € E, fori=1,...,d}.

Definition 3.5. We say E C F g is Cartesian product-like if given any n-dimensional

n
d,

subspace H, C FZ, we have |ENH,| S |E

Our main results are the following:

15

Theorem 3.6. Let E C FZ’ be Cartesian product-like. If |E| 2 g%, then
vol(E) D F.
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Theorem 3.7. Suppose that A C Fy and |A| > \/q. If E=Ax---x ACF{, then
i) vol(E) =TF,, ford> 4.

i) [vol(E)| > 4, for d = 3.
3.3 Proof of Results

Our main investigative tools is the following incidence theorem:

Lemma 3.8. Let B(x,y) be any non-degenerate bilinear form on Fg. Suppose that
f,9:Fl—=C, and put

v(t)= Y flx)g(y).
(z,y)=

B(z,y)=t

Then, fort # 0, we have

/(1) = 1 llglha™ +0 (1 lglloa’) (3.1)

Moreover, if we set E = supp(f), then whenever 0 ¢ E, we have

Y v < FIBI9IRIElG + 156 Y 1@k |E N . (3:2)

t k#£0

where £, = {tk :t € FX}.

Remark 3.9. Lemma 3.8 has already appeared in [27] and [28], in the realm where
B(z,y) = -y and f(x) = g(x) = E(x), the characteristic function of the set E.

Notice that in this scenario (3.1) and (3.2) take the form

_|EP a1
o) =5~ +0 (\E|q ) . and (3.3)
B! _
Svtwp < EL 4 pig Y 1BwPE 6l (3.4)
t k
respectively.
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Proof. We let x denote a nontrivial additive character on F,. As it can be any
nontrivial additive character, we can replace B(z,y) by the dot-product x - y. We

write

Z f
—q‘lzz sy —1))f(x)g(y)

z,y s€lfy

=1 fllllglha™ + a7 > D> x(s(@-y — 1) f(x)g(y)

ZY seFy

= fIlllgllia™ + R(®).

Viewing the term R(t) as a sum in x, and applying Cauchy-Schwarz, we see that

RO <1342 > (@ (sy = s'y"))x(t(s" = s))

z oy SSEFX

= ¢ 13 D 9W)a)x (s —9))

sy=s'y’
s,s’EIF;<
=g 2IfIE D0 D S+ IS DD 9w)gW)x(t(s — 5))
s€Fy Y sy=s'y’
s,s’E]F;<
s#s!

=A+B.

Now,

A=q"2fl3lgli3(a — 1) < ¢ £I3N91l5-

Furthermore,

= ¢ 213 D 9Wa)x(t(s — s))

sy=s'y’
s,s'€Fg
s#s!

=" 2IfE D DD a(y)glay)x(tb(l — a))

a€F \{1} beF; ¥

= =I5 D> D 9wglay)

a€Fg\{1} ¥
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For the L? estimate, we apply Cauchy-Schwarz once again to see that

vt < IfFI3 Y. E@)gw)ay)

B(z,y)=B(=z,y")=t

Thus,

Dv@?<IflE Y. E@)gwey)

t B(m,y):B(:}:,y’)

=g I Y D x(s(e -y —z-y)E(x)g(y)g(y)

Yy s

= A+ B,
where A is the sum with s = 0, and B is the sum with s € Fx. Thus,

A=q ' Elf1ZNg1E

and
= IF15 D > 1g(x)* E(sz)
seF; =
= || fll5¢** Z 9(2)*| BN L]
= || flI2¢°* 12:IE(ZL“)IQIEMJ{:I,
as F does not contain the origin. O]

3.3.1 Proof of Theorem 3.6

Our plan is simply to apply Lemma 3.8 to particular functions f and g. Throughout,
we let E C F2 be Cartesian product-like. Put f(z) = E(x), and note that ||f|; =
I f113 = |E|. Put go(x) = |{(u,v) € E x E:uAv=z}|, and note that || gl = |E|*.
Furthermore, we put vy(t) = {(z,y,2) € E x E x E : vol(z,y,z) = t}|, and we

observe the equality

= 3 F@)go(y).

Try=t
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Our plan of attack, then, is to show that vy(t) > 0 for all values of ¢ # 0.
Throughout the calculations, the value ¢o(0,0,0) is too difficult to handle directly.

For this reason, we define a new function g(z) where

o() x # (0,0,0)
g@):{g z = (0,0,0)

and similarly, we set

=Y fla)gly)

xy=t

To finish the proof of Theorem 3.6, we need the following technical results.
Lemma 3.10. Let vy, v, gg, and g be defined as above. Then,
l90llx = llgllx and [volly = [lv[ly

Lemma 3.11. For the function g(x) as above, we have

@\\1

: ¢ < |E|< 2

~Y

E|
<)

Finally, applying Lemma 3.8 to the functions f(z) and g(z) constructed above yields

OJ

u(®) = "1 7 slglh + O (47 1l

In the case |E| < ¢%, we see that
v(t) = |EPg™ + O | EIS).

and it follows that v(t) > 0, whenever |E| > ¢~ . In the range |E| > ¢%, we see that
v(t) = |EPg "+ O(q2|EI),

and v(t) > 0 whenever |E| > ¢5, which is always the case. It then follows that
v(t) > 0 for each ¢ # 0, and hence vol(E) D FY, so long as |E| > ¢%. It remains,

however, to prove Lemma 3.10 Lemma 3.11.
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Proof of Lemma 3.10

The inequalities ||vp]|1 = ||v||1 follows from ||go||1 =~ ||g]|1- We must therefore demon-

strate that there exists constants ¢; and ¢y, such that

1 Zgo(ﬂf) > Zg(as) > 02290(37)-

We can clearly take ¢; = 1, as go(z) > g(x) for every x. Since, ||go|l; = |E|?, it only

remains to show that

> 9l@) 2 1EP

and to do so, it simply suffices to show that go(0,0,0) is not the dominant term, and
hence its removal does not affect the L! bound for g. Therefore, it suffices to show

that,
90(07 Oa O) S ‘E|a
for some a < 2. However, this follows easily from the fact that

90(0,0,0) = {(u,v) € Ex E:uNv=(0,0,0)}
< |E|max|EN¢| < |E|3,
LCF3
since F is Cartesian product-like. Lemma 3.10 then follows.

Proof of Lemma 3.11

Recall we aim to show that function g(z) = |{(u,v) € E X E : u Av = zx}| for

x # (0,...,0) and ¢g(0) = 0 has the following L? bound:

71 3
<[ 1B ¢ SIEIS QP
1]l 51
~ LB Bl Z ¢

Before we proceed, we require the following estimate:
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Lemma 3.12. Let G(2,3) be the set of all 2-dimensional subspaces in Fg. Suppose

that £ C Fg’ is Cartesian product-like. Then,

> |EnHP SI|EP, (3.5)
HEG(2,3)

whenever |E| > q2.

Proof. Note that the sum _ |E N H|? ranging through H € G(2,3) counts all pairs
of mutually orthogonal vectors exactly once, as each pair of orthogonal vectors de-
termines a unique plane H € G(2,3). If two vectors are not orthogonal, then they
both lie on the same line and hence are counted at most O(q) times. Since each line

contains at most ¢|E |% points of E, as E is Cartesian product-like, it follows that

> |EnHPSI|EP +qE|"V?-|E| S |EP,
HEG(2,3)

whenever |E| > ¢2, as claimed. O

To finish the L? bound for g, we first notice that

lg3< > > v,
)

jeF; HeG(2,3

where if H is determined by the equation z -y = 0, we have
vp(t)={(y,z) e (ENH)x (ENH) :vol(x,y,z) =t}
Applying (3.2) with d = 2, we have

gl < (IE NH|*¢'+|ENH|¢®Y |ENHP|(ENH) MM)
HeG(2,3) k

ENnH}* e
Y (g+m€ax]Eﬂ£HEﬂH]q3Z\EﬂH]2>
k

HeG(2,3)
Sat ) |EmHy4+qm?X|Emg| > |EnHP
HeG(2,3) HeG(2,3)
=1+1I
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Since E is Cartesian product-like, then |EN H| < |E |% Applying Lemma 3.12 gives

;< [ CUEBIEP g
~ gt ElS |

This is sufficient as ¢ | E|3|E|* < ¢|E|3, when |E| < ¢%. Similarly, Lemma 3.12 gives

II=quax|EN(| Y |ENHP 5 qE|EP,
HeG(2,3)

as long as |E| 2 q2, and this completes the proof of Lemma 3.11.
3.3.2 Proof of Theorem 3.7
We require the following preliminary Lemmas (see [6, 23, 24]).

Lemma 3.13. Suppose that A C Fy is such that |A| > \/q. Then, there exist

elements o, B € A — A such that |aA £ SA| > 1.

Lemma 3.14. If C C F is such that |C| > 3, then C = C =T,.

Lemma 3.15. Suppose that A C F), |A| > /G and B= A—A. Then, B>~ B* =TF,.
To prove Lemma 3.15, we must show the set of determinants

p-{ e B}

covers F,. Set x; = a,29 = 8 as in Lemma 3.13. Since z3,24 € B, we can write

1 T2
xr3 T4

x3 =1y — Yo and x4 = y3 — y4, where y; € A. Let C = aA — fA. Then, D =C —C,
and the result now follows from Lemmas 3.13 and 3.14. To prove the first part of

Theorem 3.7, it is enough to prove the result for d = 4. Now, consider determinants

of the form
Ty Ty T3 Xa Ty —Uu; x2—uy 0 O
yi Y2 Y3 Ya | | yi—vi y2—v2 0 0 —(xy ym) T1—Up Tz — U2
= = (T3Ys—Y324
Uy Uz T3 T4 (251 Ug T3 X4 Y1 — U1 Y2 — V2
V1 V2 Y3 Ya U1 () Ys Ya
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The first part of Theorem 3.7 follows from Lemma 3.15. Finally, when d = 3, we have

T1 T2 I3

i Y2 Ys | =T3-
Uy U2 T3

T — U T2 — U2
U1 Y2

X1 — UL T2 — Uz
Uy Uz

— Y3

Choosing « and 8 from Lemma 3.13 such that a = 1 — uy and § = x5 — us. Fix ys,

and fix x3 # 0. The second half of Theorem 3.7 follows from Lemma 3.13.
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Chapter 4

Geometric Configurations in the
Integers Modulo ¢

In this chapter, we turn our attention to geometric combinatorics in the setting of

the integers mod ¢, denoted here by Z,.

4.1 Background

After studying geometric combinatorics in vector spaces over finite fields, one is nat-
urally led to replace finite fields with the integers modulo ¢q. A few technical ob-
structions arise, however, in this new setting. First, Gauss sum estimates are much
more delicate. For example, when ¢ = 2 (mod 4), the quadratic Gauss sum vanishes
completely. To overcome this obstacle (along with many other such obstacles), we
typically only consider odd values q.

As discussed in detail in Chapter 3, the sum-product problem has received much
attention over the last few decades. We study variants of the sum-product problem
in Z,. In this setting, one is asked to show that when A C Z, is not a subring, then
either the sumset or productset of A is large. Recall that in finite fields, one was forced
to deal with the lack of incidence theorems (a rather substantial obstacle) and the

existence of subgroups. The situation in Z, is even more bleak, as one is forced to also
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contend with the existence of zero-divisors. The fact that Z, is not a field (and hence
for t € Z;, the equation 2?2 =t does not have at most 2 solutions) coupled with the
fact that Z, is not a unique factorization domain, causes significant technical obstacles
in the estimation of Gauss sums. Nonetheless, quite a bit is still known about the
sum-product problem in Z,. For example, Bourgain and Chang have shown ([3]) that
if ¢ =pi...px, where p; > ¢, and A C Z, satisfies |[A + A| + |A - A] < |A|'™, then
either |A| > ¢'70 or else |mq(A)| < C.,¢°. Here, dlq, 7q : Zy — Zq is the natural
projection, and § = d(eg,e) — 0 as € — 0 (see also, [4] for a related result). This
result was extended to arbitrary ¢ by Bourgain in [2]. Furthermore, an Elekes-type
bound was found by Garaev ([20]), in which he was able to show that if A C Z,,

(with m > 1), then
2
A4
At A Az dmia, A0S va

dlm
d<m

The case when m is prime appeared in the same paper and was discussed in the
previous chapter. Our line of attack is to study the size of dA2 = A-A+---+A- A,

where A is sufficiently large.
4.2 Results

We now discuss our results. We first show a Z, analogue of the following theorem of
Hart and Iosevich.

Theorem 4.1 ([27]). Let E C FZ, and define [[(E) = {z -y : x,y € E}. Then

d+1

[I(E) CFY, whenever |E| > q = .

q )
Given a subset E C Zg, we define its dot-product set to be defined just as in the
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finite field case: [[(F) ={z-y:x,y € E}, where z-y = x1y; + - - - + 244 is the usual
dot product. Then, we have the following generalization of Theorem 4.1.

(2¢—1)d

Theorem 4.2. Suppose E C Zg, where q = p*, is of size |E| > lq +2. Then,

[[B)>z;

Remark 4.3. Theorem /.2 is a generalization of Theorem J.1 in the sense that when
¢t =1, Z, = F, is a field, and our exponents match exactly. The finite field case
has the advantage that even when the field has p* elements, the analysis goes through

unchanged. In the setting of integers mod q, this is not the case.

20—-1

Corollary 4.4. Suppose that ¢ = p* and A C F,, and |A| > (ag*se tza. Then,

Ly CdA’=A-A+---+A-A
In particular, when d =2, q¢ = p?, and A C Z, with |A| > ¢"/%, one has
Z; CA-A+A-A

Corollary 4.4 follows easily from Theorem 4.2 by setting £ = A x --- x A. Theorem
4.2 shows that there exists a constant B = B(p, £) > 0 so that |E| > Bq(%)d implies

[I(E) D Z,. To contrast this result, in [11], we prove the following;

Theorem 4.5. For d > 3, there exists a constant b = b(p) > 0, such that there exist

sets of size |E| = bq<%)d and yet [[(E) 2 Z,,

Remark 4.6. Theorem 4.5 shows that Theorem /.2 is best possible up to the factor
of ﬁ In particular, if we fiz p and ¢ and let the dimension d — oo, then our results

are sharp asymptotically.
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The second of our results states that the Zg analogue of a sphere with unital radius
is (d — 1)-dimensional, which again aligns with the finite field case (see (2.5)). More
precisely, for x € Z2, we put ||z]| = 234 - -+x3. Clearly, ||z| is not a metric, although
we note that this notion of "length” is invariant under orthogonal transformations.

For t € Zg, we set Sy(x) = {x € Z] : ||z|| = t} as d-dimensional sphere of radius ¢

Theorem 4.7. Let d > 2 and t € Z;, where q is odd. Then,

[Sel = ¢"71 (1 + o(1)).
On the other hand, if n is even, t € Z), d =0 (mod 4), and valy(n) = «, then
S = O (n™1)

4.3 Proof of Results

4.3.1 Proof of Theorem 4.2

To prove Theorem 4.2, we define the incidence function
v(t) = {(z.y) € Ex Eia-y—1},
and we show that v(t) > 0 for each unit ¢ € Z). We write

v(t) =g Y Y x(s(a-y))x(—st)

s€Zq v,yel
= Voo (t) + 1o(t) + 11(t) + ... v (1),

where x(z) = exp(2miz/q) and

vit)=q" > D x((stz-y) x(—st).
valp(s)q:i et
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Recall that val,(z) =4 if p’|z, but p"*! f z, and val,(0) = co. It is then plain to see
that v (t) = %. For the other values i = 0,...,¢ — 1, notice that s can be written
in the form s = p’s, where 3 is determined uniquely in Z;H. Also, viewing the term
v;(t) as a sum in the z-variable, applying Cauchy-Schwarz, and extending the sum

over r € I/ to a sum over x € Zg, we see that

P <[Elq> Y0 > Y x(0'sy = sy)) x ('t(s' — 9))

€LYy €l s s'en”,
o

7

<|E[¢"? ) x(p't(s —s))
yy' €E
pi(sy—s'y')=0

) e X
S,8 EZpe—i

We split the last sum into two parts, I and I/, where I corresponds to the sum over

the terms where s = &', and I1 is over the set (s,s’), where s # s’. We claim that

term 11 is a nonpositive quantity. Accepting this for a moment, we see that
I=|Elg"™* > EWEW)

X
sEZpéﬂv

p's(y—y’)=0

— | Bl (1 - ;) S E)EW)

ply=piy’

< Blg2'~ 3 R

aEZpg,i
where Rp(a) = {y € E:y = a (mod p*~*)}. Since the Kernel K of the map
7Tpé7plfz‘ . ZZ@ — Z;le_i

has size p'?, it follows that

Y. Re(a)f < [E[p™.
OtEZp,g_i
Putting everything together, since the term /1 is nonpositive, it follows that

v ()]? < I <|E|¢*?p"" - |E]p™
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from which it immediately follows that

wi(t)] < | Blg"7 (+4).

Therefore, for each t € Z;, we have

where |R(t)| < E|E|q%(2*%). Therefore, v(t) > 0 whenever |E| > Eq( 2 )d+24, as
claimed. It remains, however, to show that the term /1 appearing in the bound for

|v;(t)]? is indeed nonpositive. Recall that

II=Elg"™ Y. > x(@ts —9)

vy EE s,'€L,
P

—i
pi(sy—s'y’)=0
s#s’

=[Elg"? > Y x (@t -a).
Y,y €E pt(blay—y’))=0
abEZ

a;ﬁl

—1

Furthermore, we break up the sum /7 into two additional pieces according to whether

1 —a € Zy-i \ {0} is a unit or not:

=B Y > x (0t - a)
Y,y €E pi(blay—y'))=0
abEZ

—1

1— aEZX

—1

s=Eq" > Y x (Pt —a)
¥y’ €E pi(bay—y'))=0
a bEZXZ i

1- a%Z

—1
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First, and foremost, note that by summing in b and applying orthogonality, we get

that

IIa=1Elg™ Y > x (@t - a)

vy’ €E pi(blay—y'))=0
abEZ><

—1

1— aEZX

—1

=—|El¢"* > > 1

Yy EE g 1— anX

—1

which is negative real quantity. Also, note that if a € Z% i but 1 —a ¢ Z7 i then

1—a=p's, for some 0 < j < £ — i, where s € Z* Thus, we can write

223

l—i—1

B = |E|qd_2 Z Z LJ’

yy'€E
pb((1—p?s)y—y')=0

beZ’,
p *7,

where we set

L= Y, x(p™ths)= -1,

X
sEZl ij

and we applied orthogonality as we summed in the variable s, as tb is a unit. There-

fore, Il is a negative term, and the claim, hence the proof, follows.

4.3.2 Proof of Theorem 4.7

We will say that a Dirichlet character 1) has conductor m if m is the smallest positive
divisor m|g such that ¢» = ¢’ o m,,, for some Dirichlet character (mod m). Here
T

gm @ L) — Zy, is the natural projection. A Dirichlet character (mod q) will be

called primitive if it has conductor ¢. We need the following well known results.
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Proposition 4.8 ([31]). Let x denote a nontrivial additive character of Z,. For
a € Ly, with (a,n) =1, we have

1 mod 2
2 mod 4
0mod 4 & a= 1 mod 2

G(a,n) = Z x(az?) =< 0 n
©€Zn (I+de' (2)vn n

where (E) denotes the Jacobi symbol and

|1 n=1mod4
TV n=3mod4

Furthermore, for general values of a € Z,,, we have

G(a,n) = (a,n)G <(L L) .

a,n)’ (a,n)

Definition 4.9 (Generalized Gauss Sum). Let ¢ denote a Dirichlet character mod n

and x.(x) = e2™/™  Then, we set
T, Xa) = > () xa(@
TELm

When a = 1, we simply write 7(¢, x1) = 7(1).

Proposition 4.10 ([31]). Suppose ¢ is a Dirichlet character mod q and (a,q) = 1.

Then,

(¥, Xa) = ()7 ().

Proof. Since 1(a)(a) = 1, and (a,q) = 1, we have

(1, xa) = ¥(a) Y v(ax)xi(az) = ¥(a) D v(y)xa(y) = bla)7 ().

TE€Lq YE€Zq
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Proposition 4.11 ([31]). Let ¢ denote a Dirichlet character mod n which is induced

by a primitive character ¥* modulo n*. Then,

(@) = ()0t (o) @), (4.1)

n* n*

Here, p is the Mobius function:

1 n=1
pu(n) = 0 n is not squarefree
(=DF  n=pi...py

Furthermore, if 1 is a primitive Dirichlet character modulo n, then,

[r(¥)] < vn (4.2)

Corollary 4.12. Given any Dirichlet character 1, and x,(x) = e*™%/" we have

17(1), Xa)| < V/n.

We first show Theorem 4.7 for powers of odd primes. Assume then, that ¢ = p?,

and let x denote a nontrivial character additive on Zj.

[Sel =D Se(x) =g > x(saf) ... x(szg)x(—st)

€LY 8€Lq ey

=q¢ ' (T +To++Ti),
where

Ti= ) > x(sai)...x(szd)x(—st)

s€Lq z€ld
valp(s)=1i
d
= > | 2o xGse®) ) x(=s).
8€7Zq TELq
valp(s)=t
= > (G(5,9)"x(=st)
S$€ELq
valp(s)=1t
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It is clear that T, = ¢¢ = p®. For i =0,...,£—1, note that if val,(s) = 4, then s can

be written in the form s = p’s’, where s’ is determined uniquely mod Z;,g_i. Using

this fact, along with the bound from Proposition 4.8, we see that

T,=p" ) (Gls,p"") x(—st)
SEngii

d
2

_ pidgze_i (pe—z‘)

Yo 0 ()" x(—st)

X
seZpL_i

where 7(s) = (2) is the Legendre symbol. If d(¢ — 7) is even, we see that

e,

and hence |T;| < p@03 (pt==1) = p/(“2)+(“F*)=1 1f 4(¢ — 4) is odd, then,

i) 4
T; = p“*2ed, n(s)x(—st)

=pE sl | N mle)x(=st) = Y nls)x(—st)

SEsz_i Sézp[_i
7

J/

T(1,X~s) R

By Corollary 4.12, |7(n, x—s)| < +/p*~. Using a crude bound for |R|, we see that
T < ple+s <p(€fi)% _i_péfifl) _

Noting that 5% < ¢ —i — 1 for i < ¢ — 2, we have shown that |T;| < opt it -1
when i =0,...,¢0—2 and |T;_4| < QpZd_%. Altogether, our estimates show:

td—4 1)
Tl < |Tos| < { P d(¢ —1) is even

2% d(¢—1) is odd
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Thus, we have |S;| = ¢t + ¢ 1 (Ty + -+ - + T;_1), where

-1 d
{ptd=3 d(¢ —1) is even
To+-+Tq| <SS |T| < B

T el <) l—{%pfd—”’z d(¢ —1) is odd

=0

Putting everything together, and recalling that we set ¢ = p’, we have that
-1
’St| :pf(d—l) +0 <q—12‘7ﬂ1’> (44)
i=0

(ptd—D-3 d(¢ — 1) is even
d— p
=q¢"'+0 0(d—1)— 251 1
lp 2 d(¢—1) is odd
= (1 1 o(1). (4.5)
Qg

The full case follows from the Chinese Remainder Theorem. Recall for ¢ = p{* ... p.*,

then Z,, Z,; , and Zg decompose as the following Cartesian products

Zq = Zp;q X X Zp:k’

Ly = ZLjg X+ X Z;:k, (4.6)
d ~ r7d d
Lg = Lion X -+ % Zp:k. (4.7)

To find |S;| for ¢, one must find the number of solutions in ZZ to the equation
flx)=af+ - +a25—t (4.8)

However, (4.6) implies that each unit ¢ € Z; can be written as t = (1,...,t), where

t; € 2, is also a unit. Thus (4.7) shows that solving (4.8) in Z¢ is equivalent to
p;

solving (4.8) in each component ZZ%. It follows that for t = (¢4, ..., ;) we have:
d d
il =180l = TTw V(14 0(1) = ¢ (1 + (1),
i=1 i=1

which proves the first part of Theorem 4.7. We now proceed with the case ¢ = 2%,

for dimensions d = 0 (mod 4). As before,
1S ="'+ ¢ (T + To+ -+ Tan),
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To= ) (G(s,2)" x(—st)
S€ZLq
valz(s)=t

= i Z G(s,2°7))x(—st).

sEZX

2a—1

Applying Proposition 4.8, we see that

i\ d
) ) 2047@
T; = 20923 (1 4 4)? > e;d( ) x(—st)

S
SEZ;@_Z-
=203 (14 0) D y(—st)
SEZSOHZ.
= =225 (14 0)? Y x(—st),
sézja—i

so long as d = 0 (mod 4), and hence |Tj| < 22*++D“5*  which gives

a—1
S =" g7 T < (a4 D)g
i=0
The conclusion to the second statement in Theorem 4.7 then follows from the same

reasoning as in the odd case. Write n = 2*m, where m is odd. Writing t = (¢, t2),

where t € Z),t1 € Z3., and ty € Z,, we see that
|St| = |St1||8t2| < (a + 1)2a(d_1)md_1(1 + 0(1>> = Oa(nd_1>a

as claimed.
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