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ABSTRACT 

 In this work, two separate mathematical models, a traditional and new model, are 

presented for an end-milling process.  The traditional model assumes circular tool 

motion, while the new model accounts for trochoidal tool motion resulting from the feed 

of the workpiece past the rotating tool.  Simulated bifurcation diagrams are generated 

using each model and compared to experimental results.  An extended Kalman filter 

(EKF) algorithm is created for estimating the states and model parameters of the milling 

process given the tool deflections in the x and y-directions and rotational angle.  Once 

parameter estimates are calculated, stability analysis is performed to generate the stability 

bound of the system as a function of the spindle speed and depth of cut.  A control system 

is designed for a simulated milling process that uses updated EKF parameter estimates to 

track the stability bounds of the system through time.  Through knowledge of these 

stability bounds, the spindle speed and/or feed rate are varied to avoid instability (i.e. 

avoid the onset of chatter vibrations).  This control system is unique in its ability to adapt 

to changing system dynamics.  A chatter detection method is also given based on the 

root-mean-square (RMS) value of the once-per-tool deflection data.  This method cannot 

avoid chatter vibrations form forming; however, it can detect and quantify the severity of 

chatter vibrations.  

 By comparing simulated and experimental results, the new milling model is found 

to more accurately predict the dynamics and stability of an actual milling operation.  End 

milling contains a subcritical bifurcation resulting in hysteresis of the bifurcation point.  

Consequently, both chatter and chatter-free tool vibrations can exist for a single set of 
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milling conditions.  Stability jumps within the hysteresis region are shown to be possible.  

The experimental tool deflection data collected shows signs of runout in the tool/spindle 

of the milling machine.  Therefore, modifications to the new milling model are made to 

simulate runout in the analytical results (these results better match the tool dynamics 

from experimental tests).  The EKF model parameter estimates of experimental and 

simulated deflection data are found to be accurate within 6.5% of their nominal values at 

a constant spindle speed and depth of cut.  However, due to linear time-invariant 

assumptions in the milling model, the parameter estimates change as the spindle speed 

and depth of cut are varied.  Therefore, parameter estimates must be updated in order to 

provide an accurate stability bound for the current state of the milling operation.  Using 

updated stability information, the control system is able to keep the simulated milling 

processes chatter-free over large depth of cut ranges.  Finally, tracking RMS values of the 

once-per-revolution tool deflection is shown effective in detecting the onset of chatter 

and gaging the chatter vibration magnitude.   
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Chapter 1 INTRODUCTION 

 In this chapter, an overview of previous milling research, a description of the 

milling system, and the motivation for and contributions obtained in this research are 

discussed.  A literature review of previous milling, chatter detection/prevention, and 

parameter estimation research is given in Section 1.1.  Background information on high-

speed end milling and chatter vibrations, the motivation behind this research, and 

research objectives are presented in Sections 1.2, 1.3, and 1.4, respectively.  In Section 

1.5, the contributions that this research provides are discussed.  Finally, Section 1.6 

provides an overview of the work presented in this dissertation. 

1.1 LITERATURE REVIEW 

The following is a literature review of work performed in the areas of milling, 

chatter, stability analysis, and parameter estimation.  The development of the 

mathematical milling models used in this research is first discussed in Section 1.1.1.  

Stability analysis techniques used in defining stable and unstable parameter rations in the 

milling process are given in Section 1.1.2.  Methods used for detecting and avoiding 

chatter vibrations is also given here.  Finally, Section 1.1.3 provides background 

literature for the development of various parameter estimation techniques.   

1.1.1 THE MILLING MODEL 

 Early milling research is based on orthogonal cutting, where the direction of the 

cutting force, chip thickness, and tool dynamics do not change with time [1, 2].  From 

this research, frequency-domain models were developed for determining the exact 
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stability boundaries for turning and the approximate stability boundaries for milling [3].  

Milling is a process that has multiple cutting teeth, a rotating tool, multiple degree-of-

freedom (DOF) tool dynamics, and varying cutting forces and chip thicknesses [4].  

Considering these milling characteristics further complicates the analysis of the milling 

operation.  The 1-DOF orthogonal cutting analysis given by Tlusty [1] and Tobias [2] 

was expanded by Altintas [5-7] to a 2-DOF frequency domain algorithm for end-milling.  

This model accounts for tool motion in the x and y-directions (see Fig.  1) and uses a 

truncated Fourier series to approximate the entry and exit angles of the milling tool.   

 In this research, two separate 2-DOF mathematical models are used in simulating 

the milling process, a traditional and new model.  Both models use equations given by 

Altintas [5-7] for calculating the forces exerted on the tool as it enters and exits the 

workpiece (these forces are a function of the instantaneous chip thickness, radial 

immersion, and cutting coefficients).  The difference between the two models comes in 

the calculation of the chip thickness.  The traditional model assumes circular tool motion 

of the tool with fixed entry and exit angles.  The chip thickness equation used for this 

model is given by Mann [8-10] and Insperger [11].  The new chip thickness model allows 

for varying entry and exit angles (i.e. accounts for tool motion discontinuity) and 

accounts for the trochoidal motion of the tool caused by the feed of the workpiece past 

the tool.  Radhakrishan [12-15] developed the new chip thickness model at the University 

of Missouri.   

1.1.2 CHATTER DETECTION AND PREVENTION 

 The explanation for machine–tool chatter was first given by Tlusty [1], Tobias 

[2], and Merritt [16] as “regeneration of waviness” in the cut surface.  Their research 
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provided the groundwork for the development of stability lobe diagrams.  In the work of 

Weck [17] and Gather [18], frequency domain methods are used in computing stability 

lobe diagrams that indicate stable and unstable regions as a function of the control 

parameters (i.e., spindle speed and depth of cut).  An important result from these analyses 

was the ability to identify stable cutting regions in which larger metal removal rates can 

be obtained by cutting at higher spindle speeds.  Using the 2-DOF frequency domain 

model given by Altintas [7] provides accurate stability predictions except for cuts with 

very low radial immersion [3].  Low radial immersion milling was investigated by Davies 

[19] where a 1-DOF model was formed using a discrete “map” in order to predict the 

existence of stability regions and to characterize the transitions from stable to unstable 

regions.  The discrete model given by Davies [19] was later expanded by Bayly [20] to 

use time finite element analysis (TFEA) in generating stability lobe diagrams.  The 1-

DOF TFEA method presented by Balyl [20] was expanded to a 2-DOF method [3, 4, 21].  

This 2-DOF TFEA method is used in this research for tracking the stability of milling 

processes at various spindle speeds and depths of cut.  A full description of the TFEA 

stability bound method is given in Section 9.1.   

 To generate stability bounds using the methods given above, knowledge of system 

parameters (specifically the mass, and damping, and stiffness of the tool/spindle) are 

required.  Experimental tests can be performed to estimate these parameters.  However, if 

something in the system changes such as tool replacement or tool wear, new parameters 

must be experimentally found and a new stability bound generated.  This has lead to the 

development of on-line chatter detection techniques that are not dependent on knowledge 

of system dynamics.  In the frequency domain, several studies have focused on chatter 



 4 

detection through the measurement of dynamic force [22], sound [23, 24], acceleration 

[25] and displacement [26].  In these methods, the system must be on the verge of (or 

experience) chatter for any kind of action to be taken by the machine or operator to 

prevent the likelihood of chatter in the future. 

 One such frequency domain method is given by Smith [24], where a microphone 

is used to gather the sound waves produced by the machining operation.  Once chatter is 

detected, adjustments to the spindle speed and feed rate are made to achieve a stable 

milling process.  The spindle speed is iteratively adjusted so that the frequency with 

which the teeth pass is equal to the dominant frequency in the spectrum of the 

microphone output.  If the frequency of the sound wave exceeds a predetermined 

threshold, which represents the existence of chatter, the control system stops the feed, 

calculates a new spindle speed, adjusts the speed, and then incrementally increasing the 

feed once again [24].  Since a microphone is used in determining when chatter has 

occurred, no knowledge of the system dynamics is required.  In later work by Delio [23], 

it was found that a microphone based system is capable of detecting chatter arising from 

tool, workpiece, and machine flexibilities (a sufficient chatter signal is also attainable at 

low-immersion cuts).   

 The main drawback of the method given by Smith [24] is that chatter must occur 

(although for a very short period of time) for the control system to adjust the spindle 

speed an feed rate so that chatter vibrations are eliminated.   Specifically, the control 

system given by Smith [24] was able to detect chatter in approximately 250-500 

milliseconds after it formed [23].  To entirely eliminate chatter, knowledge of system 

parameters is needed to generate a TFEA stability diagram [3, 4, 21] (or a stability 
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diagram created from another method) so that appropriate spindle speeds and depths of 

cut can be selected. 

1.1.3 PARAMETER ESTIMATION 

 Various approaches to parameter estimation are discussed in previous literature.  

These including energy methods [27], frequency domain methods [28], and set inversion 

via interval analysis (SIVIA) with Taylor expansions [29].  Another parameter 

estimations technique is the Bayesian approach, where probability density functions are 

representative of uncertainty in the model.  The Bayesian approach consists of estimating 

a posteriori probabilities of the parameters and therefore transforming a parameter 

estimation problem into the problem of finding maximum likelihood values of the 

parameters [30].  One form of Bayesian estimation is the Kalman filter [31, 32].  The 

Kalman filter is used in detecting signals of known form (pulses and/or sinusoids) in the 

presence of random noise [31].  The Kalman filter is optimal for linear systems with 

Gaussian noise [30].  State estimates are calculated by propagating the mean of the states 

and state errors through time [33].  A mathematical model of the system and a 

measurement of the desired state, which contains noise, are used in finding an estimate 

that better represents the true value of the state.  The predicted value of the state, which is 

found from the mathematical model, and the measurement of the state are weighted 

depending on uncertainty [33].   

 The extended Kalman filter (EKF) is an expansion of the basic Kalman filter [31, 

32] that is able to estimate both states and system parameters.   The EKF is “extended” in 

that it applies to nonlinear systems.  Desired parameters are added to the system as 

pseudo states and estimated along with the actual states [33].  Adding pseudo states 
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causes the system to become nonlinear.  The EKF has been used for parameter estimation 

in applications for turbine engine control and performance monitoring [34, 35], 

continuous time heat exchanger models [36], car engine performance [37], and multi-

body robot systems [38], among many others.  In the work of Sujan [38], an EKF is used 

in estimating dynamic parameters of a field robot, which is equipped with a manipulator 

arm and onboard sensors including inclinometers, accelerometers, vision systems, and 

force/torque sensors.  Proposed control algorithms for such a system rely on accurate 

physical models of the system and its tasks [38].  To successfully apply such algorithms, 

accurate estimates of the dynamic parameters of the system are required.  Parameter 

estimates can be found off-line through experimental tests.  However, certain conditions 

cause given parameters to change.  For example, temperature fluctuations result in 

changes in the stiffness and damping of the suspension system with time, and vehicle fuel 

consumption cause changes in the location of the center of gravity, the mass, and the 

inertia of the system [38].  Therefore, on-line identification of these parameters is 

performed using an EKF algorithm so that the predicted dynamic response of the robot 

system matches that of the real system.  

 Sujan [38] successfully showed the ability and importance of on-line EKF 

parameter estimation in a multi-body robot system.  On-line parameter estimation is 

important in the milling process for many of the same reasons outlined by Sujan [38].  

Milling parameters (specifically the mass, damping, and stiffness of the tool/spindle) can 

be found off-line through experimental procedures.  However, these tests must be 

repeated if changes in the system occur due to tool wear, tool chipping, and/or a tool 

change.  Furthermore, it is shown that EKF estimates from experimental tool deflection 
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data change as the depth of cut, b, and/or the spindle speed, Ω, are varied.  These changes 

in parameters are due to the inability of the linear milling model to accurately represent 

the nonlinear system over a range of b or Ω (i.e. the parameter values change in order for 

the linear model to adapt to the nonlinear system).  Un-modeled dynamics of the system, 

whether they are linear or nonlinear, will also cause changes in parameter values at 

various milling conditions.  By updating EKF parameter estimates on-line, parameter 

values can be generated that best describe the current state of the actual system in terms 

of the linear model. 

1.2 BACKGROUND IN HIGH-SPEED MILLING AND CHATTER 

 High-speed milling (HSM) has become exceedingly popular since its inception in 

the 1980s.  At that time, spindles were developed that could rotate at much higher speeds 

while retaining good stiffness, which is essential for maintaining the dimensional 

accuracy of the machined part [39].  Given its ability for high removal rates and low 

location error, HSM is one of the most cost effective machining operations available [40].  

HSM is especially important in machining aluminum.  Given its material properties, 

aluminum can be machined relatively easily and, therefore, lends itself to large material 

removal rates and high spindle speeds [39].  HSM has become one of the foremost 

aluminum machining processes used in a wide variety of industrial applications [24].  For 

example, improvements by machine tool builders led a shift within the aerospace 

community from labor-intensive sheet metal assemblies to monolithic aluminum 

components.  However, the opportunity to capture substantial cost savings typically 

requires accurate predictive analysis tools to avoid unstable oscillations, meet 
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dimensional requirements, and to take full advantage of a machining center’s capabilities 

[10]. 

 The diagrams in Fig.  1 show the conditions for up and down-milling operations.  

The areas given in red represent the workpiece material removed by the current tooth 

pass.  For up milling, the chip thickness increases as the tool passes through the 

workpiece (the opposite is true for down-milling).  As shown in Fig.  1, milling is an 

interrupted process in that the cutting teeth of the tool enter and exit the workpiece as the 

tool rotates.  The primary limiting factor in material removal rates is the relative 

oscillations between a cutting tool and workpiece caused by the tool coming in and out of 

contact with the workpiece [6, 39].  More specifically, the current tooth cuts a surface on 

the workpiece produced by the previous tooth pass.  Therefore, the chip thickness of the 

current tooth cut not only depends on the current position of the tool, but also depends on 

the location of the previous tooth.  As a result, there exists a regenerative effect in milling 

that must be accounted for in stability analysis [41].  This regenerative effect has become 

the commonly accepted explanation of machine tool chatter [42-44]. 

 In most instances, HSM is applied to machining operations where there is an 

“inherent lack of stiffness” in the system, mainly on the part of the tool (i.e. in most cases 

the workpiece can be considered rigid) [39].  This lack of stiffness leads to tool vibrations 

caused by the forces exerted on the tool as it comes in and out of contact with the 

workpiece.  These tool vibrations can either be stable (chatter-free vibrations) or unstable 

(chatter vibrations) depending on milling parameters such as spindle speed, radial 

immersion, depth of cut, feed rate, workpiece material, and tool geometry.  However, the 

depth of cut, b, which directly corresponds to the chip width, is the primary factor in 
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stability [39].  When chatter develops, the unstable tool vibrations cause large dynamic 

loads on the machine spindle and table structure, damage to the cutting tool, and a poor 

surface finish [6, 8, 39, 45].  Reducing the material removal rate can reduce or eliminate 

chatter; however, this leads to reduced productivity [4].  In fact, chatter vibrations limit 

the depth of cut and radial immersion of a given milling process; therefore, increasing the 

spindle speed is the only way of achieving higher material removal rates [39]. 

 
                                             (i)   (ii) 

Fig.  1.  Diagram of an up milling (i) and down milling (ii) process (shown from top looking down).  

The depth of cut, b, is into the paper. 

 The bifurcation diagram for a milling process as a function of the depth of cut, b, 

is given in Fig.  2.  This diagram relates stable and unstable equilibrium points of the 

system for an increasing and deceasing depth of cut.  The solid blue lines in Fig.  2 

represent once-per-time-delay (i.e. once-per-tooth-pass) tool deflection data in the x-

direction, Xn.  The red dashed lines represent unstable solutions.  Only stable solutions 

(i.e. solid blue lines) can be obtained experimentally.  Suppose all milling parameters are 

held constant except for the depth of cut, b.  Then, suppose the system is initially chatter-

free and b is increased until the tool vibrations transition from chatter-free to chatter 

vibrations.  The depth of cut at this transition is the bifurcation point for an increasing b.  
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The stability path the system follows for an increasing b is shown with arrows in Fig.  2.  

Furthermore, suppose the system initially contains chatter and b is decreased until the 

tool vibrations transition from chatter to chatter-free vibrations.  The depth of cut at this 

transition is the bifurcation point for a decreasing b.  The stability path the system follows 

for a decreasing b is also shown with arrows in Fig.  2.  Due to hysteresis, the bifurcation 

point for a decreasing b occurs at a smaller depth of cut than for an increasing b (this can 

be seen by comparing the stability paths for an increasing and decreasing b in Fig.  2).  

Ignoring the outlying stable solutions (i.e. solid blue lines on the right of Fig.  2) and 

focusing on the region near the bifurcation point at b*, the bifurcation point is shown to 

be subcritical in that one stable and two unstable solutions exist when b < b*, and a single 

unstable solution exists when b > b*) [46]. 

 

Fig.  2.  Subcritical bifurcation diagram for a milling process as a function of the tool displacement at 

each time-delay (i.e. at each tooth pass), Xn, and depth of cut, b.  Red lines represent stable 

equilibrium points, which can be experimentally observed.  The blue dashed lines represent unstable 

equilibrium points, which cannot be observed experimentally [15]. 
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 At a given depth of cut, the points on the blue line in Fig.  2 represent stable 

equilibrium of the system.  For small values of b there is one stable equilibrium point (i.e. 

chatter-free vibrations exist).  When b is large, however, there are multiple stable 

equilibrium points (i.e. chatter vibrations exist).  Referring to Fig.  2, there is a region of 

b values where both stable chatter-free and chatter equilibrium points exist.  This is a 

result of hysteresis in the milling system.  In previous milling literature, hysteresis in the 

bifurcation point has not been shown though simulations or experimentally.  However, 

the existence of hysteresis is shown in this work.  If hysteresis were not present, there 

would not be unstable solutions (see red dashed lines in Fig.  2) connecting the 

bifurcation point and stable outlying solutions.  Furthermore, the two stable solutions for 

b > b* would intersect the bifurcation point at b = b*.  Therefore, the bifurcation point 

would be classified as supercritical [46].  Given that hysteresis does exist, however, the 

conditions of the system (mainly if b is increased of decreased) will determine which set 

of stable equilibrium points the solution will tend towards when b is within the hysteresis 

region.  Furthermore, a small disturbance to the system may cause the system to jump 

from a chatter-free solution to a chatter solution within the hysteresis region.  Once the 

solution jumps to the chatter equilibrium, it can remain at the chatter equilibrium or 

return to the chatter-free equilibrium.  

1.3 MOTIVATION 

 Chatter in the milling process results in poor surface finish of the machined part, 

poor dimensional accuracy, large spindle loads, and can lead to excessive tool wear or 

tool breakage [6, 8, 39, 45].  In a manufacturing environment, these effects of chatter 

result in revenue loses due to scrapped parts, re-machining of parts, tool replacement, 
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machine damage, and machine downtime.  Avoiding chatter (i.e. avoiding cutting 

conditions that results in chatter vibrations) can significantly reduce machining costs.  

The goal of this research is to better understand bifurcations in the milling process and 

then develop a control method capable of predicting the onset of chatter (i.e. predicting 

the stability bound of the system).  Once the stability bound is know, necessary changes 

to milling parameters (specifically the spindle speed and feed rate) can be made to avoid 

chatter entirely.  Once tested and proven, this control method (or variations on it) can 

potentially be marketed as a way to greatly reduce or eliminate the ill effects of chatter 

listed above. 

1.4 OBJECTIVES 

The objectives of this research are as follows. 

• Create data acquisition (DAC) system used in collecting experimental tool 

deflection data for an up-milling process. 

• Verify the accuracy of the mathematical models by comparing simulated and 

experimental data. 

• Improve the models based on experimental results. 

• Experimentally and analytically verify that end milling contains a subcritical 

bifurcation (i.e. contains hysteresis). 

• Create an extended Kalman filter algorithm capable of estimating the model 

parameters of the milling system (i.e. the mass, damping, and stiffness of the 

tool/spindle) from tool deflection data and tool rotational angle. 
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• Estimate model parameters from experimental and analytical deflection data to 

verify the accuracy of the estimates. 

• Test whether changes in the spindle speed and/or depth of cut affect parameter 

estimates of experimental data. 

• Determine the effect of milling and model parameter on the stability of the system. 

• Create control algorithm that is capable of predicting and avoiding chatter in a 

simulated milling process by varying the spindle speed and feed rate. 

• Test control system on various simulated milling processes and verify its ability to 

avoid the onset of chatter. 

• Create DAC system to experimentally estimate the model parameters on-line. 

• Obtain on-line root-mean-square (RMS) values for experimental deflection data. 

• Design sensor housing that will protect the sensors from the machining environment 

(i.e. protect the sensors from metal chips and coolant used in commercial machining 

operations).  

1.5 CONTRIBUTIONS  

 A list of the contributions that this work provides is given in Table 1.  Entirely 

new contributions and improvements on existing work in the fields of milling, parameter 

estimation, and chatter prevention are given in this table. 
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Table 1.  Contributions provided by this work.  Entirely new contributions and improvements on 

existing work are indicated for each item.   

Subject Description New 
Improve

-ment 

Bifurcations 
in Milling 

Bifurcation points are shown to contain hysteresis through both 
simulations and experimental test data. X  

Disturbance inputs to the system can cause equilibrium jumps (i.e. a 
jump from chatter-free to chatter tool vibrations) within the 
hysteresis region.  This is shown through simulations and 
experimentally. 

X  

New Milling 
Model 

New milling model algorithm given by Radhakrishan [12-15] is 
optimized for faster simulation time.  X 

Tool/spindle runout is added to the model to produce simulated 
results more representative of the experimental results.  X 

Runout in 
Milling 

Through simulated results, runout is shown to increase the period of 
tool motion from 1/2 to 1 full revolution.  This increase in period is a 
result of unequal forces applied to tooth #1 and #2 as they are in 
contact with the workpiece. 

X  

The amount of runout is related to specific changes in the tool 
dynamics. X  

Extended 
Kalman 

Filter (EKF) 

EKF algorithm is created capable of estimating the states (i.e. the 
deflection and velocity of the tool tip) and the model parameters of 
the tool/spindle (i.e. the mass, damping, and stiffness) given the 
rotational angle of the tool and the deflection of the tool in the x and 
y-directions. 

X  

EKF is tested on simulated and experimental data to verify the 
accuracy of its estimates. X  

Parameter estimates are found to vary depending on spindle speed 
and depth of cut. X  

Data acquisition system is used to calculate EKF estimates during a 
milling operation (i.e. on-line). X  

Control 
System 

EKF estimates are continually updated to provide estimates of the 
current state of the milling operation. X  

EKF estimates are used in generating TFEA stability bounds of the 
system.  X 

Spindle speed and/or feed rate are adjusted based on stability bounds 
to avoid the onset of chatter vibrations. X  

Control system is shown to keep a simulated milling process chatter-
free for a variety of milling parameters. X  

Root-mean-
square 
(RMS) 

A chatter detection method based on the RMS values of the once-
per-revolution deflection data is created. X  

Capable of indicating the onset and magnitude of chatter vibrations. X  
Data acquisition system is used to calculate RMS values on-line. X  

Parameter 
Influence on 

Stability 

The effect of perturbations in the model parameters (m, c, and k) and 
spindle on the TFEA stability bound of the system are found.  X  
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1.6 OVERVIEW 

The following paper is organized as follows.  The 2-DOF mathematical milling 

model (see Altintas [5-7]) used in calculating the forces exerted on the tool as it enters 

and exits the workpiece is given in Chapter 2 (this force model is dependent on the 

instantaneous chip thickness).  Two separate chip thickness models are discussed in 

Chapter 3.  The first chip thickness model (denoted as the traditional model) assumes a 

circular tool path and uses equations given by Mann [8-10] and Insperger [11].  This 

model only uses one time-delay in calculating the chip thickness (i.e. it takes into account 

the workpiece surface created by the previous tooth pass).  The second model (referred to 

as the new model) calculates the chip thickness through the knowledge of multiple time-

delays (i.e. it takes into account the workpiece surface created by multiple tooth passes).  

First introduced by Radhakrishnan [12-15], the new model takes into account the 

trochoidal motion of the tool, which is more representative of the actual milling 

operation.  Both the traditional and new chip thickness models are used in combination 

with the milling model given in Chapter 2 to simulate various milling processes.  The 

experimental system used in measuring the tool deflection and period is given in Chapter 

4.  Experimental procedures used in obtaining model parameter estimates (i.e. the mass, 

damping, and stiffness) of the milling tool/spindle are also given here.  Simulated and 

experimental results are given in Chapter 5 to show the existence of hysteresis in the 

milling bifurcation diagram.  Additional tests are conducted to illustrate the possibility of 

equilibrium jumps within the hysteresis region.   

The effect of tool/spindle runout on the tool deflection, instantaneous chip 

thickness, and cutting forces are discussed in Chapter 6.  Simulated results with and 



 16 

without runout are compared with experimental data.  Discrete Kalman filter and discrete 

extended Kalman filter algorithms are constructed in Chapter 7 to estimate the desired 

states of the system (i.e. the deflection and velocity of the tool in the x-direction) and 

model parameters (i.e. m, c, and k).  Estimates for both simulated and experimental 

deflection data are given.  Additional experimental results are given in Chapter 8 for a 

variety of spindle speeds and testing procedures.  Bifurcation diagrams and model 

parameter estimates from each experimental result are given.  A control system is given 

in Chapter 9 that uses updated EKF model estimates to generate stability lobe diagrams, 

which indicate stable and unstable regions in the space defined by depth of cut and 

spindle speed.  These stability diagrams are then used to adjust the spindle speed and/or 

feed rate of a simulated milling process to avoid the onset of chatter.  The root-mean-

square (RMS) value of the tool deflection data is also given in Chapter 9 (RMS is used in 

quantifying the onset and severity of chatter vibrations).  The influence of the model 

parameters and spindle speed on the stability of a given milling process is discussed in 

Chapter 10.  This analysis ranks the parameters by their ability to change the stability 

bound of a given milling system (i.e. change the point at which the system bifurcates).  

Finally, Chapter 11 summarizes all notable results and findings.  Suggestions for 

continuing and expanding this research are also given here. 
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Chapter 2 MATHEMATICAL MILLING MODEL 

Low radial immersion end-milling is an interrupted process in which the motion 

of the tool effects the chip load and cutting forces, leading to chatter vibrations in certain 

conditions [3].  As shown in Fig.  3, there are two degrees-of-freedom (DOF) accounted 

for in the x and y-directions.  The workpiece is assumed to be rigid, and the tool is 

assumed to be flexible [3].  The forces on the tool (see Fig.  3) are only applied when the 

tool is cutting (i.e. when one of the cutting teeth are engaged in the workpiece).  The 

forces are zero when the tool is not cutting.  In this chapter, the 2-DOF milling model is 

derived.  The forces for an orthogonal turning process are first analyzed in Section 2.1 for 

simplicity.  These force calculations are then modified in Section 2.2 for a milling 

process and combined with the 2-DOF milling model. 

 

Fig.  3.  Diagram of the cutting forces during an up-milling process.  The red area of the workpiece 

represents the material removed by the current tooth pass. 
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2.1 CUTTING FORCES IN MILLING 

Milling is an interrupted process where the cutting forces turn on and off as the 

tool enters and exits the workpiece.  Therefore, the mathematical model must account for 

the fact that the tool has a finite entry and exit angle.  As shown in Fig.  3, a tangential 

force, Ft, and normal force, Fn, are applied to the milling tool as it passed through the 

workpiece.  The cutting forces are proportional to the uncut chip area shown in red in Fig.  

3 [7, 39, 47].  The resultant cutting force, Fc, is the sum of the normal and tangential 

forces.  While in contact with the workpiece, the force model for the milling operation 

can be approximated as a model of forces identical to that of a turning operation with 

orthogonal cutting.  This assumes that the helix angle of the cutting tooth is zero.  A 

schematic of the force distribution for an orthogonal turning operation is given in Fig.  4.  

For a turning operation, the forces in the tangential and normal directions are given by 

Altintas [6] as 

Ft = Ktbh,  (1)   

Fn = Knbh,
 

(2)   

where b is the depth of cut, h is the radial immersion, and Kt and Kn are the respective 

cutting coefficients in the tangential and normal directions.  A full derivation of the 

cutting coefficients is given by Radhakrishnan [15].  Estimated values of Kt and Kn for 

aluminum 7050-T7451 (i.e. the same workpiece material used in this research) are 

experimentally found by Mann [48] to be 5.36×108 and 1.87×108 N/m2, respectively.  

These cutting coefficient values are used for all analytical calculations in the following 

chapters. 
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Fig.  4.  Schematic of the force distribution for a turning operation with orthogonal cutting.  The 

depth of cut, b, which is not shown, is into the paper [6]. 

2.2 MODEL AND FORCES 

 For the turning operation given in Fig.  4, the tool is in continuous contact with 

the workpiece.  Therefore, the radial immersion, h, remains constant and is equivalent to 

the chip thickness of the material being removed, ω.  During a milling operation, 

however, the tool enters and exits the workpiece introducing a time-delay into the system 

and causing ω to vary along the length of each cut.  The schematic given in Fig.  5 shows 

the directional cutting forces for both up and down-milling.  The red regions represent the 

workpiece material removed by the current tooth pass.  The tool is assumed to behave as 

a 2-DOF system consisting of two second-order systems with a given mass, damping, and 

stiffness. The stiffness, kx,y, and damping, cx,y, in the respective directions of the system 

are given in Fig.  5.  The mass of the tool, mx,y, is not represented in this figure.  Variables 

mx,y, cx,y, and kx,y represent the model parameters of the milling system in the x and y-

directions. 



 20 

 

Fig.  5.  Schematic of the directional cutting forces and model parameters in the flexible directions of 

the tool: (i) up-milling (ii) down-milling.  The cutting teeth of the tool are given as red lines.  The red 

area of the workpiece represents the material removed by the current tooth pass. 

As stated above, end milling is an interrupted process.  Therefore, the normal and 

tangential force equations for a turning process (see Eqs. (1) and (2)) must be modified to 

allow the forces to be turned on when the tool is in contact with the workpiece and turned 

off when it is not.  For milling, the forces on the pth tooth in the tangential, Ftp, and 

normal, Fnp, directions are expressed by Mann [10] as 

Ftp = Ktb! p(t)
" gp(t),  (3)   

Fnp = Knb! p (t)
" gp (t),  (4)   

where ωp is the instantaneous chip thickness for the pth tooth, γ ≠ 1 causes a nonlinear 

relationship between the chip thickness and the cutting forces, and the function gp(t), 

which is used to turn the forces on and off, is given as 
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gp(t) =
1,  if the pth  tooth is active
0,  if the pth  tooth is  not active

!
"
#

$#
.

 
(5)   

For this research, the relation between the chip thickness and the cutting force is 

considered linear (i.e. γ = 1).  

To obtain a useful model of the milling operation, the forces in the normal and 

tangential directions must be transformed from a rotating reference frame to a fixed 

reference frame (i.e. the forces are transformed from Fn and Ft to Fx and Fy). 
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The fixed frame linear model of the milling system is given as 

 mx
!!X + cx !X + kxX = Fx ,  (7)   

 my
!!Y + cy !Y + kyY = Fy ,  (8)   

where  !!X ,  
!X , and X  are the acceleration, velocity, and position of the tool tip in the x-

direction, and  !!Y ,  
!Y , and Y  are the acceleration, velocity, and position in the y-direction, 

respectively [3, 10].  This linear model can also be represented in the following matrix 

form. 
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Chapter 3 CHIP THICKNESS CALCULATION 

In this chapter, two separate models for calculating the instantaneous chip 

thickness, ω, are given.  The first model, referred to as the traditional model, is derived in 

Section 3.1.  The traditional model assumes circular motion of the tool; therefore, the 

entry and exit angles of the tool and workpiece are fixed [8-11].  The process used in 

simulating a milling process with the traditional chip thickness model is given in Section 

3.2.  The second model, referred to as the new model, is derived in Section 3.3.  The new 

model accounts for tool motion discontinuity, allowing for varying entry and exit angles 

during the cutting process [12-15].  Furthermore, the new model takes into account the 

trochoidal motion of the tool (i.e. the actual motion of the tool due to the feed of the 

workpiece past the rotating tool).  The simulation process utilizing the new chip thickness 

model is presented in Section 3.4. 

3.1 TRADITIONAL CHIP THICKNESS MODEL 

When assuming a circular tool path, the entry angle, θin, and exit angle, θout, for a 

given cutting tooth are a function of the radial immersion, h, and tool radius, r (i.e. θin 

and θout are constants). 

!in = 0
!out = cos

!1(1! h / r)
"
#
$
up-milling  (10)   

!in = " ! cos!1(1! h / r)
!out = "

"
#
$
down-milling  (11)   
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From Eq. (10), the entry angle for tooth #1 and #2 of a two-flute tool can never be less 

than 0 and 180 degrees, respectively, for an up-milling process.  The radial chip thickness 

at time t can be calculated by projecting the current position of the tool, X(t) and Y(t), 

with the position of the tool on the previous tooth pass, X(t-τ) and Y(t-τ).  The variable τ 

is the time-delay in the system (i.e. the time between consecutive tooth passes) given as τ 

= 60/(NΩ), where N is the number of teeth-per-tool and Ω is the spindle speed in 

revolutions per minute [15].   Referring to the red region of the workpiece in Fig.  5, the 

radial chip thickness is the thickness of the red region along the line projected from the 

center of the tool to the tip of the cutting tooth.  The instantaneous radial chip thickness 

for the pth tooth is approximated by Mann [10] as 

! p (t) " hsin# p (t)+ [X(t)$ X(t $% )]sin# p (t)+ [Y (t)$Y (t $% )]cos# p (t),  (12)   

where f is the feed-per-tooth and θp is the cutter rotation angle for the pth tooth.  

Combining Eq. (12) with Eqs. (3) - (9) results in the complete traditional milling model.   

3.2 MILLING SIMULATION WITH TRADITIONAL MODEL 

A block diagram of the milling simulation using the traditional milling model is 

given in Fig.  6.  The simulation begins by defining process parameters (i.e. depth of cut, 

b, feed rate, f, radial immersion, h, spindle speed, Ω, cutting coefficients, Kt and Kn, 

number of cutting teeth, N, tool radius, r, etc.) and the model parameters (i.e. m, k, and c 

in the x and y-directions).  The numerical parameters (i.e. the number of revolutions, Rv, 

and steps per revolution, St) are also defined [15].  The program then initiates the tool 

revolution loop.  At a given simulated time step, dt, if the current angular position of pth 

tooth, θp, is contained within the entry and exit angles given in Eqs. (10) and (11), then 
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Eq. (12) is used to evaluate the current chip thickness of the pth tooth, ωp.  If θp is outside 

the entry and exit angles, ωp is set equal to zero (i.e. the forces are set to zero).  If ωp is 

 

Fig.  6.  Flowchart of the milling simulation using the old chip thickness calculation model [15]. 

greater than zero, the forces in the flexible directions of the tool, Fx and Fy, are then 

calculated using Eqs. (3) - (6); otherwise, the forces are set to zero.  Equation (9), along 
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with the states from the previous simulated time step, t - dt, are then used in calculating 

the states of the system for the current time, t.  The current states are then saved and used 

in the calculation of the states for the next time step, t + dt.  The main loop continuous 

until the simulated revolutions equals the predefined number of revolutions. 

3.3 NEW CHIP THICKNESS MODEL 

The traditional chip thickness model (see Eq. (6)) only has the ability to look back 

one time step, τ (i.e. one tooth pass).  The new model, on the other hand, is capable of 

looking back several time steps, providing information from multiple tooth passes.  This 

is especially important in capturing the dynamics of the milling process during chatter 

vibrations where multiple tooth passes can affect the workpiece surface the current tooth 

is cutting.  The new model also takes into account the trochoidal motion of the tool due to 

the feed of the workpiece past the rotating tool.  The coordinates of the pth tooth at time t 

are calculated from      

Up(t) = rsin! p(t)+ dfdt + X(t),  (13)   

Vp(t) = rcos! p(t)+Y (t),  (14)  

where Up and Vp are the positions of the pth tooth tip with respect to the workpiece in the 

x and y-directions, respectively, df is the incremental feed rate, and dt is the simulated 

time step [15].  The trochoidal tool motion, which occurs in the x-direction, is accounted 

for through the expression dfdt in Eq. (13). 

To calculate the radial chip thickness at each time step, the position of the current 

tooth (Up, Vp) is compared with the location of previous tooth passes (Uold, Vold).  Vectors 

Uold, and Vold contain tooth position data from previous revolutions.  A simulated tooth 
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path for one complete rotation of a two-flute tool is shown in Fig.  7 (this tooth path is 

from a stable up-milling process at a constant depth of cut, b).  Referring to Fig.  7, the 

chip thickness for the pth tooth is calculated as the shortest distance from the current 

position of the tooth (Up, Vp) (see red dots) to the previous cut surface (Uold, Vold) (see 

blue line) along a radial line connecting (Up, Vp) to the center of the tool (see black 

dashed lines).  The black dots in Fig.  7 represent the intersection point of the previous 

cut surface and the radial line projecting from (Up, Vp) to the center of the tool.  For a 

given time step, if no intersection is found or the chip thickness is found to be negative 

(as shown to be the case for the data points on the far left of Fig.  7), then the pth tooth is 

not engaged with the workpiece.  Otherwise, the pth tooth is cutting. 

 

Fig.  7.  Simulation of the tooth pass of a two flute milling tool for one revolution. 

The traditional chip thickness model discussed in Section 3.1 assumes a circular 

tool path with fixed entry and exit angles given by Eqs. (10) and (11) (i.e. the chip 

thickness for a given tooth is only calculated within a defined range of rotational angles, 
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θ).  The new chip thickness model, however, calculates the chip thickness at all values of 

θ.  From Fig.  7, the entry angle for a simulated up-milling process at a constant depth of 

cut, b, is in fact less than 0 degrees (this is a result of the trochoidal motion of the tool).  

Therefore, the new chip thickness model is expected to provide a more accurate 

representation of the dynamics that occur in an actual milling operation.  

3.4 MILLING SIMULATION WITH NEW MODEL 

A block diagram of the milling simulation using the new milling model is shown 

in Fig.  8.  The main program (see left block diagram in Fig.  8) is similar to the 

simulation of the traditional model described in Section 3.2 (see Fig.  6).  First, the 

process, model, and numerical parameters are defined.  The main program then initiates 

the tool revolution loop.  At each time step, values of θp, Up, and Vp and vectors of Uold, 

and Vold are sent to the chip thickness sub-program (see right block diagram in Fig.  8), 

where the chip thickness for the pth tooth, ωp, is calculated.  Refer to Section 3.3 for a 

description of the process used in calculating ωp.  If ωp is greater that zero, the forces in 

the flexible directions of the tool, Fx and Fy, are calculated using Eqs. (3) - (6); otherwise, 

the forces are set to zero.  Equation (9), along with the states from the previous simulated 

time step, t - dt, are then used in calculating the states of the system for the current time, 

t.  The current states are then saved and used in the calculation of the states for the next 

time step, t + dt.  The main loop continuous until the simulated revolutions equals the 

predefined number of revolutions. 
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Fig.  8.  Block diagram of the milling simulation using the new chip thickness calculation model [15].   
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CHAPTER 4 EXPERIMENTAL SETUP 

 In the following chapter, the experimental milling setup used in collection tool 

deflection data and tool period is discussed.  The preliminary setup of the system 

including calibration of the sensors and experimental model parameter estimation 

procedures are also given.  First, the milling (CNC) machine, sensor layout, and data 

acquisition (DAC) system used in obtaining experimental data are discussed in Section 

4.1.  The DAC system given here is used for obtaining all experimental results in the 

following chapters.  The calibration process used for the tool deflection sensors (i.e. 

capacitance sensors) is outlined in Section 4.2.  Finally, static and dynamic model 

parameter testing procedures and results are given in Section 4.3. 

4.1 SYSTEM CONFIGURATION 

 A 3 DOF Cincinnati CFV1050si CNC machine with a maximum spindle speed of 

20,000 rpm is used as the testing platform for all milling experiments.  The table of the 

CNC machine moves in the x and y-directions, and the spindle moves in the z-direction 

(see photo (i) in Fig.  9 for axis directions).  A 2-flute Robbjack EX-206-16 milling tool 

is mounted into the spindle of the CNC machine via a polygonal tool holder.  The tool 

has a cutting radius of 6.35 mm, a shank radius of 5.71 mm, an overall length of 152.4 

mm, a neck length of 101.6 mm, and a 30-degree helix angle.  The tool extends from the 

tool holder approximately 100 mm.  This tool has a long reach (i.e. long neck length); 

therefore, it is more susceptible to chatter.  A 7050-T7451 aluminum workpiece is bolted 

to the table of the CNC machine.  The workpiece is approximately 986 mm long, 152 

wide, and 50 mm thick. 
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                         (i) (ii) 

Fig.  9.  (i) Experimental milling system (axis directions are shown in red).  (ii) Experimental sensor 

arrangement/layout. 

 An underneath view of the milling tool and sensor configuration is shown in 

photo (ii) of Fig.  9.  A custom aluminum fixture is mounted on the spindle of the CNC 

machine (see plots (i) and (ii)).  Two capacitance sensors are clamped to the fixture 90 

degrees apart, which provide tool displacement readings in the x and y-directions.  The 

centers of both capacitance sensors are positioned perpendicular to the centerline of the 

tool.  A laser tachometer is clamped into the fixture 180 degrees from the x-position 

capacitance sensor.  White adhesive paper is placed on the tool to reflect the laser beam 

back to the sensor (no reflection occurs when the laser hits the bare metal surface of the 

tool).  The signal from the tachometer is square wave whose frequency represents the 

rotational speed of the tool.  The DAC system consists of a real-time microcontroller with 

6831 FPGA data acquisition.  The signals from the capacitance sensors and tachometer 

are sampled at a rate between 13,000 and 15,000 Hz depending on the spindle speed of 

the CNC machine.  A higher sampling rate is required at higher spindle speeds to achieve 
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the desired number of samples per tool revolution.  The capacitance sensor readings are 

stored as 16 bit analog signals, where as the tachometer reading is stored as a digital 

signal.       

4.2 SENSOR CALIBRATION 

 The calibration setup for the capacitance sensors is shown in Fig.  10.  The tool is 

mounted into the spindle of the CNC machine, and the capacitance sensor is securely 

clamped to the CNC table.  The centerline of the sensor is aligned perpendicular to the 

centerline of the tool.  The sensor is positioned above the fluting of the tool in 

approximately the same location where it is mounted for experimental tests.  At the start 

of the calibration process, the tool and capacitance sensor are touching.  The CNC table, 

on which the sensor is mounted, is then moved in the negative x-direction approximately 

0.0762 mm (see Fig.  10 for x-axis direction).  The voltage signal from the capacitance 

sensor is collected with the DAC system and saved to the laptop.  The CNC table is then 

moved another 0.0762 mm in the negative x-direction, where the capacitance sensor 

signal is once again measured.  This procedure is repeated until the distance between the 

tool and sensor approaches the maximum range of the sensor (i.e. 1 mm).  The same 

calibration process is performed for the second capacitance sensor.  Once all data is 

collected, the calibration curves (see Fig.  11) can be constructed.  Finding the slope of 

first-order polynomials fit through the data in Fig.  11 results in calibration constants of 

10.1874 and 10.9206 V/mm for the x and y-direction capacitance sensors, respectively.           
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Fig.  10.  Schematic of the capacitance sensor calibration.  The x-direction of the CNC table is given 

in red.   

 

Fig.  11.  Calibration curves for the capacitance sensors: (i) x-direction sensor, (ii) y-direction sensor. 
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The spring scale is connected to the tool tip via a coupler and setscrew.  A capacitance 

sensor (in this case the x-directional capacitance sensor) is placed on the opposite side of 

the tool, 180 degrees from the applied force.  As a known force is applied via the spring 

scale, the voltage signal from the capacitance sensor is recorded with the use of a volt 

meter.  The calibration constant for the x-directional capacitance sensor is used in 

converting the voltage signal to a corresponding tool deflection.  The plot in Fig.  13 

shows the relation between various force magnitudes and tool deflections.  Fitting a first-

order polynomial through this data results in a slope (i.e. a stiffness) of 11.9×105 N/m.  

 

Fig.  12.  Schematic of the static load test. 

 

Fig.  13.  Experimental force versus displacement relation for the static load test. 
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The second testing procedure is a dynamic test used in determining the remaining 

model parameters (see Fig.  14 for a schematic of the dynamic test system).  Similar to 

the static test, the dynamic model test is performed at the tool tip.  A PCB model 086C02 

impact hammer is used to excite the tool/spindle.  An accelerometer is placed on the tool 

180 degrees from the hammer impact to record the acceleration of the tool when excited.  

The voltage signals from the impact hammer and accelerometer are recorded via the 

DAC system.  Once a given test is complete, the voltage data from the impact hammer 

and accelerometer are converted to values of force (N) and acceleration (m2/s), 

respectively, with known calibration constants.   

 

Fig.  14.  Schematic of the model testing system. 

The following is the 2-DOF equation of motion for the tool/spindle 

m !!X + c !X + kX = Fh,  (15)   

where !!X,  !X,  and X  are the acceleration, velocity, and displacement of the tool tip, 

respectively, and Fh is the experimental force signal from the hammer test.  Equation (15) 

can be rewritten as a transfer function of the form 
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a = Fhs
2

ms2 + cs + k
,  (16)   

where a is the acceleration of the tool tip.  At a given set of model parameters, the 

experimental force signal from the hammer test can be used along with Eq. (16) to 

calculate tool acceleration.  The Matlab® command fminsearch is used to find a set of 

model parameters that minimizes the difference between the experimental acceleration 

signal and the one generated using Eq. (16).  The stiffness, k, is assumed to be know with 

a value of 11.9×105 N/m (this value is calculated using the static load test given above).  

The mass, m, and damping, c, are allowed to vary until the difference between the 

experimental and simulated tool acceleration signals is minimized.  The experimental and 

analytical acceleration responses are shown in Fig.  15 for a given hammer test.  Once 

proper values of m and c are found, the analytical acceleration signal is shown to closely 

match the experimental acceleration data (see Fig.  15).  After multiple tests, average 

values of m = 0.046 kg and c = 8.9 N-s/m are found to provide the best match between 

the analytical and experimental results.  All simulated results in the following chapters 

assume the model parameters in the x and y-directions are equivalent (i.e. m = mx,y, c = 

cx,y, and k = kx,y in Eqs. (7) – (9)).   

 In the milling model and in the parameter estimation procedures given above, the 

milling tool is assumed to be a cantilever beam with a given mass, damping, and 

stiffness.  The tool does not have a constant cross section due to the fluting of the tool.  

Here, the natural frequency of the tool from the dynamic parameter estimation technique 

(see Fig.  15) is compared with the analytic natural frequency derived for a cantilever 

beam with constant cross section.  For a cylindrical cantilever beam, the natural 

frequency is given by Palm [49] as 
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Fig.  15.  Experimental and simulated acceleration response of the tool for a given hammer test. 

!n =
k
m

= 3EI
0.23mLb

3 ,  (17)   

where E is the Young’s Modules, Lb is the beam length, and I is the mass moment of 

inertia given by 

I = !rs
4

4
,  (18)   

where rs is the radius of shaft.  From the values of m and k found through the parameter 

estimation techniques given above, the natural frequency of a cantilever beam is found to 

be 810 Hz from Eq. (17).  The tool used in this work has a neck length of 0.1016 m, a 

shaft radius of 5.71×10-3 m, a neck weigh of approximately 0.155 kg, and a Young’s 

Modules of 500 GPa.  Palm [49] approximates the effective mass of a cantilever beam as 

0.23% of its actual mass.  At an actual mass of 0.155 kg, the milling tool (when 

considered a uniform cantilever beam) has an effective mass of 0.357 kg, which is 

smaller than the value of m (0.046 kg) found via the parameter estimation techniques 

above.  It is not expected that the actual effective mass of the milling tool match with that 
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of a uniform cantilever beam since the milling tool is not uniform due to the geometry of 

the flutes.  Solving Eq. (17) using the actual tool properties (i.e. E, I, m, and L), a natural 

frequency of 921 Hz is found, which is 12% larger than the natural frequency found using 

the values of k and m from the parameter estimation techniques.  From Fig.  15, the 

frequency of the experimental tool oscillations from the hammer test is shown to be 850 

Hz, which falls between the natural frequency values calculated from Eq. (17).  From this 

analysis, it is shown that the response of the milling tool behaves very similar to a 

cantilever beam; however, the non-constant geometry of the tool does have an effect on 

the response. 
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Chapter 5 PRELIMINARY RESULTS 

In this chapter, simulations form the traditional and new milling models discussed 

in Chapter 3 are performed and compared with experimental results.  The convergence of 

both mathematical models are first tested in Section 5.1 to find the number of steps-per-

revolution required for the solution of each model to converge.  In Section 5.2, the 

calculated chip thicknesses from the traditional and new milling models are compared to 

show how the two models differ.  Simulations are then compared with experimental 

results in Section 5.3 to verify the accuracy of the mathematical models (this chapter also 

experimentally and analytically validates the existence of hysteresis in the milling 

operation).  In Section 5.4, a set of experimental and simulated results are given to show 

the possibility of equilibrium jumps (i.e. jumps from chatter-free to chatter equilibrium) 

within the hysteresis region of the system.  Finally, Section 5.5 gives a summary of the 

results.  All results in this chapter are for an up-milling process with the following 

conditions: Ω = 15,000 rpm, r = 0.382 mm, f = 0.0635 mm/tooth, and b varies between 0 

and 6 mm.  All simulations use the model parameters experimentally obtained in Section 

4.3 (m = 0.046 kg, c = 8.9 N-s/m, and k = 11.9×105 N/m). 

5.1 CONVERGENCE OF THE MATHEMATICAL MODELS  

 Before simulated and experimental results can be compared, a proper number of 

revolutions and steps-per-revolution must be chosen that provide a converged analytical 

solution.  The number of tool revolutions is chosen to match the experimental tests.  At a 

feed rate of 0.127 mm/rev and workpiece length, L, of 986 mm, the tool rotates 
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approximately 7,765 times over the length of the workpiece.  For all experimental results, 

the depth of cut, b, is increased from 0 to 6 mm or decreased from 6 to 0 mm over the 

length of the workpiece.  To match the experimental tests, each simulation contains 

approximately 1,290 revolutions for every 1 mm change in b.  For example, if a given 

simulation has a 2 mm change in b, 2×1,290 = 2,580 revolutions are simulated.  To find 

converged analytical solutions, the steps-per-revolution are varied from 100 to 1200 for 

the traditional and new models (the time step of a given simulation can be calculated by 

knowing the steps-per-revolution and spindle speed).  The bifurcation diagrams in Fig.  

16 show the once-per-tooth-pass tool deflection in the x-direction, Xn, as a function of b 

for the new milling model at 400, 600, and 800 steps-per-revolution.  As the number of 

steps increase, the bifurcation point (i.e. the point at which the Xn data diverges) begins to 

converge onto a given depth of cut, b.  

 The bifurcation points from the traditional and new models over the full range of 

steps are given in Table 2.  Referring to the bifurcation points at 1200 steps-per-

revolution as a reference (i.e. the converged solution), the error in the location of the 

bifurcation points is shown to decrease as the steps are increased, which is expected.  

However, increasing the number of steps increases the computational time significantly 

(this is especially true for the new model); therefore, the fewest number of steps is 

desired.  At 800 steps per revolution, both simulations have a bifurcation error of only 

0.02% (see Table 2).  The computational time for each model is significantly less at 800 

steps than at 1200 steps.  Therefore, 800 steps-per-revolution are used in generating all 

simulated results from this point forward. 
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Fig.  16.  Simulated once-per-tooth pass tool displacement, Xn, for an increasing b.  Results are from 

the new milling model: (i) 400 steps-per-revolution, (ii) 600 steps-per-revolution, (iii), 800 steps-per-

revolution.  

Table 2.  Bifurcation points at different number of steps-per-revolution. 

 Bifurcation Point [mm] – Error [%] 
Steps per rev. Traditional Model New Model 

100 4.92 – 3.1 4.85 – 7.1 
200 4.71 – 1.3 4.61 – 1.8 
400 4.74 – 0.6 4.36 – 3.8 
600 4.75 – 0.4 4.49 – 0.9 
800 4.76 – 0.2 4.52 – 0.2 

1200 4.77 - 0 4.53 – 0 
 

5.2 CHIP THICKNESS MODEL COMPARISON 

Plots (i) and (ii) of Fig.  17 show the chip thickness of tooth #1, ω1, and tooth #2, 

ω2, respectively, for the traditional and new milling models over one revolution of the 

tool (the tool is chatter-free in these plots).  While the tool is chatter-free, ω1 and ω2 
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and traditional models have similar slopes; however, the magnitudes of ω1 and ω2 from 

the new model are slightly larger than those calculated using the traditional model.  As 

discussed in Section 3.3, the new model accounts for the trochoidal motion of the tool 

(i.e. accounts for the feed of the tool past the workpiece), which results in a slight 

increase in ω1 and ω2.  The traditional model assumes circular tool motion.   

 

Fig.  17.  Simulated chip thickness results for an increasing b from the new and traditional milling 

models in the chatter-free region: (i) chip thickness for tooth #1, (ii) chip thickness for tooth #2. 

The plots in Fig.  18 give ω1 (see plot (i)) and ω2 (see plot (ii)) for one complete 

revolution while the tool undergoes chatter.  During chatter vibrations, ω1 and ω2 no 
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model requires the entry angle for tooth #1 and #2 to be greater than or equal to 0 and 

180 degrees, respectively.  Referring to plot (ii) of Fig.  18, ω2 for the new model (see 

magenta dot data) is shown to enter the workpiece at an angle less than 180 degree.  This 

ability to enter and/or exit the workpiece at any given angle is an obvious advantage the 

new model has over the traditional model.  

 

Fig.  18.  Simulated chip thickness results for an increasing b from the new and traditional milling 

models in the chatter region: (i) chip thickness for tooth #1, (ii) chip thickness for tooth #2. 
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contains chatter and then becomes chatter-free at some value of b (the bifurcation point 

occurs at the depth of cut at which the system becomes chatter-free).  

 The left-most plots in Figs. 19 and 20 show experimental and analytical 

bifurcation diagrams (i.e. the once-per-tooth pass displacement data in the x-direction, Xn, 

as a function of b) for an increasing and decreasing b, respectively.  A Poincaré map at b 

= 4.75 mm is given to the right of each bifurcation diagram.  A Poincaré map can be 

thought of as a cross-sectional view of the once-per-tooth-pass bifurcation diagram over a 

small range of b.  To generate a Poincaré map, Xn(t) is plotted verses Xn(t-τ), where τ is 

the time step between constitutive tooth passes.  For example, the deflection of tooth #2 

(Xn(t)) is plotted against the deflection tooth #1 (Xn(t-τ)) for any given revolution.  When 

the Poincaré map shows a single point over a small range of b, a single stable chatter-free 

equilibrium exists.  However, a circular or oval shape indicates the existence of multiple 

stable chatter equilibrium. 

 Referring to Fig.  19, the experimental and analytical results show a sudden 

divergence of the Xn data.  This is characteristic of a system suddenly transitioning from 

stable chatter-free equilibrium to stable chatter equilibrium points.  The bifurcation 

diagrams from the experimental result (see plot (i)) and new model simulation (see plot 

(ii)) show similar bifurcation points at depths of cut near 4.52 and 4.53 mm, respectively.  

The traditional model (see plot (iii)), however, results in a bifurcation point at b = 4.82 

mm, which is 0.24 mm larger than the experimental result.  The Poincaré maps for the 

experimental result and new milling model both show an elliptical pattern representing 

multiple stable chatter equilibrium points at b = 4.75 mm (i.e. the location of the Poincaré 

maps).  On the other hand, the Poincaré map for the traditional model shows a single  
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Fig.  19.  Once-per-tooth-pass tool displacement, Xn for an increasing b: (i) experimental result, (ii) 

simulation with new milling model, (iii) simulation with traditional milling model.  Poincaré maps at 

b = 4.75 mm are given to the right of each bifurcation diagram. 

 

Fig.  20.  Once-per-tooth-pass tool displacement, Xn, for an increasing b: (i) experimental result, (ii) 

simulation with new milling model, (iii) simulation with traditional milling model.  Poincaré maps at 

b = 4.75 mm are given to the right of each bifurcation diagram. 

 

3 3.5 4 4.5 5 5.5 6
−0.04

−0.02

0

0.02
(ii

) X
n [m

m
]

−0.04 −0.02 0 0.02
−0.04

−0.02

0

0.02

X n(t+
!)

 [m
m

]

3 3.5 4 4.5 5 5.5 6
−0.04

−0.02

0

0.02

Depth of Cut, b [mm]

(ii
i) 

X n [m
m

]

−0.04 −0.02 0 0.02
−0.04

−0.02

0

0.02

Xn(t) [mm]

X n(t+
!)

 [m
m

]

3 3.5 4 4.5 5 5.5 6
−0.02

0

0.02

0.04

0.06

(i)
 X

n [m
m

]

−0.02 0 0.02 0.04

−0.02

0

0.02

0.04

X n(t+
!)

 [m
m

]

Bifurcation @ b = 4.52 mm

Bifurcation @ b = 4.53 mm

Bifurcation @ b = 4.82 mm

Location of Poincare maps
          b = 4.75 mm

3 3.5 4 4.5 5 5.5 6
−0.04

−0.02

0

0.02

(ii
) X

n [m
m

]

−0.04 −0.02 0 0.02
−0.04

−0.02

0

0.02

X n(t+
!)

 [m
m

]

3 3.5 4 4.5 5 5.5 6
−0.04

−0.02

0

0.02

Depth of Cut, b [mm]

(ii
i) 

X n [m
m

]

−0.04−0.02 0 0.02
−0.04

−0.02

0

0.02

Xn(t) [mm]

X n(t+
!)

 [m
m

]

3 3.5 4 4.5 5 5.5 6
−0.02

0

0.02

0.04

(i)
 X

n [m
m

]

−0.02 0 0.02 0.04

−0.02

0

0.02

0.04
X n(t+

!)
 [m

m
]Bifurcation @ b = 3.80 mm

Bifurcation @ b = 3.70 mm

Bifurcation @ b = 3.78 mm

Location of Poincare maps
          b = 4.75 mm



 45 

stable chatter-free equilibrium point since the traditional model overestimated the 

bifurcation point and remains chatter-free at b = 4.75 mm.   

 For a decreasing b (see Fig.  20), the experimental and analytical results show a 

gradual convergence from stable chatter equilibrium onto the stable chatter-free 

equilibrium.  Here, both models approximate the experimental bifurcation point within a 

depth of cut of 0.1 mm.  When b is decreased over the length of the workpiece, the 

Poincaré maps of the experimental and simulated results all show multiple chatter 

equilibrium points at b = 4.75 mm.  By comparing the case with an increasing b (see Fig.  

19) with that of a decreasing b (see Fig.  20), the hysteresis in the milling operation can 

be seen in both experimental and simulated results.  For an increasing and decreasing b, 

the experimental tests produced bifurcations at 4.52 and 3.80 mm, respectively.  

Therefore, the system contains both stable chatter and chatter-free equilibrium for depths 

of cut ranging from 3.8 to 4.52 mm.  This experimentally verifies that the milling process 

contains a subcritical bifurcation (i.e. contains hysteresis) 

5.4 EQUILIBRIUM JUMP WITH DISTURBANCE INPUT 

The experimental and simulated bifurcation diagrams in Section 5.3 shows 

milling to contain a subcritical bifurcation; therefore, further testing can be performed to 

try and excite the system from stable chatter-free equilibrium to chatter equilibrium 

within the bifurcation range of the system (i.e. within depths of cut ranging from 3.8 to 

4.52 mm for the experimental case).  This is done for the case with an increasing b since 

the system must transition from chatter-free to chatter vibrations.  To excite the system, a 

lip (see Fig.  21) is cut into the workpiece at b = 4.03 mm, which is within the bifurcation 

range of the system.  The lip causes an increase in the radial immersion of the tool, which 
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produces larger chip thicknesses as the tool passes through the workpiece and, therefore, 

increases the forces on the tool.  It is expected that these increased forces will cause the 

system to jump from stable chatter-free equilibrium to chatter equilibrium and remain in 

the chatter region as b continues to increase.  

 

Fig.  21.  Top view of the lip cut into the workpiece. 

Table 3.  Dimensions of the lip shown in Fig.  21. 

 Lip Dimension 
 A [mm] B [mm] C [mm] 

Test #1 3.81 0.254 0.254 
Test #2 6.35 2.794 0.254 

 

 Two experimental tests are performed with different sized lips cut into the 

workpiece.  Table 3 gives the dimensions of the lip for each test, and Fig.  21 shows an 

illustration of the lip from the top view.  The maximum depth of the lip (see dimension C 

in Fig.  21) remains constant at 0.245 mm for each test.  The depth of the lip causes an 

increase in the radial immersion of the tool from a nominal value of 0.381 mm to a max 

value of 0.635 mm at the peak of the lip.  Dimension B in Fig.  21 determines the length 

over which the max radial immersion occurs (dimension A is dependent on B given the 

radius of the milling tool).  Test #1 has a value of 0.245 mm for dimension B.  However, 

test #1 does not cause an equilibrium jump in the experimental Xn data (i.e. the system 

remains chatter-free as the tool passes through the lip).  Therefore, dimension B is 

increased to 0.2794 mm for Test #2.  By increasing the time spent at the max radial 
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immersion, the system does jump from chatter-free to chatter equilibrium (i.e. the system 

experiences a bifurcation).  As b continues to increase, the tool remains in a chatter 

vibration state.  Experimental and analytical results are shown in plots (i) and (ii) of  Fig.  

22, respectively, for lip test #2.  As shown in Section 5.3, the new model is better able to 

predict the experimental bifurcation points; therefore, only the new model is compared to 

the experimental lip test results in Fig.  22.      

 

Fig.  22.  Once-per-tooth-pass tool displacement, Xn, (left plots) for an increasing b and disturbance at 

b = 4.03 mm: (i) experimental result, (ii) simulation with new milling model.  Poincaré maps at b = 

4.75 mm are given to the right of each bifurcation diagram. 

As shown in Fig.  22, the lip at b = 4.03 mm causes a bifurcation in both 

experimental and analytical results.  To better represent the importance of the lip test 

results, respective experimental and simulated results are given in Figs. 24 and 24 for an 
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chatter-free at this depth of cut when b is increased along the workpiece (see plot (i) of 

Figs. 23 and 24).  As a result, if a disturbance occurs at b = 4.03 mm for the increasing b 

case (in this case a momentary increase in radial immersion), chatter vibrations may form 

(see plot (iii) of Figs. 23 and 24).  To ensure that disturbances during a milling operation 

do not cause prolonged periods of chatter vibration, the depth of cut must be less than the 

lower bound of the hysteresis region.  In other words, the depth of cut must be less than 

the bifurcation point found when b is decreased (see plot (ii) of Figs. 23 and 24), which 

occurs at b = 3.80 mm for the experimental result and b = 3.70 mm for the simulated 

result.  For a constant depth of cut less than these values, a disturbance may cause a 

momentary jump from stable chatter-free to higher amplitude vibrations.  However, the 

response will return to a chatter-free equilibrium once the disturbance has passed (this is 

shown analytically in Fig.  25 for a disturbance at b = 3.4 mm).   

 

Fig.  23.  Experimental once-per-tooth-pass tool displacement, Xn: (i) increasing b, (ii) decreasing b, 

(iii) increasing b with disturbance at b = 4.03 mm. 

3.5 4 4.5 5

−0.01

0

0.01

0.02

0.03

0.04

(i)
 X

n [m
m

]

3.5 4 4.5 5
−0.02

0

0.02

0.04

(ii
) X

n [m
m

]

3.5 4 4.5 5

−0.01

0

0.01

0.02

0.03

0.04

Depth of Cut, b [mm]

(ii
i) 

X n [m
m

]

Bifucation @ b = 4.03 mm

Bifucation @ b = 3.80 mm

Bifucation @ b = 4.52 mm



 49 

 

Fig.  24.  Simulated once-per-tooth-pass tool displacement, Xn, (new milling model is used): (i) 

increasing b, (ii) decreasing b, (iii) increasing b with disturbance at b = 4.03 mm. 

 

Fig.  25.  Simulated once-per-tooth-pass tool displacement, Xn, for an increasing b and disturbance at 

b = 3.4 mm (new milling model is used). 
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magnitudes compared to those calculated with the traditional model.  The new model also 

has the ability to calculate chip thicknesses at any rotational angle of the tool, which is an 

obvious advantage over the traditional model.  Furthermore, the new model is better able 

to predict the experimental bifurcation points for both an increasing and decreasing b.  

Therefore, all simulated results in the following chapters are generated using the new 

milling model.  Through both simulated and experimental results, the milling system is 

shown to contain a subcritical bifurcation (i.e. is shown to contain hysteresis).  Within the 

hysteresis range, a stability jump (i.e. a jump from chatter-free to chatter equilibrium) can 

be achieved through a disturbance to the system (this is verified both experimentally and 

analytically). 
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Chapter 6 TOOL AND SPINDLE RUNOUT  

 Up to this point, it is assumed that the centers of the tool and spindle are exactly 

aligned (i.e. no runout exists).  However, in most milling systems, some sort of runout 

between the tool and spindle will exist.  Offsetting the center of the tool and the center of 

the cutting teeth can simulate runout in the tool/spindle (i.e. the radius of tooth 1 is 

increased and the radius of tooth 2 decreased).  Varying the tooth radii is also an effective 

way of simulating uneven tool wear and/or tooth chipping.  To show how runout 

influences the dynamics of the tool, two separate simulations (one with and one without 

offset tooth radii) are compared with experimental results.  The radii of the cutting teeth, 

r1 and r2, for the simulations are set at [r1, r2] = [6.35 mm, 6.35 mm] and [r1, r2] = 

[6.34938 mm, 6.35065 mm] for the case without and with runout, respectively.  The radii 

r1 and r2 are decreased and increased by 0.01%, respectively, when simulating runout.   

 The effect of runout on the deflection of the tool, instantaneous chip thickness, 

and cutting forces are discussed in Sections 6.1, 6.2, and 6.3, respectively.  Lastly, the 

results and conclusions are given in Section 6.4.  All simulated and experimental results 

in this chapter are for an up-milling process with an increasing b, Ω = 15,000 rpm, h = 

0.382 mm, f = 0.0635 mm/tooth.  The simulated results are generated using the new 

milling model with model parameters obtained in Section 4.3 (m = 0.046 kg, c = 8.9 N-

s/m, and k = 11.9×105 N/m). 
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6.1 RUNOUT AND TOOL DEFLECTION 

 The plots in Fig.  26 give bifurcation diagrams for simulated results without and 

with runout (see plots (i) and (ii), respectively) and an experimental result (see plot (iii)).  

By comparing plots (i) and (ii), runout (i.e. a slight offset in the tooth radii) has little-to-

no effect on the bifurcation point of the simulated results.  The bifurcation point for each 

simulation occurs at approximately b = 4.55 mm.  These bifurcation points closely match 

the experimental bifurcation point at b = 4.52 mm (see plot (iii)).  The plots in Fig.  27 

show the once-per-tooth-pass deflection data, Xn, in a portion of the chatter-free region 

(specifically from b = 0 to 2 mm).  From this plot, the effect of runout on the once-per-

tooth-pass deflection data, Xn, can be seen.  With no runout (see plot (i) of Fig.  27), the 

Xn data follows a straight line.  In other words, the displacement of tooth #1 and #2 in the 

x-direction (at a given b) are the same at some rotational angle, θ.  In other words, the 

tool displacement has a period of 1/2 revolution when runout is not present.  Offsetting 

the tooth radii, however, results in different displacement magnitudes every 1/2 

revolution (see plot (ii) of Fig.  27).  The difference in the Xn data increases as b 

increases.  This results in what looks like a sideways ‘V’ in the Xn data.  Similar to the 

simulated result with runout, the experimental result (see plot (iii) of Fig.  27) also shows 

differences in the Xn data for tooth #1 and #2. 
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Fig.  26. Once-per-tooth-pass displacement, Xn, for an increasing b: (i) simulation without runout, (ii) 

simulation with runout, (iii) experimental result. 

 

Fig.  27.  Once-per-tooth-pass tool displacement, Xn, for an increasing b: (i) simulation without 

runout, (ii) simulation with runout, (iii) experimental result. 
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To better visualize the changes in the tool motion brought about by runout, Fig.  

28 shows two complete revolutions (i.e. 720 degrees of rotation) at b = 3.5 mm, which is 

within the chatter-free region shown in Fig.  26.  Without runout (see red dashed line in 

Fig.  28), the displacement amplitudes indicated with arrows are identical (these 

amplitudes are positioned 180 degrees apart).  Furthermore, it can be shown that at any 

rotational angle, the deflection of the tool is repeated every 180 degrees (i.e. the 

displacement of the tool has a period of 1/2 revolution).  However, when runout exists 

(see blue dashed line in Fig.  28), changes in the tool displacement begin to occur.  This 

is especially evident when comparing the deflection amplitudes at 195 and 375 degrees 

(see point B).  The offset in the tooth radii causes the amplitudes at 195 and 375 degrees 

to decrease and increase, respectively.  There is also a change in the magnitude of the 

larger deflection oscillations (see point A); however, this change is small when compared 

to the magnitude change at point B.   

  

Fig.  28.  Tool displacement, X, for 2 revolution (720 degrees) at b = 3.5 mm in Fig.  26 (chatter-free).  
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There are other small changes in the tool displacement caused by runout that can 

be seen by comparing the red and blue dashed data lines in Fig.  28.  As a result of 

runout, the x-directional displacement only repeats every full revolution of the tool at a 

given b (i.e. the tool motion has a period of 1 revolution).  The tool displacement for the 

experimental result (see black line in Fig.  28) more closely matches the simulated result 

with runout.  Therefore, it can be assumed that there exists some sort of runout in the 

tool/spindle of the CNC machine used in collecting experimental data.  

 It should be noted that changing the angle at which the once-per-tooth-pass 

deflection data, Xn, in Fig.  27 is plotted can reduce the difference in the Xn values for 

tooth #1 and #2 (i.e. cause the red and blue data points in plots (ii) and (iii) to converge).  

For example, take the simulation with runout in Fig.  28 (see blue dashed line).  The 

difference between X values at 100 and 280 degrees (see point A) are much smaller that 

the difference between X values at 195 and 375 degrees (see point B).   Therefore, 

specific rotation angles can cause the Xn data in plots (ii) and (iii) of Fig.  27 to converge 

onto a straight line comparable to the simulated result without runout given in plot (i).  

However, when runout does not exist (i.e. when the tool displacement has a period of 1/2 

revolution), the Xn data will always follow a single straight line regardless of the 

rotational angle the data is chosen from. 

6.2 RUNOUT AND CHIP THICKNESS 

 The plots in Figs. 29 and 30 show the chip thicknesses, ω1 and ω2, for simulations 

with and without runout in the chatter-free and chatter cutting regions, respectively.  In 

the chatter-free region (see Fig.  29), both ω1 and ω2 linearly increase at a slope of 

1.096×10-3 mm/degree and reach a maximum magnitude of 0.02186 mm for the case 
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without runout.  By offsetting the tooth radii (i.e. when runout exists), there is a decrease 

in the magnitude of ω1 and an increase in the magnitude of ω2.  There is also an increase 

in the slope of ω1 and a decrease in the slope of ω2 due to runout.  The differences in 

magnitude between ω1 and ω2 for the cases with and without runout are most 

predominant when the tool first enters the workpiece (i.e. when θ is slightly greater than 

0 and 180 degrees for ω1 and ω2, respectively).  As the tool continues trough the 

workpiece (i.e. as θ increases), the magnitude differences are reduced due to the changes 

in slope brought about by the offsets in the tooth radii.  When compared to the case 

without runout, the slope of ω1 increases to 1.179×10-3 mm/degree and the slope of ω2 

decreases to 1.010×10-3 mm/degree when runout is present (the slope of ω1 and ω2 both 

equal 1.096×10-3 mm/degree without runout).  When the tool exits the workpiece (i.e. 

when ω1 and ω2 are at their maximum values), ω1 = 0.02182 mm and ω2 = 0.02190 mm 

for the case with runout (ω1 = ω2 = 0.02186 mm without runout).   

  

Fig.  29.  Simulated chip thickness for the case with and without runout at b = 4 mm and Ω = 15,000 

rpm (chatter-free vibrations exist): (i) chip thickness for tooth #1, (ii) chip thickness for tooth #2. 
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 An overall decrease in ω1 and increase in ω2 is expected since the radii of tooth 

#1 and #2 are respectively decreased and increased when simulating runout.  In other 

words, the cutting tooth with the larger radius (in this case tooth #2) will remove more 

material from the workpiece over a given tool revolution when chatter vibrations do not 

exist.  As the tool undergoes chatter vibrations (see Fig.  30), ω1 and ω2 for the case with 

and without runout begin to differ more significantly.  These large variations in chip 

thickness are a result of the different types of chatter vibrations and/or a very slight 

change in the bifurcation point caused by the offset in the tooth radii.  Therefore, an 

“apples-to-apples” comparison between the case with and without runout cannot be made 

within the chatter vibration region. 

 

Fig.  30.  Simulated chip thickness for the case with and without runout at b = 4.7 mm and Ω = 15,000 

rpm (chatter vibrations exist): (i) chip thickness for tooth #1, (ii) chip thickness for tooth #2. 
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shown in Fig.  28, this force imbalance causes the period of the tool motion to double 

from 1/2 revolution to 1 full revolution.  To better represent how changes in the force 

affect tool motion, two simulated results are given (one without and one with runout) that 

compare the displacement of the tool and forces applied to the tool over one revolution.  

Plot (i) of Fig.  31 shows the deflection of the tool in the x-direction, X, at b = 3 mm for 

the case without runout.  The points at which the calculated force from the simulation is 

non-zero (i.e. the points where the tool is engaged in the workpiece) are shown as black 

dots along the X data curve.  The force magnitude in the x-direction is given in plot (ii) of 

Fig.  31.  The force signal for tooth #1 (see point A in plot (ii)) has a magnitude of -37.4 

N and a slope of -1.696×105  N/s, which is identical to the magnitude and slope for tooth 

#2 (see point B in plot (ii)).  This is expected since the magnitude and slope of ω1 and ω2, 

which directly correlate to the force through Eqs. (3) – (6), is the same when runout does 

not exist (see plot (i) of Fig.  29 for chip thicknesses without runout).  Since the force is 

uniform on tooth #1 and #2, the deflection of the tool, X, has a period of 1/2 revolution.  

Therefore, the maximum magnitude of X (1.413×10-3 mm) while the tool is engaged in 

the workpiece is the same for tooth #1 and #2 (see points A and B in plot (i) of Fig.  31).    

 Plots (i) and (ii) of Fig.  32 show the deflection of the tool, X, at b = 3 mm and the 

force magnitude in the x-direction, respectively, for the case with runout.  The force 

signal for tooth #1 (see point C in plot (ii)) has a magnitude of -36.96 N and a slope of -

1.815×105 N/s, while tooth #2 (see point D in plot (ii)) has a magnitude of -37.84 N and a 

slope of -1.575×105 N/s.  The increases/decreases in the force magnitude and slope 

directly correlate to the changes in the chip thicknesses shown in Fig.  29 for the case 

with runout.  The larger magnitude force applied to tooth #2, which is applied in the 
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negative x-direction, causes the tool to change its direction of motion from positive to 

negative more quickly than does the smaller magnitude force applied to tooth #1.  In 

other words, the maximum magnitude of X while the tool is engaged in the workpiece is 

less for tooth #2 than for tooth #1 (see points C and D in plot (i), respectively).  The 

maximum magnitude of X is 3.472×10-3 for tooth #1 (see point C) and -6.955×10-4 mm 

for tooth #2 (see point D).   The different force magnitudes applied to tooth #1 and #2, 

and the resultant change in tool deflection, cause the period of X to increase to 1 

revolution when runout exists. 

 

Fig.  31.  (i) Simulated tool displacement, X, at b = 3 mm (chatter-free region) without runout.  The 

points at which the calculated force is not zero (i.e. the points where the tool is engaged in the 

workpiece) are shown as black dots.  (ii) Simulated force signal.  Points A and B correspond to the 

respective regions tooth #1 and #2 are engaged in the workpiece.   
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Fig.  32.  (i) Simulated tool displacement, X, at b = 3 mm (chatter-free region) with runout.  The 

points at which the calculated force is not zero (i.e. the points where the tool is engaged in the 

workpiece) are shown as black dots.  (ii)  Simulated force signal.  Points A and B correspond to the 

respective regions tooth #1 and #2 are engaged in the workpiece.   
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and experimental results given in this chapter, it can be concluded that runout exists in 

the tool/spindle of the CNC machine used in collecting experimental data. 
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Chapter 7 STATE AND PARAMETER ESTIMATION 

 For the experimental milling system given in Section 4.1, the measured outputs 

are the deflection of the tool in the x and y-directions.  These measurements contain 

sensor noise, which can affect dynamic analysis of the system.  Furthermore, exact 

parameters of the milling model (in this case the model parameters) are not often known 

to a high degree of accuracy.  Experimental tests similar to those conducted in Section 

4.3 can be used to estimate the model parameters of the system.  However, these tests are 

time consuming, must be repeated when something in the system changes (such as a tool 

change or tool wear), and cannot be performed in real-time (i.e. during a milling 

operation).  Therefore, state and parameter estimation methods based on measurements of 

different aspects of the system response are needed [30].  Such estimates can be obtained 

through the use of Kalman filters.   

 To eliminate sensor noise in the tool deflection measurements, a Kalman filter can 

be used.  A Kalman filter is a multiple-input, multiple-output digital filter that can 

optimally estimate the states of a system (i.e. the position and velocity of the tool tip) 

based on its noisy outputs (i.e. measurements on the tool position) [38].  In addition, an 

extended Kalman filter (EKF), which is an expansion upon the basic Kalman filter, can 

estimate the model parameters (i.e. m, c, and k) by adding them to the system as 

additional pseudo states [33].  In the following chapter, a discrete Kalman filter algorithm 

and a discrete EKF algorithm are developed based on the mathematical milling model 

given in Chapter 2.  The discrete Kalman filter algorithm along with state estimates of 

simulated and experimental tool deflection data are given in Section 7.1.  The discrete 
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EKF algorithm is given in Section 7.2, where the accuracy of the state and parameter 

estimates are also tested on simulated and experimental data.  The observabiltiy of each 

Kalman filter (i.e. the ability of each filter to calculate parameter and/or state estimates) is 

discussed in Section 7.3.  Lastly, Section 7.4 provides a summary of the state and 

parameter estimation results. 

A time step, T, of 10-6 seconds (i.e. a frequency of 106 Hz) is required to produce 

accurate parameter estimates within the EKF algorithm.  Larger values of T result in 

errors in the parameter estimates, particularly the estimate of c.  A larger time step (T = 

5×10-6 seconds) can be used to accurately estimate only the states of the system using the 

discrete Kalman filter.  However, the same value of T (T = 10-6 seconds) is used for both 

Kalman filter algorithms for consistency.  The frequencies of the experimental and 

analytical deflection data used within the Kalman filter algorithms are 1.33×103 and 

2×105, respectively (this assumes Ω = 15,000 rpm).  Therefore, the Matlab® command 

interp1 is used to interpolate the simulated/experimental deflection data using cubic 

spline interpolation.  The computational expense of the new chip thickness model is 

significantly larger than the traditional chip thickness model.  Calculation time becomes 

important when computing parameter and/or state estimates on-line from experimental 

data; therefore, the traditional chip thickness model is used within the Kalman filter 

algorithms for estimating the instantaneous chip thickness (an on-line EKF parameter 

estimation technique is discussed in Section 11.2.1). 

 All simulated and experimental results in this chapter are for an up-milling 

process with Ω = 15,000 rpm, h = 0.382 mm, and f = 0.0635 mm/tooth.   The new milling 

model is used in generating all simulated results.  The experimental results in this chapter 



 64 

are obtained with a different tool than those results given in Sections 5.3 through 6.3 (a 

chip in one of the cutting teeth of the previous tool resulted in this tool change).  The new 

tool, which is the same part/model number as the previous one, is used for all 

experimental tests from this point forward.  All efforts are taken to make the neck length 

(i.e. the length of the tool extending from the tool holder) of the new and old tools the 

same.  However, it is inevitable that the model parameters of the tools will differ slightly.  

Therefore, new nominal model parameters are found using the static and dynamic testing 

methods shown in Section 4.3.  Model parameter values for the new tool are m = 0.040 

kg, c = 9.2 N-s/m, and k = 11.5×105 N/m (the values found for the old tool are m = 0.046 

kg, c = 8.9 N-s/m, and k = 11.9×105 N/m).   

7.1 DISCRETE KALMAN FILTER 

 The basic Kalman filter (in this case a discrete Kalman filter) is used to propagate 

the mean and errors of the states through time [33].  A mathematical model of the system 

and a measurement of the desired state, which contains noise, are used in finding an 

estimate that better represents the true value of the state.  The predicted value of the state, 

which is found from the mathematical model, and the measurement of the state are 

weighted depending on uncertainty [33].  If the model of the system contains less 

uncertainty than the measured data, then the predicted state value will be weighted more 

heavily.  The opposite is true if the measured state value contains less uncertainty than 

the model.  Some trial-and-error is required to find the proper weighting values to tune 

the filter.  The discrete Kalman filter algorithm used in estimating the states of the milling 

process is presented in Section 7.1.1.  Kalman state estimates of simulated and 

experimental defection data are given in Section 7.1.2. 
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7.1.1 DISCRETE KALMAN FILTER ALGORITHM 

 As shown in the linear equation of motion of the milling tool in Eq. (9), the states 

of the system are the position and velocity in the x and y-directions.  The states 

experimentally measured are the tool position values, X and Y.  For simplicity, the 

discrete Kalman filter is designed for the states in the x-direction only.  Therefore, the 

discrete version of Eq. (7) is the mathematical model, and the deflection measurement of 

the tool in the x-direction, X, is the state measurement.  The discrete Kalman filter can 

easily be expanded to contain the states in both the x and y-directions but is not required 

for the purposes of this research.  The discrete linear equation of motion in the x-direction 

at each time step, k = 1, 2, …, is written as 

xk = fk!1(xk!1,uk!1wk!1) =
x2,k!1T + x1,k!1

T
m
(!x2,k!1c ! x1,k!1k + ux,k!1 +wx,k!1)+ x2,k!1

"

#

$
$
$

%

&

'
'
'
,

 

(19)   

Where x is the state vector, u

 

is the input vector, w

 

is the process noise vector, T is the 

time step in seconds, ux is the force input on the tool in the x-direction (Fx in  Eq. (9)), wx 

is process noise added to the system, and the states x1 and x2 are the respective 

displacement and velocity of the tool in the x-direction.  The discrete measurement 

equation is given by  

yk = hk (xk,vk ) = Hkxk + vx,k = x1,k + vx,k,  (20)   

where v is the measurement noise vector, vx is the measurement noise, and H is the 

measurement matrix.  
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Fig.  33.  Flow diagram of a Kalman filter and EKF [38]. 

 A flow diagram of a Kalman filter is given in Fig.  33.  The discrete Kalman filter 

equations, which are calculated at each time step, k, are given by Simon [33] as follows    

x̂k
! = Fk!1x̂k!1

+ +Gk!1uk!1,  (21)  

Pk
! = Fk!1Pk

+Fk!1
T +Qk!1,  (22)  

Kk = Pk
!Hk

T (HkPk
!Hk

T + Rk )
!1,  (23)  

x̂k
+ = x̂k

! + Kk (yk !Hk x̂k
! ),  (24)   

Pk
+ = (I ! KkHk )Pk

!,  (25)  

where x̂!
 is a prior estimate of x, x̂+  is a subsequent estimate of x, P!  denotes the 

covariance of the estimation error of x̂! , P+  denotes the covariance of the estimation 

error of x̂+ , K is the Kalman filter gain matrix, Q is the covariance matrix of the process 

noise, and R is the covariance matrix of the measurement noise.  The partial derivative 

matrices F, G, and H, are given below. 

Fk!1 =
"fk!1
"x x̂k!1

+

=
1 T

!k
m
T 1! c

m
T

#

$

%
%
%

&

'

(
(
(

 (26)   
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Gk!1 =
"fk!1
"u x̂k!1

+

=
0
T
m

#

$
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%

&

'

(
(
(

 (27)  

Hk =
!hk
!x x̂k

"

= 1 0#$ %&  (28)   

 The process noise vector, w, and the measurement noise vector, v, both contain 

one variable each (i.e. w = [wx] and v = [vx]).  The dimension of the covariance terms Q 

and R are i×i and j×j, respectively, where i is the length of w and j is the length of v.  

Therefore, both Q and R have dimension 1×1.  These covariance terms are used to weight 

the predicted and measured values of the state x1.  Decreasing the covariance of the 

process noise, Q, increases the weight on the predicted state value (i.e. the estimate of X), 

while decreasing the covariance of the measurement noise, R, increases the weight on the 

measured state value (i.e. X from experimental or simulated results).   

 The respective process noise, wx, and measurement noise, vx, terms in Eqs. (19) 

and (20) are set equal to zero (the only noise in the system is assumed to be contained 

within the measured value of X).  During the first Kalman filter calculation (i.e. when k = 

1), initial guesses of x̂1
+

 and P1
+

 must be defined (see flow diagram in Fig.  33).  The 

covariance matrix P+  is l×l, where l is the number of states in the system.  The initial 

guess of the covariance matrix, P1
+ , is diagonal whose terms correspond to the 

convergence of each respective initial state estimate.  Essentially, the diagonal terms in 

P1
+  determine how much each state estimate can change when k is small (i.e. determines 

the convergence rate of each state estimate).  Generally, higher initial diagonal values 

increase the convergence rates of the states.   
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Fig.  34.  Block diagram of the discrete Kalman and discrete extended Kalman state estimator. 

 The discrete Kalman filter algorithm is represented in block diagram form in Fig.  

34.  Process and numeric parameters are first defined.  The covariance matrices, Q and R, 

and an initial guess of x̂1
+

 and P1
+

 are also defined.  Vectors of simulated/experimental 

tool displacements, X and Y, and depth of cut, b, are then imported to the algorithm.  The 

Matlab® command interp1 is used to interpolate the simulated/experimental deflection 

data using cubic spline interpolation.  The interpolated displacement values, along with 

the current angle of each cutting tooth, are then used in estimating the chip thickness at 
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each time step using Eq. (12).  The chip thickness calculation requires knowledge of 

measured tool deflections in both the x and y-directions; therefore, the force estimates are 

dependent on measured tool deflections in both the x and y-directions.  The force on the 

tool in the x-direction is then calculated using Eqs. (3) - (6).  Since the Kalman filter is 

only used in estimating the states in the x-direction, force estimates are not required in the 

y-direction.  The force estimate and current simulated/experimental X value are then used 

along with the discrete Kalman filter equations (see Eqs. (19) - (28)) in calculating x̂+  

(i.e. the updated estimate vector of the x-directional states, x1 and x2).  The algorithm then 

proceeds to the next time step and continues within the main loop until the current step 

number equals the length of the interpolated X and Y data vectors.   

7.1.2 STATE ESTIMATION WITH DISCRETE KALMAN FILTER 

 To show the accuracy of the state estimation algorithm, two sets or simulated 

deflection data (one with and one without runout) and one set of experimental deflection 

data are tested.  To show the ability of the discrete Kalman filter to filter out noise within 

the system, a normally distributed random noise signal with a mean of zero and a 

variance of 0.5×10-3 mm is added to the simulated X and Y data vectors prior to state 

estimation.  The initial state estimate vector, x̂1
+ , contains zeros (i.e. the initial estimates 

of the deflection and velocity of the tool are zero).  The initial guess of the covariance 

matrix, P1
+ , is given below. 

P1
+ = 1012 0

0 1012
!

"
#
#

$

%
&
&  

(29)  
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The diagonal terms of P1
+  are chosen based on the convergence rate required for each 

state.  Finally, values of the covariance terms, Q and R, that provide the best balance 

between the predicted and measured values for both simulated and experimental results 

are found to be 0.1 and 5, respectively.     

 The state estimate of the tool deflection from noisy simulated data at b = 3 mm 

are shown in plot (i) of Figs. 35 and 36 for the case without and with runout, respectively.  

The state estimate is shown to match the actual simulated tool displacement in the x-

direction (i.e. X without noise) quite well for both cases.  The points at which the 

calculated force from the Kalman filter algorithm is non-zero (i.e. the points at which the 

cutting teeth are engaged in the workpiece) are shown as black dots along the estimated X 

curve in plot (i) of Figs. 35 and 36.  Plot (ii) of these figures gives the magnitude of the 

calculated force (i.e. the force estimate found from the noisy deflection data using the 

traditional chip thickness model).  Plot (ii) also gives the actual simulated force (i.e. the 

simulated force from the new chip thickness model).  The noise signals added to the 

simulated deflection data cause slight errors in the calculated chip thickness, which are 

translated to errors in the force calculation (see black data points in plot (ii) of Figs. 35 

and 36).  The Kalman state estimate of X and the calculated force values for an 

experimental test at b = 3 mm are given in Fig.  37.  Once again, the discrete Kalman 

filter is able to track the experimental X data quite well.   
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Fig.  35.  (i) Kalman filter state estimate of noisy simulated tool deflection data, X, without runout at 

b = 3 mm.  Simulated data with and without noise are given.  The points at which the calculated force 

is not zero (i.e. the points where the tool is engaged in the workpiece) are shown as black dots along 

the estimated X curve.  (ii) Calculated force signal found from the noisy X and Y simulated data 

compared with the actual simulated force signal. 

 

Fig.  36.  (i) Kalman filter state estimate of noisy simulated tool deflection data, X, with runout at b = 

3 mm.  Simulated data with and without noise are given.  The points at which the calculated force is 

not zero (i.e. the points where the tool is engaged in the workpiece) are shown as black dots along the 

estimated X curve.  (ii) Calculated force signal found from the noisy X and Y simulated data 

compared with the actual simulated force signal. 
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Fig.  37.  (i) Kalman filter estimate of experimental deflection data, X, data at b = 3 mm.  The points 

at which the calculated force is not zero (i.e. the points where the tool is engaged in the workpiece) 

are shown as black dots along the estimated X curve.  (ii) Calculated force signal found from 

experimental X and Y data. 

 As shown analytically in Section 6.3, the magnitude of the force on tooth #1 and 

#2 are equal when runout does not exist, which results in equal oscillation magnitudes as 

each tooth is engaged in the workpiece (see points A and B in Fig.  35).  However, when 

runout exists, unequal force magnitudes cause the oscillation magnitudes to change (see 

points C and D in Fig.  36).  When generating the state estimate of X, the Kalman filter 

algorithm estimates the force given the deflection and angle of the tool.  Therefore, the 

force signal from experimental data can now be compared with analytical results.  The 

calculated force values for the experimental test are given in plot (ii) of Fig.  37.  The 

estimated force generated by tooth #1 (see point E) is smaller than that generated from 

tooth #2 (see point F).  Since tooth #2 has a larger applied force, the magnitude of X as 

the tooth #2 passes through the workpiece (see point F in plot (i)) is smaller than the 
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magnitude of tooth #1 (see point E in plot (i)).  These results derived from experimental 

data directly correlate to the analytical results given above and in Section 6.3.   

7.2 DISCRETE EXTENDED KALMAN FILTER 

 The discrete EKF is an expansion of the basic discrete Kalman filter given in 

Section 7.1.  Where the basic Kalman filter only estimates the states of a system, an EKF 

is able to estimate both the states and parameters within the model [33].  The EKF is 

“extended” because it applies to nonlinear systems.  The desired parameters are added to 

the system as additional pseudo states, which cause the system to become nonlinear.  

Parameter estimation is useful when the parameters of a system change with time, or 

when the exact parameters are not known (as is the case in a milling operation).  

Experimental model parameters of m, c, and k can be estimated through the procedures 

given in Section 4.3; however, an EKF can generate estimates without separate 

experimental tests and can estimate the parameters on-line.  The discrete EKF algorithm 

used in state/parameter estimation is presented in Section 7.2.1.  EKF state and parameter 

estimates of simulated and experimental defection data are then given in Section 7.2.2. 

7.2.1 DISCRETE EKF ALGORITHM 

 In Section 7.1, state estimates are obtained based on a discrete Kalman model of 

the system and a measurement of the state, X.  This estimate assumes that model 

parameters of the system (m, c, and k) are known.  In order to estimate the model 

parameters, they must be added to the system as three additional pseudo states, where m = 

x3, c = x4, and k = x5 [33].  Therefore, the respective discrete state and measurement 

equations given in Eqs. (19) and (20) can be expanded to 
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xk = fk!1(xk!1,uk!1wk!1) =

x2,k!1T + x1,k!1
T
x3,k!1

(!x2,k!1x4,k!1 ! x1,k!1x5,k!1 + ux,k!1 +wx,k!1)+ x2,k!1

wM ,k!1T + x3,k!1
wC,k!1T + x4,k!1
wK ,k!1T + x5,k!1
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'

,  (30)   

yk = hk (xk,vk ) = Hkxk + vx,k = x1,k + vx,k,  (31)   

where wM, wC, and wK are artificial noise terms that are added to the system that allows 

the EKF filter to modify its estimates of x3, x4, and x5, respectively.  A flow diagram of 

the EKF estimation process is given in Fig.  33 of Section 7.1.1 (the Kalman and EKF 

flow diagrams are the same).  The discrete Kalman filter equations are given by Simon 

[33] at each time step, k = 1, 2, …, as follows 

x̂k
! = fk!1(x̂k!1

+ ,uk!1, 0),  (32)  

Pk
! = Fk!1Pk

+Fk!1
T + Lk!1Qk!1Lk!1

T ,  (33)  

Kk = Pk
!Hk

T (HkPk
!Hk

T +MkRkMk
T )!1,  (34)  

x̂k
+ = x̂k

! + Kk (yk !Hk x̂k
! ),  (35)   

Pk
+ = (I ! KkHk )Pk

!,  (36)  

where the partial derivative matrixes F, L, H, and M are given as 
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Hk =
!hk
!x x̂k

"

= 1 0 0 0 0#$ %&,  (39)   

Mk =
!hk
!v x̂k

"

= 1[ ].
 

(40)   

Referring to Eq. (30), the process noise vector, w, contains 4 variables (i.e. w = [wx, wM, 

wC, wK]) and the measurement noise vector, v, contains one variable (i.e. v = [vx]).  As 

discussed in Section 7.1.1, the dimension of the covariance terms Q and R are i×i and j×j, 

respectively, where i is the length of w and j is the length of v.  Therefore, Q is 4×4 and R 

is 1×1. 

 The discrete EKF algorithm is shown in block diagram form in Fig.  34 of Section 

7.1.2.  The EKF and Kalman filter block diagrams are almost identical to one another.  

The difference being that once the force in the x-direction is calculated using the 

traditional chip thickness model, the discrete EKF uses Eqs. (30) – (40) in estimating 

both the x-directional states and model parameters.  The process noise, wx, measurement 

noise, vx, and artificial noise terms, wM, wC, and wK, are all taken as zero in Eqs. (30) and 

(31) (it is assumed the only noise in the system is contained in the measurement of X).  

Initial guesses of x̂1
+

 and P1
+

 are once again defined at the start of the EKF algorithm and 
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used within the first time step (i.e. when k = 1).  At each time step an updated estimate 

vector, x̂1
+ , is calculated (this vector contains estimates for the states/pseudo states x1, x1, 

…, x5). 

7.2.2 PARAMETER ESTIMATION WITH DISCRETE EKF 

 To show the accuracy of the EKF state/parameter estimates, two sets or simulated 

deflection data (one with and one without runout) and one set of experimental deflection 

data are tested.  Once again, a normally distributed random noise signal with a mean of 

zero and a variance of 0.5×10-3 mm is added to the simulated X and Y data vectors before 

the state/parameter estimation is performed.  Initial state estimates are set to zero, and 

initial model parameter estimates are randomly chosen within ±50% of their nominal 

values (respective nominal values are m = 0.040 kg, c = 9.2 N-s/m, and k = 11.5×105 

N/m).  These initial state and parameters values comprise the vector x̂1
+ .  The initial 

guess of the covariance matrix, P1
+ , is given below. 

P1
+ =

1012 0 0 0 0
0 1012 0 0 0
0 0 108 0 0
0 0 0 5!1013 0
0 0 0 0 1022
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(41)  

The diagonal terms of P1
+  are chosen based on the convergence rate required for each 

state/pseudo state.  Finally, the covariance terms, Q and R, that provide the most accurate 

estimates of the states and model parameters from both experimental and simulated 

deflection data are given below. 
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Q =

1014 0 0 0
0 0.1 0 0
0 0 0.1 0
0 0 0 0.1
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R = [5]  

(42) - 

 Plot (i) of Figs. 38 and 39 shows the extended Kalman estimate of the state, x1, for 

noisy simulated deflection data at b = 3 mm for the case without and with runout, 

respectively.  The state estimates are shown to match the actual simulated X data (i.e. X 

without noise) very well for both cases.  Plot (ii) of each figure gives the EKF force 

estimate found using the traditional chip thickness model along with the actual force 

signal from the simulation.  The noisy X and Y data causes slight variations in the 

estimated force signals from the EKF; however, the general trend of the estimated force 

signal does follow that of the simulated force.  Plot (iii) of Figs. 38 and 39 shows the 

percent error of the model parameter estimates (i.e. m, c, and k) from their nominal values 

over the length of the X and Y input vectors (0.2 seconds).   

 For the case without runout (see plot (iii) of Fig.  38), the estimates for the mass, 

m, and stiffness, k, reach steady state (SS) errors of -3.5% within 0.1 seconds.  The error 

in the damping, c, reaches its SS error value of 2% within 0.14 seconds.  For the case 

with runout (see plot (iii) of Fig.  39), the estimates of m and k once again reach a SS 

values of -3.5% within 0.1 seconds.  The estimate of c does not reach a SS value due to 

noise caused by the runout in the system (this noise is shown as oscillations in the 

estimate of c).  The estimate of c does, however, converge to an average value of 5% 

within 0.14 seconds.  From the results given here, the estimate of c is influenced the most 

by runout (i.e. runout increases the error in and adds noise to the estimate of c).  It should 
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be noted that eliminating the noise signal on the simulated deflection data reduces the 

convergence times of the parameter estimates and slightly reduces the SS error.  

 

Fig.  38.  (i) EKF state estimate of noisy simulated tool deflection data, X, without runout at b = 3 

mm.  Simulated data with and without noise are given.  The points at which the calculated force is 

not zero are shown as black dots along the estimated X curve.  (ii) Calculated force signal from the 

EKF algorithm found from noisy X and Y simulated data compared with the actual simulated force 

signal.  (iii) Model parameter estimate errors of m, c, and k from their nominal values over the length 

of the simulated data (0.2 seconds). 
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Fig.  39.  (i) EKF state estimate of noisy simulated tool deflection data, X, with runout at b = 3 mm.  

Simulated data with and without noise are given.  The points at which the calculated force is not zero 

are shown as black dots along the estimated X curve.  (ii) Calculated force signal from the EKF 

algorithm found from noisy X and Y simulated data compared with the actual simulated force signal.  

(iii) Model parameter estimate errors of m, c, and k from their nominal values over the length of the 

simulated data (0.2 seconds). 

 The plots in Fig.  40 show the state and parameter estimates for experimental 

deflection data.  The state estimate of X (see plot (i)) is able to track the experimental 

deflection data very well.  The parameter estimates (see plot (iii)) of m and k reach 

respective SS errors of -6% and -6.5% within 0.1 seconds.  Similar to the simulated result 

with runout (see plot (iii) of Fig.  39), the estimate of c for experimental deflection data 

contains error due to the runout in the system.  Therefore, the estimate of c does not reach 

a SS value equal to the experimentally determined damping but instead converges to an 
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average value of 5.7% in 0.16 seconds.  Plot (ii) of Fig.  40 gives the force estimates from 

the EKF algorithm generated from the experimental deflection data.  Once again, the 

analytical and experimental force and deflection magnitudes as tooth #1 and #2 pass 

through the workpiece (see points A – F in Figs. 38 – 40) correspond to the runout results 

given in Section 6.3.   

 

Fig.  40.  (i) EKF state estimate of experimental tool deflection data, X, at b = 3 mm.  The points at 

which the calculated force is not zero are shown as black dots along the estimated X curve.  (ii) 

Calculated force signal from the EKF algorithm found from experimental X and Y data.  (iii) Model 

parameter estimate errors of m, c, and k from their nominal values over the length of the simulated 

data (0.2 seconds). 
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7.3 OBSERVABILITY OF THE KALMAN FILTERS 

 Observability is a characteristic of the state space model of a dynamic system and 

the measurements.  In the case of Kalman filter estimation, the filter is observable (i.e. 

there is guaranteed convergence of the state/parameter estimates) only if there are 

sufficient number of independent equations from which the estimates can be found [38].  

The observability matrix, O, of a time-invariant Kalman filter is given as 

O =

H
HF
HF2

!
HFn-1

!

"

#
#
#
#
#
#

$

%

&
&
&
&
&
&

 (43)   

where F is a partial derivative matrix representing the states of the system, H is a partial 

derivative matrix representing measurements of the system, and n is the number of 

estimated state/parameters contained in F [50].  A Kalman filter is observable if the 

number of independent equations in O is equal to the number of estimated 

states/parameters in F (i.e. the rank of O and F must be equal). 

 Matrices F and H for the time-invariant Kalman filter algorithm given in Section 

7.1.1 are given in Eqs. (26) and (28), respectively.  The observability matrix, O, and state 

matrix, F, of the discrete Kalman filter both have a rank of 2.  Therefore, there are a 

sufficient number of independent equations in O to guarantee the convergence of the state 

estimates (i.e. the estimates of the deflection and velocity of the milling tool in the x-

direction).  Matrices F and H for the time-invariant EKF algorithm given in Section 7.2.1 

are given in Eqs. (37) and (39), respectively.  The rank of O for the EKF is 3, whereas the 

rank of F is 5 (i.e. there are 5 state/parameter estimates).  As a result, there are only 

enough independent equations in O to guarantee convergence of 2 states (i.e. the 
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deflection and velocity of the tool) and 1 parameter (i.e. m, c, or k).  However, 2 states 

and 3 parameters are estimated using this EKF algorithm.     

 If only the damping parameter, c, is estimated via the EKF (i.e. the mass, m, and 

stiffness, k, are assumed to be known), then the state and measurement equations of the 

filter are given as   

xk = fk!1(xk!1,uk!1wk!1) =

x2,k!1T + x1,k!1
T
m
(!x2,k!1x3,k!1 ! x1,k!1k + ux,k!1 +wx,k!1)+ x2,k!1

wC,k!1T + x3,k!1

"

#

$
$
$
$
$

%

&

'
'
'
'
'

,  (44)   

yk = hk (xk,vk ) = Hkxk + vx,k = x1,k + vx,k,

 

(45)  

and the partial derivative matrices F and H given as 

Fk!1 =
"fk!1
"x x̂k!1

+

=

1 T 0

! k
m
T 1!

x3,k!1
m

T !
x2,k!1
m

T

0 0 1

#

$

%
%
%
%

&

'

(
(
(
(

,  (46)   

Hk =
!hk
!x x̂k

"

= 1 0 0#$ %&.

 

(47)   

The rank of O computed form Eqs. (46) and (47) and the rank of F in Eq. (46) are both 3.  

This verifies that 2 states and 1 parameter can be estimated via the EKF with guaranteed 

convergence.  Similar procedures show that parameters m and k can also be estimated 

individually with guaranteed convergence.   

 It is assumed that estimating one single parameter (the remaining parameters are 

assumed to be known exactly) will provide an estimate with less steady state (SS) error 

than when all 3 parameters are estimated simultaneously.  To show this, model 

parameters estimates are found using the EKF algorithm given in Section 7.2.1 (all 3 
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parameters are estimated at once) and EKF’s that estimate each parameter separately.  

Estimates are found for the simulated deflection data without runout given in plot (i) of 

Fig.  38 (b = 3 mm and Ω = 15,000 rpm).  No noise is added to the simulated deflection 

data prior to estimation to eliminate any sources of error in the estimates.  Nominal model 

parameter values are m = 0.0353 kg, c = 9.6982 N-s/m, and k = 9.9150×105 N/m.  When 

a given parameter is estimated individually, the remaining 2 parameters are constants and 

are equal to their respective nominal values.   

 Plots (i – iii) in Fig.  41 give the respective parameter estimates of m, c, are k for 

the case when the parameters are estimated simultaneously and independently.  The 

percent error in the estimate results in Fig.  41 are given in Table 4.  When parameters m 

and k are estimated alone, the SS errors in the estimates are smaller than when all 3 

parameters are estimated together.  On the other hand, the error in the estimate of c is less 

when all parameters are estimated at the same time (the exact reason for this is not clear).  

Even though the parameter estimates are not guaranteed to converge onto an exact 

solution when the EKF algorithm given in Section 7.2.1 is used, all states/parameters in 

the system are detectable in that all poles of F in Eq. (37) are contained within the unit 

circle [50].  Furthermore, from the results given in Fig.  41, all estimates converge to 

values within 3.04% of their respective nominal values when this EKF algorithm is used.  

When convergence is guaranteed (i.e. when each parameter is estimated separately), all 

estimates converge to values within 2.64% of their respective nominal values, which is 

only 0.4% better than when all parameters are estimated at once.  Furthermore, estimating 

only one parameter is not practical in real applications since exact values of the 

remaining parameters are not often known.  Therefore, estimating m, c, and k using the 
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EKF algorithm in Section 7.2.1 is considered the preferred parameter estimation 

procedure. 

 

Fig.  41.  Parameter estimate error from their nominal values for simulated deflection data at b = 

3mm and Ω = 15,000 rpm.  Parameters are estimated simultaneously and individually: (i) estimates 

of m, (ii) estimates of c, (ii) estimates of k.  

Table 4.  Parameter estimate results from Fig.  41. 

 EKF estimate error from nominal [%] 
 All 3 Parameters Single Parameter 
Mass, m -3.04 -0.95 
Damping, c 1.77 2.64 
Stiffness, k -3.04 0.19 
 

7.4 RESULTS AND CONCLUSIONS 

 In this chapter, discrete Kalman filter and discrete EKF algorithms are developed 

using the traditional milling model given in Section 3.1.  Both algorithms are able to 

accurately estimate the milling states in the x-direction (specifically the tool 
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displacement, X) given simulated and experimental deflection data.  Through EKF 

parameter estimates of simulated data, runout in the system is shown to affect the 

estimate of c much more than the estimates of m or k.  Runout adds noise to the estimate 

of c and also increases the estimate error by 3% over the case with no runout.  Runout is 

also shown to exist in the experimental deflection data; therefore, the effect of runout on 

the parameter estimates (especially the estimate of c) must be considered when 

experimental data is tested.   

 The EKF algorithm given here is able to estimate all model parameters (i.e. 

estimate m, c, and k) within 6.5% of their nominal values for experimental deflection data 

and within 5% of their nominal values for simulated deflection data.  This percent error is 

considered acceptable given the benefits that EKF parameter estimation provides.  Unlike 

the techniques given in Section 4.3, where both static and dynamic tests are used in 

finding model estimates, parameter estimation with the EKF algorithm is fast, easily 

repeatable, can be performed on-line, and is not influenced by human error.  The EKF 

algorithm can also be used to periodically update estimates of m, c, and k to account for 

changes in a milling operation due to nonlinearities in the system, un-modeled dynamics, 

and/or tool wear.  The EKF algorithm given here is used in Section 9.2 as part of a 

control system capable of predicting and preventing the onset of chatter in a simulated 

milling process.  It is also used in Section 11.2.1 to provide on-line parameter estimates 

during an actual milling operation. 

 The observabiltiy of the Kalman filters is also tested.  The discrete Kalman filter 

is shown to be observable; however, the discrete EKF filter is not (i.e. convergence of 

state/parameter estimates is not guaranteed).  Parameter estimates from the EKF 
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developed in Section 7.2.1, which is not observable since it estimates all model 

parameters at once, are compared with parameter estimates from observable EKF results 

(these filters only estimate one parameter at a time).  When all parameters are estimated 

concurrently, the estimates do converge and have an error range only slightly larger than 

when each parameter is estimated individually.  Furthermore, estimating only one 

parameter is not practical in real applications since exact values of the remaining 

parameters are not often known.  Therefore, the EKF algorithm presented in Section 7.2.1 

is considered the preferred parameter estimation procedure and will be solely used in the 

follow chapters. 
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Chapter 8 ADDITIONAL RESULTS  

 The diagrams in Fig.  42 show the three separate testing procedures used for 

increasing and decreasing b along the length of the workpiece, L.  Test procedure (T.P.) 

#1 increases b by feeding the milling tool in the negative z-direction as the workpiece is 

moved past the tool in the positive x-direction (see Fig.  42 for axis directions).  There is 

concern that the downward feed of the tool into the workpiece, which will cause material 

to be cut by the bottom surface of the tool, will increase the forces on the tool tip and 

affect tool dynamics.  Furthermore, the milling model does not consider forces due to 

cutting at the bottom surface of the tool, so experimental results obtained using T.P. #1 

and simulated results may show differences in tool dynamics and bifurcation points.  

Therefore, a second testing procedure is used (see T.P. #2 in Fig.  42) that increases b 

without feeding the tool down into the workpiece (i.e. without cutting material with the 

bottom surface of the tool).  For T.P. #2, a lip is pre-cut into the workpiece, eliminating 

any movement of the tool in the z-direction during testing.  The pre-cut lip has a 

thickness, hn, larger than the radial immersion of the experimental tests, h.  This 

eliminates any risk of the tool coming in contact with the back surface of the pre-cut lip 

as the tool undergoes large magnitude vibrations.  Test procedure #3 decreases b by 

feeding the milling tool in the positive z-direction as the workpiece is fed past the tool in 

the positive x-direction (see Fig.  42 for axis directions).  Since the tool feed in the z-

direction is away from the workpiece in T.P. #3, no additional forces can be applied to 

the tool (i.e. the dynamics of the system are not affected).  Therefore, no other testing 

procedure is required for decreasing b along the workpiece.  
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 The experimental results given in Section 5.3 through the end of Chapter 7 use 

T.P. #1 and #3 of Fig.  42 for increasing and decreasing b, respectively.  Furthermore, 

these previous experimental tests are only performed at a spindle speed, Ω, of 15,000 

rpm.  In this chapter, results are given for two separate experimental trials performed 

using T.P. #1, #2, and #3 (six tests total).  These six tests are repeated at 15,000, 14,000, 

10,000, and 9,500 rpm, for a total of 24 experimental tests.  During testing, all efforts are 

placed on making the experimental setup and execution of each test identical.  

Furthermore, trials 1 and 2 for each test procedure are run in direct succession.   

 

Fig.  42.  Diagram of the testing procedures used for obtaining experimental results for an increasing 

and decreasing depth of cut, b.  

 Bifurcation diagrams for each experimental test are given in Section 8.1.  

Simulated results at each Ω are also given and compared to the experimental results.  In 

Section 8.2, EKF parameter estimates of the experimental and simulated results are given 

at a constant depth of cut, b, of 3 mm (these results are similar to the EKF estimates given 

in Section 7.2.2).  EKF model estimates for an increasing b are presented in Section 8.3 
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for two sets of experimental results at Ω = 15,000 rpm (these tests show parameter 

estimates change as the depth of cut is varied).  The effect of runout on experimental and 

simulated tool deflection data is further investigated in Section 8.4 at spindle speeds of 

15,000 and 10,000 rpm.  Finally, results and conclusions are given in Section 8.5.  All 

simulated and experimental results given in this chapter are for an up-milling process 

with h = 0.382 mm and f = 0.0635 mm/tooth.  Model parameters (m, c, and k) for the 

simulated results are found by averaging EKF parameter estimates of the experimental 

data at each tested spindle speed, Ω (see Section 8.2 for parameter estimates of all 24 

experimental tests).  The new milling model is used in generating all simulated results. 

8.1 EXPERIMENTAL/SIMULATED BIFURCATION RESULTS  

 The plots in Fig.  43 give the tool deflections in the x and y-directions, X and Y, 

and once-per-tooth-pass tool deflections, Xn and Yn, for an experimental test using T.P. #1 

in Fig.  42 (i.e. b is increased by feeding the tool in the negative z-direction).  Referring to 

the Xn and Yn data in Fig.  43, there is a bifurcation point (i.e. a transition from single 

stable chatter-free equilibrium points to multiple stable chatter equilibrium points) at b = 

3.55 mm.  The magnitude of X and Y (see green data in Fig.  43) increases significantly as 

the system crossed this bifurcation point.  As b continues to increase, there is a second 

bifurcation point near b = 5.52 mm where the dynamics of the tool once again undergo a 

sudden change.  At the second bifurcation point, there is an increase in the magnitude of 

X (see plot (i)) and a decrease in the magnitude of Y (see plot (ii)).  The tool, therefore, 

begins to oscillate in a more elliptical pattern with the major axis in the x-direction 

increasing and the minor axis in the y-direction decreasing.  Poincaré maps near b = 5.52 

mm are shown to the right of the bifurcation diagrams in Fig.  43.  The blue and red data 
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points in the Poincaré maps represent the respective once-per-tooth-pass deflection data 

at b < 5.52 mm (i.e. before the second bifurcation point) and b > 5.52 mm (i.e. after the 

second bifurcation point).  There is an obvious change in the chatter equilibrium, which is 

represented by the location, size, and shape of the Poincaré maps, as b passes through 

5.52 mm.   

 

Fig.  43.  Experimental tool deflection data, X and Y, and once-per-tooth-pass deflection data, Xn and 

Yn, for an increasing b and Ω = 15,000 rpm (T.P. #1 in Fig.  42 is used): (i) displacement in the x-

direction, (ii) displacement in the y-direction.  Poincaré maps for Xn and Yn near b = 5.52 mm are 

given to the right of each bifurcation diagram. 

To further investigate the change in the tool dynamics near b = 5.52 mm, plots (i) 

and (ii) of Fig.  44 give Xn and Yn, respectively, versus time at b < 5.52 mm (see blue data 

points) and b > 5.52 mm (see red data points).  It is shown that the periods of Xn(t) and 

Yn(t) decrease after the second bifurcation point (i.e. when b > 5.52 mm).  To find the 

frequency of this data, the Matlab® command spline, which uses cubic spline 

interpolation, is used to interpolate the Xn and Yn values over a smaller time step (see 

dashed lines in plots (i) and (ii) of Fig.  44 for interpolated data).  A discrete Fourier 
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transform, using the Matlab® command fft, is then performed on the interpolated data to 

find the single-sided amplitude spectrum of Xn(t) (see plot (iii) of Fig.  44) and Yn(t) (see 

plot (iv) of Fig.  44).  The frequencies of Xn(t) and Yn(t) are approximately 134 and 73 Hz 

for respective b values slightly less than and greater than 5.52 mm.  Therefore, the 

frequency of Xn(t) and Yn(t) is decreased by 46% as the system passes through the second 

bifurcation point. 

 

Fig.  44.  (i, ii) Experimental once-per-tooth-pass displacement data, Xn and Yn, before and after the 

second bifurcation in Fig.  43 at b = 5.52 mm.  A spline fit for Xn and Yn is also given.  (iii, iv) Single-

sided amplitude spectrum of Xn(t) and Yn(t). 

 The experimental data given above (see Figs. 43 and 44) is obtained using T.P. #1 

in Fig.  42 (i.e. b is increased by feeding the tool in the negative z-direction).  The 

bifurcation diagrams for all four experimental tests for an increasing b at Ω = 15,000 rpm 

(i.e. two trials with T.P. #1 and two trials with T.P. #2) are shown in Fig.  45.  Poincaré 

maps at b = 5.25 mm are given to the right of each bifurcation diagram.  For trials 1 and 2 

of T.P. #1 (see plots (i) and (ii) of Fig.  45), bifurcations occur at 3.55 and 4.4 mm, 
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respectively.  These bifurcation points occur at significantly different depths of cut.  

Furthermore, trial 2 (see plot (ii)) does not have multiple bifurcation points, as does trial 

1 (see plot (i)).  This suggests that there is some uncertainty in the tool dynamics when b 

is increased along the length of the workpiece.  

 The bifurcation points for trials 1 and 2 of T.P. #2 (see plots (iii) and (iv) of Fig.  

45) occur at b values of 4.56 and 5.35 mm, respectively.  Once again, there is a 

significant difference in the bifurcation points for these two trials caused by uncertainty 

in the tool dynamics for an increasing depth of cut, b.  The bifurcation points found using 

T.P. #2 occur at larger b values than those found using T.P. #1.  Therefore, feeding the 

tool down into the workpiece (i.e. using T.P. #1), which may result in higher forces on 

the tool tip, decreases the chatter-free range of the system at Ω = 15,000 rpm.    

 

Fig.  45.  Experimental once-per-tooth-pass tool displacement in the x-direction, Xn, for an increasing 

b and Ω = 15,000 rpm: (i) T.P. #1 - trial 1, (ii) T.P. #1 - trial 2, (iii) T.P. #2 - trial 1, (iv) T.P. #2 - trial 

2.  Poincaré maps at b = 5.25 mm are given to the right of each bifurcation diagram.   
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 The bifurcation diagrams for trials 1 and 2 of T.P. #3 (i.e. decreasing b) at Ω = 

15,000 rpm are shown in Fig.  46.  Poincaré maps at b = 5.25 mm are given to the right of 

each bifurcation diagram.  The bifurcation points for trials 1 and 2 occur at b values of 

3.38 and 3.42 mm, respectively.  For trails 1 and 2, the tool dynamics differ at b values 

slightly larger than their respective bifurcation points.  Specifically, there is a gradual 

transition from chatter to chatter-free equilibrium points for trial 1 (see plot (i) of Fig.  

46); however, there is a sudden jump from chatter to chatter-free equilibrium points for 

trial 2 (see plot (ii) of Fig.  46).  Although the tool dynamics differ for each trial, the 

points at which the system becomes chatter-free (i.e. the bifurcation points) occur at very 

similar depths of cut.  This is unlike the results for an increasing b (see Fig.  45) where 

bifurcations occur at significantly different b values.  Therefore, there seems to be less 

uncertainty in the experimental bifurcation points when b is decreased along the length of 

the workpiece as apposed to increased.  

  

Fig.  46.  Experimental once-per-tooth-pass tool displacement in the x-direction, Xn, for a decreasing 

b and Ω = 15,000 rpm: (i) T.P. #3 - trial 1, (ii) T.P. #3 - trial 2.  Poincaré maps at b = 5.25 mm are 

given to the right of each bifurcation diagram.   
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 The plots in Fig.  47 show simulated results from the new milling model for an 

increasing and decreasing b at Ω = 15,000 rpm.  For an increasing b (see plot (i)), the 

simulated Xn data bifurcates at b = 3.99 mm, which is within the bifurcation range of the 

experimental results given in Fig.  45.  For a decreasing b (see plot (ii)), the simulation 

bifurcates at b = 3.28 mm, which is slightly less than the experimental bifurcation points 

given in Fig.  46.  The model parameters (m, c, and k) used in generating these simulated 

results are obtained through averaging EKF parameter estimates of all 6 experimental 

results given in Figs. 45 and 46 at b = 3 mm (the EKF parameter estimates of the 

experimental results are discussed in Section 8.2).  Therefore, it is not expected for the 

bifurcation points of the simulated results to perfectly match any of the experimental 

results given above.  

  

Fig.  47.  Simulated once-per-tooth-pass tool displacement in the x-direction, Xn, with Ω = 15,000 

rpm: (i) increasing b (ii) decreasing b.  Poincaré map at b = 4 mm are given to the right of the 

bifurcation diagrams.  Model parameters used are the average EKF parameter estimates of the 

experimental results in Figs. 45 and 46 at b = 3 mm (m = 0.0353 kg, c = 9.6982 N-s/m, k = 9.9250×105 

N/m). 
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 Poincaré maps at b = 4 mm are given to the right of each simulated bifurcation 

diagram in Fig.  47.  Referring to the Poincaré map for an increasing b (see plot (i)), the 

system contains stable chatter-free equilibrium points for b < 4 mm (see blue data) and 

stable chatter equilibrium points for b > 4 mm (see red data).  After the system bifurcates 

(i.e. when b > 4 mm), there exists 4 distinct stable chatter equilibrium points at b values 

slightly greater than 4 mm.  As shown by the Xn data in plot (i), these 4 distinct 

equilibrium points exist for b values ranging from 4 to approximately 4.4 mm.  At b ≈ 4.4 

mm, the 4 distinct stable chatter equilibrium points multiply into significantly more 

chatter equilibrium points.  Referring to the bifurcation diagram for a decreasing b (see 

plot (ii)), there once again exists 4 distinct stable chatter equilibrium points for b ranging 

from 4 to approximately 4.4 mm.  The Poincaré map in plot (ii) of Fig.  47 shows a 

significant number of stable chatter equilibrium points for b < 4 mm (see blue data) and 4 

distinct stable chatter equilibrium points for b > 4 mm (see red data).  When a significant 

number of chatter equilibrium points exist over a small range of b, the Poincaré map has 

a continuous circular shape as shown in by the blue data in plot (ii).   

 Six identical experimental tests to those given above at Ω = 15,000 rpm (i.e. two 

trials from T.P. #1, #2, and #3) are performed at spindle speeds of 14,000, 10,000, and 

9,500 rpm.  The bifurcation diagrams for these experimental tests along with simulated 

results are given in Appendix 1 (see Figs. 77 – 85).  The bifurcation points for 

experimental and simulated results at each spindle speed are given in Table 5.  As shown 

in Table 5, the average experimental bifurcation points for T.P. #1 at 15,000, 14,000, 

10,000, and 9,500 rpm are 3.98, 3.65, 3.72, and 2.88 mm, respectively, while the average 

bifurcation points for T.P. #2 at the respective Ω values are 4.96, 4.08, 4.83, and 3.31 
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mm.  At each Ω, T.P. #1 bifurcates at a lower b value than T.P. #2.  Therefore, when 

increasing b, the forces added to the system by feeding the tool down into the workpiece 

(i.e. using T.P. #1) decrease the range over which the system is chatter-free.  The average 

experimental bifurcation points for T.P. #3 (i.e. decreasing b) are 3.4, 3.1, 4.34, and 2.95 

mm for the respective Ω values given above.   

 Milling dynamics has a subcritical bifurcation (i.e. contains hysteresis) [46].  

Therefore, the bifurcation point when b is increased along the workpiece should occur at 

a large depth of cut than when b is decreased (this assumes the maximum and minimum 

values of b are the same for each case).  The average experimental bifurcation points for 

T.P. #3 (i.e. decreasing b) do occur at smaller b values than T.P. #2 (i.e. increasing b 

without downward tool feed) at each tested spindle speed.  This experimentally verifies 

the existence of hysteresis over a range of Ω.  On the other hand, not all average 

bifurcation points for T.P. #3 are smaller than those from T.P. #1 (i.e. increasing b with 

downward tool feed), specifically the bifurcation points at 10,000 and 9,500 rpm.  This is 

assumed to be a result of the forces added to the system by the downward feed of the tool 

into the workpiece.  These additional forces change the dynamics of the tool, and in some 

cases cause the system to chatter at smaller depths of cut than when b is decreased across 

the length of the workpiece (i.e. when T.P. #3 is used).  Therefore, when defining the 

average hysteresis range of the system at each tested spindle speed; only T.P. #2 and T.P. 

#3 should be considered.  Therefore, the average experimental hysteresis region (i.e. the 

region where both stable chatter-free and chatter equilibrium exist) for the respective 

spindle speeds of 15,000, 14,000, 10,000, and 9,500 rpm are 3.4 – 4.96 mm, 3.1 – 4.08 

mm, 4.43 – 4.83 mm, and 2.95 – 3.31 mm. 
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Table 5.  Bifurcation points for experimental and simulated results at spindle speeds of 15,000, 

14,000, 10,000, and 9,500 rpm (trails 1 and 2 from T.P. #1, #2, and #3 are represented here for each 

spindle speed). 

Ω  [rpm] Case Trial Bifurcation 
Point [mm] 

Average Bifurcation 
Point [mm] 

15,000 
(Exp.) 

T.P. 
#1 

1 3.55 3.98 2 4.4 
T.P. 
#2 

1 4.56 4.96 2 5.35 
T.P. 
#3 

1 3.38 3.4 2 3.42 
15,000 
(Sim.) 

Increasing b -- 3.99 -- Decreasing b -- 3.28 

14,000 
(Exp.) 

T.P. 
#1 

1 3.5 3.65 2 3.8 
T.P. 
#2 

1 3.7 4.08 2 4.45 
T.P. 
#3 

1 3.0 3.1 2 3.2 
14,000 
(Sim.) 

Increasing b -- 3.94 -- Decreasing b -- 3.26 

10,000 
(Exp.) 

T.P. 
#1 

1 4.0 3.72 2 3.43 
T.P. 
#2 

1 4.94 4.83 2 4.72 
T.P. 
#3 

1 4.44 4.43 2 4.23 
10,000 
(Sim.) 

Increasing b -- 5.21 -- Decreasing b -- 4.45 

9,500 
(Exp.) 

T.P. 
#1 

1 1.97 2.88 2 3.79 
T.P. 
#2 

1 3.52 3.31 2 3.09 
T.P. 
#3 

1 2.2 2.95 2 3.69 
9,500 
(Sim.) 

Increasing b -- 3.23 -- Decreasing b -- 2.56 
 

8.2 EKF PARAMETER ESTIMATES OF EXPERIMENTAL RESULTS 

 The EKF algorithm given in Section 7.2 is used in finding parameters estimates of 

m, c, and k for each experimental test given in Section 8.1 (24 tests total).  Deflection 

vectors, X and Y, containing 0.2 seconds of data are inputted into the EKF algorithm at a  
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Fig.  48.  Parameter estimates of m, c, and k from experimental deflection data at Ω = 15,000 rpm.  

Parameter estimates are given for two experimental trials from T.P. #1, #2, and #3 in Fig.  42 (6 tests 

total). 

depth of cut near 3 mm.  The covariance terms, Q and R, used here are the same as the 

ones given in Section 7.2 (see Eq. (42)).  The parameter estimates for experimental tests 
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the 6 tests at spindle speeds of 14,000, 10,000, and 9,500 rpm are given in Appendix 2 

(see Figs. 86 – 88).    

Table 6.  EKF parameter estimates at spindle speeds of 15,000, 14,000, 10,000, and 9,500 rpm (trails 1 

and 2 from T.P. #1, #2, and #3 are represented here for each spindle speed).  Parameter estimates are 

obtained from experimental deflection data, X and Y, at b = 3 mm. 

   EKF Parameter Estimates 
Ω  [rpm] Test Procedure Trial m [kg] c [N-s/m] k [N/m] 

15,000 
(Exp.) 

#1 
1 0.0377 10.3388 10.7458×105 
2 0.0368 10.8273 10.2068×105 

#2 
1 0.0342 9.4346 9.6329×105 
2 0.0334 10.3342 9.3674×105 

#3 
1 0.0350 9.3705 9.7710×105 
2 0.0346 7.8836 9.7660×105 

 0.0353 9.6982 9.9150×105 Mean 

14,000 
(Exp.) 

#1 
1 0.0298 9.0241 8.6833×105 
2 0.0293 9.3821 8.4863×105 

#2 
1 0.0279 9.6322 8.0263×105 
2 0.0279 9.6395 7.9632×105 

#3 
1 0.0287 9.6050 8.2396×105 
2 0.0286 9.3087 8.2042×105 

 0.0287 9.4319 8.2671×105 Mean 

10,000 
(Exp.) 

#1 
1 0.0362 7.0023 10.0846×105 
2 0.0358 7.2284 10.0333×105 

#2 
1 0.0356 8.0845 9.6646×105 
2 0.0351 7.8357 9.6094×105 

#3 
1 0.0437 8.2501 12.0262×105 
2 0.0425 7.9913 11.8216×105 

 0.0382 7.732 10.5400×105 Mean 

9,500 
(Exp.) 

#1 
1 0.0336 8.7166 9.9691×105 
2 0.0309 7.9474 8.8897×105 

#2 
1 0.0322 5.7962 9.2258×105 
2 0.0316 7.5422 8.9093×105 

#3 
1 0.0311 7.8862 9.0047×105 
2 0.0301 8.1975 8.6230×105 

   0.0316 7.6810 9.1036×105 Mean 
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Fig.  49.  Average parameter estimates of m (i), c (ii), and k (iii) from experimental deflection data 

over a range of spindle speeds. 

 Plots (i – iii) in Fig.  49 give the average parameter estimates for m, c, and k, 
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be used to accurately represent a milling operation over a range of spindle speeds.  

Therefore, EKF parameter estimates must be updated (especially when Ω changes) to 

produce m, c, and k values that best characterize the system at the current spindle speed. 

8.3 EKF ESTIMATES ALONG AN INCREASING DEPTH OF CUT 

 In Section 8.2, it is shown that EKF model parameter estimates change over a 

range spindle speeds.  Knowledge of how/if parameter estimates change as b is varied 

along the length of the workpiece, L, is also desired.  To show this, estimates are taken at 

1-second intervals for the experimental deflection data from trial 1 of T.P. #1 and T.P. #2 

at Ω = 15,000 rpm.  At a 1-second interval, Ω = 15,000 rpm, f = 0.127 mm/rev, and L = 

986 mm, approximately 30 estimates are performed for each experimental result.  The 

experimental deflection of the tool in the x-direction, X, and once-per-tooth-pass 

deflection data, Xn, are given in plot (i) of Figs. 50 and 51 for trial 1 of T.P. #1 and #2, 

respectively.  The EKF model estimates along the length of the each experimental test are 

given in plot (ii).  The estimates are represented as percent variations from the model 

estimates found in Section 8.2 at b = 3 mm (the value of these “nominal” estimates are 

given in plot (ii) of Figs. 50 and 51).      

 For trial 1 of T.P. #1 (see plot (ii) of Fig.  50), the estimates near b = 3 mm match 

the nominal parameter values.  This is expected since the nominal parameter values are 

calculated from the same experimental data at b = 3 mm (refer to Section 8.2).  At depths 

of cut less than 3 mm, the estimates of m and k are less than their nominal values, and the 

estimates of c are greater than its nominal value.  The error between the model estimates 

and their nominal values increase as b is decreased from 3 mm.  For b < 2 mm, the 

estimates of c are at least 15% larger than the nominal value.  The estimates of m and k 
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increase in an exponential manner for b values greater than 0.4 mm.  For depths of cut 

ranging from 2.95 to 4.95 mm, all estimates stay within 2% of their nominal values.  At 

the location of the first bifurcation point (b = 3.55 mm), there is a sight increase in the 

estimate of c.  There is a more significant increase in the estimate of c (approximately a 

10% jump) when the system experiences its second bifurcation at b = 5.52 mm.  The 

bifurcation points do not cause notable changes in the estimates of m or k.   

 

Fig.  50.  (i) Experimental tool deflection in the x-direction, X, and once-per-tooth-pass deflection 

data, Xn, for an increasing b and Ω = 15,000 rpm (T.P. #1 – trial 1).  (ii) EKF model parameter 

estimates of m, c, and k at 1-second intervals along the length of the experiment. 

 For trial 1 of T.P. #2 (see Fig.  51), the EKF estimates at b = 3 mm once again 

match the nominal parameter values found in Section 8.2.  The estimates of m, c, and k 

follow similar trends to the results given above in Fig.  50.  The estimates of m and k 

increase exponentially for b > 0.25 mm.  For b < 1.8 mm, the estimates of c are at least 

15% larger than the nominal value.  All model parameter estimates stay within 2% of 
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their nominal values for depths of cut ranging from 2.95 to 4.6 mm.  Once again, there is 

a slight jump in the estimate of c at the bifurcation point at b = 4.56 mm (the bifurcation 

does not affect the estimates of m or k).  For b > 4.56 mm, the damping estimate, c, 

continues to slowly increase as the chatter vibrations become larger (i.e. as b continues to 

increase). 

 

Fig.  51.  (i) Experimental tool deflection in the x-direction, X, and once-per-tooth-pass deflection 

data, Xn, for an increasing b and Ω = 15,000 rpm (T.P. #2 – trial 1).  (ii) EKF model parameter 

estimates of m, c, and k at 1-second intervals along the length of the experiment. 

 From the experimental results given here, it is shown that the model parameter 
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to adapt to the nonlinear system.  Therefore, EKF parameter estimates must be updated as 

b changes to produce m, c, and k values that best represent the system at its current b 

value.  It should be noted that any noise in the experimental deflection will be magnified 

when the deflection of the tool is small (i.e. when b is small), which will cause errors in 

the EKF estimates.  This may be a reason for the large differences between the parameter 

estimates at small values of b (especially b < 2 mm) and their nominal values (see plot 

(ii) of Figs. 50 and 51). 

8.4 RUNOUT IN SIMULATED AND EXPERIMENTAL RESULTS 

 As discussed in Chapter 6, runout causes changes in the tool deflection as a result 

of uneven force distribution on the two cutting teeth.  The period of the x-directional 

deflection increases from every 1/2 revolution to every full revolution when runout 

exists.  To simulate runout, the radii of tooth #1, r1, and tooth #2, r2, are offset a given 

percentage from their nominal values of 6.35 mm (r1, and r2 are decreased and increased 

from their nominal values, respectively).  In the following sections, different degrees of 

runout are simulated and compared with experimental tool deflection data.  Two separate 

spindle speeds are considered.  Simulated and experimental results at spindle speeds of 

15,000 and 14,000 rpm are given in Sections 8.4.1 and 8.4.2, respectively.  The simulated 

results use model parameters obtained from the average experimental EKF estimates 

given in Table 6 (see Section 8.2) for the respective Ω values. 

8.4.1 RESULTS FOR A SPINDLE SPEED OF 15,000 RPM 

 Simulated tool deflection data in the x-direction, X, is given in Fig.  52 at b = 3 

mm for various degrees of runout (tooth radii offsets equal 0, 0.01, 0.015, and 0.02%).  



 105 

At a spindle speed of 15,000 rpm, the tool oscillates 4 times per revolution.  The tip of 

each oscillation is labeled A – D in Fig.  52.  These points are magnified to show a more 

detailed representation of the effect runout has on the tool deflection.  When no runout 

exists (i.e. when the tooth radii offset is 0), the oscillation magnitude at points A and B 

and at points C and D are the same.  Simulating an increase in runout (i.e. increasing the 

tooth offset) causes a respective decrease and increase in the magnitude at points A and 

B.  At points C and D, runout causes a slight increase in oscillation magnitude and a 

slight shift in phase. 

 As discussed in Section 8.1, the Matlab® command spline and fft can be used in 

generating the single-sided amplitude spectrum of X(t).  The plots in Fig.  53 give the 

amplitude spectrum of X(t) for the simulated deflection data given in Fig.  52.  There are 

3 main magnitude peaks at frequencies near 500, 750, and 1000 Hz (the peak of each 

magnitude is magnified in Fig.  53 and labeled E – G, respectively).  The rotation of the 

tool, Rot, in revolutions corresponding to each frequency, freq, is calculated using the 

following equation. 

Rot = !
freq

1
60

"
#$

%
&'  (48)   

From the equation above, magnitudes at 500, 750, and 1000 Hz correspond to 1/2, 1/3, 

and 1/4 revolutions of the tool, respectively.  The dominant frequency magnitude of the 

tool motion is at 1000 Hz, which relates to 1/4 revolution of the tool.  Referring to in Fig.  

53, the magnitude at each frequency increases as runout increases.  This is especially 

evident at 750 Hz (see point F), where the magnitude is zero when no runout exists and 

increases as the offset in the tooth radii increases (i.e. as runout increases).  The 

magnitude at 750 Hz has a direct relationship to the difference in oscillation magnitudes 
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Fig.  52.  Simulated tool deflection data in the x-direction, X, at b = 3 mm and Ω = 15,000 rpm for 

various degrees of runout (tooth radii offsets equal 0, 0.01, 0.015, and 0.02%).  The peaks of selected 

oscillations are magnified and labeled A – D. 

 

Fig.  53.  Single-sided amplitude spectrum of the simulated X(t) data given in Fig.  52.  The peaks of 

frequency magnitudes near 500, 750, and 1000 Hz are magnified and labeled E – G, respectively.  
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at points A and B in Fig.  52.  As discussed in Section 6.3, runout causes unequal forces 

on tooth #1 and #2, which results in a change in the magnitude of X at points A and B.  

The magnitude at 750 Hz can, therefore, be used as a reference to the amount of runout in 

the simulated milling process at Ω = 15,000 rpm.  

 Experimental tool deflection data in the x-direction, X, at b = 3 mm is given in 

Fig.  54 for 2 separate trials from T.P. #1, #2, and #3 in shown in Fig.  42 (6 tests total).  

Once again the tip of each oscillation is magnified and labeled A – D.  The amplitude 

spectrum of X(t) for each experimental result is given in Fig.  55 (the peak of the 

frequency magnitudes near 500, 750, and 1000 Hz are labeled E – G, respectively).  By 

comparing points A and B and points C and D in Fig.  54, there are slight differences in 

the deflection magnitudes from test-to-test.  This is expected when different testing 

procedures are used.  For example, at a given depth of cut, the dynamics of the tool will 

inevitably be different when b is increased (i.e. when T.P. #1 or #2 is used) or decreased 

(i.e. when T.P. #3 is used) along the length of the workpiece.  Furthermore, nonlinearities 

in the system such as slight changes in the workpiece material properties, workpiece 

surface finish, or changes in the model parameters will lead to slight differences in the 

deflection data between tests.  Referring to point F in Fig.  55, the frequency magnitude 

at 750 Hz ranges from 0.7×10-3 to 1.6×10-3 mm for the 6 experimental tests.  The exact 

amount of runout in the actual milling operation cannot be derived from this set of 

results.  However, it can be concluded that runout is present in the experimental system 

for each test.  The dynamics of the tool at Ω = 14,000 rpm are very similar to the results 

given here for Ω = 15,000 rpm.  Therefore, experimental and simulated data at Ω = 

14,000 rpm are not given for sake of brevity. 
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Fig.  54.  Experimental tool deflection data in the x-direction, X, at b = 3 mm and Ω = 15,000 rpm for 

trials 1 and 2 of T.P. #1, #2, and #3 (6 results total).  The peaks of selected oscillations are magnified 

are magnified and labeled A – D. 

 

Fig.  55.  Single-sided amplitude spectrum of the experimental X(t) data given in Fig.  54.  The peaks 

of frequency magnitudes near 500, 750, and 1000 Hz are magnified and labeled E – G, respectively. 

0 1 2 3 4 5 6
x 10−3

−0.015

−0.01

−0.005

0

0.005

0.01

0.015

Time [sec]

X 
[m

m
]

 

 

1.05 1.1 1.15 1.2 1.25
x 10−3

0

1

2

3

4

5

6

7
x 10−3

Time [sec]

X 
[m

m
]

3.1 3.2 3.3
x 10−3

0

1

2

3

4

5

6

7
x 10−3

Time [sec]
2 2.2

x 10−3

5

6

7

8

9

10

11

12
x 10−3

Time [sec]
4 4.2

x 10−3

5

6

7

8

9

10

11

12
x 10−3

Time [sec]

T.P. #1 − trial 1
T.P. #1 − trial 2
T.P. #2 − trial 1
T.P. #2 − trial 2
T.P. #3 − trial 1
T.P. #3 − trial 2

One Revolution (360 degrees)

A

A

B

C

CB D

D

400 500 600 700 800 900 1000 1100
0

0.002

0.004

0.006

0.008

0.01

Frequency [Hz]

|X
(t)

| [
m

m
]

 

 

498 500 502
4.8

5

5.2

5.4

5.6

x 10−3

Frequency [Hz]

|X
(t)

| [
m

m
]

745 750 755
0

0.5

1

1.5

x 10−3

Frequency [Hz]
998 1000 1002

8.8

9

9.2

9.4

9.6

9.8

10

10.2

x 10−3

Frequency [Hz]

T.P. #1 − trial 1
T.P. #1 − trial 2
T.P. #2 − trial 1
T.P. #2 − trial 2
T.P. #3 − trial 1
T.P. #3 − trial 2

E

E

F

F G

G



 109 

8.4.2 RESULTS FOR A SPINDLE SPEED OF 10,000 RPM 

 Simulated tool deflection data in the x-direction, X, is given in Fig.  56 at b = 3 

mm for various degrees of runout (tooth radii offsets equal 0, 0.01, 0.015, and 0.02%).  

When Ω = 15,000 rpm, the tool oscillates 4 times per revolution (see Fig.  52).  However, 

the tool oscillates 6 times per revolution when Ω = 10,000 rpm.  Furthermore, the tool 

vibration magnitude is larger at 10,000 rpm than at 15,000 rpm.  With all other 

parameters constant, decreasing the spindle speed, Ω, generally increases the tool 

vibration magnitude.  For a simulated milling process without runout at b = 3 mm, the 

tool deflects in the x-direction over a range from -0.01413 to 0.01303 mm at Ω = 15,000 

rpm and from -0.01629 to 0.01533 mm at Ω = 10,000 rpm.  Referring back to Fig.  56, 

the tip of 4 of the 6 oscillations (labeled A – D) are magnified to show a detailed 

representation of the effects of runout at Ω = 10,000 rpm.  The two oscillations that are 

not magnified behave similarly to points C and D.  As in the 15,000 rpm case discussed 

in Section 8.4.1, the oscillation magnitude at points A and B and points C and D are the 

same when no runout exists (i.e. when the tooth radii offset is 0).  Increasing runout 

causes a decrease and increase in the magnitudes at point A and B, respectively.  

Similarly, there is a respective magnitude increase and decrease at points C and D.  There 

is also a slight phase shift at points A – D due to runout. 

 The amplitude spectrums of X(t) are given in Fig.  57 for the simulated deflection 

data in Fig.  56.  There are 4 main peak magnitudes at frequencies near 333, 666, 833, 

and 1000 Hz (there are only 3 frequency magnitudes for the 15,000 rpm case given in 

Fig.  53).  The peak of each frequency magnitude in Fig.  57 is magnified and labeled E – 

H, respectively.  From Eq. (48), frequencies at 333, 666, 833, and 1000 Hz represent 1/2,  
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Fig.  56.  Simulated tool deflection data in the x-direction, X, at b = 3 mm Ω = 10,000 rpm for various 

degrees of runout (tooth radii offsets equal 0, 0.01, 0.015, and 0.02%).  The peaks of selected 

oscillations are magnified and labeled A – D. 

 

Fig.  57.  Single-sided amplitude spectrum of the simulated X(t) data given in Fig.  56.  The peaks of 

frequency magnitudes near 333, 666, 833, and 1000 Hz are magnified and labeled E – H, respectively. 
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1/4, 1/5, and 1/6 revolutions of the tool, respectively.  The dominant frequency 

magnitude of the tool motion is at 666 Hz, which relates to 1/4 revolution of the tool.  At 

Ω = 15,000 rpm, the dominant frequency (see plot Fig.  55) also corresponds to 1/4 

revolution.  Referring back to Fig.  57, the frequency magnitudes at 333, 666, 833 Hz 

(see points E – G, respectively) increase as runout increases (this is especially evident at 

833 Hz).  The magnitude at 1000 Hz (see point H) remains relatively constant as runout 

increases.  The frequency magnitude at 1000 Hz corresponds to 1/6 revolution of the tool 

(there are 6 oscillations per revolution at Ω = 10,000 rpm).  Referring to Fig.  56, runout 

causes a consistent increase and decrease in the oscillation magnitudes at points A and B 

and points C and D, respectively.  As a result, the frequency magnitude for every ⅙ 

revolution of the tool (i.e. at 1000 Hz) is offset and therefore does not change as a result 

of runout.  In other words, the changes in the frequency magnitudes at 333, 666 and 833 

Hz offset any changes in the frequency magnitude at 1000 Hz.  When no runout exists, 

the magnitude at 833 Hz (see point G in Fig.  57) is zero and increases as the offset in the 

tooth radii increase (i.e. as runout increases).  The frequency magnitude at 833 Hz is 

directly related to the difference in the oscillation magnitudes of X at points A and B and 

points C and D in Fig.  52, which are a result of runout in the system.  Therefore, the 

frequency magnitude at 833 Hz can be used as a reference to the amount of runout in the 

simulated milling process when Ω = 10,000 rpm. 
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Fig.  58.  Experimental tool deflection data in the x-direction, X, at b = 3 mm and Ω = 10,000 rpm for 

trials 1 and 2 of T.P. #1, #2, and #3 (6 results total).  The peaks of selected oscillation are magnified 

and labeled A – D. 

 

Fig.  59.  Single-sided amplitude spectrum of the experimental X(t) data given in Fig.  58.  The peaks 

of frequency magnitudes near 333, 666, 833, and 1000 Hz are magnified and labeled E – H, 

respectively. 
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 The experimental tool deflection data in the x-direction, X, at b = 3 mm is given in 

Fig.  58 for 2 separate trials from T.P. #1, #2, and #3 in Fig.  42 (6 tests total).  Once 

again the tip of 4 of the 6 tool oscillations are magnified and labeled A – D.  The 

amplitude spectrum of X(t) for each experimental result is given in Fig.  59.  The peak of 

the frequency magnitudes near 333, 666, 833, and 1000 Hz are magnified and labeled E – 

H, respectively.  Comparing points A and B and points C and D in Fig.  58, there are 

once again differences in the deflection magnitudes from test-to-test caused by the 

different testing procedures used and nonlinearities in the system.  Referring to point G in 

Fig.  59, the frequency magnitude at 833 Hz ranges from 0.7×10-3 to 1.25×10-3 mm for 

the 6 experimental tests.  Similar to the results at Ω = 15,000 rpm given in Section 8.4.1, 

the exact amount of runout cannot be derived from this set of experimental results.  

However, runout is present in all the experimental tests.  The dynamics of the tool at Ω = 

9,500 rpm are very similar to the results given above for Ω = 10,000 rpm.  Therefore, 

experimental and simulated data at Ω = 9,500 rpm are not given for sake of brevity. 

8.5 RESULTS AND CONCLUSIONS 

 In this chapter, six experimental tests (i.e. two experimental trials for T.P. #1, #2, 

and #3 in Fig.  42) are performed at spindle speeds of 15,000, 14,000, 10,000, and 9,500 

rpm, for a total of 24 experimental results.  When increasing b along the length of the 

workpiece, it is found that feeding the tool down into the workpiece material (i.e. using 

T.P. #1) decrease the range over which the system is chatter-free.  It is assumed that the 

downward feed of the tool increases the forces on the tool, resulting in the formation of 

chatter vibrations at smaller depths of cut.  Therefore, T.P. #2, which eliminates the 

downward feed of the tool, should be used when increasing b along the workpiece.   



 114 

 It is also found that EKF parameter estimates of experimental deflection data vary 

as the spindle speed and/or the depth of cut change.  The model parameters change in 

order for the linear model to adapt to changes in the nonlinear system.  Un-modeled 

dynamics of the system, whether they are linear or nonlinear, also contribute to changes 

in parameter estimates.  Therefore, a single set of model parameter estimates cannot be 

used to accurately represent a milling operation over a range of Ω or b.  For this reason, 

EKF parameter estimates must be updated to produce m, c, and k values that best 

represent the system at the current values of Ω and b.  Finally, through further 

investigation of runout in simulated and experimental deflection data, it is found that 

frequency magnitudes at 750 and 833 Hz can be used as a reference to (or indication of) 

the amount of runout in the milling process at respective spindle speeds of 15,000 and 

10,000 rpm.  The exact amount of runout cannot be derived from the experimental results 

given here.  However, it can be concluded that runout is present in the experimental 

milling system.  Runout should, therefore, be considered in the analytical milling model 

to improve its ability to match the dynamics of an actual milling operation. 
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Chapter 9 STABILITY TRACKING 

 The stability analysis used in this research is based on the work of Weck [17] and 

Gather [18], where stability lobe diagrams are generated to indicate stable and unstable 

regions in the space defined by the depth of cut, b, and spindle speed, Ω.  The process 

used in generating these stability diagrams is discussed in Section 9.1.  A control system, 

which uses updated EKF parameter estimates to generate stability lobe diagrams, is 

designed and tested in Section 9.2.  This control system varies the spindle speed and/or 

the feed rate of a simulated milling process to keep the current b versus Ω relation within 

the stable (i.e. chatter-free) region defined by the current stability bound of the system.  

An alternative method of tracking stability is presented in Section 9.3 that calculates the 

average root-mean-square of the once-per-tool-revolution tool deflection data.  This 

method can determine the onset of chatter; however, it is unable to predict or prevent 

chatter vibrations entirely.  Finally, a summary of the results are given in Section 9.4.  All 

simulated and experimental results in this chapter are for an up-milling process with h = 

0.382 mm and f = 0.0635 mm/tooth (the feed rate, f, is varied in some cases).  Nominal 

model parameters for the simulated results are taken from the average EKF parameter 

estimates given in Section 8.2.  The new milling model is used in generating all simulated 

results. 

9.1 STABILITY LOBE DIAGRAMS 

 Stability lobe diagrams are considered one of the most important outcomes from 

the study of milling [51, 52].  These diagrams are used as a reference in choosing an 
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appropriate spindle speed for a given depth of cut that will result in a chatter-free milling 

process.  The prediction of stability in an interrupted cutting operation (as in milling) is 

complicated by the fact that the equation of motion is different when the tool is cutting 

and when the tool is free of the workpiece.  Furthermore, no exact analytical solution is 

known when the tool is in the cut [20].  One of the more successful ways of predicting 

the stability bound for milling is through the use of time finite element analysis (TFEA).  

Numerical methods can be used in determining stability; however, analytical methods 

(such as the TFEA method) are used given their ability to determine stability without 

simulating the system.  The TFEA method forms an approximate solution by dividing the 

time in the cut (i.e. the time a given tooth is engaged in the workpiece) into a finite 

number of elements [8].  The approximate solution during the cut is matched with exact 

solution for free vibration to form a discrete linear map that relates the position and 

velocity at the beginning and end of each element to the corresponding values one period 

earlier.  The approximate solution is required to match the exact solution at the beginning 

and end of each cut [20].  Eigenvalues of the discrete linearized system with a magnitude 

greater than one indicate instability (i.e. chatter).   

 The mathematical milling model shown in Eq. (49) is used in constructing the 2-

DOF TFEA discrete time system (see tradition milling model in Chapters 2 and 3).   
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(49)   

The tangential and normal cutting forces, Fx and Fy, are functions of the current tool 

deflection, x(t), and the tool deflection of the previous tooth passage, x(t – τ), where τ is 
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the time-delay in the system.  When the tool is in the cut, there is no exact solution to the 

equation of motion because of the time-delay, τ.  However, the time in the cut can be 

divided into multiple elements, and approximates of the vector displacement on a single 

element can be found as a linear combination of polynomial trial functions [3].  The 

displacement of the jth element of the of the nth period (i.e. the nth tooth pass) is 

x = a ji
n!i (! )

i=1

4

! ,  (50)   

where φ is the “local” time in the jth element and ϕi(φ) are the trial functions.  The trial 

functions are defined such that their end conditions are either zero or unity, which allows 

the polynomials to directly correspond to the initial and final values of displacement, x, 

and velocity, v, of each element given by 

x(t0 j
n ) = a j1

n ,     v(t0 j
n ) = a j2

n ,     ~ Initial Conditions

x(t1 j
n ) = a j3

n ,     v(t1 j
n ) = a j4

n ,     ~ Final Conditions
 (51)   

where t0 j
n  and  t0 j

n
 are the times at the initial and final conditions of the jth element [20].  

The time-delayed displacement, velocity, and acceleration of the jth element are given as  

x(t !! ) = a ji
n!1!i

i=1

4

" (! ),  (52)   

!x = a ji
n !!i

i=1

4

! ,  (53)  

!!x = a ji
n !!!i

i=1

4

! .  (54)   

The assumed solution given in Eqs. (50) and (52) – (54) is then substituted into the 

equation of motion in Eq. (49).  Through the method of weighted residuals, two separate 

trial functions, which are a function of φ, are used to evaluate this expression with respect 
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φ.  The resulting equations can be written in a single matrix expression for the jth element 

during the cut. 
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 (55)   

While the tool is in the cut, the position and velocity at the end of one element, a(j-1)3 and       

a(j-1)4, are equal to the position and velocity at the beginning of the next element, aj3 and 

aj4. 
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During free vibrations (i.e. when the tool is not cutting) an exact solution is know since 

the forces in Eq. (49) are zero.  Therefore, a state transition matrix can relate the initial 

and final conditions during free vibration through the expression 
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where E is the number of finite elements in the cut, tf is the free vibration time, and  

U = ! 0 M
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Combining Eqs. (55) – (57) results in the coefficients of the assumed solution, which 

describes a linear discrete system written as 

Aan = Ban!1 +CC,  (59)   

or 
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an = Qan!1 + D.  (60)   

A full detailed derivation of this system is given by Bayly [3].  The stability of the system 

is determined by the eigenvalues of the matrix Q.  Eigenvalues with a magnitude greater 

than 1 correspond to instability (i.e. chatter).  

 A block diagram of the TFEA stability algorithm is given in Fig.  60.  First, 

vectors of depth of cut and spindle speed are defined that provide the range over which 

the stability bound is calculated.  Model, process, and numeric parameters are defined, 

and the Ω loop is then initiated.  The time parameters (i.e. the time each tooth is in and 

out of the cut) and a state transition matrix, which is based on the model parameters and 

free vibration time, are defined for each spindle speed.  The b loop is then initiated.  The 

discrete time system is constructed into two separate matrices (matrices A and B).  These 

matrices include 3rd order polynomials and two trial functions.  New A and B matrices are 

evaluated for each value of b and Ω.  The eigenvalues of Q are then found, where Q =    

A-1B.  If the maximum eigenvalue is greater than one, the system is unstable (i.e. the 

system contains chatter).  Otherwise, the system is stable (i.e. chatter-free).  A simulated 

2-DOF TFEA stability diagram is given in Fig.  61 with b ranging from 1 to 10 mm and 

Ω ranging from 10,000 to 20,000 rpm.  The area below the red line is the stable (chatter-

free) region of the stability lobe diagram, and the area above the red line is the unstable 

(chatter) region.  During a given milling process, it is desired to stay within the stable 

region for any given value of b.  In most cases, if b is continually increased, the spindle 

speed, Ω, must be increased and/or decreased for the system to remain chatter-free. 
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Fig.  60.  Block diagram of the TFEA stability algorithm. 

 

Fig.  61.  TFEA stability lobe diagram. 
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9.2 AVOIDING CHATTER  

To increase the range of b over which a simulated milling operation can remain 

chatter-free, a control system is designed that varies Ω to keep the current b versus Ω 

relationship within the stable region of the TFEA diagram in Fig.  61 (i.e. below the red 

line).  During the simulated milling process, model parameter estimates are continually 

updated via the EKF given in Section 7.2.  These parameter estimates are then used in 

generating a new TFEA stability bound, which provides knowledge of the stable cutting 

regions.  The ability to update model parameters and stability bounds becomes much 

more important if a similar control system is to be implemented into an actual milling 

operation.  As shown in Sections 8.2 and 8.3, nonlinearities and/or un-modeled dynamics 

in the experimental milling system cause parameter estimates based on the linear model 

to vary as b and Ω change.  Therefore, updated parameter estimates are needed to provide 

a more accurate stability analysis of the system at the current depth of cut and spindle 

speed.  Furthermore, this updating process allows the control system to account for tool 

wear over time.  A description of the control system, and the process used to integrate the 

control system into a simulated milling process, is given in Section 9.2.1.  The control 

system is then tested in Section 9.2.2 to show its ability to prevent chatter. 

9.2.1 CONTROL SYSTEM 

The block diagram in Fig.  62 shows the control system used in maintaining 

chatter-free vibrations for a simulated milling operation using the new milling model.  

Initially, process, model, and numerical parameters are defined within the main program.  

The milling simulation then begins with the start of the cutter revolution loop.  For each 
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time step, the main program calls upon a subprogram that calculates the chip thickness 

using the new chip thickness model (see A in Fig.  62).  A full description of the new 

milling model is given in Section 3.4.  Once the simulation runs for a given number of 

seconds, test, the EKF subprogram is called (see B in Fig.  62) to estimate the model 

parameters from the simulated data produced by the main program.  The time variable test 

is dependent on the current time step of the simulation not on the runtime of the 

simulation (i.e. test refers to the point in time currently being simulated).   

Initial estimates of the model parameters (mest, cest, and kest) and vectors of 

simulated deflection data, X and Y, the depth of cut, b, and time, t, are passed into the 

EKF program.  The first time the EKF program is called, mest, cest, and kest are chosen at 

random within ±50% of their nominal values.  See Section 7.2 for a detailed description 

of the EKF algorithm.  Once new parameter estimates are found, those updated estimates 

are passed into the TFEA stability subprogram along with the current depth of cut, bc, and 

spindle speed, Ωc (see C in Fig.  62).  The technique used in generating the TFEA 

stability curve is given in Section 9.1.  The stability bound is generated over a given 

depth of cut and spindle speed range around bc and Ωc (i.e. the current values of b and Ω 

used in the simulation).  If the location of bc versus Ωc is within a given distance, d, from 

the generated stability bound, the slope of the stability curve, TFEAslope, at Ωc is returned 

to the main program.  Otherwise, a value of 0 is returned for TFEAslope.  For every 

simulated revolution of the tool, m, the spindle speed is adjusted within the main program 

using the following equation. 

!m =!m"1 +TFEAslope(bm " bm"1)  (61)   
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Equation (61) is used to keep the bc versus Ωc relation away from the calculated 

stability bound (i.e. away from chatter vibrations).  The variable d (i.e. the distance from 

the stability bound the current depth of cut and spindle speed must be for the control 

system to adjust the spindle speed) can be thought of as a safety factor in regards to the 

accuracy of the EKF estimates.  For example, if the parameter estimates are thought to 

contain significant error, which will cause inaccuracies in the stability bound, d can be 

increased to ensure the system does not go unstable due to estimate errors. 

If a concave down feature exists in the generated TFEA stability diagram, further 

increasing b will eventually cause the system to cross into the chatter region of the 

stability diagram.  Such a concave down feature exists at point A in Fig.  61.  In this 

situation, the feed of the tool, f, is stopped (i.e. the tool no longer engages the workpiece).  

The spindle speed is then increased or decreased until the bc versus Ωc relation is within a 

chatter free region of the stability diagram that does not contain a concave down feature.  

The feed rate is then incrementally increased until it reaches its original value.  The feed 

is slowly increased so the tool does not feed into the workpiece too quickly at large 

depths of cut, which can cause the tool to momentarily experience chatter.  The ability of 

the control system to recognize concave down features in the stability diagram, and adjust 

Ω and f accordingly, is not represented in the simplified block diagram in Fig.  62.   
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Fig.  62.  Block diagram of the milling model and control system. 
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After the TFEA stability algorithm runs, the time variable, test, is updated to 

reflect the desired time for the next parameter estimation and stability diagram 

generation.  The second time the EKF algorithm runs, initial guesses for mest, cest, and kest 

are set equal to the parameter estimates found by the previous EKF estimation process 

(this is true for any consecutive estimate).  The milling simulation continues to run until 

the current depth of cut, bc, reaches its desired value, bdesired.     

9.2.2 CONTROL SYSTEM TESTS 

 The control system described above is tested at four different initial sets of 

conditions.  The initial spindle speeds, Ωstart, for tests 1 – 4 are 9,500, 10,000, 14,000, and 

15,000 rpm, respectively.  Nominal model parameter values are chosen for each test 

based on the average experimental EKF estimate results in Section 8.2 (see Table 6) for 

each corresponding Ωstart value.  The TFEA stability diagrams generated from the 

nominal model parameters from tests 1 – 4 are given in plots (i – iv) of Fig.  63, 

respectively (see red lines).  For each test, parameter estimates and stability curves based 

on those estimates are generated every 0.25 seconds (i.e. test initially equals 0.25 seconds 

and is then updated as test = test + 0.25 seconds each time a stability curve is generated).  

In each of the four tests, b linearly increases from its initial value of either 1 or 2 mm to a 

final value of 10 mm.  Referring to Table 5 in Section 8.2, b = 10 mm is well outside the 

chatter-free range of all experimental and simulated results.  The b versus Ω paths the 

control system follows for tests 1 – 4 are shown as blue dots in plots (i – iv) of Fig.  63, 

respectively.  In each test, the control system keeps the milling operating below the 

stability line (i.e. within the chatter-free region).   
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 The stability bounds found from each set of parameter estimates are given as 

black dots in Fig.  63.  The stability bounds found from the estimated parameters lie very 

close to (if not on top of) the nominal stability bound, which verifies the EKF algorithm 

estimates are accurate.  The TFEA stability algorithm only calculates the stability curve 

over a small window near the current b and Ω values.  By minimizing this window, the 

calculation time in generating a stability curve is greatly reduced.  The bounds of the 

window used in the 4 tests in Fig.  63 are bc – 0.3 mm, bc + 2.0 mm, Ωc – 400 rpm, and 

Ωc + 400 rpm (bc and Ωc are the current simulated depth of cut and spindle speed, 

respectively).   

 The error in the first set of EKF parameter estimates, mest, cest, and kest, is higher 

than consecutive estimate due to the inaccuracy of the initial parameter guesses.  The 

initial guess for each parameter is randomly chosen within ±50% of their nominal values.  

The inaccuracy in the parameter estimate correlates to an error in the TFEA stability 

curve.  This is most evident in test 4, where the first calculated stability bound (see black 

dots) is well below the nominal stability bound (see red line) near point G in plot (iv) of 

Fig.  63.  Since the initial parameter guesses for any consecutive estimate are based on 

the previous estimate, the error in the calculated stability curve is reduced after the first 

estimate.  The tool deflection in the x-direction, X, and the once-per-tooth-pass deflection 

data, Xn, for each test is given in Fig.  64.  As shown by the Xn data (see blue data points), 

the control system is able keep the simulated milling process chatter-free given the 

variety of initial spindle speeds and model parameters. 
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Fig.  63.  Control system paths (see blue data points) for 4 separate initial spindle speeds, Ω start: (i) 

Test 1: Ω start = 9,500 rpm, (ii) Test 2: Ω start = 10,000 rpm, (iii) Test 3: Ω start = 14,000 rpm, (iv) Test 4: 

Ω start = 15,000 rpm.  Nominal model parameters are used in generating the nominal TFEA stability 

curve shown in red.  The estimated stability bounds are shown as black dots.         

 

Fig.  64.  Tool deflection in the x-direction, X, and once-per-tooth-pass deflection, Xn, for the 4 control 

cases shown in Fig.  63: (i) Test 1: Ω start = 9,500 rpm, (ii) Test 2: Ω start = 10,000 rpm, (iii) Test 3: Ω start 

= 14,000 rpm, (iv) Test 4: Ω start = 15,000 rpm. 



 128 

 Two of the more interesting control tests shown in Figs. 63 and 64 (specifically 

tests 1 and 4) are described in detail below.   

Ø The following is a description of test 1 (see plot (i) in Figs. 63 and 64).  Points of 

interest are labeled A – C in each figure. 

• The simulation begins at the following milling conditions: Ω = 9,500 rpm, b = 1 

mm, f = 0.0635 mm/tooth, and h = 0.382 mm.  The nominal model parameters are 

m = 0.0316 kg, c = 7.6810 N-s/m, and k = 9.1036×105 N/m.  The depth of cut 

linearly increases to a final value of 10 mm.     

• The spindle speed, Ω, remains constant as b increases from 1 mm to approximately 

2.8 mm (i.e. point A).  At point A, Ω begins to increase to keep the b versus Ω 

relations within the chatter-free region of the stability bound (Ω increases since the 

slope of the TFEA stability curve is positive).  The spindle speed continues to 

increase as b increases from point A (b ≈  2.8 mm) to point B (b ≈ 3.5 mm). 

•  At point B, the control system recognizes that there is a concave down feature in 

the TFEA stability curve; therefore, further increasing b and/or Ω may result in the 

onset of chatter.  At this point, the feed of the tool is completely stopped (i.e. f = 0 

mm/tooth).  Since b is dependent on the position of the tool, b remains constant at 

3.5 mm when f = 0 mm/tooth.  The spindle speed is increased by 10 rpm/rev until 

the b versus Ω relations are within a stable region near Ω = 10,800 rpm (i.e. point 

C). 

• At point C, the feed rate, f, is incrementally increased by fi*0.005 for each 

revolution of the tool until the initial feed rate, fi, of 0.0635 mm/tooth is reached.  
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This slow increase in the feed rate results in a smooth chatter-free tool response (see 

points B, C in plot (i) of Fig.  64).  

• After point C, Ω is once again increased as b increases to keep the b versus Ω 

relations within the chatter-free region of the stability bound. 

• The simulation ends when b reaches 10 mm. 

 

Ø The following is a description of test 4 of the control system (see plot (iv) in Figs. 63 

and 64).  Points of interest are labeled G – I in each figure. 

• The simulation begins at the following milling conditions: Ω = 15,000 rpm, b = 2 

mm, f = 0.0635 mm/tooth, and h = 0.382 mm.  The nominal model parameters are 

m = 0.0356 kg, c = 9.6982 N-s/m, and k = 9.9150×105 N/m.  The depth of cut 

linearly increases to a final value of 10 mm.     

• The spindle speed, Ω, remains constant as b increases from 2 mm to approximately 

3.1 mm (i.e. point G).  At point G, Ω begins to increase to keep the b versus Ω 

relations within the chatter-free region of the stability bound (Ω increases since the 

slope of the TFEA stability curve is positive).  The spindle speed continues to 

increase as b increases from point G (b ≈  3.1 mm) to point H (b ≈ 7.8 mm). 

• At point H, the control system recognizes that there is a concave down parabola in 

the TFEA stability curve.  In this situation, further increasing b and/or Ω will 

ultimately result in chatter.  At this point, the feed of the tool is completely stopped 

(i.e. f = 0 mm/tooth) and b remains constant at 7.8 mm.  The spindle speed is 

decreased by 10 rpm/rev until the b versus Ω relations are within a stable region 

near Ω = 12,800 rpm (i.e. point I). 
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• At point I, the feed rate, f, is incrementally increased by fi*0.005 for each revolution 

of the tool until the initial feed rate, fi, of 0.0635 mm/tooth is reached.  Referring to 

points H and I in plot (i) of Fig.  64, the deflection magnitude of the tool 

significantly increases when Ω is reduced from approximately 16,700 rpm at point 

H to 12,800 rpm at point I.  This increased magnitude is a result of a change in the 

tool dynamics at lower spindle speeds.  In general, the deflection magnitude of the 

tool increases as Ω decreases at a given b.  Even though the deflection magnitude is 

increased, the milling operation remains chatter-free (see Xn data in plot (i) of Fig.  

64). 

• Since the slope of the stability curve is negative at point I, Ω begins to decrease as b 

increases to keep the b versus Ω relations within the chatter-free region of the 

stability bound. 

• The simulation ends when b reaches 10 mm. 

9.3 STABILITY TRACKING WITH AVERAGE RMS VALUES 

The root-mean-square (RMS) is a statistical measure of the magnitude of a 

varying quantity [53].  For a milling process at a given depth of cut, the once-per-

revolution tool deflection in the x-direction, Xm, is constant for chatter-free vibrations and 

varies for chatter vibrations (this is true whether or not runout exists in the system).  

Therefore, calculating the RMS value of Xm (i.e. calculating the variance magnitude of 

Xm) can be used in determining if chatter vibrations are present in a given milling process.  

Specifically, if the system is chatter-free, the variance in Xm is zero (i.e. the RMS value of 

Xm is zero).  Furthermore, if chatter vibrations exist, the variance in Xm is some positive 

number (i.e. the RMS value of Xm is greater than zero).  Even during chatter-free 
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vibrations, some variation in the Xm data from experimental tests is expected due to 

sensor noise and sampling rate.  By averaging the RMS value of the current tool 

revolution with the RMS values from previous revolutions, the effect of these factors can 

be reduced.  The average RMS value of Xm for each tool revolution, rev, is calculated as 

rmsrev = rmsj + (Xm ! Xmean )
2

m=rev! pr

rev

"
j=rev! pr

rev!1

"
#

$
%

&

'
( / pr  (62)   

where pr is the number of previous revolutions used in calculating rmsrev, Xm is the once-

per-revolution tool displacement in the x-direction, and Xmean is the value of a first-order 

polynomial fit through [rev-pr, rev-(pr-1), … , rev] and [Xrev-pr, Xrev-(pr-1), … , Xrev] and 

evaluated at each corresponding tool revolution.  Values of Xm from the previous pr tool 

revolution are used in calculating the average RMS value for the current revolution, 

rmsrev.  As stated above, little-to-no variance in the Xm data exists during chatter-free 

vibrations; therefore, Xm ≈ Xmean and rmsrev ≈ 0.  Accordingly, when rmsrev > 0 (i.e. some 

variance in the Xm data exists), chatter vibrations exist.  Larger values of rmsrev represent 

the onset of larger magnitude chatter vibrations.   

Plots (ii) of Figs. 65 and 66 give rmsrev values for the respective simulated and 

experimental deflection data given in plots (i).  In both cases, b is increased from 0 to 6 

mm along the length of the workpiece at Ω = 15,000 rpm.  Seven previous revolutions 

(i.e. pr = 7) are used in calculating rmsrev for both simulated and experimental deflection 

data.  Plots (ii) show how rmsrev changes as the simulated and experimental systems 

transitions from chatter-free to chatter vibrations.  For the simulated result (see Fig.  65), 

rmsrev increases from a value near 0 to approximately 6.8×10-3 mm as the system passes 

through the bifurcation point at b = 3.99 mm.  The values of rmsrev then begin to oscillate 
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as b continues to increase (this is due to the to the tool deflection oscillations specific to 

chatter).  The mean values of these oscillations increase as b continues to increase (i.e. as 

the magnitude of the chatter vibrations increase).  For the experimental result (see Fig.  

66), rmsrev remains below 0.7×10-3 mm until the first bifurcation occurs at b = 3.55 mm.  

Values of rmsrev are not zero in the chatter-free range due mainly to noise in the 

experimental deflection data and the sampling rate at which the data is taken.  The effects 

of these factors on the magnitude of rmsrev are reduced, but not eliminated, by calculating 

the average RMS value for each revolution.  From b = 3.55 to 5.52 mm, rmsrev oscillates 

at a mean value of 3.2×10-3 mm.  At b = 5.52 mm, rmsrev once again increases to a value 

near 6.0×10-3 mm as the system undergoes a second bifurcation.   

The results given in Fig.  66 show that rmsrev can be experimentally used in 

detecting the onset of chatter vibrations.  Tracking rmsrev on-line can lead to the 

implementation of various actions that can help warn against or stop chatter vibrations 

once they occur.  The simplest action is to warn the operator with a light and/or alarm 

when rmsrev reaches a predetermined magnitude (i.e. when chatter vibrations are know to 

exist).  The milling machine could also stop its feed rate completely if large enough 

rmsrev values are detected.  However, neither of these options prevents chatter from 

occurring.  To prevent chatter, a control system similar to the one discussed in Section 

9.2 is required (this control system uses EKF estimates of m, b, and k to calculate and 

update stability bounds of the system).  However, tracking rmsrev values can be used as a 

failsafe (i.e. a way to prevent excessive chatter) in situations where poor parameter 

estimates may cause the control system to fail in avoiding/preventing the onset of chatter.  
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Fig.  65.  (i) Simulated once-per-revolution deflection data, Xm, for and increasing b and Ω = 15,000 

rpm.  (ii) rmsrev values for the simulated Xm data given in (i).  Bifurcation occurs at b = 3.99 mm.  

 

Fig.  66.  (i) Experimental once-per-revolution deflection data, Xm, for and increasing b and Ω = 

15,000 rpm.  (ii) rmsrev values for the experimental Xm data given in (i).  First bifurcation occurs at b 

= 3.55 mm, and second bifurcation occurs at b = 5.52 mm. 
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9.4 RESULTS AND CONCLUSIONS 

 In this chapter, a control system is presented that is capable of predicting and 

avoiding chatter vibrations in a simulated milling process.  This control system uses 

updated EKF model parameter estimates to generate TFEA stability bounds that indicate 

stable and unstable relations between b and Ω.  The ability of the control system to 

periodically update parameter estimates and stability bound information allows it to adapt 

to changes in the milling system.  Once a stability bound of the system is known, the 

spindle speed and/or feed rate of the milling operation can then be varied to keep the 

current depth of cut versus spindle speed relation within the stable (i.e. chatter-free) 

region.  This control system is shown to keep various simulated milling processes with 

different initial spindle speeds and model parameters completely chatter-free.  An 

alternative method of tracking stability is also presented that calculates average RMS 

values of the once-per-tool-revolution deflection data in the x-direction.  This method is 

shown to be effective in determining the onset of chatter for both simulated and 

experimental deflection data; however, it is unable to predict or prevent chatter vibrations 

entirely.  Therefore, it should only be used as a failsafe in situations where poor 

parameter estimates may cause the control system to fail in avoiding/preventing the onset 

of chatter.   
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Chapter 10 PARAMETER INFLUENCE ON STABILITY 

 Parameter estimation is well recognized as a theoretically difficult problem; 

moreover, estimating a large number of parameters is often computationally very 

expensive.  This has led to the development of techniques determining which parameters 

affect the dynamics of the system the most in order to choose the parameters that are 

important to estimate [30, 54].  As shown in Chapter 9, TFEA analysis can be used to 

find regions in parameter space where time-delay systems (such as the milling system) 

are stable and unstable.  The stability of the milling model is affected by several 

parameters such as mass, damping, stiffness, depth of cut, and spindle speed.  The cutting 

coefficients, Kt and Kn, also affect the stability of the milling system, but they are not 

considered in the following parameter analysis.  The following is the result of a study 

using TFEA analysis to show how sensitive stability is to changes in parameters m, c, k, 

and Ω.  The effect of each parameter on the TFEA stability bound is given in Section 

10.1, and a summary of the results in presented in Section 10.2.  The results given here 

are for an up-milling process with h = 0.382 mm and f = 0.0635 mm/tooth 

10.1 PARAMETER SENSITIVITY ON TFEA STABILITY ANALYSIS 

 The solid black line in Fig.  67 represents the TFEA stability curve for the 

following set of model parameters (nominal values): m = 0.03528 kg, c = 9.6982 N-s/m, 

and k = 9.9150×105 N/m.  Three separate points (A, B, and C) along this nominal stability 

curve are chosen to test how changes in the model parameters and spindle speed affect 

the stability curve (i.e. affect the depth of cut at which the system becomes unstable, b*).  
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Point A in Fig.  67 is located at a local minimum of the stability curve (Ω = 14,400 rpm), 

point C is located at a local maximum (Ω = 16,920 rpm), and point B is located between 

points A and C where the slope of the stability curve is positive (Ω = 15,800 rpm).  At 

each point, the model parameters and spindle speed are independently increased and 

decreased over a range of -1.5% to 1.5% from their nominal values.  Stability curves are 

given in Fig.  68 for the cases when each model parameter is increased 1.5% from its 

nominal value.  Increasing m causes the stability curve to move to the left and slightly 

downward (8 o’clock direction), increasing c causes the curve to move upward (12 

o’clock direction), and increasing k causes the curve to shift to the right and upward (2 

o’clock direction).  Decreasing each of these parameters results in the exact opposite shift 

in the stability curve as given above.  The changes in b* (i.e. the changes in the point at 

which the model will become unstable at a given Ω) resulting from varying m, c, k, and Ω 

over the full range (-1.5% to 1.5%) are shown in plot (i) of Figs. 68 – 70 for points A, B, 

and C, respectively.   

 

Fig.  67.  TFEA stability diagram shift when model parameters (m, c, and k) are increased by 1.5% 

from their nominal values.  
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Fig.  68.  Results are given at a nominal spindle speed, Ω, of 14,400 rpm (see point A in Fig.  67).  (i) 

Change in b* resulting from percent changes in m, c, k, and Ω from their nominal values.  (ii) 

Derivative of the curves given in plot (i). 

 

Fig.  69.  Results are given at a nominal spindle speed, Ω, of 15,800 rpm (see point B in Fig.  67).  (i) 

Change in b* resulting from percent changes in m, c, k, and Ω from their nominal values.  (ii) 

Derivative of the curves given in plot (i). 
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Fig.  70.  Results are given at a nominal spindle speed, Ω, of 16,920 rpm (see point C in Fig.  67).  (i) 

Change in b* resulting from percent changes in m, c, k, and Ω from their nominal values.  (ii) 

Derivative of the curves given in plot (i). 
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affect on Δb* at point A in Fig.  67.  The spindle speed, Ω, and m cause similar changes in 
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parameters are increased.  Plot (ii) of Fig.  68, gives the slope (i.e. derivative) of the 
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Fig.  67.  When comparing parameters m and k, m results in a larger Δb* when the 

parameters are increased, and k results in a larger Δb* when the parameters are increased.  

Similar to point A in Fig.  67, the only parameter that results in a linear relation with Δb* 

at point C is the damping, c (see plot (ii) of Fig.  70).  Furthermore, c is the only 

parameter that maintains a linear relation with Δb* at points A, B, and C in Fig.  67.   

Table 7.  Ranking the importance of changes in m, c, k, and Ω on Δb* at points A, B, and C in Fig.  67 

for when the parameters are increased and decreased.  Rankings of 1, 2, 3, and 4 represent the 

parameters that cause the largest to smallest Δb*, respectively.  

  Model/Process Parameters 
  m c k Ω 

Point A Increasing Par. 3 1 4 2 
Decreasing Par. 2 1 4 3 

Point B Increasing Par. 3 4 2 1 
Decreasing Par. 3 4 2 1 

Point C Increasing Par. 2 4 3 1 
Decreasing Par. 3 4 2 1 

Total  16 18 17 9 
 

 Parameter m, c, k, and Ω are ranked in Table 7 on their affect on Δb* as they are 

increased and decreased from their nominal values at points A, B, and C in Fig.  67.  

Rankings of 1, 2, 3, or 4 represent the parameters that cause the largest to smallest Δb*, 

respectively.  Inspecting Figs. 68 – 70, rank values for each parameter are found at points 

A, B, and C, respectively.  Once rankings are obtained at each point, the ranking numbers 

for each parameter are added together to find the parameters with the largest overall 

affect on Δb* (i.e. the largest change in the stability bound of the TFEA diagram over a 

range of Ω).  Smaller summed values correspond to parameters that cause larger changes 

in b*.  From Table 7, it is shown that varying Ω has the largest overall affect on the 

stability bound of the system over a range of initial spindle speeds.  As for the model 
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parameters, varying m, k, and c from their nominal values results in the largest to smallest 

change in b*, respectively.   

10.2 RESULTS AND CONCLUSIONS 

 As shown in Table 7, the damping parameter, c, is found to have the smallest 

overall effect on stability over a range of Ω (i.e. at points A, B, and C in Fig.  67).  The 

damping does, however, have the largest affect on Δb* at point A (Ω = 14,400 rpm).  At 

point A, the magnitudes of Δb* resulting from offsets in the nominal values of m, c, k, and 

Ω are smaller for each parameter than at points B or C (see plot (i) in Figs. 68 – 70).  

When varying the damping, c, from -1.5% to 1.5% of its nominal value, the slope and 

magnitude of Δb* remains relatively consistent at points A, B, and C.  In fact, the slope of 

Δb* for parameter c is always positive, always linear, and has a value ranging from 3.75 

to 6.6 mm/(% from nominal) (see plot (ii) in Figs. 68 – 70).  On the other hand, the slopes 

of Δb* for m, k, and Ω at points A, B, and C change sign, are not always linear, and have 

large changes in magnitude.  Therefore, changes in b* at a given Ω are more predictable 

for c than for m, k, or Ω.  However, damping is typically by far the most uncertain 

parameter found in system parameter identification studies.  In Section 7.2.2, the estimate 

of the damping is shown to be the only model parameter affected by runout in the milling 

system.  This means that the parameter, c, still has great importance when attempting to 

predict stability.  While it has the strongest influence on stability, the spindle speed, Ω, is 

the most easily found parameter with the least amount of uncertainty in the milling 

system since it is both directly measured and tightly controlled.   
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Chapter 11 SUMMARY 

 The notable findings and results from this research are summarized in Section 

11.1.  Suggestions for future work are presented in Section 11.2.  The items discussed in 

the future work will expand upon the milling research given in this dissertation, providing 

an even better understanding of milling dynamics and bifurcations and also establish on-

line chatter detection and prevention techniques.  An on-line parameter estimation 

procedure and experimental results are given (this is the first step in integrating a control 

system based on parameter estimates into an actual milling/CNC machine).  An on-line 

root-mean-square (RMS) method and experimental results are also given (this technique 

is capable of indicating the onset of chatter vibrations).  Finally, A housing design is 

discussed that is capable of protecting the sensor package (i.e. the capacitance sensors 

and laser tachometer) from the machining environment. 

11.1 COMPLETED WORK AND CONCLUSIONS 

In this research, two mathematical models (a tradition and new model) are used in 

simulating a high-speed end-milling process.  Both models use equations given by 

Altintas [6] for calculating the forces on the tool when it is engaged in the workpiece.  

The models differ in the way the uncut chip thickness is calculated (the force on the tool 

is a function of the chip thickness).  The traditional milling model assumes a circular tool 

path with a built in time-delay (i.e. it takes into account the workpiece surface created by 

the previous tooth pass) in calculating the chip thickness.  The new model calculates the 

chip thickness through the knowledge of multiple time-delays (i.e. it takes into account 
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the workpiece surface created by multiple tooth passes).  The new model also accounts 

for the trochoidal motion of the tool, which is more representative of the actual milling 

operation.  When compared to the traditional model, the trochoidal motion represented by 

the new model results in slightly larger simulated chip thickness magnitudes (this 

assumes chatter-free tool vibration).   The new model is also capable of calculating the 

chip thickness at any rotational angle, θ, which is an obvious advantage over the 

traditional model.  The traditional model only calculates the chip thickness within a 

defined range of θ values.   

Simulated bifurcation diagrams from the new and traditional models are 

compared with experimental bifurcation results for an increasing and decreasing depth of 

cut, b.  The new milling model is able to better predict the dynamics and bifurcation 

points of the experimental results.  Through both simulated and experimental results, the 

milling system is shown to contain a subcritical bifurcation (i.e. shown to contain 

hysteresis).  Within the hysteresis region, a stability jump (i.e. a jump from chatter-free to 

chatter equilibrium) is achieved through a disturbance input to the system.  When 

increasing b along the length of the workpiece, it is found that feeding the tool down into 

the workpiece material (i.e. using T.P. #1 in Fig.  42) decreases the range over which the 

system is chatter-free.  It is assumed that the downward feed of the tool increases the 

forces on the tool, resulting in the formation of chatter vibrations at smaller depths of cut.  

Therefore, T.P. #2 in Fig.  42, which eliminates the downward feed of the tool, should be 

used when increasing b along the workpiece.   

 Simulated results from the new milling model are performed with slight offsets in 

the tooth radii (this simulates runout in the system).  Runout is shown to increase the 
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period of tool motion from 1/2 to 1 full revolution.  Uneven force magnitudes applied to 

tooth #1 and #2 as they are in contact with the workpiece cause slight changes in the tool 

motion and result in an increase in the tool motion period.  By comparing the simulated 

and experimental results, it is concluded that runout exists in the tool/spindle of the CNC 

machine used in collecting experimental data.  The exact amount of runout cannot be 

derived from the experimental results given here.  However, it can be concluded that 

runout is present in the experimental milling system.  Therefore, runout should be 

considered in the analytical milling model to improve its ability to more closely match 

the dynamics of an actual milling operation. 

 A discrete Kalman filter algorithm and a discrete EKF algorithm are developed 

using the traditional milling model.  Both algorithms are found to accurately estimate the 

milling states in the x-direction (specifically the tool displacement, X) given simulated 

and experimental deflection data and tool rotation angle.  Runout causes noise in the 

parameter estimate of damping, c, and also increase its estimate error.  It is also found 

that EKF parameter estimates of experimental deflection data vary as the spindle speed 

and/or the depth of cut change.  The model parameters change in order for the linear 

model, which contains several assumptions, to adapt to changes in the nonlinear system.  

Therefore, a single set of model parameter estimates cannot be used to accurately 

represent a milling operation over a range of Ω or b.  For this reason, EKF parameter 

estimates must be updated to produce m, c, and k values that best describe the system at 

the current milling conditions.  Unlike the static and dynamic model parameter tests 

presented in Section 4.3, parameter estimation with the EKF algorithm is fast, accurate, 

repeatable, is not influenced by human error, and can be performed on-line.   
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 A control system is presented that is capable of predicting and avoiding chatter 

vibrations in a simulated milling process.  This control system uses updated EKF model 

parameter estimates to generate TFEA stability bounds that indicate stable and unstable 

regions in the space defined by depth of cut, b, and spindle speed, Ω.  The spindle speed 

and/or feed rate of the milling operations are varied to keep the current b versus Ω 

relation within the stable (i.e. chatter-free) region defined by these stability bounds.  This 

control system is able to keep various simulated milling processes with different initial 

spindle speeds and model parameters chatter-free.  An alternative method of tracking 

stability is also presented that calculates average root-mean-square (RMS) values of the 

once-per-tool-revolution deflection data in the x-direction.  This method is shown to be 

effective in determining the onset of chatter for both simulated and experimental 

deflection data; however, it is unable to predict or prevent chatter vibrations entirely.  

Therefore, tracking average RMS values should only be used as a failsafe in situations 

where poor parameter estimates may cause the control system to fail in 

avoiding/preventing the onset of chatter. 

 Through TFEA stability analysis, the damping parameter, c, is found to have the 

smallest overall effect on stability.  Furthermore, parameter c is found to be the only 

parameter that provides a consistent, positive, and linear relation to stability bound of the 

system over the range of tested spindle speeds.  Parameters m, k, and Ω do not provide a 

linear relation to the stability bound and have wide variances in their effect on stability 

depending on the tested location on the stability curve.  Therefore, changes in the stability 

bound at a given nominal spindle speed are more predictable for c than for m, k, or Ω.  

However, damping is found to be the most uncertain parameter in the EKF parameter 
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estimation study.  The EKF estimate of c is affected by runout in the system far more 

than any other parameter.   Therefore, c still has great importance when attempting to 

predict stability in the milling system.  The strongest influence on stability is the spindle 

speed, Ω.  However, Ω has little-to-no uncertainty in the milling system since it is both 

directly measured and tightly controlled.   

11.2 FUTURE WORK 

The following is a list of items that will further expand the milling research given in this 

dissertation.  

1. Add high-resolution tachometer for the sensor configuration for more accurate tool 

phase measurements. 

2. Perform experimental tests similar to those given in Chapter 8 for a down-milling 

process.  Simulations from the traditional and new milling models should be 

compared with the experimental results.   

3. Investigate cutting edge effects on tool dynamics and stability. 

4. Study mode shapes of the tool. 

5. Estimate other model parameters within the EKF algorithm such as the cutting force 

coefficients, Kt and Kn, or the amount of runout in the system (i.e. the proper offset 

in the tooth radii). 

6. Perform on-line EKF parameter estimation tests and document results. 

7. Perform on-line root-mean-square (RMS) calculations to track stability. 

8. Further investigate observability issue of EKF.   

9. Develop methods to integrate chatter control algorithm into milling/CNC machine. 
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10. Design and build sensor housing for protecting the sensor package from the 

machining environment. 

 Items 6, 7, and 10 in the list above are partially complete.  The progress of each 

item is given here.  The methods for obtaining and analyzing experimental data for use in 

on-line parameter estimation and RMS calculations are given in Sections 11.2.1 and 

11.2.2, respectively.  A proposed sensor housing design is then given in Section 11.2.3. 

11.2.1 ON-LINE PARAMETER ESTIMATION 

 Chatter in a milling process can bring about many undesirable effects such as 

poor surface quality, reduced dimensional accuracy, a reduction in tool life and 

production rate, and damage to the machine tool itself.  On-line identification of model 

parameters can lead to the prevention of these unfavorable effects and, therefore, increase 

productivity and the quality of parts [55].  As shown in Sections 8.2 and 8.3, the ability to 

update the model parameter estimates is especially important given that experimental 

parameter estimates are found to vary depending on the spindle speed, Ω, and depth of 

cut, b.  These changes in parameter values are a result of linear assumptions of the 

mathematical model used in calculating the model estimates.  Tool wear and/or tool tooth 

chipping will also lead to changes in parameter values.  Therefore, having the ability to 

periodically update parameter estimates is crucial when defining a system over a range of 

Ω, over a range of b, and/or over an extended period of time.  Obtaining EKF estimates 

during the milling operation is the first step in integrating a control system (similar to the 

one given in Section 9.2) into a milling machine that is capable of generating stability 

load diagrams used to avoid chatter vibrations by varying Ω and/or the feed rate, f. 
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 The preliminary on-line parameter estimation results are given here.  To calculate 

EKF parameter estimates of m, c, and k, the DAC system given in Section 4.1 is used in 

collecting snapshots of experimental deflection and tachometer data during the milling 

operation.  The Labview® VI shown in Fig.  71 is used for collecting and analyzing the 

experimental data.  The block diagram in Fig.  72 shows the process used in obtaining 

experimental data and calculating parameter estimates for that data.  First, the spindle 

speed of the milling machine is increased to the rpm value the milling operation is to be 

performed at.  Before the tool engages the workpiece, data is collected and analyzed to 

find the free-vibration (or no-load vibration) in the x and y-directions.  Once the average 

free-vibration of the tool is found, the milling operation and EKF parameter estimation 

process are initiated.  As the tool engages into the workpiece, a section of deflection and 

tachometer data is collected.  The average free-vibration of the tool is subtracted from 

this newly obtained deflection data.  The deflection data is then extrapolated to a time 

step of 1e-6 seconds to be used within the EKF algorithm (a smaller time step results in 

more accurate parameter estimates).  The extrapolated deflection data along with initial 

guesses for the model parameters are then sent to the EKF algorithm where model 

parameter estimates are found and displayed.  Plots (i – iii) of Fig.  73 give the respective 

on-line parameter estimates of m, c, and k for experimental deflection data at b = 2.54 

mm and Ω = 14,000 rpm (three sets of experimental test results are given).  The estimates 

of the mass, m, and stiffness, k, are very similar for each of the three tests.  However, the 

estimates of the damping, c, vary slightly.  It is expected that improving the method used 

in obtaining the tool phase will solve this problem; however, further investigation is 

needed to determine the exact cause of the variance in the estimate of c. 
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Fig.  71.  Labview® VI used in collecting experimental data and estimating the model parameters 

online. 

 

Fig.  72.  Block diagram of the DAC system used in experimentally estimating model parameters 

during a milling operation. 
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 Currently, the Labview® VI shown in Fig.  71 is only capable of estimating one 

set of parameter estimates.  In future work, modifications should be made to allow 

estimates to be continually updated.  In other words, after the first parameter estimation 

process is complete, a new section of experimental data should be collected and new 

estimates found.  The second time the EKF algorithm runs, initial guesses for m, c, and k 

should be set equal to the parameter estimates found by the previous estimation process 

(this is true for any consecutive estimate).  In addition, the Labview® VI in Fig.  71 

should be optimized to reduce the computational time for a given set of parameter 

estimates, which will allow for more estimates to be calculated within a given time frame. 

 

Fig.  73. On-line parameter estimates of (i) m, (ii) c, and (iii) k for experimental deflection data at b = 

2.54 mm and Ω = 14,000 rpm.  Parameter estimates for three experimental tests are given. 
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11.2.2 ON-LINE RMS CALCULATIONS 

 As discussed in Section 9.3, tracking the root-mean-square (RMS) value of the 

once-per-revolution tool deflection in the x-direction, Xm, can be used to indicate the 

onset of chatter vibrations.  The average RMS value for a given revolution, rmsrev, is 

given in Eq. (62).  When chatter does not exist, Xm values for each tool revolution at a 

given depth of cut, b, are the same (small variances do occur in experimental results); 

therefore, rmsrev is some small number.  As chatter develops, the differences in the 

magnitude of Xm for each revolution begin to increase, resulting in a larger rmsrev value.  

Therefore, a threshold on the magnitude of rmsrev can be defined over which chatter 

vibrations are said to exist.   

 The Labview® VI given in Fig.  74 is used in collecting and analyzing small 

snapshots of experimental deflection and tachometer data to track rmsrev on-line.  Once 

the average RMS value for the first snapshot of data is calculated, a new set of data is 

collected and an updated value of rmsrev is found (this process continues until the 

“STOP” button in Fig.  74 is pressed).  For any value of rmsrev larger than the defined 

threshold value, a light (see Fig.  74) will turn from green to red indicating that chatter 

exists.  Plots (i) and (ii) of Fig.  75 show the respective values of Xm and rmsrev for each 

RMS calculation over the length of an experimental test with an increasing b from 0 to 6 

mm and Ω = 14,000 rpm.  As shown from this figure, values of rmsrev increase as the 

variance in the Xm increase.  In future work, proper threshold values for various spindle 

speeds should be found (the VI in Fig.  74 should also be optimized to reduce 

computational time).  Once proper threshold values are found, tracking rmsrev on-line can 

indicate the onset of chatter for a variety of milling conditions.  Preventive measures can 
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then be taken to reduce or eliminate the ill effects of chatter vibrations on the 

workpiece/tool.    

 

Fig.  74.  Labview® VI used in tracking rmsrev on-line. 

 

Fig.  75.  (i) Experimental once-per-revolution deflection data, Xm, at each RMS calculation for and 

increasing b and Ω = 14,000 rpm.  (ii) rmsrev values at each calculation. 
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11.2.3 PROPOSED SENSOR HOUSING 

The sensor layout given in Section 4.1 is suitable for obtaining experimental tool 

deflections and the tool period in a lab setting.  However, this layout cannot be used in 

any type of commercial machining operation.  Aluminum chips cut from the workpiece 

during a milling operation can become attached to the capacitance sensors and/or tool 

causing errors in the sensor readings.  Furthermore, most commercial machining 

operations use some type of coolant/oil to reduce tool and workpiece heat (this coolant 

could also affect sensor readings).  Therefore, the sensors require protection from the 

machining environment.  The schematic in Fig.  76 is a proposed sensor package capable 

of protecting the sensors from both metal chips and coolant.  A metal housing is placed 

around spindle of the CNC machine and base of the milling tool.  The capacitance and 

tachometer sensors are mounted inside this housing.  The housing is to be air tight except 

for a small gap around the tool (see Fig.  76).  The gap should be large enough so that the 

tool does not come in contact with the housing during large magnitude vibrations.  The 

cavity of the housing is pressurized with air, resulting in high velocity air stream passing 

though the gap between the housing and the tool.  This air stream will keep any chips 

and/or coolant away from the base of the tool where the sensor readings are taken.  The 

distance the housing protrudes down from the base of the tool (i.e. where the tool and 

spindle meet) should be minimized so that the reach of the tool is not severely limited.  

The housing should also be designed such that the sensors and base of the tool can be 

easily accessed if needed.  Furthermore, the schematic in Fig.  76 does not consider a 

method of grounding the tool, which is required when capacitance sensors are used in 



 153 

measuring tool deflection.  A more detailed design of this housing is required for proper 

integration into the CNC machine.  

 

Fig.  76.  Schematic of a proposed sensor package. 



 154 

APPENDIX 1: BIFURCATION PLOTS 

 

Fig.  77.  Experimental once-per-tooth-pass tool displacement in the x-direction, Xn, for an increasing 

b and Ω = 14,000 rpm: (i) T.P. #1 - trial 1, (ii) T.P. #1 - trial 2, (iii) T.P. #2 - trial 1, (iv) T.P. #2 - trial 

2.  Poincaré maps at b = 5 mm are given to the right of each bifurcation diagram.   
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Fig.  78.  Experimental once-per-tooth-pass tool displacement in the x-direction, Xn, for a decreasing 

b and Ω = 14,000 rpm: (i) T.P. #3- trial 1, (ii) T.P. #3 - trial 2.  Poincaré maps at b = 5 mm are given 

to the right of each bifurcation diagram. 

 

Fig.  79.  Simulated once-per-tooth-pass tool displacement in the x-direction, Xn, with Ω = 14,000 

rpm: (i) increasing b (ii) decreasing b.  Poincaré maps at b = 5.09 mm are given to the right of the 

bifurcation diagrams.  Model parameters used are the average EKF parameter estimates of the 

experimental results in Figs. 77 and 78 at b = 3 mm (m = 0.0287 kg, c = 9.4319 N-s/m, k = 8.2671×105 

N/m). 
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Fig.  80.  Experimental once-per-tooth-pass tool displacement in the x-direction, Xn, for an increasing 

b and Ω = 10,000 rpm: (i) T.P. #1 - trial 1, (ii) T.P. #1 - trial 2, (iii) T.P. #2 - trial 1, (iv) T.P. #2 - trial 

2.  Poincaré maps at b = 5.5 mm are given to the right of each bifurcation diagram.   

 

Fig.  81.  Experimental once-per-tooth-pass tool displacement in the x-direction, Xn, for a decreasing 

b and Ω = 10,000 rpm: (i) T.P. #3- trial 1, (ii) T.P. #3 - trial 2.  Poincaré maps at b = 5.5 mm are given 

to the right of each bifurcation diagram. 
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82.  Simulated once-per-tooth-pass tool displacement in the x-direction, Xn, with Ω = 10,000 rpm: (i) 

increasing b (ii) decreasing b.  Poincaré maps at b = 5.46 mm are given to the right of the bifurcation 

diagrams.  Model parameters used are the average EKF parameter estimates of the experimental 

results in Figs. 80 and 81 at b = 3 mm (m = 0.0382 kg, c = 7.732 N-s/m, k = 10.540×105 N/m). 

 

Fig.  83.  Experimental once-per-tooth-pass tool displacement in the x-direction, Xn, for an increasing 

b and Ω = 9,500 rpm: (i) T.P. #1 - trial 1, (ii) T.P. #1 - trial 2, (iii) T.P. #2 - trial 1, (iv) T.P. #2 - trial 2.  

Poincaré maps at b = 4 mm are given to the right of each bifurcation diagram.   
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Fig.  84.  Experimental once-per-tooth-pass tool displacement in the x-direction, Xn, for a decreasing 

b and Ω = 9,500 rpm: (i) T.P. #3- trial 1, (ii) T.P. #3 - trial 2.  Poincaré maps at b = 4 mm are given to 

the right of each bifurcation diagram. 

 

Fig.  85.  Simulated once-per-tooth-pass tool displacement in the x-direction, Xn, with Ω = 9,500 rpm: 

(i) increasing b (ii) decreasing b.  Poincaré maps at b = 3.24 mm are given to the right of the 

bifurcation diagrams.  Model parameters used are the average EKF parameter estimates of the 

experimental results in Figs. 83 and 84 at b = 3 mm (m = 0.0316 kg, c = 7.6810 N-s/m, k = 9.1036×105 

N/m). 
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APPENDIX 2: EXP. PARAMETER ESTIMATES 

 

Fig.  86.  Parameter estimates of m, c, and k from experimental deflection data at Ω = 14,000 rpm.  

Parameter estimates are given for two experimental trials from T.P. #1, #2, and #3 in Fig.  42 (6 tests 

total). 
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Fig.  87.  Parameter estimates of m, c, and k from experimental deflection data at Ω = 10,000 rpm.  

Parameter estimates are given for two experimental trials from T.P.  #1, #2, and #3 in Fig.  42 (6 tests 

total). 

 

Fig.  88.  Parameter estimates of m, c, and k from experimental deflection data at Ω = 9,500 rpm.  

Parameter estimates are given for two experimental trials from T.P. 1, 2, and 3 in Fig.  42 (6 tests 

total). 
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