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GENERALIZED LOCAL TB THEOREM AND APPLICATIONS .
Ana Grau de la Herran

Dr. Steve Hofmann, Dissertation Supervisor

ABSTRACT

The Tb theorem, like its predecessor, the T1 Theorem, is an L? boundedness criterion, originally estab-
lished by Mclntosh and Meyer, and by David, Journé and Semmes in the context of singular integrals, but
later extended by Semmes to the setting of “square functions”. The latter arise in many applications in com-
plex function theory and in PDE, and may be viewed as singular integrals taking values in a Hilbert space.
The essential idea of Tb and T1 type theorems, is that they reduce the question of L? boundedness to verify-
ing the behavior of an operator on a single test function b (or even the constant function 1). The point is that
sometimes particular properties of the operator may be exploited to verify the appropriate testing criterion.
In particular, it would be presented some results for “square functions” with non-pointwise bounded kernels
as well as the motivation that leads us to study such case.

We apply such result to give a proof of the Kato problem and also to prove that the single layer po-
tential associated to a divergence form, t-independent elliptic operator or system in the half-space R"*! is
an L? bounded operator, more precisely that t9S, : L*(R") — L*(R'*!, @), assuming some appropriate

solvability result for the Dirichlet problem (D), and the Regularity problem (R),,.
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Chapter 1

Introduction

1.1 Introduction, statement of results, history

The Tb theorem, like its predecessor, the T1 Theorem, is an [? boundedness criterion, originally established
by McIntosh and Meyer [McM], and by David, Journé and Semmes [DJS] in the context of singular integrals,
but later extended by Semmes to the setting of “square functions”. The latter arise in many applications in
complex function theory and in PDE, and may be viewed as singular integrals taking values in a Hilbert
space.

The “local” versions that we have obtained are related to previous work of M. Christ [Ch](who proved
the first local Tb theorem in the singular integral setting.) The term “local” in this context, refers to the fact
that, instead of one globally defined testing function b, one is allowed to test the operator locally, say on each
dyadic cube, with a local testing function that is adapted to that cube. The advantage here, in applications,
is the additional flexibility that one gains: it may be easier to verify “good” behavior of the operator locally,
when the testing functions are allowed to vary.

An extension of Christ result to the non-doubling setting is due to Nazarov, Treil and Volberg [NTV]
and Hytonen and Martikainen [HyM]. For doubling measures, one can also consider more general L type
testing conditions introduced by Aucher, Hofmann, Muscalu, Tao and Thiele [AHMTT], and further studied
by Hofmann [H3], Auscher and Yan [AY], Aucher and Routin [AR], Hytonen and Martikainen [HyM] and

Tan and Yan [TY].



In fact, this sort of “local Tb” criterion lies at the heart of the solution of the Kato square root problem. The
essential idea of Tb and T1 type theorems, is that they reduce the question of L?> boundedness to verifying
the behavior of an operator on a single test function b (or even the constant function 1). The point is that
sometimes particular properties of the operator may be exploited to verify the appropriate testing criterion.

With this aim we consider the local Tb Theorems for Square functions. In the Euclidean setting the result
was presented in [H2], but was already implicit in the solution of the Kato problem [HMc],[HLMc],[AHLMcT],
(see also [AT] and [Se] for related results). For domains with Ahlfors-David regular boundaries the result
is presented by A. Grau de la Herrdn and M. Mourgoglou [GM] with applications to problems that connect
the behavior of the harmonic measure for domains with uniformly rectifiable boundaries (see [HMar] and

[HMarUT]).

1.2 Notation

e We shall use the letters ¢, C to denote positive constants, not necessarily the same at each occurrence,
which depend only on dimension and the constants appearing in the hypotheses of the theorems. We shall
also write A < B and A ~ B to mean, respectively, that A < CB and 0 < ¢ < A/B < C, where the constants
c and C are as above, unless explicitly noted. Moreover if we want to specify any particular dependency

of the constant we will denote it by C(n) or C,, which means that the constant depends on n.

e We are going to work in R"*! = R” x R and we are going to denote the points belonging to such a set as
(x,1) € R" x R = R™! (we use the notational convention that x,,; = f), or X € R™! to convenience where

(x,1) =X.

e We denote R"*! := R" x (0, +00) and dR"*! := R" x {0}.

e For a Borel set A ¢ R™*!, we let 14 denote the usual indicator function of A, i.e. 14(x) = 1 if x € A, and

Iu(x) = 0if x ¢ A.



o LetA = Qg \ Q,, where O, and Qg are centred at the same point,0 < r,R < co and the side length of Q,

(respect. Qp) is 1 (respect. R).Then p(A) := R —r.

e We decompose R"*! in a Dyadic grid of open cubes. We denote Q(x, ) the cube of side length 2% on the

Dyadic grid such that x € Q(x, £) and 2 < t < 2¥*!, for some k € Z.

e For a Borel set A ¢ R", we define Jg dx = ﬁ fA dx, and for a Borel set B ¢ R™!, we define jcB dX =

ﬁ [, dxdt.

e Let g € (1, 0), we denote by ¢’ € (1, c0) the number such that we have é + % =1.

1.3 Definitions

Definition 1.3.1. We say that P, is a nice approximate identity, if P, is an operator of convolution type, with

a smooth, compactly supported kernel ®. That means that for a function f : R" — C

Pf = ®, % f with @, = "D (;) ,/(D(x)dx =1 @, e CTRM),
(P f)(x) < CMf(x),

Ptlzl.

Definition 1.3.2. Let f € L} (R") we define the Hardy Littlewood Maximal operator of and denote it by M
by

M) (x) = P IB B,(x)

SO)dy

where B,(x) is the ball centered at x and radius r.

Definition 1.3.3. Let s € R, the homogeneous Sobolev space L2 is the completion of C5® with respect to the

norm || fl|; := ||(—A)S/2)f||L2, where A is the usual Laplacian.



Definition 1.3.4. [St2] If 0 < @ < n, then the Riesz potential 1, f of a locally integrable function f on R" is

the function defined by

lof(x) =

L[ L0,
C(y,n Rz |X—y|"_"

[(e/2)
[((n-a)/2)*

where the constant is given by C,, = 7V/?2%
This singular integral is well-defined provided f decays sufficiently rapidly at infinity, specifically if f €

LP®RY with 1 <p <™.

1.4 Auxiliary Results

Remark 1.4.1. ([CR],[GR])
Since we are going to be working with weights let’s remind ourselves of some useful facts.
(1) u=Mg),0 <A< 1= pue A —weight, provided that Mg is finite a.e.
Q) ueA =n:= i € A,.
(3) n€Ar = [o (M)’ n(x)dx < C [, (8(x))* n(x)dx.
4 1<p<2=0<2-p<lsoweA—weight, v € A,—weight.

O Ifl<r<2,ve A% = fRn (M(g’)(x))% v(x)dx < fRn (g(x))* dx.

Proposition 1.4.2. (Caccioppoli on horizontal slices [AAAHK])

Suppose that the matrix A is t-independent, i.e, A = A(x). Then there is a uniform constant € > 0
depending only on n and ellipticity, and for every p € [2,2 + €), a uniform constant C = C(p,d) such that,
for each fixed cube Q C R", and t € R, if Lu = 0 in the box Iy 1= 4Q X (t — €(Q), t + €(Q)), then we have the

following estimates

1

(IlQl /Q [Vu(x, t)|pdx) ’ <C, (lQl*I ff(; Vu(x, T)Izdxdr> 2 ’




1 » 1
<|Q|/Q|Vu(x, t)I”dx) <C, (t’(Q)z 0 f |u(x, ) dxd‘r) ,

1

L 2 2 ) 2
(lTR| /2Q\Q V0l dx) =¢ <|TR| f IVule, )l dx‘“) ,

| : 11 :
Vu(x, t Izdx) SC\ o ff lu(x, T)Pdxdr |
(|TR| / o0 per Tl Sy 0

where Q* := (1 +6)Q X (t — 66(Q), t + 6£(Q)) for any fixed 5 > 0. We also define:
O =(1+1-0)0%x(@—1-66(0),t+1-500));
T =20\ 0
Ti = ((1+0)Q\ (1 -5Q) x (1 — 42,1 + {2y,

m

T = ((1+16)20\ (1 - 16)Q) X (t — - 66(Q), 1 + - 5£(Q)).

Remark 1.4.3. We are going to consider 6 = % and t = R = {(Q) which will be more convenient for our

application in chapter 5. We are going to iterate the Caccioppoli estimates m-times, but by our choice of &

we are not leaving the box Ip. Also Q** := QP*, Ty := T 2)* . Note that the constants in the inequalities also
depend upon 6.
Lemma 1.4.4. Let’s consider
n+l
0 0
L=-V.-(AVu) = - — (A — 1.4.1
(AVu) Zﬁx,-( ,JaxJ) (14.1)

i,j=1
is defined in R™' = {(x,1) e R" xR}, n > 2, and where A = A(x) is an (n + 1) X (n + 1) matrix of L* complex-
valued coefficients, defined on R" (i.e. independent of the t variable) and satisfying the uniform ellipticity

condition

n+l

AP < Re (A, €) = Re ZAi,,-(X)é*jsEi, lAllLo@n < A (1.4.2)

ij=1



for some 1 >0, A < oo, and for all € € C"!, x € R" (the divergence form equation is interpreted in the weak
sense).

More generally, we may consider elliptic systems defined as follows:

Lii := =D, - (AqpDgil) (1.4.3)
is defined on R™! = {(x,1) e R* xR}, n > 2, il are N-dimensional vector valued functions, where D, = % is
the partial derivative with respect the variable x,, 1 < a < n+ 1, and where Ayg = Agp(x), 1 < a,f<n+1,
are N X N matrices of L™ complex-valued coefficients, defined on R" (i.e. independent of the t variable) and
satisfying the uniform ellipticity condition

N n+l

DD TIER < ALEE MA@ < A (1.4.4)

i=1 a=1

for some A > 0, A < oo, and for all ¢ € CN, x € R" (the divergence form operator L is interpreted in the weak

sense via a sesquilinear form).

n+l g

Let’s define the operator D* = ; a—xli, a; € {0, 1} Vi.
We define D as the operator D* where a; = 1Vi.

Then we have

DL'D : [2R™") = [2(R™),

LD : LAR™) - 2R,

L7'D: LAR™!) - LA (R") — LUR") where g = 2 (:5).
2

sketch of proof. The first two facts are standard: the first follows by ellipticity of L and integration by parts,

while the second follows from the first by definition. The third follows from the second, by trace theory. O



Lemma 1.4.5. (Lemma 3.11 on [AAAHK]) Suppose that 0, is an operator satisfying

B
2 ~(+2)k I
”0(f]]‘2k+lQ\2kQ)”L2(Q) < C2 * (M(Q)) ||f”L2(21<+1Q\2kQ)

for some B > 0, whenever 0 < t < C€(Q) and that ||0||—>» < C. Let b € L*(R"), and let A, denote a

self-adjoint averaging whose kernel ¢,(x) satisfies ¢, (x)| < Ct"Ljx<cq, ¢ = 0, [ @i(x)dx = 1. Then

sup [1(6:6)A; fll 2y < CllB L@yl fll 2wy
>0



Chapter 2

Theorem 1

Definition 2.0.1. Let M" denote the N x N matrices with complex entries. Suppose that ¥, : R” x R* — MV

satisfies the following properties for some exponent @ > 0

102

il < Co s 202
[P (x, y)l T+ =y ( )
|h|(l
[Wi(x,y + h) = Vi (x, )l + We(x + h,y) =Yl ) £ C— (2.0.3)
(r+x =y
whenever |h| < Jlx—ylor|h < 4.
Then we define for f : R* — CV the operator

N

O - f(x) = / Winy) - fO)dy = | D / (¥0)ij (6, 3) f;0) dy . (2.0.4)
R~ - R»
J=1

I<i<N

Theorem 2.0.6. We define ©, as above and suppose that there exists a constant Cy < oo, and exponent p > 1,

0 > 0 and a system {bg} of functions indexed by dyadic cubes Q C R", such that for each cube Q.

/ [bo(x)IPdx < ColQl, (2.0.5)

l4(%) dr\ 2
/ ( / |®,bQ(x)|2> dx < Co|Ql, (2.0.6)
o \Jo t



Sl < Re (g . f bo(x)dx - 5) ,veech (2.0.7)
o

where the action of ©, on the matrix valued function by is defined in the obvious way as in (2.0.4) by viewing
the kernel ¥(x,y) as a 1 X N matrix which multiplies the N X N matrix by and by fQ bo(x)dx we mean the
average integral é f 0 bo(x)dx.

Then

dxd
if 0 o = < ClfiR. (2.08)
RTI

The outline of the proof goes as follows, by T1 Theorem 2.0.7, we are reduced to prove that our operator
satisfies the Carleson measure estimate 2.0.9. Then the proof has three steps: 1) the conditions of the theorem
2.0.6 imply the conditions of the lemma 2.0.8; 2) the conditions of the lemma 2.0.8 imply the conditions of
the sublemma 2.0.9. Finally the sublemma 2.0.9 would prove the Carleson measure estimate 2.0.9, which by
the T1 theorem would lead to our conclusion.

Let’s introduce them and then we would start with the proofs.

Theorem 2.0.7. TI Theorem [CJ]
Let®,f(x) = fR,, WY, (x, ) f(y)dy be an square function where it’s kernel ¥,(x, y) satisfies conditions (2.0.2)
and (2.0.3) as above.

Suppose that we have the Carleson measure estimate

‘o dxdt
Sup o / / |®,1(x)|2— <C. (2.0.9)

Then we have the square function estimate

dxd
if 0, FP S < cifip (2.0.10)
RTI



Lemma 2.0.8. Suppose that there exists n € (0, 1), € > 0 small and C < +co such that for every dyadic cube

Q € R", there is a family {Q;} of non-overlapping dyadic sub-cubes of O, satisfying

dlgjl < -nlol 2.0.11)
J

and

P

“«0 dr) ’
/ / I®z1(x)I2]1rge(®zl(X))7 dx < G110, (2.0.12)
[0} T,

o)

where To(x) = > j UQ)1g,(x). Then we have the Carleson Measure estimate (2.0.9). Here, € is small, but
fixed (to be made precise in 2.1.1 below). We cover C" by cones of aperture €, enumerating these cones as
Iy, ....,I';, where k = k(e, N). For the previous estimate we are doubling the cones, the doubled cone has the

same vector direction as the original ones but we double its aperture.

Sublemma 2.0.9. Suppose that AN < +co and B € (0, 1) such that for all dyadic cube Q, and for all cones

I’ we have

l{tx e Q:go(x) >N} < (1 -p)QI (2.0.13)

where

(o)) dt 3
go(x) = ( /0 |®,l(x)|2]lrzf(®,l(x))t) . (2.0.14)

Then we have the Carleson Measure estimate (2.0.9).

Remark 2.0.10. Every g also depends on the cone of definition but since we are choosing a generic cone

we avoid complicating the notation by adding more indices.

10



2.1 Conditions of Theorem 2.0.6 imply conditions of Lemma 2.0.8

We may assume without loss of generality that 1 < p < 2, as the case p > 2 may be reduced to the known

case p = 2 by Holder’s inequality which is proven in [H1].

Proof. First of all let’s construct such a family of non-overlapping dyadic subcubes. To do that we are going
to use a stopping time argument.

Without loss of generality (by renormalizing), we may assume ¢ = 1 on (2.0.7). Fix a cube Q, and then
fix a cone I'’*. Now we subdivide Q dyadically and select a family {Q i}, Q; C Q which are maximal with

respect to the condition that at least one of the following conditions hold:

1 1
— bo(X)ldx = — (type I
0] /Qj o(x) %e (type I)

Re(v.fg

where v is the unit normal in the direction of the central axis of the cone I'*¢ and € is half the aperture of the

bQ(x)dx-f/) < % (type II)

J
cone.

Once that we constructed the family we need to verify it satisfies the required conditions (2.0.11) and

(2.0.12).
Let’s start with condition (2.0.11).

Define E := Q0 \ {U ; @j}. Then from condition (2.0.7) since 6 = 1 and taking & = v where v is the unit

normal in the direction of the central axis of I'>¢ we get

11



0l <Re > /Q (bg)ij(x)v;¥idx
ij

= Re Z /E(bQ),-j(x)vjf/,-dx + Re Z Z/Q (bQ)ij(x)va/idx
i.j ki k

=1+1I

For the first part using condition (2.0.5) and Holder’s inequality we get

I :=Rez / (b0)ij(x)v;vidx
ij VE

<

v-/bQ(x)dx-\'/
E

/bQ(x)dx

E

<|E|¥ ( / |bQ(x)|de> '
o]

< CIE|7|Q|7.

For the second part we are working with the family of subcubes and to be able to use their properties we need
to separate them in two cases: the ones that satisfy the type I condition and the ones that satisfy the type II
condition (the same subcube can satisfy both conditions at the same time; in this case we arbitrarily assign

them to be of type I).

II<(Re > Y / (bo)ij(x)vwidx| + |Re Y > / (bo)ij(x)vVidx
Ok Ok

kitype I i,j k,type 11 i,j

=11 + 1.

12



For the part of type I subcubes we are going to apply Holder’s inequality, the property of being type I, and

condition (2.0.5).

11} :=|Re Z Z/ (bg)ij(x)v;vidx

kiypel i.j Ok

<>y /Q Ibo(x)ldx

k,typel
= |bo(x)ldx
/ U &
k,typel
' 4
P
< ( / |bQ(x)|de) U o -
Q0 k,typel

For the measure of the set just note that

U @ <8e / Ibo(x)ldx
k,typel U Qk
k,typel

<se| |J o ( / |bQ(x)|f’dx)"
0

k.typel

U & <8e ( / |bQ<x>|de)" < CeQlr
0

k,typel

A L
U o =ceiar.
k,typel

Adding this to the previous computation we get

m<lre % / (boij(v;midx| < ([olboirdx)" | |J ¢ < cefloiion = cefigl
Ok

kitype I i,j k,typel

13



We choose € small enough so

@2.1.1)

Q
m
Sk
IA
0| —

For the type II subcubes just using the property of being type Il we get

IL = |Re Y Z/Q(bQ)ij(x)vjv,-dx <3 o=

k,typell i,j k,typell

Finally we can conclude that

o1 3
QI < I+ 11 <CIE|”|Q]7 + gIQI + ZIQI
< 8CIE|” |0
< CI|E|.

WetakeO<nS%SlifC>1so

D lod =10\ El = Q- |EI <10l - 710l = (1 - pIQl.
k
This concludes that the family that we have constructed satisfy the measure condition. Now let’s proceed

to verify the condition (2.0.12)

Claim 2.1.1.

£(Q) %
/ ( / |®t1(x)|2]1r25(®1(x))m>
(] To(x) t

p

Q) dr\ 2
<C / ( / |®,1(x)~A,bQ(x)17|2t> dx  (2.1.2)
o \Jo

where v € C” is the unit normal in the direction of the central axis of I'*¢ := {z € CV : |Z —v| < 2¢}, and

7|

A f(x) =100, ! f 0et) f()dy with Q(x, r) the minimal dyadic cube containing x with side length at least

14



proof of claim 2.1.2. Let’s first introduce some notation as follows:

(x.) € Ej=Ro\ [ | JRo, | where Rg = 0 x (0,£(Q)) and
J

F2E={z€CN:|ﬁ—v|<26}.
Z

We are going to prove that if z € '€ and (x, ) € EY then |z - Aibg(x)V] > %Izl.
Since (x, 1) € E7, we have that Q(x, 7) is not of type I neither type II, therefore by the triangle inequality
_ _ .3 1 N
lw - Abo(xX)V| > v - Ao (x)V] = [(w — V)ADo(x)V] > i [(w — v)|8— , YweC".
€
If we choose w = é then |w — v| < 2€ so we get that

Z
|zl

3 2 1
>7_7_

Abo(x)7 ==
boIV 2 4 =0 =7

which implies |z - A;bo(x)¥] > 11z].
We are integrating where ©,1(x) € I'*¢;

; moreover, x € Q, To(x) <t < Q) = (x,1) € Ep; thus

©,1(x)]* < 4|0,1(x) - Ale(x)f/l2 in our domain of integration and the claim is true.

We are reduced to proving that,

(SIS

/ / |®,1(x) - A,bQ(x)T/IZ— dx < C|Q|.
0 \Jrom !

To finish the proof of condition (2.0.12) we use the Coifman-Meyer method as follows
®/14, = (O,1)(A, - P) + (©,1P, - ©) + O, := R + R + O,

where P, is a nice approximate identity as in definition 1.3.1.
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By (2.0.6), the contribution of ®,b is controlled by C|Q| as desired. Moreover Rﬁz)l = 0, and its kernel
satisfies (2.0.2) and (2.0.3). Thus, by standard Littlewood-Paley/Vector-valued Calderén-Zygmund Theory,

we have that
“ Jdt 5
/ < / IR bo(x) t) dx < ClIbgll; < CIO.
o \Jo

Furthermore, the same L” bound holds for Rﬁl) by interpolation arguments and that finishes the proof. O

2.2 Conditions of the Lemma 2.0.8 imply conditions of the Sublemma
2.0.9

Proof. For a large, but fixed N to be chosen momentarily, let
Qn :={x € Q:gplx)> N}

If conditions of lemma hold and we define E := Q \ U Q; | then by Chebyshev’s inequality we have
J

Qv <D 101+ lx € E : go(x) > N

J

[T

() , dt
<=0l + |{xe Q: / 101 ()" Lr2e(O, 1(x))| = | > N}

0(x)

P

! )
sd-nl0l+|lxeQ: / O A (@ 1CDI= | > NP}

0(x)

| ) , dr
<(-niol+ /Q / O L @1 | dx

0(x)

C
<(1-nlQl+ N—;|Q|.

Choose N large enough so % < g =8= |Qy < (1 -0l O

2.3 Proof of Sublemma 2.0.9

Proof. Let N, 3 be as in the hypothesis. Fix v € (0, 1) a dyadic cube Q, and a cone I'*. First of all let’s add

some notation by setting:

16



1

min(((Q).4) , dr\’
80y(X) = / CACPECHC) N B
Y

where we set this term to be 0 if £(Q) < y, and where y is a smooth function such that
L if 14000 =1
Xe(©:1(x)) =4 0 if 1re(®1(x))=0
o, 1) otherwise

1 min((@).1) did
We also define k(y) := sup — / / |®tl(x)|2]]-l"‘(®tl(x))7x
o 101 Jo Jy ¢

where the supremum runs over all dyadic cubes Q.

Finally let’s define the set Qy,, := {x € Q : gg,(x) > N} which is open.

By the truncation k(y) is finite for each fixed y, and our goal is to show that sup k(y) < co.
O<y<1

Once that all the notation is introduced let’s start with the proof.

2.3.1)

Qy,, is open so we can make a Whitney decomposition of it such that Qy,, = U Qjand Fy, = 0\ Qu,.

J

min(©).4) didx
/ / 1©,1(0)P L-(0,1(x) X%
0Jy t
mine(©).4) didx
- / / 1©,100P 11 (©,1(x) 4
FN,y Y t
min({(Q).3) dtdx
N O 1 (/1 (1)
Q;Jy

J

miﬂ(f(Q),i) dtdx
< / / 10,100 Pe(®, 1)
Fny Jy t
min(f(Qj),i) dtdx
>N 0,11 (©/100) ™™
: Q;Jy
J

min(0),) ddx
£ /Q / O 1r(, 1)
J J

j o/ max(y.0(Q;))

max(y,{(Q;))

< N0l + k(1 =Bl + Y / /
j J

, min(£(Q).) , dtdx
< NIQI+ k) Y 101+ /Q / 10100 Lre(©,1(x)) — =
J J J

min((0),3)

max(y,((Q;))

17
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Claim 2.3.1.

min(((Q),3) dtdx
/ 10,10 1r(0,1(x)) — < C|Qjl. (2.3.2)
max(£(Q;),y) !

-

J

If the claim is true then k(y) is bounded uniformly in y since

min(€(Q). 1)
L / / ORI @ 1) < Crr(1-p) = ky) <

®| A

Therefore letting y approach zero we obtain that

Q) dtd
/ / |®1<x)|21re(®,1(x)>% <clol
0J0

Summarizing we can conclude that

o) Jdi “0) . dt
[ [ eawrta [ [ S et ax
0J0 t 0Jo F t

) dr
<> /Q | enwrin @i T
J

<k(e,N)- C1|0Ql,
where k(e, N) is the number of cones in which we have subdivide C". ]

Proof of Claim 2.3.1. Let’s have 0 < § < a where « is the exponent of the pointwise estimates of our kernel

in (2.0.2) and (2.0.3) and define the following sets

A\ B
QE‘I) = {x €0;: 101(x)] < (5(?1)> i},

0 ={xe Q;: 1r(@,1(x)) = O);

07 =0\ (@} v .

18



min({
Then L < Ly + Ly + Ly where Li = [0 [rnsio) 7)) 10, 1(0)PLpe(©,1(x)) %%, i =1,2,3.
J J

Trivially L, = 0 and L; < C|Q/] since

mm(f(Q),%) dtdx
ne=[ | 01 (P 1r-(0,1(x) ==
Q(” max(£(Q;),y)

[ [ (1) e
~Jo; Juoy € 1
<C(n,B,e)\Qjl.

For L3 let’s note that since we have done a Whitney decomposition dx; € Fy, such that dist(x;, Q;) <

C{(Q;). Take such x; and decompose L3 as follows

Cal(Q)) dtdx
Ms/ O 1 1r:(©,1 (1)
0y Ju)

“Q) dtdx
10, 1(x) Lre (®,1(x)) — O, 1(x))xe(®,1(x;))* ——
0% Je,uo) !

min((Q),3) dtdx
+/'/ 10, 1(x )Py e®, 1(x;) ——
0 Jy t

=1+11+111

For I we use that ||®,1]| < oo, and for III that x; € Fy,, so I + III < C(n,N)|Qjl.

For II we have two cases

Case 1 : 1r<(®;1(x;)) = 1. Then for C, large enough we have

©:1(x) - ©,1(x))| < C <€(?/)>

3 2a
forevery xe Q; = II < le IC,,J(Q, (f(?’)) dx < C|Q)l

Case 2 : 1r<(®,1(x;)) = 0. Then |y — ®’1(xf)| > €. We also have |y — 219 | < ¢ and that x € 0%, which
_— J [©,1(x))] |©,1(x)] J

N\ B B
implies that |®,1(x)| > (@) é = m < (ﬁQ)) €. Thus (using the elementary inequality in Remark
t j
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2.3.2 below),

01(x)  Ol(x))

<2|0,1(x) - O,1(x))| -

©,1(x)]  10,1(x))| 1©,1(x)]
L ) a—f3
ca0(“2)” s
if C, is large enough, so that
‘ B O, 1(x;) < 0,1(x) B O, 1(x;) ‘v— 0;1(x) < € c< e
1©,1(x))| ©;1(x)  10,1(x)) ©:1(x)[] — 2 2

‘o dtdx
= I < / / ©,1(x) — ®,1(xj)|11re(®t1(x))7 < Clojl,
Q; )

»x[(Qj

as in case 1.

Remark 2.3.2. Observe that

[(xlyD) = @Dl < |xlyD) = QDI+ 1GID — Gl < 2[y] - 1x = yl,

so that

x|yl — ylxI| < |x =yl

lx =yl
Xyl — ¥

|x]

S x_Y|sz
[x Iyl

20



Chapter 3

Theorem 2

Definition 3.0.1. We define for f : R" — C, f € L*(R") an operator 6, f(x) satisfying the following properties

(a) (Uniform L? bounds and off-diagonal decay in L?.)

sup [16: fll2@ry < Cllf N2y (3.0.2)
>0

_m2p
16:fill2co) < C27 2 N fill i1 0\20) » 0(Q) <t <20(0), (3.0.3)

for some 8 > 0, where f; := f1,i101250-
(b) (Quasi-orthogonality in L?)) There is some B > 0 such that for s < 1,

N

B
16,0z < € (2) 1 lzee (3.04)

where {Q;Jo<s<co is some family of operators with [, [5” 105/ (P 2E < Cllf 72z IV Qs 2@y < CHllf s
and [;° Q2% = L.
(c) (“Hypercontractive” off-diagonal decay.) There is some 1 < r <2, andsome v > 7 (v =7 + €,€ > 0),

such that

1
¥

( / |e,<f11s,-(Q>>(y>|2dy>2sczfvt"@%> ( / |f(y>|’dy> ,
Jo S0

Vji>0,00)<t<200), (3.0.5)

where So(Q) = 160, S ;(Q) = 2/**Q \ 2730, j > 1, and Q" = 80.
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(d) (Improved integrability.)
sup 16; fllzazry < Cllfllzawny, for some g > 2. (3.0.6)
>0

Remark 3.0.3. We observe that, for example, (b), (c), and (d) hold, with 6, = t9,P;, where P, = e VA g
the usual Poisson semigroup, and that (a) holds with 8 = 0, for the same operator. We may obtain a positive
value of 8 in (a), by considering higher order derivatives of P,. As a practical matter, when considering square
functions arising in PDE applications, it is often a fairly routine matter to pass to higher order derivatives (cf.
Chapter 5 below). The advantage of the present formulations of our conditions, is that they continue to hold
in the absence of pointwise kernel bounds. In PDE applications, (d) is typically obtained as a consequence of

higher integrability estimates of “N. Meyers” type (cf. [Me2]).

Theorem 3.0.4. Let’s define the square function operator 6, as above and suppose that there exists a constant
0<Cy<oo,0<Cy <1, anexponentp >r 6 >0 n>0asystem {by} of functions indexed by cubes

0 C R" and a system of Lipschitz functions {®¢} also indexed by cubes, such that for each cube Q,

[bo(x)IPdx < ColQl, (3.0.7)
er

,,
dydt\ ?
/ ( f f 650 nyﬂ) dx < G0, (3.08)
0 l—yl<t<t(Q) 4

IV®olleo < Co &Q)™', C1 < Dp(x) < 10n Q (3.0.9)
omp(Q) < / bo(x)dmgp(x)|, where dmp(x) = ®p(x)dx. (3.0.10)
Q
Then
dxd
f f 0SOOP == < Uy (3.0.11)
RTI
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Remark 3.0.5. Frequently, one may simply take @, = 1, but in some applications, it is useful to have the

extra flexibility inherent in (3.0.10) (cf. Chapter 5).

Once the point-wise estimates are dropped from the Square function, we need to redo all the previous
techniques that we had before. We can not use standard Littlewood Paley Theory or Vector-valued Calderdén-
Zygmund Theory, so we needed to look for new techniques to approach this problem.

The previous results’ proofs are based on proving that our conditions lead to the T1 Theorem for Square
functions of Christ-Journé [CJ], which means that we are reduced to prove that du = 16, 1(x)|?dxdt/t is a
Carleson measure. This new result scheme is not going to be different so lets redefine the T1 Theorem,

Lemma and Sublemma in this new context.

Theorem 3.0.6. (T Theorem) Let 6,f satisfying conditions (3.0.2), (3.0.3) and (3.0.4) and the Carleson

measure estimate

1 (19 dxdt
up 7/ / 0,1(0P =2 < C. (3.0.12)
(9] |0l 0 0 t

Then we have the Square function estimate (3.0.11).

Lemma 3.0.7. Suppose that Aa € (0, %], n € (0,1) and C < oo such that for every cube Q € R", there exists
a family {Q]} of non-overlapping subcubes of Q, dyadic with respect to the grid induced by Q, with the
properties

> A +a)y10 < (1 -nlQl, (3.0.13)
j

and

/ ff 16;1(y )|2 r};_l dx < |9, (3.0.14)
I¥=Y1<1651< 155 {(Q)

where E = (1 —a)Q \ {Uj O}, and Q; := (1 + a/)Qj.

Then the Carleson measure estimate (3.0.12) holds.
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Sublemma 3.0.8. Suppose that AN < oo and « € (0, %],B € (0, 1) such that for every cube Q

lfxe Q:Go() >N}l <(-pIQI,

1
where Go(x) := (fflx—yk s et o) |9t1()’)|2[,{fl+ily) ’

100 100

Then the Carleson measure estimate (3.0.12) holds.

3.1 Proof of T1 Theorem

To prove this new version of the T1 Theorem for Square functions, we have used a convenient modification

of a similar lemma that appears in [AAAHK] (Lemma 3.5). The modified lemma reads as follows.

Lemma 3.1.1. (i) Suppose that {6,},cr is a family of operators satisfying

(a) For some B > 0, and for all |t| = £(Q),

—n 1\
16:(f L1 gyt )l gy < C27*P% ( e Q)> A ll2201 0\ 24 ) (3.1.1)
(b)
su([)) 16, fllz2 @y < Cllfllz2m) (3.1.2)
1>
(c)
61=0VreR (3.1.3)

Then for h € L%(R”)

0,h(x)Pdx < C | |V h(x)Pdx
R” R”

(ii) If in addition, there exists a family {Qy}s0 such that for all f € L*(R")
(@)
s\AB
16,00z < ¢ (2) Wfllagy. Vs <1, (3.14)

for some family {Q}o<s<co Satisfying
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()
1
IVOs fllz@ey = 1Qs N2 < CE”f”LZ(R") ,

Qs fllz@ny < Cllfllzzen » 3.1.5)

[ et
0 N

dxdt
[ oreor S < ey v e @

Then

Proof. First, let’s prove (ii), assuming that (i) holds. Take f € L*(R"), and {Q,} the family of operators

assumed in (if). For s < r we have (3.1.4). For ¢t < s we apply (i) to h(x) = O, f(x) so that

t2
16: Qs fll72gr) = / 0.0, f()Pdx < CF | V.0, f(0Pdx < Sl
]Rn

R®

by the first condition in (3.1.5). Consequently,

/s t\P
19: O fllzwry < Cmin  —, = ) [Ifllz2®n),
t s

for some 3 > 0. The result follows from the last inequality by a standard orthogonality argument.
So let’s prove (i). Let D(¢) denote the grid of dyadic cubes with £(Q) < |¢| < 2£(Q). For convenience of

notation we set mph = fQ h(x)dx then

( |e,h<x>|2dx)2 = <Z / |efh<x>|2dx>
R 0

0eD(0)
- ( > [ 1on- ngh><x>|2dx>
Q

QeD(1)

1

2

l—

< (Z / |9,<h—nghxx)ﬂw(xnzdx)
Qo

QeD()

+ ( > l6h - szh)(x)]l(zg)c(x)lzdx> =141,
QeD(1)
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where we have used that 6,1 = 0 and it’s a linear operator = 6,(myph) = 0

Since 6, : L2(R") — L*(R"), we have by Poincaré’s inequality that

1 1

2 2
I<C ( / |(h — szh)(x)Izdx> < CJf| ( / V. h(x)|2dx> < ClIV (Al 2 -
QeD(t) QebD(r)

For the second part by condition (3.1.1)

<Z / |6:[(7 = magh)(x) Lot g0 ()] dx>
=1 \QeD()

»MS

=

<Cy ( D primahk / (h — ngh)(x)|2112k+lQ\sz(x)dx>
k=1 \QeD() Y
1
) 2
<C Z (Z 2—(n+2+ﬂ)k/ I(h — ngh)(x)|2dx>
=1 \oD() 210
<C)

& 1
> ( > kg / ;- mz,-HQh)(x)Fdx) ,

1 j=1 \QeD(r) 240

>~
1l

where in the last step we have used a telescoping argument.

By Poincaré’s inequality, since j < k we obtain in turn the bound

1
2

Z 9-k(B+2)9=jn (diam(zﬁlQ))z/v

0eD(1) 2t1Q

Yo

0eD(1) 2o

> L

0eD(1) "o

CZZ(

|Vxh(x)|2dx>

2

oo k
<apd 2y (
k=1

J=1

< Cll Zzﬁk Z (

j=1

<l Z 25k Z ( / f |Vxh(x)|2dxdy>
n Jle—yl<c2il

< Cltl - IVl 2y

|Vxh(x)|2dx>

1
2

|Vxh<x>|2dxdy>

In order to be able to use this lemma to prove our T1 Theorem, as in the regular T1 Theorem, we want to

reduce the problem to 4,1 = 0.
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Proof. By the Coifman-Meyer method we can rewrite our operator as follows:
01 = 9[ - (9,1)P, + (Gl)Pt = é[ + (G[I)Pt N

where P, is a nice approximate identity as in Definition 1.3.1. Observe that with this definition §,1 = 0 but we
need to verify that 6, also satisfies(3.0.2), (3.0.3) and (3.0.4). This is not immediate, because, in the absence

of pointwise kernel bounds, it may be that ;1 is not uniformly bounded. We proceed as follows.

(1) sup 1 fll2eny < Cllfllzzcen
>0

By Lemma 1.4.5, choosing b(x) = 1 and A, = P, we get that

16: DP,fll2@ny < Cllfllrz@ny = 10:ll2emy < 160: fllrzmy + 1O DP fllz2am)

< Cllfllz2 ey

~ _M .
@) 10:fillz2o) < C27 2 N fillzimgvigy > Tor fj = flampig, €(Q) < It < 2¢(Q).
For j > 2, there is no contribution from (6,1)P,, because the kernel of P, has compact support. Therefore,

(2) follows from the analogous bound for 6;, namely, (3.0.3). The case j = 1,2 reduces to (1) above.

3) 16,05 fllrzry < CEPUfllrzn, YVf € H, and s < 1.
We may choose our approximate identity P, to be of the form P, = (P,)2, where P, is of the same type.

We then have

16, Qs fllzeny < 116:Qs 2y + 10 1) P Py Qs llzgeny
s\B ~ s\B
<C (3) Wl + CIPQ Al < € () Wfllcen
where in the second inequality, we have applied Lemma 1.4.5 to 6,1)P,.
Then by the previous lemma, 6, satisfies (3.0.11).
To finish reducing our problem we need that if we have the Square function estimate (3.0.11) for 8,, then
it also holds for the original operator 6;:
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d
| fR Losertt < [ f et f BPIPfoRP L

x
< Clfll2 @y + / / P fPI61 (0P 2
0 R»t
< ClIflIZ2n + CILICINGPN 2 gy

2
< C”f”[}(Rn)-

where du = 16,1(x)]*dx which is a Carleson measure by hypothesis and N, is the nontangential maximal

function.

3.2 Conditions of Theorem 3.0.4 imply conditions of the Lemma 3.0.7

Proof. As in the similar proof on the previous section, condition (3.0.13) is a consequence of the choice of the
family of subcubes of Q . We choose the family in similar way as in [H2], that means that WLOG (by renor-
malizing) we may suppose that — -~ ( ) f 0 bo(x)dmg(x) = 1 and we sub-divide Q dyadically and select a family

of non-overlapping cubes {Q i} which are maximal with respect to the property that Re——~ |5 bo(x)dmg(x) <

m (Q i) fQ
C
5t
First, from the definition of the measure my(x) we have that for every subset A of Q, C1|A| < mg(A) < |A].
Define £:= Q\{{ J0j}. 0;:= (1 +@)@;and E := (1 - @)Q \ { ] Q;}. @ € (0. 1] to be determined later.

. J
Then to prove the first condition (3.0.13), by Holder and condition (3.0.7) we have

28



1 1
10l < amQ(Q) = /QbQ(X)de(X)

— |Re / bQ(x)dx+‘ReZ / bo(x)dm(x)

1 o1 r C -
c. \E|7 ( /Q |bQ(x)|l’dx> +2‘zj:mQ(Q_,-)

IN
|

o111

< CIEl”|Ql» + EIQl
111

< CIEI”|Ql» + EIQI

3 1\”
=|E| > 7l0], with0 < 7= (2c) <1.

Therefore,
> 10 < (1 -l
J
Thus,
710> A +ar10) < (1 + )" -MIQl < (1 -0
J J

provided that we choose 77 and « sufficiently small, depending upon 7.

Finally we need to prove the second condition (3.0.14) and we want to reduce ourselves to

/ ( f f 6,1 0) Ao )P ,fﬂ) dx < Cylibglly ey + CIOI <101,
R o)

where in the last step we have used hypothesis (3.0.7). As above, A, f(x) := m f o) bo()dmp(y)
and Q(x, ) is the minimal dyadic cube (with respect to the grid induced by Q), that contains x, with length at
least t. Here, Iy is the truncated cone with height £(Q).

To reduce ourselves to the previous inequality let’s note that if
(0 € Ro \ Ry,
J
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where Ry = QO x (0, £(Q)), then by the maximality of the family choice

c
Re Apibo(y) = Re bo()dmo(2) = =+

1
mo(Q(, 1) Jous

Moreover, if x € E, 0 <t < £(Q), |x -y < ﬁt = (1) € Rp \ URQ,, which can be seen clearly by
J

contradiction:

a

9t R~ - S
1) € Q/$|x by 100

Q) = x€Q;

yeR"\ Q and Ix—yIS%{’(Q): X €R"\ (1 —)Q.

We therefore have

P

dvdt \’
/ f f 610P2 ) ax
E [x=yI< 165 1< 165 (@) 4
P
dydt \’
< / f f 610 AP 2L ) dx
E lt—yl< 1% 1< 2 0(0) 4
P

dydt \ °
< / ( I 6,10)Ansbo(y) — Bbo()P ,,{1) dx
E =yl %5 1< 12 6(0) !

g
+ / f f 16:bo () dx
E [x=yl< 125 1< 1% £(0)
)
dydt\ ?
< [ ISPy + / ( f f 650 nyﬂ) dx
R 0 l—yl<1<t(Q) 4

< [ 18(bo)0)Pdx + ColQ.
RVI

dydt
tn+1

where in the last step we have used hypothesis (3.0.8), and where we define

dydr\*
S(N0) = ( I | IRboOP t,fj) ,
olx

with To(x) := {(y,1) e R™! 1 |[x —y| <t < £(Q)},

and

R f(x) 1= 6 1(xX) A f(x) = 01 f(x) .
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Let us recall that by definition, the measure m = mg, and the “dyadic grid”, and thus also A,,,, R, and S,
depend implicitly on Q.
Our goal at this point is to show that, with Q (and hence the truncation of the cones, and the definition of

A,) fixed, we have
1S Ollzeeny < f ey » (3.2.1)

but with bounds that are uniform in Q. Once we have established the latter estimate, we may apply it with
f = by, and then invoke hypothesis (3.0.7), to obtain (3.0.14).

To prove (3.2.1), we first recall the following.
Proposition 3.2.1. [C-UMP] Let T be a sublinear operator satisfying
T: LR\ 0) = PR, 0), VYoecA:.
Then T : LP(R") —» LP(R"), forp >r.

By the Proposition, we are left to prove that

IS(HX)Pv(x)dx < C | |f(x)Pv(x)dx, where v(x) € Az .
Y R" "

This follows by a standard orthogonality argument, once we show that

B
/ JC IR Qsh(y)I*dy v(x)dx < C min (5,5) / |h(xX)|*v(x)dx, (3.2.2)
n J|x—yl<t<t(Q) t s R™

for some 8 > 0, with h(x) = Q,f(x).
To establish (3.2.2), we begin by observing that, by the same arguments used to prove Lemma 3.1.1, with

R, in place of 6,, we have

I\B
/ f IR, Qsh(y)dydx < Cmin (5,7) Ih(x)Pdx.
n J|x—yl<t<t(Q) t s R"
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Indeed, checking the conditions of Lemma 3.1.1, (a) is immediate by our hypotheses on 6,, and the compact
support of the kernel of A,,;; (b) follows immediately by hypothesis, and [AAAHK, Lemma 3.11]; (c) holds
for R, by definition; and (@) holds for the present 6, by hypothesis. Finally, we may verify (@) for (6,1)A,,, by

observing that A,,, is a projection, so that (6,1)A,,; = (6;1)A,,;A.;, whence it follows that

s\B
16 DA ARl < MnQufla < (3) Ils Ys<1<HQ).

by (), and the construction of A,,, (in the last step, we have used that ¢ < £(Q)).

Next, we need the following claim:

Claim 3.2.2.

/ f IR, Qsh(y)[*dy #(x)dx < C / Ih(0)*5(x)dx, V7 € A2 (3.2.3)
" Jlx-yl<i<t(Q) R" '

Interpolating with change of measure ([SW]) we get (3.2.2). Indeed, for each v € A, there exist 49 > 0
such that v!*% € A, so we choose 7(x) = v!*(x).
The idea of using the interpolation with change of measure in this way first appeared in the paper [DRdeF].

]

Proof of Claim 3.2.2. Define h(x) = Qsh(x). By the properties of Q (it is controlled by the maximal opera-

tor), IIEIILg(R,L) < ClIAll2@my- So it’s enough to show

( / f IRA(y)*dy v(x)dx> ' <C ( / ﬁ(x)2v(x)dx> E.
nJ|x=yl<t<t(Q) Rn

By hypothesis (3.0.5), and since ¥ € A2 (which gives us an Lg/ " bound for the maximal function), we have
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(/ JC |R;71(y)|2dy\7(x)dx)2
n Jlx—y|<t<l(Q)
= (Z / f |Rizcy)|2dyv(x)dx>
PeD(r) ¥ P v yl<t<i(Q)

c(Z / f |R,71(y)|2dy\7(x)dx>
peD(r) /P VP

= CZ ( Z /}\fn« |Rr(il]ls‘,Y(P))(y)lzdyf/(x)dx>
j=0 \PeD(r)

IA

1
2

2

- 1 2 . ’
sc§ § — 72D / h'dy | v(x)dx | . (3.2.4)

fw O

j=0 PeD(r)

In the last step, we have used that we may apply (3.0.5) to (6,1)A,,,, since A, is a projection, with a compactly

supported kernel. Thus, for ¢ ~ £(P), we have

1O DA fllzzpey = 1O D AR Am (f1sp)llr2p
S WA (Flsp)llz@n S "2 fll2isp »

for every r € [1,2], where in the first inequality we have used [AAAHK, Lemma 3.11]. In turn, the last

expression in (3.2.4) is comparable to

S (X [t
j=0 \ PeD(n P S

J

2

T

|7l()’)|rdy> dx
P)

1

2
zz Z / D 2iep =ity ( / Ift(y)l’dy> dx
P 8;(P)

Jj=0 PeD(r)

S Y [0 (f |/2<y>|fdy> dx
o P S,(P)

PeD(f)

sCy. ( > 2 / (M(Ifz(x)r))?v(x)dx)
PeD(r) P

1
2

S

Jj=0
o0 1 1
. - 2 - 2
<C) 2 < |h(x)|2\7(x)dx) <C ( Ih(x)lzfz(x)dx> .
=0 R R"
The proof of Claim 3.2.2 is now complete, and as noted above, (3.0.14) follows. We have therefore established
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that the hypotheses of Lemma 3.0.7 hold, given the conditions of Theorem 3.0.4, so our next step is to prove

Lemma 3.0.7.

3.3 Conditions of Lemma 3.0.7 imply conditions of Sublemma 3.0.8

Define
1
°(Q) dr\ 2
go(x) = ( / |9t1<x)|2>
0 t
7
dtd
Go(x) = f f 0,1()P S
P¥=Y1< 165 1< 155 (D) !
Our goal is to prove (3.0.12) which with this notation is equal to prove that sup — (gQ(x))2 dx < C.

IQI

Claim 3.3.1. supi/ (gQ(x))zdxzsupi/ (GQ(x))zdx
o 191 Jo o 191 Jo

Proof. of Claim

su / Go(x)) 2dx < Csu //K(Q)JC 16,1(y)*d. gdx
101 Jo ° o 10l ooty t

]00

[4(9)) )
< CSUP/ / 16 1(y)l dy*
0 JroJo t

< Ck sup/ ng(x)dx
0 Jo

) (0 Jdi
/Q B ()dy = / / A
11(9)]
/ / 6101 f dx%dy
lx=yI< 155

100

Q)
<C / / / 6,1 mdydx
|x—yl<

To0!

kt(Q)
< C/ / / 16,1(y)? n+1dydx
[x—y|l< & ¢

100
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By taking supremum on both sides the proof is finished.

This claim allows us to work in a conical setting instead of the vertical setting.

Proof. For a large but fixed N (to be chosen momentarily) let
Qn :={x e Q:Gpx) > N}.

If the conditions of the lemma hold with £ = (1 — @)Q \ U Q; we have
J

Qv < 10\ (1 - )0 + ZIQ;I +{x € E: Go(x) > N}
j

P
drdy \’
<CoAQl+ (A -mIQI+|{xeE: ff 6,1 ,,Hy > NP}
l—yl< i 1< 165 4Q) 4

P

1 Ldidy \®
< CalQl+ (1 =m0+ — 010)PEE ) dx
NP Jg \ i< o< 00 t

C
< CalQl+ =m0+ 101 < (1 =-H)IQ] ,

for some 8 > 0, where we obtain the last estimate by choosing « sufficiently small, depending on 7, and then

N large enough, depending on @ and 7. O

3.4 Proof of Sublemma 3.0.8
Proof. Fixy € (0,1) and let N, a, 8 be as in the hypothesis. For a dyadic cube Q set

miﬂ(f(Q),%) dvdt 2
Goy() = / / 6,109 2
Y [x=yl< 155t t

100

(term to be 0 if £(Q) < ), and

1
K(y) =sup — / (GQ,y(x))zdx.
o 19l Jo
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By the truncation, K(y) is finite and our goal is to show that sup K(y) < oo since
0<y<1

1 ‘9 , , dt 1 5
sup — 6, 1(x)|°dx— < Csup — [ |Go(x)|"dx < C sup K(y)
o 10l Jo Jo t o 10l Jo 0<y<1

Now we fix a cube Q and define

Qu,y = {x € Q : Gg,(x) > N}. This set is open so we can make a Whitney decomposition for it

Qu, = U Q. We also define
J

FNJ, = Q \ QN’},.

/Q (Goy(x)) dx < /F (Goy)*+ 3 /Q (Goy(x))* dx
Ny j J

1 min([(Qj),%)) dydtdx
<NQI+ D 101 / / / OOF
- |Qj| 0 Jy [x—y|< & ¢ M

100

1 min([(Q),%) dydtdx
S0, e S P
; |Qj| Q; Jmax(y,0(0))) JIx=yl<igst !

< N* |0l + K1 =B) |0l + 111

Claim 3.4.1.

min(f(Q),i) dydt
L= / / / AV ZH dx < ClQjl. G4
Q; Jmax(y,0(Q;)) JIx—yl<i5st !

J

Assuming the claim, we have

K(y) < N>+ Ky (1 -p+C

N2
S Ky <€

uniformly iny = sup K(y) <C
O<y<l

“ dydt
= / / / 6100P 2% ax < clo)
0Jo lx—yl< 5 4

mt
“Q) dt
=>// 16,1(x)> —dx < C|Q|.
0Jo !
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Proof. of Claim 3.4.1

Since we have done a Whitney decomposition, for every cube Q, there exists x; € Fy,,, satisfying:

@) |x—x;|~ Q) Vxe Q.

(b) AC, < cosuchthat{y e R" : [x —y| < COQONIN{y e R" : |x; —y| < C,{(Q)} # D Vx € Q.

(¢) Fort < Cl(Q), lyeR": [x—yl <t} C{yeR": |x; -yl <t+ ClQ)) and |x; — y| > t}.

Define

p = C,l(Q)).

q—2

0:=
2

, g from condition (3.0.6).

A(x,t) := cube of center x and radius t.

Sot) :

A(xj, t+20) \ Ax), 1).
Sw(t) := Alxj, t + 251 p) \ A(xj, £+ 25p), fork > 1.
Di={yeR":[x—yl<tyc{yeR" |x; -yl <t+ClQ;) and |x; — y| > 1}.

Dy = A(xj, 1 + Col(Q)) \ Alx), ).

min(((Q). ) dvd

y t

L= / / / 010D d
Q; Jmax(y,0(0))) JIx—yl<igt

min(£(Q).}) dyd

8% t

/ / / B
max(y,((Q) J|x—yl<t

Cal(Q;) dvd ,dyd

ydt | et

< / 16l OOF Cdx+ § : / / / 6:L5,0 O Jrd

Q; JuQ;) k=0 $0(Q)) JIx—yl<t

=L+ ZLk.
k=0
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From condition (3.0.2) [, 16120, % < €22 which implies that L_; < C|Q,| < CIQ}l.

Take 1 > € = %(1 — =) > 0 then for each k > 0 we are going to subdivide L, them in two as follows

2““)";7 5 dl o 2 dl
Ly = 10,(Ls, oy ODI"dy—=dx + 10,(Ls,o)I"dy—dx
;S Sl ! 0, J20-9%p Jx—yi<t t

=L+ L.

Case 1:

3l € (0, (1 — €)k), such that 2! = f], which implies that [A(x;,20)| = Q.

/ I0z]lsk(t>(y)|2dyﬁ/ 16, Ls,» (V) dy
Dz X

A(x;j,21)
< ClSk(t)Iz—(n+2+ﬁ)(k—l)

¢ n+2+p
< C2—(n+2+,8)k (p) (2kp)n

248
<cremip (1)
P

(1-e)k 2(1-ek
dt

2
dt P
Lo easeonbaggars [ [ wisoorag,
Cal(Q)) Jlx-yl<t t 0 D, t

(1-ok 248
< 2Pk / ! (t> di
a 0 p t

1—e)k 2+
:CIUWM<% QP) = (2 k),
P

2(1-e)k

dt
S o seonbdds o= YL < ol
o Jeut) S« ! P

Case 2

By 3.0.6) 6, : L1 — L? for q>2,

38



16:(15,)I*dy < D2 (D < |9z]lsk(z)|q)
R"

D,

A

< (o) 1S k0

2
q

< ('%) ’ ("’max (t", (2",0)”)

<C (g)émax (t”, (ka)") .

/ 6L, )Py < C / (2) max, @) =r
20-ekp J D, t m

2(lfs)kp

2kp Pl 2k n C P
L) S [
20-akp N1 i+l 2o NI t

2%p
< P’ (2p)" /

2

427k

o rl+6
— p5(2kp)n [2—k(n+5) _ 2—k(1—€)(n+6)]p—n—(5 + 2—]{5

— 2n—n—6 _ 2k(n—n—6+en+€6) + 2—k6

< K 4 o K(=O)n+d)=n] | ks

By our choice of € one can easily see that (1 — €)(n +0) —n >0

Z/ / |9t(]]-sk([))(y)|2dy < Zz—ké + 2—]([(]—6)(1’!4—(3)—7!] + 2—k(5 < C
A 2(lfe>l<p D2 X

= ZL% < ClQjl.
k
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Chapter 4

Theorem 3

Definition 4.0.1. We define for f : R* — CV, f € L>(R"), an N x N matrix valued operator f — ©, - f
satisfying the following properties:

(a) (Uniform L? bounds and off-diagonal decay in %)

SU(I)) 1O - fllzz@ny < Cllfllz2ny (4.0.2)
>

_m2ep
10; - fillzo) < C27 = Il pv2ig), UQ) <1 <26(Q), (4.0.3)

for some 8 > 0, where f; := fly10\2i0-

(b) (Quasi-orthogonality in L?)There exists B > 0 and H a subspace of L*(R™) such that
s\B
10, - Quhlliz@n < C <;) ll 2y, Where h € H, (4.0.4)

where {Q,Jo<s<eo is some family of operators with [, [5” Qs f () 4% < C||f 22z IV Qs A2y < SN2
Jo B¢ =1
(c) (“Hypercontractive” off-diagonal decay.) There is some 1 < r <2, andsome v > = (v =% + €,€ > 0),

such that

1

>

o If(Y)I’dy> . ¥j20,00) <1<2600Q),

[STE

([ 1o t1s.p0ar)

J

< C2PnG=a) /
S i(

(4.0.5)
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where So(Q) = 16Q and S ;(Q) = 2/**Q\ 2/%3Q, j > 1. 0" = 8Q.

(d) (Improved integrability)

sup 10, - fllze@ry < CllfllLany, for some g > 2. (4.0.6)

>0
Theorem 4.0.2. Let’s define the square function operator ® as above and suppose that there exists some
constants 0 < Cy < 00, 0 < Cy < 1 and exponent p > r, § > 0 and a system {bg} of functions indexed by

cubes Q C R", and a system of Lipschitz functions {®g} also indexed by cubes, such that for each cube Q:

g Ibo(0)IPdx < ColQl, (4.0.7)

/Q ( /0 e /| e bQ(y)Izlf:ﬁ[) i < ColOl, 4.0.8)

[VDpllw < Co €(Q)", C1 < Dy(x) < 10n Q, (4.0.9)

SlEPmo(Q) < Re (g- /Q bo(x)dmy(x) f) , V& € C" where dmg(x) = Do(x)dx, (4.0.10)

where the action of ®, on the matrix valued function by is defined in the obvious way as in definition 4.0.1.

Then

dxdt
[ 10 7R B < Ut v e 1 (4.0.11)

Remark 4.0.3. In Theorem 4.0.2, H may be all of L?>(R"), or it may be a proper subspace. For example, the
case that H is the space of L? gradient fields, arises naturally in some applications (as in the case of the Kato

“square root” problem for divergence form elliptic operators).

Theorem 4.0.4. (TI Theorem)
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If ©,f(x) satisfies conditions (4.0.2), (4.0.3) and (4.0.4) as above and the Carleson measure estimate

1 ‘0 dxdt
sup — / / 1P < ¢
o 10l Jo Jo t

Then we have the square function estimate

dxdt
f f O fCIP == < Cllf oy, YV € H.

(4.0.12)

(4.0.13)

Remark 4.0.5. Here, the constant function 1 should be interpreted in the matrix-valued sense, i.e., as the

N x N identity matrix.

Remark 4.0.6. The proof of this T1 Theorem is the same as the proof of the T1 Theorem in the previous

section since same properties apply and we can replicate the proof the lemma 3.0.7 by restricting it to the

subspace H.

Lemma 4.0.7. Suppose that there exists n € (0,1), @ € (0, %], € > 0 small and C < oo such that for every

cube Q € R", there is a family {Qj} j of non-overlapping sub-cubes of Q, dyadic with respect to the grid

induced by Q, with

> A +a)101< (1 -0l
J

and

)4
‘o dydt | *
/ < [ eiorei) nyH) dx < CIQ)
E 0 Jx—y|< &t 4

100

where E := (1 —a)Q \ {Uj Q|} for every cone of aperture 2€, and Q; := (1 + a)Qj.

Then

1 [l dxdt
sup —/ / 1P < ¢
o 10l Jo 0 t
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Remark 4.0.8. ¢ small but fixed, we cover CV by cones of aperture €. The constant then depend on k =

k(e, N) the number of cones.

Sublemma 4.0.9. Suppose that AN < +oo,a € (0, %] and B € (0, 1) such that for every cube Q and for all T*¢

lixe Q: GHx) >N < (1-P)Ql (4.0.16)
for all k, where
drdy\ *

Go(x) = ( f f |®,1(y)|211r25(®,1(y))j+ly> (4.0.17)

=< 185 1< 125 £(Q) !

Then
Sup — / (Go)*dx < C. (4.0.18)
o 10l Jo

Remark 4.0.10. In the previous section we have seen that (4.0.18) implies (4.0.12).

4.1 Conditions of Theorem 4.0.2 imply conditions of the Lemma 4.0.7

Proof. Let v € CN be the unit normal in the direction of the central axis of a cone of aperture 2¢
I’ ={zeCV: |E —v| < 2¢} and let A, f(x) := (mQ(x, t))71 fQ(x,t) fSdmy(y) with Q(x,t) = minimal
dyadic cube containing x with side length at least t.

Let’s first construct such a family using a stopping time argument as we did in Section 2, Theorem 1, such
that the first condition of the lemma is satisfied as well as |®,1(x)]* < 4|®,1(x)Am’,bQ(x)17|2.

Without loss of generality (by renormalizing), assume ¢ = 1 on (4.0.10). Fix a cube Q, and then fix a cone
I'?¢. Now we subdivide Q dyadically and select a family {Q i, 0 i € Q which are maximal with respect to the

condition that at least one of the following conditions hold:

Ci
mo(0) o, [bo(x)ldmp(x) > Te (type I)
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Re (y / bo(x)dmgp(x) - 17> < %mQ(Qj) (type I1)

where v is the unit normal vector in the direction of the central axis of the cone I'>¢ and ¢ is half the aperture

of the cone.

Define £ := 0\ {U 0 ;}. Then from condition (4.0.10) since § = 1 and taking & = v where v is the unit
J

normal in the direction of the central axis of '€ we get

1
|0l < amQ(Q) SReZ/Q(bQ)ij(X)Vj‘_’ide(x)
ij

1
= Re > / (bo)ij(x)v Tidmg(x) + Re > > /Q (bg)ij(x)vvidmo(x)
ij B koij YO

1
== +1I).
C1(+ )

For the first part using condition (4.0.7) and Holder we get

I :=Rez/E(bg)ij(x)vj‘_/ide(x)
i,j
<. / bo(x)dmo(x) - 7
E

/~ bo(x)dmo(x)
E

< |mQ(E~')|T’]7/ </Q |bQ()C)|pde()C)> ’

<|el” ( [ wowrax)’
Q

< CIE|7|Q7.
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For the second part we are working with the family of subcubes and to be able to use their properties we need
to separate them in two cases: the ones that satisfy the type I condition and the ones that satisfy the type II
condition (the same subcube can satisfy both conditions at the same time; in this case we arbitrarily assign

them to be of type I).

Il < |Re Z Z /Q (bo)ij(x)v;vidmo(x)

kitype I i,j

+Re Y > / (bo)ij(x)v7idmy(x)| = I, + II.
Ok

kitype 11 i,j

For the part of type I subcubes we are going to apply Holder, the property of being type I, and condition

(4.0.7).

i o=|re 3 % /Q (bl X Fidmo(x)

k,itypel i,j

<> /Q Ibo()ldmo(x)

k,typel

= . 1bo(X)ldmg(x)
/U Oy 0 0

k,typel

< ( /Q |bQ<x)|Pde<x)) mo | |J O

k,typel

E\

For the measure of the set just note that
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~ 8
mgp U O] < Cel/U o, [bo(x)ldmo(x)

k,typel
k,typel
. v 1
€ ~ r
< c | me U Ok (/ |bQ(x)|pde(x)>
1 k,typel Q0
1
~ ! 8e , 1
mo| U o) | = ([ wotorax)" <ceor
k,typel 1 Q
” 5
~ € L4 €L
mo | | O sC(C) 017
k,typel :

Adding this to the previous computation we get

IA

1, < |Re Z Z/Q (bo)ij(x)v;vidmo(x)

kitype I i,j

( /Q IbQ(x)Ipde(x)) me| U &

2 2

€ v 1 1 € v
<C|— 4 »r=C| — .
< (C1> 101710l <C1> 10l

We choose € small enough so

P

Ce?”

IA
00 | ==

@.1.1)

For the type II subcubes just using the property of being type Il and 0 < C; < 1 we get

Ih:=|Re > > / (bo)ij(x)vmidmo(x)| < 2=mg | | O« | <30I < 310l
Ok

ktypell 1i,j k,typell

Finally we can conclude that
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1 1 1 1 3
< —((+1ID<C|IE|”"|O|r + = —
1< -+ 1D < CIEF |17 + 101+ 710
< 8CIE|7|Q|7

< C|E|

- 1
= |E| > 70|, withO<ﬁ=E<1

Therefore,

10 < (1 -RIQL.
J
Thus,

D0 <Y (A +a) 10 < (1+a)'(1 =IO < (1 - IQ,
i j

provided that we choose 7 and « sufficiently small.
We define Q; := (1 + @)@;and E := (1 - )@ \ | 0;.
Jj

Then as in the previous section we can choose « € (0, %] and n € (0, 1) such that

~ 1 1
D101 > A+ 0] <+ -7 ’2Q <= ‘2Q‘ :
J

J

This concludes that the family that we have constructed satisfy the measure condition. Now let’s proceed

to verify the condition (4.0.15).

Claim4.1.1. If x€ E, [x —y| < Waot and 0 <t < £(Q) then
1O 1 Lr(©,1(y)) < ClOA(Y) + Apibo()VI (4.1.2)

where v € C” is the unit normal vector in the direction of the central axis of %€ := {z € CV : Ié —v| < 2¢€},
and A, f(y) := (mp(y, )" f 000 fw)dmgo(w) with Q(y, t) the minimal dyadic cube containing y with side

length at least t.

Proof. of claim 4.1.1
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Let’s introduce some notation first

N EEZ=Rg\ (URQ/‘) where Ry = Q x (0, £(Q)) and r¢={zecCV: ||l| —v| < 2€}.
J
We are going to prove that if z € %€ and v, 1) € E*Q then |z - A, ;bo(V)V| > %‘zlzl since, as in the previous

section, if x € E, |x — y| < 1g5z and 0 < 7 < £(Q) then (y, 1) € EY,.

Since (y,7) € E, we have that Q(y, 7) is not of type I neither type II, therefore by the triangle inequality

2 2
|0 Amibo)7] 2 1V - Apibo()7] = (@ = VAnbo()7 = S — (- v)§E Yo € CV.

2 2 2
If we choose w = = then |w — v| < 2€ so we get that Ié cAn o)V = % - Céfe = %

7|
2

— Cc?
= lz- Ao = S1dl.

Since we are integrating when ©,1(y) € I'** and (y, 1) € E}, then |©,1(y)* < Ci?IG)tl(y) - Apsbo(y)¥]? in our

domain of integration and the claim is true.

Let’s prove now the second condition of the lemma (4.0.15)

P

o(Q) dvydt ?
/ / /‘ O10)P 1@, 1) 2 ) 4
£ \Jo lemyl< ot 4
P
Q) dydt \ °
<C / ( / / 10,1(y) - A b () 11) dx
E\Jo  Jioyicia !

100

p

“«Q) dvds £
<C(p) / < / / 10,1y - Apibo(y)0I f”) dx.
o \Jo e—yl<t 4

Then the proof goes as in section 3.

4.2 Conditions lemma 4.0.7 imply conditions sublemma 4.0.9

Proof. For a large, but fixed N (to be chosen momentarily) let Qy := {x € Q : Gp(x) > N}.
If conditions of lemma hold with E = Q \ U 0;.

J

‘We have
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Qv <10\ (1 —a)Q| + Z 1Qjl + {x € E : Go(x) > N}
j

didy \’
< CalQl+(1 =)0l +|(x € E : <ff 1©,16)P 1= (©,1(7) ,ly> > N)
le—yl< 125 1<€(Q)

P

< calo+(-nio+ ;[ (ff OO ©10) ey ) dx
[x=yl< 155 1<€(Q)

C
Ca+(1—n)+Np] 10l

for some 8 > 0, where we obtain the last estimate by choosing « sufficiently small, depending on 7, and then

N large enough, depending on @ and 7.

4.3 Proof of Sublemma 4.0.9
Proof. Fixy € (0,1) and let N, 8 be as in the hypothesis. For a cube Q set

l

min((0),3) dtdy
Goy(x) = / / 10X (e @)~ P
Y [x=yl

<mt

term to be 0 if £(Q) < y and where

1 if 1 5.0, =1

XepO) = 0 if 1pe(®,1)(y) = 0
0,1) otherwise

1 min(£(Q). ) dvdt
K() = sup — / / / O (©,10) T dx
o 1Q1JoJy e-yl<

100

By the truncation K(y) is finite, and our goal is to show that sup K(y) < C < oo since
O<y<l

Q)
P o / / / | |®f1<y>|211rs<®,1<y)> dx< sup K(y).
x—y|<

10l e 0<y<l
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Fix a cube Q and define Qy, := {x € Q : G,(x) > N}. This set is open so we can make a Whitney

decomposition for it Qy,, = U Q; =. We also define
J

FNy ZQ\QN,y~

min(£(Q),1) 5 min(((Q), 3) )
/ / / O10)P 11 (©,10) 24 m < / / / 10,101 (0,1(7) 2 ,m
0Jy [x=yl< 551 Fny [x=yI< 155

00!

|Q | mln(f(Q,) )
| =L / / / O 10)P1r(©,10) 24 e
Q] [x=yI< 155

100

|Q | mln(t”(Q),;) dt
= 10, 15)P L1 (®,1(7)) nyﬂ
|Q; 0, Jmax(r.00)) Jix-yl< 1

< N2|Q| +K(y)(1-p)I0|

mm((’(Q),%) 5
+Y / / / OIOP 1@ 1) 2 d
j m Jx=yl< {551

ax(y.{(Q;))

Claim 4.3.1.

J

min(£(Q).5) dvdt
/ / 0,1 1r(©,1(y)) tnyﬂ dx < ClQj|. “.3.1)
[x=yl< 557

i S max(y,{(Q;))

Assuming the claim, we have

K(y) < N*+K(y)(1-p) +C

2
= K(y )<N +C

uniformlyiny = sup K(y) <C
O<y<l

Q)
= / / /| | 01(0)P11(®, 1) ,,+1d x < ClQ|

) dt
=>// I®t1(X)I2]lre(®tl(X))7deCIQI
0Jo

(0 dt
= / / 1©,1(x)*—dx < C|Q|.
0Jo t
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Proof. of Claim 4.3.1

Take x; € Fy,,
lx—xj| ~ Q) Vx€ Qj= IC, < cosuchthat{y e R" : [x—y| < COONN{y e R" : [x; =y < C,{(Q))} # 0
Vx € Q;.

For t < C,0(Q)),

yeR":|x—yl<tyc{yeR":|x; -yl <t+Cl(Q))and |x; — y| > t} = D;.

min(£(Q), %) 5 min(£(Q),1) 5
/ / 10,10)P1r(@,1() M i < / / / O ()P Lre(®, 1) ,H,
Pr=yI< 1551 Jx—yl<t

max(y,((Q;)) Q; J max(y.((Q;)

Q) dt
/ / O10)P 1 (@,1) 2L
w0y o t

/ / / 10,1091 (©,10) 2%
007 JIx—yl<t r

=1+11

A

J

(T ]

Cf(Qk)

tn+1 - t2

SU(I))”@zf”Z < Clifl = / 10,120, Tr2e(; 12, (y))
>

= 1<ClQ)l.

[II Define S (f) = A(x;, 1+25 1 p)\ A(x;, t+2%p), where p = C,0(Q;), for k > 1, So(t) = A(x;, 1+20) \ A(x;, 1.
Take 1 > e = 3(1 - %) > 0.

Then

© dt
11, := 0,(1 2dy—d
1 Zk:/j /2(“)kp Af—yql Ao ytml *

(-

dt
= [ ety s
 Jo; Jeuop Sy« !

Dy = A(xj,t + CEQ) \ A(x;, 1) and 1T < I1, + I1,.

From here the proof goes exactly as the one in Section 3. O
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Chapter 5

Application 1

Let’s consider

Lit := =D, - (AopDgid) (5.0.1)

is defined on R™! = {(x,1) € R" X R}, n > 2, ii are N-dimensional vector valued functions,where D, = % is
the partial derivative with respect the variable x,, 1 < @ < n+ 1, and where Aop = App(x), l L@, <n+1,

are N X N matrices of L™ complex-valued coeflicients, defined on R” (i.e. independent of the t variable) and

satisfying the uniform ellipticity condition

N n+l

D D P < ALEE Al < A (5.0.2)

i=1 a=1

for some 4 > 0, A < oo, and for all £ € CN, x e R” (the divergence form operator L is interpreted in the weak
sense via a sesquilinear form).
Let’s note that ViZ is a (n + 1)-dimensional vector of N dimensional vectors (i.e. an (n + 1) X N matrix).
We say that LiZ = 0 in a domain Q if i7 € Wlla’f_(Q) and

/ AX)VEX) - VE(X)dX = / AlsDpuD; = 0,
Q Q

for every CN-valued ¥/ € CP(Q).

We define the Dirichlet problem in the upper half-space
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i . n N —0 = n N -
Li=0in R}, ii(x,1) — f(x) € L(R"), sup ||ii(-,1)| v < Cll ),
>0

and we denote it by (D),,.

We define the Regularity problem in the upper half-space

Li=0in R, (e, =5 flx) € IR, sup [V, )| gy < IV Fllirn,
and we denote it by (R),.

For L as above, there exist the fundamental solutions E, E* associated with L and L*, respectively, in
R™1, so that Ly, E(x,1,y,5) = Oy, and L; (E*(y,s,x,1) = L;‘,’SE(T,y,s) = O, where §x denotes the

Dirac mass at the point X, and L* is the hermitian adjoint of L (cf. [HK]). We define the Single layer potential

operator, by

Sif(x) = / E(x,1,y,0) f(»)dy, 1€R.

Rn

Remark 5.0.2. For simplicity of notation we won’t carry the vectorial notation through the remainder of the

section.

Theorem 5.0.3. If (R), and (D), are uniquely solvable boundary problems, for L*, in the lower half-space

2n

=5, and some q > 1, then

n+l ol 2n
R, with =5 < p <

© dxdt
/ |tat2Stf(x)|27t < C”f”%Z(Rn)a (5.0.3)
—oco JR?

or

o dtdx
/ / ItﬁfS,f(x)lz—t < CllANGaens (5.0.4)
nJ0O

where S, is the Single layer potential for L.
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5.1 Reduction of Problem

Claim 5.1.1. In order to prove the Theorem 5.0.3 it’s enough to prove that

© dt
/ / |tma;n+15,f(x)|27dx < Cull fl32zny for somem > 1. (5.1.1)
nJ0

Proof. Let’s prove that (5.1.1) = (5.0.4).

Fixe>0,R >>€,m > 2,0 <n < R. Define S7 = [~ ¢,(t—5)S sds, where ¢ € CX(R), ¢, (1) =77 (%)
It is enough to verify that that (5.1.1) = (5.0.4), for f € Cy, and with S, replaced by S, as long as we obtain
bounds that are independent of 7. To simplify the notation, we suppress the dependence on 7, and just write

S, except when the dependence on 7 is relevant. Consider now

R dt R
[ [wemarsawrSa= [ [ @rsioo- @rs.fo- e s
IXI<R J e [x|<R J €

1 R 5 -
= " Lgm PR - 71 . am 2m—2
= Cm A<R (| a Stf(-x)l d ] =€ 2m _ 2 A<R/5 8t (al S,f(x) (9[ Szf(x)> t dtdx

R
/ / 10718 FQOL- 107'S 1 f ol drdx

< (Boundary Term) +
2m —2

< (BT) + — { (/ / S, fx )|2dtdx> 1(/ / S S )lzdtdxﬂ
2m —2 <R <R

and therefore, hiding the last term, we have

Lo [ ans e ax < . fo [ gep
Claim 5.1.2.
(a)
firg. ek (1"'ay ST foP],_ dx=0
(b)

lim sup / |f"*16;"s,f(x)|2] dx < Cl\fI72 -
|x|<R =R

R—o0
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Assuming this claim means that if it’s true for case m, is also true for the previous case m-1, and by

induction would be true for m = 2 that it’s (5.0.4).

Proof. of Claim 5.1.2

(a) lim (I'ors T fP],_ dx = 0.
e—0 Ix|<R -
Recall that S} = fooo @n(t — )8 ¢ds, where ¢ € CZ(R), ¢, (1) = n ' (%) Note that if for every R > n > 0

fixed, we have lim,_,g f‘x|<R (lem=tams T f(oP] .. dx = 0 (note also that R and ;7 don’t depend on €), then we

get (5.1.2) (a). We write

A" 1ST) = 8, / " p,S (s
0

) m—1
= 19t/ (1) Yyt — $)Sds
0 n
a 1 m—1 0
=5 (y) [ sramoas

for some ¢ € C°(R).

@rS7f) =8, "'STf)

~ 1 m—1 a B
= (U) EL (fer)

1 m—1
() L™'D(fy).
n

So
€ 2(m-1)
/ ST F () Pdlalee = () / L D(fu)Pdx
[x|<R n |x|<R
e\ 2m=D 1 ol
< () (R") ( / IL"D(fwn)(x)Iz("-"dx>
n |x|<R
€ 2m-2
<C <n> ‘R- ff |F Py (s)Pdxds — 0 as € — 0.
Then [}, _p ["0"*'S7 f(x)Pdx]i=e — 0.
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oI—

(b) ( [ (It’”B;"“S,f(x)lzdx]t:R) < C||fllz2gn (uniformly in R). Set

3 R 3R
Q:=Ag={x:|x <R}, IR={(x,t):|x|<5R,—<t<—

2 2}'

(5.1.2)
Claim 5.1.3. It’s enough to prove that

ZupR- f f 167 1 f ()P dxdt < ClIfl[72ze- (5.1.3)
<00 IR

Proof. Claim 5.1.3 Let’s prove it by induction using Caccioppoli in slices (proposition 1.4.2) to reduce the

derivatives in each step, bearing in mind that # = R.

meHm+1, m>1,

1 1
G / 1S, fPdx < CR / 01, f(0Pdx
(4] o

R 1

<C—v — ff A"S  f (x)Pdxdt

C@riol ), 43

R2m 1 ff » )

<C———— S fI dxdt

rior JJo. 7
< (applying Caccioppoli (m — 3) times)
R 1

= Sy igm ] f f 1078 1 f ()P dxdt

sczeL f 1628, f (x)*dxdt
10l JJi,

= [ |"9"S, f(x)|dx

Ar
<C-R f f 102 . f(x)[dxdt.
I

Form =1,

Jo, 978 1 f(0)Pdx < C (lQ%l I, 128, f(x)|2dxdt) < C-R [], 1678 f(x)Pdxd.

O
%
To bound (R [, s, f(x)lzdxdt) we dualize with /i € L2(I) such that [|Al| 2, < 1.
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( f S zf(x)lzdxdt>z < CR} f f h- 828, fdxdt
IR IR

~CR? [ 0,1 (L") By hdx
Ag

2
< CR%“f”LZ(R”) (/ |611+1(L*)_lan+lh|2d-x> < Cllfllzzen.-
Ar

For the last inequality we have used the following claim.

Claim 5.1.4.

2 -
( |a,,+1(L*)-la,,+1h|2dx> <C-R™. (5.1.4)
Ag

Proof. of Claim 5.1.4

Bt (L) 0y h(x, 5) = ff&;E (x, 5, , Oh(y, dydt

- [[ s ome v

We know V(L") 'div : L*(R™") — L*(R""). In our case, s = 0 (or more precisely, |s| < n < R, when

working with S7), so we are away from the pole. Therefore, as in the proof of Cacciopoli on slices, we have

1

2

3 1
( |an+1(L*)lan+lh<x)|2dx> <c(2 f f Ot (L) B h(O Pt
Ag R {(e0):|xl<R, =R <1< ¥}

<C (11e f flR |h(x)|2dxdt>2

< CR~.
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5.2 momt1S, satisfies the Square function conditions as in 4.0.1 for

some m big enough (m > 32),

(a)(i) sup ||t’”8:"+15,f||Lz(Rn) < Cullfllz@nsy, Ym > 1. We may assume f € Cg’. We fix ¢ > 0, and set ¢ = R.
>0
Let D(¢) denote the dyadic grid of cubes such that t/2 < £(Q) < ¢, for Q € D(¢). Given Q € D(¢¥) = D(R), let

Ig := Q%X (R/2,3R/2) denote the “Whitney box above Q, and set So(Q) := 20, S (Q) :=2/"10\2/Q, j> 1.

Finally, set fj := f Is 0, J2 0. Then, as in the proofs of Claim 5.1.3, and of estimate (5.1.3), we have

12 12
( |tma',"“s,f(x)|2dx> = (Z / oS, f(x)|2dx>
R 0

0eD(r)
o 1/2
<> ( > / IS, fj(x)|2dx>
=0 \gen(n ¢
12 o 12
< (Z R f |6?Sffo<x>|2dxdr> > < > / It’”ai”*'Su‘j(x)lzdx)
0eD(r) Ir j=1 \gep(n” ¢
12 o 12
< (Z / |f<x>|2dx> +> ( > / |f"6:"“szf,-<x)|2dx)
QeD(r) ¥ Aor j=1 \QeD()” @
o i 172
SC||f||L2(R")+Z<Z / Itma’,"”S,fj(x)Izdx> )
j=1 \Qeb(n @

In turn, by the case j > 1 of (5.2.3) below (whose proof does not depend upon the present estimate (a)(i)),

we have

. 2/r
3 /Q S fi(0Rdx < 27 / (Marmn ) ax,

QeD(r) R
for some r < 2, and some & > 0, whence the desired bound follows.

(n+2+8)

@GD 137 (f - Laimguilliz < €27 7 lifillzainionio)

Remember that since adj(S ,L) =(S f:) (and both are of same type) so it’s equivalent to prove (by duality)

1"9"18,(f - Lollzemowe < C2H Dl flz. (5:2.1)

Set f=f- 1g,R; = 2/Q and R = £(Q) (note that R < t < 2R by (4.0.3)). By induction, for m > 1,
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~ 1 ~
m g |tm(9m+15tf(x)|2dx < CRZmﬁ ’ |(9;"+1(9;71+1Stf(x)|2dx
iT AR PR

<C R 1 f f 10"S , f(x)|>dxdt
= s —— X X
f(Rj)2 |T1’5j| 7, 91

R2m 1 5 5 )
< Cf(Rj)z(m_]) |Tm,_1)*‘ fj;;:_”* |atstf(-x)| dxdt
J

R;

. 1 ~
sczezz—ﬂ'"—”zTmfl)*| f f 1628, f(x)|*dxdt
R Ik,

R2-j26m=1+1] B
<C——rn—— f f 1628, f(x)|*dxdt
ITg,| I,

where I, 1= 4R; X (t = {(R)),  + {(R)) and Ty, := 2R; \ R; as defined in Proposition 1.4.2.

So
/ " S, f(x)Pdx < C - R - 27/12m= D+ f 1078, f(x)Pdxdt.
Tx; Ig;
Form =1,
~ R? N
— t0?S  f(x)|*dx < C— 1028, f(x)|*dxdt
x| J1, [EAINNTS
C-R-27/ N
_— f 628, f(x)[*dxdt.
ITg,| I,

From a variant of (5.1.3) (which is proved in the same way), and using that f = f - 1o,

27/R f 1028 f(x)dxdt < C / If(x)|Pdx < C / lf(x)dx .
Ig; (¢

n+2

We choose m such that2(m —1) =n+f > 2m=n+p+2 som > 55=.

(b)

For s <t,

N
13771104 Pl < CUQ Ml < Cllflesy < () Wfllizcen

Claim 5.2.1.

1
1737 1(S V) fll 2y < Coll Az

Remark 5.2.2. St ~ S£, so we have the claim for L* in order to move V to the front.
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Proof. Let D(f) denote the dyadic grid of cubes such that /2 < £(Q) < t, then for Q € D(r)

1900718 Sy = D 1015 o / Ve gLS, flRdx

QeD(1)
1
<C |Q2| - ff | ma’n+1SYf|2dde
Qem 2107
1 2
<C Z -sup "3} 1l
QeIDJ(t)
<C) - ||f||Lz(2Q)
QeD(t)

1 2
S C?”f”[}(ﬂ@)

= [IV"37 'S fll < CHlIf ).
In the proof we have used Caccioppoli in slices to get the second inequality on the previous reasoning and

denoted Q** := 20 X (¢/2, 2¢) so that the constant is independent of m. ]

If we choose Q; = s2divVe*™® (= s2Ae*2) and substitute V£ by Q,f in the claim we obtain the desired
inequality for the case s < t. In the appendix, proposition .1.4 we have that Q; satisfy L? off-diagonal esti-
mates, this is due to be able to pull out one of the ”s” and the fact that sVe™ 1 [2 — [2 In[A]is proven that

this operator Q; satisfy the required conditions which proves (b) with 8 = 1.

(¢)For j=0,1,2,...,and t = £(Q), we have

1
1 -

( / |t’"6:”+‘s,(g-1s,<Q>>(y>|2dy> <C-27W .G ( / |g(y>|’dy> , (5.2.3)
80 Si(Q)

1<r<2,v>2 800 =160, S,(Q) =20\ 2/7Q.
Note that by duality, it’s equivalent to proving L” — L? <> L[> — L”.

So we are going to prove

1
7 L

( / |f"6§"+‘S,”‘<f(x>-18Q<x>>|”dx) <C- 27D ( / If(x)lzdx)z
Si(Q) 80
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with ' = %, r= nzfz’ t<0.

Define u,(x, 1) := """ IS (f - 150(x)).

1

vy )
/ Ium(x’ t)lr/d-x < Z/_h/lm(.x, t) - f um(y’ [)dylr/d_x
510 P o]
M r ri'
+ Z / fum(y,t)dy dx| =1+1I,
k=1 0 \Yg

k

where we have decomposed the annuli S ;(Q) into cubes of length 2/%3¢(Q), so that U,i”zl Qi 2 §;(0), with

M<C,.

Term II. By the Cauchy-Schwartz inequality and the dual version of part (a)(ii) above,

1

& L \YQ - 0l
B (/ [etm (, f)|2dy>
S (0

L/ _1 n+2+ﬁ
C (2MQN)7 7 2777 I fllso)

- ‘_
(St

C (2MQl)”

1_1 I N | _ n+2+4
< Ct_"(]’ . 2]"(,.]/ ;)2 J(—5) ||f||L2(8Q)

L1y Al
=Cr"Gm2) .70 1Allz2s0) »

inthiscasewithv:§+l+§>§.

Term I. By Sobolev’s inequality,

2

( i (x, 1) — _u,,,(y,t)dyr’dx) ng‘f(Q)< bqum(x,t)Izdx> )
[0 o !

ol

By Caccioppoli on horizontal slices, and the dual version of part (a)(ii) above,

/qumw<@m@) lm(y, $)Pdyds

IQk |(Qk) | Q)

< Qu)™ 0 2~ (2+)j / Lf(0)Pdx.

Ikl
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Hence,

( _|Vum<x,t>|2dx> < (2e) T ( / If(x)lzdx)
80

&%

Since ¥ ! = (n +2)/2n, setting v = % +1 +§ = Iﬁ +1 +§ > ’;’, we conclude that

7

( / S () - 18Q(x>)|”dx>
Si(Q)

s (0Q)” 2 ( / , |f<x)|2dx> 5

. 2
< 27D ( / |f(x)|2dx> )
80

(@)

su([))||t’”8;"+15,f||Lx(Rn) < Cllfllesny, for 2n/(n+2) < s < 2n/(n-2). 5.2.4)
>

Remark 5.2.3. For n = 2, we have that (5.2.4) holds for 1 < s < oo, because in that case the kernel of
m3"*1S,, m > 1, enjoys appropriate pointwise bounds; see [AAAHK]. Therefore, we shall assume that

n>3.

By interpolation with (a)(i) above, and duality, it is enough to treat the case s = 2% > 2=} = 2. We fix

t > 0, proving the inequality with a constant independent of t. We claim that, for £(Q) = ¢,

2

(f |r'"6:”*‘sf(f-15,-<Q>><x)|fdx>“'ssz (f |f<x>|2dx> , (5.2.5)
(Y] Si(Q)

for some uniform & > 0. Taking the claim for granted momentarily, we write

1/s e
( |rma;’”lsff(x)|fdx> = (Z way’“s,f(x))pdx)
Rﬂ

0eD(1) ¥ @
oo 1/s
<Y ( > lol f 73S (f - 1s,-<Q>><x>|de>
=0 \QeD() o
<. 5/2 Vs s\ /s
sy o ( > Ilessinfo (M (IfF) ) ) = ( [ (mam) ) ,
j=0 0eD(r) !

where in the next to last inequality, we have used (5.2.5); (d) now follows.
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It remains to prove (5.2.5). To this end, fix j > 0 and set u‘,ﬁ,(x, 1) = t’”é;’”lS,(f - L5 (0)(x)). Then

(JC Iu;’;l(x, t)Ide>Y < (JC Iu{,',(x, 1) — JC u,J;I(y, t)dyl‘dx)v + Jclu,f;,(y, Didy .= I1+11I.
o Qo o 0

Term II. By the Cauchy-Schwartz inequality and (a)(ii) above,
%
Il < ( f w (v, t)zdy>
Qo
%
_1 i
- lor? ( [ wio. r>|2dy)
9]

n+!

248
) 1 Nlz2¢s 00y

1/2
—i(1+8
SERed & T
Si(Q)

which yields (5.2.5) for term Il withe = 1 + 'g > 0.

<lors -2,

Term I. By Sobolev’s inequality,

( f lul (x,1) — J[ ul (v, t)dylst>
0 [

By Caccioppoli on horizontal slices, and (a)(ii) above,

< 0Q) ( f Vil (x, t)Izdx> .
0

1
107

f IVul (x,)dx < (£(Q)) 2 f |/, (y, $)I*dyds
] o

< (UQ)2 L o-t2m) / F P,
Si(Q)

10l
Hence,
1 1
2 n+2+f - ?
Q) ( / |Vum(x,r)|2dx> slort2 / If(x0)Pdx |
0 S;(Q)
so that
%
[ <20+ f FoPdx |
Si(Q)
as desired.

5.3 Construction of b

In order to construct the family {bp} we need to construct a Poisson kernel type of function.
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Claim 5.3.1. If (D), is solvable for L* in the lower half-space then there exists a function k¢ such that

JCJC u(y, s)dyds = / ko(2)f(2) dz,
RH
Ro

where Ry = 10 % [—yf(Q), #} ., and u(x, 1) is the solution of the Dirichlet problem (D), for L* with data

f (and where y > 0 small to be fixed later in 5.3.2). Moreover k¢ is an L” function and

/ lko()IPdz < ClQI'™P
Rn

Proof. of claim 5.3.1 Applying Holder and that u(x,t) solves the Dirichlet problem we get

>

ff u(y, dyds| < ff (s )7 dyds
Ro Ry
e ) v
= */ /Iu(y,S)I”dde
IRol J—yeo) /10

1

—vUQ)

1 JC 2 , v
<C — lu(y, )| dyds
ooy ( (@ Jr

Q)

1 2 ’ ” -1
<c— f Sup [y, )L s | < 1017 1fll oy
Q|7 —yl(Q) t<0

Taking the supremum over all functions in L (R") with unit norm and applying the Riesz Representation

theorem to the linear functional 7" : f — JSCRQ u(y, s)dyds. m}

For every cube Q we define bp(x) := |Qlko(x). So let’s verify that such a family satisfy all the required
conditions.
@

/QIbQ(X)I”dx < Clo|
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/Q [bo(0)IPdx = |QI° /Q lko()Pdx < C|QI|0|7

< o= < clo|

(ii)

g
) dx < C|Q|

Q) dvdt
m am Y
/ (/ / d al HSle(y)'Z ]
0 0 |x—yl<t

By (5.2.4), the unique solvability of D,,, the fact that V(y, s) := E(x,t,y, s) is an adjoint solution in the

lower half-space, with (x, ¢) fixed in R"*!, and the fact that ko € L? with 2n/(n +2) < p < 2n/(n - 2), we get

+

1318 bo(x)] = |QIm ! / E(x,1,y,0)ko(y)dy
er

= Q"o J[JC E(x,t,y, s)dyds
Rg

Then,

«Q) dvdt 5
/ ( / / It'"a;"“s,bQ(y)Fy) dx
(o] 0 Jx—yl<t t
2 2
“o dydt
=/ / / JCJCIQIt’"é‘Z"“E(y,t,z,r)dzdr DEN gy
0 0 |x—yl<t s t
o

4
()] 2 dvd 2
e[ ([ i),
0 0 |x—yl<t 1
r
Q) 1 2d dt 2
< ClQl f / / — f f IVE, 1,2, 1)1, (2, P)dxdr| 2= dx
0Jo  Ju—y« | €O Ro t
“«Q) £
< ClQ| (ﬂQ’” f / / I6f”1u(y,t)|2dydtdx>
0J0 [x=yl<t
i(0) 5
< Clo| (5(Q)—‘—" / / / |6,2L‘1]lRQ(y,t)|2dydtdx>
0J0 Jx—yl<t
4(0) 5
< Clo| (rg” / / |63L11Rg<x,r>|2drdx)
50J0

P

<cl0l (f(Q)_l’” f fR IJIRQ(x)|2dxdt) 2

1
—" || O EQ, 1,2, 1)1k, (2, rdxdr
@ J,

< Clol
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Let’s note that the constant depends on 7.
(iii)
VOl < Col(Q)™, 0<C) <Dy(x) < 1onQ

Let @ (x) be the constant function 1.
(iv)

SEP < Re (5-(IQI)‘1 /Q bQ(x>dx) £

To help us with this last condition let’s define some auxiliary functions. Fix a cube Q and an unit vector &.

1 ifxe Q
Dp(x):=4 0 ifxeg (1+6€Q
0,1) otherwise

€ > 0 small to be determined later in 5.3.3. @Q is a Lipschitz function with ||Vd>Q|| Lo@ny < %

Also define Wy as the solution of
L'Wo =0 in R™!
(R)g =< Wo(,0)=Pp-& 1
supo IVWo(, $)llzaen < ClIV®qllLien) < € 51017
Claim 5.3.2.
1 5 z 2
=& | bo(2)Po()édx = I€°(1 + O(e)).
101" Jge
Proof. of claim 5.3.2 Let’s note two facts. By construction we have
JCJC Wo(y, s)dyds = / ko(2)®@o(2)dz, (5.3.1)
Rn

Ro

and by the Fundamental Theorem of Calculus

0
0 - _
—/ EWQ(y, T)dt = Wo(y, 5) = Wo(y,0) = Wo(y, 5) — Po(n)é.
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Therefore,

& /R ) bo(x)Dg(x)édx = |QI¢ JCJ[ Wo(y, s)dyds
Ro

—ylQ) Q)
~ 10 Kf f f Wol.s) - %(y)édyds) " <§ f f %(y)édyds)]
—yt(Q) % 0 —yt(Q) % 0

= [OII +1D).

Using Holder’s inequality and the fact that W), is a solution of (R), we bound the part I as follows

—ylQ)

¢ f o f Woly, 5) - ®o()Edyds
—yl(Q) %Q

—ylQ)

-5 0
“footol
—yt(Q) Y10 Js
0
SW(Q)JCJC
30 J-yUQ)

0
<y((Q) f f
%Q —yl(Q)

1 -
< C%(Q)@IIVCDQHU(R")

vt(Q)
C
=

Rel < |I| <

drdyds

0
e Wo(y, 1)

0
g Wo(y, )| drdy

1

q q
dey)

0
e Wo(y, 1)

<ct
€

=0(e),

where in the last step we have fixed
YR €.

Also, we get that IT = |¢]> = 1 from CI)Q =1lin %Q.

By Holder’s inequality
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(5.3.2)



Re (f/ bo(x)(Lo(x) — Ci)Q(x))EdX) <10 Ibollren I(1 + ©Q\ QI
R

< ClOI 1017 (elQ) 7

1
<e”|Ql

Finally putting all the computations together and choosing epsilon small so that

(5.3.3)

N =

Ce—Ceﬁ <

_ 1 - - _
Reff bo(x)édx = —Re ({-‘/ bo(x)Do(x)dx + f/ bo(x)(1p(x) — (I)Q(x))g-‘dx>

0 |0l R R
1

>1-Ce-Ce’ > .
= € EP 2
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Chapter 6

Application 2

Let A be an n X n matrix of complex, L™ coefficients, defined on R”, and satisfying the ellipticity (or “accre-
tivity””) condition

AP < Re < AL £ >= D Ay(0EE 1Al < A,
i.j
for £ € C" and for some 4, A such that 0 < 1 < A < co. We define the divergence form operator

Lu = —div(A(x)Vu),

which we interpret in the usual weak sense via a sesquilinear form.

The accretivity condition above enables one to define an accretive square root VL = L.

Theorem 6.0.3. [AHLMcT]

Let L be a divergence form operator defined as above. Then for all h € L3(R"), we have

VLAl 2y < ClIVAl e,
with C depending only on n, A and A.

Proof.

Proposition 6.0.4. ([A], [D])

L f(x) = c / et F(x)dt.
0
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In [AT], it is shown that the conclusion of Theorem 6.0.3 is equivalent to the square function estimate

dxdt
ff O, ViPEE < Cuan / \VA[*dx,
R+ t R

where ©, = te"LdivA. Thus, to prove this theorem, it is enough to verify the conditions of the Local Tb
Theorem (Theorem 4.0.2), for the operator ®, = te™""“divA, with N = n, and with H := {Vh : h € L2(R",C")},
a subspace of L?(R",C").

Ly

(a) Since the family of operators { ViVe ™). satisfy I? off-diagonal estimates (Proposition .1.6) and the fact

that A € L*(R") we get condition (a).

(b) If we choose {Q;},-0 of convolution type satisfying the required conditions.
O,VF = VQ,F since Q; of convolution type.
Let VF € H, then (by definition) F € L2(R*,CY) & F = I, f where f € L*(R",CV) and I, is the Riesz

potential for @ = 1 as defined in 1.3.4.

te"LdivAQ,VF = te "LdivAVQ,F
= —tLe"LQF
1 27 1L
= _;t Le Qsllf
—S 7 _2L 1
= —+tLe 7Qs‘11 f
t N
Using the fact that 2Le"L : [* - [? and %Qsl 1+ L* — L? we finish condition (b).

(c),(d) Asin (a)in[A] we have that the family of operators { VA T satisfy such conditions joint with the
fact that A € L*(R") we get conditions (c) and (d).
Finally, we need to find a the family of by indexed by cubes Q satisfying the required conditions. In

[HMc], [HLMc] and [AHLMCcT] is proven that such a family exists and satisfy such conditions.
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.1 Appendix A

Definition .1.1. Let 7 = (7))~ be a family of uniformly bounded operators on L?(RY). We say that 7
is L? — L7 bounded for some p,q € [1,o0] with p < g if for some constant C, for all #+ > 0 and all & €

LP(RY) N L2(RY)

d

1 1
T Al oy < CE 2571l o ay.

We say that 7 satisfies L? — L9 off-diagonal estimates for some p,qe [1, co] with p < ¢ if for some constants

C,c > 0, for all closed sets E and F, all 2 € LP(R?) n L*(R) with support in E and all > 0 we have

”Tth”Lq(F) <Ctr2rde c ||h||L[’(Rd).

d(l_1y _ dis®(E.F)

We say that 7~ satisfies L? off-diagonal estimates if for some constant C > 0 and for all closed sets E and F,

all h € L>(R?) and all ¢ > 0 we have

dis®(E,F)

I T:hll2ry < Cem e [lhllp2eray.

Proposition .1.1. If (T));o is a family of operators that satisfies L’ — L1 boundedness (resp. off-diagonal
estimates) and (S ;)0 is a family of operators that satisfies L1 — L™ boundedness (resp. off-diagonal estimates)

then (S Ty);0 satisfies LP — L" boundedness (resp. off-diagonal estimates).

Proposition .1.2. Let p € [1,2) and n > 1. Let S = (e7'F),59 where L is an elliptic operator of divergence
form.

(1) If S is LP(R?) bounded then it is LP — L* bounded.

(2)If S is L — L? bounded, then for all q € (p,?2) it satisfies LY — L? off-diagonal estimates.

(3) If S satisfies LP — L?* off-diagonal estimates then it is LP(RY) bounded.

Remark .1.3. The result applies when 2 < p < co by duality: replace L” — L? by L? — L? everywhere. L>(R%)

could be replaced by LY(R%) for q larger than 2 if necessary.
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Proposition .1.4. The families (¢'");50, (tLe™™)50 and (ViVe ™) satisfy L? off-diagonal estimates.

Corollary .1.5. Let I be a cube in R™!, fi(X) = f(X)1s,1(X) and S (I) = 28711\ 2¥] then for some constant

C>0,
% L
) ist2 (1,8 (1
f e ROOPAX | < ce T f FOOPAX |
1 S
: !
HIZ
ffivivetacorax | < ceEE (| ffiraopax |
1 Si(D)

o=

1i.\r2 5
ff'Tate—TLfk(X)lde < Co ff lfFX)IPdx
1

S

Proposition .1.6. (Gaffney estimates [A],[D],[AMcT],[BLP],[IS]) Set d = n + 1,L be t-independent as de-

scribed in section 5, then A€y > 0 such thatVq, 2 < q < n%”z + €, we have

— =d 1 ﬂlnl(AB)
lle™™ Fllzacay < Cr3 T 0™ E L g,
where supp(f) € B, C := C(d, q, A, N), € := e(d, A, \).

Corollary .1.7. If we consider A = B = R¢

L _d1_1
lle™™ fllzagay < CT 2T 2|\ fll o -

Remark .1.8. As stated in [A], if we prove that our operator is L° bounded, then Y¢q' € (s’,2) our operator

satisfies LY — L7 off-diagonal estimates, which is exactly the previous proposition.

Proof. Proposition .1.6
Let’s define D.(R"*!) the dyadic grid such that for I € D,(R™"), T ~ £2(I),

fi = f Ls,ay, with So(I) = 21, and S (1) = 2817\ 241

Claim .1.9.

1

JC le L fl9(X)dX | < Ce™
1

1

2

dis2 (1S (1))
Ct

f X)X

Sk
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Claim .1.10. If previous claim is true, then

1

ff eTEAI0AX | < Cinf (MUFP)F (X),

1

Assume both claims .1.9 and .1.10 are true.

[ letrconax = 3 ff e roopax-in
R’I'PI

1eD: ©°%

<CY it (MAPX0)* -1

leD;

<cy f fl (MAPI0)* ax

1eD;

<c ([ i)t ax

< Cff |l9(X)dX.
Rr+l

Proof. Claim .1.10

1 1

Hresoorax | <3 e aoorax
T K T

<cy e f FP(X)ax
k

Sk

< Cinf (MAfP)* (X),

q

in the last inequality we have used that
dist(I, S (1) ~ QX)) = disP>(I, S (1) = QD27 ~ (I = BLLSUD) . 92k
Se<c

£, [PCOAX < C f 0 IfPXOAX < Csupyoy ff, IfF(X)AX, VX € 1.

Proof. Claim .1.9 We are going to prove it with exponent s = 2* = n%”z

We know that the following results are true:
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isr2 S
JCJC le™™ fu(X)IPdX <o ]C IFPX)dX |

1 Sk

1 1

ff VTV ™ ROOPAX | <o JCIf|2(X)dX ;

1 Sk
1
2

-L 2 _disPA.S D) 5
ff et roopax | < EE | ff yPovax

1 Sk

Define h := €(I) = £(Q).

1 1

z +h %
ff e e dxdr | < ff e 1) = G dxdr |+ ( fﬂ |c,|2*dt)
1 1 “
+h N zi* +h N zi*
( f f le™™ fi(x, 1) — C,]? dxdt> + ( fﬂ IC,)? dt)
a Q a

<C sup <JC |eTLfk(x,r)—c,|2*dx) + sup |Gyl
0

t€la,a+h)] t€la,a+h)]

-

=1+11

Choose C, = ( £, i, t)|2dx> ’

1
2
= sup ( f le ™™ fi(x, 1) — C,? dx)
t€la,a+h) (o]

<C sup (JC | VTV fi(x, t)|2dx>
o

tela,a+h]
1

a+h 2
<C sup (JC 7|Ve L filx, 1) — JC Ve filx, t')dt’lzdx)
(Y] a

tela,a+h)

a+h
+C ( Jf 7| f Ve ™ filx, t’)dt'lzdx)
Q a

= I] +12

-

by Poincaré.
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a+h 2 2
|| = (JCT JC Ve ™ fi(x, )dr dx)
Q a
1

a+h 2
<C (r f f Ve ™ fi(x, t’)|2dt'dx)
Q Ja

1
<Ce e 17 (X)dX
Sk

By Gaftney,

(SIE

a+h 2
Il = sup ( f 7 |Vee ™ filx, 1) - f Ve " fi(x, 1)dt dx>
t€la,a+h) Q a
+h 2 %
< sup f T fﬂ (Vee ™ fi(x, 1) = Ve ™ fi(x, £))dr’ | dx
tela,a+h] ] a
+h et 2 2
< sup ( JC T f / V. 0pe ™ fi(x, 0)dt dtf dx>
t€la,a+h)] o a i
+h %
<C ( f s fﬂ IV dre™™ filx, r”)|2dz”dx>

(|I|f |V u(X)| dX>
<C (|TI| f f |vxu|2<x>n%<X>dX>2

u(X) := u(x,t”) = e~ L filx, ).

nr € Cgomp = 1on I supp(ny) € 21|V lle < 75
Also note that Lu = —d,+u since L is #’-independent. For simplification we make a change of variable

t:t//

’ !
(T ff |qu|2(x)7ﬁ(X)dX> ~ <Re ff AV,u(X) -V ”(X)UI(X)dX>
] JJgm il
=€ (ITII ff ., 10l |“(X)In?(X)dx>

} :
‘C <|TI| f fR wO0] X)) IVm(X)Im(X)dX)

R 7 14
=1 +1.
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Above we have used integration by parts.

2 3
Iyl = <|TI| fme [V u(X)] - [u(X)| - |V711(X)|771(X)dX>

1 ;
V. ()X (X)dX S X)|PdX
(|1|fwa' WOORR) ) " (mf () )

1
2

I _astasyay 2
<l + Lo tE LFR(X)dX
€

Sk

2 3
= (5 ], wcor |u<X>|n%(X>dX>
3
_C(T f f 19,y (X)dX) +< f f |u(X)|2dX>
1l JJar ||

(I i f fz ; Iu(X)IZdX) is resolved as before by Gaffney.

‘('3 22 % T3 . , %
<|I| fj;l |0:u(X)| 771(X)dX) = <|I| ff 10,0, fi(x, 1) dxdt)
<|1| f 6/Le”™ fu(x. ) dxdt>

<|;|f |\/_ate 2 TLe 7 fk(x t)|2dth)

l—

The composition of 2 operators that satisfy the Gaffney estimates, also satisfy the Gaffney estimates so

this finishes the part I.

1
2
[l = sup (f |e"Lfk<x,r)|2dx>

t€la,a+h)] Q

+h % +h %
—7L —7L ’ 72 —1L ’ 72
< sup (JCIe fk(x,t)—f e ﬁ(x,t)dtldx) +(f|f e fk(x,t)dtldx)
te[a,a+h] 0 a 0 Ja

=11 + 1.
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a+h %
\IL| = ( JC | f e filx, t’)dt'lzdx)
(0] a

J[ le™ fi(x, )dr' Pdx
1

=

_dis? (1 sku))
<C fPCOdX

Sk

1
+h 2
[II}| = sup ( JC le™™ fi(x, 1) — f e fx, t’)dt’lzdx)
tela,a+h)] o a
+h t %
sup ( f | f / e ™ filx, t")dt"dt’|2dx>
tela,a+h) Q a t
a+h
( f T J[ 10, ¢ filx, r")|2dt"dx)
dur (ISA(I))
<Ce ot (ff If] (X)dX)
Sk

IA

=

IA
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.2 Appendix B

In theorem 2 we needed to find a family of functions indexed over all the cubes Q. With a little modification

we can be reduced to work only with dyadic cubes. In order to do so let’s introduce some notation first.

Definition .2.1. Fix x € 6RT1. Then we define the dyadic cone I'(x) with vertex x to be

[(x):= U Uy
O>x

where

4
Uy = O <(2Q),f<Q>) .

The Q-truncated dyadic cone will be denoted by

fQ()C) = U (L[Q/.
Q’'>x
o'co

Then Theorem 3.0.4 is also satisfied if the system of {by} functions are reduced to a family of functions

indexed by dyadic cubes satisfying the same conditions as before by changing condition 3.0.8 by

dydr\ ®
/ ( ff 16:bo () nyﬂt) dx < Cy|Ql. (22)
Q Fo(x) 14

Let’s detail how this modify the proof of the Theorem starting for the modifications on the lemma and

sublemma.

Lemma .2.1. Suppose that An € (0,1) and C < oo such that for every dyadic cube Q € R", there exists a

Sfamily {Q;} of non-overlapping dyadic subcubes of Q, with the properties

> 1ol < -nlol (2.3)
J
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and

dydr\
/ < [ aor nyﬂ) dx < Cl0) (2.4)
0 Fo(x) t
where
o= |J Uy
Q’sx
Q’'€Good(Q)
and

Good(Q) :={Q' C Q : either Q' N Qy =0, foreveryk,

orif QxNQ #0, for somek, €(Q") > €(Q)}

Then the Carleson measure estimate (3.0.12) holds.

Sublemma .2.2. Suppose that AN < co and a € (0, %], B € (0, 1) such that for every cube Q

lixe Q:Gox) >N}l <(1-p)IQI

1
where Go(x) = (fffg(x) 16, 1(y) ?ﬁt) o

Then the Carleson measure estimate (3.0.12) holds.

Regarding the proofs, first we have that the conditions of the theorem implies the conditions of the
lemma. Our family {Q,} is going to be equal the family {Q;} on the original proof and the function A,
identical to the one in the original proof.

First part of this proof was reducing ourselves from

,,
dydt\ ?
/ ( f f 6,109 nyﬂ) dx
0 Fo() !
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to work with

dydt\ *
IRibo ()= ) dx
-/Q <fffg<x) t !

where R;bo(y) = 01(0)A:bo(y) — 6:bo(y).

The proof continues identical to the original just substituting the projection of the cone |[x — y| < 1 < £(Q)
by QO(x, r) where Q(x, r) as before is the minimal dyadic cube that contains x and have side length at least t.

Regarding Conditions of the lemma implies the conditions of the sublemma is standard by Chebychev
as before just noting that if x € Q \ |J Q; then fQ(x) = ¥o(x).

Finally we are concerned about the proof of the sublemma. In order to proof this we need to add some

definitions in order to “truncate” the dyadic cones by below. We define

1 dydt
K(€) := su —/ff 16,1(y) dx
Qp 10l Jo It T

where

Tpe:= U Uy and 79 .(x) = U Uy

Q'sx Q'sx
0'cQ Q'€Good(Q)
e<l(Q)<1! e<t(Q)<1

With this definition Qy ¢ is not an open set any more but by outer regularity, we may choose Oy, open
subset of Q, such that Oy, 2 Qu,, with |Oy, < (1 - §)|Q|. Since Oy, is open we can make a Whitney
decomposition of such set such that Oy, = | ; Q;and we set Fy 1= Q\ Oy

The end of the proof is identical to the proof of lemma 4.1 on [GM] which use the following facts:
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dydt dydt dydt

/ff O 2 / ff IO D dx +/ ff IO Dot dx
Toe(x) Fye Tpe(x) One Tpe(x)

dydt dydt dydt

/ [ oo Z / [ woaora Z / [ eaopia
Fne Toe(x) Fo;e(®) Y0.6(x)

=I+11+11I

By the Whitney decomposition / < Cy,,|Q| and 11 < (1 — 'g)K(E)|Q|. Regarding III we fix a cube Q; and
x € Q; then by the definition of our cones and by the maximality of Q’s, there exists a point x; in the dyadic
father of Q, say O} such that x; € Fy . Therefore, since ¥g (x) C ¥¢.(x;) we obtain /11 < Cy,,(1 - g)IQI.

Our conclusion follows from the fact that K(e) < Cy,,p Ve € (0, 1) and letting € ™\ 0.
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.3 Appendix C

For theorem 3 we can make modifications as in the previous appendix in order to work only with dyadic
cubes instead of working with all cubes, i.e. theorem 4.0.2 is also satisfied if the family of functions {by}
are reduced to a family of functions indexed by the dyadic cubes Q satisfying the same conditions as before

changing condition 4.0.8 by

dyde\*
/ (ff 1, - o) f+f> dx < Col0l. (3.1)
0 Fo(x) t

Let’s state now the new Lemma and Sublemma used to prove this modified version of the theorem.

Lemma .3.1. Suppose that there exists n € (0,1), € > 0 small and C < oo such that for every dyadic cube

QO € R”, there is a family Q; of non-overlapping dyadic subcubes of Q verifying:

>l < d-nlol,
J

and

dydr\ ®
/ ( f f |®[1<y)|2ﬂrge<®f1(y>),ﬁf) dx < Cl0],
0 Yo%) 4

for every cone of aperture 2e.

Then the Carlesson measure estimate 4.0.12 holds.

Sublemma .3.2. Suppose that AN < oo and B € (0, 1) such that for every cube Q and

lixe Q: Gy(x) > NY < (1 -0,

for all k, where
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didy *
Gy = ( [ eiorizeio ,ff) -
Fo(x) !

Then the Carleson measure estimate 4.0.12 holds.

Once that we have all the “ingredients” we start making the comments on the proofs starting with the
conditions of the theorem implies the conditions of the lemma
Our family {Q;} is going to be equal the family {Q;} on the original proof.

Note that " Uy =Rpand > Uy =Ry \ | JRo, where Ry := Q x (0, £(Q)). This implies that

0'cQ Q'co J
Q'€Good(Q)

for every x € Q if (y,1) € o(x) then (y,1) € Rp \ UJ. Ry,

Then

Ty (11, 101091 @10)%%)  dr < f, ([F, 0 010) - AnsbotP %)

And then as in the previous appendix the proof follows from the original changing the projection of the
cone |x —y| <t < €(Q) for Q(x,1).

Conditions of the lemma imply the conditions of the sublemma and the proof of the sublemma are

as in the previous appendix with

K1) := supi/ ff |®,l(y)lzlrf(@)tl@))dyﬁtdx
o 101 Jo JJr,, r
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