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ABSTRACT 

 

 Increasing petroleum prices have developed a strong demand for an invention to 

reduce fuel consumption, as well as cut the produced amount of carbon dioxide via 

consumed fuel. Hybrid vehicles are an effective invention in terms of the hybrid research 

area because they can accomplish a low fuel consumption rate, thus dropping the carbon 

dioxide volume that is produced correspondingly. The main goal of this research is to 

design and model a hydraulic hybrid transmission that has a controlled pressure 

displacement pump and a controlled displacement motor. The design will show 

reasonable safety factor numbers in the worst conditions of operation. In addition, 

modeling was done for the entire drive train including 16 equations that signify the 

mechanical path and the hydraulic path, which represent the Hydraulic Hybrid 

Transmission (HHT). HHT consists of a manual gear box that is mounted in series with a 

split torque device. The output from the power split device delivers power to the two 

power paths then combines again via a downstream spur gear. A Proportional-Integral 

(PI) control was designed to make the engine work near a wide open throttle line (WOT), 

which is the most efficient way for an engine to produce power. Moreover, PI controls 

the swash plate angle for the controlled displacement hydraulic motor for adjusting the 

hydrostatic transmission output. 
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 CHAPTER 1.  INTRODUCTION 

 

1.1    Introduction 

In recent years, fuel price rates and growing carbon dioxide emission levels have 

increase the demand for hybrid vehicles. Those hybrid vehicles have been found in order 

to satisfy this demand. This chapter focuses on the demand for the hybrid vehicle as an 

alternate solution to the gasoline-driven vehicle; precisely, hydraulic hybrid vehicles. 

Since their introduction into the U.S. market in 2000, consumer demands for hybrid 

vehicles has  grown as was made evident by the increased sales of less than 10,000 cars 

in 2000 to more than 250,000 in 2006 [1]. 

This thesis is being written to document the study of a hydraulic hybrid 

transmission that is used in automotive applications. In this chapter, the background and 

motivation for the thesis will be presented, followed by a review of literature that is 

available in the public domain. The objectives of this research will then be presented, 

followed by an outline of thesis. 

 

1.2    Background and Motivation  

The history of the automobile began in 1769 when the steam engine powered 

vehicle was introduced. Then the Otto cycle engines were developed in the last quarter of 

19th century in Germany [2]. In 1806, the first car that was powered by an internal 

combustion engine running on fuel gas appeared, which followed by the creation in 1885 

of the gasoline powered internal combustion engine. The fuel for those internal 

combustion engines was volatile hydrocarbon, which is separated from coal gas; this fuel 
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was adequate for the earlier kind of carburetors. Later, improvements were done to 

enhance the carburetors, which was a call to use a less volatile fuel (gasoline) [2]. Many 

enhancements were made for the gasoline since that time such as increasing the octane 

number but they were obstructed by knocking “premature explosion of fuel” [2]. In 1908, 

The Model-T ford was produced by the Hennery Ford company, which was the historic 

gasoline powered vehicle, and it was named as the most important car of the 20th century 

[3]. At that time, cars powered by an electrical source fleetingly appeared within a short 

time. 

Fuel consumption and the carbon dioxide emissions have been considered as 

important motivations to begin the notion of hybrid vehicle. A hybrid vehicle combines 

the benefits of a gasoline engine and a continuously variable transmission (CVT) to 

improve fuel economy and reduce carbon dioxide emissions, which are the same with the 

electric hybrid vehicle but with no batteries. Moreover, hydraulic hybrid vehicles have 

two important benefits that achieve the fuel economy, the regenerative braking, and the 

best engine control. Regenerative braking is a procedure to capture and use energy again 

that is normally wasted through brake pads. Best engine control is done by commanding 

the engine to work through the top efficiency, which leads to make the engine working 

with a best fuel economy and undoubtedly a low carbon dioxide emission level.      

 Gasoline has led to an important role that changed the vehicle’s development 

because it is the main energy source to power most of the mid-sized cars. Figure 1-1 

shows a significant increase in gasoline prices over the past ten years. The U.S. is using 

about 44% of the world fuel consumption [4]. In 2003, the U.S. used up to 476,474 

billion liters which equals 1.3 billion liters each day [5]. Then in 2006, the U.S. used 510 
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billion liters [5]. In recent times, there are two motivation factors that has enthused the 

consumers to re-think the gasoline-powered vehicle in the  hybrid vehicle form [6]. 

 

 

Figure 1-1. The increase in gasoline prices since 1990[7]. 

 

The first major motivational factor for considering the hybrid vehicle is the fuel 

cost. It is influenced by crude oil cost issues, refining and benefit costs, and the 

distribution costs. Crude oil is directly related to the other side of the world. In other 

words, the main player in the crude oil market is OPEC, the Organization of the 

Petroleum Exporting Countries. OPEC currently provides about 40 percent of world 

supply and holds about 70 percent of proven reserves than other oil producing countries 

operating outside OPEC [8]. OPEC has controlled the crude oil prices in an arbitrary way 

because, as shown in a dark color in Figure 1-2., these countries are placed in the most 
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unstable areas in the world due to political controversies. Therefore, fluctuation in the 

crude oil prices is on the rise.    

 

 

Figure1-2. OPEC foundation countries all over the world [9]. 

 

The second factor for pursuing the hybrid vehicle is the environment issues. 

Global warming has huge consequences to the earth [10]. The polar ice caps will be 

melted due to global warming and the sea level will be increased producing a global 

flood. Climate changes will be affecting the planted foods that are necessary to human 

existence. The death rate for people will increase due to inescapable disease separation. 

This disease is fulminated due to the high toxin levels in the earth’s atmosphere. Certain 

emissions affect the environment and contribute to the greenhouse results. Notably, 

carbon dioxide, an important greenhouse gas that causes global warming, has attracted 

world attention. The greenhouse phenomenon is derived from infrared rays of the sun 

directed at the earth’s atmosphere, where they are trapped in to keep the earth warm and 
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habitable. Carbon dioxide is a greenhouse gas that damages the earth’s atmosphere [11], 

and it’s a product of the internal combustion engines emission, as indicated in Figure 1-3. 

 
Figure 1-3. The atmosphere CO2 emission concentration since 1978 [12]. 

 

Once more, gasoline is a refined product from fossil fuel. It is related to the 

hybrid vehicles by reducing the fuel consumption under certain conditions, compared to 

similar conventional vehicles, mainly by achieving three concepts:       

1. Reducing wasted energy during idle/low output, generally by turning the ICE off; 

2. Recapturing waste energy (i.e. regenerative braking); 

3. And, reducing the size and power of the ICE, and hence inefficiencies from 

under-utilization, by using the added power from the electric motor to compensate for 

the loss in peak power output from the smaller ICE [13]. 

Any combination of these three main hybrid advantages may be used in different vehicles 

to recognize different fuel usage, power, emissions, weight, and cost profiles. The ICE in 

a hybrid vehicle that is attached with a CVT can be smaller, lighter, and more efficient 

than the one in a conventional vehicle because the CVT can allow the driving shaft to 

maintain a constant angular velocity over a wide range of operation. CVT provides a 

http://en.wikipedia.org/wiki/Internal_combustion_engine
http://en.wikipedia.org/wiki/Internal_combustion_engine
http://en.wikipedia.org/wiki/Internal_combustion_engine
http://en.wikipedia.org/wiki/Internal_combustion_engine
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preferable fuel consumption by making the engine run near the most efficient point of 

revolution per minute (RPM) for a varied range of vehicle speed [14].    

Electric hybrid vehicles utilize a CVT. Engines for those vehicles operate closer 

to the highest efficiency line. The considerable fuel economy of the electric hybrid 

vehicles has led to reducing vehicle air pollution emissions. In contrast, the Electric 

hybrid vehicle is not desirable to drive compared to the hydraulic hybrid vehicle, which 

uses a hydraulic fluid through a drive train instead of using electric power, due to using a 

complex or costly material such as those wanted for batteries [15].    

There are several electric hybrid vehicle patterns. The most famous patterns are 

the parallel and series hybrid. Figure 1-4 shows examples of these configurations with a 

parallel belted alternator-starter (BAS) hybrid, parallel through-the-road hybrid, and a 

series hybrid. The different color lines represent power transfer between the different 

powertrain components. A parallel BAS hybrid uses a single motor to provide either 

positive torque to the engine or negative torque and acts as a generator. For either case, 

the engine needs to be rotating. Therefore, it is stated as a parallel hybrid because the 

electrical and mechanical paths are in parallel. Similarly the parallel, through the road, 

hybrid uses one motor for force assistance or to recharge the battery by loading the rear 

axle with the motor. On the other hand, the series hybrid provides power to the wheels by 

a series path of power translation through the engine to the generator, battery, and finally 

to the rear motor.  

http://en.wikipedia.org/wiki/Fuel_economy_in_automobiles
http://en.wikipedia.org/wiki/Roadway_air_dispersion_modeling
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Figure 1-4. Electrical hybrid vehicle architectures [16].   

 

Hybrid vehicles are proven needed especially after the main configurations for the 

electric hybrid vehicles were explained clearly. Later, the new convention for this thesis 

becomes evident: the hydraulic hybrid vehicle (HHV). Usefulness of the HHV includes 

eliminating the extra cost for the batteries, as was mentioned before, and canceling the 

periodical maintenance associated with battery replacement. In series, with internal 

combustion engine, the hydraulic CVT is placed as shown in Figure 1-5. 
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Figure 1-5. New hydraulic hybrid transmission layout 

 

The power comes from the ICE, which is divided through a planetary gear unit for 

two paths: mechanical and hydraulic, to be collected again through spur gears to the tires. 

CVT consists of a pressure controlled pump and a variable displacement motor, as shown 

in Figure 1-6.  

     
Figure 1-6. Hydraulic CVT components 

 

This system will be designed by assuming 100% efficiency because the efficiency 

considerations were not made and discussed due making the calculations more easier.  
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1.3    Literature Review 

During the past 10 years, a fair amount of literature has been produced on the 

topic of continuously variable transmissions that are used in automotive application. 

Pfiffner et al. have worked to derive the best efficiency line on the engine torque curve by 

finding the most efficient torque for any engine speed [17]. In running a simulation of an 

electric hybrid vehicle with the CVT in series with the DIRCOL computational package 

developed by von Stryk in 1999, the efficiency of the transmission is assumed to be one 

hundred percent and the engine is only allowed to work on the line of best efficiency.  

The engine operating point is modified by adjusting a CVT gear ratio that results in an 

engine speed and torque combination. As well, engine speed and torque lie on the line of 

best efficiency and still provides adequate power for the vehicle. Pfiffner’s et al. study 

achieved that a fuel economy improvement between 2.5% and 5% in the hybrid vehicle 

over a conventional vehicle with the same engine and body type. 

In contrast, Mapelli et al. [18] researched an electric hybrid vehicle of the same 

type as Pfiffner et al. but focused on decreasing power losses through the electric CVT 

only.  In modeling the vehicle, Mapelli et al. derive expressions for the power distribution 

between the components of the CVT, including components’ efficiencies. To control the 

power change through the CVT and the losses through the inverter, Mapelli et al. used a 

direct self-control method, which is created by altering electrical current passing through 

the CVT. The inverter efficiency is increased by modulating the frequency of the current.  

No comparison between the hybrid and a conventional vehicle were made; however, 

Kessels et al. [19] provides a much more detailed description of their electric hybrid.  

Their CVT utilizes two motor/generators (MG), an inner MG, which obtains power from 
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the engine, and an external MG, which directly applies a thrust torque to the driveline.  

Power electronics are connected for both MGs to adjust battery power input and output.  

Together, the MGs amend the transmission ratio thus bringing the internal combustion 

engine (ICE) to a desired operating point.  Hypothetically, the desired operating point lies 

on the line of best efficiency described in [17]. Conversely, Kessels et al. discovered that 

running at the line of best engine efficiency may not be optimal for the entire vehicle as 

the efficiencies of the MGs could be low. The control scheme used by Kessels et al. 

attempts to account for the transmission efficiency to obtain an overall best efficiency for 

the system. Whenever the CVT has poor efficiency, as defined by Kessels et al., power is 

not sent through the CVT; however, if the CVT has a high enough efficiency, the 

transmission ratio could be changed via the MGs to bring the engine towards the 

economy line. Kessels el al. accomplish that the transmission losses are too great for the 

most part, and power is sent around the CVT, so perfect tracking of the line of best in 

their study is normally rejected. 

In another study, Dirck [20] analyzes a hydraulic hybrid vehicle. The study 

involves a power split structure with a CVT in one path and a mechanical transmission in 

the other. The CVT is comprised of a hydraulic pump and motor; the pump has a variable 

displacement, and the motor is fixed. This CVT does not contain a power storage device 

to store braking power. To shift the gear ratio of the CVT, the variable displacement 

pump changes its swash plate angle to regulate the pressure and flow rate through the 

hydraulic transmission. For the modeling aspect of the vehicle, drivetrain, and engine, 

Dirck takes no efficiency consideration into account. For optimal engine efficiency, 

Dirck has the engine running at its wide open throttle (WOT) line; which represents the 
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maximum torque that the engine can produce at any given speed. This concept is similar 

to the method of tracking the line of best efficiency. However, the WOT line is not 

necessarily the same as the line of best efficiency. In doing the simulation for both city 

and highway driving cycles, Dirck computes the engine power needed by the vehicle and 

finds an operating point on the WOT line that meets this request. Dirck reports fuel 

economy increases of 37% and 14% for city and highway driving, respectively, over 

those of a conventional vehicle with a similar body type and engine.  It should be noted 

that the models for the vehicle are perfect such that all efficiencies are one hundred 

percent, so the results are ideal as well. 

Kumar and Ivantysynova [21] examine a power split hydraulic hybrid vehicle,  

but the structure of the CVT is different. In this study, the CVT contains an accumulator 

to store additional engine power. Likewise, both the pump and motor are variable 

displacement; the pump is controlled to sustain a constant pressure contained by the 

system, and the motor is controlled to determine the power output of the CVT.  As the 

pump is automatically controlled to keep a constant pressure through the hydraulic 

system, the swash plate of the motor is used to control the gear ratio of the CVT. In other 

words, it controls the output power for the hydraulic transmission. The accumulator 

charges when the vehicle is decelerating or braking. When decelerating, the swash plate 

angle of the motor becomes negative, i.e. the motor becomes a pump, and the pressure 

build up from the two pumps is retained in the accumulator. The gear ratio of the CVT is 

determined through an optimization algorithm to find a balance between the efficiency of 

the drivetrain and the efficiency of the engine. In the end, they found that the hydraulic 

mechanisms have a low efficiency to use. Later, these researchers compared a simulation 
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between the Toyota Prius and the hydraulic mechanisms, and they propose to show that 

their CVT has an improved fuel economy that exceeds the Toyota Prius by 16% [6].         

 

1.4    Objectives of the Study 

The research goal is ongoing to design a hybrid car, which is made of a hydraulic 

transmission, planetary gear unit, and spur gears without any battery dependence. The 

design should be made with reasonable safety factors for the designed gears. Also to 

achieve a better fuel economy by enforcing the engine to run through a WOT line to get 

the optimum fuel consumption.  

 

Figure 1-7. Ford Ranger 1997 

 

Simulation will be done for adjusting the hydraulic transmission output by a PI 

controller. The design of the hydraulic transmission that consists of a pressure controlled 

pump and a displacement controlled motor is the novelty of this thesis. The pressure will 
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be controlled but the swash plate angle for the motor will be varied between -1 and 1 to 

control the CVT output ratio. A simulation for the whole drive train will be made to 

describe the vehicle rations as will be obvious in the analysis of chapter two. The swash 

plate angle for the motor is controlled by embedded Matlab function that runs a Newton-

Raphson method to generate the desired engine operation curve. Later, this Matlab 

function is subtracted from the actual engine speed to get the speed error and feeding it to 

the swash plate angle for the motor. This hydraulic transmission has been designed to fit 

Ford Ranger 1997, as shown in Figure 1-7, that exists in the facilities for the University 

of Missouri–Columbia for future prototype implementation.    

 

1.5    Thesis Outlines  

This thesis contains six chapters that explain the work that has been done to 

design and model the split torque device and the whole drive train for the Ford Ranger 

1997. The first chapter is used to provide a brief introduction and to present the literature 

view of this work. Chapter 2 presents the modeling for the split toque device and the 

entire drive train. Chapter 3 presents the design for the transmission gears and specifies 

the hydraulic components that may be purchased off-the-shelf from industry. Special 

attention is paid to the gear design and the safety factors during operating conditions that 

generate the highest stress on the gears themselves. Chapter 4 presents the numerical 

modeling of the entire system including the use of a PI controller for adjusting the CVT. 

Chapter 5 and 6 will show the results, discussion, and the conclusions of this thesis 

respectively.    
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CHAPTER 2.  ANALYSIS AND MODELING 

 
2.1    Introduction 

This chapter focuses on analyzing the vehicle drive train from the engine to the 

tires. Sixteen equations were analyzed using Mathematica, a program that is used to solve 

equations in symbolic form. Each part of the drive train that is involved in transmitting 

the power from the engine to the tires has its own equation. In addition, the engine 

analysis was made based on the actual engine power map. The analysis in this chapter 

will be presented in terms of three sections, which are: the vehicle dynamics, 

transmission analysis, and the engine analysis.  

 

2.2    Vehicle Dynamics 

Vehicle dynamical analysis is used to model the properties of force and motion 

associated with the automobile in this thesis. Any transmission design and analysis needs 

to have some explanations for the vehicle dynamics because it is related to the engine 

performance. There are many considerations for any vehicle body, which are used for 

describing the vehicle performance: acceleration, deceleration, and negotiation of hills or 

any gradients. 

The main external forces for this vehicle, as shown in Figure 2-1 in the 

longitudinal direction, are the aerodynamic resistance aR , the rolling resistance rR  on the 

front and the rear wheels, grade resistance gR , which is symbolized by sinW θ , and 

tractive efforts on the rear wheels fF .  
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Figure 2-1. Applied forces on the rear wheel drive vehicle 

 

By summing forces in the longitudinal direction, the equation of motion for this 

vehicle can be stated as the following: 

 sin( ) 0,f a rF R R ma mg θ− − − − =   (2.1) 

Equation (2.1) represents the total tractive efforts. The tractive forces are applied by the 

tires to the road for pulling or pushing the vehicle. The tractive efforts can be classified 

into the starting, continuous, and maximum tractive efforts, which are different 

depending on different factors: input torque for the driving wheels, coefficient of friction 

between the driving wheels and the road that is in contact with the wheels, and applied 

weight by the wheels into the road. The product of the weight that is exerted by the 

wheels times the coefficient of friction will produce the factor of road adhesion, which 

specifies the maximum tractive efforts of the vehicle [22]. 
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As mentioned in the last section, the dynamics forces will be shown in details. For 

instance, the aerodynamic drag is given by; 

 21 ,
2a d d xR C A vρ=   (2.2) 

where ρ  is the air density, dC is the drag coefficient which is created by the vehicle 

shape, dA  is the projected area for the vehicle in normal to motion, and xv is the 

complete vehicle velocity. Similarly, the rolling resistance is given by 

 ,r rR C mg=   (2.3) 

where m  is the vehicle mass, rC is the coefficient of rolling resistance, and g is the 

gravitational constant. Moreover, the relationship that connects the wheels by the axle is 

represented in Equation (2.4), which shows a conversion between angular and linear 

speeds; 

 , ,x w x wv r v rω ω= =    (2.4) 

by using the Equations (2.1) through (2.4), the torque on the wheel will be represented as 

shown below; 

 ( ) 3 2 21 1 1sin( ) ,
2 4 2w r d d w wT mgr C C A r mr Jβ ρ ω ω = + + + + 

 
   (2.5) 

Later, Equation (2.5) will be used to build the simulation blocks between the wheels and 

the differential. In an overview, there are many factors that specify the performance of 

the drive train in vehicle. Vehicle dynamics should be considered into account in case of 

design a new transmission for a vehicle with operating at the optimum performance.  
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2.3    Transmission Analysis 

2.3.1    Overview 

Transmission analysis is considered as a unique step to initiate the design process. 

Analysis is made to the whole drive train as one piece and explained in details for each 

part. Modeling is done by getting sixteen equations that describe the entire drive train for 

tracking the power from the moment of creation in the engine till the tires. The 

transmission analysis will be made according to the following parts: whole transmission 

analysis, manual gear box analysis, planetary gear unit analysis, hydraulic transmission 

analysis, mechanical path analysis, compound spur gears analysis, and differential 

analysis.   

 
 
2.3.2    Whole Transmission Analysis  

 The transmission structure, the main objective in this thesis as shown in Figure 2-

2, is a combination of both series and parallel hybrid designs; series in the fact that the 

mechanical and hydraulic transmissions are in series, but parallel in that a parallel path 

comes from the mechanical transmission via a planetary gear. In this design, power is 

produced by an internal combustion engine and transmitted to a manual gear box then 

divided with a planetary gear unit into two paths. The first path leads directly to the spur 

gear box, and the second path goes through a hydraulic continuously variable 

transmission (CVT). CVT works as a hydrostatic transmission in series with a planetary 

gear unit to end up with compound spur gears. The compound spur gears combine power 

from the two paths then send it through the differential out to the wheels. 
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Figure 2-2. The entire drive train 

 

In addition, the power calculation is a foremost part that is used to shape this 

transmission, and proves its implementation because it shows the components dimensions 

that are involved for transmitting power from the engine to the tires as mentioned earlier 

in this chapter. The power calculation is established based on the 1997 ford ranger 4.0 L 

engine [23] as a practical reference in these calculations. This automobile has an engine 

with a peak power rating of 160 H.P. The planetary gear unit was used as a split power 

device, shown in Figure 2-2, to divide the power flow between the two paths then end up 

getting 16 equations. The 16 equations full describe the power transmitting analysis as 

will be discussed in the next sections extensively. 

 

2.3.3     Manual Gear Box Analysis 

The transmission function is to provide the vehicle with numerous torque and 

speed ranges depending on the vehicle loads and the driving conditions, which shows the 

transmission is important to providing an appropriate tractive effort for the tires. The 
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transmission term is included in all the components that are transmitting the power from 

the engine to the wheels. An appropriate analysis is made to the manual gear box as a 

first part in the drive train, which is indicated through Equation (2.6), and Equation (2.7), 

respectively.  

 0,e t gω ω−Ξ =   (2.6) 

 0,g t eT T−Ξ =   (2.7) 

Since a manual gear box is used, so there are some requirements for any manual 

gear box that should be achieved: 

1- Getting the required maximum speed with an appropriate engine. 

2- Matching the engine specifications to work with desired fuel consumption and an 

adequate acceleration. 

The manual transmission system includes a clutch, gear box, propeller shaft, universal 

joints, and a differential to transmit the power to the wheels. This manual gear box 

provides five gear ratios. When the first gear reduction is selected, the maximum tractive 

efforts can be accomplished with an adequate engine. This power that is generated 

through an engine should overcome the internal resistance to the transmission, rolling 

resistance of the tires, and the aerodynamic resistance of the vehicle body at the 

maximum speed. The last gear ratio of a manual transmission should provide more than 

the required power at the maximum speed of the vehicle to be prepared for any high wind 

resistance.     
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2.3.4    Planetary Gears Unit Analysis 

 After the manual gear box, a split torque device that consists of a set of planetary 

gear unit is mounted. This planetary gear unit contains a sun gear that takes power from 

the manual gear box output shaft, four planet gears fixed on a carrier, and a ring gear 

meshed with the four planet gears, which is shown in Figure 2-3.  

 

 

Figure 2-3. Planetary gear unit 

 

The planetary gear unit divides the power into two paths: a mechanical path, and a 

hydraulic path, which is the main function for this unit. The planetary gear unit delivers 

the power to the hydraulic path by connecting the ring gear with a gear from the 

hydraulic path and to the mechanical path by connecting the arm with a gear from 

mechanical path. Modeling for the planetary gear unit is done through analyzing the 

system by Equation (2.8), Equation (2.9), and Equation (2.10).  

 0,s a a r rω ξ ω ξ ω− + =   (2.8) 

 0,a a sT Tξ− =   (2.9) 
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 0,r r sT Tξ− =   (2.10) 

The analysis of the planetary gear unit is done based on two gears ratios, 

represented by the ring gear ratio rξ  and the arm gear ratio aξ . The gear ratios represent 

the power transfer between the sun gear and the two outputs: the arm and the ring gear.  

 
Figure 2-4. Free-body diagrams for components within a planetary gear set 

 



22 
 

Later, a force investigation for the planetary gear unit is done to verify the 

planetary gears ratios. For simplicity, one spoke of the arm and only one plant gear are 

indicated in Figure 2-4. A static equilibrium is calculated to the planetary gear unit and 

will be analyzed for each component. 

 The first part is the sun gear. Adding moments on the sun gear around a fixed 

point O and equalize them to zero produces Equation (2.11), which represents the 

rotational equilibrium of this component:   

 0,s s sT F r− =   (2.11) 

where sT  is the applied torque to the sun gear. Also sF  indicates the reaction force 

between the sun gear and the planet gear, and sr  characterizes the pitch radius for the sun 

gear.  Likewise, summing moments on the arm around the fixed point O  and equalizing 

them to zero creates Equation (2.12), which is the rotational equilibrium of the arm: 

 0,a a aT F r+ =   (2.12) 

where aT  is the applied torque to the arm, aF  is the reaction force at the pin joint between 

the arm and the planet gear; and ar  is the radial dimension. Adding forces on the planet 

in a vertical direction and equalizing them equal to zero creates Equation(2.13), the 

equilibrium equation for the planet; 

 2 0.s aF F− =   (2.13) 

To close, summing moments on the ring gear, and again equalizing them to zero 

creates Equation(2.14), which is the rotational equilibrium of the ring; 

 0,r s rT F r− =   (2.14) 
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where rT  represents the applied torque to the arm, sF  is the reaction force between the 

planet gear and the ring gear, and rr  is the internal pitch-radius for the ring gear.  

Equation (2.15) will be produced by assuming the applied torque to the sun gear is 

known, and solve the Equation (2.11) through Equation (2.14) instantaneously.  

 2 1, .a s s s
s s

F T F T
r r

= =   (2.15) 

  

2.3.5    Hydraulic Transmission Analysis  

The hydraulic CVT is comprised primarily of a pressure-controlled pump and a 

displacement-controlled motor, as shown in Figure 2-4; 

 

Figure 2-5. The hydraulic transmission 

 

The unique aspect of this CVT is that the pump is a controlled-pressure pump to 

maintain a constant pressure by allowing only one input, the swash plate angle of the 

motor, to affect the gear ratio of the CVT. From the definition in [24] of torque for these 

two devices, the input, Th, and output, T2, torques of the CVT are given by 

 2, ,h p mT PV T PV′ ′= = −   (2.16) 

where P is the working pressure of the transmission, pV ′  is the instantaneous volumetric 

displacement of the pump, mV ′  is the instantaneous volumetric displacement of the motor. 

 Th, ωh T2, ω2 

Motor 

Pump 
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The instantaneous volumetric displacement of the pump automatically changes to hold 

the working pressure constant, and the instantaneous volumetric displacement of the 

motor is controlled to make the engine works near WOT line, speeds for the CVT are 

given as 

 2, ,h
p m

Q Q
V V

ω ω= = −
′ ′

  (2.17) 

where Q is the volumetric flow rate from the pump to the motor. Mathematically 

removing P and Q from Equations (2.16) and (2.17), respectively, produces the power 

transference through the CVT, which is written as 

 2 2, ,h
v h

v

T T ωω= −Ξ = −
Ξ

  (2.18) 

and the speed ratio for the CVT is given as 

 .m
v

p

V
V
′

Ξ =
′

  (2.19) 

Rearranging Equation (2.16) for the volumetric displacement of the pump shows 

that 

 ,h
p

TV
P

′ =   (2.20) 

which demonstrates the point that the volumetric displacement of the pump automatically 

changes in response to changing input torque, Th. Additionally, it will become important 

to know the swash plate angle for the pump uses to maintain the working pressure 

constant. The volumetric displacement of the pump can be written as 

 
max

ˆ ,p p pV V α′ =   (2.21) 
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where 
maxpV  is the maximum volumetric displacement of the pump and ˆ pα  is the control 

input to the pump. Physically, the pump control input is its non-dimensionalized swash 

plate angle such that 

 
max

ˆ ,p
p

p

α
α

α
≡   (2.22) 

where αp is the pump swash plate angle and 
maxpα  is the maximum pump swash plate 

angle. The control input can take a value between 0 and 1. Using Equations (2.20) and 

(2.21), the pump control input necessary to maintain the working pressure, P, can be 

written as 

 
max

ˆ .h
p

p

T
V P

α =   (2.23) 

Similar to Equation (2.21), a convenient way to describe the adjustment of the 

volumetric displacement for the motor is given as; 

 
max

ˆ ,m m mV V α′ =   (2.24) 

where 
maxmV  is the maximum volumetric displacement of the motor and ˆmα  is the motor 

control input. The motor control input is the result of nondimensionalizing its swash plate 

angle using the same method as in Equation (2.22). A new expression for the CVT speed 

ratio, Ξv, is produced by substituting Equations (2.20) and (2.24) into Equation (2.19) 

such that 

 max
ˆ

.m m
v

h

PV
T
α

Ξ =   (2.25) 

Likewise, Equation (2.4) can be updated with Equation (2.12) such that 
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max

max

2 2ˆ , .
ˆ

h h
m m

m m

TT PV
PV
ωα ω

α
= − = −   (2.26) 

After all the previous analysis, Equations (2.27) and (2.28) show the power 

transfer between the planetary gear unit and the hydraulic system, which is totally 

dependent on the hydraulic transmission ratio hξ . Besides, Equations (2.29) and (2.30) 

show the power transfer between the hydraulic system and the compound spur gears. 

Hydraulic transmission ratio is the ratio between the hydraulic pump gear and the ring 

gear from the planetary gear unit; 

 0,r h hω ξ ω− =   (2.27) 

 0,h h rT Tξ− =   (2.28) 

 2 0,h vω ω−Ξ =   (2.29) 

 2 0,v hT T−Ξ =   (2.30) 

 
2.3.6    Mechanical Path Analysis 

The mechanical path of power will remain constant via speed and torque transfer. 

It conveys power from the planetary gear unit to the compound spur gears, which is 

represented by two equations. The two equations are indicating the power transfer 

between the arm and the mechanical path of power, shown in Equation (2.31) and 

Equation (2.32).  

 1 0,m aξ ω ω+ =   (2.31) 

 1 0,m aT Tξ− =   (2.32) 

 



27 
 

2.3.7    Compound Spur Gears Analysis 

 Compound spur gear box is mounted between the parallel two paths and the 

differential. The main function for the compound spur gears is combining the power from 

the hydraulic and mechanical paths of power to be delivered to the differential, shown in 

Figure 2-6; 

 

Figure 2-6. Compound spur gears 

 

Figure 2-6 shows the hydraulic path on the left-hand side and the mechanical path 

of power on the right-hand side. This figure is drawn from the rear of the vehicle looking 

toward the engine. The modeling is done to verify the kinetic equilibrium and kinematic 

relations as shown in Equations (2.33), (2.34), and (2.35); 

 1 3 1 0,ξ ω ω+ =   (2.33) 

 2 3 2 0,ξ ω ω+ =   (2.34) 

 3 2 2 1 1 0.T T Tξ ξ− − =   (2.35) 
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2.3.9    Differential 

 Differential is a gear box that transmits power from the drive shaft to the tires to 

allow the tires rotating with different speeds about each other. In this thesis, differential is 

used to distribute the power from the compound spur gears to be delivered to the tires. 

Differential is used to verify the kinetic and conservation of power requirements. The 

modeling for the differential is represented by Equation(2.36) and Equation(2.37)    

 3 0,dξ ω ω+ =   (2.36) 

 32 0,dT Tξ− =   (2.37) 

where dξ  is the differential ratio, 3T  is the compound spur gears output torque, and T  is 

the rear wheel torque.  

   

2.3.9    Synopsis 

Depending on the sixteen equations, which represent the entire drive train from 

the engine to the tires then solving them in Mathematica program; the transmission 

analysis and models are achieved. Solving the sixteen equations produces the immediate 

torque and angular velocity for each pair of gears in the power path flow. The 

relationships between the input and output torque and speed are given by the following; 

 

2
1

2

1

ˆ1 ,
2

1ˆ1 .
2 2

e d m
m a d m t

e d m
m

a d m t

P V
T

T P V
T T

ω ξ ξ α ξ ξ ξ ξ
ω

ξ ξ α
ξ ξ ξ ξ

 
= − Ξ 
 

 
= +  Ξ 

  (2.38) 

 
Satisfying the two constraints, Equation(2.38), will lead to numerical results that are 

obtained to be used as a basis point for finding the gears dimensions. In addition, this 
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chapter is considered the first step to initiate the gears design procedure, and will be 

pointed out extensively in the design chapter. 

   

2.4    Engine Analysis 

Engine power is a very important term to be considered associating with analysis 

part because vehicle performance is derived from it. Engine power efficiency represents 

the ratio of the output work from the engine to the work done on the engine by fuel 

combustion with certain air fuel ratio, know generally for gasoline engines around 15:1 in 

stoichiometric situation, but in the actual case it’s approximately from 12:1 to 18:1[25] 

depending on the driving situation (staring, cruise, acceleration, deceleration) 

The actual amount of power that is delivered by the engine is based on the lower 

heating value of the fuel and fuel mass flow rate fm . There is a limit that exists on the 

amount of brake power that is available at any given engine’s speed. This maximum 

available power is not constant. To determine the maximum available power as a function 

of engine speed, ( )e eω′Ψ , and the engine speed can be non-dimensionalized using the 

absolute maximum power capability, 
maxeΨ , of the engine speed at this maximum power, 

oeω , such that 

 ˆ ,
o

e
e

e

ωω
ω

≡   (2.39) 

where ˆeω  is the nondimensionalized engine speed, and 

 
max

( )ˆ( ) ,e e
e e

e

ωω
∧ ′Ψ
Ψ ≡

Ψ
  (2.40) 
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where ˆ( )e eω
∧

Ψ  is the non-dimensionalized maximum power as a function of the non-

dimensionalized engine speed. This method is used to model a generic engine [26].  The 

non-dimensionalized maximum power can be approximated with a third-order 

polynomial; 

 2 3
1 2 3ˆ ˆ ˆ ˆ( ) ,e e e e ep p pω ω ω ω

∧

Ψ = + −   (2.41) 

where p1, p2, and p3 are coefficients chosen to satisfy the following conditions; 

 1 2 3(1) 1,e p p p
∧

Ψ = + − ≡   (2.42) 

 1 2 3

ˆ 1

2 3 0,
ˆ

e

e

e

d p p p
d

ω
ω

∧

=

 Ψ  = + − ≡
 
 

  (2.43) 

Condition Equation (2.42) ensures the absolute maximum power output occurs at the 

proper engine speed, i.e. 
oeω , and Condition Equation (2.43) ensures the maximum 

power output is indeed situated at the maximum of the polynomial by getting the work 

through using Newton Raphson method to generate m. code within embedded Matlab 

function. Working with information of Equations (2.39), (2.40), and (2.41), the maximum 

brake power, ( )e eω′Ψ , is shown as 

 max max max2 3
2 3( ) .

o o o

e e e
e e e e e

e e e

ω ω ω ω
ω ω ω
Ψ Ψ Ψ

′Ψ = + −   (2.44) 

Thus, the maximum power function is dependent on the engine’s absolute 

maximum power capability, the engine speed at this power level, and the current engine 

speed. Dividing Equation (2.44) by the engine speed will result to the maximum available 

engine torque, ( )e eT ω′ , such that 
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 max max max 2
2 3( ) .

o o o

e e e
e e e e

e e e

T ω ω ω
ω ω ω
Ψ Ψ Ψ

′ = + −   (2.45) 

The maximum available engine torque function in Equation (2.45) is called the 

wide open throttle (WOT) line as the maximum available engine torque occurs, just as 

the maximum brake power, when at full throttle. Note that Equation (2.45) is an 

approximation of an actual WOT line, and Equation (2.44) is an approximate of 

maximum available brake power; exact models must be done practically for individual 

engines as shown in Figure 2-7.  Additionally, limits exist on the engine speed, as shown 

in Figure 2-7 which is the experimental results for the engine speed verses torque, such 

that 

 
min max

,e e eω ω ω≤ ≤   (2.46) 

where 
min

1000e rpmω =  and 
max

5000e rpmω =  are the minimum and maximum rated 

engine speeds, respectively. These values are exclusively for the FORD RANGER.   

 

Figure 2-7. Engine WOT line 
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The Figure 2-7 shows that the peak torque point is 225 (LB-FT) at 2750 R.P.M., 

which is used as a standard to create the power analysis for the transmission. Moreover, 

an approximation WOT line, by Equation(2.44), was done compared with practical ones, 

by FORD RANGER power map, The analysis was made based up on considering 

everything to be 100% efficient. 

The miles per gallons consumption’s calculation will be shown while engine 

modeling is to be done. The power input of the engine is principally based on the fuel 

being used. The power input to the engine, fΨ , is defined in [25] as 

 0 ,f f cm HΨ = ⋅∆   (2.47) 

Where fm  is the mass flow rate of fuel into the engine, and 0
cH∆  is the fuel’s heat of 

combustion and in this case represents its Lower Heating Value (LHV). A substance’s 

heat of combustion is a measure of the energy released as heat when the substance 

undergoes complete combustion. The LHV of the combustion disregards the taken energy 

to vaporize contained water in the fuel and describes the released energy particularly by 

fuel. Combining Equations (2.40), (2.41), (2.44), and (2.47) along with the following 

definitions from calculus results in an expression for distance traveled per change in fuel 

volume; 

 
0

,
2
f c

w

r Hdx
dV T

ρ ⋅∆
=   (2.48) 

Equation (2.48) will produce the miles per gallon rating of the vehicle; and relates vehicle 

parameters, such as its weight and aerodynamic qualities, to the vehicle fuel economy as 

was stated by Vermillion [6]. 
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2.5    Summary  

 The analysis established in this chapter was by solving the drive train equations 

via using a Mathematica program instantaneously. These equations describe the power 

flow from the engine and the manual transmission all the way down to the tires by 

assuming all the drive train is 100% efficient. This analysis can be considered as the first 

step to start the gears design procedure and will be shown in the next chapter that it’s 

totally related to these equations. Then tracking the power from the engine via the power 

consumption characteristic, represented thru the fuel power of the engine and the over 

drive train components till the tires. In addition, description by Equation (2.48) was 

shown in the engine analysis section that improves the gas mileage, which is a very 

significant matter in the economic revolution of the hybrid vehicles from the gas 

consumption aspect. 
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CHAPTER 3. GEAR DESIGN AND SPECIFICATION  

 

3.1    Introduction     

Design is the plan to make a procedure for manufacturing something. In other 

words, it is the solution for a problem and there are many factors to be considered in the 

design process: 

1- The design purposes; 

2- The design material and cost; 

3- The forces requirement; 

4- The final profile for the design; 

5- And, the safety and reliability aspects. 

The design will be made for spur gears groups and planetary gear unit, which is 

based upon the transmitted power for the Ford Ranger (4.0L). The engine specifications 

for this engine are described in Table 3-1. Spur gear design is divided in this thesis into 

three groups: the first group transmits power for the hydraulic path; the second group 

transmits the power for the mechanical path, and the third group represents compound 

spur gears which combine the power from the hydraulic and the mechanical paths 

together and delivers the power to the differential. Besides, there is a set of gears that are 

represented by a planetary gear unit, which splits the power between the hydraulic and 

mechanical paths.     
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Specifications 

Engine Displacement (Cubic Inches) 245 CID 

Type OHV (1990 - 2000) (VIN Code X) 
 

Bore x Stroke 3.95 x 3.31 inches 

Compression Ratio 9.0:1 

Fuel System Sequential Fuel Injection 

Fuel Pressure 39 - 40 PSI (30 PSI @ idle) (OHV Engines) 

 
 

Horsepower 160hp @ 4200 RPM (1990 - 2000) 

 
 

Torque 
225 @ 2400 RPM (1990 - 2000) 

238 @ 3000 RPM (2001 - 2007) 
 

Oil Pressure 40 - 60 PSI @ 2000 RPM 

 

Table 3-1.  Engine specifications [23].  

 

The drive train consists of a manual gear box, planetary gear unit, hydraulic path, 

mechanical path, compound spur gears, and a differential. The planetary gear unit divides 

the power into two paths: the hydraulic path, which is represented by the controlled-

pressure pump and the controlled-displacement hydraulic motor as well as two pairs of 

spur gears; and the mechanical path, which is represented by two pairs of spur gears. The 

compound spur gears include two pairs of spur gears to combine the power from the 

hydraulic and mechanical paths and from being delivered to the differential. The 

differential is a device that makes the two rear tires rotate in different speeds as shown in 
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Figure 3-1. All the gear dimensions were obtained via gear ratios that were analyzed and 

modeled in Chapter 2. In other words, solving the modeled equations has introduced the 

gear dimensions to begin their design process. 

 

Figure 3-1. Hybrid transmission schematic 

 

In brief, there were several considerations in the design process that were taken 

into account: 

1- The power to be transmitted; 

2- The speed and velocity ratios for the gears; 

3- The center distance between gears and the compactness for all the gears to be 

fitted within small space for the car; 

4- And, the strength for the teeth in the static and dynamic loads to be safe from the 

teeth failure in both cases. 
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3.2    Design Procedure     

Each gear has two stresses to be considered, the first one is the bending stress, 

which is computed depending on the Lewis Formula as shown in Equation (3.1), and the 

surface stress, which is computed depending on Equation (3.2). Equation (3.1) involves 

three factors: the life factor LK ; the temperature factor TK ; and the reliability factor RK . 

The bending strength is also obtained from Norton’s book entitled Machine Design [27]. 

Equation (3.2) also involves the same three factors, which are identical in name with 

bending stress factor but are taken to the surface stress case as stated in Norton’s book 

entitled Machine Design [27]. For each gear there are permissible stress calculations that 

should not exceed the allowable stress limit. 

 ,d s m B
t v

P K K KF K K
b j

σ =    (3.1) 

 .t a m
s p s f
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F C CC C C
bId C

σ =   (3.2) 

In the first equation, tF  is the tangential force for the gear tooth,
 
K° is the overload factor,

 

vK  is the velocity factor,
 
b  is the face width,

 
dP  is the diametral pitch, BK  is the rim 

thickness factor, sK  is the size factor, mK is the mounting factor, j  is the geometry 

factor, pC is the elastic factor for surface stress that considers the differences between the 

pinion and gear materials, I  is the surface geometry factor, d  is the pitch diameter of the 

smaller of two engaged gears, aC is the application factor for surface stress,
 

mC  is the 

load distribution factor for surface stress, vC is the dynamic factor for surface stress, sC  

is the size factor for surface stress, and fC is the surface finish factor for surface stress. 

Each gear in the design calculations should not exceed the allowable limit for stress 
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value; otherwise failure will occur. The allowable limits for bending and surface stresses 

are respectively by the following equations 

 ,t L
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σ =   (3.3) 

 .st L
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It involves three factors: the bending strength tS ; the life factor LK ; the temperature 

factor TK , the reliability factor RK  [27]. Equation (3.4) signifies the allowable limit for 

the surface stress, which also involves the same three factors. Those factors are identical 

in name with bending stress factor except that they are taken to the surface stress case. 

Equations (3.3) and (3.4) are undertaken depending on Norton’s book entitled Machine 

Design [28]. 

  

3.3    Planetary Gear Unit Design 

The planetary gear unit is a gear arrangement involving the sun gear, which is 

attached to the center shaft and transmits power from the manual transmission to the 

planetary gear unit.  The planet gears are four gears divided around the sun gear, and ring 

gear is the outer gear for the planetary gear unit that is considered as an output to deliver 

the power for the hydraulic path, shown in Figure 2-2.  

Characteristically, the planet gears are attached to a moveable part, which is the 

carrier, or the arm, that is rotated relatively to the sun gear. There are two kinds of 

planetary gear units: simple planetary gear unit that is consisted of one sun gear, one ring 

gear, one carrier, and one planet set, and the compound planetary gear. This thesis is 

based on designing a simple planetary gear unit for the following reasons: 
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1- Transmitting high power ratio; 

2- It’s very compact comparing with conventional gears; 

3- And, bidirectional outputs which can be moved for two outputs and one input as a 

power split device. 

The design for the planetary gear unit will be divided into four parts as the 

following: 

1- Ring Gear Design; 

2- Sun Gear Design; 

3- Arm Design; 

4- And, the Planet Gear Design. 

 

3.3.1    Ring Gear Design 

 The ring gear is the outer gear in the planetary gear unit, as shown in Figure 3-2. 

It has internal teeth that are meshed with four plant gears. In this gear design, there are 

two stress tests, which are 10,746 MPa as bending stress and 199,399 MPa as surface 

stress, to be computed for each gear for ensuring that the design is safe and far away from 

its failure limit.  
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Figure 3-2. Ring gear 

 

 The allowable bending stress is computed from Equation (3.3) and it was 285,000 MPa, 

and the allowable surface stress is computed from Equation (3.4) and it was 765,000 

MPa. The allowable stress will stay constant for all gears design because they were 

manufactured from the same material and the same strength is used. So the design is safe 

due to not overcoming the allowable limit for bending and surfaces stresses. And so, the 

numbers of safety factor are 27 for the bending stress and 4 for the surface stress. 

 After stipulation, the allowable limits for the two stresses that the ring gear 

design is as follows: Assume the ring gear radius is 0.3rr ft=  and the diametral pitch

18dp in−= , which is defined as the number of teeth per inch for the gear’s pitch diameter, 

is constant for all the gears in this design due to the economic aspect. It’s easy and cheap 

to manufacture gears with the same diametral pitch as well as achieving easy 

calculations. The number of teeth for the ring gear is computed by Equation (3.5); 

 ,g
d

g

N
P

d
=   (3.5) 

 8 

 58 

 3.6  
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where gN  is the number of teeth of the gear, gd  is the gear diameter. 
 
 
3.3.2    Sun Gear Design 

The design for the sun gear, shown in Figure 3-3, has the same procedure as the 

ring gear. It will assume the radius for the sun gear according to two steps: the bending 

stress and the surface stress, which are 13,670 MPa as a bending stress and 269,267 MPa 

as a surface stress. Hence, the design is safe for the sun and the planet gears within the 

bending and surface stresses calculations because it doesn’t exceed the allowable limit 

and the numbers of safety factors for the bending and surface stress are 21 and 3, 

respectively.  

 

 

 

  

 

 

 

Figure 3-3. Sun gear 

 

 8 

 22 

 1.368  

 



42 
 

3.3.3    Arm Design 

The arm, or the planet carrier, is the second path for transmitting the power from 

the engine to the mechanical path. The arm is consisted of four ribs, each fixed on a 

planet gear. The arm design is based on dividing the arm into four identical cases, and 

each one represents a cantilever beam with one load applied at the end. The arm is 

subjected to two main stresses: the bending stress and fatigue stress.  

The bending stress happens in form of a tension in the upper surface of the beam 

and in compression in the lower surface. It reflects that there is a zero bending stress area 

between the two surfaces, which is called the neutral axis. The following conventions are 

made, depending on Norton’s book entitled Machine Design [28], to compute the 

bending stress: 

1- The beam is primarily unstressed, straight, and symmetric; 

2- The material of the beam is linearly elastic, homogeneous, and isotropic; 

3- The proportional limit is not exceeded; 

4- Young modulus of elasticity is constant for the both tension and compression 

cases; 

5- And, all the deflections are small. 

Therefore, due to the above assumptions the bending stress will be based. 

The design stress, which is the maximum stress as shown in Equation(3.6), should 

not exceed the yielding point. The yielding point is the point when the material exceeds 

the elastic limit and the material will not return to its original shape or length whether or 

not the stress is removed.   
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Equation (3.6) holds the bending moment for the beam M , the moment of inertia

I , and the distance c , shown in Figure 3-4, from the neutral axis to the top surface of the 

beam, which could be in tension or compression; 

 max .Mc
I

σ =   (3.6) 

The moment of inertia that uses the beam width and the distance from the neutral axis to 

the surface of the beam can be written in Equation (3.7); 

 
4

.
12
wcI =   (3.7) 

The safety factor can be obtained by dividing the yield strength by the maximum applied 

stress which is their value; 

 .
max

,yield
s fN

σ
σ

=   (3.8) 

Substituting Equation (3.7) into Equation (3.6), from Norton’s book entitled Machine 

Design [28], respectively and substitute the results into Equation (3.8) to get the number 

of safety factors.  

The design for the arm, shown in Figure 3-4, shows the tangential forces, which 

are analyzed in chapter 2, and the design arm dimension. The tangential force is also 

exerted on the plant gear due to the transmitted power. The safety factor number will 

prove that the design is safe from the bending stress consideration as shown later in Table 

3-4.   
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Figure 3-4. The arm schematic 

 

The fatigue stress, or the fatigue failure, is the most important factor that must be 

tested to the arm because it is very hard to be visualized. It happens via a fluctuating 

stress that is lower than the required stress for making a fracture in the designed part.     

There several main reasons to cause a fatigue failure: the maximum tensile stress within 

maximum scale; the huge fluctuation in the applied stress; and the large number of cycles 

for the same applied stress. Fatigue failure is divided to three main phases: crack 

initiation; crack propagation; and sudden fracture due to the unstable crack progress.  

Fatigue stress is equal to the maximum bending stress, according to Mohr’s 

analysis. Using the S-N diagram from Figure 7-3, in Shiglley and Mitchell, Mechanical 

Engineering Design [28] for a stainless steel under 106 high cycles shows that the design 

is safe due to fatigue failure whenever the fatigue stress is under the endurance limit. 

The arm is safe via shear stress as well, which is a type of stress that is tested 

during the design of the arm, after applying Equation (3.9). Figure 3-5 demonstrate the 

C 
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shear as it occurred at the fixed and the free ends of the beam are similar since the beam 

is a cantilever beam with a concentrated load at the end. Moreover, the shear stress 

happens with a maximum value at the neutral axis;  

 max
3 ,
2

V
A

τ =   (3.9) 

After doing all the required calculations, it is evident that the design doesn’t exceed the 

permissible limit for the maximum stress. Furthermore, it’s significant to see the 

maximum shear force and the moment diagram as illustrated in Figure 3-5. 

 

Figure 3-5. Shear force and bending moment diagrams 

 

After designing the arm, the shaft that is supporting the planet gear to be 

positioned on the planetary gear unit should be designed. Moreover, the needle bearing 

that supports the planet gear to rotate freely around its shaft should be considered as 

 

Moment  
Mmax

 

Shear Force 

V 
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design considerations. The shaft of the planet gear is subjected to one type of stress, 

which is the shear stress as shown in Equation (3.10). Additionally, Equation (3.11) 

shows the moment of inertia that is needed to calculate the shear stress;   

 ,s
Tr
J

σ =   (3.10) 

 
4

,
32
DJ π

=   (3.11) 

 After doing the design calculations for the shaft, a stainless steel shaft because of 

its high Young’s Modulus of elasticity, maximum shear stress and allowable shear stress 

are calculated, which were 52 MPa and 103 MPa, respectively. In addition, the design 

calculations show that the shaft is safe while not overcoming the allowable limit of stress 

within the shear stress. The needle bearing was chosen to hold the planet gear on the 

designed shaft in line for the durable ability of transmitting a high power rate especially 

for the automotive transmission application and reducing the friction between shafts and 

gears. In other words, the needle bearing, manufactured by Shanghai Lily Bearing 

Manufacturing Co.,Ltd., that has part number SCE88,shown in Figure 3-6, and a 

dimension 0.5 x 0.6875 x 0.5 inches was selected for that design [29].   
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Figure 3-6. Needle Bearing [31]. 

 

3.3.4    Planet Gear Design 

The planet gear is mounted on the arm or the carrier to transfer power from the 

sun gear toward the arm and rotates relatively with the ring gear. In addition, the planet 

gear is stated as two pairs of gears for the split torque device. The design for the planet 

gear, as shown in Figure 3-7, is not different from the previously designed gears because 

they have the same material, the same shared load, and the same driving conditions. The 

design procedure will be the same by examining the planet radius via the subjected 

stresses for the system. The design is safe because the bending stress, 14,478 MPa, 

doesn’t exceed the permissible limit, 285,000 MPa, for allowable bending stress, and the 

surface stress, 296,367 MPa, doesn’t go beyond the allowable limit, 765,000 MPa, for the 

surface stress. And, the numbers of safety factors are 20 for bending stress and 3 for 

surface stress.  

0.5 in 

0.68 in 

0.5 in 
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Figure 3-7. Planet gear 

 

3.4    Hydraulic Transmission Selection 

The hydraulic transmission that takes the power from the ring gear of the 

planetary gear unit to be delivered for the controlled-pressure pump gear is consisted of a 

controlled-pressure-pump and a controlled-displacement motor. A design for is made 

based upon the analysis that was shown in Chapter 2 to end up with selecting hydraulic 

pump and a motor within required specifications.  The pump will be chosen to maintain a 

constant pressure that is to say the pump will do self-regulation for the pressure, and the 

motor will be chosen also to control the output of the hydraulic transmission by feeding 

the engine speed error to the swash plate for angle adjustment. The design was based on 

Equation (3.12), which is used for the size calculations. As well as, the hydraulic 

transmission assumed 100% efficient; 

 ,V
pω
Ρ

=   (3.12) 

dP  8 

N  18 

pr  1.116 in  
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where V is the volumetric displacement of the pump,ω  is the pump angular speed, p  is 

the instantaneous pump pressure, and P is the actual power for the hydrostatic 

transmission. Since the instantaneous power for the hydraulic path, the angular speed, 

and the working pressure, 3000 psi, are known through the analysis that was done in 

Chapter two, the pump and motor sizes were calculated.      

After calculating the pump and motor sizes through Equation (3.12), hydraulic 

transmission selection will be implemented by choosing a pump from Parker that has the 

specification as shown in Table 3-2, and then a motor from Bosch Rexroth.  The 

specifications are shown in Table 3-3. 

 

 

PART No. DISPLACE

MENT 

PRESSURE 

RATING 

SPEED PRODUCT 

TYPE
  

MANUFAC-

TURER 

P1045PS0

8SLM5A

AF0E 

45CC/rev(2.7

in3\rev) 

4000 PSI 2600rpm Hydraulic 

Pump Axial 

Piston, 

Variable 

Displ. 

PARKER 

 

Table 3- 2. The Hydraulic pump specification [30].  

 

The Figure 3-8 is a picture of the hydraulic pump from Parker as a manufacturer.  



50 
 

 

Figure 3-8 .The variable displacement pump [30]. 
 

Likewise, Table 3-3 shows the hydraulic motor with the specifications, featuring a 

long hydraulic system service life and excellent value for use in industrial and mobile 

hydraulics applications as was described by the manufacturer.    

PART No. DISPLACEMENT PRESSURE 

RATING 

SPEED MANUFACTURER 

RA 91 172/12.06 23CC/rev(1.4in3\rev) 4000 PSI 4900rpm Bosch   Rexroth 

Corporation 

 
Table 3-3 . The Variable displacement motor specification [31]. 

 

Figure 3-9 shows the photo for the hydraulic motor. 

7.26 in 

5.84 in 
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Figure 3-9 .The hydraulic motor [31]. 

 

Notably, the volumetric displacements for the pump and the motor are different 

because there is a difference between the angular speed for the pump and the motor. 

Therefore, this section has shown an adequate selection for the hydraulic transmission 

design, which proves the ability to implement this thesis to a real transmission by 

selecting the hydraulic components from the stock of the industry supplier. 

 

3.5    Spur Gear Design 

 The spur gear used for high efficiency transmission as was discussed earlier in 

this chapter depended on many considerations. There are many advantages for using spur 

gears: ease of manufacture; low cost; and availability. In addition, there is no slip in the 

transmission via using spur gears, which ought to convey an exact velocity ratio. In 

6.29 in 

5.83 in 
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contrast, there are many classifications for the spur gears depending on a lot of 

characteristics.  The spur gear design is based on getting the gears in parallel shafts, 

making the overall size compact, and more reliable for implementing the gears for the 

FORD RANGER 1997. The design procedure for the spur gear was mentioned 

previously in this chapter with an extensive description. There are three groups to be 

designed, after the split torque design, in this thesis for achieving the entire transmission 

design: the hydraulic path gears; the mechanical path gears; and the compound gears. 

 

3.5.1    Hydraulic Path 

 The hydraulic path is represented by a hydrostatic transmission with a pair of spur 

gears. This path takes power from the ring gear in the planetary gear, by a pair of spur 

gears, to the hydraulic transmission, which is indicated by the hydraulic pump and the 

hydraulic motor. Then the output power is taken from the hydraulic motor gear and 

delivered to the compound spur gear through another pair of spur gears. The first pair of 

spur gears is consisted of two gears: the biggest one is attached to the hydraulic pump and 

the smallest one is attached to a shaft parallel to the sun gear; the second pair involves 

two spur gears that are attached to the hydraulic motor as well as the other one attached 

to a shaft parallel to the main shaft of compound spur gears group. Design calculations 

for this first pair of gears are as follows: the radius for the gear that is attached to the 

hydraulic pump is obtained through measuring the gear ratio from the analysis of Chapter 

2 and going through the calculations in the next section, which is hr , as shown in Figure 

3-10. 
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Figure 3-10. Hydraulic pump gear 

 

Appling Equation (3.13) for getting the center distance between each pair of gears 

and Equation (3.14) was made with the end result being the number of teeth for each 

gear. Equation (3.13) computes the center distance between each gear by using the 

number of teeth for the pinion and the gear pN and gN ;  

 .
2 2

p g

d d

N N
c

P P
= +   (3.13) 

 Equation (3.14) computes the gear ratio between each pair of gears; 

 .g
G

p

N
m

N
=   (3.14) 

Afterward, the gears’ dimensions are obtained.  The design calculations will be made by 

applying Equation (3.1) via bending stress and Equation (3.2) via surface stress. The 

design calculations show that the first pair of spur gears is safe by means of the bending 

stress, 9,921Mpa and 11,586Mpa, and surface stress, 100,079Mpa and 100,079Mpa, 

respectively, because they don’t exceed the permissible limit for the bending stress, 

 

dP  8 

N  32 

hr  1.92 in  
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285,000 MPa and the surface stress, 765,000 MPa. And so, the number of safety factors 

are 29, 28 for the bending stress and 8, 8 for the surface stress to rR and rh gears, 

correspondingly.  

 

3.5.2    Mechanical Path 

The mechanical path refers to the path that takes power from the arm in planetary 

gear unit through two spur gears. The spur gears are attached to the mechanical path shaft 

and the other one to a shaft parallel to the sun gear shaft. These spur gears have the same 

radius by the use of analysis calculations, as mentioned in the gear ratios calculations.  

Therefore, there is no gear reduction in this case. In other words, after applying Equation 

(3.1) via bending stress, 23,389Mpa and 23,387Mpa, and Equation (3.2) via surface 

stress, 259,884Mpa and 240,884Mpa, the design calculations showed that the gears’ 

design is safe for the mr and the Ar  because the two stresses don’t exceed the permissible 

limit of the bending stress, 285,000Mpa, and surface stress, 765,000Mpa, as shown in 

Equation (3.3) and Equation , respectively. As well as, the numbers of safety factors are: 

13, 13 for the bending stress and 4, 3 for the surface stress to mr  and Ar gears, 

respectively. 

 

3.5.3    Compound Path 

 The compound path is the third part of the drive train after the split torque device. 

The compound group of gear designs contains four spur gears, receiving the power 

through two ways: the mechanical path and the hydraulic path, as they are represented in 
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Figure 3-11. Figure 3-11 displays to the left side the hydraulic path and to the right side 

the mechanical path. Each pair of a spur gear receives power from each path, and delivers 

it to the differential, which is the last path for combing the power again after splitting it 

by the planetary gear unit.  

Figure 3-11. Compounded spur gear exploded schematic, when assembled points O  sit 

on top of each other. 

 

After make the calculations for them and applying the same previous equations 

for the other gears, it reveals that it is safe from the bending stress and the surface stress 

aspects as shown in Table 3-2 for the same previous reason for not exceeding the 

permissible limits for the bending and surface stresses. The bending stress numbers were: 

12,288 MPa, 16,616 MPa, 2,831Mpa, and 3,342 MPa for the 1r , 31r , 2r ,and 32r , in turn. 

The surface stress numbers were: 246,832 MPa, 246,832 MPa, 99,121Mpa, and 99,121 

MPa for the 1r , 31r , 2r , and 32r , respectively. Then the numbers of safety factor were: 24, 

18, 101, and 86 for the bending stress and 4, 4, 8, and 8 for the surface stress to the same 

sequence of gears. 
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3.6    Summary  

The design in this chapter was established based on using a constant diametral 

pitch dp  assumption for the total gears design process. The design calculations were 

verified for two major stresses: the bending stress and surface stress, which are the most 

common reasons for making failure, happen to the gears. Table 3-4 has the precise 

summary for this design chapter, which is achieved by computing the safety factor 

numbers in the direction of the bending stress and the surface stress.  Also, the arm is 

treated as a cantilever beam as was mentioned earlier in this chapter. The design is safe 

after achieving all the possible tests to all components because it is obvious from Table 3-

4 that the numbers of the safety factor are in line for the design process. All the design 

calculations were made depending on an approved design formulas that was done in [32].    

 

Gear N  dP  allσ  σ  sallσ  sσ  . .s fN
bending  

. .s fN
surface  

rr  58 8 285,000 10,746 765,000 199,395 27 4 

sr  22 8 285,000 13,670 765,000 269,367 21 3 

pr  18 8 285,000 14,478 765,000 269,367 20 3 

mr  40 8 285,000 23,387 765,000 240,884 13 4 

Ar  40 8 285,000 23,389 765,000 259,884 13 3 

Rr  62 8 285,000 9,921 765,000 100,079 29 8 

hr  32 8 285,000 11,586 765,000 100,079 25 8 

1r  68 8 285,000 12,288 765,000 246,832 24 4 



57 
 

31r  20 8 285,000 16,611 765,000 246,832 18 4 

2r  56 8 285,000 2,831 765,000 99,121 101 8 

32r  28 8 285,000 3,342 765,000 99,121 86 8 

ar        6  

 

Table 3-4. Safety factor Numbers. 
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CHAPTER 4.  NUMERICAL MODEL AND RESULTS 

 

4.1    Introduction 

This chapter implements the work of this thesis with numerical values and shows 

a real simulation to prove the validity of the analysis and design that were done in 

Chapters 2 and 3. The simulation has practical values, which were obtained from the 

design chapter. Running the simulation by using the gear ratios, which were obtained 

from the design chapter with real numbers and satisfied constraints, is done to verify the 

quasi-static and dynamic modeling for the gear’s design. The vehicle dynamics, which 

are signified by the vehicle dynamics forces, were simulated by involving specific factors 

for a 1997 Ford Ranger. As a final point, a simulated model, as shown in Figure 4-1, will 

be introduced into two sectors: 

 

Figure 4-1. Graphical User Interface Simulink diagram. 
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The first one is the static simulation to simulate the numbers of safety factors for 

gear design with torque as a quasi-static simulation. The second simulation is the 

dynamics simulation, which represents the swash plate angle for the pump and the motor 

with time as a dynamic simulation after using a Proportional-Integral (PI) controller for 

making the engine work near Wide Open Throttle (WOT) line and showing the accuracy 

of the system by displaying the error of the speed.  

 

4.2    Quasi-Static Simulation  

This section will clarify the numbers of safety factors for the stress developed 

through the normal car operation.  In other words, it’s obvious that this design is based on 

the worst condition of operation, which is 225 lbf-ft due to the power map for the engine 

that belongs to 1997 Ford Ranger, as mentioned before in Chapter 3. 

The number of safety factors graphs will be classified into four groups: 1) the 

planetary gears unit group; 2) the mechanical path of spur gears group; 3) the hydraulic 

path spur gears group; and 4) the compound spur gears group. These groups represent the 

entire drive train beginning from the manual gear box through the split torque device and 

through the differential to the tires. The gears were considered by two sides: the bending 

stress and the surface stress, which are the most significant stresses to be concerned with. 

Accordingly, the first group will reveal evidence to prove the safety factor numbers. 

Figure 4-2, Figure 4-3, and Figure 4-4 show that the numbers of safety factor for each 

part of the planetary gears unit, which are the planet gear, the sun gear, and the ring gear; 

at the same time, this group represents the torque split device. In other words, the vehicle 

speed will be changed in this simulation.   
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Figure 4-2. Safety factor for pr gear 

 
 

 
Figure 4-3. Safety factor for rr  gear. 
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Figure 4-4. Safety factor for sr  gear 

 

The second group is the mechanical gears group, which delivers the power 

through the mechanical path to be combined by the compound spur gears to the 

differential.  Those gears are represented by Figure 4-5 and Figure 4-6.  

 

 
Figure 4-5. Safety factor for Ar  gear. 
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Figure 4-6. Safety factor for mr  gear. 

 

The third group delivers the power from the planetary gear unit, which is the split 

torque device, to the hydraulic path, which is represented by the hydraulic transmission 

that is showing the main point for this thesis. The hydraulic path consists of pressure-

controlled pump and a displacement-controlled motor to regulate the gear ratio for the 

CVT; as shown in Figure 4-7 and Figure 4-8.  
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Figure 4-7. Safety factor for hr  gear. 

 

 

Figure 4-8. Safety factor for Rr gear. 

 

The fourth group consists of the spur gear combining the powers again from the 

two paths to deliver it to the tires through the differential.  This is divided into two sub 

groups: the mechanical spur gears and the hydarulic spur gears.  The mechanical spur 
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gears contract the power from the mechanical path to be delivered to the compound spur 

gears group through the differential to the tires, as shown in Figure 4-9 and Figure 4-10. 

 

Figure 4-9. Safety factor for 1r  gear. 

 

Figure 4-10. Safety factor for 31r  gear. 
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 The hydraulic spur gears, the second sub group from the fourth group, get the 

power from the hydraulic path that is represented by CVT transmission to the compound 

spur gears through the differential to the tires, as shown in Figure 4-11 and Figure 4-12. 

 

Figure 4-11. Safety factor for 2r  gear. 

Figure 4-12. Safety factor for 32r  gear. 
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In conclusion, it is noticeable that all the gears were designed safely with 

reasonable safety factors for showing the unique aspect from this design and verifying it 

with a perfect way by displaying the variation of those safety factors with torque.  

 

4.3    Dynamics Simulation 

 The second part of this simulation is the dynamics simulation, which is signified 

by presenting the change between the swash plate angle for the pump and the motor with 

respect to time. In other words, this part will control the swash plate angle for the motor 

by subtracting the actual engine speed from the generated speed by Newton Raphson 

Method through the embedded Matlab function. The Newton-Raphson method is almost 

certainly the most generally used of all root-finding methods. It works as: starting with an 

initial guess 1x  at the root, the next guess 2x   is the intersection of the tangent from the 

point [ 1x , 1( )f x ] to the x-axis. The next guess 3x  is the intersection of the tangent from 

the point [ 2x , 2( )f x ] to the x-axis. The mentioned procedure could be repeated until the 

preferred tolerance is achieved. Newton-Raphson method has been used as a Matlab 

code, shown in Appendix A. The desired operating line (DOL) was produced by the 

Matlab code. A result of this subtraction is the engine speed error.  Engine speed error is 

fed to a PI controller, shown in Figure 4-13, for finally adjusting the swash plate angle 

within a non-dimentionalized manner. Newton-Raphson Method represents a numerical 

analysis for finding best approximations to the roots of a function. It is implemented 

through making a Matlab code by solving a cubic equation, Equation (2.44), 

instantaneously then creates a loop till finding the best approximated solution. 
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Figure 4-13. Proportional-Integral control structure 

 

 This simulation will be made in consideration with four vehicle speeds: 15, 25, 

45, and 60 MPH, which means the vehicle speed is constant. During the same time of 

using a PI controller, the speed error will be presented. The main reason for showing the 

engine speed error is to make it clear that the engine works near WOT, and the simulation 

runs in a faultless way.  Moreover, feeding the error to the swash plate angle of the motor 

to make the output from the hydraulic transmission produced with an exact technique and 

enforced the swash plate angle for the motor working with zero amount of error, as it is 

clear in Figure 4-14 and Figure 4-15, when the vehicle speed is 15 MPH. 

Figure 4-14. Swash plate angle pump and motor at 15 MPH. 

u = engine power y = desired engine speed 
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Figure 4-15. Speed error with PI controller at 15 MPH 

 
  Similarly, the speed error reaches zero when the vehicle speed is at 25 MPH. It’s 

significant to show the difference between the swash plate angle of the motor verses the 

swash plate angle of the pump, as shown in Figure 4-16 and Figure 4-17.    

   

Figure 4-16. Swash plate angle pump and motor at 15 MPH 
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Figure 4-17. Speed error with PI controller at 25 MPH 

 
Again, the same procedure is repeated to show the robustness for this simulation 

by achieving a speed error of zero within a small period of time, as shown in Figure 4-17 

and Figure 4-18. As well, the system behavior is the same as the first order system, which 

is the most stable system’s behavior from the control concept.  

 

Figure 4-18. Swash plate angle pump and motor at 15 MPH 
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Figure 4-19. Speed error with PI controller at 45 MPH 

 
Finally, the 60 MPH is used in this simulation and still shows the speed error 

reaching zero, aside from correcting the swash plate angles for the pump and motor, as 

shown in Figure 4-19 and Figure 4-20.  

Figure 4-20. Swash plate angle pump and motor at 15 MPH 
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Figure 4-21. Speed error with PI controller at 60 MPH 

 
4.4    Summary 

Briefly, the simulation in this chapter has shown the validity of the design and 

modeling for this thesis by reaching reasonable safety factor numbers even having them 

run on the worst conditions. Furthermore, this simulation showed that reaching an error 

of zero by using the PI controller in order for the modeling in the Simulink diagram to be 

effective and properly functioning.   
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CHAPTER 5.  CONCLUSION  

 

5.1    Introduction 

 This chapter concentrates on discussing the results from Chapter 4, the numerical 

model for the system that was designed in Chapter 3. Section 5.2 displays all conclusions 

for the whole thesis. As a final point, section 5.3 will show the recommended future work 

to finish the pursuing work of this thesis.       

 

5.2    Conclusions  

 The first chapter in this thesis begins by showing the demand for the alternative 

fuel by demonstrating the main reasons for the fluctuation in the fuel cost and the 

emergent needs to the hybrid vehicles for eliminating the environmental issues of 

dangerous gases. Then, making a parallel between the CVT transmission and the other 

transmissions in the recent hybrid vehicles is explained to conclude the objective of this 

research and displaying the preceding work associated with the current work.  

The second chapter displays the mathematical modeling for the whole drive train 

by obtaining the main equations that describe the entire transmission and solves them by 

a Mathematica program, simultaneously. In addition, the vehicle dynamics and engine 

analysis were considered in the drive train model through this chapter.  

The third chapter shows the design process, the key part for the design of this 

transmission. In addition, the design has shown reasonable safety factor numbers for all 

the gears in the entire drive train and picked up real hydraulic pump and motor sizes from 

well-known hydraulic manufacturer companies.  
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The fourth chapter includes results that illustrate the numbers of the safety factors 

varying with torque and were still safe heading toward the peak torque for the engine. 

This was represented under the quasi-static simulation section. Moreover, the dynamic 

simulation showed the difference between the swash plate angle for the pressure 

controlled pump and the swash plate angle for the displacement motor. 

Unlike others work, this research focused on the following: 

1- The gears design.  

2- The Proportional-Integral control has been designed to make the engine work near 

WOT line of the engine. 

Moreover, there many things have been done in this research in order to achieve the 

above two main contributions, which are as follows:  

1- The analysis developed and overall speed ratio; 

2- Significant study for the behavior of the swash plate angles for pump and motor; 

3- And, the safety factor numbers have been designed and calculated to be 

maintained at least 2 and over in the most severe conditions of operation. 

 

5.3    Future Work 

Efficiency gains for the transmission should be tested for an ideal transmission. In 

other words, each part with the hydrostatic transmission should be examined as well 

within efficiency considerations. The efficiency considerations could be considered as a 

future work to end up getting the last step for this research. In addition, a study of the 

dynamics for the hydraulics’ pump and motor is needed.   
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APPENDIX A. NEWTON- RAPHSON METHOD 

 

function xn = newton(power) 

alpha=192.5764639; 
beta=0.8554387341; 
gamma=0.001613983311; 
  
xo=200; 
tol=0.001; 
N=10000; % number of iterations 
xn=0; 
  
for i = 1 : N 
     
     
    f= alpha*xo + beta*xo^2 - gamma*xo^3 - power; 
    fd= alpha + 2*beta*xo - 3*gamma*xo^2 ; 
     
    if fd == 0 
        return; 
         
         
    else 
        xn= xo - f/fd ; 
         
        if abs( xn - xo ) < tol || abs( xn - xo ) == tol 
            xn=xn*(1); 
            return; 
             
        end 
         
    end 
    xo = xn; 
     
end 
 
xn=xn*(60/(2*pi)); 
 
return 
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