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ABSTRACT

In this thesis we characterize the spectrum of one-dimensional Schrodinger op-
erators H = —d?/dz*+V in L*(R; dz) with quasi-periodic complex-valued algebro-
geometric potentials V' (i.e., potentials V' which satisfy one (and hence infinitely
many) equation(s) of the stationary Korteweg—de Vries (KdV) hierarchy) associ-
ated with nonsingular hyperelliptic curves. The spectrum of H coincides with the
conditional stability set of H and can explicitly be described in terms of the mean
value of the inverse of the diagonal Green’s function of H.

As a result, the spectrum of H consists of finitely many simple analytic arcs
and one semi-infinite simple analytic arc in the complex plane. Crossings as well
as confluences of spectral arcs are possible and discussed as well. These results
extend to the LP(R; dx)-setting for p € [1, 00).

In addition, we apply these techniques to the discrete case and characterize
the spectrum of one-dimensional Jacobi operators H = aS* +a~ S~ — b in (*(Z)
assuming a, b are complex-valued quasi-periodic algebro-geometric coefficients. In
analogy to the case of Schrodinger operators, we prove that the spectrum of H

coincides with the conditional stability set of H and can also explicitly be described
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in terms of the mean value of the Green’s function of H. The qualitative behavior
of the spectrum of H in the complex plane is similar to the Schrodinger case: the
spectrum consists of finitely many bounded simple analytic arcs in the complex

plane which may exhibit crossings as well as confluences.
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Chapter 1

Introduction

In this dissertation we characterize the spectrum of one-dimensional Schrodinger
and Jacobi operators H with quasi-periodic complex-valued algebro-geometric coef-
ficients (i.e., coefficients which satisfy one (and hence infinitely many) equation(s)
of the stationary Korteweg—de Vries (KdV) or Toda hierarchy) associated with
nonsingular hyperelliptic curves. We show that the spectrum of H coincides with
the conditional stability set of H and can explicitly be described in terms of the
mean value of the diagonal Green’s function of H. As a result, the spectrum of H
consists of finitely many simple analytic arcs in the complex plane. Crossings as
well as confluences of spectral arcs are possible and discussed as well.

Having mentioned the main results, we turn to a description of the content of
each chapter. In Chapter 2 we describe the spectrum of Schrodinger operators H
with complex-valued quasi-periodic algebro-geometric potentials. First, we recur-
sively introduce the KdV hierarchy and the associated hyperelliptic curves. Then,
using tools like the Baker-Akhiezer function, the theta-function of the underly-
ing hyperelliptic curve, and the Green’s function of H, we describe the spectral

properties of H.



In Chapter 3 we apply the same approach to the case of Jacobi operators H
with complex-valued quasi-periodic algebro-geometric coefficients. Even though
the strategy of proofs and the results are similar, the actual details in the discrete
case differ from those in the Schrodinger case.

An announcement of the principal results of Chapter 2 of this thesis appeared
in [5]. The content of Chapter 2 has been accepted for publication in Journal

d’Analyse Mathématiques [6].



Chapter 2

The Spectra of Schrodinger
Operators with Quasi-Periodic

Algebro-(Geometric KAV
Potentials

2.1 Introduction

It is well-known since the work of Novikov [70], Marchenko [57], [58], Dubrovin
[21], Dubrovin, Matveev, and Novikov [24], Flaschka [30], Its and Matveev [42],
Lax [54], McKean and van Moerbeke [64] (see also [9, Sects. 3.4, 3.5], [34, p. 111
112, App. J], [59, Sect. 4.4], [71, Sects. I1.6-11.10] and the references therein) that
the self-adjoint Schrodinger operator

2

[ +V, dom(H)= H**(R) (2.1.1)

dx?

in L*(R; dx) with a real-valued periodic, or more generally, quasi-periodic and real-
valued potential V', that satisfies one (and hence infinitely many) equation(s) of the

stationary Korteweg—de Vries (KdV) equations, leads to a finite-gap, or perhaps



more appropriately, to a finite-band spectrum o(H) of the form

n—1

o(H) = | [Bom: Bom1] U [Ezn, 00). (2.1.2)

m=0

It is also well-known, due to work of Serov [76] and Rofe-Beketov [74] in 1960
and 1963, respectively (see also [61], [80]), that if V' is periodic and complez-valued
then the spectrum of the non-self-adjoint Schrodinger operator H defined as in
(2.1.1) consists either of infinitely many simple analytic arcs, or else, of a finite
number of simple analytic arcs and one semi-infinite simple analytic arc tending to
infinity. It seems plausible that the latter case is again connected with (complex-
valued) stationary solutions of equations of the KdV hierarchy, but to the best
of our knowledge, this has not been studied in the literature. In particular, the
next scenario in line, the determination of the spectrum of H in the case of quasi-
periodic and complex-valued solutions of the stationary KdV equation apparently
has never been clarified. The latter problem is open since the mid-seventies and it
is the purpose of this chapter to provide a comprehensive solution of it.

To describe our results a bit of preparation is needed. Let
G(z,x,2') = (H — 2) ' (z,2), 2¢€C\o(H), v,2 € R, (2.1.3)

be the Green’s function of H (here o(H) denotes the spectrum of H) and denote

by g(z,z) the corresponding diagonal Green’s function of H defined by

]z = ()]

g(z,x) =G(z,x,x) = MR (2 (2.1.4)
2n

Ropy1(2) = H (2 = En), {En}n= CC, (2.1.5)
m=0

E, # E, form#m/, m,m' =0,1,...,2n. (2.1.6)

4



For any quasi-periodic (in fact, Bohr (uniformly) almost periodic) function f the

mean value (f) of f is defined by
1 R
(f) = lim 2—/ dx f(z). (2.1.7)
Moreover, we introduce the set ¥ by
Y ={AeC|Re((g(A,)")) =0} (2.1.8)

and note that

7 T~L_1 zZ — Xj
(9(z,-)) = 12_[}%;”+<1(Z)1/2)

(2.1.9)

for some constants {Xj}’;:l c C.

Finally, we denote by o,(T), 0,(T), 0.(T), 0e(T), and 0,,(T), the point spec-
trum (i.e., the set of eigenvalues), the residual spectrum, the continuous spectrum,
the essential spectrum (cf. (2.4.15)), and the approximate point spectrum of a
densely defined closed operator T" in a complex Hilbert space, respectively.

Our principal new results, to be proved in Section 2.4, then read as follows:

Theorem 2.1.1. Assume that V' is a quasi-periodic (complez-valued) solution
of the nth stationary KdV equation associated with the hyperelliptic curve y* =
Roni1(z) subject to (2.1.5) and (2.1.6). Then the following assertions hold:

(1) The point spectrum and residual spectrum of H are empty and hence the spec-

trum of H 1s purely continuous,

op(H) = or(H) =10, (2.1.10)

o(H)=0.(H) =0.(H) = 0ap(H). (2.1.11)



(13) The spectrum of H coincides with ¥ and equals the conditional stability set of

H

o(H) = {X € C|Re({g(\,-)")) =0} (2.1.12)
= {\ € C| there exists at least one bounded distributional solution
0# ¢ € L(R;dx) of HY = M)} (2.1.13)
(131) o(H) is contained in the semi-strip
o(H) C {z € C|Im(z) € [My, Ms], Re(z) > M3}, (2.1.14)
where

M, = inf[Im(V(z))], My =sup[Im(V(z))], M;= inf[Re(V(z))]. (2.1.15)

z€R z€R z€R
(1v) o(H) consists of finitely many simple analytic arcs and one simple semi-infinite
arc. These analytic arcs may only end at the points Xl, e ,Xn, Ey, ..., Ey,, and at
infinity. The semi-infinite arc, 0, asymptotically approaches the half-line Ly =
{z € Clz = (V) +x, & > 0} in the following sense: asymptotically, o can be

parameterized by
0 ={2z€Clz=R+ilm((V)) + O(R’ln) as R 1 oo}, (2.1.16)

(v) Fach E,,, m =0,...,2n, is met by at least one of these arcs. More precisely,
a particular E,,, is hit by precisely 2Ny + 1 analytic arcs, where Ny € {0,...,n}
denotes the number of Xj that coincide with E,,,. Adjacent arcs meet at an angle
21 /(2No + 1) at E,,. (Thus, generically, Ny = 0 and precisely one arc hits Ep,,.)

(vi) Crossings of spectral arcs are permitted and take place precisely when

Re({g(Njo, ) ™)) =0 for some jo € {1,...,n} with Xjy ¢ {En}?"y. (2.1.17)
6



In this case 2My+2 analytic arcs are converging toward X, where My e {l,...,n}

Jo
denotes the number of Xj that coincide with on. Adjacent arcs meet at an angle

w/(My+1) at on. (Thus, generically, My =1 and two arcs cross at a right angle.)

(vii) The resolvent set C\o(H) of H is path-connected.

Naturally, Theorem 2.1.1 applies to the special case where V is a periodic
(complex-valued) solution of the nth stationary KdV equation associated with a
nonsingular hyperelliptic curve. Even in this special case, items (v) and (vi) of
Theorem 2.1.1 provide additional new details on the nature of the spectrum of H.

As described in Remark 2.4.10, these results extend to the LP(R; dz)-setting for
p € [1,00).

Theorem 2.1.1 focuses on stationary quasi-periodic solutions of the KdV hierar-
chy for the following reasons. First of all, the class of algebro-geometric solutions of
the (time-dependent) KdV hierarchy is defined as the class of all solutions of some
(and hence infinitely many) equations of the stationary KdV hierarchy. Secondly,
time-dependent algebro-geometric solutions of a particular equation of the (time-
dependent) KdV hierarchy just represent isospectral deformations (the deformation
parameter being the time variable) of a fixed stationary algebro-geometric KdV so-
lution (the latter can be viewed as the initial condition at a fixed time (). In the
present case of quasi-periodic algebro-geometric solutions of the nth KdV equation,
the isospectral manifold of such a given solution is a complex n-dimensional torus,
and time-dependent solutions trace out a path in that isospectral torus (cf. the
discussion in [34, p. 12]).

Finally, we give a brief discussion of the contents of each section. In Section
7



2.2 we provide the necessary background material including a quick construction
of the KAV hierarchy of nonlinear evolution equations and its Lax pairs using a
polynomial recursion formalism. We also discuss the hyperelliptic Riemann sur-
face underlying the stationary KdV hierarchy, the corresponding Baker—Akhiezer
function, and the necessary ingredients to describe the Its—Matveev formula for sta-
tionary KdV solutions. Section 2.3 focuses on the diagonal Green’s function of the
Schrodinger operator H, a key ingredient in our characterization of the spectrum
o(H) of H in Section 2.4 (cf. (2.1.12)). Our principal Section 2.4 is then devoted
to a proof of Theorem 2.1.1. Appendix A provides the necessary summary of tools
needed from elementary algebraic geometry (most notably the theory of compact
(hyperelliptic) Riemann surfaces) and sets the stage for some of the notation used
in Sections 2.2-2.4. Appendix B provides additional insight into one ingredient of
the Its—Matveev formula; Appendix C illustrates our results in the special periodic
non-self-adjoint case and provides a simple yet nontrivial example in the elliptic

genus one case.

2.2 The KdV hierarchy, hyperelliptic curves,
and the Its—Matveev formula

In this section we briefly review the recursive construction of the KdV hierarchy
and associated Lax pairs following [36] and especially, [34, Ch. 1]. Moreover, we
discuss the class of algebro-geometric solutions of the KdV hierarchy corresponding
to the underlying hyperelliptic curve and recall the Its—Matveev formula for such

solutions. The material in this preparatory section is known and detailed accounts



with proofs can be found, for instance, in [34, Ch. 1]. For the notation employed
in connection with elementary concepts in algebraic geometry (more precisely, the
theory of compact Riemann surfaces), we refer to Appendix A.

Throughout this section we suppose the hypothesis
Ve C*(R) (2.2.1)
and consider the one-dimensional Schrodinger differential expression

L=——"+V. 2.2.2
i (2.2.2)

To construct the KdV hierarchy we need a second differential expression Py, of
order 2n + 1, n € Ny, defined recursively in the following. We take the quickest
route to the construction of Ps,1, and hence to that of the KAV hierarchy, by
starting from the recursion relation (2.2.3) below.

Define { f;}sen, recursively by
fO = 1a fﬁ,z = _(1/4)f€—1,xcca: + Vfﬁ—l,z + (1/2)‘/;:]66—17 ¢eN. (223)

Explicitly, one finds

fO = ]-a
fi= %V-i-ch
fo=—§Vaa + V213V + 05, (2:24)

1 5 51/2 5173
+o1(— tVaw + 2V?) + 23V + 3, et

Here {c }reny C C denote integration constants which naturally arise when solving

(2.2.3).



Subsequently, it will be convenient to also introduce the corresponding homo-

geneous coefficients fg, defined by the vanishing of the integration constants c; for

k=1,...,¢,

fo=f=1 fi= f@|ck:0,k:1,...,e’ ten. (2.2.5)
Hence,

g ~
fe= Zce—kfk, { € No, (2.2.6)
k=0

introducing

co = 1. (2.2.7)

One can prove inductively that all homogeneous elements f; (and hence all f;)
are differential polynomials in V', that is, polynomials with respect to V and its
x-derivatives up to order 2¢ — 2, / € N.

Next we define differential expressions P, of order 2n + 1 by

P2n+1 = Z (fn_g% — %fn_g’x>[/, n € Ng. (228)

Using the recursion relation (2.2.3), the commutator of Py, and L can be explic-

itly computed and one obtains
[PZnJrl) L] = 2fn+1,x7 n e No. (229)

In particular, (L, Ps,11) represents the celebrated Laz pair of the KdV hierarchy.
Varying n € Ny, the stationary KdV hierarchy is then defined in terms of the

vanishing of the commutator of Ps,,; and L in (2.2.9) by,

_[P2n+17 L] = _2fn+1,z(v) = S—Kan(V) = O, n € No. (2210)

'In a slight abuse of notation we will occasionally stress the functional dependence of f, on
V, writing fo(V).

10



Explicitly,

s-KdVy(V) = -V, =0,
s-KdV1(V) = 1Vaga — SVVo + 1 (—=V,) = 0, (2.2.11)

S'KdVQ(V) - _1_16VZ‘Z‘LL‘$CC + g‘/:’c:m: + ngVm - %Vz‘/z

+ C1(%sz - %va) +co(=V,) =0, etc.,

represent the first few equations of the stationary KdV hierarchy. By definition,
the set of solutions of (2.2.10), with n ranging in Ny and ¢ in C, k € N, represents
the class of algebro-geometric KdV solutions. At times it will be convenient to
abbreviate algebro-geometric stationary KdV solutions V' simply as KdV potentials.

In the following we will frequently assume that V' satisfies the nth stationary
KdV equation. By this we mean it satisfies one of the nth stationary KdV equations
after a particular choice of integration constants ¢, € C, k=1,...,n, n € N, has
been made.

Next, we introduce a polynomial F), of degree n with respect to the spectral

parameter z € C by

Fu(z.2) =Y fui(r)2" (2.2.12)

Explicitly, one obtains

FO - 17
Fi=z+1V+4q,
Fy=2%+ %Vz — %VM + %VQ + 01(%‘/ + z) + cg, (2.2.13)

Fym 244V (= Wi+ V)24 BVaree = 5V Viw = 17
11



+ %V3 + (22 + %Vz — %Vm + §V2) + co (z + %V) +c3, etc.
The recursion relation (2.2.3) and equation (2.2.10) imply that
Frgze — 4V — 2)F, , — 2V, F, = 0. (2.2.14)
Multiplying (2.2.14) by F,,, a subsequent integration with respect to x results in
(1/2) Fuse B — (1/4)F2, — (V = 2)F2 = Ry, (2:2.15)

where Ry,.1 is a monic polynomial of degree 2n + 1. We denote its roots by

{E,,}*"_,, and hence write

Iﬁn+ﬂz)::Ii(z——Eg), {E,}>, cC. (2.2.16)

One can show that equation (2.2.15) leads to an explicit determination of the

integration constants cq,..., ¢, in
s-KdV,(V) = =2fn41.(V) =0 (2.2.17)
in terms of the zeros Ey, ..., Fa, of the associated polynomial Rs,.; in (2.2.16).

In fact, one can prove

Ck :Ck(ﬁ), k= 1,...,71, (2.2.18)
where
(E) i (QJO)' e (2]2n>' o E72
c = — . . . . SRR i
o J0yessJ2n=0 2%k (jol)2 - -+ (J2u1)2(2jo — 1) -+ (220 — 1) ° ?
Jot-tjan=k

k=1,....n. (2.2.19)

12



Remark 2.2.1. Suppose V € C?*"T}(R) satisfies the nth stationary KdV equa-
tion s-KdV,,(V) = —2f,411.(V) = 0 for a given set of integration constants c,
k =1,...,n. Introducing F, as in (2.2.12) with fy,..., f, given by (2.2.6) then
yields equation (2.2.14) and hence (2.2.15). The latter equation in turn, as shown

inductively in [38, Prop. 2.1], yields
Ve C®R) and fre C°(R), £=0,...,n. (2.2.20)

Thus, without loss of generality, we may assume in the following that solutions of

s-KdV,,(V) = 0 satisfy V € C>(R).

Next, we study the restriction of the differential expression P, to the two-
dimensional kernel (i.e., the formal null space in an algebraic sense as opposed to

the functional analytic one) of (L — z). More precisely, let
ker(L — z) = {¢: R — C meromorphic | (L —2)y =0}, =zeC. (2.2.21)

Then (2.2.8) implies

d
— : 2.2.22
dx ker(L—z) ( )

— SFaa()

P2"+1‘ker(L—z) = (Fn(Z)

We emphasize that the result (2.2.22) is valid independently of whether or not
Py, 1 and L commute. However, if one makes the additional assumption that
Py, 11 and L commute, one can prove that this implies an algebraic relationship

between Py, and L.

Theorem 2.2.2. Fizn € Ny and assume that P, i1 and L commute, [Popy1, L] =

0, or equivalently, suppose s-KdV,,(V) = —2f,11.(V) = 0. Then L and Py,iq
13



satisfy an algebraic relationship of the type (cf. (2.2.16))

fn<L7 _ip2n+1) = _P22n+1 - R2n+1(L) = 07

2 2.2.23
Roynii(2) = |[ (2= En), z€C. ( )

m=0

The expression F,,(L, —iPy,1) is called the Burchnall-Chaundy polynomial of
the pair (L, Py,.1). Equation (2.2.23) naturally leads to the hyperelliptic curve I,

of (arithmetic) genus n € Ny (possibly with a singular affine part), where

lCn: fn(zyy) = y2 - R2n+1(z) - Oa

2n 2.2.24
Ronsi(2) = [[(z = En), {Ew}i, CC. ( )

The curve KC,, is compactified by joining the point P, but for notational simplicity
the compactification is also denoted by /C,,. Points P on IC,\{Px} are repre-
sented as pairs P = (z,y), where y(+) is the meromorphic function on ,, satisfying
Fo(z,y) = 0. The complex structure on K, is then defined in the usual way, see
Appendix A. Hence, K, becomes a two-sheeted hyperelliptic Riemann surface of
(arithmetic) genus n € Ny (possibly with a singular affine part) in a standard
manner.

We also emphasize that by fixing the curve IC,, (i.e., by fixing Ey, ..., Ea,), the
integration constants ¢y, ..., ¢, in f,4+1, (and hence in the corresponding stationary
KdV,, equation) are uniquely determined as is clear from (2.2.18) and (2.2.19),
which establish the integration constants ¢; as symmetric functions of Ey, ..., Es,.

For notational simplicity we will usually tacitly assume that n € N. The trivial
case n = 0 which leads to V(x) = Ej is of no interest to us in this paper.

In the following, the zeros® of the polynomial F,(-,z) (cf. (2.2.12)) will play a

2If V € L>™(R; dx), these zeros (generically) are the Dirichlet eigenvalues of a closed operator

14



special role. We denote them by {u;(x)}}_; and hence write
=1z — wi= (2.2.25)
j=1
From (2.2.15) we see that
Ronir + (1/4)F? = FH 1, (2.2.26)
where
Ho1(z,2) = (1/2)F00(2,2) + (2 = V(2))F,(2, x) (2.2.27)

is a monic polynomial of degree n + 1. We introduce the corresponding roots?

{ve(@) g of Hupa(-,2) by
Hyia(z,2) = [ [1z = wele (2.2.28)
(=0
Explicitly, one computes from (2.2.4) and (2.2.12),

H1 =z — ‘/,
Hy=2—iVe4+ 1V, — V4 o(z - V), (2.2.29)

I A

The next step is crucial; it permits us to “lift” the zeros u; and vy of F,, and H,, 1,

from C to the curve KC,,. From (2.2.26) one infers

R2n+1(2) + (1/4)Fn7x(2)2 = O, z € {[Lj, VE}j:L...,n,K:O,...m- (2230)

in L?(R) associated with the differential expression L and a Dirichlet boundary condition at
z € R.

3If V € L*°(R; dx), these roots (generically) are the Neumann eigenvalues of a closed operator
in L?(R) associated with L and a Neumann boundary condition at x € R.

15




We now introduce {/1;(z)};=1

-----

frj(x) = (s (@), =(/2) Fou(py (), ), j=1,...,n, z €R (2.2.31)
and
vi(z) = (ve(x), (1/2) Fop(ve(z), ), €=0,....,n,x€R. (2.2.32)

Due to the C*(R) assumption (2.2.1) on V, F,(z,-) € C>*(R) by (2.2.3) and

(2.2.12), and hence also H,41(z,-) € C*°(R) by (2.2.27). Thus, one concludes
pi,ve € C(R), j=1,....,n, £=0,...,n, (2.2.33)

taking multiplicities (and appropriate renumbering) of the zeros of F,, and H,
into account. (Away from collisions of zeros, y; and v, are of course C*.)

Next, we define the fundamental meromorphic function ¢(-, z) on IC,,

iy 4 (1/2)Fye(2, )

o(Pz) = Folon) (2.2.34)
e o) (2:2:39)
P=(z,y) ey, z€R
with divisor (¢(+,z)) of ¢(-, x) given by
(0(-,7)) = Dop@ys(x) — Pruii(a) (2.2.36)
using (2.2.25), (2.2.28), and (2.2.33). Here we abbreviated
=i f}s 2= {01, 0} € Sym™(K,) (2.2.37)

(cf. the notation introduced in Appendix A). The stationary Baker—Akhiezer func-

tion (-, x, o) on K,\{Px} is then defined in terms of ¢(-,x) by

(P, x,x0) = exp (/x dz' ¢ (P, x’))) P e K,\{P,}, (z,70) € R*. (2.2.38)
16



Basic properties of ¢ and 1 are summarized in the following result (where W (f, g) =

fg — f'g denotes the Wronskian of f and g, and P* abbreviates P* = (z, —y) for
P = (z,y)).
Lemma 2.2.3. Assume V € C*®(R) satisfies the nth stationary KdV equation

(2.2.10). Moreover, let P = (z,y) € K,\{Px} and (z,z) € R*. Then ¢ satisfies

the Riccati-type equation

¢o(P) + ¢(P)? =V — 2, (2.2.39)
as well as

¢(P)p(P*) = H}:(ls)z : (2.2.40)

o(P)+o(P) = ) (2.2.41)

O(P) — o(P") = Fiiyz) (2.2.42)

Moreover, 1) satisfies

(L= =(P)U(P) =0, (Pousr —iy(P)J(P) =0, (2.2.43)
W(P,x,x0) = (%)m exp (iy / Az’ Fn(z,x’)_1>, (2.2.44)
(P, x,x0)Y(P*, z, 1) = %, (2.2.45)
Uol(Py 2, w0 (P, 30) = % (2.2.46)
V(P x, x0) (P, x,20) + (P, x,20). (P, x,z0) = %, (2.2.47)
WP, ) (P 0) = = (2.2.48)

In addition, as long as the zeros of F,(-,z) are all simple for x € Q, Q@ C R an

open interval, V¥ (-, x, o) is meromorphic on K,\{Px} for x,zq € .
17



Combining the polynomial recursion approach with (2.2.25) readily yields trace
formulas for the KdV invariants, that is, expressions of f, in terms of symmetric

functions of the zeros p; of F,.

Lemma 2.2.4. Assume V € C*®(R) satisfies the nth stationary KdV equation

(2.2.10). Then,

2n n
V= Z Ep — 2Zuj, (2.2.49)
—(1/2)V, Z E2 —2 Z 12, ete. (2.2.50)

Equation (2.2.49) represents the trace formula for the algebro-geometric poten-
tial V. In addition, (2.2.50) indicates that higher-order trace formulas associated
with the KdV hierarchy can be obtained from (2.2.25) comparing powers of z. We
omit further details and refer to [34, Ch. 1] and [36].

From this point on we assume that the affine part of K,, is nonsingular, that is,
E,, # E, form #m/, m,m' =0,1,...,2n. (2.2.51)

Since nonspecial divisors play a fundamental role in this context we also recall

the following fact.

Lemma 2.2.5. Suppose that the affine part of KC,, is nonsingular and assume that
V e C®(R) N L>®(R;dx) satisfies the nth stationary KdV equation (2.2.10). Let
Dy, pp = ({11, .., fin) be the Dirichlet divisor of degree n associated with V' defined
according to (2.2.31), that is,

1y(2) = (y(2), (/D Py (@).2)). G =1,....m, z € R, (2:2.52)
18



Then Dy is nonspecial for all x € R. Moreover, there exists a constant C' > 0

such that
(@) <C, j=1,...,n, z €R. (2.2.53)

Remark 2.2.6. Assume that V' € C*°(R) N L*>®(RR; dx) satisfies the nth stationary
KdV equation (2.2.10). We recall that f, € C*(R), ¢ € Ny, by (2.2.20) since f, are
differential polynomials in V. Moreover, we note that (2.2.53) implies that f, €
L*(R;dx), ¢ = 0,...,n, employing the fact that f,, £ = 0,...,n, are elementary
symmetric functions of py,...,u, (cf. (2.2.12) and (2.2.25)). Since fo41. = 0,
one can use the recursion relation (2.2.3) to reduce fi for k& > n + 2 to a linear

combination of fi,..., f,. Thus,

foe C(R)N L>*(R;dx), ¢ € N,. (2.2.54)
Using the fact that for fixed 1 < p < o0,

h,h®) € [P(R;dz) imply h' € LP(R;dx), ¢=1,... k—1 (2.2.55)
(cf., e.g., [8, p. 168-170]), one then infers

VO e L®(R;dx), (€ Ny, (2.2.56)
applying (2.2.55) with p = oc.

We continue with the theta function representation for ¢» and V. For general
background information and the notation employed we refer to Appendix A.
Let 6 denote the Riemann theta function associated with /C,, (whose affine part

is assumed to be nonsingular) and a fixed homology basis {a;, b;}7_; on K. Next,
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choosing a base point Qo € K,,\ Pso, the Abel maps Ay, and ag, are defined by
(A.41) and (A.42), and the Riemann vector Z, is given by (A.54).

Next, let wg;p denote the normalized differential of the second kind defined by

1 n
2 _
ngo)op = —%Jlj[l(z —Aj)dz cfo (C 24 O(l))dC as P — P, (2.2.57)
C = 0/21/27 S {17 _1}7
where the constants A\; € C, j = 1,...,n, are determined by employing the nor-
malization
/ Wwe =0, j=1,...,n. (2.2.58)

J

One then infers

P
[ o =~ @)+ 000 as P P (22:50)
Qo -

for some constant 682) (Qo) € C. The vector of b-periods of wg;o /(27i) is denoted

by
1
Uy = (U, ..., us)), Uy = 2—/ W& i =1 (2.2.60)
e b
By (A.26) one concludes
U = —2¢;(n), j=1,...,n. (2.2.61)

In the following it will be convenient to introduce the abbreviation

2(P,Q) = Zg, — Agy(P)+ a0, (Do) P € Kuy @ ={Q1,...,Qu} € Sym™(K,).

(2.2.62)

We note that z(-, Q) is independent of the choice of base point Q.
20



Theorem 2.2.7. Suppose that V € C*°(R)NL>®(R;dx) satisfies the nth stationary
KdV equation (2.2.10) on R. In addition, assume the affine part of I, to be
nonsingular and let P € K,\{Px} and v,z0 € R. Then Dy and Dy are

nonspecial for x € R. Moreover,*

) g i
VP 0) = GerE @ )0, (wo))
X exp [ —i(x — xo) ( g wgo)mo — eéz)(Qo))} : (2.2.63)

with the linearizing property of the Abel map,

0, (Paw) = (g, (Dien)) + UP (@ = 20))  (mod Ly). (2.2.64)

The Its—Matveev formula for V reads

V(z) = Eg+ Y (Byjo1+ By —2X) =202 In (0(Zq, — Ag, (Pa) + 2, (Ditx))) -

j=1
(2.2.65)
Combining (2.2.64) and (2.2.65) shows the remarkable linearity of the theta
function with respect to x in the Its—Matveev formula for V. In fact, one can

rewrite (2.2.65) as

V(z) = Ay — 202 In(0(A + Bz)), (2.2.66)
where

4To avoid multi-valued expressions in formulas such as (2.2.63), etc., we agree to always choose
the same path of integration connecting ()¢ and P and refer to Remark A.4 for additional tacitly
assumed conventions.
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B=iUy, (2.2.68)

Ao =Eo+ Y (Byjoy + Eaj — 2))). (2.2.69)

j=1
Hence the constants Ay € C and B € C™ are uniquely determined by ,, (and its
homology basis), and the constant A € C" is in one-to-one correspondence with

the Dirichlet data ji(zo) = (fi1(20), - .., fin(T0)) € Sym"(K,,) at the point .

Remark 2.2.8. If one assumes V' in (2.2.65) (or (2.2.66)) to be quasi-periodic (cf.
(2.3.16) and (2.3.17)), then there exists a homology basis {dj,l;j}?:l on /C,, such

that B = zﬁ éZ) satisfies the constraint

=~ .~(2) n

B=iU, €R" (2.2.70)
This is studied in detail in Appendix B.

An example illustrating some of the general results of this section is provided

in Appendix C.
2.3 The diagonal Green’s function of H

In this section we focus on the diagonal Green’s function of H and derive a variety
of results to be used in our principal Section 2.4.

We start with some preparations. We denote by

W(f,g)(x) = f(x)g.(z) — fuo(x)g(x) for a.e. z € R (2.3.1)

the Wronskian of f,g € AC(R) (with ACi.(R) the set of locally absolutely
continuous functions on R).
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Lemma 2.3.1. Assume® q € Li . (R), define 7 = —d?/dx® + q, and let u;(z),

loc

Jj = 1,2 be two (not necessarily distinct) distributional solutions® of Tu = zu for

some z € C. Define U(z,z) = ui(z,x)ua(z,z), (z,2) € C x R. Then,

22U, U — U2 —4(q — 2)U? = =W (uy, up)*. (2.3.2)
If in addition q, € L{ .(R), then
Upze — 4(q — 2)U, — 2¢,U = 0. (2.3.3)

Proof. Equation (2.3.3) is a well-known fact going back to at least Appell [2].
Equation (2.3.2) either follows upon integration using the integrating factor U,

or alternatively, can be verified directly from the definition of U. We omit the

straightforward computations. ]
Introducing
9(z,2) = ui (2, 2)ua(z, ) /W(ui(2),u2(z)), z€C, zeR, (2.3.4)

Lemma 2.3.1 implies the following result.

Lemma 2.3.2. Assume that q € L} (R) and (z,z) € C x R. Then,

loc

20,20 — 07 — 4(q — 2)g° = —1, (2.3.5)
—(67), = 20+ {o[ur®W (wr, urz) + 13 W (uz, us2)] b, (2.3.6)
—(87"), =20 — oo + [97'008:], (2.3.7)

=20 {[(a )@, ~ (), (6] /(a7)} (238)

50ne could admit more severe local singularities; in particular, one could assume ¢ to be
meromorphic, but we will not need this in this paper.
6That is, u, uy € ACjec(R).
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If in addition q, € L} (R), then

loc

Proof. Equations (2.3.9) and (2.3.5) are clear from (2.3.3) and (2.3.2). Equation

(2.3.6) follows from
(87 = ua W (ug, ug2) — up "W (uy, uy ) (2.3.10)
and

W(uj,ujz)e = —uj, j=1,2. (2.3.11)

VR

Finally, (2.3.8) (and hence (2.3.7)) follows from (2.3.4), (2.3.5), and (2.3.6) by a

straightforward, though tedious, computation. O

Equation (2.3.7) is known and can be found, for instance, in [32]. Similarly, (2.3.6)
can be inferred, for example, from the results in [15, p. 369].
Next, we turn to the analog of g in connection with the algebro-geometric

potential V' in (2.2.65). Introducing

¢(P’x7x0)w(P*7$7x0)
W(¢(P7 K x0)7¢<P*7 '7I0))7

g(P,x) = Pe K \{Px}, z,zp € R, (2.3.12)

equations (2.2.45) and (2.2.48) imply

g(P,x) = % P=(zy) € K,\{Px}, z € R. (2.3.13)

Together with ¢g(P,z) we also introduce its two branches g.(z,z) defined on the

upper and lower sheets II1 of IC,, (cf. (A.3), (A.4), and (A.14))

iF,(z,7)

g+(z,x) =+
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with IT = C\C the cut plane introduced in (A.4). A comparison of (2.3.4), (2.3.12)—
(2.3.14), then shows that g4 (z,-) satisfy (2.3.5)—(2.3.9).
For convenience we will subsequently focus on g, whenever possible and then

use the simplified notation
g9(z,2) = g4(z,2), zell, xeR. (2.3.15)

Next, we assume that V' is quasi-periodic and compute the mean value of
g(z,-)7! using (2.3.7). Before embarking on this task we briefly review a few
properties of quasi-periodic functions.

We denote by CP(R) and QP(R), the sets of continuous periodic and quasi-
periodic functions on R, respectively. In particular, f is called quasi-periodic with
fundamental periods (2, ...,Qy) € (0,00)" if the frequencies 27/, ..., 27/Qx
are linearly independent over Q and if there exists a continuous function F €

C(RY), periodic of period 1 in each of its arguments

F(zy,...,z;+1,...,ay) = F(z1,...,2y), x; €R, j=1,...,N, (2.3.16)
such that

fx)=F(Q 'z, ... .Qy2), xeR. (2.3.17)
The frequency module Mod (f) of f is then of the type

Mod (f) = {2mmy/Q1 + -+ -+ 2nmy /Qn |m; € Z, j=1,...,N}.  (2.3.18)

~

We note that f € CP(R) if and only if there are r; € Q\{0} such that Q; = r;Q

for some ) > 0, or equivalently, if and only if ; = mjﬁ, m; € Z\{0} for some
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Q > 0. f has the fundamental period €2 > 0 if every period of f is an integer
multiple of €.

By AP(R) we denote the set of Bohr (uniformly) almost periodic functions on
R. Of course, CP(R) C QPR) C AP(R).

For any Bohr (uniformly) almost periodic function f, the mean value (f) of f,
defined by

o+ R

(f) = Jim o » dz f(x), (2.3.19)

exists and is independent of xqg € R. Moreover, we recall the following facts for
Bohr (uniformly) almost periodic functions on R, see, for instance, [10, Ch. ], [13,

Sects. 39-92], [18, Ch. 1], [29, Chs. 1,3,6], [43], [56, Chs. 1,2,6], and [75].

Theorem 2.3.3. Assume f,g € AP(R) and xg,x € R. Then the following asser-
tions hold:

(1) f is uniformly continuous on R and f € L*(R;dz).

(ii) f,df, deC, f(-+c), f(c:), c€R, |f|*, a >0 are all in AP(R).

(i13) f+ g, fg € AP(R).

(w) 1/g € AP(R) if and only if 1/g € L>®(R).

(v) Let G be uniformly continuous on M C R and f(s) € M for all s € R. Then
G(f) € AP(R).

(vi) f' € AP(R) if and only if f' is uniformly continuous on R.

(vii) Let (f) =0, then [ da’ f() e o(|z|).

(viii) Let F(x) = [ dx’ f(z'). Then F € AP(R) if and only if F € L™(R; dx).

(1iz) If0 < f € AP(R), f #£0, then (f) > 0.
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() If 1/f € L>®(R) and [ = |f|exp(ip), then |f| € AP(R) and ¢ is of the type
o(x) = cx +¢Y(x), where ¢ € R and » € AP(R) (and real-valued).
(xi) If F(z) = exp (ffo dx’f(:z:’)), then F € AP(R) if and only if f(x) = if+1(x),

where § € R, ¥ € AP(R), and ¥ € L*(R;dz), where V(x) = f:; dx’ ().

For the rest of this section and the next it will be convenient to introduce the

following hypothesis:

Hypothesis 2.3.4. Assume the affine part of I, to be nonsingular. Moreover,
suppose that V' € C®(R) N QP(R) satisfies the nth stationary KdV equation

(2.2.10) on R.
Next, we note the following result.

Lemma 2.3.5. Assume Hypothesis 2.3.4. Then V¥, k € N, and f,, ¢ € N, and
hence all x and z-derivatives of F,(z,-), z € C, and g(z,-), z € I, are quasi-
periodic. Moreover, taking limits to points on C, the last result extends to either

side of the cuts in the set C\{E,,}>"_, (cf. (A.3)) by continuity with respect to z.

Proof. Since by hypothesis V € C®(R)NL>®(R; dx), s-KdV,, (V) = 0 implies V) ¢
L*(R;dx), k € Nand f, € C*(R)NL>®(R;dx), ¢ € Ny, applying Remark 2.2.6. In
particular V®) is uniformly continuous on R and hence quasi-periodic for all £ € N.
Since the f, are differential polynomials with respect to V', also f;, ¢ € N are quasi-
periodic. The corresponding assertion for F),(z,-) then follows from (2.2.12) and

that for g(z,-) follows from (2.3.14). O
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For future purposes we introduce the set

m=0,...,2n m=0,...,2n

where C' > 0 is the constant in (2.2.53). Moreover, without loss of generality, we

may assume [l contains no cuts, that is,
[IeNC =10. (2.3.21)

Lemma 2.3.6. Assume Hypothesis 2.3.4 and let z,zy € II. Then
<g(27 ')_1> = _2/ dZ/ <g(2/7 )> + <g(207 '>_1>7 (2322)
20
where the path connecting zo and z 1s assumed to lie in the cut plane 11. Moreover,
by taking limits to points on C in (2.3.22), the result (2.3.22) extends to either side

of the cuts in the set C by continuity with respect to z.

Proof. Let z, 2y € Ilg. Integrating equation (2.3.7) from z, to z along a smooth

path in Il yields

g(z,2) ™ — gz, 2) ' = =2 /Z dz' g(Z',x) + [9ee(2, ) — Guz(20, )]

20

- /z dz' [g(2', )" g. (2, 2)g. (2, )],

20

= _2/ dZ/g(Z/, ZL') + gxx<zax) - g:(}:r:(z()ax)

20

- [ [ o0 )| 2a)

20 T

By Lemma 2.3.5 g(z,-) and all its z-derivatives are quasi-periodic,

(9oa(2,-)) =0, z€lL (2.3.24)
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1

Since we actually assumed z € Ilg, also g(z,-)~" is quasi-periodic. Consequently,

also

/ dz' g(2', )" gu (2, )g:(2', ), 2z €T, (2.3.25)

20
is a family of uniformly almost periodic functions for z varying in compact subsets

of Tl as discussed in [29, Sect. 2.7] and one obtains

<[/ 42 g(+', ) gu(#, )gu (. )]> ~0. (2.3.26)

20
Hence, taking mean values in (2.3.23) (taking into account (2.3.24) and (2.3.26)),
proves (2.3.22) for z € Ilg. Since f;, ¢ € Ny, are quasi-periodic by Lemma 2.3.5
(we recall that fy = 1), (2.2.12) and (2.3.13) yield

/Z dz' {g(7,)) = %i<fng> /Z dz' RL)Z/M (2.3.27)

20 —o 20 on+1(2')"

Thus, fz’z dz' (g(%',-)) has an analytic continuation with respect to z to all of II and
consequently, (2.3.22) for z € Tl¢ extends by analytic continuation to z € II. By
continuity this extends to either side of the cuts in C. Interchanging the role of z and

20, analytic continuation with respect to zg then yields (2.3.22) for z,zo € I[I. O

Remark 2.3.7. For z € Il¢, g(z,-)7" is quasi-periodic and hence {g(z,-)™") is
well-defined. If one analytically continues g(z,z) with respect to z, g(z,z) will
acquire zeros for some z € R and hence g(z,-)™' ¢ QP(R). Nevertheless, as shown
by the right-hand side of (2.3.22), (g(z,-)™") admits an analytic continuation in
z from Il to all of II, and from now on, <g(z, -)_1>, z € II, always denotes that

analytic continuation (cf. also (2.3.29)).
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Next, we will invoke the Baker—Akhiezer function ¢ (P, z, o) and analyze the
expression (g(z,+)™") in more detail.

Theorem 2.3.8. Assume Hypothesis 2.3.4, let P = (z,y) € I, and x,z9 € R.

~ ~ ~(2
Moreover, select a homology basis {&j,bj}?zl on IC, such that B = ZQ(() ), with

2 ~ ~
Q(() : the vector of b-periods of the normalized differential of the second kind, @3;0,

satisfies the constraint

B=il, eR" (2.3.28)

(cf. Appendiz B). Then,

Re({g(P,-)™")) = —2Im(y(Fo(z,-)")) :2Im(/ @}30170—@5”@0)). (2.3.29)

0

Proof. Using (2.2.44), one obtains for z € Ilg,

W(P, 2, 7o) = (%)1/2 exp (z'y / da’ Fn(z,:p’)_1>
(B ottt

x exp (i(z — zo)y(Fn(z,)™)), (2.3.30)

P=(z,y) elly, z€llg, z,20 € R.
Since [F,(z,2')™" = (F,(z,-)™")] has mean zero,

‘/x da’ [Fo(z,2") 7" = (Fu(z,) ]| = o(lz]), ze€lc (2.3.31)

|x|—o00
by Theorem 2.3.3 (vii). In addition, the factor F,(z,x)/F,(z,20) in (2.3.30) is
quasi-periodic and hence bounded on R.

On the other hand, (2.2.63) yields

¢(P7'T7I0) =



cosp [ —ite - [ 50— @)

= O(P,z,x¢) exp {— i(x — xo)(/P w;?i}o — é(()Q)(QO))] , (2.3.32)

0
P e K\{{Px} U {f1;(z0)}}1 }-
Taking into account (2.2.62), (2.2.64), (2.2.70), (A.30), and the fact that by (2.2.53)

no fi;(z) can reach P, as x varies in R, one concludes that
O(P, -, x0) € L (R;dx), P € K,\{fi;(wo)})—;- (2.3.33)

A comparison of (2.3.30) and (2.3.32) then shows that the o(|z|)-term in (2.3.31)
must actually be bounded on R and hence the left-hand side of (2.3.31) is almost

periodic (in fact, quasi-periodic). In addition, the term

exp (¢R2n+1(z)1/2 /w d' [Fp(z,2') " = (F,(z, -)—1>]), z€Ilg, (2.3.34)

o
is then almost periodic (in fact, quasi-periodic) by Theorem 2.3.3 (zi). A further
comparison of (2.3.30) and (2.3.32) then yields (2.3.29) for z € Ilo. Analytic
continuation with respect to z then yields (2.3.29) for z € II. By continuity with
respect to z, taking boundary values to either side of the cuts in the set C, this
then extends to z € C (cf. (A.3), (A.4)) and hence proves (2.3.29) for P = (z,y) €

Kn\{ P} O

2.4 Spectra of Schrodinger operators with quasi-
periodic algebro-geometric KdV potentials

In this section we establish the connection between the algebro-geometric formalism

of Section 2.2 and the spectral theoretic description of Schrédinger operators H in
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L*(R;dz) with quasi-periodic algebro-geometric KdV potentials. In particular,
we introduce the conditional stability set of H and prove our principal result, the
characterization of the spectrum of H. Finally, we provide a qualitative description
of the spectrum of H in terms of analytic spectral arcs.

Suppose that V € C*°(R) N QP(R) satisfies the nth stationary KdV equation
(2.2.10) on R. The corresponding Schrodinger operator H in L?*(R;dx) is then

introduced by

2
H= —% +V, dom(H)= H**R). (2.4.1)
X

Thus, H is a densely defined closed operator in L*(R;dz) (it is self-adjoint if and
only if V' is real-valued).

Before we turn to the spectrum of H in the general non-self-adjoint case, we
briefly mention the following result on the spectrum of H in the self-adjoint case
with a quasi-periodic (or almost periodic) real-valued potential V. We denote by
0(A), 0.(A), and o4(A) the spectrum, essential spectrum, and discrete spectrum

of a self-adjoint operator A in a complex Hilbert space, respectively.

Theorem 2.4.1 (See, e.g., [77]). Let V € QP(R) be real-valued. Define the

self-adjoint Schridinger operator H in L*(R;dz) as in (2.4.1). Then,

o(H) =0.(H) C [min(V(z)),00), oa(H)=0. (2.4.2)

zeR

Moreover, o(H) contains no isolated points, that is, o(H) is a perfect set.

In the special periodic case where V' € C'P(R) is real-valued, the spectrum of H

is purely absolutely continuous and either a finite union of some compact intervals
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and a half-line or an infinite union of compact intervals (see, e.g., [26, Sect. 5.3],
[73, Sect. XIIL.16]). If V' € CP(R) and V is complex-valued, then the spectrum of
H is purely continuous and it consists of either a finite union of simple analytic arcs
and one simple semi-infinite analytic arc tending to infinity or an infinite union of

simple analytic arcs (cf. [61], [74], [76], and [80])7.

Remark 2.4.2. Here o C C is called an arc if there exists a parameterization
v € C([0,1]) such that ¢ = {y(t)|t € [0,1]}. The arc o is called simple if there
exists a parameterization v such that v: [0, 1] — C is injective. The arc o is called
analytic if there is a parameterization 7 that is analytic at each ¢ € [0, 1]. Finally,
O 1s called a semi-infinite arc if there exists a parameterization v € C([0, 00)) such
that 0, = {7(t) |t € [0,00)} and 04 is an unbounded subset of C. Analytic semi-
infinite arcs are defined analogously and by a simple semi-infinite arc we mean one
that is without self-intersection (i.e., corresponds to a injective parameterization)
with the additional restriction that the unbounded part of o, consists of precisely

one branch tending to infinity.

Now we turn to the analyis of the generally non-self-adjoint operator H in

(2.4.1). Assuming Hypothesis 2.3.4 we now introduce the set ¥ C C by
% ={XeC|Re((y(A,-)")) =0}. (2.4.3)

Below we will show that ¥ plays the role of the conditional stability set of H,
familiar from the spectral theory of one-dimensional periodic Schrodinger operators

(cf. [26, Sect. 5.3], [74], [86], [87]).

7

in either case the resolvent set is connected.
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Lemma 2.4.3. Assume Hypothesis 2.3.4. Then Y coincides with the conditional

stability set of H, that is,

Y = {\ € C| there exists at least one bounded distributional solution

0+# ¢ € L¥(R;dx) of HY = \}. (2.4.4)

Proof. By (2.3.32) and (2.3.33),

(P.2) = 0(2(P, fi(x))) exp [_m</P@gol’O B é(()O)(QO)):|7 (2.4.5)

0

P=(zy) €ll,

is a distributional solution of H1) = 21 which is bounded on R if and only if the
exponential function in (2.4.5) is bounded on R. By (2.3.29), the latter holds if

and only if

Re({g(z,-)")) =0. (2.4.6)
]

Remark 2.4.4. At first sight our a priori choice of cuts C for Ry, 1(-)/?, as
described in Appendix A, might seem unnatural as they completely ignore the
actual spectrum of H. However, the spectrum of H is not known from the outset,
and in the case of complex-valued periodic potentials, spectral arcs of H may
actually cross each other (cf. [37], [72], and Theorem 2.4.9 (iv)) which renders them

unsuitable for cuts of Ry, (-)'/2.

Before we state our first principal result on the spectrum of H, we find it

convenient to recall a number of basic definitions and well-known facts in connection

34



with the spectral theory of non-self-adjoint operators (we refer to [27, Chs. I, III,
IX], [40, Sects. 1, 21-23], [44, Sects. IV.5.6, V.3.2], and [73, p. 178-179] for more
details). Let S be a densely defined closed operator in a complex separable Hilbert
space H. Denote by B(H) the Banach space of all bounded linear operators on H
and by ker(7") and ran(7") the kernel (null space) and range of a linear operator
T in H. The resolvent set, p(S), spectrum, o(S), point spectrum (the set of
eigenvalues), o,(5), continuous spectrum, o.(S), residual spectrum, o,(5), field
of regularity, m(S), approximate point spectrum, o,,(S), two kinds of essential
spectra, 0(5), and 7.(5), the numerical range of S, ©(S5), and the sets A(S) and

A(S) are defined as follows:

p(S)={ze€C|(S—=zI)"' € B(H)}, (2.4.7)
o(S) =C\p(9), (2.4.8)
0,(S) ={X € C| ker(S — \I) # {0}}, (2.4.9)

o.(S) ={A € C|ker(S — AI) = {0} and ran(S — A\I) is dense in ‘H
but not equal to H}, (2.4.10)

0,(S) ={A € C|ker(S — \I) = {0} and ran(S — A\I) is not dense in H},

(2.4.11)
7(S) = {z € C|there exists k, > 0 s.t. ||(S — zD)ulln > k. ||lulln
for all v € dom(S)}, (2.4.12)
Tap(S) = C\m(S), (2.4.13)
A(S) = {z € C|dim(ker(S — zI)) < oo and ran(S — zI) is closed},
(2.4.14)
0.(S) = C\A(S), (2.4.15)
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A(S) = {z € C|ran(S — zI) is closed and either dim(ker(S — zI)) < oo

or dim(ker(S* — zI)) < oo}, (2.4.16)
7.(5) = C\A(S9), (2.4.17)
O(5) ={(/f,5f) € C| f € dom(S), [|f[l» = 1}, (2.4.18)

respectively. One then has

(S) = 0(S) Uoe(S) Uay(S)  (disjoint union) (2.4.19)

= 0,(S) U e(S) U (), (2.4.20)
0c(5) S 0e(S)\(0p(5) U 0:(5)), (2.4.21)
0:(S) = op(S*) "\ (), (2.4.22)

Tap(S) = {\ € C|there exists a sequence {f, }nen C dom(S)

with || full2 = 1, n € N, and lim [[(S — M) full2 = 0},

(2.4.23)
5e(S) C 0o(S) C 0ap(S) € (S) (all four sets are closed), (2.4.24)
p(S) C 7(S) C A(S) C A(S) (all four sets are open), (2.4.25)
5.(S) € O(S), ©(S) is convex, (2.4.26)
5o(S) = 0(S) if § = S*. (2.4.27)

Here o* in the context of (2.4.22) denotes the complex conjugate of the set ¢ C C,

that is,
oc*={ e C|)Nco}. (2.4.28)

We note that there are several other versions of the concept of the essential spec-

trum in the non-self-adjoint context (cf. [27, Ch. IX]) but we will only use the two
36



in (2.4.15) and in (2.4.17) in this paper.
Finally, we recall the following result due to Talenti [78] and Tomaselli [85]
(see also Chisholm and Everitt [16], Chisholm, Everitt, and Littlejohn [17], and

Muckenhoupt [67]).

Lemma 2.4.5. Let f € L*(R;dx), U € L*((—o0, R];dx), and V € L*(|R, ); dx)
for all R € R. Then the following assertions (i)-(iii) are equivalent:

(1) There exists a finite constant C' > 0 such that

/d:z:
R

(i1) There exists a finite constant D > 0 such that

Am
sup [(/_;da;yU(a:)P) (/Tooda:]V(a:)\z)] < o0. (2.4.31)

We start with the following elementary result.

2

Ulx) /00 dz' V(z') f(2)

< C’/Rdx|f(x)|2. (2.4.29)

Vi(z) / S @)@ <D /R do | £ ()2 (2.4.30)

—0o0

(iid)

Lemma 2.4.6. Let H be defined as in (2.4.1). Then,

oo(H) =0.(H) C O(H). (2.4.32)
Proof. Since H and H* are second-order ordinary differential operators on R,
dim(ker(H — 2I)) <2, dim(ker(H* —ZI)) < 2. (2.4.33)

Moreover, we note that S closed and densely defined and dim(ker(S* —zI)) < oo
implies that ran(S — zI) is closed (cf. [27, Theorem 1.3.2]). Equations (2.4.14)-

(2.4.17) and (2.4.26) then prove (2.4.32). u
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Theorem 2.4.7. Assume Hypothesis 2.3.4. Then the point spectrum and residual

spectrum of H are empty and hence the spectrum of H is purely continuous,

op(H) = 0,(H) =0, (2.4.34)

o(H)=0.(H) =0.(H) = 0ap(H). (2.4.35)

Proof. First we prove the absence of the point spectrum of H. Suppose z €
IN{2 U {pj(w0)}i=1}. Then (P, -, z9) and ¢(P*, -, x¢) are linearly independent
distributional solutions of Hvy = 21 which are unbounded at +o0o or —oo. This
argument extends to all z € TT1\X by multiplying ¢(P, -, zo) and (P*, -, xy) with
an appropriate function of z and xy (independent of ). It also extends to either
side of the cut C\X by continuity with respect to z. On the other hand, since
V) ¢ L®(R;dz) for all k € Ny, any distributional solution v¢(z,-) € L*(R;dz) of

Hvy = 21, z € C, is necessarily bounded. In fact,
Y®(z,.) € L®(R; dz) N LA(R;dx), k€ Ny, (2.4.36)

applying ¢"(z,z) = (V(z) — 2)1(z,2) and (2.2.55) with p = 2 and p = oo repeat-
edly. (Indeed, ¥(z,-) € L*(R;dz) implies ¢"(z, -) € L*(R; dr) which in turn implies
Y'(z,-) € L*(R;dx). Integrating (¢?)" = 211’ then yields 9(z,-) € L>°(R; dz). The

latter yields ¢"(z,-) € L*(R;dz), etc.) Thus,
{C\X}no,(H) =0. (2.4.37)

Hence, it remains to rule out eigenvalues located in 3. We consider a fixed \ € X
and note that by (2.2.45), there exists at least one distributional solution ¢ (A, -) €

L>*(R;dx) of HY = M\p. Actually, a comparison of (2.2.44) and (2.4.3) shows that
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we may choose 11 (A, ) such that [¢; (), )| € QP(R) and hence ¥ (], -) ¢ L*(R; dx).
Asin (2.4.36) one then infers from repeated use of " (A) = (V —=X)y () and (2.2.55)

with p = oo that

WP\, ) € L®(R;dz), k€ No. (2.4.38)
Next, suppose there exists a second distributional solution (), ) of Hy = A\
which is linearly independent of (), -) and which satisfies 1»(),-) € L*(R;dx).
Applying (2.4.36) then yields

WP\, ) € L2(R;dx), Kk € No. (2.4.39)
Combining (2.4.38) and (2.4.39), one concludes that the Wronskian of ¢ (A, -) and
Pa(A,+) lies in L?(R; dx),

W (1 (X, ), (A, +)) € L*(R; da). (2.4.40)
However, by hypothesis, W (11(A,-),¥2(A, ) = ¢(A) # 0 is a nonzero constant.
This contradiction proves that

SN oy(H) =0 (2.4.41)

and hence o,(H) = 0.
Next, we note that the same argument yields that H* also has no point spec-

trum,
op(H*) = 0. (2.4.42)

Indeed, if V' € C*(R) N QP(R) satisfies the nth stationary KdV equation (2.2.10)
on R, then V also satisfies one of the nth stationary KdV equations (2.2.10) asso-

ciated with a hyperelliptic curve of genus n with {E,,}?"_, replaced by {E,,}?",
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etc. Since by general principles (cf. (2.4.28)),

0:(B) C a,(B*)* (2.4.43)

for any densely defined closed linear operator B in some complex separable Hilbert
space (see, e.g., [41, p. 71]), one obtains o,(H) = () and hence (2.4.34). This proves
that the spectrum of H is purely continuous, o(H) = o.(H). The remaining

equalities in (2.4.35) then follow from (2.4.21) and (2.4.24). O
The following result is a fundamental one:

Theorem 2.4.8. Assume Hypothesis 2.3.4. Then the spectrum of H coincides with

Y2 and hence equals the conditional stability set of H,

= {AeC|Re((g(A,)7")) =0} (2.4.44)

= {\ € C| there ezists at least one bounded distributional solution

0# ¢ e L¥(R;dx) of HY = M)}, (2.4.45)
In particular,
{E, .}, C o(H), (2.4.46)

and o(H) contains no isolated points.

Proof. First we will prove that

o(H) C % (2.4.47)

by adapting a method due to Chisholm and Everitt [16]. For this purpose we

temporarily choose 2 € TI\{3 U {y1;(z0)}}_, } and construct the resolvent of H as
40



follows. Introducing the two branches ¥4 (P, z, xy) of the Baker—Akhiezer function

w(Paxv-%O) by
Ve(Pyx,x0) = (P x,x), P=(z,y) €lly, x,z9 € R, (2.4.48)
we define
2 . ¢+(Z’a1’7xo) if¢+(2’>'a930) EL2(($0,OO>;CZJ?),
Vi (2,2, 20) = {w(z,:z:,xo) £ (2. o) € L2((xo, 00): i), (2.4.49)
n . @D_(Z,x,l'o) if ¢—(Z>'a930) S L2((—OO,LL‘0);d$),
qpi(/z’a:’x(]) - {er(Z,l’,l'o) if ¢+<Z,‘,l’0) € L2((—OO,£L'0);d.ZC), (2450)

z e I\Y, z,zg € R,

and

77/;_(2,1}/,1‘0)1&4_(2,%,‘%0), T > Ilv
@/)_(Z,:L',l‘o)@/J+(Z,$/,ZL‘Q), T < xla

zeI\E, z,zog e R.  (2.4.51)

G(z,z,2') = !
o - W(MA}_,_(Z,ZE,.CE()),QZJ_(Z,CE,.T()))

Due to the homogeneous nature of G, (2.4.51) extends to all z € II. Moreover,
we extend (2.4.49)—(2.4.51) to either side of the cut C except at possible points in
¥ (i.e., to C\X) by continuity with respect to z, taking limits to C\X. Next, we

introduce the operator R(z) in L*(R;dz) defined by

(R(2)f)(z) = / de' G(z,z,2' ) f(z), [feCFR), el (2.4.52)

R
and extend it to z € C\X, as discussed in connection with G(-, z,2"). The explicit
form of zﬁi(z, x,xp), inferred from (2.3.32) by restricting P to II1, then yields the

estimates

~

s (z, @, 30)] < Ci(z,20)e™* P 2 €I\Z, z€R (2.4.53)
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for some constants Cy(z,z9) > 0, k(2) > 0, z € II\X. An application of Lemma
2.4.5 identifying U(x) = exp(—k(z)x) and V(z) = exp(k(z)z) then proves that
R(z), z € C\X, extends from C§°(R) to a bounded linear operator defined on all of
L*(R;dx). (Alternatively, one can follow the second part of the proof of Theorem

5.3.2 in [26] line by line.) A straightforward differentiation then proves
(H—zDR(2)f =f, feL*R;dr), z€C\X (2.4.54)
and hence also
R(z)(H—-zI)g=g, ge€dom(H), ze€ C\X. (2.4.55)
Thus, R(z) = (H — 2I)7!, 2 € C\X, and hence (2.4.47) holds.
Next we will prove that
o(H) D 2. (2.4.56)

We will adapt a strategy of proof applied by Eastham in the case of (real-valued)
periodic potentials [25] (reproduced in the proof of Theorem 5.3.2 of [26]) to the
(complex-valued) quasi-periodic case at hand. Suppose A € ¥. By the charac-
terization (2.4.4) of X, there exists a bounded distributional solution (A, -) of
Hvy = Mp. A comparison with the Baker-Akhiezer function (2.2.44) then shows

that we can assume, without loss of generality, that

V(A )| € QP(R). (2.4.57)

Moreover, by the same argument as in the proof of Theorem 2.4.7 (cf. (2.4.38)),

one obtains

P®(\,) € L®(R;dz), k€ Ny. (2.4.58)
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Next, we pick © > 0 and consider g € C*°([0,]) satisfying

0<g(x) <1, z€]0,9Q]

Moreover, we introduce the sequence {h, ey € L*(R; dx) by

1, lz] < (n—1)Q,
ha(x) = § 9(nQ — [z]), (n—1)Q < |z] < n,
0, |z| > nQ

and the sequence { f,,(A\) }nen € L*(R;dx) by

faNx) = dy( NN, )by (), x€R, d,(A) >0, neN.

Here d,(\) is determined by the requirement
1fa(M2=1, neN.

One readily verifies that
fa(\, ) € dom(H) = H**(R), n€N.

Next, we note that as a consequence of Theorem 2.3.3 (ix),

[ el = 2T + o)

—00

with
([N, )7) > 0.
Thus, one computes

1=l Zdn(A)Q4d$|¢(kax)lzhn($)2
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(2.4.60)

(2.4.61)

(2.4.62)

(2.4.63)

(2.4.64)

(2.4.65)



— d,(\)? /| A DR 2 4 / d [ (A, )

lz|<(n—1)Q
= da(AP[2([0 (0 )P (0 = 1) + o(n)]. (2.4.66)
Consequently,
d(A) = O(n 7). (2.4.67)

n—oo

Next, one computes

(H = M) fu(A,2) = =dp (N[220 (A, 2) Ry (2) + (A, 2)hy (2)] (2.4.68)
and hence
[(H = M) fall2 < du(M2[19" (VB2 + [[9(A)Aglle],  n € N. (2.4.69)

Using (2.4.58) and (2.4.60) one estimates

w3 = [ da |/ )Pl 0 < 21w I [ delg@)

(n—1)Q<|z|<n2 0

< QQHW(A)Hgouglﬂioo([o,ﬂ];dz), (2.4.70)

and similarly,

Q
A= el @)F < 26O [ dela @)

(n-1)Q<e|<n®

< 200D W12l e (0,01a0)- (2.4.71)
Thus, combining (2.4.67) and (2.4.69)—(2.4.71) one infers
lim |[(H — X)) fa]l2 =0, (2.4.72)

and hence A € 0,,(H) = o(H) by (2.4.23) and (2.4.35).
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Relation (2.4.46) is clear from (2.4.4) and the fact that by (2.2.45) there exists
a distributional solution ¢((E,,,0),-,x0) € L*®(R;dx) of HiY = E,3 for all m =
0,...,2n.

Finally, o(H) contains no isolated points since those would necessarily be es-
sential singularities of the resolvent of H, as H has no eigenvalues by (2.4.34) (cf.

[44, Sect. II1.6.5]). An explicit investigation of the Green’s function of H reveals

2n

at most an algebraic singularity at the points {E,,};" , and hence excludes the

possibility of an essential singularity of (H — 2I)~. O

In the special self-adjoint case where V is real-valued, the result (2.4.44) is
equivalent to the vanishing of the Lyapunov exponent of H which characterizes the
(purely absolutely continous) spectrum of H as discussed by Kotani [45], [46], [47],
[48] (see also [15, p. 372]). In the case where V is periodic and complex-valued,
this has also been studied by Kotani [48].

The explicit formula for ¥ in (2.4.3) permits a qualitative description of the

spectrum of H as follows. We recall (2.3.22) and write

i N1\ L) = i H?:l(z_xj) .

—(9(z)71) = —2(z,)) = B M (2.4.73)
for some constants

N}, cC. (2.4.74)

As in similar situations before, (2.4.73) extends to either side of the cuts in C by

continuity with respect to z.
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Theorem 2.4.9. Assume Hypothesis 2.3.4. Then the spectrum o(H) of H has the
following properties:

(1) o(H) is contained in the semi-strip
o(H) C {z € C|Im(z) € [My, Ms], Re(z) > M3}, (2.4.75)
where

M, = inf [Im(V(z))], My =sup[Im(V(z))], M;= inf[Re(V(x))]. (2.4.76)

z€R z€R zC€R
(13) o(H) consists of finitely many simple analytic arcs and one simple semi-infinite
arc. These analytic arcs may only end at the points Xl, e 7Xn, Ey, ..., Esy,, and at
infinity. The semi-infinite arc, 0, asymptotically approaches the half-line Ly =
{z € Clz = (V) +x, & > 0} in the following sense: asymptotically, oo can be

parameterized by
0o ={2€C|z=R+iIm((V)) + O(R'?) as R 1 00}. (2.4.77)

(1i1) Each E,,, m =0,...,2n, is met by at least one of these arcs. More precisely,
a particular E,,, is hit by precisely 2Ny + 1 analytic arcs, where Ny € {0,...,n}
denotes the number of Xj that coincide with E,,,. Adjacent arcs meet at an angle
21 /(2No + 1) at E,,. (Thus, generically, Ny = 0 and precisely one arc hits Ep,,.)
(1v) Crossings of spectral arcs are permitted. This phenomenon takes place precisely

when for a particular jo € {1,...,n}, on € o(H) such that

Re(<g(xjo, )71)) =0 for some jo € {1,...,n} with on ¢ {En )2, (2.4.78)

m=0"

In this case 2My+2 analytic arcs are converging toward on, where My € {1,...,n}

denotes the number of Xj that coincide with on. Adjacent arcs meet at an angle

46



w/(My+1) at on. (Thus, generically, My =1 and two arcs cross at a right angle.)

(v) The resolvent set C\o(H) of H is path-connected.

Proof. Ttem (i) follows from (2.4.32) and (2.4.35) by noting that

(L H) =117+ (fRe(V)f) +i(f, Im(V)[), [ € H*R). (2.4.79)

To prove (ii) we first introduce the meromorphic differential of the second kind

W, (z, )dz 1 ?:1 Z_Xj dz
0 — (g(P, s = 2 :5HR%(H<Z>1/2 - Py e {P)

(2.4.80)

(cf. (2.4.74)). Then, by Lemma 2.3.6,

(g(P, )1 = —2/ Q@ 4+ {g(Qo, )™, P e K\{Px} (2.4.81)

for some fixed Qg € K,\{Px}, is holomorphic on K,\{Px}. By (2.4.73), (2.4.74),

the characterization (2.4.44) of the spectrum,
o(H) = {A € C|Re({g(\,-)™")) =0}, (2.4.82)

and the fact that Re(<g(z, -)*1>) is a harmonic function on the cut plane II, the
spectrum o(H) of H consists of analytic arcs which may only end at the points
Xl, . ,Xn, Ey, ..., Ey,, and possibly tend to infinity. (Since o(H) is independent
of the chosen set of cuts, if a spectral arc crosses or runs along a part of one of the
cuts in C, one can slightly deform the original set of cuts to extend an analytic arc
along or across such an original cut.) To study the behavior of spectral arcs near
infinity we first note that

o i
|z|:oo 2z1/2 + 423/2

V(z) +O(|z|7%?), (2.4.83)
A7

9(2, )



combining (2.2.4), (2.2.12), (2.2.16), and (2.3.14). Thus, one computes

1 - 1/2 i —3/2
g(z,x) e —2iz1/% 4 WV(Z’) +O(|7] / ) (2.4.84)
and hence
_ . { _
<g(z, ) 1> \z|ioo —2i21/% ¢ Ve (V) + O(|z\ 3/2). (2.4.85)

Writing z = Re' this yields

0=Re({g(z,-)™")) = 2Im{ RY/2e?/2 27 R712e7 /2 (V)1 O(R™3/%)} (2.4.86)

R—o00

implying

¢ = Im((V))R™'+O(R*?) (2.4.87)

R—o00

and hence (2.4.77). In particular, there is precisely one analytic semi-infinite arc
0 that tends to infinity and asymptotically approaches the half-line L. This
proves item (7).

To prove (iii) one first recalls that by Theorem 2.4.8 the spectrum of H contains
no isolated points. On the other hand, since {E,,}?"_, C o(H) by (2.4.46), one
concludes that at least one spectral arc meets each F,,, m = 0,...,2n. Choosing
Qo = (Epy, 0) in (2.4.81) one obtains

(g2 ) 1) = —2 / 02 {g(2,)) + {g(Emy, )

By
z n ! _ X
— —i/ dz' 1;%:1 (Z ]) 73
Emq (Hm:0<zl - Em))

By | / d2' (2 = B )M~ W(C + O = Byng)] + (9(Eng, ) )

Z—>Em0 EmO

+ <9(Em07 ')_1>

(2.4.88)
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= —i[No+ (1/2)] (2 = Epn,)" P[0 + O(2 = Eun)] + {9(Bng, ) 7).

Z—>Em0
zell
for some C' = |Cle™ € C\{0}. Using
Re((9(Em,-)™")) =0, m=0,...,2n, (2.4.89)

as a consequence of (2.4.46), Re((g(z,-)™")) = 0 and z = E,,, + pe'” imply
0 = sif(No -+ (1/2)p + il ™ (] + O] (2.4.90)
o

This proves the assertions made in item ().
To prove (iv) it suffices to refer to (2.4.73) and to note that locally, d{g(z,-)~")/dz
behaves like Cg(z—XjO)MO for some Cy € C\{0} in a sufficiently small neighborhood

of )‘j()'
Finally we will show that all arcs are simple (i.e., do not self-intersect each

other). Assume that the spectrum of H contains a simple closed loop v, v C o(H).

Then
Re({g(P,-)™")) =0, Pe€T, (2.4.91)

where the closed simple curve I' C KC,, denotes the lift of v to K, yields the

contradiction
Re({g(P,-)™")) =0 for all P in the interior of T (2.4.92)

by Corollary 8.2.5 in [7]. Therefore, since there are no closed loops in o(H) and
precisely one semi-infinite arc tends to infinity, the resolvent set of H is connected

and hence path-connected, proving (v). ]
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Remark 2.4.10. For simplicity we focused on L*(R; dz)-spectra thus far. However,
since V € L>(R;dx), H is the generator of a Cy-semigroup T'(t) in L?(R; dz), t > 0,

whose integral kernel T'(t, z, 2') satisfies the Gaussian upper bound (cf., e.g., [4])
T(t,2,2')| < Oyt V2eCote=Cola="/t 4 > 0 2.2/ € R (2.4.93)

for some C; > 0, Cy > 0, C3 > 0. Thus, T'(t) in L?(R;dz) defines, for p € [1,0),
consistent Cyp-semigroups T,(¢) in LP(R;dx) with generators denoted by H, (i.e.,
H = H,y, T(t) = Ty(t), etc.). Applying Theorem 1.1 of Kunstman [53] one then

infers the p-independence of the spectrum,
o(Hy,) =0(H), pell,o0). (2.4.94)

Actually, since C\o(H) is connected by Theorem 2.4.9 (v), (2.4.94) also follows

from Theorem 4.2 of Arendt [3].

Of course, these results apply to the special case of algebro-geometric complex-
valued periodic potentials (see [11], [12], [86], [87]) and we briefly point out the
corresponding connections between the algebro-geometric approach and standard
Floquet theory in Appendix C. But even in this special case, items (iii) and (iv)
of Theorem 2.4.9 provide additional new details on the nature of the spectrum of

H. We briefly illustrate the results of this section in Example C.1 of Appendix C.
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Chapter 3

The Spectra of Jacobi Operators
with Quasi-Periodic Algebro-
Geometric Toda Coeflicients

3.1 Introduction

In this chapter we apply analogous techniques used in connection with Schrodinger
operators in Chapter 2 to describe the spectrum of Jacobi operators H with quasi-
periodic algebro-geometric coefficients that satisfy one (and hence infinitely many)
equation(s) of the stationary Toda hierarchy.

It is well-known since the work of Date and Tanaka [19], [20], Dubrovin, Krichever,
and Novikov [23], Dubrovin, Matveev, and Novikov [24], Flaschka [31], Krichever
[49], [50], [51], [52] (cf. also the appendix written by Krichever in [22]), McKean
[62], [63], McKean—van Moerbeke [64], van Moerbeke [65], van Moerbeke and Mum-
ford [66], Mumford [68], Novikov, Manakov, Pitaevski, and Zakharov [71], Teschl
[79, Chs. 9,13], Toda [83, Ch. 4], [84, Chs. 26-30], that the self-adjoint Jacobi

operator
H=aST+a S +b, dom(H)=/*Z), (3.1.1)
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in (?(Z) with real-valued periodic or more generally, quasi-periodic and real-valued
coefficients a and b leads to a finite-gap, or perhaps more appropriately, to a finite-

band spectrum o(H) of the form

p+1
o(H) = |J[Bam—2. Bam1). Eo < By < -+ < Eypia. (3.1.2)

m=1
Compared to its real-valued counter part, the case of periodic complex-valued
coefficients a and b, to the best of our knowledge, has not been studied in the
literature. It seems plausible that the latter case is connected with (complex-
valued) stationary solutions of equations of the Toda hierarchy. In particular, the
next scenario in line, the determination of the spectrum of H in the case of quasi-
periodic and complex-valued solutions of the stationary Toda equation apparently
has never been clarified. The latter problems are open since the mid-seventies and

it is the purpose of this chapter to provide a comprehensive solution of them.

To describe our results a bit of preparation is needed. Let
G(z,n,n') = (H — 2)"Y(n,n'), z¢€C\o(H), n,n' €Z, (3.1.3)

be the Green’s function of H (here o(H) denotes the spectrum of H) and denote

by g(z,n) the corresponding diagonal Green’s function of H defined by

j=112 = 1 (n)]

z,n)=G(z,n,n) = , 3.14

olzm) = Glzmm) = 2L (31.4)
2p+1

R2p+2(2) = H (Z - Em)a {Em}ifiol C Ca (315)
m=0

En # E,n form#m', m,m'=0,1,...,2p+ 1. (3.1.6)

For any quasi-periodic (in fact, Bohr (uniformly) almost periodic) sequence f =
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{f(k)}rez the mean value (f) of f is defined by

(fy=1 ! > (k). (3.1.7)

:NlinoozNHk

Moreover, we introduce the set X by

s-{irec ‘ re( (233 Y))) =0} (3.18)

where y? = Ro,40(2), and G,.(z,n) will be defined in (3.2.20). In addition, we
P p

note that

?:1 (Z - XJ)

(g(z,)) = TBELE (3.1.9)

for some constants {Xj}§:1 c C.

Finally, we denote by o,(T), 0,(T), 0.(T), 0e(T), and 0,,(T), the point spec-
trum (i.e., the set of eigenvalues), the residual spectrum, the continuous spectrum,
the essential spectrum (cf. (3.4.14)), and the approximate point spectrum of a
densely defined closed operator T" in a complex Hilbert space, respectively.

Our principal new results, to be proved in Section 3.4, then read as follows:

Theorem 3.1.1. Assume that a and b are quasi-periodic (complez-valued) solu-
tions of the pth stationary Toda equation associated with the hyperelliptic curve
y? = Ropia(2) subject to (3.1.5) and (3.1.6). Then the following assertions hold:

(1) The point spectrum and residual spectrum of H are empty and hence the spec-

trum of H 1s purely continuous,

op(H) = 0.(H) =0, (3.1.10)

o(H)=0.(H) =0.(H) = 0ap(H). (3.1.11)



(13) The spectrum of H coincides with ¥ and equals the conditional stability set of

o (H) = {)\GC‘Re<<ln (%)» :o} (3.1.12)

= {\ € C| there exists at least one bounded solution

H

)

01 € (°(Z) of Hip = \b}. (3.1.13)

(i13) o(H) C C is bounded,

U(ff)(: {Z S (:|I{€(Z) S [A4i,]MB],IIH(Z) S {Aié,ﬂ4ﬁ]}, (3.1.14)
where
M, = —2ilélz3[!Re(a(n))!} + inf[Re(b(n))],
My =2 SUIZ>[|Re(a(n))|] + SuIZD[Re(b(n))],
"e " (3.1.15)
My = ~2supl[n(a(m)] + inf (b)),

M, = 2supl[lm(a(n))|] + sup[lm(b(r))].

neL neL

(1v) o(H) consists of finitely many simple analytic arcs. These analytic arcs may
only end at the points Xl, e ,Xp, Ey, ..., Eopiq.
(v) Each E,, m =0,...,2p+1, is met by at least one of these arcs. More precisely,
a particular E,, is hit by precisely 2Ny + 1 analytic arcs, where Ny € {0,...,p}
denotes the number of Xj that coincide with E,,,. Adjacent arcs meet at an angle
21 /(2No + 1) at E,,,. (Thus, generically, Ny = 0 and precisely one arc hits E,,,.)
(vi) Crossings of spectral arcs are permitted and take place precisely when
(-G -
Gp1(Njo, 1) Ty (3.1.16)
for some jo € {1,...,p} with on ¢ {En )01
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In this case 2My+2 analytic arcs are converging toward N, where My e{l,...,p}

Jo
denotes the number of Xj that coincide with on. Adjacent arcs meet at an angle
/(Mo + 1) at on. (Thus, if crossings occur, generically, My = 1 and two arcs

cross at a right angle.)

(vii) The resolvent set C\o(H) of H is path-connected.

Naturally, Theorem 3.1.1 applies to the special case where a and b are periodic
complex-valued solutions of the pth stationary Toda equation associated with a
nonsingular hyperelliptic curve. Even in this special case, Theorem 3.1.1 appears
to be new.

Theorem 3.1.1 focuses on stationary quasi-periodic solutions of the Toda hierar-
chy for the following reasons. First of all, the class of algebro-geometric solutions of
the (time-dependent) Toda hierarchy is defined as the class of all solutions of some
(and hence infinitely many) equations of the stationary Toda hierarchy. Secondly,
time-dependent algebro-geometric solutions of a particular equation of the (time-
dependent) Toda hierarchy just represent isospectral deformations (the deformation
parameter being the time variable) of fixed stationary algebro-geometric Toda so-
lutions (the latter can be viewed as the initial condition at a fixed time ty). In the
present case of quasi-periodic algebro-geometric solutions of the pth Toda equation,
the isospectral manifold of such given solutions is a complex p-dimensional torus,
and time-dependent solutions trace out a path in that isospectral torus (cf. the
discussion in [34, p. 12]).

Finally, we give a brief discussion of the contents of each section. In Section

3.2 we provide the necessary background material including a quick construction
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of the Toda hierarchy of nonlinear evolution equations and its Lax pairs using a
polynomial recursion formalism. We also discuss the hyperelliptic Riemann sur-
face underlying the stationary Toda hierarchy, the corresponding Baker—Akhiezer
function, and the necessary ingredients to describe the analog of the Its—Matveev
formula for stationary Toda solutions. Section 3.3 focuses on the Green’s function
of the Jacobi operator H, a key ingredient in our characterization of the spectrum
o(H) of H in Section 3.4 (cf. (3.1.12)). Our principal Section 3.4 is then devoted
to a proof of Theorem 3.1.1. Appendix D provides the necessary summary of tools
needed from elementary algebraic geometry (most notably the theory of compact
(hyperelliptic) Riemann surfaces) and sets the stage for some of the notation used
in Sections 3.2-3.4. Appendix E provides additional insight into one ingredient of

the theta function representation of the coefficients a and b.

3.2 The Toda hierarchy, hyperelliptic curves, and
theta function representations of the coeffi-
cients a and b

In this section we briefly review the recursive construction of the Toda hierarchy
and associated Lax pairs following [14] and especially [35]. Moreover, we discuss
the class of algebro-geometric solutions of the Toda hierarchy corresponding to the
underlying hyperelliptic curve and recall the analog of the Its—Matveev formula
for such solutions. The material in this preparatory section is known and detailed
accounts with proofs can be found, for instance, in [14]. For the notation employed

in connection with elementary concepts in algebraic geometry (more precisely, the
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theory of compact Riemann surfaces), we refer to Appendix D.

Throughout this section we assume that
a,be (>(Z)
and consider the second-order Jacobi difference expression
L=aSt+a S +0,
where ST denote the shift operators

(S*f)(n) = f5(n) = f(n£1), n€Z, fe =)

(3.2.1)

(3.2.2)

(3.2.3)

To construct the stationary Toda hierarchy we need a second difference expres-

sion of order 2p + 2, p € Ny, defined recursively in the following. We take the

quickest route to the construction of Psy,.9, and hence to the Toda hierarchy, by

starting from the recursion relations (3.2.4)—(3.2.6) below.

Define {f;};en, and {g;};en, recursively by

f0:17 go = —C,

2fjy1+9;+9; —20f; =0, j €N,

gj+1 — gj_+1 + 2(@2.]?’- - (CL_)ij_) - b(g] - g;) - 07 j € NO‘

Explicitly, one finds

f0:17
f1:b+cl7

fo=a*+ (a" )+ b+ cib+ ey,
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(3.2.5)

(3.2.6)

(3.2.7)



fa=(a")*(b™ +2b) + a*(b" +2b) + b + c1(a® + (a™)? + b*) + cob + cs,

etc.,
go = —Cq,
2
g1 = —2a” — co,

g2 = —2a*(b+b") — 2c1a® — cs,

etc.

Here {¢;}jen denote undetermined summation constants which naturally arise when

solving (3.2.4)-(3.2.6).

Subsequently, it will be convenient to also introduce the corresponding homo-

geneous coefficients f] and g;, defined by vanishing of the constants c;, k € N,

fO = 1a f] - fj‘ckZO,k’zl,...,j’ j € N7

95 = gj‘ck:(],kzl,..‘,j—kﬂ J € No.
Hence,
J J
fi= E Cikfr, g5 = E Cj—kgr — Cjv1, J € No,
k=0 k=1
introducing
Co = 1.

Next we define difference expressions P, of order 2p + 2 by

p
Poper = =D+ 3" (g4 20,87 ) 17 + fpr, peNo,

Jj=0
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Using the recursion relations (3.2.4)-(3.2.6), the commutator of P, o and L can

be explicitly computed and one obtains

[Pops2, L] = —ag) + gp + foo1 + foer — 207 f1) ST
+2( = b(gp + fos1) + @ f) — (@) f, + 07 f,)

—a (gp+ 9, + for1 + frin — 26f,)S™, peEN,. (3.2.12)

In particular, (L, Pyyio) represents the celebrated Lax pair of the Toda hierarchy.
Varying p € Ny, the stationary Toda hierarchy is then defined in terms of the

vanishing of the commutator of P, o and L in (3.2.12) by,
[P2p+2, L] = S—Tlp((l, b) = O, pE No. (3213)
Thus one finds

9p+ 9, + fpr1+ frin —20f, =0, (3.2.14)

—b(gp + forr) +@*f;) — (a2 f; + 02 f, = 0. (3.2.15)
Using (3.2.5) with j = p one concludes that (3.2.14) reduces to

Jot1 = [t (3.2.16)

that is, fp+1 is a lattice constant. Similarly, one infers by subtracting b times
(3.2.14) from twice (3.2.15) and using (3.2.6) with j = p, that g, is a lattice

constant as well, that is,

Ip+1 = Gpi1- (3.2.17)
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Equations (3.2.16) and (3.2.17) constitute the pth stationary equation in the Toda

hierarchy, which will be denoted by
s-Tly(a,b) =0, pe€ N. (3.2.18)
Explicitly,

_ ht
s-Tly(a, b) = b b ):o,

5Tl (a, b) < —(a” )2+(b+>2_b2) )
b++b ) —2(a)2(b+b)
_|_

()0

represent the first few equations of the stationary Toda hierarchy. By definition,
the set of solutions of (3.2.13), with p ranging in Ny and ¢ in C, k € N, represents
the class of algebro-geometric Toda solutions.

In the following we will frequently assume that a and b satisfy the pth stationary
Toda equation. By this we mean they satisfy one of the pth stationary Toda
equations after a particular choice of integration constants ¢, € C, k = 1,...,p,
p € N, has been made.

Next, we introduce polynomials F,(z,n) and Gpi1(z,n) of degree p and p + 1

with respect to the spectral parameter z € C by

- Zza’fp_j(n), (3.2.19)

Gpi1(z,n) = =22+ +Zz Gp—i(n) + frrr(n). (3.2.20)

Explicitly, one obtains

=1,
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Fi=b+2+4c,
F=a*+(a )+ +bz+ 22 +ci(b+ 2) + e
Gy =b-—z, (3.2.21)
Gy=(a" ) —a*+b— 22 +ci1(b—2),
Gy = —a’b" + (a7)*b” +2(a”)*b+b* — 2%z — 2°
+c ((a_)2 —a’+ b - z2> +ca(b—2), ete.
Next, we study the restriction of the difference expression P,.s to the two-

dimensional kernel (i.e., the formal null space in an algebraic sense as opposed to

the functional analytic one) of (L — z). More precisely, let

ker(L — z) = {¢: Z — C, meromorphic | (L — z)1) = 0}. (3.2.22)
Then (3.2.11) implies

Papio ier(t—2)= (2aF,(2)S™ + Gpi1(2)) \ker(H). (3.2.23)
Therefore, the Lax relation (3.2.12) becomes

0 = [Papszs I It = (0202 = 0B =202 = 0)F, + Gy = G)S*

p

+ (2(a7)2E; — 2% + (2 — b)(Gyyy — Gp+1))) i (3.2.24)
or, equivalently,
0=2(z—0")E —2(z—-bF,+G,, -G}, (3.2.25)
0=2(a")’F, —2a*F + (2 = b)(G,; — Gpi1)- (3.2.26)
Upon summing (3.2.25) one infers
0=2(z—b")F +G 4+ Gpa, peNp, (3.2.27)
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and inserting (3.2.25) into (3.2.26) then implies

0=(2=b)°F,+ (2 = b)Gpy1 + *F, — (a7)°F,, peN. (3.2.28)

p

Combining equations (3.2.26) and (3.2.27) we conclude that the quantity
Rapea(2) = Gyer(2, ) — da(n)? Fy (= n) i (2,1) (3.2.20)

is a lattice constant, and hence depends on z only. Thus, we may write

2p+1

Rypia(2) = [[(z = En), {En}245 CC. (3.2.30)

m=0

One can show that equation (3.2.29) leads to an explicit determination of the

integration constants cy,..., ¢, in
s-Tl(a,b) =0 (3.2.31)
in terms of the zeros Ey, ..., Eyy;; of the associated polynomial Ry,s in (3.2.30).

In fact, one can prove

c=cr(E), k=1,....p (3.2.32)
where
k . .
(270)! - -+ (2J2p11)! : :
C E = — N N A A E]O_..EJQP-H,
k<_) Z 22k<j0!>2 . (]2p+1!)2<2j0 o 1) . (2]2p+1 . 1) 0 2p+1

Jo,--:J2p+1=0
Jo+-+ijep+1=k

k=1,...,p. (3.2.33)

Remark 3.2.1. Since by (3.2.5), (3.2.6), (3.2.19) and (3.2.20), a enters quadrati-

cally in F,, and G4, the Toda hierarchy (3.2.18) is invariant under the substitution

a(n) — ac(n) = e(n)a(n), €e(n)e{+1,-1}, neZ. (3.2.34)
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We emphasize that the result (3.2.23) is valid independently of whether or not
Py, 19 and L commute. However, the fact that the two difference expressions P, 9
and L commute implies the existence of an algebraic relationship between them.

This gives rise to the Burchnall-Chaundy polynomial for the Toda hierarchy.

Theorem 3.2.2. Fizp € Ny and assume that Py, o and L commute, [Papia, L] = 0,
or equivalently, suppose s-Tl,(a,b) = 0. Then L and Py,.o satisfy an algebraic

relationship of the type (cf. (3.2.30))
Fo(Ly Poyy2) = Py, — Ropio(L) =0,

A (3.2.35)
R2p+2(z) = H (Z - Em)a FAS C

m=0

The expression F,(L, Py,+2) is called the Burchnall-Chaundy polynomial of the
Lax pair (L, Psy42). The equation (3.2.35) naturally leads to the hyperelliptic curve

IC, of (arithmetic) genus p € Ny, where
Kp: Fo(2,y) = y* — Rapya(z) =0,

s (3.2.36)
Ropia(2) = [[ (2 = En),  {En}its CC.
m=0

The curve K, is compactified by joining two points Py, FPx, # Ps_, at infinity.
For notational simplicity, the resulting curve is still denoted by K,. Points P on
IC,\ P, are represented as pairs P = (z,y), where y(+) is the meromorphic function
on K, satisfying F,(z,y) = 0. The complex structure on K, is then defined in
the usual way, see Appendix D. Hence, K, becomes a two-sheeted hyperelliptic
Riemann surface of (arithmetic) genus p € Ny (possibly with a singular affine part)
in a standard manner.

We also emphasize that by fixing the curve K, (i.e., by fixing Ep, ..., Eapi1),

the integration constants ci, ..., ¢, in the corresponding stationary s-T1l, equation
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are uniquely determined as is clear from (3.2.32) and (3.2.33), which establish the
integration constants c; as symmetric functions of Ey, ..., Eypi;.

For notational simplicity we will usually tacitly assume that p € N. The trivial
case p = 0 which leads to a(n)? = (E; — Ey)?/16, b(n) = (Ey + Ey1)/2 is of no
interest to us in this paper.

In the following, the zeros' of the polynomial F,(-,n) (cf. (3.2.19)) will play a

special role. We denote them by {u;(n)};_, and write

P
H z — pi(n (3.2.37)
7j=1

The next step is crucial; it permits us to “lift” the zeros u; of F, from C to the

curve C,. From (3.2.29) one infers
Ropi2(2) — Gp+1(Z=n)2 =0, z€{w}tj=1,.., (3.2.38)

-----

f15(n) = (j(n), =Gpir(pi(n),n)), j=1,...p, n €L (3.2.39)

Next, we recall the equation (3.2.29) and define the fundamental meromorphic

function ¢(-,n) on IC, by

_ _GP+1<27 n) + Yy
ABn) = W Fy )

~ —2a(n)F,(z,n+1)
- Gp-‘rl (Z, n) + Yy

P=(zy) ek, necZ

(3.2.40)

: (3.2.41)

Tf a,b € €>°(Z), these zeros are the Dirichlet eigenvalues of a closed operator in ¢?(Z) associ-
ated with the difference expression L and a Dirichlet boundary condition at n € Z.
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with divisor (¢(-,n)) of ¢(-,n) given by

(¢('7 n)) = Dry, ptn+1) = Droc_js(n)> (3.2.42)

using (3.2.37). Here we abbreviated

o= {ji, ..., fi,} € Sym?(K,) (3.2.43)

(cf. the notation introduced in Appendix D). The stationary Baker—Akhiezer func-

tion ¢ (-, n,ng) on K,\{ P, } is then defined in terms of ¢(-,n) by

H:Ln;lno ¢(P7 m) fOI' n 2 No —+ 1’
Y(P,n,mg) = ¢ 1 for n = ny, (3.2.44)
[T o(Pom)™  for n<ng—1

with divisor (w(‘,n, no)) of ¥ (P,n,ng) given by

(7&(, n, no)) = 'Dﬂ(n) — D,&(no) + (n - no)(Dpoo+ — 'Dpoo_). (3.2.45)

Basic properties of ¢ and ¢ are summarized in the following result (where
W (f,9)(n) = a(n)(f(n)g(n+1) — f(n+ 1)g(n)), n € Z, denotes the Wronskian

of two complex-valued sequences f and g, and P* abbreviates P* = (z, —y) for
P = (z, y))

Lemma 3.2.3. Assume a, b € (*(Z) satisfy the pth stationary Toda equation
(3.2.18). Moreover, let P = (z,y) € K,\{Pxy} and (n,ng) € Z*. Then ¢ satisfies

the Riccati-type equation

ap(P)+a ¢ (P)™t =2z —b, (3.2.46)
as well as
s(Pyo(P) = 2 (3:2.47)
- F(2)’ -
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—Gpa(2)

O(P) + o(P") = E () (3.2.48)
e y(P)
o(P) — o(P*) = By (=) (3.2.49)
Moreover, i satisfies
(L= 2(P))6(P) =0, (Pysa —y(P))u(P) =0, (3.2.50)
(P, n,no)yp(P*,n,ng) = % (3.2.51)
a(n) [w(P, n,no)Y(P*,n+ 1,n0) + Y(P*,n,ng)v(P,n+1, no)}
_Gerl(zvn)
Tl (3.2.52)
) (P ) = - YE)
W((P,-,no), ¥ (P*,-,n0)) F o) (3.2.53)

Combining the polynomial recursion approach with (3.2.37) readily yields trace
formulas for the Toda invariants, which are expressions of a and b in terms of the

zeros puj of Fj.

Lemma 3.2.4. Assume a, b € (>*(Z) satisfy the pth stationary Toda equation

(3.2.18). Then,

=5 2 R0 [0 = ol + 55700 <71 0.
i

(3.2.54)

ZE Zuj(n), (3.2.55)

2p+1

p
b®) (n Z EF — Z,uj(n)k, keN
j=1
From this point on we assume that the affine part of K, is nonsingular, that is,

E,, # E, form#m/, m,m' =0,1,...,2p+ 1. (3.2.56)
66



Since nonspecial divisors play a fundamental role in this context we also recall

the following fact.

Lemma 3.2.5. Suppose the affine part of K, is nonsingular and assume that a, b €
(>°(Z) satisfy the pth stationary Toda equation (3.2.18). Let Dy, fi = (fir, - ., fip)
be the Dirichlet divisor of degree p associated with a, b defined according to (3.2.39),

that s,

15(n) = (1), ~ G (y(n), ), G=1,....p, n € L. (3.2.57)

Then Dyny is nonspecial for all n € Z. Moreover, there exists a constant C,, > 0

such that
lpin)| <C,, j=1,...,p, n €Z. (3.2.58)

We continue with the theta function representation for ¢, a, and b. For general
background information and the notation employed we refer to Appendix D.

Let 6 denote the Riemann theta function associated with K, (whose affine
part is assumed to be nonsingular) and a fixed homology basis {a;,b;}/_,. Next,
choosing a base point )y € B(K,) in the set of branch points of K,, we recall that
the Abel maps Ay, and g, are defined by (D.43) and (D.46), and the Riemann

vector Zg, is given by (D.58). Then Abel’s theorem (cf. (D.56)) (3.2.45) yields

gy (Dimy) = gy (Do) — Ap, (Poo,)(n — ny)
(3.2.59)
= g, (D)) — 24, (Poo. ) (n = o).

Next, let w (3) P denote the normalized differential of the third kind defined

by

(2 — +((T'+0(1))d¢ as P — Pw.,  (3.2.60)

P(,o+ Poo_

@

T ’:]:
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¢ =1/z

where the constants \; € C, 7 = 1,...,p, are determined by employing the nor-

malization

/ Wi ope =0, j=1,,p. (3.2.61)

J

One then infers

P
/Q Wy P Sy FmCt e§’(Qo) + O(C) as P — Py (3.2.62)
0

for some constant e(()g)(Qo) € C. The vector of b-periods of wg;+7p /(2mi) is

oo

denoted by

3 3 3 3 1 3 .
v = (U, Ul Ul = i ), W b s G=1p (3.263)
J

If Q) is a branch point, )y € B(/C,), then by (D.45) one concludes
USY = Ap_ (Pay) = 240,(Poy). (3.2.64)
In the following it will be convenient to introduce the following abbreviation

g(P, Q) - 5QO o AQO (P) + g, (DQ)’ (3'2'65)

Pek, Q={Q,...,Q,} € Sym?(K,).

We note that z(-, Q) is independent of the choice of base point Q.
The zeros and the poles of 1 as recorded in (3.2.45) suggest consideration of

the following expression involving §-functions (cf. (D.32))

O(P i) (7
0(z(P, ju(no))) p</QO Poo+7Poo)~ (3.2.66)
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Here we agree to use the same path of integration from @)y to P on K, in the
Abel map AQO(P) in z(P, ji(n)) and in the integral of wg’olypoo_ in the exponent
of (3.2.66). With this convention the expression (3.2.66) is well-defined on K, and

we conclude

o(Pomone) — o) 0(2(P,fu(n))) eXp((n - no)/ wﬁf’;,Pm_). (3.2.67)

To determine C(n,ng) one can use (3.2.51) for P = P, and P* = P,,_. Hence,

0(2(Po,
0(2(Poo

f1(n)))0(2(Pes...

C(n,n0)2 =

g(ng)))9(z(Poo+» (3.2.68)

+
Therefore, we can formulate the following result.

Theorem 3.2.6. Suppose that a, b € (*°(Z) satisfy the pth stationary Toda equa-
tion (3.2.18) on Z. In addition, assume the affine part of I, to be nonsingular and

let P € K\{P.} and n,ng € Z. Then Dy is nonspecial for n € Z. Moreover,?

0(z(P, j1(n P
Y(P,n,ng) = C(n,no)ﬁw exp ((n —ng) /QO w;;+7pw_>, (3.2.69)
where
n. ) — 0(§ POO+’E(”O)))9(Z(POO+aE(nO - 1))) 1/2
o) = [ G P i) 20
with the linearizing property of the Abel map,
g, (D) = (2, (Datny)) = 240, (P, )(n — o)) (mod Ly). (3.2.71)

Now we are in position to drive the major result expressing the p-gap sequences

a, b in terms of the #-function associated with IC, (cf. [14], Ch. 5).

2To avoid multi-valued expressions in formulas such as (3.2.69), etc., we agree to always choose
the same path of integration connecting ()¢ and P and refer to Remark D.4 for additional tacitly
assumed conventions.
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Theorem 3.2.7. The solutions of the pth stationary Toda equation (3.2.18) are

given by

a(n):&[H(z(POO+,pn—1 ) { Pe 1 n+1)))

0(2(Px, . t(n)))’

2p+1 p p P 9(g+§(Poo+,ﬁ(n)))
~3 2 Enm YA g im0 L

(3.2.73)

1/2
1 . neZ, (3272

where the constant a depends only on IC, and c¢;(p) is given by (D.25) and (D.28).

Combining (3.2.71) and (3.2.73), we discover the remarkable linearity of the
theta function with respect to n in formulas (3.2.72), (3.2.73). In fact, one can

rewrite (3.2.73) as

p
9 . (0w+A— Bn)
=A - In (—=——F—— 3.2.74
o+Zc](p)awj n<9(g+Q—§n)> o’ ( )
where
A=Eqg — Ay (Poor) + Q(()B)no + g, (Dg(no)), (3.2.75)
B=UY, (3.2.76)
C=A+0B, (3.2.77)
1 2p+1 p
A= n;) B, — ; A (3.2.78)

Hence the constants Ag € C and B € CP are uniquely determined by K, (and its
homology basis), and the constant A € CP is in one-to-one correspondence with

the Dirichlet data ji(no) = (fi1(n0), - - -, fip(n0)) € Sym” K, at the point ng.

Remark 3.2.8. If one assumes a, b in (3.2.72) and (3.2.73) to be quasi-periodic

(cf. (3.3.6) and (3.3.7)), then there exists a homology basis {a;, l;j}le on K, such
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that B = Q (()3) satisfies the constraint
B=0) ere. (3.2.79)
This is studied in detail in Appendix E.

3.3 The Green’s function of H

In this section we focus on the properties of the Green’s function of H and derive

a variety of results to be used in our principal Section 3.4.

Introducing
- <
G(P, m, n) = ! Q/J(P , M, no)’(p<P, n, no), m=n,
W(w<P"’n0))’w<P*7'7n0) w(PamanO)w(P*/rL,Tw)u m > n,
P e K\ {Pu.}, n,mo €Z, (3.3.1)
and

¢(P7 n, n0>¢(P*7 n, nO)

Pn)=G(P = 3.3.2

g( 7n) ( 7n7n) W(w(P7-’n0)7¢(P*’-’nO))7 ( )
equations (3.2.51) and (3.2.53) then imply

g(P.n) = —FZ((’;;L), P=(zy) € K\{Px,}, n€Z (3.3.3)

Together with g(P,n) we also introduce its two branches g4 (z,n) defined on the

upper and lower sheets II, of IC, (cf. (D.3), (D.4), and (D.14))

F,(z,n)

g:I:(Z; TL) =+
with IT = C\C the cut plane introduced in (D.4).
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For convenience we shall focus on g_ whenever possible and use the simplified

notation
g(z,n) =g_(z,n), ze€ll, neZ. (3.3.5)

Next we briefly review a few properties of quasi-periodic and almost-periodic
discrete functions.

We denote by QP(Z) and AP(Z) the sets of quasi-periodic and almost periodic
sequences on Z, respectively.

In particular, a sequence f is called quasi-periodic with fundamental periods
(Q1,...,9n) € (0,00)" if the frequencies 27/, ..., 27 /Qy are linearly indepen-
dent over Q and if there exists a continuous function F' € C(R¥), periodic of period

1 in each of its arguments

F(zy,...,z;+1,...,25) = F(z1,...,2ny), x; €R, j=1,...,N, (3.3.6)
such that

fn)=F(Q'n,...,Q¥n), nezZ. (3.3.7)

Any quasi-periodic sequence on Z is almost periodic on Z.

Moreover, a sequence f = {f(k)}xez is almost periodic on Z if and only if there
exists a Bohr almost periodic function g on R such that f(k) = g(k) for all k € Z
(see, e.g., [18, p. 47]).

For any almost periodic sequence f = {f(k)}rez, the mean value (f) of f,

defined by
1 no+N
= 1li 3.3.8
(f) = lim 2N+1kZNf(k), (3.3.8)
=ng—
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exists and is independent of ng € Z. Moreover, we recall the following facts for
almost periodic sequences that can be deduced from corresponding properties of
Bohr almost periodic functions, see, for instance, [10, Ch. I, [13, Sects. 39-92], [18,

Ch. 1], [29, Chs. 1,3,6], [43], [56, Chs. 1,2,6], and [75].

Theorem 3.3.1. Assume f,g € AP(Z) and no,n € Z. Then the following asser-

tions hold:

(i) f € 2(Z).

(i) f,df,d€C, f(-+c¢), f(c:), c€Z, |f|*, a >0 are all in AP(Z).

(iii) f+ g, fg € AP(Z).

(iv) 1/g € AP(Z) if and only if 1/g € (>(Z).

(v) Let G be uniformly continuous on M C R and f(n) € M for alln € Z. Then

G(f) € AP(Z).

() Let () = 0, then S5, f(4) = ollal).

(vid) Let F(n) = Yp_. f(k). Then F € AP(Z) if and only if F € (=(Z).

(viid) If0 < f € AP(Z), f #0, then (f) > 0.

(iz) If 1/ € (=(Z) and f = |f|exp(iy), then |f| € AP(Z) and ¢ is of the type
o(n) = en +¥(n), where ¢ € R and v € AP(Z) (and real-valued).

(x) If F(n) = exp (ZZ:nO f(k)), then F € AP(Z) if and only if f(n) = iB-+(n),

where € R, 1 € AP(Z), and W € (>(Z), where ¥(n) = > "¢ (k).

For the rest of this chapter it will be convenient to introduce the following

hypothesis:

Hypothesis 3.3.2. Assume the affine part of K, to be nonsingular. Moreover,
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suppose that a, b € QP(Z) satisfy the pth stationary Toda equation (3.2.18) on Z.
Next, we note the following result.

Lemma 3.3.3. Assume Hypothesis 3.3.2. Then all z-derivatives of F,(z,-) and
Gpi1(z,+), z€ C, and g(z,-), z € 11, are quasi-periodic. Moreover, taking limits to
points on C, the last result extends to either side of cuts in the set C\{Enm }-P", o (cf.

(D.3)) by continuity with respect to z.

Proof. Since f;, and g, are polynomials with respect to a and b, f, and gy, ¢ € N,
are quasi-periodic by Theorem 3.3.1. The corresponding assertion for F,(z,-) then

follows from (3.2.19) and that for g(z, -) follows from (3.3.4). O
In the following we represent Gp,i1(2,n) + G, (2, n) as
p+1
Gpi1(z, n)+Gp+1 Z,n ——QHZ—I/k ], z€C, nez, (3.3.9)
and note that the roots v, are bounded,

||Vk||OO < Cl? k = 1? "'7p+ 17 (3.3.10)

since the coefficients of G,41(z,n) are defined in terms of bounded coefficients a

and b by(3.2.6). For future purposes we introduce the set

chn\{{zecuzy <C+1U

{z € C| m_mirzlpH[Re(Em)} —1<Re(z) < max [Re(E,)]+1,

74



where C' = max{C), ||b||, C1} and C,, is the constant in (3.2.58). Without loss of

generality, we may assume that Il contains no cuts, that is,
e NC = 0. (3.3.12)

Next we derive an essential equation for the mean value of the diagonal Green’s
function that will allow us to analyze the spectrum of the Jacobi operator H. First,

we note that by (3.2.48), (3.2.49), (3.2.53) and (3.3.1) one obtains

G(Pnn+1)  Gplz,n) —y
- N P = K Z. 3.3.13
G(P*’?”L,n—i—l) Gerl(Z,n)—'—y’ (’Z?y) E Dy n E ( )

Differentiating the logarithm of the expression on the right-hand side of (3.3.13)

with respect to z and using (3.2.29), one infers

R5p+2(z)

liln Gp+1(Z, n) AN 2y Gerl(Za Tl) - yG;DJrl (’Zv 77,)
2dz \Gpui(z,n)+y)  —4a(n)?F,(z,n)F;}(z,n)

, 2 € lleo.

(3.3.14)
Adding and subtracting ¢g(z,n) in the right-hand side of (3.3.14) yields

, 2z € llg, (3315)

-G*

p+1

F3(z,n) (F;)-(z,n)> (z,n)—F,(z,n). (3.3.16)

1
K(z,n) = §Gp+1(z’n) (Fp(z,n) * F;‘(z,n)

Next we prove that the mean value of K(z,-) equals zero.

Lemma 3.3.4. Assume Hypothesis 3.3.2. Then

(K(z,-)) =0 for all z € Il¢. (3.3.17)
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Proof. Let z € Ilc. Using (3.2.27) we rewrite (3.3.16) as

K(2n) =~Gor(2,n) {i I (Gper (2.1) + Gy (2,1))

2 dz
+ 4 In (G, (2,n) + Gppa (2, n))}

dz

_d Zn 1/G(zn) - Gpii(z,n)
depH( )3 ( z —b(n) z—b*(n))

Ghii(z,n) +(Gop)* (7, ”)
Cone) s )

(G (z,n) + Gy (z,n ]
n)
)

1

:§Gp+1(27 n) [

_|_

Gyo(z,n) + Gpia(z,n)

. 1 Gp+1(z n) p+1<
~ Gz )+_(z—b() z—bt

: )

(n
1 |:(Gp+1) (2,n)Gpra(2,n) = G311 (2,1) Gy (2,0)
2 Gpia(z,n) + Gy (2,n)
G;;+1( )G’;H(z,n) - (G;H)'(z, n)Gpyi(2, n)}
Gpi1(z,n) + Gy (2,n)
1 (G;+1(Zvn> Gpi1(2z,n)

1 _Z_b+(n>>, 2 eTle. (3.3.18)

Since K(z,-) is a sum of two difference expressions and Gp11(z,-) and G3,(z,)

are bounded for fixed z € Il, one obtains
(K(z,-)) =0, zelle. (3.3.19)

[

Using (3.3.15) and Lemma 3.3.4, we obtain the following result that will sub-

sequently play a crucial role in this chapter.
Lemma 3.3.5. Assume Hypothesis 3.3.2 and let z,zy € II. Then

S G A e m
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where the path connecting zy and z is assumed to lie in the cut plane I1. Moreover,
by taking limits to points on C in (3.3.20), the result (3.3.20) extends to either side

of the cuts in the set C by continuity with respect to z.

Proof. Let z,zy € Tlc. Integrating equation (3.3.15) from 2 to z along a smooth

path in Ilo yields

n (GpH(Z?n) - ZJ) M (Gerl(ZOv )= y) _ Q/Z d' g(=' n)+

GP+1(Z> TL) Ty Gp+1(20’ ) +y 20

z K /
+2/ PRESCRONNTPP
“ y

By Lemma 3.3.3 K(z,-) is quasi-periodic. Consequently, also
z K / .
/ g BED (3.3.22)
20 Y

is a family of uniformly almost periodic functions for z varying in compact subsets

of Il¢ as discussed in [29, Sect. 2.7] and by Lemma 3.3.4 one obtains

<{/ 4 %D =0 (3.3.23)

Hence, taking mean values in (3.3.21) (taking into account (3.3.23)), proves (3.3.20)
for z € Me. Since fy, ¢ € Ny, are quasi-periodic by Lemma 3.3.3 (we recall that

fo=1), (3.2.19) and (3.3.4) yield

[ oy =St [arp Cl (3.3:24)

20 1—0 20 R2p+2
Thus, fzzo dz' (g(#',-)) has an analytic continuation with respect to z to all of IT and
consequently, (3.3.20) for z € Il¢ extends by analytic continuation to z € II. By
continuity this extends to either side of the cuts in C. Interchanging the role of z and

2p, analytic continuation with respect to zy then yields (3.3.20) for z, 2o € II. O
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Remark 3.3.6. For z € Ilg, the sequence ln(%) is quasi-periodic and

hence <1n(%)> is well-defined. ~ But if one analytically continues

ln(GpH(Zvn)*y

e n)+y) with respect to z, then (Gp41(2,n) —y) and (Gpi1(2,n) + y) may

acquire zeros for some n € Z and hence hl(L) ¢ QP(Z). Nevertheless,
as shown by the right-hand side of (3.3.20), <ln(%)> admits an analytic

continuation in z from Il to all of II, and from now on, <ln(”i—§)> z € II,
p

always denotes that analytic continuation (cf. also (3.3.26)).

Next, we will invoke the Baker-Akhiezer function (P, n,ng) and analyze the

Gp+1(2-)—y

Gpt1(z .)+y)> in more detail.

expression <1n(

Theorem 3.3.7. Assume Hypothesis 3.3.2, let P = (z,y) € Il., and n,ny € Z.
Moreover, select a homology basis {a;, 1~)j}§:1 on KC, such that B = Q(()g), with Qég)
the vector of b-periods of the normalized differential of the third kind, EDE;?OJHPOL,

satisfies the constraint
B=U eRrr (3.3.25)
(cf. Appendiz E). Then,

Re(<ln (%) >) = 2Re(/@103 &533%00). (3.3.26)

Proof. Using (3.2.40), (3.2.44) and (3.2.45) one obtains the following representation

of the Baker-Akhiezer function ¢ (P, n,ng) for n > ng, n,ng € Z, P € K,

- 1/2
B Yy — Gp+1 < m) Fp<z7m+ 1)
Y(P,n,ng) = mgm [mllo —y — Gpia(z,m)  FE,(z,m)
_ (F,,(z,n)) { H Gpia(z,m —y] 2
Fp(z,ng) Gp+1 z m) +y

m=ng
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B (M)UQ
Fp(z,ng)n ) N
ooz & (@) -G
)~
)+

)Y), -

1 p-‘rl(za
X exp(Q(n n0)<ln<Gp+1<Z7

P=(z,y) €elly, z€1lg, n,ng € Z.

A similar representation can be written for ¢(P, n,ng) if n < ng, n,ng € Z, P € K,

: Gpt1(z,m)—y +1(
Since [ln(%) —< ( §+1 )+y> ] has mean zero,

G5 e () . <o

(3.3.28)

by Theorem 3.3.1 (vi). In addition, the factor F,(z,n)/F,(z,ng) in (3.3.27) is quasi-
periodic and hence bounded on Z.

On the other hand, (3.2.69) yields

O(z(P, [ P
Y(P,n,ng) = C(n’nO)Q((g_((P—é_L(()))))) exp ((n — ng) /0 w530)0+7poo_)

P
= O(P,n,ng) exp ((n — no)/ &§i+7poo), (3.3.29)
0
P € ’Cp\{{Pooi} U {ﬂj<n0)}§:1}
Taking into account (3.2.65), (3.2.71), (3.2.79), (D.32), and the fact that by (3.2.58)

no fi;(n) can reach P, as n varies in Z, one concludes that
O(P,-,no) € (2(Z), P € K\ity(no)}y. (3.3.30)

A comparison of (3.3.27) and (3.3.29) then shows that the o(|n|)-term in (3.3.28)

must actually be bounded on Z and hence the left-hand side of (3.3.28) is almost
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periodic (in fact, quasi-periodic). In addition, the term

w5 () (oG] e s

m=ng

is then almost periodic (in fact, quasi-periodic) by Theorem 3.3.1(x). A further
comparison of (3.3.27) and (3.3.29) then yields (3.3.26) for z € Ilg. Analytic
continuation with respect to z then implies (3.3.26) for z € II. By continuity
with respect to z, taking boundary values to either side of the cuts in the set
C, this then extends to z € C (cf. (D.3), (D.4)) and hence proves (3.3.26) for

P=(29) € K\ Poos }- 0

3.4 Spectra of Jacobi operators with quasi-periodic
algebro-geometric coefficients

In this section we establish the connection between the algebro-geometric formalism
of Section 3.2 and the spectral theoretic description of Jacobi operators H in (*(Z)
with quasi-periodic algebro-geometric coefficients. In particular, we introduce the
conditional stability set of H and prove our principal result, the characterization
of the spectrum of H. Finally, we provide a qualitative description of the spectrum
of H in terms of analytic spectral arcs.

Suppose that a, b € (*°(Z) N QP(Z) satisfy the pth stationary Toda equation

(3.2.18) on Z. The corresponding Jacobi operator H in ¢*(Z) is then defined by
H=aST+a S +b, dom(H)=(*Z). (3.4.1)

Thus, H is a bounded operator on ¢*(Z) (it is self-adjoint if and only if a and b are

real-valued).
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Before we turn to the spectrum of H in the general non-self-adjoint case, we
briefly mention the following result on the spectrum of H in the self-adjoint case
with quasi-periodic (or almost periodic) real-valued coefficients a and b. We denote
by o(A), ge(A), and 04(A) the spectrum, essential spectrum, and discrete spectrum

of a self-adjoint operator A in a complex Hilbert space, respectively.

Theorem 3.4.1 (See, e.g., [77] in the continuous context). Let a,b € QP(Z) be

real-valued. Define the self-adjoint Jacobi operator H in (*(Z) as in (3.4.1). Then,

o(H)=0.(H)
C [=2sup (IRefa(m)) + inf (Re(b(n)), 2smp ([Refa(m)| +sup Re(b(n)}
oa(H) = 0.

Moreover, o(H) contains no isolated points, that is, o(H) is a perfect set.

In the special periodic case where a, b are real-valued, the spectrum of H is
purely absolutely continuous and a finite union of some compact intervals (see,
e.g., [19], [20], [31], [65], [79], [83], [84]).

Now we turn to the analysis of the generally non-self-adjoint operator H in

(3.4.1). Assuming Hypothesis 3.3.2 we now introduce the set ¥ C C by

s={aec ‘ re( (239 Y))) =0} (3.42)

Below we will show that > plays the role of the conditional stability set of H, famil-
iar from the spectral theory of one-dimensional periodic differential and difference

operators.
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Lemma 3.4.2. Assume Hypothesis 3.3.2. Then Y coincides with the conditional

stability set of H, that is,

Y = {\ € C| there exists at least one bounded solution

041 € (°(Z) of Hib = M} (3.4.3)

Proof. By (3.2.69) and (3.2.70),

O0(z(P, j1(n 2
(P,n,ng) = C(n,no)ﬁm exp ((n —np) /EO w};JHPm), (3.4.4)

P =(z,y) € Il4,

is a solution of Hiy = 21 which is bounded on Z if and only if the exponential

function in (3.4.4) is bounded on Z. By (3.3.26), the latter holds if and only if

R%@(%) >) 0. (3.4.5)
U]

Remark 3.4.3. At first sight our a priori choice of cuts C for Ry,.o(-)Y/?, as
described in Appendix D, might seem unnatural as they completely ignore the
actual spectrum of H. However, the spectrum of H is not known from the outset,
and in the case of complex-valued periodic potentials, spectral arcs of H may
actually cross each other (cf. Theorem 3.4.7 (iv)) which renders them unsuitable

for cuts of Ry, o(+)!/2.

Before we state our first principal result on the spectrum of H, we find it
convenient to recall a number of basic definitions and well-known facts in connection

with the spectral theory of non-self-adjoint operators (we refer to [27, Chs. I, III,
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IX], [40, Sects. 1, 21-23], [44, Sects. IV.5.6, V.3.2], and [73, p. 178-179] for more
details). Let S be a densely defined closed operator in complex separable Hilbert
space H. Denote by B(H) the Banach space of all bounded linear operators on H
and by ker(T') and ran(T") the kernel (null space) and range of a linear operator
T in H. The resolvent set, p(S), spectrum, o(S), point spectrum (the set of
eigenvalues), o,(5), continuous spectrum, o.(S), residual spectrum, o,(5), field
of regularity, m(S), approximate point spectrum, o,,(S), two kinds of essential
spectra, g.(5), and 7.(5), the numerical range of S, ©(S), and the sets A(S) and

A(S) are defined as follows:

p(S)={2€C|(S—=zI)"cB(H), (3.4.6)
o(S) = C\p(S), (3.4.7)
0,(S) = {\ € C| ker(S — \I) # {0}}, (3.4.8)

0.(S) ={X € C|ker(S — AI) = {0} and ran(S — AI) is dense in H

but not equal to H}, (3.4.9)
0.(S) ={\ € C|ker(S — M) = {0} and ran(S — AI) is not dense in H},
(3.4.10)
7(S) = {z € C|there exists k, > 0 s.t. ||(S — zD)ully > k.||ul|x
for all u € dom(S)}, (3.4.11)
oap(S) = C\m(9), (3.4.12)
A(S) = {z € C|dim(ker(S — 2I)) < oo and ran(S — z[) is closed},
(3.4.13)
0.(S) = C\A(S), (3.4.14)

A(S) = {z € C|dim(ker(S — zI)) < oo or dim(ker(S* — zI)) < oo},
(3.4.15)
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5.(S) = C\A(S), (3.4.16)

O(5) ={(f,5f) € C| f € dom(S), |[f[l» =1}, (3.4.17)

respectively. One then has

7(S) = 0,(S) Uoe(S) Uar(S)  (disjoint union) (3.4.18)

= 0,(S) Uoe(S) U oy(95), (3.4.19)
e(5) € 0e(S)\(0p(5) U 0:(5)), (3-4.20)
0:(S) = op(S*)"\op(9), (3.4.21)

0ap(S) = {\ € C|there exists a sequence {f,, }neny C dom(S)

with || fullx =1, n € Ny and lim ||(S — AI) f,||l» = 0},

(3.4.22)
5e(S) C 0e(S) C 0ap(S) C 0(S) (all four sets are closed), (3.4.23)
p(S) C 7(S) C A(S) C A(S) (all four sets are open), (3.4.24)
5.(S) € O(S), ©(S) is convex, (3.4.25)
5o(S) = 0a(S) if § = 5. (3.4.26)

Here o* in the context of (3.4.21) denotes the complex conjugate of the set o C C,

that is,
o*={AeC|)ea}. (3.4.27)

We note that there are several other versions of the concept of the essential spec-
trum in the non-self-adjoint context (cf. [27, Ch. IX]) but we will only use the two
in (3.4.14) and in (3.4.16) in this chapter.

We start with the following elementary result.
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Lemma 3.4.4. Let H be defined as in (3.4.1). Then,

oe(H)=0.(H) CO(H). (3.4.28)
Proof. Since H and H* are second-order difference operators on 7Z,
dim(ker(H — 21)) <2, dim(ker(H* —zI)) < 2. (3.4.29)

Moreover, we note that S closed and densely defined and dim(ker(S* —zI)) < oo
implies that ran(S — zI) is closed (cf. [27, Theorem 1.3.2]). Equations (3.4.13)—

(3.4.16) and (3.4.25) then prove (3.4.28). O

Theorem 3.4.5. Assume Hypothesis 3.3.2. Then the point spectrum and residual

spectrum of H are empty and hence the spectrum of H is purely continuous,

op(H) = 0.(H) =10, (3.4.30)

o(H)=0.(H) =0.(H) = 0,p(H). (3.4.31)

Proof. First we prove the absence of the point spectrum of H. Suppose z € [I\{>XU
{1 (no)}gzl}. Then (P, -,ng) and ¥(P*, -, ng) are linearly independent solutions
of Hi = 21y which are unbounded at +o00 or —oo. This argument extends to all
z € TI\X by multiplying ¢ (P, -, ng) and 1 (P*,-,ng) with an appropriate function
of z and ny (independent of n). It also extends to either side of the cut C\X by
continuity with respect to z. On the other hand, any solution v (z,-) € (*(Z) of
H1 = 21, 2 € C, is necessarily bounded (since any sequence in ¢*(Z) is bounded).
Thus,

(C\S} N oy (H) = 0. (3.4.32)
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Hence, it remains to rule out eigenvalues located in 3. We consider a fixed A € X
and note that by (3.2.51), there exists at least one solution ¢y (A,-) € £>°(Z) of
Hiyp = M. Actually, a comparison of (3.3.27) and (3.4.2) shows that we may
choose 11 (], -) such that [¢; (), -)| € QP(Z) and hence (), -) & (*(Z).

Next, suppose there exists a second solution ¥y(A,-) € (*(Z) of Hyp = A\
which is linearly independent of 1 (), -). Then one concludes that the Wronskian

of ¥1(A,+) and ¥y(A, ) lies in (*(Z),
W (Wi(A, ), v2(N, ) € E(2). (3.4.33)

However, by hypothesis, W (¢ (), ), ¥2(A,-)) = ¢(A) # 0 is a nonzero constant.

This contradiction proves that
YNo,(H)=10 (3.4.34)

and hence o,(H) = 0.
Next, we note that the same argument yields that H* also has no point spec-

trum,
op(H") = 0. (3.4.35)

Indeed, if a, b € (>°(Z)NQP(Z) satisfy the pth stationary Toda equation (3.2.18) on
7, then @, b also satisfy one of the pth stationary Toda equation (3.2.18) associated
with a hyperelliptic curve of genus p with {E,,}?**) replaced by {E,,}?*1), etc.

m=0 m=0"

Since by general principles (cf. (3.4.27)),

0:(B) C 0,(B*)* (3.4.36)
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for any densely defined closed linear operator B in some complex separable Hilbert
space (see, e.g., [41, p. 71]), one obtains o.(H) = () and hence (3.4.30). This proves
that the spectrum of H is purely continuous, o(H) = o.(H). The remaining

equalities in (3.4.31) then follow from (3.4.20) and (3.4.23). O

The following result is a fundamental one:

Theorem 3.4.6. Assume Hypothesis 3.3.2. Then the spectrum of H coincides with

3} and hence equals with the conditional stability set of H,

o) = {rec ‘ re(((G6552))) =0 (3.4.37)

= {\ € C| there exists at least one bounded solution

0# € l>(Z) of HY = M)}, (3.4.38)
In particular,
{E,}P4) C o(H), (3.4.39)

and o(H) contains no isolated points.

Proof. First we will prove that

o(H) C % (3.4.40)

by adapting a method due to Chisholm and Everitt [16] (in the context of differ-
ential operators). For this purpose we temporarily choose z € II\{3U{;(n0) }/_ }

and construct the resolvent of H as follows. Introducing the two branches ¥4 (P, n,ng)

of the Baker—Akhiezer function (P, n,ng) by

e (Pyn,ng) =vY(P,n,ng), P=(z9)€lly, n,ng€Z, (3.4.41)
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7 o w+(27”7”0) if w-i-(za 7n0) 662(77/0700)7

¢+<Z’ " nO) a {w(za n, nO) if w* (27 7n0) € 62(77’07 OO), (3442)

. _J - (znng) i Y_(z,-,ng) € £7(—00,ny),

QA? <Z’ " nO) a {Ter(Z, n, nO) if er(Zu 7n0) € 62(_007 Tlo), (3443)

z € II\X, n,ng € Z,
and

G(Z, n, n/) _ _ 1 _ 1?—(27 nla nO)/lA/A)+(Z7 n, TL()), n Z nla

W(¢—(Z>”,no),¢+(27n7no)) w_(z,n,no)er(z, n/7n0)7 n S n,?

z€I\X, n,nog € Z. (3.4.44)

Due to the homogeneous nature of G, (3.4.44) extends to all z € II. Moreover,
we extend (3.4.42)—(3.4.44) to either side of the cut C except at possible points in
¥ (i.e., to C\X) by continuity with respect to z, taking limits to C\X. Next, we
introduce the operator R(z) in ¢?(Z) defined by

(R(2)f)(n) = > Glz,n,n)f(n), fE€X(Z), z €T, (3.4.45)

n'€Z

where (5°(Z) denotes the linear space of compactly supported (i.e., finite) complex-
valued sequences, and extend it to z € C\X, as discussed in connection with
G(-,n,n'). The explicit form of @Ei(z,n,no), inferred from (3.3.29) by restricting

P to Il., then yields the estimates

~

s (2,n,m0)| < Ci(z,n0)e™ M 2 € T\E, n€Z (3.4.46)

for some constants Cy(z,n9) > 0, k(z) > 0, z € IT\X. One can follow the second

part of the proof of Theorem 5.3.2 in [26] line by line and prove that R(z), z €
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C\X, extends from £5°(Z) to a bounded linear operator defined on all of ¢*(Z). A

straightforward computation then proves

(H—zDR(2)f =f, fel*(Z), zeC\X (3.4.47)
and hence also

R(2)(H —zI)g =g, g€ *Z), zc C\X. (3.4.48)

Thus, R(z) = (H — zI)™!, z € C\X, and hence (3.4.40) holds.

Next we will prove that

o(H) D . (3.4.49)

We will adapt a strategy of proof applied by Eastham in the continuous case of
(real-valued) periodic potentials [25] (reproduced in the proof of Theorem 5.3.2 of
[26]) to the (complex-valued) quasi-periodic discrete case at hand. Suppose A € X.
By the characterization (3.4.3) of 3, there exists a bounded solution ¥(A,-) of
Hvy = M\p. A comparison with the Baker-Akhiezer function (3.3.29) then shows

that we can assume, without loss of generality, that

[Y(A, )| € QP(Z). (3.4.50)
By Theorem 3.3.1 (i), one obtains

(A, -) € L2(Z). (3.4.51)

Next, we pick 2 € N and consider g(n), n =0,1,...,Q satisfying
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0<g(n)<1l, n=1,...,Q—-1. (3.4.52)

Moreover, we introduce the sequence {hy}ren € £2(Z) by

1, In| < (k—1)Q,
he(n) = gk — [nl), (k— 1)Q < |n| < k), (3.4.59)
0, In| > kQ

and the sequence { fx(\) hren € €3(Z) by

Here di()\) is determined by the requirement

[feMll2=1, kel (3.4.55)
Of course,
fk()\a > € 62(Z)7 ke N7 (3456)

since fr(\, -) is finitely supported. Next, we note that as a consequence of Theorem

3.3.1 (vii),

Z]\;W(A,n)ﬁ o N DB ) + o(N) (3.4.57)
with

([ )F) > 0. (3.4.58)

Thus, one computes

L= [feVIE = deV)? 3 1O 0) P ()’

NneZ
2D ) Phi(n)? > di(A)? D (M)
|n|<kQ In|<(k—1)Q
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> di(W?[([0 A )P ) (k= 1DQ + o(k)].
Consequently,

dp(\) = O(k™'?).

k—o0

Next, one computes

(H = M) fi(An) =du(V) [ a(n)(0,m) [hi(n +1) = he(m)] +

a(n — 1)\ n — 1) [he(n — 1) — hk(n)”

and hence

I(H = M) fell2 < 2de(Mlallo [ (A (R = hi)ll2, k€N

Using (3.4.51) and (3.4.53) one estimates

[N [hF =I5 = DY oA n)Plh(n + 1) — hy(n)]?

(k—1)Q<[n|<kQ
<2pN)[Z (2 +1).

Thus, combining (3.4.60) and (3.4.62)—(3.4.63) one infers
Tim [[(H = ADfill = 0

and hence A € 0,,(H) = o(H) by (3.4.22) and (3.4.31).

(3.4.59)

(3.4.60)

(3.4.61)

(3.4.62)

(3.4.63)

(3.4.64)

Relation (3.4.39) follows from (3.4.3) and the fact that by (3.2.51) there exists

a solution ((E,,,0),-,ng) € {*(Z) of Hi = E,¢ for all m =0, ...,

2p + 1.

Finally, o(H) contains no isolated points since those would necessarily be es-

sential singularities of the resolvent of H, as H has no eigenvalues by (3.4.30) (cf.
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[44, Sect. I11.6.5]). An analysis of the Green’s function of H reveals at most an

2p+1
m=0

algebraic singularity at the points {F,,} and hence excludes the possibility of

an essential singularity of (H — 2I)~!. O

In the special self-adjoint case where a, b are real-valued, the result (3.4.37) is
equivalent to the vanishing of the Lyapunov exponent of H which characterizes the
(purely absolutely continous) spectrum of H as discussed by Carmona-Lacroix [15,
Chs. 1V, VII].

The explicit formula for 3 in (3.4.2) permits a qualitative description of the
spectrum of H as follows. We recall (3.3.15) and (3.3.24) write

pr1(2,0) — ?:1(2 - X])
i () ) e - (e m)” e

for some constants
), cc. (3.4.66)

As in similar situations before, (3.4.65) extends to either side of the cuts in C by

continuity with respect to z.

Theorem 3.4.7. Assume Hypothesis 3.3.2. Then the spectrum o(H) of H has the
following properties:

(i) o(H) C C is bounded,

o(H) C {z € C|Re(z) € [My, Ms], Im(2) € [M3, My}, (3.4.67)
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where
M, = —2sup[|Re(a(n))|] + inf [Re(b(n))],

M, = QSug[lRe(a(n))H + SUIZ)[Re(b(n))],

"e " (3.4.68)
Mj = —2sup[|lm(a(n))[] + inf[ln(b(n))]
M, = 2sup([Im(a(n)[] + sup{lm(b(n))}.

(17) o(H) consists of finitely many simple analytic arcs (c¢f. Remark 3.4.8). These
analytic arcs may only end at the points Xl, e ,Xp, Eo, ..., Eopiq.
(1i1) Fach E,,, m = 0,...,2p+1, is met by at least one of these arcs. More precisely,
a particular E,, is hit by precisely 2Ny + 1 analytic arcs, where Ny € {0,...,p}
denotes the number of Xj that coincide with E,,,. Adjacent arcs meet at an angle
21 /(2No + 1) at E,,. (Thus, generically, Ny = 0 and precisely one arc hits Ep,,.)
(1v) Crossings of spectral arcs are permitted. This phenomenon takes place precisely
when for a particular jo € {1,...,p}, on € o(H) such that
(28722
Gpr1(Njo, ) +y (3.4.69)

for some jo € {1,...,p} with on ¢ {E, 00

m=0

In this case 2My+2 analytic arcs are converging toward on, where My € {1,...,p}
denotes the number of Xj that coincide with on. Adjacent arcs meet at an angle
w/(My+ 1) at on. (Thus, if crossings occur, generically, My = 1 and two arcs
cross at a right angle.)

(v) The resolvent set C\o(H) of H is path-connected.

Proof. Ttem (i) follows from (3.4.28) and (3.4.31) upon noticing that

(f Hf) =2 alk)Re[f(k+1)f(kK)]+(f,Re(b) f)+i(f,Im(b)f), [ € (Z).

k=—00
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(3.4.70)

To prove (ii) we first introduce the meromorphic differential of the third kind

D op e - Bz Ndz T (2= A)dz
Q (9(P,-))d y R2p+2(2)1/2 ’

P=(zy) € C,\{Px.} (3.4.71)

(cf. (3.4.66)). Then, by Lemma 3.3.5,

G- o () o

for some fixed Qo = (20,%) € Kp\{Px.}, is holomorphic on K,\{P.}. By

(3.4.65), (3.4.66), the characterization (3.4.37) of the spectrum,

ottty = {rec ‘ re((n (G250 2))) = o) (3.473)

and the fact that Re(< In (%) >) is a harmonic function on the cut plane II,
the spectrum o(H) of H consists of analytic arcs which may only end at the points
Xl, e ,Xp, Ey, ..., Ey1. (Since o(H) is independent of the chosen set of cuts, if
a spectral arc crosses or runs along a part of one of the cuts in C, one can slightly
deform the original set of cuts to extend an analytic arc along or across such an
original cut.)

To prove (iii) one first recalls that by Theorem 3.4.2 the spectrum of H contains
no isolated points. On the other hand, since {E,,}**) C o(H) by (3.4.39), one
concludes that at least one spectral arc meets each F,,, m =0, ...,2p+1. Choosing
Qo = (Epy, 0) in (3.4.72) one obtains

[ (G02)) -2 oo (m (Gtt=)
p+1\%; Y Emg p+1{Lmg; Y
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-9 : ds ?Zl (z/ B /\j) +{In Gerl(Emov )=y
S (T2 172 Gt (Emg, ) +
mQ ' — Em)) p+1 mo> Yy

m=0

B / d2' (2 = Epng)"2[C + O(2' = Epy)]

Gp-l-l(Emm ) + )

_ (2 B0 [C+O(z — Ep,)| + <ln (G”“(Em“ )= y) >
(3.4.74)

for some C' = |C|e*** € C\{0}. Using

E_ ) —
Re(<ln (gp:EEm; +1y/)>) —0, m=0,.. 2+1, (3.4.75)
P ™ms

as a consequence of (3.4.39), Re((In (%») =0and z = E,,, + pe’¥ imply

0 = cos[(No + (1/2))¢ + 2ol (O] + O(p)]. (3.4.76)

This proves the assertions made in item ().

In order to prove (iv) it suffices to refer to (3.4.65) and observe that locally
1d ln(%» behaves like Co(z—XjO)MO for some Cy € C\{0} in a sufficiently
small neighborhood of on.

Finally we will show that all arcs are simple (i.e., do not self-intersect each

other). Assume that the spectrum of H contains a simple closed loop v, v C o(H).

Then

((n (G 0 e e

where the closed simple curve I' C K, denotes an appropriate lift of v to £, yields

the contradiction

Re(< In @Zﬁg 3 ;zg) >) =0 for all P in the interior of ' (3.4.78)
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by Corollary 8.2.5 in [7]. Therefore, since there are no closed loops in o(H) and
no analytic arc tends to infinity, the resolvent set of H is connected and hence

path-connected, proving (v). ]

Remark 3.4.8. Here o C C is called an arc if there exists a parameterization
v € C([0,1]) such that ¢ = {y(¢t)|t € [0,1]}. The arc o is called simple if there

exists a parameterization «y such that «: [0, 1] — C is injective.

Naturally, Theorem 3.4.7 applies to the special case where a and b are periodic
complex-valued solutions of the pth stationary Toda equation associated with a
nonsingular hyperelliptic curve. Even in this special case, Theorem 3.4.7 appears

to be new.

96



Appendix A

Hyperelliptic Curves of the
KdV-Type and Their Theta
Functions

We provide a brief summary of some of the fundamental notations needed from the
theory of hyperelliptic Riemann surfaces. More details can be found in some of the
standard textbooks [28] and [69], as well as in monographs dedicated to integrable
systems such as [9, Ch. 2|, [34, App. A, B]. In particular, the following material is
taken from [34, App. A, BJ.

Fix n € N. We intend to describe the hyperelliptic Riemann surface IC,, of

genus n of the KdV-type curve (2.2.24), associated with the polynomial

fn(’zvy) = y2 - R2n+1(2) = 07

il Al
R2n+1<z) = H (Z - Em)> {Em}?g:o cC ( )

To simplify the discussion we will assume that the affine part of IC,, is nonsingular,

that is, we suppose that

E,, # E, form #m/, m,m' =0,...,2n (A.2)

throughout this appendix. Introducing an appropriate set of (nonintersecting) cuts
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C; joining E,,jy and E, ), 7 =1,...,n, and C,41, joining Ey, and oo, we denote

n+1
c=J¢, ¢neC=0, j#k (A.3)

j=1

Define the cut plane II by
IT=C\C, (A.4)
and introduce the holomorphic function

Rop1(WV2: I —C, z— ( ﬁ(z — Em))1/2 (A.5)

m=0

on IT with an appropriate choice of the square root branch in (A.5). Define
M, = {(z,aR2n+1(z)1/2) |z€C, o e{l,-1}} U{Px} (A.6)

by extending Ry,11(-)"/? to C. The hyperelliptic curve C,, is then the set M,, with
its natural complex structure obtained upon gluing the two sheets of M,, crosswise

along the cuts. The set of branch points B(K,,) of I, is given by

B(Ky) = {(Em,0)} 0. (A7)
Points P € K,,\{ P} are denoted by

P = (2,0Rz041(2)"%) = (2,y), (A.8)
where y(P) denotes the meromorphic function on K, satisfying F,(z,y) = y* —

R2n+1(2) =0 and

u(P) =, (1 - -(Z E )c +0(¢ ))g—%—l as P — P, (A.9)
o' /2% o' e {1,-1}
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(i.e., we abbreviate y(P) = 0 Ry,11(2)?). Local coordinates near Py = (20,%0) €
Ka\(B(K,,) U{Px}) are given by (p, = z — 29, near Py, by (p,,, = 1/2'/2, and
near branch points (Ep,,0) € B(Ky,) by (5,0 = (2 — En)*?. The compact
hyperelliptic Riemann surface K,, resulting in this manner has topological genus n.

Moreover, we introduce the holomorphic sheet exchange map (involution)
x: I, = K,y P =(2,y)— P"=(z,—y), Po+ P =Py (A.10)
and the two meromorphic projection maps
7: K, — CU{x}, P=(z2,y)— 2, Pyr— (A.11)
and
y: Kn — CU{0}, P=(2,y)—y, P+ 0. (A.12)

The map 7 has a pole of order 2 at P, and y has a pole of order 2n + 1 at P,..

Moreover,
7(P*)=x(P), y(P")=-y(P), Pek,. (A.13)

Thus K, is a two-sheeted branched covering of the Riemann sphere CP* (& C U
{oc}) branched at the 2n + 2 points {(E,,,0)}?"_, Ps.

We introduce the upper and lower sheets I1;. by
I = {(z, £Rons1(2)"?) € M,, | z € IT} (A.14)
and the associated charts

(p: Iy =TI, Pz (A.15)
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Next, let {a;,b;}7_; be a homology basis for K, with intersection matrix of the

cycles satisfying
ajoby, =0, ajoa,=0, bjob,=0, jk=1,...n (A.16)

Associated with the homology basis {a;,b;}7_; we also recall the canonical dis-
section of C,, along its cycles yielding the simply connected interior len of the

fundamental polygon 8En given by
0K, = arbiay by 'agbeay byt - b (A.17)

Let M(K,) and M!(K,) denote the set of meromorphic functions (0-forms) and
meromorphic differentials (1-forms) on C,, respectively. The residue of a mero-

morphic differential v € M*(K,,) at a point Q € K, is defined by

reso(v) = L/ v, (A.18)

 2mi
where g is a counterclockwise oriented smooth simple closed contour encircling )
but no other pole of v. Holomorphic differentials are also called Abelian differentials
of the first kind. Abelian differentials of the second kind w® € M (K,) are
characterized by the property that all their residues vanish. They will usually be

normalized by demanding that all their a-periods vanish, that is,
L/w®:0,j:L”wn (A.19)
aj

If wgl),m is a differential of the second kind on KC,, whose only pole is P; € 1€n with
principal part (""" 2d¢, m € Ny, near P, and w; = (Z;’;O djq(P1)¢?)d¢ near Py,
then

1 (2) d]m(Pl) .
— = —=— eENg, 7=1,....,n. A .20
271 b, WPim m+ 1 m 0> J " ( )

100



Using the local chart near P, one verifies that dz/y is a holomorphic differential

on C,, with zeros of order 2(n — 1) at P, and hence

=14
m=—"2 j=1,..n (A.21)
y

form a basis for the space of holomorphic differentials on IC,,. Upon introduction

of the invertible matrix C' in C",

C (C] k)]k:l 77777 n’ Cj k= / Ui (A22)
ak
Q(k> - (Cl<k)7 ,Cn(k‘>>, Cj(k) = (Cil)jyka ]7k: 17"'7”7 (A23)
the normalized differentials w; for j =1,...,n,

wp =i, / wj =0jk, Jk=1,....n, (A.24)
(=1 ak

form a canonical basis for the space of holomorphic differentials on £,,.

In the chart (Up,,(p.. ) induced by 1/7'/2 near P,, one infers,

. c(j)¢ )
w=(Wi,...,w,) =—2 — | d¢ A.25
( | <Z (T (1 — C2En)) ) e

2n
1
= —Q(Q(n) + <§g(n) Z E, +c(n— 1)) ¢+ O(§4))dC as P — P,
m=0
C - U/Z1/27 (OS {17 _1}7
where we used (A.9). Given (A.25), one computes for the vector U, 82) of b-periods

of wgo)o o/ (2mi), the normalized differential of the second kind, holomorphic on

K., \{ P}, with principal part ¢(~2d(/(2mi),

2 2 2 2 :
Q(()) = (U&l),...,Ué )), Uéﬂ-) = — b wpo o= —2¢j(n), j=1,...,n. (A.26)
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n

Next, define the matrix 7 = (TM)L sy by
ijg:/b"u}g, jl=1,...,n. (A.27)
Then
Im(r) >0, and 7,=1, Jl=1,...,n. (A.28)

Associated with 7 one introduces the period lattice
L,={z€C"|z=m+n7, m,n€Z"} (A.29)

and the Riemann theta function associated with IC,, and the given homology basis

0(z) = Z exp (2mi(n, z) + mi(n,nt)), z€C", (A.30)

nezm

where (u,v) = uv' = Z?zlﬂjvj denotes the scalar product in C". It has the

fundamental properties

9(217---7Zj717_2j72j+1:-“52n) zﬁ(g), (A31)

0(z+ m+ nt) = exp ( — 2mi(n, 2) — 7i(n,n7))0(2), m,n € Z". (A.32)
Next we briefly study some consequences of a change of homology basis. Let
{al,...,an,bl,...,bn} (ASS)

be a canonical homology basis on K, with intersection matrix satisfying (A.16)

and let

{di,...;a,,b),...,00} (A.34)
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be a homology basis on IC, related to each other by

(4:) =x (&), (A.35)

where
a =(ay,...;an)", b =(by,....by)",
d=(d, .. ad)T, W =, )T (A.36)
A B
X = (C D) ; (A.37)

with A, B, C, and D being n x n matrices with integer entries. Then (A.34) is also

a canonical homology basis on IC,, with intersection matrix satisfying (A.16) if and

only if

X € Sp(n,Z), (A.38)
where

Sp(n,Z) = {X = (é g) 'X (_Oln %) X' = (_OIn Ig) , det(X) = 1}

(A.39)

denotes the symplectic modular group (here A, B,C, D in X are again n X n matri-
ces with integer entries). If {w;}7_; and {w}}}_, are the normalized bases of holo-

morphic differentials corresponding to the canonical homology bases (A.33) and

/

(A.34), with 7 and 7’ the associated b and V/-periods of wy,...,w, and wi,... ),

respectively, one computes

W =w(A+Br)Y, 7 =(C+Dr)(A+Br), (A.40)
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where w = (wq,...,wy,) and W' = (W, ... ,w)).
Fixing a base point Qo € K,\{ P}, one denotes by J(K,,) = C"/L,, the Jacobi
variety of KC;,, and defines the Abel map A, by

P

P
Aoy Kn — J(K,), Ag,(P) = (/ wl,...,/ wn) (mod L,), P €L,.

0

(A.41)

Similarly, we introduce

g, Div(K,) = J(K,), D ag (D)= D(P)Ay,(P), (A.42)
Pekn

where Div(KC,) denotes the set of divisors on K,. Here D: K, — Z is called a
divisor on IC,, if D(P) # 0 for only finitely many P € C,,. (In the main body of
this paper we will choose @)y to be one of the branch points, i.e., Qo € B(K,,), and
for simplicity we will always choose the same path of integration from @)y to P in

all Abelian integrals.) For subsequent use in Remark A.4 we also introduce

A\QO: K, — C", (A.43)
N R R P P
P Ag, (P) = (Agyi(P), ..., Agyn(P)) = (/ wl,...,/ wn>
Qo Qo
and
Gg,: Div(K,) — C", D Gy, (D) = Z D(P)A,(P). (A.44)
Pekn

In connection with divisors on /C,, we shall employ the following (additive)

notation,

DQoQ = DQO + DQ, DQ = DQ1 + -+ DQm’ (A.45)
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Q:{Qla'-‘7Qm}ESymmKn) QUGICTHmENv

where for any @ € I,

1 for P=0Q,

0 for P e K, \{Q}, (A.46)

Dg: K, — Ny, PI—)DQ(P):{

and Sym™ KC,, denotes the mth symmetric product of K,,. In particular, Sym™ IC,
can be identified with the set of nonnegative divisors 0 < D € Div(K,,) of degree
m € N.

For f € M(K,)\{0} and w € M*(K,,)\{0} the divisors of f and w are denoted
by (f) and (w), respectively. Two divisors D, £ € Div(K,,) are called equivalent,
denoted by D ~ &, if and only if D — & = (f) for some f € M(K,)\{0}. The
divisor class [D] of D is then given by [D] = {€ € Div(K,) | € ~ D}. We recall

that

deg((f)) =0, deg((w)) =2(n—1), f € M(K.)\{0}, w € M (K)\{0}, (A.47)

where the degree deg(D) of D is given by deg(D) = > pcic. D(P). It is customary
to call (f) (respectively, (w)) a principal (respectively, canonical) divisor.

Introducing the complex linear spaces

L(D) = {f € M(K,)) | f =0 or (f) > D}, (D) = dimc £(D),  (A43)

LY(D) = {we MK,) |w=0or (w) > D}, i(D) = dime L (D) (A.49)

(with (D) the index of specialty of D), one infers that deg(D), r(D), and i(D) only
depend on the divisor class [D] of D. Moreover, we recall the following fundamental

facts.
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Theorem A.1. Let D € Div(K,), w € M*(K,)\{0}. Then

i(D) =r(D - (w)), n € Ny. (A.50)
The Riemann—Roch theorem reads

r(=D) =deg(D)+i(D) —n+1, ne€Ny. (A.51)
By Abel’s theorem, D € Div(K,), n € N, is principal if and only if

deg(D) = 0 and agq, (D) = 0. (A.52)

Finally, assume n € N. Then aq, : Div(K,) — J(K,) is surjective (Jacobi’s

inversion theorem).

Theorem A.2. Let Do € Sym" K, Q ={Q1,...,Qn}. Then
1 <i(Dg) =5<n/2 (A.53)

if and only if there are s pairs of the type {P, P*} C {Q1,...,Qn} (this includes,

of course, branch points for which P = P*).

Next, denote by Zo) = (2@, - - - Zq,.,) the vector of Riemann constants,
1 - P
Za0, = 5(1+75) - Z/ wg(P)/ wi, j=1,...,n. (A.54)
=1 o Qo
]

Theorem A.3. Let @ = {Q1,...,Qn} € Sym" K, and assume Dq to be nonspe-

cial, that is, i(Dg) = 0. Then

0(Zq, — Ag,(P) + aqg,(Dg)) = 0 if and only if P € {Q1,...,Qn}.  (A.55)
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Remark A.4. In Section 2.2 we dealt with theta function expressions of the type

0(Zq, — Ag,(P) + ag,(D1))

= — ex —c " 2) .
V) = G~ Agu(P) + ag, (D) p( / - ) ek, (A56)

where D; € Sym" K,,, j = 1,2, are nonspecial positive divisors of degree n, ¢ €
C is a constant, and Q® is a normalized differential of the second kind with a
prescribed singularity at P,,. Even though we agree to always choose identical
paths of integration from Py to P in all Abelian integrals (A.56), this is not sufficient
to render ¢ single-valued on /C,,. To achieve single-valuedness one needs to replace
IC,, by its simply connected canonical dissection I/C\n and then replace A, and ag,
in (A.56) with A\Qo and a, as introduced in (A.43) and (A.44). In particular, one
regards a;,b;, 7 = 1,...,n, as curves (being a part of 8l€n, cf. (A.17)) and not
as homology classes. Similarly, one then replaces =, by EQO (replacing Ag, by
AAQO in (A.54), etc.). Moreover, in connection with ¢, one introduces the vector of

b-periods U®? of Q@ by

1
U =w®,...u®), vP=—[a® j=1..n, (A.57)

J 21 Jy,
and then renders v single-valued on K. by requiring
0, (D1) — B, (D2) = c U (A.58)
(as opposed to merely ag (D1) —ag, (D2) = cU® (mod L,)). Actually, by (A.32),
Gg, (D1) — g, (D) — cUP € Z7, (A.59)

suffices to guarantee single-valuedness of ¥ on len Without the replacement of

Ag, and ag by A\Qo and ap, in (A.56) and without the assumption (A.58) (or
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(A.59)), v is a multiplicative (multi-valued) function on KC,,, and then most effec-
tively discussed by introducing the notion of characters on IC,, (cf. 28, Sect. I11.9]).
For simplicity, we decided to avoid the latter possibility and throughout this paper

will always tacitly assume (A.58) or (A.59).
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Appendix B

Restrictions on B = ig((f)

The purpose of this appendix is to prove the result (2.2.70), B = iU (()2) e R”, for
some choice of homology basis {a;,b;}7_; on K, as recorded in Remark 2.2.8.

To this end we first recall a few notions in connection with periodic meromorphic

functions of p complex variables.

Definition B.1. Let p € N and F': C» — C U {c0} be meromorphic (i.e., a ratio
of two entire functions of p complex variables). Then,

(i) w = (w1,...,w,) € CP\{0} is called a period of F if
Flz+w) = F(2) (B.1)

for all z € CP for which F'is analytic. The set of all periods of F'is denoted by Ppg.
(i) F is called degenerate if it depends on less than p complex variables; otherwise,

I is called nondegenerate.

Theorem B.2. Letp € N, F': C* — CU{oco} be meromorphic, and Pr be the set
of all periods of F'. Then either
(i) Pr has a finite limit point,

or

109



(17) Pr has no finite limit point.

In case (i), Pr contains infinitesimal periods (i.e., sequences of nonzero periods
converging to zero). In addition, in case (i) each period is a limit point of periods
and hence P s a perfect set.

Moreover, F' is degenerate if and only if I admits infinitesimal periods. In partic-

ular, for nondegenerate functions F only alternative (ii) applies.

Next, let w, € CP\{0}, ¢ = 1,...,r for some 7 € N. Then w,,...,w, are called

linearly independent over Z (resp. R) if

w4+ 1w, =0, v, €Z(resp.,, v, €R), g=1,...,r,

implies ) = --- = v, = 0. (B.2)

Clearly, the maximal number of vectors in C? linearly independent over R equals

2p.

Theorem B.3. Let p € N.

(1) If F': C» — C U {oo} is a nondegenerate meromorphic function with periods
w, € CP\{0}, g =1,...,7, r €N, linearly independent over Z, then w,, ..., w, are
also linearly independent over R. In particular, r < 2p.

(i1) A nondegenerate entire function F: CP — C cannot have more than p periods

linearly independent over Z (or R).

For p = 1, exp(z), sin(z) are examples of entire functions with precisely one
period. Any non-constant doubly periodic meromorphic function of one complex

variable is elliptic (and hence has indeed poles).
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Definition B.4. Let p,7 € N. A system of periods w, € CP\{0}, ¢ = 1,...,7 of
a nondegenerate meromorphic function F': C* — C U {oo}, linearly independent

over Z, is called fundamental or a basis of periods for F' if every period w of F is

of the form
w=mw; + - +muw, forsomem,€Z,q=1,...,7. (B.3)
The representation of w in (B.3) is unique since by hypothesis w;,...,w, are

linearly independent over Z. In addition, Pr is countable in this case. (This rules
out case (i) in Theorem B.2 since a perfect set is uncountable. Hence, one does
not have to assume that F is nondegenerate in Definition B.4.)

This material is standard and can be found, for instance, in [60, Ch. 2].

Next, returning to the Riemann theta function 6(:) in (A.30), we introduce the

vectors {e;}1_;, {7, }j=; C C"\{0} by

Then

{e;}i= (B.5)

is a basis of periods for the entire (nondegenerate) function 6(-): C" — C. More-

over, fixing k, k" € {1,...,n}, then

{Qja T, ?:1 (B.G)

is a basis of periods for the meromorphic function 97 . In (6(:)): C* — C U {oo}

2R 2t

(cf. (A.32) and [28, p. 91]).
111



Next, let A € C*, D = (Dy,...,D,) € R*, D; € R\{0}, j = 1,...,n and

consider

fk,k’: R — Ca fk,k’ (.I) = agkzk/ In (Q(A + §>) ‘g:Qx

(B.7)
= 0%, 0 (0(A + zdiag(D)))] ...,

Here diag(D) denotes the diagonal matrix

diag(D) = (D;d;51)’ - (B.8)
Then the quasi-periods Dj_l, j=1,...,n, of fy are in a one-to-one correspon-
dence with the periods of

Fp: € — CU{oc}, Firw(z) = agkzk/ In (Q(A + gdiag(Q)) (B.9)
of the special type

e;(diag(D)) " = (0,...,0,D;4,0,...,0). (B.10)

~
J

Moreover,

Jow (@) = Fiow (2):=@,0)y 7 ER. (B.11)

Theorem B.5. Suppose V' in (2.2.65) (or (2.2.66)) to be quasi-periodic. Then
there exists a homology basis {&j,gj}?zl on K, such that the vector B = Z'Q((f)

~(2 ~
with U, é : the vector of b-periods of the corresponding normalized differential of the

second kind, &g)

oo

o Satisfies the constraint
=  .~(2) n

Proof. By (A.26), the vector of b-periods U 82) associated with a given homology

basis {a;,b;}7_, on K, and the normalized differential of the 2nd kind, wgo)oyo, is
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continuous with respect to Ey, ..., Fs,. Hence, we may assume in the following

that
B]#O,jzl,,TL EI(Blyan) (Blg)

by slightly altering FEj, ..., Ey,, if necessary. By comparison with the Its—Matveev

formula (2.2.66), we may write

V(z) = Ay — 202 In((A + Bx))

B.14)
—A0+22Uo] Okagkz n (0 (A_FZ))‘*B:C' (

7,k=1

Introducing the meromorphic (nondegenerate) function V: C* — C U {oo} by

V(z) = Ao+ 2 Z USIUS 2. n (0(A + zdiag(B))), (B.15)

j,k=1

one observes that

V(@) = V(@) |:=@...0)- (B.16)

-----

In addition, V has a basis of periods

n

{Qj(diag(ﬁ))_l,zj(diag(ﬁ))_l}‘ (B.17)

7j=1
by (B.6), where
e;(diag(B)) " = (0,...,0,B;1,0,...,0), j=1,...,n, (B.18)

Ij(diag(ﬁ))_l = (mBy' ... maByY), j=1,...,n. (B.19)

By hypothesis, V' in (B.14) is quasi-periodic and hence has n real (scalar) quasi-

periods. The latter are not necessarily linearly independent over Q from the outset,
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2n
m=0

but by slightly changing the locations of branchpoints { £, into, say, { E’m}%fzo,
one can assume they are. In particular, since the period vectors in (B.17) are lin-
early independent and the (scalar) quasi-periods of V' are in a one-one correspon-
dence with vector periods of V of the special form (B.18) (cf. (B.9), (B.10)), there

- ~ ~(2
exists a homology basis {a;,b;}j_, on K, such that the vector B = iU [()) corre-

sponding to the normalized differential of the second kind, @g;o and this particular
~9 ~ ~

homology basis, is real-valued. By continuity of U, with respect to Ey, ..., E,,

this proves (B.12). O

Remark B.6. Given the existence of a homology basis with associated real vector

B = zﬁ((f), one can follow the proof of Theorem 10.3.1 in [55] and show that each

Wi, j =1,...,n, is quasi-periodic with the same quasi-periods as V.
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Appendix C

Floquet Theory and an Explicit
Schrodinger Operator Example
Involving the Elliptic Weierstrass
Function

In this appendix we discuss the special case of algebro-geometric complex-valued
periodic potentials and we briefly point out the connections between the algebro-
geometric approach and standard Floquet theory. We then conclude with the
explicit genus n = 1 example which illustrates both, the algebro-geometric as well
as the periodic case.

We start with the periodic case. Suppose V satisfies
V € CP(R) and for all z € R, V(z+ Q) = V(z) (C.1)

for some period €2 > 0. In addition, we suppose that V' satisfies Hypothesis 2.3.4.

Under these assumptions the Riemann surface associated with V', which by
Floquet theoretic arguments, in general, would be a two-sheeted Riemann surface
of infinite genus, can be reduced to the compact hyperelliptic Riemann surface

corresponding to K, induced by y? = Rs,.1(z). Moreover, the corresponding
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Schrodinger operator H is then defined as in (2.4.1) and one introduces the fun-

damental system of distributional solutions ¢(z, -, x¢) and s(z,-, x¢) of HyY = z1)

satisfying
c(z, 0, T0) = Su(2, 0, x0) = 1, (C.2)
co(2, 0, x9) = 8(2, 0, 19) =0, 2€C (C.3)

with zyp € R a fixed reference point. For each z,zq € R, ¢(z,z,x¢) and s(z, z, xq)

are entire with respect to z. The monodromy matrix M(z, o) is then given by

(c(z o+ Q) s(z, w0+ Q,70)
Mz, 20) = <cx(z,:vo +Q,20) Su(z,20 +Q,10) )’ 2€C (C4)

and its eigenvalues p4(z), the Floquet multipliers (which are zp-independent), sat-

isfy

p+(2)p-(2) =1 (C.5)
since det(M(z,xp)) = 1. The Floquet discriminant A(-) is then defined by

A(z) = tr(M(z,20))/2 = [e(z, 20 + Q, x0) + (2, x0 + 2, 20)]/2 (C.6)
and one obtains

pi(z) = A(2) F [A(2) = 1]/ (C.7)
We also note that

lp£(2)| =1 if and only if A(z) € [-1,1]. (C.8)

The Floquet solutions ¢4 (z, x, zo), the analog of the functions in (2.4.48), are then

given by

Yoz, @, m0) = (2,2, 20) + 5(2, @, o) [p2(2) — ¢z, o + Q, 30)]s(2, 20 + 2, 20)~
116
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z € IM\{p;(w0) }j=1..., (C.9)

and one verifies (for z,zg € R),

V(2,2 + Q,10) = p£(2)Vs(2,2,20), 2 € I\{p5(w0) }j=1, 0, (C.10)

s(z,x + Q,x)
s(2, g + 2, m0)’
2[A(2)? — 1)

Wy (z, - 20), (2, -, m0)) = _s(z zo+ Q $o)’ S H\{,uj(xo)}] 1,

¢+(Z7 Z, I0>¢—(Z7 Z, xO) =

S C\{:u](xO)}J L, (C.11)

(C.12)
s(z,x +Q,x) iF,(z, )

g9(z,x) = NG EE = s () z e Il (C.13)

Moreover, one computes

dif) = —s(z,x0 + Q,xo)% /I:O dx (2,2, 20)0_(z, 2, 20)
= Q[A(2)? = 1]Y2{g(2,-)), z€C (C.14)
and hence
dA(z)/dz 2 /211 _

[A(Z)Q—W_ {ln[ [A(2)" —1] / }} =Qg(z,)), =ze€ll (C.15)

Here the mean value (f) of a periodic function f € CP(R) of period Q > 0 is

simply given by

=g (©.16)

zo

independent of the choice of zg € R. Thus, applying (2.3.22) one obtains

/ 2 [dA(2'))d?] i < Az) — [A(2)?2 — 1]H2 )
[A(2)2 — 1]1/2 A(zp) — [A(z)? — 1]1/2

Q/Zdz’ @)z = (g0 ) D], sz el
(C.17)
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and hence

In [A(z) — [A(2)* — 1]"?] = —(Q/2){g(z,) ") + C. (C.18)
Letting |2| — oo one verifies that C' = 0 and thus

In [A(z) — [A(2)* = JV?] = —(Q/2){(g(2,) "), ze€ell (C.19)

We note that by continuity with respect to z, equations (C.12), (C.13), (C.15),

(C.17), and (C.19) all extend to either side of the set of cuts in C. Consequently,
A(z) € [~1,1] if and only if Re({g(z,-)"")) = 0. (C.20)

In particular, our characterization of the spectrum of H in (2.4.44) is thus equiv-
alent to the standard Floquet theoretic characterization of o(H) in terms of the

Floquet discriminant,
o(H)={Ae C|A(\) € [-1,1]}. (C.21)

The result (C.21) was originally proven in [74] and [76] for complex-valued periodic
(not necessarily algebro-geometric) potentials (cf. also [61], [80], and more recently,
1], [82)).

We will end this appendix by providing an explicit example of the simple yet
nontrivial genus n = 1 case which illustrates the periodic case as well as some of
the general results of Sections 2.2-2.4 and Appendix B. For more general elliptic
examples we refer to [38], [39] and the references therein.

By p(-) = p(- |21, 23) we denote the Weierstrass p-function with fundamental

half-periods €2;, j = 1,3, ; > 0, Q3 € C\{0}, Im(Q3) > 0, Qy = Q; + 3, and
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invariants g and g3 (cf. [1, Ch. 18]). By ¢(-) = (- |21,23) and o(-) = o (- |2, Q2s3)
we denote the Weierstrass zeta and sigma functions, respectively. We also denote

T = Q3/€Q; and hence stress that Im(7) > 0.

Example C.1. Consider the genus one (n = 1) Lamé potential

V() =2p(z + Q) (C.22)
- 1 =z T ()
= 2{111 {9(24—291)}} 2—Ql , T €R, (C.23)
where
0(z) = Zexp (27rz'nz + m’nQT), z2€C, 7=Q3/Q, (C.24)
nez

and introduce

2 d? d 3
L=—"5+ 20(r +Q3), DP3= o3t 3p(z + 93)@ + 5@/@ +1€23). (C.25)
Then one obtains
[L,P3] =0 (C.26)

which yields the elliptic curve

Ki: Fi(zy) = y° — Rs(2) = v* — (2° — (92/4)z + (g3/4)) = 0,

2

Ry(2) = [ [ (2 = Bu) = 2° = (92/4)= + (9/4), (C.27)

m=0

Ey=—p(), Br = —p(Q2), By = —p(Q3).

Moreover, one has

Fi(z,z) =z+ p(x+Q3), w(z)=—p(zr+Qs), (C.28)
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Hy(z,2) = 2° — p(z + Q3)z + plx + Q3)* — (g2/4), (C.29)

ve(z) = [p(m +Q3) = (=1)"[g2 — 3p(z + 93)2]1/2]/27 =01

and
sKdV, (V) =0, (C.30)
s KdVo (V) — (g2/8) s-KdVo(V) = 0, etc. (C.31)

In addition, we record

o(x + Q3 £ b)o(zo + €25 e FCO)(
0'(37 + Qg)O’(l’o + Q3 + b)

Yoz, 24 200, 20) = pa(2)s (2,7, 20),  pa(z) = eFE/ACQ)=COI2N

Vi(z,x,20) = I’IO), (C.32)

(C.33)
with Floquet parameter corresponding to €2;-direction given by
kr(b) = 4[C(0)S21 — C(€u)b] /S (C.34)
Here
P = (z,y) = (—p(b), —(i/2)p'(b)) € 1L,
(C.35)

P = (z,—y) = (—p(b), (i/2)¢'(b)) € T,

where b varies in the fundamental period parallelogram spanned by the vertices 0,

2€2q, 2€)5, and 2€23. One then computes

A(z) = cosh[2(02:¢(b) — b¢ (1)), (C.36)

<N1> = C(Ql)/Qla <V> = _ZC(Ql)/Qh (0-37)
2t plr+ )

g(z,x) = —p’(b) , (C.38)

d Sy o2 [C(0) /]

%<g(27 ) > =2 p/(b) - _2<g(z7 >>7 (039)



(9(z,)7") = =2[¢(0) — (/)¢ ()], (C.40)

where (z,y) = (—p(b), —(i/2)¢' (b)) € II.. The spectrum of the operator H with

potential V' (z) = 2p(x + €3) is then determined as follows

o(H) ={N € C|A() € [-1,1]} (C.41)
= {} e C[Re((g(A,)")) =0} (C.42)
= {A € C|Re[U((b) —b((U)] =0, A = —p(b) }. (C.43)

Generically (cf. [81]), o(H) consists of one simple analytic arc (connecting two
of the three branch points E,,, m = 0,1,2) and one simple semi-infinite analytic
arc (connecting the remaining of the branch points and infinity). The semi-infinite
arc 0 asymptotically approaches the half-line Ly = {z € C|z = —2¢(21) /4 +

x, x > 0} in the following sense: asymptotically, o, can be parameterized by
0o ={2€C|2z=R—2i[Im(¢())/U] +O(R?) as RToo}.  (C.44)

We note that a slight change in the setup of Example C.1 permits one to
construct crossing spectral arcs as shown in [37]. One only needs to choose complex
conjugate fundamental half-periods Ql ¢ R, Qg = ﬁ_l with real period 2 = 2(@1 +
Qg) > 0 and consider the potential V(z) = 2p(z + a‘@l,ﬁg,), 0 < Im(a) <
2|Im(§1) ‘

Finally, we briefly consider a change of homology basis and illustrate Theorem
B.5. Let 5 > 0 and Q3 € C, Im(£23) > 0. We choose the homology basis {a, 51}
such that 51 encircles Fy and FE; counterclockwise on I, and a; starts near Fj,

intersects l~)1 on II,, surrounds F, clockwise and then continues on II_ back to its
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initial point surrounding E; such that (A.16) holds. Then,

wr =c(1)dz/y, c(1) = (4iQ) 7, (C.45)
/ w1 = 1, / w =7, T= Qg/Ql, (046)

a1 b1
o2, =-S5 — (©.47)
[ #o=0 5= [ @0=—2a() = Tun (C.48)
U = 2sz1 € iR, (C.49)
/Pﬁf)o—éé?)(cg )55+ 00)

0o 0b

Cio _Cil +0((), (= 0/21/27 o€ {l,-1}, (C.50)
&5 (Qo) = —il¢ (bo) 0 — ¢(Q)bol /S, (C.51)
P

i| [ a8 (@0 = o0 - oL/, (C.52)

P = (—p(),~(i/2)¢' (b)), Qo= (—p(bo), —(i/2)¢'(bo))-

The change of homology basis (cf. (A.33)-(A.39))
G)- ) - (@ D) () - (Gntom). 0
A,B,C,D€Z, AD-BC =1, (C.54)

then implies

/ w1

U= Ay B (€55)
Q, C+Dr
L
T T A+Br (G.56)
(2)/ :_(z—)\’l)dz Vo= )\ — mi B
1 2¢1(1)
@) _ @ _ =4 77
/a’l Wpoo =0, o /bl1 WPy 0 A+ Br Uo» (C.59)
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Uox i

/ = pm—
R S (C.60)
Moreover, one infers
w:t(za T+ 2Q/17 IO) = pi(z)/wﬂ:(za Z, :L‘g),
pa(2)! = eEIO/RACR)+B)~C(E), (C.61)
with Floquet parameter k;(b)" corresponding to Q-direction given by
;. mi B
ki(b) =i |C(b)Qy — C(21)b + 50 bl / . (C.62)
1
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Appendix D

Hyperelliptic Curves of the
Toda-Type and Their Theta
Functions

We provide a brief summary of some of the fundamental notations needed from the
theory of hyperelliptic Riemann surfaces. More details can be found in some of the
standard textbooks [28] and [69] as well as in monographs dedicated to integrable
systems such as [9, Ch. 2], [34, App. A, B].

Fix p € N. We intend to describe the hyperelliptic Riemann surface IC, of genus

p of the Toda-type curve (3.2.35), associated with the polynomial

fp(zv y) = y2 - R2p+2(2) =0,

2p+1 (D.1)
R2p+2(z) = H (z - Em)a {Em}ifi(% cC.
m=0

To simplify the discussion we will assume that the affine part of K, is nonsingular,

that is, we assume that

E, # E, form#m', m,m' =0,...,2p+1 (D.2)

throughout this appendix. Next we introduce an appropriate set of (nonintersect-
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ing) cuts C; joining E;) and E,y (), j =1,...,p+ 1, and denote

p+1
c=UJc, ¢ne=0 j#k (D.3)

j=1

Define the cut plane
II=C\C, (D.4)
and introduce the holomorphic function

Ropra()V2: T — C, 2z (Zﬁl(z — Em)>1/2 (D.5)

m=0

on IT with an appropriate choice of the square root branch in (D.4). Next we define

the set
M, ={(2,0Rap2(2)"*) | 2€C, 0 € {1,-1}}U{Ps,, P} (D.6)

by extending Ra,2(+)'/% to C. The hyperelliptic curve K, is then the set M, with
its natural complex structure obtained upon gluing the two sheets of M, crosswise

along the cuts. Moreover, we introduce the set of branch points

B(K,) = {(Ew, 0)}0%. (D.7)
Points P € IC,\{Px_} are denoted by

P = (2,0Ryp1a(2)"?) = (2,9), (D.8)

where y(P) denotes the meromorphic function on IC, satisfying F,(z,vy) = y* —

R2p+2(2) =0 and

y(P) (1 — —(2PZHE )¢+0 c%)cpl as P — Py,,(=1/z. (D.9)
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In addition, we introduce the holomorphic sheet exchange map (involution)
*: G, = Ky, P =(2,y)— P"=(2,—y), Po, — P, = Peo_ (D.10)
and the two meromorphic projection maps
7: Ky = CU{oo}, P=(z2,y)— 2, Py, — 0 (D.11)
and
y: K, = CuU{oo}, P=(z,y)—y, P, — 0. (D.12)

Thus the map 7 has a pole of order 1 at P, and y has a pole of order p + 1 at

P .. Moreover,
T(P*) =7(P), y(P")=—y(P), Pek, (D.13)
As a result, K, is a two-sheeted branched covering of the Riemann sphere CP*

(= C U {oo}) branched at the 2p + 4 points {(E,,0)}>%), Py, . K, is compact

m=0>

since 7 is open and CP! is compact. Therefore, the compact hyperelliptic Riemann
surface resulting in this manner has topological genus p.

Next we introduce the upper and lower sheets II. by
e = {(2,£Ryp2(2)"?) € M, | z € TI} (D.14)
and the associated charts
(: 1y =1, Pz (D.15)

Let {a;, b, }§=1 be a homology basis for X, with intersection matrix of the cycles

satisfying

CLjObk:(Sj,k, CLjOCLkZO, bjOkaO, j,k:L...,p. (D16)
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Associated with the homology basis {a;,b;}}_, we also recall the canonical dis-
section of K, along its cycles yielding the simply connected interior I/C\p of the

fundamental polygon 3ﬁp given by
8I/C\p = alblaflbflagbgaglbgl s a;lbgl, (Dl?)

Let M(K,) and M'(K,) denote the set of meromorphic functions (0-forms)
and meromorphic differentials (1-forms) on KC,, respectively. The residue of a

meromorphic differential v € M'(K,) at a point Q € K, is defined by

resg(v) L/ v, (D.18)

~ 2mi
where v is a counterclockwise oriented smooth simple closed contour encircling )
but no other pole of v. Holomorphic differentials are also called Abelian differentials
of the first kind. Abelian differentials of the second kind w® € MY(K,) are
characterized by the property that all their residues vanish. They will usually be

normalized by demanding that all their a-periods vanish, that is,

/w(2):O, j=1,...,p. (D.19)
If wg)vm is a differential of the second kind on K, whose only pole is P, € Ep with

principal part ("™ 2d¢, m € Ng near P; and w; = (>, d;jx(P1)C") d¢ near P,

then

1 d; (P
f/w<2> :M, m=0,1,.... (D.20)
bj

271 Prym m -+ 1

Any meromorphic differential w® on K, not of the first or second kind is said

to be of the third kind. A differential of the third kind w® € M*(KC,) is usually
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normalized by vanishing of its a-periods, that is,

/w(3):0, j=1,....p. (D.21)

j
A normal differential wg{ p,» associated with two points P, P, € lﬁp, P, # P, by
definition has simple poles at P; and P, with residues +1 at P; and —1 at P, and

vanishing a-periods. If wgg is a normal differential of the third kind associated

with P, Q € Iﬁp, holomorphic on K,\{P, @}, then

Q
/bw%—zm'/ wj, j=1,...,p. (D.22)

P
We shall always assume (without loss of generality) that all poles of w? and w®
on K, lie on K, (i.e., not on 9K,).

Using our local charts one infers that dz/y is a holomorphic differential on IC,

with zeros of order p — 1 at P, and hence

217 1dz ,

form a basis for the space of holomorphic differentials on K,. Introducing the

invertible matrix C' in CP

C = (Cj7k)j,k=1 77777 p’ Cj»k = / 77]7 (D24)
ak
e(k) = (k). oo (k) (k) = (C7). o ok =1,....p. (D.25)
the normalized differentials w; for j =1,...,p,
P
wp = (O / wj =0k, Jk=1,...p, (D.26)
=1 ak

form a canonical basis for the space of holomorphic differentials on IC,,.
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In the chart (Up

[e']

.»Cp.., ) induced by 1/7 near Py, one infers,

_ N c(j)¢rdg D.27
w (wl,...,wp) :F]Z:; (Hifié(l_CEm))l/z ( )
2p+1

— i(g(p) + C[§Q(P) > Entelp-1)]+ O(C2)> d¢ as P — P,
m=0
(=1/z.
Given (D.27), one can compute for the vector U (()2) of b-periods of w}(folJr’O /(2mi),

the normalized differential of the second kind, which is holomorphic on K,\{Px}

(see [79], p-39),

Uy = (Ud,....ud), U¥) = % b_wg;m —2¢(p), j=1,...,p. (D.28)
The matrix 7 = (Tj,g)izzl in CP*P of b-periods by
Tje = /b we,  J,b=1,...,p. (D.29)
satisfies
Im(r) >0, and 71,=1,, Jjl=1,...,p. (D.30)

Associated with the matrix 7 one introduces the period lattice
L,={z€C?|z=m+n7, m,ncZ} (D.31)
and the Riemann theta function associated with K, and the given homology basis

0(z) = Z exp (27i(n, 2) + mi(n,n7)), z€CP, (D.32)

nezp
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where (u,v) =uv' =377

=1 Ujv;j denotes the scalar product in C?. It has following

fundamental properties
6(21,...,ijl,—Zj,qu,l,...,Zn) :0(§>, (DSB)
0(z +m+ nt) = exp ( — 2mi(n, z) — wi(n, @T))H(g), m,n € ZP. (D.34)
Next we briefly describe some consequences of a change of homology basis. Let

{al,...,ap,bl,...,bp} (D35)

be a canonical homology basis on /C, with intersection matrix satisfying (D.16) and

let

{d\, ... a,,by,... b} (D.36)

»pr

be a homology basis on K, related to each other by

()

where
a" = (ar,...,0)", b= (b, 0T,
a’ = (ay,...,d)T, U=, )T, (D.38)
X — (é g) 7 (D.39)

with A, B, C, and D being p X p matrices with integer entries. Then (D.36) is also
a canonical homology basis on K, with intersection matrix satisfying (D.16) if and
only if

X € Sp(p. Z), (D.40)
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where

o= (5= (2 B[, £ =5 §mon

(D.41)

denotes the symplectic modular group (here A, B,C, D in X are again p X p ma-
trices with integer entries). If {w;}_; and {wj}}_, are the normalized bases of

holomorphic differentials corresponding to the canonical homology bases (D.35)

and (D.36), with 7 and 7’ the associated b and b'-periods of w = wy,...,w, and
W' =wy, ..., w,, respectively, then one computes
W =w(A+Br)Y, 7 =(C+D7r)(A+Br)" (D.42)

Fixing a base point Qg € K,\{Px. }, one denotes by J(K,) = C?/L,, the Jacobi
variety of ), and defines the Abel map Ag, by

P

P
Agy: Kn — J(,), A, (P) = (/ wl,...,/ wp> (mod L,), P ek,

0

(D.43)

Next, consider the vector U, (()3) of b-periods of wﬁly p,, /(2mi), the normalized

differential of the third kind, holomorphic on K,\{Px, },

3 3 3 3 1 3 ;
U =W, ), v = i ), W e i =1.p. (D.44)
J

One then computes using (D.22),

Q(()g) = APOO_ (Poo+) = QAQO (Poo+)a (D-45)

where () is chosen to be a branch point of K, Qo € B(K,), in (D.45).
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Similarly, one introduces

ag,: Div(K,) = J(K,), D ag, (D) = Y D(P)Agy,(P), (D.46)

Peky

where Div(K,) denotes the set of divisors on C,. Here a map D: K, — Z is called
a divisor on IC, if D(P) # 0 for only finitely many P € IC,. (In the main body of
this paper we will choose )y to be one of the branch points, i.e., Qy € B(K,), and
for simplicity we will always choose the same path of integration from @)y to P in

all Abelian integrals.) For subsequent use in Remark D.4 we also introduce

Ag,: K, —CP, (D.47)
~ —~ R P P
P B (P) = (Raua(P), - Aaup(P) = [ wncee [ 1)
Qo Qo
and
dg,: Div(K,) = €7, D ag, (D)= > D(P)Ay,(P). (D.48)
Pek,

In connection with divisors on K, we will employ the following (additive) no-

tation,

DQoQ = DQO -+ DQ, DQ = DQ1 + -+ DQm’ (D.49)

Q:{Qla"me}ESymmK}H QOGIthmeN?

where for any @ € IC,,

1 for P=0Q,

0 for P e K, \{Q}, (D-50)

Dq: Kp — No, PHDQ(P):{

and Sym™ K,, denotes the mth symmetric product of C,. In particular, Sym™ K,
can be identified with the set of nonnegative divisors 0 < D € Div(/C,) of degree

m € N.
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For f € M(K,)\{0}, w € M*(K,)\{0} the divisors of f and w are denoted
by (f) and (w), respectively. Two divisors D, £ € Div(K,) are called equivalent,
denoted by D ~ &, if and only if D — & = (f) for some f € M(K,)\{0}. The
divisor class [D] of D is then given by [D] = {€ € Div(K,) | £ ~ D}. We recall
that

deg((f)) =0, deg((w)) = 2(p— 1), f € M(K,)\{0}, w € M'(K,)\{0}, (D.51)

where the degree deg(D) of D is given by deg(D) = > pcx, D(P). It is customary
to call (f) (respectively, (w)) a principal (respectively, canonical) divisor.

Introducing the complex linear spaces

L) ={f e M(Kp) | f =0or (f) = D}, r(D) = dime L(D), (D.52)

LYD) ={we M'(K,) |w=0or (w) >D}, i(D) = dime L' (D) (D.53)

(with ¢(D) the index of specialty of D), one infers that deg(D), r(D), and i(D) only
depend on the divisor class [D] of D. Moreover, we recall the following fundamental

facts.

Theorem D.1. Let D € Div(K,), w € MY (K,)\{0}. Then

i(D) =r(D - (w)), pé€ No. (D.54)
The Riemann-Roch theorem reads

r(=D) =deg(D)+i(D) —p+1, neN. (D.55)
By Abel’s theorem, D € Div(K,), p € N, is principal if and only if

deg(D) = 0 and aq, (D) = 0. (D.56)
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Finally, assume p € N. Then aq, : Div(K,) — J(K,) is surjective (Jacobi’s

inversion theorem).

Theorem D.2. Let Dg € Sym” K, Q@ ={Q1,...,Qp}. Then

1<i(Dg) =s (D.57)

if and only if there are s pairs of the type {P, P*} C {Q1,...,Qp,} (this includes,

of course, branch points for which P = P*). Obviously, one has s < p/2.

Next, we denote by Zg, = (2@, - - - » ZQu,,) the vector of Riemann constants,

- 1 - P .
EQo, = 5(1 +755) — Z/ wg(P)/ wi, j=1,...,p. (D.58)
(=1 v @ Qo
L#j
Theorem D.3. Let Q = {Q1,...,Q,} € Sym” K, and assume Dq to be nonspecial,

that is, i(Dg) = 0. Then

0(Z2g, — Ag,(P) + aq,(Dg)) = 0 if and only if P € {Q1,...,Qp}.  (D.59)
Remark D.4. In Section 3.2 we dealt with theta function expressions of the type

_ 8<§Q0 T AQO(P) +QQ0<D1)) ox —c P (3)
Y(P) = 00, — Ao, (P) + ag,(Dy) p( /QOQ ) Pc K, (D.60)

where D; € Sym” K,,, j = 1,2, are nonspecial positive divisors of degree p, c € Cis
a constant, and Q®) is a normalized differential of the third kind with a prescribed
singularity at P._.. Even though we agree to always choose identical paths of
integration from Py to P in all Abelian integrals (D.60), this is not sufficient to
render 1 single-valued on XC,,. To achieve single-valuedness one needs to replace C,

by its simply connected canonical dissection IE,, and then replace Ay, and ag, in
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(D.60) with AAQO and Qg as introduced in (D.47) and (D.48). In particular, one
regards a;,b;, j = 1,...,p, as curves (being a part of GI/C\p, cf. (D.17)) and not

~
—_
[}

as homology classes. Similarly, one then replaces Z,, by Z, (replacing Ay, by

AAQO in (D.58), etc.). Moreover, in connection with v, one introduces the vector of

b-periods U® of QG) by

1
N g I R (D61)
j

and then renders 1) single-valued on Iep by requiring
Qg,(D1) — Ag,(Ds) = U (D.62)
(as opposed to merely aq (D) —ag,(D2) = cU® (mod L,)). Actually, by (D.34),
Qg (D1) — g, (D) — cU® € 77, (D.63)

suffices to guarantee single-valuedness of ¥ on lep. Without the replacement of
Ag, and ag by AAQO and a,, in (D.60) and without the assumption (D.62) (or
(D.63)), ¢ is a multiplicative (multi-valued) function on KC,, and then most effec-
tively discussed by introducing the notion of characters on K, (cf. [28, Sect. I11.9]).
For simplicity, we decided to avoid the latter possibility and throughout this paper

will always tacitly assume (D.62) or (D.63).
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Appendix E

Restrictions on B = U (()3)

The purpose of this appendix is to prove the result (3.2.79), B = U, (()3) € RP, for
some choice of homology basis {a;,b;}_; on IC, as recorded in Remark 3.2.8.
To this end we first recall a few notions in connection with periodic meromorphic

functions of p complex variables.

Definition E.1. Let p € N and F': C* — C U {00} be meromorphic (i.e., a ratio
of two entire functions of p complex variables). Then,

(i) w = (w1,...,w,) € CP\{0} is called a period of F if
Flz+w) = F(2) (E.1)

for all z € CP for which F'is analytic. The set of all periods of F'is denoted by Ppg.
(i) F is called degenerate if it depends on less than p complex variables; otherwise,

I is called nondegenerate.

Theorem E.2. Let pe N, F': C» — CU{oo} be meromorphic, and Pr be the set
of all periods of F'. Then either
(i) Pp has a finite limit point,

or
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(17) Pr has no finite limit point.

In case (i), Pr contains infinitesimal periods (i.e., sequences of nonzero periods
converging to zero). In addition, in case (i) each period is a limit point of periods
and hence P s a perfect set.

Moreover, F' is degenerate if and only if I admits infinitesimal periods. In partic-

ular, for nondegenerate functions F only alternative (ii) applies.

Next, let w, € CP\{0}, ¢ = 1,...,r for some 7 € N. Then w,,...,w, are called

linearly independent over Z (resp. R) if

w4+ 1w, =0, v, €Z(resp.,, v, €R), g=1,...,r,

implies ) = --- = v, = 0. (E.2)

Clearly, the maximal number of vectors in C? linearly independent over R equals

2p.

Theorem E.3. Let p € N.

(1) If F: C» — C U {oo} is a nondegenerate meromorphic function with periods
w, € CP\{0}, g =1,...,7, r €N, linearly independent over Z, then w,, ..., w, are
also linearly independent over R. In particular, r < 2p.

(i1) A nondegenerate entire function F: CP — C cannot have more than p periods

linearly independent over Z (or R).

For p = 1, exp(z), sin(z) are examples of entire functions with precisely one
period. Any non-constant doubly periodic meromorphic function of one complex

variable is elliptic (and hence has indeed poles).
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Definition E.4. Let p,r € N. A system of periods w, € CP\{0}, ¢ = 1,...,7 of
a nondegenerate meromorphic function F': C* — C U {oo}, linearly independent

over Z, is called fundamental or a basis of periods for F' if every period w of F is

of the form
w=mw; + - +muw, forsomem,€Z,q=1,...,7. (E.3)
The representation of w in (E.3) is unique since by hypothesis w,...,w, are

linearly independent over Z. In addition, Pr is countable in this case. (This rules
out case (i) in Theorem E.2 since a perfect set is uncountable. Hence, one does
not have to assume that F' is nondegenerate in Definition E.4.)

This material is standard and can be found, for instance, in [60, Ch. 2].

Next, returning to the Riemann theta function 6(-) in (D.32), we introduce the

vectors {e;}_;,{7;};—; C CP\{0} by

Then

{Qj ?:1 (E.5)

is a basis of periods for the entire (nondegenerate) function 6(:): C» — C. More-

over, fixing k € {1,...,p}, then

{ej 75} (E.6)

0(-

is a basis of periods for the meromorphic function 0,, In ( Jg/)) : CP — CU {00},

o(

V € CP (cf. (D.34) and [28, p. 91]).
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Next, let A € C?, D = (D4,...,D,) € R, D; € R\{0}, j = 1,...,p and

consider
(A —
foR—C, fon)=a, (2422
0(C — z2) 2=Dn E7
o (0A= zding(D) (=7
T \A(C ~ zdiag(D)) ) | —
Here diag(D) denotes the diagonal matrix
dlag(Q) = (Dj6j7j/)§,j/:l' (E8)
Then the quasi-periods Dj_l, 7 =1,...,p,of fi are in a one-to-one correspondence

with the periods of

0(A — zdiag(D))
. P —
Fy: CP - CU{o0}, Fi(z)=0.,1n (Q(Q . ding(D)) (E.9)
of the special type

e;(diag(D)) ™ = (0,...,0,D;4,0,...,0). (E.10)

~
J

Moreover,

fk(n) = Fk(g)lgz(n ..... n), N € Z. (Ell)

Theorem E.5. Suppose a and b in (3.2.73) to be quasi-periodic. Then there exists
-~ Tap = ~(3) . ~(3)

a homology basis {aj,bj}jzl on K, such that the vector B = U, with U, the

vector of b-periods of the corresponding normalized differential of the third kind,

~(3) - .
Wp . P satisfies the constraint

B=U, cR" (E.12)
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Proof. By (D.44), the vector of b-periods U, (()3) associated with a given homology

basis {a;, b;}_; on KC, and the normalized differential of the 3rd kind, wg’) is

cx:+7ch:—’
continuous with respect to Ey, ..., Es,11. Hence, we may assume in the following
that
B]#O,jzl,,p, BI(Blyqu) (E13)

by slightly altering Ej, ..., E9,11, if necessary. Using (3.2.74), we may write

J=1 w=0
) o (E.14)
—z
—ho— > ¢(p)0- 1n( 4 —) ,
where by (3.2.76),
B=Uy. (E.15)

Introducing the meromorphic (nondegenerate) function V: C? — C U {oco} by

=)

=1

one observes that

b(n) = V(2)|z=(n,..n)- (B.17)
In addition, V has a basis of periods

{e;(ding(B)) ", 7, (diag(B)) "} (E.18)
by (E.6), where

e;(diag(B)) ™ = (0,...,0,B;1,0,...,0), j=1,...,p, (E.19)



m;(diag(B)) " = (maBiY . mpB ), i=1,...,p. (E.20)

P

By hypothesis, b in (E.14) is quasi-periodic and hence has p real (scalar) quasi-
periods. The latter are not necessarily linearly independent over Q from the out-
set, but by slightly changing the locations of branchpoints {E,, f,fi& into, say,
{Em ifi& , one can assume they are. In particular, since the period vectors in (E.18)
are linearly independent and the (scalar) quasi-periods of b are in a one-one corre-
spondence with vector periods of V of the special form (E.19) (cf. (E.9), (E.10)),
there exists a homology basis {a;, l;j}gzl on /C, such that the vector B =T, 83),
corresponding to the normalized differential of the third kind, CDE;?OJ” p.._ and this

~3
particular homology basis, is real-valued. By continuity of U, with respect to

Ey, ... ,Eng, this proves (E.12). ]
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