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ABSTRACT

Source localization using TDOA measurements has been an important research topic

mainly because of its wide applications in practical localization systems. The TDOA

localization accuracy is known to be very sensitive to the sensor position errors and even

a small amount of sensor position errors can cause significant performance loss. This

thesis considers the use of calibration emitters to improve the source location estimate

from TDOAs when the sensor positions are subject to random errors. The principle

behind is that with calibration emitters, extra TDOA measurements that contain infor-

mation on the true sensor positions can be obtained and if properly exploited, they are

able to mitigate the effect of sensor position errors and improve the source localization

accuracy. This thesis investigates, in four different localization scenarios (scenarios (i)-

(iv)), the effect of calibration TDOA measurements on the source localization accuracy

and how to efficiently explore them in the localization algorithm design to achieve the

optimum performance.

We consider in scenario (i) the TDOA localization of a source in the presence of sen-

sor position errors when a calibration emitter at perfectly known position is available.

The CRLB of the source location estimate for this case is derived and it indicates that

the utilization of calibration TDOAs can lead to great improvement in localization ac-

curacy over the case without a calibration emitter. The performance of the differential

calibration (DC) method used in GPS to mitigate the effect of satellite position uncer-

tainty and other errors using a calibration emitter is analyzed theoretically. It is shown

that in general, the DC method cannot attain the CRLB accuracy. We then develop

a novel algorithm that explores the TDOA measurements from both the calibration

emitter and the unknown source to estimate the source location. The newly proposed
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solution is in closed-form and more importantly, we prove analytically that unlike the

DC method, it can reach the CRLB accuracy under two mild conditions.

Scenario (ii) is practically more realistic than scenario (i) in the sense that besides

the known sensor positions, the calibration positions also have random errors and the

number of calibration emitters can be greater than one. We establish the CRLB of the

source location estimate for this case and quantify the performance degradation due to

the calibration position errors. The sensitivity of the source location estimate to the

calibration position errors is investigated and the result indicates that the source local-

ization accuracy can be severely degraded if the calibration position errors are simply

ignored. Based on this observation, a closed-form TDOA localization algorithm that

takes both the calibration position errors and the sensor position errors into account

is developed. The proposed solution explores all the calibration TDOAs to improve

performance and it is shown analytically to reach the CRLB accuracy under mild con-

ditions.

In scenario (iii), multiple sources at unknown locations need to be localized from

TDOA measurements when the sensor positions are not known accurately. This prob-

lem includes the scenario where a single source is located with calibration emitters at

completely unknown positions as a special case. The multiple sources are assumed to

be disjoint and for each source, a separate set of TDOA measurements is obtained.

Recognizing that in literatures, only iterative methods are available for the multiple

source localization problem, we propose a closed-form solution that does not require

iterations and is computationally more attractive. The new concept of hypothesized

source positions is introduced in the algorithm development. Through theoretical per-

formance analysis, we show that the proposed solution is able to attain the CRLB

localization accuracy under small noise conditions. The developed algorithm can also

provide improved sensor positions as a byproduct.
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In scenario (iv), we consider tracking a moving source while simultaneously cali-

brating the sensor positions using source TDOA measurements. This scenario extends

scenario (iii) by setting that here, the unknown source positions are in fact produced by

the movement of a single source. To explore the fact that the TDOAs corresponding to

different source positions are obtained sequentially in time, we propose a new recursive

two-step algorithm that can improve the estimate of the source trajectory in step-1 and

at the same time, update the sensor positions in step-2, once a new set of source TDOAs

is available. The step-1 processing is developed by extending the closed-form location

estimator proposed for scenario (iii) such that it can estimate both the source position

and the source velocity. The step-2 processing is constructed by modifying a sensor

position refinement technique available in literature. The proposed algorithm is shown

analytically under mild conditions to attain the CRLB of the source trajectory and the

sensor positions when the source moves in a purely linear trajectory and the sensors

are stationary. Its performance in the more general case where the source motion is

subject to random acceleration and the sensor positions are drifting over time is also

investigated via extensive computer simulations.
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Chapter 1

Introduction

1.1 Research Scope and Motivation

We shall consider in this thesis the problem of source localization using an array of

spatially distributed sensors. This is a fundamental problem in many signal processing

applications including radar [1], sonar [2], tracking [3], navigation [4], and search and

rescue [5]. In recent years, it found new applications in wireless sensor networks [6–9]

and microphone array [10, 11].

In most practical systems, the source localization is accomplished using a two-step

positioning approach. In the first step, certain positioning parameters are extracted

from the source signals received at the sensor array. The second step applies a local-

ization algorithm to estimate the source locations based on the obtained positioning

parameters and the available sensor positions. Commonly used positioning parameters

include received signal strength (RSS), time of arrival (TOA), angle of arrival (AOA),

time difference of arrival (TDOA) and frequency difference of arrival (FDOA) if there

is a relative motion between the source and the sensors. The focus of the researches in

this thesis is on the second step of the two-step positioning approach. In particular, we

shall consider the source location estimation from TDOA measurements only.

Most of the existing TDOA localization algorithms in literatures were developed
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under the assumption that the sensor positions are known perfectly. However, this as-

sumption may not be fulfilled in modern localization applications, where sensor position

errors are present due to, e.g., the random deployment of sensors and/or the drifting of

the sensor positions over time. It was shown in [12] that the TDOA source localization

accuracy in the presence of sensor position errors could be much worse than that of the

case where accurate sensor positions are available.

This thesis considers using calibration emitters to improve the performance of TDOA

localization when the sensor positions have errors. Intuitively, the use of calibration

emitters allows the acquisition of extra TDOA measurements from the calibration emit-

ters. If the TDOAs from both the sources to be located and the calibration emitters

contain the same sensor position errors, the calibration TDOAs can then be explored

to generate improved sensor positions, with which a better source localization accuracy

can be obtained.

The idea of using a calibration emitter at accurately known location in the single

source localization task has been applied in the Global Positioning System (GPS) to

reduce the effects of satellite position uncertainties and other errors such as satellite

clock mismatch. The corresponding technique is called differential calibration (DC) in

GPS literature [13] and the resulting GPS system is called differential GPS (DGPS)

[14, 15]. Although the DGPS can improve the localization accuracy tremendously

[14, 15], there are several important problems yet to be addressed in TDOA source

localization with a single calibration emitter at perfect location. To name a few, they

are 1) how much the use of a single calibration emitter can contribute to improving the

TDOA source localization accuracy in the presence of sensor position errors, 2) whether

the DC technique is able to achieve the best possible source localization accuracy, and

3) if the DC technique is suboptimal, how to better explore the TDOAs from both the

calibration emitter and the source to be located to attain the optimal performance.
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These questions motivate us to conduct a fundamental research in this thesis on single

source localization using TDOA measurements when the sensor positions have errors

and a calibration emitter at accurately known location is available.

In some applications, the known calibration emitter position may also have error,

as the sensor positions do. For example, the calibration emitter could be moving and

its precise position is difficult to obtain. The calibration emitter could also be a source

that was previously localized and its position has estimation error. For this scenario,

we are interested in locating a source in the presence of sensor positions errors with

the aid of a calibration emitter at inaccurate location. We address in this thesis 1)

the effect of calibration position error on the TDOA source localization accuracy and

the sensitivity of the source location estimate to the calibration position error if we

simply ignore it, and 2) if needed, the design of a localization algorithm that can

explore the source and calibration TDOA measurements to reach the best achievable

localization accuracy with the sensor and calibration position errors. This thesis also

considers the more general case where there are more than one calibration emitters

whose locations are erroneous. One of the motivations for this study is the practical

aspect that multiple calibration emitters could exist in localization. The calibration

emitters can be the sources that have been already localized or other sensors that do

not participate in the source localization directly but are transmitting signals to aid the

localization process. Another motivation is to investigate whether the use of multiple

calibration emitters is able to fully remove the effect of sensor position errors on the

source localization accuracy and how to effectively exploit all the calibration TDOA

measurements to improve performance.

When the calibration emitters have highly unreliable positions or they are located at

unknown positions, the localization of a single source in the presence of sensor position

errors with calibration emitters in fact becomes a special case of the problem of deter-
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mining multiple unknown source positions when the sensor positions have errors. In

literatures, for this multiple source localization task, only iterative maximum likelihood

location estimator is available. Despite its asymptotic efficiency, the iterative method

may suffer from divergence problem or converge to a local minima, if the initial guesses

of the source positions are not very close to the true solutions. On the other hand, a

closed-form localization algorithm is computationally more attractive, since it does not

require initial solution guesses and does not have divergence problem. This thesis con-

siders the development of a closed-form solution for multiple source localization in the

presence of sensor position errors so that the source TDOAs can be efficiently utilized

to generate source location estimates with the optimum accuracy.

We also consider in this thesis an extension of the multiple source localization prob-

lem described in the last paragraph, where the unknown source positions are lying on

the trajectory of a single moving source. In other words, the source positions to be

located are produced because of the source movement and the TDOA measurements

corresponding to different source positions are obtained sequentially in time. To attain

the optimum source localization accuracy in this scenario in a recursive manner (i.e.,

we expect to update the source position estimate immediately after a new set of source

TDOA measurements becomes available), performing simultaneous source tracking and

sensor position calibration is necessary. Most existing algorithms for addressing this

task rely on either the extended Kalman filter (EKF) that is sensitive to the initialization

condition and has slow convergence speed, or the Bayesian filter with computationally

intensive Newton-Raphson procedure to find the solution. This thesis develops a new

recursive algorithm that can simultaneously localize the moving source and the sensors,

and also possesses advantages of better robustness to the initialization condition than

the EKF and lower computational load than the Bayesian filter-based approach.
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Figure 1.1: (a) Diagram of the direct positioning approach. (b) Diagram of the two-step
positioning approach.

1.2 Source Localization Basics

In this section, we shall first discuss two different approaches for realizing source local-

ization: the direct positioning approach and the two-step positioning approach. Then,

an overview on the estimation of commonly used positioning parameters in the two-step

positioning approach will be provided. Finally, since this thesis is limited to TDOA

source localization in the presence of sensor position errors, we shall review some TDOA

localization algorithms proposed in literatures.

1.2.1 Direct Positioning and Two-Step Positioning

The diagrams of the direct and the two-step positioning approaches are shown in Fig.

1.1 [16, 17]. With direct positioning, the source position is estimated directly from the

source signal received at the sensors (see Fig. 1.1(a)) [18]. On the other hand, the

two-step positioning approach first extracts positioning parameters from the received
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source signal and then determines the source position using the obtained positioning

parameters together with the sensor position information (see Fig. 1.1(b)).

In general, the two-step positioning approach has lower localization accuracy than

the direct approach, because the extracted positioning parameters do not necessarily

include all the information contained in the received source signal on the source loca-

tion. Nevertheless, the two-step positioning approach is more commonly used than the

direct positioning approach [16, 17]. This is because it has much lower computational

complexity and its localization accuracy would become very close to that of the direct

positioning approach when the received source signal has sufficient bandwidth and/or

the signal-to-noise ratio (SNR) is sufficiently large [18, 19]. This thesis is on estimating

the source locations from TDOA measurements that have been obtained in the first

step of a two-step positioning system.

1.2.2 Positioning Parameters

This subsection reviews the estimation and application of four commonly used position-

ing parameters, namely, received signal strength (RSS), time of arrival (TOA), angle of

arrival (AOA) and time difference of arrival (TDOA).

Received Signal Strength (RSS)

The rationale behind the use of RSS in localization is that the source signal would be

attenuated during its propagation to a receiving sensor and the level of attenuation is

proportional to the distance between the source and the sensor. If the source transmit-

ting energy and the functional relationship between the signal attenuation level and the

signal propagation distance are known, we can estimate the source-sensor range from

the RSS measurement. In other words, each RSS measurement defines a circle centered

at a sensor on which the source lies. In a two-dimensional (2D) scenario, intersecting
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the three circles specified by three RSS measurements uniquely determines the source

position (see Fig. 1.2).
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Figure 1.2: Source localization in a 2D plane using RSS or TOA measurements as the
positioning parameters. The sensors are represented as open circles and the source is
denoted as gray triangle.

The RSS measurement at the ith sensor, denoted by pi, is usually computed by

integrating and averaging the squared received source signal over a certain time period

as [11]

pi =
1

T

∫ T

0

x2
i (t)dt (1.1)

where xi(t) is the received source signal at sensor i and T is the observation period.

Time of Arrival (TOA)

The TOA measurement gives the time when the source signal is received at a sensor. If

the transmitting time of the source signal is known, we can compute the propagation

time that the source signal takes to travel from the source to the sensor. Multiplying

the propagation time with the signal propagation speed provides an estimate of the

source-sensor range. Hence, in principle, the TOA measurements provide the same

type of information on the source location as the RSS measurements (see Fig. 1.2).
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The estimation of TOA is conventionally achieved with a matched filter [16, 17]

that correlates the received signal at sensor i, xi(t), with a locally stored source signal

template s(t). Mathematically, we estimate the TOA at sensor i, denoted by ti, via

ti = argmax
τ

∫ T

0

xi(t)s(t − τ)dt. (1.2)

The estimation of TOA requires that the source is cooperative in the sense that the

source and the sensors need to be synchronized or they are able to exchange timing

information via certain protocols such as two-way ranging [20, 21]. This is to guarantee

that the source signal propagation time can be uniquely determined.

Angle of Arrival (AOA)

The AOA provides the location information of the source by measuring the incoming

angle of the received source signal. The AOA measurement obtained at a sensor defines

a half-line from the sensor. Finding the intersection point of two AOA-specified half-

lines gives the source location estimate in the 2D localization scenario (see Fig. 1.3).

The estimation of AOA is generally performed using an antenna array. The underlying

principle is that the received signals at different antennas would experience different

time delays depending on the antenna array geometry and the direction of the source

[22].

Time Difference of Arrival (TDOA)

The TDOA measures the difference between the arrival times of the source signal at

a pair of sensors. Multiplying the TDOA with the signal propagation speed gives the

range difference of arrival (RDOA), which is in fact the range difference between the

source and the sensor pair. Each TDOA/RDOA measurement constrains the source

location on a hyperbola with the foci at the two sensors. As shown in Fig. 1.4, in the

2D localization scenario, two TDOAs obtained from three sensors define two hyperbolas,
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Figure 1.3: Source localization in a 2D plane using AOA measurements as the position-
ing parameters. The sensors are represented as open circles and the source is denoted
as gray triangle.

the intersection of which is the source location estimate.

There are many techniques for estimating TDOA. One method is to first compute

the TOAs of the source signal received at two sensors and then subtract them. An

alternative but more commonly used approach is to cross-correlate the source signals

received at two sensors and locate the peak of the cross-correlation as [23]

dij = argmax
τ

∫ T

0

xi(t)xj(t − τ)dt (1.3)

where dij denotes the TDOA between sensor pair i and j. The cross-correlation based

method eliminates the need for source-sensor synchronization, which makes the TDOA

localization very suitable for locating non-cooperative sources. The generalized cross-

correlation (GCC) method [24] was proposed to improve the TDOA estimation ac-

curacy. The GCC estimator first filters the received signals before computing their

cross-correlation [25]. It has been shown in [26, 27] that the TDOA from the GCC esti-

mator is unbiased and asymptotically Gaussian distributed when the estimation error

mainly comes from the the white Gaussian thermal noise at the sensors.

9



Hyperbola defined by 

TDOA between 

sensors 1 and 2

Hyperbola defined by 

TDOA between 

sensors 1 and 3

o

3
s

o

1
s

o

2
s

Figure 1.4: Source localization in a 2D plane using TDOA measurements as the po-
sitioning parameters. The sensors are represented as open circles and the source is
denoted as gray triangle.

1.2.3 Overview of TDOA Localization Algorithms

TDOA localization is a non-trivial task, mainly because the source position and the

TDOA measurements are nonlinearly related. If the distribution of the TDOA mea-

surement noise is known, the source location can be estimated based on the maximum

likelihood (ML) principle. The ML location estimation usually resorts to iterative nu-

merical methods, such as the iterative Taylor-series method [28, 29], to handle the

nonlinearity in the hyperbolic equation. Because of its iterative nature, the ML esti-

mator requires an initial solution guess close to the true solution to avoid local minima

and the global convergence is not always guaranteed. To overcome these drawbacks,

closed-form TDOA localization algorithms were developed [26, 30–35]. Compared with

the iterative methods, the closed-form algorithms do not require initial solution guesses.

They do not suffer from convergence problem and are computationally more attractive.

The performance of the TDOA localization algorithms is usually evaluated with
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respect to the Cramér-Rao lower bound (CRLB). The CRLB provides the lower bound

on the error covariance matrix for any unbiased estimator of the source location [36]. If

the location estimator yields an unbiased source position estimate with its covariance

matrix (approximately) equal to the CRLB, it would be referred to as an (approxi-

mately) efficient location estimator. When the available sensor positions are accurate

(see Fig. 1.1(b)), most of the existing TDOA localization algorithms are able to reach

the CRLB accuracy under certain SNR conditions.

In this thesis, we investigate the TDOA source localization when the sensor positions

have errors and the calibration emitters are available for improving the performance. A

significant amount of research efforts is devoted to developing closed-form localization

algorithms that explores the calibration TDOAs and the source TDOAs to locate the

source positions with the CRLB accuracy.

1.3 Causes of Sensor Position Errors

In modern localization applications, the sensors may be mounted on moving platforms

such as unmanned aerial vehicles (UAVs) or land vehicles [37]. The movement of the

sensors makes the precise sensor positions hard to obtain. Another possible cause of

sensor position errors is that the sensors in a sensor networks are randomly deployed in

a field and their positions may be obtained from certain self-localization algorithm [38].

In such a case, the known sensor positions would be subject to estimation errors.

Even in some applications where the sensor positions can be measured accurately

at the beginning, the sensor position errors could still occur because the sensors may

drift over time. For instance, in an underwater acoustic sensor network, the sensor

positions are continuously changing due to the water current and human activities

(such as shipping and fishing) [39].
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1.4 TDOA Localization with Sensor Position Er-

rors: Literature Review

In this section, we shall present a survey of the literatures on TDOA source localization

in the presence of sensor position errors. The purpose is to highlight the difference

between the work in this thesis and the existing literatures.

The problem of source localization with sensor position errors was first consid-

ered within the scenario of the direction-of-arrival (DOA) estimation. It is well-known

[40, 41] that even a relatively small amount of sensor position errors can lead to sig-

nificant degradation in the DOA estimation accuracy. As a result, over the past years,

considerable efforts have been dedicated to developing methods for improving the DOA

estimation accuracy when the sensor positions have errors (e.g., see [40–45]). These

techniques, however, only provide the direction information of the sources. Different

from the DOA estimation literatures, we are interested in this thesis in determining

the exact source positions from TDOA measurements in the presence of sensor position

errors.

The problem of TDOA localization with sensor position errors is a relatively new

research topic. Most of the existing studies are focused on locating a single source using

the TDOAs of the received source signal only. Specifically, [12, 46] derived the CRLB

of the source location estimate when the sensor positions are subject to random errors.

The analysis on the CRLB result indicates that the TDOA source localization accuracy

is in fact very sensitive to the sensor position errors [12].

Besides, as shown in [12, 47], the TDOA localization algorithms developed under the

assumption that sensor positions are known precisely would suffer from a substantial

amount of performance loss, if they are used to locate sources in the presence of sensor

position errors by pretending that the erroneous sensor positions are accurate. More-
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over, they can no longer reach the CRLB accuracy with sensor position errors. Based

on this observation, in [12, 46], a novel closed-form TDOA localization algorithm that

takes the statistical information of sensor position errors into account to improve per-

formance was proposed. The new algorithm estimates the source location only and was

proved analytically in [12] to be an approximately efficient location estimator when the

source is distant from the sensor array and the SNR is sufficient. To obtain improved

sensor positions from the source TDOA measurements for the subsequent localization

task, methods that can jointly estimate the source position and sensor positions were

developed [48–51]. Their solutions are obtained in an iterative manner via applying the

Taylor-series technique [28, 29] to maximize the ML cost function.

By taking the sensor position errors into account, the TDOA localization algorithms

developed in [12, 46, 48–51] are all able to reach the CRLB accuracy of the source loca-

tion with sensor position errors under certain SNR conditions. However, the obtained

source localization performance could still be much worse than the case where the sen-

sor positions are known perfectly. This observation is indeed the underlying motivation

of the researches in this thesis on using calibration emitters to alleviate the effect of

sensor position errors on TDOA localization accuracy.

Our work is significantly different from the previous works on TDOA localization in

the presence of sensor position errors in the sense that we consider the scenario where

besides the TDOAs from the source to be located, the TDOA measurements from

calibration emitters are also available for the localization task. The calibration TDOAs

may not contain direct information on the source location but they do provide extra

information on the true sensor positions. Hence, if the calibration TDOAs are properly

explored to improve the sensor positions, we are able to obtain better source localization

accuracy over the case where only the TDOAs from the unknown source are available.

The effect of calibration TDOAs on the best achievable localization performance and
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how to exploit them in TDOA localization algorithm design are investigated in this

thesis.

Finally, it is worthwhile to point out that the idea of using calibration emitters to

mitigate sensor position errors is not new. In particular, [40, 41] considered improving

DOA estimation accuracy through array shape calibration using several sources at un-

known locations. Besides, the utilization of a calibration emitter at accurate location

has also been applied to improve the TOA-based localization accuracy for GPS [14, 15].

However, to the best of our knowledge, there are no existing literatures that investigated

the use of calibration emitters in TDOA localization systems.

1.5 Summary of Contributions and Organization of

the thesis

This thesis conducts a systematic and thorough study on using calibration emitters to

improve TDOA source localization accuracy when the sensor positions are subject to

random errors. In this section, we shall describe the localization scenarios considered in

the remaining chapters of this thesis and summarize our contributions in each chapter.

Our researches begin with considering in Chapter 2 the TDOA localization of a

single source using an array of sensors whose positions have random errors and a single

calibration emitter with perfectly known location. As mentioned in Section 1.1, the

utilization of a calibration emitter at known location with the differential calibration

(DC) technique is effective in improving the localization accuracy of GPS. Chapter 2

conducts fundamental studies on the effects of using a single calibration emitter on

the TDOA localization performance as well as the efficiency of the DC method. In

particular, assuming Gaussian models for TDOA measurement noise and sensor position

errors, the CRLB of the source position estimate with a single calibration emitter is

established. Through comparing the obtained CRLB with the one without calibration
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emitters, we show that the use of a single calibration emitter can greatly improve the

TDOA source localization accuracy in the presence of sensor position errors. Chapter

2 also performs a theoretical performance analysis of the DC method to investigate

its efficiency and it is found that the DC method cannot reach the CRLB accuracy in

general. This observation motivates the development of a new closed-form localization

algorithm that explores the TDOA measurements from both the unknown source and

the calibration emitter to locate the source with the CRLB accuracy. In contrast to

the DC method that subtracts the calibration TDOA from the source TDOA between

the same sensor pair before using the source TDOAs for localization, the proposed

algorithm first utilizes the calibration TDOAs to update the sensor positions and then

locates the unknown source with the improved source positions. Most importantly, the

new algorithm is shown analytically to be able to attain the CRLB accuracy under mild

conditions.

Chapter 3 extends the work in Chapter 2 to a more practical scenario where the

calibration emitter position is also subject to random errors. In this case, we are

interesting in investigating the effects of calibration position errors on the TDOA local-

ization accuracy and the sensitivity of the source location estimate to the calibration

position error if it is simply ignored. The first aspect is addressed by deriving the

CRLB of the source position estimate with a calibration emitter at erroneous position.

Through comparing it with the CRLB without calibration position error, we quantify

the performance loss in source localization accuracy due to the calibration position er-

ror. The second aspect is examined via theoretically analyzing the performance of a

pseudo ML location estimator that pretends the erroneous calibration position is accu-

rate. The analysis indicates that the source location estimate can be very sensitive to

calibration position error. In other words, the calibration position error needs to be con-

sidered when designing the localization algorithm that explores the calibration TDOA
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measurements to improve performance. Chapter 3 develops a new TDOA localization

algorithm that takes the statistical information of both the sensor position error and

the calibration position error into account. The proposed solution is in closed-form and

more importantly, it is shown to be able to attain the CRLB accuracy when the sensor

and calibration position errors are small compared to the calibration-sensor range. Fi-

nally, the scenario where multiple calibration emitters are available for locating a source

and their positions have random errors is considered. We show through analyzing the

CRLB of the source location estimate with multiple calibration emitters at noisy po-

sitions that it is possible to completely eliminate the sensor position error and obtain

the best localization accuracy that is limited by the source TDOA measurement noise

only. The localization algorithm developed for the single calibration emitter case is also

generalized to explore the TDOA measurements from all the calibration emitters and

we show analytically that it can provide the CRLB localization accuracy under mild

conditions.

In Chapter 4, we investigate the problem of localizing multiple sources using TDOA

measurements in the presence of sensor position errors. The multiple sources are as-

sumed to be disjoint so that a separate set of TDOAs can be obtained for each source.

The TDOAs measurements from all the sources correspond to the same true sensor

positions. In literatures, only iterative ML estimator is available for this localization

task. Despite the asymptotic efficiency of the ML estimator, its iterative realization

requires good initial solution guesses, which are usually hard to obtain in practice, to

avoid convergence to local minima and the divergence problem. Chapter 4 proposes

a novel closed-form algorithm for locating multiple disjoint sources from TDOA mea-

surements to address the drawbacks of the iterative ML estimator. The new algorithm

jointly estimates the unknown source and sensor positions to take the advantage that

all source TDOA measurements contain the same sensor position displacements. The
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new idea of hypothesized source locations is introduced in the algorithm development

to enable the establishment of a closed-form solution for the source location estimates.

We show analytically that the developed solution can attain the CRLB accuracy under

the conditions of small TDOA noise and sensor position errors. Compared with the it-

erative ML method, the new algorithm is computationally more attractive and exhibits

better robustness to higher sensor position errors. The proposed localization algorithm

can be applied to the case where a single source is localized with the help of multiple

calibration emitters at completely unknown positions.

Chapter 5 considers the tracking of a single moving source using an array of sensors

at erroneous positions. This is an extension of the multiple disjoint source localization

problem studied in Chapter 4 in the sense that the source positions to be determined

are now belonging to the same trajectory of the moving source. We are interested

in developing a recursive algorithm to jointly improve the source position and sensor

position estimates once new TDOA measurements corresponding to the latest source

position are obtained. To handle the nonlinearity in the functional relation between the

TDOAs and the source and sensor positions, recursive methods available in literatures

use either an extend Kalman filter (EKF) or a Bayesian filter. The EKF, despite its

simplicity, is sensitive to the initial conditions and may suffer from slow convergence

to the optimum performance. The Bayesian filter-based approach utilizes the compu-

tationally intensive Newton-Raphson technique to generate updated source and sensor

position estimates, which limits its usefulness especially in real-time applications. To

address the drawbacks of the existing methods, Chapter 5 first presents a novel recur-

sive algorithm for the TDOA-based simultaneous localization of a source moving in a

purely linear trajectory and stationary sensors. The proposed algorithm processes the

newly obtained TDOA measurements in a two-step manner. The step-1 processing is

for updating the source location estimate. It is developed by extending the closed-form
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location estimator in Chapter 4 to the tracking scenario, which significantly reduces the

sensitivity of the proposed recursive algorithm to the initial conditions and accelerates

its convergence to the optimum performance, as compared to the EKF. The step-2

processing is for improving sensor positions and is developed on the basis of a closed-

form sensor position refinement technique in literature. Because the requirement of

using the Newton-Raphson procedure is eliminated, the proposed recursive algorithm

is computationally less demanding than the Bayesian filter-based approach. Moreover,

the approximate efficiency of the proposed algorithm in locating the source moving in

a purely linear trajectory and the stationary sensors is established analytically under

mild conditions. We extend the developed algorithm to the more general scenario where

the source motion is subject to random acceleration and the sensors are drifting over

time. The algorithms developed in Chapter 5 can find applications in sensor network

self-localization and underwater robot navigations.

Chapter 6 concludes the thesis and discusses the potential directions for future

researches.
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Chapter 2

Using a Calibration Emitter at
Accurate Location in TDOA Source
Localization in the Presence of
Sensor Position Errors

This chapter considers the use of a single calibration emitter whose position is known

exactly, to improve the accuracy of localizing a single source using TDOA measurements

in the presence of random sensor position errors. We begin the study by formulating the

localization problem in Section 2.1 and then evaluating in Section 2.2 the CRLB of the

source location estimate when the TDOAs from a calibration emitter are available. The

insight gained from the CRLB indicates that the calibration emitter can dramatically

reduce the effect of sensor position uncertainty and greatly improve the localization

accuracy. In Section 2.3, we analyze the differential calibration (DC) technique that

is used in Global Positioning System (GPS) and exploits the calibration emitter to

mitigate the satellite position uncertainty and improve the GPS localization accuracy.

It is shown that the DC method is unable to achieve the CRLB accuracy in general.

The sub-optimum performance of DC motivates us to develop a new algorithm that can

reach the CRLB accuracy. The newly proposed solution is presented in Section 2.4 and

we also show analytically in the same section that it can attain the CRLB accuracy,
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Figure 2.1: Source localization scenario considered in Chapter 2. The circles represent
sensors. The triangle denotes the unknown source whose position is to be estimated.
The square is the calibration emitter whose position is known.

under two mild conditions, for Gaussian TDOA and sensor position noises. Computer

simulations are provided in Section 2.5 to corroborate the theoretical development and

we conclude this chapter in Section 2.6.

2.1 Problem Formulation

The localization scenario considered in this chapter is shown in Fig. 2.1. A point source

at unknown position uo = [uo
x, u

o
y, u

o
z]

T radiates a signal that is captured by M sensors

located at so
i = [xo

s,i, y
o
s,i, z

o
s,i]

T , i = 1, 2, ..., M . The TDOAs of the received signals with

respect to the signal at a reference sensor, say sensor 1, are estimated. After multiplying

by the known signal propagation speed v, we have the measurements

ri1 = ro
i1 + ni1, i = 2, 3, ..., M (2.1)

where ri1 = v · di1, and di1 is the estimated TDOA between sensor pair i and 1. ro
i1 =

v · do
i1, do

i1 is the true TDOA, and

ro
i1 = ro

i − ro
1 = ||uo − so

i || − ||uo − so
1|| (2.2)
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where || ⋆ || is the Euclidean norm. ni1 is v times the TDOA noise. ri1 is often referred

to as range difference of arrival (RDOA) in some literature. TDOA and RDOA will be

used interchangeably since they are equivalent. For notation simplicity, we collect ri1,

i = 2, 3, ..., M to form the (M − 1) × 1 RDOA vector as

r = [r21, r31, ..., rM1]
T = ro + n

where n, whose elements are ni1, is assumed to be a zero-mean Gaussian vector with

covariance matrix Qα.

The true sensor positions so
i are not known and only noisy versions of them, denoted

by si, are available. Mathematically, we have

si = so
i + Ψi, i = 1, 2, ..., M (2.3)

where Ψi is the position error in si. The collection of si forms the 3M × 1 sensor

position vector

s = so + Ψ

where s = [sT
1 , sT

2 , . . . , sT
M ]T and Ψ = [ΨT

1 ,ΨT
2 , . . . ,ΨT

M ]T . We shall model Ψ as a

zero-mean Gaussian vector with covariance matrix Qβ.

In order to reduce the effects of sensor position errors, the TDOAs of the signal

from a calibration emitter at known position c = [xc, yc, zc]
T to the sensors are also

measured, giving the calibration RDOA vector

r̃ = r̃o + ñ

where r̃ = v[d̃21, d̃31, ..., d̃M1]
T , d̃i1 is the estimated calibration TDOA between sensor

pair i and 1, r̃o = [r̃o
21, r̃

o
31, ..., r̃

o
M1]

T = v[d̃o
21, d̃

o
31, ..., d̃

o
M1]

T , d̃o
i1 is the true value of d̃i1,

and

r̃o
i1 = r̃o

i − r̃o
1 = ||c− so

i || − ||c − so
1||. (2.4)
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ñ is a zero-mean Gaussian vector with covariance matrix Qc. The noise vectors n,

ñ and Ψ are assumed to be independent with one another. We further assume here

that the calibration TDOA measurements are acquired immediately after the TDOA

measurements from uo are taken so that ro
i1 and r̃o

i1 depend on the same sensor positions

(see (2.2) and (2.4)) if so
i is changing with time. The objective is to obtain the source

location uo based on the TDOA measurements from uo and from c.

2.2 CRLB

The CRLB establishes a lower bound on the error covariance matrix for any unbiased

estimate of a parameter vector, and it is equal to the inverse of the Fisher information

matrix (FIM) that is created from the probability density function (PDF) of the under-

lying problem [36]. Under the localization scenario presented in Section 2.1, the PDF

that is parameterized on the unknowns uo and so is

p(r, s, r̃;uo, so) = p(r;uo, so) · p(s; so) · p(r̃; so)

= K · exp

{

−1

2
(r − ro)TQ−1

α (r − ro) − 1

2
(s− so)TQ−1

β (s− so) − 1

2
(r̃− r̃o)TQ−1

c (r̃− r̃o)

}

(2.5)

where we have applied the fact that r, s and r̃ are Gaussian distributed and independent

with one another. K is a constant that does not depend on the unknowns. Taking loga-

rithm of the above equation, applying partial derivatives with respect to the unknowns

twice, negating the sign and then taking expectation yield

FIM =

[
X Y
YT Z

]

(2.6)

where

X = −E

[
∂2ln p

∂uo∂uoT

]

=

(
∂ro

∂uo

)T

Q−1
α

(
∂ro

∂uo

)

(2.7a)

Y = −E

[
∂2ln p

∂uo∂soT

]

=

(
∂ro

∂uo

)T

Q−1
α

(
∂ro

∂so

)

(2.7b)
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and

Z = −E

[
∂2ln p

∂so∂soT

]

=

(
∂ro

∂so

)T

Q−1
α

(
∂ro

∂so

)

+ Q−1
β +

(
∂r̃o

∂so

)T

Q−1
c

(
∂r̃o

∂so

)

. (2.7c)

We next evaluate the partial derivatives. The (i-1)th row of
(

∂ro

∂uo

)
is
(

∂ro
i1

∂uo

)T

, and

from (2.2) we have

(
∂ro

i1

∂uo

)T

=
[

ρuo,so
i
− ρuo,so

1

]T

, i = 2, 3, ..., M (2.8)

where ρuo,so
i

represents the unit vector from so
i to uo, and it is equal to

ρuo,so
i

=
(uo − so

i )

||uo − so
i ||

.

The (i-1)th row of
(

∂ro

∂so

)
is
(

∂ro
i1

∂so

)T

, and again from (2.2),

(
∂ro

i1

∂so

)T

=



ρT
uo,so

1

, 0T

︸︷︷︸

1×3(i−2)

,−ρT
uo,so

i
, 0T

︸︷︷︸

1×3(M−i)



 , i = 2, 3, ..., M. (2.9)

Similarly, the (i-1)th row of
(

∂r̃o

∂so

)
is, from (2.4),

(
∂r̃o

i1

∂so

)T

=



ρT
c,so

1

, 0T

︸︷︷︸

1×3(i−2)

,−ρT
c,so

i
, 0T

︸︷︷︸

1×3(M−i)



 , i = 2, 3, ..., M. (2.10)

The upper left 3 × 3 block of the inverse of the FIM is the CRLB of u, where u is an

unbiased estimate of uo. Applying the partitioned matrix inverse formula [52] to (2.6)

yields

CRLB(u) =
(
X −YZ−1YT

)−1

= X−1 + X−1Y
(
Z− YTX−1Y

)−1
YTX−1

(2.11)

where X−1 is the CRLB of u when so is known. The traces of CRLB(u) and X−1,

tr(CRLB(u)) and tr(X−1), are the best achievable localization mean square error (MSE)

with a calibration emitter and sensor position errors, and the best achievable localization

MSE with accurate sensor positions. It is shown in Appendix A.1 that the rightmost
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term in (2.11) is positive definite when Qβ 6= O, which indicates that using a calibration

emitter is not able to reduce the CRLB(u) back to the one without sensor position

uncertainty.

We now compare (2.11) with the CRLB of u without a calibration emitter. We

shall denote it as CRLB(u)o, and it is given in (9) of [12]. The trace of CRLB(u)o,

tr(CRLB(u)o), is the best achievable localization MSE without a calibration emitter

but with sensor position errors. The difference between CRLB(u) and CRLB(u)o lies

in Z, where the application of a calibration emitter introduces an extra component

Z̃ =

(
∂r̃o

∂so

)T

Q−1
c

(
∂r̃o

∂so

)

.

We shall express (2.7c) as Z = Ž+Z̃, where Ž is equal to the sum of the first two terms of

(2.7c) on the right. Applying the matrix inversion Lemma [52] to ((Ž−YTX−1Y)+Z̃)−1,

substituting back into (2.11) and simplifying, we arrive at

CRLB(u) = CRLB(u)o −X−1YΓYTX−1 (2.12)

where

Γ = A−1P
(
I + PTA−1P

)−1
PTA−1

A =
(
Ž −YTX−1Y

)
, P =

(
∂r̃o

∂so

)T

Lc

and Lc is the Cholesky decomposition of Q−1
c , i.e., Q−1

c = LcL
T
c .

The second term in (2.12) represents the performance improvement due to the in-

troduction of a calibration emitter. In the special case that Q−1
c is zero, then Lc = O,

P = O and the second term in (2.12) would become zero. In other words, there is no

improvement in the localization accuracy. This is not unexpected because Q−1
c → O

implies that the calibration TDOA measurements are so noisy and become useless. In

fact, the second term in (2.12) is a positive semidefinite matrix. This can be verified by

noting that this term has a symmetric structure and the matrix PT does not have full
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column rank. Thus having a calibration emitter will not degrade the best localization

accuracy of the unknown source uo. In fact, the improvement could be significant at

typical calibration TDOA noise level, as is illustrated by the following example.

Let’s consider the same localization geometry used in [12], where the true locations

of the sensors are shown in Table 2.1. The unknown source is distant from the sensors

and is located at [2000, 2500, 3000]Tm. The effects of two different calibration emitters

are examined, one closer to the unknown source at [1500, 1550, 1500]Tm and the other

farther away at [−600,−650,−550]Tm. The covariance matrices for the source and

calibration RDOA noise vectors, n and ñ, are chosen to be Qα = σ2
rR and Qc = σ2

rR.

We set σ2
r = 10−3m2 and R is equal to the matrix with diagonal elements equal to 1 and

all other elements equal to 0.5 [26]. The covariance matrix of the noisy sensor positions

is Qβ is σ2
sI, and I is a 3M × 3M identity matrix.

Fig. 2.2 plots the trace of the CRLB(u) from (2.11), the trace of CRLB(u)o and

the trace of the CRLB without sensor position error X−1, as a function of σ2
s/σ

2
r . As

we can observe from the figure, the lower bound of source localization error without

sensor position uncertainty is the lowest and is independent of the value of σ2
s/σ

2
r . On

the other hand, the lower bound with sensor position uncertainty grows significantly as

σ2
s/σ

2
r increases. The interesting point is that the application of one calibration emitter

can improve significantly the localization accuracy. Using the farther away calibration

emitter can provide at least 5dB improvement in the localization accuracy compared

to the case without the calibration emitter, when σ2
s/σ

2
r ≥ 10dB. For the calibration

emitter that is closer to the unknown source, it can offer even greater improvement in

accuracy (at least 9.5dB when σ2
s/σ

2
r ≥ 10dB). In general, we find that the closer the

calibration emitter is to the unknown source, the larger the improvement will be.
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Table 2.1: True Positions (In Meters) of Sensors
sensor no. i xo

s,i yo
s,i zo

s,i

1 300 100 150
2 400 150 100
3 300 500 200
4 350 200 100
5 -100 -100 -100
6 200 -300 -200

−40 −30 −20 −10 0 10 20 30 40
10

20

30

40

50

60

70

80

σ
s
2/σ

r
2 (dB)

10
lo

g(
P

os
iti

on
 M

S
E

(m
2 ))

 

 

(4)

(3)

(2)

(1)

Figure 2.2: Comparison of the CRLBs with and without a calibration emitter for
an unknown distant source. (1) tr(CRLB(u)o) from (9) in [12], (2) tr(CRLB(u))
from (2.11) when c = [−600,−650,−550]Tm, (3) tr(CRLB(u)) from (2.11) when
c = [1500, 1550, 1500]Tm, (4) tr(X−1) from (2.7a).

2.3 Analysis of Differential Calibration

Before going into the details of DC, let’s first examine how the sensor position errors

affect the source localization accuracy. From (2.2), the TDOA measurements are de-

pendent on the true locations of the sensors. Since so
i are not known and only si are

available, we substitute so
i = si−Ψi from (2.3) into ||uo−so

i || and apply the Taylor-series
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expansion up to first-order term to obtain

||uo − so
i || = ||uo − si + Ψi|| ≃ ||uo − si|| + ρT

uo,si
Ψi (2.13)

where ρuo,si
is the unit vector from si to uo. Expressing ro

i1 in terms of its noisy

measurement as ro
i1 = ri1 − ni1 and substituting (2.13) into (2.2) yield the solution

equation that relates the measurements and the unknown source location:

ei = ri1 − (||uo − si|| − ||uo − s1||) (2.14)

where

ei = ni1 + ρT
uo,si

Ψi − ρT
uo,s1

Ψ1 (2.15)

is the equation error which determines the localization accuracy. It is interesting to

see from (2.15) that the effect of the sensor position error is equivalent to increasing

the TDOA noise, where the contribution from the noise in si is its projection along the

direction from si to uo. This is shown pictorially in Fig. 2.3(a). (2.15) also indicates

that ei is directly proportional to the sensor position errors Ψi. When the sensor

position noise powers are large, the variance of the error term ei will be big as well and

correspondingly, the localization accuracy will be worse.

DC is a simple method to exploit the calibration TDOA measurements to improve

the localization accuracy. DC subtracts directly the calibration TDOA from the corre-

sponding TDOA of the unknown source and uses the difference to estimate the source

location by considering the noisy sensor positions as accurate.

The positioning equation for DC is

ro
i1 − r̃o

i1 = ||uo − so
i || − ||uo − so

1|| − (||c − so
i || − ||c− so

1||) .

Substituting ro
i1 = ri1−ni1 and r̃o

i1 = r̃i1− ñi1, and applying the Taylor-series expansion

similar to (2.13) in each term on the right side of the above equation yield the solution
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Figure 2.3: (a). The effect of the sensor position error on the source localization
accuracy. (b). The principle of differential calibration.

equation

eD,i = [ri1 − r̃i1 + (||c− si|| − ||c− s1||)] − (||uo − si|| − ||uo − s1||) (2.16)

where

eD,i = ni1 − ñi1 +
(
ρuo,si

− ρc,si

)T
Ψi −

(
ρuo,s1

− ρc,s1

)T
Ψ1. (2.17)

If we consider the term inside the square bracket in (2.16) as pseudo TDOA mea-

surement, then (2.16) is in the same form as traditional TDOA equation with sensors

located at si. Hence the traditional TDOA localization algorithms, such as those pro-

posed in [26, 28–34], can be applied to obtain the emitter location.

In the overall error eD,i, as illustrated in Fig. 2.3(b), the contribution of Ψi is the

difference in the projections of Ψi along ρuo,si
and ρc,si

. Alternatively, we have, from

the dot-product relationship,

|
(
ρuo,si

− ρc,si

)T
Ψi| ≤ ||ρuo,si

− ρc,si
|| · ||Ψi||.

If c is close to uo, ||ρuo,si
−ρc,si

|| will be very small. Hence, the contribution of the error

from si to eD,i could be reduced using DC. The drawback of DC is that the effective
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noise power due to TDOA measurements is the sum from the unknown source and

from the calibration emitter, as this is apparent from the first two terms of eD,i given in

(2.17). Thus, DC is effective in improving the localization performance only when the

calibration emitter is close to the unknown source and the TDOA measurements from

the calibration emitter are much more accurate than those from the unknown source.

We now obtain the maximum achievable localization accuracy using DC. Let m =

[rT , sT , r̃T ]T be a vector containing all measurements, and θo = [uoT , soT ]T be the

unknown parameter vector. Using the functional forms from (2.2) and (2.4) that relate

the unknowns to the measurements, the Taylor-series expansion of m at θo up to linear

term is

m = mo + Ho(θ − θo) (2.18)

where mo is the value of m evaluated at θo, Ho is the gradient matrix given by

Ho =






(
∂ro

∂uo

)

(M−1)×3

(
∂ro

∂so

)

(M−1)×3M

O3M×3 I3M×3M

O(M−1)×3

(
∂r̃o

∂so

)

(M−1)×3M




 (2.19)

and the partial derivatives are given in (2.8)-(2.10).

Let V be the (4M − 1) × (5M − 2) matrix equal to

V =

[
I(M−1)×(M−1) O(M−1)×3M −I(M−1)×(M−1)

O3M×(M−1) I3M×3M O3M×(M−1)

]

. (2.20)

Then the DC method simply uses

mD = Vm = [rT − r̃T , sT ]T (2.21)

instead of m to obtain an estimate of θo. Let mo
D = Vmo and Ho

D = VHo. Then,

pre-multiplying (2.18) by V gives

mD = mo
D + Ho

D(θ − θo). (2.22)
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The best linear unbiased estimator (BLUE) [36] of θo from the linear model (2.22)

is

θ = θo +
(
Ho

D
TWDHo

D

)−1 (
Ho

D
TWD

)
(mD − mo

D) (2.23)

where WD is the inverse of the covariance matrix of the measurements after DC. Specif-

ically, we have

W−1
D = E

[
(mD − mo

D) · (mD − mo
D)T
]

= VQVT
(2.24)

where (2.21) has been used and Q is the covariance matrix of m, which is a block

diagonal matrix with the diagonal blocks equal to Qα, Qβ and Qc. Subtracting θo on

both sides of (2.23), multiplying by its transpose, taking expectation and using (2.24)

yield the best localization accuracy for DC,

cov(θ)D =
(
Ho

D
TWDHo

D

)−1
. (2.25)

We now compare cov(θ)D with the CRLB of θ. Appendix A.2 shows that they are

related by

cov(θ)−1
D = CRLB(θ)−1 − HoTΥTΥHo (2.26)

where Υ is defined in (A.11). Applying the matrix inversion Lemma [52] to (2.26) gives

cov(θ)D = CRLB(θ)+CRLB(θ)HoTΥT
(
I − ΥHoCRLB(θ)HoTΥT

)−1
ΥHoCRLB(θ).

(2.27)

The second term is the performance degradation of DC with respect to the CRLB.

From its symmetric structure, we can show that it is positive semidefinite. Hence, the

DC technique generally cannot achieve the CRLB accuracy.

To gain some insights about the performance of DC, we evaluate, in Fig. 2.4, the

trace of cov(u)D, where cov(u)D is the upper left 3 × 3 block of cov(θ)D in (2.27).

tr(cov(u)D) is actually the minimum achievable MSE of an unbiased estimate of uo
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Figure 2.4: Comparison of the CRLB(u) with the best MSE of u using DC for a
distant unknown source, (a) the calibration emitter is close to the unknown source, (b)
the calibration emitter is far away from the unknown source. (1) tr(CRLB(u)o) from
(9) in [12]: solid line, MSE of the solution in [12]: square symbol, (2) tr(CRLB(u))
from (2.11): solid line, (3) tr(cov(u)D) from (2.25).

using DC. The localization geometry is the same as the one used in generating Fig.

2.2. Fig. 2.4(a) gives the results when the calibration emitter c = [1500, 1550, 1500]Tm

is closer to the unknown source, and Fig. 2.4(b) is when the calibration emitter c =

[−600,−650,−550]Tm is farther away from the unknown source. The theoretical MSE

without a calibration emitter (tr(CRLB (u)o) from (9) in [12]) and the MSE of the

target estimates generated by the solution proposed in [12] for the case where there is

no calibration emitter are also shown for comparison.

It is clear from both Fig. 2.4(a) and Fig. 2.4(b) that when the sensor position error

is small relative to the RDOA measurement noise (σ2
s/σ

2
r ≤ −15dB), DC is always

3dB worse than the CRLB(u) as well as the practical estimator from [12] and this

performance degradation persists regardless of the change in the calibration emitter

position. This is because from (2.17), the contribution of the sensor position error Ψi

to the equation error eD,i becomes negligible when the sensor positions are accurate,

and the localization accuracy is mainly determined by the doubling of RDOA noise
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power after DC when Qc = Qα. On the other hand, when σ2
s/σ

2
r ≥ 10dB, the sensor

position error dominates eD,i and the localization accuracy of DC depends heavily on

the calibration emitter position. Fig. 2.4(a) shows that when the calibration emitter is

closer to the unknown source, the localization accuracy of DC approaches the CRLB

accuracy. This is because from (2.17), the effects of sensor position errors can be greatly

reduced by DC. Nevertheless, when the calibration emitter is located farther away from

the unknown source, DC is not able to reach CRLB all the time, as is illustrated in

Fig. 2.4(b). In fact, the minimum MSE from DC is even 5dB worse than that of

the case where there is no calibration emitter. This is mainly due to the increased

RDOA measurement noise and the large distance between the calibration emitter and

the unknown source, which decreases DC’s ability to mitigate the sensor position errors.

2.4 Closed-Form Localization Algorithm

Motivated by the analysis result in the previous section that the commonly used DC

method is generally not efficient, we shall develop in this section an algebraic closed-

form solution to the localization problem in the presence of sensor position errors where

a single calibration emitter is available. Besides its advantage of being closed-form, the

new solution also possesses the important property of being able to achieve the CRLB

accuracy at sufficiently high SNR. As a byproduct of the algorithm, we could also obtain

improved sensor positions. This section first describe the proposed algorithm, then an

analysis will follow to show that the localization accuracy of the proposed solution

attains the CRLB under two mild conditions.

2.4.1 Algorithm

The proposed solution has three stages. The first stage estimates the sensor position

errors and improves the sensor positions, using the calibration TDOA measurements
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from c. The remaining two stages of the proposed solution follow the approach in [12] to

obtain an estimate of the unknown target location using the updated sensor positions.

In the second stage, we transform the nonlinear solution equation to a pseudo linear

one by introducing a nuisance parameter. After solving the pseudo linear equation, the

unknown source location estimate is refined with the help of the estimated value of the

nuisance parameter in the third stage.

Stage-1 : Since the location of the calibration emitter is known, the difference be-

tween the measured RDOA and the predicted RDOA using the erroneous sensor posi-

tions provides information about the difference between the actual and assumed sensor

positions, and the difference can be exploited to improve the sensor positions. The

calibration RDOA measurement is r̃i1 = r̃o
i1 + ñi1, where r̃o

i1 is the true value and ñi1 is

the noise. After substituting (2.4), we arrive at

r̃i1 = ||c − so
i || − ||c− so

1|| + ñi1, i = 2, 3, ..., M.

The predicted RDOA using the erroneous sensor positions is ||c− si||− ||c− s1||. Using

the error model (2.3) and applying the Taylor-series expansion up to linear error term,

we have the approximation ||c − so
i || = ||c − si|| + ρT

c,si
Ψi. The difference between the

measured RDOA and the predicted one is

r̃i1 − ||c− si|| + ||c − s1|| = ρT
c,si

Ψi − ρT
c,s1

Ψ1 + ñi1. (2.28)

Expressing (2.28) in matrix form gives

hc = GcΨ + ñ (2.29)

where hc is an (M−1)×1 vector with its (i−1)th element equal to r̃i1−||c−si||+||c−s1||,

Gc is an (M − 1) × 3M matrix and its (i − 1)th row is

Gc[i − 1, :] =



−ρT
c,s1

, 0T

︸︷︷︸

1×3(i−2)

, ρT
c,si

, 0T

︸︷︷︸

1×3(M−2)



 (2.30)
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and ñ is the calibration RDOA measurement noise vector with covariance matrix Qc.

In (2.29), Ψ is considered as the unknown to be solved. We know a priori that Ψ is a

zero-mean Gaussian-distributed random vector with covariance matrix Qβ. From the

Bayesian Gauss-Markov theorem [36], the linear minimum MSE (LMMSE) estimator

of Ψ, denoting it as Ψ̂, is

Ψ̂ =
(
Q−1

β + GT
c Q−1

c Gc

)−1
GT

c Q−1
c hc (2.31)

and the resulting covariance matrix of Ψ̂ is

cov(Ψ − Ψ̂) =
(
Q−1

β + GT
c Q−1

c Gc

)−1
. (2.32)

With the estimated sensor position errors given in (2.31), we obtain the improved

sensor positions as

ŝ = s− Ψ̂ = so + Ψ − Ψ̂ (2.33)

and it has a covariance matrix equal to (2.32). It can be easily seen from (2.32) that

cov(s)-cov(ŝ)=Qβ −
(
Q−1

β + GT
c Q−1

c Gc

)−1
is positive semidefinite. Hence, with the

calibration RDOA measurements, we have an updated sensor position vector at least

as good as, if not better than, the original one to obtain the unknown source location.

Stage-2 : According to (2.2), the true RDOA ro
i1 is related to the true ranges ro

1 and

ro
i as ro

i1 + ro
1 = ro

i . Squaring both sides, substituting ro
i
2 = (uo − so

i )
T (uo − so

i ) and

ro
1
2 = (uo − so

1)
T (uo − so

1) and simplifying yield

ro
i1

2 + 2ro
i1r

o
1 = so

i
T so

i − so
1
T so

1 − 2(so
i − so

1)
Tuo, i = 2, 3, ..., M. (2.34)

Substituting the true RDOA value ro
i1 by ro

i1 = ri1−ni1 as obtained from (2.1), we have

2ro
i ni1 = r2

i1 + 2ri1r
o
1 − so

i
T so

i + so
1
T so

1 + 2(so
i − so

1)
Tuo (2.35)

where the second order error terms containing n2
i1 have been ignored. so

i and so
1 are

the true sensor positions that are not known. The true distance between the unknown
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source and sensor 1, ro
1, depends on the unavailable so

1 as well. Stage-1 provides an

improved sensor position vector using the calibration TDOAs. We shall express (2.35)

in terms of the improved sensor positions ŝi and ŝ1 given in (2.33).

Using the Taylor-series expansion of ro
1 up to linear error term, we arrive at

ro
1 = ||uo − so

1|| = ||uo − ŝ1 + (Ψ1 − Ψ̂1)|| ≃ r̂o
1 + ρT

uo,ŝ1
(Ψ1 − Ψ̂1) (2.36)

where r̂o
1 = ||uo − ŝ1||. Also, so

i
T so

i = (ŝi − (Ψi − Ψ̂i))
T (ŝi − (Ψi − Ψ̂i)) ≃ ŝT

i ŝi −

2ŝi
T (Ψi − Ψ̂i). Thus, (2.35) becomes

ε1,i = ri1
2 + 2ri1r̂

o
1 − ŝT

i ŝi + ŝT
1 ŝ1 + 2(ŝi − ŝ1)

Tuo (2.37)

where

ε1,i = 2ro
i ni1 + 2(uo − ŝi)

T (Ψi − Ψ̂i) − 2
[
ro
i1ρuo,ŝ1

+ (uo − ŝ1)
]T

(Ψ1 − Ψ̂1). (2.38)

In (2.37), the unknowns are uo and r̂o
1 and they are correlated, because both are de-

pendent on the unknown source location uo. If we assume uo and r̂o
1 are independent

variables, (2.37) is linear with respect to the unknowns and can be easily solved. Note

that uo and r̂o
1 are in fact dependent. It is the purpose of applying Stage-3 later to

exploit their relationship to improve the source location estimate.

Defining ϕo
1 = [uoT , r̂o

1]
T be the unknown vector, we have the linear matrix equation

from (2.37)

ε1 = h1 −G1ϕ
o
1 (2.39)

where

h1 =








r2
21 − ŝT

2 ŝ2 + ŝT
1 ŝ1

r2
31 − ŝT

3 ŝ3 + ŝT
1 ŝ1

...
r2
M1 − ŝT

M ŝM + ŝT
1 ŝ1








, G1 = −2








(ŝ2 − ŝ1)
T r21

(ŝ3 − ŝ1)
T r31

...
...

(ŝM − ŝ1)
T rM1








. (2.40)

The equation error vector ε1 is ε1 = [ε1,2, ε1,3, . . . , ε1,M ]T . From (2.38), it can be re-

written in terms of n and Ψ − Ψ̂ as

ε1 = B1n + D1(Ψ − Ψ̂) (2.41)
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where

B1 = 2








ro
2 0 . . . 0
0 ro

3 . . . 0
...

...
. . .

...
0 0 . . . ro

M








(2.42)

and

D1 = 2








−ro
21ρ

T
uo,ŝ1

− (uo − ŝ1)
T (uo − ŝ2)

T 0T . . . 0T

−ro
31ρ

T
uo,ŝ1

− (uo − ŝ1)
T 0T (uo − ŝ3)

T . . . 0T

...
...

...
. . .

...
−ro

M1ρ
T
uo,ŝ1

− (uo − ŝ1)
T 0T 0T . . . (uo − ŝM)T








. (2.43)

The covariance matrix of n is Qα and that of Ψ−Ψ̂ is given in (2.32). n and Ψ−Ψ̂

are independent. Hence, the covariance matrix of ε1 is

E[ε1ε
T
1 ] = B1QαB

T
1 + D1

(
Q−1

β + GT
c Q−1

c Gc

)−1
DT

1 . (2.44)

The weighted least-squares (WLS) solution to (2.39) is

ϕ1 =
(
GT

1 W1G1

)−1
GT

1 W1h1 (2.45)

where the weighting matrix W1 is defined as

W1 = E[ε1ε
T
1 ]−1. (2.46)

We next evaluate the accuracy of ϕ1 by examining its covariance matrix. Pre-

multiplying the estimation error ∆ϕ1 = ϕ1 −ϕo
1 with

(
GT

1 W1G1

)
and applying (2.39)

and (2.45) yield

(
GT

1 W1G1

)
∆ϕ1 = GT

1 W1ε1.

Hence, the estimation error vector ∆ϕ1 is equal to
(
GT

1 W1G1

)−1
GT

1 W1ε1. Then, if

we assume that both the RDOA measurement noise and sensor position error after

correction using (2.33) are sufficiently small so that G1 can be considered as fixed, the
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covariance matrix of ϕ1 can be approximated by1

cov(ϕ1) = E[∆ϕ1∆ϕT
1 ] =

(
GT

1 W1G1

)−1
(2.47)

where the definition of W1 in (2.46) has been applied.

Stage-3 : In this stage, the relation between uo and r̂o
1 is explored to improve the lo-

calization accuracy of the unknown source. This is achieved by constructing a weighted

LS problem using the solution ϕ1 obtained in Stage-2.

We collect the first three elements of ϕ1 as ϕ1(1 : 3). Note that ϕ1(1 : 3) is an

estimate of uo. Expressing it as uo + ∆ϕ1(1 : 3) and retaining up to linear error term

give

(ϕ1(1 : 3)− ŝ1)⊙(ϕ1(1 : 3)− ŝ1) = (uo− ŝ1)⊙(uo− ŝ1)+2(uo− ŝ1)⊙∆ϕ1(1 : 3) (2.48)

where ∆ϕ1(1 : 3) denotes the error vector in ϕ1(1 : 3), and ⊙ represents the Schur

product (element by element multiplication). The fourth element of ϕ1 is an estimate

of r̂o
1 and hence, it can be expressed as ϕ1(4) = r̂o

1 + ∆ϕ1(4), where ∆ϕ1(4) is the

estimation error. Squaring both sides and using the definition of r̂o
1 below (2.36) yield

ϕ1(4)2 = (uo − ŝ1)
T (uo − ŝ1) + 2r̂o

1∆ϕ1(4) (2.49)

where the second-order error term ∆ϕ1(4)2 has been ignored. Hence, from (2.48) and

(2.49), we have

ε2 = h2 −G2ϕ
o
2 (2.50)

where

h2 =

[
(ϕ1(1 : 3) − ŝ1) ⊙ (ϕ1(1 : 3) − ŝ1)

ϕ1(4)2

]

, G2 = [I3×3, 13×1]
T (2.51)

1A more concrete approach to derive cov(ϕ1) is applying the perturbation method. It can be

verified that up to first order error term, cov(ϕ1) =
(

G
o
1
T
W1G

o
1

)
−1

, where the (i − 1)th row of G
o
1

is −2[(so
i − s

o
1)

T , ro
i1], i = 2, 3, . . . , M .
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1 is a vector of unity and

ϕo
2 = (uo − ŝ1) ⊙ (uo − ŝ1). (2.52)

The error vector ε2 can be expressed in terms of the error in ϕ1, ∆ϕ1, as

ε2 = B2 · ∆ϕ1 (2.53)

where B2 is defined as

B2 = 2 · diag[(uo − ŝ1)
T , r̂o

1]. (2.54)

The weighted LS solution to (2.50) is

ϕ2 =
(
GT

2 W2G2

)−1
GT

2 W2h2. (2.55)

The weighting matrix W2 is chosen to be

W2 = E[ε2ε
T
2 ]−1 = B−T

2 (GT
1 W1G)B−1

2 (2.56)

where (2.47) has been substituted. Following a similar approach that gives cov(ϕ1), we

can obtain the covariance matrix of ϕ2 as

cov(ϕ2) =
(
GT

2 W2G2

)−1
. (2.57)

Having computed ϕ2 from (2.55), the final unknown source position estimate is

obtained from the mapping according to the definition of ϕo
2 in (2.52) as

u = diag[sign(ϕ1(1 : 3) − ŝ1)]
√

ϕ2 + ŝ1 (2.58)

where sign(⋆) is the sign function defined as 1 when (⋆) ≥ 0 and -1 otherwise. The

purpose of the diagonal matrix is to remove the sign ambiguity due to the square root

operation.

We now summarize the steps to compute the source location estimate: i) find an

estimate of the sensor position error vector by (2.31), ii) obtain an improved sensor
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position vector using (2.33), iii) compute ϕ1 from (2.45), where W1 is defined in (2.44)

and (2.46), iv) find ϕ2 using (2.55), where W2 is given in (2.56), and v) obtain the

unknown source location estimate u from (2.58).

The evaluation of the weighting matrices W1 and W2 requires the true source

location and true sensor positions that are not known. In practice, following a similar

approach used in [12], we first set W1 to be Q−1
α and apply (2.45) to obtain an initial

estimate of uo. It is then used together with the updated sensor positions to generate

W1 and an improved estimate of ϕ1 is computed. To obtain an even better ϕ1, we

can repeat the above process several times (one to three times are sufficient). The first

three elements of the resulting ϕ1 are used to form W2. Through extensive computer

simulations, we find that the performance degradation due to the use of approximated

W1 and W2 described above is insignificant.

2.4.2 Analysis

To examine the localization accuracy, we first note from (2.58) that (u− ŝ1)⊙(u− ŝ1) =

ϕ2. Then, substituting u = uo + ∆u yields

∆u = B−1
3 ∆ϕ2 (2.59)

where the second-order term ∆u⊙ ∆u has been ignored, and B3 is defined as

B3 = 2 · diag[uo − ŝ1]. (2.60)

Post-multiplying (2.59) by its transpose and taking expectation, the covariance matrix

of the unknown source position estimate u from the proposed three-stage algebraic

solution is

cov(u) = B−1
3 cov(ϕ2)B

−T
3 . (2.61)

We proceed to compare the source localization accuracy of the proposed algebraic
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solution with the CRLB(u) given in (2.11). The following two conditions will be used

in the analysis:

(C2-1) ||Ψi||/r̃o
i ≃ 0 and ||Ψi − Ψ̂i||/ro

i ≃ 0, i = 1, 2, ..., M ,

(C2-2) |ni1|/ro
i ≃ 0, i = 2, ..., M .

The first condition states that the position error in sensor i is small compared to the

range between the calibration emitter and the sensor, and the range between the un-

known source and the sensor. This condition is satisfied if the sensor position errors are

small, or the calibration emitter and the unknown source are far away from the sensors.

The second condition means that the RDOA measurement noise between the sensor

pair i and 1 is insignificant compared to the range from the unknown source to the

ith sensor. This condition is valid when the RDOA measurements are accurate, or the

unknown source are far away from the sensor array. In practice, these two conditions

can be easily fulfilled for distant unknown and calibration sources at moderate level

of RDOA and sensor position noise. If the sources are close to the sensor array, the

conditions can still be valid when the error in the sensor positions is sufficiently small

and the SNR is high enough so that the noise component in RDOA is also small. Under

the two conditions, we shall prove in the following that the accuracy of the proposed

solution is able to reach the optimum performance, that is, the CRLB.

The proof begins with the covariance matrix of the source location estimate of

the proposed method. Under condition (C2-1) which implies that the Taylor series

approximations in (2.28) and (2.36) are valid, then the covariance matrix is given in

(2.61). When substituting (2.57), (2.56) in sequel and re-expressing W1 defined in

(2.44) and (2.46) using the matrix inversion Lemma, Appendix A.3 shows that the

inverse of (2.61) is

cov(u)−1 = GT
3 Q−1

α G3 −
(
GT

3 Q−1
α G4

)
P−1

(
GT

3 Q−1
α G4

)T
, (2.62)
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where P = (Q−1
β + GT

c Q−1
c Gc + GT

4 Q−1
α G4), and G3 and G4 are defined in (A.17) and

(A.14), respectively.

The inverse of the CRLB(u) is, from the first line of (2.11),

CRLB(u)−1 = X− YZ−1YT (2.63)

where X, Y and Z are defined in (2.7). Note that (2.62) and (2.63) have the same

structural form. Substituting (2.7) into (2.63) and comparing with (2.62), it can be

identified that if

G3 ≃
(

∂ro

∂uo

)

, (2.64a)

G4 ≃ −
(

∂ro

∂so

)

, (2.64b)

and

Gc ≃ −
(

∂r̃o

∂so

)

, (2.64c)

then (2.62) and (2.63) are identical. Indeed, Appendix A.4 shows that (2.64) is true,

under conditions (C2-1) and (C2-2). Consequently, we establish the proof that

cov(u) ≃ CRLB(u), (2.65)

when the two conditions are satisfied.

2.5 Simulations

The localization geometry is the same as in Figs. 2.2 and 2.4. Besides the distant

unknown source located at [2000, 2500, 3000]Tm, we also consider a near unknown

source at [600, 650, 550]Tm. The calibration emitter is able to take two positions at

c = [1500, 1550, 1500]Tm or c = [−600,−650,−550]Tm. In generating the simulation

results, the RDOA measurements are created by adding to the true values zero-mean
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white Gaussian noise with covariance matrices Qα = σ2
rR and Qc = σ2

rR. We set

σ2
r = 10−3m2 and R is equal to the matrix with diagonal elements equal to 1 and all

other elements equal to 0.5 [26]. The noisy sensor positions are generated using a sim-

ilar approach, where the covariance matrix of Qβ is σ2
sI, and I is a 3M × 3M identity

matrix.

The implementation of the proposed three-stage algorithm follows the steps as de-

scribed in the two paragraphs below (2.58). The second stage is repeated three times to

improve W1 and hence ϕ1. The results for DC were generated by forming the pseudo

RDOA measurements as inside the square bracket in (2.16) and then applying the

closed-form solution from [26] when pretending the noisy sensor positions are actual.

The localization accuracy from simulation is presented as MSE(u) =
∑L

l=1 ||ul−uo||2/L,

where ul represents the unknown source position estimate at ensemble l and L = 20000

is the number of ensemble runs.

Fig. 2.5 plots the localization accuracy of the proposed solution (denoted by cross

symbols in curve (2)) and the DC approach (denoted by diamond symbols in curve (3))

for the distant source at [2000, 2500, 3000]Tm, where the calibration emitter is located

closer to the unknown source at [1500, 1550, 1500]Tm. For comparison purpose, we also

show tr(CRLB(u)) in solid line and tr(cov(u)D) in dashed line in the two curves. It

is evident from the figure that the proposed algorithm reaches the CRLB accuracy

when σ2
s/σ

2
r ≤ 35dB. The simulation results for DC also reach the theoretical best MSE

very well. The proposed algebraic solution, however, can offer 3dB improvement in

localization accuracy over DC when the sensor position error is small (σ2
s/σ

2
r ≤ −10dB).

When the sensor position error is large such that (σ2
s/σ

2
r ≥ 10dB), the performance of

the proposed method and the DC technique is comparable.

We illustrate in Fig. 2.6 the results for the same distant source but the calibration

emitter is placed farther away from it at [−600,−650,−550]Tm. The simulation results
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Figure 2.5: Comparison of the localization accuracy of the proposed method and the
DC solution for a distant unknown source when the calibration emitter is close to the
unknown source. (1) tr(CRLB(u)o) from (9) in [12]: solid line, (2) tr(CRLB(u)) from
(2.11)): solid line, MSE of the proposed method: cross symbol, (3) tr(cov(u)D) from
(2.25): dashed line, MSE of the DC: diamond symbol, (4) tr(X−1) from (2.7a).
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Figure 2.6: Comparison of the localization accuracy of the proposed method and the
DC solution for a distant unknown source when the calibration emitter is far away from
the unknown source. (1) tr(CRLB(u)o) from (9) in [12]: solid line, (2) tr(CRLB(u))
from (2.11): solid line, MSE of the proposed method: cross symbol, (3) tr(cov(u)D)
from (2.25): dashed line, MSE of the DC method: diamond symbol, (4) tr(X−1) from
(2.7a).
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of the proposed algorithm and the DC method again agree very well with the theoretical

performance when the variance of the sensor position error is not large (σ2
s/σ

2
r ≤ 20dB).

The proposed method can always provide more accurate source location estimates than

DC in this simulation. In particular, the proposed method offers a 3dB improvement

over DC when the sensor position error is small (σ2
s/σ

2
r ≤ −10dB), while it achieves at

least 10dB improvement when σ2
s/σ

2
r ≥ 10dB. Finally, because the calibration emitter

is farther away from the unknown emitter in this simulation, the thresholding effect

occurs earlier in both algorithms compared to the case where the calibration emitter

is closer to the unknown emitter. Here, the thresholding effect refers to the sudden

deviation of the localization accuracy from the CRLB as the variance of the sensor

position error increases, and this is a consequence due to the nonlinear nature of the

estimation problem.

Fig. 2.7 and Fig. 2.8 give the results for the near source located at [600, 650, 550]Tm,

where the calibration emitter is closer to the unknown source at [1500, 1550, 1500]Tm

and farther to it at [−600,−650,−550]Tm. The localization accuracy is generally better

for a near source than a distant source. This is because when the source is near to the

sensor array, the sensors are far apart relative to the distance between the target and

the sensor array. The localization geometry is more regular and the geometric dilution

of precision (GDOP) value would be smaller compared to the case of a distant source.

Hence the localization accuracy for a near source is usually better under the same

RDOA measurement noise level. It is clear from both figures that the proposed method

reaches the CRLB and no obvious thresholding effect takes place. The simulation

results of DC also match the theoretical MSE well. The observations from the two

figures are consistent with the previous distant source case that the proposed algorithm

remains to provide performance gain over DC, and that having a calibration emitter

can greatly reduce the effect of inaccurate sensor positions on the localization accuracy
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of the unknown source.
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Figure 2.7: Comparison of the localization accuracy of the proposed method and the
DC solution for a near unknown source when the calibration emitter is close to the
unknown source. (1) tr(CRLB(u)o) from (9) in [12]: solid line, (2) tr(CRLB(u)) from
(2.11): solid line, MSE of the proposed method: cross symbol, (3) tr(cov(u)D) from
(2.25): dashed line, MSE of the DC method: diamond symbol, (4) tr(X−1) from (2.7a).

2.6 Concluding Remarks

This chapter performed a comprehensive study on the use of a single calibration emitter

whose position is known to improve the TDOA localization accuracy of an unknown

source in the presence of random sensor position errors. Under Gaussian error model,

we first established the CRLB of the source position estimate when a calibration source

is present and compared it with the CRLB without a calibration emitter to demonstrate

the amount of performance improvement brought by the calibration emitter. Then, we

showed that the commonly used differential calibration technique, although simple, is

not able to reach the CRLB accuracy in general. Motivated by this observation, an

algebraic closed-form solution was developed, where the calibration TDOAs are used

to correct the sensor positions before they are applied to obtain the unknown source
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Figure 2.8: Comparison of the localization accuracy of the proposed method and the
DC solution for a near unknown source when the calibration emitter is far away from
the unknown source. (1) tr(CRLB(u)o) from (9) in [12]: solid line, (2) tr(CRLB(u))
from (2.11): solid line, MSE of the proposed method: cross symbol, (3) tr(cov(u)D)
from (2.25): dashed line, MSE of the DC method: diamond symbol, (4) tr(X−1) from
(2.7a).

location estimate. We showed analytically that in contrast to the differential calibration

method, the proposed algorithm is able to reach the CRLB accuracy of the unknown

source location estimate under two mild conditions. Simulations have confirmed our

theoretical developments and examined the behaviors of the DC technique and the

proposed algorithm.
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Chapter 3

Using Calibration Emitters at
Inaccurate Locations in TDOA
Source Localization in the Presence
of Sensor Position Errors

In the previous chapter, we investigated the use of a single calibration emitter whose

position is known perfectly to reduce the loss in TDOA localization accuracy of a single

source due to the uncertainty in sensor positions. This chapter extends the work in

Chapter 2 to a more realistic situation where the exact location of the calibration emitter

is not available. We address the effect of inaccurate calibration position on source

localization accuracy, the sensitivity of the source location estimate to the calibration

position error if we simply ignore it, and how to take the statistics of the calibration

position error into account, if needed, to obtain a better source location estimate.

For the above purpose, we first formulate the localization problem in Section 3.1 and

then derive in Section 3.2 the CRLB of the source position estimate with a calibration

emitter at inaccurate location under Gaussian noise model. Analyzing the CRLB result

shows that the calibration position error degrades the source localization accuracy in

the same manner as increasing the calibration TDOA noise. The sensitivity of the

source location estimate to the calibration position errors is examined in Section 3.3 via
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deriving the mean square error (MSE) matrix of the source location estimate generated

by a pseudo maximum likelihood (ML) estimator that assumes the erroneous calibration

emitter position is exact. The result indicates that the source localization accuracy is

very sensitive to the noise in the calibration emitter position and hence the calibration

position error cannot be ignored. This observation motivates us to develop in Section

3.4 a new localization algorithm that takes the statistics of the position errors in both

the receiving sensors and the calibration emitter into account to improve the source

location estimate. We show analytically that the proposed algorithm achieves the CRLB

accuracy under some mild conditions.

We proceed to consider in Section 3.5 the scenario where multiple calibration emit-

ters are available for further improving the source location estimate. The motivation

comes from the analysis result given under (2.11) that a single calibration emitter is

not able to completely remove the degradation in source localization accuracy due to

sensor position errors. We show through CRLB study that it is possible to completely

eliminate the effect of sensor position errors on the source location estimate by properly

exploring multiple calibration emitters. Generalization of the proposed closed-from so-

lution in Section 3.4 to the localization scenario with arbitrary number of calibration

emitters is summarized, together with a sketch of the proof that the accuracy of the

generalized solution attains the CRLB under similar conditions as in the single cali-

bration emitter case. This chapter is closed by using computer simulations in Section

3.6 to corroborate the theoretical derivations and some concluding remarks are given

in Section 3.7.

3.1 Problem Formulation

Fig. 3.1 illustrates the localization scenario examined in this chapter. An array of

M sensors at positions so
i = [xo

s,i, y
o
s,i, z

o
s,i]

T , i = 1, 2, ..., M, is used to determine the
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Figure 3.1: Source localization scenario considered in Chapter 3. The open circles
represent the actual sensor positions that are not known and the solid circles are the
available sensor positions that are erroneous. The triangle denotes the unknown source
whose location is to be estimated. The open squares are the true calibration emitter
positions that are not known and the solid squares are the available calibration emitter
positions that are inaccurate.

location of a stationary source whose unknown position is denoted by uo = [xo
u, y

o
u, z

o
u]

T .

The sensors receive the signal from the unknown source and the TDOAs of the source

signal with respect to a reference sensor are obtained. The sensors also receive the

signals from N calibration emitters located at co
j = [xo

c,j, y
o
c,j, z

o
c,j]

T , j = 1, 2, ..., N . For

each calibration emitter, a set of calibration TDOAs is obtained. The location of the

unknown source is to be identified by TDOA localization.

Unlike the traditional localization scenario where the receiving sensor positions are

known exactly, here only the noisy sensor positions si are available. They are modeled

as

si = so
i + Ψi, i = 1, 2, ..., M (3.1)

where Ψi is the position error in si. For notation simplicity, we collect the available

sensor positions to form the 3M×1 sensor position vector s = [sT
1 , sT

2 , ..., sT
M ]T = so+Ψ,

where so = [soT
1 , soT

2 , ..., soT
M ]T and Ψ = [ΨT

1 ,ΨT
2 , ...,ΨT

M ]T . The sensor position error
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vector Ψ is assumed to be a zero mean Gaussian random vector with covariance matrix

Qβ .

The purpose of using calibration emitters is to reduce the effect of sensor position

errors. Different from the previous chapter, the exact positions of calibration emitters

are not known in this study. The calibration emitter locations cj available to the

localization algorithm are modeled as

cj = co
j + ej , j = 1, 2, ..., N (3.2)

where ej is the position error in the calibration emitter j. Again, collecting cj to form

a vector yields c = co + e, where c = [cT
1 , cT

2 , ..., cT
N ]T , co = [coT

1 , coT
2 , ..., coT

N ]T and e is

a 3N × 1 zero mean Gaussian random vector with covariance matrix Qe.

We shall denote the TDOA between sensor pair i and 1 from the unknown source

as di1, and that from the jth calibration emitter as d̃i1,j, where i = 2, 3, ..., M , j =

1, 2, ..., N and sensor 1 is the reference sensor. Multiplying the TDOAs by the signal

propagation speed v yields the range difference of arrival (RDOA) measurements

ri1 = v · di1 = ro
i1 + ni1 (3.3a)

r̃i1,j = v · d̃i1,j = r̃o
i1,j + ñi1,j (3.3b)

where ni1 and ñi1,j denote the RDOA noises and they are v times the TDOA noises.

The true RDOA ro
i1 is equal to the difference between the ranges of the unknown source

to the two sensors, i.e.,

ro
i1 = ro

i − ro
1 = ||uo − so

i || − ||uo − so
1|| (3.4)

where ||⋆|| is the Euclidean norm. The true RDOA r̃o
i1,j from the jth calibration emitter

can be expressed in a similar form as

r̃o
i1,j = r̃o

i,j − r̃o
1,j = ||co

j − so
i || − ||co

j − so
1||. (3.5)
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For notation simplicity, we shall represent the RDOA measurements from the un-

known source by the vector r = [r21, r31, ..., rM1]
T = ro+n, where ro = [ro

21, r
o
31, ..., r

o
M1]

T ,

and those from the N calibration emitters as r̃ = [r̃21,1, r̃31,1, ..., r̃M1,1, r̃21,2, ..., r̃M1,N ]T =

r̃o + ñ, where r̃o = [r̃o
21,1, r̃

o
31,1, ..., r̃

o
M1,1, r̃o

21,2, ..., r̃
o
M1,N ]T . n and ñ are modeled as zero

mean Gaussian random vectors with covariance matrices Qα and Qc. The noise vectors

Ψ, e, n and ñ are assumed to be independent with one another but the elements within

each noise vector can be correlated. In other words, the covariance matrices of these

noise vectors are not confined to diagonal matrices. The noise covariance matrices Qβ

for sensor positions, Qe for calibration positions, Qα for unknown source RDOAs and

Qc for calibration RDOAs are assumed to be known a priori.

The localization task considered here can be viewed as a special case of the Bayesian

sensor network localization problem [38, 53]. In this perspective, the problem we address

is to estimate from TDOA measurements the position of a source with non-informative

prior using a sensor network composed of receiving sensors and transmitting (calibra-

tion) sensors whose positions are described by prior distributions.

For comparison with the results in Chapter 2, we shall consider using a single cal-

ibration emitter (i.e., N = 1) for locating the unknown source in Section 3.2 to 3.4.

In such a case, c = c1, e = e1, r̃ = [r̃21,1, r̃31,1, ..., r̃M1,1]
T , Qe is 3 × 3 and Qc is

(M − 1) × (M − 1). The CRLB result and the localization algorithm developed for

the single calibration emitter case will be generalized to the localization scenario with

multiple calibration emitters in Section 3.5.

3.2 CRLB Analysis

Under the localization scenario described in Section 3.1, besides the source location

uo, both the sensor position vector so and the calibration position vector co are not

known. The CRLB of uo is evaluated through the use of the composite unknown
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parameter vector φ = [uoT , soT , coT ]T . Because r, r̃, s and c are Gaussian distributed

and independent with one another, the logarithm of the probability density function of

the data vector v = [rT , r̃T , sT , cT ]T is

lnp(v; φ) = K − 1

2
(r − ro)TQ−1

α (r − ro) − 1

2
(r̃ − r̃o)TQ−1

c (r̃ − r̃o)

− 1

2
(s− so)TQ−1

β (s− so) − 1

2
(c − co)TQ−1

e (c − co)
(3.6)

where K is a constant that does not depend on the unknowns. Applying partial deriva-

tives with respect to φ twice, negating the sign and taking expectation give the Fisher

information matrix (FIM)

FIM =





X Y O
YT Z RT

O R P



 (3.7)

where

X3×3 = −E

[
∂2ln p

∂uo∂uoT

]

=

(
∂ro

∂uo

)T

Q−1
α

(
∂ro

∂uo

)

(3.8a)

Y3×3M = −E

[
∂2ln p

∂uo∂soT

]

=

(
∂ro

∂uo

)T

Q−1
α

(
∂ro

∂so

)

(3.8b)

Z3M×3M = −E

[
∂2ln p

∂so∂soT

]

= Q−1
β +

(
∂ro

∂so

)T

Q−1
α

(
∂ro

∂so

)

+

(
∂r̃o

∂so

)T

Q−1
c

(
∂r̃o

∂so

)

(3.8c)

R3×3M = −E

[
∂2ln p

∂co∂soT

]

=

(
∂r̃o

∂co

)T

Q−1
c

(
∂r̃o

∂so

)

(3.8d)

P3×3 = −E

[
∂2ln p

∂co∂coT

]

= Q−1
e +

(
∂r̃o

∂co

)T

Q−1
c

(
∂r̃o

∂co

)

(3.8e)
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and O is a 3 × 3 zero matrix. Let ρa,b = a−b
||a−b||

be the unit vector from b to a. From

(3.4) and (3.5), the (i − 1)th rows, i = 2, 3, ..., M , of
(

∂ro

∂uo

)
,
(

∂ro

∂so

)
,
(

∂r̃o

∂co

)
and

(
∂r̃o

∂so

)
are

(
∂ro

i1

∂uo

)T

=
[

ρT
uo,so

i
− ρT

uo,so
1

]

(3.9a)

(
∂ro

i1

∂so

)T

=



ρT
uo,so

1

, 0T

︸︷︷︸

1×3(i−2)

,−ρT
uo,so

i
, 0T

︸︷︷︸

1×3(M−i)



 (3.9b)

(
∂r̃o

i1,1

∂co

)T

=
[

ρT
co,so

i
− ρT

co,so
1

]

(3.9c)

(
∂r̃o

i1,1

∂so

)T

=



ρT
co,so

1

, 0T

︸︷︷︸

1×3(i−2)

,−ρT
co,so

i
, 0T

︸︷︷︸

1×3(M−i)



 . (3.9d)

The CRLB of φ, denoted by CRLB(φ), is the inverse of the FIM. The upper-

left three-by-three block of CRLB(φ) is the CRLB of the unknown source position uo

and it will be denoted as CRLB(uo)c. Through applying partitioned matrix inversion

formula [52] twice, Appendix B.1 shows that

CRLB(uo)c = X−1 + X−1Y
(
Z− YTX−1Y − RTP−1R

)−1
YTX−1. (3.10)

X−1 is the CRLB of uo when the sensor position error is absent [12] and will be denoted

as CRLB(uo). The second term in the above equation is the aggregation of increase in

the CRLB due to the sensor and calibration position errors. The trace of CRLB(uo)c

is the minimum possible localization MSE that any unbiased estimator can achieve.

In the rest of this section, we shall perform a comprehensive analysis on the CRLB

of the source location given in (3.10). Specifically, Section 3.2.1 examines the increase

in CRLB resulted from inaccurate calibration emitter position for the purpose of un-

derstanding the effect of calibration position error on the source localization accuracy.

In Section 3.2.2, we study the performance improvement due to the use of a calibration

emitter with position error over the case where the calibration emitter is not utilized.

This section ends with some numerical examples in Section 3.2.3 to illustrate the ob-

tained CRLB results.
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3.2.1 Performance Degradation from Calibration Position Er-

ror

We shall contrast CRLB(uo)c, the CRLB with calibration position error, with CRLB(uo)co,

the CRLB without calibration position error. CRLB(uo)co is given in (2.11) of Chapter

2 as

CRLB(uo)co = X−1 + X−1Y(Z−YTX−1Y)−1YTX−1. (3.11)

Comparing (3.10) with (3.11) indicates that the calibration position error introduces

the additional component −RTP−1R in the matrix to be inverted. Applying the matrix

inversion Lemma [52] to ((Z−YTX−1Y)−RTP−1R)−1, substituting back into (3.10)

and using CRLB(uo)co from (3.11) yield

CRLB(uo)c − CRLB(uo)co = X−1YΥYTX−1 (3.12)

where Υ = B−1RT
(
P − RB−1RT

)−1
RB−1 and B =

(
Z− YTX−1Y

)
. The term on

the right hand side of (3.12) is the increase in CRLB of source location estimate due

to the calibration position error. It is positive semidefinite because it has a symmetric

structure, the matrix R defined in (3.8d) does not have full column rank and the matrix

(P − RB−1RT ) is positive definite (see Appendix B.2). Hence, the best achievable

localization accuracy with calibration position error will be worse than the one with

accurate calibration emitter location information, as expected.

We shall come up with an alternative form of CRLB(uo)c to gain some physical

insights. Define Ž as Ž = Z−RT P−1R. Substituting the definitions of Z, R and P from

(3.8), applying the matrix inversion lemma [52] to the term
(

∂r̃o

∂so

)T
Q−1

c

(
∂r̃o

∂so

)
−RTP−1R

and simplifying, we can express Ž as

Ž = Q−1
β +

(
∂ro

∂so

)T

Q−1
α

(
∂ro

∂so

)

+

(
∂r̃o

∂so

)T
(

Qc +

(
∂r̃o

∂co

)

Qe

(
∂r̃o

∂co

)T
)−1(

∂r̃o

∂so

)

.

(3.13)
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Using the definition of Ž in (3.10) gives an alternative expression of CRLB(uo)c,

CRLB(uo)c = X−1 + X−1Y(Ž− YTX−1Y)−1YTX−1. (3.14)

(3.14) has the same form as CRLB(uo)co shown in (3.11), except that Z is replaced by

Ž. From (3.8c) and (3.13), the difference between Z and Ž lies in their third summands.

The presence of calibration position error introduces an increment of
(

∂r̃o

∂co

)
Qe

(
∂r̃o

∂co

)T

into the matrix to be inverted. In other words, CRLB(uo)c can be considered as the

CRLB of an equivalent localization problem where the accurate calibration emitter

position is available but the calibration measurements are degraded to have an increased

covariance matrix of Qc +
(

∂r̃o

∂co

)
Qe

(
∂r̃o

∂co

)T
. This observation leads to the interesting

interpretation that the calibration position error affects the source localization accuracy

through decreasing the quality of the calibration TDOAs.

We next examine the sensitivity of the CRLB of unknown source location in (3.14)

to the calibration position error. Note that each row of (∂r̃o/∂co) is the difference of

two unit vectors (see (3.9c)) and the difference would become smaller as the calibration

emitter moves farther away from the sensor array. As a result, the term that governs

the increase in CRLB due to the calibration position error,
(

∂r̃o

∂co

)
Qe

(
∂r̃o

∂co

)T
, would

become close to a zero matrix. Hence, the CRLB of the unknown source position is less

affected by the calibration position error when the calibration emitter is distant from

the sensor array. Alternatively, it is more sensitive to the calibration position error if

the calibration emitter is closer to the sensor array.

3.2.2 Improvement from Using A Calibration Emitter with
Position Error

The CRLB without using a calibration emitter, denoted by CRLB(uo)o, is given in

(12) of [12]. It has the same functional form as CRLB(uo)c in (3.14), except that

Ž is replaced by Ẑ = Q−1
β +

(
∂ro

∂so

)T
Q−1

α

(
∂ro

∂so

)
. From the definition of Ž in (3.13),
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we note that the deployment of a calibration emitter introduces the additional term

(
∂r̃o

∂so

)T
(

Qc +
(

∂r̃o

∂co

)
Qe

(
∂r̃o

∂co

)T
)−1 (

∂r̃o

∂so

)
. Expressing Ž in (3.13) in terms of Ẑ, applying

the matrix inversion Lemma [52] to the component (Ž − YTX−1Y)−1 in (3.14) and

using the definition of CRLB(uo)o, it can be verified that CRLB(uo)o − CRLB(uo)c

is positive semidefinite. Hence, using a calibration emitter, although its position is

not known exactly, remains to provide potential improvement in source localization

accuracy.

In the extreme case where the calibration emitter location is completely unknown,

i.e, the covariance matrix of the calibration position error tends to infinity, it turns

out that the difference CRLB(uo)o−CRLB(uo)c remains positive semidefinite and non-

zero. In other words, even if we have no knowledge about the calibration emitter

location, the utilization of calibration TDOA measurements is still able to improve

the source localization accuracy. This result has also been reported from previous

studies [38, 40, 53, 54] on sensor network localization where signals of opportunity were

used to improve performance.

3.2.3 Numerical Examples

To illustrate the CRLB results presented above, we generate some numerical values

using the localization geometry depicted in Fig. 3.2. There are six sensors in total and

their true positions are summarized in Table 3.1. The distant unknown source uo is po-

sitioned at [2000, 2500, 3000]Tm. The calibration emitter co can either be at the position

[1500, 1550, 1500]Tm that is farther away from the sensor array or at [450, 125, 300]Tm

that is closer to the sensor array. The covariance matrices of the RDOA measurements

are Qα = Qc = σ2
rJ, where σ2

r = 10−3 and J is a square symmetric matrix whose

diagonal elements are equal to 1 and all other elements are 0.5. The covariance matrix

of the sensor position error is chosen as Qβ = σ2
sI and that of the calibration position
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error is set to be Qe = σ2
eI for simplicity.

Table 3.1: True Positions (In Meters) of Sensors
sensor no. i xo

s,i yo
s,i zo

s,i

1 300 100 150
2 400 150 100
3 300 500 200
5 -100 -100 -100
4 350 200 100
6 200 -300 -200
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Figure 3.2: Localization geometry. The open triangle is the unknown source location.
The open circles represent the true sensor positions. The open squares denote the true
possible calibration emitter positions.

We examine, in Fig. 3.3, the effect of calibration position error on the source

localization accuracy by varying the calibration position noise power σ2
e . σ2

s is fixed

at −20 in log scale (10log10(σ
2
s )) and the trace of CRLB(uo)c from (3.10) (curve (2))

is plotted as a function of σ2
e/σ

2
s . The traces of CRLB(uo)o (curve (1)), CRLB(uo)co

(curve (3)) and CRLB(uo) (curve (4)) are also shown for comparison. Fig. 3.3(a) gives

the results when co = [1500, 1550, 1500]Tm. It is evident that the lower bound of source
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localization error with calibration position uncertainty (curve (2)) is always larger than

the one without (curve (3)) and this is consistent with the analytical result in (3.12). On

the other hand, when σ2
e/σ

2
s becomes sufficiently large, i.e, the given calibration emitter

position becomes highly unreliable, the bound approaches 37 in log scale, the value of

the bound when the calibration emitter location is completely unknown. Interestingly,

even with no knowledge of the calibration emitter position, using the calibration TDOAs

remains to provide an improvement, in this simulation, of 1.38dB over the case without

using the calibration source (curve (1)).

The CRLB results for co = [450, 125, 300]Tm are shown in Fig. 3.3(b). The observa-

tions are similar to those from Fig. 3.3(a). The lower bound with calibration position

error (curve (2)) converges to 38.27 in log scale, which is 0.11dB lower than the case

without using the calibration emitter (curve (1)). Besides, it starts deviating from the

one without calibration position error (curve (3)) when σ2
e/σ

2
s ≤ −10dB, which is 20dB

earlier compared to the case when the calibration emitter is far from the sensor array.

This observation confirms the analysis at the end of Section 3.2.1 that the CRLB of the

unknown source location is more sensitive to the calibration position error, when the

calibration emitter is closer to the sensor array.

We next examine, in Fig. 3.4, the effect of varying the amount of sensor position

noise power on the localization performance. In this simulation, the calibration position

noise power σ2
e is set to be 10 in log scale for Fig. 3.4(a) and -10 in log scale for Fig.

3.4(b). The traces of CRLB(uo)c (curve (2)), CRLB(uo)co (curve (3)), CRLB(uo)o

(curve (1)) and CRLB(uo) (curve (4)) are depicted as function of σ2
s/σ

2
r . When the

calibration emitter farther away from the sensor array is used, Fig. 3.4(a) shows that

the calibration position error degrades the source localization accuracy only when the

sensor position noise power is comparable to or moderately bigger than the RDOA

measurement noise power (0dB ≤ σ2
s/σ

2
r ≤ 30dB). When σ2

s/σ
2
r ≥ 35dB, the difference

58



−20 −10 0 10 20 30 40 50 60

25

30

35

40

σ
e
2/σ

s
2 (dB)

10
lo

g(
P

os
iti

on
 M

S
E

(m
2 ))

(a)

−20 −10 0 10 20 30 40 50 60

25

30

35

40

σ
e
2/σ

s
2 (dB)

10
lo

g(
P

os
iti

on
 M

S
E

(m
2 ))

(b)

(4)

(4)

(3)

(2)

(3)

(2)

(1)

(1)

Figure 3.3: Comparison of the CRLBs of uo as a function of σ2
e/σ

2
s when a calibration

emitter is present. (a) Calibration emitter farther away from the sensor array. (b)
Calibration emitter closer to the sensor array. (1) tr(CRLB(uo)o) from (12) in [12], (2)
tr(CRLB(uo)c) from (3.10), (3) tr(CRLB(uo)co) from (3.11), (4) tr(CRLB(uo)).

between the bounds with and without calibration position error (curve (2) and curve

(3)) would become very small. This is because in this case, the calibration position

is relatively accurate compared to the sensor positions. Fig. 3.4(b) plots the CRLB

results when the calibration emitter is closer to the sensor array and it exhibits similar

trends as in Fig. 3.4(a). Here, the calibration position error of smaller power indeed

causes considerable degradation in the source localization accuracy over a wider range

of sensor position noise power (−10dB ≤ σ2
s/σ

2
r ≤ 30dB). This can be attributed to the

analysis result in Section 3.2.1 that the localization accuracy is degraded more by the

calibration position error when the distance between the calibration emitter and the

sensor array is small.
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Figure 3.4: Comparison of the CRLBs of uo as a function of σ2
s/σ

2
r when a calibration

emitter is present. (a) Calibration emitter farther away from the sensor array. (b)
Calibration emitter closer to the sensor array. (1) tr(CRLB(uo)o) from (12) in [12], (2)
tr(CRLB(uo)c) from (3.10), (3) tr(CRLB(uo)co) from (3.11), (4) tr(CRLB(uo)).

3.3 Analysis When Ignoring Calibration Position

Error

In this section, we shall investigate the effect of neglecting calibration position error

on the source localization accuracy when using a single calibration emitter. The MSE

matrix of source location estimate generated by a pseudo ML estimator that pretends

the erroneous calibration position is accurate is derived. Then, it is compared with the

CRLB of the unknown source position from the last section to quantify the performance

degradation due to the ignorance of the calibration position error. Simulations are

provided at the end of the section to confirm the theoretical development.

Suppose we would like to jointly estimate the source location uo and the true sensor
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position vector so using the RDOA measurements from the unknown source and the

calibration emitter. The available calibration emitter position c is assumed to be exact,

although it has error. Denote the corresponding estimates of uo and so as ǔ and š and

collect them as θ̌ = [ǔT , šT ]T . The pseudo ML cost function when pretending that the

calibration position error is absent is

(
m − g(θ̌)

)T
W−1

(
m − g(θ̌)

)
(3.15)

where m = [rT , r̃T , sT ]T = mo + ∆m is the composite measurement vector, mo =

[roT , r̃oT , soT ]T is the true measurement vector, and ∆m = [nT , ñT ,ΨT ]T is the mea-

surement noise vector. g(θ̌) is the constructed measurement vector using the estimate

θ̌ and the calibration emitter position c. It is equal to g(θ̌) = [r(θ̌)T , r̃(θ̌)T , šT ]T , where

r(θ̌) = [r21(θ̌), r31(θ̌), ..., rM1(θ̌)]T , r̃(θ̌) = [r̃21(θ̌), r̃31(θ̌), ..., r̃M1(θ̌)]T ,

rk1(θ̌) = ||ǔ− šk|| − ||ǔ− š1||, k = 2, 3, ..., M (3.16a)

r̃k1(θ̌) = ||c− šk|| − ||c− š1||, k = 2, 3, ..., M. (3.16b)

W is the covariance matrix of m, i.e.,

W = cov(∆m) = diag[Qα,Qc,Qβ]. (3.17)

g(θ̌) is a non-linear function of θ̌. If we linearize g(θ̌) around θ̌ = θo, where

θo = [uoT , soT ]T is the true solution, the first-order approximation is

g(θ̌) ≃ g(θo) + G(θo)(θ̌ − θo) (3.18)

where g(θo) = [roT , r̃(θo)T , soT ]T and G(θo) is the Jacobian matrix defined as

G(θo) =









(

∂r(
ˇθ)

∂ǔ

)
∣
∣
θ

o

(

∂r(
ˇθ)

∂š

)
∣
∣
θ

o

O(M−1)×3

(

∂r̃(
ˇθ)

∂š

)
∣
∣
θ

o

O3M×3 I3M×3M









. (3.19)
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The first-order approximation (3.18) is valid when the power of the measurement noise

∆m is small so that θ̌ is not too much deviated from θo. Comparing (3.16a) and (3.4),

we notice immediately that (∂r(θ̌)/∂ǔ)|θo and (∂r(θ̌)/∂š)|θo are equal to (∂ro/∂uo)

and (∂ro/∂so) defined through (3.9a) and (3.9b). Furthermore, it can be seen from

(3.16b) and (3.5) that (∂r̃(θ̌)/∂š)|θo has the same functional form as (∂r̃o/∂so) defined

through (3.9d), except that the true calibration emitter position co is replaced by its

noisy version c. Substituting (3.18) into (3.15) and solving the minimization problem

give

θ̌ = θo +
(
G(θo)TW−1G(θo)

)−1
G(θo)TW−1(m − g(θo)). (3.20)

Subtracting the true solution θo from both sides of (3.20) yields the estimation error

ǫ = θ̌ − θo =
(
G(θo)TW−1G(θo)

)−1
G(θo)TW−1(m − g(θo)) (3.21)

where the first three elements of ǫ are the components of the source localization error.

The estimation error ǫ is non-linear with respect to the calibration position error,

because the noisy calibration emitter position c appears in both G(θo) and g(θo).

As a result, it is very difficult to derive the covariance matrix of ǫ through direct

evaluation of E[ǫǫT ] from (3.21). Assuming the calibration position error is small so

that the difference between (∂r̃(θ̌)/∂š)|θo and (∂r̃o/∂so) is negligible, G(θo) can be

approximated by Ḡ as

Ḡ =






(
∂ro

∂uo

)

(M−1)×3

(
∂ro

∂so

)

(M−1)×3M

O(M−1)×3

(
∂r̃o

∂so

)

(M−1)×3M

O3M×3 I3M×3M




 . (3.22)

Correspondingly, the estimation error ǫ would become

ǫ =
(
ḠTW−1Ḡ

)−1
ḠTW−1(m− g(θo)). (3.23)

We proceed to simplify (m−g(θo)). Linearizing r̃(θo) around co up to the first-order

term yields

r̃(θo) ≃ r̃(θo)|co + H · e (3.24)
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where H = (∂r̃o/∂co) and e = c−co. Note that r̃(θo)|co is in fact identical to r̃o defined

below (3.5). Substituting m = mo + ∆m and using (3.24), we have

m − g(θo) = ∆m− [0T
(M−1)×1, (H · e)T , 0T

3M×1]
T . (3.25)

The covariance matrix of (3.25) is, since ∆m and e are uncorrelated,

cov(m− g(θo)) = W + M (3.26)

where M is defined as

M = diag
[
O(M−1)×(M−1),HQeH

T ,O3M×3M

]
. (3.27)

Putting (3.25) into (3.23) and taking expectation show that ǫ is zero mean because ∆m

and e are zero mean. Hence, θ̌ is unbiased under first-order approximation. Multiplying

(3.23) with its transpose, taking expectation and simplifying yield the covariance matrix

of θ̌

cov(θ̌) =
(
ḠTW−1Ḡ

)−1
+
(
ḠTW−1Ḡ

)−1
ḠTW−1MW−1Ḡ

(
ḠTW−1Ḡ

)−1
. (3.28)

Note that the covariance matrix of the calibration position error Qe only appears

in M, as shown in (3.27). The contribution of the calibration position noise to the

estimation accuracy of θ̌ is governed by the matrix H defined under (3.24), whose

(i− 1)th row, i = 2, 3, ..., M, is given in (3.9c). By following the same argument at the

end of Section 3.2.1 used to analyze the sensitivity of the source location CRLB to the

calibration position error, we obtain a similar conclusion that the estimation accuracy

of θ̌ is more sensitive to the position error of the calibration emitter when it is located

closer to the sensor array.

The covariance matrix of the source location estimate ǔ is the upper left three-by-

three block of cov(θ̌). As shown in Appendix B.3, it is equal to

cov(ǔ) = CRLB(uo)co + X−1YB−1RTQeRB−1YTX−1 (3.29)
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where CRLB(uo)co is given in (3.11), X, Y and R are given in (3.8a), (3.8b) and

(3.8d), respectively, and B is defined under (3.12). When both the RDOA noise and

the calibration position error are not large, the covariance matrix of ǔ in (3.29) is

applicable to any location estimator that can achieve the CRLB accuracy in the absence

of calibration position error.

We next compare cov(ǔ) with CRLB(uo)c, the best achievable localization accu-

racy in the presence of position errors in both the sensors and the calibration emitter.

Subtracting (3.12) from (3.29), using the definition of Υ in (3.12) and simplifying yield

cov(ǔ) − CRLB(uo)c = X−1YB−1RT
(
Qe − (P − RB−1RT )−1

)
RB−1YTX−1 (3.30)

where P is defined in (3.8e). The term on the right hand side of (3.30) is the performance

degradation with respect to the CRLB resulted from ignoring the calibration position

error. From (B.7) and the discussion following (B.7) in Appendix B.2, we have that

(P−RB−1RT )−Q−1
e is positive definite. Hence, Qe−(P−RB−1RT )−1 is also positive

definite. Since R does not have full column rank, the entire matrix on the right of (3.30)

is positive semidefinite. In other words, if we do not take the calibration position error

into consideration, the source position estimate will not reach the CRLB accuracy.

Indeed, the difference between cov(ǔ) and the CRLB can be very significant even when

the calibration position error is not large, as illustrated in the example below.

We plot in Fig. 3.5 the trace of cov(ǔ), the MSE of the source location estimate

when ignoring the calibration position error, as a function of calibration position noise

power over the sensor position noise power σ2
e/σ

2
s , where σ2

s is set to -20 in log scale.

The localization geometry is the same as that in Fig. 3.2. The upper plot is for

co = [1500, 1550, 1500]Tm that is far from the sensor array and the lower is for co =

[450, 125, 300]Tm that is close to the sensor array. The algorithm proposed in Section 2.4

was used to estimate the unknown source position and the corresponding localization
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MSE is obtained by an average of 104 ensemble runs. In each ensemble run, the noisy

RDOAs and the erroneous sensor and calibration emitter positions are created by adding

newly generated noises to the true values. The MSEs from simulation are shown in

square symbol and the solid line (4) is from the formula (3.29). The simulation results

match the theoretical values quite well. When contrasting with the best achievable

accuracy tr(CRLB(uo)c) (curve (2)), tr(cov(ǔ)) (curve (4)) is always greater, which is

consistent with the analytical result in (3.30). Moreover, comparing Fig. 3.5(a) and Fig.

3.5(b) reveals that tr(cov(ǔ)) starts to deviate from tr(CRLB(uo)c) at a smaller value

of σ2
e/σ

2
s when the calibration emitter is closer to the sensor array. This observation

is expected from the analysis under (3.28) that the calibration position noise affects

the source location estimate ǔ more if the calibration emitter is closer to the sensor

array. Finally, as σ2
e/σ

2
s increases, the difference between tr(cov(ǔ)) and tr(CRLB(uo)c)

grows rapidly. After σ2
e/σ

2
s reaches a certain value (as low as 5dB in Fig. 3.5(b)), the

location MSE of ǔ becomes even greater than the one without a calibration source.

This observation can be inferred from (3.29) that the MSE of ǔ is proportional to the

covariance matrix of the calibration position error Qe, but the one without using the

calibration emitter does not depend on it. Hence, in order to improve the accuracy by

exploiting the calibration emitter, it is necessary to take the calibration position error

into account when designing a source localization algorithm.

3.4 Closed-Form Localization Algorithm

This section extends the algebraic localization algorithm presented in Section 2.4 to

estimate the unknown source position in the presence of sensor and calibration position

errors. The proposed solution is closed-form and computationally attractive. Further-

more, the proposed solution will be shown analytically to reach the CRLB accuracy

when certain conditions are met. The new method is developed next and the theoreti-
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Figure 3.5: Comparison of the CRLBs of uo and the localization MSE when assuming
no calibration position error in the single calibration emitter scenario. (a) Calibra-
tion emitter farther away from the sensor array. (b) Calibration emitter closer to the
sensor array. (1) tr(CRLB(uo)o) from (12) in [12], (2) tr(CRLB(uo)c) from (3.10),
(3) tr(CRLB(uo)co) from (3.11), (4) tr(cov(ǔ)) from (3.29), MSE from the solution in
Section 2.4: square symbol.
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cal analysis on its localization performance will follow.

3.4.1 Algorithm

The proposed solution is composed of three stages. The first stage uses the calibration

RDOA measurements to improve the sensor positions. The statistical knowledge of the

calibration position error is explicitly exploited to guarantee that the updated sensor

positions are statistically as good as, if not better than, the original ones. The remaining

two stages utilize the improved sensor positions and the RDOA measurements from the

unknown source to estimate its position. These two stages are the same as those in the

solution developed in Section 2.4. We shall present the first stage of the new algorithm

in details. The computations of the second and third stages are summarized for the

completeness of the proposed algorithm.

Stage-1 : Using the noisy sensor positions si and the erroneous calibration emitter

position c, we can generate a predicted version of the calibration RDOAs

r̂i1,1 = ||c− si|| − ||c− s1||, i = 2, 3, ..., M. (3.31)

Subtracting r̂i1,1 from r̃i1,1 in (3.3b) yields the difference between the measured calibra-

tion RDOA and its prediction

r̃i1,1 − r̂i1,1 = r̃o
i1,1 − ||c − si|| + ||c− s1|| + ñi1,1, i = 2, 3, ..., M. (3.32)

After substituting the definition of r̃o
i1,1 in (3.5) and the error models (3.1) and (3.2),

we arrive at

r̃i1,1− r̂i1,1 = (||c−e−si+Ψi||−||c−si||)−(||c−e−s1+Ψ1||−||c−s1||)+ ñi1,1. (3.33)

(3.33) indicates that the value of r̃i1,1 − r̂i1,1 indeed contains information regarding

the realizations of the random sensor position errors Ψi. Our interest is to obtain an

estimate of Ψi from r̃i1,1 − r̂i1,1 in order to improve the sensor positions. The above
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task is non-trivial, since we have to take the calibration position error e into account

when estimating Ψi. Furthermore, the estimation is complicated by the fact that the

difference r̃i1,1 − r̂i1,1 is non-linearly related to both Ψi and e, as shown in (3.33). To

address these difficulties, we expand ||c− e− si +Ψi|| up to the linear terms of Ψi and

e as

||c − e − si + Ψi|| ≃ ||c − si|| + ρT
c,si

Ψi − ρT
c,si

e. (3.34)

Putting (3.34) back into (3.33) and simplifying yield

r̃i1,1 − r̂i1,1 ≃ ρT
c,si

Ψi − ρT
c,s1

Ψ1 + (ρT
c,s1

− ρT
c,si

) · e + ñi1,1. (3.35)

Expressing (3.35) in matrix form, we have

hc = GcΨ + Ge · e + ñ (3.36)

where hc = [r̃21,1 − r̂21,1, r̃31,1 − r̂31,1, ..., r̃M1,1 − r̂M1,1]
T and ñ is the calibration RDOA

noise vector. Ψ is the composite sensor position error vector defined below (3.1). Gc

is an (M − 1)× 3M matrix and Ge is an (M − 1)× 3 matrix. The (i− 1)th rows of Gc

and Ge, i = 2, 3, ..., M , are

Gc[i − 1, :] =



−ρT
c,s1

, 0T

︸︷︷︸

1×3(i−2)

, ρT
c,si

, 0T

︸︷︷︸

1×3(M−i)



 (3.37a)

Ge[i − 1, :] =
[
ρT

c,s1
− ρT

c,si

]
. (3.37b)

We shall estimate Ψ based on the linear model (3.36). As specified in Section

3.1, Ψ is a zero mean Gaussian random vector with covariance matrix Qβ . The term

Ge·e+ñ follows a multivariate Gaussian distribution with mean 0(M−1)×1 and covariance

matrix GeQeG
T
e + Qc, because e and ñ are independent zero mean Gaussian random

vectors with covariance matrices Qe and Qc. Applying the Bayesian Gauss-Markov

theorem [36], we obtain the linear minimum MSE (LMMSE) estimate of Ψ as

Ψ̂ =
(

Q−1
β + GT

c

(
GeQeG

T
e + Qc

)−1
Gc

)−1

GT
c

(
GeQeG

T
e + Qc

)−1
hc. (3.38)

68



The covariance matrix of Ψ̂ is

cov(Ψ − Ψ̂) =
(

Q−1
β + GT

c

(
GeQeG

T
e + Qc

)−1
Gc

)−1

. (3.39)

Subtracting Ψ̂ from the original sensor position vector s yields the improved sensor

position vector ŝ, that is,

ŝ = s − Ψ̂. (3.40)

Note that since s = so + Ψ, ŝ can be expressed as ŝ = so + Ψ − Ψ̂. The covariance

matrix of ŝ is identical to the covariance matrix of Ψ̂ given in (3.39). Taking the

inverse of cov(Ψ − Ψ̂) and comparing with Q−1
β leads to cov(Ψ − Ψ̂)−1 − Q−1

β =

GT
c

(
GeQeG

T
e + Qc

)−1
Gc. Because the right side has symmetric structure and Gc does

not have full column rank, Qβ −cov(Ψ−Ψ̂) is positive semidefinite. In other words, by

utilizing the statistical information of the calibration position error, the updated sensor

position vector would never be worse than, if not better than, the original one. In the

next two stages, the improved sensor positions ŝ will be used to compute the unknown

source location estimate. The processing in these two stage is summarized below and

the readers are referred to Section 2.4 for the details.

Stage-2: This stage exploits the RDOA measurements from the unknown source to

estimate the source position uo and the extra variable r̂o
1 = ||uo − ŝ1|| that is assumed

to be unrelated to uo. The relation between uo and r̂o
1 will be used in the third stage

to improve accuracy.

The pseudo linear solution equation for the unknown vector ϕo
1 = [uoT , r̂o

1]
T is

ε1 = h1 −G1ϕ
o
1 (3.41)

where ε1 denotes the equation error vector, h1 = [r2
21 − ŝT

2 ŝ2 + ŝT
1 ŝ1, ..., r

2
M1 − ŝT

M ŝM +

ŝT
1 ŝ1]

T , ri1 is the RDOA measurement from the unknown source (see (3.3a)) and ŝj ,

j = 1, 2, ..., M are the updated sensor positions from (3.40). G1 is an (M − 1) × 4
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matrix whose (i − 1)th row is −2
[
(ŝi − ŝ1)

T , ri1

]
, i = 2, 3, ..., M . The weighted least

squares (WLS) solution to (3.41) is

ϕ1 =
(
GT

1 W1G1

)−1
GT

1 W1h1 (3.42)

where W1 is the weighting matrix defined as

W1 = E[ε1ε
T
1 ]−1 =

(

B1QαB
T
1 + D1 · cov(Ψ − Ψ̂) · DT

1

)−1

(3.43)

Qα is the covariance matrix of the RDOA measurement vector r and cov(Ψ − Ψ̂) is

given in (3.39). B1 is a diagonal matrix equal to B1 = 2 · diag[ro
2, r

o
3, ..., r

o
M ], where

ro
i = ||uo − so

i ||. D1 is an (M − 1) × 3M matrix and its (i − 1)th row is

2
[
−ro

i1ρ
T
uo,ŝ1

− (uo − ŝ1)
T , 0T

3(i−2)×1, (uo − ŝi)
T , 0T

3(M−i)×1

]

where ro
i1 is the true RDOA given in (3.4). Under the condition that both the RDOA

measurement noise and the errors in the updated sensor positions are sufficiently small,

the covariance matrix of ϕ1 is cov(ϕ1) =
(
GT

1 W1G1

)−1
.

Stage-3 : Exploring the functional relationship between uo and r̂o
1 results in the

following solution equation for the unknown vector ϕo
2 = (uo − ŝ1) ⊙ (uo − ŝ1):

ε2 = h2 −G2ϕ
o
2 =

[
(ϕ1(1 : 3) − ŝ1) ⊙ (ϕ1(1 : 3) − ŝ1)

ϕ1(4)2

]

−
[
I3×3

1T
3×1

]

ϕo
2 (3.44)

where ⊙ represents the element by element multiplication and 13×1 is a three-by-one

vector of unity. Applying again the WLS to (3.44) yields the solution

ϕ2 =
(
GT

2 W2G2

)−1
GT

2 W2h2 (3.45)

where the weighting matrix W2 is

W2 = E
[
ε2ε

T
2

]−1
= B−T

2

(
GT

1 W1G1

)
B−1

2 (3.46)

and B2 = 2·diag[(uo−ŝ1)
T , r̂o

1]. The covariance matrix of ϕ2 is cov(ϕ2) =
(
GT

2 W2G2

)−1
.
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The source location estimate u is obtained by re-mapping ϕ2 into u using

u = diag[sign(ϕ1(1 : 3) − ŝ1)]
√

ϕ2 + ŝ1 (3.47)

where sign(⋆) is the sign function and the diagonal matrix diag[sign(ϕ1(1 : 3) − ŝ1)] is

used to eliminate the sign ambiguity due to the square-root operation. The covariance

matrix of u is

cov(u) = B−1
3

(
GT

2 W2G2

)−1
B−T

3 (3.48)

where B3 = 2 · diag[uo − ŝ1].

To summarize, the unknown source location estimate u is obtained by evaluating

sequentially (3.38), (3.40), (3.42), (3.45) and (3.47). Note that the weighting matrices

W1 and W2 depend on the true source location uo and the true sensor positions so
i that

are not available (see (3.43) and (3.46)). These difficulties in the algorithm implemen-

tation can be bypassed using the approximated version of W1 and W2 (see the second

paragraph below (2.58) for more details) and the resultant performance degradation is

insignificant.

3.4.2 Performance analysis

We shall investigate the efficiency of the proposed localization algorithm with respect

to the CRLB. Instead of comparing with the CRLB directly, it will be more convenient

to compare the inverse of the CRLB of the source location uo and that of the covariance

matrix of u. The CRLB is given in (3.14). Applying the matrix inversion Lemma [52]

and substituting the definitions of X and Y in (3.8a) and (3.8b) yield

CRLB(uo)−1
c =

(
∂ro

∂uo

)T

Q−1
α

(
∂ro

∂uo

)

−
(

∂ro

∂uo

)T

Q−1
α

(
∂ro

∂so

)

Ž−1

(
∂ro

∂so

)T

Q−1
α

(
∂ro

∂uo

)

(3.49)
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where Ž is defined in (3.13). Following the same approach adopted in the Appendix

A.3, the inverse of cov(u) from (3.48) is

cov(u)−1 = GT
3 Q−1

α G3 − GT
3 Q−1

α G4Ż
−1GT

4 Q−1
α G3 (3.50)

where G3 = B−1
1 G1B

−1
2 G2B3, G4 = B−1

1 D1 and

Ż = Q−1
β + GT

4 Q−1
α G4 + GT

c

(
GeQeG

T
e + Qc

)−1
Gc. (3.51)

Comparing (3.49) and (3.50) reveals that CRLB(uo)−1
c and cov(u)−1 have the same

structural form. We shall establish their equality using the following two conditions:

(C3-1) ||Ψi||/||co − so
i || ≃ 0 and ||e||/||co − so

i || ≃ 0, i = 1, 2, ..., M ,

(C3-2) |ni1|/||uo − so
i || ≃ 0 and ||Ψi − Ψ̂i||/||uo − so

i || ≃ 0, i = 1, 2, ..., M .

The first condition indicates that the distance between the calibration emitter and

sensor i is much larger than the 2-norms of both the sensor position error Ψi and the

calibration position error e. The satisfaction of (C3-1) is required for the validity of the

first-order approximation in (3.34). This can be verified as follows. Note that (3.34)

is valid if ||Ψi||/||c − si|| ≃ 0 and ||e||/||c − si|| ≃ 0, i = 1, 2, ..., M . They are true if

(C3-1) is satisfied, because under (C3-1), we have, after substituting (3.1) and (3.2),

||c− si|| ≃ ||co − so
i || ·
√

1 − 2ρT
co,so

i

Ψi

||co − so
i ||

+ 2ρT
co,so

i
· e

||co − so
i ||

≃ ||co − so
i ||. (3.52)

The condition (C3-2) implies that the RDOA measurement noise and the error in the

updated sensor positions ŝi are small relative to the distance between the unknown

source and the ith sensor.

Under (C3-1) and (C3-2), Appendix A.4 has shown that G3 ≃ (∂ro/∂uo), G4 ≃

− (∂ro/∂so) and Gc ≃ − (∂r̃o/∂so). Putting these results into (3.50) and comparing

72



with (3.49) reveals that the difference between CRLB(uo)−1
c and cov(u)−1 is (∂r̃o/∂co)

versus Ge. Applying the condition (C3-1), Appendix B.4 proves that

Ge ≃ −
(

∂r̃o

∂co

)

. (3.53)

Therefore, we obtain

cov(u)−1 ≃ CRLB(uo)−1
c .

In other words, the proposed three-stage algorithm can achieve the CRLB accuracy and

therefore is an efficient estimator of the unknown source location, when the conditions

(C3-1) and (C3-2) are satisfied. In practice, (C3-1) and (C3-2) can be fulfilled if both the

unknown source and the calibration emitter are distant from the sensor array, and the

measurement noise, sensor position error and calibration position error are moderate.

For sources that are close to the sensor array, these conditions are still valid if the

measurement noise and the position errors in the sensors and calibration emitter are

sufficiently small.

3.5 Source Localization with Multiple Calibration

Emitters

So far our study focuses on a single calibration emitter. This section presents the results

when multiple calibration emitters are available. We shall re-examine the CRLB of the

source location and derive the conditions under which the effect of sensor position

error on the source localization accuracy can be completely removed through the use

of multiple calibration emitters. Then, the generalization of the localization algorithm

developed in Section 3.4 to the multiple calibration emitter scenario will be described.

Finally, a brief performance evaluation of the generalized solution with respect to the

CRLB will be given.
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3.5.1 CRLB Analysis

The CRLB result in Section 3.2, although derived for the single calibration emitter

scenario, is also valid for N(> 1) calibration emitters. The CRLB is in (3.14), where

X, Y and Ž are given in (3.8a), (3.8b) and (3.13). In (3.13), r̃o is now N(M − 1) × 1

as defined under (3.5), co is 3N × 1 as defined under (3.2) and the covariance matrices

Qc and Qe are N(M − 1)×N(M − 1) and 3N × 3N . Also, the Jacobian matrices (∂r̃o

∂so )

and (∂r̃o

∂co ) in Ž have N(M − 1) rows and from (3.5), their ((j − 1)(M − 1) + (i − 1))th

rows are

(
∂r̃o

i1,j

∂so

)

=



ρT
co

j ,so
1

, 0T

︸︷︷︸

1×3(i−2)

,−ρT
co

j ,so
i
, 0T

︸︷︷︸

1×3(M−i)



 (3.54a)

(
∂r̃o

i1,j

∂co

)

=



 0T

︸︷︷︸

1×3(j−1)

, ρT
co

j ,so
i
− ρT

co
j ,so

1

, 0T

︸︷︷︸

1×3(N−j)



 (3.54b)

where i = 2, 3, ..., M and j = 1, 2, ..., N . Same as in the single calibration emitter case,

the first term in the CRLB (3.14) is the lower bound when the true sensor positions

are exactly known and the second term is the increase in the bound due to the sensor

and calibration position errors. It can be shown that Ž increases with N . Thus,

having more calibration emitters can improve the source localization accuracy. We next

examine the possibility of completely eliminating the effect of sensor position error on

source localization accuracy. Mathematically, it is equivalent to require that the second

term on the right of (3.14) is near zero. We shall show below two solutions to make

this happen. The first solution is very difficult to achieve in practice and the second

solution is more practical.

The first solution makes Ž tend to infinity. It requires that 1) N ≥ 4, 2) co
j 6= co

k,

for all k 6= j, j = 1, 2, ..., N , k = 1, 2, ..., N and all calibration emitters together are

not coplanar with any sensor, and 3) Qc → 0 and Qe → 0. The conditions 1) and 2)

guarantee that (∂r̃o

∂so ), which is N(M − 1) × 3M , has full column rank of 3M and the
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third term of Ž is not rank deficient. Condition 3) increases the third term in Ž to

infinity. In other words, we can completely remove the sensor position error if there

are at least 4 calibration emitters at distinct locations not lying in the same plane, the

calibration emitter positions and the calibration RDOAs are noise free. The intuition

behind is that with the noiseless calibration RDOAs, at least 4(M − 1)(≥ 3M) RDOA

equations parameterized on the sensor positions can be constructed using (3.5) and as

such, the 3M×1 true sensor position vector so can be uniquely identified. The resultant

source location accuracy then becomes unaffected by the sensor position error.

The second solution demands that 1) N → +∞ and 2) the number of distinct

calibration emitter positions is no less than 4 and all calibration emitters together are

not coplanar with any sensor. Condition 1) makes the third term in Ž, which is indeed

in quadratic inner product form, become an infinitely large matrix, while condition 2)

renders it invertible. The second solution indicates that even when the true calibration

emitter positions are not known and the calibration RDOAs are noisy (Qe 6= O and

Qc 6= O), the sensor position error can still be eliminated, if there is sufficiently large

number of calibration emitters not lying in the same plane and they are located at no less

than four different positions. The underlying reason for completely removing the sensor

position error is that each calibration emitter, although it has position uncertainty, can

contribute to some degree of correction in the sensor positions and improve the source

localization accuracy. Hence, when the number of calibration emitters N goes to infinity,

we would gather sufficient knowledge to mitigate the sensor position error to such an

extent that the localization accuracy of the unknown source will reach CRLB(uo).

3.5.2 Localization Algorithm

We shall extend the algorithm presented in Section 3.4 to exploit the RDOA measure-

ments from the N calibration emitters to improve the source location estimate. Only
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the first stage of the proposed algorithm needs to be modified, while the processing of

the second and third stages remains unchanged.

In the presence of multiple calibration emitters, the estimate of the sensor position

error vector Ψ obtained in the first stage has the same functional form as in (3.38),

where hc is N(M − 1)× 1 and its ((j − 1)(M − 1) + (i− 1))th element, i = 2, 3, ..., M ,

j = 1, 2, ..., N , is r̃i1,j − r̂i1,j. r̃i1,j is the measured RDOA between sensor pair i and

1 from the jth calibration emitter (see (3.3b)). r̂i1,j = ||cj − si|| − ||cj − s1|| is the

predicted version of r̃i1,j and it is obtained using the available inaccurate location of

the jth calibration emitter and the erroneous sensor positions. Gc and Ge have the

sizes of N(M − 1) × 3M and N(M − 1) × 3N , and their ((j − 1)(M − 1) + (i − 1))th

rows are

Gc[(j − 1)(M − 1) + (i − 1), :] =



−ρT
cj ,s1

, 0T

︸︷︷︸

1×3(i−2)

, ρT
cj ,si

, 0T

︸︷︷︸

1×3(M−i)



 (3.55a)

Ge[(j − 1)(M − 1) + (i − 1), :] =



 0T

︸︷︷︸

1×3(j−1)

, ρT
cj ,s1

− ρT
cj ,si

, 0T

︸︷︷︸

1×3(N−j)



 . (3.55b)

With the estimate of the sensor position error vector, we can update sensor position

vector using (3.40). Then, sequentially evaluating (3.42), (3.45) and (3.47) using the

updated sensor position vector and the RDOA measurements from the unknown source

would yield the desired source location estimate u.

3.5.3 Performance Evaluation

Performance analysis follows the same approach as in Section 3.4.2 by comparing the

inverse of the CRLB and that of the source location covariance matrix cov(u). The

CRLB inverse is given in (3.49). The covariance inverse is given in (3.50). (3.49) and

(3.50) have the relevant quantities r̃o, co, Qc, Qe, Gc and Ge (see (3.55)) defined for

N calibration emitters. After using the same algebraic manipulations as in Section
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3.4.2, it can be shown that the proposed solution reaches the CRLB accuracy under the

conditions (C3-1) (after being extended to the N calibration emitter case) and (C3-2).

3.6 Simulations

We shall verify through simulations the efficiency of the localization algorithms devel-

oped in Section 3.4 and Section 3.5.2, and the validity of the second method proposed

in Section 3.5.1 for removing the effect of sensor position error. The simulation scenario

contains a distant unknown source located at uo = [2000, 2500, 3000]Tm and the local-

ization task is performed by an array of M = 6 receiving sensors. The actual sensor

positions are given in Table 3.1. The localization accuracy from simulation is calcu-

lated using MSE(u) =
∑L

l=1 ||ul − uo||2/L, where ul is the source location estimate at

ensemble l and L = 104 is the number of ensemble runs. In generating the simulation

results, the RDOA measurements from the unknown source and N(≥ 1) calibration

emitters are produced via adding to the true values zero mean Gaussian noise with

covariance matrices Qα = σ2
rJ and Qc = σ2

r J̃, where σ2
r is set to be 10−3. J is an

(M − 1) × (M − 1) matrix whose diagonal elements are 1 and all other elements are

0.5 [26]. J̃ is an N(M − 1) × N(M − 1) block diagonal matrix and its diagonal blocks

are equal to J. The erroneous sensor and calibration emitter positions are created in a

similar way using covariance matrices Qβ = σ2
sI3M×3M and Qe = σ2

eI3N×3N . The sensor

position noise power σ2
s is fixed at -20 in log scale in all simulations.

Fig. 3.6 gives the localization accuracy of the solution proposed in Section 3.4

when a single calibration emitter with position uncertainty is present. For the purpose

of comparison, we also plot the minimum achievable localization MSE, the trace of

CRLB(uo)c from (3.10). Fig. 3.6(a) shows the results for the case where the calibration

emitter is positioned at co
1 = [1500, 1550, 1500]Tm that is farther away from the sensor

array. Fig. 3.6(b) depicts the results when the calibration emitter is deployed at
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co
1 = [450, 125, 300]Tm that is closer to the sensor array. In both cases, the proposed

solution is able to achieve the CRLB accuracy when the calibration position noise power

is not large (σ2
e/σ

2
s ≤ 35dB). As σ2

e/σ
2
s further increases, the simulation MSE starts to

deviate from the CRLB. This is mainly because the 2-norm of the calibration position

error now becomes comparable to the range between the calibration emitter and the

sensor. As a result, the condition (C3-1) stated in Section 3.4.2 is violated and the

proposed localization algorithm can no longer attain the CRLB performance.

Fig. 3.7 examines the performance of the solution developed in Section 3.5.2. Two

calibration emitters are used (i.e., N = 2) and they are located at co
1 = [1500, 1550, 1500]Tm

and co
2 = [1000, 1500, 1550]Tm. Similar to the observation from Fig. 3.6, the proposed

algorithm is able to reach the CRLB accuracy before the calibration position noise

power becomes sufficiently big (σ2
e/σ

2
s ≥ 45dB). This is in fact an expected result from

the analysis in Section 3.5.3. Moreover, by comparing Fig. 3.7 with Fig. 3.6(a), we

can notice that the use of two calibration emitters co
1 and co

2 leads to a better source

localization accuracy over the case where only co
1 is available. For instance, when σ2

e/σ
2
s

is equal to 30dB, using two calibration emitters can improve the accuracy by 2dB.

Fig. 3.8 plots the trace of the CRLB of the source location estimate with multiple

calibration emitters as a function of log2(N). We also depict the trace of CRLB(uo),

the best localization accuracy when the true sensor positions are known exactly, and

the localization MSE of the solution presented in Section 3.5.2. Two sets of results are

given and they correspond to the calibration position noise power σ2
e equal to -10 and 10

in log scale. To simplify the simulation process, each calibration emitter will have one

of the following four positions: po
1 = [1500, 1550, 1500]Tm, po

2 = [1000, 1250, 1500]Tm,

po
3 = [1550, 1000, 1500]Tm and po

4 = [600, 750, 750]Tm. The true calibration position
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Figure 3.6: Comparison of the CRLB of uo and the localization accuracy of the proposed
solution in Section 3.4 in the single calibration emitter scenario. (a) Calibration emitter
farther away from the sensor array. (b) Calibration emitter closer to the sensor array.
(1) tr(CRLB(uo)c) from (3.10), MSE from the proposed solution: square symbol.
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Figure 3.7: Comparison of the CRLBs of uo and the source localization accuracy of
the proposed solution in Section 3.5.2 in the two calibration emitter scenario. (1)
tr(CRLB(uo)c) from (3.14), MSE from the proposed solution: square symbol, (2)
tr(CRLB(uo)co) from (3.11).
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vector co is set as

co =

[

poT
1 , ...,poT

1
︸ ︷︷ ︸

1×3j

,poT
2 , ...,poT

2
︸ ︷︷ ︸

1×3j

,poT
3 , ...,poT

3
︸ ︷︷ ︸

1×3j

,poT
4 , ...,poT

4
︸ ︷︷ ︸

1×3j

,poT
1 , ...,poT

i
︸ ︷︷ ︸

1×3i

]T

where j = ⌊N
4
⌋ and i = N − 4j. The symbol ⌊⋆⌋ denotes the floor operation.

We can see from Fig. 3.8 that as N increases, the lower bound for the source

location MSE in the presence of position errors in both the sensor and calibration

emitters gradually approaches the one without sensor position error. This observation

indicates that the effect of sensor position error on the source location estimate can be

removed by deploying a large number of calibration emitters at four distinct locations.

It can also be noticed that the lower bound with a smaller calibration position noise

power σ2
e (curve (2)) converges to the value of tr(CRLB(uo)) faster than the bound

with a larger value of σ2
e (curve (1)). This can be explained using the discussion below

(3.14) that the calibration position error affects the source localization accuracy via

increasing the calibration RDOA noise. With a larger calibration position noise power,

more calibration emitters are needed to reduce the effect of the calibration RDOA

noise so that the sensor positions can be precisely estimated. Finally, it is evident from

the figure that the solution developed in Section 3.5.2 can attain the CRLB accuracy

without significant difference. In other words, with the proposed closed-form solution

in Section 3.5.2, the improvement in the best source localization accuracy due to the

use of multiple calibration emitters is indeed achievable in this simulation.

3.7 Concluding Remarks

This chapter investigated the use of calibration emitters whose positions are not known

exactly to improve the TDOA localization accuracy for a single source in the presence

of sensor position uncertainty. We first considered the case where only one calibra-

tion emitter is available for comparison with the results in the previous chapter. The
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Figure 3.8: Removal of the effect of sensor position error on source localization accuracy
using multiple calibration emitters whose positions are inaccurate. (1) tr(CRLB(uo)c)
from (3.14) evaluated at σ2

e = 10 in log scale, MSE from the proposed solution in
Section 3.5.2: triangle symbol, (2) tr(CRLB(uo)c) from (3.14) evaluated at σ2

e = −10
in log scale, MSE from the proposed solution in Section 3.5.2: square symbol, (3)
tr(CRLB(uo)).

CRLB of the source location for this scenario was evaluated and the loss in accuracy

due to calibration position error was established by comparing the obtain CRLB with

the one with perfect calibration position derived in Chapter 2. Interestingly enough,

we showed that the calibration position error affects the source localization accuracy in

the same manner as degrading the calibration TDOA measurements. When comparing

with the CRLB without using a calibration emitter, we found that using a calibration

emitter can always provide improvement, even when the calibration position is com-

pletely unknown, a finding consistent with previous study on Bayesian sensor network

localization. The chapter then performed a first-order analysis of a pseudo ML esti-

mator that assumes the calibration emitter position is accurate but in fact has error.

The analysis result indicates that the source localization accuracy is very sensitive to

the calibration position error. We continued to propose a closed-form algorithm based

on the one developed in Section 2.4 to take the statistics of the calibration position

error into account. The new solution was shown analytically to reach the CRLB accu-

racy, when two mild conditions are met. Finally, the chapter studied the localization
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scenario where an arbitrary number of calibration emitters at inaccurate positions can

be used in the localization task. The CRLB of the source location was re-examined,

the proposed localization algorithm was generalized by exploiting all calibration TDOA

measurements and its performance was also shown analytically to reach the CRLB. Two

possible methods were presented with which the effect of sensor position error on the

source localization accuracy can be completely eliminated by taking the advantage of

having multiple calibration emitters. The theoretical derivations and the performance

of the proposed localization algorithms were verified by simulations.
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Chapter 4

An Efficient Closed-Form
Algorithm for Locating Multiple
Disjoint Sources Using TDOAs with
Sensor Position Errors

In Chapter 3, we investigated the TDOA localization of a single source when the sensor

positions have random errors and multiple calibration emitters at inaccurate positions

are available. A closed-form localization algorithm that can explore all the calibration

TDOAs to improve the source location estimate was developed under the condition of

small/moderate calibration position errors (see Section 3.5). However, the proposed

algorithm would provide a localization accuracy much worse than the CRLB if the

calibration positions are highly unreliable (see Figs. 3.6 and 3.7) and even become in-

applicable in the extreme case where the calibration positions are completely unknown.

The above drawback can be addressed by using a multiple source localization algo-

rithm that locates the unknown source as well as the calibration emitters whose posi-

tions are considered as unknown as well. Previous work on multiple source localization

in the presence of sensor position errors mostly relied on maximum likelihood (ML) es-

timation. Weiss and Friedlander [55] developed an ML algorithm that jointly estimates

the DOAs of distant sources and the sensor positions. More recently, based on the al-
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ternating projection technique [56], Chen et al. [54] proposed a method for identifying

the positions of near sources when the array has a few sensors of unknown locations

while the other sensors are at exactly known positions. Both methods, despite their

asymptotic efficiency, find the source location estimates in an iterative manner and

global convergence of the algorithms is not always guaranteed.

This chapter develops a novel efficient closed-form solution for localizing multiple

sources from their TDOA measurements, when the sensor positions are not known ac-

curately. The sources are assumed to be disjoint in time or in frequency [40, 41, 57] so

that a separate set of TDOAs measurements can be obtained for each source. Besides,

the TDOAs from different sources have the same sensor position displacements. The

newly proposed algorithm exploits this observation in addition to the prior statistical

distribution of the sensor position errors to improve the localization accuracy1. The

localization problem is mathematically formulated in Section 4.1 and the newly pro-

posed solution is presented in details in Section 4.2. The efficiency of the developed

closed-form algorithm under the condition of small TDOA and sensor position noises is

established analytically in Section 4.3. To simplify the presentation and gain insights,

Sections 4.2 and 4.3 consider the localization of two disjoint sources only. In Section

4.4, we recast the two-source localization algorithm to the special case of locating a

single source as well as the case of locating more than three sources. Simulation results

are provided in Section 4.5 to demonstrate the performance of the proposed solution

and the chapter is closed in Section 4.6 with concluding remarks.

1This is sometimes referred to as self-calibration in directional of arrival (DOA) estimation literature
[40, 41, 55, 58]
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Figure 4.1: Source localization scenario considered in Chapter 4. The open circle
represents the actual sensor position that is not known and the solid circles are the
erroneous sensor positions known to a localization algorithm. The triangles are the
emitting sources whose positions are to be estimated.

4.1 Problem Formulation

We shall consider the localization scenario shown in Fig. 4.1. There are N stationary

sources whose locations uo
i = [xo

u,i, y
o
u,i, z

o
u,i]

T , i = 1, 2, ..., N , are unknown and need to

be estimated. The signals radiated from the sources are received by an array of M

stationary sensors at so
j = [xo

s,j , y
o
s,j, z

o
s,j]

T , j = 1, 2, ..., M . The TDOAs of the received

signals with respect to a reference sensor are estimated. The sources are disjoint so that

the source emissions do not interfere with one another and for each emitting source, a

separate set of TDOA measurements can be obtained. In practice, this can be achieved

by confining the source signals to disjoint frequency bands and/or time intervals when

finding the TDOAs.

The sensor positions available for processing, denoted by sj, have random errors.

We collect sj to form the 3M × 1 sensor position vector s = [sT
1 , sT

2 , ..., sT
M ]T to simplify
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the notations. The position error in s is

∆s = s− so (4.1)

where ∆s = [∆sT
1 , ∆sT

2 , ..., ∆sT
M ]T , ∆sj is the error in sj and so = [soT

1 , soT
2 , ..., soT

M ]T .

We model ∆s as a zero-mean Gaussian random vector with covariance matrix Qβ .

The TDOA measurements are assumed to be obtained close enough in time so that

they all correspond to the same true sensor positions so. Let us denote the TDOA

measurement between sensor pair j and 1 from the ith source as dj1,i, j = 2, 3, ..., M ,

where sensor 1 is the reference sensor for TDOA. Collecting the TDOAs from the same

source together and multiplying them by the signal propagation speed c form N range

difference of arrival (RDOA) vectors given by

ri = [r21,i, r31,i, ..., rM1,i]
T = c · [d21,i, d31,i, ..., dM1,i]

T = ro
i + ni, i = 1, 2, ..., N (4.2)

where ro
i = [ro

21,i, r
o
31,i, ..., r

o
M1,i]

T , ni = [n21,i, n31,i, ..., nM1,i]
T and nj1,i is the RDOA noise

equal to c times the noise in dj1,i. Define ro
j,i as the true distance between the source

uo
i and sensor j, i.e.,

ro
j,i = ||uo

i − so
j || (4.3)

where || ⋆ || is the Euclidean norm. Then, the true RDOA ro
j1,i is

ro
j1,i = ro

j,i − ro
1,i. (4.4)

All RDOA measurements are collected in the N(M−1)×1 RDOA vector r = [rT
1 , rT

2 , ...,

rT
N ]T = ro + n. The measurement noise vector n = [nT

1 ,nT
2 , ...,nT

N ]T is modeled as a

zero-mean Gaussian random vector with covariance matrix Qα. We further assume

that the RDOA noise n and sensor position errors ∆s are independent to each other.

The localization problem considered in this chapter is to identify the source locations

uo
i using r and the available erroneous sensor positions s.
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For the purpose of clarity, in Sections 4.2 and 4.3, we shall consider the localization

of two disjoint sources (i.e., N = 2 and r = [rT
1 , rT

2 ]T ). The algorithm developed for the

two-source case will be generalized to the scenario with arbitrary number of emitting

sources in Section 4.4.

4.2 Closed-Form Solution

We shall develop here a closed-form solution for localizing two sources through joint

estimation of the source and sensor positions. This is not a trivial task and the difficulty

lies in the fact that source and sensor positions are coupled with each other in their

nonlinear relationship with the RDOA measurements. Traditional methods resort to

the iterative ML approach to address this problem [54, 55]. The performance of such

approach depends very much on good initial guesses close to the true solution which

are often not easy to guarantee in practice. Here, we introduce the novel concept of

hypothesized source locations to handle the coupling effect between the source and sen-

sor positions, which will lead to closed-form expression of the source location estimates.

The hypothesized source positions are often self-created from the RDOA measurements

and the details on how to obtain them are described in Section 4.2.2.

The proposed solution has two processing stages. The first stage exploits the RDOA

measurements r and the statistical information of the sensor position error vector ∆s to

jointly estimate the source locations uo
i , i = 1, 2, ∆s and two nuisance parameters. The

reason behind utilizing the RDOA measurements from both sources simultaneously is

that they are resulted from the same true sensor positions so (see (4.3) and (4.4)). The

purpose of introducing hypothesized source positions as well as the nuisance parameters

is to transform the nonlinear solution equations into pseudo-linear ones so that a closed-

form estimate of the unknowns can be generated. The second stage processing refines

the source location estimates obtained in the first stage by exploring their functional
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relations with the nuisance parameters.

The hypothesized source positions are denoted as ũi, i = 1, 2. The deviation of ũi

from the true source location uo
i is represented by

∆ũi = ũi − uo
i . (4.5)

4.2.1 Algorithm

Stage-1 : Rearranging (4.4), we have ro
j1,i + ro

1,i = ro
j,i, j = 2, 3, ..., M and i = 1, 2.

Squaring both sides, substituting ro2
j,i = (uo

i −so
j)

T (uo
i −so

j) and ro2
1,i = (uo

i −so
1)

T (uo
i −so

1),

and simplifying yield

ro2
j1,i + 2ro

j1,ir
o
1,i = soT

j so
j − soT

1 so
1 − 2(so

j − so
1)

Tuo
i . (4.6)

The true RDOA ro
j1,i and the true sensor positions so

j and so
1 are not available and

only their noisy values are known. By putting ro
j1,i = rj1,i − nj1,i, so

j = sj − ∆sj and

so
1 = s1 − ∆s1, we can rewrite (4.6) as

2ro
j,inj1,i = r2

j1,i−sT
j sj +sT

1 s1+2(sj−s1)
Tuo

i +2rj1,ir
o
1,i−2(uo

i −sj)
T ∆sj +2(uo

i −s1)
T ∆s1

(4.7)

where the second order error terms of the RDOA noise nj1,i and sensor position errors

∆sj and ∆s1 have been ignored.

Note that the true distance between the source uo
i and sensor 1, ro

1,i in (4.7), depends

on the unavailable so
1 as well. Hence, we expand ro

1,i around the noisy position s1 up to

the linear term as

ro
1,i = ||uo

i − so
1|| = ||uo

i − s1 + ∆s1|| ≃ r̂o
1,i + ρT

uo
i ,s1

∆s1 (4.8)

where ρa,b = a−b
||a−b||

represents the unit vector from b to a and r̂o
1,i is the distance

between the source i and the available position of sensor 1, which is defined as

r̂o
1,i = ||uo

i − s1||. (4.9)
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Putting (4.8) back into (4.7) and simplifying gives

2ro
j,inj1,i = r2

j1,i − sT
j sj + sT

1 s1 + 2(sj − s1)
Tuo

i + 2rj1,ir̂
o
1,i

− 2(uo
i − sj)

T ∆sj + 2[rj1,iρuo
i
,s1

+ (uo
i − s1)]

T ∆s1.

(4.10)

Eq. (4.10) relates the measurements rj1,i and the available sensor positions sj and

s1 to the unknowns uo
i , ∆sj and ∆s1. However, it is very difficult to solve (4.10)

because uo
i and ∆sj are coupled together as a product form and so does uo

i and ∆s1.

The hypothesized source location ũi now comes in to handle this coupling effect. We

express the true source position uo
i in terms of its hypothesized value using (4.5) as

uo
i = ũi − ∆ũi. If ∆ũi is not large relative to ũi, we can ignore the cross products

between ∆ũi and ∆sj , and ∆ũi and ∆s1, so that (4.10) becomes

2ro
j,inj1,i = ηj,i−2(sj−s1)

T ∆ũi +2rj1,ir̂
o
1,i−2(ũi−sj)

T ∆sj +2[rj1,iρũi,s1
+(ũi−s1)]

T ∆s1

(4.11)

where ηj,i is defined as

ηj,i = r2
j1,i − sT

j sj + sT
1 s1 + 2(sj − s1)

T ũi

and the following first order approximation has been applied:

ρuo
i ,s1

≃ ρũi,s1
− 1

||ũi − s1||
(I − ρũi,s1

ρT
ũi,s1

)∆ũi.

Since ũi is known, solving ∆ũi is equivalent to solving uo
i . After applying the

hypothesized source locations, (4.11) becomes a linear equation with respect to ∆ũi,

∆sj , ∆s1 and r̂o
1,i. We shall collect the position parameters of source i to form the

vector

θo
i = [∆ũT

i , r̂o
1,i]

T , i = 1, 2 (4.12)

and denote the composite unknown vector to be found as ϕo
1 = [θoT

1 , θoT
2 , ∆sT ]T . The

sensor position error vector ∆s in ϕo
1 should be considered as a realization of the random
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sensor position error that is to be estimated. (4.11) represents a total of 2(M − 1)

equations since j = 2, 3, ..., M and i = 1, 2. Putting them together gives the matrix

equation

B1n =

[
η1

η2

]

−
[

G1,1 O(M−1)×4 D1

O(M−1)×4 G1,2 D2

]

ϕo
1 (4.13)

where the first (M−1) rows correspond to the measurements from uo
1 and the remaining

(M − 1) rows from uo
2. On the left side of (4.13), B1 is a 2(M − 1) × 2(M − 1) block

diagonal matrix and n is the RDOA noise vector. B1 is defined as

B1 = diag (B1,1, B1,2) (4.14)

where

B1,i = 2 · diag([ro
2,i, r

o
3,i, ..., r

o
M,i]), i = 1, 2. (4.15)

On the right hand side of (4.13), with ηj,i defined below (4.11),

ηi = [η2,i, η3,i, ..., ηM,i]
T , i = 1, 2 (4.16)

G1,i is an (M − 1) × 4 matrix whose (j − 1)th row, j = 2, 3, ..., M , is

G1,i[j − 1, :] = 2
[
(sj − s1)

T ,−rj1,i

]
, i = 1, 2 (4.17)

and Di is an (M − 1) × 3M matrix whose (j − 1)th row, j = 2, 3, ..., M , is

Di[j − 1, :] = 2
[
−rj1,iρ

T
ũi,s1

− (ũi − s1)
T , 0T

3(j−2)×1, (ũi − sj)
T , 0T

3(M−j)×1

]
, i = 1, 2.

(4.18)

Note that from (4.9) and (4.5), we have r̂o
1,i = ||uo

i − s1|| = ||(ũi− s1)−∆ũi||. Thus,

the unknowns ∆ũi and r̂o
1,i in ϕo

1 are indeed related to each other. In (4.13), however,

we shall consider ∆ũi and r̂o
1,i as independent variables for the purpose of enabling the

application of linear estimation technique to find ϕo
1. The relation between ∆ũi and

r̂o
1,i will be explored in the next stage to improve localization accuracy.
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(4.13) is constructed solely from the RDOA measurements. The statistical knowl-

edge of the sensor position errors ∆s has not been exploited. As specified in Section

4.1, ∆s is a random vector with zero mean and covariance matrix Qβ. To incorporate

these information, we follow the method from Sorenson [59] by subtracting ∆s on both

sides of 03M×1 = 03M×1 to obtain

−∆s = 03M×1 − ∆s = 03M×1 −
[
O3M×4 O3M×4 I3M×3M

]
ϕo

1. (4.19)

The rightmost of the above equation is parameterized on ϕo
1, while the term on the

leftmost is interpreted as the equation error that is random. Stacking (4.13) and (4.19)

together yields the solution equation for ϕo
1

ε1 = h1 −G1ϕ
o
1 (4.20)

where ε1 = [(B1n)T ,−∆sT ]T , h1 = [ηT
1 , ηT

2 , 0T
3M×1]

T , and

G1 =





G1,1 O(M−1)×4 D1

O(M−1)×4 G1,2 D2

O3M×4 O3M×4 I3M×3M



 . (4.21)

The weighted least-squares (WLS) solution to (4.20) is [36]

ϕ1 = [θT
1 , θT

2 , ∆ŝT ]T =
(
GT

1 W1G1

)−1
GT

1 W1h1 (4.22)

where θi and ∆ŝ are the estimates of the unknowns θo
i and ∆s. The weighting matrix

W1 is

W1 = E[ε1ε
T
1 ]−1. (4.23)

The covariance matrix of ε1 is, from its definition below (4.20),

E[ε1ε
T
1 ] =

[
B1QαB

T
1 O2(M−1)×3M

O3M×2(M−1) Qβ

]

(4.24)

where B1 is defined in (4.14), Qα is the covariance matrix of the RDOA noise vector

n, Qβ is that of ∆s and the fact that n and ∆s are independent has been applied.
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We next examine the accuracy of ϕ1. Substituting h1 = G1ϕ
o
1 +ε1 from (4.20) into

(4.22) yields

ϕ1 = ϕo
1 + ∆ϕ1 (4.25)

where ∆ϕ1 =
(
GT

1 W1G1

)−1
GT

1 W1ε1 is the estimation error in ϕ1. Under small noise

condition, the covariance matrix of ∆ϕ1 is approximately equal to, after applying (4.23),

cov(ϕ1) = cov(∆ϕ1) ≃ E[∆ϕ1∆ϕT
1 ] ≃

(
GT

1 W1G1

)−1
. (4.26)

From (4.22) and (4.25), the estimation error of [θT
1 , θT

2 ]T is ∆ϕ1(1 : 8), where

∆ϕ1(1 : 8) denotes the vector formed by the first eight elements of ∆ϕ1. Therefore, the

covariance matrix of [θT
1 , θT

2 ]T is equal to the upper-left eight-by-eight block of cov(ϕ1).

Through the application of the partitioned matrix inversion formula [52], Appendix C.1

shows that

cov([θT
1 , θT

2 ]T ) ≃ E[∆ϕ1(1 : 8)∆ϕ1(1 : 8)T ]

≃
(

HT
(
B1QαB

T
1

)−1
H− HT

(
B1QαB

T
1

)−1
[DT

1 ,DT
2 ]TR−1[DT

1 ,DT
2 ]
(
B1QαB

T
1

)−1
H
)−1

(4.27)

where

H =

[
G1,1 O(M−1)×4

O(M−1)×4 G1,2

]

(4.28)

R = Q−1
β + [DT

1 ,DT
2 ]
(
B1QαB

T
1

)−1
[DT

1 ,DT
2 ]T (4.29)

B1 is defined in (4.14) and Di are given in (4.18).

The last 3M elements in ϕ1 is ∆ŝ. Using ∆ŝ, we are able to produce an updated

sensor position vector ŝ by correcting s through

ŝ = s− ∆ŝ = so + (∆s − ∆ŝ). (4.30)

In the last equality of (4.30), (4.1) has been applied. The rightmost term with bracket

is the residual sensor position error after the update. The covariance matrix of ŝ under

small noise condition is identical to that of the residual error ∆s−∆ŝ and is the same as
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cov(∆ŝ). The covariance matrix of s is Qβ and Appendix C.2 shows that Qβ − cov(∆ŝ)

is positive semidefinite, which implies that the updated sensor position vector ŝ is at

least as good as, if not better than, the original one s.

Stage-2 : We note from (4.12) that θi(1 : 3) is an estimate of ∆ũi. Subtracting

θi(1 : 3) from ũi in (4.5) would yield the position estimates of the two emitting sources

uo
1 and uo

2

ûi = ũi − θi(1 : 3), i = 1, 2. (4.31)

The processing in this stage refines ûi using θi(4), the estimated distance between the

ith source and s1. The refinement takes the similar approach in [12, 26].

Substituting ũi = uo
i + ∆ũi from (4.5), we can express ûi in (4.31) as

ûi = uo
i − (θi(1 : 3) − ∆ũi) = uo

i − ∆θi(1 : 3) (4.32)

where ∆θi(1 : 3) is the estimation error in θi(1 : 3). Subtracting both sides of (4.32)

by s1 and squaring elementwise give

−2 (uo
i − s1)⊙∆θi(1 : 3) = (ûi − s1)⊙(ûi − s1)−(uo

i − s1)⊙(uo
i − s1) , i = 1, 2 (4.33)

where ⊙ represents the Schur product (element by element multiplication) and the

second order error term of ∆θi(1 : 3) has been ignored. Similarly, we express θi(4) as

θi(4) = r̂o
1,i + ∆θi(4), where r̂o

1,i is defined in (4.9). Squaring both sides and retaining

up to the linear error term yield

2r̂o
1,i∆θi(4) = θ2

i (4) − (uo
i − s1)

T (uo
i − s1) , i = 1, 2. (4.34)

Stacking (4.33) and (4.34) for i = 1 and 2 produces the following matrix equation

ε2 = h2 −G2ϕ
o
2 (4.35)

where h2 =
[
((û1 − s1) ⊙ (û1 − s1))

T , θ2
1(4), ((û2 − s1) ⊙ (û2 − s1))

T , θ2
2(4)

]T
,

G2 =

[
P O4×3

O4×3 P

]

(4.36)
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P = [I3×3, 13×1]
T (4.37)

and the unknown parameter vector ϕo
2 is defined as

ϕo
2 =

[
((uo

1 − s1) ⊙ (uo
1 − s1))

T , ((uo
2 − s1) ⊙ (uo

2 − s1))
T
]T

. (4.38)

The equation error vector ε2 is equal to

ε2 = B2

[
∆θT

1 , ∆θT
2

]T
= B2∆ϕ1(1 : 8) (4.39)

where the matrix B2 is given as

B2 = diag (B2,1, B2,2) (4.40)

and

B2,i = 2 · diag
(
[−(uo

i − s1)
T , r̂o

1,i]
)
, i = 1, 2. (4.41)

The WLS solution to (4.35) is [36]

ϕ2 =
(
GT

2 W2G2

)−1
GT

2 W2h2. (4.42)

The weighting matrix W2 is given by, upon using (4.39),

W2 = E
[
ε2ε

T
2

]−1 ≃
(
B2cov([θT

1 , θT
2 ]T )BT

2

)−1
(4.43)

where cov([θT
1 , θT

2 ]T ) is given by (4.27).

From the definition of ϕo
2 in (4.38), we have the final position estimates of the two

sources as

u =

[
u1

u2

]

=

[
diag(sign(û1 − s1)) O3×3

O3×3 diag(sign(û2 − s1))

]
√

ϕ2 +

[
s1

s1

]

(4.44)

where the function of the block diagonal matrix is to remove the sign ambiguity from

the square root operation on ϕ2 and sign(⋆) denotes the sign function that is equal to

1 when (⋆) ≥ 0 and -1 otherwise.
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In summary, the steps to compute the location estimates u1 and u2 are: (i) find

ϕ1 from (4.22), where W1 is given in (4.23) and (4.24), (ii) obtain cov([θT
1 , θT

2 ]T ) using

(4.27), (iii) compute ϕ2 using (4.42) where W2 is given in (4.43), (iv) evaluate (4.44)

to obtain the location estimates.

Since the proposed algorithm starts with the hypothesized source locations to for-

mulate linear equation and arrive at closed-form solution, one may be tempted to con-

sider the proposed algorithm is similar to the iterative ML estimator that linearizes

the measurement equation over the unknowns and solves the resulting approximated

ML function for solution. We would like to point out that they are fundamentally

different. First, the proposed method uses equation error formulation with small noise

assumption. The resulted solution equation (4.11) does not have higher order terms

of ∆ũi and ∆sj except their product terms that we have ignored in subsequent algo-

rithm development. The Taylor-series expansion of the measurement equation has all

the higher order terms of ∆ũi and ∆sj . Consequently, the proposed method does not

require hypothesized locations very near to the true locations whereas iterative ML de-

mands initial guess close to the true location so as to make the second and higher order

terms negligible. Second, the proposed method uses nuisance variables r̂o
1,i in addition

to the hypothesized source positions to create pseudo-linear equation for obtaining a

closed-form solution, and applies a second stage to improve source location estimates

from the first stage by utilizing the information in r̂o
1,i. The iterative ML uses Taylor-

series expansion solely to create a linear equation to solve the solution. It is therefore

expected that the proposed method will arrive at a solution with approximate CRLB

accuracy after the second stage if the RDOA measurement noise and the sensor position

errors are sufficiently small, while iterative ML requires to iterate several times, if it

converges, to reach a better solution.
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4.2.2 Realization

There are two practical aspects that need to be considered when realizing the algorithm

developed in the previous subsection. First, the stage-1 processing requires hypothesized

positions of the emitting sources. Second, the weighting matrices W1 and W2 are

dependent on the true source and sensor positions that are not known. We shall address

the above two aspects in sequel.

Obtaining hypothesized source positions

The hypothesized values of the source positions ũi, i = 1, 2, are used in (4.10) for

the solution equation formulation in stage-1. To obtain the equation (4.11) that is

linear with respect to the unknown vector ϕo
1, we ignore the cross terms ∆ũT

i ∆s1 and

∆ũT
i ∆sj , where ∆ũi is the difference between the hypothesized location ũi and the

true position uo
i , and ∆sj is the position error of sj, j = 1, 2, ..., M . The omission of

the cross terms would have little impact on the estimation performance when the cross

terms are relatively small. It may, however, cause severe degradation in the localization

accuracy if they are not negligible. In other words, we may achieve better localization

performance if the hypothesized source positions are closer to the true source locations.

The hypothesized source positions can come from some knowledge on the true source

locations if it is available. On the other hand, they can be obtained from some prelim-

inary estimates of the source locations using the TDOA measurements. For example,

we can pretend that the sensor positions are accurate and use an existing algorithm in

literature to generate ũi, such as those in [26, 30–32, 60]. Yet, a better hypothesized

position closer to uo
i can be produced by applying the algorithm in [12] that takes the

sensor position error into account. Noting that stage-1 of the proposed solution esti-

mates ∆ũi in a least squares fashion, when the hypothesized position ũi is far away

from the true source location, it is expected that the estimated value of ∆ũi for cor-
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rection would be large. As a result, the source location estimates ûi from (4.31) would

be much closer to the true locations than the hypothesized positions. Based on this

observation, to improve performance in the case of large hypothesized position differ-

ence with respect to the true location, we can indeed assign ũi to be ûi and repeat the

processing of stage-1 one more time. This procedure is not needed when ũi to begin

with is not far away from the true location.

Approximating ideal weighting matrices

We approximate W1 by using the hypothesized source positions ũi and the noisy sensor

positions sj in place of the true source and sensor positions. Once an improved version

of source and sensor positions are obtained from (4.31) and (4.30), they can be used,

if needed, to produce a more accurate W1 so that a better estimate of ϕo
1 can be

found. Simulation shows that updating W1 leads to better localization accuracy if

the hypothesized source positions are far from the true locations; otherwise, it is not

necessary since little change in performance is obtained. When generating W2, the

true source positions are replaced by ũi. If ũi are far from the true locations uo
i ,

we can use instead the source location estimates obtained from (4.31). Theoretical

analysis in Appendix C.3 shows that the performance degradation due to the usage

of the approximated weighting matrices is negligible when the RDOA noise and the

sensor position errors are small. This observation is supported by extensive simulations

and is also consistent with previous studies [12, 26, 61]. In generating the simulation

results presented in Section 4.5, W1 is approximated using the hypothesized source

locations and is kept fixed without update, and W2 is initialized with the source location

estimates from stage-1.
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4.3 Performance Analysis

We first present the CRLB of the true source location vector uo = [uoT
1 ,uoT

2 ]T . Then, the

covariance matrix of the source position estimate u in (4.44) is derived and compared

with the CRLB. We find that under two mild conditions that can be satisfied under

small RDOA noise and small sensor position error, the proposed solution reaches the

CRLB accuracy.

4.3.1 CRLB

The CRLB provides the lower bound on the error covariance matrix of any unbiased

estimator for uo and correspondingly, its trace is the minimum achievable localization

mean square error (MSE). The evaluation of CRLB starts with the probability density

function (PDF) of the composite vector [rT , sT ]T , which is a Gaussian random vector

with block diagonal covariance matrix of diagonal blocks Qα and Qβ . Parameterizing

the PDF with respect to uo and so, we obtain by following the same approach in [12],

CRLB(uo) =
(
X − YZ−1YT

)−1
(4.45)

where

X = (∂ro/∂uo)T Q−1
α (∂ro/∂uo) (4.46a)

Y = (∂ro/∂uo)T Q−1
α (∂ro/∂so) (4.46b)

Z = Q−1
β + (∂ro/∂so)T Q−1

α (∂ro/∂so) . (4.46c)

ro is the true RDOA vector defined under (4.4) and so is the true sensor position vector

defined under (4.1). (∂ro/∂uo) is a 2(M − 1) × 6 matrix given by

(∂ro/∂uo) =

[
(∂ro

1/∂uo
1) O(M−1)×3

O(M−1)×3 (∂ro
2/∂uo

2)

]

(4.47)
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where ro
i , i = 1, 2, contains the true RDOAs from uo

i . From (4.3) and (4.4), the (j−1)th

row of (∂ro
i /∂uo

i ) is

(
∂ro

j1,i/∂uo
i

)T
=
[

ρT
uo

i
,so

j
− ρT

uo
i
,so

1

]

, j = 2, 3, ..., M, and i = 1, 2. (4.48)

(∂ro/∂so) is a 2(M − 1) × 3M matrix equal to

(∂ro/∂so) =
[
(∂ro

1/∂so)T , (∂ro
2/∂so)T

]T
. (4.49)

Also, from (4.3) and (4.4), the (j − 1)th row of (∂ro
i /∂so) is

(
∂ro

j1,i/∂so
)T

=
[

ρT
uo

i ,so
1

, 0T
3(j−2)×1, −ρT

uo
i ,so

j
, 0T

3(M−j)×1

]

, j = 2, 3, ..., M, and i = 1, 2.

(4.50)

4.3.2 Analysis

We first derive the estimation error component in the source position estimate u =

[uT
1 ,uT

2 ]T . We have from (4.44) (u− [sT
1 , sT

1 ]T ) ⊙ (u− [sT
1 , sT

1 ]T ) = ϕ2. Expressing u as

u = uo + ∆u and ϕ2 as ϕ2 = ϕo
2 + ∆ϕ2, where ∆u and ∆ϕ2 are the estimation errors

in u and ϕ2, multiplying out and ignoring the second order error term ∆u⊙ ∆u yield

∆u = B−1
3 ∆ϕ2 (4.51)

B3 = 2 · diag(uo − [sT
1 , sT

1 ]T ). (4.52)

∆ϕ2 can be obtained by putting h2 = G2ϕ
o
2+ε2 from (4.35) into (4.42) and subtracting

both sides by ϕo
2. We have

∆ϕ2 =
(
GT

2 W2G2

)−1
GT

2 W2ε2. (4.53)

Multiplying ∆u in (4.51) with its transpose and taking expectation give

cov(u) = E[∆u∆uT ] = B−1
3 cov(ϕ2)B

−T
3 . (4.54)
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cov(ϕ2) can be evaluated by multiplying (4.53) by its transpose, taking expectation

and applying (4.43) as

cov(ϕ2) = E[∆ϕ2∆ϕT
2 ] =

(
GT

2 W2G2

)−1
. (4.55)

Substituting (4.55), (4.43) and (4.27) in sequence and simplifying, we arrive at

cov(u) ≃
(
GT

3 Q−1
α G3 − GT

3 Q−1
α G4R

−1GT
4 Q−1

α G3

)−1
(4.56)

G3 = B−1
1 HB−1

2 G2B3 (4.57)

G4 = B−1
1 [DT

1 ,DT
2 ]T (4.58)

where H and Di for i = 1, 2 are given in (4.28) and (4.18). The matrix R is defined in

(4.29). After applying the definition of G4 in (4.58), it can be re-expressed as

R = Q−1
β + GT

4 Q−1
α G4. (4.59)

A comparison of cov(u) in (4.56) with CRLB(uo) in (4.45) reveals that they have the

same structural form. Moreover, Appendix C.4 shows that

G3 ≃ (∂ro/∂uo) (4.60a)

G4 ≃ − (∂ro/∂so) (4.60b)

if the following two conditions

(C4-1) |nj1,i|/ro
j,i ≃ 0, j = 2, 3, ..., M and i = 1, 2

(C4-2) ||∆sj||/ro
j,i ≃ 0, j = 1, 2, ..., M and i = 1, 2

are satisfied. Putting (4.60) into (4.56) immediately yields

cov(u) ≃ CRLB(uo). (4.61)

That is, the proposed solution reaches the CRLB accuracy, when the above two condi-

tions are fulfilled.
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The conditions (C4-1) and (C4-2) imply that the RDOA noise nj1,i and the 2-norm

of the sensor position error vector ∆sj are much smaller than the distance between

source i and sensor j. In practice, they can be satisfied for sources far away from the

sensor array, if the RDOA noise and sensor position errors are moderate. The two

conditions are still valid for sources close to the sensor array, if the RDOA noise and

sensor position errors are sufficiently small.

4.4 Algorithm Extension

We have so far focused the algorithm development and performance analysis on the two-

source scenario for ease of presentation and concept illustration. This section presents

the utilization of the closed-form solution proposed in Section 4.2 to the special case of

single-source localization (i.e., N = 1) and its extension to the multiple-source scenario

(i.e., N ≥ 3). Besides, in the multiple-source scenario, we also examine the possibility

of completely eliminating the effect of sensor position errors on the source localization

accuracy.

4.4.1 Single-Source Scenario

The source to be localized is at uo
1. The RDOA measurement vector r reduces to r = r1

and its covariance matrix Qα is (M−1)×(M−1). The single-source scenario considered

here is identical to the one in [12].

The computation of the source position estimate u1 follows the two-stage processing

framework in Section 4.2. At the beginning, a hypothesized value of uo
1, ũ1, is created.

The first stage processing estimates ϕo
1 = [θoT

1 , ∆sT ]T using (4.22), where θo
1 is defined

in (4.12),h1 = [ηT
1 , 0T

3M×1]
T ,

G1 =

[
G1,1 D1

O3M×4 I3M×3M

]

and W1 =

[
(B1,1QαB

T
1,1)

−1 O(M−1)×3M

O3M×(M−1) Q−1
β

]

.
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The definitions of η1, G1,1, D1 and B1,1 are given in (4.16), (4.17), (4.18) and (4.15).

The second stage processing estimates ϕo
2 = [(uo

1 − s1) ⊙ (uo
1 − s1)] and its solution is

(4.42), where h2 = [((û1−s1)⊙(û1−s1))
T , θ2

1(4)]T , G2 = P, W2 = (B2,1cov(θ1)B
T
2,1)

−1

and P and B2,1 are defined in (4.37) and (4.41). û1 is the source location estimate

obtained from (4.31). cov(θ1) is the covariance matrix of the estimate of θo
1 obtained in

the first stage and it is given by the second line of (4.27), where H = G1,1, B1 = B1,1

and [DT
1 ,DT

2 ] is replaced by DT
1 . Finally, u1 is calculated via u1 = diag(sign(û1 −

s1))
√

ϕ2 + s1, where ϕ2 is the estimate of ϕo
2 defined above. Performance analysis of

the new single-source localization algorithm follows the same approach in Section 4.3.

It can be shown that under conditions (C4-1) and (C4-2) in the single-source scenario

(i.e., i = 1 only), the new solution achieves the CRLB accuracy.

The previous work [12] proposed a closed-form solution for determining the position

of a single source from TDOAs in the presence of sensor position errors. The method

in [12] does not estimate sensor positions and is shown analytically to attain CRLB

accuracy for a distant source at small noise level. However, when the source is close to

the sensor array, the solution in [12] may not reach the CRLB accuracy. Compared with

the method in [12], the single-source localization algorithm described in this subsection

is able to localize a source close to the sensor array with CRLB accuracy when the

noises in RDOAs and sensor positions are sufficiently small. It also appears to extend

the noise threshold before the localization accuracy starts to degrade suddenly for both

near and distant sources. The performance improvement comes at the cost of increased

computational complexity from the joint estimation of the source location and sensor

positions.
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4.4.2 Multiple-Source Scenario

In the general case where N , N ≥ 3, emitting sources are present, the RDOA measure-

ment vector r becomes r = [rT
1 , rT

2 , ..., rT
N ]T and its covariance matrix Qα is N(M −1)×

N(M −1). In the first stage solution (4.22), ϕ1 is an estimate of ϕo
1 = [θoT

1 , θoT
2 , ..., θoT

N ,

∆sT ]T . h1 = [ηT
1 , ηT

2 , ..., ηT
N , 0T

3M×1]
T and the matrices G1 and W1 are

G1 =










G1,1 O(M−1)×4 . . . O(M−1)×4 D1

O(M−1)×4 G1,2 . . . O(M−1)×4 D2
...

...
. . .

...
...

O(M−1)×4 O(M−1)×4 . . . G1,N DN

O3M×4 O3M×4 . . . O3M×4 I3M×3M










(4.62)

and

W1 =

[
(B1QαB

T
1 )−1 ON(M−1)×3M

O3M×N(M−1) Q−1
β

]

where B1 is a block diagonal matrix with diagonal blocks equal to B1,1,B1,2, ...,B1,N .

The definitions of θo
i , ηi, G1,i, Di and B1,i are given by (4.12), (4.16), (4.17), (4.18)

and (4.15) for i = 1, 2, ..., N .

In the second stage solution (4.42), ϕ2 is an estimate of the unknown vector ϕo
2 =

[((uo
1 − s1)⊙ (uo

1 − s1))
T , . . . , ((uo

N − s1)⊙ (uo
N − s1))

T ]T , the vector h2 is h2 = [((û1 −

s1)⊙ (û1 − s1))
T , θ2

1(4), . . . , ((ûN − s1)⊙ (ûN − s1))
T , θ2

N(4)]T and the matrices G2 and

W2 become

G2 =








P O4×3 . . . O4×3

O4×3 P . . . O4×3
...

...
. . .

...
O4×3 O4×3 . . . P








and W2 =
(
B2cov([θT

1 , . . . , θT
N ]T )BT

2

)−1

where P is defined in (4.37), B2 is a block diagonal matrix with diagonal blocks equal

to B2,1,B2,2, . . . ,B2,N , and ûi and B2,i are given by (4.31) and (4.41) for i = 1, 2, ..., N .

The covariance matrix cov([θT
1 , . . . , θT

N ]T ) is equal to the second line of (4.27), where

H is equal to the upper-left N(M − 1)×N(M − 1) block of G1 in (4.62) and [DT
1 ,DT

2 ]

is replaced by [DT
1 ,DT

2 , . . . ,DT
N ]T . The source location estimates u are obtained using
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u = diag(sign(û1 − s1), . . . , sign(ûN − s1))
√

ϕ2 + [sT
1 , . . . , sT

1 ]T . The analysis in Section

4.3 still applies for arbitrary number of sources and the generalized solution achieves the

CRLB accuracy when the conditions (C4-1) and (C4-2) are satisfied for i = 1, 2, ..., N .

Chapter 3 presented an algorithm that uses multiple calibration emitters at known

but erroneous locations to improve the source localization accuracy when sensor position

errors are present (see Section 3.5). This method achieves optimum performance when

the calibration position errors are small. However, its performance is much worse

than the CRLB accuracy if the calibration position errors are large. In the extreme

case where the calibration position errors tend to infinity (i.e., the calibration emitter

positions are completely unknown), the solution in Section 3.5 would fail and become

inapplicable. The above drawbacks of the algorithm in Section 3.5 can be handled using

the multiple-source localization algorithm developed in this subsection. In particular,

we can consider the calibration emitters as sources at unknown locations and apply the

proposed solution to estimate their positions together with the position of the unknown

source of interest.

We next examine if it is possible to completely remove the effect of sensor position

errors on the source localization accuracy in the multiple-source localization scenario.

Through analyzing the CRLB of uo = [uoT
1 ,uoT

2 , ...,uoT
N ]T given in (4.45) using the same

approach as in Section 3.5.1, we find that this is possible if any one of the following

two conditions is satisfied. The first condition requires (i) N ≥ 4, (ii) uo
i 6= uo

k, if i 6= k,

i = 1, 2, ..., N , k = 1, 2, ..., N and all unknown sources together are not coplanar with

any sensor, (iii) Qα → O. The second condition demands (i) N → +∞, (ii) the number

of distinct source locations is no less than four and all unknown sources together are

not coplanar with any sensor. Either one of these conditions will make the second term

on the right-hand side of (4.46c) invertible and infinitely large. As a result, CRLB(uo)

will reduce to X−1, the CRLB without sensor position errors. In practice, the first
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Table 4.1: True Positions (In Meters) of Sensors
sensor no. j xo

s,j yo
s,j zo

s,j

1 300 100 150
2 400 150 100
3 300 500 200
4 350 200 100
5 -100 -100 -100
6 200 -300 -200

condition can be fulfilled when the number of sources with different positions is at least

four and the RDOA measurements are nearly noiseless. The requirements of the second

condition can be satisfied if there are a large number of sources and they are located

at more than four different locations.

4.5 Simulations

The simulation scenario has an array of M = 6 stationary sensors and their true

positions are summarized in Table 4.1. The RDOA measurements are produced by

adding to the true values zero mean Gaussian noise with covariance matrix Qα = σ2
rJ.

J is an N(M − 1)×N(M − 1) block diagonal matrix and each of its diagonal blocks is

an (M − 1)× (M − 1) matrix with diagonal elements equal to 1 and all other elements

equal to 0.5 [26]. The noisy sensor positions are created in a similar manner using

covariance matrix Qβ = σ2
sI3M×3M . In all simulations, the RDOA noise power σ2

r is

fixed at 0.001.

The realization of the proposed localization algorithms follows the steps described

below (4.44). The hypothesized source locations are generated using the solution in [12].

The weighting matrix W1 in stage-1 is approximated using the hypothesized source

locations and it is not updated. The localization accuracy of the proposed algorithms

from simulation is calculated via MSE(u) =
∑L

l=1 ||u(l) − uo||2/L, where u(l) is the
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Figure 4.2: Localization geometry used to generate simulation results shown in Figs.
4.3-4.5. The open triangles denote the locations of the disjoint sources and the open
circles are the true sensor positions.

source location estimate at ensemble l, uo is the true value and L = 104 is the number

of ensemble runs. Similarly, we denote MSE(ui), i = 1, 2, ...N, as the MSE of the

ith source location estimate ui from the proposed solutions. MSE(ui) is defined as

MSE(ui) =
∑L

l=1 ||u
(l)
i −uo

i ||2/L, where u
(l)
i = u(l)(3(i−1)+1 : 3i). It is straightforward

to see that MSE(u) =
∑N

i=1 MSE(ui).

We first examine the performance of the algorithm developed in Section 4.2 when

two sources are at uo
1 = [2000, 2500, 3000]Tm and uo

2 = [1500, 1550, 1500]Tm. The

localization geometry is shown in Fig. 4.2. The localization accuracy of the proposed

solution is shown in Figs. 4.3 and 4.4. In particular, Fig. 4.3 plots, as function of

σ2
s/σ

2
r , MSE(u) from the proposed solution and the trace of CRLB(uo) in (4.45). For

comparison purpose, we applied the method in [12] to estimate the positions of the

two sources separately and the corresponding localization accuracy is also included in

Fig. 4.3. It is evident that the proposed localization algorithm reaches the CRLB

accuracy when σ2
s/σ

2
r ≤ 20dB, which is supported by the analytical result in Section

4.3.2. Moreover, comparing with identifying the two source positions separately using

the algorithm in [12], the new solution provides at least 1.5dB improvement in the
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Figure 4.3: Performance of the proposed solution in Section 4.2 for two sources at uo
1 =

[2000, 2500, 3000]Tm and uo
2 = [1500, 1550, 1500]Tm. The best achievable localization

accuracy [tr(CRLB(uo)) from (4.45)]: solid line, MSE from the proposed solution: cross
symbol, MSE from estimating the two source positions separately using the method in
[12]: star symbol.

localization accuracy when 10dB ≤ σ2
s/σ

2
r ≤ 20dB.

Fig. 4.4 gives the MSEs of the source location estimates ui, MSE(ui), separately,

where i = 1, 2. The traces of their CRLBs from (4.45) are also shown for comparison.

Source uo
2 has a much better localization accuracy than source uo

1, apparently because

it is closer to the sensor array. The overall MSE in Fig. 4.3 is dominated by that of uo
1.

Fig. 4.4 also indicates that when the variance of the sensor position error is not large

(σ2
s/σ

2
r ≤ 20dB), the proposed method provides CRLB performance for both sources.

We study in Fig. 4.5 the performance degradation of the proposed solution in

Section 4.2 due to large hypothesized position difference from the true location and

the possible benefits of repeating the stage-1 processing once. This simulation uses the

same localization geometry as in Fig. 4.3 and the hypothesized source positions are

set at the origin. The performance of the proposed solution starts deviating from the

CRLB accuracy when σ2
s/σ

2
r is 0dB, 20dB earlier than the case where the hypothesized

source positions are from estimation (comparing with the results in Fig. 4.3). This is
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Figure 4.4: MSEs of the two sources at uo
1 = [2000, 2500, 3000]Tm and uo

2 = [1500, 1550,
1500]Tm. The CRLBs are shown in solid lines and the simulation results are denoted
by symbols. Curve (1) is for source uo

1 and curve (2) is for source uo
2.

because when the hypothesized source position errors ∆ũi are large, the cross-terms

∆ũT
i ∆sj in the solution formulation are negligible only when the sensor position errors

∆sj are sufficiently small. We also observe from Fig. 4.5 that repeating stage-1 one

more time by using the stage-1 solution as the new hypothesized positions significantly

improves performance. This improvement comes from the fact that when repeating

stage-1, the new hypothesized positions are much closer to the true source positions

than the original hypothesized positions.

Figs. 4.6 and 4.7 present the results for the simultaneous localization of a source

farther from the array at uo
1 = [2000, 2500, 3000]Tm and a source closer to the array at

uo
2 = [600, 650, 550]Tm. Due to the appearance of the source uo

2, the simulated geometry

is better than the one shown in Fig. 4.2. Comparing Figs. 4.6 and 4.7 reveals that

the localization error of the source farther away from the array significantly dominates

the overall localization performance of the proposed algorithm. However, the proposed

solution remains to reach the CRLB accuracy for both sources before the thresholding

effect occurs, as indicated in Fig. 4.7. What’s more, the performance gain seen from
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Figure 4.5: Performance of the proposed solution in Section 4.2 for two sources at
uo

1 = [2000, 2500, 3000]Tm and uo
2 = [1500, 1550, 1500]Tm when the hypothesized source

positions are set at the origin. The best achievable localization accuracy [tr(CRLB(uo))
from (4.45)]: solid line, MSE from the proposed solution: cross symbol, MSE from the
proposed solution when repeating stage-1 processing once: plus symbol.

Fig. 4.6 is no less than 4dB over the solution in [12] when σ2
s/σ

2
r ≥ 10dB. The significant

gain in the localization accuracy may be attributed to the effect of the RDOAs from the

well-localized source uo
2 on calibrating the sensor positions, which as a result, improves

the localization accuracy of the source uo
1.

We next examine the behaviors of the proposed solution and the ML estimator

(MLE) based on Taylor-series linearization [28]. The initial guess of the MLE is the

same hypothesized source location used in the proposed algorithm in order to have a

fair comparison. Two sets of results from MLE are shown, one is without iteration

by computing the solution once (denoted by MLE-SI) and the other has iterations

until the ratio of the 2-norm of the update component to that of the solution is less

than 10−6 (denoted by MLE-MI). We set the sensor position noise to have unequal

power values at different sensors to make the comparison more general, where Qs =

σ2
sdiag([2, 2, 2, 2, 2, 2, 10, 10, 10, 10, 10, 10, 20, 20, 20, 3, 3, 3]).

Fig. 4.8 gives the results for the localization geometry same as in Figs. 4.6 and 4.7.
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Figure 4.6: Performance of the proposed solution in Section 4.2 for two sources at
uo

1 = [2000, 2500, 3000]Tm and uo
2 = [600, 650, 550]Tm. The best achievable localization

accuracy [tr(CRLB(uo)) from (4.45)]: solid line, MSE from the proposed solution: cross
symbol, MSE from estimating the two source positions separately using the method in
[12]: star symbol.
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Figure 4.7: MSEs of the two sources at uo
1 = [2000, 2500, 3000]Tm and uo

2 = [600, 650,
550]T m. The CRLBs are shown in solid lines and the simulation results are denoted by
symbols. Curve (1) is for source uo

1 and curve (2) is for source uo
2.

The proposed solution and the two MLE outputs attain the CRLB accuracy when the

sensor position noise power is not large (σ2
s/σ

2
r ≤ 14dB). However, after σ2

s/σ
2
r reaches

15dB, the MLE-MI suffers from thresholding effect, possibly because the hypothesized
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Figure 4.8: Performance of the proposed solution in Section 4.2 for two sources at uo
1 =

[2000, 2500, 3000]Tm and uo
2 = [600, 650, 550]Tm. The sensors have unequal position

noise powers. The best achievable localization accuracy [tr(CRLB(uo)) from (4.45)]:
solid line, MSE from the proposed solution: cross symbol, MSE from the method in
[12]: star symbol, MSE from multiple-iteration MLE : left triangle symbol, MSE from
single-iteration MLE: right triangle symbol.

source positions (the initial solution guess of the MLE) are far from the true locations.

The MLE-SI exhibits better robustness in this simulation because it does not iterate.

On the other hand, it cannot reach the CRLB accuracy when σ2
s/σ

2
r ≥ 15dB. The

proposed solution, however, is more well-behaved and provides much better accuracy

before the thresholding effect sets in at σ2
s/σ

2
r = 21dB.

Fig. 4.9 plots the results when changing the farther away source location to uo
1 =

[1000, 1500, 2500]Tm and keeping the other source location the same as before for the

purpose of extending the thresholding effect of MLE-MI for better comparison. Because

of the more regular localization geometry, the hypothesized source locations from [12]

(initial guess for MLE) are closer to the true source locations. We can now clearly see

that MLE improves localization accuracy by iteration when 18dB ≤ σ2
s/σ

2
r ≤ 20dB. The

performance of MLE, whether with or without iteration, gets worse as σ2
s/σ

2
r > 20dB.

The proposed solution offers much better performance close to the CRLB until the

thresholding effect occurs at σ2
s/σ

2
r = 23dB. The results in Figs. 4.8 and 4.9 clearly
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Figure 4.9: Performance of the proposed solution in Section 4.2 for two sources at uo
1 =

[1000, 1500, 2500]Tm and uo
2 = [600, 650, 550]Tm. The sensors have unequal position

noise powers. The best achievable localization accuracy [tr(CRLB(uo)) from (4.45)]:
solid line, MSE from the proposed solution: cross symbol, MSE from the method in
[12]: star symbol, MSE from multiple-iteration MLE: left triangle symbol, MSE from
single-iteration MLE: right triangle symbol.

support the contrast at the end of Section 4.2.1 that the proposed solution is much less

sensitive to the deviation in the hypothesized source positions from the true locations

compared with the MLE. Besides, the proposed solution is closed-form and reaches the

CRLB accuracy without requiring iteration. It also has more robust behavior with

higher noise threshold.

We illustrate, in Figs. 4.10 and 4.11, the performance of the proposed algorithm in

the special case of a single source as described in Section 4.4.1. In generating Fig. 4.10,

the source is located close to the sensor array at uo
1 = [−250,−550,−550]Tm. When the

variance of the sensor position error is not very large (σ2
s/σ

2
r ≤ 25dB), both the proposed

algorithm and the method in [12] attain the CRLB accuracy. However, as the sensor

position error further increases, the method in [12] starts deviating from the CRLB and

suffers from the thresholding effect at σ2
s/σ

2
r = 40dB. On the other hand, the proposed

algorithm remains close to the CRLB accuracy when σ2
s/σ

2
r is below 40dB. Moreover, its
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Figure 4.10: Performance of the proposed solution in Section 4.4.1 for a source at uo
1 =

[−250,−550,−550]Tm. The best achievable localization accuracy of uo
1 [tr(CRLB(uo

1))]:
solid line, MSE from the proposed solution: cross symbol, MSE from the method in
[12]: star symbol.

noise threshold is about 5dB larger than the solution in [12]. The improved robustness

to large sensor position error is resulted from the joint estimation of the source location

and the sensor positions.

Fig. 4.11 considers the localization of a source at uo
1 = [−200,−250,−250]Tm. In

this simulation, the noisy sensor positions are created using the covariance matrix Qβ =

σ2
sdiag([90, 90, 90, 10, 10, 10, 10, 10, 10, 10, 10, 10, 20, 20, 20, 3, 3, 3]). Fig. 4.11 indicates

that the solution from [12] cannot reach the CRLB accuracy, except when the sensor

positions are almost precisely known (σ2
s/σ

2
r ≤ −20dB). [12] indeeds shows that its

method can reach the CRLB accuracy only for source far away from the sensor array,

but not for source close to the array. On the contrary, the proposed algorithm attains

the CRLB over a wide range of σ2
s/σ

2
r values (-20dB ≤ σ2

s/σ
2
r ≤ 10dB). This observation

confirms the performance analysis in Section 4.3 that the proposed solution is able to

achieve the CRLB accuracy for sources near to the sensor array when the RDOA noise

and the sensor position errors are sufficiently small.
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Figure 4.11: Performance of the proposed solution in Section 4.4.1 for a source at
uo

1 = [−200,−250,−250]Tm when the sensor position noise powers are unequal. The
best achievable localization accuracy of uo

1 [tr(CRLB(uo
1))]: solid line, MSE from the

proposed solution: cross symbol, MSE from the method in [12]: star symbol.

We examine, in Fig. 4.12, the performance of the proposed algorithm applied to

the multiple source scenario (N ≥ 3) as described in Section 4.4.2. The positions

of the sources are uo
1 = [2000, 2500, 3000]Tm, uo

2 = [1500, 1550, 1500]Tm and uo
3 =

[600, 650, 550]Tm. Again, the proposed solution attains the CRLB accuracy for all

three sources when the sensor position error is not large (σ2
s/σ

2
r ≤ 20dB).

Next, we consider the case where only the position of the source uo
1 is of interest

and compare the performance of the proposed solution with the calibration method in

Section 3.5. To apply the solution from Section 3.5, uo
2 and uo

3 are considered as cali-

bration emitters whose positions are not known exactly. The noisy calibration emitter

positions are produced by adding to the true value [uoT
2 ,uoT

3 ]T zero mean Gaussian noise

with covariance matrix Qe = σ2
eI6×6, where σ2

e is 1000. Fig. 4.13 gives the result of the

proposed solution for the source uo
1 as well as the result from applying the method in

Section 3.5. The proposed algorithm performs significantly better than the method in

Section 3.5. For example, when σ2
s/σ

2
r = 0dB, a reduction of more than 20dB in the
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Figure 4.12: MSEs of the three sources at uo
1 = [2000, 2500, 3000]Tm, uo

2 = [1500, 1550,
1500]Tm and uo

3 = [600, 650, 550]Tm. The CRLBs are shown in solid lines and the
simulation results are denoted by symbols. Curve (1) is for source uo

1, curve (2) is for
source uo

2 and curve (3) is for source uo
3.

localization MSE is obtained. This indicates that when the calibration position error

is large, the proposed localization algorithm remains to be able to explore the RDOA

measurements from the calibration sources to reduce the effect of sensor position errors,

while the solution from Section 3.5 cannot, because the technique in Section 3.5 requires

that the calibration position error is moderate. The performance of the proposed algo-

rithm at high sensor position error, however, does not reach the CRLB accuracy given

by (3.14). This is because the proposed algorithm here has not exploited the statistical

knowledge of the calibration emitter positions uo
2 and uo

3 and assume that they are not

known completely.

Fig. 4.14 verifies the validity of the second method proposed in Section 4.4.2 for

completely removing the effect of sensor position errors on source localization accuracy.

We plot the ratio tr(CRLB(uo))/tr(X−1) as function of log2(N). tr(CRLB(uo)) is the

trace of the CRLB with sensor position error while tr(X−1) is that of the CRLB when

sensor positions are known exactly (see Section 4.4.2). Also shown in the figure is
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Figure 4.13: Performance of the proposed solution in Section 4.4.2 for three sources
at uo

1 = [2000, 2500, 3000]Tm, uo
2 = [1500, 1550, 1500]Tm and uo

3 = [600, 650, 550]T m.
(1) The best achievable localization accuracy of uo

1 [tr(CRLB(uo
1))] is shown in solid

line and the MSE from the proposed solution is given in triangle symbol. (2) The best
achievable localization accuracy of uo

1 when noisy a priori information on uo
2 and uo

3 is
available [tr(CRLB(uo

1))c from (3.14)] is shown in solid line and the MSE of the method
in Section 3.5 is given in star symbol.

the normalized localization MSE of the solution developed in Section 4.4.2, namely,

MSE(u)/tr(X−1). We generated two sets of results with σ2
s/σ

2
r set to 15dB and 5dB.

The locations of the emitting sources are randomly selected from the interior of a

square centered at the origin and with side length 2000m. Fig. 4.14 indicates that

as the number of unknown sources increases, tr(CRLB(uo))/tr(X−1) approaches the

value of 1, i.e, the minimum possible localization MSE of u with sensor position error

becomes closer to the one without. Besides, as expected by intuition, the curve of

tr(CRLB(uo))/tr(X−1) with a larger sensor position noise power takes longer to reach

1 than the curve with a smaller sensor position error variance. Finally, the normalized

localization MSEs of the proposed algorithm from simulation match the theoretical

values of tr(CRLB(uo))/tr(X−1) very well.
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Figure 4.14: Removal of the effect of sensor position errors on source localization accu-
racy using multiple sources at unknown locations. The source locations are randomly
selected from a square of side length 2000m. The normalized best achievable localiza-
tion accuracy with sensor position error tr(CRLB(uo))/tr(X−1) is shown in solid lines
and the simulation results are denoted by symbols. Curve (1) is for σ2

s/σ
2
r = 15dB and

curve (2) is for σ2
s/σ

2
r = 5dB.

4.6 Concluding Remarks

In this chapter, we developed a closed-form algorithm for TDOA localization of multi-

ple disjoint sources in the presence of sensor position errors. The proposed algorithm

exploits the fact that the TDOA measurements from different sources correspond to

the same sensor position displacements to improve performance. In the algorithm de-

velopment, the concept of hypothesized source locations was introduced to handle the

coupling between the source locations and sensor positions in the TDOA measurement

equations so that a solution for the source location estimate in closed-form was es-

tablished. Through theoretical performance analysis of the proposed algorithm, we

found that the proposed solution is able to reach the CRLB accuracy when the TDOA

measurement noise and the sensor position errors are sufficiently small (see conditions

(C4-1) and (C4-2) in Section 4.3.2). In contrast to the iterative ML approach that

depends on linearization to solve for source location estimates through iterations, the
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proposed algorithm possesses the advantages of closed-form without requiring itera-

tions, less sensitivity to the deviation of the hypothesized source location to the true

position and therefore, more robust behavior at larger amount of sensor position error.

The theoretical developments and the good performance of the proposed algorithm were

verified through simulations.
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Chapter 5

Simultaneous Sensor Localization
and Source Tracking Using TDOA
Measurements

We investigated in the previous chapter the problem of locating multiple disjoint sources

in the presence of random sensor position errors. The unknown source positions to be

determined from the TDOA measurements were assumed to be uncorrelated with one

another. In this chapter, we shall consider the scenario where the unknown source

positions are generated due to the movement of a single source. In other words, the

unknown source positions are all belonging to the same source trajectory. As a result,

they now become correlated, which enables the tracking of the moving source to improve

the TDOA localization accuracy when the sensor positions are known inaccurately.

Previous studies on source tracking using TDOAs were motivated by its applications

in mobile user tracking in wireless networks [62], acoustic source tracking with micro-

phone array [63–65] and emitter geolocation [66–69]. These works assumed the availabil-

ity of precise sensor positions. Under this assumption, several recursive source tracking

algorithms have been developed using the extended Kalman filter (EKF) [64, 65, 67–69],

the unscented Kalman filter (UKF) [65–67] or the recursive smoothing of successive

source location estimates [63]. When the sensor positions have errors, those algorithms
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are still applicable if we lump the effects of sensor position errors into the TDOA mea-

surement noise [70]. The resultant estimation accuracy, however, may not be sufficient

mainly because the sensor positions are not improved during the entire tracking process.

An effective approach to boost the source tracking accuracy in the presence of sensor

position errors is to perform simultaneous localization and tracking (SLAT). The SLAT

technique has been used in the sensor network self-localization using a moving source

[71] as well as underwater robot navigation [72]. It jointly estimates the sensor positions

and the source trajectory so that improved estimation accuracy of the source trajectory

can be obtained due to the improvements in the sensor positions. In this chapter, we

shall investigate the SLAT problem of tracking a moving source while at the same time

calibrating sensor positions in a recursive manner with TDOA measurements.

The TDOA-based SLAT problem is challenging because the source location pa-

rameters and the sensor positions are nonlinearly related to the TDOA measurements.

Existing recursive SLAT algorithms rely on either the EKF or the Bayesian filter with

Newton-Raphson iterations to handle the nonlinearity. In particular, in [72] and [73],

the EKF was applied to estimate the trajectory of a moving target while simultaneously

localizing beacons that can measure their ranges to the target and are located at inac-

curate positions or completely unknown positions. The EKF addresses the nonlinearity

of the SLAT problem by linearizing the nonlinear measurement equations using the

first-order Taylor-series expansion. The good performance of EKF depends on care-

ful initialization to make the ignored second-order and higher-order error terms small.

With poor initializations, the EKF may suffer from slow convergence or even diver-

gence problem. On the other hand, Taylor et. al. developed in [71] a Bayesian filter-

based SLAT algorithm for simultaneously tracking an arbitrarily moving source and

localizing the sensors with noisy position information. The proposed solution approxi-

mates the posterior distribution of the source position and the sensor positions using a
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Gaussian distribution and updates their estimates by solving a nonlinear least-squares

problem with the iterative Newton-Raphson method. Compared with the EKF, the

Bayesian filter-based SLAT algorithm has faster convergence and improved robustness

to the initialization conditions. But it is computationally demanding, mainly due to the

Newton-Raphson procedure executed every time when new source signal measurements

are obtained.

In this chapter, we shall propose a new recursive algorithm for the TDOA-based

SLAT problem. Once new TDOA measurements become available, the proposed algo-

rithm utilizes them in a two-step processing procedure to update the source trajectory

estimate in step-1 and improve the sensor positions in step-2. The step-1 processing

has two stages and it is developed based on the two-stage source localization framework

in Section 4.2.1. We introduce a constrained weighted least-squares (CWLS) method

to compute its Stage-1 solution to reduce the bias in the source trajectory estimate.

The step-2 processing of the proposed SLAT algorithm follows the sensor position re-

finement approach developed in [74]. Compared with the EKF [72, 73], the new SLAT

algorithm has faster convergence and better robustness to the initialization conditions.

The performance improvement comes from the equation error formulation adopted in

the development of its step-1 processing that involves ignoring the second-order error

terms and cross error products only. Besides, different from the Bayesian filter-based

approach in [71], the new solution does not needs the iterative Newton-Raphson proce-

dure to search for the source trajectory and sensor position estimates.

For simplifying presentation and gaining insights, in this chapter, we shall first

consider the simple SLAT scenario presented in Section 5.1. In this scenario, the source

trajectory is purely linear (i.e., it is completely determined by the source initial position

and the constant source velocity), and the sensor positions are known inaccurately but

their true positions remain unchanged over time. The development of the proposed
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recursive SLAT algorithm for this simple scenario is detailed in Section 5.2. We show

analytically in Section 5.3 that under some mild conditions, the proposed algorithm can

estimate the source location parameters (i.e., the source initial position and the constant

source velocity) and the true sensor positions with the CRLB accuracy. In Section 5.4,

the algorithm developed in Section 5.2 is extended to the more general SLAT problem

where the source motion is subject to random acceleration and the sensor positions

are drifting over time. Simulation results are provided in Section 5.5 to illustrate the

performance of the proposed SLAT algorithm. Section 5.6 concludes this chapter.

This chapter contains a number of symbols. Specifically, bold face upper case letters

denote matrices and bold face lower case letters denote column vectors. If (∗) is the

estimate of a parameter, its true value is denoted by (∗)o and its estimation error is

denoted by ∆(∗) such that (∗) = (∗)o+∆(∗). A[j, :] represents the jth row of the matrix

A, a{j} is the jth element in the column vector a and a[i : j] denotes a (j − i + 1)× 1

column vector composed of the ith-jth elements of a.

5.1 Problem Formulation and CRLB

In this section, we shall first formulate the TDOA-based SLAT problem with the source

moving in a purely linear trajectory and the sensors stationary, and then derive the

CRLBs of the source location parameters and the true sensor positions.

5.1.1 Problem Formulation

The SLAT problem we are considering is depicted in Fig. 5.1. The source is initially

located at uo = [xo
u, y

o
u, z

o
u]

T at time 0 and it moves with a constant velocity of u̇o =

[ẋo
u, ẏ

o
u, ż

o
u]

T . At time kT , the source position is po(k) = uo + kT u̇o, where T is the

observation period and k is the non-negative time index. We define θo = [uoT , u̇oT ]T as
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Figure 5.1: The SLAT problem considered in Section 5.1. The open circles represent the
unknown true sensor positions and the solid circles are the erroneous sensor positions
known to an SLAT algorithm. The triangles are the positions of the moving source
with a purely linear trajectory at different time indexes.

the source location parameter vector. It is straightforward to show that

po(k) = F(k)θo =
[
I3×3, kT I3×3

]
θo. (5.1)

In other words, the source trajectory after time 0 is completely determined if θo is

known.

An array of M stationary sensors is used to identify θo. We assume that a noisy

version of the sensor positions is readily available at time 0 and they are denoted as

sj = [xs,j , ys,j, zs,j]
T = so

j + Ψj, j = 1, 2, ..., M . so
j is the true but unknown position of

sensor j and Ψj is the position error in sj . For notation simplicity, we collect sj to form a

3M×1 sensor position vector s = [sT
1 , sT

2 , ..., sT
M ]T = so+Ψ, where so = [soT

1 , soT
2 , ..., soT

M ]T

and Ψ = [ΨT
1 ,ΨT

2 , ...,ΨT
M ]T . We model Ψ as a zero-mean Gaussian random vector with

covariance matrix Qβ . The Gaussian noise model is valid in practice when the sensor

positions are obtained either by using maximum-likelihood (ML) sensor network self-

localization algorithms, such as those proposed in [38] and [53], or by using certain

distributed sensor node localization schemes, such as the one developed in [75].

The sensor array estimates the TDOAs of the received source signal with respect to
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the reference sensor, sensor 1. A set of M − 1 TDOAs is obtained every T seconds and

we convert them into range difference of arrival (RDOA) measurements by multiplying

them with the signal propagation speed. We denote the measured RDOA at time kT

between the sensor pair j and 1 as rj1(k) = ro
j1(k) + nji(k), where ro

j1(k) is the true

RDOA and nj1(k) is the measurement noise. ro
j1(k) is related to the source location

parameter vector θo and the true sensor positions in so via

ro
j1(k) = ro

j (k) − ro
1(k) = ||po(k) − so

j || − ||po(k) − so
j ||

= ||F(k)θo − so
j || − ||F(k)θo − so

1||
(5.2)

where || ⋆ || is the Euclidean norm and (5.1) is applied to obtain the last equality.

By collecting the RDOAs obtained within an observation period into an (M −

1) × 1 vector, we have a sequence of RDOA vectors r(k) = [r21(k), r31(k), ..., rM1(k)]T

= ro(k) + n(k) for k = 0, 1, 2, ..., where ro(k) = [ro
21(k), ro

31(k), ..., ro
M1(k)]T and n(k) =

[n21(k), n31(k), ..., nM1(k)]T . The RDOA measurement noise n(k) is modeled as a zero-

mean Gaussian white process with covariance matrix Qα(k). We further assume that

n(k) is independent of the sensor position error vector Ψ. The task of a recursive SLAT

algorithm is to update the estimates of the source location parameter vector θo and the

true sensor positions so when a new set of RDOA measurements becomes available.

5.1.2 CRLB

For the SLAT problem described above, the unknowns to be estimated, θo and so, are

deterministic. Let the composite unknown vector φo be φo = [θoT , soT ]T . We shall

derive the CRLB of φo for a given time index k, which gives the lower bound on the

error covariance matrix of any unbiased estimator of φo.

At time kT , the measurements that contain information on φo are the k +1 RDOA

vectors obtained at time indexes i = 0, 1, ...k, and the initially known sensor position

vector s. Define the data vector at time kT as v(k) = [rT (0), rT (1), ..., rT (k), sT ]T .
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Applying the fact that r(i) and s are independent Gaussian distributed random vectors,

we can write the logarithm of the probability density function (PDF) of v(k) as

lnp(v(k); φo) = K− 1

2

k∑

i=0

(r(i) − ro(i))T Q−1
α (i) (r(i) − r(i)o)− 1

2
(s− so)T Q−1

β (s− so)

(5.3)

where K is a constant that does not depend on φo. The CRLB of φo at time kT is [36]

CRLB(φo)k = −E

[
∂2lnp(v(k); φo)

∂φo∂φoT

]−1

.

Using (5.3) and carrying out the partial derivatives as well as the expectation and

negation, we arrive at

CRLB(φo)k =

[
X(k) Y(k)
YT (k) Z(k)

]−1

(5.4)

where the partitioned matrix to be inverted on the right hand side is the Fisher infor-

mation matrix (FIM) at time kT and its blocks are defined as

X(k) = −E

[
∂2lnp(v(k); φo)

∂θo∂θoT

]

=

k∑

i=0

(
∂ro(i)

∂θo

)T

Q−1
α (i)

(
∂ro(i)

∂θo

)

(5.5a)

Y(k) = −E

[
∂2lnp(v(k); φo)

∂θo∂soT

]

=

k∑

i=0

(
∂ro(i)

∂θo

)T

Q−1
α (i)

(
∂ro(i)

∂so

)

(5.5b)

Z(k) = −E

[
∂2lnp(v(k); φo)

∂so∂soT

]

= Q−1
β +

k∑

i=0

(
∂ro(i)

∂so

)T

Q−1
α (i)

(
∂ro(i)

∂so

)

. (5.5c)

The partial derivatives (∂ro(i)/∂θo) and (∂ro(i)/∂so) both have (M − 1) rows. From

(5.2), their (j − 1)th rows, j = 2, 3, ...M, are equal to

(
∂ro

j1(i)/∂θo
)T

=
[

(ρpo(i),so
j
− ρpo(i),so

1

)TF(i)
]

(5.6a)

(
∂ro

j1(i)/∂so
)T

=
[

ρT
po(i),so

1

, 0T
3(j−2)×1, −ρT

po(i),so
j
, 0T

3(M−j)×1

]

(5.6b)

where ρa,b = a−b
||a−b||

represents the unit vector from b to a. It is worthwhile to point

out that the CRLB result in (5.4) is valid only when k ≥ 1. This is because if k = 0,

only the RDOAs at time 0 is available, with which we cannot uniquely determine the

source velocity and as a result, the FIM to be inverted in (5.4) would become singular.
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From the definition of φo, we have that the upper-left 6× 6 block of CRLB(φo)k is

the CRLB of the source location parameter vector θo at time kT , and the lower-right

3M × 3M block of CRLB(φo)k is the CRLB of the true sensor position vector so at

time kT . They will be denoted as CRLB(θo)k and CRLB(so)k, respectively. Applying

the partitioned matrix inverse formula [52] to (5.4), we arrive at

CRLB(θo)k =
(
X(k) −Y(k)Z−1(k)YT (k)

)−1

= X−1(k) + X−1(k)Y(k)
(
Z(k) − YT (k)X−1(k)Y(k)

)−1
YT (k)X−1(k)

(5.7a)

CRLB(so)k =
(
Z(k) −YT (k)X−1(k)Y(k)

)−1

= Z−1(k) + Z−1(k)YT (k)
(
X(k) −Y(k)Z−1(k)YT (k)

)−1
Y(k)Z−1(k).

(5.7b)

Similarly, from the definition of θo, the CRLBs of the source initial position uo and the

constant velocity u̇o at time index k, denoted as CRLB(uo)k and CRLB(u̇o)k, are given

by the upper-left 3 × 3 and the lower-right 3 × 3 blocks of CRLB(θo)k.

Another important observation from (5.4) is that CRLB(φo)k can be computed

recursively. Specifically, we can replace k with k−1 in (5.4) to generate CRLB(φo)k−1,

the CRLB of φo at time index k − 1. Comparing the result with CRLB(φo)k reveals

that

CRLB(φo)k =

(

CRLB(φo)−1
k−1 +

[

(∂ro(k)

∂θ
o )TQ−1

α (k)(∂ro(k)

∂θ
o ) (∂ro(k)

∂θ
o )TQ−1

α (k)(∂ro(k)
∂so )

(∂ro(k)
∂so )TQ−1

α (k)(∂ro(k)

∂θ
o ) (∂ro(k)

∂so )TQ−1
α (k)(∂ro(k)

∂so )

])−1

.

(5.8)

5.2 Algorithm

We shall develop a new recursive algorithm for the TDOA-based SLAT problem for-

mulated in Section 5.1.1. At a given time kT , the proposed SLAT algorithm pro-

duces an estimate of the composite unknown vector φo = [θoT , soT ]T , denoted by

φ(k) = [θT (k), sT (k)]T , where θ(k) and s(k) are the estimates of the source location
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parameter vector θo and the true sensor position vector so at time kT . The proposed

algorithm achieves its task using the newly obtained RDOAs in r(k), the estimate of φo

from time (k − 1)T , φ(k − 1) = [θT (k − 1), sT (k − 1)]T , and the statistical information

of φ(k − 1). We assume that φ(k − 1) is unbiased and its error covariance matrix is

Qφ(k − 1).

The new algorithm has two processing steps. In particular, the step-1 finds θ(k)

using a two-stage procedure and it is developed on the basis of the two-stage local-

ization algorithm in Section 4.2.1. Stage-1 of the step-1 processing jointly estimates

the source location parameter vector θo, the residual position error in s(k − 1) and a

nuisance parameter. Stage-2 of of the step-1 processing refines the estimate of θo with

the estimated nuisance parameter to obtain θ(k). To reduce the bias in θ(k), we apply

the CWLS approach to compute the Stage-1 solution through solving a generalized

eigenvalue problem. Step-2 of the proposed algorithm finds s(k) via the closed-form

weighted least-squares (WLS) method and it is developed based on the sensor posi-

tion refinement technique in [74]. Necessary modifications are introduced to adapt the

algorithm from [74] to the TDOA-based SLAT problem in consideration.

To facilitate the algorithm development, we express θ(k − 1) and s(k − 1) as

θ(k − 1) = [uT (k − 1), u̇T (k − 1)]T = θo + ∆θ(k − 1) (5.9a)

s(k − 1) = [sT
1 (k − 1), sT

2 (k − 1), ..., sT
M(k − 1)]T = so + ∆s(k − 1) (5.9b)

where ∆θ(k−1) = [∆uT (k−1), ∆u̇T (k−1)]T and ∆s(k−1) = [∆sT
1 (k−1), ∆sT

2 (k−1), ...,

∆sT
M (k− 1)]T are the estimation errors in θ(k− 1) and s(k − 1). u(k − 1) and u̇(k− 1)

are the estimated source initial position uo and the source velocity u̇o at time (k − 1)T

and their estimation errors are ∆u(k − 1) and ∆u̇(k − 1). sj(k − 1) is the estimated

position of sensor j at time (k − 1)T and ∆sj(k − 1) is the residual position error. In
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summary, we have

u(k − 1) = uo + ∆u(k − 1) (5.10a)

u̇(k − 1) = u̇o + ∆u̇(k − 1) (5.10b)

sj(k − 1) = so
j + ∆sj(k − 1) (5.10c)

In the remaining of this section, the development of the step-1 processing and the

step-2 processing of the new SLAT algorithm will be presented in Section 5.2.1 and

Section 5.2.2, respectively. Then, we shall summarize the computations of the proposed

algorithm and discuss its realization in Section 5.2.3.

5.2.1 Step-1 Processing

The step-1 processing begins with generating a hypothesized version of the source po-

sition at time kT via

p̃(k) = F(k)θ(k − 1). (5.11)

By comparing the above equation with (5.1) and using (5.9a), we have that the deviation

of p̃(k) from its true value po(k) is

∆p̃(k) = p̃(k) − po(k) = F(k)∆θ(k − 1). (5.12)

Stage-1 : The solution equations for Stage-1 of the step-1 processing are constructed

from the RDOAs in r(k) and the statistical information on φ(k−1). The development of

the RDOA-based solution equations follows closely the approach used to derive (4.13).

It starts with the TDOA equation

ro2
j1(k) + 2ro

j1(k)ro
1(k) = soT

j so
j − soT

1 so
1 − 2(so

j − so
1)

Tpo(k), j = 2, 3, ..., M (5.13)

which is obtained via re-arranging the first equality in (5.2), squaring both sides of the

result and putting ro2
j (k) = (po(k)−so

j)
T (po(k)−so

j) and ro2
1 (k) = (po(k)−so

1)
T (po(k)−
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so
1). Substituting ro

j1(k) = rj1(k) − nj1(k), so
j = sj(k − 1) − ∆sj(k − 1), so

1 = s1(k −

1)−∆s1(k− 1) from (5.10c) and po(k) = p̃(k)−F(k)∆θ(k− 1) from (5.12) into (5.13)

yields

2ro
j (k)nj1(k) =ηj(k) − 2(sj(k − 1) − s1(k − 1))TF(k)∆θ(k − 1) + 2rj1(k)ro

1(k)

− 2(p̃(k) − sj(k − 1))T ∆sj(k − 1) + 2(p̃(k) − s1(k − 1))T ∆s1(k − 1)

(5.14)

where ηj(k) is equal to

ηj(k) = r2
j1(k)− sT

j (k− 1)sj(k− 1)+ sT
1 (k− 1)s1(k− 1)+2(sj(k− 1)− s1(k− 1))T p̃(k).

(5.15)

In deriving (5.14), we ignored the second-order error terms of nj1(k), ∆sj(k − 1) and

∆s1(k − 1), as well as the cross error products between ∆p̃(k) and ∆sj(k − 1), and

∆p̃(k) and ∆s1(k − 1). Next, we expand ro
1(k), the true distance between the source

position at time kT and sensor 1, around s1(k − 1) up to the linear term to obtain

ro
1(k) ≃ r̂o

1(k) + ρT
p̃(k),s1(k−1)∆s1(k − 1). (5.16)

where r̂o
1(k) is defined as

r̂o
1(k) = ||uo + kT u̇o − s1(k − 1)|| = ||F(k)θo − s1(k − 1)||. (5.17)

Putting (5.16) into (5.14) and stacking the resultant (M − 1) equations together

yield the RDOA-based solution equation in the following matrix form

B1(k)n(k) = η(k) −
[
D(k), G(k)

]
ϕo

1(k) (5.18)

where n(k) is the measurement noise in r(k), η(k) = [η2(k), η3(k), ..., ηM(k)]T and ϕo
1(k)

is the unknown vector to be identified in Stage-1 defined as

ϕo
1(k) =

[
∆sT (k − 1), ∆θT (k − 1), r̂o

1(k)
]T

. (5.19)

129



The matrices D(k) and G(k) both have (M − 1) rows and their (j − 1)th rows, j =

2, 3, ..., M , are

D(k)[j − 1, :] =

2
[
−(rj1(k)ρp̃(k),s1(k−1) + (p̃(k) − s1(k − 1)))T , 0T

3(j−2)×1, (p̃(k) − sj(k − 1))T , 0T
3(M−j)×1

]

(5.20a)

G(k)[j − 1, :] = 2
[
(sj(k − 1) − s1(k − 1))TF(k), −rj1(k)

]
. (5.20b)

B1(k) is an (M − 1) × (M − 1) diagonal matrix equal to

B1(k) = 2 · diag([ro
2(k), ro

3(k), ..., ro
M(k)]) (5.21)

where ro
j (k) is the true range from the source to sensor j at time kT defined in (5.2).

Note from (5.19) that Stage-1 of the step-1 processing estimates the error in θ(k−1),

∆θ(k − 1). This is equivalent to determining the source location parameter vector θo

itself because θ(k − 1) is known (see (5.9a)). With the above observation in mind and

from (5.17), we know that the unknowns ∆θ(k−1) and r̂o
1(k) are indeed correlated. The

correlation is ignored in Stage-1 so that r̂o
1(k) can be jointly estimated with ∆s(k − 1)

and ∆θ(k − 1) as a nuisance parameter. The correlation between ∆θ(k − 1) and r̂o
1(k)

will be explored in Stage-2 of the step-1 processing to refine the estimate of θo from

Stage-1.

We proceed to construct solution equations for ϕo
1(k) using the statistical informa-

tion on φ(k−1). Recall that it is an unbiased estimate of φo = [θoT , soT ]T and its error

covariance matrix is Qφ(k − 1). Therefore, from (5.9), we have that the error vector

[∆θT (k−1), ∆sT (k−1)]T would have zero mean and a covariance matrix of Qφ(k−1).

Following Sorenson’s approach [59] to explore the above information yields

[
−∆θ(k − 1)
−∆s(k − 1)

]

= 0(3M+6)×1 −
[
O6×3M [I6×6, 06×1]
I3M×3M [O3M×6, 03M×1]

]

ϕo
1(k). (5.22)

Stacking (5.22) and (5.18) forms the Stage-1 solution equation

ε1(k) = h1(k) −G1(k)ϕo
1(k) (5.23)
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where the equation error vector ε1(k) is equal to

ε1(k) = [−∆θT (k − 1),−∆sT (k − 1), (B1(k)n(k))T ]T (5.24)

and h1(k) and G1(k) are defined as

h1(k) = [0T
(3M+6)×1, η

T (k)]T (5.25a)

G1(k) =





O6×3M [I6×6, 06×1]
I3M×3M [O3M×6, 03M×1]
D(k) G(k)



 . (5.25b)

Note that the error vector [∆θT (k − 1), ∆sT (k − 1)]T depends only on the initial

sensor position error Ψ and the RDOA noise up to time (k−1)T . Therefore, [∆θT (k−

1), ∆sT (k− 1)]T and the RDOA noise at time kT , n(k), are independent to each other.

Using the above observation and (5.24), we can obtain the covariance matrix of ε1(k)

as

E[ε1(k)εT
1 (k)] =

[
Qφ(k − 1) O(3M+6)×(M−1)

O(M−1)×(3M+6) B1(k)Qα(k)BT
1 (k)

]

(5.26)

where Qα(k) is the covariance matrix of n(k). Defining the weighting matrix W1(k) as

W1(k) = E[ε1(k)εT
1 (k)]−1 (5.27)

the WLS solution to (5.23) can be found to be (GT
1 (k)W1(k)G1(k))−1GT

1 (k)W1(k)h1(k)

[36]. Nevertheless, the WLS solution is biased. The estimation bias comes from the fact

that noisy RDOAs and inaccurate sensor positions appear in D(k), G(k) and η(k) (see

(5.20a), (5.20b) and (5.15)), which makes the regressor G1(k) and the regressand h1(k)

correlated with each other. With the biased WLS solution, the output of the step-1

processing, θ(k), could also be biased, which would render the solution equation (5.22)

for the next time index k + 1 invalid and as a result, degrade the estimation accuracy

of the proposed SLAT algorithm.

We shall seek an alternative solution to (5.23) with smaller bias level. The method

used is the constrained weighted least-squares (CWLS) [76] that is obtained by gen-

eralizing the constrained least-squares (CLS) [77] with the weighting technique. The
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CWLS method has been used to handle the regressor-regressand correlation in the

infinite-impulse response (IIR) system identification [76]. It can provide unbiased esti-

mate of the IIR system parameters when the signal-to-noise ratio (SNR) is sufficiently

high [76].

The derivation of the CWLS solution starts with defining an augmented measure-

ment matrix and an augmented unknown vector as

A(k) = [−G1(k),h1(k)] (5.28a)

ϕ̃o
1(k) = h(k) · [ϕoT

1 (k), 1]T (5.28b)

where h(k) is an unknown scaling factor. Note from (5.28b) that ϕo
1(k) can be deduced

from ϕ̃o
1(k) via

ϕo
1(k) =

ϕ̃o
1(k)[1 : (3M + 7)]

ϕ̃o
1(k){3M + 8} . (5.29)

A(k) can be expressed as A(k) = Ao(k)+∆A(k), where Ao(k) is obtained by replacing

the noisy quantities in A(k), namely rj1(k), sj(k − 1) and s1(k − 1), with their true

values ro
j1(k), so

j and so
1.

1 ∆A(k) is the noise component of A(k) equal to

∆A(k) = [OT
(3M+6)×(3M+8),V

T (k)]T (5.30)

where V(k) is an (M − 1) × (3M + 8) matrix whose (j − 1)th row, j = 2, 3, ..., M , is

V(k)[j − 1, :] = 2
[
(nj1(k)ρp̃k,s1(k−1) − ∆s1(k − 1))T , 0T

3(j−2)×1, ∆sT
j (k − 1),

0T
3(M−j)×1, (∆s1(k − 1) − ∆sj(k − 1))TF(k), nj1(k),

ro
j1(k)nj1(k) + (p̃(k) − so

j)
T ∆sj(k − 1) − (p̃(k) − so

1)
T ∆s1(k − 1)

]
.

(5.31)

We compute the CWLS solution to (5.23) by solving

min ϕ̃oT
1 (k)AT (k)W1(k)A(k)ϕ̃o

1(k) subject to ϕ̃oT
1 (k)Σ(k)ϕ̃o

1(k) = 1 (5.32)

1For simplifying the derivation, the noisy sensor positions in the unit vectors ρ
p̃k,sj(k−1) and

ρ
p̃k,s1(k−1) in A(k) are not replaced with their true values.
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where Σ(k) is defined as

Σ(k) = E[∆A(k)TW1(k)∆A(k)] = E[V(k)T (B1(k)Qα(k)BT
1 (k))−1V(k)]. (5.33)

In obtaining the second equality of (5.33), the definition of W1(k) in (5.27) and (5.26),

and the definition of ∆A(k) in (5.30) have been used. By expressing V(k) as a matrix

product and carrying out the expectation, Appendix D.1 shows that the constraint

matrix Σ(k) is equal to

Σ(k) = ΥT (k)





L̃(k) O(M−1)×(3M−3) O(M−1)×3M−3

O(3M−3)×(M−1) E11(k) E12(k)
O(3M−3)×(M−1) ET

12(k) E22(k)



Υ(k). (5.34)

Υ(k) is defined in (D.3) of Appendix D.1 while the matrices L̃(k), E11(k), E12(k)

and E22(k) are given in (D.7). Σ(k) is a rank deficient positive semi-definite matrix.

This can be verified by noting its symmetric structure and that Υ(k) does not have

full-column rank (see the discussion under (D.3) in Appendix D.1).

To handle the singularity of Σ(k) in solving (5.32), we introduce a linearly trans-

formed version of the augmented unknown vector ϕ̃o
1(k) defined as

˜̃ϕo
1(k) = (Pt(k) · P)−1ϕ̃o

1(k) (5.35)

where the matrices Pt(k) and P are equal to

Pt(k) =









I3×3 O Fk O
O I3(M−1)×3(M−1) 1(M−1)×1 ⊗ I3×3 · Fk O
O O I6×6 O

O O

[−ρT
p̃k ,s1(k−1)Fk

0T
6×1

]

I2×2









(5.36a)

P =





O I3M×3M O
I6×6 O O
O O I2×2



 . (5.36b)

With ˜̃ϕo
1(k), the CWLS problem in (5.32) can be reformulated as

min ˜̃ϕoT
1 (k)R(k)˜̃ϕo

1(k)

subject to ˜̃ϕoT
1 (k)(Pt(k) · P)TΣ(k)(Pt(k) · P)˜̃ϕo

1(k) = 1
(5.37)
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where R(k) is defined as R(k) = (Pt(k) · P)TAT (k)W1(k)A(k)(Pt(k) · P).

The purpose of using Pt(k) is to set the 3rd column block of Υ(k) in Σ(k) to be

a zero matrix. On the other hand, the matrix P re-arranges the column blocks of

Υ(k) · Pt(k) so that the non-zero column blocks are collected toward the right end.

As a result, we can express the constraint matrix in (5.37) in the following partitioned

form

(Pt(k) · P)TΣ(k)(Pt(k) ·P) =

[
O6×6 O6×(3M+2)

O(3M+2)×6 N(k)

]

(5.38)

where N(k) is a (3M + 2) × (3M + 2) non-singular matrix.

The solution to (5.37), ˜̃ϕ1(k), can be found using the technique of Lagrange multi-

plier. It can be shown by following the approach in [76] that ˜̃ϕ1(k) satisfies

˜̃ϕ1(k)[1 : 6] = −R−1
11 (k)R12(k)˜̃ϕ1(k)[7 : 3M + 8] (5.39a)

(R22(k) − RT
12(k)R−1

11 (k)R12(k)) · ˜̃ϕ1(k)[7 : 3M + 8] = λN(k) · ˜̃ϕ1(k)[7 : 3M + 8]
(5.39b)

where λ is the Lagrange multiplier, R11(k), R12 and R22(k) are the 6× 6, 6× (3M +2)

and (3M + 2) × (3M + 2) blocks of R(k) such that

R(k) =

[
R11(k) R12(k)
RT

12(k) R22(k)

]

.

Therefore, ˜̃ϕ1(k) can be determined by first finding the generalized eigenvector corre-

sponding to the smallest eigenvalue of the pair (R22(k) − RT
12(k)R−1

11 (k)R12(k),N(k))

to obtain ˜̃ϕ1(k)[7 : 3M + 8] and then using (5.39a) to produce ˜̃ϕ1(k)[1 : 6] [76]. With

˜̃ϕ1(k), the CWLS solution to the Stage-1 solution equation (5.23), denoted by ϕ1(k),

can be computed by applying, from (5.35),

ϕ̃o
1(k) = (Pt(k) · P) · ˜̃ϕo

1(k) (5.40)

and (5.29) in sequence.
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The estimation accuracy of ϕ1(k) is quantified by its covariance matrix cov(ϕ1(k))

that is approximately equal to, under small noise condition,

cov(ϕ1(k)) ≃ E[∆ϕ1(k)∆ϕT
1 (k)] ≃

(
GT

1 (k)W1(k)G1(k)
)−1

(5.41)

where ∆ϕ1(k) =
(
GT

1 (k)W1(k)G1(k)
)−1

GT
1 (k)W1(k)ε1(k) is the estimation error such

that ϕ1(k) = ϕo
1(k) + ∆ϕ1(k).

Stage-2 : Note from the definition of ϕo
1(k) in (5.19) that ϕ1(k)[3M + 1 : 3M + 7] is

the estimate of [∆θT (k − 1), r̂o
1(k)]T . Denoting it as ξ(k), we have

ξ(k) = ϕ1(k)[3M + 1 : 3M + 7] = [∆θT (k − 1), r̂o
1(k)]T + ∆ξ(k) (5.42)

where ∆ξ(k) = ∆ϕ1(k)[3M + 1 : 3M + 7] is the estimation error in ξ(k). Corre-

spondingly, the covariance matrix of ξ(k), cov(ξ(k)), is given by the lower-right 7 × 7

block of cov(ϕ1(k)) in (5.41). By noting from (5.42) that ξ(k)[1 : 6] is the estimate

of ∆θ(k − 1) = [∆uT (k − 1), ∆u̇T (k − 1)]T , we subtract it from θ(k − 1) in (5.9a) to

obtain new estimates of the source initial position uo and the source velocity u̇o as

û(k) = u(k − 1) − ξ(k)[1 : 3] = uo − (ξ(k)[1 : 3] − ∆u(k − 1)) = uo − ∆ξ(k)[1 : 3]
(5.43a)

ˆ̇u(k) = u̇(k − 1) − ξ(k)[4 : 6] = u̇o − (ξ(k)[4 : 6] − ∆u̇(k − 1)) = u̇o − ∆ξ(k)[4 : 6]
(5.43b)

where (5.10a) and (5.10b) have been used. The aim of Stage-2 is to refine û(k) and ˆ̇u(k)

using the last element of ξ(k), ξ(k){7}, which is the estimated value of the nuisance

parameter r̂o
1(k) defined in (5.17).

The solution equations for Stage-2 are developed as follows. Using (5.43a), we have

−2(uo − s1(k − 1)) ⊙ ∆ξ(k)[1 : 3] =(û(k) − s1(k − 1)) ⊙ (û(k) − s1(k − 1))

− (uo − s1(k − 1)) ⊙ (uo − s1(k − 1))
(5.44)

where ⊙ represents the Schur product (element by element multiplication) and the

second-order error term of ∆ξ(k)[1 : 3], ∆ξ(k)[1 : 3] ⊙ ∆ξ(k)[1 : 3], has been ignored.
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Similarly, using (5.43a) and (5.43b), we obtain

−(uo − s1(k − 1))⊙∆ξ(k)[4 : 6] − u̇o ⊙ ∆ξ(k)[1 : 3]

= (û(k) − s1(k − 1)) ⊙ ˆ̇u(k) − (uo − s1(k − 1)) ⊙ u̇o
(5.45)

where the cross error product between ∆ξ(k)[1 : 3] and ∆ξ(k)[4 : 6] has been ignored.

Next, expressing ξ(k){7} as ξ(k){7} = r̂o
1(k)+∆ξ(k){7} and applying (5.43b), we have

ξ(k){7}2 − (kT )2 ˆ̇u(k)T ˆ̇u(k) =

r̂o2
1 (k) + 2r̂o

1(k)∆ξ(k){7} − (kT )2u̇oT u̇o + 2(kT )2u̇oT ∆ξ(k)[4 : 6]

where the second-order error terms of ∆ξ{7} and ∆ξ(k)[4 : 6] have been ignored.

Substituting r̂o2
1 (k) = (uo + kT u̇o − s1(k− 1))T (uo + kT u̇o − s1(k− 1)) from (5.17) into

the above equation, simplifying and re-arranging yield

2r̂o
1(k)∆ξ(k){7} + 2(kT )2u̇oT ∆ξ(k)[4 : 6] = ξ(k){7}2 − (kT )2 ˆ̇uT (k)ˆ̇u(k)

− (uo − s1(k − 1))T (uo − s1(k − 1)) − 2kT (uo − s1(k − 1))T u̇o.

(5.46)

Combining (5.44), (5.45) and (5.46) gives the solution equation in matrix form for

Stage-2

ε2(k) = h2(k) −G2(k)ϕo
2(k) (5.47)

where the unknown vector ϕo
2(k) is defined as

ϕo
2(k) =

[
(uo − s1(k − 1)) ⊙ (uo − s1(k − 1))

(uo − s1(k − 1)) ⊙ u̇o

]

. (5.48)

The equation error vector ε2(k) is equal to

ε2(k) = B2(k)∆ξ(k) (5.49)

where

B2(k) =





−2diag(uo − s1(k − 1)) O3×3 03×1

−diag(u̇o) −diag(uo − s1(k − 1)) 03×1

0T
3×1 2(kT )2u̇oT 2r̂o

1(k)



 . (5.50)
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h2(k) and G2(k) are given by

h2(k) =





(û(k) − s1(k − 1)) ⊙ (û(k) − s1(k − 1))

(û(k) − s1(k − 1)) ⊙ ˆ̇u(k)

ξ(k){7}2 − (kT )2 ˆ̇uT (k)ˆ̇u(k)



 (5.51a)

G2(k) =





I3×3 O3×3

O3×3 I3×3

1T
3×1 2kT1T

3×1



 . (5.51b)

We compute the WLS solution to (5.47) via

ϕ2(k) = (GT
2 (k)W2(k)G2(k))−1GT

2 (k)W2(k)h2(k) (5.52)

where the weighting matrix W2(k) is defined as

W2(k) = E[ε2(k)εT
2 (k)]−1 = (B2(k)cov(ξ(k))BT

2 (k))−1. (5.53)

Subtracting ϕo
2(k) from both sides of (5.52) and putting (5.47) give the estimation error

∆ϕ2(k) = ϕ2(k) − ϕo
2(k) = (GT

2 (k)W2(k)G2(k))−1GT
2 (k)W2(k)ε2(k). (5.54)

The covariance matrix of ϕ2(k) can be found to be

cov(ϕ2(k)) = E[∆ϕ2(k)∆ϕT
2 (k)] = (GT

2 (k)W2(k)G2(k))−1 (5.55)

where in obtaining the last equality, (5.53) has been used.

From the definition of ϕo
2(k) in (5.48), we can obtain θ(k) = [uT (k), u̇T (k)]T , the

estimate of the source location parameter vector θo at time kT , by remapping ϕ2(k)

via
u(k) = diag(sign(û(k) − s1(k − 1)))

√

ϕ2(k)[1 : 3] + s1(k − 1) (5.56a)

u̇(k) = ϕ2(k)[4 : 6]./(u(k) − s1(k − 1)). (5.56b)

The diagonal matrix on the right hand side of (5.56a) is used to remove the sign ambi-

guity caused by the square root operation on ϕ2(k)[1 : 3] and ‘./’ denotes the element

by element division. (5.56) completes the step-1 processing.
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An alternative approach for estimating ϕo
2(k) from (5.47) is to use the technique of

generalized total least-squares (GTLS). Define an augmented unknown vector ϕ̃o
2(k) as

ϕ̃o
2(k) = f(k) · [ϕoT

2 (k), 1]T , where f(k) is an unknown scaling factor. According to [78],

the GTLS solution to (5.47) can be found by first solving

min ϕ̃oT
2 (k)[−G2(k),h2(k)]TW2(k)[−G2(k),h2(k)]ϕ̃o

2(k)

subject to ϕ̃oT
2 (k)ϕ̃o

2(k) = 1
(5.57)

and then remapping the result using ϕo
2(k) =

ϕ̃o

2
(k)[1:6]

ϕ̃o

2
(k){7}

. Specifically, the solution to the

constrained minimization problem (5.57) is the eigenvector associated with the smallest

eigenvalue of the matrix [−G2(k),h2(k)]TW2(k)[−G2(k),h2(k)]. After obtaining the

GTLS estimate of ϕo
2(k), we again remap it to generate θ(k) using (5.56) then proceed

to the step-2 processing.

Simulation results in Section 5.5 indicate that the use of GTLS solution in place of

the WLS solution may improve the estimation accuracy of the proposed TDOA-based

SLAT problem. The reason behind the performance improvement remains unclear and

it is a topic for future researches.

5.2.2 Step-2 Processing

The step-2 processing aims at computing s(k), the estimate of the true sensor position

vector so at time index k. This is achieved by first identifying ∆s(k − 1), which is the

error in s(k − 1), through the WLS technique and then subtracting it from s(k − 1).

The solution equations for estimating ∆s(k − 1) are constructed using the RDOA

measurements in r(k), the statistical information on φ(k − 1), and θ(k) generated by

the step-1 processing. The development of the RDOA-based solution equations first

follows the approach used to obtain (5.14). The difference here is that the true source

position po(k) in (5.13) is now expressed in terms of the new source position estimate
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p(k) as po(k) = p(k) − F(k)∆θ(k), where

p(k) = F(k)θ(k) (5.58)

and ∆θ(k) = θ(k) − θo is the estimation error in θ(k). The resultant equations are

2ro
j (k)nj1(k) =η̄j(k) − 2(sj(k − 1) − s1(k − 1))TF(k)∆θ(k) + 2rj1(k)ro

1(k)

− 2(p(k) − sj(k − 1))T ∆sj(k − 1) + 2(p(k) − s1(k − 1))T ∆s1(k − 1)

(5.59)

where j = 2, 3, ..., M and η̄j(k) = r2
j1(k) − sT

j (k − 1)sj(k − 1) + sT
1 (k − 1)s1(k − 1) +

2(sj(k − 1)− s1(k − 1))Tp(k). Then, we expand ro
1(k) = ||po(k)− so

1|| around p(k) and

s1(k − 1) up to the linear terms to arrive at

ro
1(k) ≃ ||p(k) − s1(k − 1)|| − ρT

p(k),s1(k−1)F(k)∆θ(k) + ρT
p(k),s1(k−1)∆s1(k − 1).

Putting the above result into (5.59) and stacking the (M − 1) equations yield

B1(k)nk = (η̄(k) + 2rk ⊗ ||p(k) − s1(k − 1)||) − D̄(k)∆s(k − 1) − Ū(k)∆θ(k) (5.60)

where n(k) is the measurement noise in r(k), ⊗ denotes the Kronecker product, B1(k) is

defined (5.21) and η̄(k) = [η̄2(k), η̄3(k), ..., η̄M(k)]T . Both D̄(k) and Ū(k) have (M − 1)

rows and their (j − 1)th rows, j = 2, 3, ..., M, are given by

D̄[j − 1, :] =

2
[
−(rj1(k)ρp(k),s1(k−1) + (p(k) − s1(k − 1)))T , 0T

3(j−2)×1, (p(k) − sj(k − 1))T , 0T
3(M−j)×1

]

(5.61a)

Ū(k)[j − 1, :] = 2[(rj1(k)ρp(k),s1(k−1) + (sj(k − 1) − s1(k − 1)))TF(k)] (5.61b)

Another part of information on ∆s(k − 1) comes from the fact that it is correlated

with φ(k − 1) and θ(k), and it is a zero-mean vector (see discussion above (5.22)). We

explore this observation to arrive at

[
−∆θ(k − 1)
−∆s(k − 1)

]

=

[
θ(k) − θ(k − 1)

03M×1

]

−
[
O6×3M

I3M×3M

]

∆s(k − 1)−
[

I6×6

O3M×6

]

∆θ(k). (5.62)
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In obtaining the first row block of the above solution equation, we applied θ(k) =

θo + ∆θ(k) and θ(k − 1) = θo + ∆θ(k − 1). The second row block is derived by

following Sorenson’s approach [59].

Combining (5.62) and (5.60) yields the step-2 solution equation

ε1(k) = h3(k) −G3(k)∆s(k − 1) −U(k)∆θ(k) (5.63)

where ε1(k) is defined in (5.24) and

h3(k) = [(θ(k) − θ(k − 1))T , 0T
3M×1, (η̄(k) + 2r(k) ⊗ ||p(k) − s1(k − 1)||)T ]T .

G3(k) and U(k) are equal to

G3(k) = [OT
6×3M , IT

3M×3M , D̄T (k)]T (5.64a)

U(k) = [IT
6×6,O

T
3M×6, Ū

T (k)]T . (5.64b)

After ignoring the term U(k)∆θ(k), we can obtain the WLS solution to (5.63) as

∆ŝ(k − 1) = (GT
3 (k)W1(k)G3(k))−1GT

3 (k)W1(k)h3(k) (5.65)

where the weighting matrix is given in (5.27). Subtracting ∆ŝ(k − 1) from s(k − 1)

yields

s(k) = [sT
1 (k), sT

2 (k), ..., sT
M(k)]T = s(k − 1) − ∆ŝ(k − 1). (5.66)

Combining θ(k) in (5.56) and s(k) in (5.66) gives φ(k) = [θT (k), sT (k)]T , which is

the estimate of the composite unknown vector φo = [θoT , soT ]T at time index k and also

the desired output of the proposed SLAT algorithm at time index k. We complete the

development of the proposed algorithm for the SLAT problem in Section 5.1.1 through

providing the approach for computing the covariance matrix of φ(k), denoted by Qφ(k).

Specifically, Qφ(k) is found by

Qφ(k) =

(

Qφ(k − 1) +

[
HT

1 (k)Q−1
α (k)H1(k) HT

1 (k)Q−1
α (k)H2(k)

HT
2 (k)Q−1

α (k)H1(k) HT
2 (k)Q−1

α (k)H2(k)

])−1

(5.67)
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where Qφ(k−1) is the covariance matrix of φ(k−1). H1(k) and H2(k) are (M −1)×6

and (M − 1) × 3M matrices whose (j − 1)th rows, j = 2, 3, ..., M, are

H1(k)[j − 1, :] =
[

(ρp(k),sj(k) − ρp(k),s1(k))
TF(k)

]

(5.68a)

H2(k)[j − 1, :] =
[

ρT
p(k),s1(k), 0T

3(j−2)×1, −ρT
p(k),sj(k), 0T

3(M−j)×1

]

. (5.68b)

Comparing (5.67) with (5.8), we can observe that the computations of Qφ(k) and

CRLB(φo)k are similar to each other. The difference is that when evaluating Qφ(k), we

replace CRLB(φo)k−1 with Qφ(k− 1) and produce the partial derivatives (∂ro(k)/∂θo)

and (∂ro(k)/∂so) in (5.6) using p(k) and sj(k) in place of uo and so
j . The rationale

behind generating Qφ(k) with the same functional form as the CRLB lies in the fact

that under some mild conditions, the proposed SLAT algorithm is an approximately

efficient estimator of φo, which will be illustrated in Section 5.3.

5.2.3 Algorithm Summary and Realization

In summary, at time kT , the proposed SLAT algorithm computes φ(k) and its covari-

ance matrix Qφ(k) by (i) solving the generalized eigenvalue problem in (5.39b) and

applying (5.39a), (5.40) and (5.29) sequentially to find ϕ1(k), (ii) obtaining ϕ2(k) by

evaluating (5.52) or solving (5.57), and remapping ϕ2(k) using (5.56) to generate θ(k),

(iii) evaluating (5.65) and (5.66) to find s(k) and using (5.67) to produce Qφ(k).

In computing θ(k) in the step-1 processing, we need the matrices Υ(k), W1(k) and

W2(k). Υ(k) and W1(k) are used to build the constraint matrix and the cost function

of the CWLS problem for finding ϕ1(k) (see (5.34) and (5.32)). W2(k) is applied in

(5.52) or (5.57) to find ϕ2(k). From the definition of Υ(k) in (D.3), we notice that

it requires the true RDOA vector ro(k) and the true sensor positions so
j that are not

known. When realizing the proposed SLAT algorithm, we produce Υ(k) using the

measured RDOA vector r(k) and the sensor position estimates from the preceding time
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(k − 1)T , sj(k − 1) instead. W1(k) is defined in (5.27) and it depends on the true

source position po(k) and the true sensor positions so
j . We approximate W1(k) using

the hypothesized position p̃(k) in (5.11) and sj(k − 1). W2(k) is given in (5.53) and

its construction needs the true source initial position uo and the true source velocity

u̇o (see (5.50)). We generate W2(k) in the algorithm realization using û(k) and ˆ̇u(k)

from (5.43).

Once θ(k) is obtained, it can be used to generate a more accurate W1(k) by replacing

po(k) with p(k) from (5.58), instead of the hypothesized position p̃(k). The step-1

processing can then be repeated with the improved W1(k) to find a better estimate

θ(k). On the other hand, we can approximate W2(k) more accurately by repeating

the Stage-2 of the step-1 processing only and using u(k) and u̇(k) in (5.56) to produce

W2(k). The above two techniques can be used separately or jointly to improve the

estimation accuracy of the step-1 processing.

Note from (5.65) that the computation of s(k) in the step-2 processing also requires

W1(k). In this case, we approximate W1(k) using sj(k−1) and p(k) in (5.58) that are

produced with the step-1 output θ(k).

5.3 Performance Analysis

In this section, we shall derive the covariance matrix of φ(k) produced by the proposed

TDOA-based SLAT algorithm at time index k. We shall denote it as cov(φ(k)) and

compare it with the CRLB of the composite unknown vector φo at time index k given

in (5.4). The purpose of this section is to demonstrate that the newly developed SLAT

algorithm is an approximately efficient estimator of φo, when some mild conditions

are satisfied. Note that the analysis presented in this section is valid only when the

Stage-2 solution of the step-1 processing is found by the WLS technique in (5.52). The

performance analysis for the case where the GTLS method is used to compute the
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Stage-2 solution is a topic for future investigation.

Considering the complexity of the theoretical developments, we split the analytical

results and present them as follows for the sake of clarity. Specifically, Section 5.3.1

derives the covariance matrix of θ(k), denoted by cov(θ(k)), and compares it with the

CRLB of θo in (5.7a) to show that they are approximately equal to each other. Section

5.3.2 finds the covariance matrix of s(k), denoted by cov(s(k)), and shows that it is

approximately equal to the CRLB of so at time kT in (5.7b). In Section 5.3.3, we

compute the cross-covariance matrix between θ(k) and s(k) and compare it with the

upper-right 6 × 3M block of CRLB(φo)k. Section 5.3.3 also derives the main result

cov(φ(k)) ≃ CRLB(φo)k (5.69)

i.e., the proposed SLAT algorithm is approximately efficient. The theoretical analysis

in this section uses the following conditions:

(C5-1) Qφ(k − 1) ≃ CRLB(φo)k−1

(C5-2) nj1(k)/ro
j (k) ≃ 0 for j = 2, 3, ..., M, and ||∆sj(k − 1)||/ro

j (k) ≃ 0 for

j = 1, 2, ..., M

(C5-3) ||∆θ(k − 1)||/ro
j (k) ≃ 0, j = 1, 2, ..., M

Condition (C5-1) means that the estimation accuracy of φ(k−1) reaches the CRLB

of φo at time index (k − 1). Under (C5-1), the weighting matrix W1(k) in (5.27)

becomes

W1(k) ≃
[

CRLB(φo)−1
k−1 O(3M+6)×(M−1)

O(M−1)×(3M+6) (B1(k)Qα(k)BT
1 (k))−1

]

=





X(k − 1) Y(k − 1) O6×(M−1)

YT (k − 1) Z(k − 1) O3M×(M−1)

O(M−1)×6 O(M−1)×3M (B1(k)Qα(k)BT
1 (k))−1





(5.70)

where the definition of the CRLB(φo)k−1 given by (5.4) has been used and the matrices

X(k − 1), Y(k − 1) and Z(k − 1) are given in (5.5).

143



Conditions (C5-2)-(C5-3) state that compared to the true range between the source

position at time kT and sensor j, the RDOA noise nj1(k) and the 2nd-norms of the

residual sensor position error in s(k − 1) and the estimation error in θ(k − 1) are

negligible. Besides, it is straightforward to note that under condition (C5-3), we have

||∆θ(k)||/ro
j (k) ≃ 0, j = 1, 2, ..., M , because θ(k) is an better estimate of θo over

θ(k − 1). The above deduction result will also be used in the analysis presented below.

5.3.1 Proof of cov(θ(k)) ≃CRLB(θo)k

We shall first compute ∆θ(k), the error in θ(k). Taking the differential of ϕo
2(k) in

(5.48), we can express ∆θ(k) in terms of ∆ϕ2(k), the error in the WLS Stage-2 solution

of the step-1 processing given in (5.54), as

∆θ(k) = B−1
3 (k)∆ϕ2(k) (5.71)

where the second-order term of ∆θ(k) has been ignored and B3(k) is defined as

B3(k) =

[
2diag(uo − s1(k − 1)) O3×3

diag(u̇o) diag(uo − s1(k − 1))

]

. (5.72)

Multiplying ∆θ(k) in (5.71) with its transpose, taking expectation and using (5.55)

yield

cov(θ(k)) = E[∆θ(k)∆θT (k)] = B−1
3 (k)cov(ϕ2(k))B−T

3 (k). (5.73)

To show cov(θ(k)) ≃CRLB(θo)k is equivalent to proving cov(θ(k))−1 ≃ CRLB(θo)−1
k .

Taking the inverse of both sides of (5.73) and putting (5.55) and (5.53) gives

cov(θ(k))−1 = BT
3 (k)GT

2 (k)B−T
2 (k)cov(ξ(k))−1B−1

2 (k)G2(k)B3(k) (5.74)

where cov(ξ(k)) is defined under (5.42) and it is equal to the lower-right 7 × 7 block

of cov(ϕ1(k)) in (5.41). Under condition (C5-1), we substitute the definitions of G1(k)

and W1(k) in (5.25b) and (5.70) into (5.41) and then apply the partitioned matrix
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inverse formula [52] to arrive at,

cov(ξ(k))−1 ≃ GT (k)B−T
1 (k)Q−1

α (k)B−1
1 (k)G(k) + P̃TX(k − 1)P̃

− (GT (k)B−1
1 (k)Q−1

α (k)G6(k) + P̃TY(k − 1))(Z(k − 1) + GT
6 (k)Q−1

α (k)G6(k))−1

× (GT
6 (k)Q−1

α (k)B−1
1 (k)G(k) + YT (k − 1)P̃)

(5.75)

where the matrices P̃ and G6(k) are given by

P̃ =

[
I3×3 O3×4

O3×3 [I3×3, 03×1]

]

(5.76)

G6(k) = B−1
1 (k)D(k) (5.77)

and G(k) and D(k) are defined in (5.20). Substituting (5.75) back to (5.74) yields

cov(θ(k))−1 ≃ GT
5 (k)Q−1

α (k)G5(k) + GT
4 (k)X(k − 1)G4(k)

− (GT
5 (k)Q−1

α (k)G6(k) + GT
4 (k)Y(k − 1))(Z(k − 1) + GT

6 (k)Q−1
α (k)G6(k))−1

× (GT
6 (k)Q−1

α (k)G5(k) + YT (k − 1)G4(k))

(5.78)

where G4(k) and G5(k) are defined as

G4(k) = P̃B−1
2 (k)G2(k)B3(k) (5.79a)

G5(k) = B−1
1 (k)G(k)B−1

2 (k)G2(k)B3(k). (5.79b)

Comparing (5.78) with CRLB(φo)−1
k = X(k)−Y(k)Z−1(k)YT (k) obtained from (5.7a)

and using (5.5) reveal that if the following approximations are valid

G4(k) ≃ −I6×6 (5.80a)

G5(k) ≃ (∂ro(k)/∂θo) (5.80b)

G6(k) ≃ −(∂ro(k)/∂so) (5.80c)

we have cov(θ(k))−1 ≃ CRLB(θo)−1
k , or equivalently,

cov(θ(k)) ≃ CRLB(θo)k. (5.81)

145



The validity of (5.80) under conditions (C5-1)-(C5-3) is established in Appendix D.2.

Hence, we can conclude that when conditions (C5-1)-(C5-3) are satisfied, the proposed

SLAT algorithm is able to estimate the source location parameter vector θo at time kT

with the CRLB accuracy.

5.3.2 Proof of cov(s(k)) ≃CRLB(so)k

The position error ∆s(k) in s(k), the estimate of the true sensor position vector so at

time index k, can be found by first using s(k−1) = so +∆s(k−1) from (5.9b) in (5.66)

and then subtracting so from both sides of (5.66). Mathematically, we have

∆s(k) = s(k) − so = −(∆ŝ(k − 1) − ∆s(k − 1)). (5.82)

∆ŝ(k − 1) is the estimate of ∆s(k − 1) given in (5.65). Putting h3(k) = G3(k)∆s(k −

1) + ε1(k) + U(k)∆θ(k) from (5.63) into (5.65) and substituting the result back into

(5.82), we can further express ∆s(k) as

∆s(k) = −(GT
3 (k)W1(k)G3(k))−1GT

3 (k)W1(k)(ε1(k) + Uk∆θ(k)). (5.83)

Under condition (C5-1), it is straightforward to verify that

GT
3 (k)W1(k)G3(k) ≃ Z(k − 1) + ḠT

6 (k)Q−1
α (k)Ḡ6(k) (5.84)

where the definitions of G3(k) and W1(k) given in (5.64a) and (5.70) have been applied,

and Ḡ6(k) = B−1
1 (k)D̄(k). Note from comparing (5.61a) with (5.20a) that D̄(k) has

the same functional form as D(k), except that the hypothesized position p̃(k) in D(k)

is replaced by p(k) = F(k)θ(k) whose position error is F(k)∆θ(k). As a result, we

can show, by following the same approach used to prove (5.80c) in Appendix D.2 that

under conditions (C5-2) and (C5-3),

Ḡ6(k) ≃ −(∂ro(k)/∂so). (5.85)
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With the above result, (5.84) can be re-written as

GT
3 (k)W1(k)G3(k) ≃ Z(k). (5.86)

Using (5.86) in (5.83), multiplying the result with its transpose and taking expectation,

we arrive at

cov(s(k)) ≃ Z−1(k) + Z−1(k)GT
7 (k)(X(k) − Y(k)Z−1(k)YT (k))−1G7(k)Z−1(k)

+ Z−1(k)GT
7 (k)E[∆θ(k)εT

1 (k)]W1(k)G3(k)Z−1(k)

+ Z−1(k)GT
3 (k)W1(k)E[ε1(k)∆θT (k)]G7(k)Z−1(k)

(5.87)

where we have used E[∆θ(k)∆θT (k)] ≃ CRLB(θo)k = (X(k) − Y(k)Z−1(k)YT (k))−1

that has been shown to be valid under conditions (C5-1)-(C5-3) in the previous subsec-

tion. G7(k) is defined as

G7(k) = UT (k)W1(k)G3(k) (5.88)

where U(k) is given in (5.64b).

Comparing (5.87) and (5.6b), we have that

cov(s(k)) ≃ CRLB(so)k (5.89)

if the following approximations

G7(k) ≃ Y(k) (5.90a)

E[∆θ(k)εT
1 (k)]W1(k)G3(k) ≃ O6×3M (5.90b)

are satisfied. Appendix D.3 shows that (5.90) holds under conditions (C5-1)-(C5-3).

Therefore, we establish that the proposed SLAT algorithm is able to reach the CRLB

accuracy when estimating the true sensor position vector so at time kT , if the conditions

(C5-1)-(C5-3) are fulfilled.
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5.3.3 Proof of (5.69)

We now derive the cross-covariance matrix between θ(k) and s(k) that is equal to

E[∆θ(k)∆sT (k)]. Applying (5.83) and (5.73) yield

E[∆θ(k)∆sT (k)] =

− (cov(θ(k))G7(k) + E[∆θ(k)εT
1 (k)]W1(k)G3(k))(GT

3 (k)W1(k)G3(k))−1

(5.91)

where G7(k) is defined in (5.88). Then, with the approximations in (5.81), (5.90) and

(5.86), we have

E[∆θ(k)∆sT (k)] = −CRLB(θo)kY(k)Z−1(k). (5.92)

On the other hand, the upper-right 6 × 3M block of CRLB(φo)k can be derived

by applying the partitioned matrix inverse formula [52] to (5.4). Mathematically, it is

equal to −(X(k) − Y(k)Z−1(k)YT (k))−1Y(k)Z−1(k). Using (5.7a), we may conclude

that under conditions (C5-1)-(C5-3), the cross-covariance matrix between θ(k) and s(k)

is approximately equal to the upper-right 6 × 3M block of CRLB(φo)k. Applying the

above result together with (5.81) and (5.89), we have

cov(φk) = E

[[
∆θ(k)
∆s(k)

]
[
∆θT (k)∆sT (k)

]
]

=

[
cov(θ(k)) E[∆θ(k)∆sT (k)]

E[∆θ(k)∆sT (k)]T cov(s(k))

]

≃
[

CRLB(θo)k −CRLB(θo)kY(k)Z−1(k)
−Z−1(k)YT (k)CRLB(θo)k CRLB(so)k

]

= CRLB(φo)k.

(5.93)

where the last equality is obtained by noting that CRLB(θo)k and CRLB(so)k are the

upper-left 6× 6 and the lower-right 3M × 3M blocks of CRLB(φo)k (see the discussion

above (5.7)). The proof of (5.69) under conditions (C5-1)-(C5-3) is now complete. In

words, the proposed SLAT algorithm can estimate both the source location parameter

vector θo (or equivalently, the source trajectory) and the true sensor positions in so

with the CRLB accuracy at the time kT , if the conditions (C5-1)-(C5-3) are satisfied.
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5.4 Algorithm Extension

So far, we have focused on the TDOA-based SLAT problem where the source moves

in a purely linear trajectory and the sensors are stationary (see Section 5.1.1). In this

section, we shall consider the more general SLAT scenario where the source motion

is subject to random acceleration and the sensor positions are drifting. Specifically,

Section 5.4.1 formulates the SLAT problem with random acceleration and sensor po-

sition drifting, and provides the associated posterior CRLB (pCRLB). Section 5.4.2

extends the recursive SLAT algorithm developed in Section 5.2 to the more general

SLAT scenario.

5.4.1 Problem Formulation

In the presence of random acceleration, the source velocity is no longer constant and its

temporal variation is assumed to follow the discrete white noise acceleration model [70]

u̇o(k) = [ẋo
u(k), ẏo

u(k), żo
u(k)]T = u̇o(k − 1) + Tw(k) (5.94)

where u̇o(k) is the true source velocity at time index k and w(k) is the random but

constant acceleration during the kth observation period. w(k) is modeled as a zero-

mean white Gaussian process with covariance matrix Qw(k). Since w(k) is fixed during

the observation period, the instantenous source velocity can be written as u̇o(t) =

u̇o(k − 1) + (t − (k − 1)T )w(k), (k − 1)T ≤ t ≤ kT . As a result, the increment in the

source position in the kth observation period can be derived as

∫ kT

(k−1)T

u̇o(t)dt = T u̇o(k − 1) +
T 2

2
w(k).

Correspondingly, the source trajectory is [70]

po(k) = po(k − 1) + T u̇o(k − 1) +
T 2

2
w(k) = [I3×3, T I3×3]

︸ ︷︷ ︸

F

θo(k) +
T 2

2
w(k) (5.95)
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where θo(k) = [poT (k), u̇oT (k)]T is the source location parameter vector at time kT .

The estimation of the source trajectory is equivalent to determining θo(k).

The M sensors deployed to track the source motion are drifting over time. We

characterize the temporal evolution of the sensor positions using the random walk model

so(k) = [soT
1 (k), soT

2 (k), ..., soT
M (k)]T = so(k − 1) + d(k) (5.96)

where so
j(k) is the true position of sensor j, j = 1, 2, ..., M, at time kT , d(k) = [dT

1 (k),

dT
2 (k), ...,dT

M(k)]T is the random position drifting within the kth observation period

and dj(k) is the position drifting of sensor j. d(k) is modeled as a zero-mean white

Gaussian process with covariance matrix Qd(k).

The SLAT problem considered here aims at estimating both θo(k) and so(k) using

source signal RDOAs obtained at the sensor array. The measured RDOA vector at time

index k is denoted as r(k) = [r21(k), r31(k), ..., rM1(k)]T = ro(k)+n(k). With the sensor

position drifting, the true value of rj1(k), i.e., the true RDOA ro
j1(k), is now equal to

ro
j1(k) = ro

j (k) − ro
1(k) = ||po(k) − so

j(k)|| − ||po(k) − so
1(k)|| (5.97)

where j = 2, 3, ..., M . n(k) is the measurement noise in r(k). As in Section 5.2, we

model n(k) as a zero-mean white Gaussian process with covariance matrix Qα(k). We

further assume that the random acceleration w(k), the random sensor position drifting

d(k) and the RDOA measurement noise n(k) are independent to one another.

We next provide the pCRLB of the SLAT problem formulated above. The pCRLB

gives the lower bound on the error covariance matrix of the estimate of the composite

unknown vector φo(k) = [θoT (k), soT (k)]T that is random due to the presence of random

acceleration and random sensor position drifting. Mathematically, the pCRLB of φo(k)

is equal to the inverse of the information matrix J(k), i.e., pCRLB(φo(k)) = J−1(k).
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The computation of J(k) is given by the following pCRLB recursion [79]

J(k) = (F̄J−1(k − 1)F̄T + Qwd(k))−1

+

[(
∂ro(k)

∂θo(k)

)

,

(
∂ro(k)

∂so(k)

)]T

Q−1
α (k)

[(
∂ro(k)

∂θo(k)

)

,

(
∂ro(k)

∂so(k)

)]

(5.98)

where J(k − 1) is the information matrix of φo(k − 1) at time (k − 1)T , F̄ is given by

F̄ =





I3×3 T I3×3 O3×3M

O3×3 I3×3 O3×3M

O3M×3 O3M×3 I3M×3M



 (5.99)

Qwd(k) is equal to

Qwd(k) =

[
ΓQw(k)ΓT O6×3M

O3M×6 Qd(k)

]

(5.100)

and Γ = [T 2

2
I3×3, T I3×3]

T is the gain matrix for the random acceleration w(k). The

partial derivatives (∂ro(k)/∂θo(k)) and (∂ro(k)/∂so(k)) both have (M − 1)th rows and

their (j − 1)th rows, j = 2, 3, ...M, are, from (5.97),

(∂ro
j1(k)/∂θo(k)) =

[

(ρpo(k),so
j
(k) − ρpo(k),so

1
(k))

T , 0T
3×1

]

(5.101a)

(∂ro
j1(k)/∂so(k)) =

[

ρT
po(k),so

1
(k), 0

T
3(j−2)×1,−ρT

po(k),so
j (k), 0

T
3(M−j)×1

]

. (5.101b)

5.4.2 Algorithm Extension

We shall extend the SLAT algorithm developed in Section 5.2 to take into account the

random acceleration and the random sensor position drifting. The extended algorithm

is still recursive and its computation at time kT follows the two-step framework in

Section 5.2. In the rest of this subsection, we shall provide a brief description on the

development of the extended SLAT algorithm, with an emphasis on the introduced

extensions.

At time index k, the input to the extended algorithm includes the newly obtained

RDOAs in r(k), φ(k − 1) and the covariance matrix of φ(k − 1), Qφ(k − 1). The

extended SLAT algorithm outputs the estimate of φo(k), φ(k) = [θT (k), sT (k)]T . The

step-1 of the extended algorithm computes θ(k) while its step-2 finds s(k).
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Among the algorithm input, φ(k − 1) = [θT (k − 1), sT (k − 1)]T is the estimate of

φo(k − 1) = [θoT (k − 1), soT (k − 1)]T obtained at the preceding time (k − 1)T with a

zero-mean estimation error ∆φ(k − 1) = [∆θT (k − 1), ∆sT (k − 1)]T . That is, we have

θ(k − 1) = [pT (k − 1), u̇T (k − 1)]T = θo(k − 1) + ∆θ(k − 1) (5.102a)

s(k − 1) = [sT
1 (k − 1), sT

2 (k − 1), ..., sT
M(k − 1)]T = so(k − 1) + ∆s(k − 1) (5.102b)

where ∆θ(k−1) = [∆pT (k−1), ∆u̇T (k−1)]T and ∆s(k−1) = [∆sT
1 (k−1), ∆sT

2 (k−1), ...,

∆sT
M (k−1)]T . Here, p(k−1) and u̇(k−1) are the estimates of the source position and

velocity at time (k − 1)T such that

p(k − 1) = po(k − 1) + ∆p(k − 1) (5.103a)

u̇(k − 1) = u̇o(k − 1) + ∆u̇(k − 1). (5.103b)

sj(k − 1) now refers to the estimate of the true position of sensor j at time (k − 1)T ,

where j = 1, 2, ..., M , and it is equal to

sj(k − 1) = so
j(k − 1) + ∆sj(k − 1). (5.104)

From the above notations, we can observe that Qφ(k−1) is in fact the covariance matrix

of the zero-mean error vector ∆φ(k − 1) = [∆pT (k − 1), ∆u̇T (k − 1), ∆sT (k − 1)]T .

Step-1 processing

We first generate a hypothesized version of the true source position po(k), source ve-

locity u̇o(k) and sensor position so
j(k) using

p̃(k) = Fθ(k − 1) = p(k − 1) + T u̇(k − 1) (5.105)

u̇(k−1) and sj(k−1), where F is defined in (5.95). The deviations of the hypothesized

source position and velocity from their true values are, from (5.103), (5.94) and (5.95),
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(

∆p(k − 1) +
T 2

2
w(k)

)

+ T (∆u̇(k − 1) − Tw(k)) = p̃(k) − po(k) (5.106a)

(∆u̇(k − 1) − Tw(k)) = u̇(k − 1) − u̇o(k). (5.106b)

The derivation of (5.106a) is given here for clarity’s sake. Its right-hand side can be

written as, after substituting (5.105), (5.103) and (5.95) in sequence,

p̃(k) − po(k) = ∆p(k − 1) + T∆u̇(k − 1) − T 2

2
w(k).

Then applying the equality −T 2

2
w(k) = T 2

2
w(k) − T 2w(k) and some straightforward

manipulations would yield (5.106a).

The error in the hypothesized sensor position sj(k − 1) is, from (5.104) and (5.96),

∆sj(k − 1) − dj(k) = sj(k − 1) − so
j(k), j = 1, 2, ..., M. (5.107)

From (5.106), we can observe that finding po(k) and u̇o(k) is equivalent to determining

(∆p(k− 1)+ T 2

2
w(k)) and (∆u̇(k− 1)−Tw(k)) because p̃(k) and u̇(k− 1) are known.

The step-1 processing of the extended SLAT algorithm explores this observation to

estimate the source location parameter vector θo(k), with a two-stage process similar

to the one developed in Section 5.2.1.

Stage-1 : Stage-1 of the step-1 processing identifies

ϕo
1(k) = [(∆s(k − 1)− d(k))T , (∆p(k − 1) +

T 2

2
w(k))T , (∆u̇(k − 1)− Tw(k))T , r̂o

1(k)]T

(5.108)

where r̂o
1(k) is the nuisance parameter equal to ||po(k)− s1(k−1)||. The solution equa-

tions for ϕo
1(k) obtained from the RDOAs in r(k) are developed by starting with (5.97)

and then following the approach used to derive (5.18). The difference is that here, we

express both the true source position po(k) and the true sensor positions so
j(k) in terms

of their hypothesized values as po(k) = p̃(k) − F[(∆p(k − 1) + T 2

2
w(k))T , (∆u̇(k −
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1) − Tw(k))T ]T from (5.106a) and so
j(k) = sj(k − 1) − (∆sj(k − 1) − dj(k)) from

(5.107). We also build solution equations for ϕo
1(k) via exploring with Sorenson’s

approach [59] the statistical information on [(∆p(k − 1) + T 2

2
w(k))T , (∆u̇(k − 1) −

Tw(k))T , (∆s(k)−d(k))T ]T . Specifically, it is a zero-mean vector because ∆φ(k−1) =

[∆pT (k − 1), ∆u̇T (k − 1), ∆sT (k − 1)]T , the random acceleration w(k) and the random

sensor position drifting d(k) are all zero-mean. Besides, it has a covariance matrix

given by

Q̃φ(k − 1) = Qφ(k − 1) +

[

Γ̃Qw(k)Γ̃
T

O6×3M

O3M×6 Qd(k)

]

(5.109)

where Qφ(k − 1) is the covariance matrix of ∆φ(k − 1) and Γ̃ = [T 2

2
I3×3,−T I3×3]

T .

In obtaining (5.109), we have applied the fact that ∆φ(k − 1), w(k) and d(k) are

independent to one another because ∆φ(k − 1) depends on the random acceleration,

random sensor position drifting and RDOA noise up to the time (k − 1)T only.

Stacking the solution equations from the RDOAs and the statistical information

yields the Stage-1 solution equation in (5.23), where the unknown vector is given in

(5.108), the equation error vector ε1(k) becomes

ε1(k) =







−(∆p(k − 1) + T 2

2
w(k))

−(∆u̇(k − 1) − Tw(k))
−(∆s(k) − d(k))

B1(k)n(k)







(5.110)

and the submatrix G(k) in G1(k) is now generated by replacing F(k) in (5.20b) with F.

B1(k) is defined in (5.21) but now its diagonal elements ro
j (k) is equal to ||po(k)−so

j (k)||.

We shall follow the approach in Section 5.2.1 to find the CWLS solution ϕ1(k).

In particular, we shall first solve for an augmented and transformed version of ϕo
1(k),

˜̃ϕo
1(k) = (Pt(k) · P)−1ϕ̃o

1(k), and then apply (5.40) and (5.29) to find ϕ1(k), where

ϕ̃o
1(k) = h(k) · [ϕoT

1 (k), 1]T , h(k) is an unknown scaling factor, Pt(k) is defined in

(5.36a) with F(k) replaced by F in (5.95) and P is given in (5.36b). The estimate of

˜̃ϕo
1(k) is found by solving the CWLS problem in (5.37), where the weighting matrix
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W1(k) is equal to the inverse of the covariance matrix of ε1(k) in (5.110), which is

given by, after substituting (5.109),

W1(k) =

[
Q̃−1

φ (k − 1) O(3M+6)×(M−1)

O(M−1)×(3M+6) (B1(k)Qα(k)B1(k))−1

]

. (5.111)

Besides, the constraint matrix Σ(k) in (5.37) is defined in (5.34). But here, the matrix

Υ(k) is given in (D.3) with F(k) replaced by F, and the matrices E11(k), E12(k) and

E22(k) are given in (D.7) with the blocks Qij,S(k) from QS(k) that is now given by the

lower-right 3M × 3M of Q̃φ(k). The solution for ˜̃ϕo
1(k) is given in (5.39), where the

matrices R(k) and N(k) are produced by using the newly defined Pt(k), W1(k) and

Σ(k). Solving the generalized eigenvalue problem in (5.39) and evaluating (5.40) and

(5.29) sequentially yield the CWLS solution ϕ1(k).

Before the start of Stage-2 of the step-1 processing, we evaluate the covariance

matrix ϕ1(k), cov(ϕ1(k)), using (5.41) and collect the last seven elements of ϕ1(k)

to form ξ(k) whose error covariance matrix is given by the lower-right 7 × 7 block

of cov(ϕ1(k)). Note from (5.108) that ξ(k)[1 : 3], ξ(k)[4 : 6] and ξ(k){7} are the

estimates of (∆p(k − 1) + T 2

2
w(k)), (∆u̇(k − 1)− Tw(k)) and the nuisance parameter

r̂o
1(k), respectively. The estimation error in ξ(k) is denoted as ∆ξ(k).

Stage-2 : We subtract ξ(k)[1 : 3] and ξ(k)[4 : 6] from p(k−1) and u̇(k−1) to obtain

p̂(k − 1) = p(k − 1) − ξ(k)[1 : 3] = po(k − 1) + ∆p(k − 1) − ξ(k)[1 : 3]

= (po(k − 1) − T 2

2
w(k)) − ∆ξ(k)[1 : 3]

(5.112a)

ˆ̇u(k − 1) = u̇(k − 1) − ξ(k)[4 : 6] = u̇o(k − 1) + ∆u̇(k − 1) − ξ(k)[4 : 6]

= (u̇o(k − 1) + Tw(k)) − ∆ξ(k)[4 : 6]
(5.112b)

where (5.103) has been used. ∆ξ(k)[1 : 3] = (∆p(k − 1) + T 2

2
w(k)) − ξ(k)[1 : 3] is the

estimation error in ξ(k)[1 : 3] and ∆ξ(k)[4 : 6] = (∆u̇(k − 1) − Tw(k)) − ξ(k)[4 : 6] is

the estimation error in ξ(k)[4 : 6]. Note from (5.112) that p̂(k − 1) and ˆ̇u(k − 1) can
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be considered as estimates of

p̂o(k − 1) = (po(k − 1) − T 2

2
w(k)) (5.113a)

ˆ̇uo(k − 1) = (u̇o(k − 1) + Tw(k)). (5.113b)

Moreover, from (5.94) and (5.95), we can indeed express the source location parameter

vector θo(k) as

θo(k) =

[
po(k)
u̇o(k)

]

=

[
I3×3 T I3×3

O3×3 I3×3

] [
p̂o(k − 1)
ˆ̇uo(k − 1)

]

. (5.114)

In other words, θo(k) can be completely determined from p̂o(k− 1) and ˆ̇uo(k− 1). The

Stage-2 of the step-1 processing explores these observations and refines using ξ(k){7}

the estimates of p̂o(k − 1) and ˆ̇uo(k − 1) obtained in (5.112).

The solution equations of Stage-2 are developed as follows. Define the unknown

vector ϕo
2(k) as

ϕ2(k) =

[
(p̂o(k − 1) − s1(k − 1)) ⊙ (p̂o(k − 1) − s1(k − 1))

(p̂o(k − 1) − s1(k − 1)) ⊙ ˆ̇uo(k − 1)

]

. (5.115)

Using (5.112) and following the same approach used to obtain (5.44) and (5.45), we

have

−2(p̂o(k − 1)−s1(k − 1)) ⊙ ∆ξ(k)[1 : 3] =

(p̂(k − 1) − s1(k − 1)) ⊙ (p̂(k − 1) − s1(k − 1)) − [I3×3,O3×3]ϕ
o
2(k)

(5.116a)

−(p̂o(k − 1)−s1(k − 1)) ⊙ ∆ξ(k)[4 : 6] − ˆ̇uo(k − 1) ⊙ ∆ξ(k)[1 : 3] =

(p̂(k − 1) − s1(k − 1)) ⊙ ˆ̇u(k − 1) − [O3×3, I3×3]ϕ
o
2(k).

(5.116b)

Besides, from the definition of the nuisance parameter given under (5.108) and using the

first row block of (5.114), we obtain r̂o
1(k) = ||po(k)− s1(k−1)|| = ||(p̂o(k−1)− s1(k−

1))+T ˆ̇uo(k−1)||. Applying the above result together with ξ(k){7} = r̂o
1(k)+∆ξ(k){7}

and (5.116b) yields

2r̂o
1(k)∆ξ(k){7} + 2T 2 ˆ̇uoT (k − 1)∆ξ(k)[4 : 6] = ξ(k){7}2 − T 2 ˆ̇uT (k − 1)ˆ̇u(k − 1)

− [1T
3×1, 2T1T

3×1]ϕ
o
2(k).

(5.117)
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Stacking (5.116) and (5.117) produces the Stage-2 solution equation given in (5.47),

where B2(k) is defined in (5.50) but with uo, u̇o and (kT )2 replaced by p̂o(k − 1) and

ˆ̇uo(k − 1) and T 2. ϕo
2(k) is given in (5.115), h2(k) now becomes equal to

h2(k) =





(p̂(k − 1) − s1(k − 1)) ⊙ (p̂(k − 1) − s1(k − 1))

(p̂(k − 1) − s1(k − 1)) ⊙ ˆ̇u(k − 1)

ξ(k){7}2 − T 2 ˆ̇uT (k − 1)ˆ̇u(k − 1)



 (5.118)

and G2(k) is given in (5.51b) after changing the factor kT in its third row block into

T .

We can compute the estimate of ϕo
2(k), denoted by ϕ2(k), using the WLS technique

or the GTLS technique. The WLS solution is given in (5.52) while the GTLS solution

can be obtained by first solving (5.57) for an augmented unknown vector ϕ̃o
2(k) =

f(k)[ϕoT
2 (k), 1]T , where f(k) is an unknown scaling factor, and then remapping the

result using ϕo
2(k) =

ϕ̃o

2
(k)[1:6]

ϕ̃o

2
(k){7}

.

From the definition of ϕo
2(k) in (5.115), we can obtain the desired refined estimates

of p̂o(k − 1) and ˆ̇uo(k − 1) by remapping ϕ2(k) as

ˆ̂p(k − 1) = diag(p̂(k − 1) − s1(k − 1))
√

ϕ2(k)[1 : 3] + s1(k − 1) (5.119a)

ˆ̂
u̇(k − 1) = ϕ2(k)[4 : 6]./(ˆ̂p(k − 1) − s1(k − 1)). (5.119b)

Replacing p̂o(k − 1) and ˆ̇uo(k − 1) on the right hand side of (5.114) with ˆ̂p(k − 1)

and
ˆ̂
u̇(k − 1) from (5.119) and carrying out the matrix multiplication yield θ(k) =

[pT (k), u̇T (k)]T , the estimate of the source location parameter vector θo(k) at time

index k. This completes the step-1 processing of the extended SLAT algorithm. p(k)

here represents the estimate of the source position po(k) at time kT . From (5.114), the

estimation error in p(k) is equal to ∆p(k) = p(k)−po(k) = F[∆ˆ̂pT (k−1), ∆
ˆ̂
u̇T (k−1)]T ,

where the matrix F is defined in (5.95), and

∆ˆ̂p(k − 1) = ˆ̂p(k − 1) − p̂o(k − 1) (5.120a)

∆
ˆ̂
u̇(k − 1) =

ˆ̂
u̇(k − 1) − ûo(k − 1). (5.120b)
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Step-2 processing

The goal of the step-2 processing is to determine (∆s(k − 1) − d(k)), which are the

deviations of the hypothesized sensor positions s(k − 1) from their true values so(k)

(see (5.107)). By subtracting the estimate of (∆s(k − 1)− d(k)) from s(k − 1), we can

obtain the estimate of the true source positions so(k) at time kT , denoted by s(k).

Similar to Section 5.2.2, the solution equations for estimating (∆s(k − 1) − d(k))

are developed based on the RDOAs in r(k) and the statistical information that ∆s(k−

1) − d(k) is a zero-mean vector (see discussion above (5.109)) and it is correlated

with p(k − 1) and u̇(k − 1) as well as ˆ̂p(k − 1) and
ˆ̂
u̇(k − 1). The RDOA-based

solution equations are derived by following the same approach used to arrive at (5.60),

except that the true source position po(k) needs to be expressed in terms of p(k) as

po(k) = p(k) − F[∆ˆ̂pT (k − 1), ∆
ˆ̂
u̇T (k − 1)]T and the true sensor positions so

j(k) is

substituted by so
j(k) = sj(k − 1) − (∆sj(k) − dj(k)) from (5.104). To explore the

statistical information on (∆s(k − 1) − d(k)), we apply (5.103), (5.113) and (5.120),

and invoke Sorenson’s method [59]. Combining the RDOA-based solution equations

and the statistical information-based solution equations yields

ε1(k) = h3(k) − G3(k)(∆s(k − 1) − d(k)) − U(k)[∆ˆ̂pT (k − 1), ∆
ˆ̂
u̇T (k − 1)]T (5.121)

where ε1(k) is given in (5.110), G3(k) is defined in (5.64a) and U(k) is defined in

(5.64b). The submatrix Ū(k) in U(k) is generated using (5.61b) and replacing F(k)

with F. h3(k) has the same functional form as the one defined under (5.63), except that

its first 6 elements are now equal to [(ˆ̂p(k − 1) − p(k − 1))T , (
ˆ̂
u̇(k − 1) − u̇(k − 1))T ]T ,

where ˆ̂p(k − 1) and
ˆ̂
u̇(k − 1) are obtained in (5.119).

The WLS solution to (5.121) is given by the term on the right hand side of (5.65),

where the weighting matrix W1(k) is defined in (5.111). Subtracting it from s(k − 1)

gives s(k) = [sT
1 (k), sT

2 (k), ..., sT
M(k)]T . This completes the step-2 processing.
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The extended SLAT algorithm ends its computation for the kth observation period

by generating the covariance matrix of φ(k) = [θT (k), sT (k)]T , denoted by Qφ(k). We

obtain Qφ(k) by taking the inverse of the term on the right hand side of (5.98) after

replacing J−1(k − 1) with Qφ(k − 1) and computing the partial derivatives in (5.101)

using p(k) and s(k) in place of po(k) and so
j(k), j = 1, 2, ..., M .

5.5 Simulations

We shall illustrate the performance of the proposed recursive TDOA-based SLAT al-

gorithm via computer simulations. Specifically, Section 5.5.1 studies the estimation

accuracy of the SLAT algorithm developed in Section 5.2 in simultaneously tracking a

source moving in a purely linear trajectory and calibrating the positions of stationary

sensors, a simulation scenario that will be referred to as Scenario I in the rest of this

section. In Section 5.5.2, we provide the simulation results when using the extended

SLAT algorithm proposed in Section 5.4.2 in Scenario II to locate a moving source

whose motion is subject to random acceleration and sensors whose positions are drift-

ing over time. Section 5.5.3 shows the performance of the extended SLAT algorithm in

Scenario III where the source experiences a maneuver and the sensors are stationary.

When generating the simulation results for Sections 5.5.1-5.5.3, we realize the pro-

posed SLAT algorithm as follows. The Stage-2 solution of its step-1 processing is

obtained using the WLS technique in (5.52). Moreover, to improve performance, we

repeat the step-1 processing of the proposed SLAT algorithm once and within each it-

eration of the step-1 processing, its Stage-2 is repeated twice so that the source position

and velocity are identified with the updated weighting matrices (see Section 5.2.3 for

details). In Section 5.5.4, we shall investigate the performance of the proposed SLAT

algorithm with the alternative realization where the Stage-2 solution of its step-1 pro-

cessing is found via the GTLS technique and neither the step-1 processing nor the
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Table 5.1: True Positions (In Meters) of Sensors at Time 0
sensor no. j xo

s,j(0) yo
s,j(0) zo

s,j(0)

1 300 100 150
2 400 150 100
3 300 500 200
4 350 200 100
5 -100 -100 -100
6 200 -300 -200

Stage-2 of the step-1 processing is repeated.

5.5.1 Results for Scenario I

This scenario contains an array of M = 6 stationary sensors and their true positions

so are given in Table 5.1. The source has an initial position uo = [1500, 1500, 2000]Tm

at time 0 and moves with a constant velocity of u̇o = [−5,−5, 0]T m/s throughout the

whole simulation with a duration of 600s. The observation period is set to be T = 2s,

which indicates that the time index k of Scenario I would span the range from 0 to 300.

We depict Scenario I in Fig. 5.2, from which we can observe that the source moves over

the sensor array and its trajectory is parallel to the x-y plane.

The noisy sensor positions known to the SLAT algorithm at time 0 is generated

by adding to the true values zero-mean Gaussian noise with covariance matrix Qβ =

σ2
βI18×18, where σ2

β = 10−2. The RDOA measurements obtained during any observation

period are produced in a similar way with covariance matrix Qα(k) = σ2
αΘ, where

σ2
α = 10−2 and Θ is a 5 × 5 matrix whose diagonal elements are equal to 1 and off-

diagonal elements are equal to 0.5 [26].

The SLAT algorithm proposed in Section 5.2 is applied to estimate the unknowns

uo, u̇o and so. For comparison purpose, the EKF with multiple iterations developed

in Appendix D.4.1 is also simulated for Scenario I. We initialize the two SLAT algo-
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Figure 5.2: Simulation Scenario I used to generate the results shown in Figs. 5.3-5.5.
The open circles represent the unknown true sensor positions and the solid line with an
arrow showing the motion direction is the purely linear source trajectory.

rithms as follows. First, the traces of the CRLBs of the source initial position uo and

the constant velocity u̇o at time index 1, i.e., tr(CRLB(uo)1) and tr(CRLB(u̇o)1), are

computed using (5.7a). Note that they are in fact the smallest achievable mean squared

errors (MSEs) when estimating uo and u̇o from the source RDOAs obtained at time

indexes 0 and 1. Next, we produce θ(1) = [uT (1), u̇T (1)]T , the estimate of the source

location parameter vector θo = [uoT , u̇oT ]T at time index 1, via adding to θo zero-mean

Gaussian noise with covariance matrix

QI =

[
5tr(CRLB(uo)1) · I3×3 O3×3

O3×3 5tr(CRLB(u̇o)1) · I3×3

]

. (5.122)

It is worthwhile to point out that for Scenario I, the resultant θ(1) deviates significantly

from its true value, mainly because the source is distant from the sensor array and the

sensor positions have errors, which in turn makes tr(CRLB(uo)1) and tr(CRLB(u̇o)1)

relatively large. The estimate of the true sensor positions so at time index 1, s(1), is

chosen to be equal to the noisy sensor positions known at time 0. The covariance matrix
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of φ(1) = [θT (1), sT (1)]T is set to be

Qφ(1) =

[
104 · I6×6 O6×18

O18×6 Qβ

]

.

With φ(1) and Qφ(1), the proposed SLAT algorithm and the EKF with multiple iter-

ations are able to start tracking the source while simultaneously calibrating the sensor

positions from time index 2.

The initialization method used to generate φ(1) is designed so as to emulate the

practical scenario where we explore the source RDOAs obtained in the first two obser-

vation periods to generate a rough estimate of the source initial position and velocity

but we do not update the known sensor positions during initialization. The setting for

Qφ(1) is to emulate the practical scenario where the precise knowledge on the source

position and velocity estimation accuracy is not available. As a result, we have to resort

to some prior information, such as the maximum possible estimation error, to obtain a

conservative covariance matrix Qφ(1) for φ(1).

The estimation accuracy of the proposed SLAT algorithm and the EKF with multi-

ple iterations from simulation is evaluated through calculating MSE(u(k)) =
∑L

l=1 ||u(l)(k)−

uo||2/L, MSE(u̇(k)) =
∑L

l=1 ||u̇(l)(k)−u̇o||2/L and MSE(s(k)) =
∑L

l=1 ||s(l)(k)−so||2/L,

where L = 5000 is the number of ensemble runs. u(l)(k), u̇(l)(k) and s(l)(k) are the esti-

mates of the source initial position uo, source velocity u̇o and the true sensor positions

so at time index k at ensemble l.

The simulation results for Scenario I are summarized in Figs. 5.3-5.5. Specifically,

in these three figures, we plot MSE(u(k)), MSE(u̇(k)) and MSE(s(k)) as function of

the time index k ranging from k = 2, the starting time index of the SLAT process

to k = 300, the ending time index of the SLAT process. For the sake of clarity, we

plot only one simulation MSE every 10 time indexes. In the three figures, the traces of

the CRLBs of the unknowns uo, u̇o and so from (5.7) are also included for comparison
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Figure 5.3: Performance of the proposed SLAT algorithm in Section 5.2 in estimating
the initial position of the source in Scenario I. The best achievable estimation accuracy
[tr(CRLB(uo)k) from (5.7a)]: solid line, MSE(u(k)) from the proposed SLAT algorithm:
triangle symbol, MSE(u(k)) from the EKF with multiple iterations: cross symbol.

purpose. We can observe that at the beginning of the SLAT process (k ≤ 10), both

the proposed SLAT algorithm and the EKF with multiple iterations are not able to

reach the CRLB accuracy, especially in estimating the source initial position uo (see

Fig. 5.3). This is mainly due to the fact that the initial estimate of the source location

parameter vector, θ(1), available to the two SLAT algorithms in consideration has

large error. However, the estimation accuracy of the proposed SLAT algorithm quickly

converges to the CRLB. Moreover, it maintains a performance very close to the CRLB

thereafter. This is consistent with the analytic result in Section 5.3 that the proposed

SLAT algorithm continues achieving the CRLB accuracy if the estimate of the unknowns

from the proceeding time index has an accuracy close to the corresponding CRLB and

the estimation error is small compared to the range between the source and the sensors.

On the other hand, the EFK with multiple iterations exhibits a much slower con-

vergence to the CRLB accuracy (see Figs. 5.3-5.5). For example, the estimation MSE
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Figure 5.4: Performance of the proposed SLAT algorithm in Section 5.2 in estimating
the constant velocity of the source in Scenario I. The best achievable estimation accuracy
[tr(CRLB(u̇o)k) from (5.7a)]: solid line, MSE(u̇(k)) from the proposed SLAT algorithm:
triangle symbol, MSE(u̇(k)) from the EKF with multiple iterations: cross symbol.

of u(k) from the EKF with multiple iterations is still around 6dB worse than the trace

of the CRLB of uo at time index k = 102. The improved convergence speed of the pro-

posed SLAT algorithm comes from the adoption of the equation error formulation in

the development of its step-1 processing. The equation error formulation only involves

ignoring the second-order error terms and the cross error products, which makes the

proposed SLAT algorithm less sensitive to the initialization error in θ(1) than the EKF

with multiple iterations whose development requires ignoring all the second-order and

higher order error terms.

5.5.2 Results for Scenario II

As in Scenario I, the scenario II has a source whose position and velocity at time 0

are po(0) = [1500, 1500, 2000]Tm and u̇o(0) = [−5,−5, 0]T m/s, and an array of M = 6

sensors whose true positions at time 0, so(0), are summarized in Table 5.1. But after
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Figure 5.5: Performance of the proposed SLAT algorithm in Section 5.2 in esti-
mating true sensor positions in Scenario I. The best achievable estimation accuracy
[tr(CRLB(so)k) from (5.7b)]: solid line, MSE(s(k)) from the proposed SLAT algorithm:
triangle symbol, MSE(s(k)) from the EKF with multiple iterations: cross symbol.

time 0, the source motion is subject to random acceleration and the temporal evolutions

of the source position and velocity are given in (5.95) and (5.94). Besides, the sensor

positions are no longer stationary and instead, they are drifting following (5.96). The

duration of the simulated Scenario II is 300s and the observation period T is set to be

equal to 2s. In Fig. 5.6, we plot the true source trajectory from an ensemble run and

the true sensor position at time 0.

The true sensor positions at time 0, so(0), are not known and a noise-corrupted

version is available. The noisy sensor positions known at time 0 and the RDOA mea-

surements obtained within any observation period are generated in the same way as in

Scenario I with covariance matrices Qβ = σ2
βI18×18 and Qα(k) = σ2

αΘ, where σ2
β = 10−2

and σ2
α = 10−2. The true source trajectory po(k) and the true source velocities u̇o(k) for

an ensemble run are produced by replacing the random acceleration w(k) in (5.95) and

(5.94) with 3× 1 zero-mean Gaussian vectors with covariance matrix Qw(k) = σ2
wI3×3,
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Figure 5.6: Simulation Scenario II used to generate the results shown in Figs. 5.7-5.9.
The open circles represent the unknown true sensor positions at time 0 and the solid
line with an arrow showing the motion direction is the true source trajectory from an
ensemble run.

where σ2
w = 10−3. The true sensor positions so(k) for an ensemble run is generated

by substituting the random sensor position drifting d(k) in (5.96) with 18 × 1 zero-

mean Gaussian vectors with covariance matrix Qd(k) = σ2
dI18×18, where σ2

d is equal to

10−6 · T 2.

The SLAT algorithm proposed in Section 5.4.2 and the EKF with multiple iterations

developed in Appendix D.4.2 are applied to track the temporal evolution of the source

location parameter vector θo(k) = [poT (k), u̇oT (k)]T and the sensor positions so(k). We

initialize the above two SLAT algorithms by supplying them with the estimates of θo(1)

and so(k), denoted by θ(1) and s(1), as well as their covariance matrix Qφ(1), so that

both algorithms would begin the SLAT process from time index 2, as in Scenario I.

θ(1) is generated by adding to its true value zero-mean Gaussian noise with covariance

matrix F̄(1 : 6, 1 : 6)QIF̄(1 : 6, 1 : 6)T , where F̄(1 : 6, 1 : 6) is the upper-left 6× 6 block

of the matrix F̄ defined in (5.99) and QI is the identical to the one used in Scenario I.
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As a result, due to the fact that the diagonal elements in QI are relatively large (see

discussion under (5.122)), the deviation of the initial estimate θ(1) from its true value

would be big. s(1) is set to be equal to the noisy sensor positions known at time 0 and

Qφ(1) is defined as

Qφ(1) =

[
104 · F̄(1 : 6, 1 : 6)F̄(1 : 6, 1 : 6)T O6×18

O18×6 Qβ

]

.

We evaluate the estimation accuracy of the SLAT algorithms in consideration through

computing MSE(p(k)) =
∑L

l=1 ||p(l)(k) − po(k)||2/L, MSE(u̇(k)) =
∑L

l=1 ||u̇(l)(k) −

u̇o(k)||2/L and MSE(s(k)) =
∑L

l=1 ||s(l)(k) − so(k)||2/L. L = 5000 is the total number

of ensemble runs, and p(l)(k), u̇(l)(k) and s(l)(k) are estimates of the source position

po(k), the source velocity u̇o(k) and the sensor positions so(k) at time index k at

ensemble l.
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Figure 5.7: Performance of the proposed SLAT algorithm in Section 5.4.2 in estimat-
ing the position of the source in Scenario II. The best achievable estimation accuracy
[tr(pCRLB(po(k))) from (5.98)]: solid line, MSE(p(k)) from the proposed SLAT al-
gorithm: triangle symbol, MSE(p(k)) from the EKF with multiple iterations: cross
symbol.

In Figs. 5.7.-5.9, we plot the simulation MSE results from the proposed SLAT
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Figure 5.8: Performance of the proposed SLAT algorithm in Section 5.4.2 in estimat-
ing the velocity of the source in Scenario II. The best achievable estimation accuracy
[tr(pCRLB(u̇o(k))) from (5.98)]: solid line, MSE(u̇(k)) from the proposed SLAT al-
gorithm: triangle symbol, MSE(u̇(k)) from the EKF with multiple iterations: cross
symbol.

algorithm in Section 5.4.2 and the EKF with multiple iterations developed in Appendix

D.4.2 as function of the time index k. Again, we show one simulation MSE every 10

time indexes to improve the clarity of the figures. Also included in the figures are the

traces of the pCRLBs of po(k), u̇o(k) and so(k) obtained by setting J(1) = Qφ(1) and

evaluating the pCRLB recursion in (5.98) for k = 2, 3..., 150. We can observe from

the figures that despite of the presence of random source motion acceleration, random

sensor position drifting and the large initialization error in θ(1), the proposed SLAT

algorithm can still converge to an estimation performance very close to the pCRLB.

Moreover, throughout the whole simulated SLAT process, it outperforms the EKF with

multiple iterations, especially in the estimating the source trajectory (see Fig. 5.7). The

worse performance of the EKF with multiple iterations in locating the source is possibly

due to its sensitivity to the initialization error in θ(1) and the presence of the sensor
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Figure 5.9: Performance of the proposed SLAT algorithm in Section 5.4.2 in esti-
mating true sensor positions in Scenario II. The best achievable estimation accuracy
[tr(pCRLB(so(k))) from (5.98)]: solid line, MSE(s(k)) from the proposed SLAT al-
gorithm: triangle symbol, MSE(s(k)) from the EKF with multiple iterations: cross
symbol.

position drifting. Specifically, the combined effects of the above two factors make the

EKF with multiple iterations unable to locate the sensor positions accurately (see Fig.

5.9), which in turn greatly degrades the estimation accuracy of the source positions (see

Fig. 5.7).

5.5.3 Results for Scenario III

In this simulation, the source starts at the position [1500, 1500, 2000]Tm at time index

0 and moves with a constant velocity [−5,−5, 0]T m/s until time index 50 when it expe-

riences a maneuver and changes its velocity to [−3,−3,−3]T m/s. The source continues

its motion with the new velocity until time index 150, the ending time index of the

simulation scenario. We set the observation period T to be 1s such that the duration of

Scenario III is 150s. We track the maneuvering source using M = 6 stationary sensors.

The true sensor positions are given in Table 5.1. The simulation scenario is depicted
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Figure 5.10: Simulation Scenario III used to generate the results shown in Figs. 5.11-
5.13. The open circles represent the unknown true sensor positions and the solid line
with an arrow showing the motion direction is the true trajectory of the maneuvering
source.

in Fig. 5.10. It can be seen that the source trajectory is in fact composed of two line

segments and after the maneuver, the source moves directly toward the sensor array.

We generate the noisy sensor positions known at time 0 and the RDOA measure-

ments using the same approach as in Scenario II, except that the zero-mean Gaus-

sian sensor position noise is created with covariance matrix Qβ = σ2
βI18×18, where

σ2
β = 10−2.5. To achieve the goal of simultaneously tracking the maneuvering source

and calibrating the stationary sensors, the SLAT algorithm from Section 5.4.2 and the

EKF with multiple iterations from Appendix D.4.2 are simulated. Both algorithms

are not aware of the source maneuver and instead they simply pretend that the source

motion is governed by (5.95) and (5.94) with the covariance matrix of the random ac-

celeration w(k) set to be Qw(k) = σ2
wI3×3, where σ2

w = 10−2. The SLAT algorithms in

consideration are initialized in the same way as in Scenario II, except that in this case,

the two scaling factors in the matrix QI , namely, tr(CRLB(uo)1) and tr(CRLB(u̇o)1),
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Figure 5.11: Performance of the proposed SLAT algorithm in Section 5.4.2 in estimating
the position of the maneuvering source in Scenario III. MSE(p(k)) from the proposed
SLAT algorithm: triangle symbol, MSE(p(k)) from the EKF with multiple iterations:
cross symbol.

are obtained by evaluating (5.7a) at time index 1 with uo = [1500, 1500, 2000]Tm,

u̇o = [−5,−5, 0]T m/s and the new Qβ specified above. The resultant initialization

error would be smaller compared with that in Scenario II, because the known sensor

positions at time 0 has smaller position noise power and as a result, the lowest achievable

MSEs for estimating uo and u̇o at time index 1 (i.e.,tr(CRLB(uo)1) and tr(CRLB(u̇o)1))

are decreased.

We quantify the accuracy of the source trajectory and velocity estimates as well as

the sensor position estimate produced by the two SLAT algorithms using MSE(p(k)),

MSE(u̇(k)) and MSE(s(k)) whose definitions are given in the previous subsection.

These simulation results are depicted in Figs. 5.11-5.13 as function of time index k

spanning the range from 2 to 150 (we plot one simulation MSE every five time indexes

to obtain a better insights of the algorithm behavior). We can notice that compared

with Scenario I, the EKF with multiple iterations shows a faster convergence in its esti-
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Figure 5.12: Performance of the proposed SLAT algorithm in Section 5.4.2 in estimating
the velocity of the maneuvering source in Scenario III. MSE(u̇(k)) from the proposed
SLAT algorithm: triangle symbol, MSE(u̇(k)) from the EKF with multiple iterations:
cross symbol.
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Figure 5.13: Performance of the proposed SLAT algorithm in Section 5.4.2 in estimating
true sensor positions in Scenario III. MSE(s(k)) from the proposed SLAT algorithm:
triangle symbol, MSE(s(k)) from the EKF with multiple iterations: cross symbol.

172



mation accuracy. This is mainly due to the decreased initialization error. Immediately

after the source maneuvers at time index 50, Fig. 5.12 indicates that the source velocity

estimation MSEs from both the proposed SLAT algorithm and the EKF with multiple

iterations exhibit a sudden increase of more than 20dB. Besides, it takes almost the

same amount of time for the two algorithms to re-gain accurate estimation of the source

velocity.

On the other hand, from Figs. 5.11 and 5.13, we notice that the source maneuver

also introduces degradation in the the estimation accuracy of the source trajectory and

the sensor positions for both SLAT algorithms. But the performance loss is much more

severe and lasting for the EKF with multiple iterations. For example, at time index

102, which corresponds to 52s after the source maneuver, the proposed SLAT algorithm

provides an improvement of 3dB in the source position estimation accuracy over the

EKF with multiple iterations. In other words, the proposed SLAT algorithm possesses a

better robustness to the sudden degradation in the source velocity estimation accuracy

due to the source maneuver. This comes from that the step-1 processing of the proposed

algorithm is developed on the basis of the equation error formulation that only requires

the second-order error terms and cross error products are negligible, in contrast to the

EKF with multiple iterations that requires all the second-order and higher order error

terms are sufficiently small.

5.5.4 Scenario II Revisited

When simulating the proposed SLAT algorithm for the subsections 5.5.1-5.5.3, we com-

pute the Stage-2 solution of its step-1 processing with the WLS technique and repeat

the step-1 processing as well as the Stage-2 of the step-1 processing to improve per-

formance. This subsection presents the estimation accuracy of the proposed SLAT

algorithm in Section 5.4.2 with an alternative realization, when it is used to track the
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motion of source and sensors in Scenario II. With the alternative realization, the GTLS

method is applied instead to find the Stage-2 solution and we do not repeat either the

step-1 processing or its Stage-2. We initialize the proposed SLAT algorithm and cal-

culate its accuracy in estimating the source position po(k), source velocity u̇o(k) and

sensor positions so(k) in the same way as in subsection 5.5.2.

As function of the time index k, Figs. 5.14-5.16 plot the estimation MSEs, namely,

MSE(p(k)), MSE(u̇(k)) and MSE(s(k)), from the proposed SLAT algorithm with the

alternative realization and the EKF with multiple iterations developed in Appendix

D.4.2. For the purpose of comparison, the traces of the pCRLBs of the unknowns

po(k), u̇o(k) and so(k) are also shown. From the figures, we can obtain observations

similar to those in subsection 5.5.2 that the proposed SLAT algorithm with the alter-

native realization converges quickly to the optimum performance and it outperforms

the benchmark method, the EKF with multiple iterations, throughout the whole SLAT

process, especially in the estimation of the source positions. On the other hand, com-

paring Figs. 5.14-5.15 with Figs. 5.7-5.8 reveals that the two different realizations of

the proposed SLAT algorithm yield comparable performance in estimating the source

position and velocity. Nevertheless, the proposed SLAT algorithm with the alternative

realization provides improved sensor position estimates (see Figs. 5.9 and 5.16). The

reason underlying the performance improvement is still unclear and it is a topic for

future researches.

5.6 Concluding Remarks

In this chapter, we first proposed a new recursive SLAT algorithm for simultaneously

tracking a moving source with constant velocity and locating stationary sensors with

position error using the sequentially obtained TDOA measurements. The new algo-

rithm achieves its task with a two-step framework. The step-1 processing was devel-
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Figure 5.14: Performance of the proposed SLAT algorithm in Section 5.4.2 with the
alternative realization in estimating the position of the source in Scenario II. The best
achievable estimation accuracy [tr(pCRLB(po(k))) from (5.98)]: solid line, MSE(p(k))
from the proposed SLAT algorithm: triangle symbol, MSE(p(k)) from the EKF with
multiple iterations: cross symbol.
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Figure 5.15: Performance of the proposed SLAT algorithm in Section 5.4.2 with the
alternative realization in estimating the velocity of the source in Scenario II. The best
achievable estimation accuracy [tr(pCRLB(u̇o(k))) from (5.98)]: solid line, MSE(u̇(k))
from the proposed SLAT algorithm: triangle symbol, MSE(u̇(k)) from the EKF with
multiple iterations: cross symbol.
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Figure 5.16: Performance of the proposed SLAT algorithm in Section 5.4.2 with the
alternative realization in estimating true sensor positions in Scenario II. The best achiev-
able estimation accuracy [tr(pCRLB(so(k))) from (5.98)]: solid line, MSE(s(k)) from
the proposed SLAT algorithm: triangle symbol, MSE(s(k)) from the EKF with multiple
iterations: cross symbol.

oped via extending the two-stage single source localization algorithm in 4.2.1 so that it

can jointly estimate the source position and velocity. The constrained weighted least-

squares (CWLS) method was introduced to compute the Stage-1 solution of the step-1

processing to reduce the bias level in the source position and velocity estimates. The

step-2 processing improves the sensor positions using the sensor position refinement

approach from existing literature. Theoretical performance analysis was conducted on

the proposed SLAT algorithm and we found that it is able to reach the CRLB accu-

racy when TDOA measurements and the estimates of the source position, the source

velocity and the sensor positions from the preceeding time index are sufficiently accu-

rate. Compared with the EKF approach whose good performance heavily depends on

the validity of the first-order approximation of the nonlinear measurement equation,

the new algorithm possesses the advantage of less sensitivity to the initialization error

and faster convergence to the optimum performance. The improved performance comes
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from the equation error formulation that is adopted in the development of its step-1

processing. We extended the proposed SLAT algorithm to the more general scenario

where the source motion is subject to random acceleration and the sensor positions

are drifting. The extended algorithm inherits the advantages of being less sensitive to

the initialization error and converging more quickly to the optimum performance over

the EKF approach. Moreover, in the practical task of tracking a maneuvering source

while at the same time, calibrating sensors, the extended algorithm exhibits better

robustness to the sudden degradation in the source velocity estimation accuracy after

the source maneuver than the EKF approach. The good performance of the proposed

SLAT algorithm was demonstrated via computer simulations.
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Chapter 6

Summary and Future Work

In this chapter, we shall first summarize the research works presented in the thesis.

Then, the research topics that is worthy of pursuing in the future will be discussed.

6.1 Research Summary

It is known that when sensor positions are not known precisely, the TDOA source lo-

calization accuracy would be significantly degraded and become much worse than that

of the case without sensor position errors. In this thesis, we performed a systematic

study on improving TDOA source localization accuracy in the presence of sensor posi-

tion errors via exploring the extra TDOA measurements from calibration emitters. In

particular, the following four localization scenarios were investigated: (i) the scenario

where only a single calibration emitter is available for the task of locating a single source

and the calibration position is known perfectly, (ii) the scenario where a single source is

localized with the use of calibration emitters at inaccurate positions, (iii) the scenario

where multiple disjoint sources at unknown locations need to be localized and all the

source TDOA measurements correspond to the same sensor position errors, and (iv)

the scenario where the trajectory of a single moving source and the sensor positions

are simultaneously estimated from the source TDOA measurements obtained sequen-

tially in time. Note that the scenario (iii) in fact includes the special case where we
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are interested in locating only one source using calibration emitters whose locations are

completely unknown. Besides, the scenario (iv) can be considered as an extension of

the scenario (iii) by noting that in scenario (iv), the multiple unknown positions are

now correlated because they lie on the same source trajectory and as such, the tracking

of the source motion becomes possible.

For scenario (i), through deriving and analyzing under Gaussian noise model the

CRLB of the source location estimate with a single calibration emitter at accurate

location, we demonstrated that when the sensor positions have random errors, the

use of the calibration TDOAs is able to provide significant improvement in source

localization accuracy over the case without a calibration emitter. Secondly, a theoretical

performance analysis of the differential calibration (DC) technique in Global Positioning

System was conducted and it was found that generally, the DC method is not able

to generate source location estimate with CRLB accuracy. We then proposed a new

localization algorithm that first exploits the TDOA measurements from the calibration

emitter to improve the sensor positions and then estimates the source location based

on the updated sensor positions to improve performance. The proposed solution has

multiple computation stages but it is in closed-form. Moreover, in contrast to the DC

method, it was shown analytically to be able to reach the CRLB accuracy under two

mild conditions.

For scenario (ii), the CRLB of of the source position estimate with a single calibra-

tion emitter at inaccurate location was evaluated first. By comparing it with the CRLB

derived for scenario (i) and the CRLB without a calibration emitter, we established the

amount of degradation in source localization accuracy due to the calibration position

error and also confirmed the previous result from Bayesian sensor network localization

that using calibration TDOAs can always improve performance, even if the calibration

position is completely not known. Through the performance analysis of a pseudo ML
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estimator that assume the noisy calibration position is exact, it was concluded that the

source location estimate is indeed very sensitive to the calibration position error and it

cannot be ignored. We then developed a closed-form localization algorithm on the basis

of the one proposed for scenario (i). The new algorithm takes the statistical informa-

tion of the calibration position error into account when updating the sensor positions

with the TDOA measurements from the calibration emitter. The source location is

again identified using the improved sensor positions. Theoretical performance analysis

showed that the new solution attains the CRLB under two mild conditions. Finally, we

examined the more general case where more than one calibration emitters are available

for locating the source. The CRLB of the source position was established for this case

and the localization algorithm developed for a single calibration emitter scenario was

extended to exploit the TDOAs from all calibration emitters. The generalized solution

was also shown to be able to reach the CRLB accuracy.

For scenario (iii), we proposed a novel closed-form multiple disjoint source localiza-

tion algorithm. It simultaneously utilizes the TDOA measurements from all the sources

and jointly estimates the source positions and the sensor positions, in order to make

use of the fact that the TDOAs correspond to the same sensor positions to improve

performance. We introduced in the algorithm development the new concept of hypoth-

esized source positions to handle the coupling between the unknown source positions

and the sensor position errors in the TDOA equations. The new algorithm was shown

analytically to be able to locate multiple sources with CRLB accuracy under small noise

conditions. Compared with the iterative Taylor-series based ML estimator, the newly

proposed closed-form solution does not require iterations, has no convergence problem

and is computationally more attractive. Besides, it also exhibits much less sensitivity

to the deviation of the hypothesized source positions with respect to the true locations

and better robustness to higher sensor position errors.
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For scenario (iv), we proposed a novel recursive algorithm that can simultaneously

track a single moving source and calibrate sensor positions using the sequentially ob-

tained source TDOA measurements. The new algorithm updates its estimates of the

source trajectory and sensor positions with a two-step framework once a new set of

source TDOAs at the current time instant becomes available. The step-1 processing

improves the source trajectory estimate and it was developed through extending the

closed-form source localization algorithm proposed for scenario (iii). We introduced the

constrained weighted least-squares (CWLS) technique in the development of the step-1

processing to reduce the bias level in the source trajectory estimate. The step-2 process-

ing updates the sensor positions via the sensor position refinement approach adopted

from existing literature. We showed analytically that under small noise condition, the

proposed recursive algorithm is able to attain the CRLB accuracy for the case where

the source moves in a purely linear trajectory and the sensors are stationary. Compared

with the EKF approach, the new algorithm exhibits less sensitivity to the initialization

errors and faster convergence to the optimum performance. Moreover, compared to

the Bayesian filter-based approach, the proposed algorithm eliminates the use of the

computationally intensive Newton-Raphson technique to find the solution.

6.2 Future Work

In this thesis, for ease of illustration, we have been focused on the TDOA-based source

localization when the sensor positions have random errors and multiple calibration emit-

ters are available. It is known that when there is relative motion between the source

and the sensors, besides the TDOA measurements, the FDOA measurements can also

be exploited for the localization task. Moreover, in [12], the authors showed analyt-

ically that the presence of uncertainties in the sensor positions and velocities would

also substantially degrade the source localization accuracy when both the TDOA and
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FDOA measurements are jointly explored for locating the source. We may expect that

as in the case of TDOA-based source localization, the use of calibration emitters in the

TDOA and FDOA source localization could also potentially improve the localization

performance, because they provide extra information on the true sensor positions and

velocities. For the above localization scenario, an interesting research problem to in-

vestigate is to quantify the amount of improvement in the source position and velocity

estimation accuracy due to use of the calibration emitters. Besides, another challenge

would be the development of closed-form localization algorithms that can explore the

calibration TDOA and FDOA measurements to estimate the source position and ve-

locity with the optimum accuracy.

Numerical results in Chapters 2 and 3 indicate that the amount of improvement in

the source localization accuracy introduced by the utilization of the calibration TDOA

measurements is indeed dependent on the location of the calibration emitter (see Figs.

2.2 and 3.4). Specifically, we found that the closer the calibration emitter is to the

unknown source, the greater the performance improvement would be. However, in

practical applications, accurate a priori knowledge on the unknown source position

may not be easily available. Moreover, we may not be able to arbitrarily place the

calibration emitter. In other words, the position of the calibration emitter may be

limited within certain geometric area. It will be an important research direction to

investigate the optimal placement of the calibration emitter under the condition that

the calibration position is constrained and the source position to be determined is known

inaccurately. Mathematically, we are solving an optimization problem to determine the

calibration position that minimizes the trace of the CRLB of the source position when

the sensor position errors are present. The extension of the above problem to the case

where multiple calibration emitters are available is also an interesting but challenging

research problem.
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In Chapter 5, the problem of simultaneous source tracking and sensor position cali-

bration was investigated. We assumed in the study that the source trajectory is either

purely or approximately linear. In some practical localization scenarios, we may have

additional information on the source trajectory. For example, it may be known that the

source is moving within a certain area. Hence, the source position is subject to some

geometric inequality constraints. In this case, we are interested in studying the impact

of the a priori knowledge on the source trajectory on the amount of improvement in

the source and sensor localization accuracy. Also, the extension of the proposed SLAT

algorithm to exploit the additional information on the source trajectory to improve

performance would be an important topic to investigate in the future.
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Appendix A

Appendices of Chapter 2

A.1

To show that the rightmost term in (2.11) is positive definite, we only need to prove that

the big matrix in the middle of the term, Y(Z − YTX−1Y)−1YT , is positive definite

because X−1 is full rank. The proof is composed of two parts. In the first part, we

show that YT has full column rank. In the second part, the positive definiteness of the

matrix Z − YTX−1Y is established.

We first note that because X =
(

∂ro

∂uo

)T
Q−1

α

(
∂ro

∂uo

)
is invertible, Q−1

α

(
∂ro

∂uo

)
must

have a full column rank of 3. Furthermore, it can be observed from the definition of

(
∂ro

∂so

)
given in (2.9) that the row rank of

(
∂ro

∂so

)
is M − 1, or equivalently speaking,

(
∂ro

∂so

)T
has full column rank of M − 1. Hence, using the definition of Y in (2.7b),

YT =
(

∂ro

∂so

)T
Q−1

α

(
∂ro

∂uo

)
is a full column rank matrix. That is, if d is a nonzero 3 × 1

vector, YTd is a nonzero 3M × 1 vector.

We proceed to show that Z−YTX−1Y is positive definite. From the definitions of

Y in (2.7b) and Z in (2.7c), we have

Z −YTX−1Y =

(
∂ro

∂so

)T
[

Q−1
α − Q−1

α

(
∂ro

∂uo

)

X−1

(
∂ro

∂uo

)T

Q−1
α

](
∂ro

∂so

)

+ φ (A.1)

where φ = Q−1
β +

(
∂r̃o

∂so

)T
Q−1

c

(
∂r̃o

∂so

)
is a positive definite matrix when Qβ 6= O. Applying

the definition of X in (2.7a) and the Cholesky decomposition of Q−1
a , Q−1

a = LaL
T
a , we
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can express the big matrix in the middle of the first term on the right side of (A.1) as

Q−1
α −Q−1

α

(
∂ro

∂uo

)

X−1

(
∂ro

∂uo

)T

Q−1
α = La

(

I −Φ
(
ΦTΦ

)−1
ΦT
)

LT
a (A.2)

where Φ = LT
a

(
∂ro

∂uo

)
. The positive semidefiniteness of Q−1

α −Q−1
α

(
∂ro

∂uo

)
X−1

(
∂ro

∂uo

)T
Q−1

α

is obvious from (A.2), because I − Φ
(
ΦTΦ

)−1
ΦT is a projection matrix. Hence, the

first term on the right side of (A.1) is also positive semidefinite and as a result, from

the definition of φ, Z − YTX−1Y is a positive definite matrix when Qβ 6= O.

Applying the above results, we have for any nonzero 3 × 1 vector d,

(dTY)(Z−YTX−1Y)−1(YTd) = (YTd)T (Z −YTX−1Y)−1(YTd) > 0 (A.3)

because YTd is a nonzero vector. In other words, Y(Z−YTX−1Y)−1YT is a positive

definite matrix.

A.2 Proof of (2.26)

We shall begin with cov(θ)−1
D . Substituting (2.20) into (2.24) and simplifying yield

W−1
D =

[
Qα + Qc O

O Qβ

]

.

From (2.25) and using Ho
D = VHo, cov(θ)−1

D then can be expressed as

cov(θ)−1
D = HoTVTWDVHo, (A.4)

where Ho is the gradient matrix defined in (2.19) and

VTWDV =





(Qα + Qc)
−1 O − (Qα + Qc)

−1

O Q−1
β O

− (Qα + Qc)
−1 O (Qα + Qc)

−1



 .

The inverse of CRLB(θ) is equal to the FIM given in (2.6). It is straightforward to see

from (2.6) that FIM can be rewritten as

CRLB(θ)−1 = HoTQ−1Ho, (A.5)
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where Q is defined below (2.24). Therefore, subtracting (A.4) from (A.5) gives

CRLB(θ)−1 − cov(θ)−1
D = HoT

(
Q−1 − VTWDV

)
Ho, (A.6)

where

(
Q−1 −VTWDV

)
=





Q−1
α − (Qα + Qc)

−1 O (Qα + Qc)
−1

O O O

(Qα + Qc)
−1 O Q−1

c − (Qα + Qc)
−1



 .

Applying matrix inversion Lemma [52] to (Qα+Qc)
−1 simplifies Q−1

α −(Qα + Qc)
−1

to

Q−1
α − (Qα + Qc)

−1 = Q−1
α (Q−1

α + Q−1
c )−1Q−1

α . (A.7)

Similarly, we have

Q−1
c − (Qα + Qc)

−1 = Q−1
c (Q−1

α + Q−1
c )−1Q−1

c . (A.8)

Moreover, it is easy to verify that

(Qα + Qc)
−1 = Q−1

α (Q−1
α + Q−1

c )−1Q−1
c = Q−1

c (Q−1
α + Q−1

c )−1Q−1
α .

Noting that (Q−1
α + Q−1

c )−1 is symmetric and positive definite, we can decompose

it as

(Q−1
α + Q−1

c )−1 = LLT , (A.9)

where L is a lower triangular matrix. Substituting (A.9) into (A.7) and (A.8) gives

Q−1 −VTWDV = ΥTΥ, (A.10)

where

Υ =
[
LTQ−1

α O LT Q−1
c

]
. (A.11)

Substituting (A.10) into (A.6) would yield (2.26).
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A.3 Proof of (2.62)

The covariance matrix of the source location estimate from the proposed algorithm is

given in (2.61), which is dependent on cov(ϕ2). Substituting cov(ϕ2) in (2.57) and W2

in (2.56), we have

cov(u)−1 = BT
3 GT

2 B−T
2 GT

1 W1G1B
−1
2 G2B3. (A.12)

The weighting matrix W1 is defined in (2.44) and (2.46). Since B1 is a diagonal matrix

with full rank, its inverse exists so that W1 can be re-written as

W1 = B−T
1

(

Qα + B−1
1 D1

(
Q−1

β + GT
c Q−1

c Gc

)−1
DT

1 B−T
1

)−1

B−1
1 . (A.13)

For notation simplicity, we define

G4 = B−1
1 D1, (A.14)

and

P =
(
Q−1

β + GT
c Q−1

c Gc + GT
4 Q−1

α G4

)
. (A.15)

Applying matrix inversion Lemma [52] to the big matrix in the middle of (A.13) yields

W1 = B−T
1

[
Q−1

α − Q−1
α G4P

−1GT
4 Q−1

α

]
B−1

1 . (A.16)

Putting (A.16) into (A.12) gives (2.62), where G3 is defined as

G3 = B−1
1 G1B

−1
2 G2B3. (A.17)

A.4 Proof of (2.64)

We shall evaluate G3 first. Putting B3, G2 and B2 defined in (2.60), (2.51) and (2.54)

to (A.17), we have

G3 = B−1
1 G1B

−1
2 · 2

[
diag[uo − ŝ1]
(uo − ŝ1)

T

]

= B−1
1 G1

[
I3×3

ρT
uo,ŝ1

]

. (A.18)
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B1 and G1 are defined in (2.42) and (2.40), and the (i−1)th row of the matrix product

B−1
1 G1 is

[
(uo−ŝi)T

ro
i

− (uo−ŝ1)T

ro
i

−ri1

ro
i

]

≃
[

ρT
uo,ŝi

− ro
1

ro
i

ρT
uo,ŝ1

−(1 − ro
1

ro
i

)
]

, i = 2, 3, ..., M. (A.19)

In the first element, we have used the approximation r̂o
i ≃ ro

i . This is valid under the

first condition (C2-1), because from the definition of r̂o
i below (2.36), we have

r̂o
i = ||uo − ŝi|| = ||uo − so

i −Ψi + Ψ̂i||

= ro
i

√
√
√
√1 +

(

||Ψi − Ψ̂i||
ro
i

)2

− 2ρT
uo,so

i

(Ψi − Ψ̂i)

ro
i

≃ ro
i .

In the second element, the condition (C2-2) is used so that ri1/r
o
i = (ro

i1 + ni1)/r
o
i ≃

ro
i1/r

o
i . Consequently, the (i − 1)th row of G3 is

[

ρT
uo,ŝi

− ro
1

ro
i

ρT
uo,ŝ1

−(1 − ro
1

ro
i

)
] [ I

ρT
uo,ŝ1

]

= ρT
uo,ŝi

− ρT
uo,ŝ1

. (A.20)

ρuo,ŝi
can be expressed in terms of so

i as, using (2.33),

ρuo,ŝi
=

(uo − so
i −Ψi + Ψ̂i)

r̂o
i

≃ (uo − so
i −Ψi + Ψ̂i)

ro
i

.

Also, the term Ψi−Ψ̂i is insignificant compared to ro
i from the condition (C2-1). Thus,

we have

ρuo,ŝi
≃ uo − so

i

ro
i

= ρuo,so
i
, (A.21)

and the (i − 1)th row of G3 can be approximated by

G3[i − 1, :] = ρT
uo,so

i
− ρT

uo,so
1

. (A.22)

It can be seen that G3[i− 1, :] is the same as the (i− 1)th row of
(

∂ro

∂uo

)
that is given in

(2.8). As a result, we have under conditions (C2-1) and (C2-2) that

G3 =

(
∂ro

∂uo

)

. (A.23)
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G4 is defined in (A.14). After substituting (2.42) and (2.43), the (i − 1)th row of

G4 is

G4[i − 1, :] =
[

−
(

1 − ro
1

ro
i

)

ρT
uo,ŝ1

− r̂o
1

ro
i

ρT
uo,ŝ1

0T (uo−ŝo
i )

ro
i

0T
]

, (A.24)

where 0 represents a zero vector of appropriate size. Now applying condition (C2-1) so

that r̂o
1 ≃ ro

1 and (A.21), the above equation reduces to

G4[i − 1, :] ≃
[
−ρT

uo,so
1

0T ρT
uo,so

i
0T
]
. (A.25)

(A.25) is identical to (2.9) except for a negative sign. As a result, we have, under

condition (C2-1),

G4 ≃ −
(

∂ro

∂so

)

, (A.26)

which is exactly (2.64b).

The proof of (2.64c) is straightforward. Under condition (C2-1), it can be verified

that

ρc,si
≃ ρc,so

i
. (A.27)

Applying the above approximation in the definition of Gc in (2.30) then gives

Gc ≃ −
(

∂r̃o

∂so

)

, (A.28)

which is valid under condition (C2-1). The proof of (2.64) is now completed.
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Appendix B

Appendices of Chapter 3

B.1 Proof of (3.10)

We begin with partitioning the FIM in (3.7) as

FIM =

[
X Ȳ
ȲT Z̄

]

(B.1)

where Ȳ = [Y O] and

Z̄ =

[
Z RT

R P

]

.

Applying the partitioned matrix inverse formula [52] to (B.1) and denoting the upper

left three-by-three block as CRLB(uo)c, we arrive at

CRLB(uo)c =
(
X − ȲZ̄−1ȲT

)−1
= X−1 + X−1Ȳ

(
Z̄ − ȲTX−1Ȳ

)−1
ȲTX−1. (B.2)

The middle part of the second term in (B.2) is a quadratic form in Ȳ, and it is equal

to, after substituting the definition of Ȳ and Z̄,

Ȳ
(
Z̄ − ȲTX−1Ȳ

)−1
ȲT =

[
Y O

]
[
Z − YTX−1Y RT

R P

]−1 [
YT

O

]

. (B.3)

Applying the partitioned matrix inverse formula [52] to the big matrix in the middle

simplifies the above quadratic form to

Ȳ
(
Z̄ − ȲTX−1Ȳ

)−1
ȲT = Y

(
Z −YTX−1Y − RTP−1R

)−1
YT . (B.4)

Substituting (B.4) back into (B.2) yields (3.10).
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B.2

Substituting the definitions of P in (3.8e) and R in (3.8d) into P − RB−1RT and

simplifying yield

P −RB−1RT = Q−1
e +

(
∂r̃o

∂co

)T
[

Q−1
c − Q−1

c

(
∂r̃o

∂so

)

B−1

(
∂r̃o

∂so

)T

Q−1
c

](
∂r̃o

∂co

)

.

(B.5)

The matrix B is defined under (3.12) and it is equal to Z−YTX−1Y. If we express Z

given in (3.8c) as Z = Ẑ+
(

∂r̃o

∂so

)T
Q−1

c

(
∂r̃o

∂so

)
, where Ẑ = Q−1

β +
(

∂ro

∂so

)T
Q−1

α

(
∂ro

∂so

)
, B can

then be re-written as

B =
(

Ẑ− YTX−1Y
)

+

(
∂r̃o

∂so

)T

Q−1
c

(
∂r̃o

∂so

)

. (B.6)

Putting (B.6) into (B.5) and applying the matrix inversion Lemma [52] to the big matrix

in the middle of the second term on the right side of (B.5), we obtain

P−RB−1RT = Q−1
e +

(
∂r̃o

∂co

)T
[

Qc +

(
∂r̃o

∂so

)(

Ẑ− YTX−1Y
)−1

(
∂r̃o

∂so

)T
]−1(

∂r̃o

∂co

)

.

(B.7)

It can be concluded from the above equation that (P−RB−1RT ) is a positive definite

matrix. Note that P − RB−1RT − Q−1
e is also positive definite, because the second

term alone in (B.7) is positive definite due to its symmetric structure as well as the

matrix
(

∂r̃o

∂co

)
having full column rank.

B.3 Proof of (3.29)

The upper left three-by-three block of (3.28) is cov(ǔ). We shall first evaluate the

matrices (ḠTW−1Ḡ) and (ḠTW−1MW−1Ḡ) in (3.28). Substituting the definitions

of Ḡ, W and M given in (3.22), (3.17) and (3.27), and using (3.8) for simplifying the
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notations, we have

ḠTW−1Ḡ =

[
X Y
YT Z

]

(B.8)

ḠTW−1MW−1Ḡ = diag
[
O3×3,R

TQeR
]
. (B.9)

Applying the partitioned matrix inversion formula [52] to (ḠTW−1Ḡ)−1, putting the

result together with (B.9) back to (3.28) and simplifying yield the upper three-by-three

block

cov(ǔ) = (X −YZ−1YT )−1 + X−1YB−1RTQeRB−1YTX−1. (B.10)

where B = (Z − YTX−1Y) is defined under (3.12). Expanding (X − YZ−1YT )−1

using the matrix inversion Lemma [52] and comparing with CRLB(uo)co given in (3.11)

indicate that (X −YZ−1YT )−1 = CRLB(uo)co. Hence, we have the result (3.29).

B.4 Proof of (3.53)

By comparing the definitions of Ge and (∂r̃o/∂co) given in (3.37b) and (3.9c), in order

to prove (3.53) is true, we only need to show ρc,si
≃ ρco,so

i
, i = 1, 2, ..., M . Substituting

(3.52) that is valid under (C3-1) and applying the error models (3.1) and (3.2), we can

express the unit vector ρc,si
as

ρc,si
=

c − si

||c− si||
≃ co − so

i

||co − so
i ||

+
e −Ψi

||co − so
i ||

≃ ρco,so
i

(B.11)

where the condition (C3-1) is used again in the second approximation. Hence, the proof

of (3.53) is established.
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Appendix C

Appendices of Chapter 4

C.1 Proof of (4.27)

Putting the definitions of G1 in (4.21) and W1 in (4.23) and (4.24), we arrive at

GT
1 W1G1 =

[
HT (B1QαB

T
1 )−1H HT (B1QαB

T
1 )−1[DT

1 ,DT
2 ]T

[DT
1 ,DT

2 ](B1QαB
T
1 )−1H R

]

(C.1)

where the matrices H and R are defined in (4.28) and (4.29). Applying the partitioned

matrix inversion formula [52] to (C.1) and denoting the upper-left eight-by-eight block

of the result as cov([θT
1 , θT

2 ]T ) yield (4.27).

C.2

We shall derive the covariance matrix of ∆ŝ obtained in (4.22) and compare it with

that of ∆s, Qβ. According to (4.22) and (4.25), the estimation error in ∆ŝ is equal

to ∆ϕ1(9 : 3M + 8). The covariance matrix of ∆ŝ, denoted by cov(∆ŝ), is given by

the lower-right 3M × 3M block of cov(ϕ1) in (4.26). Note that the inverse of cov(ϕ1)

is given in (C.1). Applying the partitioned matrix inversion formula [52] to (C.1), we

obtain, from the lower-right 3M × 3M block,

cov(∆ŝ)

=
(
R − [DT

1 ,DT
2 ](B1QαB

T
1 )−1H(HT (B1QαB

T
1 )−1H)−1HT (B1QαB

T
1 )−1[DT

1 ,DT
2 ]T
)−1

where H and R are defined in (4.28) and (4.29).
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We next compare cov(∆ŝ) with Qβ . Putting the definition of R given in (4.29),

substituting (B1QαB
T
1 )−1 with its Cholesky decomposition (B1QαB

T
1 )−1 = LLT and

simplifying yield

cov(∆ŝ) =
(
Q−1

β + [DT
1 ,DT

2 ]LΥLT [DT
1 ,DT

2 ]T
)−1

(C.2)

where Υ is defined as Υ = I−LTH(HTLLT H)−1HTL and I is a 2(M − 1)× 2(M − 1)

identity matrix. Note that Υ is an idempotent matrix. Substituting Υ = Υ · Υ into

(C.2), applying the matrix inversion Lemma [52] and subtracting the result from Qβ,

we arrive at

Qβ − cov(∆ŝ)

= Qβ[DT
1 ,DT

2 ]LΥ
(
I + ΥLT [DT

1 ,DT
2 ]TQβ[DT

1 ,DT
2 ]LΥ

)−1
ΥLT [DT

1 ,DT
2 ]TQβ .

(C.3)

The term on the right-hand side is a positive semidefinite matrix. This can be easily

verified by noting that the term has a symmetric structure and the matrix [DT
1 ,DT

2 ]T

does not have full column rank.

C.3

We shall illustrate through first-order analysis that under small measurement and sen-

sor position noise, using the approximated weighting matrices in algorithm realiza-

tion would cause negligible performance degradation. When generating W1 defined in

(4.23), we approximate the true source-sensor distances ro
j,i = ||uo

i − so
j || used in B1

by ||ũi − sj||, where ũi is the hypothesized position of uo
i and sj is the known but

erroneous position of sensor j. Expanding ||ũi − sj || at uo
i and so

j up to linear term and

substituting (4.1) and (4.5) yield

||ũi − sj || ≃ ro
j,i

(

1 + ρT
uo

i ,so
j
∆ũi/r

o
j,i − ρT

uo
i ,so

j
∆sj/r

o
j,i

)

. (C.4)

Because ρuo
i ,so

j
is a unit vector, we have ||ũi − sj || ≃ ro

j,i if

∆ũi/r
o
j,i ≃ 0 and ∆sj/r

o
j,i ≃ 0, i = 1, 2, j = 2, 3, ..., M. (C.5)
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The approximation of W2 in (4.43) is by replacing the required true values in B1 and

B2 with the hypothesized source positions and the noisy sensor positions. The condition

for the validity in approximating B1 is given above. For the matrix B2 defined in (4.40),

we approximate (uo
i − s1) and r̂o

1,i = ||uo
i − s1|| in (4.41) by (ũi − s1) and ||ũi − s1||. We

have from (4.5), (ũi − s1) = (uo
i − s1) + ∆ũi = r̂o

1,i(ρuo
i ,s1

+ ∆ũi/r̂
o
1,i), whose norm is,

by retaining only the linear error term, ||ũi − s1|| ≃ r̂o
1,i(1 + ρT

uo
i ,s1

∆ũi/r̂
o
1,i). Hence, the

approximation error for W2 would be negligible if (C.5) and the following condition are

satisfied:

∆ũi/r̂
o
1,i ≃ 0, i = 1, 2. (C.6)

As will be shown in Appendix C.4, (C.5) and (C.6) can be fulfilled and hence the

effect of weighting matrix approximation is negligible, if the hypothesized positions

ũi are obtained from applying a single-source localization algorithm to the RDOA

measurements and the small noise conditions (C4-1) and (C4-2) used in the performance

analysis of the proposed solution in Section 4.3.2 are satisfied (see (C.14) and below

(C.15)).

C.4 Proof of (4.60)

We begin our proof by evaluating G3 defined in (4.57). Substituting the definitions of

B2, G2 and B3 in (4.40), (4.36) and (4.52), and simplifying yield

G3 = B−1
1 H

[
[−I3×3, ρuo

1
,s1

]T O4×3

O4×3 [−I3×3, ρuo
2
,s1

]T

]

. (C.7)

The matrix product B−1
1 H is equal to, from (4.14) and (4.28),

B−1
1 H =

[
B−1

1,1G1,1 O(M−1)×4

O(M−1)×4 B−1
1,2G1,2

]

. (C.8)

Combining (C.7) and (C.8) gives

G3 =

[
B−1

1,1G1,1[−I3×3, ρuo
1
,s1

]T O(M−1)×3

O(M−1)×3 B−1
1,2G1,2[−I3×3, ρuo

2
,s1

]T

]

. (C.9)
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Following the same derivation as in Appendix A.4, we can show that under conditions

(C4-1) and (C4-2)

B−1
1,i G1,i[−I3×3, ρuo

i ,s1
]T ≃ (∂ro

i /∂uo
i ), i = 1, 2. (C.10)

Putting (C.10) into (C.9) and comparing with (4.47) yield G3 ≃ (∂ro/∂uo), which is

the desired result in (4.60a).

We proceed to prove (4.60b). From (4.58),

G4 = [(B−1
1,1D1)

T , (B−1
1,2D2)

T ]T . (C.11)

The (j − 1)th row of B−1
1,i Di is, according to (4.15) and (4.18),

[

−rj1,i

ro
j,i

ρT
ũi,s1

− (ũi − s1)
T

ro
j,i

, 0T
3(j−2)×1,

(ũi − sj)
T

ro
j,i

, 0T
3(M−j)×1

]

, j = 2, 3, ..., M, i = 1, 2

(C.12)

where ũi is the hypothesized position of the ith source. In general, if ũi is estimated

from the RDOA measurement vector ri using a single-source localization algorithm,

such as those in [12, 26, 30–32], its difference from the uo
i , ∆ũi, can be expressed in the

following generic form as

∆ũi = Πini + Ψi∆s (C.13)

where ni is the noise vector in ri. The exact values of Πi and Ψi are dependent on

the localization geometry and the specific estimator used to obtain ũi but they are

composed of unit length vector components. As a result, dividing both sides of (C.13)

by ro
j,i and applying the conditions (C4-1) and (C4-2), we have

∆ũi/r
o
j,i ≃ 0. (C.14)

Consider ||ũi−s1||. Substituting (4.1) and (4.5), and applying (C.14) and condition

(C4-2), we obtain

||ũi − s1|| = ro
1,i

√

1 +
(
||∆ũi − ∆s1||/ro

1,i

)2
+ 2ρT

uo
i ,so

1

(∆ũi − ∆s1)/ro
1,i ≃ ro

1,i. (C.15)
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Similarly, we have r̂o
1,i = ||uo

i − s1|| ≃ ro
1,i. Moreover, from condition (C4-1), we have

rj1,i/r
o
j,i = (ro

j1,i + nj1,i)/r
o
j,i ≃ ro

j1,i/r
o
j,i. Hence, the leftmost term in (C.12) can be

expressed as

−rj1,i

ro
j,i

ρT
ũi,s1

− (ũi − s1)
T

ro
j,i

≃ −
ro
j1,i

ro
j,i

ρT
ũi,s1

−
ro
1,i

ro
j,i

ρT
ũi,s1

= −ρT
ũi,s1

. (C.16)

The unit vector ρT
ũi,s1

can be written in terms of uo
i and so

1 as

ρT
ũi,s1

=
(ũi − s1)

T

||ũi − s1||
=

(uo
i − so

1)
T + (∆ũi − ∆s1)

T

||ũi − s1||
≃ ρT

uo
i ,so

1

(C.17)

where (C.15), (C.14) and condition (C4-2) have been used.

Applying (C.14) and condition (C4-2), we can approximate the term (ũi − sj)
T /ro

j,i

in (C.12) as

(ũi − sj)
T

ro
j,i

=
(uo

i − so
j)

T + (∆ũi − ∆sj)
T

ro
j,i

≃ ρT
uo

i ,so
j

(C.18)

where (4.1) and (4.5) have been substituted in obtaining the first equality.

Putting (C.16) and (C.18) back to (C.12), substituting (C.17) and comparing with

(4.50), we arrive at

B−1
1,i Di ≃ −(∂ro

i /∂so), i = 1, 2. (C.19)

Hence, putting (C.19) into (C.11) and comparing the result with (4.49) immediately

gives (4.60b). This completes our proof of (4.60).
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Appendix D

Appendices of Chapter 5

D.1 Proof of (5.34)

The proof begins with expressing V(k) in (5.31) as a matrix product. For this purpose,

we define

∆S(k − 1) =








∆sT
2 (k − 1) 0T

3×1 . . . 0T
3×1

0T
3×1 ∆sT

3 (k − 1) . . . 0T
3×1

...
...

. . .
...

0T
3×1 0T

3×1 . . . ∆sT
M (k − 1)








. (D.1)

With (D.1), it is straightforward to verify that

V(k) = 2[diag(n(k)), I(M−1)×(M−1) ⊗ ∆sT
1 (k − 1), ∆S(k − 1)] · Υ(k) (D.2)

where ⊗ denotes the Kronecker product and Υ(k) is defined as

Υ(k) =





1(M−1)×1 ⊗ ρT
p̃(k),s1(k−1) O O 1(M−1)×1 ro(k)

−1(M−1)×1 ⊗ I3×3 O 1(M−1)×1 ⊗ I3×3 · F(k) 03(M−1)×1 −c1(k)
O I −1(M−1)×1 ⊗ I3×3 · F(k) 03(M−1)×1 c2(k)



 .

(D.3)

1(M−1)×1 is an (M − 1) × 1 column vector with elements all equal to 1, I represents

a 3(M − 1) × 3(M − 1) identity matrix, and ro(k) is the true RDOA vector at time

kT . c1(k) and c2(k) are given as c1(k) = 1(M−1)×1 ⊗ (p̃(k) − so
1) and c2(k) = [(p̃(k) −

so
2)

T , (p̃(k) − so
3)

T , ..., (p̃(k) − so
M)T ]T . From (D.3), we can deduce that Υ(k) does not

have full-column rank. In fact, its column rank is only 3M + 2. This can be verified by
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noting that the 3rd column block of Υ(k) with dimension 7(M−1)×6 can be expressed

as a linear combination of the 1st, 2nd and 4th column blocks.

The proof of (5.34) is now straightforward. Specifically, (5.34) can be obtained by

putting (D.2) into (5.33), carrying out the expectation, simplifying the result using

that the RDOA noise nk and the residual sensor position error ∆s(k − 1) = [∆sT
1 (k −

1), ∆sT
2 (k − 1), ..., ∆sT

M (k − 1)]T are independent to one another, and defining

L̃(k) = E[diag(n(k))TL(k)diag(n(k))] (D.4a)

E11(k) = E[(I(M−1)×(M−1) ⊗ ∆sT
1 (k − 1))TL(k)(I(M−1)×(M−1) ⊗ ∆sT

1 (k − 1))] (D.4b)

E12(k) = E[(I(M−1)×(M−1) ⊗ ∆sT
1 (k − 1))TL(k)∆S(k − 1)] (D.4c)

E22(k) = E[∆ST (k − 1)L(k)∆S(k − 1)]. (D.4d)

The matrix L(k) is equal to L(k) = (B1(k)Qα(k)BT
1 (k))−1.

We next evaluate the expectations in (D.4). For this purpose, we denote the element

of L(k) as Li,j(k), where i = 1, 2, ..., M − 1, and j = 1, 2, ..., M − 1. Furthermore, let

QS(k − 1) be the covariance matrix of ∆s(k − 1), which is given by the lower-right

3M × 3M block of Qφ(k − 1), the covariance matrix of the error vector [∆θT (k −

1), ∆sT (k − 1)]T (see discussion above (5.22)). QS(k − 1) can be expressed in the

following partitioned matrix form

QS(k − 1) =








Q11,S(k − 1) Q12,S(k − 1) . . . Q1M,S(k − 1)
Q21,S(k − 1) Q22,S(k − 1) . . . Q2M,S(k − 1)

...
...

. . .
...

QM1,S(k − 1) QM2,S(k − 1) . . . QMM,S(k − 1)








(D.5)

where Qij,S(k − 1) is the cross-covariance matrix between ∆si(k − 1) and ∆sj(k − 1)

defined as

Qij,S(k − 1) = E[∆si(k − 1)∆sT
j (k − 1)], i = 1, 2, ..., M, j = 1, 2, ..., M. (D.6)
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With the above notations, we can write the matrices defined in (D.4) as

L̃(k) = E








diag(n(k))








L11(k)n21(k) . . . L1(M−1)(k)nM1(k)
L21(k)n21(k) . . . L2(M−1)(k)nM1(k)

...
. . .

...
L(M−1)1(k)n21(k) . . . L(M−1)(M−1)(k)nM1(k)















= L(k) ⊙ Qα(k)

(D.7a)

E11(k) =








L11(k)Q11,S(k − 1) . . . L1(M−1)(k)Q11,S(k − 1)
L21(k)Q11,S(k − 1) . . . L2(M−1)(k)Q11,S(k − 1)

...
. . .

...
L(M−1)1(k)Q11,S(k − 1) . . . L(M−1)(M−1)(k)Q11,S(k − 1)








= L(k) ⊗ Q11,S(k)

(D.7b)

E12(k) =








L11(k)Q12,S(k − 1) . . . L1(M−1)(k)Q1M,S(k − 1)
L21(k)Q12,S(k − 1) . . . L2(M−1)(k)Q1M,S(k − 1)

...
. . .

...
L(M−1)1(k)Q12,S(k − 1) . . . L(M−1)(M−1)(k)Q1M,S(k − 1)








(D.7c)

E22(k) =








L11(k)Q22,S(k − 1) . . . L1(M−1)(k)Q2M,S(k − 1)
L21(k)Q32,S(k − 1) . . . L2(M−1)(k)Q3M,S(k − 1)

...
. . .

...
L(M−1)1(k)QM2,S(k − 1) . . . L(M−1)(M−1)(k)QMM,S(k − 1)








(D.7d)

where ⊙ denotes the Schur product (element by element multiplication).

D.2 Proof of (5.80)

We shall first prove (5.80a) and (5.80b). For this purpose, we need to evaluate the

matrix product B−1
2 (k)G2(k)B3(k) that appears in both G4(k) and G5(k). Applying

definitions of G2(k) and B3(k) in (5.51b) and (5.72), we have

B−1
2 (k)G2(k)B3(k) = B−1

2 (k)





2diag(uo − s1(k − 1)) O3×3

diag(u̇o) diag(uo − s1(k − 1))
2(po(k) − s1(k − 1))T 2kT (uo − s1(k − 1))T



 (D.8)
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where po(k) = uo + kT u̇o is the true source position at time kT . Applying the parti-

tioned matrix inverse formula [52] to B2(k) in (5.50) yields

B−1
2 (k) =





−1
2
diag−1(uo − s1(k − 1)) O3×3 03×1

1
2
diag−2(uo − s1(k − 1))diag(u̇o) −diag−1(uo − s1(k − 1)) 03×1

− (kT )2u̇oT

2ro
1
(k)

diag−2(uo − s1(k − 1))diag(u̇o) (kT )2u̇oT

ro
1
(k)

diag−1(uo − s1(k − 1)) 1
2r̂o

1
(k)






(D.9)

where diag−2(uo − s1(k − 1)) = diag−1(uo − s1(k − 1)) · diag−1(uo − s1(k − 1)). Putting

(D.9) into (D.8) and simplifying give

B−1
2 (k)G2(k)B3(k) =





−I3×3 O3×3

O3×3 −I3×3

ρT
po(k),s1(k−1) kTρT

po(k),s1(k−1)



 . (D.10)

Using (D.10) and the definition of P̃ in (5.76), we have

G4(k) = P̃B−1
2 (k)G2(k)B3(k) = −I6×6 (D.11)

which is exactly (5.80a).

Similarly, substituting B1(k) and G(k) defined in (5.21) and (5.20b) into (5.79b)

and applying (D.10), we can express the (j − 1)th row of G5(k), j = 2, 3, ..., M , as

G5(k)[j−1, :] =

[
(po(k) − sj(k − 1))T − (po(k) − s1(k − 1))T

ro
j (k)

− rj1(k)

ro
j (k)

ρT
po(k),s1(k−1)

]

F(k)

(D.12)

where F(k) is defined in (5.1). By applying rj1(k) = ro
j1(k) + nj1(k), s1(k − 1) =

so
1 + ∆s1(k − 1), sj(k − 1) = so

j + ∆sj(k − 1) and condition (C5-2), the term in the

square bracket on the right hand side of (D.12) can be approximated as

[

ρT
po(k),so

j
− ro

1(k)

ro
j (k)

ρT
po,so

1

+
ro
j1(k)

ro
j (k)

ρT
po(k),s1(k−1)

]

. (D.13)

Let us consider ρT
po(k),s1(k−1). After applying the following approximation that is valid
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under condition (C5-2)

||po(k) − s1(k − 1)|| = ||po(k) − so
1 − ∆s1(k − 1)||

= ro
1(k)

√

1 + (||∆s1(k − 1)||/ro
1(k))2 − 2ρT

po(k),so
1

∆s1(k − 1)/ro
1(k)

≃ ro
1(k)

(D.14)

ρT
po(k),s1(k−1) becomes

ρpo(k),s1(k−1) =
po(k) − s1(k − 1)

||po(k) − s1(k − 1)|| ≃
po(k) − so

1 − ∆s1(k − 1)

ro
1(k)

≃ ρpo(k),so
1

. (D.15)

Putting (D.15) into (D.14) and applying ro
j1(k) = ro

j (k) − ro
1(k) from (5.2) transform

(D.14) into [(ρpo(k),so
j
− ρpo(k),so

1

)T ]. Substituting the above result back into (D.13) and

comparing with (5.6a) show that

G5(k) ≃ (∂ro(k)/∂θo) (D.16)

which is the desired result in (5.80b).

We proceed to prove (5.80c). After applying the definitions of B1(k) and D(k) in

(5.21) and (5.20a), the (j − 1)th row of G6(k), j = 2, 3, ...M, can be written as

G6(k)[j − 1, :] =
[

−rj1(k)

ro
j (k)

ρT
p̃(k),s1(k−1) −

(p̃(k) − s1(k − 1))T

ro
j (k)

, 0T
3(j−2)×1,

(p̃(k) − sj(k − 1))T

ro
j (k)

, 0T
3(M−j)×1

]

(D.17)

where p̃(k) = F(k)θ(k − 1) is the hypothesized version of the source position at time

index k defined in (5.11). Applying (5.12) and conditions (C5-2) and (C5-3), we have

||p̃(k) − s1(k − 1)|| = ||po(k) − so
1 + (F(k)∆θ(k − 1) − ∆s1(k − 1))||

≃ ro
1(k)

√

1 + 2ρT
po(k),so

1

(F(k)∆θ(k − 1) − ∆s1(k − 1))

ro
1(k)

≃ ro
1(k).

(D.18)

With the above result and condition (C5-2), the first column block on the right hand
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side of (D.17) becomes

−rj1(k)

ro
j (k)

ρT
p̃(k),s1(k−1) −

(p̃(k) − s1(k − 1))T

ro
j (k)

≃ −
ro
j1(k)

ro
j (k)

ρT
p̃(k),s1(k−1) −

ro
1(k)

ro
j (k)

ρT
p̃(k),s1(k−1)

= −ρT
p̃(k),s1(k−1).

(D.19)

ρp̃(k),s1(k−1) can be further approximated as

ρp̃(k),s1(k−1) =
p̃(k) − s1(k − 1)

||p̃(k) − s1(k − 1)|| ≃
p̃(k) − s1(k − 1)

ro
1(k)

≃ ρpo(k),so
1

(D.20)

where (D.18) is used to obtain the first approximation and conditions (C5-2) and (C5-

3) are applied to obtain the second approximation. By following a similar approach in

(D.20), we can express the third column block on the right hand side of (D.17) as

(p̃(k) − sj(k − 1))T

ro
j (k)

=
(po(k) − so

j + (F(k)∆θ(k − 1) − ∆sj(k − 1)))T

ro
j (k)

≃ ρT
po(k),so

j

(D.21)

Substituting the above result together with (D.20) and (D.19) back into (D.17) and

comparing with (5.6b) would yield (5.80c). This completes the proof of (5.80).

D.3 Proof of (5.90)

Under condition (C5-1), we can evaluate G7(k) in (5.88) by putting U(k) in (5.64b),

W1(k) in (5.70) and G3(k) in (5.64a). After some algebraic simplifications, we obtain

G7(k) ≃ Y(k − 1) + ŪT (k)B−1
1 (k)Q−1

α (k)Ḡ6(k) (D.22)

where Ū(k) is given in (5.61) and Ḡ6(k) is defined under (5.84). Applying the approx-

imation in (5.85) that is valid under conditions (C5-2) and (C5-3), (D.22) becomes

G7(k) ≃ Y(k − 1) − ŪT (k)B−1
1 (k)Q−1

α (k)(∂ro(k)/∂so). (D.23)

We next compute B−1
1 (k)Ū(k). It is an (M − 1) × 6 matrix and its (j − 1)th row,

j = 2, 3, ..., M , is equal to, from (5.21) and (5.61b),

−
[
(po(k) − sj(k − 1))T − (po(k) − s1(k − 1))T

ro
j (k)

− rj1(k)

ro
j (k)

ρT
p(k),s1(k−1)

]

F(k). (D.24)
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Let us consider ρp(k),s1(k−1). Specifically, it is equal to

ρp(k),s1(k−1) =
p(k) − s1(k − 1)

||p(k) − s1(k − 1)|| ≃
p(k) − s1(k − 1)

||po(k) − s1(k − 1)|| ≃ ρpo(k),s1(k−1). (D.25)

where in obtaining the first approximation, we applied (D.14) and the following ap-

proximation that is valid under conditions (C5-2) and (C5-3)

||p(k) − s1(k − 1)|| = ||po(k) − s1(k − 1) + F(k)∆θ(k)||

≃ ||po(k) − s1(k − 1)||
√

1 + 2ρT
po(k),s1(k−1)

F(k)∆θ(k)

||po(k) − s1(k − 1)||
≃ ||po(k) − s1(k − 1)||

while in obtaining the second approximation, we used again conditions (C5-2) and

(C5-3). Putting (D.25) in (D.24) and comparing the result with (D.12) yield that

B−1
1 (k)Ū(k) ≃ −G5(k). As a result, by following the same approach used in Appendix

D.2 to prove (5.80b), we can show that B−1
1 (k)Ū(k) = −(∂ro(k)/∂θo). Applying the

above result in (D.23) gives the desired result in (5.90a).

We continue to prove (5.90b). For this purpose, we substitute (5.54), (5.55) and

(5.49) in sequence into (5.71) and apply the fact that ∆ξ(k) consists of the last 7

elements of ∆ϕ1(k) defined under (5.41) to arrive at

∆θ(k) =B−1
3 (k)cov(ϕ2(k))GT

2 (k)W2(k)B2(k)

× [O7×3M , I7×7]
(
GT

1 (k)W1(k)G1(k)
)−1

GT
1 (k)W1(k)ε1(k).

(D.26)

We shall simplify (D.26) to facilitate the evaluation of the expectation in (5.90b). First,

applying (5.73) and the definition of W2(k) in (5.53) converts (D.26) into

∆θ(k) =cov(θ(k))BT
3 (k)GT

2 (k)B−T
2 (k)cov−1(ξ(k))

× [O7×3M , I7×7]
(
GT

1 (k)W1(k)G1(k)
)−1

GT
1 (k)W1(k)ε1(k).

(D.27)

where cov(ξ(k)) is equal to the lower-right 7 × 7 block of cov(ϕ1(k)) defined in (5.41)

(see discussion below (5.42)). Then, under condition (C5-1), by putting the definitions

of G1(k) and W1(k) in (5.20b) and (5.70) into (5.41) and applying the partitioned
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matrix inverse formula [52], we arrive at, after straightforward simplifications,

cov−1(ξ(k))[O7×3M , I7×7]
(
GT

1 (k)W1(k)G1(k)
)−1 ≃

[−(GT (k)B−1
1 (k)Q−1

α (k)G6(k) + P̃TY(k − 1))(Z(k − 1) + GT
6 (k)Q−1

α (k)G6(k))−1, I7×7]

(D.28)

where P̃ and G6(k) are defined in (5.76) and (5.77). With the above result, we have

BT
3 (k)GT

2 (k)B−T
2 (k)cov−1(ξ(k))[O7×3M , I7×7]

(
GT

1 (k)W1(k)G1(k)
)−1

≃ [−(GT
5 (k)Q−1

α (k)G6(k) + GT
4 (k)Y(k − 1))(Z(k − 1) + GT

6 (k)Q−1
α (k)G6(k))−1,

BT
3 (k)GT

2 (k)B−T
2 (k)]

(D.29)

where G4(k) and G5(k) are given in (5.79a) and (5.79b). Applying the approximations

in (5.80) that are valid under conditions (C5-1)-(C5-3), the term on the right hand side

of (D.29) becomes [Y(k)Z−1(k),BT
3 (k)GT

2 (k)B−T
2 (k)]. Putting the above result back

to (D.27) gives

∆θ(k) ≃ cov(θ(k))[Y(k)Z−1(k),BT
3 (k)GT

2 (k)B−T
2 (k)]GT

1 (k)W1(k)ε1(k). (D.30)

Multiplying both sides of (D.30) with εT
1 (k)W1(k)G3(k) and taking expectation

yield

E[∆θ(k)εT
1 (k)]W1(k)G3

≃ cov(θ(k))[Y(k)Z−1(k),BT
3 (k)GT

2 (k)B−T
2 (k)]GT

1 (k)W1(k)G3(k)
(D.31)

where the definition W1(k) = E[ε1(k)εT
1 (k)]−1 has been used. GT

1 (k)W1(k)G3(k) is

equal to, from (5.25b), (5.70) and (5.64a),

GT
1 (k)W1(k)G3(k) ≃

[(Z(k − 1) + GT
6 (k)Q−1Ḡ6(k))T , (P̃TY(k − 1) + GT (k)B−1

1 (k)Q−1
α (k)Ḡ6(k))T ]T

(D.32)

where Ḡ6(k) is defined under (5.84). Applying the approximations (5.80c) and (5.85),

we can re-write the above equation as

GT
1 (k)W1(k)G3(k) ≃ [Z(k), (P̃TY(k − 1) − GT (k)B−1

1 (k)Q−1
α (k)(∂ro(k)/∂so))T ]T .

(D.33)
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Putting the above result back into (D.31) and using (5.79a) and (5.79b) yield

E[∆θ(k)εT
1 (k)]W1(k)G3

≃ cov(θ(k))(Y(k) + (GT
4 (k)Y(k − 1) − GT

5 (k)Q−1
α (k)(∂ro(k)/∂so)))

≃ cov(θ(k))(Y(k) − (Y(k − 1) + (∂ro(k)/∂θo)TQ−1
α (k)(∂ro(k)/∂so)))

= O6×3M

which completes the proof of (5.90).

D.4 EKF with Multiple Iterations

This appendix summarizes the operations of the EKF with multiple iterations. In

particular, we shall describe the EKF with multiple iterations for the SLAT problem

with a purely linear source trajectory and stationary sensors in D.4.1. Next in D.4.2,

we extend it to the more general case where the source motion is subject to random

acceleration and the sensor positions are drifting over time.

D.4.1

The state-space model for tracking a source with constant velocity and simultaneously

calibrating stationary sensors is given by

[θoT , soT ]T = [θoT , soT ]T (D.34a)

r(k) = ro(k) + n(k) (D.34b)

where θo = [uoT , u̇oT ]T , uo and u̇o are the source initial position and velocity, and so

is the true sensor positions. θo and so are the states to be identified by the EKF with

multiple iterations from the source RDOA measurements in r(k). ro(k) contains the

true source RDOAs obtained at time index k and n(k) is the measurement noise. The

elements in ro(k) are nonlinearly related to θo and so, as specified in (5.2). In literatures,
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(D.34a) and (D.34b) are sometimes referred to as process equation and measurement

equation.

Let θ(k − 1) and s(k − 1) be the state estimates at time (k − 1)T . Denote the

covariance matrix of [θT (k−1), sT (k−1)]T as Qφ(k−1). At time index k, the standard

EKF (i.e., EKF with one iteration) would find θ(k) and s(k) by performing the following

computations. First, it computes a predicted version of the RDOA measurement vector

r(k), denoted by r̃(k), by substituting θo and so with θ(k−1) and s(k−1) and evaluating

(5.2). We subtract r̃(k) from r(k) to obtain the innovation r(k) − r̃(k). Then, the

standard EKF evaluates at θ(k − 1) and s(k − 1) the Jacobian matrix

▽(k) = [(∂ro(k)/θo) , (∂ro(k)/so)] (D.35)

where the partial derivatives are defined in (5.6). Next, we generate the Kalman gain

via

K(k) = Qφ(k − 1)▽T (k)
(
Qα(k) + ▽(k)Qφ(k − 1)▽T (k)

)−1
(D.36)

where Qα(k) is the covariance matrix of the RDOA measurement noise n(k). Finally,

the standard EKF computes θ(k) and s(k) and the associated covariance matrix using

[θT (k), sT (k)]T = [θT (k − 1), sT (k − 1)]T + K(k)(r(k) − r̃(k)) (D.37a)

Qφ(k) = (I − K(k)▽(k))Qφ(k − 1). (D.37b)

Different from the standard EKF, the EKF with multiple iterations applies the

estimates θ(k) and s(k) obtained in (D.37a) to re-compute the Jacobian matrix in

(D.35) and repeat the computations in (D.36) and (D.37) with the updated Jacobian

matrix. The above process is repeated until certain convergence criterion is met. In

generating the simulation results in Section 5.5, we stop the iterations if the ratio of

the norm of the change in the correction term K(k)(r(k)− r̃(k)) between two iterations

to the norm of the correction term itself at the current iteration is less than 10−6.
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The EKF with multiple iterations has improved estimation accuracy over the stan-

dard EKF, because of the better approximation of the Jacobian matrix. Nevertheless,

its good performance is heavily dependent on the condition that the state estimates

from the previous time index, θ(k − 1) and s(k − 1), are close to their true values θo

and so. This can be explained as follows. Note from (D.37a) that θ(k) and s(k) are in

fact found by estimating the deviation of θ(k − 1) and s(k − 1) from their true values

with an estimator that is linear with respect to the innovation r(k)− r̃(k), and the inno-

vation itself is not updated during the iterations. As a result, the state estimate at time

index k would have good accuracy if the unknowns (θ(k − 1)− θo) and (s(k − 1)− so)

are sufficiently small so that they can be linearly related to the innovation via

r(k) − r̃(k) ≃ −▽(k)[(θ(k − 1) − θo)T , (s(k − 1) − so)T ]T + n(k), (D.38)

where the approximation is obtained via using (D.34b) and applying Taylor-series ex-

pansion around θ(k − 1) and s(k − 1) up to the linear term to (5.2). Otherwise, the

innovation would become more dependent on the second-order and higher-order terms

of (θ(k− 1)−θo) and (s(k − 1)− so), which would lead to degradation in the accuracy

of the state estimate that is obtained via linear estimation.

D.4.2

For the SLAT problem with random source motion acceleration and random sensor

position drifting, the state-space model becomes

[
θo(k)
so(k)

]

= F̄

[
θo(k − 1)
so(k − 1)

]

+

[
Γw(k)
d(k)

]

(D.39a)

r(k) = ro(k) + n(k) (D.39b)

where θo(k) = [poT (k), u̇oT (k)]T , F̄ is defined in (5.99) and Γ is given below (5.100).

po(k), u̇o(k) and so(k) are the true source position, source velocity and sensor positions

at time index k. w(k) and d(k) are the random acceleration and sensor position drifting.
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Similar to the previous subsection, let θ(k − 1) and s(k − 1) be the estimates of

θo(k−1) and so(k−1), and Qφ(k−1) be the covariance matrix of [θT (k−1), sT (k−1)]T .

The operations of the EKF with multiple iterations at time index k start with computing

a predicted version of θo(k) and so(k) via

[
θ̃(k)
s̃(k)

]

= F̄

[
θ(k − 1)
s(k − 1)

]

. (D.40)

Then, it evaluates (5.97) at θ̃(k) and s̃(k) to generate the predicted RDOAs and sub-

tracts them from the measured RDOAs to obtain the innovation r(k)− r̃(k). Next, the

following steps are iterated until convergence. The computation steps include (i) gener-

ating the Jacobian matrix ▽(k) = [(∂ro(k)/θo(k)) , (∂ro(k)/so(k))] using θ̃(k− 1) and

s̃(k−1) (in the first iteration) or θ(k) and s(k) (in the second iteration and thereafter),

where the partial derivatives are defined in (5.101), (ii) producing the Kalman gain via

K(k) = (F̄Qφ(k − 1)F̄T +Qwd(k))▽T (k)

×
(
Qα(k) + ▽(k)(F̄Qφ(k − 1)F̄T + Qwd(k))▽T (k)

)−1

where Qwd(k) is defined in (5.100), and (iii) calculating θ(k) and s(k) and the corre-

sponding covariance matrix using

[
θ(k)
s(k)

]

=

[

θ̃(k)
s̃(k)

]

+ K(k)(r(k) − r̃(k)) (D.41a)

Qφ(k) = (I − K(k)▽(k))
(
F̄Qφ(k − 1)F̄T + Qwd(k)

)
. (D.41b)

The good performance of the EKF with multiple iterations developed above is heav-

ily dependent on that the previous state estimate is sufficiently close to its true value so

that all the second-order and higher-order terms of the deviation of the previous state

estimate from its true value are small enough to be negligible. This can be verified by

conducting an analysis similar to the one presented at the end of D.4.1. Again, as in

D.4.1, the iterations of the developed EKF will be stopped if the ratio of the norm of

the change in the correction term K(k)(r(k) − r̃(k)) between two iterations to that of

the correction term itself at the current iteration becomes less than 10−6.
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