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ABSTRACT 
 
 

Devices with feature size on the order of one micrometer have found widespread 

applications in science and engineering. MEMS, is a rapidly growing technology for the 

fabrication of miniature devices which provides a way to integrate mechanical, fluidic, 

optical, and electronic functionality on very small devices, ranging from 0.1 microns to 

one millimeter. Recently, it has been proposed that regular patterns can be generated 

through the mechanical buckling of a thin film. In this thesis, we focus on the buckling 

mechanism. The wavy patterns are generated when the thin elastic film is subjected to an 

in-plane compressive stress and by the application of controlled heating. We first 

introduce the mechanism of developing wave patterns through buckling using beam 

buckling as an example and then the finite element formulation and the commercial 

analysis package Algor. Our study includes the “stress stiffening” component, which is 

not usually included in most finite element analyses. Both the ‘Critical Buckling Load 

and the ‘Natural Frequency with Load Stiffening’ analyses are made use of to determine 

the buckling loads.  Finally, the buckling load for each case is determined through the 

analysis and a comparison with the theoretical values is made.                                  
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Chapter 1  

INTRODUCTION 

 

 

1.1 Historical Background of MEMS 

 

The field of microelectronics began in 1948 when the first transistor was 

invented, which then became obsolete in the 1950s following the development of the 

bipolar junction transistor and then the junction field-effect transistor [1]. These two 

types of electronic devices are at the heart of all microelectronic components, but it was 

the development of integrated circuits (ICs) in 1958 that spawned today’s computer 

industry. IC technology has developed rapidly during the past 40 years but their 

complexity doubled every 2-3 years since 1970 [2]. 

Devices with feature size on the order of one micrometer have found widespread 

applications in science and engineering. Micro-Electro-Mechanical Systems, or MEMS, 

is a rapidly growing technology for the fabrication of miniature devices using processes 

similar to those used in the integrated circuit industry. The use of these miniaturization 

technologies confers advantages beyond the obvious decreases in physical volume and 

weight, such as increased performance and reliability, and decreased cost. In the most 

general sense, MEMS attempts to exploit and extend the fabrication techniques 

developed for the IC industry to add mechanical elements, such as beams, gears, 
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diaphragms, and springs, to the electrical circuits to make integrated microsystems for 

perception and control of the physical world [1, 2]. 

MEMS devices are actually the interface between the physical world and the 

electronic world. On one hand, this reality greatly complicates the design, production, 

implementation, and performance qualifications for any single application. On the other 

hand, a vastly broader and more diverse range of utility for MEMS devices, from optical 

fiber switching, to fluid control, to micromechanical electrical relays, to biosensors is 

made possible. MEMS technology provides a way to integrate mechanical, fluidic, 

optical, and electronic functionality on very small devices, ranging from 0.1 microns to 

one millimeter. Combining these functions onto a single device provides capabilities that 

other fabrication technologies simply could not deliver. Examples are miniature sensors 

and actuators for monitoring and control of physical systems. Increasingly, these devices 

are finding applications in the life science research. With platform materials such as 

glass, polymers, silicon or nanostructures combined with biomaterials like DNA, 

proteins, in vivo, in vitro or cells, applications such as biosensing, tissue engineering, 

drug delivery, blood analysis, point of care and biocomputing can be achieved [3, 4, 5, 6]. 

 

1.2 Overview of the Fabrication Process 

 

  The three characteristic features of MEMS fabrication technologies are 

miniaturization, multiplicity, and microelectronics. Miniaturization is clearly an 

important part of MEMS, since materials and components that are relatively small and 

light enable compact and quick-response devices. Multiplicity refers to the batch 
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fabrication inherent in semiconductor processing. Finally, microelectronics provides the 

intelligence to MEMS and allows the monolithic merger of sensors, actuators, and logic 

to build closed-loop feedback components and systems. Clearly, the successful 

miniaturization and multiplicity of traditional electronics systems would not have been 

possible without IC fabrication technology. It is therefore natural that the IC fabrication 

technology, or microfabrication, has so far been the primary enabling technology for the 

development of MEMS [2].  

Microfabrication is traditionally accomplished through lithography and etching of 

silicon. Microsystems almost always involve complex three-dimensional structural 

geometry in microscale, and patterning of geometry with extremely high precision at this 

scale is a major challenge to engineers. Photolithography or microlithography is the only 

viable way for producing high-precision patterning on substrates in microscale at the 

present time.  

The photolithography process involves the use of an optical image and a 

photosensitive film to produce a pattern on a substrate and is one of the most important 

steps in microfabrication. The process begins with the substrate, which can be a silicon 

wafer or other material such as silicon dioxide or silicon nitride. In this process, a 

photoresist is first coated onto the flat surface of the substrate and the substrate with 

photoresist is then exposed to a set of lights through a transparent mask with the desired 

patterns. Photoresist materials change their solubility when they are exposed to light. 

Photoresists that become more soluble under light are classified as positive photoresists, 

whereas the ones that are more soluble under the shadow are termed as negative 

photoresists. The exposed substrate after development with solvents will have opposite 
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effects in these two types of photoresists. The retained photoresist materials create the 

imprinted patterns after the development. The pattern of the substrate under the shadow 

of the photoresist is protected from the subsequent etching. A permanent pattern is thus 

created in the substrate after the removal of the photoresist [7]. A schematic diagram of 

the procedure is shown in Figure 1.1. 

 

 

 

Figure 1.1 Photolithography process [7] 
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1.3 Pattern Generation by Buckling of Thin Films: A Recently  

        Proposed study 

 

Recently, it has been proposed that regular patterns can be generated through the 

mechanical buckling of a thin film [8, 9]. Here, a planar surface of poly 

(dimethylsiloxane) PDMS, previously soaked in a solution of benzophenone in 

dichloromethane, is exposed to UV irradiation through an amplitude photomask. The 

exposed regions become stiffer and less elastomeric. Now, the sample – with its surface 

patterned into regions differing in stiffness and coefficient of thermal expansion, is 

heated and it expands. A thin metal film of Ti and Au is deposited onto the surface by e-

beam evaporation. The sample is then cooled; this cooling places the gold film under 

compressive stress. To relieve these stresses, the thin metal film buckles. The 

photostiffened regions provide more resistance to buckling than those not stiffened; this 

difference in response creates a pattern of buckles and this pattern of buckles is thus 

related to the pattern of the mask used in the UV irradiation step. The schematic diagram 

of the procedure is shown in Figure 1.2. 
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Figure 1.2 Outline of the procedure used to obtain aligned buckles on patterned PDMS 

[8] 

 

1.4 Thesis Outline 

 

In this thesis, we apply the finite element methods to study the buckling of thin 

structures under compressive load which can be generated through selective heating. 
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In chapter 2, we first explore the capabilities of the Algor program in conducting 

the buckling analysis. The numerical results are compared with the analysis for simple 

geometries to examine the accuracy of the Algor software.  

In chapter 3, we study the buckling of the beam under compressive axial loads as 

well as under thermal loads. 

In the same fashion, in chapter 4, we study the buckling mechanisms of plates. 

The additional aspect in this chapter is the introduction of localized force and thermal 

loads.  

Chapter 5 is an attempt to validate the results obtained in the previous ones, 

namely, chapters 3 and 4. This is accomplished by the calculation of natural frequencies 

of the beams and plates using the Algor finite element package. 
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Chapter 2  

FINITE ELEMENT FORMULATION WITH STRESS 

STIFFENING 

 

 

Regular wavy patterns on a thin elastic film can be generated in various ways. In 

this thesis, we focus on the buckling mechanism. The wavy patterns are generated when 

the thin elastic film is subjected to an in-plane compressive stress. The in-plane 

compressive stress is more easily generated by the application of controlled heating. With 

constraints, compressive thermal stresses develop in the film. In microfabrication, heating 

can be achieved through light radiation. To achieve desired patterns at selected areas, 

masks can be used to direct the radiation. This process is very compatible with the 

lithography process.  

In this chapter, we first introduce the mechanism of developing wave patterns 

through buckling using beam buckling as an example. We then introduce the finite 

element formulation and the commercial analysis package, Algor that will be used in the 

subsequent analysis. The finite element formulation includes the “stress stiffening” 

component, which is not usually included in many finite element analyses.  
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2.1 Critical Load of a Simply-supported Beam under Compressive 

Loads 

 

Consider a simply supported beam shown in Figure 2.1. If the column is fully 

aligned, the applied compressive load P can be increased until one reaches the 

compressive strength of the material. Yet, in reality the column will fail due to buckling 

as shown in the figure on the right in Figure 2.1 long before this load is reached [10]. 

Buckling can be catastrophic if it occurs in the normal use of most products. Once the 

geometry starts to deform, it can no longer withstand even a fraction of the initially 

applied force [11]. 

 

 

 

Figure 2.1 A Simply-supported beam 
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The equation governing the deflection is given as: 

(2.1)                         

 

where 

=w  Displacement of the beam; 

P = Applied compressive load; 

E  = Young’s Modulus of the material of the beam (Steel); and 

I  = Moment of inertia of the beam. 

This is a second order homogeneous ordinary differential equation with constant 

coefficients that has a solution of the form 

( ) ( )xCxCw λλ cossin 21 +=                                                                                  (2.2) 

For the beam to have a nontrivial solution (buckled solution), one must select 
l

nπλ = . 

To get a nontrivial solution to the buckling problem, the axial load must satisfy the 

relation 2λEIP = , which results in the expression for the critical load given by 

2

22

L
EInPcr

π
=                                                                                                       (2.3) 

Obviously, the smallest critical load is associated with n=1. Therefore, the column will 

buckle at the load associated with the first buckling mode if the column is not restricted 

from taking the shape associated with this mode [10]. 

Therefore, we finally get the critical load as: 

2

2

L
EIPcr

π
=                                                                                                         (2.4) 

and the corresponding mode shape is shown in Figure 2.2. 

02

2

=+ w
EI
P

dx
wd
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Figure 2.2 The first mode shape of a Simply-supported beam 

 

Now, consider a cantilever beam as shown in Figure 2.3. The result (2.4) may be 

applied to that of a cantilever beam. A cantilever beam may be regarded as one half of a 

simply-supported beam. Its critical load can be obtained from the formula (2.4) by 

replacing L by L2  to get: 

2

2

4L
EIPcr

π
=                                                                                                         (2.5) 

 

 

Figure 2.3 A Cantilever beam 
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2.2 Buckling Analysis using Finite Element Method 

 

2.2.1 Introduction to Finite Element Analysis 

 

The term “finite element” was first used by Clough in 1960 [12]. Since its 

inception, the literature on finite element applications has grown exponentially, and today 

there are numerous journals that are primarily devoted to the theory and application of the 

method. 

The most distinctive feature of the finite element method that separates it from 

others is the division of a given domain into a set of simple subdomains, called finite 

elements. Any geometric shape that allows computation of the solution or its 

approximation, or provides necessary relations among the values of the solution at 

selected points, called nodes, of the subdomain, qualifies as a finite element. Other 

features of the method include seeking continuous, often polynomial, approximations of 

the solution over each element in terms of nodal values, and assembly of element 

equations by imposing the interelement continuity of the solution and balance of 

interelement forces [12]. 

 

2.2.2 Derivation of the Mass and Stiffness Matrices 

 

Let us consider the beam element shown in Figure 2.4. 
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Figure 2.4 Beam element 

 

The transverse deflection w of the beam is governed by the fourth-order differential 

equation 

( )xf
dx

wdEI
dx
d

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
2

2

2

2

 for 0 < x < l                                                                    (2.6) 

where ‘l’ is the length of the beam element. 

As shown in the Figure 2.4, let 2 and 4 represent the displacements at the two nodes, 

namely u1(t) and u3(t) respectively and let 1 and 3 represent the slopes at the two nodes, 

namely u2(t) and u4(t) respectively. It follows from equation (2.6) that the transverse 

static displacement must satisfy the following condition: 

( ) 0,
2

2

2

2

=⎥
⎦

⎤
⎢
⎣

⎡
dx

txudEI
dx
d                                                                                        (2.7) 

On integrating equation (2.7), we get: 

( ) ( ) ( ) ( ) ( )tCxtCxtCxtCtxu 43
2

2
3

1, +++=                                                         (2.8) 

The boundary conditions can be obtained from the Figure 2.4 as follows: 

( ) ( )tutux 2,0 =     

( ) ( )tutlu 3, =        ( ) ( )tutlux 4, =                                                                         (2.9) 

On applying these boundary conditions to equation (2.8), we get: 

( ) ( ) ( )( ) ( ) ( )( )[ ]tutultutu
l

tC 423131 21
++−=                                                       (2.10) 

( ) ( )tutu 1,0 =

1
2

3

4
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( ) ( ) ( )( ) ( ) ( )( )[ ]tutultutu
l

tC 421322 231
+−−=                                                     (2.11) 

( ) ( )tutC 23 =                                                                                                      (2.12) 

( ) ( )tutC 14 =                                                                                                      (2.13) 

Substituting the equations (2.10)-(2.13) in the equation (2.8) and rearranging the terms, 

the approximate displacement ( )txu ,  can be expressed as: 

( ) ( ) ( ) ( ) ( )tu
l
x

l
xltu

l
x

l
xtu

l
x

l
x

l
xltu

l
x

l
xtxu 43

3

2

2

33

3

2

2

23

3

2

2

13

3

2

2 232231, ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+−=

          

( )
( )
( )
( )⎪
⎪
⎭

⎪
⎪
⎬

⎫

⎪
⎪
⎩

⎪
⎪
⎨

⎧

⎭
⎬
⎫

⎩
⎨
⎧

+−−+−+−=

tu
tu
tu
tu

l
x

l
x

l
x

l
x

l
x

l
xx

l
x

l
x

4

3

2

1

2

32

3

3

2

2

2

32

3

3

2

2

,23,2,231                     (2.14) 

In the finite element method, the assumed displacement shape functions relate the generic 

displacements to nodal displacement as follows: 

( ) { } ( ){ }tqNtxu T=,                                                                                            (2.15) 

Hence, from equation (2.14), the linear displacement shape function vector is given by 
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and the nodal displacement vector is given by 
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Therefore, the mass matrix, M can be represented as follows: 
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On evaluating the above integrals, we get: 
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Also, the stiffness matrix is given by: 

∫= EBdvBK T  

where the strain displacement matrix, { }TNdB =  and the linear differential operator d 

can be given by: 
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On evaluating the above integrals, we get: 
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where 

‘E’ is the Young’s modulus and ‘I’ is the moment of inertia [13, 14]. 

 

2.2.3 Derivation of the Stress Stiffness Matrix 

 

2.2.3.1 Stress Stiffening and Buckling 

 

The term stress stiffening refers to the influence of membrane forces on lateral 

deflection, especially the lateral deflection associated with bending of beams, plates and 

shells. Membrane forces, and associated membrane stresses, act along the axis of a bar or 

a beam and tangent to the midsurface of a plate or a shell. Despite the name “stress 

stiffening”, resistance to bending deformation is reduced when membrane forces are 

compressive rather than tensile, as when a column carries a compressive axial load. 

Buckling means loss of the stability of an equilibrium configuration, without 

fracture or separation of the material or at least prior to it. Bifurcation buckling is the 
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kind of buckling in which, for an axial compressive load of magnitude Pcr, called the 

critical load, the straight pre-buckling configuration ceases to be a stable state of 

equilibrium and an alternative buckled configuration is also possible at load Pcr. Buckling 

may also appear without bifurcation, as at a limit point, where there is no alternative and 

infinitesimally close equilibrium configuration. 

In finite element analysis, the effects of membrane stresses on lateral deflection 

are accounted for by a matrix [ ]σk , which augments the conventional stiffness matrix[ ]k . 

Matrix [ ]σk  is a function of an element’s geometry, displacement field, and state of 

membrane stress, and is called the stress stiffness matrix. It is also called as “initial stress 

stiffness matrix” and “geometric stiffness matrix”. 

Matrix [ ]σk  is independent of material properties and is therefore applicable 

despite possible anisotropy and yielding. Element [ ]σk  matrices are assembled to provide 

structural matrix [ ]σK  in the same way that conventional element stiffness matrices [K] 

are assembled to provide [K] [15]. 

 

2.2.3.2 Analysis of a Beam-Column 

 

Let us consider a simply-supported beam. An axial force P, positive in tension, is 

regarded imposed at the outset, perhaps by a change in temperature while the ends of the 

bar are not allowed to move axially. An analysis based on energy concepts is as follows:   

For small lateral displacement ( )xvv = , strain energy in bending is given by the 

expression in terms of curvature xxv, . 
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dxvEIU xx

L

zb ,
2

02
1
∫=                                                                                           (2.22) 

Imagine that ( )xvv =  takes place without any axial displacement u. Each differential 

length dx becomes a new differential length ds, where ds>dx. The expression for ds is 

given as: 

dxvds x,
21+=  

dxvds x ⎟
⎠
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⎜
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Axial membrane strain in the bar is therefore 

1−=
−

=
dx
ds

dx
dxds

mε  

Hence, xxm vv ,
2

,
2

2
11

2
11 =−⎟

⎠
⎞

⎜
⎝
⎛ +=ε                                                                             (2.24) 

During small lateral displacement, axial force P remains essentially constant. As each 

elemental length dx lengthens an amount dxmε , the tensile force P it carries, does work, 

and stores strain energy, in the amount dxP mε . Thus, the change in membrane energy is  

∫=
L

mm dxPU
0

ε    or   ∫=
L

xm dxPvU
0

,
2

2
1                                                             (2.25) 

Now, let a straight bar or a beam lie along the x axis, and let lateral displacement v and 

rotation xv, in the xy plane be determined by nodal d.o.f. { }d . Thus 

[ ]{ }dNv =   and  [ ]{ }dGv x =,   where  [ ] [ ]N
dx
dG =                                          (2.26) 

Membrane strain energy Um associated with lateral displacement v is given by equation 

(2.25). With axial force P considered positive in tension, 
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{ } [ ]{ }∫ ∫ ===
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2
1

2
1

σ                                           (2.27) 

where stress stiffness matrix [ ]σk  is given by 

[ ] [ ] [ ]∫=
L

T PdxGGk
0

σ                                                                                          (2.28) 

If lateral displacement is also allowed in the z direction, additional d.o.f.s are needed in 

{ }d  and displacement w is included in calculations. The resulting [ ]σk  matrices are very 

similar to those for plane deformation but contain more terms [15]. 

 

2.3 Buckling Analysis using Algor 

 

2.3.1 Type of Analysis 

 

The ‘Critical buckling load analysis’ (also known as ‘Eigenvalue buckling 

analysis’) is employed here. It examines the geometric stability of models under 

primarily axial load. Buckling analysis is used to determine if a specified set of loads will 

cause buckling and to find the shape of the buckling mode. It is useful in situations where 

a part or assembly is subjected to an axial load or when a model undergoes edge 

compression. Engineers can then design supports or stiffeners to prevent local buckling. 

Buckling analyses are routinely conducted in the following applications: 

• Automotive frame design  

• Column design  

• Infrastructure design  
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• Safety factor determination  

• Slender member design  

• Structural integrity verification  

• Transmission tower design  

• Uniform Building Code (UBC) validation  

• Vehicle skin design [11].  

 

2.3.2 Geometry and Material Properties of a Test Case 

 

We consider a cantilever beam with geometry given in Figure 2.5. The beam has 

a length of 8 in, breadth of 0.2 in and a thickness of 0.1 in. 

 

 

 

Figure 2.5 Beam geometry 

 

The beam is assumed to be made of steel. The relevant material properties are 

given in Table 2.1 [16]. 

 

 

 

8 in

0.
1 

in
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Table 2.1 Material properties of Steel 

 

Mass density 7.35 x 10-4 Lb-f-s2 / in4 

Modulus of Elasticity 29 x 106 Lb-f / in2 

Poisson’s Ratio 0.29 

Thermal Coefficient of Expansion 6.5 x 10-6 / oF 

Shear Modulus of Elasticity 11.2 x 106 Lb-f / in2 

 

 

2.3.3 Analysis of a Beam under an Axial Load 

 

2.3.3.1 Analysis Procedures 

 

1. Go to the ‘Start menu’ and pull up ‘Programs’, ‘Algor’, ‘Superdraw III’. 

2. Go to ‘Add’, ‘Line’ and add a line 8 inches long. 

3. Go to ‘Construct’, ‘Divide’ and set the number to, say, 10 and hit the divide  

    button.  This will break down your beam into 10 elements.  

4. Transfer the model to the FEA Editor by going to ‘File’, ‘Export to Fempro’. 

5. A ‘Units definition’ screen appears. Click ‘OK’ to set it to the default units. 

6. Set the ‘Analysis type’ to ‘Critical Buckling Load Analysis’. 

7. Set the ‘Element type’ to ‘Beam’. 

8. Double click on the ‘Element definition’, highlight any field, say the ‘Area’, click on           

   ‘Cross-section libraries’ and in the top right corner of the dialog box select  
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    ‘Rectangular’. 

9. Enter the dimensions (b=0.2” and h=0.1”). 

10. Click ‘OK’ twice. 

11. Set the ‘Material’ to ‘Steel (ASTM-A36)’. 

12. Select one of the endpoints of the beam using ‘Vertices-select’ or ‘Rectangular-  

      select’, and constrain all the degrees of freedom of this end. 

13. Select the other end of the beam and assign the required value of an axial force in the  

      negative x-direction. 

14. Now, after setting up the model, along with the required boundary conditions and  

      loads, click on the ‘Check model’ icon at the top toolbars; this is to run a check to see  

      if everything was done right or not. 

15. After checking the model, run the analysis. 

16. After the analysis is done, the results of the analysis are displayed in ‘Superview’.  

17. Go to the ‘Analysis summary’ in order to obtain the ‘Buckling Load Multiplier’. 

 

2.3.3.2 Analysis Results and Discussion 

 

For the cantilever beam with an axial load at the free end, the critical load is 

calculated according to equation (2.5). 

2

2

4L
EIPcr

π
=  

For the geometry and material of the test case, we find the critical load to be as 

7248.18=crP  lbf                                                                                             (2.29) 
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For the different axial loads applied, the corresponding buckling load multipliers are 

given in Table 2.2. The total buckling load is the product of the applied load and its 

corresponding buckling load multiplier. Here, the load is applied at the free end of the 

beam in the negative x-direction. 

 

Table 2.2 Results for different axial loads 

 

Load (Lb-f) Buckling Load Multiplier 

1 18.6359 

5 3.72719 

10 1.86359 

 

 

Hence, the buckling load from Table 2.2 is: 1 x 18.6359 = 18.6359 Lb-f, which is almost 

the same as the one obtained through hand calculations.  

Algor also gives the eigenvector corresponding to the eigenvalue at the buckling 

load. The eigenvector is the buckling mode. For the cantilever beam studied above, the 

buckling mode is shown in Figure 2.6. 
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Figure 2.6 Buckling mode 
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Chapter 3 

BUCKLING ANALYSIS OF A BEAM 

 

 

Since this work is motivated by generating wavy patterns, we are interested to 

know if it is possible to cause higher modes to buckle at a lower buckling load for a 

carefully applied load.  

In this section, two types of loads are considered. In the first case, the beam is 

subjected to an axial load. In the second case, the beam is subjected to a thermal load.  

 

3.1 Buckling under Axial Loads 

 

We consider a clamped-clamped beam with the same geometry and material 

properties as given in section 2.3.2 of chapter 2. 

The beam is subjected to an axial load as shown in Figure 3.1. We examine the 

variation in buckling loads as the axial position of the load application, shown as ‘x’ in 

Figure 3.1, changes.  

 

 

Figure 3.1 Beam geometry 

 
X 
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3.1.1 Analysis Procedures 

 

1. Go to the ‘Start menu’ and pull up ‘Programs’, ‘Algor’, ‘Superdraw III’. 

2. Go to ‘Add’, ‘Line’ and add a line 8 inches long. 

3. Go to ‘Construct’, ‘Divide’ and set the number to 

(i) 20 in the first case where the beam would be divided into 20 elements; and 

(ii) 40 in the second case where the beam would be divided into 40 elements 

Now hit the divide button. This will break down your beam into the required number  

of elements.  

4. Transfer the model to the FEA Editor by going to ‘File’, ‘Export to Fempro’. 

5. A Units Definition screen appears. Click ‘OK’ to set it to the default units. 

6. Set the ‘Analysis type’ to ‘Critical Buckling Load Analysis’. 

7. Set the ‘Element type’ to ‘Beam’. 

8. Double click on the ‘Element definition’, highlight any field, say the ‘Area’, and click 

    on ‘Cross-section libraries’ and in the top right corner of the dialog box select         

     ‘Rectangular’. 

 9. Enter the dimensions (b=0.2” and h=0.1”). 

10. Click ‘OK’ twice. 

11. Set the ‘Material’ to ‘Steel (ASTM-A36)’. 

12. Select both the endpoints of the beam using ‘Vertices-select’ or ‘Rectangular- select’,  

      and constrain all the degrees of freedom of this end. 

13. Start with the left-most node of the beam and apply the required value of axial force 

      in the positive x-direction, as shown in Figure 3.2 and Figure 3.3. (For each analysis,    
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      apply a pointed axial load at every node or every alternate load as per the requirement 

      and proceed towards the right-most end of the beam). 

 

 

 

Figure 3.2 Axial load applied at the 3rd node of the beam element 

 

 

 

 

Figure 3.3 Axial load applied at the 11th node of the beam element 

 

14. Now, after setting up the model, along with the required boundary conditions and  

      loads, click on the ‘Check Model’ icon at the top toolbars; this is to run a check to see  
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      if everything was done right or not. 

15. After checking the model, run the analysis. 

16. After the analysis is done, the results of the analysis are displayed in Superview.  

17. Go to the ‘Analysis summary’ in order to obtain the ‘Buckling Load Multiplier’. 

 

3.1.2 Analysis Results 

 

Table 3.1 gives the buckling loads corresponding to different axial positions of 

the load. 

 

Table 3.1 Results for axial loads - 20 elements 

 

Node# X 

(in) 

Load Value 

(Lb-f) 

Buckling Load Multiplier Value 

(=Critical Buckling Load) 

1 0 1 Error 

2 0.05 1 6182.65 

3 0.1 1 4010.89 

4 0.15 1 -2018.14 

5 0.2 1 -1503.70 

6 0.25 1 -1309.54 

7 0.3 1 -1285.54 

8 0.35 1 -1405.26 

9 0.4 1 1629.57 

10 0.45 1 1691.80 

11 0.5 1 2905.13 
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12 0.55 1 -1686.32 

13 0.6 1 -5537.92 

14 0.65 1 1405.84 

15 0.7 1 1285.54 

16 0.75 1 1309.54 

17 0.8 1 1503.70 

18 0.85 1 2018.15 

19 0.9 1 7908.21 

20 0.95 1 -6182.65 

21 1.0 1 Error 

 

 

Table 3.2 Results for axial loads - 40 elements 

 

Node # 
X 

(in) 
Load Value (Lb-f)

Buckling Load Multiplier Value 

(= Critical Buckling Load) 

1 0 1 Error 

3 0.05 1 6180.42 

4 0.075 1 4289.24 

5 0.1 1 12833.8 

6 0.125 1 -2542.51 

14 0.325 1 -1326.16 

15 0.35 1 -1404.78 

16 0.375 1 -1620.73 

17 0.4 1 2066.54 

18 0.425 1 1654.69 
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19 0.45 1 1935.52 

20 0.475 1 1875.68 

21 0.5 1 -3666.50 

22 0.525 1 -1741.18 

23 0.55 1 -1847.32 

24 0.575 1 -1650.80 

25 0.6 1 -1631.21 

26 0.625 1 20493.4 

27 0.65 1 1449.10 

36 0.875 1 2545.78 

37 0.9 1 12502.0 

41 1.0 1 Error 

 

A graph is plotted between the position of the axial load on the X-axis and the 

critical buckling load on the Y-axis for the 20-element beam as well as the 40-element 

beam and both the graphs are overlapped as shown in Figure 3.4 so that a comparison 

can be made. 
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Figure 3.4 Graph depicting the variation of the critical buckling loads with respect to x 

for the 20-element and the 40-element beams 

 

3.1.3 Results with increased Number of Iterations and Discussion 

 

In the previous section, i.e. section 3.1.2, we see that some of the buckling loads 

did not match properly for the 20-element beam and the 40-element beam. We introduce 

this section, here, as an improvement in the method for obtaining the buckling loads. 

The determination of the buckling load is through determining the load at which a 

matrix is singular. Since the matrix becomes singular at multiple values of the loads 
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(refer to equation 2.3), during the simulations, the computer may miss the lowest 

buckling load which is most likely the reason for the inconsistencies. 

Upon closer examination, we found that warning messages are given for some of 

the simulations listed in Table 3.1 and Table 3.2. This means that the solution has not 

converged to the specified ‘convergence tolerance’ limits. These warning messages could 

be eliminated by increasing the number of iterations required for the specific simulations 

gradually. By doing this, we could make the solution to converge accurately and 

therefore, arrive at the best solution, which, in our case is the critical buckling load. The 

recalculated results are given in Table 3.3 and Table 3.4. The critical buckling load is 

plotted against the position of the load application as shown in Figure 3.4. 

The mode shapes for x = 0.075 in (4th node), 0.25 in (11th node), 0.45 in (19th 

node), and 0.5 in (21st node) are shown in Figure3.5, Figure 3.6, Figure 3.7 and Figure 

3.8 respectively.  

 

 

Figure 3.5 Buckling mode for load applied at a distance x = 0.075 in (4th node) 
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Figure 3.6 Buckling mode for load applied at a distance x = 0.25 in (11th node) 

 

 

       Figure 3.7 Buckling mode for load applied at a distance x = 0.45 in (19th node) 

 

 

Figure 3.8 Buckling mode for load applied at a distance x = 0.5 in (21st node) 
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Table 3.3 Results for axial loads for increased number of iterations - 20 elements 

 

Node# X 

(in) 

Load 

(Lb-f) 

Critical Buckling 

Load 

without Warning 

Message 

# of Iterations 

Used 

Critical Buckling 

Load 

with Warning 

Message 

# of Iterations 

Used 

1 0 1 Error 32   

2 0.05 1 6182.65 32   

3 0.1 1 3319.05 2000 4010.89 32 

5 0.2 1 -1503.70 32   

6 0.25 1 -1309.54 32   

7 0.3 1 -1285.54 32   

8 0.35 1 -1404.44 2000 -1405.26 32 

9 0.4 1 1628.71 2000 1629.57 32 

10 0.45 1 1683.62 2000 1691.80 32 

11 0.5 1 2905.13 32   

12 0.55 1 -1683.62 2000 -1686.32 32 

13 0.6 1 -1628.70 2000 -5537.92 32 

14 0.65 1 1404.43 2000 1405.84 32 

15 0.7 1 1285.54 32   

16 0.75 1 1309.54 32   

17 0.8 1 1503.70 32   

18 0.85 1 2018.15 32   

19 0.9 1 -3319.03 2000 7908.21 32 

20 0.95 1 -6182.65 32   

21 1.0 1 Error 32   
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Table 3.4 Results for axial loads for increased number of iterations - 40 elements 

 

Node 

# 

X 

(in) 

Load 

(Lb-f) 

Critical Buckling Load 

without Warning 

Message 

# of 

Iterations 

Used 

Critical Buckling 

Load with Warning 

Message 

# of 

Iterations 

Used 

1 0 1 Error    

4 0.075 1 4259.26 1000 4289.24 32 

5 0.1 1 3318.56 1000 12833.8 32 

6 0.125 1 -2539.85 1000 -2542.51 32 

14 0.325 1 -1326.12 1000 -1326.16 32 

15 0.35 1 -1404.23 1000 -1404.78 32 

16 0.375 1 -1524.01 1000 -1620.73 32 

17 0.4 1 1628.55 1000 2066.54 32 

18 0.425 1 1650.27 1000 1654.69 32 

19 0.45 1 1683.41 1000 1935.52 32 

20 0.475 1 1727.54 1000 1875.68 32 

21 0.5 1 -3666.50 32   

22 0.525 1 -1727.54 1000 -1741.18 32 

23 0.55 1 -1683.41 1000 -1847.32 32 

24 0.575 1 -1650.28 1000 -1650.80 32 

25 0.6 1 -1628.55 1000 -1631.21 32 

26 0.625 1 1524.01 1000 20493.4 32 

27 0.65 1 1404.23 1000 1449.10 32 

36 0.875 1 2539.84 1000 2545.78 32 

37 0.9 1 -3318.56 1000 12502.0 32 
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Graphs are plotted for both the 20-element and 40-element beam cases with the 

position of the load on the X-axis and the buckling load on the Y-axis which are shown in 

Figure 3.9. 

 

 

 

Figure 3.9 Graphs for the 20-element and 40-element beams depicting the variation of 

the critical buckling load with respect to x for the cases with increased number of 

iterations 

 

From Figure 3.9, we observe that there is a remarkable change in the pattern of 

the graphs as compared to the one seen in section 3.1.2. Here, from Figure 3.9, we see 

that the graphs for the 20-element and 40-element beam cases have agreed very well with 

each other as opposed to Figure3.4 of the previous section, except for the cases where the 
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axial loads are applied at the midpoint of the beam. At x = 0.5 in, the buckling loads are 

2905.13 Lb-f and -3666.50 Lb-f (the negative sign indicates that the buckling occurs in 

the opposite direction of the current direction of force application) for the 20-element and 

40-element beam cases respectively, which is a very huge difference. 

 

3.2 Analysis of a Structure under Thermal Loads 

 

In this part of the analysis, we subject the beam under consideration to thermal 

loads as shown in Figure 3.10 and see how the temperature affects the buckling of the 

beam. The purpose of this study is to learn the correct use of the finite element program 

since the analytical results can be used to compare with the finite element results.  

 

 

 

Figure 3.10 Temperature beam 

 

3.2.1 Analysis Procedures 

 

1. Go to the ‘Start menu’ and pull up ‘Programs’, ‘Algor’, ‘Superdraw III’. 

2. Go to ‘Add’, ‘Line’ and add a line 8 inches long. 

T ∆T 
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3. Go to ‘Construct’, ‘Divide’ and set the number to, say, 10 and hit the divide 

    button.  This will break down your beam into 10 elements. 

4. Transfer the model to the ‘FEA Editor’ by going to ‘File, ‘Export to Fempro’. 

5. A ‘Units definition’ screen appears. Click ‘OK’ to set it to the default units. 

6. Set the ‘Analysis type’ to ‘Critical Buckling Load Analysis’. 

7. Set the ‘Element type’ to ‘Beam’. 

8. Double click on the ‘Element definition’, highlight any field, say the ‘Area’, click on  

    ‘Cross-section libraries’ and in the top right corner of the dialog box select  

    ‘Rectangular’. 

9. Enter the dimensions (b=0.2” and h=0.1”). 

10. Click ‘OK’ twice. 

11. Set the ‘Material’ to ‘Steel (ASTM-A36)’. 

12.  Select one of the endpoints of the beam using ‘Vertices-select’ or ‘Rectangular-  

       select’, and constrain all the degrees of freedom of this end. 

13. Similarly, select the other end of the beam and constrain the translation of the beam in   

      the x-direction at this end. 

14. Now, select the entire beam using ‘Rectangular-select’ and assign a temperature. 
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Figure 3.11 Beam showing nodal temperatures 

 

15. Go to the ‘Analysis parameters’ window and enter a value of 1 in the ‘Thermal  

      multiplier’ box. This is because we are taking temperature into account in our 

      analysis. 

16. Now, after setting up the model, along with the required boundary conditions and     

      loads, click on the ‘Check model’ icon at the top toolbars; this is to run a check to see  

      if everything was done right or not. 

17. After checking the model, run the analysis. 

18. After the analysis is done, the results of the analysis are displayed in ‘Superview’.  

19. Go to the ‘Analysis summary’ in order to obtain the ‘Buckling Load Multiplier’. 

 

3.2.2 Analysis Results and Discussion 

 

The relationship between the critical load of a beam and the critical temperature 

can be given as the following: 
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crP crT∆=α EA                                                                                                  (2.30) 

where crP = Critical load of the beam; 

           α  = Co-efficient of thermal expansion of the material of the beam; 

       crT∆  = Critical temperature of the beam; 

            E = Young’s modulus of the material of the beam; 

            A = Cross-sectional area of the beam. 

From the above equation, the critical temperature of the beam can be calculated as 

follows: 

EA
PT cr

cr α
=∆                                                                                                       (2.31) 

The theoretical calculations for the case at hand are as follows: 

From result 2.29, we have Pcr = 18.7248 Lb-f. 

From equation 2.31, we have  

EA
PT cr

cr α
=∆ 2276 02.0/1091355.2/105.6

7248.18
ininlbfF

lbf
×××°×

= − F°= 9437.4  

For the different temperatures applied, the corresponding buckling load 

multipliers obtained from the experiment are given in Table 3.5.  

 

Table 3.5 Results for thermal loads 

 

Temperature (oF) Buckling Load Multiplier (BLM) 

20 0.247161 

40 0.123580 
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The Buckling Load Multiplier (BLM) applies to all of the loads that cause 

buckling. In the thermal model, the load that causes buckling is a temperature difference, 

namely  

DT = Applied nodal temperature – Stress free reference temperature 

In our case, we take the stress free reference temperature to be F°0 . 

The beam will buckle at a temperature given by: 

TBuckling = Stress free reference temperature + BLM (DT) 

            = FFFF °=°−°+° 94322.4)020(247161.00  taking the first result of the Table 

3.5 into consideration. 

Also, TBuckling = FFFF °=°−°+° 9432.4)040(123580.00  taking the second result of the 

Table 3.5 into consideration. 

Thus, we see that the theoretical and the experimental values match closely. 

For the thermal model studied above, the buckling mode is given by Figure 3.12. 

 

 

 

Figure 3.12 Buckling mode 
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Chapter 4  

PLATE BUCKLING ANALYSIS 

 

 

In this chapter, we examine the effects of various types of loading on the plate 

elements. We employ the Critical buckling load analysis of the Algor program to thus 

determine the buckling loads of the plate elements. To understand the phenomenon 

better, we take localized loads into consideration in this section. 

 

4.1 Geometry and Material Properties of the Plate Element 

 

We consider a plate with geometry given in Figure 4.1. The plate has a length of 

40 in, breadth of 30 in and a thickness of 0.5 in. 

 

 

Figure 4.1 Plate geometry showing the loads and boundary conditions 

40 in

30
 in
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The material properties of the plate are taken to be the same as the ones 

mentioned in section 2.3.2 of chapter 2 as given in Table 2.1. 

 

4.2 Plate Buckling under Axial Loads 

 

4.2.1 Buckling under In-Plane Loads 

 

Here, we subject the plate element to an axial load at its centre to calculate its 

buckling load. 

 

4.2.1.1 Analysis Procedures  

 

1. Go to the ‘Start menu’ and pull up ‘Programs’, ‘Algor’, ‘Superdraw III’. 

2. Go to ‘Add’, ‘Rectangle’ and construct a rectangle of length 40 in and breadth 30 in. 

3. Go to ‘FEA Mesh’, ‘Automatic mesh’: ‘4 Point’ and then click on ‘Division values’  

    and enter the divisions as 20 and 20 in the AB and BC divisions boxes respectively. 

4. Then, starting from one of the corners of the rectangle, right click on each of the     

    four corners of the rectangle, in a clock-wise or anti-clockwise manner. By this, we are  

    meshing it. 

5. Transfer the model to the ‘FEA Editor’ by going to ‘File’, ‘Export to Fempro’. 

6. A ‘Units definition’ screen appears. Click ‘OK’ to set it to the default units. 

7. Set the ‘Analysis type’ to ‘Critical Buckling Load’. 

8. Set the ‘Element type’ to ‘Plate’. 
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9. Double click on the ‘Element definition’, and enter the thickness of the plate as 0.5 in. 

10. Click ‘OK’. 

11. Set the ‘Material type’ to ‘Steel (ASTM-A36)’. 

12. Using ‘Rectangular select’, select the vertices of every side of the plate and clamp  

      all the four sides of the plate. 

13. Now, select the center point of the plate and enter any value of force in the positive  

      x-direction. 

14. Now, after setting up the model, along with the required boundary conditions and  

      loads, click on the ‘Check model’ icon at the top toolbars; this is to run a check to see  

      if everything was done right or not. 

15. After checking the model, run the analysis. 

16. After the analysis is done, the results of the analysis are displayed in ‘Superview’.  

17. Go to the ‘Analysis summary’ in order to obtain the ‘Buckling Load Multiplier’. 

 

4.2.1.2 Analysis Results and Discussion 

 

For the different axial loads applied, the corresponding buckling load multipliers 

are given in Table 4.1. The total buckling load is the product of the applied load and its 

corresponding buckling load multiplier. 

Here, a point load is applied at the center of the plate in the positive X-direction. 
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Table 4.1 Results for different concentrated loads applied at the center of the plate 

 

Load (Lb-f) Buckling Load Multiplier 

1 6.788812E+06 

100 67888.1 

200 33944.1 

400 16972.0 

 

 

Hence, the buckling load from the above table is: 100 x 67888.1 = 6788810 Lb-f. 

The buckling mode for the plate element is shown in Figure 4.2. 

 

 

 

Figure 4.2 Buckling mode 
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4.2.2 Buckling under Loads applied at Different Nodes along the   

         Midline of the Plate 

 

We apply axial loads to different points within the plate element, along the length 

of the element and try to observe how the buckling load of the entire plate varies from 

point to point. See Figure 4.3 (a) and Figure 4.3 (b) for the loading conditions. 

 

4.2.2.1 Analysis Procedures 

 

The analysis procedure is the same as in section 4.2.1.1 except that here, in 

addition to the 20 x 20 elements, we also make use of the 40 x 40 elements; and we apply 

nodal loads to every point or every alternate point of the plate element, as per our 

requirement. This is illustrated in Figure 4.3 (a) and Figure 4.3 (b). 

 

 

 

Figure 4.3 (a) Buckling under a concentrated force: Load applied at the 4th node   
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Figure 4.3 (b) Buckling under a concentrated force: Load applied at the 10th node 

 

4.2.2.2 Analysis Results and Discussion 

We carried out simulations with the 20x20 plate elements and the 40x40 plate 

elements respectively. As is the case in chapter 3, we again observe inconsistencies in the 

critical buckling load which we attributed to the missed modes due to numerical 

inaccuracies. By increasing the number of iterations, we eliminated the warning 

messages. The corresponding results are given in Table 4.2 and Table 4.3. 

 

Table 4.2 Results for nodal loads - 20x20 elements 

Node# X 

(in) 

Load 

(Lb-f) 

Critical Buckling 

Load 

without Warning 

Message 

# of Iterations 

Used 

Critical Buckling 

Load 

with Warning 

Message 

# of Iterations 

Used 

1 0 1 ERROR 32   

2 0.05 1 -3119508 32   
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3 0.1 1 -1655051 32   

4 0.15 1 -1371599 32   

5 0.2 1 -1355851 32   

6 0.25 1 -1449403 32   

7 0.3 1 -1517904 1000 -1.615906E+06 32 

8 0.35 1 -1465824 32   

9 0.4 1 -1399513 1000 2.836114E+06 32 

10 0.45 1 -1361906 1000 -1.759690E+06 32 

11 0.5 1 6788812 32   

12 0.55 1 1361897 1000 -3.778746E+07 32 

13 0.6 1 1399516 1000 1.408778E+06 32 

14 0.65 1 1466014 1000 3.580132E+06 32 

15 0.7 1 1517904 1000 1.629562E+06 32 

19 0.9 1 1655050 32   

20 0.95 1 3119502 32   

21 1.0 1 ERROR 32   

 

 

Table 4.3 Results for nodal loads - 40x40 elements 

 

Node 

# 

X 

(in) 

Load 

(Lb-f) 

Critical Buckling Load 

without Warning 

Message 

# of 

iterations 

Critical Buckling Load 

with Warning Message 

# of 

iterations 

11 0.25 1 -1407413 1000 -1.407636E+06 32 

12 0.275 1 -1450313 1000 -1.451844E+06 32 

13 0.3 1 -1459844 1000 -1.481935E+06 32 
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14 0.325 1 -1437812 1000 -2.126018E+06 32 

15 0.35 1 -1404109 1000 -1.550645E+06 32 

16 0.375 1 -1371404 1000 -1.438150E+06 32 

17 0.4 1 -1344506 1000 -1.793890E+06 32 

18 0.425 1 -1324894 1000 -1.561724E+06 32 

19 0.45 1 -1312830 1000 -2.474154E+06 32 

20 0.475 1 -1308379 1000 -9.131377E+06 32 

21 0.5 1 -2163315 32   

22 0.525 1 1308386 1000 6.079460E+06 32 

23 0.55 1 1312833 1000 2.430052E+06 32 

24 0.575 1 1324896 1000 1.817019E+06 32 

25 0.6 1 1344510 1000 1.590213E+06 32 

26 0.625 1 1371402 1000 2.166104E+06 32 

27 0.65 1 1404109 1000 1.801099E+06 32 

28 0.675 1 1437815 1000 1.556229E+06 32 

29 0.7 1 1459845 1000 1.630440E+06 32 

30 0.725 1 1450311 1000 1.500710E+06 32 

 

 
Again, a graph is plotted with the so obtained results as shown in Figure 4.4. 
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Figure 4.4 Graphs for the 20x20 elements plate and the 40x40 elements plate depicting 

the variation of the critical buckling load with respect to x for the cases with increased 

number of iterations 

 

From Figure 4.4, we see that exactly similar to the graph obtained in section 3.1.3 

of chapter 3, the graphs corresponding to the 20x20 plate element and the 40x40 plate 

elements agree almost very well with each other except for the cases when the load is 

acting at the midpoint of the plate. At x = 0.5 in, the critical buckling load is 6788812 Lb-

f for the 20x20 plate and it is -2163315 Lb-f for the 40x40 plate, which shows that there 

is again a large difference in the magnitudes of the forces. 

Four representative mode shapes for the 20x20 and the 40x40 plates for x = 0.5 in 

(20x20 plate, 11th node), 0.275 in (40x40 plate, 12th node), 0.475 in (40x40 plate, 20th 

node), and 0.5 in (40x40 plate, 21st node) are shown in Figure 4.5, Figure 4.6, Figure 4.7 

and Figure 4.8 respectively. 
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Figure 4.5 Buckling mode of a 20x20 plate for a load applied at the 11th node 

 

 

 

 

Figure 4.6 Buckling mode of a 40x40 plate for a load applied at the 12th node 
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Figure 4.7 Buckling mode of a 40x40 plate for a load applied at the 20th node 

 

 

 

Figure 4.8 Buckling mode of a 40x40 plate for a load applied at the 21st node 
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4.2.3 Buckling under Localized Loads - Local In-Plane Load 

 

We examine the case where a plate element is subjected to equal and opposite 

loads to calculate the resultant buckling load as shown in Figure 4.9. 

 

4.2.3.1 Analysis Procedures 

 

1. Go to the ‘Start menu’ and pull up ‘Programs’, ‘Algor’, ‘Superdraw III’. 

2. Go to ‘Add’, ‘Rectangle’ and construct a rectangle of length 40 in and breadth 30 in. 

3. Go to ‘FEA Mesh’, ‘Automatic mesh’: ‘4 Point’ and then click on ‘Division values’  

    and enter the divisions as 20 and 20 in the AB and BC divisions boxes respectively. 

4. Then, starting from one of the corners of the rectangle, right click on each of the     

    four corners of the rectangle, in a clock-wise or anti-clockwise manner. By this, we are  

    meshing it. 

5. Transfer the model to the ‘FEA Editor’ by going to ‘File’, ‘Export to Fempro’. 

6. A ‘Units definition’ screen appears. Click ‘OK’ to set it to the default units. 

7. Set the ‘Analysis type’ to ‘Critical Buckling Load’. 

8. Set the ‘Element type’ to ‘Plate’. 

9. Double click on the ‘Element definition’, and enter the thickness of the plate as 0.5 in. 

10. Click ‘OK’. 

11. Set the ‘Material type’ to ‘Steel (ASTM-A36)’. 

12. Using ‘Rectangular select’, select the vertices of every side of the plate and clamp  
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      all the four sides of the plate. 

13. Now, select some two random points within the plate, and enter the same values of  

      forces at these two points, one force in the positive x-direction and the other force in    

      the negative x-direction as shown in Figure 4.9. 

 

 

 

 

Figure 4.9 Plate element with two equal and opposite forces applied at two random 

points 

14. Now, after setting up the model, along with the required boundary conditions and  

      loads, click on the ‘Check model’ icon at the top toolbars; this is to run a check to see  

      if everything was done right or not. 

15. After checking the model, run the analysis. 

16. After the analysis is done, the results of the analysis are displayed in ‘Superview’.  
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17. Go to the ‘Analysis summary’ in order to obtain the ‘Buckling Load Multiplier’. 

 

4.2.3.2 Analysis Results and Discussion 

 

For the different axial loads applied, the corresponding buckling load multipliers 

are given in the Table 4.4. 

 

Table 4.4 Results for the dual-load plate element 

Loads applied at two random points within the plate (Lb-f) Buckling Load Multiplier 

1 935147 

100 9351.47 

200 4675.74 

400 2337.87 

 

The load which theoretically causes buckling is equal to each and every load 

multiplied by the buckling load multiplier. In this case with the opposing loads, the plate 

will buckle when both the loads are each 935,147 Lb-f. 

The buckling mode for this case is shown in Figure 4.10. 
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Figure 4.10 Buckling mode 

4.3 Plate Buckling under Thermal Loads 

 

All through we had dealt with only force loads. We now introduce temperature 

loads in order to study the effects of temperature on the buckling of the plate element. 

 

4.3.1 Buckling under Uniform Thermal Load 

 

We first consider the case of a uniform temperature applied to the entire plate 

element where the critical temperature of the plate can be calculated. 
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4.3.1.1 Analysis Procedures 

 

The analysis procedures are the same as the ones mentioned in section 4.2.1.1 till 

step 12. The next few steps are as follows: 

13. Now, select the entire plate using ‘Rectangular-select’ and assign a temperature. The    

      plate element shown in Figure 4.11 shows the nodal temperatures.   

 

 

 

Figure 4.11 Plate element showing uniform nodal temperatures 

 

14. Go to the ‘Analysis parameters’ window and enter a value of 1 in the ‘Thermal  

      multiplier’ box. This is because we are taking temperature into account in our 

      analysis.  

15. Now, after setting up the model, along with the required boundary conditions and     
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      loads, click on the ‘Check model’ icon at the top toolbars; this is to run a check to see  

      if everything was done right or not. 

16. After checking the model, run the analysis. 

17. After the analysis is done, the results of the analysis are displayed in ‘Superview’.  

18. Go to the ‘Analysis summary’ in order to obtain the ‘Buckling Load Multiplier’. 

 

 

4.3.1.2 Analysis Results and Discussion 

 

For the different values of temperatures applied to the plate element, a set of 

buckling load multiplier values are obtained from the simulation that is shown in Table 

4.5. 

 

Table 4.5 Results for uniform temperature plate 

 

Temperature (oF) Buckling Load Multiplier (BLM) 
20 5.94241 
50 2.37696 

100 1.18848 
 

 

The Buckling Load Multiplier (BLM) applies to all of the loads that cause 

buckling. In the thermal model, the load that causes buckling is a temperature difference, 

namely,  

DT = Applied nodal temperature – Stress free reference temperature 
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In our case, we take the stress free reference temperature to be F°0 . 

The plate will buckle at a temperature given by: 

TBuckling = Stress free reference temperature + BLM (DT) 

             = FFFF °=°−°+° 8482.118)020(94241.50  taking the first result of the Table 

4.5 into consideration. 

Also, TBuckling = FFFF °=°−°+° 848.118)050(37696.20  taking the second result of the 

Table 4.5 into consideration. 

 

4.3.2 Buckling under Localized Loads - Local Temperature Load 

 

In this section, we consider localized temperature loads. This concept is 

implemented by subjecting a single plate element to two different temperatures in two 

different regions. Our intention here is to see how the temperature changes bring about 

changes in the buckling patterns of the element, which would prove to be an important 

study.   

 

4.3.2.1 Analysis Procedures 

 

1. Go to the ‘Start menu’ and pull up ‘Programs’, ‘Algor’, ‘Superdraw III’. 

2. Go to ‘Add’, ‘Rectangle’ and construct a rectangle of length 40 in and breadth 30 in.  

3. Go to ‘FEA Mesh’, ‘Automatic mesh’: ‘4 Point’ and then click on ‘Division values’  

    and enter the divisions as 20 and 20 in the AB and BC divisions boxes respectively. 

4. Then, starting from one of the corners of the rectangle, right click on each of the     
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    four corners of the rectangle, in a clock-wise or anti-clockwise manner. By this, we are  

    meshing it. 

5. Transfer the model to the ‘FEA Editor’ by going to ‘File’, ‘Export to Fempro’. 

6. A ‘Units definition’ screen appears. Click ‘OK’ to set it to the default units. 

7. Set the ‘Analysis type’ to ‘Critical Buckling Load’. 

8. Set the ‘Element type’ to ‘Plate’. 

9. Double click on the ‘Element definition’, and enter the thickness of the plate as 0.5 in  

    and in the box named as ‘Temperature method’, change the option to ‘Nodal dT’, as  

    we will use temperatures in this particular analysis. 

10. Click ‘OK’. 

11. Set the ‘Material type’ to ‘Steel (ASTM-A36)’. 

12. Using the ‘Rectangular-select’ option, select the vertices of every side of the plate and  

      clamp all the four sides of the plate for the clamped boundary conditions and  

      similarly, constrain the necessary translations and rotations of the sides of the plate    

      for the simply-supported boundary conditions. 

13. Now, select the entire plate using the ‘Rectangular-select’, and then apply the  

       required temperature to it. 

14. Next, select a small center patch within the plate and apply a temperature higher to it  

      than the rest of the plate.  

15. Double click on the ‘Analysis parameters’ and enter a value of 1 in the ‘Thermal  

      multiplier’ box, since we are taking temperatures into account. 
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Figure 4.12 Plate element showing two different sets of nodal temperatures – one set of 

temperatures correspond to the center patch and the other of the region around it 

 

16. Now, after setting up the model, as shown in Figure 4.11, along with the required 

boundary conditions and temperatures, click on the ‘Check model’ icon at the top 

toolbars; this is to run a check to see if everything was done right or not. 

17. After checking the model, run the analysis. 

18. After the analysis is done, the results of the analysis are displayed in ‘Superview’.  

19. Go to the ‘Analysis summary’ in order to obtain the ‘Buckling Load Multiplier’. 

 

4.3.2.2 Analysis Results 

 

The results for the clamped and simply-supported boundary conditions are given 

in Table 4.5 and Table 4.6 respectively. 
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Table 4.6 Results for critical buckling load analysis for Clamped boundary conditions 

Outside Plate Temperature (oF) Center Patch Temperature  (oF) Buckling Load Multiplier Value

0 50 8.41206 

0 100 4.20603 

20 70 3.53163 

20 20 5.94241 

 

Table 4.7 Results for critical buckling load analysis for Simply-supported boundary 

conditions 

Outside Plate Temperature (oF) Center Patch Temperature (oF) Buckling Load Multiplier Value

0 50 4.20992 

0 100 2.10496 

20 70 1.43089 

20 20 2.13492 

 

The buckling mode for a clamped plate with a uniform temp of 20 deg F is shown 

in Figure 4.12. 

 

 

Figure 4.13 Buckling mode  
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Chapter 5  

EFFECT OF IN-PLANE STRESS ON BEAM AND PLATE 

VIBRATION 

 

 

The buckling analysis results obtained in the previous two chapters are still 

inconsistent even when a large number of iterations have been used in the simulations. 

For example, for the beam element, the critical buckling loads are 2905.13 Lb-f for the 

20-element beam and -3666.50 Lb-f for the 40-element beam. For the plate element, we 

obtain the critical buckling loads as 6788812 Lb-f for the 20x20 plate and -2163315 Lb-f 

for the 40x40 plate. 

Although we strongly suspect that these inconsistencies are caused by the failure 

of the Algor program to detect the lowest buckling modes, we would like to show that 

vibration characteristics, namely the modal frequencies can be used as another indication 

for the occurrence of buckling. In this chapter, we employ the ‘Natural frequency (modal) 

analysis with load stiffening’. This analysis determines a part’s natural frequencies and 

mode shapes and accounts for the imposed loads when calculating the natural frequencies 

and mode shapes. It can determine if a part resonates at the frequency of an attached, 

power-driven device, such as a motor. 
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5.1 Beam Frequencies 

 

5.1.1 Geometry and Material Properties of the Beam  

 

The geometry and material properties of the beam element under consideration 

are the same as the ones mentioned in section 2.3.2 of chapter 2, as given in Figure 2.5 

and in Table 2.1 respectively. 

 

5.1.2 Analysis of a Cantilever Beam under an Axial Load at the Free    

         End 

 

We have seen in section 2.3.3 of chapter 2 where we apply an axial load to the 

beam element and run the ‘Critical buckling load analysis’ and obtain a value of 18.6359 

Lb-f as the critical load of the beam through the algor simulation. We introduce this 

section here as an effort to validate the results obtained in section 2.3.3 by subjecting the 

same beam element to the ‘Natural frequency with load stiffening’ analysis. 

 

5.1.2.1 Analysis Procedures 

 

The analysis procedure is the same as the one mentioned in section 2.3.3.1 up to step  12 



 65

except that, in step 6, we use the ‘Natural frequency with load stiffening’ analysis instead 

of the ‘Critical buckling load’ analysis. The next steps are as follows: 

13. Apply a random value of load axially at the free end of the beam in the negative x  

      direction and run the analysis.  

14. Make a note of the frequencies obtained. 

15. Apply another load and do the same. 

16. Compare the frequencies obtained and try to apply loads in such a way that the  

       frequency of the first mode goes down to almost zero. 

 

5.1.2.2 Analysis Results and Discussion 

 

The beam frequencies for the first five modes for various loads applied at the free 

end of the beam are shown in Table 5.1. 

 

Table 5.1 Beam frequencies with different axial loads 

 

Force at the free end of the beam in the 
negative x-direction 

(Lb-f) 

Mode # 
1 

Mode # 
2 

Mode # 
3 

Mode # 
4 

Mode # 
5 

1 48.6432 99.1568 307.748 616.344 854.969 
2 47.3352 98.5271 306.369 615.658 853.817 
4 44.5739 97.252 303.589 614.282 851.507 
6 41.5843 95.9553 300.782 612.904 849.192 
8 38.3104 94.6362 297.946 611.522 846.871 

10 34.6686 93.2937 295.083 610.137 844.545 
12 30.5237 91.9265 292.19 608.748 842.212 
14 25.6278 90.5336 289.268 607.356 839.874 
15 22.7484 89.8271 287.796 606.658 838.702 
16 19.4144 89.1137 286.316 605.96 837.529 
17 15.3309 88.3932 284.829 605.261 836.355 
18 9.58158 87.6654 283.334 604.561 835.179 
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18.2 7.93695 87.519 283.034 604.421 834.944 
18.3 6.96911 87.4456 282.883 604.351 834.826 
18.4 5.8419 87.3722 282.733 604.281 834.709 

18.45 5.18673 87.3355 282.658 604.246 834.65 
18.5 Error     

 

Using the results from Table 5.1, graphs are plotted between the loads applied and 

the respective frequencies obtained for the first three modes as shown in Figure 5.1. 

Another set of graphs are plotted between the loads applied and the respective squares of 

the frequencies, also for the first three modes as shown in Figure 5.2. 

 

 

 

Figure 5.1 Plot between loads and frequencies showing the first 3 modes of the beam 
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Figure 5.2 Plot between loads and squares of the frequencies showing the first 3 modes 

of the beam 

 

From the results shown in Table 5.1, it is seen that the frequency of the beam is 

the lowest for 18.45 Lb-f load. This load at which the frequency becomes the lowest or 

goes almost to zero corresponds to the critical buckling load of the beam. In section 

2.3.3.2, the critical buckling load obtained from the ‘Critical buckling load’ analysis is 

18.6359 Lb-f which is quite near to the value obtained from the ‘Natural frequency with 

load stiffening’ analysis. Since the results of both these analyses almost agree with each 

other, it can be as well be stated that the ‘Natural frequency with load stiffening’ analysis 

can be used as an alternative method to arrive at buckling loads. From Figure 5.2, we see 

that the graphs between the forces and the squares of frequencies follow a linear 

relationship. 
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5.1.3 Analysis of a Beam under Nodal Loads 

 

In section 3.1 of chapter 3, we apply nodal loads to a clamped-clamped beam 

along its length at various points and calculate the corresponding buckling loads using the 

‘Critical buckling load’ analysis. Here, in this section, we make use of the same beam 

element and apply a set of loads at its center and run the ‘Natural frequency with load 

stiffening’ analysis to determine the buckling load in an attempt to see if these analyses 

agree with each other again for the case at hand. 

We deal with two cases here – (i) when the beam is divided into 20 elements; and 

(ii) when the beam is divided into 40 elements. The increased number of elements is only 

an attempt to obtain greater accuracy. 

 

5.1.3.1 Analysis Procedures 

 

1. Go to the ‘Start menu’ and pull up ‘Programs’, ‘Algor’, ‘Superdraw III’. 

2. Go to ‘Add’, ‘Line’ and add a line 8 inches long. 

3. Go to ‘Construct’, ‘Divide’ and set the number to, say, 20 (or 40) and hit the divide  

    button.  This will break down your beam into 20 (or 40) elements. 

4. Transfer the model to the ‘FEA Editor’ by going to ‘File’, ‘Export to Fempro’. 

5. A ‘Units definition’ screen appears. Click ‘OK’ to set it to the default units. 

6. Set the ‘Analysis type’ to ‘Natural Frequency with Load Stiffening’. 

7. Set the ‘Element type’ to ‘Beam’. 

8. Double click on the ‘Element definition’, highlight any field, say the area, press on           
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   ‘Cross-section libraries’ and in the top right corner of the dialog box select    

   ‘Rectangular’. 

9. Enter the dimensions (b=0.2” and h=0.1”). 

10. Click ‘OK’ twice. 

11. Set the ‘Material’ to ‘Steel (ASTM-A36)’. 

12. Select both the endpoints of the beam using ‘Vertices-select’ or ‘Rectangular- select’,  

      and constrain all the degrees of freedom. 

13. Apply a random value of load axially at the midpoint of the beam in the positive x-  

      direction and run the analysis.  

14. Make a note of the frequencies obtained. 

15. Apply another load and do the same. 

16. Compare the frequencies obtained and try to apply loads in such a way that the  

       frequency of the first mode goes down to almost zero. 

 

5.1.3.2 Analysis Results and Discussion 

 

The beam frequencies for the first five modes obtained for various loads applied 

at the midpoint of the 20-element beam are shown in Table 5.2. 
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Table 5.2 Beam frequencies for 20-element beam 

 

Load 

(Lb-f) 
Mode#1 Mode#2 Mode#3 Mode#4 Mode#5 

500 312.938 634.881 846.835 1719.09 2821.15 

1000 291.396 632.726 753.797 1719.07 2787.23 

1500 224.596 594.686 629.05 1706.06 2737.83 

1700 138.303 514.778 627.125 1693.81 2715.86 

1750 89.1704 494.509 626.601 1689.9 2710.31 

1770 54.7011 486.485 626.387 1688.24 2708.09 

1780 20.0203 482.499 626.278 1687.38 2706.98 

2200 349.253 426.452 621.069 1635.96 2661.67 

2300 326.392 492.342 619.629 1618.63 2651.64 

2500 282.25 612.138 616.499 1577.18 2632.99 

3000 87.0509 607.072 864.454 1429.36 2596.17 

3025 55.5475 606.534 875.834 1420.2 2594.72 

3030 46.5935 606.426 878.099 1418.35 2594.43 

3040 18.0331 606.209 882.618 1414.63 2593.86 

 

 

Using the results from Table 5.2, graphs are plotted between the loads applied and 

the respective frequencies obtained for the first three modes as shown in Figure 5.3. 

Another set of graphs are plotted between the loads applied and the respective squares of 

the frequencies, also for the first three modes as shown in Figure 5.4. 
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Figure 5.3 Graph between loads and frequencies of a 20-element beam showing the 

first 3 modes 

 

 

 

Figure 5.4 Graph between loads and squares of the frequencies of a 20-element beam 

showing the first 3 modes 
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Table 5.2 indicates that the beam comprising 20 elements has the least frequency 

when a load of 3040 Lb-f is applied to it at its center. In other words, this is the critical 

buckling load of the beam according to the ‘Natural frequency with load stiffening’ 

analysis. But, the critical buckling load as obtained from the ‘Critical buckling load’ 

analysis for the same case is 2905.13 Lb-f which, though not exactly near the ‘Natural 

frequency with load stiffening’ analysis value, is somewhat close. 

The beam frequencies for the first five modes obtained for various loads applied 

at the midpoint of the 40-element beam are shown in Table 5.3. 

 

Table 5.3 Beam frequencies for a 40-element beam 

 

Load 

(Lb-f) 
Mode#1 Mode#2 Mode#3 Mode#4 Mode#5 

500 312.936 634.885 846.856 1719.27 2822.08 

750 304.822 633.991 808.271 1720.02 2807.54 

1000 291.383 632.728 753.795 1719.2 2788.13 

1250 268.648 631.086 682.698 1715.19 2764.79 

1500 224.535 594.613 629.048 1706.1 2738.66 

1600 192.342 555.253 628.118 1700.59 2727.73 

1700 138.104 514.659 627.121 1693.81 2716.64 

1750 88.7944 494.38 626.596 1689.89 2711.08 

1770 54.0353 486.351 626.382 1688.22 2708.85 

1775 40.4 484.355 626.328 1687.79 2708.29 

1776 37.0453 483.956 626.317 1687.71 2708.18 

1777 33.3435 483.557 626.306 1687.62 2708.07 
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Using the results from Table 5.3, graphs plotted between the loads applied and the 

respective frequencies obtained for the first three modes are shown in Figure 5.5 while 

another set of graphs plotted between the loads applied and the respective squares of the 

frequencies, also for the first three modes are shown in Figure 5.6. 

 

Figure 5.5 Graph between loads and frequencies of a 40-element beam showing the 

first 3 modes 

 

Figure 5.6 Graph between loads and squares of the frequencies of a 40-element beam 

showing the first 3 modes 
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Table 5.3 gives the frequencies for various loads applied at the midpoint of the 

beam which is divided into 40 elements. It indicates that the buckling load is 1777 Lb-f 

(load corresponding to the least frequency value) but the result obtained from the 

‘Critical buckling load’ analysis for the same case is -3666.50 Lb-f which is not in 

agreement with the result obtained from the ‘Natural frequency with load stiffening’ 

analysis. 

 

5.2 Plate Frequencies 

 

5.2.1 Geometry and Material Properties of the Plate 

 

The geometry and material properties of the plate element under consideration are 

the same as those discussed in section 4.1 of chapter 4, except that, in this section, we use 

an additional geometry of the plate element in which we take the breadth of the plate to 

be 20 in instead of 30 in for some cases. 

 

5.2.2 Analysis of a Plate under Uniform Thermal Loads 

 

In this section, we try to validate the results that have been obtained from the 

‘Critical buckling load’ analysis for the case of a plate with uniform thermal loads. 
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5.2.2.1 Analysis Procedures 

 

1. Go to the ‘Start menu’ and pull up ‘Programs’, ‘Algor’, ‘Superdraw III’. 

2. Go to ‘Add’, ‘Rectangle’ and construct a rectangle of length 40 in and breadth 30 in or  

    of length 40 in and breadth 20 in as required. 

3. Go to ‘FEA Mesh’, ‘Automatic mesh’, ‘4 Point’ and then click on ‘Division values’  

    and enter the divisions as 20 and 20 in the AB and BC divisions boxes respectively. 

4. Then, starting from one of the corners of the rectangle, right click on each of the     

    four corners of the rectangle, in a clock-wise or anti-clockwise manner. By this, we are  

    meshing it. 

5. Transfer the model to the ‘FEA Editor’ by going to ‘File’, ‘Export to Fempro’. 

6. A ‘Units definition’ screen appears. Click ‘OK’ to set it to the default units. 

7. Set the ‘Analysis type’ to ‘Natural Frequency (Modal) with Load Stiffening’. 

8. Set the ‘Element type’ to ‘Plate’. 

9. Double click on the ‘Element definition’, and enter the thickness of the plate as 0.5 in  

    and in the box named as ‘Temperature method’, change the option to ‘Nodal dt’, as  

    we will use temperatures in this particular analysis. 

10. Click ‘OK’. 

11. Set the ‘Material type’ to ‘Steel (ASTM-A36)’. 

12. Using the ‘Rectangular-select’ option, select the vertices of every side of the plate and  

      clamp all the four sides of the plate for the clamped boundary conditions and  

      similarly, constrain the necessary translations and rotations of the sides of the plate    

      for the simply-supported boundary conditions. 
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13. Now, select the entire plate using the rectangular select, and then apply the required  

      temperature to it. 

14. Double click on the ‘Analysis parameters’ and enter a value of 1 in the ‘Thermal  

      multiplier’ box, since we are taking temperatures into account. 

15. Now, after setting up the model, along with the required boundary conditions and  

      temperatures, click on the ‘Check model’ icon at the top toolbars; this is to run a   

      check to see if everything was done right or not. 

16. After checking the model, run the analysis. 

17. After the analysis is done, the results of the analysis are displayed in ‘Superview’.  

18. Record the first five natural frequency values that are displayed in the ‘Superview’. 

 

5.2.2.2 Analysis Results and Discussion 

 

The frequencies of the first five modes for the plate geometry 40 in x 30 in x 0.5 

in for the clamped boundary conditions are shown in Table 5.4.           

 

Table 5.4 Frequencies for a 40 in x 30 in x 0.5 in plate for clamped boundary 

conditions 

 

Temperature 

(oF) 
Mode#1 Mode#2 Mode#3 Mode#4 Mode#5 

0 152.323 256.085 358.483 426.679 455.702 

20 139.288 241.029 343.607 410.87 440.06 
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40 124.761 224.889 328.007 394.401 423.803 

50 116.761 216.335 319.902 385.892 415.421 

60 108.122 207.405 311.572 377.185 406.854 

80 88.1508 188.191 294.157 359.116 389.121 

100 61.6335 166.64 275.572 340.061 370.488 

120 15.306 141.671 255.559 319.847 350.81 

120.25 16.8855 141.33 255.298 319.586 350.556 

120.5 18.3296 140.988 255.037 319.325 350.303 

 

 

Using the results from Table 5.4, graphs are plotted between the applied 

temperatures and obtained frequencies for the first five modes as shown in Figure 5.7. 

 

 

 

Figure 5.7 Graphs between the temperatures and frequencies for a 40 in x 30 in x 0.5 

in plate for clamped boundary conditions showing the first 5 modes 
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The frequencies of the first five modes for the plate geometry 40 in x 30 in x 0.5 

in for the simply-supported boundary conditions are shown in Table 5.5. 

 

Table 5.5 Frequencies for a 40 in x 30 in x 0.5 in plate for simply-supported boundary 

conditions 

 

Temperature 

(oF) 
Mode#1 Mode#2 Mode#3 Mode#4 Mode#5 

0 81.7336 170.243 238.779 317.844 327.956 

20 59.5926 150.006 218.924 298.412 308.408 

40 20.547 126.574 197.079 277.623 287.535 

41 16.301 125.288 195.923 276.542 286.451 

42 10.4531 123.988 194.76 275.458 285.364 

43 6.86932 122.674 193.59 274.369 284.272 

43.015625 7.04473 122.654 193.571 274.352 284.255 

43.03125 7.21697 122.633 193.553 274.334 284.238 

43.0625 7.54758 122.592 193.516 274.3 284.203 

43.125 8.16973 122.509 193.443 274.232 284.135 

43.25 9.28985 122.344 193.296 274.096 283.998 

43.5 11.1989 122.012 193.002 273.822 283.724 

44 14.2703 121.346 192.413 273.275 283.176 

50 52.0281 97.6744 172.489 255.146 265.023 

 

 

Using the results from Table 5.5, graphs are plotted between the applied 

temperatures and obtained frequencies for the first five modes as shown in Figure 5.8. 
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Figure 5.8 Graphs between temperatures and frequencies for a 40 in x 30 in x 0.5 in 

plate for simply-supported boundary conditions showing the first 5 modes 
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Temperature 
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40 269.031 352.982 507.735 731.775 734.567 

60 255.846 337.692 491.444 715.25 719.456 

80 241.874 321.619 474.565 698.321 703.999 

100 226.965 304.634 457.032 680.958 688.171 

120 210.912 286.572 438.766 663.126 671.944 

140 193.423 267.209 419.673 644.788 655.29 

160 174.054 246.232 399.633 625.898 638.172 

180 152.07 223.18 378.499 606.407 620.553 

200 126.09 197.314 356.077 586.255 602.387 

220 92.7736 167.325 332.112 565.372 583.623 

250 49.7534 107.11 292.453 532.494 554.218 

250.25 50.6812 106.462 292.1 532.212 553.966 

250.5 51.5925 105.81 291.746 531.929 553.714 

251 53.3689 104.494 291.038 531.363 553.21 

252 56.7567 101.81 289.615 530.229 552.199 

260 76.9981 78.8355 277.972 521.069 544.045 

300 128.247 146.538 210.378 472.603 501.181 

 

 

Using the results from Table 5.6, graphs are plotted between the applied 

temperatures and obtained frequencies for the first five modes as shown in Figure 5.9. 
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Figure 5.9 Graphs between temperatures and frequencies for a 40 in x 20 in x 0.5 in 

plate for clamped boundary conditions showing the first 5 modes 
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supported boundary conditions are given in Table 5.7. 
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60 68.9569 169.659 323.415 439.597 530.494 

80 29.6199 140.712 300.198 417.381 508.953 

80.25 30.7854 140.313 299.896 417.096 508.678 

80.5 31.9084 139.912 299.594 416.81 508.403 

81 34.0434 139.107 298.99 416.239 507.852 

85 47.8062 132.491 294.107 411.639 503.424 

90 60.7744 123.725 287.888 405.817 497.833 

100 80.6829 104 275.028 393.913 486.459 

 

 

Using the results from Table 5.7, graphs are plotted between the applied 

temperatures and obtained frequencies for the first five modes as shown in Figure 5.10. 

 

 

 

Figure 5.10 Graphs between temperatures and frequencies for a 40 in x 20 in x 0.5 in 

plate for simply-supported boundary conditions 
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5.2.3 Buckling under Localized Loads - Local Temperature Load 

 

5.2.3.1 Analysis Procedures 

 

1. Go to the ‘Start menu’ and pull up ‘Programs’, ‘Algor’, ‘Superdraw III’. 

2. Go to ‘Add’, ‘Rectangle’ and construct a rectangle of length 40 in and breadth 30 in.  

3. Go to ‘FEA Mesh’, ‘Automatic mesh’: ‘4 Point’ and then click on ‘Division values’  

    and enter the divisions as 20 and 20 in the AB and BC divisions boxes respectively. 

4. Then, starting from one of the corners of the rectangle, right click on each of the     

    four corners of the rectangle, in a clock-wise or anti-clockwise manner. By this, we are  

    meshing it. 

5. Transfer the model to the ‘FEA Editor’ by going to ‘File’, ‘Export to Fempro’. 

6. A ‘Units definition’ screen appears. Click ‘OK’ to set it to the default units. 

7. Set the ‘Analysis type’ to ‘Natural Frequency (Modal) with Load Stiffening’. 

8. Set the ‘Element type’ to ‘Plate’. 

9. Double click on the ‘Element definition’, and enter the thickness of the plate as 0.5 in  

    and in the box named as ‘Temperature method’, change the option to ‘Nodal dT’, as  

    we will use temperatures in this particular analysis. 

10. Click ‘OK’. 

11. Set the ‘Material type’ to ‘Steel (ASTM-A36)’. 

12. Using the ‘Rectangular-select’ option, select the vertices of every side of the plate and  

      clamp all the four sides of the plate for the clamped boundary conditions and  

      similarly, constrain the necessary translations and rotations of the sides of the plate    
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      for the simply-supported boundary conditions. 

13. Now, select the entire plate using the ‘Rectangular-select’, and then apply the  

      required temperature to it. 

14. Next, select a small center patch within the plate and apply a temperature higher to it  

      than the rest of the plate as shown in Figure 5.11. 

15. Double click on the ‘Analysis parameters’ and enter a value of 1 in the ‘Thermal  

      multiplier’ box, since we are taking temperatures into account. 

16. Now, after setting up the model, along with the required boundary conditions and  

      temperatures, click on the ‘Check model’ icon at the top toolbars; this is to run a   

      check to see if everything was done right or not. 

17. After checking the model, run the analysis. 

18. After the analysis is done, the results of the analysis are displayed in ‘Superview’.  

19. Record the first five natural frequency values that are displayed in the ‘Superview'. 

 

 

 

Fig 5.11 Plate Element showing the nodal temperatures 
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5.2.3.2 Analysis Results 

The plate frequencies of the first five modes for the clamped boundary conditions 

are given in Table 5.8. 

 

Table 5.8 Frequencies obtained for local temperature load for clamped boundary 

conditions 

Temperature of the 

entire plate (oF) 

Temperature of a center 

patch within the plate (oF) 
Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 

0 50 144.309 248.602 350.475 418.463 451.431

0 100 135.549 240.758 342.152 409.946 447.084

0 150 125.85 232.505 333.484 401.103 442.655

0 200 114.92 223.782 324.437 391.908 438.141

0 250 102.294 214.515 314.972 382.333 433.537

0 300 87.1372 204.608 305.042 372.351 428.838

20 70 130.301 232.976 335.186 402.313 435.609

 

The plate frequencies of the first five modes for the simply-supported boundary 

conditions are given in Table 5.9. 

 

Table 5.9 Frequencies obtained for local temperature load for simply-supported 

boundary conditions 

Temperature of the 

entire plate (oF) 

Temperature of a center 

patch within the plate (oF) 
Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 

0 50 71.7646 162.327 229.882 309.144 323.513

0 100 59.9143 153.931 220.517 299.988 318.994
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0 150 44.6409 144.962 210.615 290.309 314.394

0 200 18.7409 135.293 200.091 280.031 309.71 

0 250 36.6871 124.746 188.836 269.062 304.938

0 300 55.7985 113.054 176.703 257.293 300.071

20 70 44.9409 140.956 209.182 289.125 303.679
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Chapter 6 

CONCLUSIONS 

 

 

The ‘Natural frequency with load stiffening analysis’ used to calculate the effect 

of the in-plane loads on the natural frequencies of the beams and plates agreed with the 

‘Critical buckling load analysis’. 

 

In the ‘Critical buckling load analysis’, the computer may give a wrong load by 

missing the lowest one. This is indicated by a warning message which must not be 

ignored. To avoid any miscalculations by the algor program, the number of iterations 

must be increased gradually whenever the warning sign shows up to make sure that the 

solution has converged accurately within the given convergence limit specifications. 

 

As the in-plane stress increases, the modal frequencies decrease. At the critical 

buckling load, the lowest mode has zero frequency. The load versus the square of the 

frequency follows a linear path. 
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