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ABSTRACT 

 

Large simulation cell sizes, relativistic effects, and the need to correctly model 

excited state properties are major impediments to the accurate prediction of the optical 

properties of candidate materials for solid-state laser crystal and luminescent 

applications. To overcome these challenges, new methods must be created to improve the 

electron orbital wavefunction and interactions. In this work, a method has been developed 

to create new analytical four-component, fully-relativistic and single-component scalar 

relativistic descriptions of the atomic orbital wave functions from Grasp2K numerically 

represented atomic orbitals. In addition, adapted theory for the calculation of the 

relativistic kinetic energy contribution to Hamiltonian which bypasses directly solving 

the Dirac equation has been explicated. The orbital description improvements are tested 

against YAG, YBCO, SnO2 and BiF3. The improvements to the basis set reflect an 

improvement in both computational speed and accuracy. 
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CHAPTER 1 

 

INTRODUCTION 

Context 

 

The demand for advanced technologies with ever increasing complexity and 

multi-functional capabilities has consequently increased the need for advanced materials 

with novel and/or highly tunable properties
1–6

. The process of optimizing a material for a 

specific set of properties can be very expensive in terms of both time and money because 

of the numerous physical fabrication trials that are required. However, systematic 

computational studies that accurately model the properties of interest can be used to 

bypass the need for physical fabrication to a great extent. Further, with the use of high 

performance computing (HPC) resources (as opposed to desktop workstations) not only 

is the time needed for a single calculation reduced, but an HPC based approach can allow 

for the use of entirely new predictive algorithms (e.g., genetic algorithms and data 

mining). With computationally driven predictions, it becomes possible to go from 

concept to market in a substantially shorter period of time. This approach is sometimes 

referred to as “materials-by-design”. 

One particular case of practical interest includes the set of materials that are used 

for solid-state laser and luminescence based applications. Solid-state lasers find use in a 

variety of applications including scientific research (nuclear fusion, spectroscopy, etc.), 

national defense, medical procedures, etc.
7–11

 Advanced solid-state laser and 

luminescence materials are created via the introduction of high Z dopant atoms (such as 

rare earths elements) into insulating crystals during the growth process. The presence of 

dopant atoms in an otherwise insulating material will modify the band gap between 
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occupied and unoccupied states by introducing new highly localized states 
12,13

. As an 

example, Figures 1a and 1b illustrate a typical laser host crystal (Yttrium Aluminum 

Garnet (YAG)) with and without a Cerium dopant atom substituting for one of the 

Yttrium atoms. Figures 1c and 1d show the corresponding band structures with the doped 

system clearly possessing a set of localized bands within the gap. 

 

Figure 1: Effect of dopants on a band structure. (a) Perfect crystalline YAG and (b) YAG 

with a Ce dopant atom (see arrow). Components (c) and (d) show the associated 

electronic band structure. Note that the band structure shifted because the localized 

dopant induced state is now the highest occupied state which is customarily set to the 

zero of energy. 

  

A number of processing challenges must be overcome to optimize a solid-state laser for a 

particular application including thermal stability, preventing or mitigating the clustering 
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of dopant atoms during growth, balancing the rates of emission and absorption for high 

gain, and crucially, matching the dopant to the host crystal to produce states in the band 

gap at the desired energy levels. If computational methods are able to provide predictive 

guidance regarding the energy band structure, then one may quickly determine the 

viability of a potential host crystal material for a given application. This would represent 

an important step on the path to materials-by-design for solid-state laser systems. 

Motivation 

 

The work presented in this Master’s Thesis is motivated in the general sense by 

the desire to contribute to the computational prediction of accurate energy levels in rare 

earth doped laser crystals. To achieve the requisite accuracy it is necessary to account for 

a variety of physical phenomena within the constraints imposed by the problem. First, if 

periodic boundary conditions are used then the method must allow for sufficiently large 

simulation cells to eliminate dopant-dopant interactions or, if a cluster calculation is used, 

the method must allow for sufficiently large clusters to eliminate the surface effect. 

Second, because the rare earth dopants frequently possess high Z numbers, relativistic 

effects must also be included. The large, positively charged nuclei at the center of the 

high Z atom creates a commensurately large Coulomb potential such that the core 

electrons are accelerated to an appreciable fraction of the speed of light. Third, the 

dopants also tend to have partially occupied d- or f-type electron orbitals that are 

typically categorized as being “strongly correlated”, meaning that the electrons in those 

orbitals experience significant intra-atom correlation effects beyond typical inter-atom 

correlation. I.e. these electrons are substantially correlated with the other electrons in the 

same orbital because of their close spatial proximity. 
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A host of computational methods and packages exist to probe the theoretical 

properties of matter from first principles each with their own merits and shortcomings. 

However, when applied to solid-state laser crystals, no one method possesses all of the 

necessary capabilities to describe the complete electronic structure. As a consequence, 

this Master’s Thesis should be viewed as being part of a larger body of work that is 

designed to move a particular computational package further along the path toward being 

able to address the existing shortcomings. Specifically, a project is underway to merge 

many of the capabilities of the density functional theory (DFT) based orthogonalized 

linear combination of atomic orbitals (OLCAO) method
14,15

 and the discrete variational 

multi electron (DVME) method
16,17

. The OLCAO method has been under development at 

the University of Missouri – Kansas City by the respective groups of Professor Paul Rulis 

and Professor Wai-Yim Ching for the past several decades and the DVME method was 

developed by Professor Kazuyoshi Ogasawara of Kwansei Gakuin University in Sanda, 

Japan. The goal of the combined program is to bring together the best attributes of both 

methods. 

One of the essential problems that must be overcome before the OLCAO and 

DVME methods can be combined is related to the basis set of atomic orbitals that 

OLCAO uses to expand the representation of the solid-state wave function. The current 

OLCAO basis set does not incorporate relativistic effects and the current method of basis 

set generation cannot be easily extended to do so. It is hypothesized that an alternative 

basis set generation scheme based on a fitting of accurate single atom wave functions will 

be successful at reproducing the existing non-relativistic electronic structure. We also 

hypothesize that by applying a scaling factor to the atomic orbitals to reduce the extent of 
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their range (as has been done in other published work
18

) that the basis functions will more 

closely simulate a solid-state environment and will thus encourage more rapid 

convergence of the electronic structure. Finally, it is expected that the proposed scheme 

will enable the future development of a fully relativistic basis set for performing fully 

relativistic calculations. 

A second issue of substantial concern is associated with inaccuracies that are 

present in a naive calculation of the relativistic kinetic energy. The Dirac formulation of 

quantum mechanics incorporates the effects of special relativity. But in so doing it 

introduces certain terms that are numerically challenging to compute because of the 

extremely high precision required. A method to circumvent this problem has been 

developed and implemented in the DVME method
19

, but it must be adapted to the 

OLCAO method before accurate relativistic calculations can be performed. 

Therefore, the primary contribution of this Master’s Thesis to the larger project 

includes (1) the development of a method for automatically generating fully relativistic 

four-component Gaussian-type orbital (GTO) basis sets for the OLCAO method from 

highly accurate single atom calculations; (2) the automated construction of single-

component spatially contracted GTO basis sets derived from the four-component GTOs; 

and (3) the adaptation of existing theory from the DVME method for obtaining the 

relativistic kinetic energy contribution to the total energy for use in the OLCAO method. 

Outline 

 

The second chapter will discuss the specific computational and theoretical 

methods used in this work. The third chapter will detail the development and application 

of the new basis sets. The fourth chapter will present the adaptation of the theory for 
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relativistic kinetic energy calculations. Lastly, chapter five will include both concluding 

remarks and a discussion on the future work that will be done to merge the OLCAO and 

DVME methods.  
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CHAPTER 2 

 

METHODS 

 

Overview 

 

Three electronic structure packages were used in the course of this research with 

each package serving a particular purpose. The packages are OLCAO
15

, DVME
16

, and 

Grasp2K
20–22

 with the OLCAO package being the primary target for improvement. In this 

work the improvement comes in the form of (1) a significant modification to its basis 

function database and (2) the derivation of a prescription for computing the contribution 

to the total energy from the relativistic the kinetic energy. The DVME package is used as 

a source for the formulation of the relativistic kinetic energy derivation. The Grasp2K 

package is used to compute numerical fully relativistic four-component atomic orbitals 

that will inform the creation of a new set of OLCAO basis functions. 

Each package has a substantial quantity of literature surrounding it.
14,19–24

 

However, there are certain crucial aspects that deserve specific attention for clear 

understanding of the development work that was done. Table 1 shows the key attributes 

of the three packages and how they will be used in this project. In addition to the main 

packages, a number of new programs were written that aided in connecting the packages. 

The three main packages are described here and the newly created programs are 

described in Chapter Three. 
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Table 1.—Main Program Attributes and Purposes 

 Grasp2K DVME OLCAO 

Attributes  CI type method 

 Only for isolated 

atom 

calculations 

 Numerical 

occupied and 

unoccupied 

electronic states. 

 Fully relativistic 

 DFT+CI 

hybrid 

 Only for 

cluster 

calculations 

 Numerical 

atomic orbital 

basis functions 

 Fully 

relativistic 

 DFT method 

 Periodic 

lattice 

calculations 

 Gaussian 

based atomic 

orbital basis 

functions 

 Scalar 

relativistic 

Purpose  Creation of 

relativistic basis 

functions 

 Source for 

methodology 

and algorithm 

 Target 

program for 

improvement 

 

The OLCAO Method 

 

The OLCAO method is a density functional theory based program suite with a 

combination of features that makes it particularly applicable to large and complex 

material systems. The method is described in detail in reference 
14

, but certain aspects 

relevant to the research at hand (specifically the generation of the basis functions) will be 

presented here. Generally speaking, the OLCAO method represents a fine balance 

between accuracy and efficiency in an attempt to maximize the size of the systems that 

may be treated with reliable accuracy. To achieve this, the OLCAO method expands the 

solid-state electronic wavefunction on a periodic lattice using a basis set of atomic 

orbitals that are themselves expanded in a basis of Gaussian-type orbital (GTO) 

functions. This approach has the advantage of succinctly describing the electronic 

structure in the region near atomic nuclei while also allowing for analytic expressions for 

the interactions between atoms However, it is less adept as describing the interstitial 
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region between atoms compared to a basis of plane waves and therefore the GTOs must 

be carefully constructed. Formally, the solid-state wave function in OLCAO is shown in 

Equations (1-3). 

    ⃗ 
(  )  ∑   

 ( ⃗ )   ( ⃗    )

   

 
(1) 

where     are the Bloch functions formed by a linear combination of atomic orbital wave 

functions. 

 
   ( ⃗    )  (

 

√ 
)∑  ( ⃗   ⃗  )  (    ⃗      )

 

 
(2) 

where   denotes the atom in the cell,   is the set of quantum numbers (e.g.   and  ) for a 

specific atom.   
⃗⃗ ⃗⃗  denotes the lattice vector and   ⃗⃗  ⃗ represents the position of the atom 

labeled by  . 

  (  )  (∑   
      

 

 

   

)    
 (   ) (3)  

The basis function coefficients in Equation 1 are obtained through the solution of 

the secular equation.
14

 In the expressions for the basis functions, the   and   are orbital 

and magnetic quantum numbers, the coefficients    for the Gaussians in the traditional 

bases set database are obtained from the contraction procedure described later in this 

section, the exponential coefficients    were set through past experience prior to this 

work but are now obtained through an optimizing fitting procedure described in Chapter 

3, and the   
  are the real spherical harmonics. A basis set of analytical functions as 

opposed to numerical functions possesses a great many advantages. Prime among them is 

the fact that the interaction integrals can be computed very quickly and accurately 

through analytic expressions instead of numerical evaluation. A conjugate disadvantage 



10 

 

is that the formulas for the interaction integrals become increasingly complicated to 

derive as the orbital quantum numbers increase. 

As with all local orbital methods, the exact nature of the basis set has substantial 

flexibility leading to a wide variety of representations in common use. Additionally, the 

inherent structure of the basis set leads to a number of subtle errors or points where some 

care must be taken especially if quantitative results are desired as is often the case in 

quantum chemistry. As a simple example consider two H atoms where each is described 

by a 1s atomic orbital. When far apart the wavefunction in the region of each H atom can 

be described only by the associated basis function, but when moved closer to each other 

each H atom can make use of the basis function associated with the other H atom to 

improve the description of the wave function in its own area. This difference in 

variational freedom between the two states (near and far) is the so-called basis set 

superposition error. It may be addressed via the counterpoise method, as described in the 

literature but will not be discussed further here. 
25

 A second example that will be 

addressed in detail in the section of newly created programs in Chapter 3 is the 

expectation that the electronic structure around an isolated atom will be different than 

that around the same atom when in a solid state. Consequently, there is no clearly agreed 

upon “most effective” or “most efficient” way to formulate an atomic orbital basis set 

that optimally matches the actual electronic structure in a given solid and there is also no 

way to systematically improve the basis set without sacrificing the concept of 

transferability. Therefore, within the OLCAO method, the approach that has been taken is 

to establish a basis set with stability and transferability among different material systems: 

insulators, metals, nano-structured systems, molecules, liquids, etc. and focus less on 
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quantitative chemical accuracy than on reliable prediction of important energetic and 

electronic structure trends. 

Following this design, the OLCAO method uses three distinct basis sets – 

minimal (including only the   and   quantum number orbitals that are occupied in the 

atomic ground state allowing for degeneracy when orbitals are partially filled), full 

(addition of one orbital of higher   quantum number for each angular momentum 

quantum number in the minimal basis), and extended (addition of one orbital of higher   

quantum number for each angular momentum quantum number in the full basis). The 

description of virtual states described by the full and extended basis sets become vitally 

important in calculations that involve excited state electrons. It may be noted here that an 

advantage of expressing the solid-state wave function with a basis of atomic orbitals is 

that when studying the electronic band structure, it is natural to decompose each 

electronic state into the specific contributing orbitals in the familiar language of 

chemistry and atomic orbitals. This is in contrast to other methods that use a basis of 

plane waves where the solid-state wave function decomposition must be done through a 

projection operator that introduces some degree of uncertainty. 

Because the development of a new basis set is a central part of this Thesis, it is 

important to describe the method by which the traditional OLCAO basis set database was 

created. The database of basis functions (minimal, full, extended for each atom in the 

periodic table) was created with the use of three programs: ATOMSCF, GAUSSFIT, and 

CONTRACT. The procedure for the formation of the traditional OLCAO basis set is as 

follows: (1) The ATOMSCF program uses a numerically expressed atomic orbital basis 

set to compute the electronic structure of a single isolated atom (e.g. carbon). A product 
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of this calculation is the spherically symmetric total potential of the isolated atom in 

numerical form. (2) The GAUSSFIT program performs a non-linear fit of the numerical 

potential with a set of spherical Gaussian functions. (3) The CONTRACT program runs 

an OLCAO-style calculation with single GTOs as the basis. The set of single Gaussian 

functions is chosen according to a geometric series defined by a minimum exponential 

coefficient (    ), maximum exponential coefficient (    ), and the number of 

Gaussians for each orbital angular momentum quantum number. The range and number 

of exponential coefficients inputted into the CONTRACT program has been defined 

through physical insight and manual testing to optimize and minimize calculation time. 

Of crucial importance is the understanding that the CONTRACT program will use the 

same set of Gaussians for expressing every kind of angular momentum quantum number. 

Finally, each orbital is represented as a linear combination of GTO functions where the 

same set of exponential alphas,   , is used for all orbitals in a given element and only the 

coefficients,   , and number of terms vary from orbital to orbital. 

In the current OLCAO implementation, the number of terms used to defined the f-

orbital is less than or equal to the number of terms to describe the d-orbital and similarly 

for the d-orbitals with respect to the p-orbitals. However the s- and p-orbitals always use 

the same number of terms. A host of challenges arise from the current implementation of 

the OLCAO basis functions. First, the orbitals themselves represent Schrödinger 

wavefunction solutions and therefore do not accurately represent relativistic orbitals. 

Second, if new orbitals are created the existing values for the maximum exponential 

coefficient    and number of terms will need to be redefined because the existing values 

may not produce the best fitting (detailed in Chapter 3). Lastly, the orbitals represent 
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isolated atoms which do not accurately represent the environment inside of a solid. In 

order to reach a faster convergence, it is more favorable to have atomic orbitals that are 

contracted to display characteristics of orbitals that have been compressed by Coulomb 

repulsion due to proximity to other atoms. 

At this point one may consider that if the basis set for the OLCAO method is to be 

improved then one of two possible tactics may be used. Either the existing scheme of 

ATOMSCF->GAUSSFIT->CONTRACT can be modified and improved to account for 

the new physics that is desired, or the scheme can be abandoned and replaced with an 

alternative approach. In this work the second option was taken because the modification 

of the traditional scheme was deemed to have required substantially more effort. The 

alternative approach was to build upon the existing relativistic Grasp2K program and 

create an OLCAO basis set through a fitting procedure. 

However, even equipped with the most versatile and accurate of basis sets, 

OLCAO must be further modified to use a relativistic framework for the actual 

calculation. While theory has been developed for OLCAO to use a scalar relativistic 

approximation to the Hamiltonian in its calculations
26

, functioning program code does not 

exist in an accessible and usable form. Additionally, the previously derived approach for 

computing the relativistic kinetic energy has a deficiency that will be detailed in Chapter 

4 and which may be addressed by incorporating a technique used in the DVME method. 

The Discrete Variational Multi-Electron (DVME) Method 

 

The DVME method was developed by Professor Kazuyoshi Ogasawara at 

Kwansei Gakuin University in Sanda, Japan and is, itself, based on the relativistic DV-

Xα method 
24

. The DVME method uses a fully relativistic, numerical atomic orbital basis 
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set that is calculated from numerical solutions to the Dirac equation for isolated atoms. 

DVME has been shown to be well suited to the calculation of multiplet structures 

(induced band gap electronic states) of clusters of atoms that contain high Z dopant 

atoms.
19,27–30

 DVME combines the configuration interaction (CI) and DFT methods in the 

calculation of the wavefunction, but has to take into account unwanted surface effects due 

to the fact that the system is expressed as a cluster of atoms. The primary reason for 

working with the DVME method is its complete theory for Dirac-relativistic calculations. 

Specifically, the method possesses a unique method for finding the relativistic kinetic 

energy that capitalizes on the basis of isolated atomic orbitals. 

Grasp2K 

 

The Grasp2K method is an advanced electronic structure software package 

designed specifically for the calculation of single atom properties. The Grasp2K method 

implements the relativistic quantum theory of the multi-configurational Dirac Hartree 

Fock (MCDHF) method developed by I. P. Grant 
23

. The current version of the program 

(released in 2013 
22

) contains a package of 35 programs and tools that can be used in a 

flexible variety of ways. Grasp2K is able to perform detailed atomic calculations such as 

the prediction of fine and hyper-fine atomic spectra and radioactive decay rates of various 

isotopes. The primary reason for using this program in the current project is to compute 

highly accurate numerically expressed four component relativistic orbitals and then to fit 

these orbitals to GTOs for use as basis functions in OLCAO. It may be noted that 

although the program uses a CI method after the self-consistent field (SCF) calculation, 

the MCDHF method defines a static set of electron orbitals when diagonalizing the 
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Hamiltonian. These static orbitals are the important output of Grasp2K for our purposes 

and so the CI capabilities are not used. 

GRASP2K Programs 

Although there are many different programs within the Grasp2K suite, only a few 

are needed for the construction of a fully relativistic basis set for OLCAO. This subset of 

programs and the practical issues associated with using them are described below. 

ISO Program 

This program takes a detailed specification of atomic isotope parameters as input 

including the atomic number, mass number, atomic mass, nuclear spin, nuclear dipole 

moment, and nuclear quadrupole moment. These data are usually obtained from well-

known literature sources. 
31

 When run, the ISO program will create a file called “isodata” 

as output which simply contains the same information as was provided as input except in 

a specific format for use by later programs.  

CSL Program 

After the ISO program, the next program to be used is the CSL program. The CSL 

program generates a configuration state list of all possible combinations of electron 

configurations and stores the result in a file called rcsl.out. The program requires the 

specification of the electronic configuration in a format that is either relativistic or non-

relativistic (i.e., relativistic boron may be: 1s and 2s filled, and one electron in a 2p1/2 

condition while non-relativistic boron may be: 1s, 2s, 2p(1)). The non-relativistic 

expression is usually easier to input and the program will still produce the same 

relativistic orbitals. Additionally, the CSL program needs the number of electron 

substitutions (i.e. the number of electrons that may be simultaneously moved to different 



16 

 

configurations) which is pivotal for accurately describing full and extended basis set 

orbitals. 

JSPLIT Program 

The JSPLIT program in necessary when running versions 2 and 3 of Grasp2K 

because it organizes the configuration state list by blocks delimited by   quantum number 

and parity. JSPLIT takes rcsl.inp as input which is simply the renamed output from the 

CSL program. The JSPLIT program can also remove duplicated states if they exist in the 

configuration state list. By convention, the option to remove duplicates is not selected. 

MCP3 Program 

There are numerous improvements to the new Grasp2K program from version 2 

to version 3, but the biggest one is in this program which computes the angular 

integration coefficients for the SCF process 
22,23

. The new version is especially adept at 

handling high Z atomic systems. The MCP3 program takes as input the isodata and 

rcsl.inp file that comes from JSPLIT. With particularly large systems, the set of output 

files can be extremely large. It is necessary for any user to ensure that sufficient hard disk 

space exists when running this program for high Z elements. However, as will be detailed 

later, the script that was written to automate the basis set generating process will 

automatically delete these large files as they become unnecessary. 

ERWF Program 

The ERWF program serves simply to estimate the relativistic wavefunction for 

each orbital in the atomic system. The orbitals can be solved in Hydrogenic or Thomas-

Fermi potentials. The output of this file is the rwfn.inp file which will be used in the 

RSCF2 program. 
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RSCF2 Program  

The RSCF2 program is found in both version 2 and version 3 of Grasp2K. The 

RSCF2 program completes a self-consistent field calculation with the atomic orbitals and 

outputs a set of files with the most important one being the rwfn.out file. The rwfn.out 

file contains the converged radial wave function orbitals in binary form. Key inputs for 

the RSCF2 program are isodata, rcsl.inp, all of the angular integration (mcp) files, and 

rwfn.inp. 

To efficiently use the RSCF2 program there are a number of challenges that must 

be overcome. The optimal inputs for convergence of the electron wavefunctions is not 

obvious (this is listed as common problem in the documentation of Grasp2K) and so 

considerable effort was needed obtain the operating parameters. Then, if the criteria for 

achieving SCF convergence are too stringent or contain certain requirements the process 

may fail. As an example, there is a requirement for node counting if any orbitals are 

declared as so-called spectroscopic orbitals. According to the authors, this property can 

be waived if there are issues in the convergence of the orbitals. Versions 2 and 3 of 

Grasp2K will attempt two methods for convergence and if spectroscopic orbitals are 

required, failing both convergence tests will cause the SCF process to end before the rest 

of the orbitals can be obtained. Another problem is that the radial grid that the electron 

orbitals are expressed over may be insufficient to describe exceptionally extended 

orbitals. The grid may be expanded but with a large increase in the computational cost. 

To understand the underlying physics, recall that the relativistically induced radial 

contraction of the core electron distribution shields the outer electrons and causes a 

broadening of the wavefunctions. For elements with very large   quantum numbers, the 

initial radial grid is not sufficient to describe the radial extent of the orbitals specifically 
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for full and extended basis sets where virtual states are much higher in   and   quantum 

numbers. It was found through detailed testing that the increase of this radial grid value 

dramatically increases the computational cost and supercomputing resources are 

necessary for finding extended and full basis sets for large Z atomic systems. The 

documentation for the new Grasp2K gives a thorough explanation of how to go about 

changing values at runtime or in the source code 
22

. 

READRWF Tool 

The READRWF tool is used to extract the wavefunction from the binary output 

of the RSFC2 program. The output from the READRWF program displays a numerical 

expression for the four-component Dirac spinor from the numerical solutions garnered 

from Grasp2K. 

 
 (  )  

 

 
(

 ( )   (   )

  ( )    (   )
)  (4) 

At this point in the process, we must find a way to represent the wavefunctions in a form 

conducive to the OLCAO structure. The READRWF output contains all orbital 

descriptions in one text file where the first line of the format contains:   quantum 

number,   quantum number, energy eigenvalue and number of data points to describe the 

orbital (see Figure 2). The next line is the so-called zeroth approximation coefficient. 

Following that each point of the radial grid is printed. Then the values of the large 

component are printed and finally the values of the small component are printed. (For 

example, if there are 50 radial grid points, then there will be 50 lines for the radial grid 

followed by 50 for the large component and then 50 for the small component.) The 

pattern continues until all orbitals have been listed. 
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Figure 2. Example READRWF Output 
 

At this point, we are able to manipulate the output of the READRWF program and begin 

the next phase of creating the OLCAO basis set. This will consist of optimally fitting the 

numerical orbitals and contracting the orbitals for use in solid-state calculations.  

The three major computational packages and their roles to fill in the solution to 

improving the OLCAO method have been thoroughly discussed. Possessing these 

methods will allow for the improvement of the OLCAO basis set (Chapter 3) and 

calculation of the relativistic kinetic energy contribution to the Hamiltonian (Chapter 4).  
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CHAPTER 3 

 

SCALAR RELATIVISTIC BASIS SET IMPROVEMENTS 

 

The coarse nature of the difference between the traditional OLCAO basis and the 

basis functions required for study of solid-state laser crystals has been briefly discussed 

in the methods section. This improvement section will address the more intricate steps to 

form a workable solution for the creation of single-component scalar and four component 

fully-relativistic atomic orbital basis sets. 

Nature of Relativistic Orbitals and a Solution Method  

 

The graph in Figure 3 displays the radial contraction of the orbital wavefunction 

when using relativistic orbitals including each of the spin up and spin down terms relating 

to the large and small components of the wavefunction (see equation 4)  

 

Figure 3. Comparison of single-component Schrödinger orbital to Dirac four-component 

orbital. 

 

In this work, we will primarily be focused on the creation of a scalar single-

component atomic orbital basis, but the method is easily extendable to four-component 
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representations. Further, the creation of a scalar relativistic basis set serves as a great 

benchmark in the process of improving OLCAO for the eventual merging with the 

DVME method because the traditional OLCAO structure has the capabilities of handling 

a single-component orbital wave function. To find a single-component orbital description 

for atomic orbitals with    , the small components are discarded and the two large 

components for both spin up,   ( )   and spin down,    ( )   are averaged into one 

radial component that resembles: 

 
  ( )  

(   ( )     ( )  )

 
 

(5) 

 

in the case of    , the small component is simply discarded and the large component is 

retained. While the straightforward average is simpler to apply, in the future it will be 

more accurate to perform a weighted average of the large components due to the 

difference in electron occupation between spin up and spin down states. 

One of the primary concerns when moving forward with the option to use 

Grasp2K was ensuring that the exponential coefficients    and coefficients    best 

represent the atomic orbital. As stated in the methods section, the CONTRACT program 

takes as input a minimum and maximum    range and the number of terms to use in the 

GTO summation, and the angular momentum quantum numbers,  . A database exists in 

the traditional OLCAO package that has predetermined CONTRACT input parameters 

for all orbitals in all atoms. Initially, the same values were used to attempt to fit the 

Grasp2K numerical orbitals but the results were often undesirable for extended orbitals 

and d- or f-type orbitals. One of the most commonly seen results was an oscillatory 

divergence displayed by the fitted orbital (see Figure 4). This effect arises from the 

constraint that all orbitals of a given atom must be fit with the same set of Gaussians and 
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that the chosen set is not optimal. For instance, fitting the Bismuth 4f(5/2) orbital in 

addition to all of the other Bismuth orbitals likely needs both more Gaussians and 

Gaussians with large exponential coefficients. 

 

Figure 4. Divergence in fitting of Bismuth 4f(5/2) orbital. 

 

In order to remedy this condition, a methodical parameter sweep was performed 

for each atom to find the best maximum    and number of terms to fit all of the orbitals 

of that atom. The minimum    from the traditional database was kept the same because 

of its strong physical basis. (E.g. strongly electronegative atoms would have a slightly 

larger smallest    which is implies that they are more compact and localized while 

weakly electronegative atoms would have a smaller smallest    to help represent their 

extended range.) The method would sweep from      of the traditional maximum    in 

a user defined step size. In regards to the number of terms in the Gaussian summation, the 
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method also sweeps from 60% to the traditional value for the s- and p-type orbitals. For 

the d-type orbitals, the method sweeps from 50% of the traditional value to five plus the 

traditional value. Lastly, for the f-type orbitals, the method sweeps from two minus the 

traditional value to the traditional value d-type value. The implementation of such will be 

discussed in the Created Programs and Scripts section. 

Created Programs and Scripts 

 

The algorithm for the creation of an atomic orbital basis set for one atom is 

described in the Figure 5. Certain programs are part of the Grasp2K package while other 

programs are newly created scripts. One program, GAUSSFIT, is still used from the 

traditional basis generation program suite. 
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Figure 5. Basis set generation flowchart. The algorithm for creating a basis set of 

relativistic atomic orbitals for a single atom is divided into two major phases. The first 

uses Grasp2K and the second applies an optimal fitting. 

 

GRASP_ELEMS 

The grasp_elems python script is the controlling program that takes as input an 

atomic symbol or set of atomic symbols and the designation of one or more basis sets 

(minimal, full, or extended). The program will then create a file for each atom and each 

basis set and produce a command line UNIX script in the bash scripting language that 

automates the Grasp2K portion of the calculation. Within the bash script there are also 

calls to the other newly created programs to complete the fitting, optimizing, and 

formatting tasks. The grasp_elems script accesses a file called ‘isotope.dat’ which 
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contains all of the ISO program (see Grasp2K methods section on the ISO program) 

inputs from the CRC Handbook of Chemisty and Physics
31

and manually tested input 

parameters for the RSCF2 program. 

ORG_RWF 

After producing the numerically represented orbitals from Grasp2K, the next step in the 

process was organizing the outputted data from Grasp2K into a workable format. The 

org_rwf PERL script was written to read the rwfn.out file from the READRWF program 

and create a single file for each orbital with tab delimited columns of values for the radial 

grid ( ), three expressions for the large component ( ( ),  ( )  , and   ( )  ) and 

three expressions for the small component ( ( ),  ( )  , and   ( )  ). The additional 

values for the large and small components were necessary when comparing the Grasp2K 

output to OLCAO because the traditional OLCAO basis is expressed with a     term. 

The terms with the negative values are used for the scalar representation when the 

orbitals undergo the averaging process and the orbitals happen to possess opposite signs. 

The file naming convention from org_rwf script drives all of the later file operations by 

keeping track of the   and   quantum numbers associated with the orbital. Orbital files 

are labeled according to the following template: 

n_{n_quantum_number}_k_{k_quantum_number}.dat. Through this point, it is still 

possible to produce a four-component basis set. 

FIT_SWEEP.PY 

Desiring to have the basis set represent solid-state atomic orbitals that reflect the 

environment inside of a solid (leading to faster convergence), the option of passing the 

fit_sweep.py script a value of “contract” on the command line will cause the program to 

include an application of a radial contraction of the orbital wave functions. A method for 
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variationally optimizing atomic orbitals to reflect the contraction experienced by atomic 

orbitals inside of a solid has been described in the literature and implemented in the 

present work 
18

. The paper uses reference systems such as diamond to analyze the 

difference between the initial isolated atomic orbital basis functions and final converged 

orbitals. The method then found the best parameters by which to shrink the original basis 

function such that they matched the final converged orbitals. The shrinking function is 

defined as follows: 

 
 ( )  {   

 
(    )

 

        
           

  
(6) 

 

where   is known as the smoothing parameter and    is the critical radius after which all 

values of the shrinking function are equal to zero. The formula has been implemented in 

fit_sweep.py with average values of     and    6 though it remains possible in the 

future to variationally optimize these parameters by building up a database of calculations 

on various material system with the OLCAO method. 

 Lastly, when running an OLCAO calculation, an input file named olcao.dat is 

created that contains the orbital definitions for every atom in the system. The file strongly 

resembles the CONTRACT program (discussed in the Methods section) output and 

therefore the orbital descriptions should be manipulated to match the CONTRACT 

output. The fit_sweep.py program contains a function that creates a CONTRACT output 

file with all of the orbital descriptions for the calculated orbitals. In order to do this, an 

existing CONTRACT output file must be created from a traditional OLCAO calculation. 

Another script was created that creates a library of basis function files (called *.wf files 

for atomic wave function files) for each atom that contains the traditional number of 

terms for each   quantum number, exponential coefficients,   ’s and coefficients,   ’s. 
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Within the function in question, the new values for the number of terms,   ’s and   ’s 

are substituted in the form of the *.wf file from the traditional OLCAO calculation. A 

small challenge to overcome is that the CONTRACT file contains representations for all 

basis sets (minimal, full, and extended) even though they may not be used in the 

calculations. Through frequent manual fitting tests, it was found that the traditional 

values for number of terms in the Gaussian summation were larger than needed to 

accurately represent the s- and p-type atomic orbitals.  Manual fitting tests also showed 

that the d- and f-type orbitals routinely required more terms than the traditional values to 

accurately represent the atomic orbitals. Because of these tests, there exists a strong 

probability that the number of terms in the Gaussian summation changes for each   

quantum number; therefore zero values are populated for all of the coefficients for the 

orbitals that are not present when optimizing full or minimal basis sets. The final output 

is stored as contract_{element_symbol}. It is recommend to create a directory to store all 

of the new contract files in with names in the form of {element_symbol}.wf.  The form is 

required by subsequent program contractIn.py. 

CONTRACTIN.PY 

The contractIn.py script was created to streamline the swapping in of basis sets 

for OLCAO calculations into the olcao.dat file in the inputs directory. When the script is 

invoked, it is passed a directory containing files with a ‘*.wf’ and substitutes the new 

orbital values in place of the traditional values. The setup of an OLCAO calculation 

begins with calling of the “makeinput” script in a directory with a specially formatted 

OLCAO skeleton file which contains the crystal structure definitions. After the 

“makeinput” script has been run, the contractIn.py script should be called to substitute in 

new atomic orbital descriptions.  



28 

 

One of the tests that was conducted to ensure that the incorporation of the orbitals 

from Grasp2K would improve the OLCAO method was to compare the numerically 

produced Grasp2K orbitals to those of DVME. The atomic orbitals of Bismuth were 

compared and to be found in good agreement. Figure 6 shows the agreement between 

Grasp2K and DVME for one of the tested orbitals (Bismuth 2p(1/2)) for both the isotope 

and static point nucleus conditions. 

 

Figure 6. Orbital Comparison between Grasp2K and DVME. One of the many compared 

orbitals, Bismuth 2p(1/2), shown for 
166

Bi and static point nuclei conditions. 

Tested Materials 
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Grasp2K excels at the production of minimal basis set representations. In the 

future, full and extended basis sets will be created, but due to the large radial grids and 

increased number of multi-electron configurations a significant allocation of HPC 

resources will be required. Four materials were chosen to serve as test materials for the 

basis set – Yttrium Aluminum Garnet (YAG), Yttrium Barium Copper Oxide (YBCO), 

Tin Dioxide, and Bismuth Florate. The four structures were chosen for the possession of 

high Z atoms in the crystal structure, but SnO2 and BiF3 were chosen specifically to test 

adherence to a recently published scheme for representing electronic band structures 
32

. 

Presented below are the crystal structures for each system in a primitive 1 1 1 supercell. 

The plots for three band structure calculations completed with each basis set (traditional 

OLCAO, fitted Grasp2K, and contracted and fitted Grasp2K are shown as evidence of the 

effectiveness in determination of energy states. Lastly, a table of values for the number of 

terms used in the Gaussian summation for each   quantum number, SCF cycle iteration 

count, and converged total energy is included to show improvements in convergence and 

accuracy.  
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YAG 

 

Figure 7. Crystal Structure of YAG Primitive Cell 

 

 

 

Figure 8. Band structures of YAG corresponding to three different atomic orbital basis 

sets.  Band structure plots are shown for for a) Traditional OLCAO basis functions, b) 

Grasp2K Numerical Orbitals fit to Gaussians, and c) Grasp2K Numerical Orbitals 

multiplied by a shrinking function and fit to Gaussians. 

 

Table 2. – YAG: Number of terms for each  , SCF cycle iterations, and total energy 

 OLCAO Grasp Grasp 

Contracted 

Number of Terms 

(s,p,d,f) 

          Y 

          Al 

          O 

 

24 24 18 0 

20 20 12 0 

20 20  0  0 

 

24 24 22 0 

20 17 13 0 

19 17   0 0 

 

24 24 22 0 

20 17 13 0 

19 17   0 0 

Iterations of SCF cycle 12 11 14 

Total Energy -1097.72001327 -1093.56918868 -1089.08527830 
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YBCO 

 

 

Figure 9. Crystal Structure of YBCO Primitive Cell 

 

 
Figure 10. Band structures of YBCO corresponding to three different atomic orbital basis 

sets.  Band structure plots are shown for for a) Traditional OLCAO basis functions, b) 

Grasp2K Numerical Orbitals fit to Gaussians, and c) Grasp2K Numerical Orbitals 

multiplied by a shrinking function and fit to Gaussians. 

 

 

Table 3. – YBCO: Number of terms for each  , SCF cycle iterations, and total energy 

 OLCAO Grasp Grasp Contracted 

Number of Terms 

(s,p,d,f) 

          Y 

          Ba 

          Cu 

          O 

 

24 24 18 0 

26 26 20 0 

20 20 12 0 

20 20  0  0 

 

24 24 22 0 

26 26 24 0 

22 17 13 0 

19 17   0 0 

 

24 24 22 0 

26 26 24 0 

22 17 13 0 

19 17   0 0 

 

Iterations of SCF cycle 24 19 23 

Total Energy -339.5371738 -335.40994026 -333.43307329 
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SnO2 

 

Figure 11. Crystal Structure of SnO2 primitive cell. 

 

 

 

Figure 12. Band structures of SnO2 corresponding to three different atomic orbital basis 

sets.  Band structure plots are shown for a) Traditional OLCAO basis functions, b) 

Grasp2K Numerical Orbitals fit to Gaussians, and c) Grasp2K Numerical Orbitals 

multiplied by a shrinking function and fit to Gaussians. 

 

 

 

Table 4 – SnO2: Number of terms for each  , SCF cycle iterations, and total energy 

 OLCAO Grasp Grasp Contracted 

Number of Terms 

(s,p,d,f) 

          Sn 

          O 

 

24 24 18 0 

20 20   0 0 

 

24 24 22  0 

19 17   0  0 

 

24 24 22  0 

19 17   0  0 

Iterations of SCF cycle 9 8 9 

Total Energy -204.14363505 -201.19641137 -200.24924893 
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BiF3 

 

Figure 13. Crystal Structure of BiF3 primitive cell 

 

 
Figure 14. Band structures of BiF3 corresponding to three different atomic orbital basis 

sets.  Band structure plots are shown for a) Traditional OLCAO basis functions, b) 

Grasp2K Numerical Orbitals fit to Gaussians, and c) Grasp2K Numerical Orbitals 

multiplied by a shrinking function and fit to Gaussians. 

 

 

Table 5. – BiF3: Number of terms for each  , SCF cycle iterations, and total energy 

 OLCAO Grasp Grasp Contracted 

Number of Terms 

(s,p,d,f) 

          Bi 

          F 

 

28 28 22 12 

20 20   0   0 

 

24 23 23 20 

19 17   0    0 

 

24 23 23 20 

19 17   0   0 

Iterations of SCF cycle 11 12 11 

Total Energy -583.41170744 -568.69520985 -506.10217921 
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Observations 

Band Structure 

Upon review of the band structures for each crystal, there exist strong similarities 

in the energy value of the bands as well as amount of the band gap between the 

traditional OLCAO basis set and the two newly produced Grasp2K basis sets for the 

YAG and SnO2 structures. However, the BiF3 and YBCO calculations which contain 

higher Z atoms than the former structures, show considerable differences. Recall that 

because the physics within OLCAO was not changed (i.e., relativistic effects in electron 

and nuclear interactions, Hamiltonian, etc. are not included), we expected to have 

incredibly similar results for systems with weak relativistic effects; but it is very likely 

that the relativistic contraction and shrinking function contractions yield orbitals so 

contracted that the non-relativistic calculation in OLCAO is unable to adequately utilize 

the basis functions as atomic orbital descriptions. An interesting and unexpected effect 

manifested in that the value of the band gap for YAG and SnO2 increased from OLCAO -

> Grasp2K -> contracted Grasp2K. The cause of this could be reflected in that the core 

orbitals of the new Grasp2K orbitals are more contracted than the traditional OLCAO 

basis functions while the conduction band orbitals are more extended radially due to 

shielding effects. Because the contracted orbitals experience an even greater radial 

contraction than the original Grasp2K orbitals, the energy difference between valence and 

conduction bands is greater.  

Self-Consistent Field Iterations and GTO Summation Numbers 

The self-consistent field iterations number is a key metric in determining faster 

convergence to a solid-state wave function.  It was expected that the number of iterations 

would decrease from OLCAO to Grasp2K to contracted Grasp2K as the Grasp2K basis 
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functions would accurately resemble high Z atoms while the contracted basis functions 

would better reflect the environment inside of the solid. In order to minimize the SCF 

cycle iterations, two things must happen simultaneously: (1) the atomic basis functions 

must be the best possible representation of the converged atomic orbitals and (2) the 

number of terms in the Gaussian summation must be minimized. The need for both is 

reflected in the difference between the Grasp2K and contracted Grasp2K metrics.  While 

the Grasp2K and contracted Grasp2K both have less terms describing the orbitals, the 

contracted Grasp2K took longer to converge.  The difference is most likely due to using 

an averaged value for the shrinking function instead of variationally optimizing the 

shrinking function parameters for each atom. Further testing will need to be completed to 

confirm this hypothesis. 

Total Energy 

The total energy is another metric that serves to indicate the success of the 

method. One would again suspect that simply changing the basis set to more accurately 

mirror relativistic atomic orbitals (within reason), but not changing the internal physics 

would result in either the same or higher total energies.  This is due to a mismatch 

between the basis set being used and the physics that defines the minimum energy wave 

function. Consequently, it will not be possible to completely judge the quality of the 

modified basis functions that incorporate moderate or strong relativistic effects until the 

internal physics in the OLCAO method accounts for relativistic physics. 
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CHAPTER 4 

 

ADAPTATION OF RELATIVISTIC KINETIC ENERGY THEORY 

 

As part of the National Science Foundation (NSF) East Asia and Pacific Summer 

Institute (EAPSI) fellowship that is jointly funded and coordinated by the Japan Society 

of the Promotion of Science (JSPS) Summer Program, I spent ten weeks in Japan 

constructing a method for the creation of a scalar relativistic basis set and learning how to 

adapt a theory and algorithm for calculating the relativistic kinetic energy contribution to 

the Hamiltonian from the DVME method to the OLCAO method. Working in close 

proximity with Professor Kazuyoshi Ogasawara was imperative for understanding the 

complex quantum theory and computational challenges involved in implementing such an 

algorithm. The following algorithm was refined over multiple conversations and 

correspondences with Professors Ogasawara and Professor Rulis. 

The kinetic energy contribution to the Hamiltonian is of vital importance in the 

calculation of the total energy. Below is the current scalar relativistic Hamiltonian in 

OLCAO 
14

. 

 (     )  (
 

  
 ⃗⃗   

 

    
 ⃗⃗    

   

     
 ⃗⃗   ⃗⃗  )  (7) 

The first two terms on the right side of the equation result from an expansion of 

the equation for relativistic energy (  √     (   ) ) in the limit of low    and 

contains the traditional expression for kinetic energy as well as an additional   ⃗⃗   term. 

The last term on the right is the so-called Darwin term which serves as a correction to the 

Coulomb potential energy due to fluctuations in the electron’s motion. We make note that 

this Hamiltonian does not include the spin-orbit coupling term. If the basis functions do 



37 

 

not perfectly represent the atomic orbital, we find that the error in the description 

compounds as more than two derivatives are applied (the second term on the right side of 

equation). In order to illustrate this sensitivity, we consider a randomly chosen Gaussian 

function from the set describing the Bismuth 1s orbital: ( ( )                      
). 

In Figure 15, we see that by varying the function coefficient by 1% and then applying 

derivatives to both functions that the difference in area between the original function and 

the 1% modified function goes from a value of            (no derivative) to      

    (fourth derivative). The rapid rise in the difference of areas imparts to us two points: 

a) every orbital will experience an exponential increase in error when applying higher 

order derivatives because the orbitals are composed of a sum of GTO functions and b) it 

is imperative to find a way to calculate the relativistic kinetic energy contribution to the 

Hamiltonian without the application of high order derivatives. 
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Figure 15. Difference in Area After Application of Derivatives to Gaussian Functions. 

The application of higher order derivatives to single Gaussian functions differing by 1% 

in    have rapidly increasing differences in area. 

 

The DVME method makes use of a numerical atomic orbital basis set in its 

calculations. The basis set is formed from solving the Dirac equation for isolated atoms. 

However, we are using numerically represented isolated atomic orbitals from Grasp2K 

that have been fit by GTO functions. The theory used in DVME for the calculation of the 

relativistic kinetic energy circumvents the high order derivatives and it can be applied 

regardless of the representation because it capitalizes on the use of isolated atomic 

orbitals as a basis set. To find the relativistic kinetic energy we begin by forming Bloch 

functions as a linear combination of isolated atomic orbitals,    where we sum over each 

atomic site,  . 
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Where   
 ⃗          ⃗      is a phase factor containing a normalization constant and the 

Bloch term describing the periodicity of the lattice 
33

. Next, we must find matrix elements 

between Bloch functions to define the Hamiltonian matrix expressed in the basis of Bloch 

functions. 

  ̂  ∑|  
 ⃗  ⟩ ⟨  

 ⃗ | ̂|  
 ⃗ ⟩ ⟨  

 ⃗ |

   

 

The Hamiltonian can be separated into kinetic and potential energy terms respectively. 

 ∑|  
 ⃗  ⟩ ⟨  

 ⃗ | ̂|  
 ⃗ ⟩ ⟨  
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 ∑|  
 ⃗  ⟩ ⟨  

 ⃗ | ̂|  
 ⃗ ⟩ ⟨  

 ⃗ |

   

 ∑|  
 ⃗  ⟩ ⟨  

 ⃗ | ̂|  
 ⃗ ⟩ ⟨  

 ⃗ |

   

 

The potential energy of the system is determined through the iterative process of the self-

consistent field cycle. However, because we construct our basis set from a linear 

combination of isolated atomic orbitals, it is possible to find the kinetic energy 

contribution in an indirect (but accurate) way. We can apply the kinetic energy operator 

as such in the matrix element.  

⟨  
 ⃗ | ̂|  

 ⃗ ⟩  ∑(  
 ⃗ )

 

  
 ⃗ ⟨  (      )| ̂|  (      )⟩

   

 

 Recall that we can find the kinetic energy by subtracting the potential energy from the 

total energy. In this case, we can subtract the total atomic potential expressed as a sum of 

s-type Gaussians from the energy eigenvalue of the isolated atomic orbital. 

 ⟨  
 ⃗ | ̂|  

 ⃗ ⟩  ∑(  
 ⃗ )

 

  
 ⃗ ⟨  (      )|          (      )|  (      )⟩

   

 
(9) 

   
 ⃗  ∑  

 ⃗    (      )

 

 (8) 
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To find the wavefunction, one would then diagonalize the Hamiltonian in the basis of 

Bloch functions which allows us to express the wavefunction as a linear combination of 

Bloch functions. 

 

| ⟩  ∑   
 ⃗ |  

 ⃗ ⟩ 

 

 

where    
 ⃗  is an eigenvector of matrix elements between Bloch functions.  

For the theory to become viable in the OLCAO method, the necessary data 

structures and modifications to the existing programs must be defined. The relativistic 

kinetic energy theory affords the flexibility to begin calculations upon definition of the 

crystal structure, but the database of the energy eigenvalues and total atomic potentials 

can be stored until needed. The energy values of each isolated atomic orbital is found 

from the Grasp2K output (see  Figure 2). The total atomic potential is expressed as a 

summation of s-type Gaussian functions and may be stored as a series of exponential  ’s 

and coefficients. OLCAO uses the HDF5 package to store large amounts of data in 

readily accessible formats. The plan is to implement a new data structure within the 

HDF5 framework to store energy eigenvalues and total atomic potentials for every 

element. 

The next step is to make changes to the existing OLCAO code structure. Equation 

(9) outlines the implementation that will take place within two of the OLCAO source 

files – integralsSCF.f90 and gaussintegrals.f90. In order to find the kinetic energy matrix 

elements, two types of overlap integrals will need to be solved for analytical solutions 

and implemented in the two FORTRAN source files. The first integral to be solved is a 

two-center overlap between atomic orbitals. 
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and the second is a three-center integral where two of the centers are the same value,    , 

due to the total atomic potential corresponding to the atom containing   . 
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 Once the matrix of these overlap integrals have been solved, the newly 

created kinetic energy matrix is almost analogous to the matrix used in OLCAO. The 

exchange from the traditional matrix to the new should be relatively straightforward.  

The direct application of derivatives in solving the scalar relativistic equation has 

been shown to induce unwanted errors in solving the Dirac equation for the 

wavefunction. The theory adapted from the DVME method for the calculation of the 

relativistic kinetic energy effectively bypasses the need for the direct application of 

derivatives in the scalar Dirac Hamiltonian. The theory and algorithm have been shown 

to be both mathematically elegant and straightforward to implement in the existing 

OLCAO source code. 
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CHAPTER 5 

 

CONCLUSIONS AND FUTURE WORK 

Conclusions 

 

In the process to improve the capabilities of OLCAO to merge with the DVME 

method and create a new software package well-suited to the calculation of solid-state 

laser crystals, this Thesis was successful in the completion of its goal to create a method 

to automate the creation of single-component scalar and four-component, fully relativistic 

atomic orbital basis sets. Further, the necessary theory for improving the accuracy of 

kinetic energy contribution to the total energy was explicated.  The needed data structures 

and analytical integral solutions have been identified as have the OLCAO source code 

files. 

Basis Set Improvements 

The first goal of this project was to develop a method for the automatic generation 

four-component GTO basis set. With the use of the newly created scripts, grasp_elems, 

org_rwf and fit_sweep.py, it is possible to run a calculation on any atomic system and 

automatically generate a Grasp2K, four-component, numerical orbital. The fit_sweep.py 

is readily extendable to small component and g-type orbitals, however, as no definitions 

exist in the traditional OLCAO database for g-type orbitals, the number of terms and 

maximum   will have to be determined.  

The second goal was to automate the construction of spatially contracted GTO 

basis sets derived from four-component GTO’s. Again, using the grasp_elems script one 

can automatically run calculations on any atomic system system for minimal, full or 

extended basis sets. Currently, values only exist to run minimal basis sets as the input 

parameters for the rcsl and rscf2 programs in Grasp2K must be manually determined. It 
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was found in the Observations section of Chapter 3 that improvements are required to the 

shrinking function method in order for the basis set of contracted orbitals functions to be 

successful in solid-state calculations. Currently, the contracted orbital set produces 

similar band structures to the OLCAO method for the cases of YAG and SnO2, but the 

band gap, number of SCF iterations, and total energy are increasing. As part of the future 

work, the values for the critical radius and smoothing parameters in the shrinking 

function must be optimized to specific atomic systems and then used to radially contract 

the atomic orbitals. In the meantime, the uncontracted Grasp2K basis set of GTOs for 

elements without high Z numbers is an improvement in convergence time while 

producing near identical band structures. Without the scalar relativistic capabilities of 

OLCAO utilized, the band structures of materials containing high Z elements will not be 

accurately calculated due to contraction of the electron orbital wavefunctions to a degree 

unsuitable for non-relativistic formalism. 

Relativistic Kinetic Energy Theory Adaptation 

The last objective was to adapt existing theory from the DVME method for 

calculating the relativistic kinetic energy contribution to the total energy. The time spent 

during the NSF EAPSI /  JSPS Summer Program was successful in adapting the 

relativistic quantum theory for the calculation of the kinetic energy from the DVME 

method. Work was done to identify the necessary data structures and needed analytical 

integral solutions that will be implemented in OLCAO in the future. 

Future Work 

 

There are a host of projects to complete a full relativistic treatment of OLCAO. 

The first challenge is the production of a fully optimized four-component atomic orbital 



44 

 

basis set. The primary concern is the fact that the angular momentum quantum numbers, 

 , for the small components of the four component spinor orbitals differ from the large 

components. One of the small components for the f-type orbitals is in fact a g-type orbital 

with    . Finding the optimal fitting for f-type orbitals while simultaneously 

minimizing the number of terms in the Gaussian summation was very difficult and 

extending to g-type orbitals will most likely follow the same trend. At the present time, 

the CONTRACT program has the higher   orbitals use a small subset from the beginning 

of the exponential  ’s. It is entirely possible that this may not be the optimal fitting 

process. In the future, there may be an implementation that allows for the orbitals to 

select specific exponentials from anywhere in the list exponential  ’s. 

After the creation of the basis set, OLCAO itself must be improved to handle the 

four-component description of the orbitals. The change should be fairly straightforward 

and manifest in an increase of most matrices dimensions by a factor of four. The input 

files for an OLCAO calculation possess the ability to designate spin up, spin down, and 

small components, but the feature is not currently in use. The post self-consistent field 

calculations (e.g. symmetric band structure and density of states), however, may require 

more improvements to utilize the representation. 

One of the challenges to be solved is in regards to the application of the new 

kinetic energy algorithm to orbitals that have been contracted using the shrinking 

function (Equation 4). When the shape of the orbital shrinks, the total atomic potential 

and energy eigenvalue for the isolated orbital no longer correspond to the energy of the 

orbital or potential of the atomic system. The shape of the orbital has a great deal to do 

with the potential function the orbitals are solved in.  By changing the shape of the 
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orbital, the total atomic potential must also change.. A pseudo potential method exists 

that seeks to improve on the shrinking function scheme by adding a soft-confinement 

potential
34

 to the atomic and electron potentials and then solving for the wavefunction of 

the atomic orbitals. The method suggests using the following pseudo potential 

 ( )    
 

 
     
    

    
 

where    is the critical radius and    is the so-called internal radius at which the 

confinement potential becomes effective and until which the confinement potential 

should be zero. The incorporation of this potential into a program that can solve for four-

component wave functions in this pseudo potential would allow for the extraction of a 

new total atomic potential and energy eigenvalue such that the kinetic energy again 

becomes accurate. To accomplish this goal, a new program would have to be written that 

could solve the Dirac equation in a pseudo potential and outputs four component spinor 

solutions. Determining the best course of action will be the subject of future research.  
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