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TOPICS IN SPECTRAL AND INVERSE SPECTRAL THEORY

Maksym Zinchenko

Dr. Fritz Gesztesy, Dissertation Supervisor

ABSTRACT

This dissertation is concerned with two major classes of operators and provides
various spectral and inverse spectral results for them.

In the first part of this work a special class of one-dimensional discrete unitary
operators is under investigation. The underlying Weyl-Titchmarsh theory and a
Borg-type inverse spectral result are established for this class of operators.

The second part of this work is devoted to some spectral theoretical questions
for one- and multi-dimensional Schrodinger operators. In particular, the Weyl-
Titchmarsh theory for one-dimensional self-adjoint Schrodinger operators with strong-
ly singular potentials is established. In addition, a general perturbation theory for
non-self-adjoint operators is developed and subsequently applied to a large class of

non-self-adjoint multi-dimensional Schrodinger operators.



Introduction

In this dissertation we investigate various spectral and inverse spectral questions
related to the following classes of operators: a special class of unitary operators as-
sociated with orthogonal polynomials on the unit circle, a class of one-dimensional
self-adjoint Schrodinger operators with strongly singular potentials, and a class of fac-
torable non-self-adjoint perturbations which includes multi-dimensional Schrodinger
operators with complex-valued potentials.

The material in this work is split into four chapters, each containing a thorough
investigation of a separate topic.

Chapter 1 is devoted to the study of Weyl-Titchmarsh theory relevant to a spe-
cial class of unitary semi- and doubly infinite five-diagonal matrices (CMV), which,
from the spectral theoretic point of view, are the most natural unitary analogs of
semi- and doubly infinite self-adjoint Jacobi matrices. Chapter 1 contains numerous
results on full- and half-lattice CMV operators which include relations between such
objects as orthogonal polynomials on the unit circle, finite measures on the unit cir-
cle, spectral functions, spectral measures, resolvents, and Green’s functions of CMV

operators, generalized eigenfunctions, transfer matrices, associated Weyl-Titchmarsh



m-functions, Weyl disks, Verblunsky coefficients, etc.

In Chapter 2, we study an inverse spectral problem associated with CMV operators
and proved a general Borg-type result for full-lattice unitary CMV operators with
reflectionless coefficients (a natural extension of periodic coefficients). This result
allows one to reconstruct a CMV operator from the end points of its spectrum in
the case of a one-arc spectrum and the reflectionless assumption on the coefficients.
In Chapter 2, we also derive exponential Herglotz representations of Caratheodory
functions and an infinite sequence of trace formulas, which become corner stones in
the proof of our Borg-type theorem. In addition, we prove a unitary invariance lemma
for a certain class of transformations which shows that our result is sharp in the sense
that one cannot obtain any additional information on the coefficients under the given
assumptions.

Chapter 3 is dedicated to the study of spectral theory of one-dimensional Schro-
dinger operators with strongly singular potentials. In this chapter we examine two
kinds of spectral theoretic situations: First, we recall the case of self-adjoint half-
line Schrodinger operators on [a,00), a € R, with a regular finite end point a and
the case of Schrodinger operators on the real line with locally integrable potentials,
which naturally lead to Herglotz functions and 2 x 2 matrix-valued Herglotz functions
representing the associated Weyl-Titchmarsh coefficients. Second, we contrast this
with the case of self-adjoint half-line Schrédinger operators on (a, c0) with a potential
strongly singular at the end point a. We focus on situations where the potential is “so

singular” that the associated maximally defined Schrodinger operator is self-adjoint



(equivalently, the associated minimally defined Schrédinger operator is essentially
self-adjoint), and hence no boundary condition is required at the finite end point
a. We show that the Weyl-Titchmarsh coefficient in this strongly singular context
still determines the associated spectral function, but ceases to posses the Herglotz
property. However, we show that Herglotz function techniques still continue to play
a decisive role in the spectral theory for strongly singular Schrodinger operators.

In Chapter 4, we investigate various spectral theoretic aspects of perturbed non-
self-adjoint operators. Specifically, we consider a class of factorizable non-self-adjoint
perturbations of a given unperturbed non-self-adjoint operator and provide an indepth
study of a variant of the Birman—Schwinger principle as well as local and global
Weinstein—Aronszajn formulas (following results of Howland [96]). In addition, we
provide two concrete applications of the abstract perturbation results. First, we
obtain a certain generalization of the celebrated Jost and Pais formula (see [104], [74],
[142], [165, Proposition 5.7]) for Schrodinger operators with complex-valued potentials
in dimensions two and three. Our formula allows a reduction of appropriate ratios
of Fredholm determinants associated with operators in L?(Q;d"r) to a Fredholm
determinant associated with an operator in L?(9€;d" 'o). Second, we provide a
new proof of the formula connecting the scattering operator S(A) in L*(S" ! d" o),
related to the pair of Schrodinger operators Hy = A and H = Hy+V in L*(R™; d"x),
n = 2,3, with a ratio of modified perturbation determinants.

Finally, Appendix A summarizes basic facts on Caratheodory and Schur func-

tions relevant to Chapters 1 and 2, Appendix B provides basic facts on Herglotz



functions used in Chapter 3, and Appendix C gives some properties of the Dirichlet
and Neumann Laplacians considered in Chapter 4.

The material of each of these four chapters (together with the corresponding
appendices) has been accepted for publication as follows: Chapter 1 is based on [79],

Chapter 2 is based on [80], Chapter 3 is based on [81], and Chapter 4 is based on [72].



Chapter 1

Weyl-Titchmarsh Theory for CMV
Operators Associated with
Orthogonal Polynomials on the

Unit Circle

1.1 Introduction

The aim of this chapter is to develop Weyl-Titchmarsh theory for a special class of uni-
tary doubly infinite five-diagonal matrices. The corresponding unitary semi-infinite
five-diagonal matrices were recently introduced by Cantero, Moral, and Veldzquez
(CMV) [28] in 2003. In [171, Sects. 4.5, 10.5], Simon introduced the corresponding
notion of unitary doubly infinite five-diagonal matrices and coined the term “ex-
tended” CMV matrices. To simplify notations we will often just speak of CMV
operators whether or not they are half-lattice or full-lattice operators indexed by N
or Z, respectively.

CMV operators on Z are intimately related to a completely integrable version
of the defocusing nonlinear Schrodinger equation (continuous in time but discrete

in space), a special case of the Ablowitz—Ladik system. Relevant references in this



context are, for instance, [1], [2], [60], [68], [132], [138], [139], and the literature cited
therein. A recent application to a Borg-type theorem (an inverse spectral result),
which motivated us to develop Weyl-Titchmarsh theory, is discussed in Chapter 2.
For more details we refer to Chapter 2 and, in particular, to Theorem 2.1.1.

We denote by D the open unit disk in C and let o be a sequence of complex
numbers in D, o = {ag}rez C D. The unitary CMV operator U on ¢*(Z) then can
be written as a special five-diagonal doubly infinite matrix in the standard basis of

(*(Z) according to [171, Sects. 4.5, 10.5]) as

0 —app-1 —a-100 —aipo  pPop1 O
0 —Qpp1 —0i0p —Q3pPe  P2P3
O P1P2 aipy —opas azpz 0

Here the sequence of positive real numbers {py }rez is defined by

pr =V 1—|axl?, k€Z, (1.1.2)

and terms of the form —agay 1, k € Z, represent the diagonal entries in the infinite
matrix (1.1.1), specifically, —ag a1 is the (k, k) diagonal entry. For the correspond-

ing half-lattice CM'V operators U (=)

ko 8 €10,2m) in £2([ko, 00) NZ) we refer to (1.2.29).

The relevance of this unitary operator U on ¢*(Z), more precisely, the relevance
of the corresponding half-lattice CMV operator U, ¢ in £*(Ny) (cf. (1.2.31)) is derived
from its intimate relationship with the trigonometric moment problem and hence with

finite measures on the unit circle 9D. (Here Ny = NU {0}.) Let {ax}ren € D and



define the transfer matrix

S(C, k) = (a_i< Oi’f) , (€dD, keN, (1.1.3)

with spectral parameter ( € 0D. Consider the system of difference equations
O (e k‘)) s (mc, k— 1)>
. = K . , e 0D, ke N 1.1.4
with initial condition

(zigggg) - G) , (€D (1.1.5)

Then ¢, (-, k) are monic polynomials of degree k and

@i(ca k) = Ck(p-l-(l/Z? k)a C S 8]D>7 ke NOa (116)

the reversed *-polynomial of ¢, (-, k), is at most of degree k. These polynomials were
first introduced by Szeg6 in the 1920’s in his work on the asymptotic distribution of
eigenvalues of sections of Toeplitz forms [177], [178] (see also [92, Chs. 1-4], [179, Ch.
XT]). Szegd’s point of departure was the trigonometric moment problem and hence
the theory of orthogonal polynomials on the unit circle: Given a probability measure
do supported on an infinite set on the unit circle, find monic polynomials of degree

kin ¢ =¥ 6 € [0,27], such that

2T
/ do o () (e W) (9 1) = 7260, koK € Ny, (1.1.7)
0

where (cf. (1.1.2))

1 k=0
207 ’ 1.1.8
gL {Hfl )% keN. (1.1.8)



One then also infers

2 )
/ doy (") i (e, k)™ (e k) = 7.7, K" =max{k,K'}, kK €Ny (1.1.9)
0

.....

.....

will be provided in Remark 1.2.9. For a detailed account of the relationship of Uy
with orthogonal polynomials on the unit circle we refer to the monumental two-
volume treatise by Simon [171] (see also [170] and [172] for a description of some of
the principal results in [171]) and the exhaustive bibliography therein. For classical
results on orthogonal polynomials on the unit circle we refer, for instance, to [4],
[64]-[66], [92], [118], [177]-[179], [187]-[189]. More recent references relevant to the
spectral theoretic content of this chapter are [61]-[63], [90], [126], [147], [169].

We note that S(¢, k) in (1.1.3) is not the transfer matrix that leads to the half-
lattice CMV operator U, o in *(Ng) (cf. (1.2.29)). After a suitable change of basis
introduced by Cantero, Moral, and Veldzquez [28], the transfer matrix S((, k) turns
into T'(C, k) as defined in (1.2.18).

In Section 1.2 we provide an extensive treatment of Weyl-Titchmarsh theory for
half-lattice CMV operators U, y, on £([kg, 00) N Z) and discuss various systems of
orthonormal Laurent polynomials on the unit circle, the half-lattice spectral function
of Uy j,, variants of half-lattice Weyl-Titchmarsh functions, and the Green’s function
of Uy j,. In particular, we discuss the spectral representation of U, j,. While many
of these results can be found in Simon’s two-volume treatise [171], we survey some of

this material here from an operator theoretic point of view, starting directly from the



CMYV operator. Section 1.3 then contains our new results on Weyl-Titchmarsh theory
for full-lattice CMV operators U on ¢*(Z). Again we discuss systems of orthonormal
Laurent polynomials on the unit circle, the 2 x 2 matrix-valued spectral and Weyl—
Titchmarsh functions of U, its Green’s matrix, and the spectral representation of

U.

1.2 Weyl-Titchmarsh Theory for CMV Operators
on Half-Lattices

In this section we describe the Weyl-Titchmarsh theory for CMV operators on half-
lattices.

In the following, let ¢*(Z) be the usual Hilbert space of all square summable
complex-valued sequences with scalar product (-,-) linear in the second argument.

The standard basis in (*(Z) is denoted by

{0k }rez, 5k:(...,0,...,0,\1/,0,...,0,...)1 k€ Z. (1.2.1)
k
(5°(Z) denotes the set of sequences of compact support (i.e., f = {f(k)}rez € ¢5°(Z)
if there exist M(f), N(f) € Z such that f(k) = 0 for k < M(f) and k > N(f)).
We use the analogous notation for compactly supported sequences on half-lattices
[ko, £00) N Z, ko € Z, and then write £3°([ko, £00) NZ), etc. For J C R an interval,
we will identify ¢2(J NZ) & (*(J NZ) and ¢*(J NZ) @ C? and then use the simplified
notation ¢*(J NZ)?. For simplicity, the identity operator on ¢?(J NZ) is abbreviated

by I without separately indicating its dependence on J.

Moreover, we denote by D = {z € C||z| < 1} the open unit disk in the complex



plane C, by 0D = {¢ € C||(| = 1} its counterclockwise oriented boundary, and we
freely use the notation employed in Appendix A. By a Laurent polynomial we denote
a finite linear combination of terms 2*, k € Z, with complex-valued coefficients.

Throughout this chapter we make the following basic assumption:

Hypothesis 1.2.1. Let a be a sequence of complex numbers such that
a = {Oék}keZ C D. (122)

Given a sequence « satisfying (1.2.2), we define the sequence of positive real

numbers {px}rez and two sequences of complex numbers with positive real parts

{ar}rez and {by}rez by

P =1+1— ‘Osz, k e Z, (1.2.3)
ar =1+, kEeZ, (1.2.4)

by =1 — o, k € 7. (125)

Following Simon [171], we call ay, the Verblunsky coefficients in honor of Verblunsky’s
pioneering work in the theory of orthogonal polynomials on the unit circle [188], [189].

Next, we also introduce a sequence of 2 x 2 unitary matrices 6 by

—Qk Pk
0, = ), keZz, 1.2.6
g ( Pk ak) ( )

and two unitary operators V and W on ¢%(Z) by their matrix representations in the
standard basis of (*(Z) as follows,

O Oor—1
, W = , 1.2.7
Oas Ook41 ( )

0 0

10

V= 9214:72



where

(‘/Qk—l,%—l V2k—1,2k;> _ 9 ( Wakor  Wak2k+1
— U2k,

=01, k€Z. (128
Vor2k—1 Vak,2k Wk t1.2k W2k’+1,2k+1) 2%+1 ( )

Moreover, we introduce the unitary operator U on ¢?(Z) by
U=VW, (1.2.9)

or in matrix form, in the standard basis of £?(Z), by

0 —app_1 —a—jap —aipo  pop1 O
U— p-1Po  Q—1pp  —Opay  Qopr 0
0 —Qup1 —0q0  —Q3pP2  Pap3
O pip2  Qipz  —apaz azps 0

(1.2.10)
Here terms of the form —ajagy1, k € Z, represent the diagonal entries in the infi-
nite matrix (1.2.10), specifically, —aay41 is the (k, k) diagonal entry. We will call
the operator U on ¢*(Z) the CMV operator since (1.2.6)—(1.2.10) in the context of
the semi-infinite (i.e., half-lattice) case were first obtained by Cantero, Moral, and
Velazquez in [28].

Finally, let U denote the unitary operator on 62(2)2 defined by

oo (§ )= ( )= e

One observes remnants of a certain “supersymmetric” structure in (,{, § ) which is

also reflected in the following result.
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Lemma 1.2.2. Let z € C\{0} and {u(z, k) }rez, {v(z, k) }rez be sequences of complex

functions. Then the following items (i)—(vi) are equivalent:

(i) Uu(z,") = zu(z,-), (Wu)(z,-) = 2v(z, ). (1.2.12)
(1) U'wv(z,-) = 20(z,), (Vu)(z,-) =u(z,-). (1.2.13)
(i) (Wu)(z,-) = z0(z,-),  (Vo)(z,-) = u(z,-). (1.2.14)
(iv) U(zg ;) :zC}LEj :3 . (Wu)(z,-) = z0(z, ). (1.2.15)
(v) U(Zii) =z Zéz; L (Vo)) = ulz, ). (1.2.16)
(vi) (ZE; Zi) — T(2 k) (zg Z B 3) ke (1.2.17)

where the transfer matrices T(z, k), z € C\{0}, k € Z, are given by

1 f’;’“ i), k odd,
z
T(z, k) = - 3 (1.2.18)
, k even.

1 (093 1

Pk 1 ag

Proof. The equivalence of (1.2.12) and (1.2.14) follows from (1.2.9) after one defines
v(z,-) = L(Wu)(z,-). Since 6] = 6, one has V' = V, W' = W and hence,
UT = (VW)T = WV. Thus, defining u(z,-) = (Vv)(z,), one gets the equivalence
of (1.2.13) and (1.2.14). The equivalence of (1.2.14), (1.2.15), and (1.2.16) follows
immediately from (1.2.11).

Next, we will prove that (1.2.14) is equivalent to (1.2.17). Assuming k to be odd

one obtains the equivalence of the following items (i)—(v):
u(z, k—1)
=T . 1.2.1
L ) 1219
ap 2\ (u(z,k—1)
= . 1.2.2
)= (% =) (CiT) 220



0 e e a
o e e e
(v) z(v<z<f ;ﬁ) — 0, (“<§(f ;)1)). (1.2.23)
If k is even, one similarly proves that the following items (vi)-(viii) are equivalent:
(vi) (zg Z;) — Tz, k) (Zg Z - B) (1.2.24)
A0 D) e
(vidi) (“(;f ;)1)> — 0, (”(z(f ;)D). (1.2.26)
Thus, taking into account (1.2.7), one concludes that
t s 1220
is equivalent to
ngz Z;) = T(z, k) (Zéj Z B 3) k€ Z. (1.2.28)
0

We note that in studying solutions of Uu(z,-) = zu(z,-) as in Lemma 1.2.2 (7),
the purpose of the additional relation (Wu)(z,-) = zv(z,-) in (1.2.12) is to introduce
a new variable v that improves our understanding of the structure of such solutions
u. An analogous comment applies to solutions of U v(z,-) = zv(z, ) and the relation

(Vo)(z,-) = u(z,-) in Lemma 1.2.2 (i1).

13



If one sets ag, = €', s € [0, 27), for some reference point kg € Z, then the operator
U splits into a direct sum of two half-lattice operators Ufs’)kofl and Uf}co acting on
(%((—o00, ko — 1] N Z) and on *([ky, 00) N Z), respectively. Explicitly, one obtains
U=UY%_, ®U% in *(~c0,ky — 1] NZ) & *(ko, 00) N Z)
(1.2.29)
if oy, =€, s€[0,2m).
(Strictly speaking, setting ag, = €, s € [0,27), for some reference point kg € Z
contradicts our basic Hypothesis 1.2.1. However, as long as the exception to Hy-
pothesis 1.2.1 refers to only one or two sites (cf. also (1.2.181)), we will safely ignore
this inconsistency in favor of the notational simplicity it provides by avoiding the

introduction of a properly modified hypothesis on {ay}rez.) Similarly, one obtains

WSS}CO?D fo;ofl and WJ(:LO, VS,)CO such that
U, =V we . (1.2.30)
For simplicity we will abbreviate
Uiy = UL = VEOWED = Vi Wi (1.2.31)

In addition, we introduce on ¢2([kq, £00) N Z)? the half-lattice operators Ugf’)ko by

(s) () 117(s)
[Ugf)ko _ Uik (g L= Vi Wik (5)0 @ |- (1.2.32)
' 0 (U:t,ko) 0 Wi Vik
By U4 x, we denote the half-lattice operators defined for s = 0,
— U. 0 Vi W. 0
Us . = U0 — (Yo — [ ERo ko : 1.2.33
+.ko +.ko ( 0 (Up)' 0 Wt ko Vat o ( )

14



Lemma 1.2.3. Let z € (C\{O}, ko € Z, and {]/)\+(Z, k, ko)}kaO, {?_,_(Z,k,ko)}kaO be

sequences of complex functions. Then, the following items (1)—(vi) are equivalent:

(2) U+,koﬁ+(zv ) k(]) = ZI/)\+(27 ) kO)? W+,koﬁ+<z7 ) kO) = z?‘i’(’zi Y kO) (1234)
(”’) (U-i-,ko)—r?-i‘(Z? B) kO) = Z?+(Za ) kO)? V—i—,kofr\-ﬁ-(za ) kD) - ﬁ-i—(za ) kD) (1235)
(222) W+,]€0ﬁ+(z7 *y k:()) = Z?_i_(z, ‘ ko), V_,_’ko?_,_(z, ‘y ko) = ]/?\+(Z, ‘ ko) (1236)

. D. 27'7k D- Zu'7k ~ ~
(21)) U+,k0 <p+< O>> = Z(p+( 0))7 W+,k0p+(zv ) k(]) = ZT+(Z, i kO)

?+(Z,',]€0) ?_A,_(Z,',k())
(1.2.37)
ﬁJr(ZaUkO) ]/9\+(Z,',k0) ~ ~
(U) +,ko (?+(Z,‘,k0)) Z(?.,.(Z,',k’o) ; +,kor+(zv 5 0) p-i-(za ) 0)
(1.2.38)
. ]/9\+(Z7 k? kU) ]/5—1-(27]{7 - 17k0)
=T(z,k k> k 1.2.
(vi) <?+(z,k,k0) R 1k ) B R (12:39)
(2, ko, k ko odd
assuming D+ (z, ko, ko) = /z\r+(z, 0, ko), Ko odd, (1.2.40)
(2, ko, ko), ko even.

Nezt, consider sequences {p_(z,k,ko)} k<o, {T—(2,k,ko)}k<ko- Then, the following
items (vii)—(zii) are equivalent:
(vii) U_ goD-(2,+, ko) = 2D (2, -, ko), W_kD-(2,-, ko) = 27— (2,-, ko).  (1.2.41)

(viti)  (U_py) 7 (2,, ko) = 27 (2, ko),  V_pT (2, ko) = D_(2,-, ko). (1.2.42)

(i) W_ joD-(2, -, ko) = 27_(2, -, ko), V_y7—(2,-, ko) =D—(2,-, ko). (1.2.43)
ﬁ*('zfakO) ﬁ*('z)'?kO) ~ ~
_ = _wD_ (2, ko) = 2r_(2, -, ko).
('I) U ko (?_(Z, . ko)) Z<A_(Z, N ko) ) w. JkoP (Z7 ) 0) zr (Z, 5 0)
(1.2.44)
]/)\—(27'7]{:0) o A—(Za'akO) ~ o~
(27?,) U*vko (?_(z7 . k(])) =z (?_(Z, . k’o) ’ Vo kor*(za 7k0) - p,(z, 7k0)
(1.2.45)
.. ﬁ,(z,k— 1),k0 -1 p,(Z,k, ko)
=T(z,k kE<k 1.2.4
(i) (?_(z, k—1, ko) GRS Gk ) Bk (1.2.46)



—?_ (Z, k’o, k’o), ko Odd,

1.2.47
—21_ (2, ko, ko), ko even. ( )

assuming p—(z, ko, ko) = {

Proof. Repeating the first part of the proof of Lemma 1.2.2 one obtains the equiv-
alence of (1.2.34), (1.2.35), (1.2.36), (1.2.37), and (1.2.38). Moreover, repeating the

second part of the proof of Lemma 1.2.2 one obtains that

(W-i-,k?oﬁ-l-(Z? ) kO))(k> = Z?+(Z, ka ]{50), (1248)
(VikoT4 (257 ko)) (k) = Py (2, Ky ko), k> ko (1.2.49)

is equivalent to

Z/)\-F(ZakakO) ]/9\+(Z,k—1,k0)
— Tz k k> k. 1.2.50
(ﬁ(z,k,ko) GG h— 1 k) ) B (1.2.50)

If ko is odd, then the operators V, j, and W, ;, have the following structure,

eko-i-l O 1 O

Vik = Oro+s , Wik =| Ot , (1.2.51)

0

and hence,
Wi koD+(2, -, ko)) (ko) = 274 (2, ko, ko) (1.2.52)
is equivalent to
Dy (2, ko, ko) = 274 (2, ko, ko). (1.2.53)

Thus, one infers that (1.2.36) is equivalent to (1.2.39), (1.2.40) for ky odd. If kg is

even, then the operators V, , and W, ;, have the following structure,

1 O 9k0+1 O

Vik = Orot2 , Wik, = Ok , (1.2.54)

0
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and hence,

<V+7k0?+<z> 7k0))(k0) :]/9\4_(2, k0>k0> (1255)
is equivalent to
]/9\4_(2’,]{0,]{‘0) :?_i_(z, k’o,k’o). (1256)

Thus, one infers that (1.2.36) is equivalent to (1.2.39), (1.2.40) for kg even.

The results for p_(z, -, ko) and 7_(z, -, ko) are proved analogously. ]

Analogous comments to those made right after the proof of Lemma 1.2.2 apply in

the present context of Lemma 1.2.3.

oys (2,k,ko) (2,k,ko)
Definition 1.2.4. We denote by <€1(z’k’k2)>k>ko and <Z:(z’k’k2)>k>k07 z € C\{0},

two linearly independent solutions of (1.2.39) with the following initial conditions:

(m(zakoako)):{(i)’ ko odd, (q+<z,k0,k0)):{(;), foodd 1 a5m)

74+ (2, ko, ko) (}), ko even, s+ (2, ko, ko) (_11), ko even.

.. _(z,k,k _(z,k,k :
Similarly, we denote by (fEkavk(?g)MO and (Zngkg)kqg z € C\{0}, two linearly

independent solutions of (1.2.46) with the following initial conditions:

(p—(za k’oak’o)> _ {(11)7 ko odd, (q—(z’ko’k°)> = {(D’ o 0dd, (1.2.58)

r_(2, ko, ko) (_12), ko even, 5_(2, ko, ko) (i), ko even.

. z,k,k z,k,k
Using (1.2.17) one extends (figzvk,k(?i)kz,m’ (zigz,k,kg)@ko’ z € C\{0}, to k < ko. In

p— (Z,k‘,k‘o) q— (ka7k0)
the same manner, one extends (r_(zk’ko) )kgko and (5_(%,6’,{0) )kgko’ z € C\{0}, to k >

ko. These extensions will be denoted by (f igi::ﬁg >keZ and (igiiiﬁ% ) ez Moreover,
it follows from (1.2.17) that pi(z, k, ko), q+(2,k, ko), r+(z, k, ko), and s+(z,k, ko),

k, ko € Z, are Laurent polynomials in z.
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In particular, one computes

k ko —1 ko odd ko + 1
1 (z(l — a—ko)) (z) 1 (1 + mz)
Pro \ 1 — au 1 Pro+1 \ Z + Qg1

1 <z(—1 —oz_ko)) ( 2 > 1 (—1 +Oék0+12)
Pro \ 14 augg —1) | Prot1 \ 2z — Qo

p_(2,k, ko —2 — Qg 1 I (=14 k1
r_(z,k, ko (1/2 + ako) (—1> Pho-+1 ( 1 — i1 )
q_(z, k, ko 1 1 1+ak, 1
(8— z, k, ko > (1) Pko+1 (1 + ako+1>
k ko—1 ko even ko + 1
pi(z, k. ko 1 /11— ay, 1 1 Z + Qg1
(m 2.k, ko Pro (1 — w) (1) M(l/z +m)

() | (i o)
1 Pko+1 _1/Z+ak0+1

(—z) 1 (z(l — ak0+1))
1 Pko+1 -1+ Qho+1

1 (1+C¥k0)
Pk _1_0'/_160

1 (1+akoz>
Pko _Z_a_k’o

)
)
)| 5
)| el a
)
)
)
)

r_(z, k, ko
(q 2, k, ko 1 (1 - akoz) (z) 1 (z(l - akoﬂ))
s (z,k, ko Pko \ 2 — Qg 1 Pro+1 \ 1+ Qo1

Remark 1.2.5. We note that Lemmas 1.2.2 and 1.2.3 are crucial for many of the
proofs to follow. For instance, we note that the equivalence of items (i) and (vi) in
Lemma 1.2.2 proves that for each z € C\{0}, the solutions {u(z, k) }xez of Uu(z,-) =
zu(z,-) form a two-dimensional space, which implies that such solutions are lin-
ear combinations of {p+(z,k, ko) }rez and {q+(z, k, ko) }rez (with z-dependent coef-
ficients). This equivalence also proves that any solution of Uu(z,-) = zu(z,-) is
determined by its values at a site ky of u and the auxiliary variable v. Moreover,
taking into account item (vi) of Lemma 1.2.2; this also implies that such a solution

is determined by its values at two consecutive sites ko — 1 and ky. Similar comments
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apply to the solutions of UTwv(z,-) = zv(z,-). In the context of Lemma 1.2.3, we re-
mark that its importance lies in the fact that it shows that in the case of half-lattice
CMV operators, the analogous equations have a one-dimensional space of solutions
for each z € C\{0}, due to the restriction on ko that appears in items (vi) and (%)
of Lemma 1.2.3. As a consequence, the corresponding solutions are determined by

their value at a single site k.

Next, for all z € C\{0}, k, ko € Z, we introduce the following modified Laurent

polynomials py(z, k, ko) and g+ (z, k, ko), as follows,

k., k ko odd
B,k k) = § P R o) 2 ko odd, (1.2.59)
er(za ka kO)a kO even,
- Jk,ko)/z, ko odd,
To(eok ) = { &R Ro)/z Koo (1.2.60
qu(Za ka kO)? kO even,
_ (2, k, ko), ko odd,
Pz k k) =L (2, k. ko) 00 (1.2.61)
p*(za ka kO)/’Z7 kO even,
~ (2, k, ko), ko odd,
Tz, k ko) = {1 (2, k. ko) 00 (1.2.62)
q_(z,k,ko)/z, ko even.

Remark 1.2.6. By Lemma 1.2.3, <fij::§§ )kao’ z € C\{0}, ko € Z, are generalized
<

eigenvectors of the operators Uy j,. Moreover, by Lemma 1.2.2, (fig:’;g;)kez and
<Zigiii§g>kez, z € C\{0}, ko € Z, are generalized eigenvectors of U.

Lemma 1.2.7. The Laurent polynomials p+(z, k, ko), r+(2,k, ko), q=(z,k, ko), and
s+(z, k, ko) satisfy the following relations for all z € C\{0} and k, ko € Z,

T+(z, k, k'[)) :ﬁ+(1/z, k, k'[)), (1263)

sa(z,k ko) = — e (1)7, k. o), (1.2.64)
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T_(Z, k‘, k‘o) = —ﬁ_(l/z,k,ko), (1265)
s_(z,k, ko) =q-(1/Z, k, ko). (1.2.66)

Proof. Let {u(z, k) }rez, {v(2, k) }rez be two sequences of complex functions, then the

following items (i)—(iii) are seen to be equivalent:

(1) Wul(z,-) =zv(z,-), Vou(z,-)=u(z-). (1.2.67)
(i1) %u(z, ) =W(z,-), vl(z:)=V"u(z:). (1.2.68)
(i) %u(z, Y=oz, v = Valzo, (1.2.69)

where equations (1.2.67)—(1.2.69) are meant in the algebraic sense and hence V', V*,
W, and W* are considered as difference expressions rather than difference operators.
Thus, the assertion of the Lemma follows from Lemma 1.2.3, Definition 1.2.4, and
equalities (1.2.59)—(1.2.62). O
Lemma 1.2.8. Let ky € Z. Then the sets of Laurent polynomials {p (-, k, ko) tr>k,
(resp., {p—(-, k. ko) br<no) and {14 (-, k, ko) iz, (resp., {r—(-, k. ko) }u<k,) form ortho-

normal bases in L*(OD; duy (-, ko)) (resp., L*(OD; du_ (-, ko)), where
dl’[’:l:(ga kO) = d(5ko7 EUi,kg (C)ékO)KQ([ko,:l:oo)ﬂZ)a g S a]Dv (1270)
and dEUi,kO(') denote the operator-valued spectral measures of the operators Uy j,,

Us oy = fg dBu , Q)¢ (1.2.71)

Proof. Tt follows from the definition of the transfer matrix 7'(z, k) in (1.2.18) and the

recursion relations (1.2.39) and (1.2.46) that

span{pi(-, k7 ko)}kzko = Span{r:t('a kv kﬂ)}kzko
(1.2.72)

= Span{Ck}keZ = L2(3D5 d/i),
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where dyu is any finite (nonnegative) Borel measure on 0D. Thus, one concludes
that the systems of Laurent polynomials {p+ (-, k, ko) };=,, and {r.(-, &k, ko)},>,, are

< <
complete in L*(OD; du (-, ko)).

Next, consider the following equations

k42 k+2
Usio) "0 = Y (Uike) "G 8)65 = D (Usy) (K, §)6; (1.2.73)
j=k—2 j=k—2
k42 k+2
(Usko)Or = Y (Ui k)0 k)0; = D (Urro) " (k,5)5;, (1.2.74)
j=k—2 j=k—2
and
k+2
Z]/?\+(Z, k, k‘o) = (U-&-,koﬁ-i-(zﬁ ) k’o))(k’) = Z (U-F,ko)(kaj)ﬁ-i-(zvja kO)v (1275)
j=k—2
k+2
T2k, ko) = (Usiy) "7 (2, ko)) (B) = Y (Usy) T (k)7 (2, 5, ko). (1.2.76)
j=k—2

By Lemma 1.2.3 the latter ones have unique solutions p,(z, k, ko) and 7. (z, k, ko)
satisfying p. (z, ko, ko) = 74(2, ko, ko) = 1. Moreover, due to the algebraic nature of
the proof of Lemma 1.2.3, (1.2.75) and (1.2.76) remain valid if z € C\{0} is replaced
by a unitary operator on a Hilbert space and the left- and right-hand sides are applied
to the vector dx,. Thus, {py((Usr,) "k, ko)Oke teske and {ry (U kg, K, ko)Okg bk, are

the unique solutions of

k+2
(U+,k0)Tﬁ+((U+,ko)T7 k, k0)5k0 = Z (U+,k0)(k7j>ﬁ+((U+,ko>Taju k0)5k07 (1'2'77>
j=k—2
k+2
U—O—,ko?-O—(U-l-,km k, k0)5k0 = Z (U—F,ko)—r(kaj)?-l-(U-&-,kmjv k0)5k0 (1278>
j=k—2

with value dy, at k = ko, respectively. In particular, comparing (1.2.73), (1.2.74) with
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(1.2.77), (1.2.78), one concludes that for k > ko,

5k :ﬁ+<<U+,ko)T7k7 k0)5k07 (1279)

Ok = 1+ (Us ko, K, ko) Oy - (1.2.80)

Using the spectral representation for the operators U, , and (U, ,)" one obtains
(all scalar products (-, -) in the remainder of this proof are with respect to the Hilbert

space £2([kgy, 00)NZ) and for simplicity we omit the corresponding subscript in (-, -)),

(6100 = Al By () 91 (G R Rl (G o) (1.2.81)

(5k,55) = ng d(ékO,EU+’k0 (C)(Sko)ﬁ(C; k,ko)?‘+(c,€, ]{?0), k.l eZ. (1282)

Finally, one notes that

dp+ (¢, ko) = d(Oky, Evy o (€)0ky) = d(0ko, Eur, )7 (C) ko) (1.2.83)

since
(G ¢ = (5, U i) = (3 (UE) )
oD . (1.2.84)
- (%, (UL1) 5k0> = 7{ d(Sry, B, )7 (C)0k) C*, k€ Z.
oD

Thus, the Laurent polynomials {p, (-, k, ko) }x>k, and {ry (-, k, ko) tr>k, are orthonor-
mal in L?(0D; dpy (-, ko)).

The results for {p_(-, k, ko) }r<k, and {r_(-, k, ko) }r<r, are proved similarly. O

We note that the measures du (-, ko), ko € Z, are not only nonnegative but also

supported on an infinite set.
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Remark 1.2.9. In connection with our introductory remarks in (1.1.3)—(1.1.9) we

note that do, = du(-,0) and

’7/€C7(k71)/290+(<7 k)a k Odd7
p—i—(C?ka O) = —k/2, *
’ch 904-((’ k)a k even, (1 9 85)
WG EHD2gr (¢ k), k odd, -
T—l—(C?ka 0) - —k/2 i ¢ e oD.
’7k< 904-((7 k)? k €Ven;

Let ¢ € C(OD) and define the operator of multiplication by ¢, My x,(¢), acting

on L*(OD; du (-, ko)) by

(Mo (0)1)(C) = (O F(C), [ € L*(ODsdps (-, ko))- (1.2.86)

In the special case ¢ = id (where id(¢) = (, ¢ € ID), the corresponding multiplication

operator is denoted by My g, (id). The spectrum of My y,(¢) is given by

U(Mj;k()(gb)) = ess.randui(.,ko) ((b), (1287)
where the essential range of ¢ with respect to a measure du on 9D is defined by
ess.rang,(¢) ={z € Clfor all e > 0, u({C € ID||p(¢) — 2| <e}) > 0}. (1.2.88)

Corollary 1.2.10. Let kg € Z and ¢ € C(0D). Then the operators ¢(Us ,) and
QS(UI,,%) are unitarily equivalent to the operators My y,(¢) of multiplication by ¢ de-

fined on L*(OD; du (-, ko)). In particular,

0($(Ut o)) = 0(d(ULy,)) = ess.rang, . (ko) (), (1.2.89)

(Ui ko) = 0(UL ) = supp (dp(-, ko)) (1.2.90)
and the spectrum of Uy i, 15 simple.
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Proof. Consider the following linear maps Uy from £5°([ko, £00) N Z) into the set of

Laurent polynomials on 9D defined by

+oo

ULF)(C) = Y re(C ko ko) f(R),  f € €57 ([ko, 200) N Z,). (1.2.91)

k=ko

A simple calculation for F(¢) = (U= f)(C), f € £2([ko, 00) N Z), shows that

S UFF = §duelc ko) IFQOP, (1.2.92)

k=ko

Since £5°([ko, £00) N Z) is dense in 2([ky, +00) N Z), Us extend to bounded linear
operators Uy : £%([kg, 00) N Z) — L*(OD; dpu (-, ko)). Since by (1.2.72), the sets of
Laurent polynomials are dense in L?(9D; dpu(-, ko)), the maps Uy are onto and one

infers

USFE) = § R SCRRIFQ), F e ODidus k). (1299)

In particular, Uy are unitary. Moreover, we claim that {/y map the operators ¢(Uy x,)
on (%([ky,+o0) N Z) to the operators My, (¢) of multiplication by ¢ acting on

L*(0D; dp< (-, ko)),
Us (Ui UL = M iy (9)- (1.2.94)
Indeed,

(U p(Us UL F())(C) = Uzd(Us o) f(-))(C)

= Z(¢(Ui,ko)f('))(k)7’i(<ak,kb) = ZW(UL@O)?}(C, ko)) (k) f (k)
+o0
=) (O (C k ko) f(k) = ¢(O)F(C)
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= (Mig,(#)F)(C), F € L*(0D;dus(-, ko)). (1.2.95)
The result for qu(UlkO) is proved analogously. O

Corollary 1.2.11. Let kg € 7Z.
The Laurent polynomials {p+ (-, k, ko) }k>k, can be constructed by Gram—-Schmidt or-

thogonalizing

(1.2.96)

(7 17 C27 C_l, CS, C_2,- cey ko Odd,
L, ¢ ¢ ¢ 23, ..., ko even

in L*(0D; dpu (-, ko).
The Laurent polynomials {r,(-,k, ko) }k>k, can be constructed by Gram—Schmidt or-
thogonalizing

(1.2.97)

17 Ca <_17 C27 6_27C37 ey kO 0dd7
17 C_lu C? C_27 C27C_37 ceey kO even

in L*(0D; dpuy (-, ko).
The Laurent polynomials {p_(-, k, ko) }r<k, can be constructed by Gram—Schmidt or-
thogonalizing

_Ca 17 _<27 C_la _Cga <_27 R kO even

in L*(OD; du— (-, ko))

The Laurent polynomials {r_(-,k, ko) }k<k, can be constructed by Gram-Schmidt or-

thogonalizing
—1,¢7Y ¢, 2 =3, L, ko odd
7C ) ; Cv C2 ) 2§ 7C ) ; 0 oaa, (1299)
17 _Ca C_a_Cac_a_C3>"'a kO even
in L*(0D; du_ (-, ko)).
Proof. The statements follow from Definition 1.2.4 and Lemma 1.2.8. O
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The following result clarifies which measures arise as spectral measures of half-
lattice CMV operators and it yields the reconstruction of Verblunsky coefficients from

the spectral measures and the corresponding orthogonal polynomials.

Theorem 1.2.12. Let ky € Z and du+(-, ko) be nonnegative finite measures on 0D

which are supported on infinite sets and normalized by

?{ s (C ko) = 1. (1.2.100)
oD

Then duy (-, ko) are necessarily the spectral measures for some half-lattice CMV op-

erators Uy g, with coefficients {ou fr>ky+1, respectively {ag i<, defined as follows,

o (P (o k= 1, ko), Mg (i) (- b = 1,50)) o oy 00
(7’+<'7 k—1,ko),p+(- k=1, k0>)L2(BD;du+(-,k0))’ k even
(1.2.101)

forall k > ko + 1 and

[k = L) M (i) = 1K) oy 0
= —
(r—('ﬂ k— 17 k0)7p—('7 k— ]-7 ko))L2(3D;d,u,,(~,k0))’ k even
(1.2.102)

for all k < ko. Here the Laurent polynomials {p+(-,k,ko),7+(-, k, ko) tk>k, and
{p—(-sk, ko), 7— (-, k, ko) }k<k, denote the orthonormal polynomials constructed in

Corollary 1.2.11.

Proof. Using Corollary 1.2.11 one constructs the orthonormal Laurent polynomials
{p+(C, ky ko), (C, ky ko) b eskes ¢ € OD. Because of their orthogonality properties one

concludes

Cp+(C7 ka k0)> kO Odd7

e (C k) € 0D, k = ko. 1.2.103
p+(C k ko), ko even, ¢ =" ( )

7’+(C, kv ]i]o) = {

26



Next we will establish the recursion relation (1.2.39). Consider the following Laurent

polynomial p(¢), ¢ € D, for some fixed k > ky,

C) _ {pkar(Ca k: kO) - Cr+(C7 k — 17 ko)? k Odd: C c aD’ (12104)

pkp-i-(Cv k? kO) - T+<<7 k — 17 k0)7 k even,

where p, € (0,00) is chosen such that the leading term of py (-, k, ko) cancels the
leading term of r (-, k — 1, kg). Using Corollary 1.2.11 one checks that the Laurent
polynomial p(+) is proportional to py(-,k — 1, ko). Hence, one arrives at the following

recursion relation,

O[kp-‘r(Ca k— 17 kO) + Cr+(C7 k— 17 ]{:0)7 k Odda

_ ¢ € 0D,
akar(Cv k— 17 kO) + 7“+(<, k— 17 kO)? k even,

pkp+<C7 ka kO) = {
(1.2.105)
where 4, € C is the proportionality constant. Taking the scalar product of both sides

with p, ((, k — 1, ko) yields the expressions for ay, k > ko + 1, in (1.2.101). Moreover,

applying (1.2.103) one obtains

Oé_k:r-l-(Ca k— 17 kO) + %p+(<7 k— 17 kO)a k Odda

¢ € 0D,
axr (¢ k=1, ko) + pi (¢, b —1,ko), K even,

pkr+(C7 ka kO) = {
(1.2.106)
and hence (1.2.39). Since p; > 0, k € Z, it remains to show that p7 = 1 — |ay|*> and

hence that |ag| < 1. This follows from the orthonormality of Laurent polynomials

{p-i-('a ka kO)}kao n L2(6D; d,u-i-(" k‘o)),

2
’akP = "akp-ﬁ-(') k— 17 kO)HLQ((’?D;du+(-,k0))
. 2
= lpep+ (-, k. ko) — id()ro (- & — 1, ko) 72 0mudpe, (ko))

= /)z +1- 2Re(<pkp+(7 ku kO)? Zd()TﬂL(J k — L kO))L2(8]D);d,u,+(~,ko)))
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= pp+1
- 2Re<(pkp+(7 ka kO)a [pkp—i-(a k7 kO) - Oékp+(‘7 k — 17 ko)])LQ(aD;du+(~,ko))>

=1—p;, kodd. (1.2.107)

Similarly one treats the case k even. Finally, using Lemma 1.2.3 one concludes that

p+(z,k,k())
T+ (z,k,ko)

) , z € C\{0}, ko € Z, is a generalized eigenvector of the operator U, ,
k>ko

defined in (1.2.33) associated with the coefficients ay, px introduced above. Thus, the
measure dp (-, ko) is the spectral measure of the operator U, y, in (1.2.31).

Similarly one proves the result for du_ (-, ko) and (1.2.102) for k < k. O

Lemma 1.2.13. Let z € C\(0DU{0}) and ko € Z. Then the sets of two-dimensional

T:‘:(z)k)ko) Sj:(Z,k,ko)

(BRI o f g S5 (PO BB (Plekb))

k =k (1.2.108)

Laurent polynomials (ﬁi(z’k’kO)) and <§i(z’k’k°)> are related by,
kZko kZko

Proof. First, we prove (1.2.108) for kg even, which by (1.2.59)—(1.2.62) is equivalent

to

(LEhm) - L (i) - (i) Jamem
z € C\(ODU{0}), k > ko, ko even. (1.2.109)

Let ky € Z be even. It suffices to show that the right-hand side of (1.2.109), tem-

porarily denoted by the symbol RHS(z, k, ko), satisfies
T(z,k+1)""RHS(2,k + 1,ko) = RHS(2,k, ko), k> ko, (1.2.110)
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ko, ko) —1
. 1 _ q+(27 0, "0 — . 1.2.111
T(z,ko+1)""RHS(z, ko + 1, ko) (s+(z, ko, ko) 1 ( )

One verifies these statements using the following equality,

T(z,k+1)""RHS(z, k + 1, ko) = RHS(z, k, ko)

C+z -1 —1 p+(Cvk+1ak0>
A CYRRVREE RN )(m(gwl’%))dM(c,ko),
ke Z. (1.2.112)

For k > ko, the last term on the right-hand side of (1.2.112) is equal to zero since
for k£ odd, T(z,k 4+ 1) does not depend on z, and for k even, by Corollary 1.2.11,
p (¢, k+1,ko) and ry (¢, k+ 1, ko) are orthogonal in L*(0D; dp (-, ko)) to span{1,(}

and span{1, (™'}, respectively. Indeed,

¢tz - 1\ (P+(CE+ 1, ko)
]({91@(—2<T(Z’k+1) P-T(Ck+1) 1) kL k0)>du+(g,ko)

_ 4 etz ! p+Ck+1ko))
_}émé—z Pr+1 ((1/2) (1/¢) ) <r+ (Ck+ 1, ko) dp+(C, ko)

o
b (o tam TG Gt
- pk1+1 fé ( (ét/(i)/;r Zp?jf kk klzo )du+ (ko) = (8). (1.2.113)

This proves (1.2.110).

For k = ko one obtains RHS(z, ko, ko) = 0 since p,((, ko, ko) = r+(C, ko, ko) = 1
By Corollary 1.2.11, p;((, ko + 1, ko) and 7, ((, ko + 1, ko) are orthogonal to constants
in L?(0D; dp (-, ko)) and by the recursion relation (1.2.17),

er(C? kO + 17 ]{30) = (C + Oék0+1)/pk0+1,
(1.2.114)

(G ko + 1, ko) = ((1/€) + Qhor1)/ Pros1-
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Thus,

(+z _ 1\ (P+(C ko + 1, ko)
f et 07 =Tk ) (0 T Yl

_ 1 —((1/¢) +2),74(C, ko + 1, ko)
— fiﬂ» Pko+1 ( (C+ (1/2), p+(C, ko + 1, ko) )dﬂ+<§, ko)
(_ (Gt 1 ko)"iQ(aw;du+(-,ko))) <_1)
- = : (1.2.115)

2
[P+ (C; ko + 1, kO)HLQ([)D;d,u+(~,k0)) 1

This proves (1.2.111).

Next, we prove that

i) =4 (Grehm) - Grohm) st

2 € C\(ODU{0}), k > ko, ko odd.  (1.2.116)

Let kg € Z be odd. We note that

is equivalent to

o)
where
Ao k) = ulz k)2, T(zk) = (192 (1)) T(z k) ((1) g) (1.2.118)

Thus, it suffices to show that the right-hand side of (1.2.116), temporarily denoted

by E]\-I/S(z, k, ko), satisfies

T(z,k+ 1) "RHS(z,k+ 1,ky) = RHS(2, k, ko), k> ko, (1.2.119)
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_ __ o, ko) 1
T(z ko + 1) RIS (2, ko + 1, ko) = (i+(z’ 0 7% ) - ( ) 1.2.120
(. Ko ) (2. Ko 0) 4+ (2, ko, ko) 1 ( )

At this point one can follow the first part of the proof replacing T by T, (fi) by
r q s
(). () (5 ).
The result for the remaining polynomials p_(z, k, ko), r—(2, k, ko), ¢— (2, k, ko), and

s_(z,k, ko) follows similarly. O

Corollary 1.2.14. Let kg € Z. Then the sets of two-dimensional Laurent polynomials

p+(2,kko) q+(z,k,ko) : ;
<Ti(z’k’k2))k2ko and (Si(z,k,k2)>kzk0 satisfy the relation
< <

(‘Ji(z’ ’ kO)) + (2, ko) (pi(z’ " k"‘))) € £%([ko, £00) N Z)?,

5+(2,+, ko) r+(2, -, ko)
z € C\(0D U {0}), (1.2.121)
for some coefficients m4(z, ko) given by
mi(z, ko) = :f:((;ko, (Uﬂ;ko + ZI)<U:I:,k0 - Z])_l(sko)E?([ko,:too)ﬂZ) (12122)
- if s (G ko) S22, 2 e C\AD (1.2.123)
b C—=z
with
oD

Proof. Consider the operator

I 0
0+ (Uppe)" +2D)((Ugpy) " — 2071, ko odd,

Clpo(2) = LI 0 (1.2.125)
0 I ((Ui,ko)—r + ZI)((U:I:JC())T - 21)717 kO even,

z € C\oD,
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on (%(Z)?. Since Cy g, (2) is bounded for z € C\dD one has

(@) o@D (), oo

(1.2.126)

Using the spectral representation for the operator Cy g, (2), Lemma 1.2.13, and equal-
ities (1.2.59)—(1.2.62) one obtains
5]90 f C +z ﬁi<C7 k: kU)
C = d k
((éko) sl ( )) o HHR) ko)

) R Gt R

]

where m(z, ko) = £ [,p dus(C, ko) EJ_F
Lemma 1.2.15. Let ko € Z. Then relation (1.2.121) uniquely determines the func-

tions m (-, ky) on C\OD.

Proof. We will prove the lemma by contradiction. Assume that there are two func-
tions m (2, ko) and m(z, ko) satisfying (1.2.121) such that m, (zo, ko) # m (20, ko)

for some zg € C\OD. Then there are A\, Ay € C such that the following vector

wi (20,7, ko)) (s (s P+ (20, ko
(w2(zo’ y ko)) = ()\1 _|_( 05 ko) + )\2 +( 0, ]{?0)) <T+(ZO, y /{0)) (1.2.128)
+ (M4 X) (giiz IZZ;) € *([kg, 00) N Z)? (1.2.129)

is nonzero and satisfies

ZOUJQ(ZO, ko, ko), ko odd,

1.2.130
WQ(Z(), k‘o, k‘o)7 k‘o even. ( )

wl(z()a kOa kO) = {

By Lemma 1.2.3, (wl(zo, k, ko)) is an eigenvector of the operator U, j, and zy €

k>ko
C\OD is the corresponding eigenvalue which is impossible since U, x, is unitary.

Similarly, one proves the result for m_(z, ko). O
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Y+ (z,k)

Corollary 1.2.16. There are solutions (xﬂz,k)

> of (1.2.17), unique up to con-
kez

stant multiples, so that for some (and hence for all) ki € Z,

Cﬁii ;) € [k, £00) NZ), 2 € C\(ODU{0}). (1.2.131)

Proof. Since any solution of (1.2.17) can be expressed as a linear combination of

3 pi(27k7k ) Qi(z7k7k ) 1 3
the polynomials (ri(zk’kg) )keZ and <8i(z’k7k3)>kez7 existence and uniqueness of the

solutions (i’ig;) follow from Corollary 1.2.14 and Lemma 1.2.15, respectively.
"/ keZ

[]

Lemma 1.2.17. Let z € C\{0} and ko € Z. Then the two-dimensional Laurent poly-
. p+(2,k,ko) g+ (2,k,ko) p—(z,k,ko—1) q—(z,k,ko—1) .
nomials (ri(z,k,kg) >kez’ <si(z,k,k2) >kez’ (r,(z,k,kgﬂ) >kez’ <s,(z,k,k2—1) ) re satisfy the

following relations for all k € Z,

(ke )= (ko) s 5 (i) nae
(Fkm o) = ) T () ne

Proof. 1t follows from Definition 1.2.4 that the left- and right-hand sides of (1.2.132)
and (1.2.133) satisfy the same recursion relation (1.2.17). Hence, it suffices to check
(1.2.132) and (1.2.133) at one point, say, the point k = k. Using (1.2.4), (1.2.5),
(1.2.17), and (1.2.58), one finds the following expressions for the left-hand sides of
(1.2.132) and (1.2.133),
(p—(Z,k‘o,k‘o - 1)) _ L(Zbﬁ), (Q—(Z, ko, ko — 1)) _ 1 <Za_ko)’ (1.2.134)
r_(z, ko, ko — 1) Pro \— bk, s_(z, ko, ko — 1) Pko \ Tkg

ko odd
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and

(p—(za k07 kO - 1)) _ L <_%) <Q—<Z7 kO? kO - 1)) _ i (a_ko) (1 2 135)
T’_<Z, /{20, kO - 1) Pko bko ’ 8—(27 kOa kO - 1) Pko \Okq 7 o
ko even.

The same result also follows for the right-hand side of (1.2.132), (1.2.133) using

(1.2.4), (1.2.5), and the initial conditions (1.2.57). O

Theorem 1.2.18. Let ky € Z. Then there exist unique functions My(-, ko) such that

(ui(zmko)) _ (Q+(Z>'7ko)> Mz ko) (m(zmko)) € 2([ky, +00) N Z)2,

vi(27'7k0) 5+(27'7k0) 7ﬁ+('z>'7k0>
2 € C\(OD U {0}). (1.2.136)
Proof. Assertion (1.2.136) follows from equalities (1.2.59)—(1.2.62), Corollaries 1.2.14

and 1.2.16, and Lemmas 1.2.15 and 1.2.17. O]

We will call ug(z, -, ko) (resp., vi(z, -, ko)) Weyl-Titchmarsh solutions of U (resp.,
UT). By Corollary 1.2.16, us(z,-, ko) and vi(z, -, ko) are constant multiples of solu-
tions 14 (z, -, ko) and x+(z, -, ko). Similarly, we will call m4.(z, ko) as well as My(z, ko)
the half-lattice Weyl-Titchmarsh m-functions associated with Uy y,. (See also [169]
for a comparison of various alternative notions of Weyl-Titchmarsh m-functions for
Ut ko-)

It follows from Corollary 1.2.14 and 1.2.16 and Lemma 1.2.17 that

M (z, ko) =my(z, ko), =z€ C\OD, (1.2.137)

M (0, ko) = 1, (1.2.138)

Re(ag,) + iIm(by, )m—(z, ko — 1)

M_ =
(Za kO) Zlm(ako) -+ Re(bko)m* (Z, kO - 1)7

z € C\oD, (1.2.139)
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Ozko—f-l

M_(0,ky) = .
<07 0) Ozko—l

(1.2.140)

In particular, one infers that M. are analytic at z = 0.
Since (1.2.136) singles out p4(z,-, ko), g+ (2, ko), 7+ (2, -, ko), and s, (z, -, ko), we

now add the following observation.

Remark 1.2.19. One can also define functions ]/\/—/\i(',ko) such that the following

relation holds

() = () + Bt (1510 € (i 2000 1 27

6i(27'7k0) S— 27'7k0) 717(27'714:(])

2 € C\(6D U {0}). (1.2.141)

Applying Corollary 1.2.16, uy(z,-, ko) and v4(z,-, ko) are also constant multiples
of Y+(z,-, ko) and x+(z,-, ko) (hence they are constant multiples of ui(z,-, ko) and
ve(z,+, ko). It follows from Corollaries 1.2.14 and 1.2.16 and Lemmas 1.2.15 and

1.2.17, that ]\/Zi(~, ko) are uniquely defined and satisfy the relations

— 4y Re(ak,) — iIm(ay,)m4 (2, ko)
M (ko = 1) = e e oty € VD (1.2.142)

M_(z, ko) = m_(z, ko), z€ C\oD. (1.2.143)

Moreover, one derives from (1.2.139) and (1.2.143) that

Ma(z, ko) = elm) +ilm(be)Me(z ko = 1) o o oy (1.2.144)
ilm(ag,) + Re(bgy ) M+ (z, ko — 1)

U:E(Z7'7k0)

In this chapter we will only use (“i(z"’k°)> and My (z, ko).
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Lemma 1.2.20. Let k € Z. Then the functions M, (-, k)|p (resp., M_(-,k)|p) are
Caratheodory (resp., anti-Caratheodory) functions. Moreover, My satisfy the follow-

ing Riccati-type equation

(2br, — bp)My(z, k — 1) My(z, k) + (2bg + bp)Ms(2, k) — (2a5 + ap)Mx(2,k — 1)

= za, —ax, z¢€ C\OD. (1.2.145)

Proof. 1t follows from (1.2.123) and Theorem A.2 that my(z, k) are Caratheodory
and anti-Caratheodory functions, respectively. From (1.2.137) one concludes that
M (z, ko) is also a Caratheodory function. Using (1.2.139) one verifies that M_(z, ko)

is analytic in D since Re(m_(z, ko)) < 0 and that

Re(M_(2, ko)) = Re (Re(ako> + ilm(bg, )m_ (2, ko — 1))

ilm(ag,) + Re(bg, )m—(z, ko — 1)
_ Re(ag, )Re(by,) + Im(ag, ) Im(bg,)
lilm(ak, ) + Re(bg,)m—(z, ko — 1)|?
_ pr,Re(m_(z, ko — 1))
 |ilm(ag,) + Re(bg,)m_ (2, ko — 1)

Re(m_(z,ko — 1))

<0. (1.2.146)

Hence, M_(z, ko) is an anti-Caratheodory function.

Next, consider the 2 x 2 matrix

@i, + /7 @ ako/z) b odd

D(z, ko) = (dpu(2, ko))é@'—l , = 1 bko — bro /2 iy + bry/2
T 2 ko F ko 2k — ak“) : ko even,
Zbk:o — bko Zbk:o + bko
z € C\{0}, ko € Z. (1.2.147)

It follows from (1.2.4), (1.2.5), and Definition 1.2.4 that D(z, ko) satisfies

p+(2,~,k0—1) q+<Z,‘,]€0—1> _ p+(2,',/{?0> Q+(Zv'7k0) Z
(TJF(Z’ ko —1) sz, ko — 1)) B (T+(Z, ko) sy(z,, k:o)) D(z, ko). (1.2.148)
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Thus, using Theorem 1.2.18 one finds

di2(2, ko) + di1(2, ko) My(2, ko — 1)
M. ko) = = . . 1.2.14
i(27 0) d2,2(27 k’o) + d2,1(27 ko)Mi(z7 ko — 1) ( 9)

O
In addition, we introduce the functions &L (-, k), k € Z, by
Mi(z,k)—1
d kY= —F—7"—""—"— C\oD. 1.2.150
One then verifies,
1 + (I)i(Z, k’)
M. k)= ———= D. 1.2.151

Moreover, we extend these functions to the unit circle 9D by taking the radial limits

which exist and are finite for pg-almost every ¢ € 0D,

My(C, k) = lim My (r¢, k), (1.2.152)

=(( k) =lmL(r( k), kEZ (1.2.153)

Lemma 1.2.21. Let z € C\(0DU{0}), ko, k € Z. Then the functions ®L(-, k) satisfy

puelehko) =k odd
u+(z,k,ko)’ ’
q):t(zu k) = {ui:(tz(,k,ko)()) L even (12154)
v+ (2,k,ko) ? ’

where uy (-, k, ko) and vy (-, k, ko) are the polynomials defined in (1.2.136).

Proof. Using Corollary 1.2.16 it suffices to assume k = ky. Then the statement follows

immediately from (1.2.57) and (1.2.150). O

Lemma 1.2.22. Let k € Z. Then the functions ®,(-,k)|p (resp., ®_(-,k)|p) are

Schur (resp., anti-Schur) functions. Moreover, ®L satisfy the following Riccati-type
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equation

(2, k — 1)@y (2, k) — Pu(2,k— 1)+ 2P (2,k) =z, ze€C\ID, k € Z.

(1.2.155)

Proof. 1t follows from Lemma 1.2.20 and (1.2.150) that the functions @, (-, k)|p (resp.,
®_(-,k)|p) are Schur (resp., anti-Schur ) functions.
Let k£ be odd. Then applying Lemma 1.2.21 and the recursion relation (1.2.17)

one obtains

b (Z ]{7) o ZU:E(Z> k7k0) _ U':I:(Zak - 1ak0) + ZO{_k”U:t(Z,k _ 17k0)
EUYT iz k ko) agus(z,k — 1 ko) + zvs(z, k — 1, ko)
_ Ou(z, k- 1)+ 2oy

= ) 1.2.156
ap®i(z,k—1)+ 2 ( )
For k even, one similarly obtains
us(z, k, ko) apus(z, bk —1,ko) +ve(z, bk —1,ko)
(I)i(Z, k) = =
ve(z, ko ko) us(z,k—1,ko) + agve(z, bk — 1, ko)
zag + P (z,k— 1)
= . 1.2.1

24+ o Py(z,k—1) ( 57)
L]

Remark 1.2.23. (i) In the special case a = {ay }rez = 0, one obtains
My(z,k) =41, &.(2,k)=0, 1/ _(2,k)=0, ze€C, keZ. (1.2.158)

Thus, strictly speaking, one should always consider 1/®_ rather than ®_ and hence
refer to the Riccati-type equation of 1/d_,

1 1 1 1

CI)_(Z,,I{Z - 1) CI)—(Z, k) + CI)_<Z, k‘) N Z@_(z)kj — 1) = Ok, z € C\8D7 k € Z7

aLRz

(1.2.159)
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rather than that of ®_, etc. For simplicity of notation, we will avoid this distinction
between ®_ and 1/®_ and usually just invoke ®_ whenever confusions are unlikely.
(i4) We note that My (z, k) and @4 (z, k), z € OD, k € Z, have nontangential limits to
0D pp-a.e. In particular, the Riccati-type equations (1.2.145), (1.2.155), and (1.2.159)

extend to 0D pg-a.e.

The Riccati-type equation for the Caratheodory function @, implies the following

absolutely convergent expansion,

Oo(z,k) =) (k)2 zeD, ke, (1.2.160)
j=1
¢+,1(k> = —Ok+1,
O+2(k) = —piy1 Trras (1.2.161)

O (k) = arsr Y bpjoe(k + Doy o(k) + 611 (k + 1), j > 3.

(=1

The corresponding Riccati-type equation for the Caratheodory function 1/®_(z, k)

implies the absolutely convergent expansion

1/® (2,k) = iu/(ﬁ,j(k)]zf, zeD, k€Z, (1.2.162)
1/¢-o(k) = ax,

1/6-1(k) = p s (1.2.163)

Vo j(k) = = p_[1/¢—jaelk = DI/ o(R)] +[1/d—ja(k = 1)), j = 2.

=

<.
[

[e=]

Next, we introduce the following notation for the half-open arc on the unit circle,

ATC((6191,6i92}) - {619 S 8D|61 < 0 S 92}, 01 c [0,271'), 91 < 62 S 91 + 2.

(1.2.164)
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In the same manner we also introduce open and closed arcs on 0D, Arc((ewl, 6i€2))
and Arc([ewl, ew?}), respectively. Moreover, we identify the unit circle 0D with the
arcs of the form Arc((e', e 2], 6, € [0, 2n).

The following result is the unitary operator analog of a version of Stone’s formula
relating resolvents of self-adjoint operators with spectral projections in the weak sense

(cf., e.g., [43, p. 1203]).

Lemma 1.2.24. Let U be a unitary operator in a complex separable Hilbert space
H (with scalar product denoted by (-, )y, linear in the second factor), f,g € H, and
denote by {Ey(C) }cean the family of self-adjoint right-continuous spectral projections
associated with U, that is, (f,Ug)y = [,p d(f, Euv(C)g)n ¢. Moreover, let 6, € [0,2m),

0, <0y <6+ 21, F € C(OD), and denote by C(U, z) the operator
CU,2) = U+ 2Ix)(U — zIy) " = Iy + 22(U — zI) ™, z€ C\o(U) (1.2.165)
with Iy the identity operator in H. Then,

(f, F(U)Ey (Arc((eiel, ewﬂ))g)H

O2+6
= lim lim d9

510 11 Jg, 15 - FE(£,CWre") g — (f.C(Ur'e")g), ] (1.2.166)

Similar formulas hold for Arc((ewl,ew?)) and Arc([ewl, ew?}).
Proof. First one notices that

C(U,re”)" = —C(U,r'e?), re (0,00)\{1}, 0 € [0,2n]. (1.2.167)
Next, introducing the characteristic function y 4 of a set A C 9D and assuming F' > 0,
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one obtains that

@ﬂDWEdAm«ﬁ%WﬂﬂﬁCWwﬁﬂﬂmEdAm«W%WﬂDﬂH

- el 2
= / d f EU )'H F(@ZQ)X(ewl Leif2] (610) 0
oD e —z
i0 1/2 e’ + 2
= [ a(FU)2x0 on (U) ., B () FU) X1 o (D)) S
oD HeW —z
z € dD (1.2.168)

is a Caratheodory function and hence (1.2.166) for g = f follows from (A.5). If F is
not nonnegative, one decomposes F' as F' = (Fy — Fy) +i(F5 — F;) with F; > 0 and
applies (1.2.168) to each F}, j € {1,2,3,4}. The general case g # f then follows from

the special case ¢ = f by polarization. O

Next, in addition to the definition of p1 and g in (1.2.59)—(1.2.62) we introduce

uy by
(2, ko) G+(2,, ko) p+(z,+ ko) 2 2
(Ui(z,-,ko)) - <Si(z,-,k0)) +m(z ko) (r+(z,.,k0)) € *([ko, 00) N Z)7,
z € C\(9D U {0}) (1.2.169)

and the functions ¢_ and w_ by

(i) = (i) om0 @ et e
z € C\(9D U {0}). (1.2.170)

One then computes for the resolvent of Uy i, in terms of its matrix representation in

the standard basis of ¢?([kg, +00) N Z),

L [Bi(z ko ko)os (2, K ko), k < K and k = K odd
<U+,k0_Z[)1(k’k/):_{p+(z’ ; O)U+(Z, , 0), < an odd,

22 | ry(z, K ko)uy(z, k, ko), K <k and k =k even,
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2z € C\(0DU{0}), ko € Z, k, k' € [kg,00)NZ, (1.2.171)

1 {?(z, ko ko)r_(z, K ko), k<K and k =k odd,

U_ ke — 2Dk E)=—
( ko z ) ( ) 2z U)_(Z, k,/7 k())ﬁ—(z7ka kO)u K <k and k = K even,

2z € C\(0DU{0}), ko € Z, k, k' € (—o0, k] NZ. (1.2.172)

The proof of these formulas repeats the proof of the analogous result, Lemma 1.3.1,
for the full-lattice CMV operator U and hence we omit it here.

We finish this section with an explicit connection between the family of spec-

tral projections of U, y, and the spectral function p. (-, ko), supplementing relation

(1.2.70).

Lemma 1.2.25. Let f,g € (P ([ko,£o0) NZ), F € C(9D), and 6; € [0,27), 6, <

0y < 61+ 2m. Then,

(f, F(Uspo) Eu , (Arc((e,€]))g) 2([ko,+00)NZ)

R (1.2.173)
= (f+(-, ko), MFMXArC((ewl’Ei92])§i('7 ko))Lz(aﬂ);dui(,yko)),
where we introduced the notation
+o0
halC ko) = Y re(C k,ko)h(k), ¢ € 0D, he (F([ko, £00) NZ),  (1.2.174)
k=ko

and Mg denotes the maximally defined operator of multiplication by the du (-, ko)-

measurable function G in the Hilbert space L*(OD; du (-, ko)),

(Mgh)(¢) = G(Oh(C) for a.e. ¢ € OD,
(1.2.175)
h € dom(Mg) = {k € L*OD; dps (-, ko)) | Gk € L*(OD; dps (-, ko))}.

Proof. 1t suffices to consider U, g, only. Inserting (1.2.171) into (1.2.166) and observ-

ing (1.2.169) leads to

(f, F(Us ko) B, (Arc( (€,e™]))g) 22 (ko,00)NZ)
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Y L d9 ) '
= lim lim e Z Z f(k C(Uy g, m€") (k. )

k=ko k'=

— C(Uqp g, ") (K, )

T NS I 0\~ (i
:Z (k){ Z g(k')lg{gllgglg/el o F (") py (e, k, ko)

k=ko ko<k'<k +6

X Ty (eig, k', ko) [me (rew, ko) —my (r’lew, ko)]

1 [t N i
Z g(k)léff}liﬁﬂ/@ dQF(e )p+(e ,k,ko)

146

X Ty (ew, k', ko) [me (Tew, ko) —my (T_lew, ko)] }
(1.2.176)

Here we freely interchanged the 6-integral with the sums over k and &’ (the latter are
finite) and also replaced p (rﬂew, k, k:o) and 7, (rﬂew, k, ko) by pi (ew, k, ko) and

Ty (ew, k, ko). The latter is permissible since by (A.16),

|(1 = r*")Re(my (r™'e”))] = O1), [(1—r™)Im(my(r*'e”)) | = 0(1)
(1.2.177)
Finally, since py((,k, ko) = r4(C Kk, ko), ¢ € 9D by (1.2.63) and m, (re?? ky) =

—my (2e, ko) by (A.19), one infers

(f, F(Uy ko) Ev,,, (Arc((e™, eieﬂ))g)zz([ko 0)NZ)

240 dp ,
:Z Zf 1;{6117}%1 . o F( ) ( Lk, ]{ZO)T+( k,ko)

k=ko k'= b1+5 <7
x Re(m (re”, ko))
=3 ST [ () PR ()
k=ko k'= (91:92]

- ]du+<ew, ko) F ()73 (o R0 (¢, 1)
01,02
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= (f+('7k0)’ MFM

XArC((eial 1ei@g])/g\-l-(-, k0>)L2(3D;du+(-,k‘o))’ (12178)

interchanging the (finite) sums over k and k" and the du(-, ko)-integral once more. [

Finally, this section would not be complete if we wouldn’t briefly mention the
analogs of Weyl disks for finite interval problems and their behavior in the limit
where the finite interval tends to a half-lattice. Before starting the analysis, we note
the following geometric fact: Let p,q,r,s € C, |p| # |r|. Then, the set of points

m(0) € C given by
q+ se®
p+ret’

m(f) =

0 € [0,27), (1.2.179)

describes a circle in C with radius R > 0 and center C' € C given by

\qr — ps| s P qr—ps
R= ——— C=—-=-— - 1.2.180
FEECE r PP (1.2.180)

To introduce the analog of Uf?ko and (U(s) )T on a finite interval [ko, k1] N Z, we

+,ko

(s

choose ay, = €', ay, 1 = €1, 59,51 € [0,27). Then the operator U o) splits into a
0 ’ 1+ p +,ko

direct sum of two operators UEZSZR and U

+,k1+1
(s0) __ tr(s0,81) (s1)
U+,Oko - U[kg,kh ©® U+,1k1+1 (1.2.181)

acting on *([ko, k1) N Z) and ¢*([ky + 1,00) N Z), respectively. Then, repeating the

(s0,51).

proof of Lemma 1.2.3 one obtains the following result for the CMV operator [U[ko,kl].

v (45)) == (1)), secvw) 12182

is satisfied by (Zgjg)ke[k o such that
0,~1
U(Z, k) _ U(Z,k’— 1)
(v(z,m) =&k (v(z,k:— ) keko+LmINZ, (1.2.183)



iso k ko odd
w(z, k) = 4 7€ vz ko), ko odd, (1.2.184)
e "ou(z, ko), ko even,
—e's1 k ky odd
w(z k) =14 © _Z(Z’ Dy kodd, (1.2.185)
—ze "w(z, k1), kp even.

To simplify matters we now put so = 0 in the following. Moreover, we first treat the

case ko even and k; odd. Then (fifj::gg) satisfies (1.2.183) and (1.2.184) and hence

there exists a coefficient m s, (2, k1, ko) such that
q+(z,k,k0) p+(2,k, kO)

satisfies (1.2.185). One computes

qu(Za kla kO) + 8+(Z, kla k0)6i81
P+ (2, ki ko) + 14 (2, K, ko)etst

m+751(z,k‘1,k30) = — (12187)

By (1.2.179), this describes a (Weyl-Titchmarsh) circle as s; varies in [0, 27) of radius

R(Z k ) _ ’qu(Zakluk'O)rJr(Zu kluko) _p+<z7khkO)SJr(zuk'lak'O))‘
y vl) —

“P+(Z,k1»k’o)|2 = |re(z, K, ko)m
2

B ‘|p+(z, ki, ko)|? — |r+(z,k:1,k:0)|2‘

() (k) -2 a2

if ko is even and k; is odd (cf. also (1.3.3)).

(1.2.188)

since

Thus far our computations are subject to |p, (z, k1, ko)| # |ro(z, k1.ko)|. To clarify

this point we now state the following result.

Lemma 1.2.26. Let z € C\(0D U {0}) and ko, ky € Z, ky > ko. Then,

k1 2 2
- ‘p (Zak17k0>| - ‘7’ (Zakl-k0)| ) kl 0dd7
(1= 2)21p+<z,k,ko)|2—{ P SN
li—ko i (2, k1 ko) | = [2] 72 [p (2, k1, ko) %, Ka even.
(1.2.190)
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Proof. Tt suffices to prove the case k; odd. The computation

kl kl

Z Z ‘p+(za k7 k0>|2 = Z (U+,k0p+(zu ) kO))(k)p+<Z7 k7 kO)

k=ko k=ko

ki—1

- Z (V+,k0W+,kop+<z7 > ko))(k))p.,_ (Za ka kO) + E|p+(z, kly k0)|2
k=ko
k1—1

=Y Wikopi (2, ko)) (R) (VT gy (2, ko)) () + Zlps (2, ko, o)
k=kg

k1

= Zp+(2, K, ko)( i,kOVi,koer(Z, ko)) (k)

k=ko

— (Wikop+ (2, o)) (k1) (Vi 0 (2, ko)) (k) + ZIps (2, Ky, Ko )l

k1
= Z p-i-(zv ka ko)(Ui7kop+(Z? "y ko))(l’f) - 2’7’4_(2, kl? kU))P +§‘p+(27 kl? kU)P

k=ko
k1
=z! Z o (2, k, ko)|? — Z|ry (2, kr, ko)) |+ Z|p (2, k1, ko) | (1.2.191)
k=ko
proves (1.2.190) for k; odd. O

A systematic investigation of all even/odd possibilities for ky and k; then yields

the following result.

Theorem 1.2.27. Let z € C\(0D U {0}) and ko, k1 € Z, ky > ko. Then,

k1,k k1,ko)es1
g+ (z.k1,ko) 54 (2,k1,ko)e ki odd,

_ P+ (2,k1,k0)+7+ (2,k1,ko)e™*1 7
Met51 (2, k1, ko) = { 2" 'qy (2,k1 ko) +s4 (2.k1,ko)e "1

- 2= 1py (2,k1,ko)+r4 (2,k1,ko)e 1)

(1.2.192)
ki even

lies on a circle of radius

2|z|, ko odd, ki odd,

k1 -1
2 ko even, ki odd
R(z by ko) = |[1— |22 2k 2] , o even, ky odd,
(= k1. ko) [‘ 21 {];k()|p+( 1 o)l 2, ko odd, k, even,
2z|7Y, ko even, ky even
(1.2.193)
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with center

( _S+(ka11k0) _ p+(zvk1)k0)
r+(2,k1,k0) r4(z,k1,ko)
2z
X
[Pt (2.1 ko) P~y (zoFn ko) 2 ko odd, ky odd,
_5+(zvk17k0) _ p+(Z,kJ1,k‘0)
r+(2,k1,ko) r+(2z,k1,ko)

2
X s Gk ko) =y (ko ko) 2 ? ko even, ki odd,

Cl(z, k1, ko) = R 1.2.194
( 1 O) _s+(z,k1,k’0) o Z_1P+(Z7k17k0) ( )
7+ (2,k1,k0) r+(2,k1,k0)
-2
X T AR Gk ko odd, ky even,
_S+(Z,k1,k0) _ Z_lp"r(zvklvko)
4 (2,k1,k0) r+(2,k1,k0)
—9z—1
X GRR P T GRRE Ko even, ki even.
In particular, the limit point case holds at +oo since

k1 Too
Proof. The case ky even, k; odd has been discussed explicitly in (1.2.186)—(1.2.190).
The remaining cases follow similarly using Lemma 1.2.26 for k; even and the Wronski
relations (1.3.3). Relation (1.2.195) follows since p, (z,-, ko) & €*([ko,0) NZ), z €
C\(0DU{0}). The latter follows from (U, x,p(z, -, ko)) (k) = zp4(z, k, ko), z € C\{0},

in the weak sense (cf. Remark 1.2.6) and the fact that U, j, is unitary. O]

1.3 Weyl-Titchmarsh Theory for CMYV Operators
on Z

In this section we describe the Weyl-Titchmarsh theory for the CMV operator U on
Z. We note that in a context different from orthogonal polynomials on the unit circle,
Bourget, Howland, and Joye [25] introduced a set of doubly infinite family of matrices
with three sets of parameters which for special choices of the parameters reduces to

two-sided CMV matrices on Z.
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We denote by

(k) Ciig)) = (k) wEke)). as

ke Z,

the Wronskian of two solutions <ZI((EZS))> and (Zig:g;) of (1.2.17) for z € C\{0}.

Then, since

det(T'(z,k)) = -1, ke€Z, (1.3.2)

it follows from Definition 1.2.4 that

v ((Z;ig ll: :3) (22222;)) = (=" {zz Zz ijn (1.3.3)
(e () oo G e, 0

z € C\{0}, k € Z.

Next, in order to compute the resolvent of U, we introduce in addition to p; and ¢4

in (1.2.59)—(1.2.62) the functions uy by

(ﬂi(zmko)) _ (511(2;'7/{70)) Mo (2 o) (251(2;'7/{?0)) € 2((ky, £00) NZ)2,

vi(zv'7k0) S+(Z,',k0) 7n+(27'7k0>

2 e C\(AD U {0}). (1.3.5)

Lemma 1.3.1. Let z € C\(0DU{0}) and fix ko, k1 € Z. Then the resolvent (U—z1)~*
of the unitary CMV operator U on (*(Z) is given in terms of its matrix representation

in the standard basis of (*(Z) by

(-1
v () (e )
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{u_(Z, k,ko)vi(z, K ko), k <k andk =Fk odd, kK €7, (1.3.6)

v_(z, K ko)uy(z,k, ko), k' <k and k =Kk even,
-1
22[M (2, ko) — M_(z, ko)]
u_(z,k, ko)vy(z, k' ko), k <k andk =Fk odd,
{v_(z, K ko)us(z,k ko), K <k and k =Kk even,

k. k' €7, (1.3.7)

where

w (G (o)) = e (Gt i)

2z, ko odd,
= (=1)"[M (2, ko) — M_(2, ko)] { ’ (1.3.8)
2, ko even,
and
ﬂ+(z,k1,k0) ﬂ_(z, ]{Jl,ko) L
w =2(—1)"[ My (2, ko) — M_(z,ko)]. (1.3.9
() (re)) =20 D) < M)l (139
Moreover, since 0 € C\o(U), (1.3.6) and (1.3.7) analytically extend to z = 0.
Proof. Denote
(2, k, K Kk k<K, k=F odd
w(z, k, k' ko) = u-(z,k, koJui (2, o),k <K, R (1.3.10)
uy(z,k, ko)v_(z,k ko), kK <k, k=K even,

kK ky € Z.
We will prove that

— ! (kL ui(z, k' ko) u_(z, K, ko)
(U = zDw(z,, k' ko) = (=1)" Tz det <(v+(z, Ko ko) v (2 K ko) opr, (1.3.11)

K ko €Z,

and hence, using (1.3.2), one obtains

_ R VRt uy(z, k1, ko) u_(z, ki, ko) /
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k’/, ]{?0, ki € 7. (1312)
First, let kg € Z and assume k' to be odd. Then,

(U = zDw(z, - K ko)) () = (VW = zD)w(z,-, K, ko)) (£) = 0,

(e Z\{K K + 1} (1.3.13)

and

(U = zDw(z, k:’ , ko)) VW — zlw k’ ko))(k’ +1)

( (U —zlw(z, -, K ko)) k/+ 1 ) ( (VW — zI K ko)) (K )
, ( (02, o) (2, o)
K417 ( (k

((
LK oo (o o)) g’l)_z( <(kﬁf:i))

. (zk:’k;) uy(z, K, k:o v+zk/k:0 (2, K, ko)
R zk’+1k (2, K ko)us (2, K 4 1, ko)

dot (z k‘ ko) u_(z, k' ko)
S AR CHEN ko v (2, K ko) (1.3.14)
Next, assume &’ to be even. Then,

(U = zDw(z,, K ko)) (€) = (VW — zD)w(z, -, k', ko)) (£) = 0,

0 e Z\{K —1,k'} (1.3.15)

and

<((U —zDw(z, - K ko)) (K — 1)> _ (((VW —zDw(z, - K ko)) (K — 1)>
(U = zDw(z, -, k', ko)) (k") (VW = zDw(z, -, k', ko)) (k")
0. (v (z, K ko)v_(z,-, ko)) (K — 1) . w(z, k' — 1,k ko)
— ( (0 (2, K, o)y (2, - ko) (K ) ( w(z, K, o) )
(s u_(z, k' — 1, ko) [+ K ko)u—_(z, k' — 1, ko)
= 204 ’k’ko)( u_(z, k', ko) ) ( v_(z, K ko)uy (2, K ko) )
0

=z —det U+(Z,k’/,k’0) U_(Z,k/,ko) . (1316)
U+(Z, klakO) U,(Z,k/,/{}o)
Thus, one obtains (1.3.11). O
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Next, we denote by dQ(-, k), k € Z, the 2 x 2 matrix-valued measure,

Qo(C k) D€, k)
(¢, k) = d (szl,o@, K) Q0(C, k))

— (5k71>EU(C)5k,1)g2(Z) <5k1’EU(<)5k)Z2(Z))
- ( 0k, Eu(Q)0r-1)2zy  (On, Eu(Q)Ok)e2zy ) ¢edb, (1.3.17)

where dFEy () denotes the operator-valued spectral measure of the unitary CMV op-

erator U on (*(Z),
U:% dEy(C)C. (1.3.18)
oD

We note that by (1.3.17) d€ (-, k) and d€2;1(-, k) are nonnegative measures on 0D
and d€ (-, k) and dQ o(-, k) are complex-valued measures on 9D.

We also introduce the 2 x 2 matrix-valued function M(-, k), k € Z, by

[ Moo(z, k) Moa(z, k)
M(z, k) = (MLO(z,k:) M (2, k”)>

_ ((5k_1, (U + Z])(U - 21)71(%_1)52(2) (5k—17 (U + Z])(U — Zf)lék)p(z)>
(0, (U 4+ 2I)(U — Z[)flék_l)p(z) (0, (U 4+ 2I)(U — Z])fl(gk)p(z)

:7{ a0k 2 e C\oD. (1.3.19)
D C—z2
We note that,
MO,O('7 k’ + 1) - M171(', k), k € Z (1320)
and
My (2, k) = (0, (U + 2D)(U — 2I) " 6k) 2z (1.3.21)
_ ]{ AR SE L eC\oD, kez, (1.3.22)
D C—z2
where
d1(¢, k) = d(6k, Eu(Q)0k)2(zy, ¢ € OD. (1.3.23)
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Thus, My o|p and M ;|p are Caratheodory functions. Moreover, by (1.3.21) one infers
that

Mii(0,k)=1, kez (1.3.24)

Lemma 1.3.2. Let z € C\OD. Then the functions My(-, k) and My(-,k), k € Z,

satisfy the following relations

[a_k - EM-‘:-(Z? k)] [ak + bkM—(zv k)]

M, k)=1 1.3.2
W G VA ] (132
1 — M (z,k)M_(z,k)
M k) = 1.3.26
W = N Gk - M=) 1520)
([L— M. (2, k)@ — beM_(2, k)],
—1 k odd
Mo(z, k) = (1327
010 = L) — MG )] | (14 Moo R+ M (o)), )
L k even,
([1+ My (2, k)][ay, + b M_(z, k)],
—1 k odd
Mo(2, k) = ) _ (1328
W) = LG R MG R | (- M, (e Bl — B (e )],
L k even.
Proof. Using (1.2.4), (1.2.5), (1.2.17), and (1.2.57) one finds
y _
b
1 ’“) ko odd,
<p+(z, ko —1, ko)) _ )7\ e (1.3.29)
T+(Z, kfo — 1, k’o) L bk()) 0.
— 2], ko even,
Pkq ko
\
(
o ’“) ko odd,
(qu(Zv kO - 17 ko)) — ’ ko (1 3 30)
5+(Z, ko — 1, ko) . (kg > 0.
— , ko even.
Pkg a_ko
\

It follows from (1.3.19) that

My (2, ko) = 00 + 22 (Opgre—1, (U — ZI)_15k0+e'—1)g2(Z)
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=0 +22(U — 21) Mko + £ = Lkg+ £ = 1), £, =0,1. (1.3.31)

Thus, by Lemma 1.3.1 and equalities (1.2.57), (1.2.136), (1.3.29), and (1.3.30), one

finds

1 — M (2, ko)1 + M_(2, ko)]
22[M (2, ko) — M_(2,ko)]
[y — by M (2, o) [y + b M- (2, o))
22p5 [M(2, ko) — M_(2, ko)] ’
(1 — M (z, ko)|[@ry — br,M_ (2, ko)], ko odd,
1+ My (z, ko)][ar, + broM_(2,ko)], ko even,
220 (M- (2, ko) — M_(2, ko)] ’
(1.3.34)
[1 4+ M. (z, ko)l[ar, + broM—(2, ko)], ko odd,
[1 — M. (2, ko)|[@rg — bro M- (2. Ko)], ko even,
22pky [ M (2, ko) — M_(2, ko) ’

(U — 2I) ko, ko) = [

(1.3.32)

(U —=2D)" (ko — 1,kg— 1) =

(1.3.33)

(U — 21) " (ko — 1, ko) = — {

(U = 2I) ko, ko — 1) = —{

(1.3.35)
and hence (1.3.25)—(1.3.28). O
Finally, introducing the functions ®, (-, k), k € Z, by
By (2, k) = % € C\OD, (1.3.36)
then,
My (2, k) = %, + € C\OD. (1.3.37)

Both, M (z,k) and ®,4(z, k), z € C\OD, k € Z, have nontangential limits to 0D

Mo-a.e.

Lemma 1.3.3. The function ®141|p is a Schur function and ®;, is related to @1 by

®
Oy (2, k) = q>+§j :; 2 € C\OD, k € Z. (1.3.38)
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Proof. The assertion follows from (1.2.150), (1.3.36) and Lemma 1.3.2. O

Lemma 1.3.4. Let ( € 0D and kg € Z. Then the following sets of two-dimensional

Laurent polynomials {P(C, k, ko) }rez and {R((, k, ko) }kez,

(L “Pko  Pko q+(C, k. ko) ko odd,
Po<§,k:,ko>> )\ bk @k ) \pe (G R ko)

Pi(C, k, ko) 1| Pko q+ C k. ko ko even,
2 _bko 0

P((, k, ko) = (

\

N[

Rl (Ca ka ko)

N[ =

( ( Pko
—b
R(C7 kf, kfo) — (R0(<7 k’ ko)) — kO
_ﬁﬁo Pko S+(Cvk7 kO
. bkg 7"+(<, ka kO
form complete orthonormal systems in L*(0D;dQ(-, ko)) and L2(0D;dQ(-, ko)), re-
spectively.

Proof. Consider the following relation,

UTo=> U'(j,k)s; =Y Uk, j)d;, keL. (1.3.41)

JEZ JEZ

By Lemma 1.2.2 any solution u of

u(z k ko) =Y Uk, j)u(z,j, k), k€L (1.3.42)

JEZ

is a linear combination of p,(z, -, ko) and ¢, (z, -, ko), and hence, (1.3.42) has a unique

solution {u(z, k, ko) }rez with prescribed values at kg — 1 and ko,
U(Z, " ]{Zo) = Po(Z, ° ko)U(Z, ko — 1, ]{70) + P1<Z, ) ko)U(Z, ]{Zo, ]{Zo) (1343)

Due to the algebraic nature of the proof of Lemma 1.2.2 and the algebraic similarity

of equations (1.3.41) and (1.3.42), one concludes from (1.3.43) that
6 = Po(UT ke ko)oro—1 + PL(UT k, ko), K € Z. (1.3.44)
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Using the spectral representation for the operator U one then obtains

PyUT k, ko) = fém dEyv(C) Po(C, ky ko), £=0,1 (1.3.45)

and by (1.3.44),

1
Orsd)eey = D (PUUT ks ko) o1, Po(UT K, i) so )

(7
£,0/=0 @

- ;gDP«,k,WdQ(c, ko) P(C K o). (1.3.46)

Similarly, one obtains the orthonormality relation for the two-dimensional Laurent
polynomials {R((, k, ko) }rez in L*(OD; d)(-, ko).

To prove completeness of { P((, k, ko) }xez we first note the following fact,

i (). (5).0)- O,
= span { <20k) , (fk) }kez, ko € Z. (1.3.47)

This follows by investigating the leading coefficients of p, (z, k, ko) and ¢, (z, k, ko).
Thus, it suffices to prove that {(C(;C), (C(L )} form a basis in L%(0D;dQ(-, ko) ")
keZ

for all ky € Z.

Let ky € Z and suppose that F' = <§2> € L2(0D;dS)(-, ko)) is orthogonal to

{ <Ccf ) ) <<9“ ) }kez in L2(0D; dQ(-, ko) T), that is,

0= ff?m (" 0)dACK) Q) = § CFLfo(Od(C: ko) + Fi(Od0(C: ko)

(1.3.48)

o—ng (0 ¢*) dQ(C, ko) ' F(C) = amﬁ[f()(g)d(zo,l(c,ko)+f1(C)d91,1(§,k0)]

(1.3.49)
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for all k € Z. Hence (cf., e.g., [44, p. 24]),

JodQ0,0 + f1d€1,0 = 0, (1.3.50)

JodQ0,1 + f1d€21; = 0. (1.3.51)

Multiplying (1.3.50) by fo and (1.3.51) by f; then yields

|f0|2dQO,O + %fldgl,o + EdeQO,l + |f1|2dQ1,1 =0 (1.3.52)
and hence
IF oo = PO ARG k) TF(Q) =0 (1.3.53)

Similarly, one proves completeness of {R((, k, ko) bxez in L2(OD; dQ(+, ko)). O
Denoting by I, the identity operator in C?, we state the following result.

Corollary 1.3.5. Let kg € Z. Then the operators U and U' are unitarily equivalent
to the operator of multiplication by Iyid (where id(¢) = ¢) on L*(0D;dQ(-, ko)) and

L2(0Dy; dQ(-, ko) "), respectively. Thus,
a(U) = supp (d(-, ko)) = supp (d2" (-, ko)) = supp (d2(- ko) ") = o(UT), (1.3.54)
where
dQY (-, ko) = dQ0(, ko) + dQ11 (-, ko) (1.3.55)
denotes the trace measure of d€)(-, ko).

Proof. Consider the linear map U from £°(Z) into the set of two-dimensional Laurent

polynomials on 0D defined by,

UHEC) =D R(Ck ko) f(k), [e€LX(Z). (1.3.56)

kEZ
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A simple calculation for F(¢) = (UFf)(C), f € €°(Z), shows that

SUFGIP = § F(Q)aACk)F(C) (1357

kez oD

Since (3°(Z) is dense in ¢*(Z), U extends to a bounded linear operator U: (*(Z) —

L*(0Dy; dQ(+, ko)). By Lemma 1.3.4, U is onto and one verifies that

U F)(k) = ]4 R(C, K, ko) dSAC, ko) F(C). (1.3.58)

oD
In particular, U is unitary. Moreover, we claim that ¢ maps the operator U on
(*(Z) to the operator of multiplication by id(¢) = ¢, ¢ € 9D, denoted by M (id), on

L*(0D; dQ(-, ko)),

UUU™' = M(id), (1.3.59)
where
(M(id)F)(¢) = CF(¢), F € L*(0D;dS)(-, k). (1.3.60)
Indeed,
UUUTIF())(C) = UUF())(C)
=Y (UFO)R)R(C K ko) = > (UTR(C, - ko)) (k) f (k)
=Y CR(( k ko) f(k) = (F(C)
= (M@Gd)F(-))(¢), F € L*(0D;d(-, k)). (1.3.61)
The result for the operator U is proved analogously. [
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Finally, we note an alternative approach to (a variant of) the 2 x 2 matrix-valued

spectral function Q(-, ko) associated with U.

First we introduce Mv(z, k), z € C\OD, k € Z, defined by

M(z, k) =

PEY  kodd,
ag

Pk
], keven,
Qg

1 M4 (z,k)+M_(z

1 i k) 1
B M GR-M GR T sm (o) ML kM _(E) T ERG(O‘k)>

1 M4 (z,k)+M_(z,k) 1 My (z,k)M_(z,k) i
—oan R — ahe(ar) LGRS sIm ()

z € C\OD, k € Z. (1.3.62)

Clearly, M(-, k), and hence, Mv(, k), k € Z, are 2 x 2 matrix-valued Caratheodory

functions. Since by (1.3.19) M(0,k) = I, k € Z, one computes

— L pR 4ok —2iIm(o)\ o .
M(0,k) = 1 (2@'Im(0zk) 2+l ) = (M0, k)", k€Z (1.3.63)
Hence, the Herglotz representation of M (+, k) is given by
~ ~ C+=z
M(z, k) = dQ(¢, k) =2 2 € C\0D, k€ Z, (1.3.64)
oD -

where the measure dﬁ(-, k) can be reconstructed from the boundary values of the

—

function Re(M(-, k)) via

~ . . 1 02+0
Q((ewl, 6192] , k) = lim lim —/ de
510 11 27 0146
1 i M. (re?® k)+M_(re? k)
Re <M+(reie,k)—M,(reio,k)> §Im < - )

M4 (reif k)—M_(ret? k)
_lIm My (re*? k) +M_(re?? k)
2 M4 (reif k)—M_(ret? k)

(1.3.65)

M4 (re?® k)M_(re? k) ’
—Re (M;r(reie,k)—M,(rew,k))
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0, € [0,277'), 0, < 6y < 6, + 2m, k € Z.
Finally, the analog of Lemma 1.2.25 in the full-lattice context reads as follows.

Lemma 1.3.6. Let f,g € {(X(Z), F € C(0D), and 6, € [0,27), 0; < 02 < 6, + 2.
Then,

(f, F(U) By (Are((e™, ew?}))g)ﬁ(z)

R (1.3.66)
= (/- ko), MFMXArc«eiﬁ,eiGz])g(" ko))LQ(f’)D;dﬁi(-,ko))’
where we introduced the notation
T S+<C7 k? kO)
= D (7 1.3.
k) =30 (¢ A, ¢, he @), (13,67
kez

and Mg denotes the maximally defined operator of multiplication by the d@(-,ko)—

measurable function G in the Hilbert space L2(OD; d)(-, ko)),
(Mgh)(¢) = G(QOh(C) for a.e. ¢ € OD,
(1.3.68)
h € dom(Mg) = {k € L*(0D;dQ(-, ko)) | Gk € L*(OD;dS)(-, ko)) }
Using Lemma 1.2.24, (1.2.63), (1.2.64), (1.2.169), and (1.3.7) one can follow the

proof of Lemma 1.2.25 step by step and so we omit the details (cf. also Theorem

3.2.12).

Finally, Weyl-Titchmarsh circles associated with finite intervals [k_, k,] N Z and
the ensuing limits k+ — +oo can be discussed in analogy to the half-lattice case at
the end of Section 1.2. Without entering into details, we mention that U is of course

in the limit point case at 4-o0o.
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Chapter 2

A Borg-Type Theorem Associated
with Orthogonal Polynomials on
the Unit Circle

2.1 Introduction

The aim of this chapter is to prove a Borg-type uniqueness theorem for a special
class of unitary doubly infinite five-diagonal matrices (cf. (1.1.1)) introduced in the
previous Chapter. The corresponding unitary semi-infinite five-diagonal matrices
were first introduced by Cantero, Moral, and Veldzquez (CMV) in [28]. In [171, Sects.
4.5, 10.5], Simon introduced the corresponding notion of unitary doubly infinite five-
diagonal matrices. We note that in a context different from orthogonal polynomials
on the unit circle, Bourget, Howland, and Joye [25] introduced a set of doubly infinite
family of matrices with three sets of parameters which for special choices of the
parameters reduces to two-sided CMV matrices on Z.

We now turn to Borg-type uniqueness theorems. From the outset, Borg-type the-
orems are inverse spectral theory assertions which typically prescribe a connected

interval (or arc) as the spectrum of a self-adjoint (or unitary) differential or difference
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operator, and under a reflectionless condition imposed on the operator (one may think
of a periodicity condition on the (potential) coefficients of the differential or differ-
ence operator) infers the explicit form of the coefficients of the operator in question.
Typically, the form of the coefficients determined in this context is fairly simple and
usually given by constants or functions of exponential type.

Next, we briefly describe the history of Borg-type theorems relevant to this chap-
ter. In 1946, Borg [24] proved, among a variety of other inverse spectral theorems, the
following result for one-dimensional Schrodinger operators. (Throughout this chapter
we denote by o(+) and oess(+) the spectrum and essential spectrum of a densely defined

closed linear operator in a complex separable Hilbert space.)

Theorem 2.1.1 ([24]).
Let ¢ € L .(R) be real-valued and periodic. Let H = —% -+ q be the associated

loc

self-adjoint Schridinger operator in L*(R) and suppose that
o(H) = leg,00) for some ey € R. (2.1.1)

Then q is of the form,

q(z) = ey for a.e. z € R. (2.1.2)

Traditionally, uniqueness results such as Theorem 2.1.1 are called Borg-type theo-
rems. However, this terminology is not uniquely adopted and hence a bit unfortunate.
Indeed, inverse spectral results on finite intervals in which the coefficient(s) in the un-
derlying differential or difference expression are recovered from two spectra, were also

pioneered by Borg in his celebrated paper [24], and hence are also coined Borg-type
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theorems in the literature, see, for instance, [127], [128].
A closer examination of the proof of Theorem 2.1.1 in [30] shows that periodicity
of ¢ is not the point for the uniqueness result (2.1.2). The key ingredient (besides

o(H) = [eg,00) and ¢ real-valued) is the fact that
for all z € R, (A, ) = 1/2 for a.e. X € geg(h). (2.1.3)

Here (A, ), the argument of the boundary value g(A+ 0, x) of the diagonal Green’s
function of H on the real axis (where g(z,7) = (H —zI)"!(z,2), z € C\o(h), z € R),

is defined by

E\z)=7"" lilng Im(In(g(A +ie,z))) for a.e. A € R and all x € R. (2.1.4)

Real-valued periodic potentials are known to satisfy (2.1.3), but so do certain
classes of real-valued quasi-periodic and almost-periodic potentials ¢. In particular,
the class of real-valued algebro-geometric finite-gap KdV potentials ¢ (a subclass of
the set of real-valued quasi-periodic potentials) is a prime example satisfying (2.1.3)
without necessarily being periodic. Traditionally, potentials ¢ satisfying (2.1.3) are
called reflectionless (see [31], [30] and the references therein).

The extension of Borg’s Theorem 2.1.1 to periodic matrix-valued Schrodinger
operators was proved by Dépres [39]. A new strategy of the proof based on exponential
Herglotz representations and a trace formula (cf. [76]) for such potentials, as well as
the extension to reflectionless matrix-valued potentials, was obtained in [30].

The direct analog of Borg’s Theorem 2.1.1 for periodic Jacobi operators was proved

by Flaschka [51] in 1975.
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Theorem 2.1.2 ([51]).
Suppose a = {ay}trez and b = {by}rez are periodic real-valued sequences in (>°(7)
with the same period and a, > 0, k € Z. Let H = aSt +a~ S~ + b be the associated

self-adjoint Jacobi operator on (*(Z) and suppose that
o(H)=[E_,Ey] for some E_ < E,. (2.1.5)
Then a = {ag }rez and b = {by}rez are of the form,
ar=(Ey — E_)/4, by=(E_+E.)/2, keZ. (2.1.6)

Here S* denote the shift operators (Sf)(n) = f(n+1),n € Z, f € {*(Z).

The extension of Theorem 2.1.2 to reflectionless scalar Jacobi operators is due to
Teschl [182, Corollary 6.3] (see also [183, Corollary 8.6]). The extension of Theorem
2.1.2 to matrix-valued reflectionless Jacobi operators (and a corresponding result for
Dirac-type difference operators) has recently been obtained in [32].

The following very recent result of Simon is the first in connection with orthogonal

polynomials on the unit circle.

Theorem 2.1.3 ([171], Sect. 11.14).

Suppose a = {ag}rez C D is a periodic sequence. Let U be the associated unitary

CMV operator (2.2.1) (cf. also (1.2.10)) on ¢*(Z) and suppose that
o(U) = OD. (2.1.7)
Then a = {ag trez is of the form,
=0, kel (2.1.8)
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We will extend Simon’s result to reflectionless Verblunsky coefficients correspond-
ing to a CMV operator with spectrum a connected arc on the unit circle in our
principal Section 2.5.

In Section 2.2 we prove an infinite sequence of trace formulas connected with
CMYV operators U using Weyl-Titchmarsh functions (and their exponential Herglotz
representations) associated with U. Section 2.3 proves certain scaling results for
Schur functions associated with U using a Riccati-type equation for the Verblunsky
coefficients .. The notion of reflectionless CMV operators U is introduced in Section
2.4 and a variety of necessary conditions (many of them also sufficient) for U to be
reflectionless are established. In our principal Section 2.5 we extend Simon’s Borg-
type result, Theorem 2.1.3, from periodic to reflectionless Verblunsky coefficients,
and then we prove our main new result, a Borg-type theorem for reflectionless CMV

operators whose spectrum consists of a connected subarc of the unit circle 9.

2.2 Trace Formulas

In this section we discuss trace formulas associated with the CMV operator U on
(*(Z). We freely use the notation established in Chapter 1 and Appendix A.
As discussed in (1.2.6)—(1.2.10), the unitary CMV operator U on ¢*(Z) can be

written as a special five-diagonal doubly infinite matrix in the standard basis of £*(Z)
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(cf. [171, Sects. 4.5, 10.5 ]) as,

0 —aop-1 —@-1og —aipo  Pop1 O
U= p-1po Q-1po  —GoQ1  Qopi 0 . (2.2.1)
0 —Qpp1 —0jQy —Q3pP  Pap3
O pip2  Qipe  —apaz azpy 0

Here terms of the form —agay. 1, k € Z, represent the diagonal entries in the infinite
matrix (2.2.1), specifically, —aray1 is the (k, k) diagonal entry. The half-lattice (i.e.,
semi-infinite) version of U was first introduced by Cantero, Moral, and Veldzquez [28].

Next, we recall the half-lattice Weyl-Titchmarsh functions My (-, k) associated
with U (cf. (1.2.136)—(1.2.140)) and the Caratheodory function M (-, k) in (1.3.21).
By Theorem A.4 and the fact that M;;(0,k) = 1 by (1.3.24), one then obtains for

the exponential Herglotz representation of M (-, k), k € Z,

—iln[iMa (2, k)] = i RGENGE k)%, ceD, (2.2.2)
0<71(¢ k) <7 for pp-a.e. ¢ € OD. (2.2.3)

For our present purpose it is more convenient to rewrite (2.2.2) in the form (k € Z)

In[M; (2, k)] = i 7@ (O k:)g h z 2 €D, (2.2.4)
— /2 <E11(¢, k) < m/2 for pp-a.e. ¢ € OD, (2.2.5)
where
E1(C k) = 1:%111 Im[In(M1(r())] (2.2.6)
= T1,1(<7 k) — (7T/2) for Mo-a.€. C S oD. (227)
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We note that M; 1(0, k) = 1 also implies

fg dio()Z0a(C k) =0, keZ (2.28)
D

To derive trace formulas for U we now expand M (2, k) near z = 0. Using

(1.3.21) one obtains

Ml,l(z, k) = ((Sk, (U + Z[)(U — zI)’lék)gz(Z)

=1+ 2<5k> ZU*([ — ZU*)_l(Sk)gz(Z)

=1+ M;(Uk)I, z€D, (2.2.9)
J=1
where
M;(U, k) =20k, (U*) 0k)2z), jEN, keZ (2.2.10)

and (2.2.10) represents a convergent expansion in B(¢*(Z)). (Here B('H) denotes the
Banach space of bounded linear operators mapping the Hilbert space H into itself.)

Explicitly, one computes
M(U, k) = 2040001, k € Z. (2.2.11)
Next, we recall the well-known fact that the convergent Taylor expansion
g(z) =1+ i c;zl, 2€D (2.2.12)
j=1

implies the absolutely convergent expansion

In[g(2)] :Zdjzf, 2] < e (2.2.13)
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(for € = ¢(g) sufficiently small), where d; can be recursivly computed via

di=c, dj=c;— i(ﬁ/j)cjg dy, j=2,3,.... (2.2.14)
=1
Thus, one obtains
In(Myq(z, k)) iLJ , |2| sufficiently small, k € Z, (2.2.15)
j=1
where
LU, k) = My(U, k), (2.2.16)
L;(U k)= M;U,k)— f(ﬁ/g) M;_ (U k)Ly(U, k), j=2,3,..., kel
=1

Theorem 2.2.1. Let a« = {agtrez C D and k € Z. Then,

Li(Uk) = 22’7{ dpo(Q)Z11(C, k) E, jeN. (2.2.17)
oD
In particular,
Li(U k) = =205 = 2i 7{ dpo(¢) Z11(¢, k) C. (2.2.18)
oD

Proof. Let z € D, k € Z. Since

(+2 SN
=1+2 J D 2.2.1
— =12 @), ceam, (22.19)
(2.2.4) implies
In[M (2, k)] = 2@2]{ dpo(€) Z11 (¢, k) z] |z| sufficiently small.  (2.2.20)

A comparison of coefficients of 27 in (2.2.15) and (2.2.20) then proves (2.2.17). (2.2.18)

is then clear from (2.2.11) and (2.2.16). O
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2.3 Scaling Considerations

In this section we prove some facts about the scaling behavior of the Schur functions
®, and ®,; and use that to obtain spectral results for U. Again we freely use the
notation established in Chapter 1 and Appendix A.

Throughout this section we suppose that the sequence « satisfies Hypothesis 1.2.1,
that is, o = {ag trez C D.

We start by recalling the Riccati-type equation (1.2.155) satisfied by &4 (cf. Re-

mark 1.2.23),
ap®Pi(z,k—1)Py(2,k)—Pr(2,k—1)+2Py(2,k) =gz, 2€C\OD, ke Z. (2.3.1)

In the following it is convenient to indicate explicitly the a-dependence of &, and

®, 1 and we will thus temporarily write @, (2, k; a) and @4 1(z, k; «), etc.

Lemma 2.3.1. Let z € C\OD and k € Z. Suppose o = {ag}trez C D and assume

{70,711} C OD. Define 3 = {yo7rar}rez. Then,

q)i(z7 k’ O./) = VOVf(IDi(rylZakvﬁ)a (232)
D11(z, k) = @11 (2, k5 B). (2.3.3)

Proof. We recall that
o, (,k):D—-D, 1/® (,k):D—-D, kezZ, (2.3.4)

are analytic, with unique Taylor coefficients at z = 0, and hence &, are the unique

solutions of the Riccati-type equation (2.3.1) satisfying (2.3.4). Since the right-hand
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side of (2.3.2) also shares the mapping properties (2.3.4), it suffices to show that the

right-hand side of (2.3.2) satisfies the Riccati-type equation (2.3.1). Multiplying
Be®i(z,k — 1;8)0s(2, k; B) — ®u(2,k — 1;8) + 2®u(2,k; 8) — 28, =0 (2.3.5)
by Yo%, one infers

Bevo i ot T a (2, k — 1;8)] [10rt @a (2, ks B)] — [0t @u(z, k — 15 B)]

+ 291 10 @2,k B)] — 290 [Brg ' t] = 0. (2.3.6)
This proves (2.3.2). Since ®;; = &, /d_ by (1.3.38), (2.3.2) implies (2.3.3). O

Next, we also indicate the explicit a-dependence of Uy i, and U by Uy k.o and U,,

respectively. Similarly, we write My (z, k; o), Myo (2, k; ), £,0' = 0,1, and M(z, k; o).

Corollary 2.3.2. Let ky € Z. Suppose a = {a ez C D and assume {7y, 71} C OD.

Define 3 = {vov¥ar}rez. Then,

JaC(Ui,ko;a) = /YflgaC(Ui,kO;,@)a (237)

o(U,) = v, 'o(Us). (2.3.8)
Moreover, the operators U, and v, 1Ug are unitarily equivalent.

Proof. Since by (1.2.151), +Re(M.) > 0 is equivalent to |®$'| < 1 and +Re(My) > 0
is equivalent to £Re(my) > 0 by (1.2.137) and (1.2.139), and {vy, 71} C 9D, (2.3.7)
follows from (2.3.2), (A.12), and (A.14).

By (1.3.20), (1.3.37), (2.3.3), and (A.18),
d9070<<, k?, O[) = dQO,O(’YlCa k’, ﬁ), C & 8]1)7 k € Z, (239)
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d (¢ ks a) = da(nd ki B), ¢€db, ke Z

Applying Corollary 1.3.5 then proves (2.3.8).

(2.3.10)

Finally, we prove the unitary equivalence of U, and v, 'Us. We fix a reference

point k € Z. By (2.3.3) and (1.3.37) one then infers

My i(z, k) = My (2, k; 8), =€ C\OD
and hence also

Moo(z, k) = Moo(z, k; 8), z¢€ C\ID,

using (1.3.20). Next, using (2.3.2) and (1.2.151) one computes

(1 +90Y) Mx(m12,k; B) + 1 — o0k
(1 =" ) Me(nz, k; B) + 1+ v

Insertion of (2.3.13) into (1.3.25)—(1.3.28) then yields

Mi(’z?k; Oé) =

Mo (2, k; @) = 071M01 "Nz, k; ﬁ) k odd,
oat o M01 (2, k; B8), k even,
gV k: k odd
Mlozk;a: 10712 5) odd,
’70’71M1o "z, k; ), k even.
Thus,
(2 k) AeM (12, k; )AL,k odd,
A M( iz, k; B) Ay, k even,
z € C\oD,
where

_ (o) 0

z € C\oD.

(2.3.11)

(2.3.12)

(2.3.13)

(2.3.14)

(2.3.15)

(2.3.16)

Since 9,71 € 0D, M(z, k; ) and M(7,z, k; ) are unitarily equivalent, this implies

the unitary equivalence of U, and ~; 'Us by (1.3.19), Corollary 1.3.5, and Theorem

AL6.
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2.4 Reflectionless Verblunsky Coefficients

In this section we discuss a variety of equivalent conditions for the Verblunsky coef-
ficients a (resp., the CMV operator U) to be reflectionless.
We denote by My((, k), M11(¢, k), P+(C, k), and ®11((, k), ¢ € ID, k € Z, etc.,

the radial limits to the unit circle of the corresponding functions,

M:t(g, ]{3) = 17}%111 M:I:(T<7 k?), M171(C, k?) = 17}%111 M171(7’<7 k?), (241)

4(CK) =lm®o(rC k), @11(C k) =lm®1y(r(.k), (€0D, ke Z (242)

These limits are known to exist pp-almost everywhere. The following definition of
reflectionless Verblunsky coefficients represents the analog of reflectionless coefficients
in Schrodinger, Dirac, and Jacobi operators (cf., e.g. [31], [30], [34], [35], [70], [76],

[82], [83], [103], [115)-[117], [173], [174], [182], [183)).

Definition 2.4.1. Let @ = {ay}rez C D and denote by U the associated unitary

CMYV operator U on (?(Z). Then « (resp., U) is called reflectionless, if

forall k € Z, M, ((, k) = —M_((, k) for pp-a.e. € gess(U). (2.4.3)

The following result provides a variety of equivalent criteria for o (resp., U) to be

reflectionless.

Theorem 2.4.2. Let o = {a} }rez C D and denote by U the associated unitary CMV
operator U on (*(Z). Then the following assertions (i)—(vi) are equivalent:
(1) o = {ay ez is reflectionless.

(i1) Let v € OD. Then [ = {yay}rez is reflectionless.
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(1ii) For allk € Z, My (C, k) = —m for po-a.e. ( € 0ess(U).

(iv) For some ko € Z, M (C, ko) = —M_(C, ko) for pig-a.e. ¢ € Oess(U).

(v) For allk € Z, ®,(C, k) = 1/®_(C, k) for pg-a.e. ¢ € Tess(U).

(vi) For some ko € Z, ®,(C, ko) = 1/®_(C, ko) for po-a.e. ¢ € ess(U).

Moreover, conditions (i)—(vi) imply the following equivalent assertions (vii)—(iz):
(vii) For all k € Z, Z11(C, k) = 0 for po-a.e. ¢ € 0ess(U).

(viii) For all k € Z, My 1(¢, k) > 0 for pp-a.e. ( € oess(U).

(ix) For allk € Z, ®11(C, k) € (=1,1) for po-a.e. ¢ € gess(U).

Proof. We will prove the following diagram:

(1) is equivalent to (iii) by Definition 2.4.1.
(i7) is equivalent to (v) and (vi) is equivalent to (iv) by (1.2.150) and (1.2.151).

(v) < (ii): By Lemma 2.3.1,
O (2, k;a)P_(2,k;) = Py (2,k;8)P_(2,k; 8), 2€C, keZ, (2.4.4)

hence the fact that (7) is equivalent to (v) implies that (v) is equivalent to (i7).

That (v) implies (vi) is clear.
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(vi) = (v): By (1.2.155),

Zm—" (I):I:(Za k)

O (z,k+1) = : 2.4.5
+(z ) p1®Pi(2, k) + 2 ( )
zag — 2Py (2, k)
P k—1)= C\0oD, k € Z. 2.4.6
i(27 ) aktbi(z, k) -1 ’ Z€ \ ’ < ( )
Taking into account (vi) at the point kg € Z,
(I)-I-(Cu kO)q)—(C7 kO) =1 for Ho-a.€. C S Uess<U)7 (247)

one proves (vi) at the points ky £+ 1 as follows:

O (C, ko + 1)m _ (Qgor1 + P+ (C, ko) %1 + ‘I)—(C»k’oz
o +1 P+ (€, ko) + € Qgiy (€, ko) + €
1 Jarga [P 4 Con 1P (¢ ko) + (a1 P (¢, o)
a2+ 1+ Cane1 @4 (C, Ko) + (s @—(C, ko)
=1 for pg-a.e. { € 0ess(U), (2.4.8)

e T — P (C ko) aw, — @ (C Ko)
D (¢ ko —1)P_(C ko — 1) =[] g @ (C, ko) — 1 Oé_kom 1

_ v |2 + 1 — ey @4(C, ko) — g D (¢, ko)
|t |? 4+ 1 — g @4 (¢, ko) — Qg (¢, ko)

=1 for pp-a.e. ( € oes(U). (2.4.9)

Iterating this procedure implies (v).
(i) is equivalent to (viii) by (1.3.36) and (1.3.37).
(viii) is equivalent to (vii) by (2.2.7).

(v) = (iz): By (1.3.38),

(I)Ll(Z, k) = = , R € C\&D, ke Z, (2410)
z
and hence (v) implies (iz). O
The next result shows that periodic Verblunsky coefficients are reflectionless.
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Lemma 2.4.3. Let a« = {ag}rez be a sequence of periodic Verblunsky coefficients.

Then « s reflectionless. (This applies, in particular, to o = 0.)
Proof. Let w € N denote the period of o« = {a }rez. Without loss of generality we

may assume w to be even. (If w is odd, we can consider the even period 2w.) Then,

(M2 ko) Ma(z ko)) T
ﬁﬁ(Z, kO) - (mll (27 kO) m272(2’ ko) o I}_[l T(Za kO + k)a

z € C\{0}, ko € Z, (2.4.11)

represents the monodromy matrix of the CMV operator U associated with the se-

quence a. By A(z) we denote the corresponding Floquet discriminant,
1
A(z) = §tr(9ﬁ(z, ko)), z€ C\{0}. (2.4.12)
We note that A(z) does not depend on k. By (1.2.18) and (2.4.11),

My 1(C, ko) = Ma2(C, o), (2.4.13)

9)?172((’, k’o) = le(C, k’o), C € 8@, k’o €. (2414)

Thus, A(() = Re(M11(¢, ko)) € R for all ¢ € OD. Moreover, since det(M(z, ko)) = 1,

for all kg € Z, the eigenvalues of M(z, ko) are given by

p+(z) = A(z) FV/A(2)2 -1, =z e C\{0}, (2.4.15)

where the branch of the square root is chosen such that |p+(2)] < 1 for z € C\ (0D U

{0}), and hence,

us(z, k4w, ko)) B us(z, k, ko) .
(W:(Z’k? +w,ko)) = r )(Ui(Z, k. ko)>’ € C\{0}, k,ko € Z.  (2.4.16)
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Thus, p+ are the Floquet multipliers associated with U and consequently one obtains

the following characterization of the spectrum of U,
o(U) = {¢ € 0D | |p(Q)| =1} = {C € ID| —1 < AQ) < 1. (2.4.17)

Next, assume k to be even. Then (1.2.154) implies

B (2 k) = us(z, k, ko) _ us(z, k+w,ko)/ps(2)
e vi(z, k ko) vi(z, b+ w, ko)/ps(2)
o m1,1<z> k)q)i(z7 k) + ml,Z(Zv k)
) z € C\{0}. (2.4.18)

- 93?2,1(,2, k)@i(z, +m272(2’,k‘)’

It follows that

By (s, k) = Tz k) = 9;‘;;{(;(’?;% BEPZL o covgon (2419)

and hence, by (2.4.13) and (2.4.17),

D4(C k) = ilmml’l(g’k));Q‘l/(lg_k)Reml’l(C’ B ¢ ea(U). (2.4.20)

Thus, by (2.4.13), (2.4.14), and det(9M(z, k)) = 1 for all z € C\{0}, k € Z,

= (G R -1
&, (C,k)D_(C k) = =L —1, Cea(l), 2.4.21
and hence « is reflectionless by Theorem 2.4.2 (vi). O

We conclude this section with another result concerning the reflectionless condition
(2.4.3) on arcs of the unit circle. It is contained in Lemma 10.11.17 in [171]. The
latter is based on results in [115] (see also [91], [116]). For completeness we include
the following elementary proof (which only slightly differs from that in [171] in that

no HP-arguments are involved). To fix some notation we denote by f, and f_ a
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Caratheodory and anti-Caratheodory function, respectivley, and by ¢, and ¢_ the

corresponding Schur and anti-Schur function,

J+—1

T (2.4.22)

P+

Moreover, we introduce the corresponding Herglotz representations of fi (cf. (A.3),

(A.4))

Fo(z) = ics + ng dpis () % 2€D, cx €R. (2.4.23)

We introduce the following notation for open arcs on the unit circle 9D,

AI‘C((eiel,eieQ)) = {610 € oD ’ 91 <f< 92}, 01 € [0,271'), (91 < (92 S (91 + 2m.
(2.4.24)
An open arc A C 9D then either coincides with Arc((eia1 , ew?)) for some 6, € [0, 27),

01 < 6y < 0 + 27, or else, A = 0D.

Lemma 2.4.4. Let A C 0D be an open arc and assume that f, (resp., f_) is a
Caratheodory (resp., anti-Caratheodory) function satisfying the reflectionless condi-

tion (2.4.3) po-a.e. on A, that is,

lim [f4(r¢) + f-(r¢)] =0 po-a.e. on A. (2.4.25)

rTl

Then,

(i) £+(¢) = —J=(C) for all ¢ € A,

(ii) For z € D, —f_(1/Z) is the analytic continuation of fi(z) through the arc A.

(#1) du~ are purely absolutely continuous on A and

dhe

o (€) = Re(f1(C)) = —Re(f-(¢)), (€A (2.4.26)

76



Proof. By (2.4.22) and

1o (2) = , D, 2.4.27
ou() TG = LT e 2.427)

equation (2.4.25) is equivalent to
13%111 [0+ (r¢) = 1/p_(r() ] =0 for pp-ae. ¢ € A. (2.4.28)

Next, introducing

91(2) = lo4(2) = /p-(2)]/2,  92(2) = [p1(2) + 1/p_(2)]/(20), z€D, (24.29)

then g;, j = 1,2, are Schur functions (since 21, 2o € D implies (21 £ 22)/2 € D) and
hence,

gj +1, j = 1,2, are Caratheodory functions. (2.4.30)
Moreover, by (2.4.28),
Re(g;(¢)) = ljglRe(gj(TC)) =0 for pp-a.e. C€ A, j=1,2. (2.4.31)
Since g;, j = 1,2, are Schur functions,
9;(2)| =1, z€D, j=12 (2.4.32)

and hence the measures dy; in the Herglotz representation of g; + 1, j = 1,2, are

purely absolutely continuous by (A.15),
d/ij = d,uj,aC; d,uj,s = 0, j = 1, 2. (2433)

By (A.7) and (A.12) one thus obtains

5+ L=ics +  [Relgy(O) + Uduol) .

oD
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=ic; + 1 —i—]{ Re(g;(¢))dpo(C) ﬂ, zeD, j=1,2, (2.4.34)
oD ¢—z2

that is,

5 =i+ § el (Ou(©) 2, zeD.j=1.2 (2.4.35)

By (2.4.31), the signed measure Re(g;)duo has no support on the arc A and hence
gj, 3 = 1,2, admit an analytic continuation through A. Moreover, using (2.4.35) one

computes

gj(CO) = _gj(CO)a CO € Aa .7 = 17 2. (2436)

Thus, the Schwarz symmetry principle yields

9i(2) = —g;(1/Z), z€C\D, j=1,2. (2.4.37)
Since
oy =g1+ig2, 1/ =—g1+ig, (2.4.38)

also ¢, and 1/¢_ admit analytic continuations through the open arc A and because

of (2.4.37) (and in agreement with (2.4.28)) one obtains

oi(z)=1/p_(1/2), =z € C\D. (2.4.39)

Thus, one computes

Cltei(z)  141/p (1/Z) (1/z)+1 A .
21 f-(1/z), ze€ C\D.

fe(z) = 1—pi(2) 1-— 1/ _(1/%))

pum wi

o

(2.4.40)

This proves items (i) and (i7). In particular, Re(f1(¢)) exists and is finite for all
¢ € A and hence

Sups NA=0, (2.4.41)
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where S,,, | denotes an essential support of dj+s. By (A.12) one thus computes

dpe

o (€) =Re(f(Q)) = —Re(f-(C)), (€A, (2.4.42)

proving item (7i). O

It is perhaps worth noting that this proof is based on the elementary fact that if
g is any Schur function, then g+ 1 is a Caratheodory function with purely absolutely
continuous measure in its Herglotz representation (cf. the first line of (2.4.34)). (In
particular, the support of the measure in the Herglotz representation of g + 1 equals

OD.) The rest are simple Schwarz symmetry considerations.
2.5 The Borg-type Theorem for CMYV operators

We recall our notation for closed arcs on the unit circle 0D,
ATC([6i0176102}> = {eiG c oD | 61 S 0 S 02}, ‘91 S {O, 27'('), 91 S (92 S 01 + 27 (251)

and similarly for open arcs (cf. (2.4.24)) and arcs open or closed at one endpoint (cf.
(A.6)).

We start with a short proof of a recent result of Simon [171] in the case where «
is a periodic sequence of Verblunsky coefficients, see Theorem 2.1.3. We will extend

this result from the periodic to the reflectionless case.

Theorem 2.5.1. Let o = {ag}rez C D be a reflectionless sequence of Verblunsky
coefficients. Let U be the associated unitary CMV operator (2.2.1) (cf. also (1.2.6)-

(1.2.9)) on (*(Z) and suppose that
o(U) = OD. (2.5.2)
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Then a = {ag trez s of the form,
ar=0, kel (2.5.3)

Proof. Since by hypothesis U is reflectionless, one infers from Definition 2.4.1 that

forall k € Z, M (¢, k) = —M_(¢, k) for pp-a.e. ¢ € OD. (2.5.4)

Denote by dwy (-, k) the measures associated with the Herglotz representation (A.3)
of My(-,k), k € Z. (Of course, dwy = dpy by (1.2.137).) By Lemma 2.4.4, dwy (-, k)

are purely absolutely continuous for all k£ € Z,
dws(, k) = dwiac(- k), ke (2.5.5)
Moreover, by (2.5.4), (2.5.5), and (A.12) one concludes that
dw, (-, k) =dw_(-,k), keZ (2.5.6)
and hence that
M, (z,k)=—-M_(z,k), z€C, keZ (2.5.7)

Taking z = 0 in (2.5.7), and utilizing (1.2.138) and (1.2.140) then proves

Oék+1

1= :
Oék—l

kelZ (2.5.8)

and hence (2.5.3) holds. O

Actually, still assuming the hypotheses of Theorem 2.5.1, one can go a bit further:

In addition to (2.5.3) and (2.5.4), (2.5.2) and Theorem 2.4.2 (vii) yield that

for all k € Z, Z11(¢, k) =0 for pp-a.e. ¢ € 0D (2.5.9)
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and hence that

Ml,l(Z,]{?) =1, ze€ ID), keZ. (2510)

Moreover, (2.5.2), (2.5.4), and (1.3.26) yield
forall k € Z, Myi(z, k) =%£1, z€ D, dwi(- k)= dup. (2.5.11)

Remark 2.5.2. The special case where « is periodic and ¢(U) = 0D and thus o =0
has originally been derived by Simon [171, Sect. 11.14] using different techniques

based on Floquet theory (cf. Theorem 2.1.3).
The principal new result of this chapter then reads as follows.

Theorem 2.5.3. Let o = {ag}rez C D be a reflectionless sequence of Verblunsky
coefficients. Let U be the associated unitary CMV operator (2.2.1) (cf. also (1.2.6)-
(1.2.9)) on (*(Z) and suppose that the spectrum of U consists of a connected arc of
oD,

o(U) = Arc([e", e"']) (2.5.12)

with 0y € [0,27], 6y < 61 < Oy + 27, and hence ' ®+0)/2 € Arc((e,e)). Then
a = {ay trez is of the form,

ar = aog”, ke, (2.5.13)

where

g = —exp(i(fy+ 01)/2) and |ag| = cos((61 — 00)/4). (2.5.14)

Proof. By Theorem 2.4.2 (vii) (as a consequence of the reflectionless property of

«) and the fact that Mj,(-, k), k € Z, is purely imaginary on the spectral gap
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Arc((e', e*2m)) (since by Corollary 1.3.5 supp(d€;1) C o(U)) and strictly mono-
tone as described in (A.9) and (A.10), there exists a 6.(k) € [0, 00 + 27| such that

E11(-, k), k € Z, is of the form

0, CeArc((e™,e™)),
ZnC) = 4 m/2 G e Are((e, e ), 2515)
—7/2, (€ Arc((eie*(k)’ ei(00+27r)))

for po-a.e. ¢ € 0D, k € Z. Taking into account (2.2.8) then yields
1 [o(k) 1 [foter
oD 01 0. (k)
1
= 1[29*(1{3) — 0y — 27 — 01], keZ (2516)
and hence
1

is in fact k-independent and denoted by 6, in the following. As a result, Z; (-, k) =

Z11(-) in (2.5.15) is also k-independent.

By (2.2.18),
_ b dt o2 dt
_ g = _ T it At . P
Q011 Z?{)D 10(€) Z1,1(¢) ¢ Z?gl 5¢ or —Hf;* 2 on
1 .
_ _1671(6'0%’1)/2 (2 + 2cos((6h — 60)/2))
— _ibo+61)/2 cos?((0, — 0p)/4), k€ Z. (2.5.18)

Thus, ag,0k,+1 = 0 for some ky € Z is equivalent to 6; = 0y + 27 and hence the
assertions (2.5.13) and (2.5.14) reduce to o = 0 as in Theorem 2.5.1. (This is of
course consistent with (2.5.13), (2.5.14), since |ap| = 0 in this case.) In the case

aprr1 # 0 for all k € Z, it follows from (2.5.18) that,
O = 7075|04k| and ... = |041||042| = |042||Oé3| = |043||CY4| = ’CY4||045| =
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Hence,

ai|, k odd,
ar = o {’ ! (2.5.19)

las], K even,

where
{’70 = OZQ/|OZQ|, Y1 = —€i(90+91)/2} C 8D and |Oél||062| = COS2((01 — 90)/4) (2520)

Thus, it remains to show that |ay| = |as|. We assume the contrary, |a;| # |as| and
consider the sequence |a| = {|ag|}rez. Then || is a sequence of period 2 Verblunsky

coefficients and by (2.4.12) the associated Floquet discriminant, denoted by A(+; |«|),

is given by
A(e”; ]al) = { +Re(a a)}
(€ ) o 5 | [
1
= [cos(6) + [ [|aal] - (2.5.21)
\/1 - |041|2\/1 — |aa|?
Since

o(Uq) ={e? €0D| =1 <A |al) <1} = {” € OD | A_ < cos(d) < Ay},
(2.5.22)

where

A = —Jau|as] £ /1 = [an2V/1 = |agf?, (2.5.23)

and |a;| # |ag| is equivalent to [Ay| < 1, 0(U}q)) consists of two arcs. Taking into
account (2.5.19), it follows from Corollary 2.3.2 that o(U,) should also contain two
arcs which contradicts the basic hypothesis of Theorem 2.5.3. Thus, |a;| = |as| and

(2.5.19) implies (2.5.14). O

83



Remark 2.5.4. By the last part of Corollary 2.3.2, the phase of ag in (2.5.13) is a

unitary invariant and hence necessarily remains undetermined.
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Chapter 3

On Spectral Theory for
Schrodinger Operators with
Strongly Singular Potentials

3.1 Introduction

The principal goal of this chapter is to study singular Schrodinger operators on a
half-line [a,00), a € R, with strongly singular potentials at the finite end point a in

the sense that
V e L .((a,00);dx), V real-valued, V ¢ L'([a,b];dz), b> a. (3.1.1)

For previous studies of strongly singular Schrodinger operators we refer, for instance,
to [6], [9]-[14], [26], [27], [48]-[50], [52]-[59], [69], [73], [75], [131], [137], [145], [155]-
[158] and the references therein. (Many of these references treat, in fact, a discrete
set of singularities on R or on (a,b), —0o < a < b < 00.) Quite recently, singular
potentials became again a popular object of study from various points of views: Some
groups study singular interactions in connections with scales of Hilbert spaces (see,

e.g., [38], [98]-[101] and the references therein), while other groups study strongly
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singular interactions in the context of Pontryagin spaces (we refer, e.g., to [16], [37],
[40], [41], [154] and the references therein).

Our point of departure in connection with strongly singular potentials is quite
different: We focus on the derivation of the spectral function for strongly singular
half-line Schrodinger operators starting from the resolvent (and hence the Green’s
function). In stark contrast to the standard situation of Schrodinger operators on a
half-line [a, 00), a € R, with a regular end point a, where the associated spectral func-
tion generates the measure in the Herglotz representation of the Weyl-Titchmarsh
coefficient, we show that half-line Schrodinger operators with strongly singular po-
tentials at the endpoint a lead to spectral functions which are related to the analog
of a Weyl-Titchmarsh coefficient which ceases to be a Herglotz function. In fact,
the strongly singular potentials studied in this chapter are so singular at a that
the associated maximally defined Schrédinger operator is self-adjoint (equivalently,
the associated minimal Schrédinger operator is essentially self-adjoint) and hence no
boundary condition is required at the finite endpoint a.

In Section 3.2 we recall the essential ingredients of standard spectral theory for
self-adjoint Schrodinger operators on a half-line [a, 00), a € R, with a regular end point
a and problems on the real line with locally integrable potentials. In either case the
notion of a spectral function or 2 x 2 matrix spectral function is intimately connected
with Herglotz functions and 2 x 2 Herglotz matrices representing the celebrated Weyl—
Titchmarsh coefficients. This section is, in part, of an expository nature. In stark

contrast to the half-line case with a regular finite endpoint a in Section 3.2, we will
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show in Section 3.3 in the case of strongly singular potentials V' on (a,00) with
singularity concentrated at the endpoint a, that the corresponding spectral functions
are no longer derived from associated Herglotz functions (although, certain Herglotz
functions still play an important role in this context). We present and contrast
two approaches in Section 3.3: First we discuss the case where the reference point g
coincides with the singular endpoint a, leading to a scalar Weyl-Titchmarsh coefficient
and a scalar spectral function. Alternatively, we treat the case where the reference
point xy belongs to the interior of the interval (a, 00), leading to a 2 x 2 matrix-valued
Weyl-Titchmarsh and spectral function. Finally, in Section 3.4 we provide a detailed
discussion of the explicitly solvable example V(z) = [y? — (1/4)]z72, z € (0,00),
v € [1,00). Again we illustrate the two approaches with a choice of reference point

zo = 0 and zg € (0, 00).
3.2 Spectral Theory and Herglotz Functions

In this section we separately recall basic spectral theory for the case of half-line
Schrodinger operators with a regular left endpoint and the case of full-line Schrodinger
operators with locally integrable potentials and their relationship to Herglotz func-
tions and matrices. The material of this section is standard and various parts of it
can be found, for instance, in [17], [33, Ch. 9], [43, Sect. XIIL.5], [45, Ch. 2], [47], [93,
Ch. 10], [95], [110], [123], [125, Ch. 2], [135, Ch. VI], [146, Ch. 6], [184, Chs. II, III],
[191, Sects. 7-10].

Starting with the half-line case (with a regular left endpoint) we introduce the
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following main assumption:
Hypothesis 3.2.1. (i) Let a € R and assume that
V € LY([a,c];dz) for all ¢ € (a,00), V real-valued. (3.2.1)

(77) Introducing the differential expression 7, given by

d2
= +V(z), =€ (a,00), (3.2.2)

we assume 7, to be in the limit point case at +oc.

Associated with the differential expression 7, one introduces the self-adjoint

Schrodinger operator H, , in L?([a, 00);dz) by
Hy.f=71f, acl0,n),
fedom(H,,) = {g € L*([a,00);dx) | g,d € AC([a,d]) for all ¢ € (a,00); (3.2.3)
sin(a)g'(a-) + cos(@)glar) = 0; 79 € L((a, 00); da) .

Here (and in the remainder of this manuscript) 7 denotes d/dx and AC(][c,d]) denotes

the class of absolutely continuous functions on the closed interval [, d].

Remark 3.2.2. For simplicity we chose the half-line [a, 00) rather than a finite in-
terval [a,b), a < b < co. Moreover, we chose the limit point hypothesis of 7, at the
right end point to avoid having to consider any boundary conditions at that point.

Both limitations can be removed.

Next, we introduce the standard fundamental system of solutions ¢,(z,-) and
0,(z,), z € C, of

(T2)(z,2) = 210(z,x), x € [a,0), (3.2.4)
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satisfying the initial conditions at the point z = a,
balz,a) = —0.(2,a) = —sin(a), ¢, (z,a) =0,(z,a) = cos(a), a€[0,7). (3.2.5)

For future purpose we emphasize that for any fixed = € [a,0), ¢o(2,2) and 0,(z, )

are entire with respect to z and that

W(lu(z,), pal(z,:))(x) =1, 2z€C, (3.2.6)
where

W(f,9)(z) = f(x)g'(x) = f(x)g(z) (3.2.7)
denotes the Wronskian of f and g.

A particularly important special solution of (3.2.4) is the Weyl-Titchmarsh solu-

tion Y4 o(2,-), 2 € C\R, uniquely characterized by

Vialz,+) € L¥([a,00);dx),  sin(a)¢!, 4(z,a) + cos(a)ipya(z,0) =1, z € C\R.
(3.2.8)
The second condition in (3.2.8) just determines the normalization of ¥4 ,(z,-) and
defines it uniquely. The crucial condition in (3.2.8) is the L?-property which uniquely
determines ¢} ,(z,-) up to constant multiples by the limit point hypothesis of 7, at

oo. In particular, for a, 5 € [0, 7),
Via(z,-) = C(z,a,B)14 5(2,-) for some coefficient C(z, «, 5) € C. (3.2.9)
The normalization in (3.2.8) shows that ¢} ,(z,-) is of the type

Vialz,0) = 0u0(2,2) + My o(2)da(z,2), z€C\R, z € [a,0) (3.2.10)
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for some coefficient m ,(z2), the Weyl-Titchmarsh m-function associated with 7, and
a.

Next, we recall the fundamental identity

/OO dr )y o(21, )4 o(20,7) = m+7a(2’2 :Z+,a(2’2)’ 21,29 € C\R, 21 # 2.
(3.2.11)
It is a consequence of the elementary fact
d
W Wl ) ¥(z2,))(2) = (21 = 2)9 (21, 2) ¥ (22, @) (3.2.12)

for solutions (z;,-), j = 1,2, of (3.2.4), and the fact that 7. is assumed to be in the

limit point case at oo which implies

bm W(t.a(21, ), Y4022, 7)) (@) = 0. (3.2.13)

Moreover, since 4 4(z, ) is the unique solution of 7.4 (z, z) = Z¢(z, x), x € [a, o),

satisfying
Vialz,-) € L*([a, 00); dx), sin(a)Y, ,(z,a) + cos(a)y o(2,a) = 1, (3.2.14)

and since

Oa(2,7) = 00(Z,7), Ou4(z,2) =0,(Z,2), 2z€C, x € [a,0), (3.2.15)

one concludes that 1 ,(z, -) is the Weyl-Titchmarsh solution of 7,1(Z, x) = Z¢(Z, x),

r > a, and hence

Mio(2) =myq(Z), z€C\R. (3.2.16)
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Thus, choosing z; = z, 29 = Z in (3.2.11), one infers

/OO Az [0, oz, )2 = % 2 €C\R. (3.2.17)

Before we turn to the proper interpretation of formulas (3.2.16) and (3.2.17), we
briefly take a look at the Green’s function G (2, x,2’) of H, ,. Using (3.2.5), (3.2.6),

and (3.2.8) one obtains,

AN ¢a(27$)¢+,a(27$/)> a S X S xlv
Graltrt ) = {ezsa(z,x')m,a(z,x), a<v<a, SO (219
and thus,
(Hyo—2D)7 f)(2) = / di' Gy o(z,z,2") f(2)), (3.2.19)

z € C\R, z € [a,0), f € L*(|a,00);dz).

Next we mention the following analyticity result (for the notion of Herglotz func-
tions we refer to Appendix B). Here and in the remainder of this manuscript, x

denotes the characteristic function of a set M C R.

Lemma 3.2.3. Assume Hypothesis 3.2.1 and let o € [0, 7). Then m. 4 is analytic on
C\o(H+ o), moreover, my o is a Herglotz function. In addition, for each x € [a, 00),

Yy ol ) and @, (-, x) are analytic on C\o(H, o).

Proof. Pick real numbers ¢ and d such that ¢ < ¢ < d < co. Then, using (3.2.18)

and (3.2.19) one computes

dHEHjL,a(A)X[c,d] Hiﬁ([a o0);da) .
/cr(hu,a) A=z = (e (Ha = 20) " Xiea1) 120 ey

= /d dx /r dx' 0,(z, )Pz, 2") + /d dx /d dr' ¢o(z,2)04 (2, 2") (3.2.20)
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+ o) { / " %@,@} 2, 2 € C\o(H, ).

Since the left-hand side of (3.2.20) is analytic with respect to z on C\o(H ,) and since
¢a(-, z) and b,(-, x) are entire for fixed = € [a, 00) with ¢, (2, ), Oa(%, -), and their first
a-derivatives being absolutely continuous on each interval [a, b], b > a, one concludes
that m, , is analytic in a sufficiently small open neighborhood N, of a given point
2o € C\o(H4,), as long as we can guarantee the existence of ¢(zp),d(z) € [a,0)
such that

d(z0)
/ dr ¢o(z,2) #0, z€N,. (3.2.21)
c(20)

The latter is shown as follows: First, pick zp € C\o(H, ,). Then since ¢,(2, -) does

not vanish identically, one can find ¢(zy), d(z0) € [a,00) such that

d(z0)
/ dx ¢o(z0, ) # 0. (3.2.22)
c(20)
Since
d(z0)
/ dx ¢o (2, ) (3.2.23)
c(z0)

is entire with respect to z, (3.2.22) guarantees the existence of an open neighborhood
N, of zo such that (3.2.21) holds. Since zg € C\o(H, ,) was chosen arbitrary, m, ,
is analytic on C\o(H, ,). Together with (3.2.16) and (3.2.17) this proves that m, ,
is a Herglotz function. By (3.2.10) (and its z-derivative), ¥, o(-, ) and ¢, (-, x) are

analytic on C\o(H, ,) for each x € [a, o). O

Remark 3.2.4. Traditionally, one proves analyticity of m, , on C\R by first re-

stricting H, , to the interval [a,b] (introducing a self-adjoint boundary condition at

92



the endpoint b) and then controls the uniform limit of a sequence of meromorphic
Weyl-Titchmarsh coefficients analytic on C\R as b T co. We chose the somewhat
roundabout proof of Lemma 3.2.3 based on the fundamental identity (3.2.20) in view
of Section 3.3, in which we consider strongly singular potentials at = a, where
the traditional approach leading to a Weyl-Titchmarsh coefficient m_ possessing the
Herglotz property is not applicable, but the current method of proof relying on the
family of spectral projections { Ex,  }acr, the Green’s function G (2, x, ') of H, .,

and identity (3.2.20), remains in effect.

Moreover, we recall the following well-known facts on m, 4:

0 o )‘7 ' L? ) 7d )
lim i€y a(A+i€) = 4 B Ga(d, ) & 2([& 2)ide): 39 04)
clo ~NPaXs N 2 acoydsy:  PalA, +) € L¥([a, 00); dx),

ANER, a€l0,m),
i (2) = —Slan = aw) deos(an — av)myan(2) g ) (3.2.25)
’ cos(ag — ag) + sin(ag — a2)my q,(2)
i —1/2 _ cos(e) _—1 -1
e alz) = cot(a) + g 2 ey 2 Tolz), ae(0,m), (3.2.26)
aico | 3212 4 0(1), a=0

The asymptotic behavior (3.2.26) then implies the Herglotz representation of my ,

(cf. Theorem B.2 (iii)),

Ct o + fR dp-l—,oz()‘) |:)\£Z - 14:\)\2i|7 ac [O77T)7

cot(@) + [pdpra(N) (A —2)"",  ae(0,7),

e C\R (3.2.27)

L+[A =00, a=0, 1+ A2

/dpww {<oo, a € (0,m), /dpﬁomm‘ (3.2.28)

We note that in formulas (3.2.10)—(3.2.27) one can of course replace z € C\R by

z€ C\o(Hya)
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For future purposes we also note the following result, a version of Stone’s formula

in the weak sense (cf., e.g., [43, p. 1203]).

Lemma 3.2.5. Let T be a self-adjoint operator in a complex separable Hilbert space
H (with scalar product denoted by (-, )y, linear in the second factor) and denote by
{E7r(A\) }aer the family of self-adjoint right-continuous spectral projections associated
with T, that is, Ep(A) = X(—eon(T), A € R. Moreover, let f,g € H, A1, A2 € R,

A1 < Ay, and F € C(R). Then,

(f, F(T)Er((A1, A2])g),,

A2+0
:hmhm—/A AN FON)[(f, (T = (A +ie)In) " 'g),,

510 el0 27 [y 45

— (£,(T = (A —ie) )" 'g),,]- (3.2.29)

Proof. First, assume F > 0. Then

(F(T)2Er((A1, M) £, (T = 2Dy) " F(T) 2 Er (A1, X)) f) 5,

_ /R A(f, BrN)F) 5 FOX (N = 2)7

_ / d(F(T)"x(x 20 (1) fs ErON) F(T) 2 x00 321 (T) f) 54
R ()\ — Z) ’

zeC.  (3.2.30)

is a Herglotz function and hence (3.2.29) for ¢ = f follows from (B.4). If F' is not
nonnegative, one decomposes F' as F' = (I} — Fy) +i(F3— Fy) with F; > 0,1 <75 <4
and applies (3.2.30) to each j € {1,2,3,4}. The general case g # f then follows from

the case ¢ = f by polarization. O

Next, we relate the family of spectral projections, {Ex, ,(A)}rcr, of the self-

adjoint operator H, , and the spectral function p; ,(A), A € R, which generates the
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measure in the Herglotz representation (3.2.27) of m 4.

We first note that for F' € C(R),

(‘f’ F<H+’O‘)g)L2([a,oo);dx) - /Rd(f’ EH+,Q()\)9) L2([a,00);dzx) F()\)’
f,g € dom(F(Hy ) (3.2.31)

- {h € L2([a, 00); dx)

/]Rd”EH-ha(A)hHiQ([a’w);dx) ‘F()\>|2 < OO}

Equation (3.2.31) extends to measurable functions F' and holds also in the strong
sense, but the displayed weak version will suffice for our purpose.
In the following, C§°((c,d)), —o0 < ¢ < d < o0, denotes the usual space of

infinitely differentiable functions of compact support contained in (c, d).

Theorem 3.2.6. Let o € [0,7), f,g € C°((a,0)), F € C(R), and A\, s € R,

AL < Ao, Then,

(fa F(HJr,a)EH_;_,a(()\la AQ])Q)LQ([a,oo);dx) = (f+,om MFMX(Al,Az]/g\J“a)LQ(R;dp_,_,a)’ (3232>

where we introduced the notation

~

hyo(X) = /OO dz go (N, 2)h(z), A eR, he C5((a,0)), (3.2.33)

and Mg denotes the mazimally defined operator of multiplication by the dpy o-mea-
surable function G in the Hilbert space L*(R;dpy o),

(Mgh)(A) = G(\A(X) for a.e. X € R,
(3.2.34)
h e dom(Mg) = {k € L*(R;dpy o) | Gk € L*(R;dpy a)}.

Here dp, , is the measure in the Herglotz representation of the Weyl-Titchmarsh

function m4 o (cf. (3.2.27)).
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Proof. The point of departure for deriving (3.2.32) is Stone’s formula (3.2.29) applied

tO T - H+7o“

(f’ F(H+’Q>EH+,0 ((>\17 )\2]).9) LQ([a,oo);d:r)
Ao+0
= lim lim — / AAFN)[(f; (Hia = A +€)1)7'9) 10 00)0a0)
A

510 el0 27 [y 45

—(f,(Hya— (A= z’e)])_lg)Lz([am);dm)}. (3.2.35)

Insertion of (3.2.18) and (3.2.19) into (3.2.35) then yields the following:

Ao+0
(f7F<H+,a)EH+,a(()‘17 )\2])g>L2([a,oo);da:) - lgﬂjl lslﬁ)l% ~/)\1+6 dA F()‘)

X {/:O dx [muﬁa()\ +ig, x) /aw dr’ ¢o (N +ie, z")g(x")

+ T +iz0) [ de v+ gl
[f_ ra(A—ieg,x) /: dr’ po (N —ig, ") g(2))
+ F@ba(r — iz, ) / i (A — is,x’)g(x')} } (3.2.36)

Freely interchanging the dx and dz’ integrals with the limits and the dX integral (since
all integration domains are finite and all integrands are continuous), and inserting

expression (3.2.10) for ¢4 ,(z, z) into (3.2.36), one obtains

(P ) Bt (O D) g = | dxm{ [ ot

Ao+0
< limlim A D) [0 (0 2) + s a(A+ i) 600, 2)] (A, )

= [BalX2) + M a(h = i2)8a(N, 1)) a(A 2|
+ /00 dr’ g(z') lim lim L /AQH dAF()\) (3.2.37)

510 €10 2mi [y, 15

X [(ba()\, ) [0a(X, @) + my o (X +ie)Pa (N, 2)]
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— 0N @) [0 (N, @) + My o(A = i€)da (N, $')H }

Here we employed the fact that for fixed x € [a,00), 0,(z,x) and ¢,(z,x) are en-
tire with respect to z, that 6,(\ z) and ¢,(A\, x) are real-valued for A € R, that

0a(z, ), 0alz,-) € AC([a,c]) for all ¢ > a, and hence that

Oa(A £ i€, x) i Oa(N, ) £ ie(d/dz2)0a(z, 2)|2n + O(?),

(3.2.38)
b (N £ ic, 7) = Do\, ) £ic(d/d2)po(2, 2)|s=n + O(£?)

with O(e?) being uniform with respect to (A, z) as long as A and x vary in compact

subsets of R x [a, 00). Moreover, we used that

€|m+7a()\—|—i5)| < O(/\17/\27€0) for \ € [/\1,/\2], O0<e< €0,

(3.2.39)
e|lRe(my o(A +i€))| = o(1), AeR.

el0
In particular, utilizing (3.2.38) and (3.2.39), ¢o(A £ ic,z) and 6,(\ + i, ) have
been replaced by ¢, (A, x) and 0, (A, x) under the dX integrals in (3.2.37). Cancelling
appropriate terms in (3.2.37), simplifying the remaining terms, and using (3.2.16)
then yield

(f, F(H+’Q>EH+7O ((}\1, Az])g)LQ([a,oo);d:r) = / dl'm/ dx/ g(gj/)

)\2+6

X lim lim — dA F(X)da (A, 2) o (N, 2 ) Im(my o(X + i€)). (3.2.40)
610 €]0 A146

Using the fact that by (B.4)

1 )\2+5
/ e o)) = pra(On2a]) = Timlim = [ d\Im(my a(A+i2),  (3.2.41)
()‘17A2] 510 EJ,O T )\1+5

and hence that

/ dpe V) ROV = lim~ [ dATm(m, (A +i2) h(N), h e Co(R),  (3.2.42)

ElO T R
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Ao+
/ dpr sV k) = limlim~ [ d\Im(my oA+ i2)) k(). & € C(R),
(A1,)2] 610 €l0 T Sy 45

(3.2.43)

(with Cy(R) the space of continuous compactly supported functions on R) one con-

cludes
(f7 F<H+7Q)EH+,a(()‘17 AQ])Q) L2([a,00);dz)
— [T [ [ NP )00 )
a a (A2
- /( el FO) ) ), (3.2.44)
A1,A2
using (3.2.33) and interchanging the dz, dz’ and dp. , integrals once more. O

Remark 3.2.7. Theorem 3.2.6 is of course well-known. We presented a detailed
proof since this proof will serve as the model for generalizations to strongly singular
potentials and hence pave the way into somewhat unchartered territory in Section
3.3. In this context it is worthwhile to examine the principal ingredients entering the
proof of Theorem 3.2.6: Let \; € R, j = 0,1,2, Ay < A9, and gg > 0. Then the

following items played a crucial role in the proof of Theorem 3.2.6:

(1) For all x € [a,00), O,(z,x) and ¢,(z,x) are entire with respect to z
and real-valued for z € R.

(i7) my , is analytic on C\R.

(Z?/L) m+7a(2) = m+7a(§), A C+.
(iv) elmia(A+ie)] < C, A€ A, A, 0 <e <ey. (3.2.45)

(v) e|Re(m4 (A +ic))] = o(l), XeR.



A4S

) pra(A) = pra(Xo) = limlim = dpl o1+ i€)).
(Vi) pra(d) = pr.alto) = limlim — - pIm(my o(p + i€))

defines a nondecreasing function p, , and hence a measure on R.

Of course, properties (i7)—(vi) are satisfied by any Herglotz function. However, as
we will see in Sections 3.3 and 3.4, properties (ii)—(vi) (possibly restricting z to a
sufficiently small neighborhood of R) are also crucial in connection with a class of
strongly singular potentials at * = a, where the analog of the coefficient m, , will
necessarily turn out to be a non-Herglotz function. In particular, one can (and we
will in Section 3.3) use an analog of (3.2.20) to prove items (ii)—(vi) in (3.2.45) (for
|Im(z)| sufficiently small) without ever invoking the Herglotz property of m o, by
just using the fact that the left-hand side of (3.2.20) is a Herglotz function whether or
not the potential V' is strongly singular at the endpoint a. Thus, the mere existence
of the family of spectral projections {Ep, ,(A)}rer of the self-adjoint operator H, ,

implies properties of the type (ii)—(vi).

Remark 3.2.8. The effortless derivation of the link between the family of spectral
projections Ep, (-) and the spectral function py () of H , in Theorem 3.2.6 ap-
plies equally well to half-line Dirac-type operators and Hamiltonian systems (see the
extensive literature cited, e.g., in [31]) and to half-lattice Jacobi- (cf. [18]) and CMV
operators (i.e., semi-infinite five-diagonal unitary matrices which are related to or-
thogonal polynomials on the unit circle in the manner that half-lattice tri-diagonal
(Jacobi) matrices are related to orthogonal polynomials on the real line as discussed

in detail in [172]; see Chapter 1 for an application of Theorem 3.2.6 to CMV opera-
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tors). After circulating a first draft of this manuscript, it was kindly pointed out to
us by Don Hinton that the idea of linking the family of spectral projections and the
spectral function using Stone’s formula as the starting point can already be found in

a paper by Hinton and Schneider [95] published in 1998.

Actually, one can improve on Theorem 3.2.6 and remove the compact support

restrictions on f and ¢ in the usual way. To this end one considers the map

_ {08°((a, 00)) — LA(Ridpy.q) (3.2.46)

U—I—,a: —~ 0
hi= hyo() = [ deoo(-, x)h(z).
Taking f =g, F =1, \; | —o0, and Ay T oo in (3.2.32) then shows that (7+,a is a
densely defined isometry in L?([a, 00); dz), which extends by continuity to an isometry

on L?([a,00);dx). The latter is denoted by U, , and given by

U {LQ([CL, 00); dz) — LA(R;dp, o) (32.47)

h g o) = Limgee [ do @a(-, )R(2),
where Lim. refers to the L*(R; dp; o)-limit.

The calculation in (3.2.44) also yields

(B, o (A1, A])g) (@) = /(A Hdm,a()\) Pa(X 2)1a(A), g€ C((a,00)) (3.2.48)

and subsequently, (3.2.48) extends to all g € L?([a, 00);dz) by continuity. Moreover,

taking A; | —oo and Ay T 0o in (3.2.48) using
S—hm)\l_ooEHJﬁa()\) = O, S—lim)\TOOEHJﬁa()\) = ]LQ([II,OO);dIE)7 (3249)

where

EH+,a ()‘) = EH+,a((_OO7 /\])’ (3250)
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then yields

K2

9() = Lidh oo oo / 0pralN) a(h JFea(N), g€ L2(a,00)dr), (3.2.51)

i
where Li.m. refers to the L*([a, 00); dz)-limit.

In addition, one can show that the map U, , in (3.2.47) is onto and hence that
Us o is unitary (ie., Us , and U;la are isometric isomorphisms between L?([a, c0); dx)

and L*(R;dpy ,)) with

L*(R;dpy ) — L*([a,00); dx
L { (R dp.) _ (la, 00); dr) (3.2.52)
b= Lim. oo oo f dpy.a(A) da(A, ) (A)-
Indeed, consider an arbitrary function f € L*(R;dp, ) such that
(£, Usah) 1o pg, ., =0 forall h € L*([a, 00); dz). (3.2.53)

Then, (3.2.53) holds for h = Eg, (A1, X2])g, A1, A2 € R, Ay < A9, g € C°([a, 0)).

Utilizing (3.2.48) one rewrites (3.2.53) as

0= (f7 U—i—,aEHJr,a ((Alv )\QDQ) L2(Ridpy o) - (fa U—O—,CMU;,IQX(M,)Q} U+,ag) L2(Ridpy o)

— / dpso(N) F(N) / dz ¢pa(N, 2)g(z) (3.2.54)
(A1,A2] [a,00)

_ / dz g(2) / dpy.a(N) a(r,2)FON).
[a,00) (A1,A2]

Since C§°([a, 00)) is dense in L?([a, 00); dz) one concludes that

/ dpy.a(N) da(X, 2)f(N) = 0 for a.e. z € [a,00). (3.2.55)
A1,A2]

Differentiating (3.2.55) with respect to x leads to

/(A | e AT =0 for ac. 2 € a00), (3.2.56)
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Using the dominated convergence theorem and the fact that f € L?(R;dpy,) C
LY (A1, Aa); dpy o) and that ¢, (N, z), ¢, ()\, z) are continuous in (A, z) € R x [a, 00),

one concludes

0= /(MM dpy.a(N) pa(X,a) f(N) = —sin(a) /(Amﬂ dpa(N) TN,

(3.2.57)
0= [ dpea) LT = cos(a) [ dpea() TV
(A1,22] (A1,A2]
Since the interval (A1, A\o] was chosen arbitrary, (3.2.57) implies
f(A) =0 dpy n-a.e., (3.2.58)

and hence U, , is onto.
We sum up these considerations in a variant of the spectral theorem for (functions

of) Hy ,.
Theorem 3.2.9. Let o € [0,7) and F' € C(R). Then,
UsoF(Hy o)Up = Mp (3.2.59)
in L*(R;dpy o) (cf. (3.2.34)). Moreover,
o(F(Hy,)) = ess.rang,, (F), (3.2.60)
0(Hy o) = supp (dp+.a), (3.2.61)
and the spectrum of Hy o 1s simple.
Here the essential range of F' with respect to a measure du is defined by
ess.rang, (F) ={z e Clfor all ¢ > 0, u({\ e R||F(\) — z| <e}) > 0}. (3.2.62)

We conclude the half-line case by recalling the following elementary example of

the Fourier-sine transform.
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Example 3.2.10. Let « =0 and V(z) =0 for a.e. x € (0,00). Then,

sin(AY2z
do(A, ) = % A>0, z € (0,00),
mo(z) =iz"?, 2 € C\[0,00), (3.2.63)

dp+o(N) = 7T_1X[o,oo)(>\)>\1/2d)\, A €ER,

and hence,
R Yy : )\1/2
h()\) = 1.i.m.ym/ dx Sm&lTx)h(g;), h e L2([0, 0); dz), (3.2.64)
0
_ [ sin(AY2z) ~ ~ _
h(l‘) = 1.1.m.u¢oo; \/0 )\1/2d)\ T h()\), h € LZ([O, C)O)7 ™ 1)\1/2d>\).
Introducing the change of variables
. oA\ 2l
p=A2>0H(p) = (—) h()), (3.2.65)
T

the pair of equations in (3.2.64) takes on the usual symmetric form of the Fourier-sine

transform,

H(p) = lim. o0 (%) v /0 " sin(pz)h(z), h e L*([0,00); dx),

i (3.2.66)
h(z) =1lim.g e (%) /0 dp sin(pz)H(p), H € L*([0,00);dp).

Next, we turn to the case of the entire real line and make the following basic

assumption.
Hypothesis 3.2.11. (i) Assume that

Ve LL.(R;dz), V real-valued. (3.2.67)
(77) Introducing the differential expression 7 given by

T=——+V(x), z€eR, (3.2.68)



we assume 7 to be in the limit point case at +o0 and at —oc.

Associated with the differential expression 7 one introduces the self-adjoint
Schrodinger operator H in L?(R; dz) by
Hf =1f,
(3.2.69)
fedom(H) ={g € L*(R;dx) | g,9 € ACioc(R); 79 € L*(R;dz)}.
Here AC),.(R) denotes the class of locally absolutely continuous functions on R.

As in the half-line context we introduce the usual fundamental system of solutions

¢a(z,+, ) and O,(z, -, o), z € C, of
(T9)(2,7) = 2¢p(z,2), z€R (3.2.70)

with respect to a fixed reference point zy € R, satisfying the initial conditions at the
point x = xg,
balz, 10, 20) = —0,,(2, 70, 20) = —sin(a),
(3.2.71)
&L (2, w0, 20) = 04(2, 20, 20) = cos(a), « € [0,m).

Again we note that for any fixed =,y € R, ¢o(z,x,20) and 0,(z,x,z() are entire

with respect to z and that
W(@a(Z,',$0),¢a(2,',$0))($) - 1’ zeC. (3272)

Particularly important solutions of (3.2.70) are the Weyl-Titchmarsh solutions
Yy o(2,-,70), z € C\R, uniquely characterized by

¢i,a(za ) 33'0) S LQ([$07 :i:OO), dl’),
(3.2.73)
sin(a)yl (2, o, 20) + cos()+ o(2, 20, 20) =1, 2z € C\R,
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The crucial condition in (3.2.73) is again the L?-property which uniquely determines
¥y o(2,+,20) up to constant multiples by the limit point hypothesis of 7 at £oo. In

particular, for o, 3 € [0, 7),

w:t,a(z7 ) xO) - C:I:(Za «, 67 xO)wﬂ:,,@<Za ) IO)

for some coefficients C(z, o, 3, z¢) € C. (3.2.74)
The normalization in (3.2.73) shows that ¢4 (2, -, zo) are of the type
Uy o(2,2,20) = 0a(2, 2, 20) + Mao(2,20)Pa(2,2,20), 2z€C\R, z€R (3.2.75)

for some coeflicients m4 ,(z, o), the Weyl-Titchmarsh m-functions associated with
T, o, and xg.
Again we recall the fundamental identity

+o0 .
/ dr P (21, 2, T0) Y a(22, T, 20) = M0 (21, 20) mi’”‘(z2’x0), (3.2.76)

Z0 21 — 22

21,22 € C\R, 21 # 29,
and as before one concludes
M2, 20) = Msa(Z,20), 2€C\R. (3.2.77)

Choosing z; = z, z9 = Z in (3.2.76), one infers

+o0
/ dx [Py o(2, 2, 20))* = Im(”};‘ZS’IO)), 2 € C\R. (3.2.78)

z0
Since m4 o(+, o) are analytic on C\R, m4 ,(-, zo) are Herglotz functions.
The Green’s function G(z,x,z’) of H then reads

1
(¢+,a(zv ) JZO), ¢—,a(z7 ) IO))

G(z,x,2') = W
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/ < 7!
. {¢_,a(z,x,xo)¢+,a(z,m W)l ST R (3279)

¢_7a(2,$/,$0)¢+7a(2,$, xﬂ)v ZE/ S x,

with
W(¢+,O¢(z7 K xO)? ¢—,a<z7 Yy Io)) = m—,a(z7 JT()) - m+70¢(z7 on), z € (3\1R (3280)
Thus,

(H =27 f)(z) = /Rdx'G(z,x,x’)f(x'), z € C\R, z € R, f € L*(R;dx).

(3.2.81)

Given m4(z,zg), we also introduce the 2 x 2 matrix-valued Weyl-Titchmarsh

function
1 1 m_ o(z,20)+my «(2,20)
My(z,20) = (f’k*fé@?ﬁ&ﬁ”@ﬁé@& Qz-zﬁziszm’z:@‘,zﬁ”) , 2€C\R.  (3.2.82)
2m— o(z,20)—m4,a(2,20) m_ o(2z,20)—m4 o (2,20)

M, (z,x) is a Herglotz matrix with representation

1 A
Mo(zan) = Calao) + [ d(han) |52 = 255 ] 2 CR
(3.2.83)
C (.’L’ ) - C (Z’ )* |’an()\,$0)||
a\t0 a\+0) » " 1+>\2

The Stieltjes inversion formula for the 2 x 2 nonnegative matrix-valued measure
dQ (-, zo) then reads

Ao+0
Qa(()\la )\2],1’0) = 7 'imlim d\ Im(Ma()\ + i€, l’o)), )\1, Ay € R, AL < g

(3.2.84)
In particular, this implies that the entries d$2, ¢, ¢,¢' = 0,1, of the matrix-valued

measure df), are real-valued scalar measures. Moreover, since the diagonal entries of

M, are Herglotz functions, the diagonal entries of the measure df2, are nonnegative
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measures. The off-diagonal entries of the measure df), equal a complex measure
which naturally admits a decomposition into a linear combination of differences of
two nonnegative measures.

We note that in formulas (3.2.73)—(3.2.83) one can replace z € C\R by z €
C\o(H).

Next, we relate the family of spectral projections, { Ex(\)}aer, of the self-adjoint
operator H and the 2 x 2 matrix-valued increasing spectral function Q, (X, zg), A € R,
which generates the matrix-valued measure in the Herglotz representation (3.2.83) of
My (2, ).

We first note that for /' € C(R),

(F-FD9) gy = [ A ErN)9) ey POV (3.2.85)

f.g € dom(F(H)) = {h € L*(R;dx) /RdHEH(A)h||;(R;dx) IFO)? < oo}.

Given a 2 x 2 matrix-valued nonnegative measure df) = (dQM) o=y O1 R with
dQY = dQoo + dQy 4 (3.2.86)
its trace measure, the density matrix

dS )
: (3.2.87)
( A ) w01

is locally integrable on R with respect to dQ2. One then introduces the vector-valued

Hilbert space L?(RR; dS2) in the following manner. Consider ordered pairs f = (fo, f1) "

of dQ¥-measurable functions such that

@
Zfz dQﬂf fo () (3.2.88)
L0'=
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is dQ"-integrable on R and define L?(RR; dS)) as the set of equivalence classes modulo
dQ-null functions. Here g = (go,91)" € L*(R;dS2) is defined to be a dQ-null function
if

1

/R 00 S 5V ‘%fﬁ ((;)) () = 0. (3.2.89)

This space is complete with respect to the norm induced by the scalar product

(f, 9)r2wa0) = /Qtr Zfz d%ﬂf, ))gg/()\), frg € L*(R;dS). (3.2.90)
o=

For notational simplicity, expressions of the type (3.2.90) will usually be abbreviated
by

(. 9) oy = / FNT AN 9N, f.g € LA(R;dSY). (3.2.91)

(In this context we refer to [43, p. 1345-1346] for some peculiarities in connection

with matrix-valued nonnegative measures.)

Theorem 3.2.12. Let a € [0,7), f,g € CF(R), F € C(R), xg € R, and A\, Ay € R,

A1 < Aa. Then,

(f, F(H)Eg((M, A])g )Lz Rydz) (fa( 0), MpMy, . Ga(", xo))LQ(RdQ (-z0))

:/( ]fa(A,xo)Tan(A,xo)ga(A,mo)F(A), (3.2.92)
A1,A\2

where we introduced the notation

o~ o~

hao(A, xo) :/dacé’a()\,x,xo)h(x), ha1 (A, xo) :/dxgzﬁa()\,x,xo)h(x),
R R (3.2.93)

ha(A\20) = (hao(A 20), hai (M 70)) ', A €R, h e CP(R),
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and Mg denotes the mazimally defined operator of multiplication by the dQ-mea-
surable function G in the Hilbert space L*(R; dQ4(+, o)),

(Meh)(A) = GOVR(A) = (GAho(A), GAI(N) " for ace. A € R, ( |
3.2.94
h € dom(Mg) = {k € L*(R; d2 (-, %0)) | Gk € L*(R; (-, 7)) }.

Proof. The point of departure for deriving (3.2.92) is again Stone’s formula (3.2.29)

applied to T'= H,

(fv F<H)EH<<)‘17 )‘2]>g) L2(R;dx)

A2+4

510 el 27 [y, 45

—(f(H=(A=i))7'9) pony ) (3.2.95)

Insertion of (3.2.79) and (3.2.81) into (3.2.95) then yields the following:

Ao+0
(- F (D1 0])0) gy = Tl s [ ()

x

At g e+ i) [ it sries’ zote)

+ f(@)Y_ o (N +ig, 2, 20) / e Vi oA+, 2, xo)g(x’)]

- —W()\l_ o) {m@h,a()\ —ig,x,x0) /; da' P o(A —ie, 2, o) g(2")

+ f(2)Y_ o(A —ig, x, xo)/ da' )y o (N —ie, o', a:o)g(:v’)} }, (3.2.96)
where we used the abbreviation
W(z) =Wt oz, 20)), V_alz, -, 20)), 2z€ C\R. (3.2.97)

Freely interchanging the dx and dz’ integrals with the limits and the dX integral (since

all integration domains are finite and all integrands are continuous), and inserting the
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expressions (3.2.75) for ¢y o(z,z,z¢) into (3.2.96), one obtains

T

(FFDE((1:0])0) gy = [ e T [ o't

R Y .
X 1;%1 1;{61 5 /,\1+6 dA F()) [[Qa()\, T, o) + My oA+ ig, T9)Pa (N, 2, o)
X [901()‘7 xl7 .CC()) + mf,a(A + Z'{;‘, x0)¢a(A7 xla 513'0)] W<)‘ + Zlg)il
- [ea()\a xz, 1’0) + m-‘r,a()‘ - iga $0)¢a(>\, xz, IL'())]
X [Ba(N, 2, 0) + m_ o(A — ig, 39)Pa (N, 2, o) [W(X — i)~
e Ao+0
T / &' g(a) i lim - A D) (3.2.98)
X |[BaX 2, 20) + M (A + i, 20)ga(A, 2, 20)]
X [Ba(N, 2, 20) + My o(A + ig, 29)pa (N, 2, o) |[W (X +ig) "
- [ea(/\v z, JJO) + mf,a(/\ o Z'E:v $0>¢a()\, z, Io)]

X [GQ()\, z' o) + my (N —ig, 20)da (N, 2, xo)} W\ — is)_l} }

Here we employed the fact that for fixed z € R, 6,(z, z, ¢) and ¢,(z, z, x¢) are entire
with respect to z, that 6,(\, x,z¢) and ¢, (A, x,z¢) are real-valued for A € R, that

ba(z,,10),0a(2, -, x9) € ACoc(R), and hence that

ea(/\ + i&f, xz, I’O) TO 9a<>‘7 xz, xO) + Z'éf(d/dZ)ea(Z, x, x(])’z:)\ + O<€2)7
(3.2.99)
¢a()\ + iga Z, 33'0) i] (ba()\a Z, .To) + Z'E(d/dZ)gﬁa(Z, Z, xO)’Z=/\ + O(€2)

with O(e?) being uniform with respect to (A, z) as long as A and x vary in compact

subsets of R%2. Moreover, we used that

glMa,E,E’()\ + Z‘57‘%0)‘ S C()\17)\27507x0)7 A S [)\17 )\2]7 0<e S €0, ga gl = Oa 17

IRe(Maup (A +i,a0))| = 0(1), A€R, L/=0,1, (3.2.100)
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which follows from the properties of Herglotz functions since M, ¢, ¢ = 0,1, are
Herglotz and M, o1 = M, 10 have Herglotz-type representations by decomposing the
associated complex measure df2, 01 into d€Q,01 = d(w; — we) + id(ws — wyg), with
dwi, k = 1,...,4, nonnegative measures. In particular, utilizing (3.2.77), (3.2.99),

(3.2.100), and the elementary fact (cf. (3.2.80))

My o( A+ i, zp) L [m_ oA +ie,20) + my o(X +ic, o)
Im : , = —-Im : — ,
W (A + ic) 2 W(A + ie) (3.2.101)
AER, >0,

da(ALie, x, x0) and 0, (Atie, x, xo) under the dX integrals in (3.2.98) have immediately
been replaced by ¢, (A, x, zg) and 0, (X, z, xp). Collecting appropriate terms in (3.2.98)

then yields

(f? F<H)EH((>‘17 >\2])g)L2(R;d$)

Ao+0
. YR / ARTE . -
_/Rd:cf(x)/Rda: g(x)lgfgllalg)lﬂ - dAF()\)

1
ga )\ 90( )\7 /7 I
. { (A, 2, 20)0a(A, 7', 20)Im [m_,a()\ + i€, 29) — My oA+ %7%)]

+ [(boz()\a z, xO)ea(Aa xla xO) + 901()\7 x, x0)¢a<A7 xl7 Q?o)]

(3.2.102)

1 [m,a()\ +ig, x9) + my o (A + e, xo)}

x =1
o m_ o(A +ie, x9) — my o (A +ic, x0)

4+ da(h 2, 20)da (A, 2, 20)Tm [

m_ oA+ ie, xo)my (A + i, 20)
m_ oA +ig,x0) —my oA +ie,z0) | |

Using the fact that by (3.2.84) (¢,¢' =0,1)

/ s (0 20) = Qoo (M1, Aol 20)
(>‘17>‘2]

Ao+48

— lim lim — ANTm (M, o (N + ig, 20)),
310 210 7 Sy, s (Mo (A + 8, 20))

(3.2.103)
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and hence that

1
/ deg,gl()\, l‘o) h()\) = lim — dA Im(Ma7g7gl()\ + i€, 330)) h()\), h € CQ(R),
R

(3.2.104)

1 A2+6
/ an,&gl()\, ZL‘Q) k’(}\) = lim lim — dX\ Im(Mayuf()\ + 7:5, l’o)) k’()\),
(A1,A2] 510 €l0 T 46

ke C(R), (3.2.105)

one concludes

(- F (B 0D)9) sy = [ 0T [ a' ) [ PO
’ R R (>\17)‘2]
x {ea(A,x,xo)ea(x,x',xo)dQQ,O,O(A,xO)
+ [Qba()\a x, I())HOL()\J IIJ .Z'(]) + ea()\7 x, IO)gba()\a I/, xO)]an,O,l()\a I'())
+ Ga(\, 7, 70)00(N, 7', 20) A%, 1,1 (A 20) }
- / FaON 20) T dQa(, 20) Ga (N, ) F(N), (3.2.106)

(A1,22]
using (3.2.93), dQn01(-,20) = dQa10(-,20), and interchanging the dz, dz’ and
dQu o0 (-,20), ¢, = 0,1, integrals once more. 0

Remark 3.2.13. Again we emphasize that the idea of a straightforward derivation of
the link between the family of spectral projections Ey(-) and the 2 x 2 matrix-valued
spectral function €2,(+) of H in Theorem 3.2.12 can already be found in [95] as pointed
out in Remark 3.2.8. It applies equally well to Dirac-type operators and Hamiltonian
systems on R (see the extensive literature cited, e.g., in [31]) and to Jacobi and CMV

operators on Z (cf. Chapter 1 and [18]).

As in the half-line case before, one can improve on Theorem 3.2.12 and remove the

compact support restrictions on f and ¢ in the usual way. To this end one considers
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the map

0. (o) C3°(R) — L2(R; d€ (-, 20)) (3.2.107)
o B (- 20) = (hao(M 7o), haa (A 20)) -
Frao(\ ) — /R 02 0u (0, 2, 20)h(x), s (M, 20) — /R dz b (O, 2, 20)h(x).

Taking f =g, F =1, A\ | —00, and Ay T oo in (3.2.92) then shows that ﬁa(mo) is

a densely defined isometry in L?(RR; dz), which extends by continuity to an isometry

on L*(R;dx). The latter is denoted by U,(x() and given by

Ual0): {LQ(R;dm) R (3:2.108)
“ h — ha(~,$0) = (ha,0(~,£l}0), h,ajl(',l'o))—r,
) — Ea,0<'7$0) lim fb dz 0,(-, , w0)h(x)

a( , O) (haJ(.’xO)) Li. ral—o00,bToo <J»Z2 dx (ba(',x,xo)h(m)) ’

)

where Li.m. refers to the L*(R; dQ, (-, zo))-limit.
The calculation in (3.2.106) also yields

(EH<<)‘17 )‘2]>g> (IL’) = /()\ \ ]<'9a()‘7 xz, xO)a Qba()‘v xz, IO)) an(A, IO) /g\a()‘)

= / {an,O,O(A7 3:0) ‘904()\7 Zz, wO)/g\a,O()\a .1'0)
(>‘11>‘2]

+ an,O,l()\a ZEO) [Qa()\, z, xO)/g\a,l(/\v 950) + Cba()\, z, xo)/g\a,o()\, on)}

4 Q11N 20) da(\, 7, xo)’g\ml()\,xo)}, g € CX(R) (3.2.109)

and subsequently, (3.2.109) extends to all ¢ € L*(R;dz) by continuity. Moreover,

taking A\; | —oo and Ay T 0o in (3.2.109) and using
(3.2.110)

s—lim,\l,ooEH(A) = O, s—lim,\TooEH()\) = [LQ(]R;dI))

where
Ey(\) = Ex((—o00,A]), XER, (3.2.111)
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then yield

g() = l'i'm‘ull*OO,HQTOO \/( ](ea()‘7 ) xO)? ¢a<>\7 ) 330)) dQOl<>\7 [L'()) /g\a<>\)
1,042

M2
= l-i-m-ml—ooszoo {an,0,0()\a xo) Qa()\, * xo)fq\a,o(A, $o)
M1

+ an,o,l()\, 950) [Qa(A, ) 1:0)/9\(1,1()\7 xo) + ¢a()\, ) 950)/9\&,00\, l‘o)]

4 A1 1 (M, 20) Ga (N, .,xo)ga,l(x,xo)}, g € LA(R; d), (3.2.112)

where Li.m. refers to the L?(R;dz)-limit. In addition, one can show that the map

Ua(z9) in (3.2.108) is onto and hence that U, (z) is unitary with

L?(R; dQu (-, L*(R; dx
Un(0) ™" (R; dfYa(:, z0)) = L(R; dx) (3.2.113)
ha('a [L'[)) = ha
2 R
B() = L0y toe / (Ou (- 20), b, - 20)) A (N, 20) B (A, 0.
#1

Indeed, consider an arbitrary element f = (fy, fi)" € L*(R;dQ (-, z0)) such that
(f, Ual20)) pagaq, gy = O for all h € L*(R; da). (3.2.114)
Then, (3.2.114) holds for h = Eg, (A1, A2])g, A1, 2 € R, A1 < Ao, g € CP(R).
Utilizing (3.2.109) one rewrites (3.2.114) as,
0= (f’ Ua(mO)EHa ((/\17 /\2])g)L2(R;an(-,x0)) (32115)

= <f7 UO((I‘())UCM(:CO)ilX()q,)\Q]Ua(x())g) L2(R;dQ% (20))

= / f()\>T onc()\axO)/ dilf (9a<)\,$7$0),¢a()\’$,x0)>—rg(l') (32116)
(A1,A2] R
— [drga) [ FOVT a0 20)(B0l . 0). 0, 0)
R (A1,22]
Since C§°(R) is dense in L*(R;dz) one concludes that

/ FOVTA(N, 20) (0 (N 2, 20), b, 7, 70)) T = 0 for ae. z € R, (3.2.117)
(A1,A2]

114



Differentiating (3.2.117) with respect to x leads to
/(A ) ]Wan()\,xo)(G;()\,x,xo), oL (N z,10))" =0 forae z€R. (3.2.118)
122
Using the dominated convergence theorem and the fact that
f € LA(R;dQ0 (-, 70)) € L' (M1, Ao]; Q0 (-, 20)) (3.2.119)

and that 0,(\, z), 0, (N, x), oo (X, ), &L, (A, x) are continuous with respect to (A, z) €

R2, one concludes

/@ | TOUT 02 00 20) 8020, 20), 600 20, 20)

_ /(A y FOVTdQ (N, 20)(cos(a), —sin(@))T = 0,

o (3.2.120)
| O a0 ) 0,0 0 20) 6, (st )
(A1,22]
= / FN)TdQ (N, 20) (sin(a), cos(a)) " = 0.
()‘17>‘2]
Since the interval (A1, A\o] was chosen arbitrary, (3.2.120) implies
fA) =0 dQu(-, xo)-a.e., (3.2.121)

and hence U,(zg) is onto.
We sum up these considerations in a variant of the spectral theorem for (functions

of) H.
Theorem 3.2.14. Let F' € C(R) and zp € R. Then,
Ua(20) F(H)Uy(70) " = Mp (3.2.122)
in L2(R; dQ(+,0)) (cf. (3.2.94)). Moreover,
o(H) = supp (da(-, x0)) = supp (dQ2 (-, zo))- (3.2.123)
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Here dQ (-, x0) = dQa00(+, 20) +dQ011(+, o) denotes the trace measure of A2, (-, o).

We conclude the case of the entire line with an elementary example.

Example 3.2.15. Let « =0, g =0 and V(z) =0 for a.e. x € R. Then,

o (\1/2
bo(A, x,0) = SID()\);TLE)a Oo(\, z,0) = cos(\/%x), A>0, z €R,
mo(2,0) = +iz"/2, 2 € C\[0,00), (3.2.124)
1 /\—1/2 0
dQ(A, 0) = %X(O,oo)o\) ( 0 /\1/2) dA, A eR,

and hence,

7> I b 1/2
h(\) = ﬁo()\, 0 _ Lm0 e p1oc [ dx cos(\'2x)h(x) |
hl()\ 0 ?

~— ~—

fab dx \™Y2 sin(AV2x) h(x)
h € L*(R;dx),
cos(AY/2x)~ sin(AY2z) ~

: o

I € L7([0,00); dS(-, 0)).
Introducing the change of variables

p=\"2>0, H(p) = (%g;) = # <)\17§ﬁ(;\())\)> , (3.2.126)

the pair of equations in (3.2.125) take on the symmetric form,

YR 1 fab dx cos(px)h(x) 2.
H(p) = 1'1'm'“i*°°“°om (fab dx sin(pz)h(z) |’ he L(R; do),

h(xz) = l.i.m.mOO# /OM dp [cos(px)f[o(p) + sin(pz) Hy ()], (3.2.127)

Hy € L*(]0,00); dp), £ =0,1.
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One verifies that the pair of equations in (3.2.127) is equivalent to the usual Fourier

transform
7 3 1 Y iqxr 2
h(q) = lim. e om)172 dr e'h(x), he L*(R;dz),
L L (3.2.128)
M) = e i / dge™"h(q), h e L*(R;dg).
—u

3.3 The Case of Strongly Singular Potentials

In this section we extend our discussion to a class of strongly singular potentials V' on
the half-line (a, 00) with the singularity of V being concentrated at the endpoint a. We
will present and contrast two approaches to this problem: One in which the reference
point zq coincides with the singular endpoint a leading to a (scalar) spectral function,
and one in which z; lies in the interior of the half-line (a,00) and hence is a regular
point for the half-line Schrodinger differential expression. The latter case naturally
leads to a 2 x 2 matrix-valued spectral function which will be shown to be essentially
equivalent to the scalar spectral function obtained from the former approach. While
Herglotz functions still lie at the heart of the matter of spectral functions (resp.,
matrices), the direct analog of half-line Weyl-Titchmarsh coefficients will cease to be
Herglotz functions in the first approach where the reference point xq coincides with

the endpoint a.

Hypothesis 3.3.1. (i) Let a € R and assume that

Ve L. ((a,00);dx), V real-valued. (3.3.1)

loc
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(77) Introducing the differential expression 7, given by

=05 +V(z), =€ (a,00), (3.3.2)

we assume 7, to be in the limit point case at a and at +o0.

(77i) Assume there exists an analytic Weyl-Titchmarsh solution (Z(z, -) of

(20)(z,2) = 2¢0(z,2), x € (a,00), (3.3.3)

for z in an open neighborhood O of R (containing R) in the following sense:

() For all x € (a,00), ¢(z,x) is analytic with respect to z € O.

(8) ¢(z,x), x € R, is real-valued for z € R.

() é(z,-) satisfies an L%-condition near the end point a

b
/ dx ‘5(2@)’2 < oo for all b € (a,0) (3.3.4)

a

for all z € C\R with |Im(z)| sufficiently small.

Without loss of generality we assumed in Hypothesis 3.3.1 (7i¢) that the analytic
Weyl-Titchmarsh solution satisfies the L?-condition near the left end point a. One
can replace this by the analogous L?-condition at oo.

A class of examples of strongly singular potentials satisfying Hypothesis 3.3.1 will
be discussed in Examples 3.3.10 and 3.3.13 at the end of this section.

While we focus on strongly singular potentials with 7, in the limit point case at
both endpoints a and oo, the case of strongly singular potentials with 7, in the limit

circle case at both endpoints has been studied by Fulton [53].
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Associated with the differential expression 7, one introduces the self-adjoint

Schrodinger operator H, in L?([a, 00);dx) by

Hof=1.f, (3.3.5)

f € dom(H,) = {g € L*([a,00);dx) | g, 9" € ACinc((a,0)); 749 € L*([a, 0); dz)}.

Next, we introduce the usual fundamental system of solutions ¢(z,-,zo) and
0(z,-,x0), z € C, of (3.3.3) satisfying the initial conditions at the fixed reference

point zg € (a,00),
(2, w0, 20) = 0'(2,20,20) =0, ¢ (2,20, 20) = 0(2, 0, 70) = 1. (3.3.6)

Thus, for any fixed « € (a, 00), the solutions ¢(z,z, zo) and 0(z, x,zo) are entire with
respect to z and

W(b(z,-,z0),d(2,-,m0))(x) =1, z€C. (3.3.7)

We note, that Hypothesis 3.3.1 (¢i7) implies that for fixed z € (a, c0), 5’(2,1’) is

also analytic with respect to z € O. This follows from differentiating the identity

b(z,2) = ¢ (2, 20)d(z, T, 30) + &2, 10)0(2, z, 1), T, 20 € (a,00) (3.3.8)

for z € O.

Next, we also introduce the Weyl-Titchmarsh solutions 14 (z, -, xg), xo € (a, 00),
z € C\R of (3.3.3). Since by Hypothesis 3.3.1 (ii), 74 is assumed to be in the limit
point case at a and at oo, the Weyl-Titchmarsh solutions are uniquely characterized

(up to constant multiples) by
V_(2,-,20) € L*([a, w0);dx), i (z,-,30) € L*([wg,0);dx), z€ C\R. (3.3.9)
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We fix the normalization of ¥ (z,-,zg) by requiring ¥4 (z,xo,z9) = 1 and hence

i(z,-, xo) have the following structure,

Yi(z,m,m0) = 0(2,x,00) + ma(z,20)P(2, 2, 20), x,20 € (a,00), z € C\R, (3.3.10)

where the coefficients m4.(z, zg) are given by

/
my(z,z) = M z,x0 € (a,0), z € C\R, (3.3.11)

Yﬂi(%%l’o)’

and are Herglotz and anti-Herglotz functions, respectively.

Lemma 3.3.2. Assume Hypothesis 3.3.1(i) and (ii). Then Hypothesis 3.3.1(iii) is
equivalent to the assumption that for any fired x € (a,00), m_(z,x) is meromorphic

with respect to z € C.

Proof. In the following we fix € (a,00). First, assume Hypothesis 3.3.1. By Hy-
pothesis 3.3.1 (i7), the Weyl-Titchmarsh solutions are unique up to constant multiples

and one concludes that _(z,-, zo) = ¢(z, x¢)d(z, -). Hence by (3.3.11),

m_(z,r) = = , « € (a,00), z € C\R. (3.3.12)

Since by Hypothesis 3.3.1 (i), 5(2, x) and 5’(2’, x) are analytic with respect to z € O
(cf. the paragraph preceding (3.3.8)), one concludes that m_(z, z) is meromorphic in
z € O and since m_ is analytic in C\R, m_ is meromorphic on C.

Conversely, if m_(z,z) is meromorphic with respect to z € C, then it has the

following structure,

m_(z,x) = (3.3.13)



where 7;(z,z) and n(z, ) can be chosen to be entire such that they do not have
common zeros. Moreover, since the zeros of 7;(-, x), j = 1,2, are necessarily all real,
the Weierstrass factorization theorem (cf., e.g., Corollary 2 of Theorem I1.10.1 in [129,
p. 284-285]) shows that 7, (z, z) and 7,(z, ) can be chosen to be real for z € R. Thus,

for xy € (a, 00),

gb(Z, ) = 772(27 56’0)77/}_(2, K JIO) = 772(27 x0)9<27 ) :L‘O) + 771(2’ x0)¢(za ) xo) (3314)

is entire in z, and moreover, it is a Weyl-Titchmarsh solution of (3.3.3) that satisfies

Hypothesis 3.3.1 (#ii). O

Lemma 3.3.3. Assume Hypothesis 3.5.1 (1i1). Then, there is an open neighborhood

O’ of R (containing R), O C O, and a solution 0(z,-) of (3.3.3), which, for each

x € (a,00), is analytic with respect to z € O, real-valued for z € R, such that,

W(b(z,-),6(z,)(x) =1, ze€O. (3.3.15)

Proof. Let g € (a,00) and consider the following solution of (3.3.3),

Y ¢/(Z,1'0) ¢(Za$0)
0 = = — 0 — = =
) = Rt F T T e a0
z € (a,00) (3.3.16)

for z in a sufficiently small neighborhood of R. Since for z,zy € (a,0), ¢(z,x),
0(z,x,x0), and ¢(z,x, o) are analytic with respect to z € O, real-valued for z € R,

and ¢(z, 79), ¢'(z, zo) are not both zero for all z in a sufficiently small neighborhood of

R, 6(z,x) in (3.3.16) is analytic with respect to z € O', O' C O, for fixed x € (a, 00)

and real-valued for z € R. Moreover, 6(z, z) satisfies (3.3.15) since for z € O,

W(@(Z, ')7 ¢(Z7 ))(I) = W(@(Z, ')7 ¢(Z, ))(%) (3317)
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— ¢ (z,x0) ~ b(z, o) _ -
N %(Za 330)2 + 5’(2, l‘o)Q(b (27 xO) + 5(2’, 1'0)2 4 5,(27 -TO)Q ¢(Z7 $0) =1 (3318)

]

Having a system of two linearly independent solutions (E(z, x) and 5(2, x) we in-

troduce a function m.(z) such that the following solution of (3.3.3)

Vi(z,2) = 0(z,3) + my (2)d(z,2), € (a,00), (3.3.19)
satisfies

Uy (z,-) € L*([b,00); dz) for all b € (a,00), (3.3.20)

for = € O'\R. By Hypothesis 3.3.1(ii), the solution 1, (z,-) is proportional to

¥4 (z,-,xo). Hence, using (3.3.11) and (3.3.12), one computes,

(s ) — QL(Z,OL’)—l-ﬁu(z)%’(z,x) -
+( ) ) f(z,l’) +my z)¢(i7$) ’ . ( )
my(z) = Q(Z,x)m+ zx) —0(zx)  W(O(z ),1/1+(z,~,x0)) 532

¢ (2,2) = 0(z,2)m(2,2) - W(Ws(2,70),0(2, )
0(z,x) my(z, ) B 0 (2, x) 1
) (5D —ma(eD) | 3 med) —miza) o)

By (3.3.22), m, is independent of z € (a, c0).

Having in mind the fact that my(-,x) are Herglotz and anti-Herglotz functions,
that ¢(z,z) # 0 for z € C\R, |Im(z)| sufficiently small, and that 6(z,z) and 6'(z, z)
are analytic with respect to z € ', one concludes from (3.3.23) that m, is analytic
in O’'\R. In contrast to m., the function m,, in general, is not a Herglotz function.

Nevertheless, m, shares some properties with Herglotz functions which are crucial
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for the proof of our main result, Theorem 3.3.5. Before we derive these properties we
mention that by using Hypothesis 3.3.1 (zii), (3.3.15), and (3.3.20), a computation of

the Green’s function G4 (z,x,2") of H, yields

no_ 5(2,5(])QZ+(Z,[E/), a<z <7
Gi(z,z,2') = {g(z, N (ex), a<r <z (3.3.24)

and thus,
(= =D )w) = [ G 1),

x € (a,00), f € L*([a,00);dx)

(3.3.25)

for = € O"\R.

The basic properties of m then read as follows:

Lemma 3.3.4. Assume Hypothesis 3.8.1. Then the function m.(-) introduced in

(3.3.19) satisfies the following properties:
(i) my(2) =m.(2), zeCq, [Im(2)| sufficiently small.
(i) elmy (A +ie)| < C(A1, A2, €0) for A€ [A1, N, 0 < e <eg.
(ii7) e|Re(my (A +ig))| =, o(1) for A€ A1, N, 0 <e <ey.
() —ielim. gmy(A\ + i) = elimgoIm(my (X + ig)) exists for all A € R and is

nonnegative.

(v) my(A+1i0) = lim.jomy (N + ig) exists for a.e. X € [A1, Ao] and

Im(my (A +1i0)) >0 for a.e. X € [\, As).
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Here 0 < g9 = e(A\1,A2) is assumed to be sufficiently small. Moreover, one can
introduce a nonnegative measure dp, associated with m. in a manner similar to the

Herglotz situation (B.4) by

Ao+0
/ A7 (\) = 7o (M, Ao]) = lim lim — A Im(fy (A +i€)).  (3.3.26)
(A1,A2] 610 €|l0 46

Proof. Since ¢(\, z) and G(), z) are real-valued for (A, z) € R x (a, 00), and analytic
for A € O for fixed x € (a,00), an application of the Schwarz reflection principle

yields

d(z,2) = 9(z,2), O(z,2)=0(z,2), z€(a,00), z€0. (3.3.27)

Thus, picking real numbers ¢ and d such that a < ¢ < d < o0, (3.3.24) and (3.3.25)

imply for the analog of (3.2.20) in the present context of H .,

/ dHEH+ (A) X[Cd]||2L2(aoo) dz)

—Z

/da:/da:@zx z,2') /dx/dxgbzx (z,2") (3.3.28)

+ My (2 )[/ dxqﬁ(z,x)} , ze€C\o(H,).

:(X[cd] (Hy —20)” X[cd])m([aoo)dx)

Choosing ¢(zp),d(zp) € [a,00) such that

d(z0) _
/ dr ¢(z,x) #0 (3.3.29)
c(20)

for z in an open neighborhood N (zg) of zy € C\o(H,) with Im(z) sufficiently small
(cf. the proof of Lemma 3.2.3), items (i)—(v) follow from (3.3.27) and (3.3.28) since

the left-hand side in (3.3.28),

)| Br, (Mxgeall,
HTL2([a,00);dx)
. 2 C\o(H,), 3.3.30
Lo ; \o(H,) (3:3:30)

—Z
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is a Herglotz function and ¢(z,z), 6(z, z) are analytic with respect to z € @, where
O’ C O is an open neighborhood of R. In addition, g(z, x) and g(z, x) are real-valued
for (z,z) € R x (a,00). Next, we pick A\;, Ay € R, A\ < Ay, such that for some
co,do € [a,0),

/do dz (z,x) # 0 (3.3.31)

for all z in a complex neighborhood of the interval (A1, A2). Then (3.3.28) applied to
z = X\ + g, for real-valued A in a neighborhood of (A1, \2), 0 < € < g, implies that

p- defined in (3.3.26) satisfies

Ao+0

(A1, Ag]) = lim lim = X Tm (g (X + i
P+ (A1, Ao]) = lim lim — - m(mn (A + ic))

Ao2+d d EH (/\/)Xc y 2 .
= lim lim — d\ Im{ / H + / [c0,do] H_L2([a,oo)7dm)
0l0 el0 T J) 45 o(Hy) N —\—ig

y K/Odo dxgg(k,x)f + 218(/050 dz (d/dZ)g(z,a:)b:A) +O(€2)}-1

+ 0(5)}

do
2 ~
- /u o B O[22y U o (W’x)] ) (3.3.32)
1,12 o

using item (i7), item (7ii), the dominated convergence theorem, and the analog of
(3.2.50) applied to the present context. Hence, p, generates the nonnegative measure

dp,. -

Next, we relate the family of spectral projections, { E, (A) }acr, of the self-adjoint
operator H, and the spectral function p;(A), A € R, defined in (3.3.26).

We first note that for F' € C(R),
(fa F(H+)9)L2([a7w);dz) = /]Rd(f, EH+<)‘)9)L2([a’OO);d$) F(A)u (3333)
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f’g € dOHl(F(H+>>

- {h € L2([a, o0); dx)

J B Oy FOOP <

Theorem 3.3.5. Let f,g € C§°((a,0)), F € C(R), and A\, s € R, \y < Xo. Then,

(fa F(H+)EH+<(>‘17 )‘QDQ) L2([a,00);dz) (f—l—v MFMXQ\I,)Q]/Q\—F)L%R;dﬁ”a (3334)

where we introduced the notation
hi(\) = / dz d(\, z)h(z), XeER, he CC((a,0)), (3.3.35)

and Mg denotes again the mazimally defined operator of multiplication by the dp. -

measurable function G in the Hilbert space L*(R;dp,),

(Mgh)(A) = G(WR(N) for a.e. X € R,
(3.3.36)
h € dom(Mg) = {k € L*(R; dp,) | Gk € L*(R; dp.)}.

Proof. The point of departure for deriving (3.3.34) is again Stone’s formula (3.2.29)

applied to T'= H .,

(f, F(HL)Eg, (M, M2])g) 2]

a,00);dx)

Ao+0
— limlim /A ANFOW[(f, (Hy — (A +ie)D)"'g)

310 €10 27 [y 45 L?([a,00);dz)

—(f,(Hy = A=) D) 7'9) paunyan] - (3:3:37)

Insertion of (3.3.24) and (3.3.25) into (3.3.37) then yields the following:

Ao+4
(fv F(H+)EH+((/\17 >‘2]>g)L2([a,oo);dJ:) - lt%ﬁ)llalﬁ)l% //\1+5 d/\F(/\)

« { / " {m@(x + i, 7) / " da (A + e, 2')g ()

+ f(x)p(\ +ig, 1) /OO dz’ 1Z+()\ + 1€, x’)g(x’)}
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F@E (A —ie,a) / "' H(A — e, a!)g()

a

+ @)\ — ie, x) / T Uy (A — e, x’)g(m’)} } (3.3.38)

Freely interchanging the dx and dz’ integrals with the limits and the d\ integral (since
all integration domains are finite and all integrands are continuous), and inserting

expression (3.3.19) for ¢, (2, ) into (3.3.38), one obtains

(PO B, (0 02)9) i = [ d:cﬁ{ [ o)

Aptd N N B N
< limlim A D) [0 2) + i (A + i£)3(A, 2)] 501, 2"

= [6002) + 74 (A = i9)3(\,2)] 60 2"

T e et [ ey (3.3.39)
LTINS 2mi s e

x [2,5@, 2)[0N, ') + g (A + i2)d(N, 2)]

— (N, @) [0\, ) + g (X — i) BN, :r;’)]] }

Here we employed the fact that for fixed z € (a,00), ¢(z,x), 0(z,x) are analytic
with respect to z € O and real-valued for z € R, the fact that g(z,-),g(z, ) €
ACipe((a, 00)), and hence that

S\ Eie,x) = 6\, v) +ie(d/dz)o(z, 2)|mn + O(?),
(3.3.40)

O(\ tig, x) = O(\, ) £ie(d/dz)0(z, 2)|.=x + O(e?),
with O(e?) being uniform with respect to (A, z) as long as A and x vary in compact
subsets of Rx (a, 00). (Here real-valuedness of ¢(z, z) and 8(z, z) for z € R, z € (a, 00)

yields a purely imaginary O(e)-term in (3.3.40).) Moreover, we used items (i¢) and

(iii) of Lemma 3.3.4 to replace ¢p(A+ic, z) and O(A+ie, z) by ¢(A, z) and (), z) under
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the d) integrals in (3.3.39). Cancelling appropriate terms in (3.3.39), simplifying the
remaining terms, and using item (i) of Lemma 3.3.4 then yield

(f7F<H+)EH+((>‘17>\2])9)L2([a700);dx) = /oo dxm/oo dx’g(x’)

)\2—‘,-5 . .

X 1}{51 lgfg s AN F(N)o(\, 2)p(\, ) Im(my (X + i€)). (3.3.41)

Using (3.3.26),

/ 47 () h(V) = lim ~ [ d\Im(fy (A + i) (), h € Co(R), (3.3.42)

€l0 T R

Ao+0
/ A5, (\) k() = lim lim — dNIm(fy (A +ie)) k(\), k€ C(R), (3.3.43)
(A1,A2] 6l0 €]0 77 Ai46

and hence

(f, F(H)Er, (M, 22D)9) 1 (o)

~ [ aT@ [t /( A FIG0 090 )

[ dmWFNEONEO). (3.3.44)
(>‘1=’\2}
using (3.3.35) and interchanging the dz, dz’ and dp, integrals once more. O]

Again one can improve on Theorem 3.3.5 and remove the compact support re-

strictions on f and g in the usual way. To this end we consider the map

G {CS"((MO)) - L(Ridpy)
' B h() = [ de gl x)h(x).

Taking f = g, F =1, A\ | —oo, and Ay T o0 in (3.3.34) then shows that (7+ is a

(3.3.45)

densely defined isometry in L?([a, 00); dz), which extends by continuity to an isometry
on L*([a,0);dz). The latter is denoted by U, and given by

U {qua, 00); dz) — L*(R;dp)

~ N (3.3.46)
h— hy(-) =Llimye [, dzo(-, z)h(z),
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where Li.m. refers to the L*(R;dp, )-limit.

The calculation in (3.3.44) also yields

(B, (A1, A2])g)() = /(A Hd/l(k) ¢, g+ (A), g€ C((a,00))  (3.347)

and subsequently, (3.3.47) extends to all g € L?([a, 0);dx) by continuity. Moreover,

taking A\; | —oo and Ay T oo in (3.3.47) and using
S—hIIl,\l,OOEH_F ()\) = O, s—lim,\TooEH+ (/\) = ILQ([a,oo);da:)y (3348)

where

EH+ (A) - EH+<<_007 )‘])7 (3349)

then yield

9() = Limuy o pioe / T a5 300, g€ LA, 00)dn),  (3350)

p1

where Li.m. refers to the L*([a, o0); dx)-limit.
In addition, one can show that the map U in (3.3.46) is onto and hence that U,
is unitary (i.e., Uy and U} are isometric isomorphisms between L?([a, 00);dz) and

L3(R;dp,)) with

L*(R;dpy) — L?*([a, o0); dx
Ut { (R;dp.) _ (la, 0o); dz) o (3.3.51)
h— 1im., |~ pustoo fm dp+(N) d(A, - )h(N).
Indeed, consider an arbitrary function f € L*(R;dp, ) such that
(f, U+h)L2(R;dp+,a) =0 for all h € L*([a, o0); dz). (3.3.52)

Then, (3.3.52) holds for h = Ey, (A, 2])g, A, A2 € R, A < Ao, g € C5°((a, 00)).

Utilizing (3.3.47) one rewrites (3.3.52) as,
0= (f7 U+EH+((/\17 >‘2]>g) L2(Rydpy) = (f7 U+U-:1X(/\1,)\2] U+g>L2(R;dﬁ+)
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_ / a5 () T / dx (N, 2)g(z) (3.3.53)
(A1,A2] (a,00)

— [ o) [ ap) 0TV
(a,00) (A1,A2]
Since C§°((a, o0)) is dense in L*([a, 0); dx) one concludes that
/ dp () ¢\, 2) f(A) =0 for a.e. z € (a,o0). (3.3.54)
(A1,22]

Differentiating (3.3.54) with respect to x leads to

/ 45, () &0, )T = 0 for ae. 3 € (a,00). (3.3.55)
(A1,A2]

Using the dominated convergence theorem and the fact that f € L*(R;dp,) C
LY((A1, Ao];dpy) and that ¢(X,z),¢'(A, x) are continuous in (A, z) € R x (a,00),
one obtains (3.3.54) and (3.3.55) for all z € (a,00), in particular, for some fixed

xo € (a,00). Since the interval (Aj, A\y] was chosen arbitrary (3.3.54) and (3.3.55)
imply

o\, 7o) f(N) = &'(A, o) f(N) = 0 dp,-a.e. (3.3.56)
Finally, the fact that 5()\, xg) and 5’ (A, zp) are not both zero for A € R implies

f(A) =0 dp,-a.e., (3.3.57)

and hence U, is onto.
We sum up these considerations in a variant of the spectral theorem for (functions

of) Hy.
Theorem 3.3.6. Let F' € C'(R), Then,
U F(H)U;' = Mp (3.3.58)
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in L*(R;dp,) (cf- (3.3.36)). Moreover,

o(F(Hy)) = ess.rangs, (F), (3.3.59)

o(H.) = supp (dps), (3.3.60)
and the spectrum of H, is simple.

Simplicity of the spectrum of H, is consistent with the observation that
det (Im(M (X + 40, zy)))

Im(m4 (A 10,z0)) m_ (A+0,20)Im(m4 (A+i0,20))
— det ( < |m— (A+10,20) —m 4 (A+10,z0) |2 [m_ (A+i0,20)—m4 (A+10,z0) |2 > ) (3361)

m— (A+i0,20)Im(my (A+i0,x0))  |m— (A+i0,20)|?Tm(m 4 (A\+i0,20))
[m— (A+i0,20) —m+ (A+40,z0) |2 [m— (A+i0,20) —m4 (A+i0,20)|?

=0 forae. A€ER

since by Lemma 3.3.2, m_(z, zg) is meromorphic and real-valued for z € R. In this
context we also refer to [84], [85], [105], [106], where necessary and sufficient conditions
for simplicity of the spectrum in terms of properties of m(+, z) can be found.
Next, we consider the alternative way of deriving the (matrix-valued) spectral
function corresponding to a reference point xy € (a,00) and subsequently compare
the two approaches.
As in the half-line context in Section 3.2 we introduce the usual fundamental

system of solutions ¢(z, -, x9) and 6(z, -, z¢), z € C, of

(T4)(z,2) = 290(z,x), x € (a,00) (3.3.62)

with respect to a fixed reference point zy € (a, 00), satisfying the initial conditions at

the point x = x,

¢(2, o, 1‘0) = 9,(271'0, CCO) - O’ ¢/(Zﬂ IO?'ZUO) = Q(Z, l‘o,l’o) =L (3363)
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Again we note that for any fixed z,zq € (a,0), ¢(z,z,x¢) and 0(z,z, xy) are entire

with respect to z and that
W(0(z,-,xo), d(z,-,x0))(x) =1, =ze€C. (3.3.64)

The Weyl-Titchmarsh solutions V1 o(2, -, x0), 2 € C\R, of (3.3.62) are uniquely char-

acterized by

V_(z,-,10) € L*([a, 2o]; dz), V4 (2, -, 20) € L*([wg, 00);dx), 2 € C\R,
(3.3.65)

wi(% Zo, xO) = 1.

The normalization in (3.3.65) shows that 1. (z, -, zo) are of the type
Vi(z,x,20) = 0(2,2,20) + ma(z,20)0(2,2,29), z€C\R, z€R (3.3.66)

for some coefficients m (z, z¢), the half-line Weyl-Titchmarsh m-functions associated

with 7, and zy. Again we recall the fundamental identity

z0 —
/ dr w*(’Zl’x?mO)w*(ZZu'x’xo) = _m_(thzi _ Z_(Z%x())’ (3367)
/ dz w+(21,l’,$0)1/}+(22,$,1’0) - m+(21’xz> - ZlJr(ZQ’xO)’ (3368)

xo 17— <2

21,22 € C\R, 21 # 29,
and as before one concludes
ma(z,9) = me(Z,19), z€ C\R. (3.3.69)

Choosing z; = z, 29 = Z in (3.3.67), (3.3.68) one infers

o . NI _Im(m_(z,xo))
/aood e Tm(m II(IjZ) ) | (3.3.70)
/ dz [, (2,7, 20) > = Ir;rl(zi 02, zeC\R.
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Since m (-, o) are analytic on C\R, £m. (-, x¢) are Herglotz functions.
The Green’s function G (z, z,z") of H, then admits the alternative representation

(cf. also (3.3.24), (3.3.25))

G ( /) _ 1 1/}—(27$,$0)¢+(Z7$/7$0), x S xla
PO T W (2, 20), (2 00)) | (2,2, mo) (2,2, 20), @ <,
2 € C\R (3.3.71)
with
Wy (z, -, x0),V—(2,-,20)) = m_(2,20) —m4(z,20), z€C\R. (3.3.72)
Thus,

(1, = =D )@ = [ G o))

2z € C\R, z € [a,0), f € L*([a,00);dx).

(3.3.73)

Given my(z, ), we also introduce the 2 x 2 matrix-valued Weyl-Titchmarsh

function
1 1 m—(z,20)+m4 (2,20)
M(z,20) = | [ha Gl ilim)) 2icfEin G |, 2 e C\R. (3.3.74)
2 m_(z,x0)—m+(2,20) m_(z,x0)—m+(2,20)

M (z,z) is a Herglotz matrix with representation

1 A
M@%F*M@ﬁ/mﬁ%ﬂkﬁ—lﬁd,ZEQR
(3.3.75)
Clon ||dQ Ol _
0 ’ 1 +/\2 )
where
1 Ao+48
Q(()\l,)\g],l'o) = — limlim d)\Im(M(/\—f-Zg,ZL‘())), )\1,)\2 € R, A1 < g
(3.3.76)
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Again one can of course replace z € C\R by z € C\o(H,) in formulas (3.3.65)—
(3.3.75).

Next, we relate once more the family of spectral projections, { Ep, (A)}acr, of the
self-adjoint operator H, and the 2 X 2 matrix-valued nondecreasing spectral func-
tion Q(\,z9), A € R, which generates the matrix-valued measure in the Herglotz

representation (3.3.75) of M (z, x).

Theorem 3.3.7. Let f,g € C§°((a,)), F' € C(R), ¢ € (a,00), and A, A2 € R,

/\1 < /\2. Then,

~

(f, F(H)En (A, AQ])Q)LQ([a,oo);dz) = (f(,20), MFMX(Al,Azlg(”xO))L?(R;da(-,xo))

- /(A . FON 20)T dQUA, 20) GA, 20) F(N), (3.3.77)

where we introduced the notation

/fzo)\wo: Oodasﬁ)\,x,xohx, /};1>\,3§'0: Ood:v A x,z0)h(x),
( >/a (\z,zo)h(a), T >/a o

h(A, 20) = (ho(\, o), hi (N, 20))T, A€ER, he CP((a,00)),
and Mg denotes the mazximally defined operator of multiplication by the dQ™ (-, zq)-
measurable function G in the Hilbert space L*(R;dQ(-, xy)),

(Meh)(A) = GOVR(A) = (GAho(A), GAI(N) for a.e. A € R, ( |
3.3.79
h € dom(Mg) = {k € L*(R; d)(-, 20)) | Gk € L*(R; d)(-, 20)) }.

We omit the proof of Theorem 3.3.7 since it parallels that of Theorem 3.2.12.

Repeating the proof of Theorem 3.2.14 one also obtains the following result.

Theorem 3.3.8. Let F' € C(R), zy € (a,0),

Ulzo): {LQ([CL’ 00); dx) — L*(R; dS(-, 7))

i " ~ . (3.3.80)
h— h(, :L‘O) = (ho(', ZEQ), hl(', ZU())) )
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~ T+, 20) . dr (-, x, o) h(z)
h(-’xo) = <ﬁ1<.7x0)) = 1-1-m-bia,cToo (jf»bc do ¢(-,x,x0)h(x)) ,

where L.i.m. refers to the L*(R; dQ(+, xg))-limit and

L2(R; d(-, z0)) — L*([a, 00); dx
U(xo_l:{ ( ( E))Hh (la, 00); dz)

p2

B() = L oo e / (00 - 20), 6O, - 70)) AN, 0) BN, 7o),

m

where Lim. refers to the L*([a, o0); dx)-limit. Then,
U(zo)F(H)U(z0)™ ! = Mp
in L*(R; dQ)(-, o)) (cf- (3.3.79)). Moreover,
o(H,) = supp (d92(- z0)) = supp (2, z0)).
Corollary 3.3.9. The expansions in (3.3.35) and (3.3.80) are related by,
7 (A) = S\, 20)ho(A,70) + ' (N, w0) (A, 0), X € o(H).

The measures dp, and dQ(-, xq) are related by,

_ 0 @(A,xo)
dpi () = = dQ 1 (A - = dQ oA
P+( ) ¢()\,x0) 0,1( , T0) ¢()\,:v0) 0,0( Jo)

"\, x 1
= ¢ ( 0) dQO,l ()\, 1'0)

5()‘7 ZEO) 5(/\7 xO)Q + 5/(/\7 '170)2
dQO,Q(/\, l’o), A c U<H+).

+ = =
Qb()\, xO)Z + (b/()‘a xO)z

(3.3.81)

(3.3.82)

(3.3.83)

(3.3.84)

(3.3.85)

(3.3.86)

Proof. (3.3.84) follows from (3.3.8), (3.3.35), and (3.3.78). (3.3.85) and (3.3.86) follow

from (3.3.6), (3.3.16), (3.3.23), (3.3.26), (3.3.74), and (3.3.76).
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Finally, we illustrate the applicability of our approach to strongly singular poten-
tials by verifying Hypothesis 3.3.1 under very general circumstances.

We start with a simple example first.

Example 3.3.10. The class of potentials V' of the form

Il Vs S

V(x) o +V(z), ve€ll,00), € (0,00), (3.3.87)

where V is a real-valued measurable Junction on [0,00) such that
V e LY([0,b]; z dx) for allb> 0, (3.3.88)

assuming that 7, = —d?/da? + [y2 — (1/4)|z~2 4V (z) is in the limit point case at oo,

satisfies Hypothesis 3.3.1.

To verify that the potential V' in (3.3.87) indeed satisfies Hypothesis 3.3.1 we first
state the following result. As kindly pointed out to us by Don Hinton, this is a special
case of his Theorem 1 in [94]. For convenience of the reader we include the following
elementary and short proof we found independently (and which differs from the proof
in [94]).

Lemma 3.3.11. ([94].) Let b € (0,00). Then the differential expression 7, given by

dd_;+#+x7(x), z € (0,b), v € [1,00), (3.3.89)

7_+ —_ —
with V a real-valued and measurable function on [0, 8] satisfying
V e LY([0,b]; 2 dx), (3.3.90)

is in the limit point case at x = 0.
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Proof. Consider a solution 6 of

(7:0)(z) = 0, € (0,0),

0(zo) = xé/Q_W, 0 (zo) = (1/2 — 7):1061/2_7 for some x4 € (0,0).

By the “variation of constants” formula, 0 satisfies

G(x) _ 12—y X QL /:D dt [:cl/%'ytl/%v _ $1/2*7t1/2+’qv(t>g(t>'
Y Jxo

Introducing

9()(,1') - $1/2_’Y,

1 xX
O (x) = % / dt [P — g PPV ()0, (8), k€N,

o

and estimating 6 by
k

1 /1 [* ~
10k (x)| < xl/%wﬁ (5/ dtt‘V(t)|> , x€(0,29), k>0,
- 0

then imply

6(z) =) ilx),

(3.3.91)

(3.3.92)

(3.3.93)

(3.3.94)

(3.3.95)

where the sum converges absolutely and uniformly on any compact subset of (0, z).

In addition,

00 1 zo "
10(z)| < Z|0k(x)| < Y27 exp (%/ dtt]V(t)\), x € (0,z9).
k=0 0

Since V € L*([0,b]; z dz), there exists o € (0,b) such that

1= -
5/0 dtt|V(t)| <1n(3/2),

137

(3.3.96)

(3.3.97)



and hence by (3.3.93), (3.3.95), (3.3.96), and (3.3.97),

- 1
0(z) =200 — > |0u(x)| = /> (2 - eln<3/2>) > a'*7 we(0,m). (33.98)
k=0
Thus, 6 ¢ L*((0, z); dz) and hence 7, is in the limit point case at = = 0. O

Moreover, by the “variation of constants” formula, the Weyl-Titchmarsh solution

¢(z,-) of

— "z, 2) + V(2)Y(z,2) = 2¢(2,2), z € (0,00), (3.3.99)

Y(z,-) € L*((0,b); dx) for some b € (0,00), z € C (3.3.100)

satisfies the Volterra integral equation

1 x
o(z,z) = /27 + 2—/ dt [x1/2+7t1/2—7 — t1/2+”’x1/2_7} U(z,t)o(z,t), (3.3.101)
7 Jo

where

Uz,z) =V(z) — = (3.3.102)

To verify this claim one iterates (3.3.101) to obtain a solution ¢(z,z) of (3.3.99) in

the form

$(z,2) = di(z.x), 2€C, z€(0,00), (3.3.103)
k=0
where

50(27 iC) = 1.1/24“’77

~ 1 [* ~
o2, x) = 5/ da’ [931/%7(5)1/2_7 - (95/)1/2“931/2_7][](% ') pr-1(2,2'),
0
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keN, zeC, z € (0,00). (3.3.104)

Since ggk(z,x), k € N, is continuous in (z,x) € C x (0,00), entire with respect to z

for all fixed = € (0, 00), and since

[0 (z, )] <

x1/2+fy 1 T k
i <;/ dx’x/|U(z,:C')]> , (z,2) €K, (3.3.105)
‘ 0

where K is any compact subs et of C x (0,00), the series in (3.3.103) converges
absolutely and uniformly on K, and hence ¢(z, z) is continuous in (z,z) € C x (0, )
and entire in z for all fixed z € (0,00). Moreover, it follows from (3.3.103) and

(3.3.105) that

- 1 /[®
|p(z, )| < zY* 7 exp (—/ dx':z:’|U(z,a:’)\), (2,2) € K, (3.3.106)
7 Jo

and hence, g(z, -) satisfies (3.3.100). Summarizing these considerations, &5(2, -) satis-
fies Hypotheses 3.3.1 (7i7) (c)—(7y).

While this represents just an elementary example, we now turn to a vast class of
singular potentials.

We first state the following auxiliary result.

Lemma 3.3.12. Let b € (0,00) and f, f" € AC1,((0,0)), f real-valued, and f(x) # 0
for all x € (0,0).

(1) Introduce

ne(z) =272 f () exp (i /wo dx'f(x')_2>, z,zo € (0,0). (3.3.107)
Then ny represent a fundamental system of solutions of
— " (x) + [J;l((xx)) + f(lx>4]¢(37) =0, z€(0,b) (3.3.108)
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and

W(nge,n-)(z) =1. (3.3.109)
(ii) In addition, assume f € L2([0,V]; dz) for some b € (0,b) and V € L*([0,d]; f2dz)
for all ¢ € (0,b). Then there ezists an entire Weyl-Titchmarsh solution 5(2, -) of

f"(x)
@) " Fan

—¢"(z,1)+ +V(2)|d(z,2) = 28(z,2), z€C, ze(0,b) (3.3.110)

in the following sense:

() For all z € (0,b), ¢(-,x) is entire.

(B) ¢(z,x), x € (0,b), is real-valued for z € R.

() a(z, -) satisfies the L*-condition near the end point 0 and hence

#(z,-) € L*([0,c];dx) for all z € C and all c € (0,b). (3.3.111)

Proof. Verifying item (i) is a straightforward computation. To verify item (i), con-

sider the Volterra integral equation

Hera) = () + / " [ (@ () — @) (@) [V(a') — 2] Bz ),

z€C, z€(0,0). (3.3.112)
Again, iterating (3.3.112) then yields
d(z,x) = Z on(z,2),  do(z, 1) =n_(z), (3.3.113)
k=0

u(z,) = [ d ) (e) = (- @[T () = ]G (e.), ke
(3.3.114)

The elementary estimate

gexp(—/ dyf(y)2> <1, 0<a'<z<d (3.3.115)



then yields

61(2,2)] < (@) / 4! Iy (2 ()|
<l [ @ V) - 4 (3:3.116)

and hence

‘(Zk(z,:c)}ﬁm,( );‘(/ dx' f(z ‘V —z‘) , keN, zeC, z€(0,b).
(3.3.117)

Thus,

‘g(z,x)‘ §|n_(x)|exp(/ dr' f(x ‘V —z|>, keN, zeC, z € (0,b).
(3.3.118)
This proves items (ii) (o) and (ii) (3). Since by hypothesis, f € L?([0,V];dx) for
some V' € (0,b) and hence n_ € L*([0,c]; dz) for all ¢ € (0,b), item (i) () holds as

well. O

A general class of examples of strongly singular potentials satisfying Hypothesis

3.3.1 (4i7) is then described in the following example.

Example 3.3.13. Let b € (0,00). Then the class of potentials V' such that

V, V' € AC1c((0,0)), V € LL ((0,00);dz), V real-valued, (3.3.119)
V(z) >0, x€(0,b), (3.3.120)
VY2 e LY([0,b]; dx), (3.3.121)
VIV e L2([0,b); da), (3.3.122)
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either V=32V" € L([0,b]; dx), or else, (3.3.123)

V" >0 a.e. on (0,b) and hﬁ)l V'(2)V (2)%? exists and is finite, (3.3.124)

satisfies Hypothesis 3.3.1(ii1) («)—(7y) in the following sense: There exists an entire

Weyl-Titchmarsh solution a(z, -) of
— "z, 2) + V(2)Y(z,2) = 2¢0(2,2), 2€C, xe(0,00) (3.3.125)

satisfying the following conditions (a)—([3):

() For all z € (0,00), ¢(-,x) is entire.

(B) ¢(z,x), x € (0,00), is real-valued for z € R.

(7) ¢(z,-) satisfies the L?-condition near the end point 0 and hence
d(z,-) € L¥([0,d;dz) for all z € C and all ¢ € (0, 00). (3.3.126)

Since V' is strongly singular at most at x = 0, it suffices to discuss this example
for x € (0,b) only. Moreover, for simplicity, we focus only on sufficient conditions for
Hypotheses 3.3.1 (i7i) (a)—(7) to hold. The additional limit point assumptions on V'
at zero and at infinity can easily be supplied (cf. [43, Sects. XIII.6, XIII.9, XIII.10]).
Moreover, we made no efforts to optimize the conditions on V. The point of the
example is just to show the wide applicability of our approach based on Hypothesis
3.3.1.

In order to reduce Example 3.3.13 to Lemma 3.3.12, one can argue as follows:

Introduce

fla) =V(x)™*, (3.3.127)
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Vi(z) = —f"(z)/f (). (3.3.128)

Then f, f' € AC1.((0,0)), f # 0 on (0,b), and f € L*([0,¢c];dx) for all ¢ € (0,b).

Moreover, since

- 5 1
2V = —ff" = T [V=orv? + Zv—3/2v", (3.3.129)

V e LY([0,d]; f2dz) for some ¢ € (0,b). (This is clear from (3.3.122) if condition in
(3.3.123) is assumed. In case (3.3.124) is assumed, a straightforward integration by
parts, using (3.3.122), yields V e L([0, ¢); f2dz) for some ¢ € (0,b).) Thus, Lemma
3.3.12 applies to

V= (=) +f+V. (3.3.130)

Remark 3.3.14. We focused on the strongly singular case where 7, is in the limit
point case at the singular endpoint = a. The singular case, where V' is not integrable
at the endpoint a and 7, is in the limit circle case at a is similar to the regular
case (associated with a Weyl-Titchmarsh coefficient having the Herglotz property)

considered in Section 3.2. For pertinent references to this case see [53|, [57].
3.4 An Illustrative Example

In this section we provide a detailed treatment of the following well-known singular
potential example (which fits into Lemma 3.3.12 with f(z) = (v/7)Y2, 2 > 0, v €

[1,00), and V = 0),

V(z,y) = ———=, z€(0,00), 7€ [l,0) (3.4.1)
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with associated differential expression

d2

() = R V(z,v), z€(0,00), v€][l,00). (3.4.2)

Numerous references have been devoted to this example, we refer, for instance, to
[40], [41], [43, p. 1532-1536], [48], [57], [58], [131], [135, p. 142-144], [137], [184, p.
87-90], and the literature therein. The corresponding maximally defined self-adjoint

Schrodinger operator H, () in L2([0, 00); dz) is then defined by

Hi(v)f=7m()f,

f S dOHl(H+(’Y)) = {g S LQ([()? 00)7 dl‘) |g7g/ € ACloC((07 OO)), (343)

7(7)g € L*([0,00); dx)}.
The potential V(-,7) in (3.4.1) is so strongly singular at the finite end point z = 0
that H, () (in stark contrast to cases regular at x = 0, cf. (3.2.3)) is self-adjoint in

L?([0, 00); dz) without imposing any boundary condition at z = 0. Equivalently, the

corresponding minimal Schrédinger operator [A{u(fy), defined by

Hy(y)f =71()/,
f € dom(H. (7)) = {g € L*([0,0); dx) | g, g € ACioe((0,0)); (3.4.4)

supp (g) C (0, 00) compact; 74(7)g € L*([0,00); dx)},

is essentially self-adjoint in L?([0, 00); dz).

A fundamental system of solutions of
(T+(MNY)(z,2) = 29¢(2,7), € (0,00) (3.4.5)

144



is given by
' 2 I (2 %), 2VPY, (2 Pr), 2 € C\{0}, z € (0,00), v € [1,00) (3.4.6)

with J,(-) and Y, (-) the usual Bessel functions of order v (cf. [3, Ch. 9]). We first
treat the case where

v € (l,00), 7¢N, (3.4.7)

in which case
o' 2 I (2 2), 22T (2P2), 2 € C\{0}, x € (0,00), v € (1,00)\N  (3.4.8)

is a fundamental system of solutions of (3.4.5). Since the system of solutions in
(3.4.8) exhibits the branch cut [0, c0) with respect to z, we slightly change it into the

following system,

0z 2,7) = O al2sin(my)]~ 2 /20 2 (21/20),
(3.4.9)
0(z,2,7) = C22x2]_(2M?2), 2€C, 2 €(0,00), 7€ (1,00)\N,
which for each x € (0,00) represents entire functions with respect to z. Here C' €

R\{0} is a normalization constant to be discussed in Remark 3.4.4. One verifies that

(ct. [3, p. 360])
W((z,-,7),6(z,,7) =1, z€C, ve(l,00)\N (3.4.10)

and that (cf. [3, p. 360])

(—za?/4)*
I'(k+1x7) (3.4.11)
z€C, z€(0,00), v € (1,00)\N.

ZJF’Y/Qxl/zJi’y(Zl/Qx) — 277, (1/2)% Z o
k=0
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Hence the fundamental system ¢(z,-,7),0(z,-,7) in (3.4.9) of solutions of (3.4.5) is
entire with respect to z and real-valued for z € R.
The corresponding solution of (3.4.5), square integrable in a neighborhood of

infinity, is given by
/2 fp(1) (,1/2,) — i V2[p=imy ] (,1/20) _ ] (412
PO = 7 () = T () (3.4.12)

z € C\[0,00), x € (0,00), v € (1,00)\N

with Hﬁl)() the usual Hankel function of order « (cf. [3, Ch. 9]). In order to be

compatible with our modified system ¢, 6 of solutions of (3.4.5), we replace it by

Vi(z,m,y) = O 20 V2] (2 22) — CPe™ ™0 O 2 2 (2 )
=0(z,3,7) + my(z,7)9(z,2,7), (3.4.13)

z € C\[0,00), x € (0,00), v € (1,00)\N,
where
my(z,7) = —C?*(2/7)sin(ny)e ™27, 2z € C\[0,00), v € (1,00)\N (3.4.14)

and

my(z,7) =my(zZ,7), =z¢€ C\[0,00). (3.4.15)

Next, we consider the case,
vy=né€EN, (3.4.16)
in which
V2, (2Y%x), 22, (2%2), 2 e C\{0}, z € (0,00), n € N, (3.4.17)

146



is a fundamental system of solutions of (3.4.5). As before, we slightly change it into
the following system,

d(z,z,n) = C7Y(w/2) 2722 2 ], (21 %),

0(z,z,n) = C2"2' [ = Y, (2"%2) + n 'n(z) J,. (2" ?x)], (3.4.18)

z€C, ze€(0,00), neN.
Here C' € R\{0} is a normalization constant to be discussed in Remark 3.4.4. One
verifies that (cf. [3, p. 360])
W((z,-,n),¢(z,,n)(z) =1, z2€C, neN, (3.4.19)

and that the fundamental system of solutions of (3.4.5), ¢(z,-,n),0(z,-,n) in (3.4.18),
is entire with respect to z and real-valued for z € R.
The corresponding solution of (3.4.5), square integrable in a neighborhood of

infinity, is given by

e PHM (2P2) = 220, (2P2) + Y, (2 22)],
(3.4.20)
z € C\[0,00),2 € (0,00), n € N

with H"(-) the usual Hankel function of order n (cf. [3, Ch. 9]). In order to be

compatible with our modified system ¢, 6 of solutions of (3.4.5), we replace it by
Vo (z,2,n) = C2" 22V 2iH, (2 %2) = C’zl/Qxl/z[ — Y, (212x) + iJn(Zl/2I)}
=0(z,z,n) +my(z,n)p(z,x,n), (3.4.21)
z € C\[0,00), x € (0,00), n € N,
where
my(z,n) = C*(2/m)2"[i — (1/7)In(z)], =z € C\[0,00), n € N (3.4.22)
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and

mi(z,n) =my(z,n), z¢€ C\[0,00). (3.4.23)

Remark 3.4.1. (i) We emphasize that in stark contrast to the case of regular half-
line Schrédinger operators in Section 3.2, m.(-,7) in (3.4.14) and (3.4.22) is not a
Herglotz function for v € [1, 00).

(77) In the paper by Everitt and Kalf [48] the Friedrichs extension and the associated
Hankel eigenfunction transform are treated in detail for the case v € [0,1) in (3.4.1).
In this case the corresponding Weyl-Titchmarsh coefficient turns out to be a Herglotz

function.

Since 74 (7y) is in the limit point case at z = 0 and at = = oo, (3.4.5) has a unique
solution (up to constant multiples) that is L? near 0 and L? near oco. Indeed, that
unique L%-solution near 0 (up to normalization) is precisely ¢(z,-,); similarly, the
unique L?-solution near co (up to normalization) is 1 (z, -, 7).

By (3.4.10) and (3.4.19), a computation of the Green’s function G (z,x,’,v) of

H, (v) yields

: 1/2 1/2,)21/2 gD (172,00 < o
Gzl ) = im J a2 (2 Pa)x fy(l)(z '), 0<z<4a, (3.4.24)

2 | 2"V2 (2222 P HY (2 22), 0<a <,
_ oz ei(za ), 0<e <, (3.4.25)

¢(z,x’,7)¢+(z,x,7), 0< ZL‘/ S xz,
z € C\[0,00), v € [1,00).
Thus,
(H,() =2 )@) = [ ! G’ )f ),

0 (3.4.26)

z € C\[0,00), x € (0,00), f € L*([0,00);dzx), v € [1,00).
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Given m.(z,7) in (3.4.14), we define the associated measure p(-,7) by

Ao+0

pr (M, A, y) =7t lim lim dATm(m (X + ig, 7)) (3.4.27)
10 €]0 AL +6

_ 222 1 = sin®(7y), v ¢N, (3.4.28)
y+1 7|1, v €N,

0< A <A, 7y E [1,00),

generated by the function

ML g {sin2<m>, v ¢ N,

P+ (A7) = C?X0.00)(N) AeER, yel,00). (3.4.29)

y+1n2 |1, v eN,

Even though m (+,7) is not a Herglotz function for v € [1, 00), dp(+,7) is defined
as in (3.3.26), in analogy to the case of Herglotz functions discussed in Appendix B
(cf. (B.4)).

Next, we introduce the family of spectral projections, { Ex, (v)(A) }acr, of the self-

adjoint operator H () and note that for F' € C'(R),

(1 PULS) oy = [ A Pt )(N8) 2 i PO
£.9 € dom(F(H,. (7)) (3.4.30)

= {hELQ([O,oo);dx) /Rd||EH+ N2 0y [FOIE < oo}.

The connection between {Ep, (1)(A)}aer and pi (X, 7v), A > 0, is described in the

next result.

Lemma 3.4.2. Let v € [1,00), f,g € C§°((0,00)), F' € C(R), and A, A2 € [0, 00),
)\1 < )\2. Then,
(f7 ( ( ))EH+ (()‘17)‘2]) ) L2(]0,00);:dx)

A (3.4.31)
= (f+(), MpM,, 9+(7))L2(R;dp+<~,v>)’
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where

~

hi(v)(A) = /000 dx (N, z,v)h(z), A€ [0,00), he C5°((0,00)) (3.4.32)

and Mg denotes the operator of multiplication by the dpy(-,~y)-measurable function

G in the Hilbert space L*(R;dp(+,7)).

The proof of Lemma 3.4.2 is a special case of that of Theorem 3.3.5 and hence
omitted.
As in Section 3.3 one can remove the compact support restrictions on f and g in

Lemma 3.4.2. To this end one considers the map

U.(y): {LQ([O, 00); dx) — L*(R;dpy (-, 7)) (3.4.33)

~ . b
h— hy(-,y) =Limy [y dzo(-, z,7)h(z),

where Li.m. refers to the L*(R;dp, (-, 7))-limit.
In addition, it is of course known (cf., e.g., [43, p. 1535]) that the Bessel transform

Ui (7) in (3.4.33) is onto and hence that U, () is unitary with

Us(y) s {L2<R; dpy (7)) — ([0, 00); dx)

B LM, oo patoe [12 dpy (A7) BN, - 7) AN,
(3.4.34)

where Lim. refers to the L*([0, 00); dz)-limit.
Again we sum up these considerations in a variant of the spectral theorem for

(functions of) H (7).

Theorem 3.4.3. Let v € [1,00), F € C(R). Then,
U () F(H . (7))U (7)™ = Mp (3.4.35)
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in L*(R;dp,(-,7)). Moreover,

o(F(Hy(v))) = ess.rang,, (. (F), (3.4.36)

o(H(v)) = supp (dp+ (-, 7)), (3.4.37)

and the spectrum of H,(7y) is simple.

Next, we reconsider spectral theory for H, () by choosing a reference point xy €
(0,00) away from the singularity of V'(-,v) at = 0.
Consider a system ¢(z, -, xo, ), 0(z, -, o, y) of solutions of (3.4.5) with the follow-

ing initial conditions at the reference point zo € (0, 00),

b(z, o, xo,y) = 0 (2,20, 0,7) =0, ¢ (2,20, 70,7) = 0(2, 9, T0,7) = 1.

Denote by m4(z,xg,y) two Weyl-Titchmarsh m-functions corresponding to the re-
striction of our problem to the intervals (0,zo] and [xg,00), respectively. Then
the Weyl-Titchmarsh solutions . (z,-,zo,7) and the 2 x 2 matrix-valued Weyl—-

Titchmarsh M-function M (z,zy,y) are given by

wi(z7 T, X0, 7) = 9(Z7 T, Xo, fy) + mi(z7 Lo, 7)(?(27 z,Zo, 7)7 (3438)
1 1 m_(2,%0,7)+m4 (2,70,7)
m—_(z,x0,7)—m+ (2,0, 2 m_(z,x0,y)—m+ (2,20,
M(Z’ o, 7) — |1 m—((zﬂ(ﬁ)og)‘f‘"a-((zygo?/’z) m—§27138,7y§m+ Erz(,xo,?y % (3439)
2m—(z,x0,7)—m+(2,0,7)  m—(2,30,7)—m4(2,20,7)

Since any L2-solution near 0 and near oo (i.e., any Weyl-Titchmarsh solution) is nec-
essarily proportional to z'/2.J, (21/?x) and a:l/szsl)(zl/Qat), respectively, one explicitly

computes for m(z, xg,7y),

1 12 J (212 )
_ = — - 3.4.40
m (ZJ o, 7) 2IO + 2z J7(21/2330) ) ( )
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1 !
1 1/2 H’(Y ) (2"/220)

my(z,x0,7) = 300 +z HO (12 (3.4.41)
and for M (z, zo,7),
Imx
Moo(z,x0,7) = TOJV(Zl/2xO)H§1)(ZI/2xO), (3.4.42)
s
Mo (z,20,7) = Mio(2,0,7) = T [Jw(zl/%o)HS)(zl/Zon) + z02"/? (3.4.43)

X (J7(21/2x0)H§1)/(21/2x0) + J;(zl/on)H§1)(zl/2xo))] ,

i
M 1 (2, x0,7) = o~ [J,Y(ZI/QJIQ)H,(YI)(ZIQ.I()) + 220212
0

X (Jv(zlmxo)Hﬂ(fl)/(zl/ng) + J;(z1/2x0)H§1)(z1/2x0)> (3.4.44)
+437(2)2%(zl/Q:EO)HS)/(zl/QmO) :
Using (3.4.12), (3.4.20), and the calculation above, one can also compute the 2 x 2

spectral measure d€)(-, zg,y) and its density d€(-, zo,7y)/dA,

dQ (A 1
W = —lmIn(M(A+iz,20)). A€R, (3.4.45)
dQ0.0(\, o,y 2o 7 (AY220)2, A >0,
00<d)\ 0:7) _ {02 A (3.4.46)
€201 (A, 20,7) _ dh0(A, 7o)
dA d\
1[I (A 2a0) 4 200 N2 (A 2ag) I (A 2a0) |, A > 0,
=0 ) <0 (3.4.47)
dQLl()\,iCo,’)/) . {i [J,y()\l/2l'0) + 2.T0)\1/2J,;()\1/2[L‘0)}2, A > 0, (3 4 48)
d\ o, A <0. o
Moreover, one verifies that,
dQ2(A 1, A>0
rank ((C%—;\EM) = {O, \ < 0’ (3.4.49)
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Finally, we will show that the results of Section 3.3 which let one obtain a scalar
spectral measure dp, (\,7) from the 2 x 2 spectral measure d€Q(\, xg,7y) lead to the
measure equivalent to dpy (A, y) obtained in the first part of this section.

Let

O(z,x,7) = 2772221 (M ) (3.4.50)

be the Weyl-Titchmarsh solution satisfying Hypothesis 3.3.1 (¢iz). Inserting (3.4.46),

(3.4.47), and (3.4.50) into (3.3.86) then yields

dA 0, A <0,
which, up to a constant multiple, is the same as dp(A,7)/d\ in (3.4.29).
Of course the analogs of Theorem 3.3.7, Theorem 3.3.8, and Corollary 3.3.9 all

hold in the present context of the potential (3.4.1); we omit the details.

Remark 3.4.4. We explicitly introduced the normalization constant C' € R\{0} in
(3.4.9) and (3.4.18) to determine its effect on (the analog of) the Weyl-Titchmarsh
coefficient m (cf. (3.4.14) and (3.4.22)) and the associated spectral function p, (cf.
(3.4.29)). As C enters quadratically in m, and p., it clearly has an effect on their
asymptotic behavior as |z| — o0, respectively, |[\| — o0o. The same observation
applies of course in the regular half-line case considered in the first half of Section
3.2. It just so happens that in this case the standard normalization of the fundamental
system of solutions ¢, and 0, of (3.2.4) in (3.2.5) represents a canonical choice and
the normalization dependence can safely be ignored. In the strongly singular case

in Sections 3.3 and 3.4 no such canonical choice of normalization exists. Of course,
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the actual spectral properties of the corresponding half-line Schrodinger operator are

independent of such a choice of normalization.
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Chapter 4

Non-self-adjoint operators, Infinite
Determinants, and some
Applications

4.1 Introduction

This chapter has been written in response to the increased demand of spectral the-
oretic aspects of non-self-adjoint operators in contemporary applied and mathemat-
ical physics. What we have in mind, in particular, concerns the following typical
two scenarios: First, the construction of certain classes of solutions of a number
of completely integrable hierarchies of evolution equations by means of the inverse
scattering method, for instance, in the context of the focusing nonlinear Schrodinger
equation in (1 4 1)-dimensions, naturally leads to non-self-adjoint Lax operators.
Specifically, in the particular case of the focusing nonlinear Schrodinger equation the
corresponding Lax operator is a non-self-adjoint one-dimensional Dirac-type opera-
tor. Second, linearizations of nonlinear partial differential equations around steady
state and solitary-type solutions, frequently, lead to a linear non-self-adjoint spectral

problem. In the latter context, the use of the so-called Evans function (an analog
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of the one-dimensional Jost function for Schrédinger operators) in the course of a
linear stability analysis has become a cornerstone of this circle of ideas. As shown in
[71], the Evans function equals a (modified) Fredholm determinant associated with an
underlying Birman—Schwinger-type operator. This observation naturally leads to the
second main theme of this chapter and a concrete application to non-self-adjoint op-
erators, viz., a study of properly symmetrized (modified) perturbation determinants
of non-self-adjoint Schrodinger operators in dimensions n = 1, 2, 3.

Next, we briefly summarize the content of each section. In Section 4.2, following
the seminal work of Kato [108] (see also Konno and Kuroda [113] and Howland [96]),
we consider a class of factorable non-self-adjoint perturbations, formally given by
B*A, of a given unperturbed non-self-adjoint operator Hy in a Hilbert space H and
introduce a densely defined, closed linear operator H in ‘H which represents an exten-
sion of Hy+ B*A. Closely following Konno and Kuroda [113], we subsequently derive
a general Birman—Schwinger principle for H in Section 4.3. A variant of the essential
spectrum of H and a local Weinstein—Aronszajn formula is discussed in Section 4.4.
The corresponding global Weinstein—Aronszajn formula in terms of modified Fred-
holm determinants associated with the Birman—Schwinger kernel of H is the content
of Section 4.5. Both, Sections 4.4 and 4.5 are modeled after an exemplary treatment
of these topics by Howland [96] in the case where Hy and H are self-adjoint. In Section
4.6 we turn to concrete applications to properly symmetrized (modified) perturbation
determinants of non-self-adjoint Dirichlet- and Neumann-type Schrodinger operators

in L?*(Q;d"z) with Q = (0,00) in the case n = 1 and rather general open domains
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) C R™ with a compact boundary in dimensions n = 2,3. The corresponding poten-
tials V considered are of the form V € L'((0,00);dz) for n =1 and V € L?*(Q; d"x)
for n = 2, 3. Our principal result in this section concerns a reduction of the Fredholm
determinant of the Birman-Schwinger kernel of H in L*(Q; d"z) to a Fredholm deter-
minant associated with operators in L?(9€; d"'o). The latter should be viewed as
a proper multi-dimensional extension of the celebrated result by Jost and Pais [104]
concerning the equality of the Jost function (a Wronski determinant) and the associ-
ated Fredholm determinant of the underlying Birman—Schwinger kernel. In Section
4.8 we briefly discuss an application to scattering theory in dimensions n = 2,3 and
re-derive a formula for the Krein spectral shift function (related to the logarithm of
the determinant of the scattering matrix) in terms of modified Fredholm determinants
of the underlying Birman—Schwinger kernel. We present an alternative derivation of
this formula originally due to Cheney [29] for n = 2 and Newton [141] for n = 3 (in
the latter case we obtain the result under weaker assumptions on the potential V'
than in [141]). Finally, Appendix C summarizes results on Dirichlet and Neumann
Laplacians in L?(Q;d"z) for a general class of open domains Q C R" n > 2, with
a compact boundary. We prove the equality of two natural definitions of Dirichlet
and Neumann Laplacians for such domains and prove mapping properties between
appropriate scales of Sobolev spaces. These results are crucial ingredients in our
treatment of modified Fredholm determinants in Section 4.6, but they also appear to
be of independent interest.

We will use the following notation in this chapter. Let H and K be separable
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complex Hilbert spaces, (-,-)3 and (-, ) the scalar products in ‘H and K (linear in
the second factor), and I, and I the identity operators in ‘H and K, respectively.
Next, let T" be a closed linear operator from dom(7") C H to ran(7) C K, with
dom(T") and ran(7) denoting the domain and range of 7. The closure of a closable
operator S is denoted by S. The kernel (null space) of T is denoted by ker(7T"). The
spectrum and resolvent set of a closed linear operator in ‘H will be denoted by o(-)
and p(-). The Banach spaces of bounded and compact linear operators in H are
denoted by B(H) and B..(H), respectively. Similarly, the Schatten—von Neumann
(trace) ideals will subsequently be denoted by B,(H), p € N. Analogous notation
B(H1, Hz2), Beo(H1, Hz), etc., will be used for bounded, compact, etc., operators
between two Hilbert spaces H; and Hs. In addition, tr(7") denotes the trace of a
trace class operator T € By (H) and det, (I3 + S) represents the (modified) Fredholm
determinant associated with an operator S € B,(H), p € N (for p = 1 we omit the
subscript 1). Moreover, X; < X5 denotes the continuous embedding of the Banach
space X into the Banach space Xj.

Finally, in Sections 4.6 and 4.8 we will introduce various operators of multipli-
cation, My, in L*(Q;d"z) by elements f € Li .(Q;d"z), where Q C R™ is open and

nonempty.
4.2 Abstract Perturbation Theory

In this section, following Kato [108], Konno and Kuroda [113], and Howland [96], we

consider a class of factorable non-self-adjoint perturbations of a given unperturbed
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non-self-adjoint operator. For reasons of completeness we will present proofs of many
of the subsequent results even though most of them are only slight deviations from
the original proofs in the self-adjoint context.

We start with our first set of hypotheses.

Hypothesis 4.2.1. (i) Suppose that Hy: dom(Hy) — H, dom(Hy) C H is a densely

defined, closed, linear operator in ‘H with nonempty resolvent set,

p(Ho) # 0, (4.2.1)

A: dom(A) — K, dom(A) C H a densely defined, closed, linear operator from H
to I, and B: dom(B) — K, dom(B) C ‘H a densely defined, closed, linear operator

from H to K such that
dom(A) O dom(H,), dom(B) D dom(Hy). (4.2.2)
In the following we denote
Ro(2) = (Hy — zI%) ™", =z € p(Hy). (4.2.3)

(i7) For some (and hence for all) z € p(Hy), the operator —ARy(z)B*, defined on

dom(B*), has a bounded extension in K, denoted by K(z),
K(z) = —ARy(2)B* € B(K). (4.2.4)
(1ii) 1 € p(K(20)) for some zg € p(Hyp).

That K(z9) € B(K) for some zy € p(Hy) implies K(z) € B(K) for all z € p(H,)
(as mentioned in Hypothesis 4.2.1 (ii)) is an immediate consequence of (4.2.2) and

the resolvent equation for Hy.
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We emphasize that in the case where Hj is self-adjoint, the following results in
Lemma 4.2.2, Theorem 4.2.3, and Remark 4.2.4 are due to Kato [108] (see also [96],
[113]). The more general case we consider here requires only minor modifications.

But for the convenience of the reader we will sketch most of the proofs.

Lemma 4.2.2. Let z,21,20 € p(Hy). Then Hypothesis 4.2.1 implies the following

facts:

ARy(z) € B(H,K), Ro(z)B* = [B(H; —%)7'|" € B(K, H), (4.2.5)
Ro(21)B* — Ro(22)B* = (21 — 22) Ro(21) Ro(22) B* (4.2.6)

= (21 — 22) Ro(22) Ro(21) B*, (4.2.7)

K(z) = —A[Ro(2)B*], K(2)* = —B[Ry(z)*A*], (4.2.8)
ran(Ry(z)B*) C dom(A), ran(Ry(Z)*A*) C dom(B), (4.2.9)

K(z) — K(2) = (2 — 21)ARy(21)Ro(22) B* (4.2.10)

= (20 — 21)ARy(23)Ro(21) B*. (4.2.11)

Proof. Equations (4.2.5) follow from the relations in (4.2.2) and the Closed Graph
Theorem. (4.2.6) and (4.2.7) follow from combining (4.2.5) and the resolvent equation

for Hj. Next, let f € dom(B*), g € dom(A*), then

(Bol2) B f, A" = (Ro(2)B" f, A*g)s = (ARo(2)B" £, g)x = —(K (). g)x.
(4.2.12)
By continuity this extends to all f € K. Thus, —A[Ry(z) B*|f exists and equals K (z) f
for all f € K. This proves the first assertions in (4.2.8) and (4.2.9). The remaining

assertions in (4.2.8) and (4.2.9) are of course proved analogously. Multiplying (4.2.6)
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and (4.2.7) by A from the left and taking into account the first relation in (4.2.8),

then proves (4.2.10) and (4.2.11). O

Next, following Kato [108], one introduces

R(2) = Ry(2) — Ro(2)B*[Ix — K(2)] ' ARy(2),
(4.2.13)
z€{C € p(Ho) |1 e p(K(())}

Theorem 4.2.3. Assume Hypothesis 4.2.1 and let z € {C € p(Hy)|1 € p(K(())}.

Then, R(z) defined in (4.2.13) defines a densely defined, closed, linear operator H in

H by
R(z) = (H — zIy) . (4.2.14)
Moreover,
AR(2), BR(2)" € B(H,K) (4.2.15)
and
R(z) = Ry(z) — R(2)B*ARy(2) (4.2.16)
= Ry(2) — Ro(z)B*AR(2). (4.2.17)

Finally, H is an extension of (Hy + B*A)\dom(Ho)mdom(B*A) (the latter intersection

domain may consist of {0} only),
H 2 (Hy + B* A)|dom(Ho)ndom(B* 4)- (4.2.18)
Proof. Suppose z € {¢ € p(Ho) |1 € p(K({))}. Since by (4.2.13)

AR(2) = [Ix — K(2)] " ARy(2), (4.2.19)

BR(2)* = [Ix — K(2)*] 'BRy(2)", (4.2.20)
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R(z)f = 0 implies AR(z)f = 0 and hence by (4.2.19) ARy(z)f = 0. The latter

implies Ro(z)f = 0 by (4.2.13) and thus f = 0. Consequently,
ker(R(z)) = {0}. (4.2.21)
Similarly, (4.2.20) implies
ker(R(2)*) = {0} and hence ran(R(z)) = H. (4.2.22)

Next, combining (4.2.13), the resolvent equation for Hy, (4.2.6), (4.2.7), (4.2.10), and

(4.2.11) proves the resolvent equation

R(21> — R(Zz) = (Zl — ZQ)R(Zl)R<ZQ),
(4.2.23)
71,22 € {C € p(Ho) | 1 € p(K(¢))}-

Thus, R(z) is indeed the resolvent of a densely defined, closed, linear operator H in

H as claimed in connection with (4.2.14).

By (4.2.19) and (4.2.20), AR(z) € B(H,K) and [BR(Z)*|* = R(2)B* € B(K,H),
proving (4.2.15). A combination of (4.2.13), (4.2.19), and (4.2.20) then proves (4.2.16)
and (4.2.17).

Finally, let f € dom(Hp) Ndom(B*A) and set g = (Hy— 2Iy)f. Then Ry(z)g = f
and by (4.2.16), R(z)g — f = —R(z)B*Af. Thus, f € dom(H) and (H — zIy)f =

g+ B*Af = (Hy+ B*A — zIy) f, proving (4.2.18). O

Remark 4.2.4. (i) Assume that Hj is self-adjoint in H. Then H is also self-adjoint
if

(Af,Bg)x = (Bf, Ag)x for all f,g € dom(A)Ndom(B). (4.2.24)
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(77) The formalism is symmetric with respect to Hy and H in the following sense:
The densely defined operator —AR(z)B* has a bounded extension to all of I for all

z€{¢ € p(Hy)|1e€ p(K(¢))}, in particular,
I~ ARGIF = [Ie — K(]", =€ {CeplH)|1€p(KQ)}.  (42.25)

Moreover,

Ro(2) = R(2) + R(2)B*[Ix — AR(2)B*] ' AR(2),
(4.2.26)

z € {C e p(Ho) |1 € p(K(C))}

and

Hy 2 (H — B*A)|dom(H)ndom(B* A)- (4.2.27)

(77i) The basic hypotheses (4.2.2) which amount to
ARy(z) € B(H,K), Ro(z)B* = [B(H; —2)7'" e BIK,H), ze€ p(Hy) (4.2.28)
(cf. (4.2.5)) are more general than a quadratic form perturbation approach which

would result in conditions of the form

ARy(2)Y? € B(H,K), Ro(2)Y/2B* = [B(H; —2)"Y?* ¢ BIK,H), =z € p(Hy),
(4.2.29)

or even an operator perturbation approach which would involve conditions of the form

[B*A|Ry(z) € B(H), =z € p(Hyp). (4.2.30)
4.3 A General Birman—Schwinger Principle

The principal result in this section represents an abstract version of (a variant of)
the Birman—Schwinger principle due to Birman [19] and Schwinger [159] (cf. also [21],

[67), [111], [112], [143], [149], [160], and [164]).
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We need to strengthen our hypotheses a bit and hence introduce the following

assumption:

Hypothesis 4.3.1. In addition to Hypothesis 4.2.1 we suppose the condition:

(1v) K(z) € B (K) for all z € p(H,).
Since by (4.2.25)
—AR(2)B* = [Ix — K(2)] 'K(2) (4.3.1)
= —Ix + [Ix — K(2)] 7, (4.3.2)

Hypothesis 4.3.1 implies that —W extends to a compact operator in K as long
as the right-hand side of (4.3.2) exists.

The following general result is due to Konno and Kuroda [113] in the case where
Hj is self-adjoint. (The more general case presented here requires no modifications

but we present a proof for completeness.)

Theorem 4.3.2 ([113]). Assume Hypothesis 4.5.1 and let Ao € p(Hy). Then,
Hf =Mf, 0# fedom(H) implies K(Xo)g=g (4.3.3)

where, for fized zy € {¢ € p(Hy) |1 € p(K(C))}, z0 # Ao,

0+#g=[Ix— K(2)] "ARo(20)f (4.3.4)
= (Ao — 20) tAf. (4.3.5)

Conwversely,
K(Xo)g=g, 0#geK implies Hf = \of, (4.3.6)
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where

0% f = —Ro(h)B*g € dom(H). (4.3.7)

Moreover,

dim(ker(H — A\gly)) = dim(ker(Ix — K(\g))) < 0. (4.3.8)
In particular, let z € p(Hyp), then
z € p(H) if and only if 1 € p(K(2)). (4.3.9)

Proof. Hf = X\of,0# f € dom(H ), is equivalent to f = (A\g—20)R(20)f and applying

(4.2.13) one obtains after a simple rearrangement that
(HO — AolH)Ro(ZO)f = —(>\0 — Zo)Ro(Z())B* [I]C — K(ZO)]_lARO(ZO)f. (4310)
Next, define g = [Iix — K (20)]"'ARo(20)f. Then g # 0 since otherwise

(Ho — Xoln)Ro(20)f =0, 0% Ro(20)f € dom(Hy), and hence A\ € o(H)),
(4.3.11)
would contradict our hypothesis A\g € p(Hy). Applying [Ix — K(20)] P ARy(\) to
(4.3.10) then yields
[T — K (20)] 7 ARo(Xo) (Ho — MoIs) Ro(20) f = [Ix — K (20)] ' ARo(20) f = g
= —(>\0 — ZO)[[IC — K(Zo)]ilARo()\o)Ro(Zo)B*[I}C — K(Zo)]ilARo(Zo)f
= —()\0 - ZO)[]IC - K(Zo)]_lARQ()\())RQ(Zo)B*g (4312)
Thus, based on (4.2.10), one infers
g = —(/\0 - ZO)[]IC - K(Z()>]_1AR0(/\0)R0(Z())B*Q
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= [Ix — K (20)] 'K (o) — K (20)]g
=g —[Ix — K(20)] [T — K(No)lg (4.3.13)

and hence K (X\g)g = g, proving (4.3.3). Since f = (Ao — 2z0) R(20) f, using (4.2.19) one

computes
Af = ()\0 — Zo)AR(Z(])f
= (Ao — 20)[Ix — K (20)] 7' ARo(20) f
proving (4.3.5).

Conversely, suppose K(\g)g = g, 0 # g € K and define f = —Ry(\o)B*g. Then a

simple computation using (4.2.10) shows

g=9—[Ix — K(z0)] "[Ix — K(Xo)]g
= [l — K(20)] ' [K (M) — K(20)]g

= (X — 20)[Ix — K(20)] "ARy(20) f. (4.3.15)

Thus, f # 0 since f = 0 would imply the contradiction g = 0. Next, inserting the

definition of f into (4.3.15) yields

9= (Mo — 20)Ix — K(20)] " ARo(20) f

= —(>\0 — Zo)[I]C — K(Zo)]_1AR0(20)R0(>\0)B*9. (4316)

Applying Ro(z9)B* to (4.3.16) and taking into account

Ro(20) B*g = [Ro(Mo) — (Ao — 20) Ro(20) Ro(Ao)] B*g
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= —f+ (Ao — 20)Ro(20) [, (4.3.17)
a combination of (4.3.17) and (4.2.13) yields that

— [ = (20— Xo)Ro(20) f = (Mo — z0) Ro(20) B*[Ix — K (20)] "' ARo(20) f

= (Ao — 20)[Ro(20) — R(20)]f- (4.3.18)

The latter is equivalent to (Mg — 20)(H — zoly)~'f = f. Thus, f € dom(H) and
Hf = \of, proving (4.3.6).

Since K (Ag) € B (K), the eigenspace of K(\g) corresponding to the eigenvalue 1
is finite-dimensional. The previous considerations established a one-to-one correspon-
dence between the geometric eigenspace of K()g) corresponding to the eigenvalue 1
and the geometric eigenspace of H corresponding to the eigenvalue \g. This proves
(4.3.8).

Finally, (4.3.8), (4.2.13), and (4.2.25) prove (4.3.9). O

Remark 4.3.3. It is possible to avoid the compactness assumption in Hypothesis

4.3.1 in Theorem 4.3.2 provided that (4.3.8) is replaced by the statement
the subspaces ker(H — A\oly) and ker(Ix — K (X)) are isomorphic. (4.3.19)

(Of course, (4.3.8) follows from (4.3.19) provided ker(Ix— K (o)) is finite-dimensional,
which in turn follows from Hypothesis 4.3.1). Indeed, by formula (4.2.19), we have
AR(2) = [Ix— K (20)] ARy (20). By formula (4.3.4),if f # 0, then g = AR(z)f # 0,
and thus the operator

AR(z) = [Ix — K(20)] " ARo(20): ker(H — \I) — ker(K (\g) — I) (4.3.20)
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is injective. By formula (4.3.16) this operator is also surjective, since each g €

ker(K (Ao) — I) belongs to its range,
g = ()\0 — ZO)[[IC — K(Zo)]ilARo(Zo)f = AR(Zo)f, (4321)

where f € ker(H — \oI).

4.4 Essential Spectra and a Local
Weinstein—Aronszajn Formula

In this section, we closely follow Howland [96] and prove a result which demonstrates
the invariance of the essential spectrum. However, since we will extend Howland’s
result to the non-self-adjoint case, this requires further explanation. Moreover, we

will also re-derive Howland’s local Weinstein—Aronszajn formula.

Definition 4.4.1. Let 2 C C be open and connected. Suppose {L(z)}.ecq is a family
of compact operators in K, which is analytic on €2 except for isolated singularities.
Following Howland we call {L(z)},cq completely meromorphic on € if L is meromor-

phic on € and the principal part of L at each of its poles is of finite rank.

We start with an auxiliary result due to Steinberg [176] with a modification by

Howland [96].

Lemma 4.4.2 ([96], [176]). Let {L(z)}.ca be an analytic (resp., completely
meromorphic) family in IC on an open connected set Q@ C C. Then for each zy € €

there is a neighborhood U(zy) of zo, and an analytic B(K)-valued function M on

Ul(zo), such that M(z)~* € B(K) for all z € U(zy) and
M(Z)[I;C — L(Z)] = Ix — F(Z), A U(Z()), (441)
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where F' is analytic (resp., meromorphic) on U(zy) with F(z) of finite rank (except

at poles) for all z € U(zp).
The next auxiliary result is due to Ribaric and Vidav [152].

Lemma 4.4.3 ([152]). Let {L(2)}.cq be a completely meromorphic family in IC on
an open connected set Q2 C C. Then either

(1) Ix — L(2) is not boundedly invertible for all z € (Q,

or

(i1) {[Ix — L(2)]7 — Ix}.eq is completely meromorphic on €.
Moreover, we state the following result due to Howland [97].

Lemma 4.4.4 ([97]). Let {L(z)}.cq be an analytic (resp., meromorphic) family in K
on an open connected set Q@ C C and suppose that L(z) has finite rank for each z € Q
(except at poles). Then the following assertions hold:

(1) The rank of L(z) is constant for all z € Q, except for isolated points where it
decreases.

(17) A(z) = det(Ix — L(2)) and tr(L(2)) are analytic (resp., meromorphic) for all
z €.

(1ii) Whenever A(z) # 0,
A(2)/A(z) = —tr([Ix — L(2)] 'L (2), z€Q. (4.4.2)

We note that it can of course happen that A vanishes identically on ).
Next, we introduce the multiplicity function m(-,T) on C associated with a closed,

densely defined, linear operator T in ‘H as follows. Suppose A\g € C is an isolated
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point in ¢(7) and introduce the Riesz projection P(Ag,T") of T' corresponding to Ag
by
1

P(30.T) = —=— a¢ (T — Ch) ™, (4.4.3)
270 Jo(rose)

where C'(Ag;€) is a counterclockwise oriented circle centered at g with sufficiently
small radius € > 0 (excluding the rest of o(T")). Then m(z,T), z € C, is defined by
0, if z € p(7),

dim(ran(P(z,7T))), if z is an isolated eigenvalue of T'

m(z,T) = (4.4.4)

of finite algebraic multiplicity,
400, otherwise.
We note that the dimension of the Riesz projection in (4.4.3) is finite if and only if
Ao is an isolated eigenvalue of T of finite algebraic multiplicity (cf. [109, p. 181]). In

analogy to the self-adjoint case (but deviating from most definitions in the non-self-

adjoint case, see [46, Sect. 1.4, Ch. IX]) we now introduce the set

go(T)={A € C| X € a(T), \isnot an isolated eigenvalue of T’
(4.4.5)
of finite algebraic multiplicity}.

Of course, d.(T') coincides with the essential spectrum of 7" if T is self-adjoint in H.
In the non-self-adjoint case at hand, the set 7,(7") is most natural in our study of
Hy and H as will subsequently be shown. It will also be convenient to introduce the

complement of 7,(7T) in C,

O(T) = C\Go(T) (4.4.6)

= p(T)U{X € C|\is an eigenvalue of T of finite algebraic multiplicity}.

If T is self-adjoint in H, ®(T) is the Fredholm domain of 7',
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If Ay € C is an isolated eigenvalue of T' of finite algebraic multiplicity, then the

singularity structure of the resolvent of T" is of the type

(2o, T)
(T —2D) ™ = (Mo —2)"PO0, T)+ D (Ao —2) " (=1)*D(X, T)
k=1
+ i (Ao — 2)*(=1)ES (o, T)* (4.4.7)
k=0

for z in a sufficiently small neighborhood of \q. Here

1
D0, T) = (T = XeB) P00, ) = 5= dC (= (T = Ch) " € B(H),
e Je(ose)
(4.4.8)
1
S, T) = —5— d¢ (Mo — )N T — CIy) ™" € B(H), (4.4.9)
T Je(ose)
and D(Ag,T) is nilpotent with its range contained in that of P(\g, T),
Moreover,
S0, T)T € TSN, T), (T — oIn)So, T) = Iy — P(No, T),
(4.4.11)
SN, T)P(No, T) = P(XNo, T)S(No, T) = 0.
Finally,
p(Xo, T) < m(Xo, T) = dim(ran(P (X, T))), (4.4.12)
tr(P(\o, T)) = m(Xo, T), tr(D(Xo, T)*) =0 for some k € N. (4.4.13)

Next, we need one more notation: Let 2 C C be open and connected, and let
f: Q — CU{oo} be meromorphic and not identically vanishing on €. The multiplicity

function m(z; f), z € €, is then defined by

k, if z is a zero of f of order k,
m(z; f) = < —k, if zis a pole of order k, (4.4.14)
0, otherwise.
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_ L f©
2mi Jee)

z €} (4.4.15)
for € > 0 sufficiently small. If f vanishes identically on €2, one defines

m(z; f) = 400, z€. (4.4.16)

Here the circle C(z;¢) is chosen sufficiently small such that C(z;¢) contains no other
singularities or zeros of f except, possibly, z.

The following result is due to Howland in the case where Hy and H are self-
adjoint. We will closely follow his strategy of proof and present detailed arguments

in the more general situation considered here.
Theorem 4.4.5. Assume Hypothesis 4.53.1. Then,
0e(H) = de(Hy). (4.4.17)

In addition, let \g € C\0c(Hy). Then there exists a neighborhood U()\g) of Ao and
a function A(-) meromorphic on U(Xy), which does not vanish identically, such that

the local Weinstein—Aronszajn formula

m(z, H) =m(z, Hy) + m(z;A), 2z € U(\) (4.4.18)
holds.
Proof. By (4.2.10), K(+) is analytic on p(H,) and

K'(z) = —ARy(2)[BRo(2)"]*, =z € p(Hp). (4.4.19)
Let zg € ®(Hy), then by (4.4.7),

Ro(2) = (20 — 2) ' Py + i(za — 2) "N (=1)"DE + Gy (2), (4.4.20)
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where Gg(+) is analytic in a neighborhood of 2. Since
ran(Dy) C ran(Fy) C dom(Hy) C dom(A), (4.4.21)

APyB*, ADyB*, and AG(z)B* have compact extensions from dom(B*) to K, and the
extensions of APyB* and ADyB* are given by the finite-rank operators APy [BFPj|* and
AP,DyP,B*, respectively. Moreover, it is easy to see that the extension of AG(z)B*
is analytic near zy. Consequently, K (-) is completely meromorphic on 5(H0).
Similarly, by (4.3.2) and Lemma 4.4.3, —W is completely meromorphic on
&(Hy,). Moreover, by (4.3.2), any singularity z, of —AR(z)B* is an isolated point of
o(H). Since Ry(z), ARo(z), and BRy(z) all have finite-rank principal parts at their
poles, (4.2.13) and (4.3.2) show that R(z) also has a finite-rank principal part at 2.
The latter implies that zy is an eigenvalue of H of finite algebraic multiplicity. Thus,

®(Hy) C EIVD(H ). Since by Remark 4.2.4 (ii) this formalism is symmetric with respect

to Hy and H, one also obtains ®(Hy) D ®(H), and hence (4.4.17).

Next, by Lemma 4.4.2, let Uy be a neighborhood of Ay such that
M(2)[Ix — K(2)] = Ix — F(2), (4.4.22)

with M analytic and boundedly invertible on U, and some F' meromorphic and of

finite rank on Uy. One defines
A(z) =det(Ix — F(2)), =€ U,. (4.4.23)

Since by Lemma 4.4.3, [[xx— K (z)] ! is meromorphic and M (z) is boundedly invertible

for all z € Uy, [Ix — F(z)]7! is also meromorphic on Uj, and hence, A(-) is not
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identically zero on Uy. By Lemma 4.4.4 (iii) and cyclicity of the trace (i.e., tr(ST) =
tr(7S) for S and T bounded operators such that ST and T'S lie in the trace class,

cf. [165, Corollary 3.8]),

N'(2)/A(z) = —tr([Ix — F(2)] 7 F'(2))
= tr([Jx — K(2)] 7'M (2) "' M (2)[Ixc — K(2)] = [Ix — K(2)] 7' K'(2))

= tr(M(2) "M (2) — K'(2)[Ix — K (2)] 7). (4.4.24)

Let zp € Uy and C(zp;¢) be a clockwise oriented circle centered at z, with suffi-

-1

ciently small radius e (excluding all singularities of [Ixx — F(2)]™', except, possibly,

2p) contained in Uy. Then,

A L A'(¢)
m(z()? A) B 2mi »%;’(zo;s) dC A(C)
1

=, ACHOIQTMQ) = K(Qlle = KO (1429

Since M is analytic and boundedly invertible on Uy, an interchange of the trace and
the integral, using
[ IR G (4.4.26)
C(z0:€)

and (4.4.19), then yields

e d) = g f acARQBR(O 1~ (O

ol o AR(QIBRQ)T ). (1.4.27)

271

Next, for £ > 0 sufficiently small, one infers from [109, p. 178] (cf. (4.4.13)) that

o H) — miea, Ho) =~ f IR - e)

211
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1 % -1
- %tr( # IBRYQT U~ K(O) ARO<<>)
1 *7 %
_ %tr( j{c B ARO(Q). (4.4.28)

At this point we cannot simply change back the order of the trace and the integral
and use the cyclicity of the trace to prove equality of (4.4.27) and (4.4.28) since now
the integrand is not necessarily trace class. But one can prove the equality of (4.4.27)

and (4.4.28) directly as follows. Writing (cf. (4.4.7)),

ARy(2) = (20— 2) "R+ > (20— 2) " (=1FDf + > (20 — 2)F (- 1)FSEH,

. (4.4.29)
[BR(2)'T = (20— 2)"'Qo+ D (20— 2) " H(=DFE§ + > (20— 2)F(—1)F T,
= = (4.4.30)

one obtains

Ho Vo
res,—., (ARy(2)[BR(2)*]*) = PyTy + SoQo + Z DETF + Z SMEY (4.4.31)

k=1 k=1
T vo
res,—,, ([BR(2)*]*ARy(2)) = ToPo + QoSo + Z TEtDE + Z EFSET (4.4.32)
k=1 k=1

Using the cyclicity of the trace and Cauchy’s theorem then proves equality of (4.4.27)

and (4.4.28) and hence (4.4.18). O

Remark 4.4.6. Let Hy be as in Hypothesis 4.2.1.

(i) Let V € Bs(H) and define H = Hy+ V, dom(H) = dom(H,). Then (4.4.18)
holds identifying A =V, B = Iy, and K(z) = VRy(z) in connection with (4.2.13).
(i7) Let V be of finite-rank and define H = Hy + V, dom(H) = dom(Hy). Then
(4.4.18) holds on ®(Hy) with A(z) = det(Ix — K(2)), K(z) = VRo(2), z € p(Hy),

and U()\()) = @(Ho)
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With the exception of the case discussed in Remark 4.4.6 (ii), Theorem 4.4.5 has
the drawback that it yields a Weinstein—Aronszajn-type formula only locally on U(\).
However, by the same token, the great generality of this formalism, basically assuming
only compactness of K(-), must be emphasized. In the following section we will

present Howland’s global Aronszajn—Weinstein formula.
4.5 A Global Weinstein—Aronszajn Formula

To this end we introduce a new hypothesis on K:

Hypothesis 4.5.1. In addition to Hypothesis 4.3.1 we suppose the condition:

(v) For some p € N, K(z) € B,(K) for all z € p(Hy).

We denote by || - ||, the norm in B,(K) and by det,(-) the regularized determinant
of operators of the type Ix — L, L € B,(K) (cf. [86], [87], [88, Chs. IX-XI], [89, Sect.
4.2], [163], [165, Ch. 9]).

We start by recalling the following result (cf. [89, p. 162-163], [165, p. 107]).

Lemma 4.5.2. Let p € N and assume that {L(2)}.eq € B,(K) is a family of B,(K)-
analytic operators on €2, @ C C open. Let {P,}nen be a sequence of orthogonal
projections in IC converging strongly to Ix as n — oo. Then, the following limits hold

uniformly with respect to z as z varies in compact subsets of €2,

lim ||P,L(2)P, — L(2)]|, = 0, (4.5.1)
lim det,(Ix — P,L(2)P,) = det,(Ix — L(2)), (4.5.2)
. d d

lim —det,(Ix — P,L(2)P,) = Edetp(l;c — L(z)). (4.5.3)

n—oo Az
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So while the situation for analytic B,(K)-valued functions is very satisfactory,
there is, however, a problem with meromorphic (even completely meromorphic) B, (k)
valued functions as pointed out by Howland. Indeed, suppose L(z), z € €, is mero-
morphic in €2 and of finite rank. Then of course det(Ixx — L(+)) is meromorphic in €.

However, the formula

det,(Ix — L(z)) = det(Ix — L(z)) exp [tr( - Zj_lL(z)j)] , zeQ (4.5.4)

shows that det,(Ixx — L(-)), for p > 1, in general, will exhibit essential singularities
at poles of L. To sidestep this difficulty, Howland extends the definition of m(-; f)
in (4.4.14), (4.4.15) to functions f with isolated essential singularities as follows:
Suppose f is meromorphic in €2 except at isolated essential singularities. Then we

use (4.4.15) again to define

o L /'(©)
m(z; f) = 5 fc(z;s) d¢ 70 z €9, (4.5.5)

where € > 0 is chosen sufficiently small to exclude all singularities and zeros of f

except possibly z.

Given Lemma 4.5.2 and the extension of m(-; f) to meromorphic functions with
isolated essential singularities, Howland [96] then proves the following fundamental
result (the proof of which is independent of any self-adjointness hypotheses on H

and H and hence omitted here).

Lemma 4.5.3 ([96]). Let p € N and assume that {L(z)}.cq is a family of B,(KC)-

valued completely meromorphic operators on 2,  C C open. Let M(2)}.cq be a
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boundedly invertible operator-valued analytic function on € such that

M)[Ix — L(2)] = Ix — F(2), z€9, (4.5.6)

where F(z) is meromorphic and of finite rank for all z € Q. Define

A(z) =det(Ix — F(2)), z€Q, (4.5.7)
and
Ap(z) = det,(Ix — L(2)), =€, (4.5.8)
Then,
m(z;A) =m(z;A,), z€ . (4.5.9)

Combining Theorem 4.4.5 and Lemma 4.5.3 yields Howland’s global Weinstein—

Aronszajn formula [96] extended to the non-self-adjoint case.

Theorem 4.5.4. Assume Hypothesis 4.5.1. Then the global Weinstein—Aronszajn

formula
m(z, H) = m(z, Hy) + m(z; det,(Ix — K(2))), =z € ®(Hy), (4.5.10)
holds.

Remark 4.5.5. Let Hy be as in Hypothesis 4.2.1, fix p € N, and assume V Ry(z) €
B,(H). Define H = Hy+V, dom(H) = dom(Hy). Then (4.5.10) holds on ®(H,) with

K(z) = VRy(z). In the special case p = 1 this was first obtained by Kuroda [122].
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4.6 An Application of Perturbation Determinants
to Schrodinger Operators in Dimension n =
1,2,3

In dimension one on a half-line (0, c0), the perturbation determinant associated with
the Birman—Schwinger kernel corresponding to a Schrodinger operator with an inte-
grable potential on (0, 00) is known to coincide with the corresponding Jost function
and hence with a simple Wronski determinant (cf. Lemmas 4.6.2 and 4.6.3). This
reduction of an infinite-dimensional determinant to a finite-dimensional one is quite
remarkable and in this section we intend to give some ideas as to how this fact can
be generalized to dimensions two and three.

We start with the one-dimensional situation on the half-line Q@ = (0,00) and

introduce the Dirichlet and Neumann Laplacians Hy’, and H{', in L*((0, 00); dx) by

H[f—‘,—f = _f//7

fedom(Hy,) ={g € L*((0,00);dz) | g, 9 € AC([0, R]) for all R >0,  (4.6.1)
9(0) =0, g" € L*((0, 00); dx)},

Hé\,f-t,-f = _flla

fe dom(Hé\Lr) ={g € L*((0,00);dx) | g, ¢ € AC([0, R]) for all R >0,  (4.6.2)
g'(0) =0, ¢" € L*((0,00); dx)}.

Next, we make the following assumption on the potential V:

Hypothesis 4.6.1. Suppose V' € L'((0, 00); dx).

Given Hypothesis 4.6.1, we introduce the perturbed operators HY and HY in
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L2((07 00)3 dl‘) by

HYf=~f"+V/,

f€dom(H),) ={g € L*(0,00);dz)|g.¢ € AC([0, R]) for all R >0,  (4.6.3)
9(0) =0, (—¢" + Vg) € L*((0, 00); dx)},

HYf=—f"+V/,

f € dom(H},) ={g € L*((0,00);dz) | g.¢' € AC([0, R]) for all R >0,  (4.6.4)
g(0)=0, (—g" +Vg) € L*((0,00);dz)}.

A fundamental system of solutions ¢%(z, ), 0% (z, ), and the Jost solution f(z,)

of

— "z, x) + Vp(z,x) = 2¢p(2,x), z€ C\{0}, x >0, (4.6.5)

are introduced by

620y = an ) [ W), (160
0
07 (2, x) :cos(z1/2x)+/ dm’gf)(z,x,a:')V(x')@f(z,x'), (4.6.7)
0
ol m) =€ — / dr' g (z, 2,2V (2') f1(2,2), (4.6.8)

Im(z/?) >0, z € C\{0}, z >0,

where

gf)(z, z,2") = 272 sin(212(x — 2)). (4.6.9)
We introduce
u = exp(iarg(V))|V|2, v =|V|"?, sothat V =uw, (4.6.10)
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and denote by I, the identity operator in L?((0,00);dz). In addition, we let

W(f9)(x) = f(2)g'(x) = f'(2)g(x), =0, (4.6.11)

denote the Wronskian of f and g, where f, g € C1([0,0)). We also recall our conven-
tion to denote by M, the operator of multiplication in L?((0, 00); dz) by an element
f € Ll .((0,00);dz) (and similarly in the higher-dimensional context in the main part

of this section).

The following is a modern formulation of a classical result by Jost and Pais [104].

Lemma 4.6.2 ([74, Theorem 4.3]). Assume Hypothesis 4.6.1 and z € C\[0, 00) with

Im(2"/%) > 0. Then M,(HE, — zI,)"'M, € By(L*((0,00); dz)) and

det (I + M (HY, — z1,)"'M,) =1+ 21/2/ dz sin(222)V (x) f4 (2, z)
0

:W(f-i-(Z?)’qbf(zv)) :f-i-(Z?O)- (4'6'12)

Performing calculations similar to Section 4 in [74] for the pair of operators H)',

and HY, one also obtains the following result.

Lemma 4.6.3. Assume Hypothesis 4.6.1 and z € C\[0, 00) with Im(z'/2) > 0. Then

M, (HY, — 2I.)"'M, € B (L*((0,00); dx)) and

det (I + M, (HY — z1,)~'M,) =1+ iz 12 /OO dx cos(22x)V (x) f4 (2, x)
0
_ _W(f+(27 )702(27 )) _ fjr(Z,O)

iZl/2 izl/2

(4.6.13)

We emphasize that (4.6.12) and (4.6.13) exhibit the remarkable fact that the Fred-

holm determinant associated with trace class operators in the infinite-dimensional
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space L?((0,00);dz) is reduced to a simple Wronski determinant of C-valued distri-
butional solutions of (4.6.5). This fact goes back to Jost and Pais [104] (see also
[74], [140], [142], [144, Sect. 12.1.2], [165, Proposition 5.7], [168], and the extensive
literature cited in these references). The principal aim of this section is to explore
possibilities to extend this fact to higher dimensions n = 2,3. While a straightfor-
ward generalization of (4.6.12), (4.6.13) appears to be difficult, we will next derive
a formula for the ratio of such determinants which permits a direct extension to
dimensions n = 2, 3.

For this purpose we introduce the boundary trace operators vp (Dirichlet trace)
and yn (Neumann trace) which, in the current one-dimensional half-line situation,

are just the functionals,

C([0,00)) — C CY([0,00)) — C

YD ( ) . IN: ( ) . . (4.6.14)
g9+ 9(0) h'— —h'(0)

In addition, we denote by mg 4 mf , mé\f +,and mf the Weyl-Titchmarsh m-functions

corresponding to HJ’,, HY, Hy',, and HY, respectively,

mngr(z) = iz'/? my,(z) = —le B =iz 12, (4.6.15)
D [1(2,0) Ney 71 :_f+(z,0)
e e M A e Ry Y X M

Theorem 4.6.4. Assume Hypothesis 4.6.1 and let z € C\o(HP) with Im(2/?) > 0.

Then,
det (Lr + M, (Hy; o — 214)” Mv)
det (14 + M, (Hg)y — 21,)7'M,)
_ ( ( ) ( )) o fJ/r(Z,O) _ mf(z) B mé\jJr(z)
A 2W(fe (2 ),st(z)) T2 (50)  ml () ml(2) (4.6.17)
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=1— (WwW(HP = 2I.) "My [yp(HY, — z1,)']")1. (4.6.18)

Proof. We start by noting that o(Hy’, ) = o(H',) = [0,00). Applying Lemmas 4.6.2
and 4.6.3 and equations (4.6.15) and (4.6.16) proves (4.6.17).

To verify the equality of (4.6.17) and (4.6.18) requires some preparations. First
we recall that the Green’s functions (i.e., integral kernels) of the resolvents of H(f L
and H{', are given by

in(z1/2 1/2
sin(z x)ezz /247 0 <z< x/’

(Holy — 21) M (a,2') = {Sin(i{?%,) ) (4.6.19)

T

/
e , 0<2 <z,

1/2 . 1/2
cos(z2t/2x) ,1/24! 0< 1< {E,7

HY, — 21 ) YNa, Y=< = = 0 =T 4.6.20
(ot +) ) {—Cos_(il/jf)ewl/%, 0<a <u, ( )

and hence Krein’s formula for the resolvent difference of H({’ + and H(JLV + takes on the

simple form

(H£+ —zl)7 - (HéY+ —2) 7 = =i P (Yo (2, ), ) £2((0,00):da) Yo+ (2, ),
z € p(HY,) Np(HYL), Im(z/?) > 0, (4.6.21)
where we abbreviated
1/2

Yo (z,2) == 7% Im(2"?) >0, 2 > 0. (4.6.22)

We also recall

D -1 AN (bE(Z’x)er(Zax/)? 0 ngxla
(HyY —z1})  (z,2") = {¢£(z,x’)¢+(z,x)7 0<d <z (4.6.23)
where

Vi(z,x) = 00 (2,2) + m2(2)¢2 (z,2), z € p(HY), x>0, (4.6.24)
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and

_ f-&-(za )
f+(Z,O)

In fact, a standard iteration argument applied to (4.6.8) shows that

Vi(z,+) € L*((0,00);dx), =z € p(HP). (4.6.25)

Wy (z,2)| < C(2)e™E7  Im(z2) >0, z > 0. (4.6.26)
In addition, we note that
1/2

xT

WHE, = L) g == [ dee™ g(a), g € (0. 00)do) (4.6.27)
0

WMHf—dﬂ*gz—AmeA%@d@,gGLWQW%M% (4.6.28)

’yD(Hé\fJr — 2 )TN =i /00 dx eizl/%f(x), f € L*((0,00); dx), (4.6.29)
0
and hence,
([p(HY, —2z10)7 “o)(-) =dcz Py (2,7), ce€C. (4.6.30)
Then Krein’s formula (4.6.21) can be rewritten as

(HY, — 2D )™ — (HY, — 2L) 7 = [yp(HY, —ZL) " (HY, — 21.) 7Y

z € p(H,) N p(HY,), Im(2/?) > 0. (4.6.31)
Finally, using the facts (cf. (4.6.8))

fi(2,0) =14 2712 /00 dz sin(2"22)V (2) f1 (2, ), (4.6.32)
0

f1(2,0) = iz'/? — /OO dx cos(2Y/*)V (z) f4(z, x), (4.6.33)
0

one computes (since v € L*(R;dr) and ¢ (z,-) € L*(R;dx))

— [y (H? = 21) "My [yp(HYY, — 21.) '] ]1
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= —iz Py (HE — 211) " My (vibo 1) (2, )

:izl/Q/ dxeizl/sz(x)w+(z,x)
0

o] : 1/2
Y / i [608(21/2I) 4 i2S0E)
0 21/2

= g S0 i ) 1)

. Ji(z0)
= —izl/;ﬁ(z, 0) —1. (4.6.34)

]

At first sight it may seem unusual to even attempt to prove (4.6.18) in the one-
dimensional case since (4.6.17) already yields the reduction of a Fredholm determinant
to a simple Wronski determinant. However, we will see in Theorem 4.6.11 that it is

precisely (4.6.18) that permits a straightforward extension to dimensions n = 2, 3.

Remark 4.6.5. As in Theorem 4.6.4 we assume Hypothesis 4.6.1 and suppose z €

C\o(H?P). First we note that

(Hy, — 2I) 7 (HD — 2L (HY, — 210)7V2 — I € By (L*((0,00);dx)), (4.6.35)

(HY, — 2L)7 VP (HY — 2L (HY, — 21) 7Y% — 1, € By (L*((0,00);dx)). (4.6.36)

Indeed, it follows from the proof of [74, Theorem 4.2] (cf. also Lemma 4.6.8 below),

that

(HP, — 21)"Y2M,,, M,(HY, — 21.)7""* € By(L*((0, 00); dz)), (4.6.37)
and hence,

(HY, — 2L)7V2(HP — 2L ) (HY, — 21)7V? — 1, (4.6.38)
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= (HY, — 21) P My (HP, — 21,)7"? € B (L*((0, 00); dx)). (4.6.39)

This proves (4.6.35), and a similar argument yields (4.6.36). Using the cyclicity of

det(-), one can then rewrite the left-hand side of (4.6.17) as follows,

det (I + M, (HY, — z1,)~'M,)
det (I + M, (HP, — z1,)~'M,)
det (I + (HY, — 2L.) V2 My (HY, — 21,)7/?)
"~ det (Lr + H(?Jr —zl)~ 1/2MV(H5+ — Z]+>—1/2)
~ det ((HyY Ol 2L )TVAHY = 21 (HY, — 21)7Y?)
det ((Hgy — 21.) V2 (HY — 21 )(H), — 21)712)

(4.6.40)

Equation (4.6.40) illustrates the kind of symmetrized perturbation determinants un-

derlying Theorem 4.6.4.

Now we turn to dimensions n = 2,3. As a general rule, we will have to replace
Fredholm determinants by modified ones.
For the remainder of this section we make the following assumptions on the domain

Q C R" n =23, and the potential V:

Hypothesis 4.6.6. Let n =2, 3.
(i) Assume that  C R" is an open nonempty domain of class C" for some (1/2) <

r < 1 with a compact, nonempty boundary, d€2. (For details we refer to Appendix
C.)

(i) Suppose that V € L?(Q;d"z).

First we introduce the boundary trace operator 4% (Dirichlet trace) by
7% CQ) — C(09), yHu = ulsq. (4.6.41)
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Then there exists a bounded, linear operator ~vp,
vp: H¥(Q) — HV2(0Q) — L*(0Q;d" 'o), 1/2<s<3/2, (4.6.42)

whose action is compatible with 4%, that is, the two Dirichlet trace operators coincide
on the intersection of their domains. It is well-known (see, e.g., [130, Theorem 3.38]),
that vp is bounded. Here d" ' denotes the surface measure on 9 and we refer to
Appendix C for our notation in connection with Sobolev spaces.

Next, let I5q denote the identity operator in L?(9€;d" o), and introduce the

operator vy (Neumann trace) by
W =v-vpV: H(Q) — L2(0Q:d" o), 1/2<s<3/2, (4.6.43)

where v denotes outward pointing normal unit vector to 02. It follows from (4.6.42)
that vy is also a bounded operator.
Given Hypothesis 4.6.6 (i), we introduce the Dirichlet and Neumann Laplacians
H{, and H, associated with the domain Q as follows,
Hily = —A, dom(H{,) = {u € H*(Q) |ypu = 0}, (4.6.44)

Hé\fQ = —A, dom(Hé\fQ) ={ue€ HQ(Q) | yvu = 0}. (4.6.45)
In the following we denote by I the identity operator in L?(Q; d"z).

Lemma 4.6.7. Assume Hypothesis 4.6.6(i). Then the operators H(’)?Q and HéYQ in-
troduced in (4.6.44) and (4.6.45) are nonnegative and self-adjoint in H = L*(; d"x)

and the following mapping properties hold for all q € [0,1] and z € C\[0, o),

(HO{’Q —2Ig)7", (HéYQ — zIo)"" € B(L*(%; d"x), H*(12)). (4.6.46)

187



The fractional powers in (4.6.46) (and in subsequent analogous cases such as in
(4.6.52)) are defined via the functional calculus implied by the spectral theorem for
self-adjoint operators. For the proof of Lemma 4.6.7 we refer to Lemmas C.1 and C.2

in Appendix C.

Lemma 4.6.8. Assume that Q0 C R™, n = 2,3, is an open nonempty domain of class
CY" for some (1/2) < r < 1 with a compact, nonempty boundary, O and let p > 2,

(n/2p) < q <1, feLP(Q;d"z), and z € C\[0,00). Then,
My (Hglg — 210) ™% My(H}g — z10) ™" € B, (L*(Q; d"x)) (4.6.47)

and for some ¢ > 0 (independent of z and f)

|| M (Holo — ZIQ)_Q”ZP(LQ(Q;CI”:E))

2 + 1 _
= (1 ' I = 271 s | 1y

dist(z, o (H{,))

N o (4.6.48)
HMf(HO,Q - ZIQ) ||Bp(L2(Q;d”:v))

<e(14 L N = 2 11
- dist(z, o (H{,))* Lp(Rdne) 1) 1| Lp (Qsdna)

Proof. We start by noting that under the assumption that €2 is a Lipschitz domain,

there is a bounded extension operator &,
£ € B(H*(Q), H°(R™)) such that (Eu)lo =u, ue€ H*(Q), (4.6.49)

for all s € R (see, e.g., [156]). Next, for notational convenience, we denote by Hyq

either one of the operators H(fQ or HéYQ and by Rq the restriction operator

(4.6.50)

{L2 (R™; d"x) — L*(Q;d"x),
Ra:
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Moreover, we introduce the following extension f of f,
r f(x)J T e Qa r
= e LP(R";d"x). 4.6.51
fla) {O, o gng, [EPESTY (1.651)
Then,

Mf(HQQ — ZIQ)_q = RQMf(HO - ZI)_q(HO - Z[)qS(H[)’Q - ZIQ)_q, (4652)

where (for simplicity) I denotes the identity operator in L*(R™; d"z) and H, denotes

the nonnegative self-adjoint operator
Hy=—A, dom(H) = H*(R") (4.6.53)

in L2(R"; d"z).
Let g € L*(Q;d"x) and define h = (Hypq — zIg) %g, then by Lemma C.2 h €
H?1(Q) C L*(Q;d"x). Utilizing the spectral theorem for the nonnegative self-adjoint

operator Hyq in L*();d"x), one computes,

— 2
HhHiQ(Q?d%) - H(HOaQ — zlg) ngLQ(Q;dnx)
oo,

< dist(z,0(Ho0)) "> 9/l 2(uam0)
and since (Hoq + Ig) ™% € B(L*(Q;d"z), H*(Q)),

~ 2
||h||?—[24(Q) — ||(Hoo + Io)™*(Hoo + Iﬂ)qhqu(Q) < c|[(Hoq + ]Q)qhHiQ(Q;dnm)
= c/ |)\ + 1|2q (dEHo,Q (/\)h7 h) L2(Q;dnx)
o(Ho,0)

< 2c/ (X = 27 + |2 + 1) (dEp, , (M), h)LQ(thnx) (4.6.55)
a(Ho,Q) ’
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2 2
= 2c(|(Hoo = 210) hllyauiqy + 12+ L 1Al s )
< 20(1+ |2+ 1[dist (2, (o)) 9] sy

where Ep, ,(-) denotes the spectral family of Hygq. Moreover, utilizing the represen-

tation of (Hy — zI)? as the operator of multiplication by (|¢> — z)? in the Fourier

space L*(R™; d"¢) and the fact that by (4.6.49)
£ € B(H*(Q), H*(R™) N B(L*(Q; d"x), L*(R™; d"x)), (4.6.56)

one computes
mn 2 P
[(Ho — 21 Eh| gy = / a¢ |Igf? — = |(ER)(©)?

<2 [ e+ P IER O

(4.6.57)
< 2( thH?{?q(R") + |2 ||gh||i2(Rn;d"z))
< 2¢( HhH?{zq(n) + [2|* HhHi'Z(Q;dw) )-
Combining the estimates (4.6.54), (4.6.55), and (4.6.57), one obtains
(Ho — 21)'€(Hoq — zIq) "% € B(L*(Q;d"z), L*(R™; d"x)) (4.6.58)
and the following norm estimate with some ¢ > 0,
2q
e ol + 1)
H(HO ZI) (c:(HO,Q Z]Q) "B(LQ(Q;dnz)’LQ(Rn;dnx)) — diSt(Z,O’(HOVQ))QQ‘
(4.6.59)
Next, by [165, Theorem 4.1] (or [150, Theorem XI.20]) one obtains
Mi(Hy — zI)"" € B, (L*(R™; d"x)) (4.6.60)
and
1Mp(Ho = 2D) 7|5 2 amsnayy < €N = 2) U zogasana) | 1l o genianay
(4.6.61)

=c||(|-? = 2) " U zr@niara) 1 f 1 o (2dna)-
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Thus, (4.6.47) follows from (4.6.52), (4.6.58), (4.6.60), and (4.6.48) follows from

(4.6.52), (4.6.59), and (4.6.61). O

Lemma 4.6.9. Assume Hypothesis 4.6.6(i) and let € € (0,1], n = 2,3, and z €
C\[0,00). Then,

3+

46,7D(Hé\,[9 - ZIQ)_14j € B(L*(d"z), L*(09;d" o). (4.6.62)

W (Hyo — 2Ia)”

Proof. 1t follows from (4.6.46), that

(Hpo — 2I0)™ 1 € B(L*(Qid"x), H % (), (4.6.63)
(Hoo — 2Io) ™+ € B(L*(Q;d"x), H = (), (4.6.64)
and hence one infers the result from (4.6.42) and (4.6.43). O

Corollary 4.6.10. Let f; € LP*(Q;d"x), p1 > 2, pr > 2n/3, fo € LP*(Q;d"z),

pa > 2n, n=2,3, and z € C\[0,00). Then,

Yo(H{ — zI0) "My, € By, (L*(Q;d"x), L*(0Q; d"'0)), (4.6.65)

In(Hg — 21a) "My, € By, (L*(Q; d"x), L*(0Q;d" ') (4.6.66)

and for some cj(z) > 0 (independent of f;), j =1,2,

oG = 2Ta) My, < a2 1fillpn ey (4:6.67)

Bp, (L2(Q;dnx),L2(0;d—10))

(D, = =1) Ty, < os(2) | Foll oy - (4.6.68)

Bp, (L2(;dnx),L2(9%d™ o))
Proof. Let 1,69 € (0,1) be such that 0 < &g < min{1,3 — (2n/p1)} and 0 < &5 <

1 — (2n/p2). Then,

1+eq

1o (Hog — 210) "My, = yp(Hig — 21a)”

(HYq —zlo)™ 5 My, (4.6.69)
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3+eo l—eo

N (HEq — zI0) "' My, = »yN(HO?Q —zlg)” % (HPo —zIo)~ 3 My, (4.6.70)

together with Lemmas 4.6.8 and 4.6.9 prove the corollary. O]

Next, we introduce the perturbed operators HY and HY in L?*(Q; d"z) as follows.
We denote by A = M, and B = B* = M, the operators of multiplication by u =
exp(iarg(V))|V|"? and v = |V|*/2 in L?*(Q;d"x), respectively, so that My = BA =

M,M,. Applying Lemma 4.6.8 to f = u € L*(Q; d"x) with ¢ = 1/2 yields

M, (Hgly — 210) "%, (HP, — 210) "2 M, € By(L*(Q;d"z)), =z € C\[0,00),

(4.6.71)
M (HYo — 2I0)™\2, (HYy — z1)"V/2M, € By(L*(Q;d"x)), =€ C\[0,00),
(4.6.72)
and hence, in particular,
dom(A) = dom(B) 2 H'(Q2) > H*(Q2) 2 dom(HY,), (4.6.73)
dom(A) = dom(B) 2 H'(2) 2 Hy(2) 2 dom(Hgl,). (4.6.74)

Thus, Hypothesis 4.2.1 (i) is satisfied for H(, and H(,. Moreover, (4.6.71) and

(4.6.72) imply

M, (HEq — zI0) "M, M (H{ — z1a)"'M, € By(L*(Q;d"z)), =z € C\[0, ),
(4.6.75)

which verifies Hypothesis 4.2.1 (ii) for Hé?Q and HéYQ. One verifies Hypothesis 4.2.1
(77i) by utilizing (4.6.48) with sufficiently negative z < 0, such that the B,-norms of
the operators in (4.6.71) and (4.6.72) are less than 1, and hence the Hilbert—Schmidt
norms of the operators in (4.6.75) are less than 1. Thus, applying Theorem 4.2.3

one obtains the densely defined, closed operators HE and HY (which are extensions
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of Hi%, + My on dom(Hgy,) Ndom(My) and Hpg + My on dom(Hg) N dom(My),
respectively).

We note in passing that (4.6.46)—(4.6.48), (4.6.62), (4.6.65)—(4.6.68), (4.6.71)—
(4.6.75), etc., extend of course to all z in the resolvent set of the corresponding
operators Hj, and Hy',.

The following result is a direct extension of the one-dimensional result in Theorem

4.6.4.

Theorem 4.6.11. Assume Hypothesis 4.6.6 and z € C\(o(HE)Uo(HE,)Uo(HY,)).

Then,

W(HE, — 2I0) "My (HE — 21a) "' My [yp(HY,, — ZIo)']" € Bi(L*(09:;d"'0)),

(4.6.76)
’)/N(Hg — ZIQ>_1MV [’}/D(H(])YQ - ZIQ>_1:| : c BQ (L2(8Q, dnilo')),
(4.6.77)
and
det o (Io + My (H{, — 210) "1 M,)
det o (I + My (HE, — 210) "1 M,)
= det 3 (oo — W (HE — zI0) "My [yp(HY, — Zla)~']") (4.6.78)

x exp (tr(yw(HEq — z1o) "My (HE — z1q) "My [yp(H{, — zla)7']")).

Proof. From the outset we note that the left-hand side of (4.6.78) is well-defined by

(4.6.75). Let z € C\(o(HE) Uo(HEy,) Uo(Hf,)) and

ulx) = exp(iarg(V @)V (@), o(z) = [V ()], (4.6.79)

() = exp(iarg(V(2)))|V (2)]”°,  B(z) = [V (2)]"°. (4.6.80)
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Next, we introduce

Kp(z) = =M, (Ho — 210)"*M,,,  Kn(2) = =M, (H{, — 210) "' M, (4.6.81)
(cf. (4.2.4)) and note that
[Io — Kp(2)] " € B(L*(Q;d"z)), =€ C\(c(HE)Ua(Hy)), (4.6.82)
by Theorem 4.3.2. Thus, utilizing the following facts,
[Io — Kp(2)] ™' = Io+ Kp(z)[Io — Kp(2)] (4.6.83)
and

1 =dets(Io) = dets([lo — Kp(2)][I — Kp(2)]™") (4.6.84)

= det2<IQ — KD(Z)) detg([IQ — KD(Z)]’l) exp (tr(KD(Z>2[[Q — KD(z)]’l)),
one obtains

det 5 ([l — Kn(2)][Io — Kp(2)] ")
= det (I — Kn(2)) det([lo — Kp(2)] )

x exp (tr(Kn(2)Kp(2)[lo — Kp(2)] ™)) (4.6.85)

o detQ(IQ — KN(Z))
 deto(Io — Kp(2))

exp (tr((Kn(2) — Kp(2))Kp(2)[la — Kp(2)])).

At this point, the left-hand side of (4.6.78) can be rewritten as

det o (o + My(HYo — 2I0)"'M,)  det(Ig — Kn(2))
det o (Io + My(HPq — 2Ig)"'M,)  dets(lo — Kp(2))
= detz([IQ — KN(Z)HIQ — KD(Z)]_l)

x exp (tr((Kp(2) — Kn(2))Kp(2)[la — Kp(2)] ™))
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= det s (Io + (Kp(2) — Kn(2))[lo — Kp(2)]™")

x exp (tr((Kp(z) — Kn(2))Kp(2)[Io — Kp(2)] 7).

(4.6.86)

Next, temporarily suppose that V' € L*(Q2;d"x) N L5(2; d"x). Using Lemma C.3 (an

extension of a result of Nakamura [136, Lemma 6]) and Remark C.5, one finds

Kp(z) = Kn(z) = =M, [(HE, — z10) ™" — (H{y — z1a) ' | M,

= —M,[yp(Hd, — zlo) ] v (HEg — 21q) " M,,

— [yD(HgYQ — zIQ)flMﬂ]*yN(Hg?ﬂ — zIg)1 M,

Thus, inserting (4.6.87) into (4.6.86) yields,

det o (I + M, (H{, — zIo)~'M,)
detQ(IQ + M (HOQ — Z]Q) 1MU)

- det2<lg — [0 (HY, — 2la) M)y (HDy — 210) ' M,

x (o + M(Hy — 210) M, )

X exp (tr(['yD(HéYQ — E[Q)*lMg}*vN(H(fQ —zlo)™'M,

x M (HPy — 2Ia) "M, [Io + M, (H, — 210)~ 1Mv]_1>)-

Then, utilizing Corollary 4.6.10 with p; = 12/5 and py = 12, one finds,

o(Heq — ZIa) "t My € Biyys (L*( d"x), L*(0Q;d" o)),

W (HEq — z10) "' M, € Bio(L* (4 d"z), L*(8; d" o)),

and hence using the fact that,

(4.6.87)

(4.6.88)

(4.6.89)

(4.6.90)

[Io + My (HPo — 210)"1M,] " € B(L*(Q;d"x)), = € C\(o(HE) Uo(HLy)),
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one rearranges the terms in (4.6.88) as follows,

det 5 (I + M, (H{, — zIo) =" M,)
det o (I + M, (H, — zIo)~' M,)

— det (IBQ — W (HE, = 210) M, [To + My(HD, — 210) ' M,] ™

x [1p(H — 2la) Ma ")

X exp <tr<’yN(H£Q —2lo) "M, M,(HD, — 2Io) 1M,

x [Io + My(HP, — 210) M, [yp(HY, — zIQ)—lME]*»

- det2<lag — YW (HDy — 210) "My [Io + My(HDo — 210) 1 M5] ™

x [p(Hg — 2la) Mz ]")

X exp (tr (VN(H(QQ — 2 lo) My My(HD, — 210) M, (4.6.92)

x [l + Ma(HEo — 210) M) [y (Hiy, — 210) Mz ") ).
In the last equality we employed the following simple identities,

My = M M, = Mz Ms;, (4.6.93)

1

M, [Io + M,(HD, — 2I0)~"M,) ' M, = Mz[I + Mz(HDy, — 210)*My) ™ M.
(4.6.94)

Utilizing (4.6.92) and the following analog of formula (4.2.20),

-1

(B~ #Ta) N[l + Va(HEy — 1) V] = (HE — ko) M, (4.695)

one arrives at (4.6.78), subject to the extra assumption V' € L?(Q; d"x) N L°(Q; d"x).
Finally, assuming only V' € L?*(2; d"x) and utilizing Theorem 4.3.2, Lemma 4.6.8,

and Corollary 4.6.10 once again, one obtains

-1

[Io + Ma(HE — 210)"'My| € B(L*(;d"x)), (4.6.96)
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Mz(HPo — 210) ™% € Biays (L*(Q; d"2)), (4.6.97)

M5(Hgl — zI0) ™% € Bio(L*(Q; d™x)), (4.6.98)

Yo (H{' — 2Ia) "My € Buoys (L* (4 d"z), L*(9Q;d" '0)), (4.6.99)

N (HEq — z10) "My € Bio(L* (% d"x), L*(8€; d" 1)), (4.6.100)

and hence

Mz(Hf — z1a) "My € By(L?*(9; d"x)). (4.6.101)

Relations (4.6.95)—(4.6.101) prove (4.6.76) and (4.6.77), and hence, the left- and the
right-hand sides of (4.6.78) are well-defined for V' € L?(Q;d"z). Thus, using (4.6.48),
(4.6.67), (4.6.68), the continuity of det 5(-) with respect to the Hilbert—-Schmidt norm
| - | Bo(22(0dna))» the continuity of tr(-) with respect to the trace norm || - |5, (£2(0;dnz))
and an approximation of V'€ L?(Q; d"z) by a sequence of potentials V;, € L?(€Q; d"z)N
LS(Q;d"z), k € N, in the norm of L*(Q;d"x) as k | oo, then extends the result from

Ve L*(Q;d"x) N L(Q;d"x) to V € L*(Q;d"x), n = 2,3. O

Remark 4.6.12. Thus, a comparison of Theorem 4.6.11 with the one-dimensional
case in Theorem 4.6.4 shows that the reduction of Fredholm determinants associated
with operators in L?((0,00); dz) to simple Wronski determinants, and hence to Jost
functions as first observed by Jost and Pais [104], can be properly extended to higher
dimensions and results in a reduction of appropriate ratios of Fredholm determinants
associated with operators in L?(€; d"z) to an appropriate Fredholm determinant as-

sociated with an operator in L*(0Q;d" o).
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Remark 4.6.13. As in Theorem 4.6.11 we assume Hypothesis 4.6.6 and suppose

z € C\(o(HY) Uo(HE,) Uo(HY,)). First we note that

[(HZG — 2I0)VP(HE — 210) (Hk — 210) ™' — Ig] € Bo(L*(Qd"x)),  (4.6.102)

[(HYq — 210) VP(HY — 210)(Hy' — 2Io)1? — Ig]| € Bo(L*(Q;d™x)).  (4.6.103)
Indeed, by (4.6.71) and (4.6.72), one obtains

(HP o — 21o) VA (HE — 210)(HE — 210)™? — Ig
= (Hyo — 2Io) P My (HYy — 210)V/? € Bo(L?(Q;d"x)), (4.6.104)
(Hpq — zI0)"2(HY — zl0)(Hog — 210) /% — Io

= (H{' — 2Io) P My (HY — 210)7V* € By (L*(Q;d"x)). (4.6.105)

Thus, using (4.6.71)—(4.6.75) and the cyclicity of det 5(-), one rearranges the left-hand

side of (4.6.78) as follows,

det o (Io + My (Ho — 21a) "' M,)
det 5 (Ig + M, (HP, — 2Ia) T M,)
det s (I + (HYq — 210)” 1/2MV<H(J)VQ — 2lg)V/?)
N det 5 (I + ( (Hlg — 21a) Y2 My (H — 21o)~ 1/2)
detQ( OQ — zI)"V2(HY — ZIQ)(HO’Q —zIg)~ 1/2)
" det,((H, V2(HE — 2la) (HDy — 21a) V%)

—) (4.6.106)
0, Q

Again (4.6.106) illustrates that symmetrized perturbation determinants underly The-

orem 4.6.11.

Remark 4.6.14. The following observation yields a simple application of formula

(4.6.78). Since by Theorem 4.3.2, for any z € C\(oc(HE) U o(H{,) Uo(HL,)), one
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has z € o(HY) if and only if dety(Iq + M, (Hy — z1a)~*M,) = 0, it follows from
(4.6.78) that

for all z € C\(c(HE) Uo(HP,) Ua(Hpy,)), one has z € o(HY)

if and only if detg(lag —w(HE — z1o) "' My, [”yD(HéYQ — EIQ)*l]*) =0.

(4.6.107)
One can also prove the following analog of (4.6.78):
det Q(IQ + JWH(Hé:,’Q — ZIQ)_IMU)
det o (I + My (H{, — 210) "1 M,)
= det s (loq + W (HE — 21a) "My [yp((HY — z1a)~)*]") (4.6.108)

x exp (— tr(vN(Hol?Q — 2Iq) "My (HY — 210) "' My, [WD((HéYQ - 219)71)*}*)»
Then, proceeding as before, one obtains

for all z € C\(c(HY) Uo(Hyg) Ua(Hgy)), one has z € o(HY) (4.6.109)

if and only if ~ det s (loq + Y (H o — 21a) 1 My [vp((HY — ZIQ)_l)*]*) = 0.

4.7 Further Improvement of the Reduction For-
mula in Dimensions n = 2,3

Hypothesis 4.7.1. Let n = 2, 3.

(1) Assume that Q C R™ is an open nonempty domain of class C*" for some (1/2) <
r < 1 with a compact, nonempty boundary, 9. (For details we refer to Appendix
C.)

(77) Suppose that V' € LP(§);d"x) for some p satisfying % < p <2, in the case n = 2,

and%<p§2,inthecasen:3.
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The perturbed operators HY and HY in L*(); d"z) are now introduced as follows.
We denote by A = M, and B = B* = M, the operators of multiplication by u =
exp(iarg(V))|V|"? and v = |V|/? in L?(Q;d"x), respectively, so that My, = BA =

M,M,. Applying Lemma 4.6.8 to f = u € L**(Q;d"x) with ¢ = 1/2 yields

M, (Hgk — 2Ig) V2, (HPy — z1q)~2M, € By (L?(;d"x)), =z € C\[0,00),

(4.7.1)
M (HYq — zI0)™V2, (HYy — 210) /2 M, € By, (L*(;d"z)), =z € C\[0,00),
(4.7.2)
and hence, in particular,
dom(A) = dom(B) 2 H'(Q) > H*(Q) 2 dom(HY,), (4.7.3)
dom(A) = dom(B) 2 H'(Q2) 2 Hy(Q2) 2 dom(Hyl,). (4.7.4)

Thus, Hypothesis 4.2.1 (4) is satisfied for HJ, and H{,. Moreover, (4.7.1) and (4.7.2)

imply

M (Hfo — z10) "M, My(H, — z1a) 1M, € B,(L*(;d"x)) C By(L* (2 d"x)),

z € C\[0,00), (4.7.5)

which verifies Hypothesis 4.2.1 (i) for Hfy, and Hg,. One verifies Hypothesis 4.2.1
(i77) by utilizing (4.6.48) with sufficiently negative z < 0, such that the By,-norms of
the operators in (4.7.1) and (4.7.2) are less than 1, and hence the Hilbert-Schmidt
norms of the operators in (4.7.5) are less than 1. Thus, applying Theorem 4.2.3 one
obtains the densely defined, closed operators HY and H{ (which are extensions of
Ho + My on dom(HJ,) N dom(My) and Hy, + My on dom(H{(,) N dom(My),

respectively).
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We note in passing that (4.7.1)—(4.7.5) extend of course to all z in the resolvent
set of the corresponding operators Hgy, and H',.
The following result is an extension of the reduction principle that was obtained

in Theorem 4.6.11.

Theorem 4.7.2. Assume Hypothesis 4.7.1 and z € C\(o(HE)Uo(HE,) Uo(HY,))-

Then,
W (HE, = 2I0) "My (HE — 2I0) "My [yp(HY — ZIa) '] € Bi(L*(09;d"* '0)),
(4.7.6)
/YN(HS? — ZIQ)_lMV [’YD(HéYQ — EIQ)_]'}* S 82 (L2(8Q, d"_la))
(4.7.7)
and
det2<]g + M (HOQ — Z.[Q) 1MU>
det o (I + M, (HP — 210)~"M,)
= det s (log — W (HE — zIa) "My [yp(HY, — Zla)1]") (4.7.8)

x exp (tr(yw(HEy — 210) "My (HE — 2I0) "My [yp(HYq — ZIa) '] 7)).

Proof. From the outset we note that the left-hand side of (4.7.8) is well-defined by

(4.7.5). Let z € C\(o(HE) Uo(HE,) Uo(HY,)) and

u(x) = exp(iarg(V () |V (2)|'?, v(z) = [V (2)]'?, (4.7.9)
ii(x) = exp(iarg(V @)V (@)P7,  5x) = [V (@), (4.7.10)
where
— %p’ n= 2 _ 3p7 n= 27
P = {%p, n=3 P2 = {4]37 I (4.7.11)



Then it follows that pil + p% = %, in both cases n = 2,3, and hence V = uv = wv.

Next, we introduce

Kp(z) = —Mu(Hé?Q —z2I9)"'M,, Ky(z2)= —Mu(HéYQ —zIg)" M, (4.7.12)
(cf. (4.2.4)) and note that
o — Kp(2)] ' € B(L*(Q;d"x)), z€C\(c(HY)Ua(Hy)), (4.7.13)
by Theorem 4.3.2. Thus, utilizing the following facts,
[l — Kp(2)] ' = Ig+ Kp(2)[Io — Kp(2)] " (4.7.14)
and

1 =dety(Iq) = dets([lo — Kp(2)][I — Kp(2)] ™) (4.7.15)

= detQ(]Q — KD(Z)) detQ([IQ — KD(Z)]_l) exp (tr(KD(Z)Q[IQ — KD(Z)]_l)),
one obtains

det o ([Io — Kn(2)][la — Kp(2)] ")
= det »(Ig — Kn(2)) det 2 ([Io — Kp(2)] ")

x exp (tr(Kn(2)Kp(2)[lo — Kp(2)] ")) (4.7.16)

_ detz(Io — Kn(2))
detg(IQ — KD(Z))

exp (tr((Kn(2) — Kp(2))Kp(2)[Io — Kp(2)]™")).

At this point, the left-hand side of (4.7.8) can be rewritten as

det o (Io + My (Hp — 2I0)~'M,)  dets(Io — Kn(2))
det 2(]Q + ]\%u(]:lé?Q — ZIQ)_le> detz(fﬂ — KD(Z))
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= dets([Io — Kn(2)][lo — Kp(2)] ")
x exp (tr((Kp(2) — Kn(2))Kp(2)[la — Kp(2)] 7))

=det (o + (Kp(z) — Kn(2))[Io — Kp(2)] ") (4.7.17)
x exp (tr((Kp(2) — Kn(2))Kp(2)[la — Kp(2)]")).

Next, temporarily suppose that V' € LP(Q; d"x) N L>°(£2; d"x). Using Lemma C.3 (an

extension of a result of Nakamura [136, Lemma 6]) and Remark C.5, one finds

Kp(z) — Kn(2) = =M, [(Hf, — 21a) ™" — (HY — zI0) | M,

= M, [yp(HYq — ZIa) 1] w(HDy — 2I0) 'M,,  (47.18)

— [ (HYq — ZIa) " Mgy (HEG — 2Ia) "' M,
Thus, inserting (4.7.18) into (4.7.17) yields,

detQ(IQ + M (HéVQ — Z]Q)_le)
det 5 (I + M, (HP, — zIo) =" M,)
= dets (I — [y (Y — 21) My W (HEo — 210) M,

x (o + M(Hy = 2I0) "M, )

X M, (HPq — 210) ' M, [Io + M, (Hpy — 2Ia)~ 1Mv}_1))~

Then, utilizing Corollary 4.6.10 with p; and py as in (4.7.11), one finds,

Yo (H{ — ZIa) "' Mg € By, (L*(Q; d"x), L*(0Q;d" '), (4.7.20)

W (HE, — zI0) "' M, € By, (L*(Q; d"x), L*(09; d" o)), (4.7.21)

and hence,

(Vo (H{o — Zla)~ 1Mﬂ*7N(H£Q — 2Io) ' M, € B,(L*(Q;d"x))
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C By (L*(Q;d"x)), (4.7.22)

W (Hig = 21a) " My [rp(Hog — Zlo) ™ Mz | € B, (L0 d"0))

C By (L*(0d" o)), (4.7.23)

Moreover, using the fact that,

[Lo + M (HDq — 21o)"1M,] " € B(L*(Q:d"x)), 2 € C\(o(HE) Uo(HLy)),
(4.7.24)

one rearranges the terms in (4.7.19) as follows:

detQ(IQ + M (HOQ — Z]Q) 1MU)
det o (I + M, (HP, — zI0)~"M,)
— det, (Iag — W (HD, = 2Io) M, [To + M,(HD, — 2I0) ' M,)]

-1

x [yo(HY, — EIQ)*lMUT)

X exp (tr(yN(H(fQ — zIq)*M, M, (H, — 210)~' M,

x [Io + My (HD, — 210) "M, [vp(H — 719)_1Mﬂ*>)

— detQ(Iag2 — W (HDy — 210) My [Io + My(HD, — 21) ' M;) "

X [yp(HYy = Zla)~ 1M§]*>

X exp (tr <7N(H({’Q —2lo) My My(HE, — 2Io) M (4.7.25)

x [lo + Ma(HEo — 2Ia) M)~ [yp (i — 210) Mz ") ).
In the last equality we employed the following simple identities,

My = M M, = Mz Ms;, (4.7.26)

1

M, [Io + My(HE, — 2I0)~"M,) ' M, = Mz[I + Mz(HDy, — 210)"My) ™ M.
(4.7.27)
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Utilizing (4.7.25) and the following analog of formula (4.2.20),

(Hé,)ﬂ — zlg) ™t M5 [IQ + Ma(H(j)?Q — zIQ)*lMZ}_l = (HP — z1q) "M,

(4.7.28)

one arrives at (4.7.8), subject to the extra assumption V' € LP(Q;d"x) N L>®(Q; d"x).

Finally, assuming only V' € LP(Q); d"z) and utilizing Theorem 4.3.2, Lemma 4.6.8,

and Corollary 4.6.10 once again, one obtains

[0 + Mz(HEG — 210)"1M;)

€ B(L*(Qd"z)),
Mz(HEo — 2I0) 7" € By, (L*(Q; d"x)),

My(Hgl, — zI0) "7 € B, (L*(Q;d™z)),

Yo (H{o — 210) "My € B, (L*(Q; d"x), L*(09; d" o)),

W (HE, — zI0) "' My € By, (L*(Q; d"x), L*(09; d" o)),

and hence

My(Hf — 210) "My € B,(L*(Q; d"x)) C Bo(L* (€ d"x)).

(4.7.29)
(4.7.30)
(4.7.31)
(4.7.32)

(4.7.33)

(4.7.34)

Relations (4.7.28)—(4.7.34) prove (4.7.6) and (4.7.7), and hence, the left- and the

right-hand sides of (4.7.8) are well-defined for V' € LP(§2; d"xz). Thus, using (4.6.48),

(4.6.67), (4.6.68), the continuity of det 5(-) with respect to the Hilbert-Schmidt norm

|- | Bo(22(0:dma))» the continuity of tr(-) with respect to the trace norm || - |5, (z2(0dna))

and an approximation of V' € LP(Q; d"x) by a sequence of potentials Vi, € LP(Q; d"x)N

L>®(Q;d"x), k € N, in the norm of LP(Q;d"x) as k T oo, then extends the result from

Ve LP(Q;d"x) N L>®(Q;d"x) to V € LP(Q;d"x), n = 2, 3.
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4.8 An Application to Scattering Theory

In this section we relate Krein’s spectral shift function and hence the determinant of
the scattering operator in connection with quantum mechanical scattering theory in
dimensions n = 2,3 with appropriate modified Fredholm determinants.

The results of this section are not new, they were first derived for n = 3 by Newton
[141] and subsequently for n = 2 by Cheney [29]. However, since our method of proof
nicely illustrates the use of infinite determinants in connection with scattering theory
and is different from that in [141] and [29], and moreover, since our derivation in the
case n = 3 is performed under slightly more general hypotheses than in [141], we

thought it worthwhile to include it at this point.

Hypothesis 4.8.1. Fix § > 0. Suppose V € Ry forn =2and V € L'(R? d*z) N'R;3

for n = 3, where

Ros = {V: R* - R measurable | V'™, (1 + |- )V € L'(R* d°z)}, (4.8.1)

/RG FBrdy |V (@)||[V(@)||z — 2|2 < oo}.
(4.8.2)

Rs = {V: R?* — R measurable

We introduce Hj as the following nonnegative self-adjoint operator in the Hilbert

space L*(R"™; d"x),
Hy=—A, dom(Hy) = H*R"), n=2,3. (4.8.3)
Moreover, let A = M, and B = B* = M, denote the operators of multiplication by

u = sign(V)|V|"% and v = |[V|"/? in L%(R"; d"z), respectively, so that My = BA =
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M, M,. Then, (cf. [161, Theorem I1.21] for n = 3 and [162] for n = 2),
dom(A) = dom(B) 2 H'(R™) D dom(Hy), (4.8.4)

and hence, Hypothesis 4.2.1 (i) is satisfied for Hy. It follows from Hypothesis 4.8.1

that

M,(Hy — zI)~'M, € By(L*(R";d"z)), =z € C\[0,0), (4.8.5)

where I now denotes the identity operator in L*(R";d"x), and hence, Hypothesis
4.2.1 (4i) is satisfied. Taking z € C\[0,00) with a sufficiently large absolute value,
one also verifies Hypothesis 4.2.1 (i73). Thus, applying Theorem 4.2.3 and Remark
4.2.4 (i), one obtains a self-adjoint operator H (which is an extension of Hy + V' on

dom(Hy) Ndom(V)).
Theorem 4.8.2. Assume Hypothesis 4.8.1 and let z € C\o(H) and n = 2,3. Then,
(H—=zI)"" = (Hy—=2I)"" € B (L*(R"; d"x)), (4.8.6)
and there is a unique real-valued spectral shift function
(-, H,Hp) € L'(R; (1 4+ X*)~"d)) (4.8.7)
such that (N, H, Hy) = 0 for A < inf(c(H)), and

tr((H—zI)""'— (Ho—2I)7") = —/ M. (4.8.8)

oy (A—2)°

We recall that £(-, H, Hyp) is called the spectral shift function for the pair of self-
adjoint operators (H, Hy). For background information on £(-, H, Hy) and its connec-
tion with the scattering operator at fixed energy, we refer, for instance, to [15, Sect.

19.1], [20], [22], [193, Ch. 8].
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Lemma 4.8.3. Assume Hypothesis 4.8.1 and let z € C\o(H) and n = 2,3. Then,

M,(Hy — zI)~'M, € Bo(L*(R"; d"z)), (4.8.9)

(Ho — 2I)"'"My(Ho — 2I)~" € By (L*(R"; d"z)), (4.8.10)

and

i1n( det (1 + M,(Ho — zI)~'M,))
dz (4.8.11)

= —tr((H — 2I)~" = (Hy — 2I) " + (Ho — 2I) "My (Ho — 2I) 7).

The key ingredient in proving (4.8.6) is the fact that

M,(Ho — zI)7", (Hy — 2I)~'M, € By (L*(R*;d"z)), =z € C\[0,00), n=2,3.
(4.8.12)
This follows from either [165, Theorem 4.1] (or [150, Theorem XI.20]), or explicitly
by an inspection of the corresponding integral kernels. For instance, the one for
M, (Hy — 2I)7"! reads:
w(@)(i/DHP (22| — o)), x4, v, €R2

w(z)e "l flax|e — 2|], x# 2, x,2 € R3,

z € C\[0,00), Im(2'/?) > 0, (4.8.13)

(MU(HO — ZI)*I)(x, T

where H{"(-) denotes the Hankel function of order zero and first kind (see, e.g., [3,
Sect. 9.1]). Hence, one only needs to apply equation (4.2.13) to conclude (4.8.6) and
hence (4.8.10) (by factoring My = M, M,). (We note that (4.8.6) is proved in [150,
Sect. X1.6] and [161, Theorem I1.37] for n = 3.) Relation (4.8.9) is then clear from
V € R3 for n = 3 and follows from [162] for n = 2. Equation (4.8.11) is discussed in
23] for n = 2,3. The trace formula (4.8.8) is a celebrated result of Krein [119], [120];

detailed accounts of it can be found in [15, Sect. 19.1.5], [22], [121], [193, Ch. 8.

208



Lemma 4.8.4. Assume Hypothesis 4.8.1. Then the following formula holds for a.e.

A€ER,

2mié(\, H, Hy) = In (det o(I + M, (Hy— (A + iO)I)—le)>

det (1 + M,(Ho — (A —40)1)~*M,)
_ , A>0,n=2, (4.8.14)
+ d"z V() x ¢ X2, X >0, n=3,
27T R
0, A<0,n=2,3.

Proof. 1t follows from Theorem 4.8.2 and Lemma 4.8.3, that for z € C\o(H),

/ A6 H, Hy) d
R

O :Eln(dem(l + M, (Hy — 21)~'M,)) e

+tr((Ho — 2I) "' My (Hy — 2I)7").

First, we rewrite the left-hand side of (4.8.15). Since &(-, H, Hy) € L! (R; 13\2), one

has the following formula,

[R5 - ) << cvom
(4.8.16)

Next, we compute the second term on the right-hand side of (4.8.15). By (4.8.12)

and the cyclicity of the trace,

tr((Ho — 21) "My (Hy — 21)™") = tr(Mu(Ho — 2I)"2M,), =z € C\[0,00). (4.8.17)

Then M,(Hy — 21)~2M, = M, (Hy — zI)~'M, has the integral kernel

iH(l),(21/2|I*x’|)|x71/| / / 2
u(x)—2 o(z), x4 € R2
(L, =20 )y = W =7 ()

iexp(izt/2|z—a']) / / 3
u(z) =g —v(r'), x,x’ € R

z# 1’ z € C\[0,00), Im(z"/%) > 0, (4.8.18)
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and hence, utilizing [43, p. 1086], one computes for z € C\[0, 00),

T 4r 21971 n=3

L[ v« L {‘ln@)’ n=2

tr((Ho — 21)" "My (Ho — 21)™") L /Rn d"zV(z) x {;(Z_ ’ n=2

T Rn dz |iz'/?, n = 3.
(4.8.19)
Finally, using (4.8.15), (4.8.16), and (4.8.19), one obtains for z € C\o(H),

| A
/Rd)\f(A,H,HO)(/\_Z— HAQ) e

:ln(detQ(I—l—Mu(Ho—ZI)_lMU))_|_i/ 0 V(z) {—ln(z), n=2

4T Jgr iz'/2, n=3,
(4.8.20)

where C' € C denotes an appropriate constant. To complete the proof we digress for

a moment and recall the Stieltjes inversion formula for Herglotz functions m (i.e.,
analytic maps m: C, — C,, where C, denotes the open complex upper half-plane).

Such functions m permit the Nevanlinna, respectively, Riesz-Herglotz representation

1 A
m(z)—c+dz+/Rdw(>\)<>\_Z—1+)\2), z € Cy,

(4.8.21)
¢ =Re[m()], d=limm(in)/(in) 20,
nToo
with a nonnegative measure dw on R satisfying
dw(\)
) 4.8.22
/R 1+ A2 = (48.22)

The absolutely continuous part dw,. of dw with respect to Lebesgue measure d\ on

R is then known to be given by
dwae(N) = 7 Im[m(X 4 40)] d. (4.8.23)

In addition, one extends m to the open lower complex half-plane C_ by

m(z) =m(z), zeC_. (4.8.24)
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(We refer, e.g., to [5, Sect. 69] for details on (4.8.21)—(4.8.24).) Thus, in order to
apply (4.8.21)—(4.8.24) to the computation of &(-, H, Hy) in (4.8.20) it suffices to
decompose &(-, H, Hy) = &,(-, H,Hy) — &_(+, H, Hy) into its positive and negative
parts &4(-, H, Hy) > 0 and separately consider the absolutely continuous measures
€+(-, H, Hy)d\. Thus, letting z = X &£ ie, taking the limit ¢ | 0 in (4.8.20), and

subtracting the corresponding results, yields (4.8.14). ]

We conclude with the following result:

Corollary 4.8.5. Assume Hypothesis 4.8.1. Then, for a.e. A >0,

det (1 + M,(Ho — (A —i0)1)~*M,)

det (1 + M,(Ho — (A +140)I)~1M,)
eXp( 2fRnd"xV ), n =2,
exp (— AL [ d"zV(x)), n=3.

det(S(N)) =
(4.8.25)

Proof. Hypothesis 4.8.1 implies that the scattering operator S(A) at fixed energy

A > 0in L2(S" 1 d"lw) satisfies

[S(A) = 1] € B (L*(S" ', d"'w)) for ae. A >0 (4.8.26)
and

det(S(N)) = exp(—2mi§(A\, H, Hy)) for a.e. A >0 (4.8.27)

(cf., e.g., [15, Sects. 19.1.4, 19.1.5], [20], [22], [193, Ch. 8]), where S™~! denotes the
unit sphere in R” and d" 'w the corresponding surface measure on S"~!. Relation

(4.8.25) then follows from Lemma 4.8.4 and (4.8.27). O
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We note again that Corollary 7.5 was derived earlier using different means by
Cheney [29] for n = 2 and by Newton [141] for n = 3. (The stronger conditions
V € L*(R?;dz?) and the existence of a > 0 and 0 < C' < oo such that for all y € R3,

Jos P [V (@)|[(|z] + |y| + a)/(lz — y])]* < C, are assumed in [141].)
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Appendix A

Basic Facts on Caratheodory and
Schur Functions

In this appendix we summarize a few basic properties of Caratheodory and Schur
functions used in Chapters 1 and 2.
We denote by D and 0D the open unit disk and the counterclockwise oriented

unit circle in the complex plane C,
D={zeC||z| <1}, ID={¢CeC||¢|=1}, (A.1)
and by
Cr={2€C|Re(2) <0}, C,={z€C|Re(z) >0} (A.2)
the open left and right complex half-planes, respectively.

Definition A.1. Let fi, ¢, and 1/p_ be analytic in D.
(1) fi is called a Caratheodory function if f,: D — C, and f_ is called an anti-
Caratheodory function if —f_ is a Caratheodory function.
(17) @4 is called a Schur function if py: D — D. ¢_ is called an anti-Schur function

if 1/p_ is a Schur function.
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Theorem A.2 ([4], Sect. 3.1; [5], Sect. 69; [171], Sect. 1.3).

Let f be a Caratheodory function. Then f admits the Herglotz representation

eD, (A.3)

. (+ 2
fG) =it § du(C) e, 2
c=Im

(/(0)), ]4 d1(¢) = Re(f(0)) < oo, (A4)

oD
where dy denotes a nonnegative measure on OID. The measure du can be reconstructed

from f by the formula

00 03TV — Tiem 1 i%gﬁé i0
p(Arc((e, e D)—%E)ll?}%l b dfRe(f(re”)), (A.5)

where
Arc((e,e?]) ={e” € OD |6, <0 < 6}, 6, €[0,2m), 6; <0, < 6; +27. (A.6)

Conversely, the right-hand side of (A.3) with ¢ € R and du a finite (nonnegative)

measure on D defines a Caratheodory function.

We note that additive nonnegative constants on the right-hand side of (A.3) can

be absorbed into the measure du since

C+=z
d = D A7
§ an© =1 e, (A7)
where
do i
dIMO(C) = %7 C: €, NS [0727T] (AS)

denotes the normalized Lebesgue measure on the unit circle OD.
A useful fact on Caratheodory functions f is a certain monotonicity property they

exhibit on open connected arcs of the unit circle away from the support of the measure
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du in the Herglotz representation (A.3). More precisely, suppose Arc((e“’l,e“’?)) C
(0D\supp(dp)), 61 < b5, then f has an analytic continuation through Arc((e™, e!2))
and it is purely imaginary on Arc((e”?, e2)). Moreover,

d 1

, i
—f(e? :——/ du(e™) — , 0€(0,,0,). A9
do (") 2 J0,27)\(61.62) : )81112((75—9)/2) 61, 6) (A9)
In particular,
- z‘d%f(ew) <0, 6¢€(b,6). (A.10)

We recall that any Caratheodory function f has finite radial limits to the unit

circle pp-almost everywhere, that is,
f(¢) = ligl f(r¢) exists and is finite for pg-a.e. ¢ € OD. (A.11)

The absolutely continuous part du,. of the measure du in the Herglotz represen-

tation (A.3) of the Caratheodory function f is given by

dpec(€) = lim Re(£(rC)) dpo(<), € € OD. (A.12)

The set

S ={C € 0D| h%lll Re(f(r¢)) = Re(f(¢)) > 0 exists finitely} (A.13)

- €

is an essential support of du,. and its essential closure, S,,. , coincides with the

ac )

topological support, supp(dpu.,.) (the smallest closed support), of d,c,
Spee = SUPD (dptac). (A.14)
Moreover, the set
S, ={¢€0D] ljglRe(f(TC)) = oo} (A.15)
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is an essential support of the singular part dus of the measure du, and

lim(1 —7r)f(r¢) = ligl(l —r)Re(f(r¢)) > 0 exists for all ¢ € OD. (A.16)

r1l
In particular, (; € 0D is a pure point of du if and only if

1—r
2

) =tim (57 £ > 0, (A7

Given a Caratheodory (resp., anti-Caratheodory) function f, (resp. f_) defined

in D as in (A.3), one extends fi to all of C\0D by

fe(z) =ics i% dp+(C) Cj, 2z € C\OD, cy € R. (A.18)
oD C—z
In particular,
fi(z) = —f+(1/2), z¢€ C\D. (A.19)

Of course, this continuation of f.|p to C\D, in general, is not an analytic continuation

of fi|p. With fi defined on C\0D by (A.18) one infers the mapping properties
fr:D—-C, f:C\D—Cy f:D—Cy, f.:C\D-—C,. (A.20)

Next, given the functions fi defined in C\0D as in (A.18), we introduce the
functions ¢+ by

-1

Then ¢ have the mapping properties

pr:D—=D, 1/p;:C\D—D (p;:C\D— (C\D)U {oo}),
(A.22)
o :C\D—-D, 1/p_:D—-D (p_:D— (C\D)U{cx}),
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in particular, ¢4 |p (resp., ¢_|p) is a Schur (resp., anti-Schur) function. Moreover,

1+ p4(2)

fi(z> = 1 — (pi<2>7

z € C\0D. (A.23)

We also recall the following useful result (see [171, Lemma 10.11.17] and Lemma
2.4.4 for a proof). To fix some notation we denote by f, and f_ a Caratheodory
and anti-Caratheodory function, respectively, and by ¢, and ¢_ the corresponding
Schur and anti-Schur functions as defined in (A.21). We also introduce the following

notation for open arcs on the unit circle 9D,
Arc((eiel,ew?)) = {eie cedD|0; <6< 92}, 0, € [0,27], 6; < Oy < O1+2m. (A.24)

An open arc A C 9D then either coincides with Arc((e’1, e2)) for some 6, € [0, 27],

01 < 0y <01+ 2m, or else, A = 0D.

Lemma A.3. Let A C 90D be an open arc and assume that f, (resp., f-) is a
Caratheodory (resp., anti-Caratheodory) function satisfying the reflectionless condi-
tion

l:gl [f(r0) +m} =0 pp-a.e. on A. (A.25)

Then,

(i) £+(C) = —F(Q) for all ¢ € A.
(ii) For z € D, —f_(1/Z) is the analytic continuation of fi(z) through the arc A.
(iii) duy are purely absolutely continuous on A and

dpe

(€)= Re(£4(0)) = ~Re(/(0)), (€A (A.26)
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In analogy to the exponential representation of Nevanlinna-Herglotz functions
(i.e., functions analytic in the open complex upper half-plane C, with a strictly

positive imaginary part on C, cf. [7], [8], [78], [107]) one obtains the following result.

Theorem A.4. Let f be a Caratheodory function. Then —iln(if) is a Caratheodory

function and f has the exponential Herglotz representation,

—iln(if(2)) :z'd—i—fgmd,ug(C)T(C) gtz, z €D, (A.27)
d = —Re(In(f(0))), 0<Y(() <7 for po-a.e. ¢ € ID. (A.28)
T can be reconstructed from f by
Y(¢) = lim Re[—iMn (i (r¢))
(A.29)

= (7/2) + 1r11n11 Im[In(f(r())] for po-a.e. ¢ € OD.

Next we briefly turn to matrix-valued Caratheodory functions. We denote as usual
Re(A) = (A+ A*)/2, Im(A) = (A — A*)/(2i), etc., for square matrices A.
Definition A.5. Let m € N and F be an m x m matrix-valued function analytic in

D. F is called a Caratheodory matriz if Re(F(z)) > 0 for all z € D.

Theorem A.6. Let F be an m x m Caratheodory matriz, m € N. Then F admits

the Herglotz representation

f<z>:zo+j€md9<g)gfz,

' = m(F(0), fg Q) = Re(F(0), (A.31)

zeD, (A.30)

where dS2 denotes a nonnegative m X m matriz-valued measure on 0D. The measure

dS) can be reconstructed from F by the formula

) ] o 0244 .
Q(Arc((e’el, erD) = 1;{51 1:%1 7 f;l—k& df Re (.7:(7“6 9)), (A.32)
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(91 € [0,271'], 01 <92 §01+27T

Conversely, the right-hand side of equation (A.30) with C = C* and d) a finite

nonnegative m X m matriz-valued measure on 0D defines a Caratheodory matrix.
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Appendix B

Basic Facts on Herglotz Functions

In this appendix we recall the definition and basic properties of Herglotz functions

used extensively in Chapter 3.

Definition B.1. Let Cy = {z € C | Im(z) 2 0}. m : C; — C is called a Herglotz

function (or Nevanlinna or Pick function) if m is analytic on C; and m(C,) C C,.

One then extends m to C_ by reflection, that is, one defines

m(z) =m(z), ze€C_. (B.1)

Of course, generally, (B.1) does not represent the analytic continuation of m‘c+ into
C._.

The fundamental result on Herglotz functions and their representations on Borel
transforms, in part due to Fatou, Herglotz, Luzin, Nevanlinna, Plessner, Privalov, de

la Vallée Poussin, Riesz, and others, then reads as follows.

Theorem B.2. ([5], Sect. 69, [7], [42], Chs. II, IV, [107], [114], Ch. 6, [148], Chs. II,
IV, [153], Ch. 5.) Let m be a Herglotz function. Then,

1) m(z) has finite normal limits m(A £10) = lim. o m(\ & 2¢) for a.e. A € R.
has fi 11 A lim, A f AER
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(77) Suppose m(z) has a zero normal limit on a subset of R having positive Lebesgue
measure. Then m = 0.

(77i) There exists a Borel measure dw on R satisfying

/R f‘i(il < (B.2)

such that the Nevanlinna, respectively, Riesz-Herglotz representation

1 A
dw()\){)\—z_l—i—)@}’ z e Cy, (B.3)

m(z)—c+dz+/

R

c=Re(m(i)), d=limm(in)/(in) >0

nfoo
holds. Conversely, any function m of the type (B.3) is a Herglotz function.

(1v) Let A1, Ay € R, A1 < Ay. Then the Stieltjes inversion formula for dw reads

)\2—1—5

w((A1, Ag]) = 71 lim lim dA Im(m(\ + ig)). (B.4)
510 €10 Jy 15

(v) The absolutely continuous (ac) part dw,. of dw with respect to Lebesgue measure
dXA on R is given by

dwae(N) = 7 Im(m(\ +i0)) dA. (B.5)
(vi) Local singularities of m and m™! are necessarily real and at most of first order

in the sense that

hfl()q(_ie) m(A+ie) >0, ANeR, (B.6)
1%m@mQ+nyizq A ER. (B.7)

Further properties of Herglotz functions are collected in the following theorem.
We denote by

dw = dwye + dwse + dwpp, (B.8)
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the decomposition of dw into its absolutely continuous (ac), singularly continuous

(sc), and pure point (pp) parts with respect to Lebesgue measure on R.

Theorem B.3. ([7], [78], [107], [166], [167].) Let m be a Herglotz function with

representation (B.3). Then,
(4)
d =0 and /Rdw()\)(l +|A]*)™! < oo for some s € (0,2)
if and only if /100 dnn~* Im(m(in)) < oo. (B.9)

(17) Let (A1, A2) C R, my > 0. Then there is a constant C'(A\1, Ao, 71) > 0 such that

nm(A +in)| < C(Ax, Agym),  (An) € [Aa, Aol X (0,m1). (B.10)
(d4)
Sg}gn|m(in)| < oo if and only if m(z) = /Rdw()\)()\ —2)""and /Rdw(/\) < 00.
n
(B.11)
In this case,
| 4w) = suppm(in)| = it pm(in). (5.12)
(iv) For all A € R,
laig)l eRe(m(A+ig)) =0, (B.13)
w({A}) = lglr{)lglm(m(/\ +ig)) = —i lgﬁ)lsm()\ + ig). (B.14)

(v) Let L > 0 and suppose 0 < Im(m(z)) < L for all z € C;. Then d = 0, dw is

purely absolutely continuous, dw = dw,., and

B~ xtimIm(m(\ +ie) < 7L for e A€R. (B15)
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(vi) Let p € (1,00), [Az, Ad] C (A1, A2), [A1, Ae] C (A5, Ag). If

A2
sup / dX [Im(m(X + ig)) P < oo, (B.16)

0<e<l J )\

then dw = dw,. is purely absolutely continuous on (A1, A2), dzjic € LP((Ag, A2);dN),

and

dwge
d\

lim
€10

7 Im(m(- + ig)) —

0. (B.17)
LP((A3,24);dA)

Conversely, if dw is purely absolutely continuous on (As, Ag), and if % €
LP((As, Ag); dA), then (B.16) holds.

(vii) Let (A1, A2) C R. Then a local version of Wiener’s theorem reads for p € (1, 00),

A2
lim 7~ / A\ [Im(m(\ + i))]?

EJ,O )\1
rHre-3[1 1
(p) N
Moreover, for 0 < p < 1,
A2 A2 d e A p
lim [ d\ |7 Im(m(\ + ie))|? = / ay | e (B.19)
el0 A 1 dA

It should be stressed that Theorems B.2 and B.3 record only the tip of an iceberg
of results in this area. A substantial number of additional references relevant in this

context can be found in [78].
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Appendix C

Properties of the Dirichlet and
Neumann Laplacians

The purpose of this appendix is to derive some basic domain properties of Dirichlet
and Neumann Laplacians on C'"-domains 2 C R" as needed in Chapter 4 and to
prove Lemma 4.6.7. Throughout this appendix we assume n > 2, but we note that n
is restricted to n = 2,3 in Sections 4.6—4.8.

In this manuscript we use the following notation for the standard Sobolev Hilbert

spaces (s € R),

H®) = {U € SEY 0 = [ €O 1L+ 1) <0} (C1)
H*(Q) ={u e C(Q)* |u=Ulg for some U € H*(R")}, (C.2)

H{(§2) = the closure of C5°(£2) in the norm of H*((2). (C.3)

Here C§°(€2)* denotes the usual set of distributions on 2 C R™, Q2 open and nonempty,
S(R™)* is the space of tempered distributions on R"™, and U denotes the Fourier

transform of U € S(R™)*. It is then immediate that

H*(Q2) — H*'(2) whenever — o0 < sp< 51 < ~+00, (C.4)
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continuously and densely.

Before we present a proof of Lemma 4.6.7, we recall the definition of a C1"-domain
Q C R", Q open and nonempty, for convenience of the reader: Let N be a space of
real-valued functions in R"~!. One calls a bounded domain Q C R" of class N if
there exists a finite open covering {O;}1<j<ny of the boundary 99 of Q with the
property that, for every j € {1,..., N}, O; N Q coincides with the portion of O; lying
in the over-graph of a function ¢; € N (considered in a new system of coordinates
obtained from the original one via a rigid motion). Two special cases are going to
play a particularly important role in the sequel. First, if N is Lip (R"™!), the space of
real-valued functions satisfying a (global) Lipschitz condition in R"™!, we shall refer
to Q as being a Lipschitz domain; cf. [175, p. 189], where such domains are called
“minimally smooth”. Second, corresponding to the case when N is the subspace
of Lip (R"™!) consisting of functions whose first-order derivatives satisfy a (global)
Holder condition of order r € (0, 1), we shall say that € is of class C'". The classical
theorem of Rademacher of almost everywhere differentiability of Lipschitz functions
ensures that, for any Lipschitz domain €2, the surface measure do is well-defined on
0f) and that there exists an outward pointing normal vector v at almost every point

of 0Q2. For a Lipschitz domain 2 C R" it is known that
(HA Q) =H (), —-i<s<

See [186] for this and other related properties.
Next, assume that 2 C R” is the domain lying above the graph of a function

¢ : R — Rof class C*". Then for 0 < s < 1+, the Sobolev space H*(9) consists
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of functions f € L?(9€;d" ‘o) such that f(2',¢(z')), as function of 2’ € R"!,
belongs to H*(R™™1). This definition is easily adapted to the case when (2 is domain of
class CY" whose boundary is compact, by using a smooth partition of unity. Finally,
for =1 —r < s < 0, we set H*(02) = (H*(0€2))*. For additional background
information in this context we refer, for instance, to [130, Ch. 3], [192, Sect. 1.4.2].
Assuming Hypothesis 4.6.6 (i) (i.e., © is an open nonempty C'"-domain for some
(1/2) < r < 1 with compact boundary 0f2), we introduce the Dirichlet and Neumann
Laplacians ﬁ]é?g and ]Tlévg associated with the domain 2 as the unique self-adjoint
operators on L*(2; d"z) whose quadratic form equals ¢(f, g) = [, d"zVf - Vg with

the form domains H} () and H'(Q), respectively. Then,

dom(.FNIé?Q) = {u € H} ()| there exists f € L*(Q;d"x) such that
q(u,v) = (f, ) r2(0uana) for all v € Hy(Q)}, (C.6)
dom(f[é\b) = {u € H'(Q) | there exists f € L*(Q;d"x) such that

q(u,v) = (f, ) 2(uan) for all v € H'(Q)}, (C.7)

with (-, -)2(@ans) denoting the scalar product in L*(Q; d"z). Equivalently, we intro-

duce the densely defined closed linear operators
D =V, dom(D) = Hj(Q) and N =V, dom(N) = H'(Q) (C.8)
from L?(Q;d"z) to L*(2;d"z)"™ and note that
HPy =D*D and H(y = N'N. (C.9)
For details we refer to [151, Sects. XIII.14, XIII.15]. Moreover, with div(-) denoting
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the divergence operator,
dom(D*) = {w € L*(Q;d"x)"|div(w) € L*(Q;d"x)}, (C.10)
and hence,

dom(f]tfg) = {u € dom(D) | Du € dom(D*)}

={u€ Hy(Q) | Au € L*(Q;d"z)}. (C.11)

One can also define the following map

{{w € LA(Qdrz)" | div(w) € (HY(Q))*} f H=2(09) = (H'2(69))" ©12)
by setting
(v-w, o) = /Qd"x w(z) - VO(x) + (div(w), @) (C.13)

whenever ¢ € HY2(9€)) and ® € H'(Q) is such that yp® = ¢. The last paring
in (C.13) is in the duality sense (which, in turn, is compatible with the (bilinear)
distributional pairing). It should be remarked that the above definition is independent
of the particular extension ® € H'(2) of ¢. Indeed, by linearity this comes down to

proving that

(div(w), ) = — / "z w(z) - VO() (C.14)
Q
if w e L*(Q;d"z)" has div(w) € H'(Q))* and ® € H'(Q) has vp® = 0. To see this,
we rely on the existence of a sequence ®; € C5°(€2) such that @, o~  in H'(Q).
jloo

When (2 is a bounded Lipschitz domain, this is well-known (see, e.g., [102, Remark

2.7] for a rather general result of this nature), and this result is easily extended to
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the case when (2 is an unbounded Lipschitz domain with a compact boundary. For
if £ € C5°(B(0;2)) is such that & = 1 on B(0;1) and &;(z) = &(x/j), j € N (here
B(zo;10) denotes the ball in R" centered at xy € R™ of radius ry > 0), then &;® jﬁo P
in H*(Q) and matters are reduced to approximating &;® in H*(B(0;25) N Q) with
test functions supported in B(0;25) N €Y, for each fixed j € N. Since yp(&;P) = 0, the
result for bounded Lipschitz domains applies.

Returning to the task of proving (C.14), it suffices to prove a similar identity with
®; in place of ®. This, in turn, follows from the definition of div(-) in the sense of
distributions and the fact that the duality between (H'(2))* and H'(£2) is compatible

with the duality between distributions and test functions.

Going further, we can introduce a (weak) Neumann trace operator 7y as follows:
v {ue HY(Q)|Au e (HY(Q)*} — HV209Q), Fyu=v- Vu, (C.15)

with the dot product understood in the sense of (C.12). We emphasize that the weak
Neumann trace operator 7y in (C.17) is an extension of the operator 7y introduced
in (4.6.43). Indeed, to see that dom(yy) C dom(jy), we note that if u € H*T1(Q)
for some 1/2 < s < 3/2, then Au € H™*(Q) = (H'*(Q))" — (HY(Q))", by (C.5)
and (C.4). With this in hand, it is then easy to shown that 7y in (C.17) and 7y in
(4.6.43) agree (on the smaller domain), as claimed.

We now return to the mainstream discussion. From the above preamble it follows

that

dom(N*) = {w € L*(Q;d"2)" |div(w) € L*(Q; d"x) and v - w = 0} (C.16)
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where the dot product operation is understood in the sense of (C.12). Consequently,

with I:TéVQ = N*N, we have

dom(H{') = {u € dom(N) | Nu € dom(N*)}

={u € H'(Q)| Au € L*(Q;d"z) and Jyu = 0}. (C.17)

Next, we will prove that Hj, = f[é}z and Hpq, = f]é\b, where Hjy, and H(,
denote the operators introduced in (4.6.44) and (4.6.45), respectively. Since it follows
from the first Green’s formula (cf., e.g., [130, Theorem 4.4]) that HJ, C ﬁ(fg and
H, € fIéYQ, it remains to show that Hgy, 2 ﬁé’g and Hfg 2 ITI(])VQ Moreover, it
follows from comparing (4.6.44) with (C.11) and (4.6.45) with (C.17), that one needs

only to show that dom(ﬁgﬂ), dom(ﬁé\fﬂ) C H?*(Q).
Lemma C.1. Assume Hypothesis 4.6.6(i). Then,
dom(H{) € H*(Q), dom(HYy) C H*(Q). (C.18)
In particular,
HPo = HYy,  HYo = HYg. (C.19)

Proof. Consider u € dom(fIéYQ) and set f = Au—u € L*(Q;d"x). Viewing f as an
element in (H 1(9))*, the classical Lax-Milgram Lemma implies that u is the unique

solution of the boundary-value problem

(A—Io)u=fe€L*(Q) — (H(Q)),
ue H'(Q), (C.20)
A’}//NU = 0.

One convenient way to show that actually
u € H*(R), (C.21)
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is to use layer potentials. Specifically, let E(x), x € R"\{0}, be the fundamental
solution of the Helmholtz operator A—Iq in R™ and denote by (A—1Iq)~! the operator

of convolution with E. Let us also define the associated single layer potential

Sg(x) = / d" o, E(x —y)g(y), x€Q, (C.22)

o9
where ¢ is an arbitrary measurable function on 9. As is well-known (the interested
reader may consult, e.g., [133], [190] for jump relations in the context of Lipschitz

domains), if

K#g(x) = / d"'o,0,, E(x —y)gly), x€ I (C.23)

o9
stands for the so-called adjoint double layer on 0f2, the following jump formula holds
AnNSg = (3Ipa + K7)g. (C.24)

Now, the solution u of (C.20) is given by

u=(A—1Io)'f—Sg (C.25)

for a suitable chosen g. In order to continue, we recall that the classical Calderén-
Zygmund theory yields that, locally, (A — Iq)™! is smoothing of order 2 on the
scale of Sobolev spaces, and since E has exponential decay at infinity, it follows that

(A —Io)"'f € H*(Q)) whenever f € L*(Q;d"z). We shall then require that
IS = (A —1Io) " for (3lpa+K#)g=h=yn(A—1o)"' f € H'?(09). (C.26)
Thus, formally, g = (31sq + K#)~*h and (C.21) follows as soon as we prove that
1Ipo + K* is invertible on HY2(09) (C.27)
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and that the operator

S: HY2(0Q) — H*(Q) (C.28)

is well-defined and bounded. That (C.27) holds is essentially well-known. See, for
instance, [181, Proposition 4.5] which requires that € is of class C*" for some (1/2) <

r < 1. As for (C.28), we note, as a preliminary step, that
S: H3(0Q) — H*T3/2(Q) (C.29)

is well-defined and bounded for each s € [0, 1], even when the boundary of € is only
Lipschitz. Indeed, with H~5"3/2(Q) replaced by H~*+3/2(QN B) for a sufficiently large
ball B C R", this is proved in [134] and the behavior at infinity is easily taken care
of by employing the exponential decay of E.

For a fixed, arbitrary j € {1,...,n}, consider next the operator d,;S whose kernel

is Oy, E(x —y) = =0y, E(x — y). We write

Yi

n n a

0y, = ve(y)ve(y)0,, = 1% +v;0,,, C.30

Yj ; k(y) k(y) Yj " k<y)67’;€7](y) vy ( )

where 0/07;; = 1,0; — v;0k, j,k = 1,...,n, is a tangential derivative operator for
which we have

_ 8h1 _ 8h2

d" o h:—/ d" o h . hi,hy € HY2(0Q). C.31

/em 0Tk ? a0 laTj,k b (0%) ( )
It follows that

.Sh = —D(v; —_ .32

8;Sh (v;h) +;3( o ) (C.32)

where D, the so-called double layer potential operator, is the integral operator with

integral kernel 0, E(x — y). Its mappings properties on the scale of Sobolev spaces
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have been analyzed in [134] and we note here that
D: H*(0Q) — HMV2(Q), 0<s<1, (C.33)

requires only that 0f2 is Lipschitz.

Assuming that multiplication by (the components of) normal unit vector v pre-
serves the space H'/2(0€) (which is the case if, e.g., Q is of class C'" for some
(1/2) < r < 1), the desired conclusion about the operator (C.28) follows from (C.29),
(C.32) and (C.33). This concludes the proof of the fact that dom(fIéYQ) C H?(R).

To prove that dom(ﬁ&z) C H?*(Q) we proceed in an analogous fashion, starting
with the same representation (C.25). This time, the requirement on g is that Sg =
h =vp(A — Ig)"'f € H3?(0N), where S = yp o S is the trace of the single layer.

Thus, in this scenario, it suffices to know that
S: HY?(0Q) — H3*(09Q) (C.34)

is an isomorphism. When 02 is of class C'°, it has been proved in [181, Proposition
7.9] that S: H*(0Q) — H*™1(0Q) is an isomorphism for each s € R and, if  is
of class C'" with (1/2) < r < 1, the validity range of this result is limited to
—1 —r < s < r, which covers (C.34). The latter fact follows from an inspection of
Taylor’s original proof of Proposition 7.9 in [181]. Here we just note that the only
significant difference is that if 9Q is of class C'" (instead of class C*), then S is a
pseudodifferential operator whose symbol exhibits a limited amount of regularity in
the space-variable. Such classes of operators have been studied in, e.g., [133], [180,

Chs. 1, 2]. O
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We note that Lemma C.1 also follows from [36, Theorem 8.2] in the case of C*-
domains 2 with compact boundary. This is proved in [36] by rather different methods

and can be viewed as a generalization of the classical result for bounded C*-domains.

Lemma C.2. Assume Hypothesis 4.6.6(i) and let g € [0,1]. Then one has for each

z € C\[0,00),
(Hyo — zla)™9, (Hyq — 21a) ™% € B(L*(Q;d"x), H*(Q)). (C.35)

Proof. For notational convenience, we denote by H o either one of the operators HOZ?Q
or Hé\fQ. The operator Hy g is a semibounded self-adjoint operator in L*(€2; d"x), and
thus the resolvent set of Hy g is linearly connected.

Step 1: We claim that it is enough to prove (C.35) for one point z in the resolvent
set of Hypgq. Indeed, suppose that (C.35) holds, and 2’ is any other point in the
resolvent set of Hpq. Connecting z and 2’ by a curve in the resolvent set, and
splitting this curve in small segments, without loss of generality we may assume that
7' is arbitrarily close to z so that the operator I — (2' —2)(Hyq — 2Iq) ™" is invertible,
and thus the operator (I — (2' — 2)(Hoqn — 2zIn)"')"? is a bounded operator on

L*(Q2;d"z). Then (C.35) and the identity
(Hoo — 2'Io) ™" = (Hoq — 2zIo) " %(Io — (¢ — 2)(Hoq — z1a) ") ¢ (C.36)
imply (C.35) with z replaced by 2/, proving the claim.

Step 2: By [130, Theorem B.8] (cf. also Theorem 4.3.1.2 and Remark 4.3.1.2 in

[185]), if @ C R™ is a Lipschitz domain, n € N, and s¢, s; € R, then

(HSO(Q), HSl(Q)) = H*(Q), s=(1—0)so+0s,0<0<L1. (C.37)

0.2
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Here, for Banach spaces & and A}, we denote by (Xo, Xl) op the real interpolation
space (obtained by the K-method), as discussed, for instance, in [130, Appendix B|

and [185, Sect. 1.3]. Letting so = 0, s; = 2, and s = 2q, one then infers

(LQ(Q; d"z), H2(Q)) = H(Q). (C.38)

q,2

Step 3: Using the claim in Step 1, we may assume without loss of generality
that Hoq — 2zl is a strictly positive operator and thus the fractional power (Hgq —
21g)9 can be defined via its spectral decomposition (see, e.g., [185, Sec.1.18.10]). We
remark that the operator (Hyq — 2Ig)? is an isomorphism between the Banach space

dom(Ho o — 21q)?, equipped with the graph-norm, and the space L*(2; d"x), and thus
(Hoq —zIg) " € B(LQ(Q; d"z),dom((Hoq — z1a)?)). (C.39)

By an abstract interpolation result for strictly positive, self-adjoint operators, see

[185, Theorem 1.18.10], for any «a, 3 € C with Rea,Re 3 > 0 and 6 € (0,1) one has,

(clom((Ho,Q — 21)*), dom ((Ho — ZIQ)B)) = dom ((Hoq — 210)*0-9%)  (C.40)

9,2

Applying this result with a = 0 and 3 = 1, one infers

(LQ(Q; d"z),dom(Hyq — zIQ)) = dom ((Hon — z10)?). (C.A41)

q,2
Noting that dom(Hpq) = dom(Hyq — zln), and using (C.38), (C.41), and Lemma

C.1, one arrives at the continuous imbedding
dom((Hoq — zIa)?) — H*(Q). (C.42)
Thus, (C.35) is a consequence of (C.39) and (C.42). O
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Finally, we will prove an extension of a result of Nakamura [136, Lemma 6] from
a cube in R™ to a Lipschitz domain 2. This requires some preparations. First, we

note that (C.15) and (C.13) yield the following Green formula

FAnu, 7p®) = (Vu, VO) o+ (Du, @), (C.43)

L2(dna
valid for any u € H'(Q) with Au € (H*(Q))", and any ® € H'(Q). The pairing on
the left-hand side of (C.43) is between functionals in (HY/2(992))" and elements in
H'2(09), whereas the last pairing on the right-hand side is between functionals in
(H'())" and elements in H'(Q). For further use, we also note that the adjoint of

(4.6.42) maps as follows

vp o (H7Y2(00)" — (H(Q))", 1/2<s<3/2. (C.44)

Next we observe that the operator (H), — zIo)~!, 2 € C\o(Hpy), originally

defined as
(HYo — 2Io) ™" LH(Q; d"x) — L*(Q;d"x), (C.45)

can be extended to a bounded operator, mapping (Hl(Q))* into L?(2; d"x). Specif-

ically, since (Hpq — Zlo)™" : L*(Q;d"z) — dom(HJY) is bounded and since the
inclusion dom(]ffoj\,[ﬂ) — H'(Q) is bounded, we can naturally view (]:léVQ —zlg) ! as
an operator

(HYo —Zlo) ™" L d"x) — HY(Q) (C.46)
mapping in a linear, bounded fashion. Consequently, for its adjoint, we have
(HYo —zla)™)": (HY(Q))" — L*(Q;d"x), (C.47)
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and it is easy to see that this latter operator extends the one in (C.45). Hence, there
is no ambiguity in retaining the same symbol, that is, (f[éVQ —zlg)™!, both for the
operator in (C.47) as well as for the operator in (C.45). Similar considerations and

conventions apply to (Hgy, — zlg) ™"

Lemma C.3. Let Q C R", n > 2, be a Lipschitz domain and let z € C\ (U(ﬁ({’ﬂ) U

U(ﬁ[éYQ)). Then, on L?(Q;d"x),
(ﬁ({)g - ZIQ)_I - (ﬁéVQ - Z]Q)_l = (ﬁévg - ZIQ>_1’7]*J§N(E£Q - Z]Q)_la (C.48)
where vy, is an adjoint operator to yp in the sense of (C.44)

Proof. To set the stage, we note that the composition of operators appearing on the

right-hand side of (C.48) is meaningful since

(Hil — 2Io) ™" L(Q d"x) — dom(HLy) € {u € HY(Q)|Au € (H'())*}, (C.49)

An: {u e HY(Q) | Au € (H(Q))*} — HV2(0Q) (C.50)
vp: (HY2(0))" = H2(09) — (H'())", (C.51)
(Hq — 2Io) ™" (H'(Q))" — LA(Qd ), (C.52)

with the convention made just before the statement of the lemma used in the last

line. Next, let ¢1,v1 € L*(; d"x) be arbitrary and define
¢ = (HYg — Zlo)~'¢1 € dom(H)y) € H'(Q),

(C.53)
¥ = (Hjo — zIq) "1 € dom(HJ,) € H'(Q).
It therefore suffices to show that the following identity holds:
(61, (Holo — ZIQ)_lwl)LQ(Q;d"z) — (1, (oo — Z[Q)_lwl)LQ(Q;d"x)
(C.54)

= (¢1, (Hp'q — 21o) " vpin(Hylg — ZIQ)_ll/)l)LQ(Q;dnm)-
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We note that according to (C.53) one has,

(¢17 ( 0, Z[Q) 1¢1)L2(Q;dnx) - ((f]é\fg - z[Q)QS? w)L2(Q;an)7 (055)

(¢1’( oo — #la)” 1¢1)L2(Q;dnx) = (((ﬁéVQ - ZIQ)_I)*¢17 1/’1)9(9;(1%)

((ﬁévg —zlo) " ¢, l/Jl)Lg(Q;dnx)

= (6, (Hio = 210)¥) 12 g gm0y (C.56)

and, keeping in mind the convention adopted prior to the statement of the lemma,

(61, (Ho, — 210) " vpAn(Hi — 210) 1) 1 guana

= ((HYo — ZIo) 1, vpAn (HLn — 2Ia) )

= (vo(H, o — Zla)” Y61, An (Hep — 2Io) 1) = (70, Int) (C.57)

where (-, -) stands for pairings between Sobolev spaces (in © and 992) and their duals.

Thus, matters have been reduced to proving that

((ﬁé\fQ - zlﬂ)¢> %D)Lz(g;dnx) - (¢7 (ﬁ£Q - ZIQ)¢) L2(Qdra <7D¢7 7N¢> (058)

Using (C.43) for the left-hand side of (C.58) one obtains

(3o = 210)6,9) La(guanay — (6 (Hio = 210)¥) 12 )
= ~(80:9) 2y T (9 80) 2y (C:59)
= (V, VU) pagquanays — (NG 108) = (VO, V) g iy + (100, ANE)
= —(And, 10¥) + (7pb, ANY).

Observing that ¢ = 0 since ¢ € dom(H{,), one concludes (C.58). O
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Remark C.4. While it is tempting to view vp as an unbounded but densely defined
operator on L?(2;d"z) whose domain contains the space C§°(£2), one should note
that in this case its adjoint ~7, is not densely defined: Indeed, the adjoint v}, of vp

would have to be an unbounded operator from L?*(0Q;d" o) to L*(; d"z) such that

(Yo f, 9)r200an10) = (f, VD9) L2(ane) for all f € dom(yp), g € dom(vyp). (C.60)

In particular, choosing f € C§°(Q2), in which case 7pf = 0, one concludes that
(f,7D9) 2arey = 0 for all f € Cg°(2). Thus, one obtains v5g = 0 for all g €
dom(~},)). Since obviously vp # 0, (C.60) implies dom(v},) = {0} and hence 7p is

not a closable linear operator in L?*(£2; d"x).

Remark C.5. In the case of a domain 2 of class C'", (1/2) < r < 1, the operators
Hﬂfg and ]:léVQ coincide with the operators Hé?Q and HéYQ, respectively, and hence one
can use the operators Hé?ﬂ and HéYQ in Lemma C.3. Moreover, since dom(Hé?Q) Cc

H?(Q), one can also replace Yy by vy (cf. (4.6.43)) in Lemma C.3. In particular,

(Hg?ﬂ L (Hg)YQ —zlg) ™t = [»yD(Hg)YQ — zJQ)*l]*ny(H(fQ —zIg)"t (C.61)
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