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APPLICATIONS OF THE FOURIER TRANSFORM
TO CONVEX GEOMETRY
Vladyslav Yaskin
Dr. Alexander Koldobsky, Dissertation Supervisor

ABSTRACT

The thesis is devoted to the study of various problems arising from Convex
Geometry and Geometric Functional Analysis using tools of Fourier Analysis.

In chapters two through four we consider the Busemann-Petty problem and its
different modifications and generalizations. We solve the Busemann-Petty problem
in hyperbolic and spherical spaces, and the lower dimensional Busemann-Petty
problem in the hyperbolic space. In the Euclidean space we modify the assumptions
of the original Busemann-Petty problem to guarantee the affirmative answer in all
dimensions.

In chapter five we introduce the notion of embedding of a normed space in Ly,
investigate the geometry of such spaces and prove results confirming the place of
Ly in the scale of L, spaces.

Chapter six is concerned with the study L,-centroid bodies associated to sym-
metric convex bodies and generalization of some known results of Lutwak and
Grinberg, Zhang to the case —1 < p < 1.

In chapter seven we discuss Khinchin type inequalities and the slicing problem.
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We obtain a version of such inequalities for p > —2 and as a consequence we prove

the slicing problem for the unit balls of spaces that embed in L,, p > —2.
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Chapter 1

Preliminaries

1.1 Functional and Fourier Analysis

The Minkowski functional of a star-shaped origin-symmetric body K C R" is

defined as
|z||x = min{a > 0: 2z € aK}.

The radial function of K is given by pg(x) = ||z||5". If + € S*~! then the radial
function pg(z) is the Euclidean distance from the origin to the boundary of K in
the direction of x.

Writing the volume of K in polar coordinates, one can express the volume in

terms of the Minkowski norm:

1 —n
vol, (K = ﬁ/s el s, (1.1)

We say that a body K is infinitely smooth if its radial function pg restricted
to the unit sphere S™! belongs to the space C°°(S™™!) of infinitely differentiable
functions on the unit sphere.

We say that a closed bounded set K in R" is a star body if for every z € K

each point of the interval [0, x) is an interior point of K, and ||z|| x, the Minkowski
1



functional of K, is a continuous function on R".

The radial metric on the set of all origin symmetric star bodies is defined by

p(K,L) = max |pxc(z) — pr ().

zesSn—1
One of the most important tools in this work is the Fourier transform of dis-
tributions. Let ¢ be a function from the Schwartz space S of rapidly decreasing

infinitely differentiable functions on R"™. We define the Fourier transform of ¢ by

~

o) = | ox)e@dz, € eR™
an

The Fourier transform of a distribution f is defined by f L0y = (f, q§> for every
test function ¢ from the space S.

We say that a distribution f is positive definite, if its Fourier transform is
a positive distribution, in the sense that (f,#) > 0 for every non-negative test
function ¢.

If a distribution f acts on test functions in the same way as a continuous
function g then we write that f(x) = g(x) pointwise. This is just notation meaning
that f and ¢ coincide on all test functions. In particular if f = g on test functions
we write f(z) = g(x) pointwise, where in the left-hand side we do not mean the
convergent Fourier integral, but understand this as equality of distributions.

Let ¢ be an integrable function on R™ that is also integrable on hyperplanes,

let £ € S™ !, and let t € R™. Then

Ro€t)= [ ofa)da
is the Radon transform of ¢ in the direction ¢ at the point . A simple

connection between the Fourier and Radon transforms is that for every fixed £ €
2



R\ {0}
d(s€) = (Ro(&1)" (s), VseR (1.2)

where in the right hand side we have the Fourier transform of the function ¢ —
Ro(&;t), see e.g. [Kol2, Lemma 2.11].

The spherical Radon transform R : C(S" ') — C(S™ 1) is defined by

Ri©)= [ S

The following Lemma gives a relation between the spherical Radon transform and
the Fourier transform. (See Koldobsky [Ko3, Lemma 2.5], or Semyanistyi [Se] for

more general results.)

Lemma 1.1.1. Let g(x) be an even homogeneous function of degree —n + 1 on

R™\ {0}, n > 1, so that g(x)|gn—1 € C(S™1) then

9(¢),  veesmh

3|~

Ryg(§) =

The latter equality means that ¢ is a homogeneous function of degree —1 on
R”, whose values on S"~! are equal to Rg.

Let f be an integrable continuous function on R, m-times continuously differ-
entiable in some neighborhood of zero, m € N. For a number ¢ € (m — 1,m) the

fractional derivative of the order ¢ of the function f at zero is defined by

100 = s [ (r0 - 0 -0 -
- (Trtzm__ i/ "0(0) ).



Note that without dividing by I'(—¢) the expression for the fractional derivative
represents an analytic function in the domain {¢ € C,—1 < Re ¢ < m} not
including integers and has simple poles at non-negative integers. The function
['(—q) is analytic in the same domain and also has simple poles at non-negative
integers. Therefore, after division we get an analytic function in the whole domain
{q € C,—1 < Re ¢ < m}, which also defines fractional derivatives of integer orders.
Moreover, computing the limit as ¢ — k, where k is a non-negative integer and
k < m, we see that the fractional derivatives of integer orders coincide with usual

derivatives up to a sign:

kdk

FP0) = (=1) PIC

(t)li=o-

More details on fractional derivatives may be found in [Kol2, Section 2.6].
Let K be a star body and ¢ € S™!, the parallel section function of K is
defined as follows:

Aee(z) = volua (K N {(2,€) = 2}).

(We also assume that K N {(x,&) = z} is star-shaped for small z).

Ay




Recall the following fact:

Theorem 1.1.2. ([GKS], Theorem 1) Let K be an origin-symmetric star body in
R"™ with C* boundary, and let k € N\ {0}, k # n — 1. Suppose that £ € S" ', and
let A¢ be the corresponding parallel section function of K: A¢(z) = fKﬂ(z,E)zz dx.
(We also assume that K N{(z,§) = z} is star-shaped for small z).

(a) If k is even, then
(DM E) = (=1)M2x(n — k — 1) AL (0).
(b) If k is odd, then
(ll| 742 (€) = (=1)#ED22(n — 1 — k)k! x

y /°° Ae(z) — A¢(0) — A"¢(0)5 — - — A¥V(0) 2
0

Zh+1

dz,

where Agk) stands for the derivative of the order k and the Fourier transform is

considered in the sense of distributions.

In particular, it follows that for infinitely smooth bodies the Fourier transform

of ||x||="+*¥+1 restricted to the unit sphere is a continuous function (see also [Ko12,
Section 3.2])

We will also need the following version of Parseval’s formula on the sphere

Lemma 1.1.3. (Koldobsky, [Ko6]) If K and L are origin symmetric infinitely
smooth bodies in R" and 0 < p < n, then (||z|2)" and (||z]|;"**)" are continuous

functions on S™1 and

x| F)" |77 P)" — (27)"
[ ) © (1) (e = o |

Sn—

Ml
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We will also be using the following version of this Lemma, see [Ko6, Corollary

1].

Corollary 1.1.4. Let f and g be functions on R", continuous on S ' and homo-
geneous of degree —1 and —n + 1 respectively. Suppose that f represents a positive

definite distribution. Then there exists a measure o on S™ ! such that

/Sn_1 g(0) dyo(0) = (2m)" £(0) g(6) do.

Sn—1

Here we do not assume that f is an infinitely differentiable function, so its
Fourier transform is not necessarily a function, but merely a measure.

The following result was also proved in [Ko6].

Lemma 1.1.5. Let L be an origin symmetric star body with C* boundary in R™.

Then for every (n — k)-dimensional subspace H of R™ we have

e [ el an = [ (el @),
Sn—InH Sn—InHL

The preceding two lemmas were formulated for Minkowski functionals, but in
fact they are true for arbitrary infinitely differentiable even functions on the sphere
extended to R™\ {0} as homogeneous functions of corresponding degrees. (Indeed,
any such function of degree —p can be obtained as the difference of Minkowski
functionals raised to the power —p).

Let K be an origin symmetric star body in R™. We denote by (R", || - || x) the
Euclidean space equipped with the Minkowski functional of the body K. Clearly,
(R™, || - || x) is a normed space if and only if the body K is convex.

A well-known result of P.Lévy, see for example [Kol2, Section 6.1], is that a

space (R", | - ||) embeds into L,, p > 0 if and only if there exists a finite Borel
6



measure 4 on the unit sphere so that, for every z € R",

el = [ 1w OPdu(e) (1.3

If p is not an even integer, this condition is equivalent to the fact that (I'(—p/2)]z[|?)"
is a positive distribution outside of the origin, see [Ko12, Theorem 6.10].

The concept of embedding in L, with —n < p < 0 was introduced in [Ko7]
by extending formula (6.6) analytically to negative values of p. Namely, a space
(R™,|| - ||) embeds into L,, —n < p < 0 if there exists a finite Borel measure on

S"~1 g0 that for every test function ¢ € S

[ ettt = [ ([ i) due)

It was also proved that, as for positive p, there is a Fourier analytic character-
ization for such embeddings, namely a space (R, || - ||) embeds in L_,, if and only

if the Fourier transform of || - || 77 is a positive distribution in R".
1.2 Differential Geometry

Let S™ be the unit sphere in R"™!. Using the stereographic projection (from the
north pole onto the hyperplane containing the equator) we can think of it as R"”

equipped with the metric of constant curvature +1:

dai + -+ da?
(L+ (24 +a7))?

ds® =4

where z1,..., x, are the standard Euclidean coordinates in R™. (See [DFN, §9,
§10], and [R, §4.5] for details about the spherical and hyperbolic spaces). It is

well-known that geodesic lines on the sphere are great circles. Later on, in order to
7



define convexity, we will need the uniqueness property of geodesics joining given 2
points. But this is not the case on the sphere. However if we restrict ourselves to
an open hemisphere, then for any two points there exists a unique geodesic segment
connecting them. Under the stereographic projection the open south hemisphere
gets mapped onto the open unit ball B™ in R"™. This is the model we will be working
in. The geodesics in this model are arcs of the circles intersecting the boundary of
the ball B™ in antipodal points and straight lines through the origin.

Also it is well-known that the hyperbolic space H" can be identified with the
interior of the unit ball in R™ with the metric:

da? + -+ da?

2
=4 .
R (= R

This is the Poincaré model of the hyperbolic space in the ball. Note that it can be
also obtained from the pseudeosphere in the Lorentzian space via the stereographic
projection. The geodesic lines in this model are arcs of the circles orthogonal to
the boundary of the ball B" and straight lines through the origin.

Since both geometries are defined in the unit ball in R", we will treat them
simultaneously, considering the open ball B" C R™ with the metric

do? + -+ dx?
(146 (23 +---+22))%

ds® = 4 (1.4)

where 0 = —1 for the hyperbolic case, +1 for the spherical space. In addition if we
consider 0 = 0 we get the original case of the Euclidean space.

The definition of convexity in hyperbolic and spherical spaces (recall that we
work in an open hemisphere) is analogous to that in the Euclidean space (see [Po,

Chapter I, §12]). A body K (compact set with non-empty interior) is called convex
8



if for every pair of points in K the geodesic segment joining them also belongs to
the body K. For our definition of convexity in S™ it is crucial that we work in an
open hemisphere, since in this case we have a unique geodesic segment through any
two points.

Let K be a body in the open unit ball B". In order to distinguish between
different types of convexity we will adopt the following system of notations. The
body K is called s-convex (or +1-convex), if it is convex in the spherical metric
defined in the ball B™. Similarly it is called h-convex (or —1-convex) if it is convex
with respect to the hyperbolic metric. e-convex bodies (or 0-convex) are the bodies
convex in the usual Euclidean sense. Analogously s-(h-,e-)geodesics are the straight
lines of the spherical (hyperbolic, Euclidean) metric. (In this terminology we follow
[MeP]. Note that in the literature there are other definitions of h-convexity or 4-
convexity which have absolutely different meaning).

Shown below are some examples of convex hulls of 4 points with respect to

hyperbolic, Euclidean and spherical metrics correspondingly.

Clearly, any s-convex body containing the origin is also e-convex and any e-
convex body containing the origin is h-convex. (See for example [MeP]).

A submanifold F in a Riemannian space R is called totally geodesic if ev-
9



ery geodesic in F is also a geodesic in the space R. In the Euclidean space the
totally geodesic submanifolds are Euclidean planes, on the sphere they are great
subspheres. In the Poincaré model of the hyperbolic space described above the
totally geodesic submanifolds are represented by the spheres orthogonal to the
boundary of the unit ball B”. In a sense, totally geodesic submanifolds are analogs
of Euclidean planes in Riemannian spaces. For elementary properties of totally
geodesic submanifolds see [A, Chap.5, §5].

Since origin-symmetric h-convex and s-convex bodies are star bodies in R", we
can apply tools of Functional analysis. In particular, the definition of the Minkowski
functional makes sense.

For a centrally-symmetric §-convex body K € B™ (§ = 0,1, —1) consider the
section of K by the hypersurface £+ = {(x,£) = 0}, where (-,-) is the Euclidean
scalar product. Clearly such a hypersurface is a totally geodesic hyperplane in the
metric (1.4) for any § = 0,1, —1. This hyperplane passes through the origin with
the normal vector &.

The volume element of the metric (1.4) equals

di — on dzy - - - dxy, _om dx
I = 0T @ a2 - (1+0 [Py

Therefore the volume of a body K is given by the formula:

dx
L(K)= [ dyu,=2" | ——————.
1) = [ =2 | o

Note that in polar coordinates the latter formula looks as follows:

ol pn-t
L (K)=2" —————dr db. 1.5
ot =2 [ .
10



Similarly the volume element of the hypersurface £+ is

dx

A =2"! )
fin-t (146 [z[2)"

therefore the (n — 1)-volume of the section of K by the hyperplane £+ is given by

the formula:

dx
Sk (& :/ dptp— :2”1/ :
x(&) KN(2,6)=0 ! Kn(me)=o (1 +0 |z[2)"!

In general, if H is a k-dimensional totally geodesic plane through the origin

(as mentioned above, in our model this is just a k-dimensional Euclidean plane

through the origin), then the volume element of H in the metric (1.4) is

dx

duy = 2F —————
M= 2056 )

therefore k-volume of the section of K by H in the d-metric is given by the formula:

dx
vole (K 1 H) :/ Iy = 2k/ S —
KNH knu (140 |z?)F
or in polar coordinates:

Tk_l

o1
L(KNH)=2" — _dr df. 1.
volu (KN H) Sn—lmH/o (1+6 r2)k ' (16)

11



Chapter 2

The Busemann-Petty problem in
hyperbolic and spherical spaces

2.1 Introduction

The classical Minkowski’s uniqueness theorem states that an origin-symmetric star
body in R" is uniquely determined by the volumes of its central hyperplane sections
in all directions, see for example [Ko12, Corollary 3.9]. This result provides a strong
intuition towards an affirmative answer in the following Busemann-Petty problem

[BP]: given two convex origin-symmetric bodies K and L in R™ such that
vol, 1 (KN H) <vol, 1(LNH)

for every central hyperplane H in R", does it follow that
vol,,(K) < vol,(L)?

The answer to this problem in R" is known to be affirmative if n < 4 and negative
if n > 5. The solution appeared as the result of work of many mathematicians
(Larman and Rogers [LR], Ball [Bal|, Giannopoulos [Gi], Bourgain [Bou2], Gardner
|Gal], Papadimitrakis [Pap], Gardner [Ga2|, Zhang [Zh2], Gardner, Koldobsky,

Schlumprecht [GKS]).
12



In this chapter we consider the Busemann-Petty problem in hyperbolic and
spherical spaces in place of the Euclidean space. We present the results from [Y1],

where we prove the following.

Theorem 2.1.1. Let K and L be centrally symmetric convex bodies in the spherical

space S™, n < 4 (more precisely in a hemisphere) such that

vol,_1 (KN H) <vol, 1(LNH) (2.1)

or every central totally-geodesic hyperplane H in S™. Then
f y central totally-geodesic hyperpl H inS™. Th

vol,(K) < vol,(L).

On the other hand, if n > 5 there are conver symmetric bodies K, L. C S™ that

satisfy (4.5) but vol,(K) > vol,(L).

So, the answer to the Busemann-Petty in S™ is exactly the same as in the Eu-
clidean space. However, the situation in the hyperbolic space is different. Trivially,
the answer is affirmative if n = 2, since the condition (4.5) in this case is equivalent
to K C L, but for higher dimensions we have the following;:

13



Theorem 2.1.2. There are convexr centrally symmetric bodies K, L C H", n > 3

that satisfy the condition
vol,_1 (KN H) <vol,_1(LNH)
for every central totally-geodesic hyperplane H in H™, but vol, (K) > vol,(L).

The idea to find analogs of known results in non-Euclidean spaces is not new.
For example in [GHS] the authors study intrinsic volumes in hyperbolic and spher-
ical spaces. The Brunn-Minkowski inequality in different spaces is discussed in
[Gad]. Also a number of papers is concerned with other generalizations of the
Busemann-Petty problem. In our proof we will be using results from [Zv], where
Zvavitch studied the Busemann-Petty problem for arbitrary measures. For other
generalizations of the Busemann-Petty problem see [BZ], [Ko6], [Ko8], [Ko9], [Ko10],

[RZ], [KYY].
2.2 Proofs of main results

First we derive a formula for the function Sk (§) using the Fourier transform, similar

to [Zv]. For § = 0 this is the formula from [Ko6].

Lemma 2.2.1. Let K be an origin-symmetric 0-convex body in B™ with Minkowsksi
functional ||| x. Let € € S™7! and &+ be the hyperplane through the origin orthog-
onal to &. Then the volume of the section of the body K by the hyperplane £+ in

the metric (1.4) equals

2n71 . % n—2 A
Sw(§) = — <|$\2 +1/0 Wdr) (€)-

14




Proof. Passing to spherical coordinates we get:

dx

56 =2 | Xl g e =

1011 n—2
:2”-1/ / A g
sn—1ngt Jo (1 + 1) 7"2)7171

We can rewrite the integral above as follows (note that |z| = 1, since x € S™™1):

[z] /11| ¢ 2y
S _ 2n—1/ —n+1/ d
K(g) S |~T| ; (1406 r2)n1 X

The function under the spherical integral is a homogeneous function of = of degree

—n + 1 and therefore by Lemma 1.1.1:

2n—1 . ﬁ Tn—Z "
Sk(§) = - <!$|2 +1/0 Wd’”> (). O

Now we construct counterexamples to the Busemann-Petty problem in H" and

S™ for n > 5.

Theorem 2.2.2. There exist convexr origin-symmetric bodies K and L in S™ (or

H"), n > 5 such that
vol,_1(K N H) < vol,_(L N H)
for every central hyperplane, but vol, (K) > vol,(L).

Proof. We will show the proof only for the case of the spherical space, the hy-
perbolic case is similar. The idea here is to use the property that any Riemannian

space locally is “almost” Euclidean.

15



Let K and L be convex origin-symmetric bodies in R™ that give a counterexam-
ple to the original Busemann-Petty problem (see for example [Ko12, Section 5.1]).

That is

EVol,_ (K N H) < EVol,_;(L N H) (2.2)

for every central hyperplane H, but

EVol,(L) < EVol,(K). (2.3)

(Here we denote the usual Euclidean volume by EVol to avoid confusion with the
spherical volume.)

In fact, since the inequality (2.3) is strict, we can dilate one of the bodies a little
to make the inequality (2.2) strict. Recall also, that in the original counterexample
the body L was strictly convex, and the body K was obtained from the body L by
small perturbations. Note that K can also be made strictly convex.

In view of the latter remarks, we will assume that K and L are strictly convex
origin-symmetric bodies that satisfy the strict version of (2.2). Moreover, the
function EVol,,_1(K N H)/EVol,,_;(L N H) is a continuous function of £ € S™ !
where £ is the normal vector to the hyperplane H. Since this function is strictly

less than 1, there exists an € > 0 such that

EVol, (K N H) < (1 — €)EVol,_1(L N H)

for all H and

EVol, (L) < (1 — €)EVol, (k).

16



Clearly, any dilations a K and aL also provide a counterexample. We can take a so

small that both bodies K and L lie in a ball of radius r that satisfies the inequality:

1
l—e< ——— < 1.
6_(1—1—7”2)”

Now the volumes of the bodies K and L in the spherical metric are related by the

inequality:

vol,(L) = 2"/d7x SQ”/dx
o (L4 |z?)" L
— 92"EVol,(L) < (1 — ¢)2"EVol,(K)

n n dx
= (1—¢2 /de§2 /Ki(l—l—\xm"
= vol,(K).

Analogously, for the volumes of sections we have

dx
vol, (K Net) = ont / @
e Kneg=o (1 o)

< ont / dx
Kn(z,£)=0

< (1- 6)2"—1/ dx
LO(w,£)=0
dx

< 9gn—l ———— —=vol,_1 (LN 4.
< /m,@o T eyt~ Vo (Ene)

To finish the proof we only need to show that if K is a strictly e-convex body,
then aK is s-convex for sufficiently small o. Consider the boundary of the body

K. Define
k =min{k;(z):x € 0K, i=1,...,n — 1},

where k;(x), i = 1,..., n — 1, are the principal curvatures at the point x on the

boundary of K. Since K is strictly e-convex the quantity defined above is strictly
17



positive: k > 0. For the body aK it is equal to k/c. On the other hand in a small
neighborhood of the origin the totally geodesic s-planes are the spheres with almost
zero curvature (from the Euclidean point of view). Consider all the spheres, which
are totally geodesic in the spherical metric and tangent to the body oK, and let

R be the smallest radius of all such spheres. We can choose an « so small that
k/jao>1/R

and therefore the body aK lies on one side with respect to any tangent totally
geodesic s-hyperplane. Hence aK is s-convex.

The situation in the hyperbolic space is even easier since every e-convex body
containing the origin is also h-convex. O

In 1988 Lutwak [Lul] introduced the concept of intersection body and proved
that the Busemann-Petty problem has affirmative answer if the body with smaller
sections is an intersection body. Later, in [Ko5] Koldobsky proved that a body K
is an intersection body if and only if ||z||" is a positive definite distribution. Then
in [Ko6] Koldobsky generalized Lutwak’s connection using a version Parseval’s
formula on the sphere.

Later, Zvavitch ([Zv]) solved the Busemann-Petty problem for arbitrary mea-
sures. Namely, let f,(z) be a locally integrable function on R", and f,_i(x) a
function on R”, locally integrable on central hyperplanes. Then let u, be the

measure on R™ with density f,(x) and p,_1 be the (n — 1)-dimensional measure

fn(tx)
frn—1(tz)

on central hyperplanes with density f,_1(z) such that ¢ is an increasing

18



function of ¢ for any fixed x. Then if

ful )

_ I
|z % —
fo1(e)

is a positive definite distribution on R"™ then the Busemann-Petty problem for
these measures has affirmative answer, i.e. i, 1(K N&Y) < o1 (LN EL) implies
tn(K) < pn(L). Our next result is a particular case of Zvavitch’s theorem, but for

the sake of completeness we include a proof.

Theorem 2.2.3. Let K and L be d—convex origin-symmetric bodies in B™ such

—1
that Lh{' 1s a positive definite distribution. If
140 (1)’

vol,_ 1 (KN H) <vol, 1(LNH)

for every totally geodesic hyperplane through the origin, then

vol, (K) < vol,(L).

Proof. Let us first prove the following elementary inequality (cf. Zvavitch, [Zv]).

For any a,b € (0,1)

a b Tn—2 b T,n—l
dr < ———dr.
1+5a2/a (140 r2)n-t T—/a (140 r2)n :

Indeed, since the function is increasing on the interval (0,1) we have

_r
146 r?
the following
a b rn—2 b 1 a r -1
/ dr = / dr
1+d6a® ), (146 r2)n-1 o I4+0r2)n1+85a®> \1+4061r2

b n—1
< /Tidr
= ), o™

Note that latter inequality does not require that a < b.
19




Using the previous inequality with a = ||z||%' and b = ||z||;" we get

bl [
- T rdi<
/Snl 1406 a2 S @ g0zt =

IHK
/ /mllL
————dr dzx.
st Jjapgt (140 7“2)

Suppose we can show that the left-hand side is non-negative, then it will follow

that

2l -t lell;t 1
—  _drdz < —__drd
/S/O 1+t = /S/O 1+

that is vol, (K) < vol,(L), see the polar formula (1.5).

So we only need to show that

—1
bl [

L L — — drdz <

/Snluauxnz A e =

-1
ol /'x“L

< _— ——dr dx.

- /Snl 146 ||x||;(2 0 (14§ r2)n-t

But this follows from the assumption of the theorem, the Parseval’s formula on the
sphere (Corollary 1.1.4) and formula for the volume of central sections (Lemma
2.2.1). Indeed, let 7y be the measure from Corollary 1.1.4 corresponding to the

-1
Fourier transform of the positive definite distribution %, then

llzll
el [
2m)" drdr =
(2m) /Snl 1+ ||zl Jo (144§ r2)n-t

_ 2l e
:/ =l : |x|_n+1/le i dr | do =
g1 \ 1+ 6 (L2L)2 0 (140 r2)n1

llll

Ed]

g1 [Tl rn=2 " B
= /Sn_1 <|$| /O Wdr> (0) dvo(0) =

_ / 546 o) < / T 51(0) dyo(0) =

Snfl 27’L—1
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Azl 2 A
— /Snl <|x‘n+1/0 MMy, Wdr) (9) d’m(@) =

— -1 n—
— (QW)”/ ﬁ/mh A N
e e S e ) L

Remark 2.2.4. Since ||z ;' is positive definite for any convex origin-symmetric
body in R", n < 4 (see [GKS]), the previous theorem implies the affirmative part

of the original Busemann-Petty problem in R™.

-1
x
Now we investigate for which classes of bodies |(’5 (H[Tx' E is a positive definite
140 (e
llll &

distribution.

Proposition 2.2.5. Let K be an origin-symmetric body in B™, n < 4.

-1
x
i) If K is h-convex then M s positive definite.
1+ (L)Z
Hfﬂ[l{
ii) If K is s-convex then ||$||1;| 5 is positive definite.
EES

Proof. i) Consider a h-convex origin-symmetric body K C B"™, n < 4. Define a

body M by the formula:

ol
1+( || )2

llll

Izl =

It is enough to show that M is e-convex. If we pass to polar coordinates then the

map

o ()

transforms the body K into the body M.
Take two points in K and connect them by a hyperbolic segment. This segment

belongs to K since K is h-convex. Consider the 2-dimensional plane through the
21



origin and these 2 points. The section of the body K by this plane is a 2-dimensional
h-convex body. Introduce polar coordinates on this plane and (without loss of
generality) assume that the h-geodesic segment has the equation r? —a r cos p+1 =

0. Applying the above transformation one can see that this h-segment gets mapped

into an e-segment given by the equation r = . Therefore the body M is e-

a cos
convex and (||z||3/)” is positive in dimensions n < 4 (see [GKS)).

ii) Similar to (i). Take a s-geodesic given by the equation 7% +a rcos ¢ — 1 = 0.

The image of this geodesic under the map

(r,0) — (1 jr2,9> (2.4)

1
acos¢

is an e-geodesic r = O

Since every s-convex body containing the origin is h-convex, we have the fol-

lowing
[E . : - .
Corollary 2.2.6. m 15 positive-definite for every origin-symmetric s-
+
(20

convex body K in dimension n < 4.
This fact combined with Theorem 2.2.3 implies the affirmative answer to the

spherical Busemann-Petty problem for n < 4.

However not every h-convex body is s-convex and this idea will be used in

constructing counterexamples to the hyperbolic Busemann-Petty problem.

Proposition 2.2.7. There exist h-convex origin-symmetric bodies in B", n > 3
that give a counterexample to the hyperbolic Busemann-Petty problem.
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Proof. In view of Theorem 2.2.2 we are interested only in the cases n = 3 and 4.

[Edlrs
_ (=l \e
L= (fay)
Let L be a circular cylinder of radius V2 /2 with x; being its axis of revolution.

First we construct a body L for which is not positive definite.

(See Fig.2.) To the top and bottom of the cylinder attach spherical caps, that are
totally geodesic in the spherical metric. Clearly the body L constructed this way

is e-convex and therefore h-convex. Using the formula

el
lelld = (2.5)

llzllz

we define a body M.

Figure 2

Clearly the body M is the image of L under the map (2.4). It can be checked
directly that the cylinder is mapped into the surface of revolution obtained by
rotating the hyperbola xy = % (\/5 +14/2+ 4x%) about the zi-axis, and the top
and bottom spherical caps are mapped into flat disks.

In fact the body L constructed above is not smooth. But we can approximate it

by infinitely smooth e-convex bodies that differ from L only in a small neighborhood

23



of the edges. Since the body M is obtained from L by (2.5), and the denominator
in (2.5) is never equal to zero, the body M is also infinitely smooth. (Now that
the bodies L and M are smooth, Figure 2 might be confusing, but we wanted to
make it as simple as possible, just to emphasize the idea).

Now that we defined the body M, we can explicitly compute its parallel section

function Apse in the direction of the x-axis.

2
<\/§ +VZF 4t2> o
s 5 , in dimension n = 3,
Anre(t) = 3
A (V2 + V2 + 422 L
3 5 , in dimension n = 4.

Since M is an infinitely smooth body, (||z||;;)" is a function. Applying Theorem

1.1.2 with n = 3 and ¢ = 1 we get

(s (E) = 2 / " Aunell) — Ane®)

Let the height of the cylindrical part of L be equal to v/2 — 2¢ and the hight of
its image under (2.4) equal to N. If € tends to zero, the top and bottom parts of
the body L get closer to the sphere % + - -- 4+ 2 = 1. Recalling the definition of

the radial function of M:

pua -
pM(.Z') = #([/()1')2’ Y € S 17

one can see that the the body M becomes larger in the direction of x; as ¢ — 0,
and therefore its height NV approaches infinity.

Since in dimension n = 3 the section function can be written as

Apet)=m (1 ++V1+ 2t2)
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for —N <t < N, we get:

N 2 D) 00
14+t +vV1+2t2 -2 —2
I R =
12 12
0 N
N 00
1 47
< —27r/0 dt+47r/N t—2dt:—27rN+W <0
for N large enough.
If n =4 and ¢ = 2 Theorem 1.1.2 implies
(ll37)"(€) = —mA}£(0) <0,
since the second derivative of the function Aj;¢ in dimension n = 4 equals:

Ave(0) =8v2-m.
|l

1 - ()

AN
Thus we have proved that ( 2) (&) = (||z]|37)"(€) is negative for
some direction &.
Now apply a standard argument to construct another body K which along with
the body K provides a counterexample to the hyperbolic Busemann-Petty problem

cf. [Ko6, Theorem 2] or [Zv, Theorem 2]). By continuity of (||z|;;)" there is a
( y y M

neighborhood of ¢ where this function is negative. Let
Q={0€5" " (|l=ll3)"(0) < 0}.

Choose a non-positive infinitely-smooth even function v supported on €2. Extend v
to a homogeneous function 7~ 'v () of degree —1 on R". By Lemma 5 from [Ko6] we
know that the Fourier transform of r~1v() is equal to 7~ g(f) for some infinitely
smooth function g on S™71.

To construct a counterexample to the Busemann-Petty problem, define another
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body K as follows:

— rA—
S A g 0
I e L A e Rl

for some € > 0 small enough (to guarantee that K is still convex in hyperbolic

sense). Indeed, define a function a.(6) such that

ezt -2 IO +ee®)  n—2
———d 0) = ———d
| o= | i

then
100" = 101" + e (6).

Note that in our construction L is e-convex, but we can perturb it a little (by
adding «|f|s to the norm ||0||;, with o > 0 small enough), so we can assume that L
is strictly e-convex. Therefore one can choose € small enough such that K is also
e-convex (for details see [Zv, Proposition 2]). Hence we can assume that both L
and K are h-convex.

Using Lemma 2.2.1 we get

et VP "
vol,_1(K NeY) = 2 mnﬂ/{) (Tidr> (&) =

T 1 —r2)n-t

gn—1 [z/llzll n—2
- ol [
T 0 (1 —r2)n=

on-t [ plalflel e
n 7d —
< 2| /0 ( r] ()

™

= vol, (L NE).

Proceeding as in the proof of Theorem 2.2.3 we can show the opposite inequality

for volumes. Since the body L is infinitely smooth, one can use the Parseval’s
26



formula in the form of Lemma 1.1.3:

—1
HxHEl Il % yn—2
(QW)”/ — 0 5 —  drdx =
P T N

(N g (e [T Y
- /9n1<1_(,i)2) ®) (m / (1_r2)n_1dr> ()6 —

ll=ll
= ﬁ ’ :L'_n'H “LZH‘LL ) A
-/ (1— (”Lﬁ)z) Q (| e [ Wld> Oy +
+/Sn—1 (1_ (%)Q> (0) (9) df >

> (2m)" S b LV PR _ drdx.
sl a2 Jy =
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Chapter 3

The lower dimensional
Busemann-Petty problem in the
hyperbolic space

3.1 Introduction

The lower dimensional Busemann-Petty problem (LDBP) in R™ asks the same
question as the original Busemann-Petty problem with k-dimensional subspaces in
place of hyperplanes. Bourgain and Zhang [BZ] proved that this problem has a
negative answer if 3 < k < n, see [Ko8| for another solution. The cases k = 2,3
are still open in dimensions n > 4.

In this chapter we study the lower dimensional Busemann-Petty problem in the
hyperbolic space. Namely, let 1 < k < n, and K, L be origin-symmetric convex

bodies in H", n > 3, such that
volg(K N H) < volx(LN H)

for every k-dimensional totally geodesic plane through the origin. Does it follow
that
vol, (K) < wvol,(L)?
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For the case k = 1 the answer is trivially affirmative, since in all directions the
radius of K does not exceed the radius of L. In this chapter we prove that the
answer to the hyperbolic lower dimensional Busemann-Petty problem is negative

for every 2 < k < n. This chapter is based on the results from [Y2].
3.2 Proof of main result

The next lemma is a Fourier analytic version of a result of Zhang [Zh1, Lemma 2].

Lemma 3.2.1. Let k be an integer, 1 < k < n — 1, and let f be an infinitely
differentiable even function on the sphere S™~', such that f(z/|z|)|z|™* is not a
positive definite distribution on R™, where | - | is the Euclidean norm on R™. Then

there exists an even function g € C*(S™') such that

s f(z)g(z)dx >0 (3.1)

and

/ g(x)dx <0, (3.2)
Sn—lnH

for any (n — k)-dimensional plane H through the origin.

Proof. Since f is infinitely differentiable, by [Kol2, Section 3.2] we have that
(f(x/|z|)|x|~%)" is a continuous function on R™\ {0}. By our assumption there ex-
ists £ € S"~1 such that (f(x/|z|)|z|7*)"(&) < 0. By continuity of (f(z/|z|)|z|~*)"

there is a neighborhood of ¢ where this function is negative. Let

Q={0€ 5"« (fla/lz])|=|7")"(0) < 0}
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Choose a non-positive infinitely-smooth even function v supported in 2. Extend
v to a homogeneous function ||~ v(x/|x|) of degree —n + k on R™. By [Kol2,
Section 3.2], the Fourier transform of |z|™""*v(z/|z|) is equal to |z|*g(z/|z|) for
some infinitely smooth function g on S™~ 1.

By Parseval’s formula on the sphere (Lemma 1.1.3) we have

/S gt = /s (F(@/ 12Dl ™) (g(a/ 2D |7 ) da

- (271r)” /nl (f(x/\$’)|x|7k)A (0) (g(x/|a:|)\x]*"+’f)A(9)d9
- <zvlr>n /S (f(/l2)|2| )" (0)v(0)do > o,

since v is non-positive and supported in the set where (f(z/ ]x|)|x\_k)/\ is negative.

Secondly, by Lemma 1.1.5 we have

e [ g@dr=eat [ g/l
— [ o/l @ = [ we)as <o,
Sn—1nHL

Sn—1nHL

since v is non-positive.

O

Proposition 3.2.2. Let 1 < k < n — 2. There exists an infinitely smooth origin
symmetric strictly e-convex body L in the unit ball B™ C R"™, so that

]| "
(1= (p)»)"

1s not a positive definite distribution on R™.

Proof. First, we consider the cases k = n—2 and n — 3. We will use a construction

similar to [Y1, Proposition 3.9]. Let L be a circular cylinder of radius v/2/2 with
30



x, being its axis of revolution. To the top and bottom of the cylinder attach
spherical caps, that are totally geodesic in the spherical metric. Clearly the body

L constructed this way is e-convex and therefore h-convex. Using the formula

—1 ”tzl
T = - 3.4
1 ||M 1_ (|||mz||‘L)2 (3.4)

we define a body M. (Note, that M is well-defined, since L lies entirely in the unit

ball B" and the denominator in the latter formula is never equal to zero).

An

Clearly the body M is the image of L under the map:

(r,0) — (1 jr2,9> (3.5)
It can be checked directly that the cylinder is mapped into the surface of revolution
obtained by rotating the hyperbola z; = % (\/§ + m> about the z,-axis,
and the top and bottom spherical caps are mapped into flat disks. The latter follows
from the fact that (3.5) maps s-geodesics into e-geodesics. Indeed, without loss of

generality we may consider a s-geodesic given by the equation: 72+a rcos¢p—1 =10

in some 2-dimensional plane. The image of this s-geodesic under the map (3.5) is

1
acos¢

an e-geodesic r =
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The body L constructed above is not smooth. But we can approximate it by
infinitely smooth e-convex bodies that differ from L only in a small neighborhood
of the edges. Since the body M is obtained from L by (3.4), and the denominator
in (3.4) is never equal to zero, the body M is also infinitely smooth.

Now that we have defined the body M, we can explicitly compute its parallel

section function Ajs¢ in the direction of the z,-axis.

Anie(t) = G, (ﬁ + W>nl .

Let the height of the cylindrical part of L be equal to v/2 — 2\ and the height
of its image under (3.5) equal to 2N (see the picture below). Since the radius of
the cylinder equals \/5/ 2, when A tends to zero the top and bottom parts of the
body L get closer to the sphere % + - -+ + 22 = 1. Recalling the definition of the

radial function of M:

pL(x) \V/.I c Sn—l

P = T

one can see that the height 2NV of the body M approaches infinity as A — 0.

xl’l

Lo

NZ-2), 2N

Since M is an infinitely smooth body, (||z||;;*™)" is a function. Applying
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Theorem 1.1.2 with £k = 1 we get

(I3 20 E) = _mn_mA”Amﬂw;Amam

_ —2(n—2)C’n/N (V2+v2+42)" - (2v2)

dt

n—1
2 dt +

+2(n —2)C, /00 Mdt.

N t?

To estimate the first integral we use the binomial theorem,

(Va+varar)" = VB + (- (VD" VI T AR +

(n—1)(n—2)
2

> (2v/2)" 1 +2(n — 1) (n — 2)(V2)" 12,

+

(V2)" 32+ 4t + -+

where the last inequality was obtained by putting ¢ = 0 in all the terms of the bino-
mial expansion, except for the third term. Therefore, for some positive constants

C! and C! we have
N 0 1 1
mwv“was—q/“ﬁ+q/’ﬁﬁ:_qw+qﬁ<o
0 N

for N large enough.
Therefore the body M, corresponding to this N, is not a (n — 2)-intersection

body in the Euclidean sense, which implies that

—n—+2

]| — [ g]|-nt2 3.6
(1= ()2 el (36)

is not a positive definite distribution.
Similarly we can show that M is not a (n — 3)-intersection body. Indeed, if
k = 2 Theorem 1.1.2 implies

(ll374%)" (&) = —m(n — 3)Ay(0) < 0,
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since the second derivative of the function Ays¢ equals:

"

Al e(0) = Cu(n — 1)(2v2)" " > 0.

Next we handle the case when 1 < k < n — 3. For this we use a different
construction. Let M be an infinitely smooth origin symmetric e-convex body in
R”, for which ||z||;F is not positive definite. (For example, the unit ball of the
space £}, see [Kod]). Dilate this body M, if needed, to make sure that it lies in the
unit Euclidean ball. Let pys(x) be the radial function of this body. Define a body

L as follows:

1+ 1+ 4(pu())?

x) = . forxze sl
One can check that
PL(m) —1
=—"— e s,
pM(x) 1—PL($)2 or T

Clearly, M is the image of L under the transformation (3.5). Since (3.5) maps
s-geodesics into e-geodesics, L is a s-convex body, and therefore e-convex.

Thus we have proved that for 1 < k <n — 3,

is not positive definite.
To finish the proof, note that in our construction L is not necessarily strictly

e-convex. But one can replace L with L., defined by

16]

e =0l +elo] ™
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One can choose ¢ > 0 small enough, so that L. is strictly e-convex, and so that

—k
=]l & is still not positive definite (see, for example, the approximation ar-
<1_(”33||TL€ )2>
gument in [Kol2, Lemma 4.10]). O

Theorem 3.2.3. Let 1 < k <n —1. There are origin-symmetric convex bodies K

and L in H", n > 3, such that
vol, k(KN H) <vol, x(LNH)
for every (n — k)-dimensional totally geodesic plane through the origin, but
vol, (K') > vol,(L).

Proof. Let L be an infinitely smooth origin symmetric e-convex body from Propo-
[lllz"
_ (=l y2
(1 (2)

By Lemma 3.2.1 there exists an even function g € C*°(S™!) such that

sition 3.2.2, for which

- 1s not positive definite.

EE— |
/5 (1_(L>2>kg( Jdz > 0 (3.7)

||z

and

/ g(x)dx <0, forall H. (3.8)
Sn—1nH

Now apply a standard argument to construct another body K which along with
the body L provides a counterexample to the hyperbolic LDBP problem (cf. [Ko6],
Theorem 2 or [Zv], Theorem 2). Define a new body K as follows:

el k-1 ezt k-1
/0 mdr = /0 mdr +e9(0) (3.9)
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for € S"~1 and some ¢ > 0 small enough (to guarantee that K is still convex in

hyperbolic sense). Indeed, define a function «.(#) such that

ez pn—k—1 IOl +ae(®) k-1
/0 (1 — y2)n—k r+ev(0) /0 (1 —r2)n—Fk T

then
100" = 101" + e (8).

The function «. () and its first and second derivatives converge uniformly to zero
as € — 0 (cf. [Zv, Proposition 2]), therefore since L is strictly e-convex, there exists
e small enough, so that K is also strictly e-convex, and hence h-convex.

Let H be an (n — k)-plane through the origin. Integrating (3.9) over S" ' N H

and using inequality (3.8), we get

/ /nenKl pn—k—1 ezt pn—k-1
——————drdf < / / ——————drd0,
sn=1nm Jo (1 —r2)nk sn=1nm Jo (1 —r2)nk

which, by formula (1.6), is equivalent to

vol_i(K N H) < vol, (LN H).

1\
On the other hand, multiplying both sides of (3.9) by ( [ElP ) and integrating

=2
1—|lzll7,

over the sphere S~ ! we get
/ ezt \* /w“ff A
_— —araxr =
st \1—zllI7% /) Jo (1 —r2)n=t
_ k zlI71 L -1 k
]Iz ) /” I it / ( [E2ln )
= — —————drdx + ¢ ——=— | g(z)dz.
/Snl (1 — ||zl 0 (1 —r2)n—k gn1 \ 1 — ||| ;2
From (3.7) it follows that
k —1
Iy
—_— —————drdx >
/ <1— leli;?) o W= E T
[ (R ) /“m'zl o
_— —————drdx
s \T—Jel?) Sy T=—rF
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Therefore,

k —1
] /“f”K

0< —_— ————drd 3.10

/S"—l (1 _ HxHZ2 HIHZl (1 _ 7”2)"_]‘3 rax ( )

Next we need the following elementary inequality (cf. Zvavitch, [Zv]). For any

a,be (0,1)

Cl/k b 7,n—k:—l b ,rn—l
dr < ———dr.
e ) T s

k

Indeed, since the function (17“—2)19 is increasing on the interval (0, 1) we have the
—r

following

ak b pn—k-1 b ak Pk -1
/ —dr = / dr
(1 — aQ)k o (L—=r2)n=k 1-— r2 1 —a?)k (1 — r2)k

b
<
- / 1—7’2

Note that in the latter inequality it does not matter whether a < b or a > b.

Applying the elementary inequality to (3.10) with a = Ha:HZl and b = ||$||I_(1,

we get

-1 ||qu n—k—1
gn—1 1 - ||~”C||L ||ac||L (L—r2)n

/ o)l 7"

——drdx.
sn=1J|\z|7 1 - 1”2
Hence

Izt pn—1 el n1
—_drdx < L drd
/s/ a2 /g/ (1— 2y

that is vol,, (L) < vol,(K). O

IN
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Chapter 4

Modified Busemann-Petty
problem

4.1 Introduction

Since the answer to the Busemann-Petty problem in R”™ is affirmative only if the
dimension n < 4, and it is negative if n > 5, it is natural to ask what information
about the volumes of central hyperplane sections of two bodies does allow to com-
pare the volumes of these bodies in all dimensions. Our main result of this chapter
suggests an answer to this question. Here we present our results from [KYY].

For an origin-symmetric convex body K in R", consider the section function
Sk(&) =vol,_i(KN&H),  £e s,

where £+ is the central hyperplane in R™ orthogonal to £. We extend Sk from the
sphere to the whole R™ as a homogeneous function of degree —1. Our goal is to
find a condition in terms of the section functions of two bodies only that allows
to compare the n-dimensional volumes of these bodies. We prove in this chapter

that, for two origin-symmetric smooth bodies K, L in R” and o € R, o > n — 4,
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the inequalities
(—A)*289k () < (A)*25.(¢),  vEes ! (4.1)

imply that vol,(K) < vol,(L), while for @ < n — 4 this is not necessarily true.
Here A is the Laplace operator on R™, and the fractional powers of the Laplacian
are defined by

(—A)2f = (I3 f ()",

(2m)"
where the Fourier transform is considered in the sense of distributions, and |z|,
stands for the Euclidean norm in R™. Of course, if « is an even integer and f is
an even distribution we get the Laplacian applied a//2 times. The fact that both
sides of (4.1) represent continuous functions of the variable £ follows from [Kol2,
Lemma 3.16].

This result means that one has to differentiate the section functions at least
n — 4 times in order to compare the n-dimensional volumes. The case o = 0
corresponds to the original Busemann-Petty problem, so our result can also be
considered as a ”continuous” generalization of the problem. Other generalizations
of the Busemann-Petty problem and related open questions can be found in [BZ],
[Ko6], [Ko8]|, [Koll], [MiP], [RZ], [Y1], [Zv].

Let us briefly outline the idea of the proof. As shown in [Ko6], the section

function can be expressed in terms of the Fourier transform, as follows:

1

Sk (§) = m(!\ﬂl}"“)A(O, (4.2)

so the condition (4.1) can be written as

(31l )" < (=5l )" (4.3)
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Now let us write the volume in polar coordinates and use a spherical version of
Parseval’s formula from [Ko6], which allows to remove the Fourier transforms of
homogeneous functions in the integrals over the sphere under the condition that

the degrees of homogeneity of these functions add up to —n :

nvoly(K) = [ el do= [ jalellel el do

~ e [ Gl ) © el el ) )

Suppose that the distribution |x|;*||z||%" is positive definite, so its Fourier trans-

form is non-negative. Then the latter equality combined with (4.3) implies that

n vol, (K) < / Il el de,

Sn—l

and applying Holder’s inequality to the right-hand side we get that
vol,,(K) < vol,(L). On the other hand, if ||, “||x||%" is not positive definite one can
construct a counterexample using a more or less standard perturbation procedure.

Thus, the problem is essentially reduced to the question, for which « is the
distribution |z|;||z| <" positive definite, for every origin-symmetric convex body
K in R". Note that for @ = 0 this happens only if the dimension n < 4, as proved
in [GKS]. We prove that this function is positive definite for & > n — 4 and any
symmetric convex body K in R™ by an argument modifying the proof from [GKS].
If « < n —4 we construct examples of bodies for which this distribution is not

positive definite. The latter requires a substantial technical effort.
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4.2 Distributions of the form |z|,"||x|’

For £ € S™!, consider a function Agg, on R

Ak ep(t) = / ||y Pd,
Kn(z,&)=t

where p < n — 1.

In this section we establish some regularity properties of the function Agg,
and express its fractional derivatives in terms of the Fourier transform. We assume
that K is an infinitely smooth body.

For a real number ¢ define the ceiling function [¢|, which gives the smallest

integer greater than or equal to ¢.

Lemma 4.2.1. Let £ € S ' k€ N, 0 < p <n—k—1. Then the function
Ak is k-times continuously differentiable (uniformly with respect to €) in some
neighborhood of zero.

For fixed q € C, the fractional derivative Ag?&p(O) s a continuous function of
the variable £ € S™ ', and, for fived & € S™ 1, it is an analytic function of q in the
domain {qg € C: —1 < [Re q] <n —p— 1}, with convergence in the derivatives

by q being uniform with respect to &.

The proof is similar to that of [Kol2, Lemma 2.4]. The only difference is that
in our case the function is differentiable only up to a certain order. To explain this,

write the function in the form

PKﬂHt(e)
Arep(t) = / - /0 PR (% )PPy | df,

t
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where prrm, (0) is the radial function of the body K N H, and S/~ ? is the unit
sphere in H; = {x € R": (z,&) = t}. If we differentiate by ¢ too many times the
integral stops being convergent when ¢t = 0, which is why we have restrictions on
k and gq.

The following Lemma is a generalization of Theorem 2 from [GKS].

Lemma 4.2.2. Let K be an infinitely smooth origin-symmetric convex body in R™,

q>—-1,g#n—p—1and0<p<n—[q| —1. Then for every £ € S"™1,

cos L
AD () = 2 —nAptatl | TPYVA (£
ep(0) = (a0l 6)
Proof. = We simply write | - || for || - ||[x. By [Kol2, Lemma 3.16],

(||lz||-"HPratt 2], )" is a continuous function on R™\ {0}.

Suppose first that —1 < ¢ < 0. The function

Ao = [ lalrdo= [ x(lellal"ds
Kn(z,&)=t (z.£)=t

is even. Applying Fubini’s theorem and passing to spherical coordinates, we get

1 o
AR, (0) = T(—q) /0 0 A p(t)dt
1 o0
= — tm1tA t)dt
sy |l e

1 /oo _
= t_q_l/ x(|z])|z|; Pdzdt
st b xaial

_ 1 ~
- (g /Rn!@,@\ Az}l de

1 B o

- 2F<—q>/sm'<975>| /0 (|0 drdo

1

1 Ten
_ 9, ¢)[-a! / P12 dp
St / oo |

1

— 0,70 ag.
ST =T [ o el
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Now we extend Ag?’)gp(O) to R™ as a homogeneous function of £ of degree —1 —g.

Then for every even test function ¢ € S,

1
T Agm—p—q-1
<[ perrt [ .ol oledsa.
n—1 Rn

(A, (0),6(6))

Using Lemma 5 from [GKS]

—1
X
AT(=¢)T(1+q)(n—p—gq—1)sin L

y / TR / 1196(16)dtdo
Sn—1 —00

— sin(—mq)

= (][ Ja 7)1 (€), 6(8)).

2r(n —p—q—1)sin L

The latter follows from the fact that I'(—¢)I'(¢ + 1) = —7/sin(g7) and the calcu-

lation

(([ff| 7Pt 2|, P)R(E), 6(6))
= [ el ol o)
= / H9||—n+p+(J+1/ t7n+p+q+1t*ptnflgg(te)dtde
sn—1 0
— / [l aanan / t96(t0)dtdo.
gn—1 0
We have proved that

(0 cos

(Aite ) 90)) = Cerp =gy I o)), 66

for —1 < ¢ < 0. Since both Agg’)f,p(O) and (x|~ Pratt . |z|,P)MN(€) are continuous
functions of £ € R™ \ {0}, we get the statement of the Lemma for —1 < ¢ < 0.

To prove the Lemma for other values of ¢ we use the fact that for every even
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test function ¢ the functions

g — (A (0),6(¢))

and
mq
cos %

gy el el ), 00))

qt—

are analytic in the domain {g € C: —1 < [Req] < n—p—1}. (The fact,
that (|||~ tPrett . |2],P)N(€) is analytic with respect to ¢, can be seen from the
argument of [Kol2, Lemma 2.22]). The result of the Lemma follows, since these
analytic functions coincide for ¢ € (—1,0), ¢ is arbitrary and, by Lemma 4.2.1, the
fractional derivative is a continuous function of ¢ outside of the origin.

O

Lemma 4.2.3. Let K be an origin-symmetric conver body in R™. Assume that
g€ (—1,2 and 0 < p <n—[q] — 1, then ||lz|| 7Pt - 2|7 is a positive definite

distribution on R"™.
Proof. First we prove that
Agep(t) < Age,(0),  forallt>0 (4.4)

If p = 0, it follows from Brunn’s theorem (see [Ko12, Theorem 2.3]) that the central
hyperplane section of an origin-symmetric convex body has maximal volume among

all hyperplane sections orthogonal to a given direction. If p > 0 one can see that

Iﬂfzp/)XWMﬂﬁ*wj
0
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therefore
Aeyt) = / JERCE
Kn{z,£)=

= / / (z|x|2) 2P ' dzda
Kn{z,§)=

= p/ 2P~ 1/ (z|x|2)dxdz
0 Kn{z,£)=

= p/ zp_l/ dxdz
0 By .NKN(z,€)=t

< p/ zp_l/ drdz = Ay ¢ ,(0)
0 By, .NKN(x,£)=0 >

by Brunn’s theorem applied to the convex origin-symmetric body B;,, N K, where
By, is a ball of radius 1/z.

Now consider ¢ € (1,2). Here cos q77r is negative, therefore we need to prove
that Agg ¢p(0) <0. Using inequality (4.4), the formula for fractional derivatives for

q € (1,2) and the fact that A’(0) = 0 we get

(9) _ OO —q-1 . Y,
AL 0) = o /0 L(A(E) — A(0) — £A/(0))dt

= =g /0 9L (A(t) — A(0))dt < 0

since I'(—q) is positive.
If ¢ € (0,1) then cos £ is positive and

1

(9) _ - —q—1 .
Alea0) = 5 /0 L A(E) — A(0))dt > 0

since I'(—¢q) < 0 for these values of q.

Finally if ¢ € (—1,0) then cos & is positive, I'(—¢) is also positive and

AL 0 = 5 [ e A= 0

[(—q) Jo

We still have to prove the Lemma for ¢ = 0,1, 2.
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When ¢ =0, cos i =1 and

When ¢ = 2, cos 5 = —1 and
2
Ay (0) = (-1 A%, (0) <0,

since Ag ¢ ,(t) has maximum at 0.
When ¢ = 1, take small ¢ > 0. By what we just proved for non-integer ¢, for

any non-negative test function ¢,
(|2l )" 0) > 0.
Since ||z||x < C|z|y for some C, it follows that

2]l 2]y < Claly ™ < Claly ™,

the latter being a locally-integrable function on R"™.
Set g(z) = Clx|;" Y p(x)] for |z|; < 1 and g(z) = C|¢(z)| for |z|, > 1. The
function g(z) is integrable on R™ and for small & we have that ||z " 72" |z[5d(x) <

g(x). Therefore by the Lebesgue dominated convergence theorem,
—n 2 _ _n 9 NN
([l ")", ¢) :/]R ]l 2]y "o () da =

= lim /R |57 ]y () dae = Tl 7l )", ) > 0
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4.3 The proof of the main result

Theorem 4.3.1. Let a € [n —4,n — 1), K and L be origin-symmetric infinitely
smooth convex bodies in R™, n > 4, so that for every & € S™1

(—A)*2SK (&) < (—A)*2SL(€). (4.5)
Then

vol,, (K) < vol,(L).

On the other hand, for any o € [n—5,n—4) there are conver origin-symmetric

bodies K, L € R", n > 5 that satisfy (4.5) for every & € S™ ! but vol,(L) < vol,(K).

Proof of the affirmative part. Let Si(£) = vol, (K N&), € € "1 the

central section function defined in the Introduction. Then, as proved in [Ko6]

5x(6) = =5 (Il ©) (1.6)

Extending Sk (§) to R" as a homogeneous function of degree —1 and using the

definition of fractional powers of the Laplacian we get

1

(—A)*25.(0) = P —

(|3 1zl ") (9),
therefore

e [ el el =
G R B PO E R
= [ el Ol 01
= rln=1) [ (el O)(-A)"5, )9

Here we used Parseval’s formula on the sphere (1.1.3) and formula (4.6).
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By Lemma 4.2.3 with p = @ and ¢ = n—a — 2, (|z[3%||z||x")" is a non-negative
function on S™~ !, therefore using the condition of the theorem and repeating the

above calculation in the opposite order, we get

/ el el da < / ol ol d
Snfl Sn—l
Then by Holder’s inequality and the polar formula for the volume (1.1),

1/n (n—1)/n
n vol, (K) < (/ ||8HK”d0> (/ ||9||L"d0> _
Sn—l Sn—l

n(vol, (K))Y"(vol,(L))"=1/",
which yields the statement of the positive part of the theorem.

Proof of the negative part. Let a € [n —5,n —4). We need to construct two

convex origin-symmetric bodies K, L € R™ n > 5 such that for every £ € S"~!
(—A)*2SK (&) < (—A)*2SL(€),

but

vol, (L) < vol,(K).
First let us prove the following Lemma.

Lemma 4.3.2. Let o € [n —5,n —4). There exists an infinitely smooth origin-

symmetric convex body L with positive curvature, so that

18 not a positive definite distribution.
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Proof. First assume that o € (n —5,n—4). Put ¢g=n—a—2,s0 q € (2,3). Our

goal is to construct a body L so that there is a & € S"! satisfying

0 o t2
/0 t—4 1 (AL’&O((t) — AL’&a(O) — A/II/7£’Q(O)§> dt < 0. (47)
If we construct such a body L the result of this lemma immediately follows from

Lemma 4.2.2 and the definition of fractional derivatives.

Consider the function
1
ft)=(1—t" = Nty

Let ay be the positive real root of the equation f(t) = 0. Define the body

L € R" as follows.

n—1 1/2
L= (Ib 7xn) € R™: Tn € [_CLN,CLN] and (Z'xzz) S f(‘rn) )
=1

which is a strictly convex infinitely differentiable body.

Take £ to be the unit vector in the direction of the z,-axis. Then for t € [0, ay],

f®)
Apea(t) = / / (£ + r*) =2 2dr df
Sn—1 Jo
f@®)
= Cn/ (t2 + r2) 722y
0

where C,, = |S™7!|, and for ¢ > ax we have Ay ¢, (t) = 0.

One can compute:

Ch

n—oa—1

Apep(0) =

Y

and

a 2
n—a—3 n—a-—1|"

Az,g,p(o) = _Cn
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In order to estimate the integral (4.7), we split it into three parts: over [0, by],
[bn, an] and [ay,o0), where by is the positive real root of the equation 1 — ¢* —
Nt* = t7+1 Recall that ay was defined as the positive real root of the equation
1 —t>— Nt* = 0. It is easy to check that ay ~ by ~ N~'/* for large N. Also note
that on [0, ax] we have f(t) > 0, and f(t) >t if and only if t € [0, by].

First consider the interval [0, by]. For all ¢ from this interval we have ¢t < f(t).

Then we can break the integral:
f(®)
/ (t2 + T2)_a/27’n_2d’f’ = Il + IQ
0

into two parts, where the first one can be estimated as follows

t t tn—oc—l
I, = t2 2\—a/2 n—2d </ 2\—a/2 n—2d _
1 /0( +r7) " r T—O(T) rAar =TT
and for the second one we will use the inequality:
_ Yv+1) 5
(1+2) 7§1—7w+Taz, fory>0and 0 <z < 1.
Then
f)
I, = / (t2 4 r2) =22y
t
f@) 2 —a/2
= / (1 + —2) r" 2 dr <
¢ r
f(@® o t? 2(2_|_1) A
< 1—- - 2 \2 n—a—?d
- /t ( 2 r2 + 2 r4 " "
f)
B 7an—a—l g t2rn—a—3 N % (% + 1) t47,n—a—5
- |In—a—-1 2n—a-3 2 n—a—5t
fn_a_l(t) a t2 I
— _ n—«x t
n—a—1 2n—a—3f )+
% (% + 1) t4 n—a—> n—a—1
t)+ Ct
+ 2 n—ao— 5f )+
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frerit) o t? 3 —a—1
_ = n—oa— c—e
n—oa—1 2n—oa—3 f () +
1-t*) - Nt* « t? n—a—3
= -5 1 —* — Nt*)n=a=1 4 G771
n—oa—1 2n—oz—3( ) +

for some constant C'. The last inequality follows from f(¢) > 0 on [0,by] and
a€e(n—>5n—4).
Using the inequality:
1—2)>1—q2z(1—2)"', for0<y<land0<uz <1,

applied to the second term in the previous expression, we get

1—t? = Nt* « 12

< —- 22T
n—oa—1 2n—a—3
—a—3
n—oa-—1
1= =Nt' o P N
N n—aoa—1 2n—a—3
t* + N6
+C4 i + ot

(1 — 2 — Ntd)wma=t

Now using the estimates for I; and I, we get

e ;o
/ ' (ALEOC( ) AL,E,a<O) - L’S’Q(O)E) dt S

by 1—12— N4 12 t* + N6
<c/ tql ¢ +Cy i .
n—a-1 2n—-a-—3 (1 —t2 — Nt4)iat

1 « 2 t2
Crne )i
* n—a—1+{n—a—3+n—a—1}2
o —Nt! t 4 Nt
=C, / e ——— Oy il — + ot | dt
0 n—a-—1 (1 —t2 — Nth)a=a=1

Now one can estimate each term of the last integral separately. Since by =~

N-Y4 we get that

o —Nt*
/ 9 ————dt ~ —C,N*
0

n—oa—1
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for a positive constant Cj.

For the second term, we change the variable of integration: u = N'/*t. Then
by t4 Ntﬁ
/ tmat i —dt
0 (1 =12 — Ntt)yn—a—1
byN1/4 471 6 \T—1/2
:Nq/4/N ue WINTL o+ utNTY du
0 (

1— N-1/292 — u4)n—i—1

by N1/4
< N/ / A ut + u o
B 0 (1 — N-1/242 — y4)7aT

< O3N(‘1—2)/47

since byN'/* — 1 as N — oo, and the integral

1 44 .6
/ e ru s—du
0 (1 —ut)n—a-1

converges both at 0 and 1.

And finally the integral of the last term is small for large values of N, since
n—a—1=¢+1. From what we have obtained one can see that the integral over
[0, by] will be negative for large values of N since the leading term is —Cy N9/,

Now consider the integral over [by, ay]. The expression

Apga(t) = Arga(0) — AL ¢4 (0)t7/2

can be estimated from above by a constant C, not depending on N. Indeed,
Argat) < Apea(0), A7 ¢,(0) is a constant independent of N, and t < ay =~

N-Y4 <1 for N large enough. Therefore

an t2
/ t—q—l (AL,g,a(t) — AL{’Q(O) — Z»fva(())E) dt S
by

< O/ T ldt < O/ (by) ™97 dt = (]M

by by (b )att
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Recalling that ay and by satisfy the equations
1—a% —Nay =0 and 1—0b% — Nbk =04

we conclude that

by = (ak — bR)(1+ N(ak +b3)).

Therefore
ayn C
C/ T dt < ~ CON-Y4
- (ay +bn)(1 4+ N(a% + b%))

Finally, the integral over [ay,c0) can be computed as follows

00 t2
/ = (‘AL,ﬁ,a(O) - Ali,g,a(o)§> dt ~ —DyNY*+ DN/
an

where D; > 0. Therefore, this integral is negative for N large enough.

Combining all the integrals one can see that for NV large enough the desired
integral (4.7) is negative. This means that for some direction ¢ € S"! the function
(lz]|2" - |23 ) (€) is negative, if a € (n — 5,n — 4).

If @« = n— 5, both sides of the equality in the statement of Lemma 4.2.2 vanish,
therefore we need to apply the argument from [GKS] (see the proof of Theorem 1).

Then

(lllZ" - J2lz ™)™ (E) =

o] Y t2
=0 [T (Angal) = Aeal0) - A0 )
0

for a positive constant C'. Considering the same body as before, we get that

(JlzlI" - |z)3 ™) (€) is also negative at some point &.
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Now we are ready to finish the proof of the negative part. Apply Lemma 4.3.2 to
construct an infinitely smooth origin-symmetric body L with positive curvature for
which (||z]|7' - |z];*)"(€) < 0 for some direction ¢. By Lemma 4.2.2, the function
(|lz|I;" - |z|3®)" is continuous on the sphere S"~!, hence there is a neighborhood of
¢ where it is negative.

Let

Q={0es" " (l" - |=z")"(0) < 0}.

Choose a non-positive infinitely differentiable even function v supported on €. Ex-
tend v to a homogeneous function r=*"1v(6) of degree —a — 1 on R™. By [Ko12,
Lemma 3.16], the Fourier transform of x|, 'v(z/|z|s) is equal to |z|; "t g(z/|z]2)
for some infinitely differentiable function g on S™~!.

Define a body K by

el = Nl + elaly " g 2/ ]2])

for some small € so that the body K is convex (see for example [Kol2, Theorem

5.3] for this standard perturbation argument). Multiply both sides by |z|5
7T

b
(n—1)

and apply the Fourier transform:

e(2m)™

(—A)* 28k = (—A)*25, + p p—

5 e/ |2]2) < (~A)*2SL,

since v is non-positive.
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On the other hand,

[ el sy 002 =
= [ el ) @) 8510
% /Snl(||l“||z1 2|7 (O)v(0)dd
o R AR RUISNEEHD

+<

Repeating the argument from the proof of the affirmative part we get:

vol, (L) < vol,(K).

]
Remarks. (i) The negative part is formulated only for ¢ € [n —5,n — 4), because
we wanted this to work for n = 5. In fact, for bigger n one can take ¢ € [0,n —4).
Also the condition (1) can be written in terms of the Fourier transforms so that no
smoothness of the bodies is required.

(ii) In the case where ¢ = n —4 and n is an even integer, the result of Theorem
4.3.1 was proved in [Koll] using an induction argument. The proof from [Koll]
can not be extended to other values of ¢ and n and does not produce any results
in the negative direction.

(iii) Shephard’s problem (see, for example, [Kol2, Section 8.4]) asks whether
convex origin-symmetric bodies with smaller projections necessarily have smaller
n-dimensional volume. As proved independently by Petty [Pe] and Schneider [Sc],
the answer to this problem is affirmative only in dimension n = 2, so one may try to

modify Shephard’s problem to guarantee the affirmative answer in all dimensions.
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However, attempts to repeat the proof of Theorem 4.3.1 for Shephard’s problem

fail, since the section function Ak ¢, may not be sufficiently differentiable.
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Chapter 5

The geometry of L

5.1 Introduction

In this chapter we present our results from [KKYY]. Suppose that we have the
unit Euclidean ball in R™ and are allowed to construct new bodies using three
operations — linear tranformations, multiplicative summation and closure in the
radial metric. The multiplicative sum K +( L of star bodies K and L is defined

by

el ko = Vel k]l (5.1)

What class of bodies do we get from the unit ball by means of these three opera-
tions?

We are going to prove that in dimension n = 3 we get all origin-symmetric
convex bodies, while in dimension 4 and higher this is no longer the case. However,
the class of bodies that we get in arbitrary dimension also has a clear interpretation.
We introduce the concept of embedding in Ly and show that the bodies that we get
by means of these three operations are exactly the unit balls of spaces that embed
in Lg.
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The idea of this interpretation comes from a similar result for L,-spaces with
p € [-1,1], p # 0. Namely, if we replace the multiplicative summation by p-

summation
|2l sy = (L2l + ll]7)" (5.2)

then we get the unit balls of all spaces that embed in L,. The case p = 1 is well-
known (see [Ga3, Corollary 4.1.12]) and the unit balls of subspaces of L; have a
clear geometric meaning - these are the polar projection bodies (see [Bol]). On
the other hand, it was proved by Goodey and Weil [GW] that if p = —1 (this case
corresponds to the radial summation) then we get the class of intersection bodies in
R". As shown in [Ko8], intersection bodies are the unit balls of spaces that embed
in L_;. The concept of embedding in L,, p < 0 was introduced in [Ko7] as an
analytic extension of the same property for p > 0, see [KK2| for related results.
The result of Goodey and Weil can easily be extended to p € (—1,1), p # 0. Note
that this construction provides a continuous (except for p = 0) path from polar
projection bodies to intersection bodies, which is important for understanding the
duality between projections and sections of convex bodies. One of the goals of
this chapter is to fill the gap in this scheme at p = 0 and better understand the
geometry of this intermediate case.

Another interesting similarity of our result with other values of p is that for
p = 1 the procedure defined above gives all origin-symmetric convex bodies only
in dimension 2. This follows from a result of Schneider [Sc| that every origin-

symmetric convex body is a polar projection body only in dimension 2. When
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p = —1 we get all origin-symmetric convex bodies only in dimensions 4 and lower,
because, by results from [Ga2], [Zh2], [GKS], only in these dimensions every origin-
symmetric convex body is an intersection body. The transition between the dimen-
sions 2 and 3 in the case p = 1 and the transition between the dimensions 4 and
5 in the case p = —1 directly correspond to the transition between the affirmative
and negative answers in the Shephard and Busemann-Petty problems, respectively.
It would be interesting to find a similar geometric result corresponding to the tran-
sition between dimensions 3 and 4 in the case p = 0. We refer the reader to the
book [Kol2, Chapter 6] for more details and history of the connection between

convex geometry and the theory of L,-spaces.

5.2 The definition of embedding in L.

Recall a well-known result of P.Lévy, see [BL, p. 189] or [Ko12, Section 6.1], that
a space (R™,|| - ||) embeds into L,, p > 0 if and only if there exists a finite Borel

measure 4 on the unit sphere so that, for every z € R",

el = | 1w ©Pdu(e) 53
On the other hand, the definition of embedding in L, with p < 0 from [Ko7] implies

that a space (R”, | - ||) embeds into L,, p € (—n,0) if and only if there exists a

finite symmetric measure u on the sphere S™~! so that for every test function ¢,

[ talpotaa = [ aute) [ s (5.4

Both representations (5.3) and (5.4) are invariant with respect to p-summation.

This gives an idea of defining embedding in Ly by means of a representation that
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is invariant with respect to multiplicative summation. Note that the multiplicative

summation is the limiting case of p-summation as p — 0.

Definition 5.2.1. We say that a space (R™,|| - ||) embeds in Ly if there exist a
finite Borel measure ji on the sphere S"~! and a constant C' € R so that, for every

r € R",

flel = [ Il €)ldu(e) + C. (55

While being similar to (5.3) and (5.4), this definition has its unique features.
First, the measure p must be a probability measure on S"~!. In fact, put = = ky,

k> 0in (5.5). Then

Ink+Inly|| = /

Sn

Ik dp(€) + / In|(y, €)|dp(€) + C

gn-1
and, again by (5.5) with z =y, we get Ink = [, Ink du(§), so [g,—, du(§) = 1.

Secondly, the constant C' depends on the norm and can be computed precisely.
In order to compute this constant, integrate the equality (5.5) over the uniform

measure on the unit sphere. We get

C-15" = / In ||z||dz —/ / In|(z,0)| du(6)dx
Sn—1 Sn—1 . JGn—1

_ / 1n||x\|d:c—/ / In|(z,0)| dz du(6)
Sn—1 Sn—1 Sn—1

= / lonHdw—/ In|(z,0)|dx,
Sn—1 Sn—1

since [g, , In|(z,0)|dx is rotationally invariant and, therefore, is a constant for
6 € S*71, and p is a probability measure.

To compute the latter integral, use the well-known formula (see [Ko12, Section
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6.4])

) 20 RL((p 4 1)/2)
JL Vo e M0t p)/2)

Differentiating with respect to p and letting p = 0 we get

O dp — p-vr2 |[TA/2) - ~T'(n/2)
/S"_ll (ol [(n/2) fFQ(n/Q)

Note that
EIR-e)
S0
C— |5T1—1| /S In ||| dz — ﬁr/(m) + %11:((://22))
Let us remark that Definition 5.2.1 is equivalent to the following. A finite-
dimensional normed space X = (R™, || - ||) embeds into Lg if and only if there is

a probability space (2, ) and a linear map 7' : X — M(Q, ) (where M(Q, u)

denotes the space of i—measurable functions on 2) such that
/an |Tx(w)|du(w) < oo, reX
and
In ||z = /Qm To()duw), =€ X.
Indeed if such an operator T exists we can write it in the form
Tzr(w) = h(w)(z,{(w)), reX

where h:  — R* and ¢ : Q — S™! are measurable. Then for each w €

/ In | (2, £(w))ldz > —oo
gn—1
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so that it follows for some x € S !, w — In|(x,(w)| is u—integrable. Hence so is

In A and further

In [12]| = / In h(w) du(w) + / In | (. € (@) [dja(w).

Now we can induce a probability measure p/ on S"! by p/(B) = p{w : {(w) € B}
and we have the same situation as Definition 2.1.

On the other hand, if X satisfies Definition 5.2.1, we may take Q = S™ ! and
is a probability measure. If we define Tx(¢) = e%(x,€) then T : X — M(S™ !, p)
satisfies our conditions.

One advantage of this viewpoint is that we can make sense of the statement

that an infinite-dimensional Banach space embeds into L.

5.3 A Fourier analytic characterization of sub-
spaces of L

The fact that the Fourier transform is useful in the study of subspaces of L, has been
known for a long time. A well-known result of P.Levy is that a finite dimensional
normed space (R”, || - ||) embeds isometrically in L,, 0 < p < 2 if and only if
exp(—| - ||”) is a positive definite function on R"™. It was proved in [Ko2] that a
space (R™, ||-||) embeds isometrically in L,, p > 0, p ¢ 2N if and only if the Fourier
transform of the function I'(—p/2)||z||” (in the sense of distributions) is a positive
distribution outside of the origin. If —n < p < 0 a similar fact was proved in [Ko7]:
a space (R™,|| - ||) embeds in L, if and only if the Fourier transform of || - [|? is a

positive distribution in the whole R™. These characterizations have proved to be
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useful in the study of subspaces of L, and intersection bodies, see [Ko12, Chapter

6]. In this section we prove a similar characterization of spaces that embed in Ly.

Theorem 5.3.1. Let K be an origin symmetric star body in R™. The space (R", || -
|li) embeds in Ly if and only if the Fourier transform of In||z||x is a negative

distribution outside of the origin in R™.

Proof. First, assume that (R",|| - ||x) embeds in L. Let ¢ be a non-negative
even test function with compact support outside of the origin. By the definition of
embedding in Lo, formula (1.2)(note that ¢ = (27)"¢ for even ¢) and the Fubini

theorem,

(nllal) ) = (nlal o)
= [ [ ml i) de du@)+C [ bl

~

= [ ([ o) dr) duce)
snt (z,£)=t
= et [ (e (b w) @) die
= e [ [ i o) dz aute) (5.6
since [p., d(x)dx = (2m)"$(0) = 0. Now, the formula for the Fourier transform of
In|¢| from [GS, p.362] implies that
(In[t)" (2) = 7|z <0 (5.7)

outside of the origin, so (5.6) is negative (recall that ¢ is non-negative with support
outside of the origin). This means that (In||z||)" is a negative distribution.

To prove the other direction, note that, by [Kol2, Section 2.6], a distribution
that is positive outside of the origin coincides with a finite Borel measure on every
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set of the form
Ax (a,b)={zeR":x=1t0,t € (a,b),0 € A},

where A is an open subset of S" ™t and 0 < a < b < co.
Denote by p = —(In||z||)". This distribution coincides with a finite Borel
measure on each set A x (a,b), as above, so for any test function ¢ supported

outside of the origin

(=G} ) = (u.0) = | ola)dunto)
Now for every test function ¢ with support outside of the origin and £ > 0, we have
(B(a/t)) (2) = d(t2), 5o

(i), 6@/t) = —(nlal)” (@), 6(z/0)

. / In 2| (t2)t"d
- [ étam gl
= [ d@mlala +ml [ oG
/ $(3) In ||7||di

— (u(2),6(2)). (5.8)

Let Yax(ap) be the indicator of the set A x (a,b). Approximating X ax(as by

test functions and using (5.8), we get for any (a,b) C (0,00) and A C S™!

w(Ax (a,b) = /n XAx(ab)(2)dp()
= | s le/adnto
SR ee

— (A x (1,b/a)).
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Applying this formula n times,
i(Ax (1,a") = np (A x (1,a) (5.9)

for n € N. Moreover, we can extend formula (5.9) to n € R. So, for any a € (0, 00),
Ac st

(A [La]) = 1 (A x [Le) = lna-p (A x [1,e])
Now for every (a,b) C (0,00) and A C S™~! we have

WA X (@) = p(Ax(1,b/a))

~ In (2) w(Ax(1,¢))

= (In(b) — In(a)) j(A x (1,¢).
Define a measure po on S™! by

) = T = (A x (1.6)

for every Borel set A C S™~!. We have
[ @) [ @)t = (1n(6) = nfa) ()
— (A x (a,b))
= [ aran(@)in(e) (5.10

Therefore, for an arbitrary even test function ¢ supported outside of the origin,

o) = [ dulo) [ oteo)at
= 5 [ dml® [ oo (5.11)

since A, a,b are arbitrary in (5.10).
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Using p = — (In||z]))", we get

(el (€.0) = =5 [ duo(0) [ [ o(e0)ar

Define a new measure g = (2m)"ug. By (5.7), (5.11) and the connection

between the Fourier and Radon transforms

(el ) = ~5s [ dinl®) [ 7o)

— /Sn_lan|z|,7zg£(0;z)>dﬂo(9)

_ An_ldgo(e)/ﬂan|z| (/( ) é@:)dm) i

0)=z2
_ / dpof6) / n(2,0) d(x)ds

Thus, we have proved that for any even test function ¢ supported outside of the
origin
AN
(wnllello) = ( ([ wlwolan®) o).
Therefore the distributions In||z|| and [, , In|(z,8)| dfiy(0) can differ only by a
polynomial. Clearly, this polynomial cannot contain terms homogeneous of degree

different from zero, so it is a constant.

U

Remark 5.3.2. Let K be an infinitely smooth body. From the proof of the previous
theorem it follows that the measure p from Definition 5.2.1 is equal to restriction
of the Fourier transform of In ||x||x to the sphere. In the next section we are going

to prove that this is a function, therefore

() = 5 () (€1
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In particular, since p is a probability measure, for any infinitely smooth body

K we get

1
(2m)"

/“ (In )" (€)d€ = 1.
gn—1

5.4 A geometric characterization of subspaces of
Ly.

If K has an infinitely smooth boundary then the function Ak ¢(t) is an infinitely
differentiable function of ¢ in some neighborhood of zero and as was shown in
[GKS] the fractional derivatives of A ¢(t) can be computed in terms of the Fourier

transform of the Minkowski functional raised to certain powers. Namely, for ¢ € C,

q # n — 17
cos L* _ A
49 () — 2 ntgtl 5.12
00 = 2 () @) (5.12)
and, in particular, (||x||;<"+q+1)/\ is a continuous function on R™\ {0}. Here we

extend A%,)E(O) from the sphere to the whole R" as a homogeneous function of the
variable £ of degree —q — 1. Note that (A%?g(O), ¢) is an analytic function of ¢ for
any fixed test function ¢.

Since the right-hand side of formula (5.12) is not defined for ¢ = n — 1, in
our next Theorem we use a limiting argument to extend this formula to the case
qg=mn-—1.

Let D be an open set in R", f, g two distributions. We say that f = g on D if

(f,0) = (g,¢) for any test function ¢ with compact support in D.

Theorem 5.4.1. Let K be an infinitely smooth origin symmetric star body in
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R™.  Eztend AE;?;)(O) to a homogeneous function of degree —n of the variable

e R"\ {0}. Then (In||-||x)" is a continuous function on R™\ {0} and

AR D(0) =

_cos(m(n —1)/2)

(In - (1) (),

(5.13)

as distributions (of the variable ) acting on test functions with compact support

outside of the origin. In particular,

i) if n is odd

(Inflz)|x)" (&) = (=1)™ V27 ARV(0), € e R\ {0}

ii) if n is even, then for & € R™\ {0},

(I lz]lx)" (€) = an /

© Ag(z) — A¢(0) — AL(0)5 —

T A272<Z)

Zn—2

(n—2)!

0 2"

where a,, = 2(—1)"?*1(n —1)!

dz,

Proof. Let us start with the case where n is odd. Let ¢ be a test function

supported outside of the origin.

Using formula (5.12) for ¢ close to n — 1, we have

(AD(0),6(6))

%“”%H‘WH)A (&), 6(€)
A )
% . ]|~ () dee
B [ (el - ) b
ﬂzrzsiﬂj/_?)l) o (%(:C)dx
cos(mq/2) ]|+t — 1
™ /n n_q_l ¢(l’)dl‘,
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since [g, d(z)dx = (2m)"$(0) = 0. Taking the limit of both sides as ¢ — n — 1, we

get

(A2 0), 000 = ( — =D 0y ), 0(6))

since

||l,||fn+q+1 — 1

Hao)de = — / o 9(x)dr
= (= (nfal) (€), 0(6)).

q—n—1 Rn n—q—l

When n is odd the formula of i) follows immediately.
When n is even, both sides of (5.13) are equal to zero, and we repeat the

reasoning from Theorem 1 in [GKS]. Divide both sides of (5.12) by cos(%)

gt A (@)
U0 ) o B 1)

and take the limit of both sides when ¢ — n — 1.

We have already proved that

lim
q—n—1

<(||a:||;<"+q+l)A ()

T 0l8) = (= (el (©).6(6)

for any test function ¢ supported outside of the origin.

(a)

ie(0
qm

COSs 5

we use the definition of fractional derivatives

To compute the limit of

in exactly the same way as it was done in [GKS, Theorem 1].

x Ag(2) = A(0) = AL0)F — . — AT ) E

lim T(—a) A9 (0) — / =20
q—gzril ( q) K’f() 0 on z
and
. . (q+ ]_)71' . ™ n/2 1
i Tl=g)sin ==== =5 (=1)""C—



Combining these two formulas we get the formula in the statement ii) of the

Theorem. 0
An immediate application of Theorem 5.4.1 is

Corollary 5.4.2. Let K be an infinitely smooth body in R™. Then

i) if n is odd, (R™,|| - ||x) embeds in Lo if and only if
()" VEARI(0) 20, Ve s

i) if n is even, (R, || - ||x) embeds in Lo if and only if, for every & € S™™1,

00 _ AN 22 o An—2 Zn—2
(_1)(n+2)/2/ Ae(2) = Ae(0) = A{(0) 5 — ... — AL (2) G o
0 2" B
Corollary 5.4.3. Every 3-dimensional normed space (R", || - ||x) embeds in L.

Proof. The unit ball K of a normed space is an origin-symmetric convex body.
First assume that K is infinitely smooth. By Brunn’s theorem the central section
of a convex body has maximal volume among all sections perpendicular to a given
direction. Therefore, for any ¢ the function Ag¢(t) attains its maximum at ¢t = 0,
hence A% ((0) < 0. So, by Theorem 5.4.1, for smooth convex bodies in R? the
distribution —(In ||z||)" is positive outside of the origin, and our result follows from
Theorem 5.3.1. For general convex bodies the result follows from the facts that
any convex body can be approximated by smooth convex bodies and that positive
definiteness is preserved under limits. In fact, let {K;} be a sequence of infinitely
smooth convex bodies that approach K in the radial metric. Then for any non-
negative test function ¢ supported outside of the origin we have

—/n In [[]| , ¢(w)da = (= In|z] k., $(x)) = (= [l]| )" (), #(€)) = 0
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Since K; approximate K there is a constant C' > 0, such that

In ||z||k,| < C+ |In|z|s|,

k3

therefore the functions |In||z|x,é(x)| are majorated by an integrable function
(C' 4 |In|z]s])|¢(z)] and by the Lebesgue Dominated Convergence Theorem we

get

K o(x)dr = —/nlnyyx|\KqB(x)da:
= (=(In|lzllx)"(),6(£)) >0

O
Our next result shows that that the previous statement is no longer true in R,

n > 4.

Theorem 5.4.4. There exists an origin-symmetric conver body K in R", n > 4

so that the space (R™, || - ||x) does not embed in Ly.

Proof. Tt is enough to construct a convex body for which the distribution —(In ||z||)"
is not positive. The construction will be similar to that from [GKS].
Define fy(r) = (1 — 22 — Na*)1/3, let ay > 0 be such that fy(ay) = 0 and

fn(z) > 0 on the interval (0,ay). Define a body K in R* by

K = {(z1, 29, 73,74) € R*: 24 € [—ay,ay]and \/2? + 23 + 23 < fn(24)}.

The body K is strictly convex and infinitely smooth. By Theorem 5.4.1,

0 A (2)— A — A" 22
(i lfx)" ) = 12 / (2) ~ A0~ 4O)F

24
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The function Ag ¢ can easily be computed:

We have

/"" Ag(z) — A¢(0) — A{(0) A 1 1 )

24 3 ay  3a¥

The latter is negative for N large enough, because N*/*-ay — 1 as N — oo.

5.5 Addition in L

It is clear from the definition that the class of bodies K for which (R, || - ||x)
embeds in Lg is closed with respect to multiplicative summation, i.e. if two spaces
(R™, || - ||l x,) and (R", | - ||k,) embed in Ly and K = K; +¢ K», then (R, | - || x)
embeds in Ly. In this section we are going to prove that the unit ball of every space
(R™, || ||x) that embeds in Lg can be obtained from the Euclidean ball by means of
multiplicative summation, linear transformations and closure in the radial metric,
i.e. it can be approximated in the radial metric by multiplicative sums of ellipsoids.

Consider the set of bodies K for which (R", ||-||x) embeds in Ly. As mentioned
above, this set is closed with respect to multiplicative summation, also from the
proof of Corollary 5.4.3 it follows that this set is closed with respect to limits in the
radial metric. Let us show that it is closed with respect to linear transformations.
Suppose that (R™, || - ||x) embeds in Ly. By Theorem 5.3.1 (In ||z||x)" is a negative
distribution outside of the origin. Let T" be an invertible linear transformation in

R™, then for any non-negative test function ¢ with support outside of the origin,
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we have

(In]|T2l[x)",¢) = (In|Te|x, b))
_ / In | T2 b (z)da
= |detT|‘1/ In ||z|| k(T ' z)dx
= [ el (o(T9)" (2)do
= (2|, (&(T*y))" (x)),
= ((n[lz]lx)" (), 6(T*y)) < 0.
So (In ||Tz||x)" is a negative distribution outside of the origin. By Theorem 5.3.1,

(R™, || - |7k ) embeds in Ly.

Moreover, if (In ||z||)" is a function, then
(In || T]))" (y) = [det T|7" (In J=]))" ((T*)"y). (5.14)

To prove the main result of this section we need a few lemmas. For a fixed

z € S" 1 let E,(z) be an ellipsoid with the norm

0)° 1 (z,0?2\"”
||9||Ea,b(x) = ((m’ ) + (z,) ) ., for§e st

a? b2

Lemma 5.5.1. For all § € S™ 1,

A 2" 17"/°T (n/2) —n
(1€l (0) = === = M10ll 5", o

Proof. For —n < A < 0 the following formula holds (see [GS, p.192]):

I'(A+n)/2)

(Iloh)" (€) = 2" =5

1
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Dividing both sides by A, using the formula 2I'(z) = I'(1 + x) and sending A — 0

we get

(nfols)" (€) = =2 2" *T(n/2) "
as distributions outside of the origin. Note that, by rotation, it is enough to prove

Lemma for the ellipsoids E, ,(z) with z = (0,0,...,0,1).

1/2
& g+ +6
el = 3+ S5 -

Since this norm can be obtained from the Euclidean norm by an obvious linear

transformation, one can use formula (5.14) to get

A n— n n—
(1H||f||Ea,b(x))g (0) = —2"7'x"*T(n/2)ab IHQHEU /(@)
2" 17/20 (n /2)
= - el

O

Lemma 5.5.2. Let K be a star body, then In||z||x can be approzimated in the
space C(S™ 1) by the functions of the form

1

fap(x) = TS T h

L In 1018157 o d (5.15)

as a — 0 and b is fized.

Proof. The proof is similar to that of [GW, Lemma 2]. First, note that the space
R™ with the Euclidean norm embeds in Ly, so (R™, || - ||g) embeds in Ly for any
ellipsoid E with center at the origin. Therefore, by Remark 5.3.2 and Lemma 5.5.1

we get

1
/S WH Iy, ()40 =1,
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for all values of @ and b. From now on b will be fixed.

We have

1 -n
- L ”0”K“9||Eb,a<x>d9‘
1

< TS g 1p /Sn_1 ‘111 |z x —In HQHK‘HQHE;@)W

=
1S Ha" b ). 0))25

=y
+7
S a1 J)(4.0)1<s

=1 + L.

I f|z]] s

In o = 0 18] 10]57, )06

tn o s — I 6]} | 1017, )20

For the first integral I; use the uniform continuity of In||z||x on the sphere. For
any given € > 0 there exists § € (0,1), ¢ close to 1, so that |(z,0)] > § implies

In||z||x — In H@HK’ < €/2. Therefore

1
o= g [ |l =t el o,
S~ Ha" 10 iz )26 Feot

€ 1 €
< - |— o= di| < —.
o2 {|Sn_l|an_lb /I(ac,e)|>5H 2o } R

Now fix 0 chosen above and estimate the integral I as follows

1
A
S Ha™1b J(4.0)1<s

C(n,b, K)
< — 1615, 29
a |(z,0)|<6

tn ol — 1 0] [01157, .y 6

where

2maxgn—1 | In ||z k|

O(n7bu K) = |Sn_1|b

For the latter integral we use an elementary formula (see e.g. [Kol2, Section 6.4))

/ f((z,0))dd = |S™ 2|/ =32 ¢)dt,  for x € SN
|(2,0)|<8
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Now,

n—2 2 2\ —"n/2
L, < (an’S |/ 2)(n=8)/ (2—2+1;2t) dt
- (n b, K |5 2|/ 2) (-3 (1;2t2)_”/2dt
= a-C(n,b,K)|S" 2|/ ) 2dt
< a-C(n,b,K)|S" Qyw
Now we can choose a so small that I, < €/2. O

Lemma 5.5.3. If 1 is a probability measure on S™~* and a,b > 0, then the function

fla) = [ W€l o)

can be approzimated in C(S™1) by the sums of the form

m

Z%ln

i=1

where Ey,...,E,, are ellipsoids and 1/p; + -+ 1/p, =1
Proof. Let o > 0 be a small number and choose a finite covering of the sphere by
spherical o-balls B,(n;)) = {n e S" ' :|n—m| <o}, m € S i=1,...,m=
m(d). Define
éa(gl) = Ba(gl)

and

N i—1

B,(&) = B.(&)\ | Bo(&), fori=2,..m.

j=1

Let 1/p; = ,u(fﬁ’g(gl)) Clearly, 1/p1+ -+ 1/pm =1

Let p(Eqp(€), x) be the radial function of the ellipsoid E,;(€), that is

P(Bap(©),7) = 2]l o)
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Note that p(E,4(§), ) = p(Eap(x), &), therefore

’p(Ea,b(f)am) - p(Ea,b<6)a l’)’ < Ca,b’é- - 6‘7

with a constant C,; that depends on a and b. Also note that, since we consider a

close to zero and b fixed, we may assume

a < p(Eap(€),x) < b, xe SV

Then,

W pAB(€))dn(€) = 3~ o)) =

i=1 "

é </§U(§i) In p(Eap(§), v)dp(§) —[ lnp(Ea,b(fi),$)du(£)> <

By (51)

= p<Ea,b(’£)7 l’)
<2 /BM b B8, a)| &) <

- /0<Ea,b(€i>7x> + [p(Ea,b(§)>I) - p(Ea b(fZ)vx)]
= ;/féo(gi) n P(Eap(&i); ) ‘d'u(g) =
<3 /B  Im = Cyle ) aute) <

< |In(1+C,0)],

and the result follows since o is arbitrarily small.

Now we are ready to prove the following

Theorem 5.5.4. Let K be an origin symmetric star body in R™. The space (R", || -

|) embeds in Lo if and only if ||x||x is the limit (in the radial metric) of finite

products HxH}E/lpl e ||xH}3/£m, where Ey,...,E,, are ellipsoids and 1/p1+-+++1/py, =
1.
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Proof. The “if” part is a consequence of the fact that Lg is closed with respect to
the three operations as discussed above.
The proof of “only if” part easily follows the Lemmas we have proved.
Suppose that (R™, || - ||x) embeds in Ly with the corresponding probability

measure £ on S™ ' and constant C. By Remark 5.3.2, (R, - ||z, ,x)) embeds in

(2;)71 (In||z| )" (9)d and some constant Cf,,. Note, this

constant does not depend on x. We have

[ el dn)

= [ mlEn) (o ) (nlel)” O)d0du(©) + C,

/Sn I/Sn 1 ( (277) >

- | (€, 0)|dp(€) + Ok —% (n [l 5, )" (6)d6
/Sn 1 |:\/Sn 1 :| ( (27‘-)

+CEa,b — Cg
1 A
/Snl n HQHK ( (27)n> ( I HxHEa,b(ﬂf)) (0>d9 + CEa’b Cx

1 A
= [l () (n el ) 010+ Cos, — Ci

1

- m /Snl I HGHKHQHE:a(x)dQ + CEa,b — Ck

In Lemma 5.5.2 we proved that In ||z||x can be uniformly approximated by the

integrals of the form

1
m/s 1n||9||KH9HE,,a(x)

as a — 0. Therefore, using the previous calculations, one can see that In ||z| x can

be uniformly approximated by

| el edu) +
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Hence, by Lemma 5.5.3, In ||z|| x can be uniformly approximated by the sums

m

> e

i=1

g+ C.

1/p1

e e ||z || 4, we get the

Replacing E; by another ellipsoid Ef given by ||z]] B
statement of the Theorem.

U

Corollary 5.5.5. Any convex body in R3 can be obtained from the Euclidean unit
ball by means of three operations: linear transformations, multiplicative addition

and closure in the radial metric.

Proof. As was proved in Theorem 5.5.4, any convex body can be approximated

by the finite products of the type ||m||]15/1p1 e ||x||2/£"”. Since any number 1/p can
be approximated by the sums

1 1 1

20 Tow T oW

the result follows.
O
A proof similar to that of Theorem 5.5.4 can be used to show that the pre-
vious theorem holds for p-summation with —1 < p < 1, p # 0, in place of the

multiplicative summation.

Theorem 5.5.6. Let K be an origin symmetric star body in R™. The space (R™, || -
&) embeds in L,, —1 <p < 1, p# 0 if and only if ||x||% is the limit (in the radial

topology) of finite sums ||z||, 4 - + ||z|, , where Ey,...,Ey,, are ellipsoids.
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5.6 Confirming the place of L in the scale of L,-
spaces.

In this section we establish the relations between embedding in Ly and in L, with
p # 0, which confirm the place of Ly between L, with p > 0 and p < 0. We are

going to use the following result from [Ko7, Theorem 1]:

Theorem 5.6.1. An n-dimensional homogeneous space (R™, ||-||x) embeds in L_,,

p € (0,n) if and only if ||z|| " is a positive definite distribution.

We also use a well-known result of P.Levy (see [BL, p.189], also [BDK] for the

infinite dimensional case):

Theorem 5.6.2. A space (R™,|| - ||x) embeds in L,, p € (0,2] if and only if the

function exp(—||x||%) is positive definite.
Now we are ready to prove

Theorem 5.6.3. Let K be an origin symmetric star body in R™. If the space

(R™, || - [|x) embeds in Ly then it also embeds in L_,, 0 < p < n.

Proof. By Theorem 5.5.4, ||z||x is the limit of finite products ||:1c||}E/lp1 e ||x||]15/£7”.

Consider ||z||” for 0 < p < n. It is the limit of the products of the form

—p/p1 | —p/Pm

]|z -+ |||z, "™ Using the formula
—p 2 OO p—1 2 2
ol = s || ¢ exp(- el
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we get

— _ - oo 00 . -
e e A (L
0 0
xexp(—ti||z|F, — - =t |l2llF, )dts - - dtp,

where
2m
(p/2p1) -+ T(p/2pm)

Therefore, for any non-negative test function ¢ we have

C=7

(G272l 52PN E€), 6(€)) = (|| 2P - ]| /P d(x)) =

o0 o0
:C’/ / tlf/pl_l...tly’r{ljm—l %
0 0

x(exp(—tillzlE, — - = thllzlE,,), d(@))dt - - - diy =
:C/w.../ooﬁl”/pl1...tp/pm—1 %

0 0 "
cl(exp(— Bl — - — 2l ) (E), (E))dtr  diye

We claim that the latter expression is non-negative. Indeed, (R, ||z||g) embeds in
L, for any ellipsoid, therefore the 2-sum of ellipsoids ||z (|7, + - -+t2 ||z||%, embeds
in Ly, and hence by Theorem 5.6.2, the function exp(—tf||z||3, —- - —t2,||z[|%,) is
positive definite. Now the fact that
((l=]| )™, @) > 0 follows by an approximation argument, as in Corollary 5.4.3.

O

Theorem 5.6.4. Let K be an origin symmetric star body in R™. If the space

(R™,|| - ||x) embeds in L_, for every p € (0,¢), then it also embeds in Ly.

Proof. The space (R", ||-|x) embeds in L_,, so by Theorem 5.6.1 the distribution

||z|| 7P is positive definite. Then for every non-negative test function ¢ supported
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outside of the origin,

- / feldde = Tm [ (o] Dd)dr

p—0 P Jrn

1 .
= lim - P dx > 0.
i L 2] Pé(z)dx >

The result follows from Theorem 5.3.1.

U

Theorem 5.6.5. There are normed spaces that embed in Lo, but do not embed in

L, for p> 0.

Proof. As proved above, every 3-dimensional normed space embeds in Lg, hence lf;

with ¢ > 2 does. On the other hand, lg’, q > 2 does not embed in L, for 0 <p <2
(see [Kol]).

O

Let us also mention that one can use the approach of [KK1] to produce examples

in the same spirit. It follows from [KK1], Proposition 3.5 that R @5 ¢; does not

embed isometrically into L, for p > 0; hence neither does R @4 (7 for large enough

n.
Proposition 5.6.6. For any n € N the space R @9 {7 embeds in Ly.

Proof. Let (f,)r, be a sequence of functions on some probability space which
are independent and 1-stable symmetric, so that E(e®/i) = e~ (i.e. the f; have

the Cauchy distribution). Then it is clear that

Eln|) a;fil =) |ayl.
P =1

82



Indeed this follows from the fact that

1 [ In|z|
- dr = 0.
7r/_ 1+ 22 r=0

o0

On the other hand if f = 37 | a;f; where » 7, [a;| = 1 then f has the Cauchy
distribution and so has the same distribution as g1 /g2 where g1, g» are independent

normalized Gaussians. Hence

Eln|a+ bf| = E(In |ags + bg1| — In |ga|)

= In(a® + bQ)%.

Now for any ag, ay,...,a, € R we have
1
n n 2
Elag+ Y a;f;] =In (|ao|2 +0 |aj|)2> :
j=1 j=1

This shows (using the remarks at the end of section 5.2) that R &, £} embeds

into L for every n. O

Theorem 5.6.7. Let K be an origin symmetric star body in R™. If the space

(R™,|| - ||x) embeds in Ly, , 0 < py < 2, then it also embeds in Ly.

Proof. Since (R",| - ||x) embeds in L,,, 0 < py < 2, by [Ko7, Theorem 2] it also
embeds in L_, for any p € (0,n) and hence, by Theorem 5.6.4, it embeds in Ly.

O
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Chapter 6

Centroid bodies and comparison
of volumes

6.1 Introduction

This section is based on our results from [YY]. Let K be a star body in R", then

the centroid body of K is a convex body I'K defined by its support function:

fm(i)zﬁ /K (@.6)ldr, €cR"

Let K and L be two origin-symmetric star bodies in R™ such that 'K C I'L,
what can be said about the volumes of K and L? Lutwak [Lu2] proved that, if
L is a polar projection body then vol(K) < vol(L). On the other hand, if K
is not a polar projection body, then there is a body L, so that 'K C T'L, but
vol(K) > vol(L). Since in R? every convex body is a polar projection body [Sc],
the results of Lutwak imply the following:

Suppose that K and L are two origin-symmetric convex bodies in R™ such that
'K Cc T'L. Ifn = 2, then we necessarily have vol(K) < vol(L), while this is no
longer true if n > 3.

Let K be a star body in R™ and p > 1, then the p-centroid body of K is the
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body I') K defined by:

1
el = (g [ 1@ ePa) e 6)
Clearly, hr, i is a homogeneous function of degree 1, and if p > 1, then this function
is convex, and, therefore, I', K is well-defined. The polar of I', K is called the polar
p-centroid body of K and denoted by I'J) K. Since the support function of a body

is the norm of its polar, h = || - ||, the polar p-centroid body of K is given by

1 » 1/p .
lelegie = (i [ Mo OPar) o g (6:2)

The p-centroid bodies and their polars have recently been studied by different

authors, see e.g. [CG], [GZ], [Lu2], [LYZ1], [LZ]. In [GZ] Grinberg and Zhang
generalized the results of Lutwak discussed in the beginning of this section. Namely,

let K and L be two origin-symmetric star bodies in R™ such that for p > 1

r,K CT,L.

They prove that if the space (R™, || - ||z) embeds in L,, then we necessarily have

vol(K) < vol(L).

On the other hand, if (R, || - || x) does not embed in L,, then there is a body L so
that I')K C I',L, but vol(K) < vol(L).

Note, that if p = 1 the positive answer holds for all convex bodies in R2,
while if p > 1 there is no dimension where this is always true. The preceding
remark suggests considering p < 1 in order to make the answer affirmative in

higher dimensions.
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If p < 1, then the function Ar, (&) in (6.1) is not necessarily convex, therefore
it is not a support function, but the definition of the polar p-centroid body still
makes sense, even though these bodies may be non-convex. So for all p > —1,

p # 0 we define the polar p-centroid body of a star body K by the formula:

1 1/p
el = (o [N 6Pae) e re (6.3
For p = 0, this definition looks as follows (if we send p — 0):
1
felesne = o0 (s [ ml©lae) e re (6.4

Now we can ask the question discussed above for all p > —1. Namely, suppose

that
F;;L C F;K, (6.5)

for origin-symmetric star bodies K and L. Does it follow that we have an inequality
for the volumes of K and L? In this paper we show that if (R", || - ||z) embeds in
L,, p > —1, then we have vol(K) < vol(L). However if (R", || - || x) does not embed
in L,, we construct counterexamples to the latter result.

These results can also be reformulated as follows:
(i) If 0 < p < 1, then in R? the condition (6.5) implies that vol(K) < vol(L), while
this is no longer true in dimensions n > 3.
(ii) If =1 < p <0, (6.5) implies that vol(K') < vol(L) if and only if n < 3.

Clearly the integral in (6.3) diverges if p < —1, but still we can make sense of
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this integral considering fractional derivatives. Indeed, if —1 < p < 0

1 » B 1 oo )
Vol(K)/K’(x’é)‘ = R /_OO|Z| /(I’é):ZMIIwIIK)dx dz
1

- % /_ 2P Arce(2)dz

QF(p + 1) (—p—l)(())
vol(K) = 54 ’

where Ak ¢(2) is the parallel section function of K, and A(K_g_l)(O) is its fractional

derivative at zero. So, in such terms our problem can be written as follows:

Suppose K and L are two origin-symmetric star bodies, so that for all £ € S"~!:

At V(0) _ A0)
vol(K) —  wvol(L)

Do we necessarily have an inequality for the volumes of K and L?

Note that Koldobsky already considered such inequalities (see e.g. [Kol0])
without dividing by volumes. So, for —1 < p < 0 the positive part of our results
can also be obtained from the results of Koldobsky, but we give our own proof. The
case p = —1 leads to the following modification of the Busemann-Petty problem.

Let K and L be two convex origin-symmetric bodies in R™ such that

vol, (K N&L)  vol, ((LNEL)
vol(K') - vol(L)

Does this imply an inequality for the volumes of K and L?

It is easy to show that in dimensions n < 4 we have vol(L) < vol(K). The proof
is almost identical to that of the original solution of the Busemann-Petty problem
from [GKS]. The counterexamples in dimensions n > 5 from [GKS] also work in

this situation.
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In view of all these remarks one can consider our results as a certain bridge
between the results of Lutwak-Grinberg-Zhang about p-centroid bodies and the

results of Busemann-Petty type obtained by Koldobsky.
6.2 Centroid bodies for —1 <p < 1, p#0.

The support function of a convex body K in R" is defined by

hiele) = max(a, €), @ € R,

If K is origin-symmetric, then hg is the Minkowski norm of the polar body K*.
Recall a result P.Lévy, (see [BL, p. 189] or [Kol2, Section 6.1]), that a space
(R, - ||) embeds into L,, p > 0 if and only if there exists a finite Borel measure

4 on the unit sphere so that, for every x € R,

JolP = |l OPdu(e) (6.6
On the other hand, this can be considered as the definition of embedding in L,
—1 < p <0 (cf. [KoT]).
It was proved in [Ko2] that a space (R", ||-||) embeds isometrically in L,, p > 0,
p ¢ 2N if and only if the Fourier transform of the function I'(—p/2)||z||? (in the
sense of distributions) is a positive distribution outside of the origin. If —n < p <0
a similar fact was proved in [Ko7]: a space (R", | - ||) embeds in L, if and only if
the Fourier transform of || - ||P is a positive distribution in the whole R™.

Now we are ready to prove our first result.

Theorem 6.2.1. Let —1 <p <1, p#0. Let K and L be origin-symmetric convex
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bodies in R", so that (R™, || - ||x) embeds in L, and
K C TSL. (6.7)
Then vol(L) < vol(K).

Proof. First let us prove the case 0 < p < 1. Since (R", || - ||x) embeds in L, there

exists a measure px on the unit sphere S™~! such that

lollf = [ P dusc(e)

Note that (6.7) can be written as

vol /’x’g‘p

Integrating both sides of the last inequality over S™ ! with the measure p g, we

(6.8)

get

/ /IﬂffldwduK / /|x§|pda:duK<>
VOl Sn—1 VO] Sn—1

Applying Fubini’s Theorem,

1
p <

Note that

lol="
/HxH%dm _ / (/ o). r”ldr> a9
K Sn—1 0

1 . n
_ / 6]l do =
n+p Snfl n

Therefore, (6.9) can be rewritten as

1 » n
_ dr < .
vol(L) /L lelkdr < 2=

(6.9)

pvol(K).
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Using the inequality

1 P g n vol(L) p/n
vol(L) /L e licdr 2 n+p (VOI(K)> (6.10)

from [MiP, Section 2.2], we get

n 1 n [ vol(L)\""
> Pdr >
n+p — vol(L) /L lelzdr 2 n+p (VOI(K)) ’

therefore vol(L) < vol(K), which proves the theorem for 0 < p < 1.

Now consider —1 < p < 0. In this case (6.7) is equivalent to

1 ) # N b
vol(L) JACIEE wol( ) [ g (6.11)

Since (R™,|| - ||x) embeds into L,, p > —1, there exists a measure px on the

unit sphere such that
lolli = | 1w ©)Pduc(©)

Integrating both sides of (6.11) over S™~! with the measure ux and using the

same argument as in the first part of the proof, we get

p >—
Vol /||x|| o> (6.12)

Passing to spherical coordinates and applying Holder’s inequality

ozt
/L||x||§<dx - /S (/0 ' Tn+p—1||6||’l’<dr> o

1 o
= = | 1o el

n—+p

1 (n+p)/n -p/n
0|7"do / 0 _"dﬁ)
= (L era) (e

_ n (n+p)/n —p/n
= (vol(L)) + (vol(K)) .
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So (6.12) can be written as

]_ n+p)/n —p/n
1 < m(vow»( " (vol(K)) ™/

= (vol(L))"™ (vol(K)) ™™™
Therefore, using the fact that p < 0, we get vol(L) < vol(K).
O
Since all 2-dimensional spaces embed in L;, and therefore in L, with -2 <
p <1 (see e.g. [Kol2, Chapter 6]), and all 3-dimensional spaces embed in Ly, and

therefore in L, with —3 < p < 0 (see [KKYY]), we have the following

Corollary 6.2.2. Let K and L be origin-symmetric convexr bodies in R"™, so that
K C I L. Then

i) if 0 < p < 1, we necessarily have vol(L) < vol(K) in dimension n = 2,

it) if —1 < p < 0, we necessarily have vol(L) < vol(K) in dimensions n = 2

and 3.

In order to show a negative counterpart of Theorem 6.2.1, we need some lemmas.

The following Lemma is [Ko12, Corollary 3.15] with £ =0 and p = —¢ — 1.

Lemma 6.2.3. Let —1 <p < 1, p # 0. For an origin-symmetric convex body K
i R™ we have

™

(117" €) = =TTy o[- OF 101

We will use this formula in the following form:

(el2) ) = =50 e [ @O
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Also we can write this formula in terms of fractional derivatives of the parallel
section function of K. Recall that the parallel section function of a an origin-

symmetric star body K is defined by

Ane®) = | sl

For —1 < ¢ < 0 the fractional derivative of this function at zero is defined by

1 > 1
AR(0) = m/_w 2|7 T Ak g (2)dz = 2 (—q) /K (2, )|~ da.

In fact one can see that this is analytically extendable to ¢ < —1. Therefore Lemma

6.2.3 can be reformulated as follows. Let —1 < p <1, p # 0, then

m(n +p)

B (=p-1)
sin(7p/2) Ake (0)

()" €) =

Note, that for —1 < p < 0 this formula was proved in [GKS].

Now recall a version of Parseval’s formula on the sphere proved by Koldobsky
[Ko6].
Lemma 6.2.4. If K and L are origin-symmetric infinitely smooth bodies in R™

and 0 < p < n, then (||z||;F)" and (||z||,""")" are continuous functions on S™!

and

[ ety © (el e = o [ ol do
Sgn—1

Sn—1

Remark 6.2.5. A proof of this formula via spherical harmonics was given in
[Kol0]. Repeating this proof word by word and using the above definition of
the fractional derivative of order ¢ < —1, one can easily extend this result to

—1<p<O.
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Now we prove a negative counterpart of Theorem 6.2.1.

Theorem 6.2.6. Let L be an infinitely smooth origin-symmetric strictly convex
body in R™, for which (R™,||-||z) does not embed in L,, —1 <p <1, p#0. Then

there exists an origin-symmetric convex body K in R™ such that

K CT3L.
but
vol(L) > vol(K).
Proof. First consider 0 < p < 1. Since (R",|| - ||.) does not embed in L, there

exists a & € S"! such that (||x||%)" (€) is positive; for more details see [Ko2].
Because (||z]2)" () is a continuous function on S™!, there exists a neighborhood

of & where it is positive. Define
Q={0es" " (|]})" (8) > 0}.

Choose a non-positive infinitely-smooth even function v supported in €. Extend
v to a homogeneous function |z|, " Pv(z/|z]2) of degree —n — p on R™. By [Kol2,
Lemma 3.16], the Fourier transform of |z|," Pv(z/|x]2) is equal to |x|5 g(z/|z]2)
for some infinitely smooth function g on S™~!.

Define a body K by
el = Nzl + el ™ g(x/|2]2)

for some small € so that the body K is convex (see e.g. the perturbation argument

from [Kol12, p.96]). Applying the Fourier transform to both sides we get
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(lzllx" )" ©) = (lllz" )" (€) + e(@m) € lu(E/[E]2).

So using the formula from Lemma 6.2.3

(ell)" € = Ppysin (25D [ (oo

we have

/L|(x,§)|pdx</K|(:v,§)|pdx. (6.13)

Consider the integral

/S‘nl

A

z]17)" (&) (1]l ") (§)de
(lzl5)" ©) (Il ll7"™)" (€)de + e(2m)" / (el €)oo
(l]12)" () (lllz" )" (€)de

n—1

—~

n—1

<

T~

= (2m)" /Snl lz||7 ||z||." Pdx = (27)"nvol(L). (6.14)

Here we used a version of Parseval’s formula (Lemma 6.2.4 and Remark 6.2.5) and
the fact that v is negative on ).

On the other hand, again using Parseval’s formula and (6.10)

[ el (@ (el ) €y = 2 |

Sn—

il el

VO P/
— (27)"(n + p) /K Izl dz > (27)"nvol(K) (VO}EE;) | (6.15)
Combining (6.14) and (6.15) we get
vol(K') < vol(L). (6.16)

Now from (6.16) and (6.13) it follows that

1 » 1 P
i [ @ oris < = [ @ opas
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which is equivalent to
i CTL.
Now consider the case —1 < p < 0. Since (R™, || - ||z) does not embed in L,,
there exists a & € S~ such that (||=|%)" (€) is negative, see [Ko7, Theorem 1].
Define

Q={0e 5" (|l=]I7)" (6) < 0}

and choose v(f) the same way as in the first part.

Define a body K by

™" _ lll™"

vol(K) — vol(L)

+elaly" g/ |x))

for some small € so that the body K is convex. Applying Fourier transform to both

sides we get

1 e\ A ey L ey A -
vol(K) (") &= oD (I12"77) " (&) + e(2m)"[€5v(€/1€]2)-

Again using the formula from Lemma 6.2.3 and the fact that v(f) is non-

positive, we have

1 p 1 p T
7 [ @ ords < = [ 1w opa.

which is the same as I') K C I'JL, since —1 <p <0.

Consider the integral

1 PAA —n—p\/
< o el © (1ol )" (€)ae

1 PAA —n—p\A n pAA
= WD / (121" (©) (lall " )" (€)dg + e(2) / (ll2l5)" ()o(€)de

Sn—1
95



> i [ el € ()" €)de = (617

Here we used Parseval’s formula and the fact that v is negative on €2.

On the other hand, again using Parseval’s formula and Holder’s inequality

[ el © (el e - o |

Sn—

—p/n (n+p)/n
(2m)" ( / ||o:|r;”dx) ( / r|x||;<"dx>
Sn—l Sn—l

= (27)"n (vol(L)) ™"/ (vol (K ))"tP)/" (6.18)

Mlizllelz™ d

IN

So combining (6.17) and (6.18) we get vol(L) > vol(K).

The result of Theorem 6.2.6 can be formulated as follows:

Corollary 6.2.7. i) Let —1 < p < 0. There exist origin-symmetric convex bodies
K and L in R*, so that T} K C T3 L, but vol(L) > vol(K).
ii) Let 0 < p < 1. There exist origin-symmetric convex bodies K and L in R3,

so that I'y K C T'y L, but vol(L) > vol(K).

Proof. Consider only the case —1 < p < 0, the other case is similar. In view
of the previous theorem it is enough to construct an origin-symmetric infinitely
smooth convex body L € R* for which the distribution (||z||})" is not positive.
The construction will be similar to that from [GKS].

Define fy(z) = (1 — 22 — Na*)¥/3; let ay > 0 be such that fy(ay) = 0 and

fn(x) > 0 on the interval (0,ay). Define a body L in R* by

L ={(xy, 79, 23,74) €R*: 24 € [~an,an]and \/2? + 23 + 23 < fn(z4)}.

The body L is strictly convex and infinitely smooth.
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By the formula

q

7r(77,——(]2—1) (=l )" (©)

COS
A0 =

from [GKS] and the definition of fractional derivatives, we get

PAA o vy (3+p)
10 © = g Al O

_ ™ > Apg(z) — Are(0) — A7 (0 )%d
B =

['(—3 — p) cos Z4p

Note that the coefficient in the latter formula is positive, therefore it is enough to
show that the integral is negative.
The function A ¢ can easily be computed:

4
Ape(z) = ;(1—x — Nz%).

We have

[ () = Ac(0) — A(0)

22
2d

Z fr—
Z4+p

4 1 1+ 1 1
= — | ———Nay? + — .
3 ( 1+p N (1+ p)aly (1+p) (3+pla 3+P>

The latter is negative for N large enough, because N4 - ay — 1 as N — oo.

6.3 Centroid bodies for p = 0.

In this section we extend the results of the previous section to p = 0. Recall that a
space (R™, ]| - ||) embeds in Ly if there exist a finite Borel measure p on the sphere

S™~1 and a constant C' € R so that, for every € R”,

il = [ i@ ©lau) + (6.19)
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In our next Lemma we prove that a representation similar to (6.19) holds for

all infinitely smooth bodies, with i being a signed measure.

Lemma 6.3.1. Let K be an infinitely smooth origin-symmetric star body in R™.

Then

el = s [ 01Ol (n all)” (€)d€ + O (620

where C s the constant from the definition of embedding in Ly.

Proof. Since the body K is infinitely smooth, by Theorem 5.4.1, (In|jz| )" (€) is
a continuous homogeneous function of degree —n on R™\ {0}.

Let ¢ be an even test function supported outside of the origin, then

([ wieormieo’ @) o)

([ mlol el €. o) )
-/ [ [l ol nlel)’ <s>d5] H(w)da

=[] e g1t el ©ac

Now compute the inner integral using Fubini’s theorem and the connection

between the Radon and Fourier transforms (1.2):

/ In|(z, &)|d(x)dz — / In |¢ b () dudt
R R (z,8)=t

= — [ (In|t)"\(2) o(x)dx ' (2)dz = —= ’Z‘flqz('zf)dz
217T /]R </(z,s)t ) ; /R

— —2”_177"/R|z|_1¢(z§)dz = —(27r)”/ 2T p(26)dz

0
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Here we used the formula for the Fourier transform of In [t| (see [GS, p.362])
(Infz])" (t) = ==t~ (6.21)

outside of the origin. Therefore, passing from polar to Euclidean coordinates and
recalling from Theorem 5.4.1, that (In||z||x)" is a homogeneous function of degree

—n on R™\ {0}, we get
([ mieol i’ ©d) o

=y [ [T o0 mlel @
=20 [ oo) tnllell)” iy = ~ ()" {(n ) )

It follows that

(/ 1n|($7€)|(lnllxllK)A(é)dﬁ) = —(2m)" (In ||z x)"
gn—1

as distributions outside of the origin. Hence, the functions —(27)"In ||z||x and

Jgnr In[(z,€)] (In 2] )" (€)d¢ may differ only by a polynomial. But

1

o [l 9l el €)de + n el

is a homogeneous function of degree zero, therefore this polynomial is some constant

C', which is exactly the constant from Definition 5.2.1, as computed in [KKYY].

O

Now we need a version of Parseval’s formula for L,. How does the formula of
Lemma 6.2.4 look if we pass to the limit as p — 07 The answer to this question is

given in our next Lemma. Even though in the proof we use an argument based on
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Lemma 6.3.1, one can obtain the following Lemma by taking the limit in Parseval’s

formula.

Lemma 6.3.2. Let K and L be infinitely smooth origin-symmetric star bodies in

R"™. Then

_(271r)n /S ULanMHdw] (tha?HK)A(f)df:/L(lonHK—C’K)dx.

Proof. By Lemma 6.3.1 we have

1
(27)"

/Sn_l In|(z, )] (In |zl x)" (€)d¢ = In 2] x — Cx.

Integrating this equality over the body L we get the statement of the Lemma.

Now we prove the main result of this section.

Theorem 6.3.3. Let K and L be two origin-symmetric star bodies in R™ such that

(R™, || - ||x) embeds in Ly and
DK T3 (6.22)

for every € € S"L. Then

vol(L) < vol(K).

Proof. Since (R™, || - ||x) embeds in Lg, there exist a probability measure ux on
Sm~1 (which is the restriction of the Fourier transform of In ||| x to the unit sphere)
and a constant C'x from Definition 5.2.1.

Rewrite inequality (6.22) as follows:

Jylnl(@ Olde _ [y In|(z, O)lde
vol(L) - vol(K)
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and integrate it over S™"~! with respect to ux to get

JpIn|(z,§)|dx [0 |(x,€)|de
gn-1 vol(L) durc(§) < gn-1 vol(K)

dpg ().

Using the Fubini theorem and the definition of embedding in Ly, we get

1 1
vol(L) /L<ln lzllx — Cx)dz < o[ ) /K(ln ||| x — Cx)de.

Therefore

1 1 1
|z xde < —— [ Inla]xde = ——
vol(L)/L nllwlede < o) /K llelde ==,

where the latter equality follows from the formula

1 n
P oAy —
vol(K) /K“x”K T ntp

that we had earlier, after differentiating and letting p = 0.

Now use the following inequality from Milman and Pajor [MiP, Section 2.2]:

1

1 1
wol(D) /L In ||| cdz > = + ~[In(vol(L)) — In(vol(K))]. (6.23)

Therefore
vol(L) < vol(K).
]

Remark 6.3.4. Since every three dimensional normed space embeds in Lqy (see

[KKYY, Corollary 4.5]), the previous theorem holds for all convex bodies in R3.

To prove our next Theorem we need the following Lemma.
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Lemma 6.3.5. Let K be an origin-symmetric star body in R™, then the Fourier

transform of ||z||" is a continuous function on R™\ {0} and equals

(2l € = — n / In|(z, &)|dz +

K
+ (nI"(1) — 1)vol(K) — / 10| " In ||| xedb.
Sn—1
Proof. Let ¢ be an even test function. Using the definition of the action of a
homogeneous function of degree —n (see [GS, p.303]) we get

(el @) = (el o))

~

= [ el - o+ [ el
B1(0) R7\ B1(0)
1 R R 00 R
= [ [ - donaras+ [ [ aréo)dras
sn—1 Jo sn—=1J1
1

= [ o ([ 600 - donar+ [t )as

1 A
- Q/SnI 101" (|r[~, (r8))do
1
= = 0|7 (217(1) — 21n |¢], 46do
[ ierm -z, [ oo

.y / 1612 (T'(1) — 1n [(6,€)]) d6, (€)).
Sn—l

Here we used the formula for the Fourier transform of |r|~! from [GS, p.361]:
(Ir|7)™(t) = 21"(1) — 21In]¢].

Thus we have proved that

el ©) = [ 10 () = wl0.9)1)ao. (624
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Next, let us compute the following:

[y
— n—1
/Kln |(z,&)|dx = /Sn_l /0 " n|(r0, &) |drdf

1" 1"
= / / rt lnrdrd@—I—/ 1n|(9,§)|/ " tdrde
sn-1.Jo gn-1 0

1 _n 1 . l .
= = [ (e el )+ [l 0,9l

n

Therefore

[ 10l w (0. 1as =
-n 1 -n
—n [ W@ Oldz+ [ (loIz" W 0l + o]z ).
K Sn—1 n

Combining this formula with the formula (6.24), we get

(ell#)"© = = n [ i Oldo +
+ (1) = 1)vol(K) — /

Sn

101" I [|61] 6.

Theorem 6.3.6. There are convex bodies K and L in R™, n > 4 such that
oK CI'gL

for every € € S™71, but

vol(K') < vol(L).

Proof. Let L be a strictly convex infinitely smooth body in R", n > 4, for which
—(In||z||1)" is not positive everywhere. (See [KKYY, Theorem 4.4] for an explicit
construction of such a body.)

Let £ € S"! be such that —(In||z||1)"(£) < 0. By continuity of the function

(In||z||z)"(#) on the sphere there is a neighborhood of ¢ where this function is
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negative. Let

Q=1{0ecs: —(n|z|,) () <0}

Choose an infinitely smooth body D whose Minkowski norm ||z| p is equal to 1
outside of 2 and ||z||p < 1 for x € Q. Let v be a homogeneous function of degree

0 on R™\ {0}, defined as follows:
v(z) =In|jz|p — In|z|s.

Clearly v(z) < 0if z € Q and v(z) =0 if x € S\ Q.

In view of Theorem 5.4.1, the Fourier transforms of In ||z||p and In |z| outside
of the origin are some homogeneous functions of degree —n, therefore the Fourier
transform of v(x) outside of the origin is equal to |z|;"g(x/|x|2) for some infinitely

smooth function g on S"!. Since by Remark 5.3.2

/ (In [12]|p)" (6)d6 = / (In |z],)" (6)d6 = —(2n)",
Sn—l Sn—l

we have

/ g9(0)do = 0. (6.25)
gn—1

Define a body K by the formula:

|l _ [l=l2"
vol(K)  vol(L)

+n2m) elxly"g(x/|2l2). (6.26)

Note that formula (6.25) validates this definition, since integrating the last equality
over the unit sphere we get the same quantity in both sides. Also, since L is
strictly convex, there is an e small enough, so that K is also convex (see e.g. the

perturbation argument from [Kol2, p.96]). From now on we fix such an e.
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Now we will show that K together with L constructed above satisfy the assump-
tions of the theorem. Apply the Fourier transform to both sides of (6.26). Note,
that the Fourier transform of |z|;"g(z/|z|2) is equal to (27)"v on test functions,
whose Fourier transform is supported outside of the origin. Such distributions can
differ only by a polynomial, which must be a constant in this case, since both

functions cannot grow faster than a logarithm (see Lemma 6.3.5). So

(lely"g(/l]2))" = (2m)" (v + ),

for some constant o whose value has no significance for us. Hence, by Lemma 6.3.5,

the Fourier transform of (6.26) looks as follows:

n fen|(@,§)lde  n [ In|(x,§)|de
B vol(K) T vol(L) +ne-v(§) + C, (6.27)

where the constant C' equals

_ S 01" W (16 edbdz [, 101" n (|60} dfdzx
vol(K) vol(L)

C

ne - Q.

Since the bodies L and D are fixed, dilating the body K we can make this
constant equal to zero. Indeed, multiply the Minkowski functional of K by a

positive constant A, then

JeAIOl) ™ I AlBlldfda [ 1|0]]" n [[6]| LdOd

C .
A—vol(K) vol(L) nena
_ S Ol A+ I [|0]| <] dfdz— [} [16]]," In [|6]| Ldfdx Y
vol(K) vol(L)
[ 101" (|6l edbdz [ [16]|7" n ||| . dOdz
= nl - a.
A+ Vol (K vol(L) ne-a

One can choose a A > 0 so that C' = 0. Therefore from (6.27) we get

Jellte Olde _ fynlie.0lds oyl lds
vol(K) vol(L) - vol(L)

(6.28)
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since v is non-positive. Therefore

oK CI'gL.

Now using Parseval’s formula and inequality (6.28) we get

it el Coyde =

N _(271r)”V011K) - UKan’foB} (In [Jz]|£)" (€)dE

— e [ [ [l 9lds = @] el ©de
1 1 N

T (2 vol(L) /Sn_l |:/L1n|<l‘,§>|d:(::| (In [l )" (&)dS

e el LI DACL

1 1 N

= ~ (2m)m vol(L) /Sn_l {/Lln|<x,§>|dx} (In [l )" (&)dg

1
- =D /L(lonHL — Oy,

where the inequality follows from the fact that v is non-positive and supported on

the set where —(In ||z]|£)" (&) < 0.

Recalling the inequality (6.23)

1 1 1 1
- > Yol(K) /Kln |z||pdx > - + E[IH(VOI(K)) — In(vol(L))],

we get

vol(K') < vol(L).
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Chapter 7

Khinchin type inequalities and
sections of L,-balls, p > —2.

7.1 Introduction

In this section we study Khinchin type inequalities and their application to the
slicing problem. These results are from [KPY]. A simple version of the Khinchin
inequality states that for a convex origin symmetric body K in R™ with vol(K) = 1

and p > ¢ > 0, we have for all £ € R"”

(/K|<x,§>|pdx)‘l’ <c (/K |<x,§>|wx)3,

where C' depends only on p and q.

A result of Guédon [Gu] implies that this inequality holds for ¢ > —1. In this
article we extend it further to ¢ > —2 and as an application we prove the slicing
problem for the unit balls of spaces that embed in L,, p > —2.

Recall that an origin symmetric convex body K C R" is called isotropic with

constant of isotropy Ly if vol,(K) =1 and
/ (z,0)%dx = L%, for all § € S™1.
K

For every convex origin symmetric body K there exists a linear isomorphism 7T’
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of R™, such that T'K is isotropic, and we define the constant of isotropy of K by
Lg = Lrk.

Recall that the slicing problem asks the following question. Does there exist a
universal constant C' such that, for every convex origin symmetric body K in any
dimension, we have Lx < C?

An equivalent formulation of this problem is whether there exists a universal
constant ' such that for every origin symmetric convex body in R" the following

inequality holds

(vol(K))n=D/m < ¢ i, vol(K N&t), (7.1)
G n—

where 1 is the central hyperplane orthogonal to . In other words, does there
exist a universal constant such that every convex origin symmetric body of volume
one has a hyperplane section of volume greater than this universal constant?

The problem remains open, the best known estimate up to date is Lx <
O(n'/*logn), as proved by Bourgain [Boul]. However there are many classes of
bodies for which the slicing problem holds true with a constant independent of
dimension (see e.g [Ba2], [BKM], [KMP], [MiP]). In particular the slicing problem
is solved for the unit balls of quotients of L,, p > 1 by Junge [J] and later for the
unit balls of subspaces of L,, p > 1 by E. Milman [M]. As p — oo the latter would
have solved the problem, hadn’t the constant behaved at infinity as |/p.

We try a different approach, considering negative values of p. The concept of
embedding in L_, with 0 < p < n was introduced in [Ko7], and it was proved that

a space (R", || - ||) embeds in L_, if and only if the Fourier transform of || - || 77 is
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a positive distribution in R". We will call unit balls of such spaces L_,-balls. For
example, L_;-balls are intersection bodies and L_;, balls are k-intersection bodies,
see [Ko8].

We would like to know whether the statement of the slicing problem is true for
L,-balls with p negative. Of course, if one could show this for p € (—n, —n + 3],
then one would solve the slicing problem completely, since for any convex body
K € R", the space (R", || - || k) embeds in L, for such values of p, see [Ko12, Section
4.2]. In this paper we employ Khinchin type inequalities, discussed above, to show
that the slicing problem is true for L,-balls, p > —2.

For other results on the slicing problem we refer the reader to [Bou3], [D], [KI],

[MiP], [Pao].
7.2 Subspaces of L, with p > 2.

In this section we give a different proof of the result of E. Milman mentioned in the
introduction. Note that if 0 < p < 2 then the unit ball of the finite-dimensional
subspace of L, is an intersection body (see [Ko7] for 0 < p < 2 and [KKYY] for
p = 0), and the slicing problem for such bodies follows from the positive part of
the Busemann-Petty problem. This problem asks the following question. Let K
and L be two origin-symmetric convex bodies in R", such that vol,,_1(K N H) <
vol,—1(L N H) for every central hyperplane H. Is it true that vol, (K) < vol,(L)?
The connection between intersection bodies and the Busemann-Petty problem was
found by Lutwak [Lul]. The answer to the problem is affirmative if K is an

intersection body and L is any origin symmetric star body. Hence, in order to
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prove the slicing problem for intersection bodies it is enough to take L to be the
Euclidean ball of the same volume as K, see [MiP, Proposition 5.5].

In view of the previous remarks it is enough to consider p > 2.

Theorem 7.2.1. Let p > 2, there exists a constant C(p) depending only on p
such that L < C(p) for the unit ball K of any finite-dimensional subspace of L.

Moreover, C(p) = O(\/p), as p — <.

Proof. According to a theorem of Lewis [Le| (see also [LYZ2, Theorem 8.2] for the
following formulation), if (R™, || - || x) is a subspace of L,, p > 1, then there exists

a finite Borel measure 1 on S™! such that for all z € R"

lelly = [ Vol duto) (7.2
and

o = [ P duto) (7.3

On the other hand, for any body K one has (see [MiP, Section 1.6])

1
Ly < ? da. A
K= n(vol(K)) 2/ /K ol da (74)

Using formula (7.3), applying Hélder’s inequality twice and then using formula

/KW dx:L/Snlux,u)P dp(u) dz
<o [ ([ fwapa)

< o) ([ [ ar o du(m)”” (/. du(u)>”/"
1

10

(7.2) we get



=ommeW(AJm%m)%<Lnﬁmmf2@

Passing to polar coordinates one can easily check that

n
z||h dor = ol(K),
[ Nl do = vol()

therefore the previous computations combined with inequality (7.4) yield

Let us estimate from below the volume of the body K. Let o be the normalized

2
L% <

1
n
1
S —
n

Haar measure on the sphere.

/S i dote) = /S /S @ )P du(w) do(a) =

- [mbaste [ < (2T [

where C' is an absolute constant. The latter estimate follows, for example, from

[Ko12, Lemma 3.12] and Stirling’s formula.

We get

ncfp (/s d”(“))z/p - (/ (1% da(a:)>2/p >

z(émmmmww)“=@mmww@w%%f@mmr%,

n
since vol(B})'/" ~ n~/2 meaning that vol(By)'/"n'/? approaches a non-zero con-
stant, as n — oo, see e.g. [Kol2, p.32].

Therefore inequality (7.5) implies

Cp
Lisn+pé_ymm, (7.6)
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where C'is an absolute constant (possibly different from the one used above).
Finally let us compute the measure of S™~! with respect to p. Integrating

equation (7.3) with respect to o we get

1= /S 2| do(z) = /S /Sn_l(g;,uf dp(u) do(z)

=[P as) [ aut =5 [ auto)

This equality together with (7.6) implies

Ly < Cyp.

7.3 Subspaces of L, with p <0

Recall that Koldobsky [Ko7]| proved that a space (R", | - ||) embeds in L_, if and
only if the Fourier transform of || - |77 is a positive distribution in R™. We will call

unit balls of such spaces p-intersection bodies or L_,-balls.

Lemma 7.3.1. Let K be an infinitely smooth origin symmetric convex body in R™.

If K is a p-intersection body, 0 < p < n, then
(VOl(K))"=P/" < C(n, p) [nax (]l ") (),
c n—1

where

21p P2 1 T(%2)

’an |(nfp)/n.
r(g) n(n—p)/n Qq(n—p)/2

C(n,p) =

Proof. Using the formula for the volume in polar coordinates and Parseval’s formula

1 . 1 .
wl(K) = 1 [ lalde =1 [ el el e
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el M PO I P GES

(2m)™n Jgn-

If K is a p—intersection body, then (||z]|z")" (&) > 0, therefore

1 —n—+p
vol() € e [ () (€0 - ama () (6)

Using that (see [GS, p.192]):

_ ¢ .-
T 2n+p A — 9P n/2 2 2107
(Il ™)™ () F(%)KI

and applying Parseval’s formula again, we get

2 P2 (%5R)
2m)"n  T'(5)

vol(K) < a2y el € x

x max (||z]|"7)"(€)

£€Sn1
2-Pr—n/2 T (Z2R) 3 -
=y L el (1@
2 Pr—n/2 I(%52) p/n )
—n 1§t |(n=p)/n nip
< T (Lt )8 s (a6

ZC(n,p)(Vol(K))p/”-ér%aX ([l %) (€)-

Lemma 7.3.2. Let 0 < p <n and C(n,p) as defined above, then

ol=p 7—p/2

e

C(n,p)-(n—p) <

Proof. We need to show that

(n—p) F("T)
Yoy

|Sn 1|n p)/n<1

The left-hand side is equal to

(n—p) T(:F) (2m 2\ TP+
n(m=p)/n 2x(n=p)/2 \ T'(n/2) B (T(n/2 + 1))(n—p)/n'
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Since the function log(I'(x)) is convex [Ko12, p.30], we have

log(I'(n/2 + 1)) —log(I'(1)) _ log(T((n —p)/2+ 1)) — log(T'(1))
n/2 - (n—p)/2 ’

therefore
(C(n/241))"* > (D((n = p)/2+ 1)) P/,

U
From the result of Lemma 7.3.1 it follows that one can obtain inequalities of
type (7.1) by finding a good upper estimate for (||z||x""")"(¢) in terms of the

section function. This will be the main objective of the next section.
7.4 Khinchin type inequalities

Let K be an origin symmetric convex body. For & € S"~!, consider the parallel

section function Ax¢ on R defined by

Age(t) = vol_1 (K N {(z,§) =t}).

In this section we are interested in Khinchin-type inequalities that would give
an upper bound for (||z[z""?)"(€) in terms of A ¢(0), the central section.

Recall that if K has an infinitely smooth boundary then the fractional deriva-
tives of the function Ak can be computed in terms of the Fourier transform of the

Minkowski functional raised to certain powers. Namely, for p > 0, p # n we have

sin(mp/2)

A 0) =2 S

([l 7)" (€)- (7.7)

In particular, (||z|" ) (€) is a continuous function on the sphere S™! see

also [Kol2, Section 3.3].
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Note also that from the definition of fractional derivative it follows that for

O<p<l1
1 o0
AP :7/ tP Ag ¢ (t)dt 7.8
K¢ ( ) F(l _p) 0 K;f( ) ( )
and for 1 < p <2
_ 1 e
AP :7/ P(A — A ) .
xe (0) i/, tP(Are(l) — Are(0))dt (7.9)

Lemma 7.4.1. Let K be an origin symmetric convex infinitely smooth body in R™.

Then for p € (0,1) we have

(lel)" (6) < —2rn—P)

VO (1=p) K P
o F(? —p) Sin(ﬂ'p/Q) ( I(K)) (A 7&(0))

Proof. From [MiP, p.76] it follows that

F(q) = ((q +1) /OOO tq%:((é))dg 1/(1+q)

is an increasing function of ¢ on (—1, 00).

Therefore, taking ¢ = —p with 0 < p < 1 and using F'(—p) < F(0) we get

* o Ake®) NV [ Awe() | vol(K)
((1 _p)/o ! AK@(O)dt) = /0 AK,g(O)dt 2 Age(0)

Using formulas (7.7), (7.8) and applying the previous inequality , we get

(el € = 20— DA o

_ 7T(7’L — p) 0 Y
- I(1-p) Sin(ﬂp/Z)/o tTP Ak e(t)dt

2717 (n — p)
1- p)F(l - p) Sin(7rp/2)
B i ) VO (1-p) P
~ I'(2 — p)sin(np/2) (vol(K)) (Ak(0))".
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O
Note, that Khinchin type inequalities for negative exponents were also studied
by Guédon [Gu], and the previous Lemma could be also derived from his results.

Next we will be interested in Khinchin type inequalities for p € (1,2).

Lemma 7.4.2. Let K be an origin symmetric convex body in R™. Then for p €
(1,2) we have

27~ (n — p)

Sin(’]'('p/Q) AKag(O)p (VOI(K)) P,

—ndp\ A
()" (€) <
Proof. What follows is similar to [MiP, Section 2.6]. Consider the function

1

J"OOO +P AK’E(U)—AKé(t) dt 1-p

Ak ¢(0)
G(p) = = £
) Jo tP(1 —e7t)dt

We want to show that it is increasing on (1, 2).
Let ®(t) = log Ak ¢(0) — log Ak ¢(t). By Brunn’s theorem, ®(¢) > 0 and it is

increasing and convex on the support of Ak ¢(t). Now

(= e ™)t =
o) = ( S tr(1—et)dt ) '

Let o = 1/G(p), then it is not hard to check that

/ t7P(1 — e~ dt = / t7P(1 — e ®)ar.
0 0

Consider the function

H(z) = / tP(e ) — g7t

We want to show that H(z) < 0 for x € [0,00). Since H(0) = H(co) = 0, it

suffices to show that H(x) is first decreasing and then increasing.
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Indeed,

H'(x) = —a7P(e”®@) — gma),

Since ®(z) is increasing and convex, there is a point xg, such that ®(z) < ax for
0 <z <z and ®(z) > ax for x > xy. Therefore H'(z) < 0if 0 < & < xy and
H'(z) > 0 if x > xo. So, we have proved that H(z) < 0, which means that for

every x > 0
/ t7P(1 — e *Wyat > / t7P(1 — e~)dt.

Now let 1 < ¢ < p < 2, we have
/OO t71(1 — e *Ddt = (p — q) /OO A /OO t7P(1 — e *W)at
0 0 x
> (p—q) /oo aPa! /OO tP(1 — e W)t = /OO t79(1 — e~)dt
0 z 0
= ! /OO t79(1 — e ")dt.
0

Therefore, using the definition of «, we get

SOt (1 — e *®)at
Jo (1 —et)dt

> G(p)
or
G(q) < G(p).
So, G(p) is increasing on (1,2). One can also check that (see Appendix)

lim G(p) = exp (/ t e ®® — e_t)dt>.
0

p—1+

Since, G(p) is increasing on (1,2), we get

G(p) > exp (/ t e ®® — e_t)dt>
0
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for p € (1,2).

If we extend the function G(p) to p € (0,1) by the formula:

* fpe-20) g\ T
G(p) = (fo > :

Jo~ tpetdt

then according to [MiP, p.81], this function is increasing on (0, 1) and therefore

Glo) > GO0) = s

One can show that lim, ,,+ G(p) = lim, ;- G(p), therefore for p € (1,2)

vol(K)
G 2 34 oy

So, for p € (1,2)

1
00 4 p Axe(0)—Age(®) 1.\ T-F
Jo " KgAK,f(ol){g dt\ " - vol(K')

fooo tfp(l — e*t)dt - 214[@5(0)

or

1 0 _pAK,E(t) — A[Q&(O) VOI(K) 1-p
ra —p)/o : Ak (0) "= (2141@5(0)) ‘

Using formulas (7.7), (7.9) and applying the previous inequality , we get

(el (€ = ZE= DA o

~ ST, et~ Ando

21 (n — p)
sin(mp/2)

Ag¢(0)P (vol(K))' 7.
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7.5 Slicing problem for L,-balls, —2 < p < 0.

In this section we combine the results of previous sections to prove the slicing for
L,-balls, =2 < p < 0. Note that it is enough to consider only infinitely smooth
bodies, since every L,-ball can be approximated in the radial metric by infinitely

smooth L,-balls.

Theorem 7.5.1. Let 0 < p < 1, if K is an infinitely smooth convex p-intersection

body, then

(vol(K)" " < C(p) max, Axce(0),
c n—1

where

7r1—p/2

1/p
Cp) = (I‘(p/Q)F(Z —p) sin(wp/2)> :

Proof. Combining the result of Lemma 7.4.1 with the inequality

(vol(K)) "7 < Cn,p) max,(lal[ 7€)

from Lemma 7.3.1 we get

C(n,p)2r~tx(n — p) max (A ¢(0))?

VO (pn—p)/n
(vol(£)) = ['(2 — p)sin(np/2) cesn—

or

max Ak ¢(0).

n—1)/n C(n,p)2P~tx(n — p) 1/p
(vol(K))=1/ <( ) .

~ \ I'(2 — p)sin(mp/2)

Invoking Lemma 7.3.2, we get the result.

Now we are interested in the values 1 < p < 2.
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Theorem 7.5.2. Let 1 < p < 2, if K is an infinitely smooth convex p-intersection
body, then

(vol(K))"=D/m < C(p) ax Ag(0),
c n—1

where

) = <r<p/27§1si:<2wp/2>>l/p'

Proof. Using Lemmas 7.3.1 and 7.4.2 we get

opr—1 —
20 =D)Lk A (0)7.

1(K))mP—P)/n <
(YOl (K)) " P/ < Ol p) =005 o

Again recalling Lemma 7.3.2 we get the result.

7.6 Appendix

Here we compute the limit that we used in Lemma 7.4.2.

Lemma 7.6.1. Let

00 ,_p Ak e(0)—Ag (1) 1-p
fO t p%dt

JotP(1 — e t)dt

m-on ([ (245 )

Proof. Denote ®(t) = log Ak (0) — log Ak ¢(t). We have

_1
i ( S e-¢<t>>dt>

p—1t \ [T tP(1 — e t)dt

o ([ 70 ) ()
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1 ! 1 >
1 — N t7P(1 — e ®ON\gp — —— _/ —pp—2(t)
pir{%rexp(l_p[og(/o (1—e )dt - 1 tPe dt
1 1 e}
—log (/ tP(1 — e Ndt — —— — / tpetdt) D
0 1—p 1

Applying I’'Hospital’s rule, we get

1, _ 0o ,_ _
- — A,z — P
Jo t7Plogt (1 — e ®W)dt — 15 — [Tt Plogt eVt
= lim exp ( = -
Jo tP(1—e®®)dt

p—>1+

fol tPlogt (1 —e™")dt — = p)2 — [Tt Plogt e tdt
Jo (1 — e t)dt >

<f01 tPlogt (1 — e ®)dt — L — [[“tPlogt e_q’(t)dt>
= Jim e (-
im exp Jotr(l — e dtfotpl—e t)dt

p—>1+

X

x/ t7P(1 — e ")dt+
0

<f01t’plogt (1—et)dt — — [ZtPlogt e tdt)
” J (1 —e®® dtf tpl—e—t)dt

></ tP(1 —e—‘I’(“)dt)
0

Now multiplying both the numerator and denominator by (1 — p)? and using

that

lim (p — 1)/ t7P(1 — e *®)dt =
0

p—1t

1 00 00
= lim (p — 1) { / t7P(1 — e *W)dt + / tPdt — / t—pe—é(wdt}
p—1t 0 1 1

1 1 00
= lim (p — 1) [ / t7P(1 — e ®®)dt + — - / tpeq’(t)dt] =1
0 1

p~>1+ p —

and similarly

lim (p — 1)/ tP(1—e Hdt =1
0

p—1+
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we get

lim G(p) = lim exp (/ tP(1 — e h)dt — / tP(1 — e—‘l’(t))dt>
0 0

p—>1+ p—>1+

= exp </0°° t~ e — e_t)dt>
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