BAYESIAN SPATIAL DATA ANALYSIS
WITH APPLICATION TO
THE MISSOURI OZARK FOREST
ECOSYSTEM PROJECT

A Dissertation
Presented to
the Faculty of the Graduate School

University of Missouri-Columbia

In Partial Fulfillment

Of the Requirements for the Degree

Doctor of Philosophy

by
XIAOQIAN SUN

Dr. Zhuoqgiong He, Dissertation Supervisor

AUGUST 2006



The undersigned, appointed by the Dean of the Graduate School,
have examined the dissertation entitled.

BAYESIAN SPATTIAL DATA ANALYSIS
WITH APPLICATION TO
THE MISSOURI OZARK FOREST ECOSYSTEM PROJECT

presented by XIAOQIAN SUN
A candidate for the degree of Doctor of Philosophy

And hereby certify that in their opinion it is worthy of accep-
tance.

Dr. Zhuoqgiong He

=

Dr. Paul Speckman

Dr. Dongchu Sun

Dr. Christopher Wikle

Dr. John Kabrick




Acknowledgements

I would like to express my sincere gratitude to my advisor, Dr. Zhuogiong He for
her guidance, encouragement and patience throughout this project. Also, I would like
to thank Dr. John Kabrick and Dr. Dongchu Sun for their kind help during preparing
this project. This work would never have been done without their inspiration and

enthusiasm.

[ am also very grateful to Dr. Speckman and Dr. Wikle for serving on my advisory
committee. Special thanks go to Judy and Tracy for their help during my stay at
Department of Statistics, University of Missouri-Columbia. In addition, I would
like to express my appreciation to Mr. B. J. Gorlinsky of Missouri Conservation

Department for providing the useful data sets.

Foremost, I wish to acknowledge all the love from my wife Yanhong and my son

Bo. It is to them that I dedicate this work.

i



Contents

Acknowledgements

List of Tables

List of Figures

Abstract
1 Introduction
2 Bayesian Inference on a Covariance Matrix in a Star-shaped Model

2.1 Introduction . . . . . . ... ..
2.2 MLEs and Unbiased Estimators . . . . . .. .. ... ... ......
2.2.1 Sample observations . . . ... ... ... L.
2.2.2  Cholesky decomposition . . . . . .. ... ... ... ...
2.2.3 The maximum likelihood estimates . . . . . . . ... ... ..
2.2.4 Unbiased estimators . . . . . . ... ... .. ... .. ... .
2.3 The Invariant Haar Measures and Noninformative Priors of ¥
2.3.1 The Invariant Haar measures . . . . . . . .. ... ... ...
2.3.2 The Jeffreys prior and a reference prior . . . . . . . . ... ..
2.4 Properties of Posteriorsof W . . . . . . . ... ... L.
2.5 Bayesian Estimators of  under the Stein Loss . . . . . . .. ... ..
2.6 Bayesian Estimators of @ under the Entropy Loss . . . . . . . .. ..
2.7 Bayesian Estimators of  under the Symmetric Loss . . . . . . . ..
2.8 Estimating the Covariance Matrix . . . . . .. . ... ... ... ...
2.9 Simulation Results . . . . . . ... ...
2.10 Concluding Remarks . . . . . . .. .. .. . Lo
2.11 Appendix . . . . . ...

il

ii

vi

vii



3

An Efficient Simulation Algorithm for Bayesian Spatial Analysis 46

3.1 Introduction . . . . . . . ... 46
3.2 The Model . . . . . . . . . . 48
3.2.1 The likelihood . . . . . . . . ... oL 48
3.22 ThePriors . . . . . . .. 49
3.2.3 Integrated likelihood . . . . . . . . .. ... ... L. 50
3.3 Posterior Simulation . . . ... .. ... 00 51
3.3.1 Gibbssampler . . . . .. ... Lo 51
3.3.2 The generalized Ratio-of-Uniforms method . . . . . . . . . .. 52
3.3.3 A new simulation algorithm . . . .. ... ... ... .. ... 53
3.4  An Hlustrative Example . . . . .. .. ... ... ... ... ..... 55
3.5 Concluding Remarks and Discussions . . . . .. ... ... ... ... 62

Bayesian Spatial Reference Analysis with Application to Site Index

Prediction 64
4.1 Introduction . . . . . . . . . ... 64
4.2 The Gaussian Model . . . . . . ... .. ... ... ... ..., . 67

4.2.1 Data structure and the likelihood . . . . . . . ... ... ... 67
4.2.2 The correlation function . . . . . ... ... ... ... .. .. 71
4.2.3 Theprior . . . . .. 72
4.3 Statistical Inference for Parameters . . . . . . . . .. ... ... ... 73
4.3.1 Estimating the smoothness parameter . . . . . . . . . .. . .. 73
4.3.2 Posterior simulation . . ... ... ... ... ... ... ... 75
4.4 Model Validation . . . . . .. ... .. ... ... ... . ..., 84
4.5 Spatial Prediction of the Site Index . . . . . . . . .. .. ... .... 86
4.5.1 Bayesian prediction at one location . . . . . .. .. ... ... 86
4.5.2 Bayesian prediction of spatial block average . . . . . ... .. 90
4.5.3 Bayesian prediction of spatial CDFs . . . . . . . ... ... .. 97
4.6 Concluding Remarks and Discussions . . . . . . . ... ... ... .. 97

Bayesian Spatial Models with Repeated Measurements — with Ap-

plication to the Herbaceous Data Analysis 103
5.1 Imtroduction . . . . . . . . . ... 103
5.2 Model Development . . . . . . . . . ... L 105

5.2.1 Hierarchical Model . . . . . . . ... ... ... ... ..... 105
5.2.2 The Likelihood . . . . . . ... ... .. ... ... ...... 108
5.3 The Posterior Distribution and Sampling Schemes . . . . . . . . . .. 109

v



54

55

5.6
Bibliography
Vita

5.3.1 The Full Conditional Distributions...........ccoovieiie i, 109

5.3.2 Shrinkage Slice Sampler........cccoviiii i 130
5.3.3 Simulation Algorithm....... ... 112
PrediCtiON. .. .. e 113
Application to the Herbaceous Data Analysis...............ccovevenee 114

Discussion and ConcluSiON..........o.vveiieiie e e e 124
130



List of Tables

4.1 Summary of Covariates . . . . . .
4.2 Posterior Quantities of (8,02, 0).

5.1 Posterior Quantities of (8,0%,7%,0,p). . . . . ... ... ... ...

vi



List of Figures

2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

2.9

2.10

3.1
3.2
3.3

Risk Comparisons when (p1, pe,p3) = (2,1,1), (n1,n2,n3) = (3,4,5)

and 5 <n <15. (a)under Lj, (b) under L}, and (c) under Lj. .. 29
Risk Comparisons when (p1,pe,ps3) = (2,1,1), (n,n9,n3) = (5,4,5)
and 5 <ny; <15. (a) under Lj, (b) under L}, and (c) under L3. . . 30
Risk Comparisons when (p1,pe,p3) = (2,1,1), (n,ny,n3) = (5,4,5)
and 5 <ny <15. (a) under Lj, (b) under L}, and (c) under L. . . 30
Risk Comparisons when (p1,p2,p3) = (2,2,1), (n1,n2,n3) = (3,5,4)
and 5 <n <20. (a)under Lj, (b) under L}, and (c) under Li. .. 31
Risk Comparisons when (p1,pe,p3) = (2,2,1), (n,ng,n3) = (6,5,4)
and 3 <ny; <15. (a) under L7, (b) under L}, and (c) under Lj. . . 31
Risk Comparisons when (p1,pe,p3) = (2,2,1), (n,n1,n3) = (6,3,4)
and 5 <ny <15. (a) under Lj, (b) under L}, and (c) under L. . . 32

Risk Comparisons when (p17p27p37p47p5> - (27 27 37 47 1)7 (nlv N2, N3, N4, n5> -
(3,5,6,7,4) and 13 <n < 20. (a) under L}, (b) under L}, and (c)
under Li. . . . .. 32
Risk Comparisons when (p17p27p37p47p5) = (27 27 37 4a 1)7 (TL, Ng, N3, Ny, 715) =
(14,5,6,7,4) and 3 <ny; < 10. (a) under L}, (b) under L3, and (c)
under L3. . . . .. 33
Risk Comparisons when (p1, pa, p3, Pa, Ps) = (2,2,3,4,1), (n,ny, ng,ng, ns) =
(14,4,6,7,4) and 5 < ny < 11.  (a) under Lj, (b) under L}, and (c)
under L3. . . . ..o 33
Risk Comparisons between Q;5 and Qp; when (p1,ps,p3) = (2,2,3),
(n,m1,m9,n3) = (10, 3,5,4) and ¥ = diag(A,1,1,1,1,1,1).  (a) under

Li, (b) under L}, and (c) under L. . . . . ... ... ... 34
The Reference Prior 72(0). . . . . ... .. ... ... ... ... 57
The Non-normalized Marginal Posterior Density of 6. . . . . . . . .. 57

Acceptance Area based on the Generalized Ratio-of-Uniforms Method. 59

vil



3.4

3.5

3.6

4.1

4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9

4.10

4.11

4.12

4.13

4.14
4.15

Histogram, Density Estimate for the Posterior of # based on Simula-

BIOTL . . . 60
Histogram, Density Estimate for the Posterior of o2 based on Simula-

tlon. . . . . L e 61
Posterior Densities of 3;,4 =0,1,...,5. . . . ... .. ... .. ... 62

173 Sampled Black Oaks in Sites One and Two of the MOFEP Study:
Locations for Modelling Marked as “-” and Those for Model Validation

Marked as “ X 7. . . ... 68
The marginal density m(z | v) intermsof v . . . . . .. ... .. .. 75
The Marginal Prior 7(6) with v =0.13. . . . . ... ... ... ... 7
The Plot of L1(0;z)n(0) with v =0.13. . . . . ... ... ... ... 77
The Acceptance Area with the Ratio-of-Uniforms Method . . . . . . 80
Histogram of 0 for the Model in § 4.2. . . . ... ... .. ...... 82
Histogram of o2 for the Model in § 4.2. . . ... ... ........ 82
Histograms of 3y, (1, (2, B3 for the Model in §4.2. . . . .. ... ... 83

Histogram of zy Sampling from the Predictive Distribution at (665614.875,
4115457.5): Covariate Information (Aspect Class—Exposed, Land Type
Association-OZ9b and Soil Depth— Deep) . . . . . . ... ... ... 88

Histograms of the Predictive Distribution at Four Different Locations:
(a) Location (666194.875,4116397.5), Covariate Information (Aspect
Class—Exposed, Land Type Association—-OZ9b and Soil Depth—Deep
to Very Deep); (b) Location (666124.875,4114517.5), Covariate Infor-
mation (Aspect Class—Exposed, Land Type Association—OZ9b and Soil
Depth—Deep to Very Deep); (c) Location (664474.875,4115407.5), Co-
variate Information (Aspect Class—Protected, Land Type Association—
0Z9e and Soil Depth—Shadow to Deep); (d) Location (665564.875,4115337.5),
Covariate Information (Aspect Class—Exposed, Land Type Association—
OZ9b and Soil Depth-Deep to Very Deep) . . . . ... ... ... .. 89

The Map of the Aspect Class at Site One: the Red Represents the
Area with Protected and the Blue Represents the Area with Exposed 91

The Map of the Land Type Association at Site One: the Red Repre-
sents Current River Oak-Pine Woodland/Forest Hills (OZ9b) and the
Blue Represents Current River Oak Forest Breaks (OZ9). . . . . . . 92

The Map of the Soil Depth at Site One: the Red Represents the Soil
Depth Varying from Deep to Very Deep and the Blue Represents the
Soil Depth Varying from Shallow to Deep. . . . . . .. .. ... ... 93
The Prediction Map of the Site Index at Site One . . . . . . . . . .. 94
The Map of Standard Deviation of the Site Index Prediction at Site
One . . . . 95

viil



5.1

5.2

5.3

5.4

5.5

5.6

5.7

5.8

5.9

MOFEP Vegetation Plot Design. . . . . .. ... .. ... ... ...
Locations of subplots in site one (the square area is for prediction) . .
Histograms of B. . . . . . . . . .. ...
Histograms of (0%, 72,0,p). . . . . . . . . .

The Covariate Information in the Prediction Domain: (a) Aspect Class
(1 = Protected, 0 = Exposed), (b) Soil Depth (1 = Deep to Very Deep,
0 = Shallow to Moderate Deep). . . . . . . ... ... ... ... ...
The Maps of Prediction and Prediction Error: (a) Prediction, (b) Stan-
dard Deviation of the Prediction. . . . . ... ... ... ... ....
The Maps of Prediction Difference between Four Quadrats and Two
Quadrats: (a) Prediction, (b) Standard Deviation of the Prediction

The Relative Difference of the Predictions between Four Quadrats and
Two Quadrats. . . . . . . . . . ..
The Comparison of Posterior Densities: the Solid Line with the Case
of d = 1007 a1 = a9 = ag = 2 and bl = 030,b2 = 100,b3 = 0.2 and
the Dashed Line with the Case of d = 100, a1 = as = a3 = 2 and
by = 048, by = 2.50,b5 = 0.25. « o o oo

1X



Abstract

This project consists of three distinct but related parts. The first part studies
the problem of estimating the covariance matrix 3 and the precision matrix @ (the
inverse of the covariance matrix) in a star-shaped model with missing data. By
considering a type of Cholesky decomposition of the precision matrix @ = W',
where W is a lower triangular matrix with positive diagonal elements, we introduce
a special group G, which is a subgroup of the group consisting of all lower triangular
matrices, and then develop the invariant Haar measures on G, the reference prior,
and the Jeffreys prior of ¥. We also introduce a class of priors of ¥ that includes
all the priors described above. The posterior properties are discussed and the closed
forms of Bayesian estimators are derived under any of the Stein loss, the entropy
loss, and the symmetric loss. Consequently, the maximum likelihood estimate of the
covariance matrix is inadmissible under any of the above three loss functions. Some

simulation results are given for illustration.

The second part deals with Bayesian analysis for spatially correlated data. We first
propose an efficient algorithm for Bayesian spatial analysis via the generalized Ratio-
of-Uniforms method, which works for a general class of priors including the reference

prior. The main advantage of our algorithm over other MCMC algorithms is that it



generates independent samples from the resulting posterior distribution. A detailed
example based on simulation is provided for illustration. We then present a Bayesian
spatial methodology for analyzing the site index data from the Missouri Ozark Forest
Ecosystem Project (MOFEP). Based on ecological background and availability, we
choose three variables, aspect class, land type association and soil depth as covariates.
To allow great flexibility of the smoothness of the random field, we pick up the Matérn
family as the correlation function. Because there is no previous knowledge of the
parameters in the model, we choose the reference prior as an appropriate prior. An
efficient algorithm based on the generalized Ratio-of-Uniforms method is applied for
the posterior simulation. Our results show that aspect class and soil depth are both
significant while land type association is less significant. Model validation is briefly

discussed. In addition, a prediction map of site index in site one of MOFEP is created.

In the third part, we establish a new spatial model taking into account several
close measurements as repeated measurements in one location and apply it to the
analysis of the total vegetation coverage data in site one of MOFEP. An MCMC
algorithm based on the shrinkage slice sampler is developed. Our results show that
the soil depth covariate is an important factor while the aspect class is less important
when modelling the total vegetation coverage. We also show that the strong spatial
effect does exist in the data discussed and the measurements in four quadrats of a
subplot are not strongly correlated but are not independent. In addition, prediction
of the total vegetation coverage at unmeasured locations is established. Possible

generalizations are briefly discussed.

x1



Chapter 1

Introduction

The Missouri Ozark Forest Ecosystem Project (MOFEP) is an on-going, centuries-
long experiment that is designed to monitor and assess the short and long-term effects
of common management practices on Ozark ecosystems (see Brookshire and Shifley
(1997), Shifley and Brookshire (2000) and Shifley and Kabrick (2002)). The MOFEP
will provide a comprehensive evaluation of the impacts of operational management
practices on a wide array of ecosystem attributes. This project mainly focuses on the

analysis of the site index data and it is organized as follows.

In Chapter 2, we study the problem of estimating the covariance matrix 3 and the
precision matrix © (the inverse of the covariance matrix) in the star-shaped model
with missing data. By considering a type of Cholesky decomposition of the precision
matrix = W'W¥, where ¥ is a lower triangular matrix with positive diagonal ele-
ments, we get the MLEs of the covariance matrix and precision matrix and prove that
both of them are biased. Based on the MLEs, unbiased estimators of the covariance

matrix and precision matrix are obtained. A special group G, which is a subgroup of



the group consisting all lower triangular matrices, is introduced. The invariant Haar
measures on G, the reference prior, and the Jeffreys prior of ¥ also are discussed. We
also introduce a class of priors of ¥, which includes all the priors described above.
The posterior properties are discussed and the closed forms of Bayesian estimators
are derived under any of the Stein loss, the entropy loss, and the symmetric loss.
Consequently, the MLE of the covariance matrix (precision matrix) is inadmissible
under any of the above three loss functions. Some simulation results are given for
illustration. Combining a star-shaped model with a Bayesian spatial model discussed
in Chapters 3 and 4, one may consider to establish a new one, a Bayesian multivariate
spatial model with conditional independence structure, which may be applied to the

study of the MOFEP in the future.

In Chapter 3, we propose an efficient algorithm for Bayesian spatial analysis via
the generalized Ratio-of-Uniforms method. The algorithm works for a general class
of priors including the reference prior developed by Berger et al. (2001). The main
advantage of our algorithm over other MCMC algorithms is that it generates inde-
pendent samples from the resulting posterior distribution. A detailed example based

on simulation is provided for illustration.

In Chapter 4, we develop a Bayesian spatial model for analyzing the site index data
from the MOFEP. Based on ecological background and availability, we choose three
variables, aspect class, land type association and soil depth as covariates. To allow
great flexibility of the smoothness of the random field, we choose the Matérn family as
the correlation function. We choose the reference prior as an appropriate prior because
there is no previous knowledge of the parameters in the model. The algorithm based

on the generalized Ratio-of-Uniforms method, proposed in Chapter 3, is applied for



the posterior simulation. One advantage of the algorithm is that this simulation
method can generate independent samples from the required posterior distribution,
which is much more efficient for both statistical inference of the parameters and
prediction of the site indexes at unsampled locations. Our results show that aspect
class and soil depth are both significant in the model while land type association is
less significant. The model validation is briefly discussed. In addition, our simulation
method allows easy realization for computing quantities from the posterior predictive

distributions.

In Chapter 5, we establish a new spatial model taking into account several close
measurements as repeated measurements in one location and apply it to the analysis of
the total vegetation coverage data in site one of the MOFEP. An MCMC algorithm
based on the shrinkage slice sampler is developed. Our results show that the soil
depth covariate is an important factor while the aspect class is less important when
modelling the total vegetation coverage. In addition, the strong spatial effect does
exist in the data discussed and the measurements in four quadrats of a subplot are
not strongly correlated but are not independent. Prediction of the total vegetation
coverage at unmeasured locations is developed. Finally, possible generalizations are

briefly discussed.



Chapter 2

Bayesian Inference on a Covariance

Matrix in a Star-shaped Model

2.1 Introduction

The multivariate normal distribution plays a key role in multivariate statistical
analysis. There is a large literature on estimating the covariance matrix and precision
matrix in the saturated multivariate normal population, where no additional restric-
tion other than being positive definite is required. See, for example, Haff (1980), Sinha
and Ghosh (1987), Krishnamoorthy and Gupta (1989), Yang and Berger (1994), Sun
(1998), Sun and Pang (2000), Zhou et al. (2001) and others. However, as the num-
ber of variables p in a multivariate distribution increases, the number of parameters
p(p + 1)/2 to be estimated increases fast. Unless the number of observations, n, is
very large, estimation is often inefficient, and models with many parameters are, in

general, difficult to interpret. In many practical situations, there will be some man-



ifest inter-relationships among several variables. One important case is that several
group variables that are conditionally independent, given other remaining variables.
For the multivariate normal distribution, this will correspond to some zeros among
the entries of the precision matrix. See Dempster (1972), Whittaker (1990), or Lau-
ritzen (1996). Bayesian model selection of detecting zeros in precision matrix can be
found in Wong et al. (2002).

Assume that X ~ N,(0,X). The vector X is partitioned into k groups, that is,
X = (X}, X5, ..., X}), where X, is p;-dimensional, and 3% | p; = p. We assume that
given Xy, the other subvectors X, ..., X, are mutually conditionally independent.
From Whittaker (1990) and Lauritzen (1996), the precision matrix 2 = %! has the

following special structure:

911 912 ﬂ13 T Qlk
921 QQQ 0 s 0

Q=9 0 Q4 0 (2.1)
Q0 0 - Qg

In fact, we can easily show that (2.1) is equivalent to

Y Y12 Y3 e Yk
Yo Yoo 22121_11213 e 22121_1121k

)Y = 231 23121711212 233 s Eglzilzlk . (22)
Yk 2k121_11212 2k121_11213 e Yk

The case of k = 3 is considered in detail by Whittaker (1990) and is called a “butterfly

model.” For general k, we called the model a star-shaped model in Sun and Sun



(2005a) because the graphical shape of the relationships among the variables described

by Whittaker (1990) or Lauritzen (1996) is like a star.

The above model is very popular in some areas, especially in economics. For

example, let X; be the federal interest rate, which is a global variable, and X, ..., X5
be the house price in each state, which are local variables. Then Xs,..., X5, are
conditionally independent given X; because each house price X;,7 = 2,...,k will

normally depend on its local situation if the federal interest rate is fixed.

The above star-shaped model is a special case of the lattice conditional indepen-
dence model introduced by Andersson and Perlman (1993). Although star-shaped
models or general graphical models have been used widely, as far as we know, few
theoretic results are obtained on estimating the covariance matrix and the precision
matrix in lattice conditional independence models. Andersson and Perlman (1993)
gave the form of the maximum likelihood estimator (MLE) of the covariance matrix
Y. Konno (2001) considered the estimation of the covariance matrix under the Stein

loss

A

Li(3,%) = tr(Z%7) —log|ZX7 —p (2.3)

and proved that the MLE of ¥ is inadmissible. In fact, the Stein loss for estimating
the covariance matrix is equivalent to the following loss for estimating the precision

matrix Q = X7,
L(Q,Q) = tr(Q7'Q) —log |Q7'Q| — p. (2.4)

Of course, the Stein loss is related to the commonly used entropy loss. See Robert



(1994). Let f(x | ¥) be the density of X under ¥. The entropy loss is,

(%) = 2/ { i:i}f(XW)dX

= tr(Z7'8) —log|=7'%| - p. (2.5)

The Stein loss is obtained from the entropy loss by switching the role of two arguments,
Q and Q. The loss function Ly is typical entropy loss and has been studied by many
authors such as Sinha and Ghosh (1987), Krishnamoorthy and Gupta (1989), and
others.

Note that because neither L; nor L, is symmetric, we could consider a symmetric

version by adding the Stein loss and entropy loss:

A A A A

L3(3,8) = Li(B, )+ Ly, %) = tr(ZEH) +tr(X71%) — 2p (2.6)

The symmetric loss L3 was introduced by Kubokawa and Konno (1990) and Gupta
and Ofori-Nyarko (1995). It can be seen as estimating the covariance matrix and the

precision matrix simultaneously.

For estimating the precision matrix €2, the entropy loss and the symmetric loss

will be
L5(Q,Q) = Ly(%, %) = tr(QQY) —log |QQ 7 —p (2.7)
and

LE(Q,Q) = Ly(2, %) = tr(QQ7Y) + tr(Q7'Q) — 2p. (2.8)

For convenience, we will still name L}, L3, L3 as the Stein loss, the entropy loss, and

the symmetric loss for estimating the precision matrix €.



Sun and Sun (2005a) considered the problem of estimating the precision matrix
under the entropy loss L3 and the symmetric loss L3 in the star-shaped case with
complete observations. They obtained the closed forms of Bayesian estimators with
respect to a class of priors of W. Consequently, the MLE of the precision matrix is

inadmissible under either the entropy loss L7 or the symmetric loss Lj.

Considering that missing data problems occur frequently in practice and their
analysis can be challenging, we will study the problem of estimating the covariance
matrix and the precision matrix in the star-shaped model with missing data. For
estimating the covariance matrix without restriction, Anderson (1957) listed several
general cases, where the MLEs of the parameters can be obtained in closed form.
Among these cases, the monotone missing-data pattern is most important. One also
can see the related references by Little and Rubin (1987), Konno (1995), Liu (1999),
Domonici et al. (2000) and so on. However, because there are some restrictions on

the covariance matrix in our model, we will see a lot of differences.

In this chapter, we will consider estimation of the covariance matrix and the
precision matrix in the star-shaped model with missing data, which generalizes some
results in Sun and Sun (2005a). In § 2.2, we first introduce the sample observations.
By introducing a type of Cholesky decomposition of the precision matrix Q = ¥'W,
where W is a lower triangular matrix with positive diagonal elements, the MLEs of the
covariance matrix and the precision matrix are obtained, and it is proved that both
of them are not unbiased. Based on the MLEs, unbiased estimates of the covariance
matrix and the precision matrix are given. Considering that the parameter ¥ plays an
important role in estimating the covariance matrix and the precision matrix, a special

group G, which is related to the decomposition, is introduced in § 2.3. The invariant



Haar measures of this group are given, and we also prove that the Jeffreys prior of
¥ matrix is exactly the same as the right invariant Haar measure on the group G.
A reference prior is obtained by using the algorithm in Berger and Bernardo (1992).
In § 2.4, we introduce a class of priors of W, which includes all priors such as the
left and right Haar measure and reference priors as special cases. Some properties
on the posterior under such class of priors are discussed. In § 2.5, the closed form of
Bayesian estimators with respect to this class of priors is obtained under the Stein
loss. Consequently, the best equivariant estimates under the group G is derived, and
thus it shows that the MLE of € is inadmissible under the Stein loss. Results on
the entropy loss and symmetric loss are shown in § 2.6 and § 2.7. The results on
estimating covariance matrix are given in § 2.8. Some simulation results are given in

§ 2.9. Finally, we give some concluding remarks.

2.2 MLEs and Unbiased Estimators

2.2.1 Sample observations

Now suppose that we have the following observations:

Y., Yy ....,Y, from X~ N,(0,X);

21,2y, ...,2y,, from XlNNp1(07211>;

X, Y Xy
Zﬂ, ZiQ, ceey Zml from (X > ~ Np1+pi 07 y 1= 2, ceey k. (29)
‘ Y X
All Y;s and Z;;s are independent. Let S = " Y, Y, and V; = Z?;l ZijZ’ 1=

1 YR

1,...,k. Then S, Vy,..., V are mutually independent and are sufficient statistics of



Y or Q. Now write S = (S;;), where S;; is a p; X p; submatrix and

Vill Vi12
V, = L i=2,... .k, (2.10)

Vi21 Vi22

where V17 is a p; X p; submatrix. Also let V; = Vyq; for convenience. Assume that
n>p n >pandn; >p+pi,t=2,...,k Then, S, Vq,...,V, are all positive

definite with probability one and

S ~ W,(n,%), Vi ~ W, (n,%11),

211 Eli
Vi ~ pi+pi | T, y 7 :2,...,l€. (2].1)
Eil Em

We will estimate ¥ and €2 based on the sufficient statistics S, V1, Va,..., V.

2.2.2 Cholesky decomposition

Usually, it is difficult to get appropriate estimators of the covariance matrix or the
precision matrix with some restrictions. For example, if you want to estimate €2 in
(2.1) directly, you have to estimate €41, Qa, ..., Qrr, Q12, ..., Qyy first. However, it
will not guarantee that the estimate of 2 you obtained in this way is positive definite.
Now we will introduce the following Cholesky decomposition method to get MLEs of
Y and 2 in the star-shaped model. This method will guarantee that the estimate
of €2 obtained is positive definite. In addition, we will see that this decomposition is

still useful in getting Bayesian estimates of  or X.
Let

Q=¥ o X =AA (2.12)

where both ¥ and A are p by p lower-triangular matrices with positive diagonal

entries. Thus ¥ = A™! where A is Cholesky decomposition of ¥. From the structure

10



of Q given by (2.1), it is easy to show that ¥ has the following block structure:

v, O o --- 0
Wy, Wy, 0 --- O
‘I’ - ‘1’31 0 ‘1’33 v 0 5 (213)
¥, O 0 - Wy
and thus
v 0 0 --- 0
A=v"'=| W o, ¥' 0 v ... 0 [, (2.14)
v w0 0o - v}

with the W;; being p; by p; lower-triangular matrices, ¢ = 1,..., k. Note that there
is no restriction on W;;(i > j) except requiring that all diagonal elements of W;; are
positive. This good property enables us to estimate W;; first; then we can get the
estimates of ¥ and € directly from the relationship between ¥ (or ) and ¥. This
method will ensure that the estimate of ¥ (or ) obtained is positive definite if the
estimates of the diagonal elements in each W¥;; are positive. Other properties of this

decomposition will be discussed in the next section.

2.2.3 The maximum likelihood estimates

Whittaker (1990) gives the expression of MLE of the covariance matrix ¥ for
k = 3 with complete observations. Sun and Sun (2005a) get the corresponding

result for general k. We will generalize them to the star-shaped model with missing

11



observations. Let

Wi = Su+ zk:lvin;
Wi = S+ Vi,
Wi = Wi, = Si+ Vi,
Wiz = Sii+ Viaa,
Wi = Wi -~ WaW1Wy, i=2,...k, (2.15)
and let m; = n+XF n, m;y =n+mn,, i =2,..., k throughout this chapter. Also,

let W;1.1 = Wy, for convenience.

Proposition 2.1 Based on the incomplete data (S, Vy,...,Vy) in the star-shaped

model, the MLE 35, of X is given as follows:

2 = ‘:21;

ny = gy = WaWaWn

x) = nluw’“ + nilWﬂWi_ﬁWnW;ﬁWu, i=2,...,k;

nM = ”}“Wilw;ﬁwnwﬁwlj, l<i<j<k. (2.16)

Proof. The likelihood function f(S,Vy,..., V| ¥) is proportional to

n—p—1 ny—p1—1 ny

S| 2 ]E\%tr{—zz_lS}\Vﬂ 2 121126157”{—221_11\/1}

k ni—p1—pi—1 Y Xy el 1 Y Xy -
X H |Vz A etr ¢ —— Vz
1=2 21'1 2“ 2 211 2“
k \I’n 0 i 1 1
o W) ] -etr{—Q\IlS\Il’}etr{—Q\IlllVllll’H}
=20, Wy

ﬁ 1 (‘1’11 0 ) (Vill Vi12) (‘1’11 0 )l
X etr ¢ ——
=2 2 v, v, Vior Viz v, ¥,

12



k k 1
=1 i=1 2
k 1
X H etr {—2(‘1’@1 + ‘I’“WMW;%)WzH(‘I’Zl + \IIMWMW;%)’} (217)
=2

k k
1
< JIlwal™ - ]etr {_Q‘I’ii W zzl‘I’;Z} :
=1 i=1

Hence, the MLE W of ¥ will be determined by

‘i’;z‘i’ll = szZ_le, 1=1,...,k;
v, = —-U,W, Wl =2k (2.18)

and thus by (2.12) and (2.14) the MLE of ¥ is obtained as described in the proposition.

|
Under the conditions n > p, ny > p; and n; > p; +p;, ¢ = 2,...,k, the MLE s
is positive definite with probability one. In addition, by (2.18), the MLE Qs of the

precision matrix 2 can be straightforwardly obtained as follows:

Proposition 2.2 Based on the incomplete data (S, Vy,...,Vy) in the star-shaped

model, the MLE Qu of Q is given by

k
Q% = mlwl_ll + Z mlwz_leMW_l WﬂWz_lll,

211
1=2
QY = Q) = —mW W ;W31
QY = mW;L, =2k (2.19)

The MLE €, of the precision matrix € also can be obtained by the following

relationships between 2 and X,

k
Q= X+ EEEEaE

-1
=2
Q; = -33,550,
Q;, = %0, i=2,...k (2.20)

13



where
Zii-l — 2” - Eﬁzl—llzu, Z — 2, ey k

Remark 2.1 For the star-shaped model with missing data, the MLE S is no longer
a minimal sufficient statistic for X, which s different from the case with complete
observations in Sun and Sun (2005a). In fact, W11, War1, ..., Wi, Way, ..., Wi,

Wast, ..., Wik are minimal sufficient statistics of ¥, which can be shown by (2.17).

Sun and Sun (2005a) showed that for a star-shaped model with complete obser-
vations, the MLE » um of the covariance matrix Y. is unbiased while QM is biased.
However, the following proposition shows that for the missing case, neither 31, nor

Q,, is unbiased.

Proposition 2.3 Consider the star-shaped model with missing data.
(a) The MLE % in (2.16) is not an unbiased estimate of %;

(b) The MLE S in (2.19) is not an unbiased estimator of Q.

Proof. See Appendix 2A. 0

2.2.4 Unbiased estimators

Based on 3 M, Q M, we create unbiased estimates of X and €2, respectively.

Proposition 2.4 Consider the star-shaped model with missing data.
(a) An unbiased estimate Xy of ¥ is given by

_plmmpi =) Wi Wa Wi Wi W Wy

»=|1
" m1<mi —DP1— 1) m; —p1 my

i=2,...,k
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and f]g = f)fg[ for other i, 7, where f]f‘f is shown by (2.16) in Proposition 2.1.

(b) An unbiased estimate Qy of Q is given by
U : Di
— (1N P \wt
Q; = (mi—m 1)(1 ; M — pr — 1)W11

k
+ Y (mi—pr—pi— )W W, W i W W

i1-1

i=2
Qlljz = —(mi—p1—pi— 1>Wz‘_ﬁw1iwz‘_i-11>
QY = (mi—pi—pi— Wik, i=2,...,k.
Proof. See Appendix 2B. 0

2.3 The Invariant Haar Measures and Noninfor-

mative Priors of ¥

2.3.1 The Invariant Haar measures

From Sun and Sun (2005a), noninformative priors of ¥ play an important role in
getting appropriate estimates for the covariance matrix 3 and the precision matrix €2
for the complete data case. We will discuss noninformative priors of ¥ for incomplete

data in this section. Define

g = {A € RP*P | A has a structure as (2.13)}. (2.21)

15



Sun and Sun (2005a) showed that G is a group with respect to matrix multiplication.
For any i =1,2,...,k, let
Ym0 - 0

Vo1 WYioa e 0
v, = . (2.22)

¢ip¢1 wipil e wipipi
And for i =2,... k, let
i1 Giz o Qap

¢i21 ¢i22 e ¢i2p1
v, = . _ e (2.23)

gbipil qbipﬂ ¢ipip1

The left invariant Haar measure and the right invariant Haar measure of G are given

by
dw
Vg (d®) o : : (2.24)
o 11 ert
7j=1 L3 1=2j=1 I
dw
Vg (dW) o : : (2.25)
oo 11 {1 e
7=1 13 1=2j5=1 3

respectively. In addition, we can readily verify that v§(d¥) = v5(dA) and vj(d¥) =

VG (dA) because A = W1

2.3.2 The Jeffreys prior and a reference prior

The following proposition gives the Jeffreys prior and one reference prior of ¥ in

the star-shaped model with missing data.

16



Proposition 2.5 Consider the star-shaped model with missing data.
(a) The Jeffreys prior w;(d¥) of W is the same as the right invariant Haar measure
v (d¥) of G given by (2.25);
(b) The reference prior of W for the ordered group {¢111, (Y121, Y122)s - - - s (V1py1, - - -
Vipipr)s (D211, P21pys Y211)s -+ o5 (Prats - - Phproprs Vhpres -+ - Vkipypy, )} 18 given by
dw

k  pi ’
[T 11 vij;

i=1j=1

Tr(dW) (2.26)

Proof. See Appendix 2C. 0O

It is interesting to note that the Jeffreys prior of ¥ in the model with missing
data is the same as that in the model with complete data by Sun and Sun (2005a)

and the same conclusion holds for the reference prior of W.

Remark 2.2 Unlike the case with complete data in Sun and Sun (2005a), it seems
impossible to get the closed form of equivariant estimators of X or Q with respect to

G in the star-shaped model with missing data.

2.4 Properties of Posteriors of ¥

In this section, we consider a class of priors of ¥
p(¥) x H H (O exp(—bl-jwfjj), (2.27)
i=1j=1
where a;; € R, b;; >0, j =1,...,p;,i = 1,..., k. This class includes the left Haar

invariant measure v (%), the right Haar invariant measure v§(¥) (the Jeffreys prior

7;(¥)), and the reference prior mx(W¥).

17



We have the following posterior properties. The proof is straightforward and is

omitted.

Theorem 2.1 For the star-shaped model with missing data, the posterior p(¥ |

S, Vi, ..., Vi) under the prior p(¥) in (2.27) has the following properties:

(a) p(W|S,V,..., Vi) is proper if and only if m;+a;;+1 >0, j=1,...,p;,i =

(b) Wi, (War, W), ..., (VUy1, Wiy) are mutually independent;

(c¢) Fori=2 ... k, conditional posterior distribution of W;; given W;; is
Wi | Wi, (S, Vi,oo, Vi) ~ Ny (=W Wi, I, © Wi );
(d) Fori=1,... k, the marginal posterior of W;; is
1 / & m;+ai; 2
‘I’ii ’ (S, Vl, . ,Vk> ~ exp{—itr(‘l’uwul\l'u)}n wi_jj eXp<_bijwijj>'
j=1

From Theorem 2.1, each of the posterior densities under the left Haar invariant
measure v (¥), the right Haar invariant measure v§(¥®) (the Jeffreys prior m;(¥)),
and the reference prior mr(W) will be proper. Specifically, the posterior distribution
under the left Haar invariant measure v5(¥) is related to Wishart distribution as

shown below.

Corollary 2.1 If we take the left invariant Haar measure of the group G, l/é(d‘l’) as
a prior, then the posterior distribution of W in the star-shaped model with missing

data satisfies
(a) W, [ (S, V..., Vi) ~ W, (my,1,);
(b) For1 = 2, S k?, \IIMWZ“\IIQZ | (S,Vl, e ,Vk) ~ Wpl(ml — P1, Ipz)

18



2.5 Bayesian Estimators of {2 under the Stein Loss

The following lemma, which was proved in Sun and Sun (2005a), will be useful in

finding Bayesian estimators of € with respect to the prior p(¥).

Lemma 2.1 Let G be a scalar positive definite matriz and C = (¢;j)mxm be its
Cholesky decomposition. Assume that Z = (2;j)mxm 1S a random lower-triangular

matrix with positive diagonal elements whose distribution follows
1
[Z] exp{—itr (ZGZ)) }H 28 exp(—biz). (2.28)
(a) Ifa; >0, b; >0,i=1,...,m, then
E(Z'Z) = (C') 'diag(6y,...,0,,)C ", (2.29)

where & = (a; +1)/(1 4+ 2bic;?) +m —i,i=1,...,m.

(b) Ifa; >1,b;,>0,i=1,...,m, then
E(Z'Z)™' = Cdiag(n, ..., nm)C/, (2.30)

where m = uy, m; = u; [D21 (L +w), 7= 2,...,m with u; = (14 2bic;;%)/(a; — 1),

1=1,...,m.
Now define
Ty 0O 0 -~ 0
Wy W, 'T;, Ty 0 -~ 0
T=| WyW; Ty, 0 Tz --- 0 [, (2.31)
WuWi i T 0 0 - T
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and then we have

T 0o 0 --- 0
“TpWaWyy Ty 0 -0 0

R=T"'=| -TyZWsW;, 0 T --- 0 |, (2.32)
“TuWuWi 0 0 - Ty

where T;; is Cholesky decomposition of W4, i =1,2,... k.

Theorem 2.2 Suppose that m; +a;; —1>0, j=1,...,p;, e =1,..., k. Then under
the Stein loss L}, the Bayesian estimate of Q with respect to the prior p(¥) in (2.27)
s given by

Q, = R'B|R, (2.33)
where R is given by (2.32), By = diag(B11,Bia,...,Bix), Biy = D—I—Zf:2 piT’HW;ﬁTH
and D = diag(dy, ..., dy,) with d; = (my+ay;+1)/(1+2byt ) +pi—4,5 = 1,....p1;
Blz‘ = diag(blil, c. ;blipi) with bh‘j = (TTLZ—F(IZJ+1>/<1+2bzgt;j;>+pz _jy ] = 17 -5 Dis
i =2,...,k. And t;;; is the jth diagonal element of Ty, j=1,...,p;, 1 =1,... k.

Proof. See Appendix 2D. 0O

By the same argument with Corollary 2 in Sun and Sun (2005a), we can get the
best G-equivariant estimator of €2, which is the same as the Bayesian estimator with

respect to the left Haar invariant measure v5(¥) listed below.

Corollary 2.2 Under the Stein loss L3, the best G-equivariant estimator of 2 is the
same as Bayesian estimator with respect to the left Haar invariant measure vi(W)
and is given by

Q.5 = R'BjsR, (2.34)
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where R is given by (2.52), Bip = diag(B11p,Biap, ..., Bus), Bus = D1 +XF ., p;
TlllwglllTll and D1 = diag(du, e ,d1p1> with dlj =m +p1 — 2] + 17] = 1, ey P1y

BliB = diag(bilB, e 7bipiB) wzth bijB = mi—p1+pi—2j+1, j = 1, N ) Z = 2, .. .,k‘.

Remark 2.3 [t is well-known that the group of lower-triangular matrices is solvable
and thus its subgroup G is also solvable (see Bondar and Milnes (1981) for a survey).
By Kiefer (1957), the best G-equivariant estimator Q.5 is also minimaz with respect

to the Stein loss Lj.

In addition, we obtain Bayesian estimators of €2 with respect to the right Haar
invariant measure v (W) (the Jeffreys prior m;(¥)) and the reference prior 7z(¥) in

the following:

Corollary 2.3 Consider the Stein loss L;. (a) the Bayesian estimator Q. of Q with

respect to the Jeffreys prior w;(¥) is

Q,; = R'ByR, (2.35)
where
By = diag(Bi1s,Bia, ..., Bus), (2.36)
k
By, = (mi—p+p)l, + ZP;’T,qu_ﬁTn; Bius=md,, i=2,... k.
=2

(b) The Bayesian estimator Q. r with respect to the reference prior Tr(W) is
O r = R'BixR, (2.37)
where

Bir = diag(BHR, Biar, ... 7B1kR)7 (238)
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k
Bur = D1R+ZPjT/11W;111T11§
=2

Bur = diagim;+pi—1,m;+p;—2,...,my), i=2,...k;

D = diag(mi+pi—1,mi+p1—2,...,m;).
The MLE of Q given by (2.19) can be expressed as
Q= R diag(mi1,,,msL,,, ..., mL, )R,

and the unbiased estimate Qg of Q given by Proposition 2.4(b) can be expressed as

Qu = R'UR, where

Di

m; —p1 — 1)Ip17 (ml —P1— P2 — 1)Ip27

U = dz’ag{(ml —p1 — 1)(1 ->

=2

...,(mk—pl—pk—l)ka}.

Remark 2.4 By Corollary 2.2, QM, QU, QU and QlR are all inadmissible under

the Stein loss L] because they are all equivariant with respect to the group G.

Note that any estimate of Q having the form of R’ diag(as, . . ., a,)R will be equiv-
ariant with respect to the group G, where a; is a constant, ¢ = 1,...,p. Thus, by
Corollary 2.2, any estimator having the form like R’ diag(as, ..., a,)R will be inad-
missible under the Stein loss. However, it is unclear whether R’ diag(ay, ..., a,)R is
a Bayesian estimate, which also is different from the case with complete data in Sun

and Sun (2005a).

22



2.6 Bayesian Estimators of {2 under the Entropy

Loss

Theorem 2.3 Suppose that m; +a;; —1 >0, j=1,...,p;, ¢ =1,..., k. Then under
the entropy loss Lj, the Bayesian estimate of Q with respect to the prior p(¥) in

(2.27) is given by
Q, = R'B;R, (2.39)

where R is given by (2.32), By = diag(Ba1, Bas, ..., Bog) with

by, = 1 bor; = 1 ﬁ ! =2 (2.40)
211 = v 215 — uljt:11‘|‘ult’ ]J=2,...,71 .
and
; 1
2 {1+ tr(T1By T, W) by
1 -l 1
baij J=2, . pi=2,... k. (2.41)

{1+ tr(TuBy T, Wi ) by tl;[l 1+ uy’
Here u;; = (1+ 2bi]~ti—j§)/(mi +a;; — 1) with t;;; being the jth diagonal element of Ty,

jzl,...,pi, Z:]_,,k
Proof. See Appendix 2E. -

Corollary 2.4 Under the entropy loss L3, the best G-equivariant estimator of Q is

the same as the Bayesian estimator with respect to the left Haar invariant measure
vg(®) and is given by
Q5 = R'BysR, (2.42)
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where R is given by (2.32), Bop = diag(Bai1p, Bagp, - - ., Baxg), and By;g = diag(d; s,
.. 7dipiB) with

(m1 —j — 1)(mq — j)
my — 1
(mi o Sl 1)(mz — N —j)
(mi — 1){1 + t’f‘(Bng,HW;ﬁTH)}7

3 ifi:17j:17"'apla
dijp =

ifi=2,....k,j=1,...,p;.
Remark 2.5 Similar to Remark 2.3, the best G-equivariant estimator QQB s also
manimax with respect to the entropy loss L.
Corollary 2.5 Consider the entropy loss L. (a) The Bayesian estimator Qs of Q
with respect to the Jeffreys prior m;(W) is

Q,; = R'ByR, (2.44)
where

By; = diag(Boi1y,Baas, ..., Bay), (2.45)

(ml —pP— 1)(TnZ —pi — 1)
t?”(T’llwl_lllT11> +mq — p— 1 Pi»

Byyy = (mi—p—-1I,; Bas= i=2,...k.

(b) The Bayesian estimator Qur with respect to the reference prior wg(®) is

(r = R'BogR, (2.46)
where
Bor = diag(Baoigr,Basr, ..., Bor), (2.47)
with
Boar = dz’ag(ml — 2, (mmll__?Q, ceey m);
Bor = diag(mz- -2, m, e m>

/{]_ + tT(B21RT/11W;111T11)}, 1= 2, N k.
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Remark 2.6 Similar to Remark 2.4, the MLE Q. and the unbiased estimator QU,

QQJ and QQR are still inadmissible under the entropy loss L.

2.7 Bayesian Estimators of {2 under the Symmetric
Loss

We need the following lemma, which is a direct result of Lemma 2.2 in Eaton and

Olkin (1987).

Lemma 2.2 Let A = {A € RP*? | A is lower-triangular with positive diagonal

elements}. If A and A are both positive definite, then
&Pgﬁ{”(AAA'> + tr((A’)_lAA—l)} — 2tr(A1/2AA1/2)1/2

is achieved by taking A as the inverse of Cholesky decomposition ofA_1/2(A1/2AA1/2)1/2
A~Y2. Specifically, if A and A are both diagonal, then the minimum will be achieved

at A = AVIATVE

Theorem 2.4 Suppose that m;+a;; —1>0,5=1,...,p;, 1 =1,..., k. Then under
the symmetric loss L}, the Bayesian estimator of @ with respect to the prior p(¥) in

(2.27) is given by
Q; = R'B;R, (2.48)

where R is given by (2.32), By = diag(Bs1,Bss,...,Bsx) with B3y = B}{Q
(B}{ZBQ]IB}{Q)*/?B}f and By, = BY’BY?, i = 2,...,k, where By; and Boy; are
gwen by Theorem 2.2 and Theorem 2.3, respectively, i = 1,2,... k.
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Proof. See Appendix 2F. 0O

Corollary 2.6 Under the symmetric loss L}, the best G-equivariant estimator of €2

1s the same as the Bayesian estimator with respect to the left Haar invariant measure

vg(®) and is given by

Q5 = R'B3sR, (2.49)

where BgB = diag(Bng, B3237- .. 7B3kB) ’U}Zth Bng = B}{QB(B}{ZBB&IBB}{QB)_I/QB}{QB
and Bs;p = B}{éB%{é, 1=2,...,k, where By;g and Bo;g are given by Corollary 2.2

and Corollary 2.4, respectively, i = 1,2,..., k.

Remark 2.7 Similar to Remarks 2.3 and 2.5, the best G-equivariant estimators Q,

s also minimazx with respect to the symmetric loss Lj.

Corollary 2.7 Consider the symmetric loss L. (a) The Bayesian estimator Q) of

Q with respect to the Jeffreys prior w (W) is
Q,; = R'ByR, (2.50)
where
By, = B/ (Bi}'ByBi}) " /* B
with By and Bay being given by (2.36) and (2.45), respectively.
(b) The Bayesian estimate Qs with respect to the reference prior (W) is
.z = R'B3zR, (2.51)
where
Bsr = Bij (Biy BaiBiy )/ *Bify
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with Big and Bag being given by (2.38) and (2.47), respectively.

Remark 2.8 Similar to Remark 2.2 and 2.4, QM, QU, ng, and Qs are all inad-

missible under the symmetric loss Lj.

2.8 Estimating the Covariance Matrix

As immediate corollaries of our results on estimating the precision matrix, we
now list the results for estimating covariance matrix under the star-shaped model

with missing data.

Theorem 2.5 Under the loss L;,1 = 1,2,3, the Bayesian estimator of 3 is given by
3, = TB; T, (2.52)

where T is given by (2.31) and B, i = 1,2, 3 is shown by Theorems 2.2,2.3, and 2.4,

respectively.

Corollary 2.8 Under the loss L;,i = 1,2, 3, the G-equivariant estimator of 3, which
also is the Bayesian estimator with respect to the left Haar invariant measure Vlg(\I’),

s given by
Y5 = TBAT, (2.53)

where T is given by (2.31) and B;p, i = 1,2,3 is shown by Corollaries 2.2, 2.4, and

2.6, respectively.
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Corollary 2.9 For i = 1,2,3, the Bayesian estimator of ¥ with respect to the Jef-

freys prior w;(¥) under the loss L; is
¥, = TB}'T,

and the Bayesian estimate of ¥ with respect to the reference prior mr(¥) under the

loss L; is
Yir = TBAT,
where B;; and B;r are shown by Corollaries 2.3, 2.5, and 2.7, respectively.

Remark 2.9 The MLE fJM, the unbiased estimator ﬁlU, and the Bayesian estimates

fIiJ and f}iR are all inadmissible under the loss L;, 1 = 1,2, 3.

Remark 2.10 The best G-equivariant estimators 3 is minimaz with respect to the

loss L;, i =1,2,3.

2.9 Simulation Results

In this section, we will compare the risks of MLE €, the unbiased estimator €,
the best equivariant estimator 5, the Bayesian estimate Q.,, the Bayesian estimate

A

Q.r under each L, i = 1,2,3. Each risk will be denoted as R;y;, Riv, Rig, Rij, Rir

77

under L7, respectively.
Unlike the model with complete data studied by Sun and Sun (2005a), it is hard
to derive a closed form expression for the risks of the above estimates under any

L*. So we compare their risks by simulation. Because all of these estimators are
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Figure 2.1: Risk Comparisons when (p1,p2,p3) = (2,1,1), (n1,ng9,n3) = (3,4,5) and
5<n <15 (a)under L}, (b) under L3, and (c) under L.

equivariant, we may take ¥ = I, in simulation. Some simulation results are plotted
in Figures 2.1-2.9. From the simulation study, the improvement over the risks of Q M,

QU, Q.; and Qi by Q.5 under all three losses is quite substantial.

When b;; # 0, then the corresponding Bayesian estimate Qp: of Q with respect
to the prior (2.27) under the loss L} is not equivariant, and thus its risk depends on
the covariance matrix Y. We did a small study of risk comparison between the best
equivariant estimate QiB and the Bayesian estimate QBi with a;; = 2 and b;; = 1
when (p1,p2,ps3) = (2,2,3) and (n,nq,n2,n3) = (10,3,5,4). Figure 2.10 shows the
results by taking ¥ = diag(A, 1,1,1, 1,1, 1) for the loss function L, i = 1,2,3. We can
see that when )\ is close to one, the improvement over the risks of the best equivariant

estimate Q;p by the Bayesian estimate Q5 under all three losses is quite substantial.
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2.10 Concluding Remarks

This chapter deals with the problem of estimating the covariance matrix and the
precision matrix under the three common loss functions in the star-shaped model
with missing data. Using a type of Cholesky decomposition of the precision matrix
Q = ¥'¥, we easily obtained the MLEs of the covariance matrix and the precision
matrix. Also, by introducing a class of priors of ¥, we get the closed forms of Bayesian
estimators of € under the Stein loss, entropy loss and symmetric loss, respectively.

This method is quite powerful in estimating the covariance matrix or the precision

matrix.

Although our sample plan is restricted to taking observations from X, X, (X7, X})’,

1 =2,...,k, which is popular in economic studies, we can deal with other cases such
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as taking observations from X, Xy, (X}, X , X} ... ,X;j)’, 2<ip<...<i;<kby
applying the similar method. Of these cases, the monotone missing data pattern is
not required when the covariance matrix has a special structure, which is different
from the case of the covariance matrix with no restriction by Anderson (1957) and
Liu (1999) and so on. In addition, for convenience, we assume that the sample sizes
satisfying n > p, ny > p; and n; > p; + p;, @ = 2, ...,k in this chapter. The essential
conditions are m; > p; + 1 and m; > p; +p; + 1.

The investigation on a star-shaped model with missing data is, nevertheless, far
from being complete, and there are many important and interesting questions to be
further studied. An interesting but difficult problem is whether the best equivariant

estimate 3,5 is admissible under the corresponding loss L;.

Since the decomposition © = ¥'W is quite powerful in estimating the covariance
matrix and the precision matrix, we expect more results in this area by considering
priors in terms of W in the future.

Combining a star-shaped model with a Bayesian spatial model discussed in Chap-
ters 3 and 4, one may consider to establish a new one, Bayesian multivariate spatial

model with conditional independence structure, which may be applied to our current

study of the MOFEP.
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2.11 Appendix

Appendix 2A Proof of Proposition 2.3

(a) In fact, we will show E(XM) # %, i=2,..., k. By Proposition 2.1,

$M Wi — Wilwi_ﬁwli n Wz’lwﬂwnwﬂwu
2 m; my
W, 1 1 WiaW A (F Vi — Vi)W Wy,
_ 22 + (7 _ 7>W11WZ_111W11 + 1 m(Zt_l t11 11) i1l 1 '
m; mq m; my

ObViOUSly, from (211), E(WZQQ) = E(S” + Vigg) = m,E“, 1= 27 ey k and

k
E{Wzlwﬁ(z Vi — Vz’ll)Wi—ﬁWu} = (my — mi)E(WﬂWﬁiEHWﬁ%Wu)-

t=1
Because
S Su X Xy
~ p1+p; n, y
Si Su i X
it follows
Si | Si1~ N, i,pl(zilzl_llslla i1 ® S11). (2.54)
Similarly,
Vie | Vigg ~ Npi,pl(zilzl_llvill’ ¥i1 ®@ Vi), (2.55)

and thus we have
(Sit + Vir2) | (S11, Vinn) ~ Npi,pl(gz‘lzﬁl(sn + Vi), Biia @ (S11 4+ Vin)). (2.56)
So,

E(WHWEWM) = E{E(Wilwﬁiwli | (S11, Vinn))}
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= E{tr(Wﬁ%Wm)Eii-l} + E(Ez‘lEﬁlwz‘nwﬁwmzﬁlzu)

= tr(Ipl)Eii.l + EilﬁlﬁlE(Wm)Eﬂlzu

= p1Yiia +miXa X By (2.57)
and
EW W 1B W 1 Wy,) = E{E(W W31 Z1uW; 1 Wy; | (S11, Vin))}
= BE{trWZuW i W)} + BE(Ea X Wi Wi S Wi W B3 8 0)
= tr{E(S1 + Vi) ' T11}Bii1 + B By By
= P wy X i (2.58)
m; —pp — 1
Hence,
~ E(W222> 1 1 _
E(EM) = — (ﬁ1 — E)E(Wﬂwiﬁwu)
+ M e W, WL S WL W)
my

11 —m
= [l+pq———+ o i
my o m; - my(m; —pr— 1)

m; 1 1 my — My —_
+ [1 - — D1 { - — + ! }] 21’12111211'7 (259)
m my m; My (mi — D1 — 1)

which is not equal to X;.

(b) Because

Si1+ Vi1 Siui+ Vi Y Xy
~ pitp; | T + N, s (260)
Sii + Vi1 Sii+ Vi Ya Xy

we have Wy ~ W, (m; — p1,X4.1), and thus

my

m; —pr—pi — 1

E(Q%): 2;117&9“, 1=2,...,k,

which proves the second part. 0O
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Appendix 2B Proof of Proposition 2.4

(a) ObViOllSly, E(ﬁ{\/{) = E(SH + Z?:l Vm)/ml = 211. By (256),
E(Si1+ Vio1 | S11, Vi) = Eilgfll(sn + Vi)

and thus E(i)%) = ¥;1 because of E(S1; + Vi11) = m;¥q1, i = 2,..., k. In addition,

forany 1 <1< j <k,
Y 0
Si 27, 3 221
<S A1> | Si1 ~ sz“f'pj,pl ((2 A1>2111811, ( ) ®Sll) ;
71 J1 0 Ejj.
Vior | Vin ~ Npi,pl(zilzilvilla ¥i1® Vi),
Vot | Viir ~ Ny (B B0 Vi, B ©@ Vi) (2.61)

then we get

Si1 +V;
(S 1 +V”> | (Su. Vi, Vin)
31 321
-1
AR N (Sll + Vz’ll) 2551 Q) (S11 + Vinn) o
~ N, 1y . (2.62
pﬁp]’pl( <2j12111(511 + an))’ ( 0 =5 @su +Vﬂl>) (2.62)

Also, by E(W1;) = m;X;, we can easily obtain that E(f)f‘;[) = XX = 5y
In addition, similar to (2.59), we can easily see that E(XY) = Xy, i = 2,...,k and
the part (a) is proved.
(b) By (2.56),

Wi | Wit ~ Ny, py (Bin X211 Winn, X @ Win), (2.63)
and (W;1, W;1;) is independent of W;;.1. Therefore,

E(W i WiW L [Wai) = WE(Wy, | Wi ) E(W))

1
= Wi -W; PIED ) i »ot
mi — pL — pi — 1 ill 1144771 &1 ii-1
1 _ _
= 2111217:21'1111

m; —p1—p; — 1
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and

E(WﬁiwliW_IWﬂWﬁi | Wii1)

i1
1 o - —
- m; —p1— Pi — 1W"1%E(W“2ii'llwi1 | Wi ) Wi

1
m; —p1 —pi — 1

Di —1
= W+
m; —pr—p; — 1 1

DI ND 3D Yom

321

So we get

k k

Di — - _ _

+ > p—— 12111 +Y BB B
=2

471

2
k
= B+ Z LIELEAENaE = Qu;

EQY) = —(mi—pi—p— DE(WLIWL, WL = -8, 5]

i1 ii-1

- Qli7

EQY) = (mi—p —p— D)E(W;Y) = B3]

21-1

:QZZ7 i:2,...7k.

The proof is completed. 0O

Appendix 2C Proof of Proposition 2.5

Let @ = (Y111, Y121, Y122, - - - cWUipits - s Wipiprs @211, - - o5 P21prs V2115 - -+, Ph1s - - - Phiprpr»

Ykppls - - s Vkpep, ) and I; be the i x i identity matrix and e; be the i x 1 vector with
the ith element 1 and others 0. By the likelihood function f(S,Vy,..., Vi | ¥) in

the proof of Proposition 2.1, the Fisher information matrix of @ is

9%lo .
A(O) = —E ( 8oag0;f> = dzag(AH,. .. 7A1p17A217' .. ,A2p2,. . 7Ak1a e 7Akpk)7 (264)

where

Ay, = mi{(¥ )" +

/
——ep e}
dj%plpl B
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Ay = ml{(Ij 0)(¥},¥11) (L 0)' + ¢1 5 €€ } J=L2...,p—1
Ji

-1
¥, 0\ /¥, O
m; / .
Aipi = my; +Tepl+piepl+pi,z:2,...,k,
v ¥y v ¥y pipi
-1
¥, 0\ [¥,; O L.\ m
1 1 /
A = mi(I,4; 0) ( 0 >+ 2 Cp1+iCpitgo
v ¥y v ¥y I

for j = 1,2,...,p;, — 1,4 = 2,..., k. Thus using the fact that |B 4+ aa’| = |B|(1 +

a’B™'a), where B is invertible and a is a vector, we can easily show that

Ayl = 2mi H <7 <p, (2.65)
1tt
p1 1 Dpi 1
A;| = 2mDt ] 1<j<p,2<i<k (2.66)
t=1 ¢1tt s=1 7pzss

Hence the Jeffreys prior of W (or ) is |A(6)|2, which is proportional to that in (2.25).

From (2.64)— (2.66), the reference prior of W for the ordered group {¢111, (Y121, ¥122),- - -

(1/}1p117 s 7¢1p1p1>7 (¢2117 ey ¢21p17¢211)7~ .. 7(¢k117 s 7¢kpkp17 wkpklr .. 7wk:pkpk)} is eas-

ily obtained as (2.26), according to the algorithm in Berger and Bernardo (1992).

Appendix 2D Proof of Theorem 2.2

The Bayesian estimator of €2 under the Stein loss L} will be produced by minimizing

the posterior risk
b (Q) = / [tr { Q7 (W)} —log [ (W'W)| - p| F(¥ ]S, Vy,...,V}) d¥,
where f(W | S, Vy,...,V}) is described in Theorem 2.1. Letting Q = W'¥, where

¥ € G and has the similar block partition as in (2.13). Thus the question becomes
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to minimize
gu(#) = [ ()@Y LF(¥ S, V1, Vi) ¥ log [(#9) 1], (26)

A

So we need to calculate the posterior expectation of tr {‘I'\i"l)(\II\II_l)/ } Because

0 0 0 e 0
(W — ‘1’22‘1’2_21‘1’21)‘1’1_11 ‘1'22‘1’2_21 0 e 0
TV = | (W) — Wa Wy Uy )W) 0 Uy Wy, - 0 , (2.68)
<‘I’k1 — ‘I’kk\i’;kl‘i’kl)‘i’il 0 0 s ‘i’kk‘l’,;kl

we have
~ A k ~ ~
tr{ (WO ) (WO} = S e {(W]) W, W)
i=1
k“ A~ A A A A A

i=2

By Theorem 2.1 (d) and Lemma 2.1 (a), it follows
E(W, W, |S,V,...,V,) = (T, 'DT (2.70)

and

E(W, W;|S,Vy,...,Vy) = (T,)'ByT;', i=2,... k. (2.71)

Moreover, for any 2 < i < k, by Theorem 2.1(c) and applying Theorem 2.3.5 in

Gupta and Nagar (2000), we have

E{(Wyy — W30 W ) (W) W) 7 (W5 — W01 W5,) [ S,V V)
= tr{(‘i’h‘i’n)_lwﬁi}lm

41



+ E{W,(Wa Wik + W) (W0, " (W Wik + W, )W [ S, V..., V)
= tr{(¥}) "W iU )L,
+ (W Wi+ W ) (W, W) T (W W+ B, ) (T) "By T3 (2.72)

Combining (2.69)-(2.72), it yields

E[tr{ (¥ ) (W¥ )} |8, Vi, V]
k
Ztr{(q’;z)il ) 1B11T 1‘1’111}
k A A A A A A
+ Dot {(WﬂWi’ﬁ + W) (W, ) T (W W + ‘I’Ql‘l’z‘l)'(Tii)_lBuTﬁl} :
=2
(2.73)

(2.67) is equal to

91(‘1’) =

-

@
Il
—

tr { (W) 7N (T},) "By T, ¥ | — Zlog| A

+

I
[N}

tr {(WMWE ) (W W) (W W+ ‘i’il‘i’il)/(T%)_lBuTﬁl}

v

@
Il
—_

tr { (W) 71 (T},) "By T ¥, | — Zlog| A7

and the equality holds if we take U, = —\ifiiWﬂWi_ﬁ, 1 =2,3,...,k. Consequently,
gl(‘i’) attaches minimum at \i’u = GHTil, ‘i’” = B}Z/QT;zl and ‘i’il = ‘I’”WMWMI,
i=2,3,...,k, where Gy, is the inverse of the Cholesky decomposition of Bj;'. This

completes the proof. 0O
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Appendix 2E Proof of Theorem 2.3

Similarly to the proof of Theorem 2.2, the Bayesian estimator of £ under the entropy

loss L3 will be produced by minimizing the posterior risk
b(@) = [[r{QW) )~ log QW) ~ 5] F(¥ S, Vi, Vi) aw,
which is equivalent to minimize
() = [tr{(PE (B YIF(¥ ]S, Vi, V) ¥ — log [ ¥ 9]
Similar to (2.69), we have
A ~ k A~ ~/
tr{(UO) (WO} = Y { (VW) W)
i=1
k A A A A
+ > (Wi — W ) (W W) T (W — W) (2.74)

i=2

From Theorem 2.1(d) and Lemma 2.1(b),

E{(‘I’lll‘l’ll)il | S, Vl, e 7Vk} - T11B2—11T1117
E{(W, W) |S,Vy,...,V,} = TuB,'T,/{1+tr(TBy T, Wi D)} i=2,...,k
because of m; +a;; —1>0,j=1,...,p;,i=1,..., k. In addition, similar to (2.72),
fori=2,... k,
E [tr{(Wy — 3,0, W) (W), W0y) (W — 03,0, W,)'} [ S,V V]
= tr [E{(‘i’il_‘i’ii‘I’i_il‘I’il),(‘i’il_‘i’ii‘I’i_il‘I’il) | S, Vi,...,Vi}
E{(‘Illllqlll)_l | Sa Vla' .. 7Vk’}}
= tr {(‘i’u + W Wa W) (B + ‘i’iiWuWﬁ)TntﬂlTﬁl}
+ tr(TuBy Ty Wit (W, Ty By T W) /{1 + tr(Ty By, T Wik b
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So we have

k
Eftr{(#O Y (¥O VY| S, Vy,...,Vi] = 3 tr(¥,T,B;; T, ¥,)

i=1

k
+ Yt { (Wi + WA W) (0 + 8, W W) T B T b (2.75)

=2
and thus
A k A A A A
0(¥) = > {tr(,TiBy T}, ¥},) — log W), W]}
i=1
k A A A A
+ Dot {(‘Ilzl + W Wi W) (W + ‘I’iz’WuWﬁDTlle_llT,n} :
=2
Hence, we can readily see that gg(\il) is minimized at \il” = B;{zT;il fori=1,...,k
and \inl = —\ilijﬂW;lll for j = 2,..., k. Thus the proof is completed. 0O

Appendix 2F Proof of Theorem 2.4

The Bayesian estimator of € under the symmetric loss L3 will be produced by mini-

mizing the posterior risk
by () = / [t {QW'0) ) 4t { QT (W)} - 2] F(¥ ]S, VL. V) AT,
which is equivalent to minimize

g3(¥) :/[tr{oinlrl)(\inlrl)'}+tr{(wﬁ:—1)(w\if—1)'}} FW|S,Vy,..., V) dW

- 1og|‘il/\il|.

Combining (2.75) with (2.73), it yields

k
gs(0) = Y [tr(W By T, W),) + tr{(W,) " (T},) ' BT, ¥}
=1
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k
+ > tr{(Wi + ¥, W W) (W + W, W WH)T B T }
1=2

k
+ D {(Wa Wi + W ) (W), W) (W Wi + 83, ) (T,) "By, T '
=2
k ~ A~ A ~
> 3|t (W T By T W) + tr{(W),) 7 (Ty) BT, ;'
=1

and the equality holds if we take \ilil = —‘i’iiWﬂW;ﬁ, 1 = 2,3,...,k. Thus, by
Lemma 2.2, we can easily see that gs(¥) attaches minimum at Wy, = Q,,T7! with
Q,, being the inverse of Cholesky decomposition of Bl_ll/Q(B}{QB;B}?)UQBE/Q,
U, = Bé{zT;—l and ¥;; = —\iliiW“W;lll, 1t =2,3,...,k. Thus the proof is completed.

O
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Chapter 3

An Efficient Simulation Algorithm

for Bayesian Spatial Analysis

3.1 Introduction

Spatial data arises in many fields of application including ecological, environmen-
tal, and epidemiological settings. When formal inference is sought, point-referenced
spatial data are often modelled using Gaussian random fields, specified by their mean
function and covariance function. Inference based on maximum likelihood estimation
has been implemented by Mardia and Marshall (1984). Customary likelihood asymp-
totic theories are not usually applicable (as discussed in Stein (1999)) and hence
Bayesian modelling, which provides exact inference, becomes attractive. The main
advantage of the Bayesian approach is that parameter uncertainty is fully accounted

for when performing prediction and inference, even in small samples.
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Simulation methods play an important role in full Bayesian analysis and MCMC
algorithms are now widely used in all areas of statistics. MCMC methods are roughly
as follows. Consider a desired probability distribution 7. Assume for the moment that
we can construct a Markov chain, such that its stationary probability distribution is
m. We run a Markov chain forward till such time as its distribution is close to the sta-
tionary distribution, and then stop based on some criteria determined by diagnostics
or other means. The best known MCMC methods are the Metropolis-Hastings algo-
rithm and the Gibbs sampler. The Gibbs sampler is popularly applied in spatial area
since the number of interest parameters is large. In addition, Metropolis-Hastings
algorithm or slice sampler within the Gibbs sampler are often used because the full
conditional distribution of the parameters @ controlling the correlation function is not
of standard form, see Besag and Green (1993), Cowles (2003), Banerjee et al. (2004),
Agarwal and Gelfand (2005) etc. For a review of MCMC methods such as Gibbs sam-
pling, the Metropolis-Hastings algorithm, slice sampler etc, and their applications in

spatial statistics, see Dellaportas and Roberts (2003).

However, an obvious problem with the MCMC methods is that it is not clear when
one should stop running the chain and accept the final state as a realization of the
probability distribution 7. MCMC algorithms also usually suffer from slow conver-
gence and highly serially correlated outputs, especially in the field of spatial statistics,
(see Dellaportas and Roberts (2003)). Consequently, MCMC methods introduce bias
into the sample. The simulation inference from correlated samples is generally less

precise than from the same number of independent samples. In this chapter, we pro-
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pose a new simulation algorithm based on the generalized Ratio-of-Uniforms method
of Wakefield et al. (1991). Our new algorithm will create independent samples, rather

than correlated samples.

This chapter is organized as follows. § 3.2 gives a brief review of Gaussian process
models and a class of priors that we will use for Bayesian analysis. A new efficient
algorithm for the posterior simulation is proposed based on the generalized Ratio-of-
Uniforms method in § 3.3. As far as we know, this method has not been drawn much
attention in the Bayesian spatial area, although it has been proposed by Wakefield
et al. (1991) for about fifteen years. An illustrative simulated example will be provided

in § 3.4. Some concluding remarks and discussions are given in § 3.5.

3.2 The Model

3.2.1 The likelihood

Let {Z(s),s € D}, D C R?, be the random field of interest. The data con-
sist of n observations Z = (Z(s1),Z(s2),...,Z(sy))" from a single realization of
this random field, where sq,ss,...,s, are known distinct sampling locations in D.
Based on Z, the usual tasks of interest are estimation of the mean and covari-
ance functions of the random field, and prediction of an unobserved random vector
Zoy = (Z(s01),Z(s02),---,Z(sor)), where So1,Sp2, - - - ,Sox are unsampled locations in

the subregion D.

We assume that Z(-) is a Gaussian random filed with [E{Z(s)} = Z?;é Bfi(s) =
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B't(s); B = (Bo,br,---,3-1) € IRP are unknown regression parameters, f(s) =
(fi(s),..., fp(s))" are known location-dependent covariates, and cov{Z(s), Z(u)} =
02 Kg(||s—ul|) where ||-]| denotes Euclidean distance, 0? = var{Z(s)}, Kg(||s—u]|) =
corr{Z(s), Z(u)}, an isotropic correlation function, and 8 = (64,...,0.) € © C R°
are parameters controlling the range of correlation and the smoothness of the random

field.

There are many correlation functions that are popularly used in spatial statistics,

see Cressie (1993) or Banerjee et al. (2004) etc.

The likelihood of the model parameters (8,02, 0), based on the observed data

z = (z(81),...,2(sn))’, is given by

L(B,0% 0:2) — (210%)""2|5%| "2 exp { L - X85, (2 - Xﬂ)} (3.1)

202
where X = (z;;) is the known n x p matrix defined by z;; = f;(s;), assumed to have

full rank, and Xg = (Kg(||s; —s;||)), assumed to be positive definite for any 8 € ©.

3.2.2 The Priors

We consider a class of priors,

(B,0%,0) o

acIR. (3.2)

Slightly abusing terminology, we call (@) the marginal prior density of 8. This form
of prior distribution, with a = 1, was proposed by Kitanidis (1986) and Handcock
and Stein (1993). Berger et al. (2001) showed that the Jeffreys prior, the independent

Jeffreys prior and the reference prior all are of this form.
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Combining the likelihood (3.1) with the prior (3.2), we have the joint posterior

distribution
p(B,0%,0 | z) x7(B,0°,0)L(B,0%,0;z). (3.3)

Obviously, it is very difficult to do analytical posterior analysis for (3.3). Simulation
is therefore needed to estimate the parameters. The following integrated likelihood

plays an important role in simulation study of the posterior distribution.

3.2.3 Integrated likelihood

As noted by Berger et al. (2001), it is possible to integrate the product of the
likelihood and the prior over (3, 0?) in a closed form for the prior distributions of the

form (3.2). Indeed, a standard calculation yields

Jirio, LB.0"0:2)7(B.0%.0) 4B do” = L' (0:2)7(0). (3.4)
where
L!(8;2) o [Bq| /2 [X' g X|71/2(55) ()2 ey (3.5)
and
S = (2—XBe)'Sy" (z— XBo). (3.6)

Note that Sj is the generalized residual sum of squares, and
B = (X'Z'X)'X'S,'z (3.7)

is the generalized least squares estimator of B, given €. In fact, the right hand of

(3.4) is proportional to the marginal posterior density p(@ | z) of @, which is crucial in
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our new simulation scheme. This integrated likelihood is also of considerable interest

to non-Bayesians, as discussed, for instance, in Berger et al. (1999).

Based on (3.4), the joint posterior distribution p(8, 02,0 | z) is proper if and only

if the marginal posterior density p(@ | z) is proper, that is, [ L(0;z)7(0) d < .

3.3 Posterior Simulation

3.3.1 Gibbs sampler

The Gibbs sampler is commonly used in spatial statistics. To implement the
Gibbs sampler, we must assume that samples can be generated from each of the full

conditional distributions. For our model, the full conditional distributions are:

B|o%0;z ~ N,(Bg, o2 (X'Ey'X)™h), (3.8)
o?B,0;z ~ IG(n/2+a—1,(z—XB)%, (z—XB)/2), (3.9)
0|8, o z] o« exp{—(z— Xﬂ)'Z;l(z — Xﬂ)/(202)}7r(0). (3.10)

where IG(aq,as) represents the inverse gamma distribution with shape parameter
aq and scale parameter ay. For notational simplicity, we sometimes use the notation
[a; | as] to represent the conditional probability density of @y given a,. Sampling
from (3.8) and (3.9) is straightforward. However, sampling from (3.10) could be

problematic because it is not a standard form.

Two methods may be considered to sample from (3.10). One is the Metropolis-

Hastings algorithm. But there is no routine to choose an appropriate candidate
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distribution for this algorithm. The other is the slice sampler, making use of suitable
factorizations of the density to introduce auxiliary variables to simplify the sampling
problem (Banerjee et al. (2004)). However, this method may not work well when the
marginal prior (6) is not a standard distribution, for example, the reference prior ob-
tained by Berger et al. (2001). Furthermore, both methods suffer from highly serially
correlated draws and slow convergence in MCMC simulation. In §3.3.3, we propose

a new simulation algorithm based on the generalized ratio-of-uniforms method.

3.3.2 The generalized Ratio-of-Uniforms method

The Ratio-of-Uniforms method introduced by Kinderman and Monahan (1977)
is a flexible method that can be adjusted to a large variety of distributions. It has
become a popular transformation method to generate nonuniform random variates,
since it results in exact, efficient, fast, and easy-to-implement algorithms. The method

is based on the following lemma.

Lemma 3.1 Let h be a positive integrable function over X, a subset of R. Suppose

that the variables (u,v) are uniformly distributed over

()

Cp = {(u,v) 0<u< [h()]l/Q}. (3.11)

u

Then x = v/u had density h(x)/ [ h(x).

This method is only suited for one-dimentional bell-shaped densities with tails that
decrease at least as fast as #72. Wakefield et al. (1991) proposed a generalization of

the Ratio-of-Uniforms method.
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Lemma 3.2 Let h be a positive integrable function over X, a subset of R¥. Suppose

that the variables (u, vy, ..., vg) are uniformly distributed over

vy Vg )} 1/(rk+1)} (3.12)

C’h(r)—{(u,vl,...,vk):0<u§ [h(— ey —

ur’ ) ur

where r > 0 is a constant. Then x = (vi/u”, ..., vx/u") had density h(x)/ [ h(x) dz.

For sampling random points uniformly distributed in Cj(r), the Accept-Reject
algorithm from a convenient k-dimensional enveloping rectangle 7 (r) = [0,a(r)] x
(b7 (), b ()] x -+ x [by (r), b (r)] is often used, where

a(r) = sup{A(x)} Y,
by (r) = inf zi{h(x)}/ D=1k,
bi(r) = sup i {h(x) /O =1,k (3.13)
provided that all of them are finite.

When k =1 and h(z) = O(z7'¢) as & — oo for some € > 0, it is easy to see that,
by choosing r such that re > 1, a(r),b; (r) and bf (r) defined by (3.13) are finite.
Therefore, the above generalized ratio-of-uniforms method works for any bell-shaped

density with tails that decrease at least as fast as 2717¢, € > 0.

3.3.3 A new simulation algorithm

Our new simulation scheme is based on the following result.

Theorem 3.1 The joint posterior distribution of (B,02,0) has the following decom-
position

p(B,0%0|z) = p(B|c%0;z)p(c* | 0;2)p(0 | z), (3.14)
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where the conditional distribution of B given 0%, 0;z is given by (5.8) and

0?10,z ~ IG((n—p)/2+a,2{8" — X' X(X'8,'X)'X'E,"'}2/2), (3.15)

[0]2] o< L'(0;2)7(0), (3.16)
with L1(0;z) given by (3.5).
Proof. We just need to prove (3.15) because of (3.8) and (3.4). Since

(z — XB)%,' (z — XB)

= 2852+ (B — Bo)X'Sy'X(B — Bo) — BpX'E4' X B,
it follows

p(o? | 0:2) = /L(,B,a2,0;z)7r(,3,a2,0) B8
x (0% [exp{~ (2~ XB)' %, (2~ XB)/(20°)} dB

oc (o) exp[—2/ {8y — Bg ' X(X'Bg' X)X 8y }2/2)/(20%)]

and hence (3.15). O
Let h(0) = L1(0;z)7(0). If there exists r > 0 such that all of a(r), b; (r),b; (r),i =
1,...,k defined by (3.13) are finite, then we have the following algorithm for the

posterior simulation.
Algorithm:

Step 1: Simulate
U ~ Uniform [0, a(r)],

Vi ~ Uniform [b; (r),bf (r)], i=1,...,k

)
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and compute p =V /U" with V.= (V1,..., Vi),
Step 2: If U < [LY(p; 2)7(p)]"/ ™"V we accept p as a sample 8 from L' (0;z)7(0);
otherwise go back to Step 1;

Step 3: For given 0, simulate o from
IG((n—p)/2+a,2{Zq" — Ty X(X'Z5'X) ' X'y }2/2);

Step 4: For given 0,02, simulate B from N,(Bg, 0?(X' Sy X)™1);
Step 5: Go back to Step 1.

Note that the above algorithm will create independent samples from the joint
posterior distribution of 8, 02, @, which is a key difference from other MCMC sampling
methods such as Gibbs sampler. We found that the above algorithm works for a lot
of choices of a and 7(@) in (3.2) in spatial data analysis. In the next section, we will

provide a detailed example for applying the above algorithm.

Remark 3.1 For prediction of Z(sy) at an unsampled site sy, we just need to sam-

ple from N(x,B% + *y(i)’Z;(li) (z — XBY), 020 (1 — 7(1’)/2;(11_)7(1))) after we obtain the

samples (B9, 02D 09D from the joint posterior distribution p(B8,02,0 | z), where
ples (B, joint p p(B. o,

Y = (Koo (llso = sill). - - Kgar ([Iso = sall))"-

3.4 An Illustrative Example

In this section, we analyze a simple spatial problem by applying our simulation

algorithm described in § 3.3.
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Suppose that we choose the correlation function to be exponential. Then
Ky(d) = exp(—d/0), 6>0. (3.17)

Berger et al. (2001) obtained the reference prior 7f(8, 0%, 6), which is of the form

(3.2) with
1/2
R 2 1 2
a=1 and 77(f) x tr[We]—T_p(tr[W(;]) ) (3.18)
where
W, = %?E;IP? and P} = I-X(X'%,'X)"'X'%, (3.19)

(0/00)%y denotes the matrix obtained by differentiating ¥y element by element.
Berger et al. (2001) also proved that the posterior distribution p(8,0?%,6 | z) under
the reference prior is proper.

Consider a 10x10 grid in D = [0, 1]x[0, 1] with data points z = (z11, 212, - - -, 210.10)’
and assume that Z ~ Nygo(p, 0?%(0)). The data Z that fill the grid were simulated by
taking p = E[Z(s)] = 5.5 —4.6x — 3.1y +5.92% — 6.5zy + 4.2y%, 0 = 0.2 and 02 = 0.2.
So the real parameter 8 = (0o, 51, ..., 3p-1) = (5.5, —4.6,—-3.1,5.9, —6.5,4.2)". Our

goal here is to estimate the parameters (8,02, ) based on the simulated data z.

To implement the first step of the algorithm, we need to study the analytical
properties of the product of the integrated function L!(f;z) and the marginal prior
density 7(0). Figure 3.1 and Figure 3.2 display the marginal prior density 7%(6) and
the marginal posterior density 7'*(6 | z) up to a normalizing constant, respectively.

By Lemma 1 of Berger et al. (2001), we have

lim L/(0;2) =co >0 and L'(#;2) =0O(1) as 0 — 0. (3.20)

6—0+
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The Marginal Reference Prior 1(0)

80

Figure 3.1: The Reference Prior 7#(f).

The Non—normalized Margianl Posterior Density p(8|z)
8 T

Figure 3.2: The Non-normalized Marginal Posterior Density of 6.
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In addition, the proof of Corollary 1 of Berger et al. (2001) shows that

(0) <

IQ

(3.21)

if 6 is large enough, where C' is a constant. Therefore, by taking r = 5, we can easily
show that a(r), by (r), b (r) defined by (3.13) are finite. Obviously, by (r) = 0, and

numerical calculation yields
a(r) = 1.3941, bf (r) = 1.0774. (3.22)

The shaded area in Figure 3.3 shows the acceptance area when implementing the
generalized Ratio-of-Uniforms method. Theoretically, the acceptance rate is the ratio
of the shaded area to the area of the rectangle [0, a(r)] x [0, b (r)], which is about 0.38.
In fact, we obtained a sample of size 10,000 with this algorithm through generating

26526 pairs of (u,v), which means that the actual acceptance rate is 37.74 percent.

Remark 3.2 If (u,v) are uniformly distributed over Cp(u) = {(u,v) : 0 < u <
[(2 + p)]'/?}, Then x = v/u+ p has density h(z)/ [ h(z) dz, where p is a constant.

One may choose an appropriate u to get higher acceptance rate for the above example.

Figures 3.4 and 3.5 show histograms and density estimates for the scale parameter

2

f and the variance o°, respectively.

Note that for any symmetric and unimodal distribution, its mean, median and
mode will be equal if the mean exists. However, heavy-tailed distributions are pop-
ular in Bayesian spatial models. In this case, the posterior mean will sometimes be

overly influenced by heavy tails of the posterior distribution. Banerjee et al. (2004)
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Acceptance Area wrt Ratio—of-Uniforms

1.5

Figure 3.3: Acceptance Area based on the Generalized Ratio-of-Uniforms Method.

suggested that the posterior median would often be the best and safest point es-
timate for the corresponding parameter. We found that the posterior mode is the
best for estimating the corresponding parameter in our setting. For estimating 6, the
posterior mode, median and mean are 0.1980, 0.3663, 1.7217, respectively, while the
real value of @ is 0.2. For estimating o2, the posterior mode, median and mean are

0.1770,0.3034, 1.4143, respectively, while the real value of o2 is 0.2.

Remark 3.3 Loss functions are often used in estimation of parameters with both
frequentist and Bayesian methods. People are reluctant to use loss functions, such as
squared loss or entropy loss, for estimation of parameters in spatial statistics. The
main reason s that it is very difficult to show the existence of high moments because

the structure of a covariance matriz s complicated.
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Histogram of Samples from p(6|z)

Figure 3.4: Histogram, Density Estimate for the Posterior of # based on Simulation.

For estimating the regression coefficient 8, we found that the posterior distribution
of 3; often widely spreads and thus it is difficult to estimate each of them accurately.
For example, the posterior mean, median and mode of 3, are —7.2179, —7.2424, —7.325,
respectively, while the real value of (3; is —4.60. The reason for this is that the struc-
tures of the design matrix X and the correlation matrix () strongly influences the
shapes of the posterior distributions of the regression coefficients although there are
100 observations. In fact, it is well known that the generalized least square estimate
of B, which is the best linear unbiased estimate, follows the multivariate normal dis-
tribution with the mean 8 and the covariance matrix o2[X'%7(0)X]~! when both ¢
and 6 are known. Thus for estimating (3;, the standard deviation of the best linear

2

unbiased estimate will be 1.4012 even though it is assumed that both ¢* and 0 are

known.
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Histogram of Samples from p(6|z)

Figure 3.5: Histogram, Density Estimate for the Posterior of 02 based on Simulation.

Remark 3.4 There are two different asymptotic frameworks in spatial models: in-
creasing domain asymptotics, in which the minimum distance between sampling points
1s bounded away from zero and thus the spatial domain of observation is unbounded;
and infill asympotics, in which observations are taken ever more densely in a fixed and
bounded domain. Asymptotic behaviors of spatial covariance parameters estimators
can be quite different under the two frameworks. See Zhang (2004) and Zhang and
Zimmerman (2005) etc.

We also did a small comparison study for sampling from the posterior distribu-
tion p(@ | z) by using the Metropolis-Hastings algorithm and the Ratio-of-Uniforms
algorithm. Note that the output sampling from the Metropolis-Hastings algorithm
are correlated. But we can get approximately independent samples by thinning the
output, that is, keeping every kth simulation draw and discarding the rest. For

the above p(f | z), we found that k should be at least 100 when Gamma(1.4,2)
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Figure 3.6: Posterior Densities of 3;,7 =0,1,...,5.

is chosen as a candidate distribution, which is close to p(f | z). This means that
to get 10,000 approximately independent samples, we need 1,000,000 samples from
the Metropolis-Hastings algorithm, which takes about 30 hours on a 2.20GHz AMD
Athlon XP 3200+ PC. However, it took just 46 minutes to get 10,000 independent

samples by using our algorithm on the same computer.

3.5 Concluding Remarks and Discussions

Computational difficulties are often cited as a reason not to undertake Bayesian
analysis. The simulation algorithm we proposed led to considerable simplification of

the calculation necessary to undertake a full Bayesian spatial analysis. The proposed
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simulation algorithm works well for a large class of priors including some popularly
used priors in spatial area. In addition, the key difference between our algorithm and
other MCMC algorithms is that our algorithm will create independent samples from
the resulting posterior distribution. Hence we do not have drawbacks such as slow

convergence or high autocorrelation that often appear in most MCMC algorithms.

The sufficient condition to implement our algorithm is that there exists a posi-
tive number r, such that all of a(r),b; (r),bf (r),i = 1,...,k defined by (3.13) are
finite, where h(@) is the posterior density of @ up to a normalized constant and @ is
the parameter controlling the correlation matrix. We are investigating whether this

condition can be relexed.

This chapter just dealt with the Gaussian random fields. The case of non-Gaussian
data is often of interest. We will consider the non-Gaussian random fields in the

future.
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Chapter 4

Bayesian Spatial Reference
Analysis with Application to Site

Index Prediction

4.1 Introduction

The Missouri Ozark Forest Ecosystem Project (MOFEP) is an on-going, centuries-
long experiment that is designed to monitor and assess the short and long-term effects
of common management practices on Ozark ecosystems (see Brookshire and Shifley
(1997), Shifley and Brookshire (2000) and Shifley and Kabrick (2002)). The MOFEP
will provide a comprehensive evaluation of the impacts of operational forest manage-
ment practices on a wide array of ecosystem attributes. The purpose of this chapter

is to predict the site index at unmeasured locations.
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Site index is a measure of forest productivity based upon the height at a specified
base age of dominant or codominant trees. Height is used because it is correlated to
site quality. In Missouri, a base age of 50 years is used. Most measured trees are
not at the base age, so curves are used to convert heights of tree of any age to the
base age height. A compendium of the published site index curves for eastern half
of the United States was presented by Carmean et al. (1989). From this report, the
equations by McQuilkin (1974) and McQuilkin (1978) were used for black oak, scarlet

oak and white oak, and equations by Nash (1978) were used for shortleaf pine.

From 1993 and 1996, site index was determined on suitable trees at 648 permanent
plots on the nine MOFEP sites. Trees considered suitable were canopy codominants
having good form with no indication that they had been suppressed and showing the
best growth potential. One to five candidate trees selected for site index determination
were sampled outside of the 0.5-acre permanent vegetation plots but within 330 feet
of vegetation plots. Candidate trees were also limited to four species — black oak,
scarlet oak, white oak, and shortleaf pine because these four species are the most
abundant commercial species in the region and reliable site index curves have been
developed locally for them. The suitability of each tree was ranked by the field crew

because good site index trees could not always be found near the vegetation plots.

For each site index tree, the distance and azimuth from the geo-referenced vegeta-
tion plot center were recorded and these can be later used to determine the location
of each site index tree. Trees were assigned a ranking of their perceived quality for

indicating site index. Tree heights were measured with clinometer to the nearest foot.
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A single increment core was extracted at breast height and taken to the lab for age
determination. Site index was determined using species, height, age at d.b.h., and
published site index equations for species in the Missouri Ozarks (see, McQuilkin

(1974), Nash (1978)).

Since the site index can only be available on some locations, the prediction of
the site index at unmeasured locations is of ecological interest in practice. Recently,
Bayesian approaches to analysis of spatial data have seen an upsurge in popularity, es-
pecially when the main goal is prediction, see Handcock and Stein (1993), De Oliveira
et al. (1997), Ecker and Gelfand (1997) and many others. The main advantage of
the Bayesian approach is that parameter uncertainty is fully accounted for when

performing prediction and inference, even in small samples.

In this chapter, we will propose Bayesian spatial model to achieve this goal. We
will just consider black oaks in sites one and two. However, our proposed method can
easily be applied to other species and other sites in the MOFEP study. We will use the
data collected in winter of 1995 by MOFEP technicians in the Missouri Department
of Conservation (MDC) from each MOFEP vegetation plot (Shifley and Brookshire
(2000)). § 4.2 will deal with how to set up an appropriate Bayesian spatial model
and statistical inference of the parameters in the model will be given in § 4.3. Model
validation will be briefly discussed in § 4.4. In § 4.5, we will discuss spatial prediction

of the site index. Finally, some concluding remarks and discussions will be given in

§ 4.6.
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4.2 The Gaussian Model

4.2.1 Data structure and the likelihood

We use the data collected by the Missouri Department Conservation in 1995.
There are 173 sampled black oaks with good rank and high quality judged by techni-
cians, irregularly located in sites one and two. See Figure 4.1. Site index of each tree
was calculated based on the age and the height through the equation provided by
McQuilkin (1974). The location of each site index tree was calculated based on the
distance and azimuth from the geo-referenced vegetation plot center together with the
coordinate of the geo-referenced vegetation plot center. In addition, some environ-
mental characteristics, such as soil type, aspect, land type association, were measured
at the location of each site index tree, which will be partly used as covariates in our

model.

We choose the Gaussian process to model our spatial data. Let {Z(s),s €
D}, D C IR?, be the random field of interest. The data consist of n observa-
tions Z = (Z(s1),Z(s2),...,Z(s,)) from a single realization of this random field,
where s1,s9,..., s, are known distinct sampling locations in D. We assume that
Z(-) is a Gaussian random field with E{Z(s)} = Gy + 51 Xu(s) + -+ + B, Xp(s)
and cov{Z(s), Z(un)} = 02Ke(||s — ul|), where B8 = (5o, 51,...,3,) € RPT are un-
known regression parameters, X(s), ..., X,(s) are known location-dependent covari-
ates, 02 = var{Z(s)}, and Kg(||s —ul|) = corr{Z(s), Z(u)} is an isotropic correlation

function with || - || denoting Euclidean distance, and § € © C R° controlling the
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range of correlation and the smoothness of the random field. Thus the likelihood of
!/

the model parameters (8,02, 8), based on the observed data z = (2(sy),. .., 2(s,)),

is given by
L(B,0% 0;2) = (210%) "/*|%g| /% exp {—212(2 —XB)8,' (z - Xﬂ)} . (4.1
o

where X = (z;;) is the known n x (p+1) matrix with its first column as 1 = (1, ..., 1),
assumed to have full rank, and Xg = (Kg(||s; —s,||)), assumed to be positive definite

for any 6 € ©.

For our data set, D represents the area of sites one and two, and Z(s) denotes
the site index of black oak at location s. Of 173 sampled black oaks, we choose
n = 113 trees for modelling based on three considerations. First, the distances
among 173 points located in sites one and two range from 3.32 meters to 3928.96
meters. In the spatial setting, if we add a location very close to an existing location,
the data from the new location will not add much to the inference about the spatial
model. Second, if the model contains two very close locations, then the associated
correlation matrix Y9 will be nearly singular, which will result in numerical difficulties
for parametric inference with either frequentist or Bayesian methods. Third, if the
model has contained enough points, prediction at a new spatial location will improve
very slowly with increasing sample size, as mentioned by Banerjee et al. (2004). For
113 locations chosen, the minimum distance among them is 50 meters. As a remedy,
we will reserve some of the remaining 60 trees for empirical validation of the resulting

predictions.

Covariates are chosen based on availability and ecological background. We pick up
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three variables, aspect class, land type association (LTA) and soil depth, denoted as
Xi(s), Xa(s) and X3(s) respectively. Aspect classes are described as ‘protected’ if the
slope aspect is within 316 — 135 degrees, and ‘exposed’ if the slope aspect is within
136 — 315 degrees. There are two types of land type association, Current River
Oak-Pine Woodland/Forest Hills (coded as OZ9b) and Current River Oak Forest
Breaks (coded as OZ9e). See Shifley and Kabrick (2002) for detail. Soil depth was
created by soil type and categorized into two classes, deep to very deep soil and
shallow to moderate deep soil. See the detail relationship between soil types and soil

characteristics in Kabrick et al. (2000). Table 4.1 summarizes the covariates used in

the model.
Name Symbol Type Categories | Description
aspect class | Xi(s) | categorical 2 1 — protected
0 — exposed
LTA Xs(s) | categorical 2 1 - 0Z9%
0 —0Z9%
soil depth X3(s) | categorical 2 1 — deep to very deep
0 — shallow to moderate deep

Table 4.1: Summary of Covariates
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4.2.2 The correlation function

The previous subsection did not specify a correlation function for the spatial
model. Actually, there are many correlation functions, such as spherical, power expo-
nential, rational quadratic, that are popular in spatial statistics, see Cressie (1993),
Chiles and Delfiner (1999), Stein (1999) and Banerjee et al. (2004), etc. Among the
various families of correlation function which have been proposed, the Matérn family

is particularly attractive. Its algebraic form is given by

1 d\” d
Ko, (d) = 1) <0> K, <9> , 0>0,v>0, (4.2)

where 6 is the spatial range parameter, which measures how quickly the correlations of
the random field decay with distance, v is the smoothness parameter, which measures
the differentiability of the random field, and /C,(-) is the modified Bessel function of
the second kind and of order v; see Abramowitz and Stegun (1965) for details on the
behavior of this special function. What makes this family particularly attractive is
that the corresponding process Z(+) is mean-square [v] — 1 times differentiable where
[v] represents the largest integer less than or equal to v. So the Matérn family does
allow for great flexibility in the smoothness of the random field while still keeping the
number of parameters manageable. Furthermore, note that the exponential family is

the special case with v = 1 and the Gaussian family is the case when v — oc.

The Matérn family was strongly recommended by Stein (1999) because of the
parameter v, which controls the smoothness of the random field. In what follows, we

choose this family as the correlation function for our model.
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4.2.3 The prior

The parameters in our model are the regression coefficient 3, the variance o2, the
range parameter 6 and the smoothness parameter v. The smoothness of a random
field plays a critical role in spatial data analysis. However, there is often no basis
for knowing a priori the degree of some physical process modelled as a random field.
Thus, we will not assign a prior for the smoothness parameter » and we assume for the
moment that it is known. We will discuss how to estimate the smoothness parameter

v before we make Bayesian inference on the parameters 8, 0% and 6.

Selection of the prior is based upon previous knowledge of the model parameters.
Often, there is little information available on the model parameters, which prompts

the use of noninformative prior. In this chapter, we consider the reference prior for

(B,02,0) developed by Berger et al. (2001),

7(0)

m(B,0%,0) R B e R 62> 0,0 >0, (4.3)
g
where
1/2
7(0) x {tr[W?] — (tl"[Wg])2} , (4.4)
n—p

with
W, = Z0y1p® 4 PR - I X(X'EIX) XS 4.5
G—Weean o = I-X(X'%, X) 0 - (4.5)

Here (0/00)%, denotes the matrix obtained by differentiating ¥y with respect to 6

element by element and I is an identity matrix of order n.

The above reference prior is a non-informative and improper prior. The posterior
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propriety under the reference prior (4.3) has fully been discussed by Berger et al.

(2001). They prove that the posterior is always proper.

Remark 4.1 The prior n(8,02,0) in (4.3) with 7(0) = 1 was proposed by Kitanidis
(1986) and Handcock and Stein (1993). However, as shown by Berger et al. (2001),

it will result in an tmproper posterior.

4.3 Statistical Inference for Parameters

4.3.1 Estimating the smoothness parameter

As we did not assign a prior for the smoothness parameter v, we have to estimate

this parameter before making Bayesian inference on 8, 0% and 6.

Because we are now considering the smoothness parameter v, it is useful to ex-
plicitly recognize that the reference prior was defined with v considered given, so we
now write 7(8,02%,0 | v) instead of w(B,02,0), and 7(f | v) instead of 7(#) in this
subsection. Although the reference prior (4.3) is improper, Berger et al. (2001) prove
that the marginal prior m(f | v) is proper. This makes it possible to apply the idea
of Berger et al. (1998) to estimate the smoothness parameter v. The procedure is as

follows.
For each v, the reference prior used is

Cw)r(@]v)

2 )

m(B,0%,0 | v) =

g
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where

1
W= e

Note that computation of C'(v) must be done numerically. We compute C(v) by

the function quad with MATLAB software. Using the prior (4.6), we compute the

marginal integrated likelihood for each v as

m(z | v)

where

and

- /L(ﬂ,aQ,Q,V;z)CWWdﬂdade
o
— /m L0, v;2)C(w)m(0 | v) df
0
= [T B XX R (SE,) RO | v) de,  (4.7)
0 ’ ,
L'(0,v;z) = / L(,B,UQ,@,V;Z)%alﬂcla2
Rp+1x(0,400) o
o [Bg | TVAXE XA (S],) TP, (4.8)
Spw = (2= XBy,) (2 — XBy,) (4.9)

is the generalized residual sum of squares with

By, = (X'8, X)X,z (4.10)

being the generalized least squares estimator of B given 6 and v.

Based on the idea of Berger et al. (1998), v can be estimated by maximizing the

marginal density m(z | v), that is,

v = arg maxm(z | v).
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Figure 4.2: The marginal density m(z | v) in terms of v

Figure 4.2 shows the the marginal integrated likelihood m(z | v) for our dataset. It
follows that for our model, the most likely value of v is 0.13. Thus we will assume

v = 0.13 for the posterior simulation in the next subsection.

Remark 4.2 Using various integrated likelihood methods for eliminating nuisance
parameters has been studied by several authors, such as Liseo (1993), Berger et al.

(1999), Liseo (2004) and the references therein.

4.3.2 Posterior simulation

Standard Bayesian theory tells us that the posterior distribution is determined by,

p(B,0%,0 | z) < L(B, 0% 0;2)7(B, 0%, ), (4.11)
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where L(B,0%,0;z) is given by (4.1) and 7(8,0%6) by (4.3), assuming that the
smoothness parameter v is 0.13. The following theorem, which is a special case
of Theorem 3.1, will play an important role in the simulation of the posterior distri-

bution.

Theorem 4.1 The joint posterior distribution of B, 02,0 has the following decompo-

sttion
p(B.0%.0|2) = p(B| 0>, 0:2)p(o” | 6;2)p(0 | 2). (4.12)

where
(B10%.6:2) ~ Ny(By.0*(X'E;'X) ), (4.13)

(02 0:2) ~ IG((n—p)/2+1,2{E;" — 87" X(X'S;'X) 1 X'E;112/2) (4.14)

0]z o« L'(0;2)r() (4.15)

with L*(0;z) and By being given by (4.8)and (4.10), respectively, except assuming the

smoothness parameter v known.

Sampling from (4.13) and (4.14) is straightforward. We will apply the generalized
Ratio-of-Uniforms method proposed by Wakefield et al. (1991) to sample 6 from (4.15)

because it is not of standard form.

In order to apply the generalized Ratio-of-Uniforms method to sample 6 from
(4.15), it is important to study the analytical properties of the function L!(6;z)7r(0).
Figure 4.3 and Figure 4.4 show the plots of 7(0) and L!(0;z)n(#) with v = 0.13,
respectively. The following theorem is essential to generate samples from p(f | z) by
the generalized Ratio-of-Uniforms method.
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Figure 4.3: The Marginal Prior 7(0) with v = 0.13.
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Figure 4.4: The Plot of L1 (;z)r(0) with v = 0.13.
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Theorem 4.2 For v # 1, there exists a positive number r, such that both

[L1(0; 2)7(0)]Y+Y and O[LY(0;2)7(0)]/"+Y) are bounded on (0, +0c0).

Proof. For the Matérn family and the reference prior 7(8, 02, 0), Lemma 1 in Berger
et al. (2001) showed that L(0;z) — ¢y as § — 07 where ¢y is a positive number,
LY(0;z) = O(1) as 0 — +oo and 7(0) — 0T as @ — 0. We consider three cases in the

following.
(i) 0 < v < 1. Corollary 1 in Berger et al. (2001) stated that

1
O pira(i-v)

m(6)
and thus we may take any r > 1/[2(1 — v)].

(i) v is greater than 1 and is non-integer. Similarly, we have

1
x g1+2(v—1)

m(6)
and thus we may take any r > 1/[2(v — 1)].

(ili) v is greater than 1 but is integer. We have

1+ 2(v — 1)|log(0)]
m(0) gL+2(v—1)

and thus we may still take > 1/[2(v — 1)]. Thus the theorem follows. 0

By choosing an appropriate number r, the algorithm of the generalized Ratio-of-

Uniforms method works as follows (notice that infy O[L(6;z)7()]"/+Y) = 0):

Algorithm for simulation from p(8,0%,0 | z):
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Step 1: Compute

a(r) = 3gg[LI(9;Z)W(9)]1/ (r+1),

b(r) = supd[L!(6;2)m(6)]"/ Y,

0>0

Step 2: Simulate

U ~ Uniform [0, a(r)],

V'~ Uniform [0, b(r)],

and compute p =V /U";
Step 3: If U < [LY(p;z)7(p)]" "V, we accept p as a sample 6 from L'(0;2z)7(0);
otherwise go back to Step 2;

Step 4: For each 0, simulate
o ~ IG(n—p)/2+1,2{3;' — ;' X(X'E;'X) " 'X'S; 1 }2/2);
Step 5: For each (0,0%), simulate
B ~ Npi(Bo, o (X% ' X)™);

Step 6: Go back to Step 2.

For our dataset, we got v = 0.13 and thus we may take any r > 0.5747 from
Theorem 4.2. For simplicity, we choose r = 1, which means that the basic Ratio-of-
Uniforms method proposed by Kinderman and Monahan (1977) can be applied. In
this case, a(1) = 0.1349 and b(1) = 0.0584. The acceptance area with the Ratio-of-

Uniforms method is shown in Figure 4.5 and the theoretical acceptance rate for the
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Figure 4.5: The Acceptance Area with the Ratio-of-Uniforms Method
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simulation is around 76 percent. In fact, we obtained 10,000 samples by sampling
13101 pairs of (u,v), which means the actual acceptance rate is 76.33 percent in our
simulation. The simulation took about 52 minutes on a 2.20GHz AMD Athlon XP
3200+ PC. In addition, notice that our simulation produces independent samples for
(B,02%,0), which is advantageous over other traditional MCMC methods when making

inference of parameters or prediction.

Remark 4.3 The acceptance rate of the generalized Ratio-of-Uniforms method de-
pends on the value r chosen. It is unclear how to get the best choice of r. Howewver,
our experience shows that a good choice is the integer that is closest to 1/(2|v — 1])

and greater than or equal to 1.

Remark 4.4 If the smoothness parameter v is exactly equal to one, it is still unclear

whether the generalized Ratio-of-Uniforms method can be applied.

Figure 4.6 gives the histogram of 6 based on these 10,000 independent samples.
We can see that the marginal posterior density of the range parameter 6 is positively
skewed and heavy-tailed, which commonly appears in spatial area. This property
usually results in difficulties in spatial simulation because it is often difficult to get
samples in the tail. See Banerjee et al. (2004) and Mgller (2003) and the references
therein. The histograms of o2 and 3y, 51, 32, 33 are shown in Figures 4.7 and 4.8,

respectively. Table 4.2 shows some posterior quantities from the simulation.

From Figure 4.8 or Table 4.2, we know that both the aspect class and the soil

depth are very significant. The land type association is less significant in the model.
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Figure 4.6: Histogram of 8 for the Model in § 4.2.
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Figure 4.7: Histogram of o2 for the Model in § 4.2.
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Figure 4.8: Histograms of (3, (1, B2, 33 for the Model in § 4.2.
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parameter median mean standard deviation 95% Bayesian Credible Interval
Bo 61.34  61.40 3.48 [54.91, 68.36]
01 5.86 5.84 1.74 [2.44,9.27]
2 2.93 2.73 2.92 [—3.65,7.93]
3 548 547 2.11 [1.40,9.59]
o? 79.99  84.88 22.70 [58.34, 135.54]
6 0.50 1.20 10.78 [0.12,5.37]

Table 4.2: Posterior Quantities of (83,02, 0).

Figure 4.6 also tells us that the approximate mode of the marginal posterior
density of the range parameter 6 is around 0.28, which is smaller than the posterior
median 0.50 . As mentioned in § 3.4, we would like to choose the posterior mode as
an appropriate point estimate of the range parameter 6 for our model. This implies
that the effective range, which is the distance at which the correlation drops to only

0.05, is about 0.450 kilometers or 450 meters.

4.4 Model Validation

Assessing model adequacy is very important and fundamental in Bayesian data
analysis, since the analysis can be misleading when the model is not adequate. The
literature on Bayesian model adequacy is very extensive; for example, see Box (1980),

Geisser (1993), Gelfand et al. (1992), Dey et al. (1997), and many others. When the
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observations are independent, the cross-validation approach, in which the predictive
distribution is used in various ways to assess model adequacy, are popularly used.
The main idea of this cross-validation approach is to validate conditional predictive
distribution arising from single observation deletion against observed responses. For
spatial problems, the observations measured at different locations are correlated. If
the sample size is small, this approach is still applicable, for example, see De Oliveira
et al. (1997). However, this approach is not appropriate for a large spatial dataset
because of very expensive computation. Now we will use some of 60 samples trees

that are not contained in the model for assessing model adequacy.

From the 60 sampled trees that are outside the model, we pick 29 trees, such that
the distance between each of the 29 trees and any of the 113 trees in the model is
at least 20 meters. We then calculate the predictive distribution of the site index at

each of 29 locations as follows:

pol2) = [ (0| 2 8,0%0)p(B,0%0 | 2) B do® db. (4.16)

where p(8,02,0 | z) is the posterior distribution described by (4.11) and p(z |

z,3,0°,0) is determined by

¥ k
Xﬂ) e (4.17)

p<Z7ZO | ﬂ70-279) ~ Nn+1 (X’(S[})ﬂ )

/
ky 1
Here x(s;) is the covariate vector evaluated at sg and 0%kg is nx 1 vector of covariances

of zg with (2(s1),...,2(sn)). In fact, we have

p(ZO | Z7ﬂ7 0-27(9> ~ N(Manﬁ) (418)
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where
po =x(s0)B+ kB, (z — XB), of =01 —-k,%, k). (4.19)

Based on the samples generated from the posterior distribution p(8,02,0 | z) in
the previous section, we can easily obtain the samples from the predictive distribution
and then calculate the 95 percent Bayesian credible interval for each zy at location
so. The detailed algorithm will be described in the next section. Of 29 locations
for the purpose of model validation, only 6 observed measurements are outside their
corresponding 95 percent Bayesian credible intervals. In addition, no overprediction
or underprediction tendency is noted. So the model proposed in § 4.2 seems to
perform adequately. We will also justify our model by discussing the variability of

the predictive distribution in the next section.

4.5 Spatial Prediction of the Site Index

4.5.1 Bayesian prediction at one location

Modelling point-referenced data is not only useful for identifying significant co-
variates but for producing smooth maps of the outcome by predicting it at unsampled
locations. Spatial prediction is usually referred to as kriging and is popularly used in
spatial problems. In the classical framework a lot of energy is devoted to the deter-
mination of the optimal estimates to plug into the predictive equation. However, as
pointed out by Le and Zidek (1992), classical kriging methodology fails to incorpo-

rate parameter uncertainty when performing prediction and inference. This deficiency
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leads to unwarranted confidence in the interpolated values and, essentially, to seem-
ingly valid decisions or regulatory actions which are, in fact, unjustified. Bayesian
approaches to spatial interpolation avoid this deficiency by considering uncertainty

about the parameters in the model.

For each unmeasured site sy, we obtain its covariate information from the GIS
database provided by the Missouri Department of Conservation. Given samples from
the posterior, simulation of realizations from (4.16) is straightforward. In fact, by

(4.16) and (4.18), we just need to add

Step 5*: for given (B,02,0), simulate zy from N(uo,08) with (uy, o) given by

(4.19);

before Step 6 of the algorithm in § 4.3.2 and thus we get independent samples of z

from the posterior predictive distribution p(zo | z) in (4.16).

Figure 4.9 shows the histogram of the 2z, at (665614.875,4115457.5), which is
close to the center of site one. Figure 4.10 shows the histograms of the z; at other
four locations, which are near the border of size one. Each histogram is based on
a sample of size 5000. In fact, we found that the sample size 300 is good enough
to get the approximate predictive density of z;. We can also see that each posterior
predictive distribution is unimodal and approximately symmetric, which implies that
its mean, median and mode are almost same. In addition, the variation of each
predictive distribution is relatively small, comparing to the posterior distribution of

2

the variance o°. For example, the standard deviation of the predictive distribution

at (665564.875,4115337.5) is just about 2.80 for our 5000 samples. This also gives us
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Figure 4.9: Histogram of zy Sampling from the Predictive Distribution at (665614.875,
4115457.5): Covariate Information (Aspect Class—Exposed, Land Type Association—
OZ9b and Soil Depth— Deep)
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Figure 4.10: Histograms of the Predictive Distribution at Four Different Loca-
tions: (a) Location (666194.875,4116397.5), Covariate Information (Aspect Class—
Exposed, Land Type Association-OZ9b and Soil Depth-Deep to Very Deep); (b)
Location (666124.875,4114517.5), Covariate Information (Aspect Class—Exposed,
Land Type Association-OZ9b and Soil Depth-Deep to Very Deep); (c) Lo-
cation (664474.875,4115407.5), Covariate Information (Aspect Class—Protected,
Land Type Association-OZ9% and Soil Depth—Shadow to Deep); (d) Location
(665564.875,4115337.5), Covariate Information (Aspect Class—Exposed, Land Type
Association-OZ9b and Soil Depth-Deep to Very Deep)
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confidence that our proposed model is appropriate.

In order to get a prediction map of the site index, we make a grid of 10 meters by
10 meters on site one and thus there are 38, 744 unmeasured locations. Figures 4.11,
4.12 and 4.13 present the covariate information for the aspect class, the land type asso-
ciation and the soil depth in site one, respectively. Based on the prediction procedure
described in this section, Figure 4.14 shows a prediction map for site one. The map
is made based on the median of 300 samples generated from the posterior predictive
distribution at each grid point. The whole simulation using the above method took
about 125 hours on a 2.20GHz AMD Athlon XP 32004 PC. For convenience, we also

provide a map of the standard deviation of the site index prediction in Figure 4.15.

4.5.2 Bayesian prediction of spatial block average

Sometimes it is of interest to predict the average site index Z(B) over a subregion

B C D, that is,
A =|B|7t | Z(s)d 4.2
(B) = |B] /B (s) ds, (4.20)

where |B| denotes the area of B. The integration in (4.20) is the average of random
variables, and hence a random or stochastic integral. To predict Z(B) based on the

dataset z, we require the predictive distribution, which is now

p(=(B)|2) = [p(=(B)|2.8,0%0)p(B,0% 0| 2)dBdo* df (421)
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Figure 4.11: The Map of the Aspect Class at Site One: the Red Represents the Area
with Protected and the Blue Represents the Area with Exposed
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Figure 4.12: The Map of the Land Type Association at Site One: the Red Repre-
sents Current River Oak-Pine Woodland /Forest Hills (OZ9b) and the Blue Represents
Current River Oak Forest Breaks (OZ9e).
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Figure 4.13: The Map of the Soil Depth at Site One: the Red Represents the Soil
Depth Varying from Deep to Very Deep and the Blue Represents the Soil Depth
Varying from Shallow to Deep.
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Figure 4.14: The Prediction Map of the Site Index at Site One
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Figure 4.15: The Map of Standard Deviation of the Site Index Prediction at Site One
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Under the Gaussian process in § 4.2, we have

X Yo kog
p(z,2(B) | B,0%,0) ~ Nnyy < ,ﬂ>, o (4.22)
X5 K, 1
0.8
where
xs = |B™! /BX(S) ds (4.23)
and the ith element of kg 5 is given by
(kos)i = |B|™! /B Ko(s; — s) ds. (4.24)
Analogously to (4.18), we get
p(2(B) | z,8,0%,0) ~ N(us, o), (4.25)
where
s =xpB + Ky ¥y (z — XB), op=0"(1—kjz%; kog). (4.26)

Riemanian approximation to integrate over B for (4.23) and (4.24) may be difficult in
practice, especially when B is irregularly shaped. Instead, noting that each integration
in (4.23) and (4.24) is an expectation with respect to a uniform distribution over the
subregion B, we may use Monte Carlo integration. In particular, we draw a set of
locations s; 5, j = 1,...,m, distributed independently and uniformly over B and then

replace xg and (kg g); by

;éxsjg (kglg = —ZKQ S; —SiB),
respectively. See Gotway and Young (2002) or Banerjee et al. (2004) and the refer-
ences therein for details. The simulation of the predictive distribution of (4.21) is
then similar to that in the previous subsection.
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4.5.3 Bayesian prediction of spatial CDFs

For the spatial process Z(-), we might wish to find the proportion of area in a
subregion B C D that has site index above some level w. This proportion is the

random variable
Ge(w) = Pr(se B:Z(s)>w) = yB|—1/BJ(Z(s) > w) ds, (4.27)

where I(A) is an indicator function. Prediction of Gg(w) is equivalent to that of the

spatial cumulative distribution function (CDF) F(w) defined by
Fs(w) = 1— Gg(w) = Pr(s€B: Z(s) <w) = |B|*1/B[(Z(s) < w)ds, (4.28)

which has been studied by many authors such as Lahiri (1999) Lahiri et al. (1999)
and Zhu et al. (2002) etc.

Although that (4.27) may be studied analytically in some cases, it is difficult to
work with in practice. We can still apply the idea of the Monte Carlo integration in
§ 4.5.2 to approximate Gg(w) first and then predict such an approximation through
Bayesian analysis. See Banerjee et al. (2004) for details.

Similar discussion can be applied to the prediction of spatial extremes and their

extent, see Cressie et al. (2004) and Craigmile et al. (2004) and the references therein.

4.6 Concluding Remarks and Discussions

In this chapter, we discuss how to model the site index dataset provided by the

Missouri Department of Conservation and then predict the site index at unsampled
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locations. As an example, we choose black oaks in sites one and two for analysis.
Based on ecological background and availability, we choose three variables, aspect
class, land type association and soil depth as covariates. To allow great flexibility of
the smoothness of the random field, we choose the Matérn family as the correlation
function. We also choose the reference prior as an appropriate prior because there
is no previous knowledge of the parameters in the model and thus an appropriate
Bayesian spatial model is established. An efficient algorithm based on the generalized
Ratio-of-Uniforms method is applied for the posterior simulation. One advantage of
the algorithm is that this simulation method can generate independent samples from
the required posterior distribution, which is much more efficient for both statistical
inference of the parameters and prediction of the site indexes at unsampled locations.
Our results show that aspect class and soil depth are both significant while land type

association is less significant.

It appears that the prediction map Figure 4.14 is not smooth enough, especially
around the observed data locations. The main reason for this is that we did not
consider the measurement error of the site index of a tree in our model and thus
theoretically, the prediction errors at measured locations were zero(see Figure 4.15).
However, the measurement errors always existed for the site indexes of trees (some
may be high) because it is impossible to measure heights of trees accurately and in
addition, the formula used for calculation from the tree height to the site index is
approximate. One good solution is to propose a spatial model with the nugget effect

(measurement error) as follows.
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Suppose that we have observe n observations Z = (Z(s1), Z(s2), ..., Z(sy))" from
a single realization of this random field {Z(s),s € D}, where D C IR? is the random
field of interest. Assume that Z(-) is a Gaussian random field with IE{Z(s)} =

Bo + F1Xi(s) + - + 5, Xp(s). and

o+ 7% ifs = u,
cov{Z(s),Z(u)} = (4.29)

o?Kou([ls —ul)), ifs # u,
where 8 = (8o, 51, ..., 3,) € RP'! are unknown regression parameters, X;(s),...,
X,(s) are known location-dependent covariates, 0® + 72 = var{Z(s)}, and Ky, (||s —
u||) is the Matérn correlation function given by (4.2). 72 is often called the nugget ef-

fect in spatial areas. Therefore, the likelihood of the model parameters (3, 02, 72,0, v),

based on the observed data z = (2(s1),...,2(s,))’, is given by
1
L(ﬂv 027 T27 67 v; Z) = (27T)7n/2|G’71/2 exp {_2(2 o Xﬂ)IG_l(Z - Xﬂ)} ) (430)

where X = (z;;) is the known n x (p+1) matrix with its first column as 1 = (1, ..., 1),

assumed to have full rank, and
G = T I+0°% (4.31)

with ¥ = (Ky,(||si — s;l))nxn-

Because there is one more parameter, the nugget effect 72 in the likelihood function
(4.30) than in (4.1), it appears impossible to develop the corresponding reference prior,
even although the smoothness parameter v is assumed to be known. As suggested by

Agarwal and Gelfand (2005), we may consider the following prior

m(B,0% 12,0,v) = 7(B)w ()7 (7H)7(0)7(v), (4.32)
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where

B ~ Ny(0,dL),
o? ~ 1G(ay,by),
7~ IG(ag,by),
6 ~ 1G(as,bs),

v ~ U(0,2),

where a;,b; and d are specified. 1G(a, b) refers to an inverse gamma distribution with
shape parameter a and scale parameter b, and U(a,b) is a uniform distribution on
the interval (a,b). For these specifications, the prior 7(8, 02, 72,60, v) given by (4.32)
is proper and therefore the corresponding posterior distribution should be proper as

well.

Note that for IG(a,b), the variance is infinite when the shape parameter a is 2.
The hyperparameters are chosen so that the prior is proper but vague enough so that
inference is driven by the data. In practice, we may choose d = 100, a; = as = a3 = 2.
b1, ba, b3 may be chosen such that each of them is close to the MLE or REML of its

corresponding parameter.

Since the algorithm in Chapter 3 is not applicable, a new simulation algorithm is
needed. We may apply the Gibbs sampling for the posterior simulation and thus the
full conditional distributions are needed. The full conditional distribution of 8 can

be easily obtained as

(ﬂ ’ ‘72772,07P§Z) ~ Np(l‘l"ﬂ)gﬂ)7
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where

pg = (X'G'X+d'L)'X'G g, (4.33)
¥ = X'G'X+a'1,) (4.34)
with G given by (4.31). However, the full conditional distributions of 02,72, 0, v are

not standard forms. We will update each of them with the slice sampler, which can

be found in Section 5.3. The proposed algorithm is as follows.
Algorithm:

Step 1: For given (0%,72,0,v), update B by simulating

ﬂ ~ Np(”’ﬁv 2ﬂ)>

where pg and g are given by (4.33) and (4.34), respectively;

Step 2: For given (B,02,7%,0,v), simulate R ~ exp(1) and let
V = R—logL(B,0% 7%,0,v;2);
Step 3: For given (B,72%,0,v), update o by simulating o* ~ IG(ay, by) until
V > —logL(B,0% 7% 0,v;2); (4.35)

Step 4: For given (B,0%,0,v,V), update 7% by simulating 7% ~ IG(as, by) until
the condition (4.35) is satisfied;

Step 5: For given (8,02, 7%,v,V), update 0 by simulating 0 ~ IG(as,bs) until
the condition (4.35) is satisfied;

Step 6: For given (8,02, 7%,0,V), simulate v ~ U(0,2) until the condition
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(4.35) is satisfied;
Step 7: Go back to Step 1 until we get the appropriate number of posterior samples.

In order to speed the updating processes, we may apply the shrinkage slice sampler

described in § 5.3.2 in Steps 4, 5 and 6.

In addition, we may consider a multivariate Bayesian spatial model by considering

the four species together to enhance the prediction.
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Chapter 5

Bayesian Spatial Models with
Repeated Measurements — with
Application to the Herbaceous

Data Analysis

5.1 Introduction

Ground layer vegetation is an important component of any forest ecosystem and
has been shown to be a useful indicator of attributes such as disturbance history, site
productivity, and potential responses to management(Whittaker, 1967, Host and Pre-
gitzer, 1991). The study of the Missouri Ozark Forest Ecosystem Project (MOFEP)

is the first comprehensive effort to describe and evaluate the upland ground flora of
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the southeastern Missouri Ozarks.

MOFEP ground flora was sampled in the same plots used for the woody vegetation.
There are 70 to 76 permanent 0.2-ha (0.5-ac) circular plots located within each of nine
study sites for a total of 648 MOFEP vegetation plots. Pre-treatment ground flora
data were collected each summer from 1991 through 1995. Principal data collection
was conducted between early June and late August each year. Sampling sometimes
extended through September because of either limited field personnel or intentional

resampling to address questions about seasonal effects.

There were four subplots in each plot. For each subplot, there were four 1-m?
quadrats located 6.7 meters from the subplot center at 45°,135°,225° 315°. See

Figure 5.1.

Within each 1-m? quadrat, all vascular species with live foliage less than 1 meter
tall above the ground were identified and assigned an estimate of percentage coverage.
The sample included plants not rooted in the quadrat frame but with leaves hanging
over it. Individual species coverages were estimated as if no other species were in
the quadrat (i.e., overlap among leaves of different species was ignored). In addition,
the total percentage coverage by live vegetation less than 1 meter in each quadrat,

including vascular and non-vascular, was measured. See Grabner (2000).

The main aim of this chapter is to study the spatial effect of the total vegetation
coverage in the MOFEP sites. We may choose the center of a quadrat as the location
for the measurement of total vegetation coverage in this quadrat and apply the typical

spatial tool described in the previous two chapter or Cressie (1993) for analysis.
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However, the centers of four quadrats in the same subplot are very close to each
other and this results in the singularity of the covariance matrix. In addition, we can
not differentiate the covariate information in four quadrates of a subplot because the
finest resolution for covariate in the MOFEP is a grid cell of 10 m by 10 m. Due
to this special structure of the data, we propose a new spatial model by considering
the measurements in four quadrats of a subplot as repeated measurements. See the
related work by Hooten et al. (2003).

This chapter is organized as follows. Section 5.2 describes the new spatial model.
The full conditional distributions and the simulation scheme will be discussed in
Section 5.3. The prediction will be discussed in Section 5.4. We will apply our new
model to the data of total vegetation coverage in site one in the MOFEP. Finally,

some comments and possible generalization will be given.

5.2 Model Development

5.2.1 Hierarchical Model

Suppose that Zi(s1),...,Z.(s1),...,Z1(Sn), ..., Z.(s,) are rn observations over
the domain D, where Z;(s;) is the jth observations at location s;, ¢ = 1,...,n;j =

1,...,r. Suppose that
Zj (Sz) = X(Si),ﬂ + W(Sl) + €j (Si), (51)

where x(s;) is a p x 1 vector, representing location-dependent covariates, and (W (s;),

..., W(s,)) are realizations from a second-order stationary Gaussian process with
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Figure 5.1: MOFEP Vegetation Plot Design.
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covariance function o?K(||s; — s;|[; @), that is,

(W(s1),...,W(sn)) ~ N,(0,0°K(0)). (5.2)
Here K(0) = (K (||s; — sj||;@))nxn- For each location s;, we assume that

(e1(si), ..., &.(s:)) ~ N,.(0,0*7*H(p)), (5.3)

where H(p) is a specified matrix controlled by the parameter p. In addition, we
assume the independence between W (s;) and ¢;(s;). In what follows, we work with
the exponential family which is isotropic of the form K(d;0) = exp(—d/f) and we

choose H(p) as

L p p
p 1 p

H(p) = (5.4)
p p ... 1

TXT

Note that € is the spatial range parameter, which measures how quickly the cor-
relations of the random field decay with distance, while p is the local correlation
coefficient for repeated measurements. In addition, 0272 can be viewed as the vari-

ance of repeated measurement errors, which is often called the nugget effect when

r=1
Remark 5.1 H(p) in (5.4) is positive definite if and only if p € (—=1/(r —1),1).

The parameters of interest are (8,02, 72,0, p) and we choose the functional form

for the prior to be

n(B,0%,7%,0,p) = 7(B)m(0”)m ()7 (O)7(p). (5.5)
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As for prior specifications, we assume

B ~ N,(0,dL,), (5.6)
o? ~ 1G(ay,by), (5.7)
72~ 1G(ag, by), (5.8)
0 ~ IG(as,bs), (5.9)
p ~ U(0,1), (5.10)

where a;, b; and d are specified. 1G(a, b) refers to an inverse gamma distribution with
shape parameter a and scale parameter b, and U(a, b) is a uniform distribution on the
interval (a,b). Based on my experience, it is reasonable to just assume p to be positive
because it is the local correlation for repeated measurements that may be affected by
local environmental conditions. However, it is often hard to justify this point from
the observed data. For these specifications, the prior 7(8, 02, 72,0, p) given by (5.5)
is proper and therefore the corresponding posterior distribution should be proper as

well.

Remark 5.2 Ifr =1, then the above model is exactly the same as the typical spatial
model with nugget effect in Cressie (1993) or Banerjee et al. (2004). In this sense,

the proposed model generalizes the traditional spatial model with nugget effect.

5.2.2 The Likelihood

Note that though (Z;(s;),..., Z.(s;)) follows a multivariate normal distribution

given the W (s;), a Gibbs sampler which also updates the latent W (s;) will be sampling
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n~+p—+r dimensional posterior density. However, it is possible to marginalize explicitly
over the W(s;)s and it is almost always preferable to implement iterative simulation
with a lower dimensional distribution. In fact, such marginalization is routinely used
in conjunction with normal data and normal random effects and, for example, is used

by Chib and Carlin (1999) in the context of longitudinal data models. Let

Z = (ZiS))s e Zo(81),s s Z0(S0)s - s Zo(50)) (5.11)

Then we can prove that

(Z|B8,0°,7%,0,p) ~ Nuu(p,o’G), (5.12)
where

p = (X®1,)8, (5.13)

G = K@) ® 1,1)) + I, @ H(p). (5.14)

Here “A ® B” denotes the Kronecker product of A and B, and 1, is an n x 1 vector

with all elements one. The likelihood function is thus given by

G|1/2 1
LB, 0. p50) = men (oG Ew). 61)

202

5.3 The Posterior Distribution and Sampling Schemes

5.3.1 The Full Conditional Distributions
The posterior density of (8,02, 72,0, p) is

p(B,0%7%,0,p | 2) < L(B,0%, 7,0, p;z)m(B)m(0®)m(r*)m(0)7 (p), (5.16)
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where L(8,0% 72,0, p;z) is the likelihood function given by (5.15), and 7(8), m(c?),
7(7?), m(0) and 7(p) are determined by (5.6)—(5.10), respectively. The above posterior
distribution is proper because the prior is proper. However, it is very complicated.
We will apply the Gibbs sampling for the posterior simulation and therefore the full
conditional distributions are needed. The full conditional distribution of 8 can be

readily obtained as follows:

(81 0%7%0,p;2) ~ Ny(ng, Lp), (5.17)

where
pg = [(X®1,)G'(X®1,)+d 'L ' (X®1,)G 'z, (5.18)
¥ = [(X®1,)G'(X®1,)+d '] (5.19)

The full conditional distribution of o2 is still an inverse gamma distribution given by

1
(0] B8,7%,0,p,2) ~ 1G (TQ" +an, o (z - p)'G(z—p)+ b1> . (5.20)

However, the full conditional distributions of 72, § or p are not standard forms and
very complicated, which involves matrix determinant and matrix inverse functions.
One possible choice is Metropolis-Hastings algorithm. But it is hard to find appro-
priate proposal densities. Slice sampling (Neal, 2003), by contrast, is advantageous

in this case. We outline the shrinkage slice sampler in the following subsection.

5.3.2 Shrinkage Slice Sampler

Suppose we want to sample z ~ f(z). The main idea of slice sampling is to in-

troduce an auxiliary variable y such that the joint distribution of x and y is uniform

110



over the region U = {(z,y) : 0 < y < f(x)}. Then x and y are alternately sam-
pled from uniform distributions in a Markov chain. Furthermore, suppose the target
density can be written as f(0) = f1(0)f2(0) where f5(0) is a standard density easy
to sample and f;(f) is a complex function difficult to sample. For example, f5(0)
is a proper prior () easy to sample while f;(#) is the likelihood function L(6;y).
We can introduce an auxiliary variable u such that the joint density of # and u is
p(0,u) = I(u < f1(0))f2(f). So the marginal density of 6 is f(#). The following is
the slice sampler. Given the current state 6,

Step 1. Sample u, ~ U(0, f1(0D)),

Step 2. Sample 0D ~ fo(0) until u, < f1(0¢HD).

As Neal (2003) stated, slicing only the likelihood f1(0) = L(6;y) and doing Gibbs
updates using draws from the prior f>(0) = 7(0) along with the rejection sampling
is truly “off the shelf” requiring no tuning at all. It is from this point that the slice

sampling is proposed to be advantageous over the Metropolis-Hastings algorithm.

A naive rejection sampling scheme (repeatedly sample from fy(0) until we get
a point in the slice, that is, u < f1(f)) need not give good results. An algorithm
which shrinks the support of fo(6) so that it gives better approximation to the slice
whenever there is a rejection is more appropriate. The scheme is called “shrinkage
slice sampler” by Neal (2003) and described as follows. If a point 0* drawn from f5(0)
is not in the slice and is larger (smaller) than the current value #) which is in the
slice, the next draw is made from f5(#) truncated with the upper (lower) bound being

0*. The truncated interval keeps shrinking with each rejection until a point in the
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slice is drawn.

This is another issue worth mentioning about slice sampling in spatial statistics.
With regard to computation, for large data sets often evaluation of the likelihood
L(0;y) will produce an underflow, preventing sampling from the uniform distribution
for u given @ in Step 1. However, log L(0;y) will typically not be a problem to
compute. So it is often safer to compute log f1(@) rather than f;(0) itself. One can
then use the auxiliary variable v = log(u) = log f1(@) — e1, where e; is exponentially

distributed with mean one.

5.3.3 Simulation Algorithm

Combining Gibbs sampling with the shrinkage slice sampler, we propose the fol-

lowing simulation algorithm for the posterior (5.16).
Algorithm:

Step 1: For given (02, 7%,0,p), update B by simulating

ﬂ ~ NP(”ﬂazﬂ)7
where pg and Xg are given by (5.18) and (5.19), respectively;

Step 2: For given (B8,72,0,p), update o by simulating

1
o’ ~ IG (7‘271 + aq, §(z —n)'G Y z—p)+ b1> ,
where p and G are given by (5.13) and (5.14), respectively;

Step 3: For given (8,02, 72,0, p), simulate R ~ exp(1) and let

V = R—IOgL(ﬂ,O'2,7'2,¢9,p;Z);
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Step 4: For given (B,02,0,p;V), update 72 by simulating 72 ~ IG(ay, by) until
V > —logL(B,0% 72,0, p;2); (5.21)

Step 5: For giwven (B,0% 72, p; V), update 0 by simulating 6 ~ IG(as,bs) until
the condition (5.21) is satisfied;

Step 6: For given (B,0% 72,0;V), simulate p ~ U(0,1) until the condition
(5.21) is satisfied;

Step 7: Go back to Step 1 until we get the appropriate number of MCMC samples.

Notice that in Steps 4, 5 and 6, to speed the updating processes, we always apply

the technique of the shrinkage slice sampler in § 5.3.2.

5.4 Prediction

The Bayesian approach to prediction provides a general methodology for taking
into account the uncertainty about parameters on subsequent predictions. For an
unmeasured location sy, Z(sg) = Zy can be predicted by the following predictive

distribution

oz | 2) = / (2 | 2, 8,02, 0)p(B, 02,0 | z) dB do db, (5.22)

where p(8,02%,0 | z) is the posterior distribution described by (5.16) and p(zo |

z,B,0%,0) is determined by
p(Z, 20 | ﬂ? 027 9) ~ Nn+1 (X/(” ), 02 . (523)
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Here x(sg) is the covariate vector evaluated at sg and kg is given by
ko = (K([lso=s1ll;0),..., K(llso = sul[; 0)) @ 1.
Thus, we have
p(z | 2, B,0%,0) ~ N(uo,05),
where
to =X (s0)B+k,G (z—p), of=0*(1-k,G k).

As for the simulation, we just need to add

(5.24)

(5.25)

Step 6*: for given B,0% 72,0, p, simulate zy from N(pg,02) with uy, o given by

(5.25);

before Step 7 of the algorithm in § 5.3.3 for each location sy and thus we get the

samples of zy from the posterior predictive distribution p(zp | z) in (5.22). The

inference of z(sy) at unmeasured location s is based the samples obtained.

5.5 Application to the Herbaceous Data Analysis

In this section, we analyze the herbaceous data collected in 1994 in site one of

the MOFEP. For each quadrat, vegetation was identified and quantified on a percent

coverage basis (Grabner, 2000). Let D represent the area of site one and C;(s;) be

the observed percent coverage of total vegetation in the ith quadrat of a subplot at
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center s;. Let

Z;(s;) = log (5.26)

The transformation (5.26) without adding .0005 is popularly used in logistic regres-
sion because it makes the transformation from (0,1) to (—oo,00). As Webster and
McBratney (1987) and Cressie (2004) did, we add 0.05% to each observed datum
C;(s;) to avoid taking logarithm of zero. We fit the model described in § 5.2 for
{Z;(si)}s.

Since the total vegetation data were measured in 73 plots of site one, so we have

n = 292 and r = 4. See Figure 5.2 for locations of the subplots.

Covariates were chosen based on ecological background and availability. We chose
two covariates: the aspect class and the soil depth because of their important influence
on composition(Grabner,2002, page 137). The full description for the aspect class

and the soil depth can be found in § 4.2.1.

The hyperparameters are chosen so that the priors for parameters 8, o2, 72 and 6
are proper but vague enough and thus the inference is driven by the data. For 8, we
choose d = 100, implying that each 3; has a large variance of its prior distribution.
Centering the normal priors for the regression coeflicients at zero is reasonable because
all the coefficients are expected to have small magnitudes due to the small values of
the response variable (minimum —7.02 to maximum 1.33). Note that for an inverse
gamma distribution with shape a and scale b, it has a mean b and an infinite variance
when the shape parameter a is 2. The means of the priors of o2, 72 and # are chosen

to be close to their REML estimates while the prior variances are infinite. So we
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Figure 5.2: Locations of subplots in site one (the square area is for prediction)

choose a1 = ay = a3 = 2 and by = 48, by = 2.50, by = .25.

The MCMC algorithm in § 5.3.3 was run for 10, 000 iterations after a burn-in pe-
riod of 1,000 iterations. It took about 230 hours on a 3.06GHz Intel Xeon server with
MATLAB software. Resulting parameter distributions were summarized in the form
of histograms. Figure 5.3 shows the marginal histograms for the parameters 3, in the
model. The marginal posterior distributions for [3; are approximately symmetric. It
can be inferred that soil depth is indeed an important factor influencing the total vege-
tation coverage because 95% Bayesian credible interval of 3, is (0.0526, 0.6951), which

does not contain zero. The 95% Bayesian credible interval for 3 is (—0.1571,0.4033).
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This suggests that the aspect class is perhaps less important than the soil depth when
modelling the total vegetation coverage. However, we will still make use of the aspect

class for prediction later because P(3; > 0 | z) is more than 0.85.

parameter median mean  standard deviation  95% Bayesian CI

Bo —2.5066 —2.5065 0.2054 [—2.9109, —2.1095]
B 0.1267  0.1259 0.1438 [—0.1571,0.4033]
Ba 0.3786  0.3789 0.1640 [0.0526,0.6951]
o? 0.4464  0.4618 0.1213 [0.2556, 0.7198]
72 29139  3.0465 0.9333 [1.6938, 5.4329]

0 0.1398  0.1575 0.0776 [0.0673,0.3498]

p 0.1508  0.1496 0.0497 [0.0450, 0.2435]

Table 5.1: Posterior Quantities of (8,02,72%,0,p).

Figure 5.4 also shows the marginal histograms for the parameters o2, 72,62, p.
Unlike 3;, the marginal posterior distributions for o2, 72,62, p are skewed. Table 5.1

shows the posterior quantities for parameters in the model.

Remember that the parameter 6 gives the information of spatial effect while p
provides the local correlation information for the measurements from four quadrats
in a subplot. As suggested by Banerjee et al. (2004), we may choose posterior medians
as their point estimates. So we have 8 = 0.1398 and p = 0.1508. Hence we get that

the effective range, which is the distance at which the spatial correlation drops to
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Figure 5.4: Histograms of (02, 72,0, p).
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Figure 5.5: The Covariate Information in the Prediction Domain: (a) Aspect Class
(1 = Protected, 0 = Exposed), (b) Soil Depth (1 = Deep to Very Deep, 0 = Shallow
to Moderate Deep).
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Figure 5.6: The Maps of Prediction and Prediction Error: (a) Prediction, (b) Stan-
dard Deviation of the Prediction.
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Figure 5.7: The Maps of Prediction Difference between Four Quadrats and Two
Quadrats: (a) Prediction, (b) Standard Deviation of the Prediction

Figure 5.8: The Relative Difference of the Predictions between Four Quadrats and
Two Quadrats.
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only 0.05, is approximately 0.42 km. Notice that the maximum distance in site one
is approximately 2.50 km and thus the above point estimate of the effective range
implies that the strong spatial effect exists for the total vegetation coverage data
in site one. In addition, the estimate of p shows that the measurements from four

quadrats in a subplot are not strongly dependent but are not independent.

Remark 5.3 As Dr. Dongchu Sun, one of my committee members, pointed out that
for a prior of the parameter n, it may be vague enough for n itself while it is quite
informative for g(n), where g(n) is a function of n. This is true. What we can do is to

2

take care of parameters of interest first. Note that 072 is one of interest parameters

in the model because it can be viewed as the variance of repeated measurement errors.

Although the prior of %72 is not a standard form, the prior variance of 072 is

2 and 7% are assigned inverse Gamma distributions with shape

still infinite when o
parameters a; = 2,1 = 1,2. In this case, hyperparameters by, by would not affect
the inference too much although we chose by, by to be close to REMLs of o and
72, respectively. The small study in the following supports this point. We generated
2000 samples from the posterior distribution with d = 100,a; = as = az = 2 and
by = 0.30,by = 1.00,b3 = 0.2. Figure 5.9 presents the comparison of the estimated

posterior densities under two different cases. We found that the estimated posterior

densities for each parameter are very close.

Based on the theory in § 5.4, the total vegetation coverage at any location in site
one may be predicted. We choose a square area of 500 meters by 500 meters in the

southeastern part of site one for prediction. Like § 4.5, we made a grid cell size of
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0.5

Figure 5.9: The Comparison of Posterior Densities: the Solid Line with the Case of
d =100, a3 = as = az3 = 2 and b; = 0.30,by = 1.00,b3 = 0.2 and the Dashed Line
with the Case of d = ]_00, a1 = Q9 = ag = 2 and b1 = 048, b2 = 250, b3 = 0.25.
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10 meters by 10 meters, resulting in 2500 prediction locations in this domain. The

covariate information in this prediction domain can be seen in Figure 5.5.

We choose the median of samples from the predictive distribution as a point
estimate of Z(sg) and thus get an estimate of the total vegetation coverage C(sg) at

location sy from the transformation (5.26).

Since there are so many locations to be predicted, computation is very time-
consuming due to inverse and determinant of large dimensional matrices if we make
use of all 10,000 samples from the posterior distribution. We consider reducing the
number of posterior samples. One way is to take just a few posterior samples, say,
the first 500. However, as mentioned by Banerjee et al. (2004), the outputs created
from the shrinkage slice sampler are usually highly autocorrelated, which may not
give a good result for the predictive distribution when using a small size of posterior
samples. The better way is to resort to thinning, which is simply retaining only every
kth sampled value, where k is the approximate lag at which the autocorrelations
in the chain become insignificant. For our 10000 posterior samples, we found that
k = 40 is an appropriate number and thus 250 posterior sub-samples were obtained.
A small study revealed that the difference of the sample medians from the predictive
distribution incurred by using the 10000 total samples and using the 250 sub-samples
is ignorable. For example, at location sy = (665000, 4115000), the sample median of
the predictive distribution is about —2.8164 with the 10000 total posterior samples

while it is about —2.8013 with just 250 “thinning” posterior sub-samples.

Figure 5.6(a) displays the prediction map of the total vegetation coverage in the
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250, 000m? square domain based on each median of 250 “thinning” posterior sub-
samples. The corresponding map of standard deviation can be seen in Figure 5.6(b).
It took about 136 hours on a 2.80GHz Intel Pentium IV PC for the prediction simu-

lation.

It is interesting to see whether we can reduce the number of quadrats in each
subplot when the prediction of the total vegetation coverage is the primary purpose.
So among four quadrats in each subplot, two of them, which are at 45° and 225°,
are chosen and then we remodel the new data set again (n = 292,r = 2). The
corresponding maps of the total vegetation coverage in the 250, 000m? square domain
can be seen in Figure 5.7. It looks like there is no meaningful difference between
Figure 5.6(a) and Figure 5.7(a). We can also see the map of the relative difference
based on the results of four quadrats and two quadrats in each subplot in Figure 5.8.
If biologists agree that the difference is acceptable, we may just measure the total

vegetation coverage in two qudadrats of each subplot.

5.6 Discussion and Conclusion

We have developed a new spatial model taking into account several close mea-
surements as repeated measurements in one location and applied to the analysis of
the total vegetation coverage data in site one of the MOFEP. Our results show that
the soil depth covariate is an important factor while the aspect class is less important
when modelling the total vegetation coverage. We also show that the strong spatial

effect does exist in the data discussed and the measurements in four quadrats of a
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subplot are not strongly correlated but are not independent. In addition, prediction

of the total vegetation coverage at unmeasured locations is established.

Model validation is very important when setting up a new model. This is worthy

of further study in the future.
Possible extentions could be made as follows.

In the MOFEP, it is also important to model the vegetation coverage by an individ-
ual species. For modelling the coverage by an individual species, the model in § 5.2.1
is not applicable directly because plants occur infrequently and have low coverage.
Consequently, the data contain a lot of zeros and 0.001s. For example, Desmodium
nudiflourum is the most popular species in nine MOFEP sites. Despite being the most
abundant species, there are about 41.6 percent quadrats where Desmodium nudiflou-
rum is absent and about 8.7 percent quadrates where the coverage of Desmodium
nudiflourum is less one percent (counted as 0.1 percent). However, we may make use

of our model by introducing latent variables.

Let Yj(s;) be the observed percent coverage of an individual species and Y}*(s;) be
the unobserved true percent coverage in the 7th quadrat of a subplot at center s;. It

is reasonable to assume that
0, if 0< YJ*(SZ) < 0.001,

Yj(si) = § 0.001, if 0.001 < Y7(s;) < 0.01, (5.27)

Yi(s;), if 0.01 <Yi(s) < 1.

Let Uj(s;) = @1 (Y;*(sy)) or Y;*(s;) = ®(Uj(s;)), where ®(-) is the cumulative

probability function of the standard normal distribution. It is straightforward to see
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that
0, if Uj(Si) < Cq,
Y;(si) = { 0.001, if ¢ < Ui(s) < o, (5.28)

(I)_l(Uj<Si)), if Uj(Si> Z Co.

where
c, = ®71(0.001) = —3.0902, c¢; = ®7'(0.01) = —2.3263. (5.29)

Like Z;(s;), it is assumed that {U;(s;)} follow the hierarchical model in § 5.2.1. In

what follows, we assume r = 4. Let
U = (Ui(s1),...,Ux(81),. .., Ur(sn), ..., Up(sn)). (5.30)
Therefore,
(U|B8,0%7%,0,p) ~ Npp(p,a’G), (5.31)

which is the same as the conditional distribution of Z given (8,02, 72,6, p) in (5.12)
of subsection 5.2.2, where p and G are given by (5.13) and (5.14), respectively. So,

for given (8,02, 72,0, p), the conditional density of U is

~1/2
p(u | ﬂ70-277-279ap) = iOG'J)"T/Q exXp {_%i_gol - ”)lGil(u - Il')} : (532)
Let
Y = (Yi(s1),...,Y(s1),...,Yi(sn), ..., Ye(sn))". (5.33)

From (5.28), we have that for given U, the conditional density of Y is

py W = TITT U(s) = 0,u,(s) < )

i=1j=1
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+ I(y;(s;) = 0.001, 1 < uy(s;) < c2)

+ I(y;(si) = @7 (uy(s0)), uy(si) = )], (5.34)
where I(A) is the indicator function of A. As for the prior of (8,02 ,7%,0,p), we
may still choose the prior w(8, 02,720, p) defined by (5.5)-(5.10). Combining (5.34)

and(5.32) with the prior (8, 0%, 72,0, p), we have the joint distribution of (y,u, 8, o2,

72,0, p)
ply.u,B,0%,7%,0,p) = ply |w)p(u| B,0%7%0,p)7(B,0°,7°,0,p).  (5.35)

For the posterior simulation, we still prefer to the Gibbs sampler. (5.35) tells us
that for given U, updating (8,02, 72,0, p) requires no information from y and thus

the algorithm in subsection 5.3.3 can be used.

However, for each MCMC cycle, we need update {U;(s;)} because they are latent

variables. The full conditional distribution of U is given by

plu|B,0%7%,0,py) x ply | w)p(ul B, 7%0,p). (5.36)

From (5.31)(5.34) and (5.36), we can see that the full conditional distribution of U
follows a truncated multivariate normal distribution and thus the idea of the simu-
lation algorithm for in Griffiths (2002) may be borrowed. We propose the following

algorithm for the posterior simulation.
Algorithm:
Step 1: For given (B,02,7%,0,p;y), update U by using the simulation
algorithm in  Griffiths (2002) for a truncated multivariate normal
distribution;
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Step 2: For given (02,7%,0, p, u), update B by simulating

B ~ Ny(ng, Xp),

where
py = [(X@L)G ' (X®L)+d 'L '(X®1)G 'y, (5.37)
¥ = (X9 L)GH(X®1,)+d '] (5.38)

Step 3: For given (B,72%,0, p, u), update o* by simulating

1
o’ ~ IG <r2n + ay, 5(11 — )G Hu—p)+ bl) :

where p and G are given by (5.13) and (5.14), respectively;

Step 4: For given (8,02, 7%,0,p,u), simulate R ~ exp(1) and let
V. = R—logp(ulB,d°7%0,p), (5.39)

where p(u | B,0%,72,0, p) is given by (5.52);
Step 5: For given (B,0%,0,p,u,V), update 7% by simulating 7> ~ IG(az, bo)

until
V. > —logp(ulB,a* 12,0, p); (5.40)

Step 6: For given (B,0% 72, p,u, V), update 0 by simulating 0 ~ IG(as, b3) until
the condition (5.40) is satisfied;

Step 7: For given (8,02, 7%,0,u,V), simulate p ~ U(0,1) until the condition
(5.40) is satisfied;
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Step 8: Go back to Step 1 until we get the appropriate number of MCMC' samples.

Details including the prediction of the percent coverage of an individual species

at unmeasured locations will be investigated in the future.
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