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ABSTRACT

viii The extensive use of short-fiber reinforced polymer composites for industrial ap-

plications demands an accurate understanding of the fiber orientation kinematics.

There is a growing concern in recent literature with the popular Folgar and Tucker

(1984) model for the transient analysis of fiber orientation. As the reliability and

repeatability of the material behavior from the fabrication procedure advances, the

demand for accurate models for use in design processes beyond the current methods

has become increasingly important.

A model to incorporate the directional nature of fiber interactions through the

introduction of directional diffusion is presented based upon the observation made

by Folgar and Tucker in their original work that fiber motions for concentrated sus-

pensions are different for random orientations versus aligned orientations. This work

develops the fiber orientation tensor flow equations based upon a directionally depen-

dant diffusion model similar to that of Bird et al. (1987), and introduces two models

for directional diffusion. The first model is readily implemented in industrial applica-

tions with the current understanding of orientation tensors, while failing to attain all

of the desired characteristics. The second, advanced, model for directional diffusion

provides all required attributes both in the transient solution and the steady state

orientation results of the fiber distribution at the cost of requiring the orientation

tensors up to the tenth-order. Future work will need to incorporate experimental

results with the proposed model to refine the scalable parameters of the advanced

diffusion model to produce acceptable results for industrial applications.

viii



CHAPTER 1

INTRODUCTION

Short-fiber polymer composites have experienced widespread use in industrial fabri-

cation processes due in large part to their high strength to weight ratio. In these

products, the orientation state of the short-fibers within the polymer matrix defines

the material properties of the composite structure. Therefore understanding and

predicting fiber orientation during mold filling is necessary for product and process

analysis and design.

Most fiber orientation analysis methods are based upon the model presented by

Folgar and Tucker [1] which includes a phenomenological diffusion term to account for

interactions between fibers in the polymer melt. Unfortunately, the method proposed

by Folgar and Tucker employing the fiber orientation probability distribution function

is limited to simple flow simulations due to excessive computational time and memory

requirements (see e.g. [2, 3]). More recently, Chiba et al. [4] developed a computa-

tionally efficient statistical approach for modeling single non-interacting fibers along

streamlines to evaluate the fiber orientation probability distribution function of non-

interacting discrete fibers using Jeffery’s Equation [5]. For the case of fiber-fiber

interactions, Advani and Tucker [2] extended the usefulness of the Folgar and Tucker

model by introducing orientation tensors to characterize the fiber orientation state

using moments of the fiber orientation probability distribution function in a compu-

tationally efficient manner, even in complex flow fields. Unfortunately, the solution
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for each even-ordered tensor requires the next higher even-ordered tensor. Therefore,

to solve the orientation tensor evolution equation [6], a closure is required whereby

higher-ordered orientation tensors are approximated as functions of lower-ordered ori-

entation tensors. There exist many closures of the fourth-order orientation tensor in

the literature [7–19], and recently, the sixth-order closures [20–22] have been receiv-

ing attention due to their effectiveness in modeling both the orientation distribution

function of fibers and advanced material properties [23]. Additionally, it has been

shown that the fourth-order orientation tensor plays a strong role in approximating

the expectation value of fiber distributions (see e.g. [2,6,24–27]). Recently it has been

demonstrated that orientation tensors up to the eighth-order [27, 28] are necessary

to develop the variance of the material stiffness tensor associated with a given fiber

orientation probability distribution function.

Current approaches to model fiber orientation while incorporating fiber interac-

tion effects are based upon the Folgar and Tucker model [1]. The Folgar and Tucker

model introduces interaction between fibers through forces similar to Brownian mo-

tion where each of the fibers experience small forces as they collide within the sus-

pension causing induced torques upon each ellipsoid. Folgar and Tucker propose a

diffusivity function based solely upon the rate of deformation tensor and an empir-

ically derived parameter termed the interaction coefficient. The Folgar and Tucker

model does not take into account the directional dependance of the collisions notwith-

standing the suggestion by Folgar nd Tucker that “...while it is possible, and even

likely, that these orientation changes have a directional bias, or are different in nearly

2



random and nearly aligned suspensions, we have chosen to ignore these features.”

Their model yields exceptional results compared to previous theories, and has been

considered the standard throughout both the industrial and academic communities.

It has been suggested that the Folgar and Tucker model will significantly over predict

the degree of orientation throughout the transient solution [29]. With recent indus-

trial demands for efficient and accurate production design and advances in repeatable

production processes, it is necessary to ensure that accurate models exist to represent

the orientation state.

A comprehensive treatment of fiber suspension flow in complex geometries involves

flow/orientation coupling. It is well understood that fibers orient in response to flow

kinematics, while the suspension rheology is defined in part by the concentration and

orientation of the suspended fibers. For example, Dinh and Armstrong [30] provide

a rheological equation of state for semi-concentrated suspensions of stiff fibers in

a Newtonian solvent. Flow simulations that incorporate flow/orientation coupling

further emphasize the need for including these fully coupled evaluations to make

accurate predictions in certain geometries. Lipscomb, et al., [8] showed that the size of

the corner vortex in axisymmetric contraction changed significantly when fibers were

added, and VerWeyst and Tucker [31] exposed the influence of fiber concentration on

flow near the gate of an injection molded part.

In the same simulations, however, VerWeyst and Tucker [31] demonstrated that

the influence of flow/orientation coupling decays rapidly with increasing distance from

the gate. This latter result supports the earlier conclusion by Tucker [32] that flow
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and fiber orientation evaluations may be decoupled for flows in narrow gaps where

the lubrication approximation applies. Accordingly, throughout the present work the

effect of fiber orientation upon the flow kinematics will be neglected to retain the focus

solely upon the fiber orientation analysis. It is left for future investigations to pursue

the full coupling between the fiber orientation analysis and the flow kinematics.

It has been well known that the Folgar and Tucker model has limited use for

accurately representing the transient results for physical processes. Yamane et al. [33]

curve fit an equation based upon volume fraction for the interaction coefficient for a

given set of flow conditions, and similarly Bay [34] developed a comparable function

based upon a different set of experimental data. These two forms assume the rate of

fiber interactions is based solely upon the volume fraction and yet yield a range of

interaction coefficients several orders of magnitude apart based upon the same set of

fiber volume fractions. Phan-Thien et al. [35] discuss the discrepancy, and suggest the

variation may be due to neglecting the fiber aspect ratio in the calculations. Phan-

Thien and co-workers suggest that the collisions among fibers becomes less frequent

as the fiber width decreases. The Folgar and Tucker model has been known to over

predict the alignment of fibers during the transient solution [29]. Since the Folgar

and Tucker is fit based upon the steady state results, it is assumed to accurately

predict the steady-state results. For simple flows, Folgar and Tucker model may

attain the steady state solution 2 to 3 times faster than actual experimental results

indicate [29]. Until recently, this characteristic has been acceptable for industrial

applications since there was significant uncertainty in the fabrication process. With a
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continuing desire for high strength advanced materials with specific material response

behavior it has become necessary to develop methods to accurately model both the

steady state results and the transient solution of the fiber orientation probability

distribution function.

There exist several models in the literature to account for fiber interaction, but

these models have found only minimal acceptance for various reasons. Kamal and

Mutel [36] propose a diffusivity model as a function of volume fraction that for suffi-

ciently large enough volume fractions is independent of shear rate. This model allows

a relaxation of the fiber orientation to a randomly distributed orientation steady state,

contrary to the physical system in which fiber orientation experiences no relaxation

without an induced deformation of the surrounding fluid. Phan-Thien et al. [35, 37]

assume an anisotropic second-order tensor form for the diffusivity, but again neglect

the directional dependance of the fiber distribution. Additionally, results are only in-

vestigated for steady state flow conditions. Phan-Thien and co-workers conclude with

the remark that fiber interactions may not be best described by a simple diffusion

process, but clearly the Folgar and Tucker model must be further investigated and im-

proved upon to allow accurate simulations of fiber orientation in industrial processes.

Koch [38] proposed an expression without proof or results for the orientational diffu-

sion of a test fiber. Recently, Tucker et al. [29] introduced a strain reduction factor

to the Folgar-Tucker model and presented preliminary results from their new model.

This parameter is selectively chosen depending upon the flow conditions, and has the

effect of scaling time in the flow equations. Although this model has shown promising
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results, it is unclear what the model is based upon and an exhaustive study of the

time scaling factor has yet to be presented in the literature.

This paper seeks to develop a procedure for developing models that have a direc-

tional dependance for diffusion, thereby incorporating the local effects of the distri-

bution of fibers. There are two approaches to incorporate the directional nature of

the fiber collisions. The first is based upon a complete understanding of the nature

of the fiber collisions and will require a precise understanding of the physical na-

ture of the collision between two fibers and should investigated in future endeavors.

Once the physical phenomena causing reorientations between densely packed fibers

are fully understood, a true physical model can be formulated. The second approach,

which is undertaken here, represents collisions as being locally averaged into a dif-

fusion model. This approach is similar to that of Bird [39, 40] where for crystalline

polymer flow, collision phenomena are considered to be due to diffusion. A clear

development of a general diffusion model is made along with assumptions necessary

for any future model belonging to the general diffusion model. Additionally, exten-

sive consideration is made in developing the orientation tensor evolution equations

to allow practical implementation for industrial use. A preliminary, first order model

based upon the the first- and second-moment of inertia of a single fiber is presented.

The preliminary model is discarded in favor of the advanced directionally dependant

diffusion model, which upon simplification of the second-order orientation tensor flow

equations the advanced diffusion model is shown to require the orientation tensors

up to the tenth-order. The advanced model has all the desired characteristics, and
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can be easily implemented in existing flow calculations employing the second-order

orientation tensor using the proposed eighth- and tenth-order moment closures. The

advanced directional diffusion model provides two scalable parameters, one which

contributes significantly to the steady state solution, and a second which mostly con-

tributes to the transient behavior of the solution. Recall the currently accepted Folgar

and Tucker model is fit to steady state results observed in the laboratory. Therefore,

the parameter primarily affecting the steady state solution is set to produce the same

steady state as the Folgar and Tucker model, and the second parameter is adjusted to

diminish the rate at which the fibers align to better approximate the physical system

under consideration.
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CHAPTER 2

FIBER ORIENTATION KINEMATICS

Due to extensive use of short-fiber polymer composites in industrial applications, a

complete understanding must be made to allow effective product and process design.

This chapter sets the framework to develop effective models to analyze the flow kine-

matics and fiber orientation relationship. Development begins with the representation

of a single fiber and transitions to the distribution of fibers necessary for effective in-

dustrial applications. Considerations such as bulk fluid deformation, fiber volume

fraction, and fiber aspect ratio are incorporated with the motion of a single fiber.

Lastly, a discussion of the the existing diffusion models is undertaken to introduce

the limitations of the existing theories.

2.1 Representation of Fiber Orientation

The orientation of a single rigid fiber within a polymer matrix can be described by

the angle pair, (θ, φ), or by the unit vector r (θ, φ) aligned along the axis of the fiber

as shown in Figure 2.1 with the relation between the two descriptions simply being

r (θ, φ) =





sinθ cosφ
sin θ sin φ

cosθ



 (2.1)

Observe that a fiber along r (θ, φ) will be indistinguishable from a fiber aligned
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x3

x1

x2

φ

θ
r

Figure 2.1: Coordinate system defining the unit vector r(θ, φ) along with the angles
θ and φ.

9



along −r (θ, φ) since the two ends of the fiber are identical [41], therefore any descrip-

tion of the orientation must satisfy the substitutions

θ → π − θ and φ → φ + π (2.2)

Fibers are rarely, if ever, perfectly aligned along a single direction, but instead each

discrete fiber will have a orientation that varies from nearby fibers. There are exam-

ples where each discrete fiber has been modeled in simple flows for small numbers of

fibers [35], but for typical industrial use modeling individual fibers is computationally

impractical. Therefore, the discrete set of fibers is assumed to satisfy a given con-

tinuous probability distribution function ψ (θ, φ) defined such that the probability of

finding a fiber between the angles θi and θi + dθ and between φi and φi + dφ is given

as [6]

P (θi ≤ θ ≤ θi + dθ, φi ≤ φ ≤ φi + dφ) = ψ (θ, φ) sin θidθdφ (2.3)

Observe that Equation (2.2) will cause the distribution to be an even function, i.e.

ψ (θ, φ) = ψ (π − θ, φ + π) (2.4)

Since every fiber must lie upon some angle pair (θ, φ) ∈ S2, the integral of the

distribution function over the unit sphere S2 must be equal to one

∮

S2
ψ (θ, φ) dS2 =

∫ 2π

0

∫ π

0

ψ (θ, φ) sin θdθdφ = 1 (2.5)

which is often referred to as the normalization condition. The distribution function

is considered to be a continuous function and is assumed to vary smoothly with po-

sition [41]. The fiber distribution function ψ (θ, φ) is a complete description, if the
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orientation of a fiber is statistically uncorrelated with that of any of its neighbors.

The case of “orientational clustering” has been considered by Ranganathan and Ad-

vani [42] where the local clustering of the fibers causes a local inhomogeneity of the

distribution function. This phenomena is relegated to complex flow fields, and is

neglected here since all results will be for simple flow fields.

The fiber orientation distribution function is a complete description of the fiber

orientation state, but calculations with the distribution function are too cumbersome

to apply to industrially relevant flows due to computational considerations. Addition-

ally, ψ (θ, φ) does not yield an easy interpretation into physical behavior [2,23,41]. An

alternative approach is to consider an average orientation property over a sufficiently

large enough volume to contain many fibers, but small enough such that the statistics

of the orientation are uniform throughout. This assumption is valid when the volume

is small in regards to the dimensions of the part but large in regards to the fiber

length [43]. Let Bn (θ, φ) represent some property associated with the nth fiber, then

the local average for N discrete sample sets of {Bn (θ, φ) : 1 ≤ n ≤ N, n ∈ N, N ∈ N},

denoted by 〈B〉, is defined as

〈B〉 =
1

N

N∑
n=1

Bn (θ, φ) (2.6)

If the set {Bn (θ, φ) : 1 ≤ n ≤ N} is sampled from the fiber orientation probability

distribution function ψ (θ, φ), and as N →∞ the volume average of the quantity will

be equal to its expected value as

〈B〉 =

∮

S2
B (θ, φ) ψ (θ, φ) dS2 (2.7)
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Current practice to represent the distribution function of fibers uses the moments

of the distribution function to represent the orientation state. Therefore the generality

of the distribution function is cast in a compact form for rapid computations where the

property B (θ, φ) is set to B (θ, φ) = r (θ, φ) r (θ, φ) · · · , or in index notation, Bij··· =

rirj · · · . where ri is the ith component of the vector r (θ, φ) and the dependance of

ri upon (θ, φ) is understood. Here, and throughout the text, index notation along

with the Einstein summation convention will be employed for simplicity. In index

notation the value Bij designates the i, j component of the tensor function B (θ, φ),

and the Einstein summation convention simply sums upon a repeated index, i.e.

∑3
i=1 Bii = Bii = B11 + B22 + B33 where i, j, k, . . . ∈ {1, 2, 3} since we are in R3

throughout the scope of the present work.

The moments of the distribution, commonly referred to as the orientation tensors,

are defined as [2]

Aij =

∮

S2
rirjψ (θ, φ) dS2 Aijkl =

∮

S2
rirjrkrlψ (θ, φ) dS2

Aij... =

∮

S2
rirj . . . ψ (θ, φ) dS2 (2.8)

Due to the symmetric nature of the fiber orientation probability distribution function,

Equation (2.4), odd ordered orientation tensors integrate to zero and will not be

discussed further. Through the application of Equations (2.1) and (2.8) orientation
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tensors can be shown to be completely symmetric

Aij = Aji

Aijkl = Aklij = Ajikl = Ailkj = · · · (2.9)

Aijklmn = Ajiklmn = Aklijmn = Amnklij = Ailkjmn = Ainklmj = · · ·

Note that Aijkl enjoys more symmetries than those found in an anisotropic stiffness

or compliance tensor (see e.g. [44, 45]). In addition, higher order orientation tensors

completely describe lower order orientation tensors which can be shown using the

normalization condition of the distribution function ψ (θ, φ) from Equation (2.5) along

with Equation (2.1) and Equation (2.8)

Aij···αβγγ =

∮

S2
rirj . . . rαrβrγrγψ (θ, φ) dS2

=

∮

S2
rirj . . . rαrβ (r1r1 + r2r2 + r3r3) ψ (θ, φ) dS2

=

∮

S2
rirj . . . rαrβ

(‖r‖2
)
ψ (θ, φ) dS2

=

∮

S2
rirj . . . rαrβ ( 1) ψ (θ, φ) dS2 = Aij···αβ (2.10)

Observe, due to the symmetry conditions of Equation (2.9), there are six independent

components of Aij which is reduced to five components when accounting for the

normalization condition of Equation (2.5). The fourth-order orientation tensor Aijkl

has 14 independent components, and the sixth-order orientation tensor Aijklmn has 27

independent components when accounting for normalization and symmetry. Although

the tensors may seem an unusual means to describe fiber orientation, they have a

simple physical interpretation. For example, take an isotropic, i.e. 3-D random
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orientation, state with ψ (θ, φ) = 1
4π

as shown in Figure 2.2, then the second order

orientation tensor is simply

Aij =




1
3

0 0
0 1

3
0

0 0 1
3


 (2.11)

When all the fibers lie along the x1 axis as shown in Figure 2.3, the second-order

orientation tensor is

Aij =




1 0 0
0 0 0
0 0 0


 (2.12)

It is often useful to reconstruct an approximate fiber orientation probability distri-

bution function knowing only the orientation tensors (see e.g. [2,46]) and can provide

a quantitative means for assessing the effect of introducing closure approximations to

represent ψ (θ, φ) [47]. The fiber orientation distribution reconstruction introduced by

Onat [?, 48] and used by Onat and Leckie [49] was initially presented for expansions

up to the fourth-order and was extended by Jack and Smith [47] up to the sixth-

order. Unfortunately, the means to provide expressions beyond the sixth-order were

unavailable until recently where Jack and Smith [27] introduced a method, through

the Laplace series of complex spherical harmonics (see e.g. [50]), to reconstruct the

fiber orientation probability distribution function as

ψ (θ, φ) =
∞∑

l=0

l∑
m=0

βm
l (θ, φ) (2.13)

where each of the functions βm
l (θ, φ) are expressed in terms of the complex spher-

ical harmonic functions and can be expressed as functions of the orientation ten-

sors (see e.g. [27] for a full description). To fully describe the distribution function
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x3

x1

x2

Figure 2.2: Isotropic orientation state, ψ (θ, φ) = 1
4π

.

x3

x1

x2

Figure 2.3: Uniaxially aligned orientation state along x1 axis.
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ψ (θ, φ) all even-ordered orientation tensors up to infinite rank are necessary, therefore

the tensor representation is always an incomplete representation of the distribution

function. Conversely for many theories, the fourth-order orientation tensor provides

sufficient information to predict many relevant material properties of the compos-

ite [2,8,25,26,32,51–53], and only recently has the investigation into material stiffness

representations [28] yielded a demand for orientation tensors of an order higher than

fourth. It must be noted that flow simulations typically utilize solely the second- and

fourth-order orientation tensors thereby neglecting any higher-order effects.

2.2 Dynamics of Fiber Orientation

The dynamics of the motion of fibers in a flow field begins with Jeffery’s model [5]

where the motion of individual rigid ellipsoids in a Newtonian solvent are solved based

upon first principles. The Jeffery model assumes the fluid velocity is a linear function

of position in a neighborhood of the fiber and all inertia and body forces are negligible.

Jeffery solved the particle motion by requiring the net forces and moments on the

ellipsoid equal zero. Therefore the centroid of the particle moves with the bulk flow

of the surrounding matrix. Jeffery’s solution in vector notation and index notation

are, respectively, written as

Drh

Dt
= ṙh = −1

2
ω · r +

1

2
λ (γ̇ · r − γ̇: rrr) (2.14)

Drh
i

Dt
= ṙh

i = −1

2
ωijrj +

1

2
λ (γ̇ijrj − γ̇klrkrlri) (2.15)

where ṙh is defined as the time derivative of the hydraulic component of rota-

tional motion of the ellipsoid, λ depends upon the fiber aspect ratio ar where
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λ = (a2
r − 1) / (a2

r + 1), γ̇ij is the rate of deformation tensor and ωij is the vortic-

ity tensor written as

γ̇ij =
∂vj

∂xi

+
∂vi

∂xj

(2.16)

ωij =
∂vj

∂xi

− ∂vi

∂xj

(2.17)

where vi is the ith component of the velocity of the fluid. Observe in Equation

(2.14) the ordinary derivative d
dt

has been replaced with the material derivative D
Dt

to recognize that the orientation may not be spatially uniform but does convect with

the bulk motion of the fluid where D
Dt

= ∂
∂t

+ v · ∇.

It is interesting to note that Jeffery’s equation predicts that an ellipsoid in simple

shearing flow will experience periodic motion labeled the Jeffery orbits. The time

average of the Jeffery orbits will describe the general tendency of alignment, but in

practical applications the Jeffery model is insufficient. The Jeffery model predicts that

in simple shear flow after a period T , every fiber will return to its original orientation

state which is not experienced by the bulk orientation in actual processes. A steady

state orientation for the bulk distribution is often obtained after a short period of

time with no oscillations in the distribution [1, 3, 41,54,55].

To employ Jeffery’s model for fiber suspensions requires there be no fiber interac-

tions. The case of non-interacting fibers is valid in the dilute regime [41, 56] defined

when the inverse of the square of the aspect ratio ar of the fiber, defined as ar = L/D

where L is the fiber length and D is the fiber diameter, is much greater than the

volume fraction of fibers, i.e. Vf ¿ 1
a2

r
. Typical fiber aspect ratios range from 10
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to 20 [34], therefore for a suspension with and aspect ratio of 10 to be dilute, the

fiber volume fraction would have to be much less than 1%. The semi-dilute regime

is defined [41] such that 1
a2

r
¿ Vf ¿ 1

ar
, therefore for an aspect ratio of 10, the

semi-dilute regime would encompass a volume fraction range of 1% ¿ Vf ¿ 10%.

The concentrated regime is defined as the region where the volume fraction is greater

than the inverse of the aspect ratio, i.e. Vf > 1
ar

. Most typical industrial applications

are in the concentrated regime, and as such the Jeffery model of Equation (2.14) is

clearly not sufficient for industrial use.

Modeling the interaction between two fibers in a fluid suspension is difficult, and

is the subject of continuing work. Equation (2.14) presents a location to investigate

the interactions of discrete fibers, and may pose a starting point for future investi-

gations from first principles. The present work instead investigates volume averaged

effects and employs a model for fiber interactions similar to the theory of rotary

Brownian motion [39,40] where each of the ellipsoids experience small forces as they

collide within the suspension causing torques upon each ellipsoid. Rotary Brownian

motion has seen extensive use in the dynamics of polymeric liquids whereby individ-

ual polymer chains in a suspension are said to interact with a strong directionally

dependant diffusion nature [40]. In traditional Brownian motion, if the particles are

not aligned by some outside force, the orientations will eventually become random,

whereas for short fiber composite flow there is no indication the fibers will reorient

unless subjected to a deformation of the surrounding matrix. Assuming rigid fibers

of uniform density and aspect ratio, the model of Bird [40] for rotary diffusion can be

18



accepted whereby the flow of a fiber distribution is given by the equation of continuity

describing the conservation of mass as [40]

Dψ

Dt
= −∇ · [ṙhψ(r)−∇ (Drψ(r))

]
= −∇ · [ṙhψ (r)

]
+∇2 [Drψ (r)] (2.18)

where ∇ and ∇2 represent, respectively, the gradient operator and the Laplacian

operator on the surface of the unit sphere, and Dr is the rotary diffusivity to be

defined later. At the present, it is sufficient to assume that Dr may be a function

of (θ, φ) and as such cannot be brought out of the differentiation operators. When

the assumptions from the Jeffery model are taken into consideration, i.e. no fiber

interactions, the rotary diffusion expression Dr is set to zero. The form of Equation

(2.18) has been widely accepted for rigid polymer chains and in the case of Dr being

independent of direction simplifies to several of the existing theories for modeling

the interaction of fibers. It is essential to advance the current understanding of fiber

interaction to keep the rotary diffusivity within the Laplacian to ensure the correct

directional dependance of the diffusivity is retained.

2.3 Current Models for Rotary Diffusivity in

Short-Fiber Polymer Composite Processes

Kamel and Mutel [36] proposed a form for the rotary diffusivity Dr that is a function

of volume fraction and independent of shear rate for a sufficiently large enough volume

fraction of fibers. Their Dr was determined solely by the intensity of the interactions,

but their model predicts a continually changing orientation, and independent of any

applied deformation of the surrounding fluid the model predicts the fiber orientation
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tends toward randomness thereby violating the physical system being modeled where

the only motion of the fibers occurs during velocity changes in the surrounding fluid.

Folgar and Tucker [1] propose the rotary diffusivity be a function of both the rate

of deformation tensor γ̇ij and the volume fraction as

Dr = CI ||γ̇|| (2.19)

where CI is the empirically derived interaction coefficient assumed to be a function

of volume fraction, and ||γ̇|| is the scalar magnitude of the rate-of-deformation ten-

sor, ||γ̇|| =
√

1
2

γ̇ij γ̇ji. The Folgar and Tucker model is considered the benchmark

whereby all fiber orientation analysis are based upon and has found wide acceptance

within the literature [2, 3, 11, 14–16, 18, 22, 31, 42, 47, 52, 57–60]. Unlike the Kamal

and Mutal model, the degree of alignment at steady state for the Folgar and Tucker

model is dependent upon the strain rate. The empirically determined interaction

coefficient ensures that the final orientation state is accurately captured, and has

been demonstrated to be related to the volume fraction through a simple exponential

function of the volume fraction of fibers [34, 41]. Although the Folgar and Tucker

model is used extensively, recently there have discussions to the ability of the Folgar

and Tucker model to accurately model the transient solution for the orientation of

fibers [29,33,35,37,55,61,62].

Koch [38] presents a model for orientation diffusion resulting from the hydrody-

namic fiber-fiber interactions that has seen little use in the literature. The model

proposed by Koch is a function of the fourth- and sixth-order orientation tensor and

has two scalable parameters that are fit to calculations of orientational diffusion in
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pure extensional flows. The Koch model is presented without any derivation, and

provides no experimental results to validate the model. Since the proposed model is

claimed to only be valid for shearing type flows and low concentrations of fibers, it is

discarded in favor of a more advanced theory.

Phan-Thien et al. [35] assume the rotary diffusion of the fiber distribution to be

an anisotropic second-order tensor

Dr = C ||γ̇|| (2.20)

where bold capital letters designate a tensor. Their form assumes the diffusion follows

a “white noise” random force behavior. They determine the six independent compo-

nents of the tensor C to the steady state solution from experimental sampling data.

They relate their results back to those of the Folgar and Tucker model by assuming

the interaction coefficient is related to the trace of C as

CI =
1

3
TrC (2.21)

Fan et al. [55,61] use Equation (2.21) along with the steady state experimental results

of Mondy et al. [63] for suspensions of fibers in Couette flow, neglecting the transient

solution and demonstrate the validity of their method at steady state. Phan-Thien

and coauthors [35] numerically solve the evolution equations by taking discrete fibers

in a reference cell undergoing simple shear. The reference cell experiences periodic

boundary conditions, i.e. a fiber leaving the reference cell from one side enters the

opposite side with identical exit behavior. Phan-Thien et al. give all results in terms

of the interaction coefficient and develop a relation between interaction coefficient
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and volume fraction similar to that of Bay [34]. Unfortunately, Phan-Thien et al. [35]

never discuss the transient results and the effect their method has upon the transient

solution. Phan-Thien et al. conclude with the remark that the fiber interactions may

not be best described by a simple diffusion process, but clearly the Folgar and Tucker

model must be further investigated and improved for accurate simulations of fiber

orientation.

Tucker et al. [29] hypothesize that the fibers experience a local strain lower than

the average strain through the thickness of a part. This leads to requiring an un-

derstanding of the fluid flow regions between layers of fibers [3, 34, 54] where Tucker

and co-workers hypothesize the strain is “absorbed”. Tucker et al. introduce a strain

reduction factor, SRF , to the equation of continuity from Equation (2.18) as

Dψ

Dt
=

1

SRF

(−∇ · (ṗhψ(p)−∇ (Drψ(p))
))

(2.22)

Although the results of the new model by Tucker and co-workers appears to yield

adequate results in short plaque flow, the details of their model do not exist in the

literature. Also, their model has the effect of retarding time to yield identical steady

state results with the qualitative effect of tracing the same orientation path in space.
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CHAPTER 3

INCORPORATION OF DIRECTIONALLY

DEPENDANT DIFFUSION

Phan-Thien et al. [35] and Tucker et al. [29] both concur that there is a need to

improve the widely used Folgar-Tucker model to correctly represent the transient

behavior of the fiber orientation distribution function, not just the steady state ori-

entation. Qualitatively, the use of the Folgar and Tucker model predicts the fiber

orientation 2 to 3 times faster than as seen experimentally [29].

As discussed in Folgar and Tucker [1] the form for their diffusion term Dr = CI ||γ̇||

was based upon experimental observations for fiber behavior in concentrated suspen-

sions. They observed that an individual fiber follows the Jeffery orbits discussed in

Equation (2.14) for short periods of time, but will with apparent randomness quickly

reorient to another angle and resumes following the trend of Equation (2.14) again.

Clearly these reorientations are caused by fiber interactions tending to randomize the

orientation. Folgar and Tucker speculated that their diffusion term could be con-

structed to have a directional bias to account for the differences between random and

aligned suspension behavior, but chose not to include such effects.

3.1 General Form for Directionally Dependant

Diffusion

To investigate the effects the distribution of fibers has upon fiber interactions, the

role of various factors must be considered. Clearly the diffusion must be a function
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of the number of collisions. In other words, if the fluid experiences no deformation or

motion there will be no tendency for fibers to move relative to their neighbor since

external forces are neglected as are true Brownian effects. Ergo, the diffusion must

depend upon the rate-of-deformation tensor γ̇ given in Equation (2.16) and may be

used to describe the tendency of a given particle to move relative to its neighbor. The

diffusion must also be a function of volume fraction Vf , i.e. with an increased number

of fibers there will be an increase in the number of collisions. Orientation effects will

be considered through the fiber orientation probability distribution function ψ (θ, φ).

Consider the two dimensional examples presented in Figures 3.1 and 3.2 for the single

fiber, colored black, placed within an isotropic and nearly aligned two dimensional

distribution. The fiber in Figure 3.1 will experience no preferred orientation changes

other than those from the bulk motion of the surrounding fluid. Statistically fibers

placed within the distribution of fibers given in Figure 3.1 will tend toward a random

orientation at a rate based upon the number of collisions. Conversely, the fiber in

Figure 3.2 will have a tendency to align parallel with the aligned distribution at a

rate related to the number of collisions. Therefore there will be a strong directional

dependance upon the preferred orientation due to the fiber-fiber collisions. To prevent

any loss of generality throughout the derivations, unless otherwise noted, the diffusion

is assumed to be a general function of the fiber orientation probability distribution

function ψ (θ, φ), direction r, the fiber aspect ratio through the parameter λ, fiber

volume fraction Vf and rate-of-deformation γ̇ as

Dr = Dr (ψ (θ, φ) , r, Vf , γ̇) (3.1)
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where the diffusion is assumed to be as continuous a function as necessary throughout

the derivation.

3.2 Orientation Tensor Evolution

Computer simulations that evaluate ψ (θ, φ, t), where t is time, for simple flows may

require several weeks to several months of computational resources to reach steady

state and as thus are impractical to be considered for industrial simulations. Al-

ternatively, the orientation tensor approach of Advani and Tucker [2] represents the

distribution function of fibres in a concise form thereby alleviating the overwhelming

computational burden. Industrial simulations to model the fiber orientation state

employ the orientation tensor approach of Advani and Tucker, and as such their

approach will be utilized throughout the remainder of the text.

The following section will develop the equation of motion for the second-order

orientation tensor with the basic assumptions given in Equation (3.1) for the rotary

diffusion. The derivation takes place in spherical coordinates and is undertaken by

pre-multiplying the equation of continuity from Equation (2.18) with the test function

B = pp an integrating over S2. This choice of test function will produce the equation

of motion for the second-order orientation tensor Aαβ given below as

DAαβ

Dt
= −1

2
ωαjAjβ +

1

2
Aαjωjβ +

1

2
λ (γ̇αjAjβ + Aαj γ̇jβ − 2γ̇ijAijαβ)

+

∮

S2
Drψ (2δαβ − 6rαrβ) dS (3.2)

Notice the equation of motion for Aαβ is a function of the fourth-order orientation

tensor Aijαβ. A similar derivation as given below can be undertaken for the equation
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Figure 3.1: Single fiber within an isotropic 2-D fiber distribution.

Figure 3.2: Single fiber within a highly aligned 2-D fiber distribution.
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of motion for the fourth-order orientation tensor and will yield a function that requires

the sixth-order orientation tensor Aijklmn. The equation of motion for Aαβis presented

in the following section because of the widespread industrial use of the second-order

orientation tensor in production simulations.

3.2.1 Spherical Coordinate Representation

The derivation is undertaken on the surface of the unit sphere with the coordinate

system taken to be that given in Figure 2.1. Therefore an understanding of spherical

coordinates and the derivatives of the spherical unit vectors is essential. The spherical

coordinate unit vectors r, φ, and θ are simply [64]

r =





sinθ cosφ
sinθ sinφ

cosθ



 φ =




− sinφ
cosφ

0



 θ =





cosφ cosθ
sinφ cosθ
− sinθ



 (3.3)

where the bold font on a lower case letter designates a vector belonging to R3, and

a bold capital letter will be used for a tensor. Observe, the spherical coordinate r

is identical to the definition of the unit vector r aligned along the fiber axis given

in Equation (2.1) and shown in Figure 2.1. Unlike Cartesian coordinates, derivatives

of the coordinate unit vectors in spherical coordinates are not identically zero. The

derivatives of the unit coordinate vectors are [64]

∂r
∂r

= 0 ∂r
∂φ

= sinθφ ∂r
∂θ

= θ

∂φ
∂r

= 0
∂φ
∂φ

= − cosθθ − sinθr
∂φ
∂θ

= 0

∂θ
∂r

= 0 ∂θ
∂φ

= cosθφ ∂θ
∂θ

= −r

(3.4)

Additionally, it will be useful to recognize that the Kronecker Delta δij is written as

δij = rirj + θiθj + φiφj (3.5)
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where ri, θi and φi are the ith components of the unit vectors r, θ and φ respectively.

The ith component of the gradient on the surface of the unit sphere where r = 1

is given as

∇i = θi
∂

∂θ
+ φi

1

sinθ

∂

∂φ
(3.6)

and the Laplacian in spherical coordinates on the surface of the unit sphere is simply

∇2 =
1

sin2 θ

∂2

∂φ2
+

cos θ

sin θ

∂

∂θ
+

∂2

∂θ2
(3.7)

3.2.2 Equation of Change for B(r) = rr

As discussed in the introduction, most industrial applications are interested in the

second- and fourth-order orientation tensor to obtain material properties. Addition-

ally, since there exist many methods to approximate the fourth-order orientation

tensor once the second order orientation tensor is known (see e.g. [7–18]), the indus-

trially relevant equation of change is that of the second-order orientation tensor where

the tensor B(r) will be given in component form as Bαβ = rαrβ for α, β ∈ {1, 2, 3}.

Observe
∮
S2 ψ (θ, φ)B(r)dS =

∮
S2 ψ (θ, φ) rr dS is the second-order orientation tensor

defined in Equation (2.8). To derive the equation of change associated with the tensor

B(r), post-multiply Equation (2.18), the equation of continuity with rotary diffusion,

with the α, β component of the test function B(r), where the integral over all space

is expressed as

∮

S2

Dψ

Dt
BαβdS = −

∮

S2
∇ · (ṙhψ −∇ (Drψ)

)
BαβdS (3.8)
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where it is assumed that Bαβ, ψ and Dr each depend upon r. Observe, the left hand

side of the equation is the desired form for the equation of motion for the second-order

orientation tensor Aαβ which is seen as

∮

S2

Dψ

Dt
BαβdS =

D

Dt

∮

S2
ψBαβdS =

D

Dt

∮

S2
ψrαrβdS =

DAαβ

Dt
(3.9)

where the material derivative D
Dt

can brought outside the integration since the inte-

gration over the unit sphere is independent of time.

Using the chain rule to expand the right hand side of Equation (3.8) one obtains

∮

S2
∇ · (ṙhψ −∇ (Drψ)

)
BαβdS =

∮

S2
∇ · ((ṙhψ −∇ (Drψ)

)
Bαβ

)
dS−

∮

S2

(
ṙhψ −∇ (Drψ)

) · ∇ (Bαβ) dS (3.10)

From Evans [65], the divergence of a continuous function F on a sphere is simply

∮
S2 ∇ · FdS = 0, therefore the first term on the right hand side of Equation (3.10)

is zero assuming
(
ṙhψ −∇ (Drψ)

)
Bαβ is a continuous function. Since it is assumed

that the the distribution function ψ (θ, φ) is continuous with respect to r as is the

rate of deformation tensor used to form ṙh, then the gradient of Dr must also be

continuous within the unit sphere. Ergo, Dr must be first-order differentiable within

and on the unit sphere.

Rewriting Equation (3.8) with Equation (3.10) and expanding the integration

recognizing both integrands are integrable, the equation of motion for the second-

order orientation tensor is simply the sum of two components

DAαβ

Dt
=

∮

S2
ṙhψ · ∇ (Bαβ) dS−

∮

S2
∇ (Drψ) · ∇ (Bαβ) dS (3.11)
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The first component represents the change in the equation of motion due to hydro-

dynamic forces as given by Jeffery’s equation, and the second component represents

effects due to rotary diffusion.

3.2.2.1 Equation of Change: Jeffery’s Equation

Observe the first term on the right hand side of Equation (3.11) is only dependant

upon Jeffery’s equation and the choice of the test function. Using Bαβ = rαrβ, the

integration can be expressed as

∮

S2
ṙhψ · ∇ (rαrβ) dS =

∮

S2
ṙh
i ψ∇i (rαrβ) dS

=

∮

S2
ṙh
i ψ

(
θi

∂

∂θ
(rαrβ) + φi

1

sinθ

∂

∂φ
(rαrβ)

)
dS (3.12)

The derivatives are computed using the chain rule and Equation (3.4) to compute

the derivatives of the unit vectors in spherical coordinates. Then Equation (3.12) is

rewritten as

∮

S2
ṙhψ · ∇ (rαrβ) dS =

∮

S2
ṙh
i ψ (θi (θαrβ + rαθβ) + φi (φαrβ + rαφβ)) dS (3.13)

Inserting Jeffery’s equation for the motion of a fiber from Equation (2.14) for ṙh
i into

the above equation one obtains

∮

S2
ṙhψ·∇ (rαrβ) dS

=
1

2

∮

S2
ψ (−ωijrj + λ (γ̇ijrj − γ̇klrkrlri)) (θi (θαrβ + rαθβ) + φi (φαrβ + rαφβ)) dS

=
1

2

∮

S2
ψ [−ωij (rjθiθαrβ + rjφiφαrβ + rjθiθβrα + rjφiφβrα)

+λγ̇ij (rjθiθαrβ + rjφiφαrβ + rjθiθβrα + rjφiφβrα)

−λγ̇klrkrl (riθiθαrβ + riφiφαrβ + riθiθβrα + riφiφβrα)] dS (3.14)
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Rewriting the above with Equation (3.5) to remove the θ and φ vectors

∮

S2
ṙhψ · ∇ (rαrβ) dS

=
1

2

∮

S2
ψ [−ωij (rj (θiθα + φiφα) rβ + rj (θiθβ + φiφβ) rα)

+λγ̇ij (rj (θiθα + φiφα) rβ + rj (θiθβ + φiφβ) rα)

−λγ̇klrkrl (ri (θiθα + φiφα) rβ + ri (θiθβ + φiφβ) rα)] dS

=
1

2

∮

S2
ψ [−ωij (rjrβδiα − rjrβrirα + rjrαδiβ − rjrαrirβ)

+λγ̇ij (rjrβδiα − rjrβrirα + rjrαδiβ − rjrαrirβ)

−λγ̇klrkrl (rirβδiα − rirβrirα + rirαδiβ − rirαrirβ)] dS (3.15)

Recall from Equation (2.16), that ωij = −ωji, γ̇ij = γ̇ji, and riri = 1, then the above

is simplified as

∮

S2
ṙhψ · ∇ (rαrβ) dS

=
1

2

∮

S2
ψ [−ωαjrjrβ + ωjβrjrα + (ωijrirjrαrβ − ωjirjrirαrβ)

+λγ̇αjrjrβ + λγ̇jβrjrα − λ (γ̇ijrirjrαrβ + γ̇jirjrirαrβ)

−1

2
λγ̇klrkrl (rαrβ − rβrα + rβrα − rαrβ)

]
dS

=
1

2

∮

S2
ψ [−ωαjrjrβ + ωjβrjrα + (ωijrirjrαrβ − ωijrirjrαrβ)

+λγ̇αjrjrβ + λγ̇jβrjrα − λ (γ̇ijrirjrαrβ + γ̇ijrirjrαrβ)] dS

=
1

2

∮

S2
ψ [−ωαjrjrβ + ωjβrjrα

+λγ̇αjrjrβ + λγ̇jβrjrα − 2λ (γ̇ijrirjrαrβ)] dS (3.16)
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Where the last step used the fact that i and j are dummy indices and can be

switched interchangeably therefore ωjirjrirαrβ = ωijrirjrαrβ. Recognizing the rate-

of-deformation tensor and vorticity tensor are assumed constant over the area of

integration, Equation (3.16) can be written in tensor form yielding the equation of

change for the second-order orientation tensor from the hydrodynamic effects from

Jeffery’s model as

∮

S2
ṙhψ ·∇ (rαrβ) dS

= −1

2
ωαj

∮

S2
ψrjrβdS+

1

2

∮

S2
ψrαrjdSωjβ

+
1

2
λ

(
γ̇αj

∮

S2
ψrjrβdS+

∮

S2
ψrαrjdSγ̇jβ − 2γ̇ij

∮

S2
ψrirjrαrβdS

)

= −1

2
ωαjAjβ +

1

2
Aαjωjβ +

1

2
λ (γ̇αjAjβ + Aαj γ̇jβ − 2γ̇ijAijαβ) (3.17)

Observe that the final term in Equation (3.17) is the fourth-order orientation ten-

sor Aijαβ. A similar derivation can be used to derive the equation of change for the

fourth-order orientation tensor whereby the sixth-order orientation tensor will ap-

pear. Therein lies the classical closure dilemma, whereby the higher order orientation

tensor must be approximated as some function of the lower order orientation tensor.

As previously discussed there are many closures in the literature for the fourth-order

orientation tensor and the sixth-order orientation tensor for short fiber polymer com-

posites. This problem is not constrained to polymer composite flow, but also appears

in crystalline polymer flow [66], crack fabric tensors [67], and turbulent flow [68].
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3.2.2.2 Equation of Change: Directionally Dependant Diffusion

The integration associated with the rotary diffusion on the right hand side of Equation

(3.11) for the equation of flow of the orientation tensor can be written using the chain

rule for gradients as

−
∮

S2
∇ (Drψ) · ∇ (Bαβ) dS =

∮

S2
Drψ∇2 (Bαβ) dS−

∮

S2
∇ · (Drψ∇ (Bαβ)) dS(3.18)

As discussed in previously, the integral of the divergence of a continuous function over

a closed surface is zero. Therefore since it is assumed that the rotary diffusion Dr is

first-order continuous, the second term on the right hand side of the previous equation

is zero. The definition of the Laplacian in spherical coordinates from Equation (3.7)

is used solve ∇2Bαβ as

∇2 (Bαβ) = ∇2 (rαrβ)

=
1

sin2 θ

∂2

∂φ2
(rαrβ) +

cos θ

sin θ

∂

∂θ
(rαrβ) +

∂2

∂θ2
(rαrβ)

=
1

sin2 θ

∂

∂φ
(sin θφαrβ + sin θrαφβ) +

cos θ

sin θ
(θαrβ + rαθβ) +

∂

∂θ
(θαrβ + rαθβ)

=

(
−cos θ

sin θ
θαrβ − rαrβ + φαφβ + φαφβ − cos θ

sin θ
rαθβ − rαrβ

)

+
cos θ

sin θ
(θαrβ + rαθβ) + (−rαrβ + θαθβ + θαθβ − rαrβ)

=
cos θ

sin θ
(θαrβ + rαθβ)− 2rαrβ + 2φαφβ − cos θ

sin θ
(θαrβ + rαθβ)

−2rαrβ + 2θαθβ (3.19)

Simplifying the expression by recognizing δij = rirj +φiφj + θiθj from Equation (3.5)

∇2 (Bαβ) = −4rαrβ + 2φαφβ + 2θαθβ

= −4rαrβ + 2δαβ − 2rαrβ = 2δαβ − 6rαrβ (3.20)
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Therefore, the second term on the right hand side of Equation (3.11) simplifies to

−
∮

S2
∇ (Drψ) · ∇ (Bαβ) dS =

∮

S2
Drψ (2δαβ − 6rαrβ) dS (3.21)

The equation of motion for the second-order orientation tensor presented in Equation

(3.2) is readily obtained by combining Equations (3.17) and (3.21) with Equation

(3.11).
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CHAPTER 4

DIRECTIONALLY DEPENDANT DIFFUSION

MODELS

This work presents two models to incorporate fiber interactions through the diffu-

sion of the fiber probability orientation distribution function. The two forms serve to

model the qualitative behavior of fiber orientation in semi-dilute and concentrated sus-

pensions. It is recognized these models satisfy the qualitative requirements outlined

in the introduction, but there is still much work to be done to develop an accurate

mathematical model of the physical phenomena that drive fiber orientation kinemat-

ics in a densely packed fiber melt. The preliminary model discussed in Jack [69] is a

simple first-order approximation to demonstrate the qualitative effects desired in the

ideal model. This model is presented because of the relative ease of implementation in

current industrial simulations for modeling fiber interaction effects. The first model

provides scalable parameters that serve to draw out the time to align the flows, but

produces non-physical numerical results for large values of the scalable parameter.

alternatively, the second, advanced, model has all the desired effects expressed in the

introduction. The scalable parameters for the second model allow easy adjustments

at the rate at which fibers align while attaining nearly the same steady state results

as observed in the laboratory environment. These scalable parameters serve to elon-

gate the transient solution by as much as three time scales, while remaining within

physical orientation states for all flows investigated. The second-model provides the
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desired results at the cost of knowing the orientation tensors up to the tenth-order

for the second-order orientation tensor evolutions.

4.1 Preliminary Model for First-Order Direction-

ally Dependant Diffusion

The preliminary model discussed simply approximates the directionally dependant

diffusion Dr as a linear combination between the first moment of a single fiber and the

trace of the second-moment of the fiber’s orientation with the second-order orientation

tensor, Aij as

Dr = ||γ̇|| (D1 + D2Aklrkrl) (4.1)

where ||γ̇|| =
√

1
2

γ̇ij γ̇ji is the scalar magnitude of the strain rate tensor. Observe

this form satisfies the criteria outlined in Equation (3.1) for an acceptable model

for directional diffusion. The model incorporates the rate of collisions through the

scalar rate of deformation, the directionality of the distribution through the second-

order orientation tensor, and the volume fraction can be incorporated into the scalar

parameters D1 and D2. In the limiting case with D2 = 0 and D1 = CI , where CI is

the fiber interaction coefficient from the Folgar and Tucker model [1], Equation (3.2)

can be simplified with Dr from Equation (4.1) to the orientation tensor representation

of the Folgar and Tucker model outlined by Advani [6].

Observe that the coefficients D1 and D2, when positive, will tend to cause the

fibers to deviate from perfect alignment. The larger D1 is set, the more the steady

state orientation will tend toward randomly oriented. For negative values of D2 the
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orientation will tend to become aligned at steady state, and as such D2 will tend to

offset the effects of D1. The parameter D2 serves a second purpose, the larger in

magnitude (i.e. more negative) D2 is selected the longer it will take for an initially

isotropic fiber orientation to reach steady state.

4.1.1 Graphical Description for First-Order Model

To serve as visual reference, several examples are presented to demonstrate the first-

order directionally dependant diffusion model, where each example is normalized with

||γ̇|| = 1 and D1 = −D2 = 1. The first example is that of an isotropic fiber orientation

probability distribution, ψ (θ, φ) = 1
4π

. Observe, this distribution will yield the same

second-order orientation tensor given in Equation (2.11) where A11 = A22 = A33 = 1
3

and Aij = 0 ∀i 6= j. As evidenced in Figure 4.1, the rotary diffusion is a constant value

implying that any fiber placed within a matrix with an isotropic fiber distribution

will not have a preferred orientation similar to the discussion of Figure 3.1 from the

preceding chapter.

Conversely, take the distribution of fibers aligned along the x1 axis as in Figure

2.3 where A11 = 1, A22 = A33 = 0 and Aij = 0 ∀i 6= j. The function Dr (θ, φ) for

this unidirectional alignment state is given in Figure 4.2. Note how a fiber aligned

along the x1 axis, given by (θ, φ) =
(

π
2
, 0

)
, has a value of zero, satisfying the re-

quirement discussed in Figure 3.2 that a fiber placed parallel to a unidirectional set

of fibers will not have a propensity to move from alignment with the unidirectional

fibers. On the other hand, a fiber perpendicular to the unidirectional distribution, say
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(θ, φ) = (π, 0) will experience significant amounts of diffusion causing the fiber to ro-

tate from perpendicular with the surrounding fibers to align along the unidirectional

fiber alignment.

The final example is for a fiber distribution randomly aligned in the x1 − x2

plane with no fibers having any orientation in the x3 direction. This planar, random

distribution may be found in thin molds where the part thickness is on the order

of the fiber length. The directional diffusion function from the preliminary model is

shown in Figure 4.3, and as expected, a fiber placed perpendicular to the plane in

which the surrounding fibers lie, i.e. θ = 0 or θ = π, will experience a large degree of

diffusion tending to align the fiber in the x1−x2 plane, but experiencing no preferred

orientation in the x1 − x2 plane as shown by the flat valley along θ = π
2
.

4.1.2 Orientation Tensor Evolution Formulation and Results

The second-order orientation tensor evolution of Equation (3.2) with general rotary

diffusion Dr (θ, φ) is approximated by the first-order model for directionally dependant

diffusion of Equation (4.1) as

DAαβ

Dt
= −1

2
ωαjAjβ +

1

2
Aαjωjβ +

1

2
λ (γ̇αjAjβ + Aαj γ̇jβ − 2γ̇ijAijαβ)

+

∮

S2
||γ̇|| (D1 + D2aklrkrl) ψ (2δαβ − 6rαrβ) dS

= −1

2
ωαjAjβ +

1

2
Aαjωjβ +

1

2
λ (γ̇αjAjβ + Aαj γ̇jβ − 2γ̇ijAijαβ)

+

∮

S2
||γ̇||D1ψ (2δαβ − 6rαrβ)dS+

∮

S2
||γ̇||D2aklrkrlψ (2δαβ − 6rαrβ)dS(4.2)
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φ

Dr(θ,φ)

0

Figure 4.1: First-order directionally dependant diffusion, Dr (θ, φ), for isotropic fiber
orientation state, ψ (θ, φ) = 1

4π
(normalized with ||γ̇|| = 1).
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0

2 π

φ

0

Dr(θ,φ)

Figure 4.2: First-order directionally dependant diffusion, Dr (θ, φ), for uniaxial fiber
alignment along the x1 axis (normalized with ||γ̇|| = 1).
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Figure 4.3: Directionally dependant diffusion for randomly orientated fiber distribu-
tion in the x1 − x2 plane (normalized with ||γ̇|| = 1).
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Simplifying the above by recognizing D1 and D2 are constant parameters,

DAαβ

Dt
= −1

2
ωαjAjβ +

1

2
Aαjωjβ +

1

2
λ (γ̇αjAjβ + Aαj γ̇jβ − 2γ̇ijAijαβ)

+ ||γ̇||D1

(
2δαβ

∮

S2
ψdS− 6

∮

S2
ψrαrβdS

)

+ ||γ̇||D2

(
2

∮

S2
rkrlδαβψdS− 6

∮

S2
rkrlrαrβψdS

)
(4.3)

which is trivially simplified using the definition of the orientation tensors from Equa-

tion (2.8) as

DAαβ

Dt
= −1

2
ωαjAjβ +

1

2
Aαjωjβ +

1

2
λ (γ̇αjAjβ + Aαj γ̇jβ − 2γ̇ijAijαβ)

+2 ||γ̇||D1 (δαβ − 3Aαβ) + 2 ||γ̇||D2 (Aklδαβ − 3Aklαβ) (4.4)

Observe how knowledge of the fourth-order orientation tensor Aijkl is necessary

to solve the evolution equation of the second-order orientation tensor Aij. Therefore

for any orientation tenor flow simulations, it is necessary to select a fourth-order

closure to approximate Aijkl as a function of Aij. Unfortunately, most of the largely

accepted fourth-order closures are fit to data from the fiber orientation probability

distribution function solution assuming the Folgar and Tucker model for diffusion [11,

12, 14, 16–19, 22, 52]. Conversely, the class of closures developed independent of fiber

distribution function flow results is small [2, 7, 59, 66, 70]. The preliminary model for

directionally dependant diffusion is presented using the established orthotropic closure

employed by VerWeyst and Tucker [31] due to the way the closure is constructed.

Most closures tend to experience numerical instability for predicted orientation states

that fall outside the physical regime. The physical regime is defined by taking the

eigenvalues of the second-order orientation tensor defined as A(1), A(2) and A(3) and
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are taken such that A(1) ≥ A(2) ≥ A(3) ≥ 0. Recognizing that A(1) + A(2) + A(3) = 1,

there are only two independent eigenvalues of Aij such that all possible orientation

states are contained within the shaded region of Figure 4.4. The orthotropic closure

used by VerWeyst [71] is constructed such that orientation states of Aij occurring just

outside the shaded region of Figure 4.4 will yield values for Aijkl that can produce a

physically conceivable orientation state for Aijkl. This is done by fitting a function for

Aijkl ≈ fijkl (Amn), such that the slope of the function fijkl is significant just outside

the shaded region in Figure 4.4.

Another orthotropic closure introduced by Wetzel [59] and the Rational Closure

of Chaubal and Leal [70] may be valid closures for the first-order directional diffusion

model since they are both formed based upon orientation states found in typical

molding processes. The Wetzel closure is not investigated here due to the popularity

of his second closure which is used in the following example. The Rational Closure

is formed based upon the class of Bingham distributions [72] which have shown an

exceptional capability to represent distribution functions seen in typical injection

molding processes. Unfortunately, the Rational Closure has yet to be employed in

short-fiber injection molding processes and will not be pursued further.

4.1.3 Orientation Tensor Evolution Results

Experimentally, orientation tensor components are obtained based upon measure-

ments of the orientation of each fiber along a single cut of a sample, and results are

volume averaged at each cut [6, 34, 73]. The Folgar and Tucker model is numerically
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Figure 4.4: Eigenspace of possible orientations of the second-order orientation tensor.
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solved with the parameter CI being adjusted until the best fit for the steady state

solution is obtained [1]. Results for the preliminary diffusion model are fit to the

steady state results obtained from the Folgar and Tucker model for a given volume

fraction and flow condition. To do this, a Fortran code has been developed by the au-

thor based on that of Bay [34] for solving the distribution function evolution of fibers

using a control volume method, and results from the program have been validated

through comparisons with those in the literature (see Jack [46]).

To solve the orientation tensor flow equation from Equation (4.4), a program has

been written in Intel Visual Fortran 9.0 [74] within Microsoft Visual Studio.NET

2003 [75] that solves the second-order orientation tensor flow equations with the first-

order directionally dependant diffusion model using the orthotropic closure of Wetzel

[59] as discussed by VerWeyst and Tucker [31]. The five independent components

of the second-order orientation tensor, A11, A12, A13, A22, and A23, are solved using

a fourth-order Runge-Kutta solution method (see e.g. [76]) for a given aspect ratio,

fiber volume fraction, along with values for D1 and D2 and the steady state results

for a particular flow field are computed. The steady state solution is adjusted from

the preliminary diffusion model through the parameter D1 the steady state results

correspond with those presented in the Folgar and Tucker model.

4.1.3.1 Results for D2 = −10−1: Simple Shear Flow

To form an understanding of the behavior of the preliminary diffusion model, a repre-

sentative case is selected with λ = 1 and Vf = 15%. The surrounding fluid experiences

simple shear flow schematically shown in Figure 4.5, where the only flow is in the x1
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direction with changes in the x3 direction along the x1 axis, i.e. v1 = Gx3 and

v2 = v3 = 0 where G is a scaling parameter. Without any diffusion, Jeffery’s model

predicts non-interacting fibers tend to align along the x1 axis at steady state. Due to

interaction effects, fibers will tend toward alignment along the x1 axis but the fiber

distribution never experiences full alignment, but may attain high alignments depen-

dant upon the volume fraction of fibers. For the case with Vf = 15%, the expected

second-order orientation tensor at steady state would be similar to,

Aij =




0.773 0.0 0.083
0.0 0.152 0.0

0.083 0.0 0.075


 (4.5)

As discussed previously, there are five independent components of Aij. The only

case where the steady state results for Aij from the proposed model will be identical

to those of the Folgar and Tucker model will be the trivial case when D1 = CI and

D2 = 0, otherwise the final orientation state will differ to some degree. Therefore

only one parameter will be selected to base the selection of D1 and D2 upon. The

choice is the largest component of Aij since the experimental error is the least for

the largest component of the second-order orientation tensor [34]. For the case of

simple shear, this is the A11 component. A simple search algorithm yielded that for

D2 = −0.1, a value of D1 = 8.85 × 10−2 will produce the same steady state for A11

as that obtained with the Folgar and Tucker model. The results are seen in Figure

4.6 for two components of Aij. Clearly, the steady state results are the same for the

A11 components from the two methods, but the results for A22 differ between the two

methods as do other components of Aij. Notice, the first-order directional diffusion

model tends to slow down the alignment process as seen by the rate at which steady
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state is obtained for both the Folgar and Tucker model and the first-order directional

diffusion model. The process was repeated for D2 = −0.2, but numerical solutions

rapidly diverged from the physical bounds shown in Figure 4.4. A value for D1 could

never be found to satisfy the criteria for the steady state value for A11 being similar

to that predicted in the Folgar and Tucker model.

4.1.3.2 Results for D1 = D1 (D2): Simple Shear Flow

The process discussed above for selecting a value of D2, then finding the correct

D1 to obtain the steady state results was repeated for a range of values for D2. A

simple Fortran code was formulated that invokes the Newton-Raphson method of op-

timization with an adaptive step size. The adaptive step size helped to ensure results

remained within the eigenspace for the second-order orientation tensor presented in

Figure 4.4. The algorithm employed to perform the optimization is based upon that

of Griffiths and Smith [77], and is written to automatically step through a range of

values for D2 in increments of −10−3 starting with zero to determine the best fit value

of D1 to render the correct steady state results. It was found that convergence to a

solution for D1 was difficult, if not impossible, for values of D2 ≤ −1.6 × 10−1 since

the numerical solution would leave the physical regime for Aij. The results for select

points of D2 between −1.6 × 10−1 and 0 are shown in Figure 4.7. Selected results

for D1 (D2) are given as the circles in the figure with a linear curve fit between the

points using a simple linear least squares fit (see e.g. [76]) found as

D1 = −7.84× 10−1D2 + 10−2 (4.6)

46



x
3

x
1

Figure 4.5: Schematic of simple shear flow with shearing in the x3 direction along the
x1 axis.
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Figure 4.6: Results from simple-shear flow demonstrating steady state results for
D1 = 8.85× 10−2 and D2 = 10−1.
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with an R2 value of 9.9992× 10−1 where R2 = 1 designates a perfect linear fit.

4.1.3.3 Results for D1 = D1 (D2): Uniaxial Elongation Flow

The preliminary model yields the desired behavior for delaying the fiber alignment,

but results do not yield a conclusive choice for which flow to base the model upon. For

example, consider the case of uniaxial elongational flow where v1 = Gx1, v2 = −1
2
Gx2,

and v3 = −1
2
Gx3. As in the preceding case for simple shear flow, the fiber distribution

will tend to orient along the x1 axis, but due to the fiber interactions will not reach

perfect alignment. The fiber distribution for uniaxial elongation flow will tend to

have a greater degree of fiber alignment then the preceding example for simple shear

flow, therefore the A11 component will be greater for uniaxial elongation. A set of

values for D2 were chosen ranging from −1.6× 10−1 ≤ D2 ≤ 0 and the values of D1

were determined using the aforementioned Fortran program. Select results are given

in Figure 4.8 along with a linear least squares fit. The data presents a near perfect

linear fit between D1 and D2 as

D1 = −9.45× 10−1D2 + 10−2 (4.7)

with an R2 value of 9.9998× 10−1.

4.1.4 Impediment for Preliminary Diffusion Model

The first-order directional diffusion model coefficients D1 and D2 provide a set of

scalable parameters and provide a means to attain similar steady state results as the

Folgar and Tucker model, while slowing down the rate of alignment. The difficulty is

the uncertainty in the accuracy of the model. Since the Folgar and Tucker diffusion
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Figure 4.7: Results demonstrating the excellent correlation between optimal relation
for D1 given D2 and linear least squares fit from simple shear flow.
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Figure 4.8: Results demonstrating the excellent correlation between optimal relation
for D1 given D2 and linear least squares fit from uniaxial elongation flow.
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model is fit to the steady state orientation results for the full fiber distribution,

not just a single component of the second-order orientation tensor, it is believed

that singling out a single component may lead to unsatisfactory results. Additional

concerns lie in the clear discrepancy between the functional relationship between D1

and D2 based upon the two investigated flows. It is desirable to present a model that

does not rely upon the choice of flow field, and is general enough to satisfy a wide

range of typically encountered flow behavior. Unfortunately, the preliminary model is

unable to satisfy this stipulation. An additional concern lies with the inability of the

present model to sufficiently diminish the rate of alignment. As the parameter D2 is

increased, thus diminishing the alignment rate, the orientation results demonstrated

a stronger propensity to display numerical instabilities. It was observed that when D2

was selected less than −1.0 in simple shear flow, and an initial orientation state with

alignment state greater than the desired steady state results from Equation (4.5) (i.e.

A11 = 0.8, A22 = A33 = 0.1, and Aij = 0 ∀i 6= j) the solution would rapidly produce

nonphysical results. Therefore, with the low capability to diminish the alignment

rate and the orientational difficulties in high alignment states, further investigation

of the first-order directionally dependant diffusion model presented in Equation (4.1)

is discarded in favor of the advanced model for directional diffusion discussed in the

following section.
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4.2 Advanced Model for Directional Diffusion

The preliminary first-order model for directional diffusion is not sufficient for actual

industrial applications. It provides little more than a means to introduce minor

levels of directionally biased diffusion. The advanced model for directional diffusion

is based upon the incorporation of two effects, a local bias toward directional effects

directly caused by the collision of two fibers, and large scale volume averaged diffusion

behavior similar to Brownian motion.

4.2.1 Development of Advanced Directional Diffusion Model

The model for local effects between two fibers originates with two fibers defined by

the unit vectors r and ρ, as shown in Figure 4.9. During a small period of time ∆t the

fiber ρ rotates by an angle proportionate to ρ̇h, where ρ̇h is the time rate of change of

the fiber ρ given by Jeffery’s model from Equation (2.14). For very small periods of

time, the area through which ρ rotates is proportionate to the length of ρ× ρ̇h within

some constant proportionate to the fiber length and the period of time ∆t. Notice that

the resultant vector corresponds with the vector normal to the plane cut out by the

fiber during the time ∆t. Recognizing this, and observing that the probability of a hit

between r and ρ will be zero when r is parallel with the plane made by ρ during ∆t

and will be greatest when r is perpendicular to the plane made by ρ. It is apparent

that the probability of collision must incorporate this observation through the dot

product of r with the normal vector of the plane made by ρ and ρ̇h as r · (ρ× ρ̇h
)
.

Taking the absolute value of this quantity yields the scalar triple product [78] which
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provides the volume of the parallelepiped determined by the vectors r, ρ and ρ̇h. It

is proposed that the probability of ρ hitting r, Pρ hit r, during the small time ∆t is

proportional to the volume of the parallelepiped. By pre-multiplying by the constant

C1, which can be a function of the fiber aspect ratio re and the volume fraction of

fibers Vf , the probability of a collision during ∆t is given by

Pρ hit r = C1

∣∣r · (ρ× ρ̇h
)∣∣ (4.8)

Note that the magnitude of the scalar triple product for the vectors a,b, c ∈ R3 obey

the relationship |a · (b× c)| = |b · (c× a)| = |c · (a× b)| = |a · (c× b)| = · · · [79],

the probability of ρ hitting r is rewritten as

Pρ hit r = C1

∣∣ρ · (r × ρ̇h
)∣∣ (4.9)

During the same time, ∆t, the fiber r will experience motion of its own, ṙh, given

by Jeffery’s model from Equation (2.14). In a similar manner, it is observed that the

probability of the fiber r hitting ρ is provided by the relationship

Pr hit ρ = C1

∣∣r · (ρ× ṙh
)∣∣ (4.10)

where C1 is the same constant given in Equation (4.9) since the probability of r hitting

ρ is the same as the probability of ρ hitting r. This procedure is summed for each

fiber within the sphere surrounding the fiber r. Since each of the fibers ρ are taken

from the fiber orientation probability distribution function ψ (ρ), the expectation of

the collisions may be replaced by the integral over ρ ∈ S2 to represent the directional
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diffusion due to local fiber collision effects as

Dr (θ, φ)

∣∣∣∣Local Collisions
=

∮

ρ∈S2

(
C1

∣∣ρ · (r × ρ̇h
)∣∣ + C1

∣∣r · (ρ× ṙh
)∣∣) ψ (ρ) dS (4.11)

The volume averaged effects are assumed to satisfy the Brownian type behavior

observed by Folgar and Tucker [1], and will be modeled as

Dr (θ, φ)

∣∣∣∣Brownian
=

∮

ρ∈S2
C2 ||γ̇||ψ (ρ) dS (4.12)

Incorporating these effects produce the desired results presented in the introduction,

even though their formulation is not fully understood and will be a topic of future

research.

The proposed model incorporates the diffusion due to local collisions and Brownian

motion to express the rotary diffusion Dr from Equation (2.18) as a sum of the two

effects as

Dr (θ, φ)=

∮

ρ∈S2

(
C1

∣∣ρ·(r×ρ̇h
)∣∣ + C1

∣∣r ·(ρ×ṙh
)∣∣) ψ (ρ) dS+

∮

ρ∈S2
C2 ||γ̇||ψ (ρ) dS(4.13)

Observe the rotary diffusion Dr in Equation (4.13) integrates over the unit sphere

associated with the fiber ρ and accounts for interactions with each of the fibers sur-

rounding ρ. Each of the terms r, ρ, ṙh, and ρ̇h have already been assumed continuous

and finite as is the rate of deformation tensor ||γ̇||, therefore the integration in Equa-

tion (4.13) exists and is finite, and can be expressed as

Dr (θ, φ) = C1

∮

ρ∈S2

∣∣ρ · (r × ρ̇h
)∣∣ ψ (ρ) dS+ C1

∮

ρ∈S2

∣∣r · (ρ× ṙh
)∣∣ ψ (ρ) dS

+C2

∮

ρ∈S2
||γ̇||ψ (ρ) dS (4.14)
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The absolute values within the integration pose a significant problem in finding an

analytical form for the diffusion expressed in terms of the orientation tensors (recall

Aij··· =
∮
S2 rirj · · · dS). Therefore it is desired to approximate the function f (x) = |x|

by the function g (x) = x2 for x ∈ [−1, 1]. Observe from Figure 4.10 that this

approximation tends to under predict the actual value of the function f(x) except

for x = −1, 0, 1. Therefore, when this approximation is used for the integrations in

Equation (4.14) will tend underpredict the actual number of local collisions. This

concern is noted and is accepted in comparison to neglecting the directional nature

of diffusion entirely.

Implicit within the approximation to replace |x| with x2 is the value of the func-

tion f(x) must remain between -1 and 1. Observing the scalar triple products from

Equation (4.14), each component of the unit vectors r and ρ will always be equal

to or less than one in magnitude. The only terms to be concerned with are ṙh and

ρ̇h since they experience no such bounds. Recall from Equation (2.14) that each

component in ṙh (or ρ̇h) is a product of components of r (or ρ) multiplied by either

the rate of deformation tensor γij or the vorticity tensor ωij. Since any product of

the components of r (or ρ) will be less than one in magnitude, the only terms to be

of concern are γij and ωij. Each of these terms are always equal to or less than the

scalar magnitude of the rate of deformation tensor ||γ̇|| =
√

1
2

γ̇ij γ̇ji. Therefore each

of terms within

∣∣∣∣ρ ·
(

r × ρ̇h

||γ̇||
)∣∣∣∣ and

∣∣∣∣r ·
(

ρ× ṙh

||γ̇||
)∣∣∣∣ are less than 1 for all values
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Figure 4.10: Comparison between f (x) = |x| and g (x) = x2 for x ∈ [−1, 1].
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of r and ρ and for all velocity gradients. Equation (4.14) is then approximated as

Dr (θ, φ) = C1 ||γ̇||
∮

ρ∈S2

∣∣∣∣ρ ·
(
r × ρ̇h

||γ̇||
)∣∣∣∣ ψ (ρ) dS

+C1 ||γ̇||
∮

ρ∈S2

∣∣∣∣r ·
(
ρ× ṙh

||γ̇||
)∣∣∣∣ ψ (ρ) dS+ C2

∮

ρ∈S2
||γ̇||ψ (ρ) dS

≈ C1 ||γ̇||
∮

ρ∈S2

(
ρ·

(
r × ρ̇h

||γ̇||
))2

ψ (ρ) dS

+C1 ||γ̇||
∮

ρ∈S2

(
r ·

(
ρ× ṙh

||γ̇||
))2

ψ (ρ) dS+ C2

∮

ρ∈S2
||γ̇||ψ (ρ) dS (4.15)

The scalar triple product can be expressed for the vectors a, b, and c in index

notation as a·(b× c) = εijkaibjck where εijk is the permutation symbol defined as [80]

εijk =





0 i = j, , j = k, or k = i
+1 (i, j, k) ∈ {(1, 2, 3), (2, 3, 1), (3, 1, 2)}
−1 (i, j, k) ∈ {(1, 3, 2), (3, 2, 1), (2, 1, 3)}

(4.16)

The last term of Equation (4.15) can be simply expressed as C2 ||γ̇|| recognizing

that both C2 and ||γ̇|| are independent of the integration, and
∮
ρ∈S2 ψ (ρ) dS = 1.

Therefore, Equation (4.15) is written in index notation as

Dr (θ, φ) =
C1 ||γ̇||
||γ̇||2

∮

ρ∈S2

(
εijkρirj ρ̇

h
k

)2
ψ (ρ) dS

+
C1 ||γ̇||
||γ̇||2

∮

ρ∈S2

(
εijkriρj ṙ

h
k

)2
ψ (ρ) dS+ C2 ||γ̇|| (4.17)

For the remainder of this section, the usual index summation is suspended for the

indices i, j and k. Then using Jeffery’s model from Equation (2.14), to represent the
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motion of r and ρ, the squares can be expanded as

Dr (θ, φ) =
C1

||γ̇|| (εijk)
2 rjrj

∮

ρ∈S2

(
ρiρiρ̇

h
k ρ̇

h
k

)
ψ (ρ) dS

+
C1

||γ̇|| (εijk)
2 ririṙ

h
k ṙh

k

∮

ρ∈S2
ρjρjψ (ρ) dS+ C2 ||γ̇||

=
C1

||γ̇|| (εijk)
2 rjrj

∮

ρ∈S2

(
ρiρi

(
−1

2
ωklρl +

1

2
λ (γ̇klρl − γ̇lmρlρmρk)

)

(
−1

2
ωknρn +

1

2
λ (γ̇knρn − γ̇noρnρoρk)

))
ψ (ρ) dS

+
C1

||γ̇|| (εijk)
2 ririṙ

h
k ṙh

kAjj + C2 ||γ̇|| (4.18)

where the definition of the orientation tensors from Equation (2.8) was used to simplify

∮
ρ∈S2 ρjρjψ (ρ)S = Ajj. Equation (4.18) can be further expressed as

Dr (θ, φ) =
C1

||γ̇|| (εijk)
2 rjrj

∮

ρ∈S2
ψ (ρ) ρiρi

(
1

4
ωklωknρlρn − 1

4
λωklγ̇koρlρo

+
1

4
λωklγ̇noρlρnρoρk − 1

4
λωknγ̇klρlρn +

1

4
λωknγ̇lmρlρmρnρk

+
1

4
λ2 (γ̇klγ̇koρlρo − γ̇klγ̇noρlρnρoρk − γ̇koγ̇lmρlρmρoρk)

+
1

4
λ2γ̇lmγ̇noρlρmρkρnρoρk

)
dS+

C1

||γ̇|| (εijk)
2 ririṙ

h
k ṙh

kAjj + C2||γ̇||(4.19)

Recognizing that the indices l, m, n, and o are dummy indices, terms such as

1
4
λωklγ̇koρlρo and 1

4
λωknγ̇klρlρn are identical thus simplifying Equation (4.19) as

Dr (θ, φ) =
C1

||γ̇|| (εijk)
2 rjrj

∮

ρ∈S2
ψ (ρ) ρiρi

((
1

4
ωklωkm − 1

2
λωklγ̇km +

1

4
λ2γ̇klγ̇km

)
ρlρm

+

(
1

2
ωklγ̇mn − 1

2
λ2γ̇klγ̇mn

)
ρkρlρmρn +

1

4
λ2γ̇lmγ̇noρkρkρlρmρnρo

)
dS

+
C1

||γ̇|| (εijk)
2 ririṙ

h
k ṙh

kAjj + C2 ||γ̇|| (4.20)
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which is simplified with the definition of the orientation tensors from Equation (2.8)

Dr (θ, φ) =
C1

||γ̇|| (εijk)
2 rjrj

((
1

4
ωklωkm − 1

2
λωklγ̇km +

1

4
λ2γ̇klγ̇km

)
Aiilm

+

(
1

2
ωklγ̇mn − 1

2
λ2γ̇klγ̇mn

)
Aiiklmn +

1

4
λ2γ̇lmγ̇noAiikklmno

)

+
C1

||γ̇|| (εijk)
2 ririṙ

h
k ṙh

kAjj + C2 ||γ̇|| (4.21)

Observe in Equation (4.21) how the diffusion is clearly a function of both the velocity

gradients through the rate of deformation and vorticity tensors, and the fiber orien-

tation through the unit vector r. A concern with the diffusion model may arise with

the expression 1/ ||γ̇|| as the velocity gradients of the surrounding fluid go to zero.

This concern is quickly taken care of through the products of the expressions for ωij

and γ̇ij which go to zero as quickly or quicker than does the scalar magnitude of the

rate of deformation.

It is worthwhile to note that the Folgar and Tucker model for diffusion is readily

obtained by setting C1 = 0 and C2 = CI . Also note that the eighth-order orientation

tensor Aijklmnop appears in the proposed diffusion model. As previously discussed,

there currently exist no reasonable closure methods for predicting the eight-order

orientation tensor. As will be introduced in the following section, the tenth-order ori-

entation tensor will appear in the second-order orientation tensor evolution equation,

thus introducing the possible need for new advanced closures.

4.2.2 Orientation Tensor Evolution Formulation

The model for fiber orientation flow with the advanced model for diffusion from Equa-

tion (4.21) will utilize the second-order orientation tensor flow equation of Equation
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(3.2). The diffusion component of this equation,
∮
S2 Drψ (2δαβ − 6rαrβ) dS, is ex-

pressed with the advanced directional diffusion model as

∮

r∈S2
Drψ(r) (2δαβ − 6rαrβ) dS =

C1

||γ̇|| (εijk)
2

∮

r∈S2
ψ(r) (2δαβ − 6rαrβ) rjrj

((
1

4
ωklωkm − 1

2
λωklγ̇km +

1

4
λ2γ̇klγ̇km

)
Aiilm

+

(
1

2
ωklγ̇mn − 1

2
λ2γ̇klγ̇mn

)
Aiiklmn +

1

4
λ2γ̇lmγ̇noAiikklmno

)
dS

+
C1

||γ̇|| (εijk)
2

∮

r∈S2
ψ(r) (2δαβ − 6rαrβ) ririṙ

h
k ṙh

kAjjdS

+

∮

r∈S2
ψ(r) (2δαβ − 6rαrβ) C2 ||γ̇|| dS (4.22)

The first and third integrands are trivial since r and ψ (r) are the only terms that

are dependant upon the integration. The second integral is simplified in a similar

fashion as in the preceding section with the terms ṙh
k being replaced with Jeffery’s

model from Equation (2.14) as

∮

r∈S2
Drψ(r) (2δαβ − 6rαrβ) dS =

C1

||γ̇|| (εijk)
2 (2δαβAjj − 6Ajjαβ)

((
1

4
ωklωkm − 1

2
λωklγ̇km +

1

4
λ2γ̇klγ̇km

)
Aiilm

+

(
1

2
ωklγ̇mn − 1

2
λ2γ̇klγ̇mn

)
Aiiklmn +

1

4
λ2γ̇lmγ̇noAiikklmno

)

+
C1

||γ̇|| (εijk)
2

∮

r∈S2
ψ(r) (2δαβ − 6rαrβ) riri

(
−1

2
ωklrl +

1

2
λ (γ̇klrl − γ̇lmrlrmrk)

)

(
−1

2
ωknrn +

1

2
λ (γ̇knrn − γ̇nornrork)

)
AjjdS

+C2 ||γ̇|| (2δαβ − 6Aαβ) (4.23)
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where the definition of the orientation tensors from Equation (2.8) replaces the terms

∮
r∈S2 rirj · · · dS with Aij···. After much simplification, Equation (4.23) may be ex-

pressed as

∮

r∈S2
Drψ(r) (2δαβ − 6rαrβ) dS =

C1

||γ̇|| (εijk)
2

((
1

4
ωklωkm− 1

2
λωklγ̇km+

1

4
λ2γ̇klγ̇km

)
(4δαβAjjAiilm − 6AjjαβAiilm − 6AjjAαβiilm)

+

(
1

2
λωklγ̇mn − 1

2
λ2γ̇klγ̇mn

)
(4δαβAjjAiiklmn − 6AjjαβAiiklmn − 6AjjAαβiiklmn)

+
1

4
λ2γ̇lmγ̇no (4δαβAjjAiikklmno − 6AjjαβAiikklmno − 6AjjAαβiikklmno)

)

+C2 ||γ̇|| (2δαβ − 6Aαβ) (4.24)

This equation contains the Folgar and Tucker model when the coefficients C1 and

C2 are set to 0 and CI respectively. More importantly, the diffusion expression from

Equation (4.24) produces a directional dependance upon the diffusion component

of the fiber orientation evolution equations. Notice that each of the even-ordered

orientation tensors up to the tenth order appear in the expression for diffusion, and

as such may present complications to perform solutions of the second-order orientation

tensor evolution equation.

4.2.3 Orientation Tensor Evolution Closure Selection

As in the example for the preliminary directionally dependant diffusion model, the

selection of a closure for the higher order information is necessary to allow a solution

of the fiber orientation analysis. It might appear that the fitted closures such as those

belonging to orthotropic class might be useful [11,15–18,59], but they are fit to data

for the orientation distribution function generated with the Folgar and Tucker model.
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Instead an analytic closure is desired to bypass the procedure required to complete

the fitting. The fourth-order hybrid closure of Advani and Tucker [2] still regularly

enjoys use in industrial simulations [81,82], even though it has been demonstrated to

yield results for fiber orientation with an accuracy slightly less than that of the or-

thotropic closures [46,83] when the Folgar and Tucker model for diffusion is employed.

Recognizing this, the hybrid closure is chose because of the increased accuracy over

any closure developed independent of the form of the fiber orientation distribution

function flow equation. The sixth-order hybrid closure introduced by Advani and

Tucker [2] is selected to compute the sixth-order orientation tensor once the fourth-

and second-order orientation tensors are known. There exists little mention in the

literature of higher order closure methods. As such, an eight-order closure similar in

form to the sixth-order quadratic closure of Doi [66] is introduced as

aijklmnop ≈ aijklmnaop (4.25)

and a tenth-order closure to approximate the tenth-order orientation tensor as a

function of the eighth-order orientation tensor is proposed as

aijklmnopqr ≈ aijklmnopaqr (4.26)

where for Equations (4.25) and (4.26) only, i, j, k, l,m, n, o, p, q, r ∈ {1, 2, 3}. Note,

both the eighth- and tenth-order closures do not satisfy the symmetry conditions from

Equation (2.9), but neither do the commonly employed fourth- or sixth-order hybrid

closures. An accurate closure method for hte advanced diffusion model must account

for the correct form of the orientation tensors. Conversely, each of the closures in
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Equations (4.25) and (4.26) exactly solve the higher-order orientation tensors for

unidirectional alignment states, but will tend to overpredict the alignment state for

all other orientation states.

4.2.4 Orientation Tensor Evolution Results

As discussed previously, a full investigation of the proposed model must include ex-

perimental verification. In lieu of experimental results, the model will be verified

based upon the steady state results obtained from the Folgar and Tucker model for

various interaction coefficients, and it is left to future endeavors to investigate the

applicability of the proposed model. Recall, the interaction coefficient CI from the

Folgar and Tucker model is selected to fit the experimentally measured steady state

results [3,6,8,10,12,16,17,34,41,54,73,84,85]. As such, the steady state results from

the Folgar and Tucker model are selected to base the effectiveness of the proposed

model upon. The second-order orientation tensor flow equation of Equation (3.2)

with the diffusion model developed of Equation (4.24) is solved using a fourth-order

Runge-Kutta solution procedure (see e.g. [76]). As mentioned previously, the fourth-

and sixth-order hybrid closures of Advani and Tucker [2] are used to approximate the

fourth- and sixth-order orientation tensors respectively, and the eighth- and tenth-

order closures from Equations (4.25) and (4.26) are, respectively, used to approximate

the eighth- and tenth-order orientation tensors. For each of the following results, the

orientation state of the fiber orientation probability distribution will begin from an

isotropic orientation state, ψ (θ, φ), similar to that of Figure 2.2 with the second-order
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orientation tensor Aij given as A11 = A22 = A33 = 1
3

and Aij = 0 ∀i 6= j. It has

been shown that flows indicative of those found in industrial applications encounter

interaction coefficients of 10−4 ≤ CI ≤ 10−1 [3,17,41]. Tucker and Advani [41] discuss

a means to relate the volume fraction of fibers Vf to the interaction coefficient CI ,

and state that the applicable range of interaction coefficients relates to fiber volume

fractions of 10%− 30%.

4.2.4.1 Simple Shear Flow

Simple shear flow often occurs in industrial processes, and regularly serves as the

characteristic flow by which the interaction coefficient is based upon [3]. Simple

shear flow may be expressed as v1 = Gx3, v2 = v3 = 0 and where the flow in the x1

direction changes in magnitude along the x3 direction and G is a scaling parameter.

The transient solution for simple shear flow from the Folgar and Tucker model for

diffusion with an interaction coefficient of CI = 10−2 for λ = 1 is shown in Figure

4.11. Note this is the same solution as one would obtain using the advanced model

for diffusion from Equation (4.24) when C1 = 0 and C2 = 10−2. Observe that

the transient results appear to be near the steady state at Gt = 7 ∼ 10 for each

of the components of Aij. It is desired that the proposed model for diffusion will

attain similar results for the steady state orientation while approaching the steady

state sometime after Gt = 7 ∼ 10. After several preliminary numerical tests, it was

found that a range of coefficients C1 ∈ (0, 4) where C2 was set equal to CI provided

reasonable solutions that were within the expected experimental error (see e.g. [34]

for a discussion on experimental difficulties in measuring the orientation state).
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Figure 4.11: Transient solution for Aij from the Folgar and Tucker model in simple
shear flow, v1 = Gx3, v2 = v3 = 0 starting from an isotropic orientation state,
ψ (θ, φ) = 1

4π
, for CI = 10−2.
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The second-order orientation tensor evolution equation was solved using the pro-

posed advanced diffusion model for values of (C1, C2) = (1/2, 10−2), (C1, C2) =

(1, 10−2), (C1, C2) = (2, 10−2), and (C1, C2) = (4, 10−2) and the transient results

presented in Figure 4.12. Observe the transient solution from the Folgar and Tucker

results given by the solid line compared to the solutions obtained with increasing

levels of orientational diffusion. The steady state results for (C1, C2) = (1/2, 10−2),

(C1, C2) = (1, 10−2), and (C1, C2) = (2, 10−2) are within what would be considered ac-

ceptable experimental errors [3] to the steady state results predicted by the Folgar and

Tucker model. The difference between the steady state results for (C1, C2) = (4, 10−2)

and those from the Folgar and Tucker are near the limit of the experimental error, and

will warrant further investigation in the following examples. For simple shear flow,

the diffusion model clearly approximates the experimental orientation state for a wide

range of C1 values while significantly altering the time when the rate of alignment.

The key observation from Figure 4.12 is the rate of alignment and when steady

state orientation is obtained. To numerically attain steady state, the numerical

solver for the second-order orientation tensor evolution was run until there was

not change in the orientation results at the decimal place given by the numeri-

cal precision of the solver (double precision), and the steady state results are la-

beled as Ass
ij . For comparison purposes, the flow is considered to be near steady

state when the transient orientation state is within 1% of the steady state orienta-

tion, i.e.
∣∣(Aij(t)− Ass

ij

)
/Ass

ij

∣∣ × 100% ≤ 1%. The percentage difference between
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Figure 4.12: Transient solution for Aij from the advanced diffusion model in simple
shear flow, v1 = Gx3, v2 = v3 = 0 starting from an isotropic orientation state,
ψ (θ, φ) = 1

4π
, with 0 ≤ C1 ≤ 4 and C2 = 10−2.
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the transient results and the steady state results for the orientation tensor compo-

nent A11 with diffusion coefficients of (C1, C2) = (0, 10−2), (C1, C2) = (1/2, 10−2),

(C1, C2) = (1, 10−2), (C1, C2) = (2, 10−2) and (C1, C2) = (4, 10−2) are shown in Fig-

ure 4.13. Notice the results from the Folgar and Tucker model given by the line

associated with (C1, C2) = (0, 10−2) reach within 1% of the steady state solution

after Gt ∼ 7. When C1 increases from 1/2 to 1 to 2 to 4 the results for A11 are

within 1% of the steady state orientation results after Gt = 12, Gt = 14, Gt = 16

and Gt = 27 respectively. These numbers demonstrate a significant alteration of the

alignment rate during the transient solution. Recall from the introduction that it is

designed to elongate the time required to reach steady state by a factor of 2 to 3

beyond the results predicted by the Folgar and Tucker model. Clearly for select dif-

fusion coefficient C1 values, the advanced diffusion model falls well within the desired

objectives for simple shear flow while retaining the same steady state orientation as

predicted by the experimentally fit Folgar and Tucker model.

It was noted that the first-order diffusion model experienced numerical difficulties

for large amounts of directional diffusion and high alignment states. It was seen

that for alignment states near unidirectional (see e.g. Figure 2.3) the first-order

diffusion model would diverge to non-physical orientation states under large values

of directional diffusion. This behavior is quite unfortunate, but is not observed in

the advanced model for diffusion. Take, for example, the diffusion coefficient pairs

(C1, C2) = (1/2, 10−2) and (C1, C2) = (2, 10−2) from the initial orientation state

nearly unidirectional (see e.g. Figure 2.3) represented by the initial value for the
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Figure 4.13: Percentage difference between steady state orientation and transient
orientation state for A11 in simple shear flow, v1 = Gx3, v2 = v3 = 0 starting from an
isotropic orientation state, ψ (θ, φ) = 1

4π
, with 0 ≤ C1 ≤ 4 and C2 = 10−2.
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second-order orientation tensor A11 = 1 − 10−8, A22 = A33 = 1
2
× 10−8 and Aij = 0

∀i 6= j. The preliminary diffusion model will quickly diverge to non-physical results,

whereas the advanced diffusion model experiences no such difficulties as evidenced in

Figure 4.14. The transient result from an isotropic fiber orientation obtained with

the Folgar and Tucker model is shown by the solid line for comparison, observe the

advanced diffusion model approaches the same steady state result as in Figure 4.12,

beginning from the nearly perfectly aligned orientation state.

4.2.4.2 Uniaxial Elongation Flow

Uniaxial elongation flow is experienced quite often in industrial processes of injection

molded parts. Elongational flow will occur when the cavity containing the polymer

fluid goes through a rapid expansion. For the following example, the expansion of

the bulk fluid motion along the x1 axis is expanding in the x2− x3 plane, and can be

characterized by the velocity profile, v1 = 2Gx1, v2 = −Gx2 and v3 = −Gx3 where

G is a scaling parameter. Select components of the second-order orientation tensor

flow results for (C1, C2) = (0, 10−2), (C1, C2) = (1/2, 10−2), (C1, C2) = (1, 10−2),

(C1, C2) = (2, 10−2) and (C1, C2) = (4, 10−2) from the advanced diffusion model are

presented in Figure 4.15. Observe for diffusion coefficients of (C1, C2) = (1/2, 10−2)

there are minor changes in the orientation characteristics of the results from the

Folgar and Tucker model. Conversely, for diffusion coefficients of (C1, C2) = (4, 10−2)

there is a significant change in both the transient solution and in the steady state

orientation state. Observe in Figure 4.15 the A11 component for (C1, C2) = (4, 10−2) is

well outside the expected error in experimental measurements from the results of the
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Figure 4.14: Transient solution for Aij from advanced diffusion model in simple shear
flow, v1 = Gx3, v2 = v3 = 0 starting from a highly aligned orientation state A11 =
1− 10−8, A22 = A33 = 1

2
× 10−8 and Aij = 0 ∀i 6= j.
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Folgar and Tucker model. As such the diffusion coefficient pair of (C1, C2) = (4, 10−2)

will be discarded, as well as any value of C1 > 4 when C2 = 10−2. It would be possible

to decrease the volume average diffusion effects from C2, but it has been observed that

this will significantly effect the shape of the steady state fiber orientation probability

distribution function ψ (θ, φ). Since the only available data comes from the steady

state results obtained from the Folgar and Tucker model, deviations from the accepted

steady state results would not be prudent without further experimental data. As such,

the range of the orientational diffusion coefficient of 0 ≤ C2 ≤ 2 seem to provide

steady state orientation results within experimental error of the orientation results

from the Folgar and Tucker model while tending to elongate the transient solution.

As demonstrated in Figure 4.16 for uniaxial elongation, the time required to approach

within 1% of the steady state from the Folgar and Tucker model requires Gt ∼ 0.9,

whereas for diffusion coefficients of (C1, C2) = (1/2, 10−2), (C1, C2) = (1, 10−2) and

(C1, C2) = (2, 10−2) it requires, respectively, Gt ∼ 1, Gt ∼ 1.2 and Gt ∼ 1.8.

4.2.4.3 Combined Shearing and Elongational Flow

Typical flows in industrially relevant injection molding processes are not purely shear-

ing or elongational, but a combination of the two flow types. The combined flow cho-

sen has nearly equal shearing and elongation given as v1 = Gx2−Gx1, v2 = −Gx2 and

v3 = 2Gx3. Observe in Figure 4.17 that the transient solution is significantly altered

for the diffusion coefficient pair (C1, C2) = (2, 10−2) versus that of the results from the

Folgar and Tucker model given by the diffusion coefficient pair (C1, C2) = (0, 10−2).

The steady state results are nearly identical, but clearly the transient solution of the
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Figure 4.15: Transient solution for Aij from the advanced diffusion model in uniaxial
elongational flow, v1 = 2Gx1, v2 = −Gx2 and v3 = −Gx3 starting from an isotropic
orientation state, ψ (θ, φ) = 1

4π
, with 0 ≤ C1 ≤ 4 and C2 = 10−2.
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orientation from the advanced diffusion model follows a significantly different orien-

tation state path to reach steady state than that of the Folgar and Tucker model.
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Figure 4.17: Transient solution for Aij from the advanced diffusion model for com-
bined shearing and elongational flow, v1 = Gx2 − Gx1, v2 = −Gx2 and v3 = 2Gx3

starting from an isotropic orientation state, ψ (θ, φ) = 1
4π

, with 0 ≤ C1 ≤ 2 and
C2 = 10−2.
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CHAPTER 5

CONCLUSIONS AND FUTURE WORK

The extensive use of short-fiber reinforced polymer composites in industrial use de-

mands an accurate understanding of the fiber orientation kinematics. In the literature

there is a growing concern with the Folgar and Tucker [1] model for fiber interactions

to represent an accurate transient analysis of fiber orientation. The Folgar and Tucker

model tends to predict an alignment of fibers faster than results viewed in the lab-

oratory environment. Several existing models were discussed that investigate this

discrepancy, but each method either focuses on the steady state results or include an

empirical time scaling parameter that tends to stretch out the transient solution.

A directionally dependant diffusion model is desired based upon the observation

made by Folgar and Tucker in their original work that diffusion effects were different

for random orientations versus aligned orientations. It is suspected that due to the

significant increase in the capability to model the fiber orientation state made by

the Folgar and Tucker theory, a thorough understanding of the physical system was

omitted. As the fabrication process has progressed, and products can consistently be

manufactured, the demand for an accurate model is necessary.

This work develops the fiber orientation tensor flow equations based upon a di-

rectionally dependant diffusion model similar to that of Bird et al. [40] that has seen

wide use in crystalline polymer flow. This work introduces the advanced directional
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diffusion model and provides a means whereby the rate of alignment of the fiber ori-

entation distribution function is altered through a scalable parameter, while retaining

the same steady state results as those predicted with current theories. This behav-

ior is quite advantageous since the current theories for fiber interactions are based

upon the steady state orientation. The advanced diffusion model presents a set of

scalable parameters whereby the time period at which the steady state results are

attained may be varied depending upon the physical transient behavior. This will

be quite beneficial since the present understanding of the physical characteristics of

the transient solution is qualitative in nature. There exists little data available in

the literature by which to confirm/deny the present model, and a full investigation

of the proposed model will need to incorporate experimental verification. This being

considered, the advanced diffusion model satisfies the two principal objectives out-

lined in the introduction. First, the introduced theory for directional diffusion yields

identical steady state results as those obtained with those of the Folgar and Tucker

model. Second, the advanced diffusion model provides a means to scale the rate of

alignment, and can elongate, in some flows, the transient solution by at least a factor

of two in shearing flows and as much as a factor of four in elongational flows.

Future work will need to begin from the fiber orientation probability distribution

function evolution equation, and develop a means by which it can be solved. Bay [34]

has developed control a volume method to calculate the Folgar and Tucker distribution

function evolution, and it is prudent to begin from his foundation. There exist other

possible methods to solve the differential equation, such as the finite element method
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(see e.g. [86–89]), but difficulties will arise with the higher-order shape functions that

will be required to integrate on the surface of the unit sphere.

Additional work should investigate the effects of incorporating fiber interaction

effects directly alongside the formulation of the equation of motion of a single fiber.

The present work investigated the aspect of the model when fiber interaction effects

were assumed to behave as diffusive in nature without fully understand the physical

nature between colliding fibers. It is worthwhile to look at the true physical effects

when two fibers collide, and how this phenomena is characterized through an inves-

tigation of the Jeffery model for non-interacting fibers suspended in a Newtonian

fluid.
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