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ABSTRACT 

 

Kanban production planning and control has been intensively studied worldwide 

since early 1980s. However, most modern research treats Kanban as an isolated concept. 

It is too often just modeled as containers holding production parts. The problem is that 

Kanban is not an isolated concept, but it is a key component integrated in the Toyota 

Production System (TPS).  

The purpose of implementing Kanban is to achieve Just-in-Time (JIT) production. 

There is no way Kanban alone could accomplish JIT without level production. Level 

production is based on a flexible operation interval. Therefore, we need to incorporate the 

level production aspect of JIT into Kanban modelling. A good way to do this is to include 

operation time interval as a decision variable, which, however, is a missing criterion in 

most of the Kanban research.  

There is a misunderstanding that JIT means zero inventory. The inventory level of 

a JIT system is directly associated with the number of Kanban, but so is the customer 

service level.  In order to find the optimum number of Kanban, we need to make a trade-

off between the inventory cost and the customer service level. Profit is a good 

performance measurement to guide this trade-off because it can clearly compare these 

two issues. However, most of the existing research uses cost as the objective function, 

based on the assumption that inventory always turn into sales. 

 The above reasons motivate us to build a new Kanban model. In this paper, we 

propose a stochastic method to describe a multi-stage Kanban-based supply chain. As 

indicated before, we include the operation time interval as a decision variable, and use the 

overall supply chain profit as the objective function. Beyond that, we also introduce some 
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practical considerations to make our model more robust, such as the opportunity cost 

associated with unsatisfied customer demands, the transportation risk, and the production 

risk.  

After developing the model, we implement a Simulated Annealing (SA) technique 

to efficiently find the optimum allocation of the Kanban-based supply chain.  Finally, we 

conduct sensitivity analysis, which not only proves the robustness of our model, but also 

provides us with a tool to make fact-based decisions in response to unexpected external 

changes. This enables us to partially recover the profit when the changes are negative or 

take a better advantage of changes when they are positive.  
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1 INTRODUCTION 

1.1 Kanban Puzzle  

Kanban is a well-known concept in the field of production planning and control. In 

fact, it has been applied not only to manufacturing, but also many other industries, such 

as hospitals, restaurants and amusement parks, wherever workflow control is a key factor 

to success. However, not all were able to implement Kanban in the right way (Hopp et 

al., 2004). 

Those who understood and implemented Kanban correctly achieved lower Work-

in-Process (WIP) level, shorter lead time, more stable throughput, better product quality, 

and better customer service. As a result, they improved their profits. On the other hand, 

those who only applied Kanban on a superficial level suffered from inventory shortage, 

longer lead time, and degraded customer service. They invested huge amounts of money 

and effort in adapting their business to Kanban, but Kanban paid them nothing. 

Therefore, it is significant to understand the real working logic behind Kanban, then use 

the correct logic to develop a tool to facilitate Kanban implementation.  

1.2 Understand Kanban 

1.2.1 The Big Picture 

Originally, Kanban is just a component of TPS. It is not even a direct component, 

but a second-layer component. TPS is directly supported by two pillars: autonomation 

and JIT production. Autonomation is about making full use of people’s capacity. JIT is 

about setting up a unique production environment and logic so that people are working 

towards the right direction. JIT has two components: level production and Kanban. Level 

production is a prerequisite to implementing Kanban, and level production itself is based 
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on reduced setup time and a flexible transportation period. After accomplishing level 

production, Kanban can then be applied as a media to transfer flexible demand 

information from downstream to upstream while accompanying requested material from 

upstream to downstream (Sugimori et al., 1977).  

Since autonomation is beyond the scope of this research, we only focus on JIT 

aspect of TPS. We also believe that the JIT scope is big enough for us to fully explore the 

functionality of Kanban mechanism.  

1.2.2 Just-in-Time Production 

 The ultimate goal of JIT is pattern matching. In a JIT system, every upstream 

production activity should be closely matched to (triggered by) its downstream 

consumption activity. Ideally, when one unit of final product in the most upstream 

facility is consumed, all the downstream facilities should work together only to produce 

one new unit of that just consumed final product, and nothing more. Therefore, no waste 

would ever happen. In order to achieve this goal, two things need to happen: 1) the 

upstream knows what is happening at the downstream. 2) the upstream has the ability to 

respond to what is happening at the downstream.  

Kanban helps the upstream to know what is happening at the downstream. In a JIT 

system, a product in a downstream facility is always attached with a piece of Kanban. 

Ideally, at the moment just before the product is consumed, its Kanban will be detached 

and sent to the upstream facility. The Kanban tells the upstream facility that a product has 

just been consumed and it needs to supply a new product to the downstream. If we 

imagine the activity information at the downstream is a continuous signal, then the actual 

information that Kanban carries to the upstream is a discretized signal. Therefore, the 

more frequently the Kanban runs, the more timely information it conveys. Also, Kanban 
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is part-specific, which means that in a multi-product manufacturing environment the 

upstream facility can use the Kanban to identify which product the downstream facility is 

asking for. 

Level production enables the upstream to respond to what is happening at the 

downstream.  Let’s say there are two kinds of product in a brand new JIT-based business, 

product A and product B. Its first three customers just did some shopping at the 

downstream facility. Customer 1 bought a product A, Customer 2 bought a product B, 

and Customer 3 bought a product A. According to the JIT protocol, the upstream facility 

should have received two Kanban A and one Kanban B. Let’s say there are two options 

for the upstream facility to arrange the production. Option one is to first produce two 

units of product A then produce one unit of product B. Option two is to first produce one 

unit of product A then produce one unit of product B then produce another one unit of 

product A.  Which one is better? 

Ideally, in a JIT system, the upstream facility should choose option two. Here is the 

reason. The shopping record of the first three customers is the only data you can use to 

predict the future customer behaviors. Therefore, chances are, at the downstream facility, 

Customer 4 will want to buy a product A, Customer 5 will want to buy a product B and 

Customer 6 will want to buy a product A. If this is the case, then production option two 

can use less time to supply one unit of product B to the downstream facility thus reduce 

the odds to lose Customer 5. Option two matches the activity patterns of the two facilities 

closer!  

The only problem is that production option two seems a little inconvenient because 

the upstream facility has to switch back and forth to conduct different productions. 

However, the JIT practitioners don’t really care about convenience. They care about 

financial performance. As long as the frequent switches won’t increase cost nor decrease 
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income, inconvenience is totally acceptable. This sounds impossible, but it is achievable. 

Toyota Company, for example, has the record to allow the switches to occur in every ten 

minutes (sometimes even as short as three minutes) without increasing its manufacturing 

cost. When a system can achieve such kind of highly frequent and finance friendly 

production switches, we say it is able to conduct level production. 

It is meaningless for the upstream to know what is happening at the downstream if 

it is unable to respond efficiently. As state before, the mission of Kanban is to convey 

downstream information to upstream as accurately as possible. Then, if the upstream can 

conduct level production, it can match its activity to the downstream according to the 

Kanban information. However, if the upstream cannot conduct level production, then 

even it has the target to aim, it does not have the ability to match. Therefore, we say that 

being able to conduct level production is a prerequisite of implementing Kanban 

mechanism.  

Idealism is expensive, and often impossible to achieve. We want to run Kanban as 

frequently as possible. But there is a transportation cost, such as gas cost and depreciation 

cost. Transportation cost forces us to set larger buffers, which, in the case of JIT, means 

more Kanban.  But Kanban needs to be attached on products. Therefore, more Kanban 

means more products in the buffer. More products in the buffer means higher inventory 

cost. Then how about cutting the buffer size? Well, that might compromise the customer 

service level, which hurts the income, thus the profits. JIT is an ideal concept. In reality, 

however, we need to make trade-off. Trade-off requires a unified performance measure, 

around which we can build a JIT/Kanban model. A robust model helps us make 

reasonable trade-off and find the optimum Kanban allocation.  

OK, Kanban is not just an information carrier. It also provides another benefit. 

However, this benefit has nothing to do with Kanban modelling, because it is hard to 
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measure and quantify. More all, this benefit will naturally appear as long as you deploy 

the Kanban system reasonably - Kanban provides an explicit way to constraint WIP level. 

According to Kanban mechanism, the WIP level will never excess the pre-determined 

Kanban quantity. Therefore, the WIP level in a Kanban system will always be relatively 

low and stable, which extremely improves the working efficiency of the shop floor 

operators. The reasons behind that can be both physical and mental, pretty much a 

human-factor issue, which is beyond the scope of this research, but still worth 

mentioning. The most famous application of this Kanban benefit is the invention of 

CONWIP – Constant Work-in-Process method.  

1.3 Kanban Model under JIT Philosophy 

Most of the modern research treat Kanban as an insulated concept. According to 

Japanese translation, Kanban means card or container. Therefore, Kanban is too often just 

modeled as the containers holding production parts. And that is the problem. Kanban is 

not an insulated concept, but it is an organic component integrated in JIT.  

First of all, the purpose of implementing Kanban is to achieve Just-in-Time 

production. But there is no way Kanban alone could accomplish JIT without the support 

of level production. Level production is based on flexible operation interval, which can 

be easily changed according to market demands. Therefore, we need to incorporate the 

level production aspect of JIT into Kanban modelling. And a good way to do this is to 

include operation interval as a decision variable, which, however, is a missing criterion in 

most of the Kanban models.  

Secondly, there is a misunderstanding that JIT systems have zero inventory. If that 

were true, when customers arrived, JIT practitioners might just conjure their products 

instantly from nowhere. Apparently, it is not possible. JIT systems do have inventory, 
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except that all the products in their inventory are attached with and controlled by some 

kind of Kanban, ready to be pulled.  

The inventory cost of a JIT system is directly associated with the number of 

Kanban. The mission of Kanban is to carry accurate periodical demand information to 

support the level production. The more Kanban you have, the more accurate information 

you can provide to the production shop floor, and the higher customer service level you 

can obtain. However, more Kanban means higher inventory cost. Will this customer 

service level margin outweigh the inventory cost margin, both of which caused by 

additional Kanban?  

In order to answer this question, we need to put the customer service level and the 

inventory cost under a unified performance measure. Although many Kanban models use 

system cost as their objective functions, we don’t think cost alone could reflect the 

customer service level. Therefore, we prefer to use profit as the performance measure, 

which is significantly influenced by both the customer service level and the inventory 

cost.  

The reasons stated above is exactly what motivates us to conduct this research. 

1.4 Summary 

In this chapter, we have introduced how a Kanban system works under JIT 

philosophy, and also addressed the problems that motivate us to conduct this research. As 

stated, the purpose of this work is to build a more reasonable model for the Kanban 

system and find its optimal allocation. Therefore, we also need a literature review of 

state-of-art studies on the Kanban topic, and it is the content of chapter 2. In chapter 3, 

we present the objective function of our model. Then we elaborate the model by further 

explaining the objective function. Readers should get the whole picture of our model after 
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reading through the entire chapter. In chapter 4, we introduce Simulated Annealing (SA) 

as the search algorithm for our model. The results of our study are demonstrated in 

chapter 5. In chapter 6, we conclude our study and propose several future research 

opportunities that could stem from our work. 
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2 LITERATURE REVIEW 

As stated in the last chapter, the goal of our research is to build a Kanban model 

that meet two major criteria. First, it should provide the time flexibility required by level 

production. Second, its objective function should use such a performance measurement 

so that the trade-off between inventory cost and customer service level in a Kanban 

system can be made. Throughout this literature review, we pay close attention to the 

existing research that either include these criteria or provide the possibility to be extended 

with these ideas.  

With this goal in mind, we review the research published in the past 10 years from 

three different perspective: modelling approach, solution methodology, and types of 

modelled Kanban system.  

2.1 Modelling Approach 

2.1.1 Analytical Model  

In Ramanan et al. (2003) modelled a Kanban system manufacturing different parts. 

Different part-types are put into different kinds of Kanban containers. And there are 

several containers for each part-type. Their decision variable is the processing sequence 

of the containers. The objective is to minimize the makespan of the containers. However, 

in our opinion, the process sequence of different parts in a Kanban system should 

primarily be determined by the downstream ordering sequence (or pull sequence), not the 

length of any makespan. Moreover, for a system which should be able to conduct level 

production, the production sequence won’t make a big difference on the overall 

makespan anyway.  
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Prasad et al. (2006) did a similar research. Their decision variable is also the 

sequence of containers.  In addition to minimize the average makespan of both containers 

and part types, they also aimed to minimize the standard deviation of between different 

parts. Therefore, their research is a multi-objective optimization problem.  Similarly, we 

still don’t think the makespan is an appropriate performance measurement for a 

Kanban/JIT system. Also, we don’t see a big benefit for a Kanban/JIT system to have a 

minimized fluctuation of the makespan between different parts. 

Wang et al. (2006) developed a model to describe a multi-stage supply chain. In 

their research, the parts in the most upstream plant are related to raw material inventory, 

the parts in all the intermediate plants are related to WIP inventory, and the parts in the 

most downstream plant are related to finished good inventory. Their parameters include 

the total demand for the supply chain, the production rate of each plant, the cost of each 

item, the time between successive shipments for each stage, the inventory holding cost 

for each plant, the setup cost for each plant and each, the cycle time, the uptime and down 

time of each plant. Their decision variables contains the total production during each 

cycle time, the Kanban size at each plant, the number of Kanban at each plant, the 

number of orders or shipments placed at each plant, and the number of shipments placed 

at each plant’s uptime. They use these parameters and variables to derive the average 

inventory level at each plant and the corresponding inventory and manufacturing cost. 

Their objective is to minimise the total cost.  

Our major concern is their assumption. They assumed they that the supply chain 

has a fixed total demand. So they divided this total demand into different periods, then 

split the periodical demands onto each Kanban and shipment. As a consequence, they 

were forced to assume that all the products manufactured by this Kanban system can be 

completely consumed by the total demand rate and all turn into actual income. Therefore, 
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they had their reason to only focus on the cost. However, this assumption sounds more 

like a MRP, not JIT.  

It is well know that the major problem of MRP is excessive WIP, which is caused 

by inaccurate demand estimation. The users of MRP had already realized that they were 

left behind by Japanese manufacturers in early 1980s, who used JIT as their tools. The 

reason is that MRP tries to predict demand, which is highly unpredictable, while JIT tries 

to match ready happened demand as swiftly as possible, which is much more realistic. 

Therefore, when we are using the assumption of a fixed demand to model a production 

system, we are actually modelling a MRP, not a JIT, no matter whether your model 

involves Kanban or not. What matters is the philosophy behind the model, not what you 

name your parameters and variables.  

Now that the assumption of a fixed demand leads to a fake Kanban/JIT model, we 

had better not use it, which leads to another issue – if the demand is dynamic, there is no 

way we can ensure that the finished products can all turn into profits. If not all the 

finished products can become profits, only focusing on the cost can be shortsighted. As 

stated in chapter one, we need to compare the inventory cost margin and the customer 

service level related income margin, both of which attribute to additional Kanban. In a 

word, when there is no guarantee that all inventory can become sales, we should use 

profit instead of cost as the performance measure for our production system.  

But Wang et al. (2006) do provides many valuable considerations of a production 

system. For example, their parameters contain the time between successive shipments 

and the cycle time, which reflect the operation frequency issue, which can be used to 

model the level production aspect of a JIT system after modification. In addition, they 

also considered uptime and downtime of the plants, which reminds us of the potential 

risks in a production system that we should include in our own model. 
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2.1.2 Markov Chain & Queuing Network 

Tardif et al. (2001) and Shahabudeen et al. (2008) used Markov process to model 

an adaptive Kanban system. There their four decision variables in their model, the 

number of Kanban, the number of backup Kanban, the backup Kanban release limit and 

the back Kanban capture limit. Every time customer demands arrive, the system’s 

inventory level and backorder level be compared to the two limits in order to decide 

whether the system should add more Kanban into the circulation or reduce the Kanban 

number or leave it alone. In this way, the number of Kanban in their model is dynamic. 

Their objective is to find the optimum values for the decision variables so that the sum of 

inventory cost and backorder cost can be minimized.  

The idea of making the number of Kanban dynamic is very creative. However, we 

also have some concerns about this research. First of all, the dynamic number of Kanban 

will compromise the inherent feature of a stable WIP level in a Kanban system. The 

success of CONWIP has ready proven the significance of a stable WIP level in a 

production system. Therefore, if the backup Kanban is released or retrieved too often, the 

upper limit of the WIP level in the adaptive Kanban will become unstable, which may 

cause chaos in the shop floor. Secondly, we still believe that the flexibility of a real 

Kanban/JIT system should be provided by high-quality level production, not a dynamic 

Kanban number. A changeable number of Kanban could a superficial rescue method to 

avoid inventory shortage or excess at the time, but it won’t solve the problem from the 

root in the long run.  

Again, in a Kanban system. The shortage or excess of Kanban is merely a symptom 

of poor level production. In order to be relieved from the symptom, we have to cure the 

core disease first. If level production has been achieved, an optimum fixed number of 
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Kanban should work just fine. Let alone a fixed number of Kanban offers a huge bonus 

by providing a stable WIP, so we’d better not touch it.  

Tardif et al. (2001) and Shahabudeen et al. (2008) do give us an idea of how to 

capture the performance of customer service level. In their study, they used backorder 

cost. The higher the customer service level is, the lower the backorder cost. However, the 

backorder cost is not easy to decide. How much do you want to punish yourself if you 

cannot fulfil a customer’s order? Well, this is actually an issue of opportunity cost, which 

has never been easy to decide. Especially in our case, when disappointed customers left 

because you run out of their desired products, you never know they will turn their backs 

to you forever or just come back and try their luck again tomorrow. If the former 

happens, you should punish yourself hard. If the latter happens, the backorder shouldn’t 

cost you at all. The problem is that you never know. In a word, backorder cost is a vague 

measurement of customer service level. It may serve as an assistant measurement, but we 

shouldn’t depend on it. We want something more direct, something happens right at the 

moment when a customer leaves because of your inventory shortage. Yes, you are losing 

the money that customer already decided to pay. That’s your direct measurement.  

Matzka et al. (2012) used a queuing network to model the Kanban system. Their 

decision variable is the number of Kanban. Through the queuing network, the number of 

Kanban can be mapped to a final customer service level. A big advantage of this research 

is that it is very generic. They didn’t provide an explicit objective function. But they did 

clearly state the close relationship between the number of Kanban and the customer 

service level. Moreover, in the process of deriving the customer service level, the 

inventory information can also be extracted from the queuing network. Last but not least, 

they included operation interval as a very important parameter, and explicitly conducted a 

solo sensitivity analysis on this time parameter to prove its significant role in deciding the 
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relationship between Kanban and service level. We believe that the motivation behind 

their research is very close to ours, and there is a big possibility that their model can be 

extended to meet the two criteria we listed at the beginning of this chapter.  

In Al-Tahat et al. (2005)’s and Al-Tahat et al. (2012)’s  queuing network Kanban 

models, the decision variables are number of Kanban, utilization rate of production 

process, and the number of servers in each work station. Their objective is to minimize 

the total cost, which consists of raw material cost, manufacturing cost, transportation 

cost, and inventory holding cost. Our concern about this research is similar as the one we 

have with Wang et al. (2006)’s research, it does not include the service level aspect of a 

Kanban/JIT system, which may lead to biased solution. However, treating the number of 

servers as a variable is a good idea, which could be used in our own model.   

2.1.3 Simulation 

Shahabudeen et al. (2002) and Shahabudeen et al. (2003) ran simulations to mimic 

the working process of a single-Kanban system and a double-Kanban system 

respectively. The primary settings of their simulations are: multiple products, multiple 

workstations, stochastic customer demand, and stochastic processing time. By changing 

the settings of Kanban number and Kanban size, they tried to find the optimum 

combination based on which the simulation results contributed to a bigger aggregated 

demand fulfil rate and a smaller aggregated WIP level.  We strongly agree with their 

objective, because their demand fulfil rate matches our customer service level and their 

WIP level can be modified to our inventory cost. However, one of their assumption is too 

strong for us. They assumed there was no substantial distance between the workstations 

and the Kanban detached from the downstream can be carried to the upstream 

immediately.   



 

14 

 

Nomura et al. (2004) simulated a double-Kanban system with a modular approach. 

In their simulation, all the time related parameters can be deterministic or stochastic, and 

can follow any kind of distribution. From the simulation results, they derived demand 

fulfil rate, utilization rate of the resources, and average flow time. They also analyzed the 

structure of the flow time – how much was spent on processing and how much was spent 

on inventory or WIP. Their research provided a generic Kanban system simulation 

methodology.  

Murino et al. (2010) simulated the work flow of a supermarket which implemented 

Kanban method. In their research, there are three kinds of Kanban, which had different 

urgent levels. The Kanban with the highest urgent level should always be dealt first. 

Their decision variables are the numbers of these three kinds of Kanban. Their objective 

function is to minimize the sum of the inventory cost and backlog cost. Similar as the one 

to Tardif et al. (2001)’s research, our concern on this work is also about the backlog cost 

they used in their objective function, which could be a vague measurement of customer 

service level. 

2.1.4 Meta Model 

Savsar et al. (2000) combined factorial design, simulation and neural network to 

develop a Kanban system modelling method, which provided three key features: 1) high-

quality search space, 2) accurate modelling result, and 3) significantly reduced 

computation time. Their performance measures included both WIP level and demand 

delay time. They also suggested a way to use a weighed function to put these two 

measures under the same unit. Our question about this research is how to decide the 

weights. Hou et al. (2011) did a similar work, but they used a regression model instead of 

the neural network. 
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2.2 Solution Methodology 

Among the literature which explicitly stated their solution methodologies, nearly 

half of them used traditional optimization algorithms, while the other half implemented 

meta-heuristics. 

2.2.1 Traditional Optimization 

Savsar et al. (2000) used exhaustive enumeration. Greedy heuristic was chosen by 

Tardif et al. (2001). In Wang et al. (2004) and Wang et al. (2006)’s studies, branch and 

bound algorithm was implemented. Al-Tahat et al. (2012) used dynamic programming 

algorithm to find their best solution. 

2.2.2 Meta-heuristics 

Shahabudeen et al. (2002), Ramanan et al. (2003) and Shahabudeen et al. (2008) 

embedded their models into SA algorithms to search for the optimum solution. While in 

Gaury et al. (2000), Köchel et al. (2002), Prasad et al. (2006), Shahabudeen et al. (2008) 

and Hou et al. (2011)’s studies, their models were incorporated into Genetic Algorithms 

(GA) to research the objectives. 

2.3 System Types 

Various production systems have been studied in the literatures, from the simplest 

single-product and single-stage systems to the most complicated multi-product and multi-

stage systems. 

2.3.1 Single-product and Single-stage 

Tardif et al. (2001), Wang et al. (2004), Shahabudeen et al. (2008) and Matzka et 

al. (2012) studied single-product and single-stage systems. 
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2.3.2 Single-product and Multi-stage 

Gaury et al. (2000), Savsar et al. (2000), Chan et al. (2001), Al-Tahat et al. (2005), 

Wang et al. (2006), Prasad et al. (2006), Takahashi et al. (2007), Pettersen et al. (2009), 

Hou et al. (2011) and Al-Tahat et al. (2012) studied single-product and multi-stage 

systems. 

2.3.3 Multi-product and Single-stage 

Murino et al. (2010) studied multi-product and single-stage system. 

2.3.4 Multi-product and Multi-stage 

Chan et al. (2001), Shahabudeen et al. (2002), Ramanan et al. (2003), and Nomura 

et al. (2004) studied multi-product and multi-stage systems. 

2.4 Summary  

The two most popular performance measures of a Kanban system are operation cost 

related measure and customer service level related measure. Researchers who assume that 

all the inventory would turn into sales tend to only focus on the operation cost. But 

researchers who really used JIT philology to guide their studies often took the customer 

service level related measure into consideration as well. However, the latter researchers 

struggled finding a reasonable way to put these two performance measures under the 

same unit. Some of them tried to use backorder cost to match the customer service level 

related measure to the operation cost related measure, but the backorder cost was too 

vague to be decided. Others tried to put these two measures in a unified weighted 

function, but the weights were also too difficult to be found. Therefore, we conclude this 

presents a research gap. In our research, we use the periodical profit as the objective 
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function, which includes both of the two measures in a very reasonable manner. This 

literature review also confirms our statement in chapter 1 that few researchers use the 

operation frequency (or operation interval) as a decision variable, so this is second 

research gap to fill. We also collect some very valuable Kanban modelling considerations 

from this review, such as the uptime and downtime of the plant, the transportation issue, 

the number of servers, and opportunity cost. These factors are all included in our 

research.  

We also find a trend that researchers have been building more and more 

complicated models since meta-heuristics came about. The reason might be that the 

simplified models of Kanban systems had already been exploited in the 1980s and 1990s 

JIT movement. Therefore, modern researchers are required to build more sophisticated 

models which describe the Kanban system more accurately. However, these complicated 

models always end up as non-linear or NP hard, which are impossible to solve using 

traditional analytical methods. Therefore, they resorted to meta-heuristics. As stated in 

chapter 1, we want to construct a comprehensive Kanban model constructed strictly 

under a JIT philosophy. The proven effectiveness of meta-heuristics give us the 

confidence that our model can be optimized. Hence, the real challenge is to build a good 

model. 
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3 MODEL DEVELOPMENT 

Matzka et al. (2012) modeled a single-stage Kanban system as a queueing network 

with synchronization stations. Their aim is to determine the optimal number of 

production Kanbans, and thus the buffer size that guarantee a given service level. Also, 

they included time interval as one of the parameters. The central part of their model is a 

Markov transition matrix, with its states denoting the number of finished products and 

waiting demands in each supplier.  

We extend their model in the following ways. First of all, we embed more 

stochastic factors into this model, such as transportation and production risks. In this way, 

our model is able to describe the Kanban system more closely and become more robust.  

Secondly, we extend this model from two-stage to multi-stage by clarifying its interfaces, 

so that sequential stations can be connected together with these interfaces. Last but not 

least, we direct all the variables and interactions of the model to a single financial 

objective function: the overall profit generated from the supply chain. This objective 

serves as the ultimate goal for guiding the tradeoff of all the sub-objectives. 

The flow chart of the multi-stage Kanban system that we want to model is shown in 

Figure 3 - 1, in which the red dashed lines represent information (Kanban) flow and the 

green weighted lines represent material (products/sub-products) flow. And the numbers 

in the figure correspond to the following comments:  

1. At the customer shop, each unit of final product is attached with one 

piece of Withdrawal Kanban (WK).  

2. When one unit of final product is purchased by a customer, its WK be 

will be detached and collected in the withdrawal Kanban post.  
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3. Periodically, there will be trucks, which travel between the customer 

shop and the 1st supplier, arriving, unloading final products, loading WKs 

and taking them to the 1st supplier.  

4. At the 1st supplier, the final products are stored in the output inventory, 

where each unit of final product is attached with one piece of production 

Kanban (PK).  

5. When the trucks stated in 3 arrive at the 1st supplier, they unload WKs 

and load final products, and there are two kinds of possibilities. If the 

number of finished products in the supplier’s output buffer is equal or 

greater than the number of WKs, then each piece of WK will be attached 

to one unit of product and together loaded back in the trucks, and taken to 

the customer shop. Otherwise, the excessive WKs will have to wait in the 

waiting demand queue unit another unit of product is available. 

6. When the product is attached with a WK, its PK has to be detached and 

taken to the supplier’s plant.  

7. The plant processes its products according to the number of PKs 

collected from the output inventory. One piece of PK corresponds to one 

unit of production demand. No production Kanban, no production.  

8. In order to manufacture products, the plant need to take raw materials 

from its warehouse. The warehouse functions similarly as the customer 

shop does, except that its customer is the plant, and it does not charge 

money from the plant. Note that there’s no Kanban circulating between the 

plant and the warehouse.  

9. When one unit of product is manufactured, it will be attached with one 

piece of PK and carried to replenish the output inventory.  

10. All the other intermediate suppliers are omitted here, all of which work 

in the similar way as the 1st supplier does. The only difference is that they 

process products at various levels along the supply chain.  

11. At the most upstream supplier, the plant takes raw material directly 

from natural resource site. Hence, there is no warehouse in this last 

supplier. 
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Figure 3 - 1 Workflow of a double-Kanban-based supply chain 
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3.1 Assumption  

Our Kanban model is built under the following assumptions: 

1. The supply chain only manufactures one single final product type. 

2. The bill of material (BOM) is simplified. The manufacturing route is a 

single flow line. Every material ratio between a part and its sub-parts is 

one. 

3. There are parallel machines in each plant. Each machine’s uptime and 

downtime follow exponential distributions. 

4. Every part is only processed by one machine in a plant, and sent to the 

downstream for further process. Every single process time is shorter than 

the synchronized operation time interval of the entire system. 

5. There are trucks in each stage of the supply chain for transportation. 

Each truck’s uptime and downtime follow exponential distributions. The 

time needed for a round-trip in each stage is shorter than the synchronized 

operation time interval of the entire system.  

6. The most downstream customer demand follows a Poisson distribution.  

3.2 Parameter 

3.2.1 System Parameters 

𝐷= Demand rate comes into customer shop per unit time 

𝑁= Number of suppliers in the Kanban system  

𝑐𝑇𝑐= Capacity of each truck transporting products between the customer shop and the 1st 

supplier 

𝜆𝑇𝑐= Failure rate of the each truck transporting products between the customer shop and 

the 1st supplier per unit time 

𝛽𝑇𝑐= Repairing time of each unserviceable truck transporting products between the 

customer shop and the 1st supplier 

𝑐𝑇𝑖= Capacity of each truck transporting products between the 𝑖𝑡ℎ supplier and the 

(𝑖 + 1)𝑡ℎ supplier 
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𝜆𝑇𝑖= Failure rate of the each truck transporting products between the 𝑖𝑡ℎ supplier and the 

(𝑖 + 1)𝑡ℎ supplier per unit time   

𝛽𝑇𝑖= Repairing time of each unserviceable truck transporting products between the 𝑖𝑡ℎ 

supplier and the (𝑖 + 1)𝑡ℎ supplier 

𝑐𝑀𝑖= Capacity of each machine at the 𝑖𝑡ℎ supplier per unit time 

𝜆𝑀𝑖= Failure rate of each machine at the 𝑖𝑡ℎ supplier per unit time 

𝛽𝑀𝑖= Repairing time of each unserviceable machine at the 𝑖𝑡ℎ supplier  

3.2.2 Financial Parameters 

𝑃𝐶= Unit price of the product at customer shop 

𝐶𝑐= Unit cost of product at customer shop  

R𝑐= Unit demand rejection cost at the customer shop 

𝐻𝑐= Unit inventory holding cost at customer shop per unit time 

𝑇𝑐= Unit depreciation and repairing cost of the trucks transporting products between the 

customer shop and the 1st supplier per unit time 

𝐺𝑐 = Gas cost per round trip per truck that transports products between the customer shop 

and the 1st supplier  

𝑃𝑖= Unit price of the product at the 𝑖𝑡ℎsupplier  

𝐶𝑖= Unit raw material cost for manufacturing the product at the 𝑖𝑡ℎsupplier  

R𝑖= Unit demand rejection cost at the 𝑖𝑡ℎsupplier 

𝐻𝑂𝑖= Unit output inventory holding cost of the 𝑖𝑡ℎ supplier per unit time 

𝐻𝐼𝑖 = Unit input inventory holding cost of the 𝑖𝑡ℎ supplier per unit time 

𝑇𝑖= Unit depreciation and repairing cost of the trucks transporting products between the 

𝑖𝑡ℎ supplier and the (𝑖 + 1)𝑡ℎ supplier per unit time 

𝐺𝑖 = Gas cost per round trip per truck that transports products between the 𝑖𝑡ℎ supplier 

and the (𝑖 + 1)𝑡ℎ supplier  

𝑀𝑖= Unit operation cost of the machines at the 𝑖𝑡ℎ supplier per unit time 
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Note: 𝐶𝑐 = 𝑃1, 𝐶𝑖 = 𝑃𝑖+1(𝑓𝑜𝑟 𝑖 = 1, … . , 𝑁 − 1), 𝐶𝑁 = 0 

3.3 Decision Variable 

𝑡= Length of single operation period (time interval) 

𝑆𝐿𝑐= Service level at the customer shop 

𝑛𝑇𝑐= Number of trucks transporting products between the customer shop and the 1st 

supplier 

𝑆𝐿𝑖= Service level at the warehouse of the 𝑖𝑡ℎsupplier  

𝑛𝑇𝑖= Number of the trucks transporting products between the 𝑖𝑡ℎ supplier and the 

(𝑖 + 1)𝑡ℎ supplier  

𝑛𝑀𝑖= Number of machines at the 𝑖𝑡ℎ supplier 

𝐾𝑖= Number of production Kanbans at the 𝑖𝑡ℎsupplier  

3.4 Other Notation 

𝑖= Index of the suppliers  

𝝎= Random variable denoting the number of withdrawal Kanbans that are collected at 

the customer shop per time interval  

𝐾𝜔𝑐= Number of withdrawal Kanbans at the customer shop 

𝒃𝒄= Approximate distribution of the number of withdrawal Kanbans to be carried to the 

1𝑠𝑡 supplier per time interval 

𝒏𝑻𝑼𝒄= Random variable denoting the number of serviceable trucks transporting products 

between the customer shop and the 1st supplier at the beginning of each time 

interval 

𝒃𝒂𝒄= Distribution of the number of withdrawal Kanbans mange to arrive at the 1𝑠𝑡 
supplier per time interval 

𝑺𝒄= Randon variable denoting the amount of satisfied demand at the customer shop per 

time interval  

𝐾𝜔𝑖= Number of withdrawal Kanbans in the raw material warehouse of the 𝑖𝑡ℎ supplier 

𝒏𝑴𝑼𝒊= Random variable denoting the number of serviceable machines at the 𝑖𝑡ℎ supplier 

at the beginning of each time interval 
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𝒃𝒊= Distribution of the number of withdrawal Kanbans to be carried from the 𝑖𝑡ℎ supplier 

to the (𝑖 + 1)𝑡ℎ supplier per time interval 

𝒏𝑻𝑼𝒊= Random variable denoting the number of serviceable trucks at the 𝑖𝑡ℎ supplier at 

the beginning of each time interval (𝑖 = 1,2, … , 𝑁 − 1) 

𝒃𝒂𝒊= Distribution of the number of withdrawal Kanbans mange to arrive at the (𝑖 + 1)𝑡ℎ 

supplier per time interval 

𝒏𝒊= Random variable denoting the number of finished products in the product output 

buffer of the 𝑖𝑡ℎsupplier 

𝑺𝒊= Random variable denoting the amount of satisfied demand at the 𝑖𝑡ℎsupplier per time 

interval 

3.5 Objective Function 

𝑇𝑜𝑡𝑎𝑙 𝑝𝑟𝑜𝑓𝑖𝑡 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑓𝑟𝑜𝑚  𝑡ℎ𝑒 𝑠𝑢𝑝𝑝𝑙𝑦 𝑐ℎ𝑎𝑖𝑛   
 

= 𝐺𝑟𝑜𝑠𝑠𝑃𝑟𝑜𝑓𝑖𝑡 − 𝐷𝑒𝑚𝑎𝑛𝑑𝑅𝑒𝑗𝑒𝑐𝑡𝑖𝑜𝑛𝐶𝑜𝑠𝑡 − 𝐼𝑛𝑣𝑒𝑛𝑡𝑜𝑟𝑦𝐶𝑜𝑠𝑡 − 𝐸𝑞𝑢𝑖𝑝𝑚𝑒𝑛𝑡𝐶𝑜𝑠𝑡  

 =
1

𝑡
〈{(P𝑐 − C𝑐)𝐸(𝑺𝒄) + ∑ (P𝑖 − C𝑖)𝐸(𝑺𝒊)

𝑁
𝑖=1 } − {R𝑐[𝐷𝑡 − 𝐸(𝑺𝒄)] + R1[𝐸(𝑺𝒄) −

𝐸(𝑺𝟏)] + ∑ R𝑖[𝐸(𝑺𝒊−𝟏) − 𝐸(𝑺𝒔𝒊)]
𝑁
𝑖=2 } − {

(2𝐾𝜔𝑐−𝐷𝑡)𝑡𝐻𝑐

2
+ ∑ 𝑡𝐻𝑂𝑖E(𝒏𝒊)

𝑁
𝑖=1 +

∑
𝑡𝐻𝐼𝑖[2𝐾𝜔𝑖−𝐸(𝑺𝒊)]

2

𝑁−1
𝑖=1 } − {(𝑇𝑐𝑡𝑛𝑇𝑐 + 𝐺𝑐𝑛𝑇𝑐) + ∑ (𝑇𝑖𝑡𝑛𝑇𝑖

𝑁−1
𝑖=1 + 𝐺𝑖𝑛𝑇𝑖) +

∑ 𝑀𝑖𝑡𝑛𝑀𝑖
𝑁
𝑖=1 } 〉 

3.6 Explanation 

3.6.1 Gross Profit 

The total gross profit made by the entire supply chain per operational interval is 

denoted as follows, 

(P𝑐 − C𝑐)𝐸(𝑺𝒄) +∑(P𝑖 − C𝑖)𝐸(𝑺𝒊)

𝑁

𝑖=1

 

𝐸(𝑺𝒄) is the long-run average amount of demand that will be satisfied at the 

customer shop per operational interval. (P𝑐 − C𝑐) is the unit gross profit of satisfied 

demand at the customer shop. (P𝑐 − C𝑐)𝐸(𝑺𝒄) is the expected total gross profit made at 
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the customer shop per operational interval. Similarly, 𝐸(𝑺𝒊) is the long-run average 

amount of demand that will be satisfied at the 𝑖𝑡ℎ supplier per operational interval. (P𝑖 −

C𝑖) is the unit gross profit of satisfied demand at the 𝑖𝑡ℎsupplier. And ∑ (P𝑖 − C𝑖)𝐸(𝑺𝒊)
𝑁
𝑖=1  

is the expected total gross profit made by all the suppliers per operational interval. (P𝑐 −

C𝑐) and (P𝑖 − C𝑖) are just financial parameters determined by the market of a specific 

industry. So we will focus on explaining the derivations of 𝐸(𝑺𝒄) and 𝐸(𝑺𝒊). 

In order to answer the question above, we need to start from the beginning of the 

supply chain --- initial customer demand. We assume that the initial customer demand 

follows a Poisson distribution with a mean value 𝐷𝑡, where 𝐷 is the average demand that 

arrive at the customer shop per unit time, and 𝑡 is the length of the operational interval of 

the synchronized supply chain. We use random variable 𝝎 to denote the number of 

customer demands that arrive at the customer shop per operational interval. Therefore, 

𝑃(𝝎 = 𝜔|t = 𝑡) =
(𝐷𝑡)𝜔

𝜔!
𝑒−𝐷𝑡,       𝜔 = 0,1,2… (1) 

  In our model, the service level at the customer shop (𝑆𝐿𝑐) is a predetermined 

parameter.  By setting up the preferred service level at the customer shop, we can 

calculate the optimum number of withdrawal Kanbans at the customer shop with the 

following equation, 

𝐾𝜔𝑐 = 𝑡ℎ𝑒 𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡 𝐾𝜔 𝑡ℎ𝑎𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 ∑ 𝑃(𝝎 = 𝜔|𝑡 = 𝑡)

𝐾𝜔

𝜔=0

≥ 𝑆𝐿𝑐 (2) 

In the customer shop, when the products are bought by customers, the withdrawal 

Kanbans are detached from these products and collected in a Kanban-post. The customer 

shop then requests products from the 1𝑠𝑡 supplier in regular operational interval 𝑡 by 

carrying the collected withdrawal Kanbans to the 1𝑠𝑡 supplier’s output inventory as 

retrieving information. The requested products are taken from the finished-good-

inventory of the 1𝑠𝑡 supplier’s plant and attached with these incoming withdrawal 
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Kanbans, and are then carried back to the customer shop to replenish its inventory for 

future customer. 

The distribution of the number of withdrawal Kanbans collected in the Kanban-post 

during each operational interval can be approximated as: 

𝒃𝒄 =

(

 
 

𝑏𝑐0
𝑏𝑐1
…

𝑏𝑐(𝐾𝜔𝑐−1)
𝑏𝑐𝐾𝜔𝑐 )

 
 
=

(

 
 
 
 

𝑃(𝝎 = 0|t = 𝑡)

𝑃(𝝎 = 1|t = 𝑡)
…

𝑃(𝝎 = 𝐾𝜔𝑐 − 1|t = 𝑡)

1 − ∑ 𝑃(𝝎 = 𝜔|t = 𝑡)

𝐾𝜔𝑐−1

𝜔=0 )

 
 
 
 

 (3) 

Note that the equation above is based on a strong assumption that all the 

withdrawal Kanbans sent to the supplier must have been taken back to the customer shop 

before the beginning of each new operational period. However, it is not always the case 

in practice. For example, if the requested products are not available at the supplier’s 

output buffer in the current time interval, then withdrawal Kanbans have to wait there 

until the next time period. Therefore, the realistic service level at the customer shop will 

not always be equal to the predefined service level. However, this kind of simplification 

is acceptable in modelling. 

The withdrawal Kanbans collected in the Kanban-post are to be carried to the 

supplier by trucks. Thus, we need to take into account the transportation risk between the 

customer shop and 1𝑠𝑡 supplier, caused by the failure of the trucks. We assume that the 

trucks could only be detected down before the beginning of each round trip. As long as a 

truck manages to leave the customer shop, it will always come back before the beginning 

of the next operation interval. Some temporary denotations are as follows, 

𝑈𝐷𝑡 = 𝑝𝑟𝑜𝑏𝑖𝑙𝑖𝑡𝑦 𝑡ℎ𝑎𝑡 𝑎 𝑡𝑟𝑢𝑐𝑘 𝑐ℎ𝑎𝑛𝑔𝑒𝑠 𝑓𝑟𝑜𝑚 𝑢𝑝 𝑡𝑜 𝑑𝑜𝑤𝑛 𝑖𝑛 𝑜𝑛𝑒 𝑠𝑖𝑛𝑔𝑙𝑒 𝑡𝑖𝑚𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙  

𝑈𝑈𝑡 = 𝑝𝑟𝑜𝑏𝑖𝑙𝑖𝑡𝑦 𝑡ℎ𝑎𝑡 𝑎 𝑡𝑟𝑢𝑐𝑘 𝑟𝑒𝑚𝑎𝑖𝑛𝑠 𝑢𝑝 𝑖𝑛 𝑜𝑛𝑒 𝑠𝑖𝑛𝑔𝑙𝑒 𝑡𝑖𝑚𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙   
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𝐷𝑈𝑡 = 𝑝𝑟𝑜𝑏𝑖𝑙𝑖𝑡𝑦 𝑡ℎ𝑎𝑡 𝑎 𝑡𝑟𝑢𝑐𝑘 𝑐ℎ𝑎𝑛𝑔𝑒𝑠 𝑓𝑟𝑜𝑚 𝑑𝑜𝑤𝑛 𝑡𝑜 𝑢𝑝 𝑖𝑛 𝑜𝑛𝑒 𝑠𝑖𝑛𝑔𝑙𝑒 𝑡𝑖𝑚𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙  

𝐷𝐷𝑡 = 𝑝𝑟𝑜𝑏𝑖𝑙𝑖𝑡𝑦 𝑡ℎ𝑎𝑡 𝑎 𝑡𝑟𝑢𝑐𝑘 𝑟𝑒𝑚𝑎𝑖𝑛𝑠 𝑑𝑜𝑤𝑛 𝑖𝑛 𝑜𝑛𝑒 𝑠𝑖𝑛𝑔𝑙𝑒 𝑡𝑖𝑚𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙  

Then,  

𝑈𝐷𝑡 = 1 − 𝑒
− 𝑡𝜆𝑇𝑐  

𝑈𝑈𝑡 = 1 − 𝑈𝐷𝑡 = 𝑒
− 𝑡𝜆𝑇𝑐 

𝐷𝑈𝑡 = 1 − 𝑒
− 

𝑡
𝛽𝑇𝑐 

𝐷𝐷𝑡 = 1 − 𝐷𝑈𝑡 = 𝑒
− 

𝑡
𝛽𝑇𝑐 

We use binary digits to denote the states of each truck, 1 means the truck is up and 

0 means the truck is down. So the transition matrix of each single truck is as follows, 

1
0

1 0

[
𝑈𝑈𝑡 𝑈𝐷𝑡
𝐷𝑈𝑡 𝐷𝐷𝑡

] 

Following the same pattern, we can build the Markov transition matrix of all the 

available trucks by comparing the binary vector of each states and multiplying each 

corresponding probabilities. For example, if we have 2 trucks, the total transition matrix 

will be like follows, 

  

     00                  01               10                   11
00
01
10
11

[

𝐷𝐷𝑡 × 𝐷𝐷𝑡 𝐷𝐷𝑡 × 𝐷𝑈𝑡 𝐷𝑈𝑡 × 𝐷𝐷𝑡 𝐷𝑈𝑡 × 𝐷𝑈𝑡
𝐷𝐷𝑡 × 𝑈𝐷𝑡 𝐷𝐷𝑡 × 𝑈𝑈𝑡 𝐷𝑈𝑡 × 𝑈𝐷𝑡 𝐷𝐷𝑡 × 𝑈𝑈𝑡
𝑈𝐷𝑡 × 𝐷𝐷𝑡 𝑈𝐷𝑡 × 𝐷𝑈𝑡 𝑈𝑈𝑡 × 𝐷𝐷𝑡 𝑈𝑈𝑡 × 𝐷𝑈𝑡
𝑈𝐷𝑡 × 𝑈𝐷𝑡 𝑈𝐷𝑡 × 𝑈𝑈𝑡 𝑈𝑈𝑡 × 𝑈𝐷𝑡 𝑈𝑈𝑡 × 𝑈𝑈𝑡

] 

Based the transition matrix, we can then calculate the long-run distribution of the 

number of working trucks at the beginning of each round trip. For example, if we have 2 

trucks, 𝑃(𝒏𝑻𝒄𝒖 = 1) = 𝜋(01) + 𝜋(10). 

(

 
 

𝑃(𝒏𝑻𝑼𝒄 = 0)
𝑃(𝒏𝑻𝑼𝒄 = 1)

…
𝑃(𝒏𝑻𝑼𝒄 = 𝑛𝑇𝑐 − 1)
𝑃(𝒏𝑻𝑼𝒄 = 𝑛𝑇𝑐) )

 
 
=Stationary probabilities of the Markov transition matrix (4) 
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Now, we have the distribution of the number of withdrawal Kanbans collected in 

the Kanban-post and the distribution of the number of available trucks at the beginning of 

each time interval. By combining the information from these two distributions, along 

with the transportation capacity of each truck, we can get the distribution of the number 

of withdrawal Kanbans that actually arrive at the upstream supplier in each single time 

period. The calculation is shown as follows. 

𝒃𝒂𝒄 =

(

 
 

𝑏𝑎𝑐0
𝑏𝑎𝑐1
…

𝑏𝑎𝑐(𝐾𝜔𝑐−1)
𝑏𝑎𝑐𝐾𝜔𝑐 )

 
 

 

𝑤ℎ𝑒𝑟𝑒 𝑏𝑎𝑐𝑘 =∑𝑏𝑐𝑥 𝑃(𝒏𝑻𝑼𝒄 = 𝑦), ∀ 𝑘 = min(𝑥, 𝑦𝑐𝑇𝑐) 𝑓𝑜𝑟 {
𝑥 = 0,1,2, …𝐾𝜔𝑐
𝑦 = 0,1,2… , 𝑛𝑇𝑐

 

(5) 

The logic of equation (5) is simple. We consider every combination of the elements 

from the two right-hand distributions and decide the number of withdrawal Kanbans that 

can actually be transported under that combinational situation. More specifically, we 

compare the total transportation capacity and total transportation demand under each 

combinational situation, and take the minimum value as the actual arriving number. We 

record the corresponding joint probability of each combination and sum up the joint 

probabilities whose actual arriving number are the same. Finally, we put the joint 

probabilities sums into the left-hand distribution to finish the calculation.  

In the long run, the average amount of demand that will be satisfied at the customer 

shop is equal to the average amount of withdrawal Kanbans actually carried to the 1st 

supplier during each time interval. The reason is that if the customer demand is much 

bigger than the transportation capacity then the actually fulfilled demand will be 

restrained by the transportation capacity; On the other hand, if the customer demand is 

much smaller than the transportation capacity, then the distribution of the customer 

demand will not be distorted by the transportation capacity. Therefore, 



 

29 

 

𝐸(𝑺𝒄) ≈ ∑𝑘𝑏𝑎𝑐𝑘

𝐾𝜔𝑐

𝑘=0

 

 

(6) 

We organize all the elements of 𝒃𝒂𝒄 in a specific way to obtain Matrix 𝑆1, as shown 

in equation (7).  Generally, Matrix S denotes the contribution of the demand from a 

downstream facility to the change of state of its upstream supplier’s plant. More detailed 

explanation of the S matrix is provided by Matzka et al. (2012). 

𝑆1 =

[
 
 
 
 
 
 
 
 
 
𝑏𝑎𝑐0 𝑏𝑎𝑐1 𝑏𝑎𝑐2 … 𝑏𝑎𝑐𝐾𝜔𝑐 0 0 0

0 𝑏𝑎𝑐0 𝑏𝑎𝑐1 … . . … … 0
0 0 𝑏𝑎𝑐0 … … … … 0
0 0 0 … … … . . 0
… … … … … … … …

0 0 … … 0 𝑏𝑎𝑐0 𝑏𝑎𝑐1 1 −∑𝑏𝑎𝑐𝑥

1

𝑥=0

0 0 … … … 0 𝑏𝑎𝑐0 1 − 𝑏𝑎𝑐0
0 0 0 … … … 0 1 ]

 
 
 
 
 
 
 
 
 

 

(𝑧1 + 1) × (𝑧1 + 1) 
where, 𝑧1 = 𝐾𝜔𝑐 + 𝐾1. 

(7) 

Note that 𝐾1 has its impact on the size of Matrix 𝑆1. 

Using the similar way in which we construct the distribution of the number of 

working trucks, we can calculate the distribution of the number of working machines in 

the supplier’s plant.  

(

 
 

𝑃(𝒏𝑴𝑼𝟏 = 0)
𝑃(𝒏𝑴𝑼𝟏 = 1)

…
𝑃(𝒏𝑴𝑼𝟏 = 𝑛𝑀1 − 1)
𝑃(𝒏𝑴𝑼𝟏 = 𝑛𝑀1) )

 
 
=Stationary probabilities of the Markov transition matrix 

 

(8) 

Where the transition matrix is constructed with 𝑛𝑀1, 𝜆𝑀1, 𝛽𝑀1 𝑎𝑛𝑑 𝑡, based on the 

assumption that the both of a machine’s failure and repairing processes follow 

exponential distribution. 
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As the counterpart of matrix S, matrix Q denotes the contribution of manufacturing 

section of the supplier’s plant to the change of the state of this plant. The 𝑄1 matrix, for 

example, can be constructed as shown in equation (9), 

𝑄1 = [𝑞1𝑥𝑧] 𝑓𝑜𝑟 { 
𝑥 = 0,1,2, … , 𝑧1
𝑦 = 0,1,2, … , 𝑛𝑀1
𝑧 = 0,1,2, … , 𝑧1

, 

(𝑧1 + 1) × (𝑧1 + 1) 
Where,  

𝑞1𝑥𝑧 = {
∑𝑃(𝒏𝑴𝟏𝒖 = 𝑦) , ∀ {𝑥 + min(𝑥, 𝑦𝑡𝑐𝑀1)} = 𝑧

0, 𝑒𝑙𝑠𝑒
 

(9) 

In order to decide how many parts could be produced during each time interval in a 

supplier’s plant, two factors need to be taken into account --- the available production 

Kanbans circulating in the manufacturing process and the total production capacity. 

The production Kanbans circulate between the finished products inventory and the 

plant. Each finished product in the supplier’s output inventory is attached with a 

production Kanban. When a new unit of demand arrives from the downstream facility, 

the attached production Kanban will be detached from the finished product which is to be 

carried away, and that detached production Kanban will enter the manufacturing process. 

When a new unit product is finished, the production Kanban will be again attached to that 

product and moved to the output inventory. According to the pulling policy, the 

manufacturing section can only start to process a new product when it gets a new 

production Kanban. 

Production capacity is another issue that needs to be concerned. If the number of 

production Kanbans exceeds the total production capacity during a specific operational 

interval, only the part of production demand that is under the capacity would be 

manufactured. More detailed explanation about how to decide the number of production 
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Kanbans in the manufacturing section given a specific state of the supplier’s plant can be 

referred to in Matzka et al. (2012) ’s paper. 

Therefore, the actual production amount in each time interval is the minimum value 

between the number of production Kanbans in the manufacturing section and the total 

production capacity. 

Recall that matrix Q denotes the contribution of manufacturing section of the 

supplier’s plant to the change of the state of this plant, and Matrix S denotes the 

contribution of the demand from the downstream facility to the change of state of its 

upstream supplier’s plant. Therefore, if we times matrix Q by matrix S, we will get a 

matrix that denote the state of the supplier’s plant which contains the factors of both 

downstream demand side and upstream supply side. And we call this new matrix P in 

general. As for the 1st supplier, we calculate 𝑃1 as follows, 

𝑃1 = 𝑄1 ∙ 𝑆1 (10) 

𝑥1 = (𝑥10, 𝑥11, … , 𝑥1𝑧1) is the row-vector denoting the stationary probabilities 

of 𝑃1, and 

{
 
 
 
 

 
 
 
 

𝑃(𝒏𝟏 = 0) = ∑ 𝑥1𝑦

𝑧1

𝑦=𝐾1

𝑃(𝒏𝟏 = 1) = 𝑥1𝐾1−1
𝑃(𝒏𝟏 = 2) = 𝑥1𝐾1−2

…
𝑃(𝒏𝟏 = 𝐾1 − 1) = 𝑥1[𝐾1−(𝐾1−1)] = 𝑥11

𝑃(𝒏𝟏 = 𝐾1) = 𝑥1(𝐾1−𝐾1) = 𝑥10

 (11) 

In equation (11), we calculated the distribution of the number of finished products 

in the output inventory of the 1st supplier’s plant. More detailed explanation about how to 

decide the number of finished products in the inventory of a supplier’s plant given a 

specific state of the supplier’s plant is available in Matzka et al. (2012)’s paper. And the 
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expected number of finished products in the output inventory of the 1st supplier can be 

calculated as follows, and we will talk about the use of 𝐸(𝒏𝟏) later. 

𝐸(𝒏𝟏) =∑𝑥𝑃(𝒏𝟏 = 𝑥)

𝐾1

𝑥=0

 (12) 

By considering each combination of the elements from the distribution of the 

number of withdrawal Kanbans arriving at the 1st supplier, and the distribution of the 

number of finished products in the inventory of the 1st supplier’s plant, we can get the 

distribution of actual satisfied demand, as shown in equation (13). 

𝑃(𝑺𝟏 = 𝑧) =∑𝑃(𝒏𝟏 = 𝑥)𝑏𝑎𝑐𝑦 , ∀𝑧 = min (𝑥, 𝑦) 𝑓𝑜𝑟 {

𝑥 = 0,1,2, … , 𝐾1
𝑦 = 0,1,2, . . . , 𝐾𝜔𝑐
𝑧 = 0,1,2, . . . , 𝐾𝜔𝑐

 (13) 

The logic behind equation (13) is pretty straightforward, we simply pick the 

minimum value between the number of incoming demands, and the number of available 

products on hands. And the expected value of the number of satisfied demand at the 1st 

supplier’s plant can be calculated as follows, 

𝐸(𝑺𝟏) ≈∑𝑧

𝐾𝜔𝑐

𝑧=0

𝑃(𝑺𝟏 = 𝑧) (14) 

Recall the expression of the total gross profit (P𝑐 − C𝑐)𝐸(𝑺𝒄) + ∑ (P𝑖 −
𝑁
𝑖=1

C𝑖)𝐸(𝑺𝒊), we can get 𝐸(𝑺𝒄) with equation (6), and 𝐸(𝑺𝟏) with equation (15). And the 

logic to get 𝐸(𝑺𝒊) for 𝑖 = 2,3, … , 𝑁 is very similar. 

Now, we fully understand the derivation of (P𝑐 − C𝑐)𝐸(𝑺𝒄) + ∑ (P𝑖 − C𝑖)𝐸(𝑺𝒊)
𝑁
𝑖=1 , 

which is the total of the gross profits from each facility in the supply chain. For each 

facility, its gross profit value is equal to the expected amount of satisfied demand 

multiplies the unit gross profit of its product. 
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3.6.2 Demand Rejection Cost 

In the age of e-commerce, customer rejection cost can be considerable. There are so 

many B2C websites, which provides very similar products to their customers. If your 

delivery speed or inventory level cannot fulfill your customers’ fussy requirement, they 

could just click away and go to your competitor’s website. Therefore, it is essential to 

include demand rejection cost in our objective function. In our model, the expression of 

demand rejection cost is as follows, 

R𝑐[𝐷𝑡 − 𝐸(𝑺𝒄)] + R1[𝐸(𝑺𝒄) − 𝐸(𝑺𝟏)] +∑R𝑖[𝐸(𝑺𝒊−𝟏) − 𝐸(𝑺𝒔𝒊)]

𝑁

𝑖=2

 

We consider each facility as an entity with two interfaces --- one interface for 

inbound demand and one interface for outbound demand. And the outbound demand for a 

downstream entity is the inbound demand for its upstream entity. This relationship is 

illustrated in Figure 3 - 2. 

Take the customer shop and the 1st supplier for example, their relationship is 

shown in Figure 3 - 3. 

The inbound demand of the customer shop is the initial customer demand 𝐷𝑡. The 

outbound demand of the customer shop is the proportion of initial customer demand that 

Figure 3 - 2 Demand flow 

Figure 3 - 3 Demand flows through customer shop and 1st supplier 
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is actually satisfied by the customer shop 𝐸(𝑺𝒄). According to the pulling philosophy, the 

customer inventory that is used to satisfy initial customer demand needs to be replenished 

by withdraw the parts from the 1st supplier. Therefore, 𝐸(𝑺𝒄) is also the inbound demand 

of the 1st supplier. And the outbound demand of the 1st supplier is 𝐸(𝑺𝟏), which is the 

proportion of 𝐸(𝑺𝒄) that is actually satisfied by the 1st supplier. Meanwhile, 𝐸(𝑺𝟏) is also 

the inbound demand of the 2nd supplier. So on and so forth.  

For the customer shop, [𝐷𝑡 − 𝐸(𝑺𝒄)] is the proportion of initial customer demand 

that is not satisfied, or rejected, by the customer shop. R𝑐 is the unit demand rejection 

cost at the customer shop. Therefore, R𝑐[𝐷𝑡 − 𝐸(𝑺𝒄)] is the total expected demand 

rejection cost at the customer shop during each time interval. 

For the 1st supplier, [𝐸(𝑺𝒄) − 𝐸(𝑺𝟏)] is the proportion of the demand from 

customer shop that is not satisfied, or rejected, by the 1st supplier. R1 is the unit demand 

rejection cost at the 1st supplier. Therefore, R1[𝐸(𝑺𝒄) − 𝐸(𝑺𝟏)] is the total expected 

demand rejection cost at the 1st supplier during each time interval. 

Similarly, for the 𝑖𝑡ℎ supplier (𝑖 = 2,3, … ,𝑁),  [𝐸(𝑺𝒊−𝟏) − 𝐸(𝑺𝒊)] is the proportion 

of demand from the (𝑖 − 1)𝑡ℎ supplier that is not satisfied, or rejected, by the 𝑖𝑡ℎ supplier. 

R𝑖 is the unit demand rejection cost at the 𝑖𝑡ℎ supplier. Therefore, R𝑖[𝐸(𝑺𝒊−𝟏) − 𝐸(𝑺𝒊)] is 

the total expected demand rejection cost at the 𝑖𝑡ℎ supplier during each time interval. 

Therefore, R𝑐[𝐷𝑡 − 𝐸(𝑺𝒄)] + R1[𝐸(𝑺𝒄) − 𝐸(𝑺𝟏)] + ∑ R𝑖[𝐸(𝑺𝒊−𝟏) − 𝐸(𝑺𝒔𝒊)]
𝑁
𝑖=2  is 

the total customer rejection cost from all the facilities of the supply chain. 

3.6.3 Inventory Cost 

The total inventory cost of the supply chain is 

(2𝐾𝜔𝑐 − 𝐷𝑡)𝑡𝐻𝑐
2

+∑𝑡𝐻𝑂𝑖E(𝒏𝒊)

𝑁

𝑖=1

+∑
𝑡𝐻𝐼𝑖[2𝐾𝜔𝑖 − 𝐸(𝑺𝒊)]

2

𝑁−1

𝑖=1
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The inventory cost at the customer shop is 
(2𝐾𝜔𝑐−𝐷𝑡)𝑡𝐻𝑐

2
.As shown in the Figure 3 - 4, 

at the beginning of each operation period, there are 𝐾𝜔𝑐 amount of products stock in the 

inventory of the customer shop, each of which is attached with a withdrawal Kanban. On 

average, there will be 𝐷𝑡 amount of products taken away by the customers during each 

time interval. Therefore, at the end of each operation interval, there are (𝐾𝜔𝑐 − 𝐷𝑡) 

amount of products left in customer shop’s inventory. To simply our calculation, we 

assume that the consumption rate of the products is a constant. 

Therefore, 

The inventory cost at the customer shop = ∫ 𝐻𝑐

𝑡

0

𝐼𝑛𝑣𝑐(𝑡)𝑑𝑡 ≈
(2𝐾𝜔𝑐 − 𝐷𝑡)𝑡𝐻𝑐

2
 

As for each supplier, there are two kinds of inventory. First is the output inventory 

in which the finished products, manufactured by the supplier’s plant, are stocked. Second 

is the raw material inventory of the supplier’s warehouse, which supplies the raw material 

to the supplier’s plant. Therefore, there are also two sorts of inventory cost for each 

supplier --- the output inventory cost and the raw material inventory cost (input inventory 

cost). 

0 

𝐾𝜔𝑐 − 𝐷𝑡 

𝑡 
𝑡 

𝐾𝜔𝑐 

𝐼𝑛𝑣𝑐(𝑡) 

Figure 3 - 4 Inventory plot of the customer shop 
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The output inventory cost of the 𝑖𝑡ℎ supplier is 𝑡𝐻𝑂𝑖E(𝒏𝒊). In equation (12), we get 

the value of 𝐸(𝒏𝟏), which is the expected number of finished products in output 

inventory of the 1st supplier.  Therefore, 𝑡𝐻𝑂1E(𝒏𝟏) is the expected total output 

inventory cost of the 1st  supplier during each time interval.  For the succeeding suppliers. 

The calculations are very similar. And we will talk about them later. In summary, 

∑ 𝑡𝐻𝑂𝑖E(𝒏𝒊)
𝑁
𝑖=1  is the expected total output inventory cost of all the suppliers in the 

supply chain. 

In order to talk about each supplier’s raw material inventory cost, we need to 

continue to elaborate our model. 

Mathematically, the raw material warehouse functions similarly like the customer 

shop. Take the 1st supplier’s warehouse for example. The inbound demand of the 1st 

supplier’s raw warehouse comes from the consumption of the raw material at the same 

supplier’s plant, which is 𝑺𝟏. 

𝐾𝜔1 = 𝑡ℎ𝑒 𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡 𝐾𝜔 𝑡ℎ𝑎𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 ∑ 𝑃

𝐾𝜔

𝑆1=0

(𝑺𝟏 = 𝑆1) ≥ 𝑆𝐿1 (15) 

The service level at the raw material warehouse of the 1st supplier (𝑆𝐿1) is also a 

variable to our model. By setting up the preferred service level at the 1st supplier’s 

warehouse, we can calculate the optimum number of withdrawal Kanbans at the raw 

material warehouse with equation (15). 

For each supplier, its plant and raw material warehouse are close to each other. So 

we assume no communication barrier between the plant and the warehouse. Therefore, no 

Kanbans are needed between the plant and the warehouse. The plant takes raw material 

from the warehouse in the same way the customer takes final products from the customer 

shop. However, the raw material in the warehouse are attached with withdrawal Kanbans. 

When one unit of raw material is to be taken away to the manufacturing section, its 
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withdrawal Kanban will be detached and collected in a Kanban-post. The warehouse of 

1st supplier then requests products from the 2nd supplier in regular operation period 𝑡 by 

carrying the collected withdrawal Kanbans to the 2nd supplier as retrieving information. 

The requested products are taken from the output inventory of the 2nd supplier and 

attached with these incoming withdrawal Kanbans, and are then carried back to the 

warehouse of the 1st supplier to replenish its raw material inventory for future 

production. 

Now we can explain the supplier’s raw material inventory cost. The warehouse 

inventory cost of the 𝑖𝑡ℎ supplier is expressed as ∑
𝑡𝐻𝐼𝑖[2𝐾𝜔𝑖−𝐸(𝑺𝒊)]

2

𝑁−1
𝑖=1 . In the case of the 

warehouse of the 1st supplier, it is
𝑡𝐻𝐼1[2𝐾𝜔1−𝐸(𝑺𝟏)]

2
.  As shown in Figure 3 - 5, at the 

beginning of each operation interval, there are 𝐾𝜔1 amount of raw material stocked in the 

warehouse of the 1st supplier, each of which is attached with a withdrawal Kanban. On 

average, there will be 𝐸(𝑺𝟏) amount of raw material taken away by plant of the same 

supplier during each time interval. Therefore, at the end of each operation interval, there 

are 𝐾𝜔1 − 𝐸(𝑺𝟏) amount of raw material left in warehouse of the 1st supplier. To simply 

our calculation, we assume that the consumption rate of the raw material is a constant. 

0 

𝐾𝜔1 − 𝐸(𝑺𝟏) 

𝑡 
𝑡 

𝐾𝜔1 

𝐼𝑛𝑣𝑆1(𝑡) 

Figure 3 - 5 Inventory plot of the 1st supplier’s warehouse 



 

38 

 

Therefore, 

Inventory cost of 1𝑠𝑡 supplier′s warehouse = ∫ 𝐻𝐼1

𝑡

0

𝐼𝑛𝑣𝑆1(𝑡)𝑑𝑡 ≈
𝑡𝐻𝐼1[2𝐾𝜔1 − 𝐸(𝑺𝟏)]

2
 

The same method is applicable for all the other suppliers’ warehouse in the supply 

chain. Therefore, ∑
𝑡𝐻𝐼𝑖[2𝐾𝜔𝑖−𝐸(𝑺𝒊)]

2

𝑁−1
𝑖=1  is the total expected raw material warehouse inventory 

cost for all the suppliers in the supply chain. Note that there’s no raw material warehouse 

in the most upstream supplier because we assume the resource site at the last supplier 

provides infinite raw material.  

In summary, 
(2𝐾𝜔𝑐−𝐷𝑡)𝑡𝐻𝑐

2
+ ∑ 𝑡𝐻𝑂𝑖E(𝒏𝒊)

𝑁
𝑖=1 + ∑

𝑡𝐻𝐼𝑖[2𝐾𝜔𝑖−𝐸(𝑺𝒊)]

2

𝑁−1
𝑖=1  is the total expected 

inventory cost of all the facilities in the supply chain. 

3.6.4 Equipment Cost 

The total cost of running all the equipment of the supply chain is denoted as 

follows, 

(𝑇𝑐𝑡𝑛𝑇𝑐 + 𝐺𝑐𝑛𝑇𝑐) + ∑(𝑇𝑖𝑡𝑛𝑇𝑖

𝑁−1

𝑖=1

+ 𝐺𝑖𝑛𝑇𝑖) +∑𝑀𝑖𝑡𝑛𝑀𝑖

𝑁

𝑖=1

 

There are two kinds of equipment in the supply chain --- the trucks carrying 

withdrawal Kanbans and products between the facilities, and the machines operating in 

each supplier’s plant. 

𝑇𝑐𝑡𝑛𝑇𝑐 is the total depreciation cost of all the trucks travelling between the 

customer shop and the 1st supplier’s plant. 𝑇𝑖𝑡𝑛𝑇𝑖 is the total depreciation cost of all the 

trucks travelling between the 𝑖𝑡ℎ supplier’s raw material warehouse and the (𝑖 + 1)𝑡ℎ 

supplier’s plant. Therefore, 𝑇𝑐𝑡𝑛𝑇𝑐 + ∑ 𝑇𝑖𝑡𝑛𝑇𝑖
𝑁−1
𝑖=1 is the total depreciation cost of all the 

trucks in the supply chain. Note that we assume the last supplier is located at its raw 
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material source so that no truck is needed between the last supplier and its material 

source.  

𝐺𝑐𝑛𝑇𝑐 is the total gasoline cost of all the trucks travelling between the customer 

shop and the 1st supplier’s plant. And ∑ 𝐺𝑖𝑛𝑇𝑖
𝑁−1
𝑖=1  is the total gasoline cost of all the 

trucks travelling between the 𝑖𝑡ℎ supplier’s raw material warehouse and the (𝑖 + 1)𝑡ℎ 

supplier’s plant. Therefore, 𝐺𝑐𝑛𝑇𝑐 +∑ 𝐺𝑖𝑛𝑇𝑖
𝑁−1
𝑖=1  is the total gasoline cost of all the trucks 

in the supply chain.   

𝑀𝑖𝑡𝑛𝑀𝑖 is total depreciation cost of all the machines in the 𝑖𝑡ℎ supplier’s plant. 

Therefore,  ∑ 𝑀𝑖𝑡𝑛𝑀𝑖
𝑁
𝑖=1  is the overall depreciation cost of all the machines in the supply 

chain.  

In summary, (𝑇𝑐𝑡𝑛𝑇𝑐 + 𝐺𝑐𝑛𝑇𝑐) + ∑ (𝑇𝑖𝑡𝑛𝑇𝑖
𝑁−1
𝑖=1 + 𝐺𝑖𝑛𝑇𝑖) + ∑ 𝑀𝑖𝑡𝑛𝑀𝑖

𝑁
𝑖=1  is the 

overall equipment running cost of the supply chain. 

3.6.5 Net Profit 

Next, we can calculate the net profit made by this supply chain in each operation 

period as: 

𝑁𝑒𝑡𝑃𝑟𝑜𝑓𝑖𝑡  
 

= 𝐺𝑟𝑜𝑠𝑠𝑃𝑟𝑜𝑓𝑖𝑡 − 𝐷𝑒𝑚𝑎𝑛𝑑𝑅𝑒𝑗𝑒𝑐𝑡𝑖𝑜𝑛𝐶𝑜𝑠𝑡 − 𝐼𝑛𝑣𝑒𝑛𝑡𝑜𝑟𝑦𝐶𝑜𝑠𝑡 − 𝐸𝑞𝑢𝑖𝑝𝑚𝑒𝑛𝑡𝐷𝑒𝑝𝑟𝑒𝑐𝑖𝑎𝑡𝑖𝑜𝑛𝐶𝑜𝑠𝑡  
 

= {(P𝑐 − C𝑐)𝐸(𝑺𝒄) + ∑ (P𝑖 − C𝑖)𝐸(𝑺𝒊)
𝑁
𝑖=1 } − {R𝑐[𝐷𝑡 − 𝐸(𝑺𝒄)] + R1[𝐸(𝑺𝒄) − 𝐸(𝑺𝟏)] +

∑ R𝑖[𝐸(𝑺𝒊−𝟏) − 𝐸(𝑺𝒔𝒊)]
𝑁
𝑖=2 } − {

(2𝐾𝜔𝑐−𝐷𝑡)𝑡𝐻𝑐

2
+ ∑ 𝑡𝐻𝑂𝑖E(𝒏𝒊)

𝑁
𝑖=1 +

∑
𝑡𝐻𝐼𝑖[2𝐾𝜔𝑖−𝐸(𝑺𝒊)]

2

𝑁−1
𝑖=1 } − {(𝑇𝑐𝑡𝑛𝑇𝑐 + 𝐺𝑐𝑛𝑇𝑐) + ∑ (𝑇𝑖𝑡𝑛𝑇𝑖

𝑁−1
𝑖=1 + 𝐺𝑖𝑛𝑇𝑖) + ∑ 𝑀𝑖𝑡𝑛𝑀𝑖

𝑁
𝑖=1 }   

3.6.6 Unit Time Measurement 

So far, we have obtained the net profit made in each time interval. In the next 

chapter, we will search for the optimum solution to reach the maximum value of the 
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objective function. And the length of the operation interval is one of the variables in the 

solution space. Therefore, comparing the net profit of each time interval is not a fair way 

to evaluate each feasible solution. For example, when we set the time interval to be 2 

hours, the net profit of each time interval is, say, $1000, when we set the time interval to 

be 0.5 hour, the net profit of each time interval is, say,  $300. Even though 1000 >300, 

(1000/2) < (300/0.5). Therefore, we had better compare the net profit made by the supply 

chain in each unit time, rather than in each operational interval.  

After this modification, we get the final form of our objective function: 

𝑇𝑜𝑡𝑎𝑙 𝑝𝑟𝑜𝑓𝑖𝑡 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑓𝑟𝑜𝑚  𝑡ℎ𝑒 𝑠𝑢𝑝𝑝𝑙𝑦 𝑐ℎ𝑎𝑖𝑛 =
𝑁𝑒𝑡𝑃𝑟𝑜𝑓𝑖𝑡

𝑡
 =

1

𝑡
〈{(P𝑐 −

C𝑐)𝐸(𝑺𝒄) + ∑ (P𝑖 − C𝑖)𝐸(𝑺𝒊)
𝑁
𝑖=1 } − {R𝑐[𝐷𝑡 − 𝐸(𝑺𝒄)] + R1[𝐸(𝑺𝒄) − 𝐸(𝑺𝟏)] +

∑ R𝑖[𝐸(𝑺𝒊−𝟏) − 𝐸(𝑺𝒔𝒊)]
𝑁
𝑖=2 } − {

(2𝐾𝜔𝑐−𝐷𝑡)𝑡𝐻𝑐

2
+ ∑ 𝑡𝐻𝑂𝑖E(𝒏𝒊)

𝑁
𝑖=1 +

∑
𝑡𝐻𝐼𝑖[2𝐾𝜔𝑖−𝐸(𝑺𝒊)]

2

𝑁−1
𝑖=1 } − {(𝑇𝑐𝑡𝑛𝑇𝑐 + 𝐺𝑐𝑛𝑇𝑐) + ∑ (𝑇𝑖𝑡𝑛𝑇𝑖

𝑁−1
𝑖=1 + 𝐺𝑖𝑛𝑇𝑖) + ∑ 𝑀𝑖𝑡𝑛𝑀𝑖

𝑁
𝑖=1 } 〉 

3.7 Iteration 

In equation (15), we get the maximum number of withdrawal Kanbans in the raw 

material warehouse of the 1st supplier. 

Equation (16) provides the distribution of the number of withdrawal Kanbans 

collected in the Kanban-post in the warehouse of the 1st supplier. 

𝒃𝟏 =

(

 
 

𝑏10
𝑏11
…

𝑏1(𝐾𝜔1−1)
𝑏1𝐾𝜔1 )

 
 
=

(

 
 
 
 
 

𝑃(𝑺𝟏 = 0)
𝑃(𝑺𝟏 = 1)

…
𝑃(𝑺𝟏 = 𝐾𝜔1 − 1)

1 − ∑ 𝑃(𝑺𝟏 = 𝑆1)

𝐾𝜔1−1

𝑆1=0 )

 
 
 
 
 

 (16) 

Similar to equation (4), based on the value of 𝑛𝑇1, 𝜆𝑇1, 𝛽𝑇1 𝑎𝑛𝑑 𝑡, we can calculate 

the number of working trucks at the 1st supplier’s warehouse at the beginning of each 
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time interval with equation (17). Note that these trucks travel between the warehouse of 

the 1st supplier and the 2nd supplier. 

(

 
 

𝑃(𝒏𝑻𝑼𝟏 = 0)
𝑃(𝒏𝑻𝑼𝟏 = 1)

…
𝑃(𝒏𝑻𝑼𝟏 = 𝑛𝑇1 − 1)
𝑃(𝒏𝑻𝑼𝟏 = 𝑛𝑇1) )

 
 
=Stationary probabilities of the Markov transition matrix (17) 

Similar to equation (5), we can calculate the distribution of the number of 

withdrawal Kanbans actually carried to 2nd supplier’s output buffer during each 

operational interval, with equation (18). 

𝒃𝒂𝟏 =

(

 
 

𝑏𝑎10
𝑏𝑎11
…

𝑏𝑎1(𝐾𝜔𝑐−1)
𝑏𝑎1𝐾𝜔𝑐 )

 
 

 

𝑤ℎ𝑒𝑟𝑒 𝑏𝑎1𝑘 =∑𝑏𝑎1𝑥 𝑃(𝒏𝑻𝑼𝟏 = 𝑦), ∀ 𝑘 = min(𝑥, 𝑦𝑐𝑇1) 𝑓𝑜𝑟 {
𝑥 = 0,1,2,…𝐾𝜔1
𝑦 = 0,1,2… , 𝑛𝑇1

 

(18) 

Here begins the iterations of all the calculations for the rest of the suppliers. And 

i=2,3,…N for all the equations below. 

For each iteration, we use equation (19) to generate the S matrix for the 𝑖𝑡ℎsupplier. 

𝑆𝑖 =

[
 
 
 
 
 
 
 
 
 
 
𝑏𝑎(𝑖−1)0 𝑏𝑎(𝑖−1)1 𝑏𝑎(𝑖−1)2 … 𝑏𝑎(𝑖−1)𝐾𝜔(𝑖−1) 0 0 0

0 𝑏𝑎(𝑖−1)0 𝑏𝑎(𝑖−1)1 … . . … … 0

0 0 𝑏𝑎(𝑖−1)0 … … … … 0

0 0 0 … … … . . 0
… … … … … … … …

0 0 … … 0 𝑏𝑎(𝑖−1)0 𝑏𝑎(𝑖−1)1 1 −∑𝑏𝑎(𝑖−1)𝑥

1

𝑥=0

0 0 … … … 0 𝑏𝑎(𝑖−1)0 1 − 𝑏𝑎(𝑖−1)0
0 0 0 … … … 0 1 ]

 
 
 
 
 
 
 
 
 
 

 

(𝑧𝑖 + 1) × (𝑧𝑖 + 1) 
where 𝑧𝑖 = 𝐾𝜔(𝑖−1) + 𝐾𝑖.       

(19) 

For each iteration, based on the value of 𝑛𝑀𝑖 , 𝜆𝑀𝑖 , 𝛽𝑀𝑖 𝑎𝑛𝑑 𝑡, we use equation (20) 

to generate the distribution of the number of working machines in the 𝑖𝑡ℎ supplier’s plant 

at the beginning of each time interval. 
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(

 
 

𝑃(𝒏𝑴𝑼𝒊 = 0)
𝑃(𝒏𝑴𝑼𝒊 = 1)

…
𝑃(𝒏𝑴𝑼𝒊 = 𝑛𝑀𝑖 − 1)
𝑃(𝒏𝑴𝑼𝒊 = 𝑛𝑀𝑖) )

 
 
=Stationary probabilities of the Markov transition matrix (20) 

For each iteration, we use equation (21) to generate the Q matrix for the 𝑖𝑡ℎ 

supplier. 

𝑄𝑖 = [𝑞𝑖𝑥𝑧] 𝑓𝑜𝑟 { 

𝑥 = 0,1,2, … , 𝑧𝑖
𝑦 = 0,1,2, … , 𝑛𝑀𝑖
𝑧 = 0,1,2, … , 𝑧𝑖

, 

Where,  

 

𝑞𝑖𝑥𝑧 = {
∑𝑃(𝒏𝑴𝑼𝒊 = 𝑦) , ∀ {𝑥 + min(𝑥, 𝑦𝑡𝑐𝑀𝑖)} = 𝑧

0, 𝑒𝑙𝑠𝑒
   

 

(21) 

For each iteration, we use equation (22) to obtain the P matrix for the 𝑖𝑡ℎ supplier. 

𝑃𝑖 = 𝑄𝑖 × 𝑆𝑖 (22) 

𝑥𝑖 = (𝑥𝑖0, 𝑥𝑖1, … , 𝑥𝑖𝑧𝑖) is the Row-vector denoting the stationary probabilities of 𝑃𝑖, 

then we can calculate the distribution of the number of finished products stocked in the 

𝑖𝑡ℎ supplier’s output inventory, with equation (23). 

{
 
 
 
 

 
 
 
 

𝑃(𝒏𝒊 = 0) = ∑ 𝑥𝑖𝑦

𝑧𝑖

𝑦=𝐾𝑖

𝑃(𝒏𝒊 = 1) = 𝑥𝑖𝐾𝑖−1
𝑃(𝒏𝒊 = 2) = 𝑥𝑖𝐾𝑖−2

…
𝑃(𝒏𝒊 = 𝐾𝑖 − 1) = 𝑥𝑖[𝐾𝑖−(𝐾𝑖−1)] = 𝑥𝑖1

𝑃(𝒏𝒊 = 𝐾𝑖) = 𝑥𝑖(𝐾𝑖−𝐾𝑖) = 𝑥𝑖0

 (23) 

For each iteration, we use equation (24) to calculate the expected inventory level in 

the output inventory of the 𝑖𝑡ℎ supplier’s plant. 

𝐸(𝒏𝒊) =∑𝑥𝑃(𝒏𝒊 = 𝑥)

𝐾𝑖

𝑥=0

 (24) 
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For each iteration, we use equation (25) to calculate the distribution of the amount 

of demand that are satisfied by the  𝑖𝑡ℎ supplier. 

𝑃(𝑺𝒊 = 𝑧) =∑𝑃(𝒏𝒊 = 𝑥)𝑏𝑎(𝑖−1)𝑦 , ∀𝑧 = min (𝑥, 𝑦) 𝑓𝑜𝑟 {

𝑥 = 0,1,2,3,… , 𝐾𝑖
𝑦 = 0,1,2, . . . , 𝐾𝜔(𝑖−1)
𝑧 = 0,1,2, . . . , 𝐾𝜔(𝑖−1)

 (25) 

For each iteration, we use equation (26) to calculate the expected amount of 

demand that are satisfied by the 𝑖𝑡ℎ supplier. 

𝐸(𝑺𝒊) ≈ ∑ 𝑧

𝐾𝜔(𝑖−1)

𝑧=0

𝑃(𝑺𝒊 = 𝑧) (26) 

For each iteration, we use equation (27) to calculate the optimum number of 

withdrawal Kanbans in the raw material warehouse of the 𝑖𝑡ℎ supplier. 

𝐾𝜔𝑖 = 𝑡ℎ𝑒 𝑠𝑚𝑎𝑙𝑙𝑒𝑠𝑡 𝐾𝜔 𝑡ℎ𝑎𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 ∑ 𝑃

𝐾𝜔

𝑆𝑖=0

(𝑺𝒊 = 𝑆𝑖) ≥ 𝑆𝐿𝑖 (27) 

For each iteration, we use equation (28) to calculate the distribution of the number 

of withdrawal Kanbans that are collected in the Kanban-post of the warehouse of the 𝑖𝑡ℎ 

supplier. 

𝒃𝒊 =

(

 
 

𝑏𝑖0
𝑏𝑖1
…

𝑏𝑖(𝐾𝜔𝑖−1)
𝑏𝑖𝐾𝜔𝑖 )

 
 
=

(

 
 
 
 
 

𝑃(𝑺𝒊 = 0)
𝑃(𝑺𝒊 = 1)

…
𝑃(𝑺𝒊 = 𝐾𝜔𝑖 − 1)

1 − ∑ 𝑃(𝑺𝒊 = 𝑆𝑖)

𝐾𝜔𝑖−1

𝑆𝑖=0 )

 
 
 
 
 

 (28) 

Based on the value of 𝑛𝑇𝑖 , 𝜆𝑇𝑖, 𝛽𝑇𝑖 𝑎𝑛𝑑 𝑡, we use equation (29) to calculate the 

distribution of the number of working trucks at the warehouse of the 𝑖𝑡ℎ supplier at the 

beginning of each operational interval. 
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(

 
 

𝑃(𝒏𝑻𝑼𝒊 = 0)
𝑃(𝒏𝑻𝑼𝒊 = 1)

…
𝑃(𝒏𝑻𝑼𝒊 = 𝑛𝑇𝑖 − 1)
𝑃(𝒏𝑻𝑼𝒊 = 𝑛𝑇𝑖) )

 
 
= Stationary probabilities of the Markov transition matrix (29) 

For each iteration, we use equation (30) to calculate the amount of withdrawal 

Kanbans that are actually carried from the 𝑖𝑡ℎ supplier’s warehouse to the (𝑖 + 1)𝑡ℎ 

supplier during each time interval. 

𝒃𝒂𝒊 =

(

 
 

𝑏𝑎𝑖0
𝑏𝑎𝑖1
…

𝑏𝑎𝑖(𝐾𝜔𝑖−1)
𝑏𝑎𝑖𝐾𝜔𝑖 )

 
 

 

𝑤ℎ𝑒𝑟𝑒 𝑏𝑎𝑖𝑘 =∑𝑏𝑎𝑖𝑥 𝑃(𝒏𝑻𝑼𝒊 = 𝑦), ∀ 𝑘 = min(𝑥, 𝑦𝑐𝑇𝑖) 𝑓𝑜𝑟 {
𝑥 = 0,1,2, …𝐾𝜔𝑖
𝑦 = 0,1,2… , 𝑛𝑇𝑖

 

(30) 

Then, we iterate (19)-(30) till 𝑖 = 𝑁.  

When 𝑖 = 𝑁, we only repeat (19)-(26), because there’s no upstream facility for the 

last supplier 

3.8 Constraint 

The constraints of our model have already been implicitly expressed in the 

equations. For example, according to equation 19, the number of possible states of a 

supplier’s material outbound interface is always constrained by the sum of the number of 

withdrawal kanbans from its downstream supplier’s information outbound interface and 

the number of production kanbans at this supplier’s plant; according to equation (21), the 

throughput of a plant during a single period is always constrained by minimum of the 

number of working machines and the number of production Kanban released in that 

plant; according to equation (30), the inbound demand for a supplier is always 

constrained to the minimum of the number of collected withdrawal Kanban at its 

downstream supplier and this downstream supplier’s transportation capacity.   
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4 SOLUTION METHODOLOGY 

Simulated Annealing is a meta-heuristic inspired by the physical annealing process 

studied in statistical mechanics (Aarts et al., 1988). SA sometimes allows to accept worse 

solutions in order to escape from local optimum, and the general idea is like follows. 

Within the domain of our decision variables (the search space of our model), we move 

from an old point to a new point. The old point corresponds to an old objective value, and 

the new point corresponds to a new objective value. Then, for a maximization problem, 

we compare 𝑒
𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒𝐼𝑚𝑝𝑟𝑜𝑣𝑒𝑚𝑒𝑛𝑡

𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒  with a number randomly generated between zero and 

one. If 𝑒
𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒𝐼𝑚𝑝𝑟𝑜𝑣𝑒𝑚𝑒𝑛𝑡

𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒   is bigger, we accept the new point as our current optimum 

solution and the new objective value as our current maximum objective value.  We 

continuously move from old points to new points until a desired objective value is 

obtained (Goffe et al., 1994).  

When 𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒𝐼𝑚𝑝𝑟𝑜𝑣𝑒𝑚𝑒𝑛𝑡 is positive, which means the new objective value 

is bigger, 𝑒
𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒𝐼𝑚𝑝𝑟𝑜𝑣𝑒𝑚𝑒𝑛𝑡

𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒  is always bigger than one, so the new point will always be 

accepted, as it should be. When 𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒𝐼𝑚𝑝𝑟𝑜𝑣𝑒𝑚𝑒𝑛𝑡 is negative, which means the 

new objective value is smaller, 𝑒
𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒𝐼𝑚𝑝𝑟𝑜𝑣𝑒𝑚𝑒𝑛𝑡

𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒  still has a chance to be bigger than the 

random number. In this way, some worse solutions will be accepted. Note that, when  

𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒𝐼𝑚𝑝𝑟𝑜𝑣𝑒𝑚𝑒𝑛𝑡 is negative, the bigger the 𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒𝐼𝑚𝑝𝑟𝑜𝑣𝑒𝑚𝑒𝑛𝑡, the higher 

the chance that the new point will be accepted, which means the new point is not that 

worse anyway (Kirkpatrick et al., 1984. Bouleimen et al., 2003).  

Also, 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 is always a positive number. Therefore, the higher the 

𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒, the higher the chance that the new point will be accepted. As the SA goes,  

𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 slowly decreases, so the chance that a worse solution will be accepted is 

getter smaller and smaller. When 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 finally reaches zero, no worse solution 
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will be accepted anymore.  In this way, the current maximum objective value slowly 

converges to the final maximum objective value (Van et al., 1992. Bouleimen et al., 

2003). 

However, in order to actually implement SA, we need to know more details about 

the key components of it so that we can apply it to solving our own problem. 

4.1 Solution Vector 

Recall the decision variable section in chapter 3, if we put all of our variables in a 

row then we get our solution vector: 

𝒙 =  [𝑡,  𝑆𝐿𝑐, 𝑛𝑇𝑐 , 𝑆𝐿1…𝑆𝐿𝑁−1, 𝑛𝑇1… 𝑛𝑇(𝑁−1), 𝑛𝑀1  … 𝑛𝑀𝑁 ,   𝐾1  … 𝐾𝑁 ] 

4.2 Objective Function 

The objective function of our Kanban model describes the total profit generated 

through supply chain. Recall section 3.4, the initial formulation of 𝑃𝑆𝐶  consists of 

decisions variables, parameters and intermediate notations. The parameters are merely 

constant values, and the intermediate notations are all mapped from the decision 

variables. Therefore, the entire objective function is mapped from the decision variables, 

which means we can abstract it as 

𝑓(𝒙) = 𝑇𝑜𝑡𝑎𝑙 𝑝𝑟𝑜𝑓𝑖𝑡 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑓𝑟𝑜𝑚  𝑡ℎ𝑒 𝑠𝑢𝑝𝑝𝑙𝑦 𝑐ℎ𝑎𝑖𝑛 

Later on, we will embed f(x) into our SA algorithm. 

4.3 Search Space 

The search space of our SA is 𝑆(𝒙). For the sake of efficiency, we want  𝑆(𝒙) to be 

narrow enough so that we only focus on the most high quality range of each element in 𝒙.  

In order to decide the high quality range for a specific decision variable 𝑥, we need to 

hold any other variable at a reasonable level, given a predetermined set of parameters.  
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Then we can run some tests to find out the relationship between 𝑓(𝑥) and 𝑥 so that the 

high quality range of 𝑥 could be discovered. After figuring out these ranges of all the 

elements in 𝒙, the combination of these ranges become our 𝑆(𝒙). 

4.4 Perturbation 

Perturbation is the process of obtaining the next solution vector  𝒙′ of the current 

solution vector 𝒙 within 𝑆(𝒙). Shahabudeen et al. (2002) mentioned two perturbation 

algorithms, and we modify these algorithms to make them fit our specific problem. 

4.4.1 Perturbation Algorithm One 

Step 1: Consider the current solution vector 

[𝑡,  𝑆𝐿𝑐, 𝑛𝑇𝑐, 𝑆𝐿1…𝑆𝐿𝑁−1, 𝑛𝑇1… 𝑛𝑇(𝑁−1), 𝑛𝑀1  … 𝑛𝑀𝑁 ,   𝐾1  … 𝐾𝑁 ] 

Step 2: Set a tag for each of the above elements with equal probability 

Step 3: Generate a uniform random number 𝑟1 

Step 4: Based on 𝑟1 select the element to be changed 

Step 5: Generate a random number 𝑟2 

 If (𝑟2 < 0.5) 

  Increment the element subject to its upper limit 

 Else 

   Decrement the element subject to its lower limit 

Step 6: Set the new solution vector 

4.4.2 Perturbation Algorithm Two 

Step 1: Consider the current solution vector 

[𝑡,  𝑆𝐿𝑐, 𝑛𝑇𝑐, 𝑆𝐿1…𝑆𝐿𝑁−1, 𝑛𝑇1… 𝑛𝑇(𝑁−1), 𝑛𝑀1  … 𝑛𝑀𝑁 ,   𝐾1  … 𝐾𝑁 ] 

Step 2: Do the following for each of the elements 
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 2.1 Generate a random number 𝑟 

2.2 Based on 𝑟 perform any one of the following with equal probability for the 

parameters: 

  (a) Increment the value subject to its upper limit 

  (b) Decrement the value subject to its lower limit 

  (c) No change in the value 

Step 3: Set the new solution vector 

4.5 Cooling Schedule 

As stated before, a SA iterates for several times at a particular temperature. In our 

study, the number of iterations at a temperature level is not fixed. Instead, we use 

ACCETP and TOTAL together to decide it dynamically. ACCEPT counts the number of 

accepted solutions at a particular temperature and TOTAL counts the number of total 

generated solutions at the same temperature. We stop the iterations when its ACCEPT 

reaches the accept limit (beta) or its TOTAL reaches four times beta. When the iterations 

at a current temperature stop and the stoppings rules have not been met, we multiply the 

current temperature by a cooling factor (alpha) to obtain the next temperature level. 

4.6 Stopping Rules 

Our SA stops when it meets either of the following two criteria: (1) The 

temperature drops below the final temperature. (2) The freeze count reaches its 

predetermined threshold (pi).We calculate the freeze count after the iterations stop at a 

particular temperature. If 
𝐴𝐶𝐶𝐸𝑃𝑇

𝑇𝑂𝑇𝐴𝐿
≤ 0.15, we increment the freeze count by one. Otherwise, 

it stays the same. Whenever a better solution is found, we reset the freeze count to zero. 
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4.7 SA Pseudocode 

Now that we have introduced all the components, let’s use pseudocode to 

demonstrate how they function all together under a SA framework. 

4.7.1 SA parameters 

𝑡𝑖 = initial temperature 𝑡𝑓 = final temperature 𝛼 = cooling factor 

𝛽 = accept limit 𝜋 = freeze limit 𝑿𝟎 = initial solution vector 

4.7.2 SA variables 

𝑓𝑚 = maximum objective value 𝑡𝑒𝑚𝑝 = current temperature 

𝑿𝒎 = best solution vector 𝑎𝑐𝑐 = # accepted solution 

𝑿𝒄 = current solution vector 𝑡𝑜𝑡 = # generated solution 

𝑟 = random number between zero and one 𝑐𝑓 = freeze count 

4.7.3 SA pseudocode 

𝑎𝑐𝑐 = 0;  𝑡𝑜𝑡 = 0; 𝑐𝑓 = 0;  𝑡𝑒𝑚𝑝 =  𝑡𝑖; 

𝑿𝒄 = 𝑿𝟎; 

𝑓𝑚 = 𝑓(𝑿𝒄); 𝑿𝒎 = 𝑿𝒄; 

while 𝑡𝑒𝑚𝑝 > 𝑡𝑓 𝑎𝑛𝑑 𝑐𝑓 < 𝜋 

 𝑿𝒄 = 𝑃𝑒𝑟𝑡𝑢𝑟𝑏𝑎𝑡𝑖𝑜𝑛(𝑿𝒄); 

 if 𝑓(𝑿𝒄) > 𝑓𝑚 

  𝑓𝑚 = 𝑓(𝑿𝒄); 𝑿𝒎 = 𝑿𝒄; 𝑐𝑓 = 0; 𝑎𝑐𝑐 = 𝑎𝑐𝑐 + 1; 𝑡𝑜𝑡 = 𝑡𝑜𝑡 + 1; 

  if 𝑎𝑐𝑐 > 𝛽 𝑜𝑟 𝑡𝑜𝑡 > 4𝛽 

   𝑡𝑒𝑚𝑝 = 𝑡𝑒𝑚𝑝 × 𝛼; 

   If 
𝑎𝑐𝑐

𝑡𝑜𝑡
≤ 0.15 

    𝑐𝑓 = 𝑐𝑓 + 1; 

𝑎𝑐𝑐 = 0;  𝑡𝑜𝑡 = 0; 

else 

 if 𝑒
𝑓(𝑋𝑛)−𝑓𝑚
𝑡𝑒𝑚𝑝 > 𝑟 

  𝑓𝑚 =  𝑓(𝑋𝑛);𝑿𝒎 = 𝑿𝒄; 𝑐𝑓 = 0; 𝑎𝑐𝑐 = 𝑎𝑐𝑐 + 1; 𝑡𝑜𝑡 = 𝑡𝑜𝑡 + 1; 

    if 𝑎𝑐𝑐 > 𝛽 𝑜𝑟 𝑡𝑜𝑡 > 4𝛽 
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    𝑡𝑒𝑚𝑝 = 𝑡𝑒𝑚𝑝 × 𝛼; 

    if 
𝑎𝑐𝑐

𝑡𝑜𝑡
≤ 0.15 

     𝑐𝑓 = 𝑐𝑓 + 1; 

𝑎𝑐𝑐 = 0;  𝑡𝑜𝑡 = 0; 

else 

 𝑡𝑜𝑡 = 𝑡𝑜𝑡 + 1; 

   if 𝑎𝑐𝑐 > 𝛽 𝑜𝑟 𝑡𝑜𝑡 > 4𝛽 

    𝑡𝑒𝑚𝑝 = 𝑡𝑒𝑚𝑝 × 𝛼; 

    if 
𝑎𝑐𝑐

𝑡𝑜𝑡
≤ 0.15 

     𝑐𝑓 = 𝑐𝑓 + 1; 

𝑎𝑐𝑐 = 0;  𝑡𝑜𝑡 = 0; 
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5 RESULT 

In this chapter, we will first implement SA to optimize two Kanban-based supply 

chains. One is a one-customer-shop & one-supplier (C-S) supply chain, and the other one 

is a one-customer-shop & two-supplier (C-S-S) supply chain. Then, we will take one step 

further to seek for deeper insights into the Kanban system performance through model 

analysis, based on our optimum configuration of the C-S-S supply chain. 

5.1 Kanban Optimization 

5.1.1 C-S Supply Chain 

First of all, we assign some numerical values to the parameters of this C-S supply 

chain, as shown in Figure 5 - 2.  Based on these parameters, we are able to map a specific 

solution vector to its objective value. 

Figure 5 - 1 One-customer-shop and one-supplier (C-S) supply chain 
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According to our model, there are five decision variables for a C-S supply chain, 

and they are the length of one single operation period, the service level at the customer 

shop, the number of trucks travelling between the customer shop and the supplier, the 

number of production Kanbans in the supplier’s plant and the number of machines in the 

supplier’s plant. Therefore, the solution vector of a C-S supply chain can be expressed 

as 𝒙𝟏 = [𝑡,  𝑆𝐿𝑐 , 𝑛𝑇𝑐,  𝐾1, 𝑛𝑀1 ]. If we abstract our Kanban model to a function 𝑓, 

then the objective value of a C-S supply chain is 𝑓(𝒙𝟏) = 𝑓[𝑡,  𝑆𝐿𝑐 , 𝑛𝑇𝑐 ,  𝐾1, 𝑛𝑀1 ]. 

And our goal is find the optimum 𝒙𝟏 and its corresponding maximum 𝑓(𝒙𝟏). 

Next, we need to decide the search space. In other words, we want to figure out the 

search range for each of the five variables in 𝒙𝟏.  𝐾1 is the first variable we want to focus 

on. In order to discover the relationship between  𝐾1 and 𝑓( 𝐾1), the other four variables 

need to stay constant while  𝐾1 varies. We set 𝑡 = 1 for the simplicity of calculation, 

𝑆𝐿𝑐 = 80% because of the 80/20 principle, 𝑛𝑇𝑐 = 4 because the single truck capacity is 3 

so that 4 trucks should cover the average demand rate of 10, and 𝑛𝑀1 = 4 for the same 

reason as 𝑛𝑇𝑐. According to Table 5 - 2, 𝑓( 𝐾1) begins to increase dramatically when 

 𝐾1 = 10 and decrease when  𝐾1 = 30. Therefore, we set [10, 30] to be the search range 

for 𝐾1, and 2 to be its search step.  

Table 5 - 2 𝐾1 experiment on the C-S supply chain 

𝑡 𝑆𝐿𝑐 𝑛𝑇𝑐 𝑛𝑀1   𝐾1 𝑓( 𝐾1) 
1 80% 4 4  5 1841.89 

1 80% 4 4  10 1980.67 

1 80% 4 4  15 3056.37 

 Customer Shop  Supplier 

System Parameter  𝐷 𝑐𝑇𝑐 𝜆𝑇𝑐 𝛽𝑇𝑐    𝑐𝑀1 𝜆𝑀1 𝛽𝑀1  

  10 3 0.01 2    3 0.01 2  

             

Financial Parameter 𝑃𝐶  𝐶𝑐 R𝑐 𝐻𝑐 𝑇𝑐 𝐺𝑐  𝑃1 𝐶1 R1 𝐻𝑂1 𝑀1 

 499 249 10 30 5 40  249 0 5 20 5 

Table 5 - 1 Parameters of the C-S supply chain 
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1 80% 4 4  20 3790.20 

1 80% 4 4  25 3901.28 

1 80% 4 4  30 3805.29 

1 80% 4 4  35 3705.34 

Now we move to variable 𝑆𝐿𝑐. In Table 5 - 2, 𝑓( 𝐾1) reach its maximum value 

when  𝐾1 = 25. Therefore, we set  𝐾1 = 25 and relax 𝑆𝐿𝑐. According to Table 5 - 3, 

𝑓(𝑆𝐿𝑐) begins to increase when 𝑆𝐿𝑐 = 65% and decrease when 𝑆𝐿𝑐 = 85%. Hence, we 

set [65%, 85%] to be the search range for 𝑆𝐿𝑐, and 2% as its search step. 

Table 5 - 3 shows that 𝑓(𝑆𝐿𝑐) reaches a local maximum when 𝑆𝐿𝑐 = 75%. 

Therefore, we set 𝑆𝐿𝑐 = 75% and relax our next variable 𝑡. According to Table 5 - 4, 

𝑓(𝑡) begins to increase when 𝑡 = 0.5 and decrease when 𝑡 = 1.5. Therefore, we set 

[0.5, 1.5] to be the search range of 𝑡, and 0.1 as its search step. Also, 𝑓(𝑡) reaches its 

local maximum when 𝑡 = 1. 

Table 5 - 3 𝑆𝐿𝑐 experiment on the C-S supply chain 

𝑡 𝑛𝑇𝑐  𝐾1 𝑛𝑀1  𝑆𝐿𝑐 𝑓(𝑆𝐿𝑐) 
1 4 25 4  65% 3818.18 

1 4 25 4  70% 3931.28 

1 4 25 4  75% 3931.28 

1 4 25 4  80% 3901.28 

1 4 25 4  85% 3901.28 

1 4 25 4  90% 3871.28 

1 4 25 4  95% 3841.28 

1 4 25 4  99% 3751.28 

 

Table 5 - 4 t experiment on the C-S supply chain 

𝑆𝐿𝑐 𝑛𝑇𝑐  𝐾1 𝑛𝑀1  𝑡 𝑓(𝑡) 
75% 4 25 4  0.5 3612.88 

75% 4 25 4  1 3931.28 

75% 4 25 4  1.5 2825.59 

75% 4 25 4  2 1296.35 

75% 4 25 4  2.5 710.95 

75% 4 25 4  3 352.91 
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As for variables 𝑛𝑇𝑐 and 𝑛𝑀1, pilot study shows a safe margin of +1 should 

guarantee their high performance search range. Therefore, we set [3, 5] to be the search 

range for both 𝑛𝑇𝑐 and 𝑛𝑀1, and 1 to be their search steps.  

In Table 5 - 5, we summarize the search space for the C-S supply chain. Note that 

in the process of identifying this search space, we have also located the starting point for 

our SA algorithm, which is  

𝒙𝟏 = [1,  75%, 4, 25, 4 ] 

The objective value of this initial solution is  

𝑓[1,  75%, 4, 25, 4 ] = 3931.28 

From now on, our job is to find a better solution than [1,  75%, 4, 25, 4 ], 

with the SA algorithm we described in chapter 4.  

Table 5 - 5 Search space of the C-S supply chain 

Variable Lower Limit Upper Limit Step Size 

𝑡 0.5 1.5 0.1 

𝑆𝐿𝑐 65% 85% 2% 

𝑛𝑇𝑐 3 5 1 

 𝐾1 10 30 2 

𝑛𝑀1 3 5 1 

Before using SA, we still have two decisions to make: 1) which perturbation 

algorithm to use and 2) what are the values for the SA parameters. Recall from chapter 4, 

we have two options for the perturbation and six SA parameters (since we have already 

decided 𝑿𝟎 = [1,  75%, 4, 25, 4 ], there are five SA parameters left unset). We 

will try each of the two perturbation algorithms respectively. Then, based on a specific 

perturbation, we will carry out some factorial design to decide the values for the left SA 

parameters. After setting the parameters, we can run SA to find the optimum solution for 

the C-S supply chain. Based on the result of SA, we can then evaluate the performance of 

the two perturbation options.  

Now let us review the first perturbation algorithm for the C-S supply chain. 
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Step 1: Consider the current solution vector 

[𝑡,  𝑆𝐿𝑐 , 𝑛𝑇𝑐 ,  𝐾1, 𝑛𝑀1 ] 

Step 2: Set a tag for each of the above variables with equal probability  

Variable 𝑡 𝑆𝐿𝑐 𝑛𝑇𝑐  𝐾1 𝑛𝑀1 

Tag [0, 1) [1, 2) [2, 3) [3, 4) [4, 5) 

Step 3: Generate a uniform random number 𝑟1 ∈ [0,5) 

Step 4: Based on 𝑟1 select the variable to be changed 

Step 5: Generate a random number 𝑟2 ∈ [0,1) 

  If (𝑟2 < 0.5) 

  Increment the element subject to its upper limit (see search space) 

  Else 

  Decrement the element subject to its lower limit (see search space) 

Step 6: Set the new solution vector 

Based on this perturbation mechanism, we can carry out the factorial designs for 

the five SA parameters: 𝑡𝑖, 𝑡𝑓 , 𝛼, 𝛽 𝑎𝑛𝑑 𝜋. According to pilot study, we assign two levels 

for each of the five parameters, as shown in Table 5 - 6. 

Table 5 - 6 Factor experimental levels of SA parameter 

Factor 𝑡𝑖 𝑡𝑓 𝛼 𝛽 𝜋 

Level 1 1000 1 0.75 5 5 

Level 2 3000 10 0.85 10 10 

Then, we run the SA procedure (see section 4.7.3.) based on the each combination 

of the parameter levels. For each combination, we run SA for five times and collect the 

result in Table 5 - 7. There are 32 combinations and each combination has five results, 

therefore it takes our SA to run 160 times to collect all the data in Table 5 - 7. 
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Table 5 - 7 Perturbation one SA parameter experiment on the C-S supply chain 

𝑡𝑖 𝑡𝑓  𝛼 𝛽 𝜋 Result 1 Result 2  Result 3 Result 4 Result 5 

1000 1 0.75 5 5 4040.59 4067.20 3892.49 4091.30 3988.85 

1000 1 0.75 5 10 4036.44 4080.41 4041.48 4003.96 3888.33 

1000 1 0.75 10 5 4044.98 3976.93 4101.55 3882.19 4051.20 

1000 1 0.75 10 10 4037.89 4067.20 4072.22 4096.31 4087.91 

1000 1 0.85 5 5 3945.84 3870.63 3850.63 3820.41 3803.55 

1000 1 0.85 5 10 4090.24 4044.98 4090.24 3887.95 4031.45 

1000 1 0.85 10 5 4115.23 3997.02 4087.91 3991.16 4050.69 

1000 1 0.85 10 10 3955.85 4072.22 4037.89 4111.14 4044.98 

1000 10 0.75 5 5 3847.32 3450.51 3879.10 3868.54 3974.64 

1000 10 0.75 5 10 4061.64 3564.80 4044.85 3996.90 3900.14 

1000 10 0.75 10 5 3935.56 4037.89 4040.59 3974.64 4087.91 

1000 10 0.75 10 10 3992.24 4090.24 3905.98 4036.44 4048.90 

1000 10 0.85 5 5 3895.66 3651.83 4044.17 3996.90 3916.30 

1000 10 0.85 5 10 3718.34 3950.26 3981.08 3930.42 4106.17 

1000 10 0.85 10 5 4077.53 3825.99 3997.02 3996.90 4033.51 

1000 10 0.85 10 10 3988.85 3991.16 3982.85 3992.24 4090.24 

3000 1 0.75 5 5 4005.03 3955.85 4096.31 3846.34 4031.45 

3000 1 0.75 5 10 3931.26 4023.90 4023.90 3931.28 4038.92 

3000 1 0.75 10 5 4060.47 4101.55 4090.24 3886.39 4080.41 

3000 1 0.75 10 10 3944.27 4115.23 4038.17 3926.28 4091.30 

3000 1 0.85 5 5 4087.91 4106.17 3988.85 3883.24 4080.41 

3000 1 0.85 5 10 4111.14 3926.28 3885.36 3970.91 3946.88 

3000 1 0.85 10 5 3899.46 4049.73 3633.03 3899.46 4053.47 

3000 1 0.85 10 10 4044.98 4036.83 4067.20 3988.85 4101.55 

3000 10 0.75 5 5 3899.46 3944.04 3669.30 3910.34 4106.17 

3000 10 0.75 5 10 3919.21 4051.20 3926.37 3931.28 3846.39 

3000 10 0.75 10 5 3933.97 4010.59 4046.31 4106.17 4087.91 

3000 10 0.75 10 10 3911.45 3974.64 4031.45 4035.94 3944.27 

3000 10 0.85 5 5 4050.69 3961.68 3955.85 3949.19 3991.16 

3000 10 0.85 5 10 3775.20 3929.11 3934.62 3975.21 3888.33 

3000 10 0.85 10 5 4023.78 4027.87 3530.65 4025.31 4037.89 

3000 10 0.85 10 10 4090.24 4075.91 4038.92 4056.32 3955.85 

We use the data in Table 5 - 7 to run a factorial analysis with Minitab and generate 

the ANOVA table in Table 5 - 8. According to the p-Values in Table 5 - 8, there are two 

parameters which significantly influence the performance of the SA algorithm: 𝑡𝑓 𝑎𝑛𝑑 𝛽.  
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Then we want to decide the levels for 𝑡𝑓 𝑎𝑛𝑑 𝛽. According to main effect plot in 

Figure 5 - 3, SA performances better when 𝑡𝑓 = 1, and SA performances better when 

𝛽 = 10, respectively. According to interaction plot in Figure 5 - 4,  there’s no conflict 

between 𝑡𝑓 𝑎𝑛𝑑 𝛽 when they are both set to the high performance level. Therefore, we set 

𝑡𝑓 = 1 𝑎𝑛𝑑 𝛽 = 10.  

As for the other three parameters, 𝑡𝑖, 𝛼 𝑎𝑛𝑑 𝜋, we also want to set each of them to a 

reasonable level instead of setting them randomly. Hence, we need to check their 

interactions with 𝑡𝑓 𝑎𝑛𝑑 𝛽 respectively to see if there’s a non-conflict level choice for 

them. According to Figure 5 - 3, when 𝑡𝑓 = 1 a 𝑡𝑖 of 1000 contributes better SA 

performance, when 𝛽 = 10 a  𝑡𝑖 of 10 contributes better performance as well. Therefore, 

there is no conflict. We set  𝑡𝑖 = 1000. According to Figure 5 - 4, when 𝑡𝑓 = 1 a 𝛼 of 

0.75 contributes better SA performance, when 𝛽 = 10 a  𝛼 of 0.75 contributes better 

performance as well. No conflict. We set  𝛼 = 0.75. According to Figure 5 - 5, when 𝑡𝑓 =

1 a 𝜋 of 10 contributes better SA performance, when 𝛽 = 10 a 𝜋 of 10 contributes better 

performance as well. No conflict neither. We set  𝜋 = 10. Now that we have decided all 

the SA parameter values for the perturbation one option, as shown in Table 5 - 9, we can 

finally run our SA algorithm to find the optimum solution of the C-S supply chain. 

We run the SA for ten times and collect all the result in Table 5 - 10.  As we can 

see the 9th trial gives us the maximum objective value. And the SA search path for this 

specific trial is shown in Figure 5 - 6.  As we can see, in order to escape from the local 

maximum of 3931.28, several pretty worse solutions are accepted during the first 50 

Table 5 - 8 ANOVA table of perturbation one SA parameter experiment on the C-S supply chain 
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moves. From then on, our SA search path becomes relatively stable and moves 

consistently towards a better solution. The final accepted move give as a maximum 

objective value of 4106.17. The total improvement is 
4106.17−3931.28

3931.28
= 4.45%.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5 - 5 Main effects plot (left) and interaction plot of 𝑡𝑓 𝑎𝑛𝑑 𝛽 of perturbation one SA on the C-S supply chain 

Figure 5 - 6 Interaction plot of 𝑡𝑖 , 𝑡𝑓, 𝛽 of perturbation one SA on the C-S supply chain 

Figure 5 - 7 Interaction plot of 𝑡𝑓, 𝛼 𝑎𝑛𝑑 𝛽 of perturbation one SA on the C-S supply chain 
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Table 5 - 9 Parameter of perturbation one SA on the C-S supply chain 

 

 

Table 5 – 10 Result of perturbation one SA on the C-S supply chain 

 Solution Vector Objective Value 

1 [0.70   0.73   4.00   19.00   4.00] 4036.44 

2 [0.70   0.83   4.00   19.00   5.00] 4031.45 

3 [0.90   0.81   5.00   23.00   4.00] 4035.94 

4 [0.70   0.75   4.00   19.00   3.00] 4040.59 

5 [0.90   0.83   4.00   25.00   4.00] 4009.90 

6 [0.80   0.77   4.00   19.00   4.00] 4027.87 

7 [0.90   0.71   4.00   21.00   4.00] 3991.16 

8 [0.60   0.81   3.00   15.00   3.00] 4090.24 

9 [0.50   0.77   3.00   13.00   5.00] 4106.17 

10 [0.90   0.81   4.00   23.00   5.00] 4034.58 

 

 

 

 

 

Factor 𝑡𝑖 𝑡𝑓 𝛼 𝛽 𝜋 

Value 1000 1 0.75 10 10 

Figure 5 - 8 Interaction plot of 𝑡𝑓, 𝛽 𝑎𝑛𝑑 𝜋 of perturbation one SA on the C-S supply chain 
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Next, we want to try the second perturbation algorithm: 

 

Step 1: Consider the current solution vector 

[𝑡,  𝑆𝐿𝑐 , 𝑛𝑇𝑐 ,  𝐾1, 𝑛𝑀1 ] 

Step 2: Do the following for each of the variables 

  2.1 Generate a uniform random number 𝑟 ∈ [0,3) 

2.2 Based on 𝑟 perform any one of the following with equal probability for the 

variables: 

Perform Increment Decrement No change 

Tag [0, 1) [1, 2) [2, 3) 

 

Figure 5 - 9 Search path of perturbation one SA on the C-S supply chain 
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(a) Increment the variable subject to its upper limit (see search space) 

(b) Decrement the variable subject to its lower limit (see search space) 

(c) No change in the variable 

Step 3: Set the new solution vector 

Then, we run our SA for another 160 times to collect the similar data as in Table 5 - 

11, except that this time we are using perturbation algorithm two. The results are 

collected in  

Table 5 - 11 Perturbation two SA parameter experiment on the C-S supply chain 

𝑡𝑖 𝑡𝑓  𝛼 𝛽 𝜋 Result 1 Result 2  Result 3 Result 4 Result 5 

1000 1 0.75 5 5 4072.22 4111.14 4050.54 4031.83 3927.51 

1000 1 0.75 5 10 4090.24 4083.00 4115.23 4096.31 4106.17 

1000 1 0.75 10 5 4115.23 4096.31 4044.98 4053.01 4077.53 

1000 1 0.75 10 10 3998.22 4077.53 4115.23 4106.17 4115.23 

1000 1 0.85 5 5 4046.31 4115.23 3935.03 4062.67 4106.17 

1000 1 0.85 5 10 4087.91 4115.23 4044.85 4115.23 4090.24 

1000 1 0.85 10 5 4049.73 4051.30 4044.98 4053.18 4044.85 

1000 1 0.85 10 10 4101.55 4051.20 4072.22 4090.24 4111.14 

1000 10 0.75 5 5 3730.25 3991.83 4053.01 4044.17 3896.28 

1000 10 0.75 5 10 4041.48 3963.60 4032.24 4080.41 3965.20 

1000 10 0.75 10 5 4090.24 4111.14 4053.47 4077.53 4115.23 

1000 10 0.75 10 10 4050.69 4115.23 4087.91 4101.55 4061.64 

1000 10 0.85 5 5 3974.64 3945.32 3970.91 3863.91 4083.00 

1000 10 0.85 5 10 4036.83 4048.67 4111.14 4027.87 4049.73 

1000 10 0.85 10 5 4115.23 4051.30 4087.91 4115.23 4091.30 

1000 10 0.85 10 10 4096.31 4044.85 4072.22 4067.20 4023.90 

3000 1 0.75 5 5 4049.73 4014.60 3996.90 3887.19 3955.85 

3000 1 0.75 5 10 4056.32 4044.17 4044.85 4087.91 4060.47 

3000 1 0.75 10 5 4062.67 4083.00 4090.24 4111.14 4106.17 

3000 1 0.75 10 10 4115.23 4111.14 4091.30 4096.31 4115.23 

3000 1 0.85 5 5 4010.42 4040.59 4010.59 4062.67 4050.69 

3000 1 0.85 5 10 4040.59 4106.17 4106.17 4077.53 4115.23 

3000 1 0.85 10 5 4115.23 4077.53 4087.91 4053.01 4115.23 

3000 1 0.85 10 10 4077.53 4060.47 4115.23 4111.14 4115.23 

3000 10 0.75 5 5 3836.84 3959.76 4005.03 4036.83 4072.22 

3000 10 0.75 5 10 4044.86 4051.20 4067.20 4000.79 3971.30 

3000 10 0.75 10 5 4053.47 4044.98 4090.24 4111.14 4072.22 
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3000 10 0.75 10 10 4080.41 4049.73 3985.24 4101.55 4111.14 

3000 10 0.85 5 5 4032.24 4044.85 4111.14 3975.21 3900.31 

3000 10 0.85 5 10 3945.11 4049.73 4053.01 4115.23 4051.30 

3000 10 0.85 10 5 3990.23 4090.24 4004.87 4049.73 4023.90 

3000 10 0.85 10 10 4053.47 4111.14 4091.30 4115.23 4025.57 

We plug the data in Table 5 - 11 into Minitab and run an ANOVA analysis. The 

result is shown in Table 5 - 12. According to Table 5 - 12, 𝑡𝑓 , 𝛽 𝑎𝑛𝑑 𝜋 are the three 

significant factors to perturbation two SA performance. 

 

 

 

 

According to the main effects plot in Figure 5 - 10, the insulated high-performance 

level for 𝑡𝑓 , 𝛽 𝑎𝑛𝑑 𝜋 are 1, 10, and 10, respectively.  According to the interaction plot in 

the same figure, there is no conflicts between these high-performance levels neither. 

Therefore, we set 𝑡𝑓 = 1, 𝛽 = 10 𝑎𝑛𝑑 𝜋 = 10. 

 

 

 

 

 

 

Then, let us decide the levels for the other two non-significant factors 𝑡𝑖  𝑎𝑛𝑑 𝛼.  

According to Figure 5 - 12, when  𝑡𝑓 = 1  𝑡𝑖’s high-performance level is 1000, when 𝛽 =

Table 5 - 12 ANOVA table of perturbation two SA parameter experiment on the C-S supply chain 

Figure 5 - 11 Main effects plot (left) and interaction plot of 𝑡𝑓, 𝛽 𝑎𝑛𝑑 𝜋 of perturbation two SA on the C-S supply chain 
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10  𝑡𝑖’s high-performance level is either 1000 or 3000, and when 𝜋 = 10  𝑡𝑖’s high-

performance level is either 1000 or 3000 as well. Therefore, we set  𝑡𝑖 = 1000. 

According to Figure 5 - 9, when  𝑡𝑓 = 1 𝛼’s high-performance level is 0.85, when 𝛽 =

10 𝛼’s high-performance level is 0.75, and when 𝜋 = 10 𝛼’s high-performance level is 

0.85. There’s a conflict here.  𝑡𝑓 and 𝜋 want 𝛼 to be 0.85, and 𝛽 wants 𝛼 to be 0.75. Well, 

2 vs. 1. We choose to set 𝛼 = 0.85. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5 - 13 Interaction plot of 𝑡𝑖 , 𝑡𝑓 , 𝛽 𝑎𝑛𝑑 𝜋 of perturbation two SA on the C-S supply chain 

Figure 5 - 14 Interaction plot of 𝑡𝑓, 𝛼, 𝛽 𝑎𝑛𝑑 𝜋 of perturbation two SA on the C-S supply chain 
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We summarize the parameter values in Table 5 - 13 as decided.  And based on 

these parameters, we run our SA for another 10 times and obtain the result as shown in 

Table 5 - 14. As we can see, both the 2nd and the 5th trial give the maximum objective 

values. The only difference between them is the customer service level, which in the 2nd 

trial is 77% and 83% in the 5th trial. We would like to choose a higher service level so 

that we choose the 5th to check its SA search path, as shown in Figure 5 - 15. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 5 - 13 Parameter of perturbation two SA on the C-S supply chain 

Table 5 - 14 Result of perturbation two SA on the C-S supply chain 

Figure 5 - 16 Search path of perturbation two SA on the C-S supply chain 
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In order to escape from the local maximum of 3931.28, several pretty worse 

solutions are accepted during the first 120 moves. After that, our SA search path becomes 

relatively stable and moves consistently towards a better solution. The final accepted 

move give as a maximum objective value of 4115.23. The total improvement 

is 
4115.23−3931.28

3931.28
= 4.68%. 

We merge the most right columns, from Table 5 - 10 and Table 5 - 14, into Table 5 

- 15 so that we can compare the performance of perturbation one and two side by side. 

Are their performance statistically different?  We take the data from Table 5 - 15 into 

Minitab and run a t-test, whose result is shown in Table 5 - 16. According to Table 5 - 16, 

we can tell that the performance of these two perturbation algorithms on this C-S supply 

chain is statistically the same. In other words, for a C-S supply chain, we can choose 

either perturbation one or perturbation two to run the SA, and they will provide the same 

quality performance in the long run. 

 

 

 

 

 

 

 

 

 

Table 5 - 15 Compare the SA results using perturbation one and perturbation two on the C-S supply chain 

Table 5 - 16 T-test between the SA results of perturbation one and perturbation two on the C-S supply chain 
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Finally, we summarize the optimum allocation of this C-S Kanban supply chain in 

Table 5 - 17. Based on the given parameters, we recommend that the supply chain runs its 

periodical operation every 0.5 hour, where the service level at the customer shop should 

be 83%, 3 trucks should be assigned to travel between the customer shop and the 

supplier, 13 production kanbans should be circulating between the supplier’s output 

buffer and its plant, and 3 machines should be set up in the supplier’s plant. Then, based 

on our estimation, the entire supply chain will be able to generate $4115.23 of profit 

every 0.5 hour. 

 

 

 

 

 

 

 

 

 

5.1.2 C-S-S Supply Chain 

Now let us optimize the C-S-S supply chain (Figure 5 - 17).  First of all, we assign 

some numerical values to its parameters, as shown in Table 5 - 18.  Based on these 

parameters, we are able to map a specific solution vector to its objective value. 

  

Table 5 - 17 Optimum allocation of the C-S supply chain 
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Figure 5 - 18 One-customer-shop & two-supplier (C-S-S) supply chain 
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According to our model, there are nine decision variables for a C-S-S supply chain, 

and they are the length of one single operation period, the service level at the customer 

shop, the number of trucks travelling between the customer shop and the 1st supplier, the 

service level at the 1st supplier’s raw material warehouse, the number of trucks travelling 

between the two suppliers, the number of machines in the 1st suppliers’ plant, the number 

of machines in the 2nd suppliers’ plant, the number of production Kanbans in 1st 

supplier’s plant, and the number of production Kanbans in 2nd supplier’s plant . 

Therefore, the solution vector of a C-S-S supply chain can be expressed as 

𝒙𝟐 = [𝑡,  𝑆𝐿𝑐, 𝑛𝑇𝑐 , 𝑆𝐿1, 𝑛𝑇1, 𝑛𝑀1, 𝑛𝑀2,   𝐾1, 𝐾2 ] 

And our goal is find the optimum 𝒙𝟐 and its corresponding maximum 𝑓(𝒙𝟐). 

Next, we need to decide the search space, the search range for each of the nine 

variables in 𝒙𝟐.  𝐾1 is the first variable we want to focus on. In order to discover the 

relationship between  𝐾1 and 𝑓( 𝐾1), the other four variables need to stay constant while 

 𝐾1 varies. We set 𝑡 = 1 for the simplicity of calculation, 𝑆𝐿𝑐 = 80% because of the 

Table 5 - 18 Parameters of the C-S-S supply chain 
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80/20 principle, 𝑛𝑇𝑐 = 4 because the single truck capacity is 3 so that 4 trucks should 

cover the average demand rate of 10, 𝑆𝐿1 = 95% because there’s no communication 

barrier in the same supplier facility so that the service level is expected to be high,   

𝑛𝑇1 = 𝑛𝑀1 = 𝑛𝑀2 = 4 for the same reason as 𝑛𝑇𝑐, and 𝐾2 = 30 because 30 is the upper 

limit for the number of production Kanbans of the C-S supply chain so that it is safe to 

use 30 to avoid any demand lost. According to Table 5 - 19, 𝑓( 𝐾1) begins to increase 

dramatically when  𝐾1 = 15 and decrease when  𝐾1 = 35. Therefore, we set [15, 35] to 

be the search range for 𝐾1, and 2 to be its search step.  

 

 

 

 

Now we move to variable  𝐾2. In Table 5 - 19, 𝑓( 𝐾1) reach its maximum value 

when  𝐾1 = 25. Therefore, we set  𝐾1 = 25 and relax 𝐾2. According to Table 5 - 20, 

𝑓( 𝐾2) begins to increase significantly when  𝐾2 = 15 and decrease when 𝐾2 = 35. 

Hence, we set [15,35] to be the search range for  𝐾2, and 2% as its search step. 

 

 

 

Table 5 - 19 𝐾1 experiment on the C-S-S supply chain 

Table 5 - 20 𝐾2 experiment on the C-S-S supply chain 
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Next, variable 𝑆𝐿𝑐. In Table 5 - 20, 𝑓( 𝐾2) reach its maximum value when  𝐾2 =

25. Therefore, we set  𝐾2 = 25 and relax 𝑆𝐿𝑐. According to Table 5 - 21, 𝑓(𝑆𝐿𝑐) remains 

high value between 𝑆𝐿𝑐 = 75% and 𝑆𝐿𝑐 = 95%. Hence, we set [75%, 95%] to be the 

search range for 𝑆𝐿𝑐, and 2% as its search step. 

As for 𝑆𝐿1, in Table 5 - 21, 𝑓(𝑆𝐿𝑐) is at its peak when 𝑆𝐿𝑐 = 80%. Therefore, we 

set 𝑆𝐿𝑐 = 80% and relax 𝑆𝐿1. According to Table 5 - 22, 𝑓(𝑆𝐿1) remains high value 

between 𝑆𝐿1 = 90% and 𝑆𝐿1 = 99%. And we set [90%, 99%] to be the search range 

for 𝑆𝐿1, and 1% as its search step. 

 

 

Table 5 - 22 shows that 𝑓(𝑆𝐿1) is at a local maximum when 𝑆𝐿1 = 95%. 

Therefore, we set 𝑆𝐿1 = 95% and relax our next variable 𝑡. According to Table 5 - 23, 

𝑓(𝑡) begins to increase when 𝑡 = 0.5 and decrease when 𝑡 = 1.5. Therefore, we set 

[0.5, 1.5] to be the search range of 𝑡, and 0.1 as its search step. Also, 𝑓(𝑡) reaches its 

local maximum when 𝑡 = 1.  

As for variables 𝑛𝑇𝑐, 𝑛𝑇1, 𝑛𝑀1  and 𝑛𝑀2, pilot study shows a safe margin of +1 

should guarantee their high performance search range. Therefore, we set [3, 5] to be the 

search range for all of them and 1 to be their search steps.  

Table 5 - 21  𝑆𝐿𝑐 experiment on the C-S-S supply chain 

Table 5 - 22 𝑆𝐿1 experiment on the C-S-S supply chain 
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In Table 5 - 24, we summarize the search space for the C-S-S supply chain. Note 

that in the process of identifying this search space, we have also located the starting point 

for our SA algorithm, which is  

𝒙𝟐 = [1,  80%, 4, 95%, 4, 4, 4, 25, 25 ] 

And the objective value of this initial solution is  

𝑓[1,  80%, 4, 95%, 4, 4, 4, 25, 25 ] = 3137.76 

Our job is to find a better solution. 

Similar to solving the C-S problem, now let us review the first perturbation 

algorithm for the C-S-S supply chain: 

Step 1: Consider the current solution vector 

 [𝑡,  𝑆𝐿𝑐 , 𝑛𝑇𝑐 , 𝑆𝐿1, 𝑛𝑇1, 𝑛𝑀1, 𝑛𝑀2,   𝐾1, 𝐾2 ] 

Step 2: Set a tag for each of the above variables with equal probability  

Table 5 - 23 t experiment on the C-S-S supply chain 

Table 5 - 24 Search space of the C-S-S supply chain 
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Step 3: Generate a uniform random number 𝑟1 ∈ [0,9) 

Step 4: Based on 𝑟1 select the variable to be changed 

Step 5: Generate a random number 𝑟2 ∈ [0,1) 

If (𝑟2 < 0.5) 

  Increment the element subject to its upper limit (see search space) 

Else 

  Decrement the element subject to its lower limit (see search space) 

Step 6: Set the new solution vector 

Based on this perturbation mechanism, we can carry out a factorial design for the 

five SA parameters: 𝑡𝑖, 𝑡𝑓 , 𝛼, 𝛽 𝑎𝑛𝑑 𝜋. The levels of each SA parameter is the same as the 

ones for the C-S supply Chain. Also, we run the SA procedure (see section 4.7.3.) based 

on the each combination of the parameter levels. For each combination, we run SA for 

five times and collect the results in Table 5 - 25.  

Table 5 - 25 Perturbation one SA parameter experiment on the C-S-S supply chain 

𝑡𝑖 𝑡𝑓  𝛼 𝛽 𝜋 Result 1 Result 2 Result 3 Result 4 Result 5 

1000 1 0.75 5 5 3406.27 3084.89 3079.93 3163.69 2977.24 

1000 1 0.75 5 10 3205.85 3016.01 2982.92 3218.36 3175.22 

1000 1 0.75 10 5 3115.44 3430.33 3242.80 3267.87 3391.13 

1000 1 0.75 10 10 3283.46 3290.49 3436.97 3286.79 3332.47 

1000 1 0.85 5 5 3162.97 2947.47 3331.26 3060.30 3197.91 

1000 1 0.85 5 10 2748.16 3067.57 3326.47 3221.35 3025.71 

1000 1 0.85 10 5 3323.24 3080.57 3190.86 3020.64 3023.30 

1000 1 0.85 10 10 3201.39 3401.40 3477.92 3303.20 3443.96 

1000 10 0.75 5 5 3271.03 2858.33 2943.61 2950.04 2929.47 

1000 10 0.75 5 10 3058.01 3321.36 3216.99 2937.57 2677.17 

1000 10 0.75 10 5 3240.88 3236.26 3347.08 3243.27 3282.78 

1000 10 0.75 10 10 3323.05 3327.39 3400.08 3285.37 3377.21 
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1000 10 0.85 5 5 3162.87 2937.63 2715.42 3220.41 3089.40 

1000 10 0.85 5 10 3007.54 2983.22 3395.22 3356.01 3014.69 

1000 10 0.85 10 5 3364.67 3088.57 3275.60 3210.01 3279.25 

1000 10 0.85 10 10 3081.18 2825.29 3369.96 3086.39 3184.83 

3000 1 0.75 5 5 3145.97 3133.75 3246.16 2985.94 2374.54 

3000 1 0.75 5 10 3176.84 3294.83 3156.60 3268.15 3285.68 

3000 1 0.75 10 5 2976.87 3016.17 3163.30 3191.58 3352.90 

3000 1 0.75 10 10 3265.95 3498.42 3223.13 3377.03 3186.50 

3000 1 0.85 5 5 3319.86 3211.86 3004.44 2726.44 2899.77 

3000 1 0.85 5 10 3377.92 3259.32 3338.61 3413.12 3284.67 

3000 1 0.85 10 5 3464.11 3450.20 3390.62 3310.67 3281.02 

3000 1 0.85 10 10 3420.31 3303.19 3276.01 3289.36 3403.87 

3000 10 0.75 5 5 3012.53 3204.62 2976.87 3139.94 3127.77 

3000 10 0.75 5 10 3318.24 3261.71 2817.31 3265.12 3164.97 

3000 10 0.75 10 5 2918.49 3127.91 3130.20 3112.53 3013.88 

3000 10 0.75 10 10 3083.13 3393.65 3278.61 2985.80 3261.38 

3000 10 0.85 5 5 3073.12 2200.93 2233.94 3298.17 2803.67 

3000 10 0.85 5 10 3090.26 3179.21 3194.65 2965.47 3248.50 

3000 10 0.85 10 5 3235.33 3255.27 3261.98 2918.67 3190.01 

3000 10 0.85 10 10 3134.62 3085.22 3298.68 3176.72 3170.69 

We take the data from Table 5 - 25 into Minitab and run an ANOVA analysis. The 

result is shown in Table 5 - 26.  According to Table 5 - 26, 𝑡𝑓 , 𝛽 𝑎𝑛𝑑 𝜋 are the three 

significant factors to perturbation one SA performance.  

 

 

 

 

According to the main effects plot in Figure 5 - 19, the insulated high-performance 

level for 𝑡𝑓 , 𝛽 𝑎𝑛𝑑 𝜋 are 1, 10, and 10, respectively.  According to the interaction plot in 

the same figure, there is no conflicts between these high-performance levels neither. 

Therefore, we set 𝑡𝑓 = 1, 𝛽 = 10 𝑎𝑛𝑑 𝜋 = 10. 

 

Table 5 - 26 ANOVA table of perturbation one SA parameter experiment on the C-S-S supply chain 
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Figure 5 - 20 Main effects plot (left) and interaction plot of tf , β and 𝜋 of perturbation one SA on the C-S-S supply chain 

Figure 5 - 21 Interaction plot of 𝑡𝑖 , 𝑡𝑓 , 𝛽 𝑎𝑛𝑑 𝜋 of perturbation one SA on the C-S-S supply chain 

Figure 5 - 22 Interaction plot of 𝑡𝑓, 𝛼, 𝛽, 𝜋 of perturbation one SA on the C-S-S supply chain 
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Then, let us decide the levels for the other two non-significant factors 𝑡𝑖  𝑎𝑛𝑑 𝛼.  

According to Figure 5 - 23, when  𝑡𝑓 = 1  𝑡𝑖’s high-performance level is 3000, when 𝛽 =

10  𝑡𝑖’s high-performance level is, and when 𝜋 = 10  𝑡𝑖’s high-performance level is 

3000. Therefore, we set  𝑡𝑖 = 3000. According to Figure 5 - 24, when  𝑡𝑓 = 1 𝛼’s high-

performance level is 0.85, when 𝛽 = 10 𝛼’s high-performance level is either 0.75 or 

0.85, and when 𝜋 = 10 𝛼’s high-performance level is 0.75. We choose to set 𝛼 = 0.85 

arbitrarily.  

We summarize the parameter values in Table 5 - 27 as decided. And based on these 

parameters, we run our SA for another 10 times and obtain the result as shown in Table 5 

- 28. As we can see, the 4th trial give the maximum objective value. Therefore, we choose 

the 4th to check its SA search path, as shown in Figure 5 - 25. 

 

 

 

 

 

 

 

  

In order to escape from the local maximum of 3137.76, several pretty worse 

solutions are accepted during the first 200 moves. After that, our SA search path becomes 

relatively stable and moves consistently towards a better solution. The final accepted 

Table 5 - 27 Parameter of perturbation one SA on the C-S-S supply chain 

Table 5 - 28 Result of perturbation one SA on the C-S-S supply chain 
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move give as a maximum objective value of 3534.29. The total improvement 

is 
3534.29−3137.76

3137.76
= 12.64%. 

 

 

 

 

 

 

 

 

 

Next, we want to try the second perturbation algorithm to optimize the C-S-S 

supply chain 

 

 

 

 

 

 

 

Figure 5 - 26 Searching path of perturbation one SA on the C-S-S supply chain 
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Then, we run our SA for another 160 times to collect the similar data as in Table 5 - 

25, except that this time we are using perturbation algorithm two. The results are 

collected in Table 5 - 29. 

Table 5 - 29 Perturbation two SA parameter experiment on the C-S-S supply chain 

𝑡𝑖 𝑡𝑓  𝛼 𝛽 𝜋 Result 1 Result 2 Result 3 Result 4 Result 5 

1000 1 0.75 5 5 3336.02 3396.97 3286.02 3427.97 3303.63 

1000 1 0.75 5 10 3307.08 3291.38 3208.06 3381.40 3312.21 

1000 1 0.75 10 5 3329.38 3376.09 3242.80 3328.14 3291.38 

1000 1 0.75 10 10 3355.23 3384.03 3500.55 3395.08 3382.53 

1000 1 0.85 5 5 3411.98 3331.40 2978.68 3306.03 3304.61 

1000 1 0.85 5 10 3445.36 3389.05 3317.45 3422.77 3295.02 

1000 1 0.85 10 5 3180.96 3362.60 3354.16 3485.45 3365.70 

1000 1 0.85 10 10 3374.09 3421.58 3424.04 3443.69 3374.38 

1000 10 0.75 5 5 3361.99 3015.64 3226.90 3341.04 3479.22 

1000 10 0.75 5 10 3232.68 3328.13 3262.54 3140.80 3282.89 

1000 10 0.75 10 5 3325.49 3304.95 3307.46 3195.16 3501.09 

1000 10 0.75 10 10 3343.30 3333.84 3292.01 3346.30 3185.38 

1000 10 0.85 5 5 3123.97 3417.27 3451.54 3298.61 3282.31 

1000 10 0.85 5 10 3421.37 3420.88 3421.84 3300.96 3220.58 

1000 10 0.85 10 5 3320.05 3498.79 3388.99 3492.34 3341.71 

1000 10 0.85 10 10 3375.35 3453.85 3435.12 3408.05 3340.25 

3000 1 0.75 5 5 3480.42 3152.41 3220.47 3326.23 3189.95 

3000 1 0.75 5 10 3334.57 3465.60 3388.82 3381.02 3407.84 

3000 1 0.75 10 5 3455.37 3399.56 3341.04 3252.68 3432.70 

3000 1 0.75 10 10 3295.29 3328.94 3402.77 3402.65 3473.78 

3000 1 0.85 5 5 3184.47 3245.56 3103.35 3047.35 3314.36 

3000 1 0.85 5 10 3416.27 3450.62 3350.63 3375.39 3372.43 

3000 1 0.85 10 5 3246.04 3208.78 3467.24 3482.76 3100.97 

3000 1 0.85 10 10 3340.36 3365.78 3444.08 3330.09 3295.94 

3000 10 0.75 5 5 3282.50 3235.10 3140.64 3129.90 3283.20 

3000 10 0.75 5 10 3416.35 3236.31 3147.95 3420.00 3279.25 

3000 10 0.75 10 5 3224.41 3127.50 3178.01 3211.03 3335.22 

3000 10 0.75 10 10 3457.01 3281.72 3335.35 3318.62 3407.67 

3000 10 0.85 5 5 3456.01 3284.13 3350.67 3256.70 3408.83 

3000 10 0.85 5 10 3365.64 3412.35 3306.13 3258.92 3283.22 

3000 10 0.85 10 5 3327.08 3343.16 3298.83 3361.05 3155.32 

3000 10 0.85 10 10 3452.76 3431.81 3282.39 3487.94 3465.70 
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We take the data in Table 5 - 29 into Minitab and run an ANOVA analysis. The 

result is shown in Table 5 - 29. According to Table 5 - 30,  𝛽 𝑎𝑛𝑑 𝜋 are the two 

significant factors to perturbation two SA performance.  

 

 

 

 

According to the main effects plot in Figure 5 - 28, the insulated high-performance 

level for  𝛽 𝑎𝑛𝑑 𝜋 are both. According to the interaction plot in the same figure, there is 

no conflicts between these high-performance levels neither. Therefore, we set 𝛽 =

10 𝑎𝑛𝑑 𝜋 = 10. 

 

 

 

 

 

 

Then, let us decide the levels for the other three non-significant 

factors 𝑡𝑖,  𝑡𝑓  𝑎𝑛𝑑 𝛼.  According to Figure 5 - 17, when = 10  𝑡𝑖’s high-performance 

level is 1000, and when 𝜋 = 10  𝑡𝑖’s high-performance level is 3000. Therefore, we set 

 𝑡𝑖 = 3000 arbitrarly. According to Figure 5 - 18, when = 10  𝑡𝑓’s high-performance is 1, 

and when 𝜋 = 10  𝑡𝑓’s high-performance level is 1. Therefore, we set  𝑡𝑓 = 1. According 

Figure 5 - 27 Main effects plot (left) and interaction plot of 𝛽 𝑎𝑛𝑑 𝜋 of perturbation two SA on the C-S-S supply chain 

Table 5 - 30 ANOVA table of perturbation two SA parameter experiment on the C-S-S supply chain 
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to Figure 5 - 19, when 𝛽 = 10 𝛼’s high-performance level is 0.85, and when 𝜋 = 10  𝑡𝑖’s 

high-performance level is 0.85 as well. Therefore, we set 𝛼 = 0.85.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5 - 29 Interaction plot of 𝑡𝑖 , 𝛽 𝑎𝑛𝑑 𝜋 of perturbation two SA on the C-S-S supply chain 

Figure 5 - 30 Interaction plot of 𝑡𝑓, 𝛽 𝑎𝑛𝑑 𝜋 of perturbation two SA on the C-S-S supply chain 

Figure 5 - 31 Interaction plot of 𝛼, 𝛽 𝑎𝑛𝑑 𝜋 of perturbation two SA on the C-S-S supply chain 
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We summarize the parameter values in Table 5 - 31.  And based on these 

parameters, we run our SA for another 10 times and obtain the result as shown in Table 5 

- 32. As we can see, 7th trial gives the maximum objective value. Therefore, we choose 

the 7th trial to check its SA search path, as shown in Figure 5 - 32. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 5 - 31 Parameter of perturbation two SA on the C-S-S supply chain 

Table 5 - 32 Result of perturbation two SA on the C-S-S supply chain 

Figure 5 - 33 Searching path of perturbation two SA on the C-S-S supply chain 
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In order to escape from the local maximum of 3137.76, several pretty worse 

solutions are accepted during the first 150 moves. After that, our SA search path becomes 

relatively stable and moves consistently towards a better solution. The final accepted 

move give as a maximum objective value of 3496.11. The total improvement 

is 
3496.11−3137.76

3137.76
= 11.42%. 

We merge the most right columns, from Table 5 - 28 and Table 5 - 32, into Table 5 

- 33 so that we can compare the performance of perturbation one and two side by side. 

Are their performance statistically different?  We take the data from Table 5 - 33 into 

Minitab and run a t-test, whose result is shown in Table 5 - 34. According to Table 5 - 34, 

we can tell that the performance of perturbation algorithm two is statistically better the 

performance of perturbation algorithm one on this C-S-S supply chain. Based on this 

information, we recommend to only use perturbation two to optimize C-S-S problem. 

 

 

 

 

 

 

 

 

 

 

Table 5 - 33 Compare the SA results using perturbation one and perturbation two on the C-S-S supply chain 

Table 5 - 34 T-test between the SA results of perturbation one and perturbation two on the C-S-S supply chain 
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Finally, we summarize the optimum allocation of this C-S-S Kanban supply chain 

in Table 5 - 35. Based on the given parameters, we recommend that the supply chain runs 

its periodical operation every 0.5 hour, that the service level at the customer shop should 

be 83%, that 3 trucks should be assigned to travel between the customer shop and the 1st 

supplier, that the service level at the 1st supplier’s warehouse should be 93%, that 3 trucks 

should be assigned to travel between the two suppliers, that 3 machines should be set up 

at the 1st supplier’s plant, that 4 machines should be set up at the 2nd supplier’s plant, and 

that there should be 15 production Kanbans circulating between the plant and the output 

inventory in each of the suppliers. Then, the entire supply chain could achieve a total 

profit of $3539.23 every 0.5 hour. 

 

 

 

 

 

 

 

 

 

 

 

 

Table 5 - 35 Optimum allocation of the C-S-S supply chain 



 

83 

 

We notice that the recommended operation period is 0.5 hour. Does that mean the 

trucks have to travel back and forth between the suppliers every 0.5 hour? Is this worth 

the cost? Compared to the big profit generated through the supply chain, yes, it is. But 

what if the transportation cost increases, are you supposed to keep those trucks running 

so often? Let’s find out. (Note that we assume all kinds of cycle times can fit into 30 

minutes.) 

Based on the data in Table 5 - 35, we change 𝐺1from 50 to 500 with a step of 50. 

For each 𝐺1 value, we run our perturbation two SA to find the 𝑂𝑝𝑡𝑖𝑚𝑢𝑚 𝑡, and collect 

the results in Table 5 - 36. If we put these data onto a scatter plot, as shown in Figure 5 - 

34, then draw a trend line, we can see clearly that the optimum 𝑡 increase with the 

parameter 𝐺1. Recall  𝐺1 = 40 in Table 5 - 35, which explains why its corresponding 

optimum t is only 0.5 hour.  

 

 

 

 

 

 

 

 

 

 

Table 5 - 36 Optimum 𝑡 increases with 𝐺1 

Figure 5 - 35 Optimum 𝑡 increases with 𝐺1 
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We also want to know how the  𝐺1 parameter influences the relationship 

between 𝑡 𝑎𝑛𝑑 𝑓(𝑡), not only on the optimum point, but the entire feasible range. In order 

to do so, we hold all the parameters in Table 5 - 35 except  𝐺1 and all the decision 

variables except 𝑡, and collect the data shown in Table 5 - 37. We visualize the data in 

Table 5 - 37 and get Figure 5 - 36.  

Table 5 - 37 𝑓(𝑡) under different 𝐺1 

  Objective Value 

t  𝐺1 = 40  𝐺1 = 100  𝐺1 = 200 

0.5  3534.29  2814.29  1614.29 

0.6  3458.79  2858.79  1858.79 

0.7  3274.67  2760.39  1903.24 

0.8  2999.18  2549.18  1799.18 

0.9  2666.48  2266.48  1599.82 

1  2264.06  1904.06  1304.06 

1.1  1887.80  1560.53  1015.08 

1.2  1522.45  1222.45  722.45 

1.3  1164.37  887.45  425.91 

1.4  842.20  585.06  156.48 

1.5  524.80  284.80  -115.20 

 

 

 

 

 

 

 

 

Figure 5 - 37 𝑓(𝑡) under different 𝐺1 
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According to Figure 5 - 38, regardless of the 𝐺1, 𝑡 𝑎𝑛𝑑 𝑓(𝑡) always have similar 

relationships – with a increasing 𝑡, 𝑓(𝑡) always first increases, then reaches its peak, then 

decreases. However, with the same value of  , 𝑓(𝑡) decreases with an increasing 𝐺1. The 

peak of plot[𝑡, 𝑓(𝑡)] trends to shift to the right with an bigger 𝐺1 value. If we connect all 

the peaks of the plots in Figure 5 - 39, we get the optimum path for variable 𝑡. And this 

optimum path gives us the same result as Figure 5 - 40 that the optimum 𝑡 increases with 

𝐺1. As for the explanation of the shape of the plots, the uphill part might attribute to the 

saved transportation cost, and the downhill part might attribute to the profit lose caused 

by insufficient transportation capacity.  

 

5.2 Model Analysis  

We know that the number of Kanbans significantly influence the overall 

performance of a Kanban system. However, the relationship between the number of 

Kanbans and the performance of a Kanban system varies under different circumstances. 

In this section, we use our model to detect these variations by changing the values of 

some specific parameters, which reflect the external environment changes in the real 

world. Knowing these patterns is essential because it helps us to make more reasonable 

decisions to respond unexpected changes.  

Note that these analysis are based on the optimum allocation of the C-S-S supply 

chain. All the variables and parameters, which are not mentioned, stay at the same values 

as in Table 5 - 35. We assume that the number of production Kanbans at the two 

suppliers are the same (𝐾1 = 𝐾2) so that we can treat them as one variable. 
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5.2.1 Various Demand Rate 

We want to know how the customer demand rate 𝐷 influences a Kanban system. In 

order to do so, we change 𝐷 to three different levels: 10, 20 and 30. And we observe how 

the overall profit of the supply chain changes with the number of Kanbans under different 

𝐷 values.  

In addition, in order to allow the entire demand flow moves smoothly throughout 

the supply chain, we provide enough transportation capacity and production capacity by 

setting all the capacity variables to 8 and the number of equipment variables to 5. 

Under three different levels of 𝐷, we change 𝐾1/𝐾2 from 5 to 50 with a step size of 

5, collect all the corresponding objective values (profit) in Table 5 - 38 and plot the dada 

in Figure 5 - 41. 

 

 

 

 

 

 

 

Regardless of the value of 𝐷, all the three plots flow the same pattern. The profit 

first increases with the number of Kanbans, then reaches its peak, then decreases. The 

profit first increases because the increasing number of Kanbans are improving the service 

level of the supply chain so that more customer demand can be satisfied thus the Kanban 

Table 5 - 38 Various demand rate 
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system generates more profit. The profit decreases after the peak because the number of 

Kanbans excesses its necessary level. The inventory cost associated with these excessive 

Kanbans outweighs the additional revenue created by the further improved service level.  

 

 

 

 

 

 

 

 

 

However, there are also two major difference between these plots. First, given the 

same number of Kanbans, the system with higher demand rate always generate more 

profit. Secondly, the peaks of these plots appear at different locations. Higher the demand 

rate, more Kanbans are needed to achieve its maximum profit. 

5.2.2 Various Time Limit 

From previous study, we know that we should run the operation cycle as frequently 

as possible to achieve a higher profit, as long as the operational cost margin does not 

outweigh the revenue margin. However, sometimes there’s something else which can 

limit our operation speed. For example, the production cycle time. If the cycle time of 

one of the parts along the Kanban supply chain is longer than 30 minutes, then there is no 

Figure 5 - 42 Various demand rate 
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way we can run the entire Kanban operation every 30 minutes. There are also many other 

reasons which can delay the operation, such as traffic accident and natural disaster. 

Therefore, we need to know how the various time limit influences our Kanban system.  

In order to fully demonstrate the time impact, we need to do the following set-up. 

We set the demand rate to be 30, all the equipment capacity to be 20, and all the 

equipment quantity to be 5. 

Then we change the number of Kanbans from 10 to 120 with a step size of 10, 

under three time levels, 0.5, 1, and 1.5. We collect all the objective values (profit) in 

Table 5 - 39 and plot the data in Figure 5 - 43. 

 

 

 

 

 

 

 

 

 

The plots in Figure 5 - 44 share some common features with the ones in Figure 5 - 

23. First, the plots all first increase then decrease with an increasing number of Kanbans. 

Second, their peaks appear at different places. Longer the time limit, more Kanbans are 

needed to achieve an optimum Kanban allocation. The reason is that more demands will 

Table 5 - 39 Various time limit 
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be accumulated if the operation period gets longer. Therefore, more Kanbans are needed 

to satisfy this bigger demand level during each operation interval.  

 

 

 

 

 

 

 

 

 

The difference about Figure 5 - 46  is that although the plot with a shorter time 

limit always have a higher profit peak than a plot with a longer time limit, given a 

specific number of Kanbans the system with a shorter time limit does not always generate 

a higher profit. It depends. When the number of Kanbans is smaller, the system with 

shorter time limits generates higher profit; when the number of Kanbans is bigger, the 

system with longer time limit generates higher profit. Therefore, the plots in Figure 5 - 47 

overlap each other. When the inventory level is extremely high, we may want to prolong 

our operation period so that more demands can be accumulated then used to consume this 

high inventory level. In this way, the overall profit can be improved. However, this is 

merely a rescue method. We want to avoid such high inventory level in the first place. 

 

Figure 5 - 45 Various time limit 
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5.2.3 Various Reliability 

Recall that the up-times and repair-hours of the trucks and machines in our Kanban 

system all follow exponential distributions. Therefore, there is a reliability in the Kanban 

supply chain. We are curious about how the reliability of these equipment affects the 

Kanban System.  

In order to fully demonstrate the reliability impact on Kanban, we do the following 

set-up first: we set the demand rate to be 30, all of the equipment capacity to be 8, all of 

the equipment quantity to be 4, and all of the equipment failure-rate to be 0.1. The repair-

hours of all the equipment are the same, denoted as 𝛽. 

Then we change the number of Kanbans from 10 to 150 with a step size of 10, 

under three levels of repair-hours (𝛽). We collect all the objective values in Table 5 - 40 

and plot the data in Figure 5 - 48. 

 

 

 

 

 

 

 

 

 

 

Table 5 - 40 Various reliability 
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According to Figure 5 - 50, given the same number of Kanbans, a system with 

shorter repair-hour always generates higher profit than a system with longer repair-hour. 

When the system is more reliable, more demands can arrive at the upstream facilities thus 

generate more profit. Also, the peaks of the plots appear at difference locations. Longer 

the repair-hour, more the Kanbans are needed to achieve the systems optimum allocation.  

5.2.4 Various Inventory Cost 

In a Kanban system, the inventory cost is directly controlled by the number of 

Kanbans. Therefore, it is significant to be aware of how the inventory cost influences a 

Kanban system. 

In order to fully demonstrate the inventory cost impact on a Kanban system. 

Following set-up has been made: we set the demand rate to be 30, all the equipment 

capacity to be 8 and all the equipment quantity to be 4. And we assume the inventory 

costs throughout the supply chain are the same, denoted as 𝐻. 

Figure 5 - 49 Various reliability 
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Then we vary the number of Kanbans from 15 to 60 with a step size of 5, under 

three levels of inventory cost, 10, 50 and 100. We collect all the objective values in Table 

5 - 41 and plot the data in Figure 5 - 51. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 5 - 41 Various inventory Cost 

Figure 5 - 52 Various inventory Cost 
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Given the same number of Kanbans, a system with lower inventory cost can always 

generate higher profit. The reason is obvious. Lower the cost, higher the profit. Also, a 

system with lower inventory cost needs more Kanbans to achieve its optimum allocation. 

As stated before, the major reason that the profit decrease with larger number of Kanbans 

is that the margin of Kanban related inventory cost outweighs the margin of high service 

level related revenue. Therefore, when the inventory cost is lower, the Kanban system 

will be able to achieve a higher service level before the Kanbans’ inventory cost begin to 

compromise its benefits. And higher service level means higher profit.  

 

5.2.5 Various Customer Rejection Cost 

In our model, the service level is reflected by customer rejection cost. The 

magnitude of customer rejection cost further reflects how important the stakeholders 

think of their service levels. In this section, we will check how the customer rejection 

cost influences our Kanban system.  

In order to fully demonstrate the customer rejection cost impact on Kanban system. 

Following set-up has been made: we set the demand rate to be 30, all the equipment 

capacity to be 8, and the all the equipment quantity to be 4. We assume that all the 

customer rejection cost throughout the supply to be the same, denoted as 𝑅. 

We vary the number of Kanbans from 10 to 100 with a step size of 10, under three 

level of customer rejection cost, 10, 100, and 200. We collect all the objective values in 

Table 5 - 42 and plot the data in Figure 5 - 53. 
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In Figure 5 - 55, there is a dividing point. A system with lower customer rejection 

cost always generates higher profit than a system with higher customer rejection cost, at 

any point where the number of Kanbans is smaller than 40. When the number of Kanbans 

reaches 40, however, all the systems generate the same amount of profit regardless of the 

value of their customer rejection cost. Why is this? Because the service level of this 

Table 5 - 42 Various customer rejection cost 

Figure 5 - 54 Various customer rejection cost 
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supply chain get around 100% when there are 40 Kanbans. Before the service level gets 

100%, there are demand loss, and this loss will be reflected as customer rejection cost. 

Naturally, the system with lower customer rejection cost rate gets higher profit. After the 

service level reaches 100%, there is no customer demand loss. Therefore, no customer 

rejection cost would never happen. No matter how big the difference between the 

customer rejection cost rates, if there is no customer rejection, then there’s no rejection 

cost. And that is why the plots converge after the diving point.  

5.2.6 Various Price 

Last but not the least, we want to know how the price of the product influences our 

Kanban system. In order to fully demonstrate the price impact, following set-up has been 

made: we set the demand rate to be 30, all the equipment capacity to be 8, all the 

equipment quantity to be 4. Also, we introduce a price ratio. We use this price ratio to 

multiple all the prices and then take them back into our model. 

We change the number of Kanbans from 20 to 50 with a step size of 1, under three 

levels of price values, 1, 0.8, and 0.5. We collect all the objective values in Table 5 - 43 

and plot the data in Figure 5 - 56. 

Table 5 - 43 Various price 

    Objective Value (Profit) 

𝐾1/𝐾2  price ratio = 1  price ratio = 0.8  price ratio = 0.5 

20  7830.82  5842.12  2859.07 
21  8306.70  6222.34  3095.81 
22  8772.41  6594.20  3326.89 
23  9221.24  6952.19  3548.63 
24  9648.57  7292.54  3758.49 
25  10068.20  7630.25  3973.32 
26  10442.31  7926.86  4153.67 
27  10782.52  8195.61  4315.26 
28  11108.26  8456.17  4478.04 
29  11375.59  8665.04  4599.21 
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30  11625.89  8863.60  4720.16 
31  11815.92  9008.92  4798.43 
32  11988.99  9144.00  4876.52 
33  12104.99  9228.48  4913.73 
34  12206.95  9305.12  4952.37 
35  12259.39  9337.36  4954.33 
36  12303.56  9366.50  4960.91 
37  12323.81  9375.99  4954.25 
38  12324.69  9369.57  4936.88 
39  12310.79  9351.01  4911.34 
40  12277.65  9312.91  4865.80 
41  12247.69  9281.15  4831.35 
42  12212.79  9245.34  4794.16 
43  12172.82  9205.36  4754.17 
44  12132.84  9165.38  4714.18 
45  12092.85  9125.38  4674.19 
46  12052.85  9085.39  4634.19 
47  12012.86  9045.39  4594.19 
48  11972.86  9005.39  4554.19 
49  11932.86  8965.39  4514.20 
50   11892.86   8925.39   4474.20 

 

 

 

 

 

 

 

 

 

Figure 5 - 57 Various price 



 

97 

 

According to Figure 5 - 58, when the price is higher, more Kanbans are needed to 

achieve its optimum allocation. The reason is that the higher price can offset the 

additional inventory cost associated with Kanbans. Therefore, the Kanban system with 

higher price can achieve higher service level with more Kanbans before the profit margin 

disappears. 

5.2.6 Summary 

In section 5.2, we have analyzed the impact of several unexpected external changes 

to the relationship between the number of Kanban and the supply chain’s total profit. 

When these changes happen, we need to respond by making modifications on the number 

of Kanban. In order to achieve the maximum profits under different circumstances, we 

should know two things: 1) which direction to move; 2) how long to move along that 

direction.  

When an external factor changes, it will have an immediate impact on the profit, 

and that is before we make any modification on the number of Kanban. After adjusting 

the number of Kanban, we will move the Kanban system to its new optimum stage under 

the new circumstance. The pattern (or direction) of all these changes are summarized in 

Table 5 - 44 and Table 5 - 45.  

Table 5 - 44 Positive Changes 

Environment Chang Immediate  Impact to Profit Best Move on # Kanban Maximum Profit 

Demand ↑ ↑ ↑ ↑ 

Flexibility ↑ 
Small 

Inventory 
Large 

Inventory 
↑ ↓ 

 

↓ ↑ 

Reliability ↑ ↑ ↓ ↑ 

Inventory Cost ↓ ↑ ↑ ↑ 

Customer Rejection Cost ↓ 
Small 

Inventory 
Large 

Inventory 
↑ No Change 

 

No change No change 

Gross Profit ↑ ↑ ↑ ↑ 
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Table 5 - 45 Negative Changes 

Environment Chang Immediate  Impact to Profit Best Move on # Kanban Maximum Profit 

Demand ↓ ↓ ↓ ↓ 

Flexibility ↓ 
Small 

Inventory 
Large 

Inventory 
↓ ↑ 

 

↑ ↓ 

Reliability ↓ ↓ ↑ ↓ 

Inventory Cost ↑ ↓ ↓ ↓ 

Customer Rejection Cost ↑ 
Small 

Inventory 
Large 

Inventory 
↓ No Change 

 

No change No change 

Gross Profit ↓ ↓ ↓ ↓ 

Some of these patterns are very intuitive, such as the changes on demand and 

inventory cost, which we can even imagine without referencing to the Kanban model. 

Some other patterns might be much easier to capture with the model. For example, the 

changes on system flexibility and customer rejection cost.  

However, is our decision supposed to be only based on patterns and intuitions? 

Take the demand change for example (Figure 5 - 59). Suppose the current demand rate is 

20. Our Kanban system is at its current optimum stage - point ① (optimum stage could 

be achieve by continuous improvements, even without a model, but it takes more time). 

The number of Kanban is 25 and the total profit is 7498.51. All of sudden, the demand 

rate dropped from 20 to 10, which caused our profit dropped from 7498.51 to 2623.48 

(point ②). Now what do we do? According to our intuition, we know that we should 

reduce the number of Kanban. But how many Kanban exactly do you want to cut?  Say 

we have four options, cutting it from 25 to 5 (point ③), 10(point ④), 15(point ⑥), or 

20(point ⑤). Our intuition tells us to rule out 5, because we still have a demand rate of 

10, which means having a buffer level under than 10 is not a good idea. But how do we 

choose from 10, 15 and 20? Without a model, we have no clue how to make the further 

selection. 
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Let’s see what the model can tell us. According to Figure 5 - 60, under a demand 

rate of 10, 10 Kanban relates to a profit of 2806.34, 15 Kanban relates to a profit of 

3110.64, and 20 Kanban relates to a profit of 2873.48. Therefore, we should choose 15 as 

our new number of Kanban.  

In summary, a negative demand change took us from point ① to point ②, under 

which circumstance we have four options to take as a response. Our intuition can help us 

rule out point ③, but only point ③. Our model can further help us rule out point ④ and 

point ⑤. Finally, we can take point ⑥ as our best move, which partially recovers the 

profit to the greatest degree possible, from 2806.34 to 3110.64. Similarly, when a bigger 

demand rate of 30 takes the Kanban system from point ① to point ⑦, we can also use 

our model to take the best advantage of this positive change by moving our system from 

point ⑦ to point ⑧.  
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Figure 5 - 61 Make a more scientific decision 
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When it comes to decision-making, we need something more than patterns and 

intuition. Patterns and intuition only take us so far, by merely providing a moving 

direction, but a sophisticated Kanban model tells us how long we should proceed along 

that direction.   
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6 CONCLUSION AND FUTURE RESEARCH 

6.1 Conclusion 

Selecting an appropriate production planning and control mechanism for a specific 

working environment is more important than building a complex mathematical model. 

The mechanism has to provide a logical procedure so that all the workflows in the system 

move smoothly and all the ongoing activities never surpass the system’s capacity. 

However, after deciding the best mechanism, we do have to figure out a configuration 

good enough to begin the implementation. This might only serve as a starting point 

because we want to continuously improve our system through upcoming iterations. In 

this research, we propose a stochastic method to model a double-Kanban-based supply 

chain. Our work is different from others because this model is strictly constructed under 

the JIT philosophy. For example, we include operation frequency as one of our variables, 

which reflects the level-production aspect of JIT, and we relate the number of Kanban to 

the output inventory cost and treat it as part of our objective function, which reveals the 

fact that JIT systems do have inventory cost and that we have to make trade-offs between 

the Kanban system’s inventory cost and service level. 

In Chapter 1, we introduce the two of our major concerns about building a more 

robust Kanban model: 1) the model should be strictly developed under the JIT 

philosophy; 2) a more comprehensive performance measurement is needed to guide the 

trade-offs in the optimization process. Taking these two concerns as criteria, we take a 

state-of-art literature review on Kanban in Chapter 2. These literature not only confirm 

our statement about the Kanban research gaps, but also provide us with several valuable 

considerations that could be incorporated in our own model. 
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In Chapter 3, we introduce our Kanban model – the parameters, the decision 

variables, and a detailed explanation about how to use these parameters and decision 

variables to construct our objective function. The objective function of our model is the 

total profit generated though the Kanban-based supply chain per unit time, and it mainly 

contains four parts – the gross profit, the demand rejection cost, the inventory cost, and 

the equipment cost. The constraints or search space of this modelling process is discussed 

later in chapter 4, where this entire Kanban model is treated as an energy function (the 

objective function of a SA). 

In Chapter 4, we talk about a simulated annealing algorithm (SA). SA is one of the 

most popular and efficient meta-heuristics used to find good solutions to a non-linear 

model like ours. Firstly, we give a general description about how SA works. Then, based 

on our specific Kanban problem, we explain the most significant components of a SA one 

by one – the solution vector, the objective function (energy function), the search space 

(constraints), the perturbation algorithm (search path), the cooling schedule, and the 

stopping rules. Finally, we summarize the entire SA workflow using pseudocode. 

 In the first part of Chapter 5, we give two numerical examples of using SA to 

optimize Kanban systems. The first system is a one-customer-shop & one-supplier (C-S) 

supply chain, and the second system is a one-customer-shop & two-supplier (C-S-S) 

supply chain. First, we use experimental design to find high-quality initial solutions for 

both of the two systems. Second, based on the initial solutions, we implement SA to find 

better solutions. As a result, the profit of the C-S supply is improved by 4.68%, and the 

profit of the C-S-S supply is improved by 12.64%. Therefore, we can see that the more 

stages the Kanban system have, the more efficient a SA can be used to find its optimum 

allocation. We also find that the perturbation algorithm two statically performances better 

than the perturbation algorithm one on the C-S-S supply chain optimization. The reason 
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might be that the perturbation algorithm two provides more aggressive movements than 

the perturbation algorithm one, so that it provides a better chance for a bigger solution 

vector to escape from its local optimum. 

In the second part of Chapter 5, we analyze how various demand, time limit, 

reliability, inventory cost, customer rejection cost and product price affect the 

relationship between the number of Kanbans and the overall profit of the Kanban-based 

supply chain. Not only can these analysis prove the robustness of our Kanban model, but 

also they give us more insights into the Kanban system. Based on these analysis, we are 

able to find better responses to the unexpected external environment changes, partially 

recover the profit when the changes are negative, and take better advantage of the 

changes when they are positive (See Table 5 - 44 & 5 - 45, Figure 5 - 62). 

6.2 Future Research 

This research can be further extended in the following ways. First, we only 

consider a single product line. Therefore, future work can focus on introducing multi-

product lines and optimizing the production sequence. Second, to simplify the 

calculation, we assume all material ratios to be one, which means in every facility only 

one unit of raw material is needed to manufacture one unit of product. Hence, future 

study can work on embedding a real-world BOM into this model. Last, it worth a try to 

build a meta-model, such as a neural network, to learn the input/output pattern of our 

model. If successful, the current energy function can be replaced with the neural network, 

so that the computational time can be further reduced. 
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