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ABSTRACT

In this study, inventory systems for repairable-parts with service level consid-

eration are studied. The first study develops a multi-parts inventory system and

transportation decisions. A failed part might be repairable at the stock location, or

at repair facilities, or it might be non repairable, which should be replaced by a new

purchased part. The objective is to find the base stock levels and shipping modes

that maximizes the total weighted fill rate within a given budget. An optimization

model and the properties of the objective function are developed. An approximation

method is used to eliminate the highly non-linearity of the objective function, and the

optimality of approximated model is discussed under specific conditions. The results

of numerical experiments show the benefits of alternative transportation mode. Fail-

ure rates are observed to be the most significant factor in determining the assigned

base stock level and shipping mode.

A two-echelon repairable-parts inventory system is considered in the second study,

where emergency purchasing and ordering from the central warehouse are allowed

to obtain high service level. A dynamic decision making model is developed that

minimizes the system’s operational costs, including transportation, stocking and pur-

chasing new parts during the contract period, and provides the required service level

over the contract period. The numerical experiments show the benefits of purchasing

and ordering options in systems with high penalty costs and long repair times, espe-

cially where the allocated inventory to the stock location is not enough to guarantee

the target service level. Our model also provides the best base stock levels that min-

imize the operational costs and initial investments at the stock location.

ix



In the previous studies, we assumed that the contractual terms are given to the sup-

plier and are considered as fixed parameters. The main focus in the last study is

providing the contractual terms to the supplier that prompts him to provide a better

service performance. The decision maker in this system is the customer, and he re-

quires a minimum service level from the supplier. The customer is willing to grant the

supplier for a better service performance by providing incentives. The objective is to

find the terms of contract, the fixed payment, incentives and contract duration, that

maximize the service provided by the supplier during the planning horizon under a

constrained budget. We first develop a mixed integer programming model assuming

the information on the supplier’s cost and service is visible to the customer. Then,

we extend our model to a robust model in which the uncertainty of information is

included.
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Chapter 1

Introduction

Providing fast after sales services is not only necessary for the suppliers to distin-

guish themselves among their competitors, but also can provide larger profits com-

pared to the profits from initial products (Kranenburg, 2006). After-sales services

mostly concern maintenance, including corrective maintenance and system failure

management. Corrective maintenance often removes a failed part of a system and

replaces it with a new or an already repaired part. Usually the failed part will be

repaired and be considered good as a new part. To provide more timely services to

customers, who are usually geographically dispersed, efficient service parts logistic is

crucial. Service parts logistics include decisions, such as the design of a responsive

network, inventory and replenishment policies, and part distribution from network

facilities to the customers (Candas and Kutanoglu, 2007). In service part logistics,

a supplier establishes relations with its customers through Service Level Agreements

(SLAs) over a period of time, usually defined in terms of years. SLAs include a broad

range of supplier, such as internet service providers and application service providers
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(Malonis, 2002). Through these agreements, the provider guarantees a certain min-

imal level of service, and substantial penalties, mostly financial, against the service

provider are usually applied if the service elapses below the specified level in the con-

tract.

SLAs can be established for consumable parts, where parts are removed from

the system after they are sent to customers, or repairable parts, including spares,

that can be reused in the system after they are fixed. Most repairable parts are ex-

pensive, and reconditioning is done as a part of warranty and after-market services.

This proposal is devoted to service part logistics, including inventory network design

and transportation of stocks within a defined SLA for repairable parts. It proposes

new models and analytical techniques to extend the traditional supply systems by

considering alternative transportation modes and operational decisions.

1.1 Background

1.1.1 Performance-based Logistics (PBL)

After-sales services have become increasingly important in the competitive busi-

ness environment, as the revenues from them can be up to 30% of total sales (Cohen,

Zheng and Agrawal, 1997; Deloitte, 2006) and the probability in service is usually

higher than the profit in the initial products (Aberdeen Group, 2005). Deloitte (2006)

showed that the revenues generated by the service business were even more than 50%

of the total revenues in approximately 20% of benchmarked companies and the sup-

plier’s responsiveness and long lead times were the major barriers to service excellence.
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It is evident that attention to after-sales services is increasing.

Service and parts management plays a crucial role in the aerospace and defense

industries as they move towards performance-based service and logistics agreements

with customers, which guarantee availability and reliability of equipment, parts and

sometimes entire platforms, such as jet propulsion, over an extended period of time

(Deloitte, 2006). PBL is a strategy for weapons system support by which the ser-

vice provider delivers performance outcomes defined by performance metrics. In the

Defense Acquisition Guidebook, PBL is defined as “.. an integrated, affordable, per-

formance package designed to optimize system readiness and meet performance goals

for a weapon system through long term support arrangements with clear lines of au-

thority and responsibility” (Vitasek and Geary, 2008).

PBL emerged in late 1990s and in 2001, became a preferred method by lowering

costs while increasing the reliability and availability of the system. Availability is

defined as the percentage of demands satisfied within a definite time window. For ex-

ample, it guarantees that at least 80 percent of demands arriving within the two-year

contract period should be satisfied within 48 hours.

In this study, two performance metrics are used to develop the necessary PBL.

In Chapter 3, the total fill rate is the primary system performance measurement,

which implies the percentage of the demands satisfied immediately with on hand in-

ventories. Based on this measurement, the performance of the system is optimized

by developing the optimal inventory and transportation policies. In Chapter 4, the

service level agreement is applied to guarantee the level of services provided by the

end of the contract period. It is defined as the percentage of demands satisfied within

a specified time window. A penalty cost is imposed on the supplier if he fails to

3



provide the agreed service level at the end of the contract period. Deloitte (2006)

stated that quicker response time is one of the key elements in raising service excel-

lence. Service response time can be decreased by having more inventories in stock,

closer warehouses, and faster transportation modes. In this study, inventory levels

and transportation times are controlled to provide the target service level.

1.1.2 Inventory Control in After-Sales Services

In this research, we study service parts inventory control to facilitate repairable

parts maintenance systems in the first two studies. The main question in the first

part of study is to determine the amount of inventory needed for each spare part to

be in stock to maximize the system availability with limited resources. Generally,

base stock policies are used for service parts inventory systems. In this type of policy,

also known as a one-for-one replenishment policy, a base stock level determines the

inventory level for individual parts. Once a consumable part is used to satisfy a

customer’s request, a new one is ordered to replenish the stock in the warehouse. In

repairable parts inventory systems, the customer’s failed part is removed and sent

for repair. We try to answer the research questions under base stock policies in our

models.

Inventory control and management are important to ensure that the required part

is on hand at the right time and in the right quantity. Although having larger amounts

in stock decreases response time and results in higher service level, it imposes extra

costs. This cost is more distinguishable in repairable parts systems, where mostly

expensive components are stored. GAO1 (2007) stated that the United States Air

1United States Government Accountability Office
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Force had large amounts of inventory on order and on hand that were not required

to support its requirements. It reported that between 2002 and 2005, more than half

the spare inventory, worth $31.4 billion per year on average, was not needed. In a

more recent report, GAO (2009) analyzed the Army data on the spare part inventory

between 2004 and 2007 to determine whether the on hand inventory supported the

current requirements, and identified the causes of excess or shortage in inventories.

Inaccurate demand forecast was one of the main reasons that the inventory did not

align with current requirements over this time period. GAO analysis showed that

on average, about 22 percent of the total annual inventory value exceeded current

requirements. Both reports showed the importance of inventory control in service

parts of high value.

As service level is usually defined for more than one piece of equipment or part, it

creates an opportunity for service providers to meet the target level for the system,

while having different service performances for individual parts. In general, it would

be wise to decrease the stock of expensive parts and increase the inventory for cheap

parts (Kranenburg, 2006), so the system service level can be met at a lower total cost.

Kranenburg (2006) stated that a multi-part or system approach can easily result in

savings of up to 50% compared with the single-part approach, where the service level

should be met for each individual part. A multi-part inventory model is developed in

Chapter 3 that shows the different service levels for individual parts while maximizing

the system’s performance.

Service levels are usually defined by a required service response time. Service

response time can be improved by shipping parts using faster transportation modes

which are usually more expensive. Faster shipping modes or emergency shipments

5



have been used in many studies to improve service instead of increasing stock values

(Van Roy, 1989; Jaruphongsa, Cetinkaya and Lee, 2005; Perlman and Levner, 2010).

In our research, multiple transportation modes are also considered to optimize system

performance.

A service supply system may include more than two echelons, where a higher

level warehouse replenishes stock in lower level warehouses. In the second part of

our study, we focus on how to control the available inventory that minimizes the

operational costs for a two-echelon inventory system. The main challenge in this

study is whether to use the on hand inventory for current demands or not, while

containing the service level requirement. The decisions also include purchasing new

parts to meet anticipated demand during the contract period.

1.1.3 Contracting in After-Sales Services

Two different organizations, the supplier and the customer, are usually involved

in after-sales services. These two parties are usually self interested in their organi-

zation benefits. Hence, the issue of contracting between them becomes important,

especially in industries with significant uncertainties in cost and repair processes,

such as aerospace and defense (Kim, 2008). While, in the traditional contracting, the

physical assets or products, such as spare inventory were the focus, in performance

based contracting (BPC), the customer payments to the supplier is affected by the

supplier’s outcome in the service (Kim, 2008).

Even though the results from implementing PBL contracting suggest that it mo-

tivates the suppliers to meet a better performance, it comes with the risk associ-

ated with the randomness of the outcomes. Hence, the customer usually trans-
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fers these risks to the supplier in the form of uncertain contract payments (Kim,

2008). Selviaridis and Norrman (2014) discussed the factors that influence the service

provider/supplier’s willingness to bear performance based contracting. “Performance

attributability within the service supply chain; relational governance in service sup-

ply chain relationships; provider risk and reward balancing; and provider ability to

transfer risk to sub-contractors”. In our study, we incorporate rewards to our model

to motivate the supplier and obtain better performance. Kim, Cohen and Netessine

(2007) showed that when incentives are aligned with the service in the supply chains,

it can lead to improved service and reduced costs.

PBCs have been applied in a variety of industries, such as aerospace, defense, au-

tomobile, information technology and software development (Bakshi, Kim and Savva,

2011). A few studies developed models for PBC in after-sales service, but it has been

a growing focus for recent studies (Kim et al., 2007; Kim et al., 2010; Bakshi et al.,

2011) that discuss the economic and operational implications of performance based

contracting.

1.2 Motivation and Contribution

The availability of systems plays an important role in the daily operations of many

industries. Hence, millions of dollars are invested each year in service parts in order

to keep the system running (Sun and Zuo, 2013). The analysis and results of this re-

search were motivated by aircraft companies, as the maintenance and repair services

follow a strong scale of economy (Kilpi, Toyli and Vepsalainen, 2009). The aircraft

companies, as the suppliers, provide necessary services through SLAs. The service to
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the customers includes the replacement of failed machines and parts with a new or

repaired one, as well as transportation of the machines and parts between stock loca-

tions and repair facilities. The supplier might also purchase new parts and machines

from his supplier to provide a faster service or in the event that a failed part is not

repairable at all. This inventory system is a part of “Spare Parts Systems”, where

the supplier invests in spare parts to facilitate the repair of failed parts by using stock

parts as replacements. It is important to stock needed parts at accurate quantities in

the correct location to guarantee maximum system availability within a reasonable

budget to avoid the unnecessary cost accrued by excess inventories.

The aeronautical industry is one of the most complex systems employing spare

parts inventory (Costantino, Gravio and Tronci, 2013). Spare parts systems have

been widely discussed in previous studies, with a focus on service differentiation

among customers/systems, multi-echelon structure, multi-transportation modes and

lateral transshipments. A few studies consider two or more features of these features

at the same time (Costantino et al. 2013).

This research extends the models and results of previous studies by combining

multiple features of systems, starting by focusing on inventory system design with

multi-transportation modes. A single-echelon, multi-part, multi-mode inventory sys-

tem is introduced. The purpose of this study is not only to provide a tactical model for

the system with fast and near optimal solutions, but also to investigate the properties

of mathematical models to develop approaches that analyze more complex systems.

Our second study considers the decision making process of the current system and

studies how the supplier should react to incoming requests and demands. Most of

the previous studies have restricted their focus on parts to stock and its location and

8



quantity. Our research also provides the same results in an elaborated setting, but is

extended to include decision making processes for spare part inventory systems.

Our last study focuses on the customer and supplier’s interaction in a decentral-

ized environment, where each organization seeks for their own benefit. The customer

needs to decide how to provide the best contract terms while maximizing the total

system’s fill rate. The customer models the behavior of the supplier and decides how

much to invest on the fixed payment and how to provide the incentives to promote

the supplier to provide a better service. The principal-agent model has been applied

commonly in previous studies to show the contracting mechanisms when information

asymmetry is present. In our model, we model the supplier’s actions through a set

of constraints by assuming that the supplier chooses a contract that results in the

highest profit. Hence, the supplier’s decision on the provided fill rate can be obtained

by the customer’s decisions on the fixed payment and incentives.

To address the uncertainty of the information that the customer uses to model

the supplier’s actions, we use a robust optimization approach and applied Bertsimas

and Sim’s (2004) method that finds a robust solution by controlling the level of the

conservatism of constraints. A similar approach has not been applied in the literature.

1.3 Overview of the research

1.3.1 System Network

We consider various design system networks in this study. In Chapter 3, a local

warehouse is considered for stocking several parts. The local warehouse, which is
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called a stock location, has a maintenance unit to fix and repair certain types of

failures at the location. The supplier also uses repair facilities at different locations

to repair and fix parts that need additional tools or complex operations. Upon a part

failure, a replacement is shipped from parts on stock and the failed part is sent for

repair. The repaired parts are then sent back to the assigned stock locations where

they are stored for future usage. Parameters, such as parts life cycle and the number

of machines used by customers, affect the frequency of failures at each stock location.

In Chapter 4, a two-echelon inventory system is applied to provide services upon

parts failures. A central warehouse and a stock location are considered for service part

storage, where the supplier can use the central warehouse’s stock to improve service

level. The base stock levels are assumed to be known at the beginning of contract.

Repair facilities owned by the supplier are the primary repair site, and parts are not

repairable on stock sites. The detailed networks are provided in each chapter.

In Chapter 3 and 4, we develop models that help the supplier to optimize his

inventory network design under the assumption that the contract terms are provided

by the customer. In Chapter 5, we use the result of our model in Chapter 3 to help

the customer determine the best contractual terms that maximize the expected fill

rate of the system. A deterministic model is presented with the assumption of having

the exact information about the supplier’s expected total cost for each offered fill

rate. Then a robust model is developed when the customer has uncertain data about

supplier’s decisions and his expected total cost.
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1.3.2 Research Objectives and Methods

Throughout this research, we develop multiple models to provide necessary PBL

for the supplier by using optimization methods in logistics, inventory management,

and decision making. The objective of this study can be categorized as follows.

a. Supplier

1. Tactical Decisions: The service provider makes tactical decisions on how

to provide the agreed services to the customers, and as a result, to de-

termine the amount each part should be stocked at warehouses, to select

transportation modes for shipping parts between stock locations and repair

facilities.

2. Operational Decisions: Inventory control at the stock location upon the

customer’s request is the major operational decision to make. Base stock

levels are known, and the service provider is only responsible for providing

the necessary decisions on purchasing and ordering to obtain service-level

requirement by the end of contract.

b. Customer: The customer makes the decisions on how to provide the best con-

tractual terms that maximizes the total system’s fill rate while guaranteeing

the supplier’s participation. The customer’s decisions are dependent on the

assumption that the supplier chooses the contract that maximizes his profit.

These objectives are achieved through the following steps. First, an integrated in-

ventory allocation and transportation assignment model is developed. The aim is to

find the base stock levels for a multi-item single-location repairable parts system that

maximizes the total system’s fill rate while staying under the assigned budget for a
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period of time. An optimization model and the properties of the objective function

are developed. An approximation method is proposed to eliminate the highly non

linear characteristics of the objective function.

In Chapter 4, we focus on the lower-level decisions, where the supplier needs to

decide how to fulfill a request from a customer upon failure. The supplier’s decision

depends on the availability of the inventory, the status of parts in repair, the predic-

tion on future failures, cost parameters and SLAs. A dynamic programming model is

developed to observe the structure of an optimal solution for a single-part two-echelon

inventory system.

In Chapter 5, we develop a model for the customer that determines the contrac-

tual terms, including fixed payment and additional incentive payments. Incentive

payments are dependent on the service level that the supplier provides. A model

with deterministic parameters is considered at first and then extended to a robust

model under uncertain data.

1.4 Organization of the Dissertation

The overall research is organized as follows. In the following chapter, the previous

studies on system parts logistics are reviewed briefly and the differences and contri-

butions of our research are discussed. The thorough literature reviews are provided

separately in each part of the research. Chapter 3 is the base model designed for

inventory allocation and transportation mode selection by maximizing the total fill

rate of the system. Chapter 4 looks at the system at the operational level for a de-

signed inventory system and includes the decision making at the stock locations that
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minimizes the total system’s cost while satisfying the SLA. In this chapter, a central

warehouse is also considered for the system, where the inventory can be used in case

the stock location does not have the requested part on hand. Chapter 5 proposes the

contracting model for after-sales services, and the summary and concluding remarks

are provided in Chapter 6.
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Chapter 2

Literature Review

2.1 Introduction

This research explores repairable parts inventory management models at both strate-

gical and operational levels. Over the last four decades, researchers have studied

different repairable inventory systems and have developed many models to optimize

their inventory systems. Sherbrooke’s (1968) Multi-Echelon Technique for Recover-

able Item (METRIC) was one of the first practical models developed for repairable

parts inventory systems to find the base stock values with a minimum total cost that

would satisfy the limitation on the system’s backorders. Over the years, similar mod-

els based on METRIC have been developed to find the initial stock levels to optimize

system performance (Muckstadt, 1973; Sherbrooke, 1986).

This study considers a fill rate as the main system performance measurement in
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this chapter. The fill rate is the percentage of demands that can be met at the time

they arise. Backorders are also considered a service-level management in some studies

on the inventory management and service part networks. Backorders are the number

of unmet demands at a given point in time. Usually the average number of backorders

is used in problems with an infinite time horizon.

Overall, two types of service measurements have been studied in the literature:

1. Studies that consider backorders as the service-level measurement and try to

minimize the total/ average backorders with a budget constraint (Muckstadt,

1973), or minimize the total cost by a constraint on total/average backorders,

such as Sherbrooke (1968; 1986).

2. Studies that consider fill rates as the service-level measurement to minimize

the total cost including holding, purchasing, and transportation costs while

satisfying the service level agreement (Ozer and Xiong, 2008).

The choice between these two measurements depends where the problem is applied.

Age (2002) concluded that backorders are a better measurement in military applica-

tions and that the fill rate is a more applicable in civilian applications. The model

here is defined according to the service measurement in aircraft companies, and the

fill rate is used as the basic service-level measurement.

In the earliest studies, the system performance was usually optimized by mini-

mizing the measurements based on backorders. In more recent ones, researchers have

also studied the repairable spare parts inventory system under performance-based

conditions, which is more commonly used in after sales contracts in both commer-

cial and military fields (Mirzahosseinian and Piplani, 2011). The authors of more

recent studies such as Kang, Doerr and Sanchez (2006), J.-S. Kim, Kim and Hur
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(2007) and Mirzahosseinian and Piplani (2011), have discussed inventory systems

with performance-based optimization. Some authors have considered other aspects

for measuring system performance, such as Caglar, Li, and Simchi-Levi (2004), who

used response time to develop a continuous review base stock policy to minimize the

total cost, while maintaining an average response time below a given threshold.

The focus of this research in the first study presented in Chapter 3 is on designing

and developing inventory systems along with the transportation network. In the first

study, we aim to find the best base stock levels to hold in each stock location and

the transportation modes used for shipping parts between repair facilities and stock

locations. Hence, the time needed to ship and repair, the replenishment time, is an

important parameter of the system. Our model considers multiple transportation

modes that result in different replenishing times. Although integrated transporta-

tion and inventory systems have been the interest of many researchers, few studies

have considered service-based performance in their systems. Perlman, Mehrez, and

Kaspi (2001) considered a multi-echelon inventory system with two modes of repair,

each with a limited repair capacity. With known inventory levels, a repair policy was

developed to minimize the backorders. Kiesmuller, de Kok, and Fransoo (2005) sug-

gested delaying the transportation mode decisions until the products were available

for shipping. They investigated order-up-to policies and showed the value of adding a

slow mode to the existing fast mode. The exclusive studies on providing the optimal

base stock levels are presented in Section 2.2.

Although the literature on inventory optimization is rich and extensive, the studies

that consider the operational decisions of inventory systems are rather few. In Chap-

ter 4, we consider a two-echelon inventory system with known base stock levels at a
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central warehouse and multiple stock locations. The objective is to find the optimal

decision policy for the supplier to fulfill a demand upon a failure. Besides inventory

at the stock locations, the supplier has two other options of either ordering from the

central warehouse or purchasing a new part in order to maintain his agreement with

the customer within contract periods.

Multi-echelon inventory systems have been the subject of much research over the

past 40 years, but they have mostly been concerned with the design and develop-

ment of initial system and investments, which is discussed exclusively in Chapter 3.

Perlman and Levner (2010), Sleptchenko, Van de Heijdan, and Van Harten (2003)

and J.-S. Kim et al. (2007) have similar network structures to this system, but the

objective of their works was to find the base stock levels to optimize system per-

formance. Another set of related works focused on multi-echelon for multi-period

inventory systems that optimize ordering and purchasing policies through dynamic

decision processing (Clark and Scarf, 1960; Dong and Lee, 2003). In this set of works,

the authors tried to determine the order amounts for each echelon in each period to

optimize a given objective function. System performance is usually optimized by

minimizing a total system’s backorder costs. In this study, the service level agree-

ment is studied by adding a penalty cost at the end of the contract period to enforce

the supplier’s service level within the agreement. Thus far, a similar study that has

considered ordering and purchasing as options for the supplier based on his current

performance has not been conducted. The comprehensive review is listed in Section

2.3.

In our last study, we present a contracting model for after-sales service in a de-

centralized environment, where the supplier and the customer are self interested in
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their organization’s profit. Contracting theory has been studied in many business-

to-business settings, such as cross function and supply chain coordination, call cen-

ters, and collaborative services. The studies that considered after-sales services in

spare parts supply systems are limited. Using a principal-agent model is the com-

mon method to represent the customer- supplier contractual relationship. Kim et

al., (2007) were the first to consider contracting issue for after-sales services in spare

parts inventory systems. The review on these set of studies is provided in Section 2.4.

2.2 Inventory Planning and Transportation in After-

Sales Services

The two foundations of our model framework for the supplier are inventory man-

agement and transportation. The majority of early works in inventory management

were designed using backorders as the service-level measurement. These works were

based primarily on managing the military based service part network (Age, 2002).

Sherbrooke (1968) conducted one of the first studies in this area and concluded that

backorders are a better measurement in air force models as the penalty defined in

these models depends on the length and number of backorders. He also explained

that fill rate only measures the satisfaction at the initial point when a demand arises,

not how late a replacement would be placed.

Prior to Sherbrooke (1968), Feeney and Sherbrooke (1965) conducted a study on

repairable inventory systems. They considered a single location single-item with mul-

tiple parts that tried to maximize the utility of the system based on holding cost

and performance, which was measured as a function of satisfied demands. Using the
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Bayesian approach, an estimate on an individual item part’s demand was developed.

Sherbrooke (1968) developed METRIC, as the first practical model in this area.

He considered a multi-echelon inventory system that minimized the total cost with a

constraint on the maximum backorders at each stock base. The mathematical model

includes a depot supply system with compound Poisson demand, which specifies stock

levels at bases and the depot to optimize system performance. Later, Muckstadt

(1973) extended this model for a multi-item, multi-echelon, multi-indenture inven-

tory system for repairable items and called it MOD METRIC. The model computed

the base stock levels of different echelons by minimizing the expected base backorders

for the end item subject to an investment constraint.

Sherbrooke (1986) considered variances of repair lead times and developed a model

called VARI-METRIC that showed a more accurate estimation on expected backo-

rders. His model was based on the result of Graves (1985). Graves (1985) developed

an approximation method to find the mean and variance of backorders and number

of failures in a two-echelon single-item inventory system with a compound Poisson

process.

Kukreja, Schmidt and Miller (2001) considered several stock locations where de-

mands followed the Poisson process and could be satisfied by the on hand inventory

in each location or the inventory in locations within the same group. Their goal was

to find inventory levels and the percentage of demands satisfied by the stock location

through transshipments that minimized the sum of holding and transshipping costs,

while maintaining a specified service level.

Kennedy, Patterson, and Fredendall (2002) provided an overview of the studies

on spare parts inventories. They divided the studies into different categories, such as
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management issues, age-based replacement, multi-echelon problems, and repairable

spare parts problems, in which lies the problem of this study.

Sleptchenko et al., (2003) developed a method based on a modification of Sher-

brooke’s (1986) VARI-METRIC model to find inventory levels and the number of

servers at the repair facilities in a multi-class, multi-server inventory system. Their

greedy optimization procedure found near optimal inventory levels and repair facili-

ties.

J.-S. Kim et al. (2007) developed an algorithm that determined the spare inven-

tory level to minimize the total expected cost while satisfying a specified minimum

service rate for a repairable single-item inventory system with multiple-stock loca-

tions and a central warehouse. Items were repaired at the stock locations and the

central warehouse with a general repair time distribution. Travel time between the

central warehouse and stock locations were also random variables.

Candas and Kutanoglu (2007) analyzed the efficiency of the integrated logistic

network design and inventory stocking in a multi-item system with several potential

location inventory systems. Their goal was to determine stock locations to open, the

demand allocated to each location, and the inventory level at each stock location. To

solve the problem, they linearized the fill rate by approximation and made binary

decisions to choose among potential stock locations. Since, they assumed infinite

number of items operating at each location, they used the formulas from M/G/m

models to find the state probabilities.

Ozer and Xiong (2008) considered a warehouse replenishing multiple retailers.

Their model minimized average inventory cost subject to service-level constraints on

each retailer. They developed an algorithm to find the optimal base level. Due to
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high complexity, they used two heuristics, the Triple-search heuristic and Newsvendor

heuristic, to find near optimal levels.

Kutanoglu and Lohiya (2008) conducted a similar study to the first model de-

veloped in this research. They developed a model to determine inventory levels and

transportation modes in a multi-item, multi-location inventory system with addi-

tional stock through emergency shipment from an unlimited central warehouse. Their

model captured the cost tradeoffs at different service and penalty levels. Three main

costs were included in the system’s total cost: emergency shipments from the cen-

tral warehouse, transportation and holding costs. They analyzed special cases, such

as single-facility and single-mode problems that could be solved efficiently by taking

advantage of the special structure of these problems. They also considered potential

stock levels at each location and solved the general case with a linearization scheme.

While Kutanoglu and Lohiya (2008) tried to minimize the total costs within a

given service level, the model for this study optimizes the service level within the

available budget. Furthermore, the system’s structure is different since it includes

the service for repairable service parts. Hence, this model adds repairing services to

the system and considers repair time and costs as well. This research is also more

focused on the structure of the model, the properties of the objective functions, and

system parameters in the optimal solution. They also considered multi-transportation

modes for delivery to different customers. In our research, alternative transportation

modes are studied for multi-parts for a single customer that affect the repair leadtime

and can improve the system performance.

There are additional works similar to the current study where the customer fill

rate/ system backorders were not directly considered, such as those by Axsäter (1990),
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Wang, Cohen, and Zheng (2000), and Caglar and Simchi-Levi (2004).

Axsäter (1990) considered a one warehouse and N retailer inventory system. The

objective was to minimize the total cost, including holding and shortage costs by op-

timizing inventory levels. He provided a recursive procedure to find allocation policies

and computed the upper and lower bounds on the inventory levels.

Wang et al. (2000) evaluated the system performance for any level of stock inven-

tory in a two-echelon single-item inventory system with different lead times at each

location. They computed the delay distribution at the central warehouse experienced

by replenishment orders from each stock location and developed system performance

measurements such as Customer Fill Rate Service Level, Waiting Time and Distribu-

tion of Outstanding Orders.

Caglar and Simchi-Levi (2004) also considered a multi-item, two-echelon spare

parts inventory problem. The supplier had a central warehouse and several stock lo-

cations that provided items to the customers. The parts failed according to a Poisson

process and the demand could only be satisfied from local stocks. They developed a

continuous review, base stock policy to minimize the total cost while maintaining an

average response time below a specific threshold. Shipment times from the warehouse

to stocks were assumed to be stochastic. To solve the problem they first found the

expected demand and the expected quantity on hand in each stock location; then,

they used METRIC to approximate backorder quantities.

Simao and Powell (2009) considered an inventory control system consisting of

suppliers, multiple central warehouses, and multiple local warehouses serving the

customer directly. They determined the stock policy that minimizes transportation

and storage costs, while serving at least the minimum desired fill through the use of

22



approximate dynamic programming.

Kang et al. (2006) developed a simulation model to evaluate the improvement

of availability at the system level in a multi-item inventory system with triangular

service time distributions. Two criteria, availability and readiness risk, were consid-

ered and the results showed that the readiness risk is affected by the failure rate and

transportation delay.

Previous studies assumed the replenishment time is a fixed value. Multiple works

considered probability distribution repair and replenish times in their systems (Diaz,

1997; Kutanoglu, 2008; Rappold and van Roo, 2009). One of the first studies was

by Gross and Miller (1985) who developed a multi-echelon, repairable-item inventory

system using a closed-network queue. They determined the optimal combination of

inventory levels and repair facilities to deliver service-level performance.

Another work is by Diaz (1997) whose model consisted of a single depot and stock

location with a repair facility. He considered the failure rate as a function of the num-

ber of machines in operation and limited servers in the repair facility. A method was

developed to approximate the number of items in the repair facility, and his numeri-

cal experiments showed the model was better than traditional models, like METRIC,

when there were not enough servers.

Mirzahosseinian and Piplani (2011) conducted a recent study with a similar network

structure to this research. A repair facility and a single warehouse were considered

to support the customer systems under a PBL contract in a closed loop repairable

inventory system with limited repair servers. Because the service times were expo-

nentially distributed, the transition state network and hence, state probabilities were

developed. The performance measurements were calculated with state probabilities.
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While they considered exponential distribution for replenish times, for this research,

a fixed number of periods will be assumed to show replenishment time.

The current study incorporates multiple transportation modes and different total

repair lead times into the inventory system. Limited studies integrate different trans-

portation modes in the inventory system design under service-level consideration. As

discussed previously, the study by Kutanoglu and Lohiya (2008) has some similarities

to our first study. Another work is by Kiesmuller et al. (2005), who suggested to

delay transportation mode decisions until the products were available for shipping.

They investigated order-up-to policies and showed the value of adding a slow mode to

the existing transportation system. Their objective was to minimize the average total

cost while guaranteeing a specified service level. They computed the size of items to

be shipped with each mode, based on available inventory at any given time. Their

work considered a different replenishment policy and made dynamic decision making

after finding the optimal order policy.

Klincewicz and Rosenwein (1997) considered multiple transportation modes, where

a warehouse would plan on shipping an item ship in each period with the goal of mak-

ing timely and consolidated deliveries to the customers. They considered target levels

for the minimum and the maximum numbers of items to be shipped in each period

to balance warehouse load. Their problem was not to find the inventory levels and

transportation modes simultaneously, but to observe how the decisions would affect

the inventory levels.

Jaruphongsa et al. (2005) considered multiple transportation modes within a dy-

namic lot sizing model. Each replenishment order might be delivered by different

shipment modes with different lead times and costs. They considered cargo capacity
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constraints, so delivery modes had different cost structures.

Eskigun, Uzsoy, Preckel, Beaujon, Krishnan and Tew (2005) designed an out-

bound vehicle distribution system by considering lead times, location of distribution

facilities and choice of transportation mode. The objective was to explore vehicle

distribution centers, their capacity, transportation mode and the volume of each dis-

tribution with the minimum total cost, including transportation cost, lead time cost

and fixed costs.

Perlman et al. (2001) considered a multi-echelon inventory system with two modes

of repair, each with a limited repair capacity. They assumed that the optimal stock

levels and number of servers at the depot services were set. Their objective was to

find an expediting repair policy for each base in order to minimize the sum of all the

base expected backorders.

Perlman and Levner (2010) considered a multiple-supplier inventory system for

repairable equipments in several operational sites. They also considered two supply

modes: an external supplier and an internal repair shop. Their repair shop offered

two repair modes, normal and expedited, with different repair times. Their objective

was to find the number of spare parts to be purchased from the external supplier

and how many failed items need to be repaired with each repair mode with minimum

total cost, including the cost of transporting, distributing, repairing, holding, pur-

chasing and backordering of items. The decisions were made for every period and the

demand was known in each period. The authors used linear programming to model

the problem and analyzed their problem for different initial inventory levels.

While many authors have studied inventory system optimization for service parts,

the focus on repairable service parts is less frequent and few have considered trans-
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portation in their network designs. Thus far, most of the previous works have not

tried to maximize the customer’s fill rate, which is generally considered as an agree-

ment and considered a limitation of the system. Although this is true for a designed

system with known base stock levels at locations, this study proposes the necessity

of customer satisfaction in the initial design of the inventory network by maximizing

the service level for a given budget.

This system structure has some similarities with previous studies, especially with

Kutanoglu and Lohiya(2008). But the combination of the inventory system design

and transportation network has not been fully studied for repairable inventory sys-

tems. Besides the differences in system costs and models objective, this model adds

repairing services to the system. The properties of optimal solution and the effect of

transportation mode and base stock decisions, both separately and together, are also

discussed in more details in this research.

2.3 Dynamic Inventory Models under Service-Level

Consideration

Although the studies on optimizing spare parts inventories are extensive, few have

considered systems with more than one level echelon system, and even fewer discuss

the decision making for a designed inventory system. As inventory system optimiza-

tions were exclusively reviewed in the previous section, this section will review the

studies considered multi-echelon inventory systems that includes some studies dis-

cussed previously.

The main focus of the previous literature was how to allocate inventory to stock

26



locations. Those studies did not deal with tactical decisions, such as when and how

to assign available inventories to the customers. Despite the recent emphasis on de-

signing such inventory systems, the work on inventory allocation in these systems is

limited. de Vericourt, Karaesmen and Dallery (2002) suggested that the difficulty

and operational side of these models are the two main reasons for fewer investigations

in this area.

Our second model falls into multi-echelon inventory systems. Multi-echelon supply

systems have been the discussion of many works for nearly four decades. As discussed

previously, Sherbrooke (1968) carried out one of the first studies that considered re-

pairable parts in multi-echelon systems and had a great impact on this topic. In

his later work (Sherbrooke, 1986), he extended his model to VARI-METRIC, which

showed a more accurate estimation on expected backorders.

Perlman et al. (2001) considered a multi-echelon inventory system with two modes

of repair, each with a limited repair capacity. They assumed that the optimal stock

levels and the optimal number of servers at the depot services are set. Their objective

was to find an expediting repair policy for each base in order to minimize the sum of

all the base expected backorders.

Sleptchenko et al. (2003) developed a method based on a modification of VARI-

METRIC procedure to find inventory levels and repair capacity in a multi-class,

multi-server inventory system.

J.-S. Kim et al. (2007) developed an algorithm to determine the spare inventory

level to minimize the total expected cost while satisfying a specified minimum service

rate for a repairable single-item inventory system with multiple stock locations and a

central warehouse. Kutanoglu (2008) analyzed the behavior of a two-echelon inven-
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tory sharing system consisting of one central warehouse and several stock locations

with time-based SLA. He found the probability distribution of steady states of the

system and used these probabilities to find performance measurement. He proposed

an iterative procedure to calculate these measurements for a given set of parameters.

All of these works developed and designed inventory policies at the strategic level,

which is similar to the work discussed in previous sections. These authors focused

on determining the optimal inventory policy under different settings by optimizing

the relevant cost or service level. Another corpus of literature has focused on multi-

echelon, multi-period inventory control systems. In this set of works, the authors

tried to determine the order amounts for each echelon in each period to optimize a

given objective function.

Another set of related works focused on multi-echelon for multi-period inventory

systems that optimize ordering and purchasing policies through dynamic decision pro-

cessing (Clark and Scarf, 1960; Dong and Lee, 2003). In this set of works, the authors

try to determine the order amounts for each echelon in each period to optimize a given

objective function. System performance is usually optimized by minimizing a total

system’s backorder costs. In our second model, the service level agreement is studied

by adding a penalty cost at the end of the contract period to enforce the supplier’s

service level within the agreement. Thus far, a similar study that has considered

ordering and purchasing as options for the supplier based on his current performance

has not been conducted.

Clark and Scarf (1960) studied a multi-echelon inventory system with demand

facing the lowest echelon. They considered the problem of determining optimal pur-

chasing quantities in a multi-installation model by minimizing the system total costs
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over a period of time. They showed that the optimal inventory policy with no fixed

ordering cost followed base stock policy that could be determined by solving a series

of single location problems. In addition, Axsäter and Rosling (1993) compared in-

stallation and echelon stock policies for multilevel inventory control and established

conditions under which these two policies are equivalent.

Dong and Lee (2003) extended the serial multi-echelon inventory system of Clark

and Scarf for time-dependent demand processes and developed approximation on

lower bound inventory levels and an upper bound total cost.

In more recent works, coordination was used to minimize the distortion related

to lack of information (Fernandes, Gouveia and Pinho, 2013). Authors considered

other assumptions to reduce the distortion in a multi-echelon supply system (Chen,

1999; Forslund and Jonsson, 2007). Since the system network in this study includes

a central warehouse and stock locations, the information is accurately shared when

decisions are made.

These studies are more focused on decision processing in multi period systems

include mostly ordering policies from the suppliers and do not consider the inven-

tory allocation and ordering/purchasing at the same time. Similar to this research,

dynamic decision processing is applied to these systems, but the literature has not

discussed a stream similar to the current research.

A common approach used when supplier faces more than one customer with dif-

ferent priorities is stock rationing. Rationing is a special type of allocation problem,

where a central warehouse distributes parts to several stock locations. In contrast to

allocation, inventory rationing may reserve the inventory on hand for the demands

that may come in future (Teunter and Haneveld, 2008). This happens when cus-
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tomers and demands can be divided into segments of varying importance.

Stock rationing is a way of reserving inventory on hand, even though there might

be some backorder or lost sales in the system. This is a common way procedure in

systems where when certain demands have more priorities over others. Under stock

rationing policies usually critical-levels or thresholds are determined where the re-

quests, usually low priority ones, are rejected when the inventory is lower than the

critical level. There are two kinds of critical level policies: stationary and dynamic.

Popular stationary policies in made- to- order systems are provided by Ha (1997,

2000), where he shows the optimal critical level policy for specific cases on demand

and lead time distributions. Melchiors, Dekker and Kleijn (2000) applied a critical

level policy for a continuous review (s, Q) model with lost sales and two demand

classes to ration the inventory among the demand classes and minimize the inventory

costs. Similar works by Deshpande, Cohen and Donohue (2003), and Arslan, Graves

and Roemer (2007) are proposed to determine the optimal parameters under critical

level policies.

Conversely in dynamic policies, the critical levels change over time. Topkis (1968)

analyzed the critical -level policy for a periodic-review, single product inventory sys-

tem with multiple demand classes. The optimal rationing policy was determined by

a set of critical rationing levels, such that at a given time a demand from a class

would be satisfied if no demand of a more important class remained unsatisfied and

the inventory level did not fall below the critical rationing level for that class. In

a more recent work, Teunter and Hanevald (2008) considered dynamic rationing in

two demand classes. Their optimal policy provided values for the number of items to

be reserved for critical demand at each period, where the value decreased as the re-
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maining periods decreased. Fadiloglu and Bulut (2010) proposed a heuristic rationing

policy for continuous-review inventory systems that used the information about the

outstanding replenishment orders for both back ordering and lost sales systems.

Although stock rationing has not been applied as a part of our project, we ex-

tended our model in Chapter 4 for multi-stock locations. This model can be improved

for multiple customers where stock rationing can be used to provide better services

for different demand classes.

Although the literature on multi-echelon inventory systems is extensive, not many

of these studies discuss operational decisions at the stock locations. Most of the stud-

ies determined the initial stock levels which involves the design of the network. In our

second model, a two-echelon inventory system is considered and the objective is to

determine the optimal dynamic decisions with known base stock levels. The decisions

include how the supplier should process a request or demand upon a failure.

2.4 Contracting in After-Sales Services

In after-sales service, there are usually two parties involved, the supplier and the

customer, that are self interested in their organization’s benefit. Before and after-

sales contracts are two different areas that consider the interaction of the suppliers

and the customers.

Contract theory has been applied in many industries and business areas. On cross-

functional coordination, Porteus and Whang (1991) found the best incentive plan for

the marketing and manufacturer of a firm. Corbett (2001) studied the order quan-

tity/reorder point (Q, r) model in a two-party supply chain and used principal-agent
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models to study the effects of information asymmetries on setup cost and backorder

cost. Unit-price based contracts for product procurement under stochastic demands

have been extensively applied and Cachon (2003) provided a summary of this stream

of literature. Perakis and Roels (2007) also considered a supply chain coordination

environment, where price only contract was applied. These studies are focused mostly

on the manufacturing quantities in contracting.

The studies on contracting in service-supply chains are more limited. Aksin, de

Vericourt, and Karaesmen (2008) was the first paper to model call center outsourcing

contracts, where the client could outsource a fraction of required service. Hasija,

Pinker, and Shumsky (2008) also examined call center contracting, in which a vendor

should decide the capacity to provide services for a client. Different contract types,

such as pay-per-time, pay per-call and SLAs are considered and they should be the

best combinations under information asymmetry.

Roels, Karmarkar, and Carr (2010) analyzed contracting issues in collaborative

services, such as consulting, financial planning, health care, and information technol-

ogy and showed which type of contract, fixed-fee, time-and-materials, and performance-

based contracts, is more efficient under different service environments. Contracts

for the service and maintenance of products such as electronics and automobiles usu-

ally involve fixed payments for warranties. But the contracting between the supplier

and the customer in capital-intensive industries, such as aerospace and defense, is

more significant as they require more sophisticated contracts (Kim et. al, 2007). Per-

formance based contracting (PBC) has been replacing the traditional approach, and

is often referred as Power by the Hour or PBL in the commercial airline and defense

industries, respectively (Kim, 2008), in which the outcome of service is measured.
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The service performance may be tied to financial penalties and/or bonuses (Hooper,

2008).

The studies on contracting for after-sales services in spare parts inventories are

rather few. Kim et al. (2007) wrote the first paper to address contracting in after-

sales service for spare parts inventories. They developed a multi-task principal-agent

model to analyze the contractual terms under different assumptions, in which differ-

ent suppliers were considered for each item. The customer offered contract terms,

including the fixed payment, reimbursement for the supplier’s costs, and a backorder-

contingent incentive payment. Then, suppliers set reduction cost efforts and set spare

parts inventory levels. They showed that under the risk aversion of parties, a com-

bination of contact terms was achieved. Bakshi, Kim, and Savva (2011) applied a

similar model in the PBC between a customer and a manufacturer, where the man-

ufacturer had superior information about the components failure distribution.

In another study, Kim, Cohen, Netessine and Veeraraghavan (2010) considered

PBC for mission-critical equipments, in which the disruptions occur infrequently but

avoiding the operational downtime is highly significant to the customer. They also

applied the principal agent analysis frame work. Their study showed that under some

situations, such as rare disruptions, PBC can create potentially high costs.

The principal-agent model has been applied exclusively in previous studies to

show the contracting mechanisms when information asymmetry is present. Informa-

tion asymmetry comes in two ways: hidden information and hidden actions. Hidden

information refers to situations in which a contracting party, principal, does not have

precise information about a parameter value, such as costs, that would determine

the outcome of the other party in the contract, agent. Hidden actions are applied in
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situations where the actions taken by the agent are not observable to the principal

(Kim, 2008).

Even though principal-agent models have provided significant results in contract-

ing, in our research, we first model the contracting problem by forecasting the sup-

plier’s behaviors and incorporating them as constraints in our model. Then, we

applied a robust optimization approach to address the uncertainty of information in

our problem. Robust optimization guarantees feasibility and optimality of the final

solution for the worst instances of the problem and incorporates the randomness of

parameters without knowing the distribution functions of parameters, while fuzzy

and stochastic approaches assume that the distributions are known.

Soyster (1973) was the first to develop robust optimization, in which he incor-

porated the uncertainty of parameters by setting them at their worst possible value.

Hence, his results are over conservative. The approach used in this research is by

Bertsimas and Sim (2003), in which the degrees of conservatism can be controlled in

each constraint.

Ben-Tal, Golany, Nemirovski and Vial (2005) applied Robust Counterpart in a

two-echelon, multi-period supply chain problem, where the retailer and the supplier

were under flexible commitment with uncertain demand. The retailer specifies the

commitment orders for the planning horizon and the supplier decides how much to

order at each period. Penalty costs are considered to address the deviation of orders

from the commitment. The structure of their problem is significantly different from

ours. We deal with contracting for service and maintenance, while Ben-Tal et al.

(2005) looked for the best contract quantities in a manufacturing supply chain.

To our knowledge, a similar approach that addresses the supplier’s reactions to
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the customer’s decisions in a mixed integer programming model is not known in the

literature. We also incorporate the uncertainty of information by applying robust

optimization. The application of robust optimization in the supply chain service and

maintenance contracting has not been provided.

We also distinguish our model by including the contract length as a decision vari-

able. In our previous studies, we observe that the contract duration significantly

affects the supplier’s decisions and performance. In shorter contracts, the supplier

needs more budget to increase his performance, while the percentage of increase in

the budget is less for longer contract durations. Hence, the contract length/duration

can change the contract terms as well. Also, it might not be feasible for a customer

to make a contract for a long-planning horizon and instead he might choose to have

multiple shorter contracts.
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Chapter 3

Integrated Inventory and
Transportation System Design

3.1 Introduction

In the first part of this study, an efficient inventory and transportation assignment

system is designed for multi-repairable parts. The system consists of repair centers

and a set of stock locations to serve customers. The supplier faces uncertain demands,

which come to each stock location from a set of working equipments failing at an ex-

ponential rate. Demands are defined as the failures that occur in equipments or parts

and the failed part is replaced with a new/repaired one from inventory at the stock

location. If no part is available, a backorder is placed. The failed part is checked at

the stock location to determine whether or not it is repairable, at the location or at

repair facilities elsewhere. Once repaired, the part is sent back to the stock location,

and is held if there is no backorder. Otherwise, it is used to satisfy the backorder.
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The stock locations fulfill demands on a first-come first-served basis. If the failed part

is not repairable, a replacement should be purchased from the manufacturer.

We consider a close-loop inventory system consisting of one customer site assigned

to a stock location, where inventories are held, and multiple repair facilities with am-

ple repair servers. The distribution network is shown in Figure 3.1. We assume that

each part’s failure follows an independent Poisson distribution with a constant rate.

The lead time of each server in the repair facility, which consists of the repair time and

transportation delay, is assumed to have an independent general distribution with a

known mean time. This system can be considered as an M/G/∞ queue for each type

of part at each location.

A one-for-one base stock, (S-1,S), replenishment policy is followed at the stock lo-

cation. A failed part is immediately replaced by a ready-to-use part, new or repaired,

and the failed one is sent to the stock location for repair. A backorder is placed when

there is no inventory at the stock location to replace a failed part.

The supplier decides the inventories needed at the stock location to maximize

the total fill rate during the contract period within a constrained budget. Fill rate,

used as an important measurement in inventory management, shows the percentages

of demands satisfied within a specified time window. It usually determines the per-

centage of demands that can be satisfied immediately with on hand inventory, which

is used in our study to measure system performance. The supplier also determines

the shipping mode for transporting each part between repair facilities and the stock

location.

In the following section, the problem is studied in more detail, and an optimiza-

tion model is developed to design the inventory and transportation mode assignment
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Figure 3.1: System network

system. The properties of objective functions are studied in Section 2.3. Due to the

non-linearity of the objective function, an approximation method is developed, and

the efficiency of the approximation is shown for special cases. Finally, the effects of

different parameters on optimal solutions are discussed in Section 2.5.

3.2 Problem Definition

Consider a close loop inventory system with one stock location, and repair fa-

cilities. There is also a maintenance unit at the stock location, which is capable of

repairing known minor failures.

At the beginning, Ni type i parts are used to fully operate a given number of

machines. In addition, there are yi type i parts, called the base stock level, held at

the stock location to replace any failed part. Hence, there are a total Ni + yi units of
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type i parts in the system.

The failure of each individual part i follows an independent Poisson distribution

with rate λ′i, and the total failure of type i parts changes according to the number

of working parts. However, we assume that the total failure of type i parts follows a

Poisson process with the constant rate λ′iNi = λi, without specifically considering the

number of working parts. This is a reasonable assumption for most repairable inven-

tory systems in practice, where the mean back orders is less than the mean demand

during the repair lead time, or the mean demand is relatively smaller than the total

number of the parts (J.-S. Kim et al. 2007), which fits our system very well.

Upon a part failure, a demand for the replacement part is requested at the stock

location. Depending on the part availability, the fill rate would increase or decrease.

The fill rate, which shows the proportion of the orders filled immediately, is used as

an primary objective in our application.

The failed part is checked at the stock location to determine whether or not it is

repairable. It is assumed that failed part i is repairable at the stock location with

probability qbi , if there is a known minor issue. Otherwise, failed part i is shipped to

the assigned repair facility with probability qri . If failed part i cannot be repaired in

either stock location or repair facility with probability qpi , where qbi + qri + qpi = 1, the

supplier should purchase a new part from the original manufacturer and send it to

the stock location.

There are J types of shipping modes for transporting parts between the stock

location and repair facilities. Each shipping mode has different speed and cost. It is

assumed that parts of the same type are always shipped to the same repair facility

with the shipping mode chosen at the beginning.
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The supplier has a total budget B to spend for the contract duration of M pe-

riods. The budget should be allocated to purchase multiple parts held in the stock

location, to repair failed parts, to transport parts to/from repair facilities and to

purchase replacement parts during the contract period. The objective is to find the

base stock level and the shipping mode for each part such that the total fill rate is

maximized within the budget B. It is assumed that the operational costs for each

period during the contract are discount with a constant rate of α. We shall use the

following notations:

i part type, i ∈ [1, I]

j shipping mode, j ∈ [1, J ]

Ni number of part i

λi total failure rate of part i

qpi probability that part i is not repairable

qbi probability that part i is repairable at the stock location

qri probability that part i is repairable at the repair facility

cpi purchasing cost of part i

cbi repair cost of part i at the stock location

cri repair cost of part i at the repair facility

csij round trip shipping cost of part i with mode j

tpi time to purchase a new part i

tbi time to repair part i at the stock location

tri time to repair part i at the repair facility

tsij round trip shipping time from the stock location to the repair facility

for part i with shipping mode j
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tij total mean lead time for part i, with the shipping mode j

B available budget

M contract period

α discount factor

Without loss of generality, we define the sequence of parts according to their

purchasing costs such that cp1 ≤ cp2 ≤ · · · ≤ cpI , where cpi is the purchasing cost of part

i. In general, it is cheaper and quicker to repair a failed part at the stock location

than at the repair facility, so we assume that cbi < cri and tbi < tri for part i.

Failed parts can be shipped to the repair facility with different shipping modes,

usually defined with the speed of delivery such as ground/economy and air/express.

It is reasonable to assume a faster shipping mode such as air or express shipping

mode, costs more and the ground or economy shipping costs less. Without loss of

generality, shipping modes for part i are sequenced according to the shipping cost

such that csi1 < csi2 < · · · < csiJ , where csij is the shipping cost for part i with shipping

mode j. Hence, it is also assumed that tsi1 > tsi2 > · · · > tsiJ , where tsij is the round trip

shipping time between the stock location and the repair facility for part i with the

mode j. Because different parts are shipped to different repair facilities, we assume

that the shipping time and cost can differ for different parts.

The total mean lead time for part i with shipping mode j, tij, is determined by

repair probabilities and times to repair or purchase parts, as follows.

tij = E[qpi t
p
i + qbi t

b
i + qri (t

r
i + tsij)]

41



Note that tij is a scalar value, while tpi , t
b
i , t

r
i and tsij can be random variables.

Observe that the inventory system at the stock location can be translated into the

M/G/∞ queuing model by identifying the outstanding repair/replacement orders by

the customer and identifying the lead times of the repair/replacement orders with

the service times. Thus the limiting distribution of the number of outstanding re-

pair/replacement orders for part i with shipping mode j follows Poisson distribution

with mean λitij according to the M/G/∞ model (Tijms 2003). That is,

Pr{the number of outstanding repair/replacement order is k} =
e−λitij(λitij)

k

k!

Note that this probability does not consider the shape of the total lead time

distribution; it only uses the mean value, tij. If the number of outstanding re-

pair/replacement orders is strictly less than stock levels, there is on hand inventory in

the stock location. This on hand inventory is used to immediately satisfy the demand

to replace a failed part.

The decision variables to consider are as follows:

xij a binary decision variable equal to 1 if mode j is used to ship repairable part i

to/from the repair facility and 0 otherwise

yi the base stock level of part i, purchased and held in the stock location by the

supplier at the beginning of the contract.

With xij and yi, the fill rate of part i under shipping mode j can be determined. We

define fi(yi, j) to represent such a fill rate. In other words, fi(yi, j) is the probability

that an incoming demand of part i can be filled immediately. This would happen if

there is available inventory in the stock location, which implies that the number of
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outstanding repair/replacement orders is strictly less than yi . Hence, the fill rate for

part i with shipping mode j, under the base stock level yi, is given as

fi(yi, j) =

yi−1∑
k=0

e−λitij(λitij)
k

k!
. (3.1)

The objective function is to maximize the total fill rate, which is determined by fill

rates of individual parts multiplied by their relative failure rates. Hence, the objective

function to maximize is written as

I∑
i=1

J∑
j=1

λi∑I
i=1 λi

fi(yi, j)xij.

Because
∑I

i=1 λi is a fixed number, we only need to maximize

I∑
i=1

J∑
j=1

λifi(yi, j)xij.

The total part purchasing cost at the beginning of the contract to provide the

base stock level, yi, for part i is equal to

I∑
i=1

cpi yi.

The expected replacement cost for each contract period for non-repairable part i is

equal to the unit purchase cost multiplied by the expected number of non-repairable

failures. Hence, the expected discounted replacement during M period is equal to

I∑
i=1

λiq
p
i c
p
i

1− αM

1− α
.
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The expected part repair cost during the contract at the base stock location and the

repair facilities is similarly given as

I∑
i=1

λiq
b
i c
b
i

1− αM

1− α
+

I∑
i=1

λiq
r
i c
r
i

1− αM

1− α
.

The expected shipping cost for a part during the contract period would be equal to

its mean number of repairable failures at the repair facility multiplied by the shipping

cost of the selected mode. By adding the shipping costs of all parts, we obtain

I∑
i=1

J∑
j=1

λiq
r
i c
s
ij

1− αM

1− α
xij.

The expected discounted replacement and repair costs,

I∑
i=1

(qpi c
p
i + qbi c

b
i + qri c

r
i )λi

1− αM

1− α
,

are independent of decision variables and has a fixed value for a known contract

periods, M , and the discount factor, α.

By combining the above terms, we obtain the formulation to maximize the total
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fill rate subject to the budget constraint, as follows.

Maximize
I∑
i=1

J∑
j=1

λifi(yi, j)xij (3.2)

s.t. fi(yi, j) =

yi−1∑
k=0

e−λitij(λitij)
k

k!
∀ i ∈ [1, I], j ∈ [1, J ]

I∑
i=1

cpi yi +
I∑
i=1

(qpi c
p
i + qbi c

b
i + qri c

r
i )λi

1− αM

1− α
+

I∑
i=1

J∑
j=1

λiq
r
i c
s
ij

1− αM

1− α
xij ≤ B

J∑
j=1

xij = 1 ∀ i ∈ [1, I]

yi ∈ Z+ ∀ i ∈ [1, I]

xij ∈ {0, 1} ∀ i ∈ [1, I], j ∈ [1, J ]

The objective function shows the total fill rate to maximize. The first set of

constraints calculates fill rates for each part with base stock level yi and shipping

mode j. The second constraint is the budget constraint indicating that the total dis-

counted cost including total purchasing costs, repair costs and shipping costs should

be less than the given budget. The third set of constraints ensures that only one

shipping mode is assigned to each part type. The last two sets of constraints are the

non-negativity and integrality restrictions on the base stock levels, and the binary

restrictions on shipping mode selection variables.
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3.2.1 Properties of Fill Rate Functions

In this section, we present some properties of the fill rate function that help us

identify the structures of the optimal solutions.

Lemma 1. fi(y, j) is a monotonically increasing function of y.

Proof. For a given shipping mode j, fi(y, j) has the form of a cumulative distribution

function of Poisson distribution with rate λitij as shown in (3.1). Hence, it is a

monotonically increasing function of y.

Lemma 2. fi(y, j) is convex in y for y ≤ λitij − 1 and concave for y ≥ λitij + 1.

Proof. Because fi(y, j) is not differentiable, we evaluate the slope of the function

fi(y, j) to show its convexity and concavity as follows.

fi(y + 1, j)− fi(y, j)
y + 1− y

=

y∑
k=0

e−λitij(λitij)
k

k!
−

y−1∑
k=0

e−λitij(λitij)
k

k!

=
e−λitij(λitij)

y

y!
(3.3)

Because

e−λitij(λitij)
y

y!
≥ e−λitij(λitij)

y+1

(y + 1)!

⇐⇒ y + 1 ≥ λitij

⇐⇒ y ≥ λitij − 1

the slope of fi(y, j) computed in (3.3) is decreasing for y ≥ λitij − 1 and increasing

for y ≤ λitij − 1. This shows that fi(y, j) is concave for y ≥ λitij − 1 and convex
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otherwise. The proof is complete.

Lemma 1 shows the straightforward result that the fill rate is an increasing func-

tion of the base stock level. Hence, the optimal solution of (3.2) would increase the

base stock levels as much as possible under a given budget. Moreover from Lemma 2,

the increase of fill rate gets smaller when the base stock is larger than λitij − 1. That

is, the benefit of additional base stock diminishes once it reaches a threshold value.

Lemma 3. fi(y, j) is a monotonically decreasing function of tij.

Proof. By differentiating function fi(y, j) in (3.1) with respect to tij, we obtain

∂fi(y, j)

∂tij
= ∂

y−1∑
k=0

e−λitij(λitij)
k

k!

/
∂tij

= −λi
y−1∑
k=0

e−λitij(λitij)
k

k!
+

y−1∑
k=0

ke−λitijλki t
k−1
ij

k!

= −λi
y−1∑
k=0

e−λitij(λitij)
k

k!
+ λi

y−1∑
k=1

e−λitij(λitij)
k−1

(k − 1)!

= −λi[fi(y, j)− fi(y − 1, j)]

< 0

The last inequality comes from the increasing property of fi(y, j) in y, proven in

Lemma 1. The proof is complete.

Lemma 4. fi(y, j) is convex in tij for y ≤ λitij − 1, and concave for y ≥ λitij + 1.
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Proof. The first and second derivatives of fi(y, j) with respect to tij are given as

∂fi(y, j)

∂tij
= −λi[fi(y, j)− fi(y − 1, j)], and

∂2fi(y, j)

∂t2ij
= −λi

∂fi(y, j)

∂tij
+ λi

∂fi(y − 1, j)

∂tij

= λ2i [fi(y, j)− fi(y − 1, j)− fi(y − 1, j) + fi(y − 2, j)].

Because fi(y, j) is concave in y for y ≥ λitij − 1,

[fi(y, j)− fi(y − 1, j)]− [fi(y − 1, j)− fi(y − 2, j)] ≤ 0 for y − 2 ≥ λitij − 1.

Hence, fi(y, j) is concave on tij for y ≥ λitij + 1. Similarly, fi(y, j) is convex in y for

y ≤ λitij − 1. Hence,

[fi(y, j)− fi(y − 1, j)]− [fi(y − 1, j)− fi(y − 2, j)] ≥ 0 for y ≤ λitij − 1,

and fi(y, j) is convex in tij for y ≤ λitij − 1. This completes the proof.

Lemma 3 shows that the fill rate is decreasing in the total mean lead time. Al-

though the part repair time cannot be controlled, the supplier can reduce the total

mean lead time by choosing a faster shipping option, which in return, improves the

fill rate. However, as shown in Lemma 4, the increase of fill rate becomes smaller

when the base stock level is greater than λitij + 1. That is, the benefit of reducing

the lead time diminishes once it reaches a threshold value.

Lemma 5. fi(y, j) has increasing differences in (y, tij) for y ≥ λitij − 1. That is,

fi(y
′, j)− fi(y, j) is increasing in tij, when y′ > y ≥ λitij − 1.
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Proof. The derivative of fi(y
′, j)− fi(y, j) with respect to tij is given as follows.

∂[fi(y
′, j)− fi(y, j)]
∂tij

= −λi[fi(y′, j)− fi(y′ − 1, j)] + λi[fi(y, j)− fi(y − 1, j)]

≥ 0

The first equality comes from the derivatives calculated in the proof of Lemma 3.

The next inequality comes from the concavity property of fi(y, j) function in y for

y ≥ λitij − 1, proven in Lemma 2. The proof is complete.

Lemma 5 shows increasing a base stock level has more significant impact on the fill

rate as the mean lead time increases. The increasing difference property also exists

when two different parts are considered under special conditions, as shown in the

next Corollary. This condition is used to identify a structure of an optimal solution

in Lemma 6.

Corollary 1. fi(y
′, j) − fi(y, j) ≥ fi′(y

′, j′) − fi′(y, j′) when λitij ≥ λi′ti′j′ and y′ >

y ≥ λitij − 1.

Proof. We first show that fi(y, j) has increasing difference in (y, λitij), similar to

Lemma 5. The derivate of fi(y
′, j)− fi(y, j) with respect to λitij is given as follow.

∂[fi(y
′, j)− fi(y, j)]
∂λitij

=
∂[fi(y

′, j)− fi(y, j)]
∂tij

· ∂tij
∂λitij

= [−λi[f(y′, j)− fi(y′ − 1, j)] + λi[fi(y, j)− fi(y − 1, j)]]
1

λi

= [f(y′, j)− fi(y′ − 1, j)] + [fi(y, j)− fi(y − 1, j)]]

≥ 0

The last equality is true by Lemma 5, and ∂tij/∂λitij = 1/λi. Based on the increasing
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difference, the following inequality holds, when λitij ≥ λi′ti′j′ .

y′−1∑
k=0

e−λitij(λitij)
k

k!
−

y−1∑
k=0

e−λitij(λitij)
k

k!
≥

y′−1∑
k=0

e−λi′ ti′j′ (λi′ti′j′)
k

k!
−

y−1∑
k=0

e−λi′ ti′j′ (λi′ti′j′)
k

k!

This is equivalent to

fi(y
′, j)− fi(y, j) ≥ fi′(y

′, j′)− fi′(y, j′)

when λitij ≥ λi′ti′j′ y
′ > y ≥ λitij − 1. This completes the proof.

Lemma 6. The optimal base stock level of part i is larger than or equal to that of

part i′, when cpi < cpi′, λi > λi′ and shipping modes j and j′ are chosen for parts i and

i′ respectively, such that tij > ti′j′.

Proof. Suppose that y∗i and y∗i′ are optimal base stock levels of part i and i′, respec-

tively, where y∗i < y∗i′ . λi > λi′ and tij > ti′j′ conclude that λitij ≥ λi′ti′j′ .

The value of objective function represented by parts i and i′ is equal to

λifi(y
∗
i , j) + λi′fi′(y

∗
i′ , j
′),

and the budget, B′ used by both parts is equal to

cpi y
∗
i + λiq

r
i c
s
ij

1− αM

1− α
+ cpi′y

∗
i′ + λi′q

r
i′c

s
i′j′

1− αM

1− α
≤ B′.

Consider a policy that has base stock levels y∗i′ and y∗i for parts i and i′, respectively.
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The budget used by both parts under the new policy changes to

cpi y
∗
i′ + λiq

r
i c
s
ij

1− αM

1− α
+ cpi′y

∗
i + λi′q

r
i′c

s
i′j′

1− αM

1− α
.

The difference between two budgets is

cpi y
∗
i + cpi′y

∗
i′ − c

p
i y
∗
i′ − c

p
i′y
∗
i = (cpi − c

p
i′)(y

∗
i − y∗i′)

> 0

The inequality comes from cpi < cpi′ and y∗i < y∗i′ . Hence, the new base stock levels

meet the budget constraint and are feasible. The value of objective function of the

new policy is given as

λifi(y
∗
i′ , j) + λi′fi′(y

∗
i , j
′).

The difference between the objective values of two policies is given as

λifi(y
∗
i′ , j) + λi′fi′(y

∗
i , j
′)− λifi(y∗i , j)− λi′fi′(y∗i′ , j′)

= λi[fi(y
∗
i′ , j)− fi(y∗i , j)]− λi′ [fi′(y∗i′ , j′)− fi′(y∗i , j′)]

≥ λi[fi(y
∗
i′ , j)− fi(y∗i , j)]− λi′ [fi′(y∗i′ , j)− fi′(y∗i , j)]

= (λi − λi′)[fi(y∗i′ , j)− fi(y∗i , j)]

≥ 0

The first inequality comes from Corollary 1, and the second inequity holds by assum-

ing λi ≥ λi′ . This concludes that having y∗i′ and y∗i base stock levels for type part

i and i′ respectively gives a larger objective value. This contradicts the optimality
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assumption of setting base stock levels for type part i and i′ as y∗i and y∗i′ respectively.

This completes the proof.

As we saw many of the properties of the fill rate holds for the base stock levels

greater than λitij − 1. fi(y, j) has the form of cumulative Poisson distribution func-

tion. It is reasonable to assume that the individual part’s fill rate should be greater

than 50% to ensure a minimum fill rate for all parts. As the absolute difference of the

median of Poisson distribution with rate from the mean, λ, is less than one (Adell,

2005), with 50% fill rate restriction on individual parts, we can assume yi > λitij − 1.

−1 < Med− λitij < 1.

3.3 Linearized Objective Function

Because the optimization model developed in Section 3 is highly non-linear, an

approximation method is used to remove the non-linearity of the problem, which can

be solved directly by many optimization solvers. In this method, only a range of

possible base stock levels are considered for each part. Hence, the problem can be

modeled as an assignment model, which only chooses a base stock level among pre-

specified ones that is a similar approach provided by Kutanoglu and Lohiya (2008),

where transportation modes are incorporated for improving the delivery time to the

customer.

Define βijl as the fill rate for part i with the assigned base stock level l and shipping

mode j. Hence, we have,

βijl =
l−1∑
k=0

e−λitij(λitij)
k

k!
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To apply this method, we first need to determine the range of possible base stock

levels for each part. Let’s define the lower bound of base stock level as y
i|j. With at

least 50% fill rate, the lower bound is set as bλitijc.

We define the upper bound of each type’s base stock level as yi|j. A normal ap-

proximation of Poisson distribution is used to find the upper base stock for individual

parts that guarantee 95% of satisfaction.

P{fi(yi, j)} ≥ 0.95 ' P{Z ≥ yi + 1− 0.5− λitij√
λitij

} ≤ 0.05

yi ≥
√
λitijφ(0.05) + λitij − 0.5

Set yi|j =

⌈√
λitijφ(0.05) + λitij − 0.5

⌉
βijls are calculate for every base stock level, l, that yi|j and y

i|j. The decision is to

choose the optimal base stock level and transportation mode for part i. xijl is used

as the binary decision to show the base stock level l and shipping mode j chosen for

part i. Hence, we have

xijl =

 1 if yi = l and shipping mode j is chosen

0 otherwise

53



With new decisions variables, xijl, and added parameters βijl, a new formulation is

developed that maximizes the total fill rate subject to the budget constraint (3.4).

Minimize
I∑
i=1

J∑
j=1

yi|j∑
l=y

i|j

λixijlβijl (3.4)

s.t.
I∑
i=1

J∑
j=1

yi|j∑
l=y

i|j

(cpi l + λiq
r
i c
s
ij

1− αM

1− α
)xijl+

I∑
i=1

(qpi c
p
i + qbi c

b
i + qri c

r
i )λi

1− αM

1− α
≤ B

J∑
j=1

yi|j∑
l=y

i|j

xijl = 1 ∀ i ∈ [1, I]

xijl ∈ {0, 1} ∀ i ∈ [1, I], j ∈ [1, J ], l ∈ [y
i|j, yi|j]

The developed model is an approximation method and the optimality of the final

solution is dependent on the upper bound estimated for each part. In the following

lemmas, we discuss the conditions that developed model is optimal solution to the

problem.

Lemma 7. Consider the initial model with upper bound constraints, with only one

shipping mode and real base stock levels. If the base stock level for part i satisfies

yi < yi, then the optimal yi in the initial model is not greater than yi.

Proof. Consider the optimal solution of approximated model. Because we assume

only one shipping mode, the optimal solution can be shown by the base stock levels

of parts. Define ẏ = (ẏ1, ẏ2, ..., ẏI) as the optimal solution of the model, where ẏi
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shows the optimal base stock level of part i. y = (y1, y2, yI) is defined as the upper

bounds of base stock levels. Imposing upper bounds to the model concludes that

ÿi ≤ yi for ∀i ∈ [1, I].

If there are no upper bounds on the base stock levels, the optimal solution of approx-

imated method would be the same as initial model. Define ÿ = (ÿ1, ÿ2, ..., ÿI) as the

optimal solution of initial problem without considering the upper bounds.

By Lemma 1, the fill rate’s of individual parts are an increasing function of the base

stock level and the objective function is maximizing the total fill rate which is the

summation of weighted individual fill rates. Hence, the model finds the optimal solu-

tion by increasing the base stock levels as much as the budget constraint and upper

bound constraints allow. If we consider real values for base stock levels, the equality of

budget constraint would be satisfied in the optimal solution of initial model. If there

is a part i in the approximated method that yi is strictly less than yi, then the optimal

solution of approximated method would also satisfies the budget constraint equality.

If the allocated budget is strictly less than available budget, assume to be equal to B′,

then there is a better solution that can be find by increasing yi to min{yi, B −B
′/cpi},

which would result in a higher fill rate of part i and greater objective function value.

We want to show that for a part like i, if ẏi < yi, then ÿi ≤ yi. Suppose that this

is not true and ÿi > yi, i.e. although the optimal solution of approximated method

doesn’t reach the upper bound for part i, the optimal solution of initial model of part

i is greater than the upper bound assigned to approximated problem.

As mentioned earlier, if base stock levels can be real values, all available budget would

be allocated to base stocks. By equality of budget constraint, ÿi > yi would result to

existence of at least one part like j that the base stock level of part j in initial model
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is less than approximated problem, ÿj < ẏj ≤ yj.

As both ẏi and ÿj do not satisfy the upper bound constraints on i and j respec-

tively, there exists a ε > 0 such that ẏi + ε/cpi < yi and ÿj + ε/cpj < yj. Any ε that

0 < ε ≤ Min{(yi − ẏi)c
p
i , (ÿj − ẏi)c

p
j} would satisfy this condition. Note that both

(yi−ẏi)c
p
i and (yj−ÿj)c

p
j terms are positive. Hence, (ÿ1, ÿ2, ..., ÿi−ε/cpi , ..., ÿj+ε/cpj , ..., ÿI)

is a feasible solution for initial problem. By optimality,

I∑
k=0

λkfk(ÿk) ≥
I∑

k=0,k 6=i,j

λkfk(ÿk) + λifi(ÿi −
ε

cpi
) + λjfj(ÿj +

ε

cpj
)

λifi(ÿi) + λjfj(ÿj) ≥ λifi(ÿi −
ε

cpi
) + λjfj(ÿj +

ε

cpj
)

λi[fi(ÿi)− fi(ÿi −
ε

cpi
)] ≥ λj[fj(ÿj +

ε

cpj
)− fj(ÿj)] (a)

Also, (ẏ1, ẏ2, ..., ẏi + ε/cpi , ..., ẏj − ε/cpj , ..., ẏI) is a feasible solution for approximated

problem, and by the optimality condition,

λifi(ẏi) + λjfj(ẏj) ≥ λifi(ẏi +
ε

cpi
) + λjfj(ẏj −

ε

cpj
)

λi[fi(ẏi)− fi(ẏ +
ε

cpi
)] ≥ λj[fj(ẏj −

ε

cpj
)− fj(ẏj)]

λi[fi(ẏi +
ε

cpi
)− fi(ẏi)] ≤ λj[fj(ẏj)− fj(ẏj −

ε

cpj
)] (b)

As ẏi + ε/cpi < yi and ÿi > yi, then ẏi + ε/cpi < ÿi and by concavity property of fi, we

have

λi[fi(ÿi)− fi(ÿi −
ε

cpi
)] ≤ λi[fi(ẏi +

ε

cpi
)− fi(ẏi)] (c)
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Hence by (a), (b) and (c) we have,

λj[fj(ÿj +
ε

cpj
)− fj(ÿj)] ≤ λj[fj(ẏj)− fj(ẏj −

ε

cpj
)]

As ÿj + ε/cpj ≤ ẏj and fj is concave, the last inequality is not true. This proves that if

a base stock level a part is strictly less than an upper bound constraint, the optimal

base stock level of the part without upper bound constraint can not exceed the upper

bound.

3.4 Numerical Experiments

To investigate whether there is a significant interaction between mode decisions and

base stock levels and also to obtain insight into how the behavior of the system changes

with the changes in the system parameters, a numerical experiment is provided in this

section. The system consists of 214 parts, each characterized with several parameters;

demand, purchase price, repair probabilities (on base, off base and non repairable),

repair times, shipping costs and shipping times. Shipping times and costs are not

only dependent on the chosen mode, but also on the part’s weight.

Parameters are listed in Table 1. To analyze the effect of each parameter on the

decision variables, each parameter is divided into three groups in a way that the dis-

tribution of parts in three groups would be approximately even.

Different shipping modes are considered for transporting the parts between re-

pair facilities and stock location, which assumed to be at Atlanta,GA and London,

UK, respectively. Three types of international transport modes are considered in this

study; Express air mode, Economy air mode and Economy Surface mode. The cost

57



Parameter Group Range Percent Cumulative Percent

Demand group 1 0.25 ≤ λ < 0.5 34.11 34.11
(per year) 2 0.5 ≤ λ < 1.5 33.65 67.76

3 1.5 ≤ λ < 950 32.24 100.00

Purchase group 1 688 ≤ cp < 10, 000 35.05 35.05
($) 2 10, 000 ≤ cp < 25, 000 30.37 65.42

3 25, 000 ≤ cp ≤ 827656 34.58 100.00

Weight group 1 0.6 ≤ w1 < 11 30.84 30.84
(lbs) 2 11 ≤ w < 40 33.18 64.02

3 40 ≤ w ≤ 1500 35.98 100.00

1 0.01 ≤ qr < 0.8 32.71 32.71
Off base probability group 2 0.8 ≤ qr < 0.999 27.57 60.28

3 0.999 ≤ qr ≤ 1 39.72 100.00

Off base repair time group 1 4 ≤ tr < 40 31.31 31.31
(days) 2 40 ≤ tr < 90 35.51 66.82

3 90 ≤ tr ≤ 240 33.18 100.00

On base repair time group 1 1 ≤ tb < 2 38.32 38.32
(days) 2 2 ≤ tb < 7 36.45 74.77

3 7 ≤< tb ≤ 30 25.23 100.00

Table 3.1: Parameters Groups

for express and economy air modes are estimated by using the data developed from

international first and international economy modes in http://www.Fedex.com, re-

spectively. We assumed the round trip for express air first takes about two days and

it takes about 10 days for economy air mode.

To estimate the cost associated for the surface mode, we use data estimated from

http://www.postagesupermarket.com/surface_mail_to_USA_from_uk.php for parts

with weight less than or equal to 100 lbs. The time considered for the round trip is

assumed to be 20 days. For parts with weight greater than 100 lbs, we estimated

the cost by considering the container cost for each package from Jacksonville to

London, (http://www.globalshippingcosts.com/calc/#lat=30.44867&lon=-81.

1weight
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56250&zoom=2), plus the round trip cost from Jacksonville to Atlanta. The round

trip is assumed to be 30 days for these parts.

Demand represents the number of requests upon part’s failure per year and varies

between 0.25 and 950. As we mostly develop our model for less frequent failure rate,

more than 67% of parts have a demand rate less than 1.5 in a year. Purchase price

shows the value for purchasing new parts to stock at the beginning of contract, as well

as new parts purchased during the contract. Shipping times and costs are dependent

on the weight (w) of part, hence, weight groups are considered to observe the effect

of part’s weight on shipping mode decisions.

Off base repair probability represents the probability of shipping a failed part to

repair facilities. More than 65% of failed parts should be shipped to facilities for

repair.

The last two parameters are repairing times on base, at the stock location and

off base, at the repair facilities. Almost all the parts have a larger repairing time off

base at repair facilities.

The model is run for multiple budget levels, B, and contract periods, M (Figure

3.2). The discounted factor is considered to be 0.8 for all experiments. The first

budget level for each contract year is approximately estimated by setting base stock

levels at the minimum ones, and including transportation and repair/replacement

costs during the contract.

Contract periods, M , represents the number of years that the supplier serves the

customer. As expected, the total fill rate increases by increasing the available bud-

get. But the increase in the fill rate diminishes as the budget increases. It shows

the concavity property of the total fill rate, and it suggests that after certain budget
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Figure 3.2: Fill Rate changes by Budget and Contract periods

allocation, the increase in total fill rate is not worthy of consideration. This happens

at greater initial budget for longer contract periods, as more budget is needed to cover

the transportation and repair/replacement costs.

The available budget is allocated to three types of costs, cost to purchase base

stock inventories, repair and replacement costs during the contract in case of a failure,

which would call repair cost and transportation cost to ship failed parts between stock

location and repair facilities. Figures 3.3 shows the percentage of budget allocated to

each type of cost.

For smaller contract periods, more than 45% of the available budget is allocated

to purchase base stock inventories. This percentage decreases for longer contract

periods, as more budget is needed to cover repair and replacement costs during the

contract. Note that repair and replacement costs do not change for a fixed contract

periods. The percentage of allocated budget to base stocks increases as more bud-
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Figure 3.3: Percentage of allocated budget to each cost’s type

get is available. Also the percentage of allocated budget to transportation increases

as the budget increases as well, although the budget allocation increase in the base

stock costs is greater than transportation. It suggests that with having more budget,

the model prefers to invest in stocking more inventories than in faster transportation

modes.

As the budget allocated for purchasing base stock inventories can be used over

time, the available budget for 2 periods can be adjusted for other contract periods,

by using the obtained transportation and repair costs from the model to find the

discounted operational cost for longer contracts and adding the initial base stock

purchases to it. The adjusted budget is used to find the optimal fill rate for longer

contracts. Figure 3.4 shows the percentage of difference in the fill rates. Even though

the observed differences are not noticeable, the optimal model for longer contract
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periods can improve the total fill rate within the same budget. The figure also shows

that the difference usually decreases as the budget increases.

The percentages of allocated budget to each type of cost are shown for M = 20

Figure 3.4: Fill Rate differences for adjusted budgets

in Figure 3.5, where the right figure shows the percentages of adjusted budget based

on the optimal solution for M = 2, and the left figure represents the percentages for

the same budgets when the model is solved optimally for M = 20. The percentage

of allocated budget to base stocks is higher for the optimal solution of M = 20. It

suggests that for longer contracts, the model prefers to invest more in purchasing

base inventories, while for shorter contracts, the model focuses more on transporta-

tion solutions.

Figure 3.6 shows the annual operational costs, including transportation, repair

and purchases costs during the contract, invested at different fill rates. Annual oper-
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Figure 3.5: Percentage of allocated budget to each cost’s type

Figure 3.6: Annual allocated budget to operational costs
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Figure 3.7: Annual allocated budget to base stocks

ational costs decreases as the contract period increases and the supplier can obtain

higher fill rates and spend less on annual operational costs. With longer contract

periods, the supplier’s decisions are more focused on initial investments. In this case,

the supplier invest more on purchasing base stocks, and holding required inventories

at the stock location (Figure 3.7).

In the following sections, we study the effect of each factors on the choice of our

model’s decision variables, shipping Mode and Base stock levels, to obtain insights

on the behavior of parameters on the final solution.

3.4.1 Shipping Mode Decisions

The number of parts shipped with each shipping mode at different budget levels

is presented in Figure 3.8. When M = 2, the number of parts shipped with express

mode increases dramatically at first as budget increases, but the distribution of num-

ber parts shipped with each mode stays approximately similar after certain budget

64



Figure 3.8: Shipping Mode-Budget

level. For longer contract periods, the change to faster shipping mode happens at

higher budget values and less frequency. This agrees to the result that for longer

contracts, the supplier prefers to invest more on purchasing base stock levels than on

transportation options.

Even though the frequency of number of parts shipped with faster modes in-

creases as more budgets are available, the shipping mode for individual parts changes

in that range. The shipping mode choice for some parts change to slower modes when

the available budget increases. This happens when the increase in the budget can

support extra base stock levels that results in a higher part’s fill rate. This shows the

benefit of having multiple modes when the available budget is not enough to stock

sufficient inventories, but it can increase the total fill rate by choosing faster modes,

which can cost less.
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Figure 3.9: Multiple Modes vs. Single Mode

Figure 3.9 compares the total fill rate with the same budget when only one trans-

portation mode, surface mode, is available for shipping the parts between the stock

location and repair facilities. It seems that the maximum benefit from the multiple

modes occurs when the system has the lowest budget. The fill rate can be increased

up to 27%, if the supplier uses multiple transportation modes. It is also observable

that the optimal solutions were not obtainable for small budgets when only surface

shipping mode is available. This shows that the supplier can benefit significantly by

using multiple transportation modes under tight budgets. But with larger budget, the

supplier can purchase more stocks to hold at the stock location, and using multiple

transportation modes has less effect on the obtained fill rate.

Weight is one of the dominant factors in determining the shipping costs and

times. Figure 3.10 shows the percentage of the parts shipped with each shipping

mode in different weight groups and budget levels. Less weighted parts are more

likely to transport with express mode, as the shipping cost is relatively less for these
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Figure 3.10: Shipping Mode-Weight Group

parts. The frequencies of number of parts shipped with faster modes decreases as

parts’ weight increase. It is also noticeable that economy mode is not desirable for

group weight 2, where the weight is not too high that would make a significant effect

on the transportation costs. As discussed, by increasing budget faster shipping mode

are chosen for transportation and this is more observable for parts with lower weights.

The number of parts transported with each shipping mode for different de-

mand groups is shown in Figure 3.11. Demand is one of the dominant parameters in

determining the fill rate for individual parts. As expected, parts with higher demand

rates are chosen more to use faster modes, and with more budget, more parts with

higher demand rates are using faster shipping modes. This increase is less for parts

with relatively low demand rate (Demand Group 1).

The analysis on off base probabilities suggests that parts with higher probability
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Figure 3.11: Shipping Mode- Demand Group

are more likely to use faster shipping modes, which increase the rate of parts on order

to repair facilities. The rest three parameters, purchase price and repair times at the

stock location and at repair facilities, do not show any significant pattern on shipping

mode decisions.

3.4.2 Base Stock Decisions

In this section, the effects of each parameter on the chosen base stock levels are

observed. As expected, the base stock levels increase as more budgets are available.

As similar trends are observed for different contract periods, only results for a ten-

year contract are presented here.

Highly demanded parts have the most effect in choosing the base stock levels. At

the initial available budget, mostly one unit is allocated to the parts in demand group
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Figure 3.12: Base stock levels-Demand groups

1 and two, where the fill rate is less than 1.5 units per year. With increasing budget

from 27 to 30.5 million dollar that increases the total fill rate about %7, more units

are stocked for parts with highest failure rate (Demand Group 3). For low failure

rates, even at high budget levels, the optimal base stock levels are still mostly one

unit, and increases at most for one unit. (Figure 3.12)

Figure 3.13 shows the number of parts with each base stock level for available

budgets of 27 and 30.5 million dollars. With increasing budgets, the optimal base

stock level of parts with lower purchase prices increases more. Although expensive

parts are most likely to have fewer inventories, but there exists highly priced parts that

have high base stock levels as well. These are the parts with very high demand rates.

This concludes that even though the purchase price has an influence on the number

of units held at the stock location, the demand/failure rate has a more significant

effect on the optimal base stock level.

Repair times also show to affect the base stock levels, as they change the fill rate

directly. As repair times increases, more demands arrive during the repair lead time

and the expected result is to have more inventories at the stock location to cover the

demand. But the effect is influenced by the demand rate of part.
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Figure 3.13: Base stock levels-Purchase groups

3.4.3 Conclusion

The numerical experiments show the budget allocated to transportation is rel-

atively smaller than the budget allocated to purchase the initial base stocks and

repair/replacement cost during the contract. Although as the available budget in-

creases, more budgets are allocated to transportation, the increase is relatively smaller

than the increase in the allocated budget to base stocks. Also, after certain budget,

the distribution of budget on base stocks inventories and transportation approxi-

mately stays the same.

By comparing the fill rates between smaller contract periods and longer contract

periods by adjusting the budget, we could see that the increase for longer planning

is not as high as expected. On the other hand, shorter contract periods give more

flexibility to the supplier.

Our result also show that integrating multiple transportation mode options in the

inventory systems results in higher total fill rate with the same budget constraints.

This is more significant for less available budgets. The results for shipping mode

decisions show that weight, demand and available budget are the significant factors
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in determining shipping modes for parts. As budget increase more parts are shipped

with express mode.

Demand has the most important affect on the base stock level assigned to each

part. Although with more budget, more inventories are allocated to each part, but

the distribution of budget to parts stays approximately similar for contract periods.

Base stock levels of parts with higher demands would increase more with budget in-

crease. Another parameter that has an influence on determining the base stock levels

is the purchase price, although it can be influenced by the demand rate of part. We

observe that high demand parts have larger base stock levels and low demand parts

tend to use faster transportation modes. This suggests stocking more inventories for

more demanded parts, and using faster modes for less demanded parts to increase

the service level and the total fill rate, while staying beyond the assigned budget.

3.5 Summary and Future Works

In this study, a multi-repairable parts inventory system is considered. The sup-

plier faces Poisson distributed demand upon parts failure and serves the customer

for a finite contract period. Failed parts are removed and need repair at the stock

location or repair facilities with certain probabilities. We developed an optimization

model that builds on the base-stock inventory model and includes transportation op-

tions that add flexibility to service responsiveness by using alternative modes. The

objective is to maximize the total fill rate within a given budget. The properties of

objective function are discussed to structure the optimal solution. A linearization

method is used to develop an approximated model by removing the non-linearity of
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objective function. The optimality of the approximated model is studied under cer-

tain conditions. A numerical experiment for 214 parts is provided and the results

show the benefits of different contract durations, alternative transportation modes

and available budget. Our results also show that the demand/failure rate is the most

significant factor in determining the base stock level.

There are several possible extensions for this model. It can easily be extended

to multi-location inventory systems. However, lateral transshipments or inventory

pooling present a challenge for future studies. Another direction could be to add the

decision on the location of stockings to the model. Candas and Kutanoglu (2007)

developed an integrated location and inventory model for one transportation mode

option. The option of considering alternative transportation modes could be more

appealing and beneficial in this case.
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Chapter 4

Dynamic Decision Making in a
Two-Echelon Repairable Inventory
System with Purchase/Order
Options

4.1 Introduction

Service level agreements (SLAs) defined as the percentage of demands that should

be satisfied within a specific time window are the most common mechanism used be-

tween a service provider and a customer to establish agreements on how the service

should be provided. The service provider or supplier builds its relations with the

customer through SLAs over a period of time, usually defined in terms of years.

In this part of the research, the operational decisions made at the stock locations

are studied. A two-echelon repairable part inventory system is considered and a dy-

namic decision making model is developed to provide the required service level over
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the contract period. Demands is created when parts fail in a set of working equip-

ment at the customer’s site. The supplier sends a replacement from the inventories

held at the stock location, exchanging a serviceable part for the faulty one to keep

the equipment working. Hence, customer demand is defined by the part’s life cycle,

which is considered to be exponentially distributed.

The system consists of repair facilities, a stock location that stores spare parts

and a central warehouse, used to stock additional inventory. The inventory at the

central warehouse can be used in the event of stockout at the stock location when the

supplier decides to speed up the response time by providing parts directly from the

central warehouse. Requests are placed by the supplier, and the central warehouse

does not receive demands from customers directly.

When a part fails, the supplier makes decision on how to fulfill the demand in

a way that will minimize the total costs during the contract period, while ensuring

that the service level stays within the agreement. If the required part is not available

at the stock location, the supplier decides whether to purchase a new one, use the

inventory at the central warehouse, or wait for a part in transit to be received. In

the latter case, as the time exceeds the agreed window, a back order would have to

be placed that would decrease the current service level. Parts that are purchased or

ordered from the central warehouse are transported by express delivery so that they

arrive within the time window.

The failed parts are dispatched to repair facilities and would be shipped back to

the stock location/ central warehouse after repair, where they are used to satisfy back

orders and future demands.

A dynamic decision making process is developed that minimizes the system’s op-
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erational costs during the contract period, including transportation, stocking and

purchasing new parts. A finite-horizon contract period is considered with the as-

sumption of deterministic base stock levels at the central warehouse and the stock

location. In order to ensure that the required service level is met, a penalty cost is

considered in the event that the supplier does not comply with the SLA.

A single stock location problem is defined in the next section and a dynamic pro-

gramming model is developed. A numerical experiment is provided in Section 4.3

to observe the behavior of optimal solutions with purchasing and ordering options.

Summary and future works are discussed in the last section.

4.2 Problem Definition

Consider a two-echelon service parts inventory system, consisting of one customer

site, called stock location, a central warehouse and multiple repair facilities with

ample repair servers. The base inventory levels at the stock location and the central

warehouse are specified previously and are known at the beginning of contract. Upon

a failure, the supplier makes decisions on how to fulfill the request. The objective

is to find the optimal policy that satisfies the service level agreement in during the

contract in the minimum cost. A finite contract periods is considered, and if the

supplier fails to stay above the target level by the end of contract, a penalty cost

would be charged to the supplier.

When a part fails, the defective part is removed and a replacement is requested. If

there is available inventory at the stock location, a serviceable part would be sent to

the customer, which results in fulfilling the request within the agreed time. Otherwise,
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Figure 4.1: System network

the supplier decides whether to purchase a new part, order a part from the central

warehouse or wait until a repaired part returns to the stock location. In order to

stay within the time window, the parts ordered from the central warehouse or newly

purchased parts are shipped with the express delivery with extra costs.

The failed part is shipped to the repair centers and the repaired part is shipped

back for stock. Depending on where the replacement for the failed part is sent from,

the repaired part is shipped back to the stock location or to the central warehouse. If

the supplier decides to purchase a new part, the repaired part would be also shipped

to the central warehouse. The flow of parts in the system is shown in Figure 4.1.

Major assumptions in this study include:

1. The finite length of the service contract is divided into periods so that each

period equals to the “time window” representing the service requirement. The

service level is defined to express the ratio of failed parts, which are replaced

within the time window.
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2. Life span of parts are exponentially distributed.

3. Express delivery time is assumed to be less than time window. That is, a part

delivered through express delivery meets the service requirement, and hence,

improves the service level.

4. The time required to send a failed part, repair and ship the repaired part to the

stock location is out of time window defined in the service agreement. Hence,

the repair option reduces the service level.

5. Maintenance at the stock location are provided by the customer, and the sup-

plier is not responsible for it.

6. No more than one failure happens in each period.

7. Times to ship repaired parts to the central warehouse and to the stock location

are assumed to be equal.

Assumption 6 is particularly true when there are small number of parts and the

failure rate is low, the same as our application. Table 4.1 shows that the probability

of having more than one failure in each period is relatively much smaller than two

other events, no failure or only one failure in a period. n and λ represent the number

of equipments and the part’s failure rate, respectively.

4.2.1 Simple Model

In this section, one critical repairable part service is considered. The dynamic

decision making by the supplier is formulated through dynamic programming tech-

nique. The objective is to minimize the total cost of the system during the service
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Table 4.1: Probabilities of having more than one failure

n λ no failure one failure more than one failure
10 0.001 0.990049834 0.009900498 4.96679E-05
10 0.005 0.951229425 0.047561471 0.001209104
10 0.01 0.904837418 0.090483742 0.00467884
10 0.02 0.818730753 0.163746151 0.017523096
15 0.001 0.98511194 0.014776679 0.000111381
15 0.005 0.927743486 0.069580761 0.002675752
15 0.01 0.860707976 0.129106196 0.010185827
15 0.02 0.740818221 0.222245466 0.036936313
20 0.001 0.980198673 0.019603973 0.000197353
20 0.005 0.904837418 0.090483742 0.00467884
20 0.01 0.818730753 0.163746151 0.017523096
20 0.02 0.670320046 0.268128018 0.061551936

contract period, N . The total cost includes transportation costs for express delivery,

purchasing new parts, holding costs at the stock locations for inventory storage and

the penalty cost, which is calculated by the service level provided to the customer at

the end of the contract.

At the beginning of the contract, M units of service part are used to fully operate a

given number of machines. During the contract, if a failure happens and the supplier

cannot provide a replacement within one period, the number of working parts, m,

decreases until the replacement is received. The difference between the total number

of parts and the number of working parts, M −m, represents the number of failed

parts at stock location waiting for replacement. This difference can be defined as

system’s back orders.

There are s1 units of the service part at the stock location to replace any failed

part. In the addition, s0 units are stored at the central warehouse to serve the orders

from the stock location, in case the stock location has no stock and the supplier de-
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cides to order the part from the central warehouse.

The failure of each part follows an independent Poisson distribution with rate λ.

The probability that a failure takes place depends on the number of working ma-

chines and parts, m. At the beginning of each period, the supplier faces at most one

request upon failure. The probability of a failure happens with the probability of

1−e−mλ, by assumption 6. No failure places with the probability of e−mλ. Upon part

failures, the supplier observes the on hand inventory at the stock location. If there is

no available part at the stock location, the supplier can choose among three possible

actions; waiting for a repaired part, using inventory at the warehouse or purchasing

a new part. The detailed description of these actions are given in Section 4.3.2.

The failed parts are removed and dispatched to repair facilities and are shipped

back to assigned locations after repair. The repaired parts received at the stock loca-

tion, are first allocated to the back orders. If there is no backorder, they are stored

for future replacements. From this assumption, it is not possible to have on hand

inventory,s1 > 0, while not all parts are working, m < M . Because any good part is

used for failed parts waiting for a replacement. Hence, s1 > 0 implies that all parts

and equipments are working, m = M

At any given time, a part can be either stored in the stock location/central ware-

house, in transit between stock locations and repair facilities, or at the repair facil-

ities. The time to transport the parts between repair facilities and the stock loca-

tion/warehouse plus the repair time is deterministic. K represents the total number

of periods it takes for transporting and repairing a failed part until it is received at

the stock location/central warehouse.

We shall use the following notations:
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n number of periods left till the end of the contract, n ∈ [0, N ]

k number of periods remained till the in transit part received at the stock

location/central warehouse, k ∈ [0, K]

λ failure rate of the part

m number of working parts

M total number of parts

s0 stock level at the central warehouse

S0 stock level at the central warehouse at the beginning of contract

s1 stock level at the stock location

S1 stock level at the stock location at the beginning of contract

n2 quick deliveries; number of failures replaced within time window till

the current period

α service level agreement

~X a vector represents the parts in transit to the central warehouse,

~X = (x0, x1, ..., xK)

xk number of repaired parts that will be received at the central warehouse

in k periods

~Y a vector represents the parts in transit to the stock location,

~Y = (y0, y1, ..., yK)

yk number of repaired parts that will be received at the stock location in

k periods

cp purchasing cost of part

ce express delivery cost

ch holding (stocking) cost at the central warehouse per period
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ψ(n2) Penalty cost by the end of contract, defined based on number of quick

deliveries, n2

The number of parts in transit including the repair time is expressed with two

vectors, ~X and ~Y , where they show the parts in transit to the central warehouse and

to the stock location, respectively. It takes K periods of time for a part to be shipped

to the repair facility, repaired and shipped back to the central warehouse/stock lo-

cation. Hence, a part in transit may require 0, 1,..., or K more periods of repair or

transportation until it arrives at its final destination. k ∈ [0, K] can represent the

level of the part in transit. For example, if an in transit part is at level k, it will

take additional k periods until the part is received at the central warehouse/stock

location. The parts at level 0 are expected to arrive and be available to use during

the current period.

At the end of each period, in transit parts have one less period until they are re-

ceived. This can be defined as moving to the next level. If a part is at level k in a given

period, the new level in the next period would be k− 1. To express the movement of

parts easily, we define φ( ~X, b) for a K + 1 dimensional vector, ~X = (x0, x1, ..., xK),

and a scalar b as:

φ( ~X, b) = (x1, x2, .., xK , b)

where b represents the part that is failed in the current period and is shipped for

repair. That is φ( ~X, b) shows the state of the parts in transit a period later from ~X .

All the parts in transit move one level closer to the completion of repair and delivery,

except x0, which are now available to use and b, which are newly added. The same

operation can be defined for the vector ~Y representing parts in transit to the stock
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location. All elements in vectors ~X and ~Y are zero or one, as only at most one failure

is assumed to happen in each period.

S0 and S1 are base stock levels and hence, constant values. In each period, the

total parts held to the stock location plus the total of parts (S1 +M ) should be equal

to the total number of working parts in the current period (m), plus the current stock

level at the stock location (s1), plus the total number of parts in transit to the stock

location, ( ||~Y ||), where ||~Y || =
∑

k∈K yk. This concludes that m+s1+||~Y || = M+S1.

This should be true so the total flow of parts to/from the stock location stays the

same in all periods.

For the central warehouse this may not hold. In our problem, an option of pur-

chasing a new part is also considered. Hence, the total flow of parts to/from the

central warehouse may increase during the contract, but can not be less that the

base stock allocated at the beginning of contract, S0. Hence, s0 + || ~X|| ≥ S0 , where

|| ~X|| =
∑

k∈K xk, and represents the total number of parts in transit to the central

warehouse.

Penalty cost is usually used in contracts between a supplier and its customer as a

threat to enforce the supplier not to violate the service agreement. Here, penalty cost

is defined according to service level agreement, α, and the percentage of replacements

received within the time window upon failures the end of contract period, which

can be approximated by number of quick deliveries, n2, at the end of contract. The

properties of penalty cost function are as follows.

1. Penalty cost function is non-increasing on the number of quick deliveries, n2.

2. Penalty cost function is convex on the number of quick deliveries, n2.
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To observe the supplier’s optimal decision processing, a dynamic programming

model is develop to show the system’s status and performance in each period. The

state of system at the beginning of each period can be defined with (m, s0, s1, ~X, ~Y , n2)

parameters where:

m number of working parts

s0 stock level at the central warehouse

s1 stock level at the stock location

~X parts in transit to the central warehouse

~Y parts in transit to the stock location

n2 current number of quick deliveries

We assumed that at most one part can fail with the probability of 1−e−mλ. Upon

a part failure, one of the following four possible actions is taken:

1. use the inventory at the stock location,

2. repair the failed part and wait for a repaired part,

3. use the inventory at the central warehouse,

4. purchase a new part from the manufacturer.

The detailed descriptions of these actions are given in the following section.

4.2.2 Definition of Actions

Depending on whether a failure takes place at the beginning of each period or

not, there are five possible actions that can demonstrate how the supplier react in
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Table 4.2: Actions Definitions

Notation Definition Under Failure
S Use inventory at the stock location to fix the

failed equipment
yes

R Wait for a repaired part yes
W Use inventory at the warehouse to fix the

failed equipment
yes

P Purchase a new part to fix the failed equip-
ment

yes

NF Continue the operation, as no failure is ob-
served

no

each period. If the supplier observes no failure at the beginning of the period, he

would continue the repair and shipping processes of parts already in transit. If a

failure happens, he would proceed the request for a replacement with four possible

actions. Notations and definitions of these actions are listed in Table 2. The detailed

descriptions of each action and their effects on state are provided.

Observe that action S is always taken place when the failed part can be

replaced by the available inventory at the stock location during the period. This

includes both the on hand inventory at the beginning of the period and the newly

received parts during the period. The failed part is removed from the equipment and

is dispatched to the repair facility. After being fixed, the repaired part, which works

as good as new parts, is shipped back to the stock location. If the supplier has no

inventory available at the stock locations, he can choose to one of these actions, R, W

or P. Action R is chosen if the supplier decides to repair the failed part and wait until

a repaired part returns from the repair facility. This results in decreasing the current

service level. The supplier can choose Action W or P to keep the service performance

high. W happens when the supplier orders a part from the central warehouse, and
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action P happens when the supplier decides to purchase a new part. In this three

cases, the failed part is also dispatch for repair, but it would be shipped to the central

warehouse after being repaired in the two latter cases. In addition, action NF, which

does not initiate any action, is automatically taken place if no failure is observed at

the beginning of contract.

Action S: If there is available inventory when a failure happens, action S would

always be chosen to replace the failed part. The failed part is then sent for repair

and returns back to the stock location.

• Suppose at the beginning of the period, there are s1 parts in stock and additional

y0 parts arrive during the period, hence, the total number of available parts for this

period at the stock location becomes s1 + y0. If s1 + y0 > 0 and m = M , action S

is placed when a failure happens. Note that if s1 > 0 then m always equals to M .

However, when s1 = 0, y0 > 0 and m < M , the arriving part should be assigned

to the failed part waiting for the part and action S can not be chosen. Hence, the

necessary condition to take action S in this case is m = M .

• The one step cost for the holding costs, which equal to the unit holding cost mul-

tiplied by the number of stocked parts at the central warehouse, ch.s0.

• With action S applied, the number of working parts, m, does not change.

• The new inventory level at the central warehouse becomes the current inventory

level plus the number of parts arriving to the central warehouse from the repair fa-

cility, which becomes s0 + x0.

• The new inventory level at the stock location becomes the current inventory level

plus the number of parts arriving from repair facility to the stock location minus one

part used to replace the failed part, which can be expressed as s1 + y0 − 1.
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• The failed part is sent for repair and will be shipped back to the stock location,

hence, the new transit vector becomes φ(~Y , 1), as a new failed part is added for repair.

On the other hand, the parts in transit to the central warehouse just move up one

level, becoming φ( ~X, 0).

• The number of quick deliveries increases to n2 + 1.

Let V n
S (·) denote the minimum expected total cost when action S is taken, and

V n(·) as the minimum expected total cost when n periods remained in the service

contract. We have:

V n
S (M, s0, s1, ~X, ~Y , n2) = (4.1)

ch.s0 + V n−1(M, s0 + x0, s1 + y0 − 1, φ( ~X, 0), φ(~Y , 1), n2 + 1)

Action R: If there is no available inventory when a failure happens, the supplier

may decide to wait for a repaired part and does not satisfy the failure within time

window in the contract. The supplier sends the failed part for repair and waits until

a repaired part is available at the stock location.

• This action can be chosen when there is no available inventory, s1 + y0 = 0, or the

new arriving parts should be used for failures from previous periods, s1 = 0, y0 > 0

and m < M .

• The one step cost for this action is the holding costs at the central warehouse, ch.s0.

• The number of working parts, m, will decrease by one in the next period. Although

the failures from previous periods that are replaced with repaired part arriving this

period, y0, should be added to the number of working parts in the next period .

Hence, the number of working parts becomes m− 1 + y0.

• The new inventory level at the central warehouse is the current inventory level plus

86



the number of parts arriving to the central warehouse from the repair facility, s0 +x0.

• Inventory level at the stock location will be zero in next period.

• A new failed part is added to the parts in transit to the stock location, hence the

new transit vector becomes φ(~Y , 1). The parts in transit to the central warehouse

move up one level, becoming φ( ~X, 0).

• The number of quick deliveries stays the same, n2, as the supplier fails to replace

the failed part within the agreed time.

Define V n
R (·) as the minimum expected total cost when n period remains and action

R is chosen, then we have:

V n
R (m, s0, 0, ~X, ~Y , n2) = (4.2)

ch.s0 + V n−1(m− 1 + y0, s0 + x0, 0, φ( ~X, 0), φ(~Y , 1), n2)

Action W: With the same condition as action R, s1 + y0 = 0 or s1 = 0, y0 > 0

and m < M , the supplier may order the same type part from the central warehouse.

In this case the repaired part is shipped to the central warehouse in order to keep the

flow of parts in stock locations on a fixed amount.

• The one step cost is the holding cost plus cost of shipping the part with express

delivery. Hence, the total cost for this period is ch.s0 + ce.

• The number of working parts in the next period is the current number of working

parts, m, plus the failures from previous periods that can be replaced by the repaired

part arriving this period, y0. So the number of working parts becomes m+ y0.

• The new inventory level at the stock location will be zero and the new inventory

level at the central warehouse decreases by one unit. The newly arrived parts is also

added. Hence, we have s0 + x0 − 1 parts at the central warehouse.
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• The failed part is dispatched for repair, but would be shipped to the central ware-

house. Hence, the new in transit vector to the central warehouse becomes φ( ~X, 1).

On the other hand, here the parts in transit to the stock location move up to the

next level, becoming φ(~Y , 0).

• The number of quick deliveries is increased by one, n2 + 1.

If we define V n
W (·) as the minimum expected total cost when n period remains and

action W is chosen, then we would have:

V n
W (m, s0, 0, ~X, ~Y , n2) = (4.3)

ch.s0 + ce + V n−1(m+ y0, s0 + x0 − 1, 0, φ( ~X, 1), φ(~Y , 0), n2 + 1)

Action P: Under the same conditions as actions W and R, the supplier might

choose to purchase a new part from the manufacturer. In this case, the repaired part

is shipped to the central warehouse and the total number of parts stocked at the

central warehouse increases.

• The one step cost is the holding costs at the central warehouse plus the cost of

purchasing a new part and shipping it with express delivery. Hence, the total cost

for this period is ch.s0 + cp + ce.

• The number of working parts in the next period is the current number of working

parts plus the failures from previous periods that replaced with new arriving parts

to the stock location, y0. The number of working parts in the next period can be

expressed as m− 1 + y0.

• The new inventory levels at the central warehouse and stock location is the same

as action W, s0 + x0 and s1 + y0, respectively.

• The failed part is sent for repair and shipped to the central warehouse, so the new
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transit vectors are φ( ~X, 1) and φ(~Y , 0) for parts in transit to the central warehouse

and the stock location, respectively.

• The number of quick deliveries is increased to n2 + 1.

V n
P (·) is defined as the minimum expected total cost when n period remains and

action P is chosen, hence:

V n
P (m, s0, 0, ~X, ~Y , n2) = (4.4)

ch.s0 + cp + ce + V n−1(m+ y0, s0 + x0, 0, φ( ~X, 1), φ(~Y , 0), n2 + 1)

Upon a failure, one of four explained actions would be placed based on the system

status. If there is available inventory at the stock location, s1 + y0 > 0 and m = M ,

action S would always be proceeded. But when there is not available inventory at

the stock location for the current demand, s1 + y0 = 0 or s1 = 0, y0 > 0 and m < M ,

the supplier decides between actions R, P and W.

Action NF: If the supplier observes no failure at the beginning of the period, no

decision needs to be made. Only the parts in transit would move to the next level.

• The one step cost is the holding cost at the central warehouse, ch.s0.

• The state of the system changes depending on whether there is a failed part at the

stock location that needs a replacement.

• If there is no backorder at the beginning of the current period and all the parts are

working, m = M , then number of working parts stays the same, m. Inventory levels

would be the current level plus number of part arriving by the end of this period

at the central warehouse/stock location. Hence, new inventory levels at the central

warehouse and stock location would be s0 + x0 and s1 + y0, respectively.

• If there is a failure from previous periods waiting for a replacement, number of
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working parts may increase with the newly received parts. Hence, the number of

working equipments would be m + y0 at the beginning of next period. The new

inventory level at the central warehouse would be the current level plus number of

parts arriving to the central warehouse during this period, s0+x0. The new inventory

level in the stock location stays the same, as the arriving parts is used for previous

failures. Hence, the new inventory level at the stock location is s1,

• For both cases, the parts in transit to the central warehouse and to the stock

location move up to the next level. Hence, we have: φ( ~X, 0), and φ(~Y , 0) for the

parts in transit to the central warehouse and to the stock location, respectively.

• As no failure happens, the number of quick deliveries stays the same.

Define V n
NF (·) as the minimum expected total cost when n period remains and action

NF is applied. As the next state depends on whether all the equipments are working

or not (If there is backorder at the stock location), we use I•, as the indicator function.

We have,

V n
NF (m, s0, s1, ~X, ~Y , n1, n2) = (4.5)

ch.s0 + V n−1(m+ y0.I(m<M), s0 + x0, s1 + y0.I(M=m), φ( ~X, 0), φ(~Y , 0), n2)

For convenience, Equation (4.5) is reformulated depending on whether there is

available inventory during the contract at the stock location or not. 1. s1 + y0 > 0

or s1 = 0, y0 > 0 and m = M , then we have :
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V n
NF (M, s0, s1, ~X, ~Y , n2) = (4.6)

ch.s0 + V n−1(M, s0 + x0, s1 + y0, φ( ~X, 0), φ(~Y , 0), n2)

2. s1 + y0 = 0 or s1 = 0, y0 > 0 and m < M ,

V n
NF (m, s0, s1, ~X, Y, n2) = (4.7)

ch.s0 + V n−1(m+ y0, s0 + x0, s1, φ( ~X, 0), φ(~Y , 0), n2)

In the following lemma, we will show that it is always better to order from the

central warehouse than purchase a new part from the manufacturer, if there is avail-

able inventory at the central warehouse. This property simplifies our modeling in the

next section, where we formulate our problem with Dynamic Programming.

Lemma 8. Whenever there is an available part in the central warehouse, ordering

the part from the central warehouse is a better decision than purchasing a new one.

Proof. Suppose that there are n periods to service the customer and the current state

of the system is (m, s0, s1, ~X, ~Y , n2). Consider a policy π1 that chooses action P at

the current period and makes optimal decisions afterwards. Consider another policy

π2, which is the same as π1, except it chooses action W at the current period and

action P when π1 chooses action W for the first time at the period n′, n′ < n. That

is, two policies always choose the same actions except the period n and n′. Note that

such a period, n′, may not exist, if the policy φ1 never chooses action W. As shown

in equations (4.3) and (4.4), the state of the system under two policies, π1 and π2,
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Figure 4.2: Inventory Changes for Two Policies

are the same except that the state under policy π1 has one more part in the central

warehouse during periods n− 1 to n′, which will impose higher holding costs (Figure

4.2). Because other state parameters are exactly the same, it is possible to create

policy π2 following the optimal decisions of π1. After period n′, both systems under

π1 and π2 would have exactly the same states and operation costs.

Hence, if we let V (π1) to be the expected total costs under policy π1 and V (π2)

to be the expected total costs under policy π2, then V (π1) − V (π2) = h(n − n′), if

0 < n′ < n exists. Otherwise, V (π1)− V (π2) = ch.(n− 1) + cp. In both cases, π2 has

smaller expected total cost than π1. In other words, choosing action W over action

P, is always desirable if action W is feasible. This completes the proof.

4.2.3 Dynamic Programming Model

In this section, we present the formulated dynamic programming model for the

problem. We combine the result from Lemma 8 and introduce three cases to represent

the situations where each of the actions can be applied.

Case I Available inventory at the stock location during the period. In this case
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the available inventory at the stock location is used to cover the replacement upon a

part failure, action S. If no failure happens, action NF is taken place. The condition

can be expressed as “m = M and s1 + y0 > 0”, as when we have inventory on hand

at the stock location, s1 > 0, then all customers parts are working. The DP recursion

for this case would be:

V n(M, s0, s1, ~X, ~Y , n2) = (4.8)

e−mλ.V n
NF (M, s0, s1, ~X, ~Y , n2) + (1− e−mλ)V n

S (M, s0, s1, ~X, ~Y , n2)

where,

V n
NF (M, s0, s1, ~X, ~Y , n2) = ch.s0 + V n−1(M, s0 + x0, s1 + y0, φ( ~X, 0), φ(~Y , 0), n2)

V n
S (M, s0, s1, ~X, ~Y , n2) = ch.s0 +V n−1(M, s0 +x0, s1 + y0− 1, φ( ~X, 0), φ(~Y , 1), n2 + 1)

Case II No available inventory at the stock location, but available inventory in the

central warehouse. In the case of a part failure, the supplier should decide whether

to wait for a repaired part (R) or order it from the central warehouse (W ). Here one

of the following two situations may happen:

i) There is no inventory at the stock location, (s1 = 0), and no in transit part

arrives at the stock location during this period, (y0 = 0). This can be expressed

as “s1 + y0 = 0 and s0 + x0 > 0”.

ii) There is no inventory in the stock location, (s1 = 0), a repaired part is received

at the stock location by the end of the period, (y0 > 0), but it is used for

previous failures. The situation can be observed by “s1 = 0, y0 > 0, m < M ,

s0 + x0 > 0”.
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The DP recursion is:

V n(m, s0, 0, ~X, ~Y , n2) = (4.9)

e−mλV n
NF (m, s0, 0, ~X, ~Y , n2) + (1− e−mλ)min{V n

R (m, s0, 0, ~X, ~Y , n2), V
n
W (m, s0, 0, ~X, ~Y , n2)}

where,

V n
NF (m, s0, 0, ~X, ~Y , n2) = ch.s0 + V n−1(m+ y0, s0 + x0, 0, φ( ~X, 0), φ(~Y , 0), n2)

V n
R (m, s0, 0, ~X, ~Y , n2) = ch.s0 + V n−1(m+ y0 − 1, s0 + x0, 0, φ( ~X, 0), φ(~Y , 1), n2)

V n
W (m, s0, 0, ~X, ~Y , n2) = ch.s0+ce+V

n−1(m+y0, s0+x0−1, 0, φ( ~X, 1), φ(~Y , 0), n2+1)

Case III No inventory in the stock location and in the central warehouse. The

condition for this case is the same as case II, except here s0 + x0 = 0. In this case

there is no available inventory in the stock location nor in the central warehouse by

the end of the period. Upon a failure, the supplier decides whether to wait for a

repaired part (R) or purchase a new one (P). The DP recursion would be:

V n(m, 0, 0, ~X, ~Y , n2) = (4.10)

e−mλV n
NF (m, 0, 0, ~X, ~Y , n2) + (1− e−mλ)min{V n

R (m, 0, 0, ~X, ~Y , n2), V
n
P (m, 0, 0, ~X, ~Y , n2)}

where,

V n
NF (m, 0, 0, ~X, ~Y , n2) = ch.s0 + V n−1(m+ y0, 0, 0, φ( ~X, 0), φ(~Y , 0), n2)

V n
R (m, 0, 0, ~X, ~Y , n2) = ch.s0 + V n−1(m+ y0 − 1, 0, 0, φ( ~X, 0), φ(~Y , 1), n2)

V n
P (m, 0, 0, ~X, ~Y , n2) = ch.s0 + cp + ce + V n−1(m+ y0, 0, 0, φ( ~X, 1), φ(~Y , 0), n2 + 1)

Boundary Condition If the service level provided by the supplier at the end of the

contract period elapses below the service level agreement, α, the supplier faces some

penalty costs. Penalty costs are defined by ψ(n2), where n2 is the number of quick
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deliveries satisfied through the contract length. Hence, the boundary condition can

be expressed as:

V 0(m, s0, s1, ~X, ~Y , n1, n2) = ch.s0 + ψ(n2)

4.2.4 Properties of the Total Cost Function

In this section, we discuss some properties of the minimum expected total cost, V n(·).

These properties help to identify the structure of the optimal decision making and

might be used in approximation that will be developed for more complex systems.

Lemma 9. V n(m, s0, s1, ~X, ~Y , n2) is a non-increasing function on the number of quick

deliveries, n2.

Proof. The lemma is proved by using induction on the number of remaining periods,

n.

Consider the last period, where n = 0. The DP recursion can be observed with the

boundary condition. Hence,

V 0(m, s0, s1, ~X, ~Y , n1) = ch.s0 + ψ(n2)

ψ(n2) is non-increasing on n2 by assumption. This would result the non-increasing

property of V 0(m, s0, s1, ~X, ~Y , n2).

Now assume that the lemma is true when n − 1 periods remains. We will show

that the property holds when n periods remains. For simplicity each of three cases

are considered separately.
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Case I: With the DP formula provided in Equation 4.8, we have:

V n(m, s0, s1, ~X, ~Y , n2) = e−mλ.V n
NF (m, s0, s1, ~X, ~Y , n2)+(1−e−mλ).V n

S (m, s0, s1, ~X, ~Y , n2)

V n(m, s0, s1, ~X, ~Y , n2) is a summation of two functions, V n
NF and V n

S multiplied by

two positive numbers, e−mλ and 1− (e−mλ), respectively. V n
S and V n

NF are both equal

to V n−1 plus constant numbers. Hence, they are non-increasing functions on n2.

As the summation of two non-increasing functions is also a non-increasing function,

V n(m, s0, s1, ~X, ~Y , n2) is non-increasing on n2.

Case II: The DP formula for this case by Equation 4.9 is as follow:

V n(m, s0, 0, ~X, ~Y , n2) =

e−mλV n
NF (m, s0, 0, ~X, ~Y , n2) + (1− e−mλ)min{V n

R (m, s0, 0, ~X, ~Y , n2), V
n
W (m, s0, 0, ~X, ~Y , n2)}

This function is also summation of two terms, V n
NF and the minimum of V n

R and

V n
W . V n

R , V n
W and V n

NF are all non-increasing on n2 with the same argument as

Case I. The minimum of two non increasing function is also non increasing. Hence,

min{V n
R (m, s0, s1, ~X, ~Y , n2), V

n
W (m, s0, s1, ~X, ~Y , n2)} is a non increasing function on

n2. This results that V n(m, s0, s1, ~X, ~Y , n2) is also non increasing on n2.

Case III: With the same argument as Case II, V n(m, s0, s1, ~X, ~Y , n2) is non increasing

under Case III situation.

We showed that if V n−1(m, s0, s1, ~X, ~Y , n2) is a non-increasing function on n2, then

V n(m, s0, s1, ~X, ~Y , n2) is a also non-increasing function on n2. As the property holds

for the initial boundary, where n = 0, we showed that V n(m, s0, s1, ~X, ~Y , n2) is a

non-increasing function on n2 . This completes the proof.
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Table 4.3: Parameters

Part Purchase Price Failure rate (per day) Repair Time (Days)
P1 990 0.0036 45
P2 1686 0.0178 30
P3 20229 0.0077 60

In the next section, dynamic programming model is used to perform numerical

experiments and observe the optimal policy structure.

4.3 Numerical Experiments

In this section, we provide numerical experiments for three part types to observe

the properties and the structure of optimal solutions for our problem. As the service

level agreement is provided for each part separately, we only consider one service part

in this part.

Data for these set of experiments are mostly adopted from the sample data used

by Mabini and Christer (2002). Their paper developed a model in order to determine

stock levels of repairable items supporting a fleet of commercial aircraft. Here, we

used the information on the components of equipments. The data for three parts are

provided in Table 4.3.

Newly purchased parts and parts shipped from the central warehouse are trans-

ported with expedited delivery mode in order to guarantee the delivery in one period.

We consider expedited transshipment cost as 20% of the part’s purchase price. For

convenience each period is considered to be 15 days, and the contract length covers

services for N = 50 periods. It is assumed that the number of working equipments
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at the beginning of contract is eight and the holding costs for each part is adjusted

as 25% of the purchase price per year.

The optimal solutions with different parameters for these parts are compared in

the next section, along with more detailed analyses for part M1 to observe the effect

of each parameter on the optimal total expected cost.

4.3.1 Analysis of Experiments

To ensure the target level of service by supplier, a penalty cost is defined at the

end of the contract period. The penalty cost depends on the service level provided

during the contract length, the maximum length of down time, K and the cost of not

working per period, cf . However, the cost is exponentially increasing as the service

decreases. Nf = N(1 − eMλ) used an approximated value for the number of periods

the system faces a failure during N period. The number of times a request is not

satisfied within the time window is used, instead of number of quick deliveries. n1

represents this value. With α as the service level agreement, we define

ψ(n2) =


0 when n2

Nf
≥ (α)

cfK(Nf − n2)(e
− n2

Nf − e−α) Otherwise

as the penalty cost function with n1 failed services.

As a part of our numerical experiments, we observe the optimal decisions through

the contracts. In most of these experiments, a threshold policy was observed for pur-

chasing a new part and ordering a part from the central warehouse. It suggests that

if for a state like (m, s0, s1, X, Y, n1) the optimal decision is to purchase a new part,

for any state (m, s0, s1, X, Y, n
′
1) where n′1 > n1, the optimal decision would be also
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Figure 4.3: Percent of Increase in the Total Cost by Increasing Penalty Costs

to purchase a new part.

Figure 4.3 shows the percentage of increase in the total expected cost under

different system parameters. S1 and S0 represent the allocated inventories to the

stock location and the central warehouse, respectively. As expected total expected

cost increases by improving service level and increasing penalty costs. It’s noticeable

that the total cost doesn’t change for part P2 with different service levels and penalty
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costs, when S1 ≥ 2. This is due the fact that two periods are required to ship and

repair a failed part of M2. Hence, stocking extra two parts at the stock location sat-

isfies any service level. The total cost only includes the cost allocated to hold extra

inventory at the central warehouse, which is not needed in this case. Similar result is

obtained for part P1, when S1 ≥ 3.

As expected, the total cost increases with less inventories stocked at the stock

location. The percent of increase is dependent on the characteristic of part and sys-

tem’s parameter. Comparing P1 and P2, the increase in the penalty cost is greater

for P2 that has higher failure rate, when there is not sufficient inventory at the stock

location, S1 = 0, but it is less when there is more inventory at the stock location.

These set of examples show that the initial parameters of the system have significant

effect on the system performance during the contract. Also, two important aspects of

part, failure rate and repair time, have significant impact on the total expected cost.

To investigate the advantages of purchasing and ordering options for the supplier,

two policies, without considering additional purchasing option and without consid-

ering both purchasing and ordering options, are applied. When ordering policy is

not considered, it is reasonable to assume that the supplier does not have additional

inventory at the central warehouse, hence, the holding cost is omitted in this policy.

Table 4.4 shows the percent of increase (decrease) in the total cost, when purchas-

ing/ordering options are not considered. Purchasing option can decrease the total

cost significantly in the systems with low base stock levels and high penalty costs.

This is more remarkable for parts with high failure rates and long repair times.

We assume that when ordering option is reduced from the system, the supplier

does not hold any inventory at the central warehouse. This can decrease the total
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Table 4.4: Percent of Difference in the Total Cost

cf α Without Purchase Option Without Purchase/Orders Options

M1 M2 M3 M1 M2 M3

S0 = 1, S1 = 0

250 0.95 0.00% 0.00% 0.00% 111.18% 17.11% -48.04%
0.9 0.00% 0.00% 0.00% 110.59% 16.04% -49.14%
0.8 0.00% 0.00% 0.00% 109.61% 13.75% -51.71%
0.7 0.00% 0.00% 0.00% 108.91% 11.18% -54.87%

2500 0.95 121.88% 65.73% 0.00% 1221.06% 596.93% 33.68%
0.9 111.29% 59.07% 0.00% 1233.36% 596.12% 32.95%
0.8 86.38% 45.85% 0.00% 1272.69% 608.69% 31.21%
0.7 62.17% 26.85% 0.00% 1391.36% 623.51% 29.00%

S0 = 1, S1 = 1

250 0.95 0.00% 0.00% 0.00% 40.96% 46.60% -50.34%
0.9 0.00% 0.00% 0.00% 37.27% 44.50% -51.50%
0.8 0.00% 0.00% 0.00% 28.99% 40.29% -54.19%
0.7 0.00% 0.00% 0.00% 17.84% 35.76% -57.51%

2500 0.95 6.24% 0.00% 0.00% 865.56% 1088.54% 60.64%
0.9 4.78% 0.00% 0.00% 899.59% 1093.31% 60.16%
0.8 2.82% 0.00% 0.00% 935.59% 1112.47% 59.34%
0.7 2.73% 0.00% 0.00% 909.91% 1129.88% 58.69%

S0 = 1, S1 = 2

250 0.95 0.00% 0.00% 0.00% -83.70% -100.00% -69.58%
0.9 0.00% 0.00% 0.00% -87.57% -100.00% -71.11%
0.8 0.00% 0.00% 0.00% -94.03% -100.00% -74.64%
0.7 0.00% 0.00% 0.00% -97.76% -100.00% -78.92%

2500 0.95 0.00% 0.00% 0.00% 44.51% -100.00% 40.48%
0.9 0.00% 0.00% 0.00% 11.58% -100.00% 37.13%
0.8 0.00% 0.00% 0.00% -41.99% -100.00% 29.41%
0.7 0.00% 0.00% 0.00% -77.67% -100.00% 18.63%
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Figure 4.4: The Effect of Chosen Base Stock Level at the Stock Location on the Total
Expected Cost with cf = 250

cost for systems with enough base stock level at the stock location, such as S1 = 2.

However, the supplier can benefit from holding inventory at the central warehouse,

when there is limited inventory at the stock location, S1 = 0 or S1 = 1, especially for

systems with high penalty costs.

4.3.2 Analysis of Experiments for One Part

The next set of numerical experiments are provided to analyze the effects of each

parameter of the individual part on the total expected cost. The analyses are per-

formed for Part P1. Figures 4.4 and 4.5 show the changes in the total expected cost

when different base inventories are allocated to the stock location. Base inventory

at the central warehouse is set as one unit, and penalty costs are considered to be

cf = 250 and cf = 2500, respectively. The left charts represent the total expected

cost during the contract, while in the right charts, the initial investment to purchase

inventories at the base stock locations is included as well. As expected, more op-
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Figure 4.5: The Effect of Chosen Base Stock Level at the Stock Location on the Total
Expected Cost with cf = 2500

erational costs are imposed to the system by improving the service level agreement.

The increase in the total expected cost decreases as the initial base inventory level

increases. With three units held at the stock location, operational costs only includes

the holding costs at the central warehouse. When base inventory level is set higher,

the system has less expected cost during the contract. When the initial investment

is considered, the figures can suggest the best inventory level at the stock location

that minimizes the operational costs for a system with a known inventory level at the

central warehouse. For lower penalty costs, one unit at the stock location provides

the minimum total costs at any service level, but for higher penalty costs, the best

policy is dependent in the service level agreement. Having two extra parts at the

stock location is better for higher service level agreements in this case.

It is obvious that the system with only one stock location benefits more if all

inventories, at the stock location and at the central warehouse, are held at the stock

location. Having a central warehouse can be beneficial in situations where there is
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Figure 4.6: The Effect of Inventory Level at the Central Warehouse on the Total
Expected Cost

not enough capacity at the stock location, or the supplier can not choose the base

stock level at the stock location. To observe the effect of base inventory at the central

warehouse on optimal policy, the expected total cost for inventory levels, S0 = 0,

S0 = 1 and S0 = 2, are shown in Figure 4.6. Inventory level at the stock location is

set to one unit. For greater penalty costs, the system with one part stocked at the

central warehouse have the lowest total expected cost. But for systems with lower

penalty costs, the total expected cost is dependent on the service level agreement,

and for less service levels, no inventory is needed.

Our numerical experiments show that different characteristics of parts can signifi-

cantly change the total expected costs under alternative service level agreements and

penalty costs. The option of purchasing new parts during the contract decreases the

total expected costs in situations where the penalty cost is relatively high and there

is a shortage of inventory in the system. Parts with higher failure rate and larger

repair time benefits more from this option.
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Stocking inventory at the central warehouse generally imposes holding costs to

the system, which can be reduced by removing that inventory in situations where the

failure rate is low or there is enough inventories at the stock location. However, it

can decrease the total cost in case there is a limited capacity at the stock location

and the failure rate is high and repair times is long. It is also shown that with large

penalty costs, the supplier can benefits from the inventory at the central warehouse,

even though it costs more to hold the inventory there.

System’s parameters, such as base inventory levels at the central warehouse and at

the stock locations, play significant roles in the total expected cost. These levels are

significantly influenced by the part’s failure rate and repair time. The performances

of the systems with considering different parameters are discussed. Our numerical

experiments suggest the optimal inventory levels by considering the initial investment

and optimal operational costs during the contract.

4.3.3 Extended Model for Multi-Stock Locations

One reason to have a two-echelon network is to achieve a quick response time, while

reducing the holding costs by stock centralization for multiple locations. Inventory

pooling has been used as an effective way to improve service performance without

imposing additional costs to the system (Wong, Cattrysse, & Van Oudheusden, 2005).

Aeronautical industries, especially airlines usually keeps a central inventory of parts

in their central warehouse and keeps additionally smaller inventories at their bases,

where the demands come frequently.

Our model in the previous section only considers one stock location at the time.

In reality, the customer might have multiple sites, and the supplier may use several
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Figure 4.7: System network

stock locations to improve the service time and quality. In the previous section, we

develop a dynamic inventory model where the supplier faces demands from only one

customer’s site. In this section, we expand our model to the case where the customer

owns multiple sites and the supplier provides a separate stock location for each site.

Though, the central warehouse service all the stock locations. The system’s structure

is shown in Figure 4.7.

The system consists of repair facilities, multiple stock locations holding spare

parts and a central warehouse. The inventory at the central warehouse can be used

in the event of stockout at the stock locations and it is assumed that there is no

preference between customer’s sites. Requests are placed by the supplier, and the

central warehouse does not receive demands from the customer’s sites directly. At

each period, the supplier observes the failures at each customer’s site. Then, the

supplier decides how to fulfill the demands that minimizes his total costs during the
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contract period. If the required part is not available at the stock location associated

with that customer’s site, the supplier decides whether to purchase a new one, use

the inventory at the central warehouse, or wait for a part in transit to be received. In

the latter case, as the time exceeds the agreed window, a back order would have to be

placed that would decrease the current service level. Similar to previous model, parts

that are purchased or ordered from the central warehouse are transported by express

delivery and arrive within the specified time window. The failed parts are dispatched

to repair facilities and would be shipped back to the stock location/ central warehouse

after repair.

In addition to previous model, we have the following assumptions as well:

1. No more than one failure happens in each period at each customer’s site.

2. Failures happen at individual customer’s sites independently.

3. Penalty costs are calculated separately at each customer’s site.

The objective is to minimize the total cost of the system during the service contract

period, N , for all stock locations. The total cost includes transportation costs for

express delivery, purchasing new parts, holding costs at the stock locations for inven-

tory storage and the penalty cost, which is calculated by the service level provided

to the customer at the end of the contract.

There are M i units of service part are used to fully operate a given number of

machines at site i and if a failure happens during the contract and the supplier does

not provide a replacement within one period, the number of working parts at site i,

mi, decreases until a replacement is received. For the stock location associated with

site i, there are si1 units of the service part at the stock location to replace any failed
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part. In the addition, s0 units are stored at the central warehouse to serve the orders

from all the stock locations. One failure places with the probability of pi = 1− e−miλ

at site i and no failure happens at the same site with the probability of 1 − pi. We

assume that these probabilities are independent at different site locations. Similar to

the previous section, upon part failures, the supplier observes the on hand inventory

at the stock location. If there is no available part at the stock location, the supplier

can choose among three possible actions; waiting for a repaired part, using inventory

at the warehouse or purchasing a new part.

We shall extend our notations as follow:

i set of stock locations, i ∈ [1, I]

n number of periods left till the end of the contract, n ∈ [0, N ]

k number of periods remained till the in transit part received at the stock

location/central warehouse, k ∈ [0, K]

λ failure rate of the part

m number of working parts

m = (m1,m2, ...,mI), where mi is the number of working parts at the site i

M total number of parts

M = (M1,M2, ...,M I), where M i is the total number of parts at the site i

s0 stock level at the central warehouse

S0 stock level at the central warehouse at the beginning of contract

s stock level at the stock locations

s = (s1, s2, ..., sI), where si is the stock level at the stock location i

S stock level at the stock locations at the beginning of contract

S = (S1, S2, ..., SI), where Si is the stock level at the stock location i
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at the beginning of the contract

n2 quick deliveries. n2 = (n1
2, n

2
2, ..., n

I
2), where ni2 is the number of quick

deliveries at the stock location i

α service level agreement

~X a vector represents the parts in transit to the central warehouse,

~X = (x0, x1, ..., xK)

xk number of repaired parts that will be received at the central warehouse

in k periods

Y parts in transit to the stock locations, Y = ( ~Y 1, ~Y 2, ..., ~Y I)

~Y i a vector represents the parts in transit to the stock location i, where

~Y i = (yi0, y
i
1, ..., y

i
K)

yik number of repaired parts that will be received at the stock location i in

k periods

cp purchasing cost of part

ce express delivery cost

ch holding (stocking) cost at the central warehouse per period

ψ(n2) Penalty cost by the end of contract, defined based on number of quick

deliveries, n2

The state of system at the beginning of each period can be defined with (m, s0, s, ~X,Y,n2)

parameters where:

m number of working parts at customer’s sites

s0 stock level at the central warehouse

s stock level at the stock locations

~X parts in transit to the central warehouse
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Y parts in transit to the stock locations

n2 current number of quick deliveries

Define f(m, s0, s, ~X,Y,n2), a) as the state transition function under action a, where

a = (a1, a2, ..., aI) and ai is the action happens at location i. Define nw and np as

the number of sites that actions W and P are performed, respectively. The state

transition function can be extended for each location as follow,

f(mi, ai) =



mi + yi0 − 1 when ai = R

M i when ai = S

mi + yi0.Imi<M i when ai = NF

mi + yi0 Otherwise

f(s0, a) = s0 + x0 − nw

f(si, ai) =


si + yi0 − 1 when ai = S

si + yi0.Imi=M i when ai = NF

0 Otherwise

f( ~X, a) = φ( ~X, nw)

f( ~Y i, ai) =


φ( ~Y i, 1) when ai = S

φ( ~Y i, 0) Otherwise

f(ni2, a
i) =


ni2 when ai = R or NF

ni2 + 1 Otherwise
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Table 4.5: Actions Conditions

Under Failure Condition Applicable Actions
for location i

Yes Available inventory at the stock location i S
Yes No inventory at the stock location i, but

available inventory at the central warehouse
W,P,R

Yes No inventory at the stock location i or central
warehouse

P,R

No No failure is observed NF

Similar to previous section, we can define the conditions, under which each action can

be performed (Table 4.5). Note that when there is available inventory at the central

warehouse, action P is also considered. This happens when there is not enough

inventory at the central warehouse to cover all orders from the stock locations. In

this case, the model decides which set of action provides the minimum expected cost.

Define āi as the applicable actions under failure for the location i, and denote V n(·)

as the minimum expected total cost when n periods remained in the service contract.

Then, we have,

V n(m, s0, s, ~X,Y,n2) = (4.11)

ch.s0 + ΠI
i=1p

i Min a∈{ā1,ā2,...,āI}{cpnp + ce(nw + np) + V n−1(f(m, s0, s, ~X,Y,n2), a)}+

(1− p1)ΠI
1=2p

i Min a∈{NF,ā2,...,āI}{cpnp + ce(nw + np) + V n−1(f(m, s0, s, ~X,Y,n2), a)}+

(1− p1)(1− p2)ΠI
1=3p

i Min a∈{NF,NF,ā3...,āI}{cpnp + ce(nw + np) + V n−1(f(m, s0, s, ~X,Y,n2), a)}

+ ...+

ΠI
i=1(1− pi)V n−1(f(m, s0, s, ~X,Y,n2), {NF,NF, ..., NF})
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Figure 4.8: Inventory Sharing at the Central Warehouse with One Unit

where nw and np are the numbers of action W and P in action vector, a, respectively

and nw ≤ s0 +x0. The condition on the number of action W is defined such that it is

less than the number of available inventory at the central warehouse for the current

period. The boundary condition can be expressed by

V 0(m, s0, s, ~X,Y,n2) = ch.s0 +
I∑
i=1

ψ(ni2)

We applied the model for part P1 and two stock locations to observe the sup-

plier’s expected costs, when he uses the inventory at the central warehouse for both

locations. Figure 4.8 compares the supplier’s expected cost when one unit is shared

at the central warehouse and used for both locations with the case when the supplier

only uses the one unit inventory for one location. cf = 250 and M = 8 for both

locations. The supplier expected cost during the contract decreases by about 30%,

when the inventory is shared between stock locations.

Figure 4.9 compares the supplier’s expected cost when two units are shared at

the central warehouse with the case when the supplier only uses one unit inventory
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Figure 4.9: Inventory Sharing at the Central Warehouse with Two Units

at separated warehouses for the stock location. The supplier also benefits up to 35%

when the inventory is shared between stock locations. Even thought the supplier’s ini-

tial investment for stocking is the same, the supplier can reduce the operational costs

during the contract significantly by merging inventories at one central warehouse.

4.4 Summary

In this study, we consider a two-echelon repairable parts inventory system consist-

ing of a central warehouse and a stock location. The supplier provides the customer

with service parts during a finite contract period, where parts have exponentially

distributed life-cycle. Upon a part failure, the supplier sends a replacement to the

customer, and the faulty part is removed and dispatched to the repair facilities. In

order to keep up with the SLA, two additional options are available to meet a de-

mand: purchasing a new part from the manufacturer or ordering from the central

warehouse. A dynamic programming model is presented for one service part to find
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the optimal decision policy with minimum total expected cost while trying to stay

within the SLA by imposing a penalty cost at the end of the contract. We show that

ordering from the central warehouse, if there is available inventory, is always a better

decision than purchasing a new part from outsource.

Numerical experiments show the benefits of these two options under certain con-

ditions. Purchasing new parts shows the most benefit in systems with insufficient

inventories at the stock location and central warehouse. Failure rate, repair time and

penalty costs also have significant effect on the system. Our analysis also suggests

optimal inventory levels by considering both the initial investments at the stock loca-

tions and the operational costs during the contract. Our numerical experiments for

multi-stock location shows the supplier can benefit significantly when the inventory

shared between the stock locations.

A certain level of service is achieved at different expected costs for different parts.

The service level agreements are usually defined for a set of parts, and multi-parts ap-

proach has been the focus of many studies to decrease the total costs while achieving

the required service. Considering an aggregated service level for multi-part systems

could be a direction for future studies.
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Chapter 5

Contracting in After-Sales Services

5.1 Introduction

As discussed in previous chapters, maintenance and support in after-sales play a

significant role in the profit of companies. In after sales services, two different orga-

nizations, such as a supplier and a customer, are involved, and contracting between

these two organizations is an important factor on the level of service provided by the

supplier. While traditional arrangement of after sales services for capital-intensive

products such as airplanes and weapon systems are mostly centered on spare parts,

performance-based contracting manages the business arrangements by using perfor-

mance metrics and incentives to motivate better outcomes (Garret, 2007). In these

contracts, the customer’s expectation of service is explicitly identified, but the sup-

plier decides how to fulfill these requirements. Hence, the contract should promote

ways to a better performance.
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In the previous chapters, we studied the optimal resource allocation for the sup-

plier to achieve the maximum service availability. The two parties involved in the

contract are usually self interested in their organization benefits. Consider a cus-

tomer who needs a service provider for multiple repairable parts. The customer uses

performance based contracting, in which the customer is interested in buying prede-

termined levels of service such as the part availability instead of purchasing a set level

of spare parts.

The customer offers two types of payments to the supplier. The payments in-

clude a fixed payment and incentives. Fixed payment is paid at the beginning of

contract and the customer expects the supplier provides at least the minimum service

requirement. Fixed payment is the same amount for any service level that the sup-

plier provides, but incentives are increasing with the additional services and rewarded

by the end of the contract based on the supplier’s performance during the contract.

The customer measures the service performance by the fill rate value, which shows

the percentage of orders that are satisfied immediately. Kim et al. (2007) showed

incentives aligned along the service supply chain can lead to improving service and

reducing costs.

The supplier first observes the fixed payment and incentives offered in the con-

tract. For each level of service, the supplier can determine the expected total cost

needed during the contract. The supplier does not risk his own resources to provide

a service level that the expected cost is greater than the fixed payment. Because

the fixed payment is the same for any service level, the supplier only considers the

service levels that the expected cost to provide that level of service can be covered by

the fixed payment. Then, the supplier analyzes the incentive values for these service
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levels, and calculates the profit obtained at the end of the contract, considering the

fixed payment, incentives and expected costs for each service level. Finally, the sup-

plier decides to provide a service level that maximizes his profit and determines the

operational decisions accordingly.

In this chapter, we study the contractual levelers that result in maximum per-

formance for the customer. The customer offers the contracts terms to the supplier,

who in return provides the required service availability. We first study the model that

optimizes contractual terms by maximizing the total fill rate under a constrained bud-

get and the supplier’s actions are modeled through the approach described above. In

reality, the customer does not have the accurate information about how the supplier

provides each level of service, hence the estimation on supplier’s costs and service

levels are uncertain. The role of information asymmetry has been the focus of more

studies recently and been considered in either adverse selection setting or moral hazed

setting. Corbett (2001) was one of the first studies that considered information asym-

metries along with incentive conflicts. He considered order quantity/reorder point (Q,

r) model in a two-player context and used principal-agent models to study the effects

of information asymmetries about setup cost and backorder cost. Principal agent

models have been applied greatly in these set of problem (Plambeck and Zenios,

2000; Lutze and Ozer, 2006; Kim, Cohen and Netessine, 2007).

Kim et al. (2007) analyzed the implementation of performance-based contracting

with a multi-task principal-agent model in a repair and maintenance environment for

a single product. It was one of the first studies that embedded the principal-agent

model in to after sales services. Bakshi, Kim and Savva (2011) applied a similar

model in the performance based contracting between a customer and a manufacturer
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where the manufacturer had superior information about the components failure dis-

tribution.

Most of the previous studies on contracting have applied principal agent models

to address the uncertainty of information and actions in the system. Even though the

principal agent model has shown significant visibility to the supplier, the supplier’s

actions are usually limited to one decision. Hence, it is more complicated to apply

this method for more complex systems where the supplier needs to make decision for

multiple parts or add operational decisions simultaneously. In our study, we applied

the result obtained from the previous chapter to obtain information on supplier’s be-

havior. Then, we first study a deterministic problem, in which the supplier’s actions

and behavior are developed through a set of rules. Then, we developed a robust

model to include the uncertain information that the customer uses to optimize the

service performance.

In the following section, the problem is studied in more detail, and an optimization

model is developed for the customer to determine his fixed payment and incentives

that maximizes the total fill rate. The primary numerical experiments for the sim-

ple model is provided in 5.2.1. The model is extended in Section 5.2.2 to include

the contract length decision in the model. In 5.3., we include the uncertainty of the

customer’s information about the supplier’s costs in the model. Summary and future

works are discussed in the last section.
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5.2 Problem Definition

Consider a customer that requires service for multiple repairable parts. Each unit

fails at the customer’s site with a constant failure rate. Upon a failure, the customer

informs the supplier and expects the failed part to be immediately replaced by a

ready-to-use part, new or repaired, from the supplier’s stock location, where spare

parts are held. The supplier decides how much inventory to hold for each part and also

which transportation mode to use to ship the parts between customer’s site and repair

facilities, where failed parts are repaired and shipped to the stock location for further

usage. Hence, the supplier makes two decisions, inventory level and transportation

mode for each part, to determine the service level. The customer measures the service

level of the supplier with the percentage of failed parts that are replaced immediately

with on hand inventory at the supplier’s stock location. We will use the system’s

”Fill Rate” or ”Service Level” to represent this metric. At first, it is assumed that

the customer has the accurate information about the minimum expected total cost

associated with each fill rate during the contract. This assumption is relaxed in the

extended model that includes uncertain parameters.

The customer wants to find the optimal contractual terms at the beginning of

planning horizon such that the fill rate during the contract is maximized within a

constrained budget. The customer obligates the supplier to provide a minimum level

of service, such as αmin, and is willing to increase his spending budget for a higher

fill rate.

At the beginning of a planning horizon, the customer offers two terms of payment

to the supplier: (1) a fixed payment, w and (2) incentives. Incentives are paid at the

end of the contract based on the service level provided during the contract period.
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It is assumed that the customer arranges the minimum and maximum service level,

αmin and αmax, to the supplier. The supplier would be granted additionally, if he can

provide a service better than minimum level. The customer is not willing to expend

his payments for a service higher than maximum service level.

The incentive function is defined discretely on the service level provided by the

supplier, α. Hence, the total payment to the supplier can be defined as

T = w + p(α)

where, p is the incentive function on the service level. Define the incentive function

as follows, in which the customer offers N different incentive values,

p(α) =



p1 if α1 ≤ α < α2

p2 if α2 ≤ α < α3

...

pN if α ≥ αN

That is, the contract awards the initial fixed payment, and additional pi amount at

the end of the contract, depending on the achieved fill rate.

In Chapter 3, we developed a model that finds the optimal spare parts inventory

and transportation modes for individual parts. Assuming that the supplier uses a

similar model, we can find the minimum expected total cost, Ci, for a fill rate of αi

during a predetermined contract duration. In this section, we assume that contract

duration or length, l, is a fixed parameter. In the extended model developed in Sec-

tion 5.2.2, we discuss the possibility of choosing the contract length as well.

The customer has a total budget for payments, Bi, including fixed and incen-
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Figure 5.1: Customer’s Allocated Budget Based on the total fill rate for β = 5%
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tive values. The customer’s spending is dependent on the service provided by the

customer. We first assume that the customer has the complete information on the

amount of supplier’s minimum expected cost, Ci, required to provide the service level

of αi during the contract. With this information, the customer sets his budget limit

a pre-defined percent level, β%, higher than the supplier’s expected cost, e.g. with

β = 5%, the customer is willing to pay up to 1.05 higher than the supplier’s expected

cost for each service level. Figure 5-6 shows how the customer’s budget changes

for different service level, depending on the supplier’s cost. Hence, the customer’s

decision is to offer the right amount of fixed payment and incentives such that it

maximizes the system’s fill rate, α, and the total payment is less than the customer’s

budget

w + p(α) ≤ Bα

We shall use the following notations:

i set of fill rate options in the contract, i ∈ [1, I]

αi the fill rate value of option i

Ci supplier’s total cost required for the fill rate of αi

Bi maximum customer’s budget for the fill rate of αi

β customer’s percentage of increase for the budget limit,

such that Ci(1 + β) = Bi

The supplier observes the contract terms and estimates the expected total costs for

providing each level of service. Then, he decides to set his spare inventories and

transportation modes to provide a fill rate that maximizes his profit at the end of

the contract. The supplier only considers the fill rate that the fixed payment at least
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covers the total cost required for that specific fill rate.

The decision variables to consider are as follows:

xi a binary decision variable equal to 1 if the supplier gets the highest profit

from the contract with a fill rate of αi

w customer’s fixed payment to the supplier

pi customer’s incentive payment for a fill rate of αi

The customer’s objective is to maximize the total fill rate, which is determined by

multiplying the expected fill rate times the decision variable on the contract choice.

The objective can be written as
I∑
i=1

αixi

Note that xis are the supplier’s reactions to the customer’s decisions on the fixed and

incentive payments.

There is only one service level that the supplier provides, hence,

I∑
i=0

xi = 1

The customer has a constrained budget for each service level, and his total payments

to the supplier, including the fixed and incentive payments, are less than the maximum

budget for each fill rate option,

w + pi ≤ Bmax
i

The supplier only considers to provide the service levels that the fixed payment at

least covers the minimum total cost required for that fill rate. Hence, if the customer
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offers a fixed payment of w and the total cost for providing a fill rate of αi is Ci,

and the fixed payment is less than Ci, then the supplier would not invest in spare

inventories that the fill rate of αi can be obtained by the end of the contract. This

condition can be modeled as

w +M(1− xi) ≥ Ci

where M is a number big enough that satisfies the constraint for any Ci and w values.

Among the contracts with the above condition, the supplier chooses the contract that

maximizes his profit, w − Ci + pi. Hence, for any contract option of i, if there is

another contract option of i′ such that w − Ci + pi ≤ w − Ci′ + pi′ then xi = 0. The

condition can be summarized as

pi − Ci ≤ pi′ − Ci′

The following constraint can be used to ensure that less profitable contracts are not

accepted by the supplier.

M(1− xi) + pi − Ci ≥ pi′ − Ci′

and finally, the incentives are assumed to be non-decreasing on the fill rate in order

to encourage the supplier to provide a better service level. As αi > αi−1, we can

formulate this condition as

pi ≥ pi−1
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By combining the above terms, we obtain the formulation to maximize the total

fill rate as follows.

Maximize
I∑
i=1

αixi (5.1)

s.t.
I∑
i=1

xi = 1

w + pi ≤ Bi ∀ i ∈ [1, I]

w +M(1− xi) ≥ Ci ∀ i ∈ [1, I]

M(1− xi) + pi − Ci ≥ pi′ − Ci′ ∀ i, i′ ∈ [1, I]

pi ≥ pi−1 ∀ i ∈ [2, I]

xi ∈ {0, 1} ∀ i ∈ [1, I]

w ≥ 0

pi ≥ 0 ∀ i ∈ [1, I]

The objective function shows the total fill rate to maximize. The first two constraints

guarantee the supplier’s participation in the contract. The third constraint is the

customer’s budget constraint indicating that the total payment including the fixed

payment and incentive payments be less than the maximum budget.The fourth and

fifth constraints ensures that the contract with highest profit for the supplier would be

chosen. The sixth constraints ensures the logical relations between incentive values.

The last three sets of constraints are the binary restrictions on contract decision

variables, and the non-negativity restrictions on the fixed and incentive payments.
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5.2.1 Numerical Experiments for the Primary Model

To investigate the effect of different parameters of the system on the customer’s

decisions, a numerical experiment is provided in this section for the primary model.

The customer requires services for 214 parts, each characterized with different failure

rate, purchase price, repair probabilities, repair times, shipping costs and shipping

times. Data used in this chapter are the same data employed in the numerical exper-

iments in Chapter 3. There are three possible transportation modes for the supplier

with different shipping times and costs, such as Express air mode, Economy air mode

and Economy Surface mode. With the assumption that the supplier would use the

model applied in Chapter 3, we can obtain the minimum expected total cost, C,

needed for obtaining a certain service level during the contract. With these informa-

tion, the contract model is run in Gurobi for different contract lengths and budget

constraints. The budget constraints are controlled by customer’s percentage of in-

crease on the budget, β.

Figure 5.7 shows the incentive values structure for different contract length when

β = 5%, where M represents the number of periods in the contract. The black point

represents the best incentive payment for the optimal fill rate. The incentive values

increase as the fill rate increase until the point where the supplier gets the highest

profit and the total system fill rate is maximized. After this point, additional incen-

tives do not increase the supplier’s profit, hence, in the model the customer does not

expand the reward.

It is also observable that the customer only increases incentives at the specific fill

rates and is not willing to grant supplier additionally for service level in between.

Incentives increase gradually for the lower service levels, but for higher service level,
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Figure 5.2: Incentive Payments

the customer needs to grant the supplier more in order to motivate the supplier to

choose higher fill rate.

Contract length is one of the important factors that changes the supplier’s deci-

sions on inventory purchases and transportation decisions. The supplier invests more

on inventory for longer contract periods and can obtain a better performance by in-

creasing his budget. This would affect the customer’s decisions and the total fill rate

as well. As it is shown, with the same percentage of increase on the customer’s budget,

higher fill rates are expected from the supplier for longer contract periods, M = 10

and M = 20. In next section, a model is provided to help the customer decides the

contract length when the customer can only choose between different contract lengths

and the planning horizon is usually longer than the options he has for the number of
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Figure 5.3: Optimal Fill Rate and Total Payment under Different β

period in a contract.

Figure 5.8 shows the total customer’s payment (including the fixed payment and

incentives) and the optimal fill rate of the system under different percent of increase

on the budget. Percent of increase on the budget, β, ranges from 5 to 20 percent and

determines how much the customer is willing to invest. Usually a higher fill rate is

obtained as the budget limit increases. But as an example for M = 10 the optimal

fill rate decreases as the maximum limit on the budget increases. This is due the

fact that the model selects a contract that both maximizes the total fill rate and the

supplier’s profit. Hence, in cases that the supplier gets a larger profit under a smaller

fill rate, the total fill rate of the system decreases.
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Figure 5.4: Supplier’s Profit under Different β

Figure 5.9 shows the supplier’s profit for the same range of β. As we can see, the

supplier’s profit increases with additional budgets. The figure would give visibility

to the customer on how to choose their budget constraints and what to expect from

the supplier. In Chapter 3, we have shown that when the supplier has the option

of using multiple transportation modes, the system’s total fill rate improves greatly

specially under tight budget constraints. In Figure 5.10, we compare the optimal fill

rate of the system under the situation that the customer sets his maximum budget

with the information he has on the total costs for only one transportation mode, but

the supplier’s behavior is dependent on whether he chooses one transportation mode

or three modes.

The customer’s fixed payment is usually less when the supplier uses three trans-
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Figure 5.5: Optimal Fill Rate & Fixed Payments- Multiple vs. One Transportation
Mode

portation modes. This is due to the fact that the supplier only considers offers that

cover at least their minimum expected costs. The supplier’s expected cost is always

less when he considers three transportation modes. Even though, the customer’s fixed

payment are less under three modes assumption, the incentives are much higher than

the time the supplier uses one mode. It is also noticeable that the fill rate provided

by the supplier is usually higher when three modes are considered in the model.

The primary model showed that the customer’s choice on his maximum budget

significantly affects the optimal fill rate of the system. Under tight budgets, with

additional budget the customer gains better service level from the supplier, but as

the customer’s budget increases, the difference between actual costs of the supplier
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and the total amount the customer can pay increases as well, and this might increase

the incentive payments that much that the supplier would not willing to perform a

better service.

In the following section, we develop a model that considers contract duration/length

as a decision variable as well.

5.2.2 Model with Contract Length Decisions

In previous section, we observe that the contract length can lead the supplier to

perform differently under the same percentage of increase on the customer’s budget.

In this section, we provide a model that the customer can choose the contract length

as well. This provides a better model for situations when the planning horizon is too

long that the customer can not offer a contract for the whole planning periods.

We assume that the customer considers N horizon periods for servicing I critical

parts, and the supplier rents these parts from his manufacturer for holding during

the contract and providing the necessary services. Hence, the supplier’s total cost

includes discounted renting costs during the contract. We shall use n to represent the

current period, where n ∈ [1, N ]. With similar approach and a small modification

on the model presented in Chapter 3, we can find the minimum expected discounted

costs for any fill rate. Similar to previous section, we use Cij to present the minimum

expected total cost for a contract of length Lj and the fill rate of αi, where i ∈ [1, I] are

the fill rate options the customer offers to the supplier with different incentive values.

It is assumed that the customer’s total payment for all contracts during planning

horizon is limited by the customer’s maximum budget.

Customer’s maximum budget Bi is defined for a fill rate of α, where αk ≤ α <
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αk+1, and is β% more of the the supplier’s expected cost for the fill rate of αk and

N contract periods. In addition to the notation presented in the previous section we

have,

n period, n ∈ [1, N ]

k discrete fill rate options defined for maximum budget, k ∈ [1, K]

j length options, j ∈ [1, J ]

L set of possible contract length, where Lj shows the number of periods in

the contract length j

d discount factor

The decision variables to consider can be modified as follow:

wn fixed payment to the supplier at the beginning of period n.

Fixed payments are only paid at the beginning of each period

a new contract is issued.

pnij incentive payment to the supplier at the beginning of period n for a service of

αi for a contract with length Lj. Similar to fixed payments, incentive payments

are only paid at the beginning of a period that a new contract is issued.

xnij a binary decision variable equal to 1 if a new contract is issued with the

fill rate of αi and the length of Lj at the beginning of period n,

and 0 otherwise

Unlike previous section, the customer’s total fill rate during the contract horizon can

be any value, even in between pre-defined values of αks. Hence, we define decision

variables of ak which are binary decision variables and would be equal to one if cus-

tomer’s total fill rate, α, is less than αk+1 and greater or equal to αk. The customer’s
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maximum budget can be defined as

B =



B1 if α1 ≤ α < α2

B2 if α2 ≤ α < α3

...

BK if α ≥ αK

where Bk is the budget customer is willing to pay for a fill rate of αk.

The objective function is to maximize the total fill rate, α which is determined

by multiplying the expected fill rate for each contract length times the duration of

the contract multiplied by the decision variable on the contract choice and divided

by number of periods in planning horizon. It can be written as

N∑
n=1

I∑
i=1

J∑
j=1

αiLj
N

xnij

A new contract should be placed at the beginning of planning period horizon. Hence,

I∑
i=1

J∑
j=1

x1ij = 1

and in the following periods, at most only one contract can be renewed,

I∑
i=1

J∑
j=1

xnij ≤ 1

But the duration of all contracts should be covered N periods which is the planning

horizon.
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N∑
n=1

I∑
i=1

J∑
j=1

Ljx
n
ij = N

If a new contract with the length of Lj issued at period n, i.e.
∑I

i=1 x
n
ij = 1, then

for the next Lj − 1 periods no new contract should be issued. Hence, we have,

Lj−1∑
h=1

I∑
i′=1

J∑
j′=1

xn+hi′j′ ≤ 1−
I∑
i=1

xnij ∀ n ∈ [1, N ], j ∈ [1, J ]

If no new contract issued at period n, then there should be a new contract in previous

periods that covers period n,

I∑
i=1

J∑
j=1

Lj−1∑
h=1

xn−hij +
I∑
i=1

J∑
j=1

xnij ≥ 1 ∀ n ∈ [1, N ]

If no contract is renewed at period n, then the customer’s payments should be zero

for that period, hence, for each period n we have,

wn ≤M
I∑
i=1

J∑
j=1

xnij

and for each period n and contract length option of j, we have,

I∑
i=1

pni ≤M

I∑
i=1

xnij

where M is number that is big enough that the constraint holds under different

situations. We will use the same notation for any constraint that requires a big

number.
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To guarantee the supplier’s participation in contracting, the customer’s fixed payment

is assumed to be greater than the total cost required for the minimum service level,

α1. Hence, we have

wn + (1−M)
I∑
i=1

xnij ≥ C1j

The customer has a constrained budget, Bk, for a fill rate between αk and αk+1 that

should cover the discounted fixed and incentive payments during the planning horizon.

It is assumed that fixed payments are paid at the beginning of the contract, while

incentive payments are rewarded at the end of the contract. Hence, the constraint on

the maximum budget for the discounted payments can be written as,

N∑
n=1

wndn +
N∑
n=1

I∑
i=1

J∑
j=1

pnijd
n+Lj−1 ≤

K∑
k=1

Bkak

The value of aks depend on the total fill rate,
∑N

n=1

∑I
i=1

∑J
j=1

αiLj

N
xnij. We define

the following three constraints such that ak = 1 if and only if

αk ≤
N∑
n=1

I∑
i=1

J∑
j=1

αiLj
N

xnij < αk+1

For each k,
N∑
n=1

I∑
i=1

J∑
j=1

αiLj
N

xnij + (1− ak) ≥ αk

and
N∑
n=1

I∑
i=1

J∑
j=1

αiLj
N

xnij ≤ αk +
K∑

k′=k+1

ak′

and finally,
K∑
k=1

ak = 1
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The first constraint guarantees that if
∑N

n=1

∑I
i=1

∑J
j=1

αiLj

N
xnij < αk then ak = 1.

The second constraint shows that if
∑N

n=1

∑I
i=1

∑J
j=1

αiLj

N
xnij > αk, then one of a′k at

a higher fill rate would be one. These two combined with the condition that only one

of aks can be equal to one, ensures the condition required for ak values.

The supplier only accepts offers that the fixed payment would cover the minimum

total cost required for the fill rate i. Similar to previous section we have,

wn +M(1− xnij) ≥ Cij

Among the contracts with the above conditions, the supplier chooses the contract

that provides him the highest profit. The condition can be expressed as

pnij − Cij +M(1− xnij) ≥ pni′j − Ci′j

and finally, the incentive values are assumed to be non-decreasing on the fill rate in

order to encourage the supplier to provide a higher service level.

pnij ≥ pni−1j

By combining the above terms, we obtain the model to maximize the total fill rate

as follows.
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Maximize
N∑
n=1

I∑
i=1

J∑
j=1

αiLj
N

xnij (5.2)

s.t.
I∑
i=1

J∑
j=1

x1ij = 1

I∑
i=1

J∑
j=1

xnij ≤ 1 ∀n ∈ [2, N ]

N∑
n=1

I∑
i=1

J∑
j=1

Ljx
n
ij = N

I∑
i′=1

J∑
j′=1

Lj−1∑
h=1

xn+hi′j′ ≤ 1−
I∑
i=1

xnij ∀ n ∈ [1, N ], j ∈ [1, J ]

I∑
i=1

J∑
j=1

Lj−1∑
h=1

xn−hij +
I∑
i=1

J∑
j=1

xnij ≥ 1 ∀ n ∈ [1, N ]

wn ≤M
I∑
i=1

J∑
j=1

xnij ∀n ∈ [1, N ]

I∑
i=1

pnij ≤M
I∑
i=1

xnij ∀j ∈ [i, J ], n ∈ [1, N ]

wn +M(1− xnij) ≥ Cij ∀ i ∈ [1, I], j ∈ [1, J ], n ∈ [1, N ]

N∑
n=1

wndn +
N∑
n=1

I∑
i=1

J∑
j=1

pnijd
n+Lj−1 ≤

K∑
k=1

Bkak

N∑
n=1

I∑
i=1

J∑
j=1

αiLj
N

xnij + (1− ak) ≥ αk ∀ k ∈ [1, K]

N∑
n=1

I∑
i=1

J∑
j=1

αiLj
N

xnij ≤ αk +
K∑

k′=k+1

ak′ ∀ k ∈ [1, K]

K∑
k=1

ak = 1

pnij − Cij +M(1− xnij) ≥ pni′j − Ci′j ∀ i, i′ ∈ [1, I], j ∈ [1, J ], n ∈ [1, N ]
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pnij ≥ pni−1j ∀ i ∈ [2, I], j ∈ [1, J ], n ∈ [1, N ]

xnij ∈ {0, 1} ∀ i ∈ [1, I], j ∈ [1, J ], n ∈ [1, N ]

ak ∈ {0, 1} ∀ k ∈ [1, K]

wn ≥ 0 ∀ n ∈ [1, N ]

pnij ≥ 0 ∀ i ∈ [1, I], j ∈ [1, J ], n ∈ [1, N ]

5.2.3 Numerical Experiments for the Model with Contract
Length Decisions

To observe the customer’s decisions on contract length, a numerical experiment is

provided in this section for the model developed in the previous section. The model

is run for planning horizon of N = 4, N = 10 and N = 20. Data used is the same

as previous chapter, and we used 10% of purchase for the renting costs, and it is

discounted during the contract period.

The customer has options of choosing 2, 4, 10 or 20 years of contract depending

on the planning horizon. The optimal fill rate and the customer’s total discounted

payment during the planning horizon are shown in Figures 5.11, 5.12 and 5.13 for

N = 4, N = 10 and N = 20 respectively. β represents the percent of additional

budget over the total expected cost that the customer sets his maximum budget with

this value.

The optimal decisions show that when it is possible, the customer chooses the

longest contract period. This gives the customer the highest fill rate, even though he

might end up spending more. Note that in the model provided, the model chooses

the decisions that provides the highest profit to the supplier in order to guarantee
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Figure 5.6: Optimal Fill Rate with Contract Length Decision- N = 4

Figure 5.7: Optimal Fill Rate with Contract Length Decision- N = 10

the supplier’s participation. Among those decisions, the model chooses the one that

provides the highest fill rate to the supplier. Hence, with more budget it would be

possible to get a lower fill rate, as the supplier gets a higher profit in that fill rate.

Figure 5.11 compares the optimal fill rate for N = 4 when the customer can

choose 2 or 4 years contracts, and when the customer can only have two years con-

tracts with the supplier. The customer always gets a better optimal fill rate when he

can offer a 4 years contract, but will have to offer higher payments to the supplier.

Note that the payments are still under the maximum budget the customer is willing
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Figure 5.8: Optimal Fill Rate with Contract Length Decision- N = 20

to pay for that fill rate.

Figure 5.12 and 5.13 compare the optimal fill rate for different contract length

options when N = 10 and N = 20, respectively. The customer always chooses the

longest contract length option and similar to N = 4, he gets a higher fill rate when

the contract length increases.

5.3 Model with Uncertain Parameters

Deterministic models assume that the decision makers know all parameters of the

system before implementing the solutions. However, many decision parameters can

be unknown to the decision makes or they can change dramatically from the decision

until they are implemented.

The models provided in previous sections are under the assumption that the cus-

tomer knows the exact cost and fill rate for each of contract options. In reality, the

140



customer does not have enough information about the supplier’s exact cost and how

the supplier uses the payments to provide the service. In this section, we assume that

these parameters can vary and the customer only have information about the cost

required for each fill rate value, but the cost can vary between a symmetric range

around that amount. It is also assumed that the service provided by the supplier

might be worse than it is assumed by the customer, and the customer knows the

amount the fill rate can be reduced.

Robust optimization and stochastic modeling are the two principal approaches to

handle uncertainty in optimization. Stochastic programming models are developed as

a reformulation of optimization problems that includes random parameters (Romei-

jnders, Stougie and van der Vlerk, 2014). Models developed for these problems are

assumed that the distribution function of parameters are known. In reality, such

probabilities and distributions are difficult to estimate and some times the optimal

decisions are very sensitive to the distribution function used in the model (Thiele,

2005). In reverse, robust optimizations are used when the parameters are known

within some limits or bounds. In this method, the model is optimized against the

worst scenarios that might happen. One of the first methods is proposed by Soyster

(1973) that optimized a linear model where it took each uncertain from an interval,

but it tends to find over-conservative solutions (Bertimas and Sim, 2004).

In our research, the historical data are not available to estimate the distribution of

parameters. Hence, we applied robust optimization to address the uncertainty of data

used by the customer. The approach used here is by the model provided by Bertsimas

and Sim (2004) for robust discrete optimization. Their models is able to control the

degree of conservatism of the solution. Similar to their approach, we assumed that
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the required cost for each fill rate is symmetric and bounded and can take values in

[Ci − Ĉi, Ci + Ĉi, where Ĉii is the variability the customer sets for his estimation on

the total costs for the service level with the fill rate of αi.

Consider a general MILP model such as

Min
∑
j

cjxj (5.3)

s.t.
∑
i

aijxj ≤ bi ∀ i ∈ [1,M ]

Lj ≤ xj ≤ Uj ∀ j ∈ [1, N ]

xj ∈ Z ∀ j ∈ [1, N ′]

The problem has N decision variables where N ′ of them are integral. aij are the

coefficients of decision variables in the model. We will apply Bertsimas and Sim

(2004) method to develop a model with uncertain data. Their approach only assumed

the uncertainty of data only affects aij, but it can be easily developed to the case

where the right hand side values, bi, are uncertain as well.

For capturing the uncertainty of parameters, they assume that aijs are changing

in a known interval, centered at a nominal value like, áij, and has half-interval length

of âij at both sides, i.e. [áij − âij, áij + âij]. They assumed that the parameters have

no specific distribution. As it is unlikely that the coefficients are equal to their worst

case, such as the approach proposed by Soyster (1973), a conservatism degree should

be adjusted properly in order to achieve a reasonable trad off between robustness

and performance (Hassanzadeh, Modarres & Nemati, 2014). This concept is added

by defining zij as the scaled deviation of the absolute from the nominal value, i.e.
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zij = |aij− áij|/âij, where zij ∈ [0, 1]. Then, Bertsimas and Sim (2004) controlled the

uncertainty of the ith constraint with Γi, where
∑

j zij ≤ Γi.

Bertsimas and Sim(2003) showed that Model (5.4) with uncertain coefficient has

the following robust linear counterpart:

Min
∑
j

cjxj (5.4)

s.t.
∑
i

áijxj + Γizi +
∑
j

tij ≤ bi ∀ i ∈ [1,M ]

zi + tij ≥ âijyj ∀ j ∈ [1, N ],∀i ∈ [1,M ]

− yj ≤ xj ≤ yj ∀ j ∈ [1, N ]

Lj ≤ xj ≤ Uj ∈ Z ∀ j ∈ [1, N ]

xj ∈ Z ∀ n ∈ [1, N ′]

zi, tij, yj ≥ 0 ∀ j ∈ [1, N ],∀i ∈ [1,M ]

in which, zi and tij along with yj determine the amount by which aij deviates from

the nominal point, áij.

The model proposed by Bertsimas and Sim (2004) is developed for uncertainty of

the coefficients of variables. We have uncertainty in the supplier’s cost, and at most

two of these parameters change in one constraint. Hence, we add a decision variable

xI+1 and xI+2 for the right hand values, where 1 ≤ xI+1 ≤ 1 and 1 ≤ xI+2 ≤ 1.

We apply their method for the coefficient of decision variables xI+1 and xI+2. They

defined a parameter such as Γ for each constraint with uncertain parameters to adjust

the robustness of the method against the level of conservatism of the solution. Γ can

take a number up to the number of decision variables with uncertain parameters in
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the constraint. As at most two decision variables have variability in each constraint,

with Γ = 2 the solution considers the most possible changes and results in the most

conservative solution. For all other values, the solution would be protected against all

cases that up to bΓc of the coefficient of the constraint change at the highest possible

variation and one coefficient changes with the fraction, Γ−bΓc, of possible variation.

With the new decision variables and Bertsimas and Sim (2003) method, our robust

model of (5.1) can be reformulated as
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Min
I∑
i=1

−αixi (5.5)

s.t.
I∑
i=1

xi = 1

w + pi ≤ Bi ∀ i ∈ [1, I]

− w +Mxi + CixI+1 + ziΓi + tiI+1 ≤M ∀ i ∈ [1, I]

zi + tiI+1 ≥ ĈiyI+1 ∀ i ∈ [1, I]

Mxi + pi′ − pi − Ci′xI+2 + CixI+1 + z′i,i′Γ
′
i,i′ + t′i,i′I+1 + t′i,i′I+2 ≤M ∀ i, i′ ∈ [1, I]

z′i,i′ + t′i,i′I+2 ≥ Ĉi′yI+2 ∀ i, i′ ∈ [1, I]

z′i,i′ + t′i,i′I+1 ≥ ĈiyI+1 ∀ i, i′ ∈ [1, I]

pi ≥ pi−1 ∀ i ∈ [2, I]

xi ∈ {0, 1} ∀ i ∈ [1, I]

− yI+1 ≤ xI+1 ≤ yI+1

1 ≤ xI+1, xI+2 ≤ 1

w ≥ 0

pi ≥ 0 ∀ i ∈ [1, I]

zi ≥ 0 ∀ i ∈ [0, I]

z′i,i′ ≥ 0 ∀ i, i′ ∈ [1, I]

tiI+1 ≥ 0 ∀ i ∈ [1, I]

t′i,i′I+1 ≥ 0 ∀ i, i′ ∈ [1, I]

t′i,i′I+2 ≥ 0 ∀ i, i′ ∈ [1, I]
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The objective function is to maximize the total fill rate provide by the supplier. The

first two constraints are similar to the previous model to guarantee the supplier’s par-

ticipation in the contract. The third constraint is the customer’s budget constraint

indicating that the total payment including the fixed payment and incentive pay-

ments be less than the maximum budget.The fourth constraint adds the variability

of the supplier’s expected cost, Ĉi, to the model. Note that as only one decision

variable changes, the variability of the model can be considered as Ĉi.Γ. The next set

of constraint ensures that the contract with highest profit for the supplier would be

chosen. As two parameters change in this constraint, two new constraints are added

to include the conservatism and variability of the expected costs. The eights con-

straint ensures the logical relations between incentive values. At the end the binary

restrictions on contract decision variables, and the non-negativity restrictions on the

fixed and incentive payments are added.

5.3.1 Numerical Experiments and Simulation on the Robust
Model

we assumed that the required cost for each fill rate is symmetric and bounded

and can take values in [Ci − γCi, Ci + γCi], where γ is the percent of variability

the customer sets for his estimation on the total costs, and changes are the same

percentage for all service level. With this assumption, only one parameter changes

in the model and Γ can be at most equal to one. The model was run for different

constraint conservative values, Γ and cost variation, γ. Figure 5.14 shows the optimal

fill rate for a contract period of two when γ = 10%. With Γ = 0 the optimal fixed

payment is the same as deterministic model. As Γ increases, the customer becomes
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Figure 5.9: Optimal Fill Rate under Different Budgets- M = 2

more conservative and the variability of costs are taken in to consideration. Hence,

the fill rate decreases under similar budget constraint for higher Γ. More budget is

needed for higher Γ values, and the model cannot find the optimal contract terms for

small budgets, e.g β = 5%. In this case, the customer has to increase his budget if

he wants to be more conservative.

Figure 5.15 shows how fixed payments and incentive change as the customer

becomes more conservative. Even though the supplier provides smaller fill rate un-

der higher Γ, the customer usually offers larger fixed payment amounts. Incentives

decrease as the conservatism of constraints increases, and hence, the final fill rate

diminishes as well.

Figure 5.16 compares the optimal fill rate for different percentage of variability

in costs, γ. β = 10% and contract period is assumed to be two. As expected, fill rate

diminishes with increasing variability and the conservative level of constraints. For
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Figure 5.10: Fixed Payment(MM) & Incentives (MM) under Different Budgets -
M = 2

Figure 5.11: Optimal Fill Rate under Different Conservative Levels - M = 2
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Figure 5.12: Fixed Payment(MM) & Incentives (MM) under Conservative Levels -
M = 2

small cost variation, at the highest conservative level ,the difference between fill rates

are two percent, but for larger cost variations, the budget is not enough to provide

the contract terms after Γ = 0.4. In Figure 5.17 the fixed payments are incentives are

shown. Incentives decrease as the variation increases, but the fixed payments vary

depending on the supplier’s benefit.

We observed that with high variability, the customer needs to increase his bud-

get level in order to obtain a more conservative solution. The robust solutions for

β = 10% and M = 2 was applied to observe how the supplier reacts with his actual

cost parameters. Cis are obtained by simulating within the range of the percent of

variability. As the the actual cost of the supplier dependent on the fill rate provided,

we assume that Cis are not independently change, instead they all change with a same

percent of increase/decrease. The percent of increase/decrease is a random number

in [−γ, γ]. Then the supplier’s behavior for 1000 runs is observed for the robust so-

lutions obtain under different conservative level, Γ.
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Table 5.1: Customer’s Expected vs Supplier’s Choice on the Provided Fill Rate

Γ γ
0.05 0.1 0.15 0.2

0 1% 2% 2% 2%
0.1 3% 5% 3% 3%
0.2 4% 4% 2% 2%
0.3 3% 5% 1% 1%
0.4 3% 5% 1% 0%
0.5 1% 4% 1%
0.6 1% 3% -2%
0.7 1% 2%
0.8 1% 0%
0.9 0% 0%
1 0%

The average fill rate level that the supplier chooses to provide with the con-

tract offered by the robust model is compared with the customer’s expectation in

Table 5.1. The customer’s expectation on the fill rate is obtained from solving the ro-

bust model. The customer usually expects a higher fill rate from the supplier, but the

difference decreases as the customer becomes more conservative and set the level of

conservatism, Γ, higher. The blank entries show that with this level of conservatism,

the customer needs a higher budget limit to obtain the contract terms. With this

table, the customer can choose his level of conservatism according to the variability

of the costs he is expecting from the customer.

Note that the supplier does not accept the customer’s offer if the offered fixed

payment is lower than the expected total cost for the minimum fill rate. The average

fill rate provided in Table 5.1 is for the situations where the supplier accepts the cus-

tomer’s contract. Table 5.2 shows the percentage of the times the supplier accepted

the customer’s offer and decides to provide certain service level to the customer.
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Table 5.2: Percentage of Accepted Contracts by the Supplier

Γ γ
0.05 0.1 0.15 0.2

0 100.0% 89.5% 74.3% 65.7%
0.1 100.0% 93.4% 81.0% 74.7%
0.2 100.0% 98.1% 81.0% 73.4%
0.3 100.0% 93.4% 79.6% 74.9%
0.4 100.0% 98.4% 82.2% 75.5%
0.5 100.0% 97.3% 82.5%
0.6 100.0% 98.7% 83.6%
0.7 100.0% 98.2%
0.8 100.0% 99.8%
0.9 100.0% 98.8%
1 100.0%

As expected, with more conservative contracts, there is a higher chance the sup-

plier accepts the contract. On the other hand, when the variability increases, there

are more situations where the supplier does not accept the offer. This number is

about 30% when the variability is 20 percent. Table 5.3 shows how the percentage of

acceptance increases as the customer sets higher budget limits. With this informa-

tion, the customer can set his budget limit and the conservative level in the robust

model to obtain the contractual terms.

Suppose the customer wants an acceptance percentage of higher than 95%.

Hence, the customer should increase his budget limit at least 20%. The simulated

expected fill rates are provided in Table 5.4. If expects the supplier to provide a fill

rate greater than 95% as well, then the customer can set his conservative level and

budget level between the options that provide these conditions.
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Table 5.3: Percentage of Accepted Contracts by the Supplier for Different Budget
Limits

Γ β
0.1 0.15 0.2 0.25

0 65.7% 79.9% 76.8% 100.0%
0.1 74.7% 84.2% 84.7% 100.0%
0.2 73.4% 79.6% 90.0% 89.5%
0.3 74.9% 88.1% 95.8% 94.1%
0.4 75.5% 84.7% 90.1% 100.0%
0.5 87.4% 96.0% 100.0%
0.6 87.3% 95.5% 100.0%
0.7 88.9% 97.2% 100.0%
0.8 99.0% 100.0%
0.9 99.4% 100.0%
1 100.0%

Table 5.4: Supplier’s Expected Fill Rate for Different Budget Limits

Γ β
0.1 0.15 0.2 0.25

0 95% 96% 96% 97%
0.1 94% 95% 96% 98%
0.2 94% 94% 95% 97%
0.3 93% 95% 95% 96%
0.4 90% 95% 95% 97%
0.5 94% 95% 97%
0.6 91% 95% 98%
0.7 91% 93% 96%
0.8 92% 96%
0.9 90% 95%
1 94%
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5.3.2 Conclusion

The numerical experiment for the deterministic model shows the structure incen-

tives offered to the supplier. The customer increases the incentives up to the point

that he assumed the supplier would accept the offer. It also shows that with limiting a

higher budget limit the customer usually gets a better performance from the supplier.

But if the customer increases his budget such that the incentives for smaller service

level is too much, the supplier might choose to provide a worse service because he can

obtain a greater profit at that level. Hence, the customer’s decision on his budget

limit and as the result incentives, can significantly affect the supplier’s reaction to

the contract terms.

In the robust model, we observe that the customer has to provide greater fixed

payment and incentives if he prefer to be more conservative. Although, the customer’s

expectation of the provided fill rate decreases. For high degree of conservatism, the

customer’s budget might not be enough to provide the contractual terms. As in these

case, the customer models the supplier’s behavior with worse scenarios on the cost

parameters, but the budget is adjusted according to the nominal point. Hence, the

customer has to pay more if he wants to be more conservative.

The result of simulation on the robust model’s solutions provide some interesting

insights about the best degree of conservatism and budget limit. The analysis shows

that with high variability, the chance of accepting the contract by the supplier de-

creases. In this case, the supplier’s performance might be approximately the same

as what the customer expects if the supplier accepts the contract, but it comes with

the risk of not accepting the contract at all. Hence, the customer should choose his

budget limit accordingly to increase the supplier’s acceptance rate.
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5.4 Summary and Future Works

In this study, we consider the interaction between the customer and the supplier

through contract development. The customer offers the contracts terms to the sup-

plier and the supplier observes the contract terms and chooses to provide a service

that would maximize his profit by the end of the contract. We first assume that

the customer knows the supplier’s expected costs for each service level and develop

a model that optimizes contractual terms by maximizing the total fill rate under a

constrained budget. Then, we relax this assumption and provide a robust model in

which the supplier’s costs can vary within a symmetric range.

Our numerical experiments on the deterministic model show the significance of

the customer’s budget on the fill rate provided by the supplier. The result of the

robust model along with the simulation proposes the the budget limit according to

the degree of conservatism of the customer.

Our robust model can be easily extended to consider the uncertainty of the sup-

plier’s provided service as well. With the similar approach developed by Bertsimas

and Sim (2003), we can provide a model that considers a certain range of decrease in

the fill rate.

We have focused on the relationship between the customer and a single supplier.

We assumed that the contract is either accepted or refused. We can use this infor-

mation for developing a furthest model that consider renegotiation as well. A future

study can analyze the performance of contracting in a multi period setting in which

the customer uses the information from the previous periods that enables him to

update the contract terms accordingly. In addition, we may examine the optimal

contractual terms in a multi supplier problem.
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Chapter 6

Summary and concluding remarks

In this research, we study several repairable-part inventory systems with service

level consideration that add additional resources to the traditional systems to ensure

the system availability.

The first study considers a multi-part inventory system with alternative trans-

portation modes, in which the supplier faces Poisson distributed requests upon parts

failure. The failed part is replaced with a new/repaired one from the inventory at

the stock location, and in case of no inventory, a backorder is placed. The failed part

can be fixed either at the stock location or at the repair facility, or it can be non

repairable with certain probabilities. The objective is to find the optimal base stock

levels and transportation modes that maximizes the total fill rate with an allowed

level of budget constraint. The available budget should cover the initial purchasing

of base stocks, repair and purchase costs during the contract, and transportation

costs. We discuss the properties of objective function to structure the optimal solu-

tion. Due to the non-linearity of objective function, a linearization method is used.
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We show that under certain conditions, the optimality of approximated model can be

confirmed. The results and insights of numerical experiments show the advantage of

multi-transportation mode. Alternative transportation modes increase the flexibility

of inventory systems and can increase the total fill rate in systems where the available

budget can not cover the required base stock level, but it can be used to decrease the

transportation time. Also, the results show that failure rate is the most significant

factor in determining the base stock level.

The second study considers a two-echelon repairable part inventory system, con-

sisting of one central warehouse and one stock location with previously allocated

base inventory levels. To obtain high service levels at lower costs, the supplier has

additional options of ordering from the central warehouse or purchasing new parts

from the manufacturer. We develop a dynamic programming model that finds the

optimal policy to minimize the total expected operational costs, including holding

costs, transportation costs and purchasing new parts. By comparing the proposed

policy with systems without purchasing/ordering options, we observe the benefits of

the additional options in certain systems, especially in ones with limited allocated

base stocks and high penalty costs. The numerical experiments also analyze the

effect of characteristics of the parts and system’s parameter on the total expected

cost. Dynamic decision process making has been studied less in literature. Ordering

from the central warehouse is usually considered as an obliged way to fulfill demands,

while the supplier in our model can decide whether to use the inventory at the central

warehouse or not. The model extended to multi-stock location problem, where the

inventory at the central warehouse can be used for all the local stock locations, in

case of stock out. The results showed that the supplier can significantly benefit from
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sharing the available inventory at the central warehouse.

In the previous studies, we assumed that the contractual terms are given and are

fixed parameters. The main focus in the last study is providing the contractual levels

to the supplier that prompts him to provide a better service. Hence, the decision

maker in this system is the customer. The customer requires a minimum service

level from the supplier and is willing to grant the supplier for a better service perfor-

mance. The objective is to find the terms of contract, the fixed payment, incentives

and contract duration, that maximize the service provided by the supplier during the

planning horizon under a constrained budget. We first developed a mixed integer

programming model assuming the information on supplier’s costs and services is vis-

ible to the customer. Then, we extended our model to a robust model in which the

uncertainty of information is included. In order to observe the supplier’s behavior,

the robust optimization solution is offered to the supplier by generating random pa-

rameters for the supplier’s expected costs. The results showed the supplier might not

always accept the offer. Further analysis suggested that by defining the correct bud-

get limit, the customer can increase the percentage of acceptance and the expected

fill rate.
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