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Abstract 

The purpose of this research is to model and analyze the dynamics of a hot gas 

vane motor for design optimization work.  The pneumatic motor is a portable direct drive 

actuator that is intended as an alternative to battery-powered electromagnetic motors.  It 

is believed that the vane motor could replace other solutions for portable power 

generation.  An optimal design of the motor is desirable to maximize portability and 

efficiency.  Modeling the device will make it possible to optimize the mechanical 

efficiency by altering the geometry of the motor’s vanes and respective chambers.  The 

modeling of the device focuses on determining the net amount of torque that is produced 

by the high pressures that drive the device.  While the efficiency of the motor is affected 

to a great extent by its geometry, losses from friction will also be considered.  A model of 

Stribeck friction was developed to account for losses from friction.  For the device to 

remain portable, there are limitations on the size of the final design which will restrict the 

optimal efficiency of the vane motor. 
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Chapter 1 

INTRODUCTION 

 

The purpose of this research is to analyze a unique application of a hot gas 

vane motor to determine if it is a viable candidate to replace currently used 

technology.  The two most commonly used portable drive devices are battery-

powered electric motors and hydrocarbon-fueled internal-combustion-engines.  

Battery-powered motors offer the advantage of start/stop, quiet operation, but have 

the disadvantage of low mass-specific power and energy densities.  Hydocarbon-

fueled combustion engines have superior mass-specific power and energy densities, 

but do not allow start/stop or bidirectional operation.  It is believed that a hot gas vane 

motor should produce high mass-specific power and energy densities and also should 

provide quiet, start/stop, bidirectional operation.  

 The vane motor is not a recent discovery.  There is evidence of vane motors 

from as early as 1868 and there are U.S. patents from 1924 [1].  Early vane motors 

were typically hydraulic devices, whereas the vane motor under discussion is a 

pneumatic device.  Vane motors for pneumatic systems operate at free speeds up to 

13,000 rpm, with rated speed approximately 50% of that level [2].  Vane motors can 

come in a variety of sizes and styles.  The vane motor being discussed in this research 

is relatively small (< 1 kg in weight), but there are much larger versions of vane 

motors.  For example, the Wankel engine works in a similar fashion to a vane motor 

and is used in the Mazda RX-8. 

 The vane motor in this work uses a monopropellant, hydrogen peroxide, as a 
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power source.  Hydrogen peroxide has been used as a monopropellant for many other 

applications.  The Royal Aircraft Establishment of Great Britain used hydrogen 

peroxide to successfully launch low cost rockets into space, including the Black 

Knight and Black Arrow rockets.  The German military used hydrogen peroxide as a 

monopropellant in WWII to drive a turbine that powered submarines.  Also hydrogen 

peroxide was used to propel torpedoes from those submarines [3]. 

 

1.1 Established Research 

 Vane motors have been in operation in the United States for nearly a century, 

and not surprisingly, much research has already been developed.  However, as of yet, 

there has been a limited amount of research aimed at optimizing the efficiency of the 

device based on geometry.  The ultimate goal of this research is to improve the 

efficiency of a hot gas vane motor through variations in the geometry of the motor.  

In order to accomplish this task, a viable model of the device needs to be developed.  

The model constructed for this work is based primarily on the work of Barth, Fite, 

Goldfarb and Li [1].  Their model of the hot gas vane motor is based on a basic torque 

equation, which is derived from the relationship between the pressure in each 

chamber of the device and the geometry of the device at any instant.  Pressures are 

solved for using the first law of thermodynamics and assuming that the ideal gas 

entering the system undergoes an adiabatic process.  The model for this work uses the 

same assumptions from [1], however, several important features have been added to 

the model in order to increase the accuracy. 

 The most important feature added to the system is a model for the frictional 
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torques that develop during operation.  Equating the friction within any system is 

typically a difficult process, due to the fact that the friction coefficient, µ, is generally 

unknown and also changes throughout operation.  The friction coefficient may be 

solved for using experimental methods, but analytical methods for solving the friction 

coefficient have also been developed.  One method for approximating the friction 

coefficient is to use a Stribeck Curve.  The dynamic behavior of the coefficient of 

friction for sliding surfaces has historically been considered using the Stribeck Curve.  

Research from Manring [4], has shown that a Stribeck friction curve is a good 

approximation for friction in devices similar to that of a hot gas vane motor. 

 The friction coefficient is not the only quantity needed to determine the 

friction torques within the system.  The normal forces between the moving surfaces of 

the hot gas vane motor also need to be known.  Research has been done to develop an 

appropriate free body diagram of the forces within the motor.  A detailed diagram of 

the forces within the system was produced by Bertetto, Mazza, Pastorelli, and 

Raparelli [5].  Their research showed that the forces on pneumatic motor vanes vary 

according to the orientation of the vanes relative to the stator or housing of the device.  

Vanes within the motor have a certain amount of flexibility within the motor, which 

has an affect on the forces present on those vanes.  Their model, however, did not 

give an in depth description of how to solve for the pressures on the back and tip of 

the vane. 

 Research from Inaguma and Hibi [6] shows an appropriate method for solving 

for pressure forces on the vanes that are present throughout the operation.  While their 

work was for a hydraulic pump, the methodology used is completely relevant for a 
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hot gas vane motor.  Much like the work from Bertetto [5], their work showed that the 

orientation of the vane and the tip geometry play an important role in defining the 

forces present on the vanes.  

 

1.2 Research Objectives 

 The objectives of this research are to develop a detailed model of the hot gas 

vane motor, and then use that model to optimize the design of the device.  Models for 

hot gas vane motors have been developed, but each model is partially incomplete.  In 

this research, a more complete model of the hot gas vane motor was developed, by 

expanding on the ideas presented in existing research.  Specifically, a more detailed 

model of friction was developed in order to create a more viable model.   The 

completed model was used to optimize the design and performance of the hot gas 

vane motor. 

 

1.3 Thesis Outline 

 Chapter 2 focuses on establishing a basic model for the hot gas vane motor.  

The research of Michael Goldfarb and Eric Barth, that is being developed at 

Vanderbilt University serves as the starting point for the model development.  Their 

research is the fundamental basis for the model and this research.  Chapter 3 works to 

expand the model and increase its precision.  This is accomplished by developing a 

more accurate friction model, using more detailed dynamics.  In addition, it is shown 

that integrating the Stribeck Curve into the model gives a more accurate 

approximation of friction within the system.  Chapter 4 expands on Chapters 2 and 3, 
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and shows that a more detailed description of the pressure forces on the vanes is 

needed in order to give an appropriate description of the friction torque.  Chapter 5 

shows how the fully developed model may now be used to design a more efficient hot 

gas vane motor.  Finally, overall conclusions and recommendations about future work 

are presented in Chapter 6.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 5



Chapter 2 

Modeling of the Hot Gas Vane Motor 

 

2.1 Basic Operation 

      A hot gas vane motor is a device that uses hot gas as a power source to 

drive a shaft and produce power.  The motor consists of a circular rotor that is offset 

in an elliptical stator.  Extendable vanes are attached to the rotor and are extended to 

the inner edge of the stator.  During startup, the vanes are held against the stator by a 

leaf spring.  Figure 1 displays a single vane with thickness, t, width, W, and length, L, 

and the attached leaf spring. 

t 

Vane 
W 

Leaf Spring 

L 

 

Figure 1.  Vane and attached leaf spring. 

 The leaf spring only provides enough force to keep the vane in contact with 

the stator at start up.  During operation, the vanes are kept in contact with the edge of 

the stator by the centrifugal force created by the rotor’s rotation.  There are six vanes 
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total which create six separate chambers. It is assumed that the thickness of the vanes 

is negligible so each chamber occupies 1/6th of the total volume of the device.  The 

device is driven by a hot gas that flows into these chambers to create a torque on the 

shaft attached to the rotor.  The vanes are arranged in such a way that the leading 

vane is always extended further than the trailing vane.  Therefore, the pressure from 

the hot gas causes an increased moment arm on the leading vane, thus creating a net 

torque.  A cross section of the motor is displayed in Figure 2. 

 

 

 

Figure 2.  Cross-sectional view of the vane motor. 
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 Exhaust ports are present 210 degrees from the inlet port and continue for an 

additional 120 degrees.  Once the hot gas has rotated through 210 degrees, it is at a 

much lower pressure and is cooler so it is exhausted into the atmosphere.   

      The leading vane of a chamber will begin to become extended less than the 

trailing vane once it has rotated much past 210 degrees. If working fluid were still 

trapped with no exit ports in the chamber, a negative torque would be created which 

would adversely affect the performance.  All working fluid should be expelled from 

the motor before it has rotated a full 390 degrees.  At this point hot gas is allowed to 

flow into the working chamber through the injection port and the cycle repeats itself.  

The hot gas is created by forcing a monopropellant, hydrogen peroxide, to flow 

through a catalyst pack which causes an exothermic reaction thus creating a stream of 

high pressure hot gas.     

      The catalyst pack is typically either a silver or platinum screen that triggers 

the decomposition. The following equation from [3] shows how the hydrogen 

peroxide is broken down during the reaction. 

                                                                                    (2.1) 2 2 2 22 2H O H O O= +

Both steam and oxygen are produced in the reaction at about 232 ºC (450 ºF) and this 

is what drives the device.  The hot gas flows into the working chambers through the 

inlet injection port seen in Figure 2.   

 

2.2 Basic Modeling 

 The initial modeling of the hot gas vane motor is based off of research that is 

being completed at Vanderbilt by Barth, Fite, Goldfarb and Li [1].  Specifically, the 
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equations for torque, pressure, temperature, and mass flowrate are taken from the 

Vanderbilt research.  The model equations are reviewed here.  The entire system is 

driven by torque created because the leading vane in each working chamber has a 

larger area and a higher pressure than the trailing vane and therefore produces a 

higher moment arm.  The net torque created is defined in Eqn. (2.2) and is simply a 

function of the pressure in the chamber and the geometry of the motor. 

                                                (2.2) 
1

( ) ( ) ( ) ( )n
s i f f f a a a i

T t P t A r t A r tθ θ⎡= −⎣∑ ⎤⎦

Figure 3.  Single chamber of the hot gas vane motor. 

where Ts is the total shaft torque, N is the total number of chambers in the rotor, Pi is 

the pressure in the ith chamber, Af, rf, and θf (t) and Af, rf, and θf (t) are the exposed 

vane area, average moment arm, and angle (relative to the stator) of the fore and aft 

vanes for the ith chamber.  Figure 3 displays the areas, moment arms, and pressure of 

a single chamber.  

Single Chamber 

P 

 

60° 

Aa Rr 

Af 

rf ra 
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 The areas and moment arms of each chamber can be determined from the 

geometry of the motor.  Figure 4 displays the orientation of a single vane with length, 

l, on the hot gas vane motor using an xy coordinate system.  

 

Figure 4.  View of a single vane in an xy coordinate frame. 

 From the coordinate system shown in Figure 4, it can be seen that in the xy 

coordinate system 

 

y 

 

 

cos( )
sin( )

x l
y l

θ
θ

=
=

                                                                                                   (2.3) 

e RR RS 

θ 

l 

x 
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The equation for the surface of the stator may be defined as follows, 

 2 2( ) S
2x e y R+ + =                                                                                         (2.4) 

where e is the offset distance between the centers of the rotor and stator, and RS is the 

radius of the stator.  By substituting (2.3) into (2.4) the following quadratic equation 

can be determined, 

                                                                       (2.5) 2 22 cos( ) ( ) 0Sl e l R eθ+ − − 2 =

Solving this equation for l yields the following result, 

 2cos( ) ( sin( ))Sl e R e 2θ θ= − + −                                                                  (2.6) 

 Once the equation for the length of a vane is known, solving for the moment 

arm, r, is simple.  The moment arm is the distance from the center of rotation to the 

point where the perpendicular force is applied.  In this case the force is applied by the 

pressure from the preceding chamber at the midpoint of the exposed vane.  Therefore, 

the moment arm is defined by the following equation: 

 
2

rl Rr l −⎛= − ⎜
⎝ ⎠

⎞
⎟                                                                                              (2.7) 

where Rr is the radius of the rotor.  Solving for the exposed vane area, A, is also 

possible once the length of the vane is known.  The area is defined by the following: 

 ( )rA l R W= −                                                                                               (2.8) 

where W is the width of the vane.   

 Once the pressures in each chamber are known, Eqns. (2.7) and (2.8) may be 

used with Eqn. (2.2) to solve for the net torque of the system.  It is assumed that 

throughout the entire cycle the hot gas is an ideal gas and that the hot gas remains a 

gas throughout operation.  It is likely that some of the gas may condense to a liquid at 
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some point which would alter the performance of the device by reducing pressure, but 

for now it is assumed that the hot gas remains a gas throughout operation.  By using 

the first law of thermodynamics and assuming that the ideal gas undergoes an 

adiabatic process, the pressure in each chamber can be defined as: 

 ( )           i
i

i
out,iin,i

i

i
i V

V
P
γmm

V
RT
γP −−=                                                         (2.9) 

where   and  are the inlet and outlet mass flow rates into and out of the ith 

chamber, 

iinm , ioutm ,

γ  is the ratio of specific heat at constant pressure to specific heat at 

constant volume, Vi is the volume in the ith chamber, and Ti is the temperature in the 

ith chamber.   

 In this work, integration will be used to find the volume of each chamber.  

Each chamber occupies a 60 degree section of a circle whose radius is changing 

according to Eqn. (2.6).  Figure 5 shows a triangular shaped differential section of the 

circle with radius, l, at some value of θ. 

l 

dθ 

 

Figure 5.  Differential section of a chamber. 

 The area of this section of circle is approximately equal to a fraction of the 

total area of a circle with radius, l.  In other words: 
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 2

2
ddA l θπ
π

=                                                                                                (2.10) 

In order to solve for the volume of a particular chamber, the area of a 60 degree 

section is first solved for and then multiplied by the width of the vane motor.  

However, each section of this circle has 1/6th of the area of the rotor present, which 

needs to be subtracted off as this is not part of the chamber.  In doing so, the volume 

of a particular chamber may be solved for using the following equation:  

 
22

/3 62
rRlV W d

θ

θ π

πθ
−

⎛ ⎞
−⎜

⎝ ⎠
= ∫ ⎟                                                                      (2.11) 

Since l only depends on θ as seen in Eqn. (2.6), Eqn. (2.11) may be used to solve for 

the volume in a chamber.  

 The next unknown in Eqn. (2.9) is the temperature in a chamber.  Temperature 

may be defined by the geometry of the hot gas vane motor.  If it is assumed that the 

process is adiabatic and that the working fluid is an ideal gas, the temperature may be 

defined by the following: 

 
1

2 1

1 2

T V
T V

γ −
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

                                                                                               (2.12) 

where V2 and T2 are the volume and temperature in the ith chamber respectively and 

P1 and T1 are the initial pressures and temperatures of a working chamber 

respectively. 

      Matlab® and Simulink® models were used to integrate the preceding 

equation and solve for pressure in the ith chamber using numerical differential 

equation solvers.  There are six separate chambers so six separate pressures were 

solved for.  Once pressure is known, only the inlet and outlet mass flows need to be 
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determined to solve for total torque.  The mass flow rate into the motor chamber, i, is 

a function of the injection valve area and is defined as follows: 

 
1

,
,, Tc

PPACk
mm

p

isinvfl
iiniinc

−
=+

ρ
τ                                                           (2.13) 

where Cf is the valve discharge coefficient for the injection valves, Av,in is the valve 

area of the injection valve, τc is the time constant of the catalyst pack reaction 

dynamic, k is the lower heating value of the hot gas, ρl is the density of the liquid 

propellant, T1 is the temperature at the inlet, cp is the specific heat at constant 

pressure, and Ps is the upstream pressure as typically supplied in a blowdown fuel 

tank.  It should be noted that the mass flow rate into the system only occurs for 60 

degrees of rotation.  Past this point, there is no more inlet flow, because the chamber 

is no longer exposed to the inlet.  Again, (2.13) can be solved using Matlab 

performing two integrations to solve for the mass.   

 The equation for the mass flow rate out of the system can be derived from 

equations that are typical of pneumatic systems for isentropic flow of an ideal gas 

through a converging nozzle.  Mass flow rate of any system can be described by the 

following: 

 lm Avρ=                                                                                                     (2.14) 

where lρ  is the density of the fluid, A is the area of the fluid passage, and v is the 

velocity of the fluid.  For mass flow rate out of the chamber, the area is simply the 

area at the outlet.  An m-file was created to define the area of the outlet according to 

the rotor angle.  The density of compressible fluid undergoing isentropic flow through 

a converging nozzle is defined by the following from [7]: 
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( )

1
1

2

1
1 1 / 2

l

lo Ma

γρ
ρ γ

−⎧ ⎫⎪= ⎨
+ −⎡ ⎤⎪ ⎪⎣ ⎦⎩ ⎭

⎪
⎬                                                                   (2.15) 

where loρ  is the stagnate fluid density and Ma is the mach number which can be 

solved for using the following from [7]: 

 
( )

1

2

1
1 1 / 2o

P
P Ma

γ
γ

γ

−⎧ ⎫⎪= ⎨
+ −⎡ ⎤⎪ ⎪⎣ ⎦⎩ ⎭

⎪
⎬                                                                    (2.16) 

where Po is the stagnate fluid pressure.  The velocity of the fluid can be defined by 

the following equation for the definition of mach number which also comes from [7]: 

 v Ma RTγ=                                                                                              (2.17) 

By substituting Eqs. (2.15) - (2.17) into (2.14) the mass flow rate out may be defined  

by the following: 

 ( )

1
1

atm
, r

i

1

,

1

,

P2 ( )   if  C  
1 P

                                               (choked)

2 1
1

( )    otherwise

     

i ex i
i

atm
out i

i i

atm
i ex i

i

P A
RT

Pm
RT P

P P A
P

γ
γ

γ
γ

γ

γ θ
γ

γ
γ

θ

⎛ ⎞+
⎜ ⎟−⎝ ⎠

⎛ ⎞−
⎜ ⎟
⎝ ⎠

⎛ ⎞
⎜ ⎟
⎝ ⎠

⎛ ⎞
≤⎜ ⎟+⎝ ⎠

⎛ ⎞
= − ⎜ ⎟− ⎝ ⎠

⎛ ⎞
×⎜ ⎟
⎝ ⎠

…

…

                                  (unchoked)

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

            (2.18) 

where Aex,I is the exhaust valve area (as a function of the rotor angle) for each 

chamber, and Cr is the pressure ratio at which flow becomes choked (approximately 

0.5).  All equations used to derive the mass flow rate out are from [7]. 
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      Exhaust ports are present on the vane motor from 210 degrees through 330 

degrees of rotation.  Due to the fact that each chamber is 60 degrees in size, at least 

some mass flow rate out of a single chamber occurs from 210 to 390 degrees of 

rotation.  It is desirable to have all of the working fluid removed from the system each 

rotation, so that no back pressures are created that could potentially cause noise, 

damage to the system or loss of efficiency.   

 Equations (2.9), (2.13), and (2.18)  were solved simultaneously and 

substituted into (2.2) to solve for the torque created by the system.  The parameters 

used are listed in  

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Table 1 and come from specifications given by Vanderbilt University for a hot gas 

vane motor that is currently being constructed and also from specifications of the hot 
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gas being used from [8]. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Table 1  Vane motor parameters. 
 
   ymbol Name S Quantity 

  

 

 

 

 

 

 

 

Av,in Valve Area 0.2047 cm2 

bloaT1 d Viscous RotationalInlet Temperature  
Damping Width of Rotor/Stator 

1.7e-4 kgm505.15 K 
2/s 

Cγ f Valve Discharge Ratio of Specific Heats
Coefficient 
Specific He
Density of Liquid 
Propellant 

0.78 1.344 

cp at at 
re Constant PressuTime Constant 

1005 J/kg/K 

Cr Pressure Ratio 0.5 
Jload Rotational Inertia 1.7e-4 kgm2 
k Lower Heating Value 

of the Hot Gas 
800 kJ/kg 

m Mass of Rotor 0.113 kg 
mv Mass of Vane 0.0118 kg 
Patm Atmospheric Pressure  101325 Pa 
Ps Supply Pressure 1.88 MPa 
R Gas Constant 287 J/kg/K 

RR Radius of Rotor 0.0143 m 
RS Radius of Stator 0.0175 m 
t Vane thickness 3.175 mm 

W 0.035 m 

1000 kg/m3 ρl 

τ 0.005 s 
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 It was assumed that viscous rotational damping was present, so the torque 

created by this friction needed to be subtracted from the torque created by the 

working chambers.  Other frictional forces are also present between the vane tips and 

the stator, but the effects of that friction will be addressed in a later chapter.  

Therefore, the total torque in the system may be defined as follows:  

1

( )

       ( ) ( ) ( )

s load
N

i f f f a a a loai
n

T t J

P t A r t A r t b

θ

dθ θ θ
=

=

⎡ ⎤= −⎣ ⎦∑
 

−
   (2.19) 

where Jload is the rotational inertia, bload is the viscous rotational damping.  It should 

be noted that there is no load torque considered in Eqn. (2.19), so all simulations are 

for no load conditions.  There are six separate chambers so a total of 24 equations 

need to be integrated to solve for the total torque in the system.  Equations (2.13) and 

(2.19) need to be integrated twice in order to be solved.  The integration was 

performed using Simulink software. 

 

2.3 Simulation Results 

 The hot gas vane motor is driven by the forces created from pressurized hot 
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gas.  Figure 6 displays the pressure in a single chamber once the device has reached a 

constant velocity. 
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Figure 6.  Pressure in a chamber at steady state. 

 There are pressure spikes once the device has rotated 30 degrees.  This is the 

point at which the chamber is first exposed to the inlet port.  This is also the instant 

when the chamber has its smallest volume.  For a particular vane, the device is 

producing a positive torque from 30 to 210 degrees.  Just prior to 210 degrees, the 

pressure is nearly at atmospheric pressure, and once the chamber reaches 210 degrees 

the pressure drops to atmospheric pressure.  This is the point at which the chamber is 

exposed to the outlet ports and is no longer producing any torque.  The pressure is 

reduced from 30 to 210 degrees due to the fact that the volume is increasing.  Figure 7 

displays the volume of a single chamber through two rotations.  
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Figure 7.  Volume through two rotations.    

 The minimum volume occurs at 30 degrees of rotation, while the maximum 

volume occurs at 210 degrees.  This is why the inlet and exhaust ports are positioned 

at 30 and 210 degrees respectively.  In these positions the maximum amount of torque 

is produced for a six chambered hot gas vane motor.  Figure 8 displays the net torque 

of the hot gas vane motor.  
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Figure 8.  Total Torque of the hot gas vane motor. 

 Ultimately, the torque should be reduced to zero at steady state.  Figure 8 only 

displays the amount of torque that is significant.  Once, the torque reached a 

negligible amount, the simulation was stopped.  The total torque decreases as the 

device approaches steady state.  This is partly due to the increasing viscous friction, 

and also due to the fact that the motor is rotating at a much higher speed. 

 The results obtained using the aforementioned modeling equations are a good 

starting point for the hot gas vane motor.  The main discrepancy in the results is the 

high angular velocity.  The following figure displays the angular velocity of the hot 

gas vane motor. 
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Figure 9.  Angular velocity verses time for the hot gas vane motor. 

 Hot gas vane motors are capable of high rpm’s (up to 13,000 rpm), especially 

lightweight motors such as the one being addressed by this work.  The results from 

the model are nearly 25,000 rpm, which suggests that adjustments need to be made to 

the model.  The main component that is missing from the model is a valid model for 

the friction torque.  In order to improve the accuracy of the model, an appropriate 

model of the friction present on the sides and tips of the vanes needs to be added.  
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Chapter 3 

Friction Model 

 

3.1 Derivation of Friction Model 

 A valid model of friction is needed to improve the accuracy of the hot gas 

vane motor model.  Research from Guoyuan, Qisen, and Yongzhang [9] on a similar 

device shows that the main source of friction within the hot gas vane motor is 

between the vane tips and the stator.  Their research shows that the tip friction 

accounts for nearly 90% of the total friction within the system.  Friction is also 

present where the sides of the vanes come in contact with the stator, but the majority 

of friction losses occur at the tip.  The focus of this chapter will be to develop a model 

of the friction between the tips of the vanes and the stator.  The friction within the 

system was solved for using fundamental dynamics equations.  By determining the 

centripetal and rotational acceleration of each vane, the contact force between the 

vane and stator could be determined.  If the friction coefficient between the vane and 

the stator is known, then the friction force may be solved for.  It was assumed that 

each vane could be treated as a point mass in a rotating coordinate frame centered at 

the rotor.  The acceleration, a, of a point, p, on the tip of each vane can be defined by 

the following from [10], 

( ) 2 ra R l l l lω ω ω ω= + × + × × + × + r                                                        (3.1) 

R  is the absolute acceleration of the coordinate frame rotating about a point,  where 

ωω  is the absolute angular velocity of the rotor,  is the absolute angular acceleration 

of the rotor,  rl rll   is the radius to the edge of the stator and  and  are the relative 
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velocity and acceleration of a single vane to the coordinate frame respectively.  

Figure 10 displays the coordinate frame used to solve for the acceleration of each 

vane.  It should be noted that the coordinate frame is rotating about a fixed point so 

there is no offset distance, R, between the center of rotation and the coordinate frame.  

The ij coordinate frame is intended to follow the path of a single vane as it rotates 

about the xy coordinate frame.   

e RR RS 

x

i 
y 

j 

 

θ 

l

e 

p 

 

Figure 10.   Coordinate frames used to define acceleration. 
 
 As was determined earlier in Chapter 2, the radial distance from the center of 

the rotor to the stator in the i direction is defined as follows:   

2 2 ˆcos( ) ( sin( ))Sl e R eθ= − + − iθ                                                               (3.2) 

lOnce  is known, Eq. (3.2) may be used to determine the acceleration.  The 
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components of (3.1) are defined by the following, 

0R =                                                                   (3.3)  
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It should be noted that only the acceleration in the i direction is needed in order to 

determine the normal force.  Therefore, only Eqs. (3.7) and (3.5) need to be 

considered and the acceleration in the i direction is defined by the following: 

( )ia lω ω= × × + rl                                                                                        (3.8) 
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 If the rotor of the vane motor was not offset from the stator then only, Eq. 

(3.5) would need to be considered.  However, since this is not the case, the relative 

motion of the vanes moving in and out of their respective slots needs to be taken into 

consideration.  This motion does add a sizable amount of acceleration.  The added 

acceleration causes the total acceleration to oscillate more since the vanes are 

accelerating in and out of their slots.  A comparison of acceleration with and without 

the added relative acceleration term may be seen in Figure 11. 
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Figure 11.  Acceleration of a single vane throughout operation.           

 Once total acceleration is known, the normal force due to acceleration, FNa, 

may be determined by using trigonometry and summing the forces in the i direction.  

From  Figure 12, it can be seen that the sum of the forces in the i direction is given by 

the following, 
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                                                           (3.9) cos( ) sin( )v i Na fi
F m a F Fβ β= = −∑

where mv is the mass of the vane, ai is the i component of the vane acceleration, β is 

the angle between the direction of the normal force and the i direction, and Ff  is the 

friction force between the rotor and stator and is defined by the following basic 

equation:  

f NaF Fμ=                                                                                                   (3.10)    

 

i FNa 

j 180° - θ 

β 
Ff 

e

Rs 

 
Figure 12.  Orientation of the normal force and the friction force on the vane motor. 

If the angle β is small then Eq. (3.9) may be reduced to the following: 

                                                                                                   (3.11) Na v iF m≈ a

This is due to the fact that for small angles, cosine is approximately one and sine is 

approximately zero.  The angle, β, is a function of the angular position of a vane, θ, 
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and the geometry of the hot gas vane motor.  From the law of sines, it may be shown 

that the equation for β is: 

( )1
sin 180

sin
s

e
R

θ
β

°
−
⎛ ⎞−
⎜=
⎜ ⎟
⎝ ⎠

⎟                                                                         (3.12) 

 At maximum the angle, β, is only 10 degrees as seen in Figure 13.  Therefore, the 

small angle approximation used in Eqn. (3.11) will be used for the rest of this work. 
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Figure 13.  The angle β throughout a single rotation. 

In order to determine the friction force, the normal force and the coefficient of 

friction need to be determined.  The coefficient of friction for sliding surfaces may be 

determined using the Stribeck Curve.  A mathematical model for this curve has been 
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suggested in previous work [4] and is presented here as 

 Exp f fl l
N N

η ω η ω
μ μ α ε

⎛ ⎞
′= − +⎜ ⎟′⎝ ⎠ ′

                                             (3.13) 

μ′where  is the boundary lubrication coefficient of friction, α  and ε  are coefficients 

that are used to fit the Stribeck Curve, fη  is the absolute fluid viscosity of the gas 

within the motor,  is the load per unit width at the sliding interface, and other 

parameters have been defined previously.  The load per unit width, , is simply the 

normal force divided by the width of the vane, W.   

N ′

N ′

' naFN
W

=                                                                                                      (3.14) 

 According to Manring [11], the start of the Stribeck curve describes the 

beginning of the operation where the angular velocity and subsequently the sliding 

velocities are low.  Figure 14 displays a typical Stribeck curve. 
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Figure 14.  Typical Stribeck curve. 
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 At the beginning of the operation the vanes are fully in contact with the stator.  

When the velocity is increased, mixed lubrication occurs and the vanes are only partly 

in contact with the stator so the friction coefficient is reduced.  The final phase of the 

Stribeck curve describes the fully hydrodynamic zone of the operation where the 

surfaces are fully separated by a film of fluid and friction results from shearing the 

fluid itself.  At this time it is unknown if there is significant liquid in the motor to 

support hydrodynamic lubrication. 

 Now that the friction coefficient and the normal force have been defined, the 

friction force may be solved for using Eq. (3.10).  The goal of obtaining the friction 

force between the vane tip and the stator is to determine the amount of torque that is 

created by the friction.  Torque is defined as the product between a force and the 

perpendicular distance from the center of rotation.  For the hot gas vane motor the 

friction torque is defined as follows: 

f fT l F= i                                                                                                    (3.15)  

where  l is the distance from the center of rotation to the edge of the stator as defined 

by Eq. (3.2).  Since it was assumed that the angle β is small, it is also assumed that Ff 

is always perpendicular to l.  Therefore, a scalar multiplication is used in Eq. (3.15) 

rather than a cross product multiplication. 

 During operation, six separate vanes are rotating, which means that six 

separate torques are created.  Solving for six separate friction torques greatly 

increases the calculation effort of the simulation. An attempt was made to reduce the 

simulation effort by computing the average friction torque during operation.  It was 
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assumed that the friction torque could be approximated as the average friction torque 

during one rotation which is defined by the following: 

2

02f f
nT T d

π

θ
π

= ∫                                                                                     (3.16) 

where n is the number of vanes.  A comparison of the results between average friction 

torque and the actual calculated friction torque is presented in Section 3.2.  The net 

torque on the rotor, including the torque created by the pressurized chambers and both 

viscous friction and the friction between the vane tips and the stator, is now defined 

as: 

1
( ) ( ) ( ) ( )n

s i f f f a a a i
T t P t A r t A r t b Tθ θ θ⎡ ⎤= −⎣ ⎦∑ f− −                                    (3.17) 

 

3.2 Simulation Results Including Friction Torque 

 The coefficient of friction between the vane tips and the stator was solved for 

using a Stribeck curve.  Figure 15 displays how the coefficient of friction changes 

with time. 
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Figure 15.  Coefficient of friction verses time. 

 Figure 15 shows a typical response of a system with Stribeck friction.  The 

coefficient of friction is very high during start up due to low velocities.  This is the 

point at which the vane is fully engaged with the stator.  The coefficient of friction is 

1 so the friction force is the amount of normal force.  Then, the coefficient is 

decreased as the angular velocity increases.  This is a point of mixed lubrication.  

Once the angular velocity has increased enough the coefficient of friction stops 

decreasing and then increases slightly more until it reaches a steady state value at a 

constant velocity.  This is the fully hydrodynamic zone of the Stribeck Curve which 

assumes a thin film of fluid is present between the rotor and stator.  In this case the 

coefficient levels out at about 0.725.  This is a relatively high coefficient of friction.  

This is mainly due to the low normal force.  The normal force is displayed in Figure 

16. 
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Figure 16.  Normal force between a singular vane tip and the stator. 

 For now, it is assumed that the only factor that affects the normal force is the 

acceleration of the vane.  The normal force increases during operation due to the fact 

that the acceleration of the vane is increasing as the angular velocity increases.  There 

is a lot of oscillation in the normal force, because the vanes of the motor accelerate in 

and out of their respective slots throughout operation.   

 The friction torque in the system was solved for using two separate methods.  

An average friction torque was determined using integration as seen in Eqn. (3.16).  

Also, the actual friction torque was solved for by solving for the friction created by 

each of the six vanes separately by using Eqn. (3.15) for each individual vane and 

summing the results.  Figure 17 displays both the average and actual friction torques. 
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Figure 17.  Average and actual friction torque of the hot gas vane motor. 

 Using integration to solve for friction torque provides for a much faster 

calculation, but does not provide the most accurate results.  The integrator used, 

solves for the friction torque by solving for the amount of torque created by a single 

vane during a single rotation and then averaging the total torque that would be created 

by six separate vanes.  The integration integrates at each time step, so it is as if one 

vane that is six times the size of a single vane is rotating throughout operation.  

During rotation, the friction torque of each individual vane will increase and decrease 

due to the fact that the normal force is increasing and decreasing depending on the 

position of the vane which may be seen in Figure 16.  The oscillation affect of the 

normal force becomes magnified when the average friction torque is solved for.  The 

actual friction torque also oscillates slightly, but it oscillates at a much lower 
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amplitude since the friction torque of each vane is solved for separately and then 

summed together.  The advantage to using an average friction torque is a decrease in 

computational effort, but an undesirable oscillatory affect is created.  For higher 

accuracy, the friction torque of each vane should be solved for separately.  In this 

work, the friction torque was solved for by solving for the friction torque of each vane 

separately for accuracy.    

 As was previously stated, the friction coefficient decreases during operation 

while the normal force increases as speed increases.  Because, the normal force 

increases more than the friction coefficient decreases, the overall friction torque 

increases during operation as seen in Figure 17.  The friction torque works against the 

direction of motion, which is why it is negative.  As the friction torque increases with 

increasing angular velocity, the net torque on the system decreases as seen in Figure 

18. 
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Figure 18.  Net torque of the system. 

 Both torques should be reduced to zero.  Only the significant portion of torque 

is presented in Figure 18.  Once the angular velocity stopped increasing at a 

significant rate the simulation was stopped.  When only viscous friction was present 

on the device, the net torque required more time to reach steady state.  Without 

friction on the vane tips the device takes almost 2 seconds to reach steady state, 

whereas with friction on the vane tips, the device takes only about 0.4s.  The added 

friction torque from friction between the stator and the vane tips is what slows down 

the device allowing a steady state to be reached at a faster rate.  In both cases, the 

velocity is still increasing slightly, but the rate at which it is increasing is very slow, 

so it was assumed that a steady state had been reached.    
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 Because the friction torque is increased when Stribeck friction is used, the 

overall angular velocity is also decreased.  A problem with the simulation discussed 

in Chapter 2 was that the angular velocity was unrealistically high.  This was the 

motivation for developing a more detailed description of the friction.  The following 

figure displays the angular velocity of the hot gas vane motor. 
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Figure 19.  Angular velocity of the hot gas vane motor. 

 The angular velocity has been greatly reduced due to the presence of friction. 

Also, it may be seen that with friction at the vane tips present the device reaches a 

steady state velocity a lot faster.   With only viscous friction included, the steady state 

angular velocity reached nearly 25,000 rpm, whereas with both viscous friction and 

friction at the vane tip, the angular velocity is closer to 7,100 rpm.  This is a much 
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more reasonable level of angular velocity.  However, there is one factor that has yet 

to be considered, and that is the pressure on the ends of the vane.  Depending on how 

the hot gas vane motor is designed, there may be a significant amount of pressure on 

the back end of the vanes, which would in turn increase the normal force and also the 

amount of friction on the tip of each vane. 
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Chapter 4 

Pressure Model 

 

4.1 Discussion of Pressure Model 

 It was shown in the previous chapter that the amount of friction on the end of 

the vanes has a significant affect on the operation of the hot gas vane motor.  The 

friction force is a function of the normal force between the vane tips and the stator.  

Increasing the normal force on the end of the vane increases the friction between the 

vane and the stator, but it also ensures the vane stays in contact with the stator so that 

minimum leakage occurs between chambers.  The focus of this chapter will be to 

discuss the affects of pressure on the ends of the vane. 

 In order to ensure a tight seal between pressurized chambers and reduce the 

possibility of leakage, the backside of each vane is pressurized by the preceding 

chamber.  Figure 20 displays the rotor along with the vane pressurization ports.   

Vane Slot 
Pressure 
port 

Rotor

 

Figure 20.  Rotor and vane pressurization ports. 
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 It should be noted that the vane does not need to be in contact with the stator 

for the exhaust phase of operation. The chambers are not pressurized at this point and 

no torque is created, so no seal is required between the vane and stator.  Also, the 

vane is not pressurized during the exhaust phase of the operation, between 210 and 30 

degrees, since the pressure is reduced to atmospheric at this point.  This means that 

the pressure does not affect the amount of friction within the system during the 

exhaust phase of operation since pressure forces on the ends of the vane are 

equalized. 

 During the working phase of operation, between 30 and 210 degrees, the vane 

is pressurized to counteract pressure forces on the tip of the vane so extra friction is 

created.  The amount of pressure on the vane tip depends on the shape of the vane.  

The two most likely shapes of a vane would be either a straight-edged vane or a 

rounded vane.  A straight-edged vane will eventually become rounded due to wear 

caused by the contact between the vane tip and the stator.  This work will consider 

both conditions for a vane tip.   

 

4.2 Straight-edged Vane Tip Pressure Calculation  

 The straight edged vane will be considered first.  The amount of pressure on 

the tip of the vane is dependant on the exposed area on the tip of the vane and is 

therefore dependant on the orientation of a particular vane.  For a straight-edged vane, 

it is assumed that the vane is either tilted forward in its slot, exposing the vane to the 

pressure of the leading chamber, or else the vane is tilted back in its slot exposing the 

vane to the pressure of the lagging chamber. 
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Figure 21 displays the orientation of a straight-edge vane as it is tilted both forward 

and backwards.    
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Figure 21.  Orientation of a straight-edge vane. 

 Due to the geometry of the hot gas vane motor, the vane should be tilted 

forward from 0 to 180 degrees. Therefore, for the first half of operation the vane tip is 

exposed to the leading chamber’s pressure.  From 180 to 360 degrees the vane is 

tilted slightly back so that the vane tip is exposed to the pressure in the preceding 
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chamber.  The total force due to pressure from 180 to 360 degrees is zero, since the 

backside of the vane is also pressurized by the lagging chamber.  During the exhaust 

phase from 210 to 30 degrees, it is irrelevant which chamber the vane is exposed to 

since the pressures are both atmospheric.  From 0 to 30 degrees, no friction is added 

due to pressure since the pressures on both ends of the vane are identical. 

 From 30 to 180 degrees, a net force is created due to the pressure difference 

between the ends of the vanes.  The added force increases the normal force on a 

particular vane, thus increasing the friction torque.  The added normal force due to 

pressure for a single vane in the ith chamber is defined by the following: 

                                                (4.1) ( )1

0 0 <
          30 < 180  

0 180 < 360
np i i viF P P A

θ

θ

θ
+

⎧ <
⎪

= − <⎨
⎪ <⎩

30

)

where Avi is the area of the tip of the ith vane, and Pi and Pi+1 are the pressures in 

chambers i and i+1 respectively.  Chapter 3 discussed how to solve for the normal 

and friction forces caused by centripetal forces.  By adding the normal force due to 

pressure to the normal force due to centripetal and relative forces and multiplying by 

the moment arm, a new term for frictional torque of a single vane may be computed. 

(f na npT l F F μ= × +                                                                                      (4.2)  

 The total friction torque within the system is the sum of the friction torques 

from each individual vane and the viscous friction.  The net torque on the system, 

including both viscous friction and the newly defined friction between the vane tips 

and the stator, is defined as: 

1
( ) ( ) ( ) ( )n

s i f f f a a a i
T t P t A r t A r t b Tθ θ θ⎡ ⎤= −⎣ ⎦∑ f− −                                    (4.3)  
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4.3 Rounded Vane Tip Pressure Calculation 

 For a rounded vane tip, the total pressure on the vane is slightly different than 

a straight-edged vane.  For a rounded end, the actual position of the contact point 

between the vane tip and the stator is slightly off center, but for simplicity it was 

assumed that the center of the vane would be in contact with stator at all times.  

Therefore, half of the vane tip is exposed to the leading chamber’s pressure and the 

other half of the vane tip is exposed to the lagging chamber’s pressure.  Figure 22 

displays the orientation of a single rounded edge vane.    

 

Figure 22.  Orientation of a rounded edge vane.  
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 The added normal force due to pressure for a single vane in the ith chamber is 

the difference between the force on the back of the vane and force on the tip of the 

vane and is defined by the following: 

                                                               (4.4) ( 11/ 2 1/ 2np i vi i vi i viF P A P A P A+= − + )

where Avi is the area of the tip of the ith vane, and Pi and Pi+1 are the pressures in 

chambers i and i+1 respectively.  Equation (4.4) may now be substituted into Eq. 

(4.2) to solve for the friction torque.  The total torque may again be solved for using 

Eq. (4.3). 

 

4.4 Results 

 The purpose of channeling pressure to the backside of the vane is to 

counteract the pressure forces on the tip of the vane.  The pressure on the backside 

should be larger than the pressure on the tip of the vane which means the overall 

normal force between the vane tip and the stator increases.  In order to operate 

properly the vanes need to be pressurized to ensure the vanes never lose contact with 

the stator.  The simulation of a hot gas vane motor running without pressure on the 

vane ends was presented to compare the affects of centripetal forces verses pressure 

forces on the performance of the hot gas vane motor.  A plot of normal forces for the 

three cases that have been discussed, rounded-edge vane tip, straight-edge vane tip, 

and an unpressurized vane, is displayed in Figure 23. 
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Figure 23.  Comparison plots of the normal forces on a single vane. 

 Compared to the case where no pressure is present on the ends of the vane, the 

normal force has increased considerably.  All three cases include the normal force 

created from centripetal acceleration.  The normal force for the cases with pressure 

forces considered oscillates more than the case without pressure considered.  

Throughout operation the vane goes from a pressurized state where pressure forces 

are high to an unpressurized state where pressure forces are negated.  A net increase 

in normal force occurs due to the added pressure forces during the first half of 

rotation.   Both the rounded-edge vane and the straight-edge vane have high normal 

forces, but the straight-edge vane has a higher average normal force.  The straight-

edge vane has an average normal force of 29 N and a peak normal force of 90 N, 

wheras the rounded edge vane has an average normal force of 22 N and a peak 
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normal force of 51 N.  The straight-edge vane is completely exposed to the lower 

pressure leading chamber.  As a result, the pressure difference between the back of 

the vane and the tip of the vane should be much higher than that of the rounded edge 

vane.  Approximately half of the rounded edge vane is exposed to the lower pressure 

leading chamber, so the pressure difference between the vane ends should be about 

half that of the straight-edge case.  

 It was shown in the previous chapter that increasing the normal force 

decreases the coefficient of friction, which is a trait of the Stribeck Curve.  Figure 24 

displays the coefficient of friction for the three cases under discussion. 
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Figure 24.  Comparison of the coefficient of friction of a single vane. 

 As is expected, the cases with pressure forces included have a lower 

coefficient of friction, than the case without pressure force due to the higher normal 
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forces.  The friction coefficient oscillates, because the normal force oscillates due to 

the vane entering and exiting the pressurized portion of operation.  When the vane is 

in the exhaust phase and no pressure forces are present, the coefficient of friction is 

only based on centripetal forces, and is fairly close to the results from the 

unpressurized case.  Without pressure, the coefficient of friction at steady state was 

roughly 0.7.  For a straight-edge vane tip, the coefficient of friction oscillates, but on 

average the coefficient of friction is about 0.4.  The rounded edge vane tip has a 

slightly higher average coefficient of friction, 0.5, due to the lower normal forces. 

 Higher normal forces cause the total friction force to increases.  Figure 25 

displays the total friction torque of the hot gas vane motor. 
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Figure 25.  Comparison plots of total friction torque. 
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The total friction in the system is the sum of the friction torques of the six 

vanes.  As is expected the pressurized cases have higher friction torques.  Even 

though the rounded edge vane tip has a higher coefficient of friction, the straight-edge 

vane tip has a higher friction torque.  The normal force of the straight-edge vane is 

higher than the rounded edge vane which causes the overall friction torque to be 

higher.  Again, the pressurized cases tend to oscillate more due to the fact that vanes 

are entering and exiting pressurized areas.  The unpressurized case also oscillates, but 

it oscillates with a much lower amplitude. 

Increasing friction forces decrease the net torque in the system.  Figure 26 

displays the net torque of the system 
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Figure 26.  Comparison plot of the total torque of the system. 
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For all cases, the total torque should eventually decrease to zero once a steady 

velocity is achieved.  Due to long simulation times, only enough data to reach a 

negligible amount of torque was taken.  The total torque of the system decreases 

slightly faster for the pressurized cases.  The straight-edge vane decreases the fastest, 

which means that it should give a poorer performance than a hot gas vane motor with 

rounded edges due to friction losses.  Also, the unpressurized case tends to oscillate 

less than the pressurized cases since the friction torque oscillates more when the 

vanes are pressurized.  The unpressurized case’s total torque oscillated over a range 

of 0.2 N-m while the rounded edge and straight-edge vane cases oscillated over a 

range of 0.25 N-m and 0.5 N-m respectively. 

 Lower torques mean lower angular velocities.  Figure 27 displays the angular 

velocities of the three cases under discussion. 
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Figure 27.  Comparison plot of angular velocities. 
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 As is expected the unpressurized vane tip case experiences the highest angular 

velocity, 7,100 rpm.  The pressurized cases rotate slightly slower, 6,400 rpm and 

6,000 rpm for the rounded edge and straight-edge vane tip respectively.  The lower 

angular velocities are due to the added pressure forces, which create friction   

 The unpressurized case is an unreasonable situation.  Pressure needs to be 

included in the design, because without pressure forces on the vane, the chambers of 

the hot gas vane motor could not remain sealed.  If the chambers are not sealed, then 

massive amounts of leakage will occur within the device causing very poor 

performance.  To ensure that a minimal amount of leakage occurs between chambers, 

the backside of each vane needs to be pressurized to counteract the pressure forces on 

the tip.  To minimize the amount of friction losses a rounded edge vane tip should be 

used. 
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Chapter 5 

Efficiency Modeling 

 

5.1 Discussion of Efficiency 

 The first objective of this work was to model and understand the operation of 

a vane motor. Then the developed model could be used to optimize the performance 

of the device.  The efficiency of a vane motor is based primarily on the geometry of 

the device.  By properly designing the dimensions of the stator and rotor relative to 

each other, it is anticipated that better performance and efficiency can be observed.   

 In order to optimize the performance of the hot gas vane motor, a measure of 

performance must first be defined.  For this work, the efficiency is a comparison of 

the amount of energy that is injected into the motor compared to the amount of 

energy that is wasted by means of exhausting hot gas from the system.  The highest 

possible efficiency of the motor is defined by the following from [1]: 

1

1 1 1 2 2

2 1 1

1 V PV PV Useful Energy
V PV Energy

γ

η
−

⎛ ⎞ −
= − = =⎜ ⎟

⎝ ⎠
 

in
                                   (5.1) 

1

2

V
V

where  is the expansion ratio of the volumes, P1 is the initial pressure, P2 is the 

pressure prior to exhaust, and γ  is a ratio of specific heats.  The initial volume, V1, is 

the smallest volume of a full chamber at the beginning of the cycle which for the 

model occurs at 90 degrees and is approximately 1.215e-6 m3.  At 90 degrees, a 

chamber is cut off from the injection port so the chamber is full of hot gas and is at its 

smallest volume.  The final volume, V2, is the largest volume a chamber reaches just 

prior to the exhaust phase of the cycle which occurs at 210 degrees and is 
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approximately 3.11e-6 m3.  From Eqn. (5.1), it can be shown that with the current 

geometry the highest possible efficiency of the vane motor is approximately 27.7%.  

This efficiency does not take into account heat loss, leakage, or friction effects.  Also, 

it is assumed that throughout the operation of the device, the propellant remains a gas, 

which is not necessarily the case.  The expansion ratio of the hot gas during operation 

determines how much torque can be created by the device.  To optimize the vane 

motor, different motor geometries should be tested to see if any major changes in 

performance or efficiency are observed.  
 The total efficiency of any system is just a ratio of the energy supplied to the 

system and the amount of energy that is produced as usable work.  The internal 

energy entering the system is defined by the following, 

1 1
1 1

PVE
γ

=
−

                                                                                                     (5.2)  

where P1 is the pressure at the inlet and V1 is the inlet volume.  Ideally the total 

internal energy from a single chamber is 3.86 Nm.  The amount of energy that is 

wasted through exhaust by the system is defined by the following, 

2 2
2 1

PVE
γ

=
−

                             (5.3)  

where P2 is the pressure in the chamber just prior to exhaust and V2 is the volume in 

the chamber just prior to exhaust.  Equation (5.3) refers to the amount of energy that 

is wasted by exhausting the hot gas.  The pressure in the chambers at “steady” speed 

operation may be viewed in Figure 28. 
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Figure 28.  Pressure in a single chamber. 

The pressure in the chamber just prior to exhaust is about 310,000 Pa.  This means 

that the amount of energy that is wasted through exhaust is 2.8 Nm. 

 The ideal efficiency from Eqn. (5.1) uses the assumption that E1 and E2 are the 

only energies present within the system.  For a more accurate description of the 

efficiency of the vane motor, the energy dissipated due to friction was considered.  

The actual efficiency of the vane motor is defined by the following, 

1 2

1

( ) fn E E W
nE

η
− −

=                                                 (5.4)  

where n is the number of chambers, and Wf is the energy dissipated due to friction.  

The total amount of energy that is wasted as a result of friction may be determined 

from dynamics by integrating the frictional force, Ff, with respect to the path of the 
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vane using the following, 

                                                                                          (5.5) 
2

0

( )f fW F
π

θ= ∫ idr

 Since the force is always parallel to the stator surface, dr is simply an arc on 

the stator which may be defined as ldθ where l is the distance from the center of 

rotation on the rotor to the edge of the stator as was defined by Eqn. (3.2).  The 

following simplified equation may be used to solve for the energy dissipated as a 

result of friction, 

2 2

0 0

( ) ( ) ( )f f fW F dr F l d
π π

θ θ θ θ= ∫ ∫i                                                               (5.6)  

The efficiency can now be solved for using Eqn. (5.4).  By including the affects of 

friction the efficiency of the device is reduced from 27.7% to 8.8%.  

 

5.2 Results 

 In order to optimize the design of the hot gas vane motor, the preceding 

analysis was duplicated using several different vane geometries.  Vane motors can be 

designed in numerous sizes and shapes, and it is desirable to know how the size of the 

motor will affect its performance.  The following figure displays how both the ideal 

efficiency and the efficiency as computed by the model vary with the radius of the 

stator. 
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50

Figure 29.   Actual and maximum efficiencies of vane motors with various stator  

          radii.  

 
 Both the affects of friction and the affects of pressure were considered for the 

analysis.  It was assumed that the ends of the vane tips were rounded.  It was shown 

in Chapter 4 that rounded edge vane tips tend to reduce the amount of friction as 

compared with vanes with straight tips.  The maximum efficiency increases with a 

larger stator radius, which is expected since increasing the stator radius increases the 

volume expansion ratio. The actual efficiency also increases substantially.  The length 

of the stator radius is limited by the distance between the rotor and stator.  If the 

distance is too great the vane will slip from the rotor which is obviously undesirable.  

However, designing a motor with a larger stator radius does seem to produce better 
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results.  Increasing the stator size increases the efficiency of the device by increasing 

the expansion ratio of the hot gas.  Increasing expansion ratio ensures that less gas is 

wasted through exhaust. 
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Chapter 6 

Conclusions 

 

6.1 Overview 

 The main objectives of this work were to first establish a working model of a 

hot gas vane motor.  Then, a means for measuring performance was presented by way 

of efficiency.  Finally, the model was used to show that by adjusting certain 

parameters, the overall efficiency of the device could be improved. 

 The model presented is based primarily on determining the net amount of 

torque produced by the device.  The amount of torque in the system is dependant on 

the amount of pressure in the system.  By using equations for pressure based on an 

isentropic process, a model of the amount of torque created may be developed.  Next, 

it was shown that the amount of friction within the system has a significant affect on 

the performance of the device.  It was shown in Chapter 3 that dynamic equations 

may be used to solve for the acceleration of the vanes in the direction normal to the 

stator’s surface, which may be used to solve for the friction torque between the vane 

tips and the stator.  Without friction, the simulations showed that the device would 

rotate at nearly 25,000 rpm and that steady state velocity could be approached in 2 

seconds.  When friction was included, the simulation showed that the device would 

rotate at a much lower speed, 7,100 rpm, and approach steady state in 0.4 seconds.  

The simulation with friction is a much more reasonable result for the performance of 

a hot gas vane motor.  Typical vane motors do not exceed 13,000 rpm in angular 

velocity.  
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 A comparison of the forces created from centripetal and relative acceleration 

to the forces created from pressures on the ends of the vanes was presented in Chapter 

4.  By including the pressure calculations, it was shown that the amount of friction 

within the system was increased due to the increase in normal force.  The total torque 

in the system oscillated more when pressure forces were included, because the 

pressure forces spiked during the working phase and were negligible during the 

exhaust phase.  The presence of pressure causes the torque to oscillate over a range of 

0.25 N-m in the case of a rounded edge vane tip, and 0.5 N-m in the case of a 

straight-edge vane tip.  With no pressure present on the ends of the vanes, the total 

torque oscillated over a range of only 0.2 N-m.  The angular velocity of the vane 

motor is reduced from 7,100 rpm to 6,300 rpm in the case of a rounded edge vane tip 

or to 6,000 rpm in the case of a straight-edge vane tip.  A rounded edge vane tip 

reduces the amount of friction in the system by reducing the affects of pressure on 

contact forces between vane and rotor. 

 Finally, it was shown that the geometry of the device may be adjusted to 

improve the efficiency of the motor.  Hot gas vane motors with larger expansion 

ratios have higher efficiencies than motors with low expansion ratios.  The expansion 

ratio may be increased by increasing the size of the stator relative to the rotor.  With a 

larger expansion ratio, less usable work is wasted through exhausting gas. 

 

6.2 Future Work/Recommendations 

 Future plans for this work are to improve on the existing model.  The current 

model accounts for the friction at the tip of the vane, but friction on the side of the 
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vanes was not considered.  Research has shown that the majority of friction is present 

on the vane tips, but friction is present on the side as well [6].  This friction needs to 

be accounted for in order to improve the accuracy of the model. 

 Also, in order to improve the accuracy of the model, other losses besides 

friction need to be considered.  In any pneumatic or hydraulic device leakage will 

occur.  In the case of a hot gas vane motor, leakage is most likely present between 

pressurized chambers.  Leakage of the hot gases would cause the pressure in working 

chambers to decrease which would cause the net torque to decrease causing the 

efficiency and performance of the device to decrease as well.  Other losses that may 

need to be considered would be losses from heat loss.  The hot gas vane motor 

operates at a high temperature and is dependant on the hot gas remaining a gas 

throughout operation.  If any gas condensed to a liquid, then the pressure in the 

chambers would be reduced causing a decrease in efficiency. 

 Other future work includes varying more parameters to see how efficiency is 

affected.  The width of the vane would not change the maximum efficiency of the 

device since the expansion ratio remains constant, but the actual efficiency may be 

altered due to increases in friction.  Also, varying the injection pressure on the device 

could alter the performance so inlet pressure should be varied to study the affects.  

For this work no load torque was included on the device, so a study of the affects of 

adding load torque could be added. 

 The best way to check the accuracy of the model created, would be to test it 

against actual experimental data.  Future plans of this work are to design and test an 

actual vane motor, and check the modeled results against the experimental data.  Then 
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the updated model may be used to optimize the efficiency of the device.  The main 

component of this research that is still needed is experimental results to support the 

simulation results. 
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