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GROWTH AND DEVELOPMENT 
With Special Reference to Domestic Animals 

III. Growth Rates, their Evaluation and Significance. 

SAMUEL BRODY 

ABSTRACT.-The growth curve is divided into two principal segments, one of 
increasing slope (representing increasing time rate of growth) and the other of 
decreasing slope (representing decreasing time rate of growth). The junction between 
the two segments occurs in the animals examined when about one-third of the mature 
weight is reached, and in man when about two-thirds of the mature weight is reached. 
The age of puberty, and the age of the lowest specific death rate, coincides with the 
age of junction between the two segments. During the phase of growth following the 
junction, the perce,ntage rate of growth with respect to the growth yet to be made is 
constant. The phase of growth preceding the inflection is made up of several seg
ments, each of which represents a period of constant percentage rate of growth with 
respect to growth already made. Thus the growth curve is divided into two phases, 
one during which the percentage rate of growth is constant with respect to the growth 
already made, and another during which it is constant with respect to the growth yet 
to be made to reach the mature weight. Rational equations are fitted to every portion 
of the available growth curve. These equations are critically compared with the 
equations of Minot, of Robertson, and of Pearl and Reed. Their significance is 
discussed with reference to the physico-chemical mechanisms of growth. 

I. INTRODUCTION 

"Progress in general in any science passes through two 
distinct phases. At the beginning all scientific research 
is of a descriptive or systematic kind. Later it becomes 
rational or philosophical."-]. H. VAN'T HoFF. 

I. Scope of the Growth Problem.-In the first paper of this series, 
F. B. Mumford points out the fact that the agricultural industry is built 
on the foundation of the phenomenon of growth. Growing plants and 
animals are the basis of the agricultural industry. The time relations of 
growth are of particular interest in this field because time is such an im
portant element in the economy of plant and animal production. 

But, of course, the interest in growth is not limited to agriculture. 
It is, on the contrary, as broati as the whole field of biology, since the 
most characteristic property of living beings is their changeability as 
exemplified by growth and senescence. On account of the breadth of this 
subject, there are at least as many points of view from which this phe
nomenon is considered as there are branches in biology. 

*The writer owes a debt of gratitude to F. B. Mumford, Director of the Experiment Sution, and to 

A. C. Ragsdale, Professor of Dairy Husbandry, for their encouragement and continuous interest in this 
work. He is also indebted to Chester Sparrow and Hudson Kibler, former students and assistants, for 
valuable help in this investigation. 
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The biochemist sees in growth a physico-chemical transformation of 
energy and matter (growth ultimately consists in the transformation of 
radiant energy and of inorganic substances of low available energy 
content into complex bodies, found in living organisms, with their avail
able chemical energy). The significance of time relations ih physico
chemical transformations in general chemistry has been discussed by 
many investigators. Mellor lists some 3000 references relating to this 
subject in his Chemical Statics and Dynamics. The most notable dis
cussion of the problem is given by Van' t Hoff in his Etudes de Dynamique 
Chimique. What was said concerning the interest relating to this subject 
in in vitro systems must also hold for living systems regardless of the 
nature of the thing called life. In addition to this general chemical inter
est, there is the additional interest attached to the transformations 
classed under growth in v1rtue of the fact that it takes place in a living 
system. 

Investigations relating to time relations of vital processes, from 
the physico-chemical point of view, are naturally more recent than 
similar investigations in general chemistry. It is simpler to investigate 
a single substance in a test tube than complex transformations of the 
nature of growth; and the complex investigations must await for the 
results of the simpler ones. A beginning in this work has been made by 
JacquesLoeb and his associates (Robertson, Osterhout, Moore, Nor
thrup, Crozier, and others). Arrhenius lent encouragement towards the 
development of this field by his monographs, f?<.uantitative Laws in 
Biological Chemistry and Immuno-Chemistry. 

More recently, largely as a result of the discoveries of Fischer, Kos
se!, Osborne, and others, relating to the composition and constitution of 
the proteins, a large body of literature developed, relating to the effect 
of various food stuffs on growth rates. This work is still in a qualitative 
state. It also differs from the earlier work of Loeb and Arrhenius in 
centering interest on the "biological value" of the food stuffs rather than 
on the nature of the growth process itself. There is no doubt, however, 
that this work and the recent work on the function of certain hormones 
in growth, will, together with investigations of the physico-chemical 
type, make it possible to formulate rati~nal generalizations, or "laws", 
of growth rates of the same quantitative character that are now avail
able for rates of chemical transformations in vitro. The purpose of this 
paper is to contribute, from the physico-chemical point of view, some 
material towards such a formulation of laws of growth. 

Other points of view relating to growth may be mentioned as those 
of the morphologist, who sees in the phenomenon principally develop
ment in form (cf. Thompson's Growt.h on Form); the cytologist, who sees 
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in growth a fructification of the potentialities in the cell, or who views 
growth and development as a division and differentiation of cells (cf. 
Minot on Age, Growth and Death, Child on Senescence and Rejuvenescence, 
also the many papers by Carrell and others); the student of education, 
evolution, vital statistics, sociology, and philosophy,who sees in growth 
of individuals and populations still other aspects ( cf. Fiske, on The 
Meaning of Infancy, Lotka, on the Elements of Physical Biology, Pearl, 
on The Biology and Population Growth, D'Herelle, on Immunity in 
Natura/Infectious Diseases, Spencer on The Principles of Biology, and 
Bergson on Creative Evolution). 

While the student of each branch of biology sees in the phenomenon 
of growth a different aspect, it is clear that there are no real dividing 
lines inherent in organisms which correspond to the arbitrary definitions 
of the several biological specialties, and indeed, in investigational work 
there are many problems which are of common interest to all biologists. 
The problem of growth rates with which this series of papers is concerned 
is one of the border-line subjects which shares the interests of all branches 
of biology. 

Finally, it seems appropriate to note that while the conceptions im
plied by the terms "organism"," development"," evolution", and "growth" 
are primarily associated with living organisms, they are not exclusive
ly properties of living organisms. A sun, for example, is considered by 
the astronomer as a vast organism just as an atom is now considered by 
the physicist as a minute organism, but perhaps in its own way" no less 
complex. The important fact is that the inanimate "organisms" 
regardless of their massive permanencies are changing in an orderly way 
-evolving, growing, and decaying, in a manner which is analogous to 
the growth and senescence of living organisms. "Our sun is a dwarf star 
in the descending phase of its life history" is a description (used by the 
astronomer Harlow Shapley) strikingly reminiscent of descriptions of a 
living organism in a certain stage of life. Indeed, Whitehead, the emi
nent mathematical physicist and philosopher, thinks that all science "is be
coming the study of organisms. Biology is the study of the large organ
isms; whereas physics is the study of smaller organisms". 

2. Historical Orientation.-The first known systematic observa
tions on growth of animals were recorded by Aristotle (384-322 B. C.) in his 
De historia animalium and De Generatione animalium. His colleague, 
Theophrastus (372-288 B. C.), recordedsimilarobservationsonplantsin 
his Historia Plantarum. Although these observations are interesting 

- and can be read with pleasure and profit at the present day, they are 
qualitative; they are descriptions and do not contain measurements. 

The idea of measuring a process is of very recent origin in biology. 
Probably the first systematic measurements on growth (of children) were 
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published in 1834 by Quetelet, who, it is interesting to note, was not a 
biologist, but an astronomer (the director of the Royal Observatory in 
Belgium). The interest of Quetelet iri growth was mathematical rather 
than biological. 

The first consistent publications reporting systematic investigations 
on growth began to appear in the eighties. They were all concerned with 
the growth of children. A paper on growth of children in Boston, by 
Bowditch, Professor of Physiology in Harvard College, was one of the 
earliest, if not the first, in this series. The paper by Bowditch appeared 
in 1875. The first systematic measurements on the growth of animals 
(guinea pigs) were also made in Harvard College by a colleague and 
friend of Bowditch, by Minot, Professor of Histology and Embryology 
at Harvard. Minot's paper on the growth of the guinea pig appeared in 
1891, some 16 years after the appearance of the pioneer paper on the 
growth of children by Bowditch. The connection between the interest 
in the subject of growth by Minot, and by his friend Bowditch, his 
senior by twelve years, is not known. 

The initiation of this work on measuring growth rates is evidently 
not due to any one known individual, as may be inferred from the follow
ing dates on which some papers on growth appeared: Pagliani (Italy) 
1875, the same year in which the paper by Bowditch appeared; Roberts 
(England) 1878; Kotelmann (Germany) 1879; Hertel (Denmark) 1882; 
Key (Sweden) 1885; Erisman (Russia) 1888; Miwa (Japan) 1893; 
Kosmowski (Poland) 1895. The flow of papers continues at an unabated 
rate to the present day. 

Baldwin, in his 1921 monograph on the Physica!Growth of Children, 
lists some 900 papers all containing more or less data on growth of chil
dren. 

It appears, then, that the initiation of this work is due not to the 
genius of any one individual, but to a set of circumstances. It may not 
even have been due to a strictly biological interest in the subject, but 
rather to the interest in child welfare as exemplified in the Schulhygiene 
movement which had its inception about that time, principally in Ger
many. It will be remembered that Bowditch did his work after a long 
sojourn in Germany (as did also Minot). It was then quite customary 
for students, American and others, to spend a period of post-graduate 
study in Germany, and they may have caught the spirit of the movement 
and made the measurements in their respective homes. Minot's idea 
of measuring growth of animals was probably derived from the cur
rent activity on measurt>ments of children. 

The era in the study of growth rates of animals may be said to have 
begun in earnest with the work on the growth of the rat by Donaldson 
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and co-workers. Their reports on the growth of the rat began to appear 
in 1906. While this group of workers did not formulate a rational general
ization on growth comparable, for example, to some law in the physical 

sciences, they certainly have succeeded in building up a body of data com
parable in thoroughness to data published in some branches of physical 

sc1ence. 
About this time (1906) a notable investigation on growth began at 

the Missouri Agricultural Experiment Station. Mention of this inves
tigation is made by F. B. Mumford in the first paper of this series. 
What we wish to point out in this discussion, is that while up to the 

present, the measurements on growth were made on children, and on 
animals under what might be termed natural conditions, Waters, Mum

ford, and their associates at this Station initiated systematic observa
tions on the effect of experimental conditions on growth. 

Meanwhile the epoch-making investigations on the constitution of 
proteins by Fischer, Kosse!, Osborne and others, suggested to biochem
ists and physiologists the desirability of evaluating different proteins 
from the nutritional standpoint by their effect on growth. The first 
American papers suggested by these new developments in chemistry 
which attracted wide attention appeared in 1911, one by Hart, McCol
lum and Steenbock, (University of Wisconsin Agricultural Experiment 
Station Research Bulletin 17, 1911), and another by Osborne and 
Mendel, (Carnegie Institution of Washington, Publication 156, Part 
I, 1911). Then followed, in rapid succession, papers by many investi
tors, on the effects of various diets on growth. 

3. Purpose of This Paper.-As previously pointed out, a large 
body of data on growth is available. In addition to body weight, data are 
also available on other physiological changes with age, such as age
changes in milk secretion in dairy cattle, and egg production in poultry. 

From a practical point of view, these data may or may not be of 
use. From a scientific point of view, there is no question concerning the 
function of data: data are the raw materials for the formulation of gen
eralizations, so-called laws of nature. The purpose of the present paper, 

and of several others following it, is to present the results of an analysis 
of growth data, with the intent of formulating some physico-chemical 
eneralization on growth rates. 
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II. DEFINITIONS AND METHODS OF REPRESENTING 

GROWTH RATES 

"The great and solemn disputes oflearned men terminate 
frequently in mere disputes about words and names, in re
gard to which it would be better to proceed more advisedly 
in the first instance, and to bring such disputes to a regular 
issue by definition."-FRANCis BACON. 

1. The Meaning of Rate. The word "rate" has two quite distinct 
connotations: one refers to absolute change, as when it is said that a train 
travels at the rate of 40 miles an hour, while the other refers to relative 
change, as when it is said that capital invested in a given enterprise in
creases at the rate of 6 per cent a year. As regards growth of plants and 
animals, this term is used to indicate both absolute growth, as when it is 
said that an animal grows at the rate of 10 pounds per month, and rela
tive growth, as when it is said that an animal grows at the rate of 10 per 
cent a month. Since there is no known simple functional relation be
tween absolute and relative growth rates (e. g. in early life absolute 
growth in weight is very slight while relative rate is very high), it is im
portant to designate definitely the meaning of the term when used with 
reference to growth. 

In this series of papers the conception of relative rate or per
centage rate is referred to specifically by these terms. Absolute growth 
is referred to by the terms "time rate", "speed", and "velocity". Time 
rate, speed, and velocity have the same significance with this exception: 
velocity carries the implication of direction. Velocity is directed speed 
or directed time rate. Since growth implies direction, velocity of growth 
is, therefore, a more complete statement than speed of growth. 

2. The Graphic Representation of Growth Rates.-Fig. 1 repre
sents the growth of the rat by three different curves: (1) a simple ve
locity curve; (2) a cumulative, or course-of-growth, curve representing 
the sums of all the gains (velocities) up to the ages indicated on the age 
axis; and (3) a relative-rate (or when multiplied by 100, a percentage
rate) curve. The gains for given days are plotted in terms of fractions 
(or when multiplied by 100, percentages) of the weights of the animal 
during the given days. 

The cumulative curve is, for practical purposes, the most useful of 
the three. It is convenient for (1) comparing the relative progress of 
growth of different animals; (2) representing standards of growth; and 
(3) interpolation purposes; since accidental variations and experimental 
errors are minimized in this type of curve. The steepness, or slope, of this 
curve is directly proportional to the velocity of growth, since the degree 
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of steepness between two points is proportional to the gain in weight of 
the animal between the two points. For this reason the cumulative 
curve may also be considered as a velocity curve. Plotted on arithlog 
paper (as will be presently explained) the slope of the cumulative curve 
indicates percentage rates of growth. 

The plotting of velocity curves is desirable only when one wishes to 
make conspicuous relatively slight variations in the curve, for instance, 
when it is desired to demonstrate the presence of the growth cycles of 
Robertson. 

Fig. 1.-The curve passing through the crosses represents velocity, or speed, or time-rate; that is, 
gains in weight per unit time. The curve passing through the circles represents the course of growth; 
it is a cumulative curve representing the sum of all gains up to the age indicated on the horizontal line. 
The curve passing through the triangles is a percentage-rate curve; it represents the instantaneous 
percentage ratios of the daily gains in weight to the average weight of the animal during the day. (Data 
from Donaldson.) 

It has been pointed out that there is no evident functional relation 
between the percentage rate curve and the ve~ocity (and therefore t,he 
cumulative) curve. For this reason the percentage-rate curve must be 
plotted whenever it is desired to know how the percentage rate changes 
with time. 
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3. Concerning Average and Instantaneous Rates.-Cne of the 
peculiarities about growth is that the velocity changes with age in a con
tinuous manner. For example, when it is said that a Holstein heifer 
gained 1000 pounds during the first 1000 days of her life, and that she 
therefore gained on the average one pound a day, no one would, of course, 
infer that there really was a day when she gained exactly one pound. As 
a matter of fact, to cite extreme illustrations, at the en,d of the first 
week after conception, the gain is only about .0001 pound a d~y; at 5 
months after birth it is nearly 2 pounds a day, while at 1000 days it is 
only about one-fourth pound a day. Thus, the conception of average 
gain, when applied to growth, is an abstr~ction, and when the average 
extends for a considerable period of time, as in the example cited, it does 
not give the slightest indication regardng the actual gain in weight per 
unit time. However, the shorter the interval of time for which the aver
ages are computed, the more nearly does the computed average approach 
the true average, and when the interval of time is reduced to an instant, 
that is, to an interval so short that there is no time for the velocity of 
growth to change, then the true value for the velocity of growth is obtain
ed. The study of instantaneous changes is the peculiar province of the 
differert tial calculus. 

4. The Representation of Average Growth Rates.-The method 
of representing average rates of growth is well known. If wl and w2 rep
resent respectively the weights of an animal at ages t1 and tz, then the 
average gain in weight per unit of time, that is, the velocity, is represent
ed by 

!2-tl 
(a) 

If the interval of time is one unit (i.e., t2-t1 = 1), then the above expres-
sion becomes (W2-W1). · 

The average relative gain for the unit of time is, according to one 
definition, the gain divided by the weight at the beginning of the unit of 
time; that is 

(b) 

When (b) is multiplied by 100, i1: becomes the percentage rate of growth 
per unit time. This statement is represented by the equation 

' 
Wz-Wl 

Percentage rate of growth = 100 -.---
Wl 

Expression· (c) is Minot's definition of percentage rate of growth. 

(c) 

It will be shown later that the percentage values obtained by equa
tion (c) are under certain conditions greatly exaggerated. One reason for 
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this exaggeration is that wh the weight at the: beginning of the interval 
of time, is, so to speak, removed from the field of the present activity of 
growth. It is something that has been, but is no longer at the time under 
consideration. In other words, the denominator is smaller than it should 
be. A more appropriate denominator would be the average weight of rhe 
animal during the time interval under consideration. Thus, if the weights 
of the animal at the beginning and at the end of the time interval are 
respectively WI and ~' then the average weight during the interval is 

.Vz (W2+WI)· Replacing wl in equation (c) by .Vz (W2+WI), we obtain 

~-WI 
Percentage rate of growth = 100 _ ___.:: _ __c:...__ 

.Vz (W2+WI) 
(d) 

Equation (d) is a substantial improvement over equation (c), the one 

formulated by Minot, but it is far from being satisfactory; for the average, 
Vz (W2+WI), is obtained on the assumption that the growth takes place 
in a linear manner, but this, it is well known, is not the case. 

5. The Representation of Instantaneous (true) Growth Rates.-. 
In place of (W2-WI), which represents gain in weight for a finite unit 
of time during which the velocity may change, the symbol dW is used. 
dW represents gain in weight in an instant, dt. By an instant is meant 
an interval so short that there is no time for the velocity to change. 
The ratio of dW to dt, that is 

dW 

dt 

h. h d Wz-WI · h d. · h · w IC correspon s to m t e prece mg sectiOn, represents t e m-
12- ti 

stantaneous gain in weight or time rate; and 

dW/dt 
w 

which corresponds to (b) in the preceding section, represents the in
stantaneous, and true, relative rate of growth. 

Instantaneous (true) percentage rate of growth = 100 dW / dt (c1) 

w 
In this case, the denominator, W, represents the weight of the animal at 

h . h h 1 . dW. t e mstant w en t e ve oc1ty- IS measured. 
dt 

The method for evaluating the instantaneous percentage rates of 
growth, and the relation between the instantaneous and the finite rates 
of growth are explained in the following section. 
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ill. METHODS. OF COMPUTING RELATIVE GROWTH RATES 

"If nature were our banker, she would not add the 
interest to the principal every year; rather would the 
interest be added to the capital continuously from moment 
to moment."-J. W. MELLOR. 

The increase (or decrease) in capital invested at a constant rate of 
interest is the simplest example of a growth phenomenon which will be 
shown to resemble in some respects the growth of a population or of an 
individual. Because of this resemblance, and because many biologists 
have been, and still are, in the habit of computing relative-growth rates 
in the same manner that interest on capital is computed, it is simplest 
to explain the method of computing relative-growth rates with a consid
eration of the "growth" of capital invested at a constant rate of interest. 

1. Simple Interest Method.-Capital may grow at simple or 
compound interest. In the former case, the interest is not added to 
the principal; in the latter case, the interest is added to the principal, 
i.e., it is promptly reinvested as soon as it comes due and thus itself 
earns interest at the same rate as the original principal. 

The increase in simple interest and in the capital thus invested is 
proportional to the passage of time only. Thus if k represents the rate of 
interest, d, the capital invested, t, units of time, and I, the interest, 
then for t units of time 

I=kdt (I) 
For one unit of time 

I=kd 

The total amount, W, (including the original investment and inter
est) fort units of time is therefore, 

W=d+kdt=A(l+kt) (la) 

2. Discontinuous Compound Interest Method.-.:.The situation is 
somewhatrnore complicated in the case of growth of capital aycompound 
interest. At the end of the first unit of time (e. g., one year) the interest, 
I, is, of course, the product of the rate, k, and the capital invested, d. 

I=k.d 

The total amount (interest plus principal), W1, at the end of the first 
year is then 

W1=d+ K.d=.d(l+k)l 

At the end of the second year the interest, I, is the principal at the beg.in
ning of the year, i.e., .d(l +k)l, times the rate, k, . 

I=kd(l+K)l 
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And the total amount, W2, at the end of the second year is the sum of the 
interest and principal 

W2=kA(l+k) 1+A(l+k) 1= A(l+k)2 
Similarly at the end of the third year the capital grows to W3, 

W3=A(1+k)~ 
At the end of the fourth year it becomes W4, 

W4=A(l+k) 4 

At the end of the tth year, it increases to W 1• 

Wt=A(l+k)t (2) 
In the above case it is assumed that interest is compounded annually 

It may, of course, also be compounded semi-annually. In that case 
formula (2) becomes 

Thus, if the interest, k, is .06 (6 per cent) per year, then if the interest 
is compounded semi-annually, the interest per half year is .03 (3 per 

) h . "06 d d . h . . . cent , t at~~; an unng t years, t e com poundmg IS done 2t t1mes. 

Similarly, if the interest is compounded quarterly, 

w = A(1+~Yt 
If compounding is done monthly, 

( k) 12t 
W=A1+i2 

If the interest is compounded n times per year, then, 

( k )nt [( k)n] kt W = A 1 + ;- = A 1 +;; "i 
(3) 

3. Continuous Compound Interest Method.-Now we come to an 
extremely important derivation having a profound bearing on the analy
sis of relative rates of growth. In equation (3) we can make n as large as 
we please. If n is made infinitely large, then the compoundings are made 
continuously and instantaneously from moment to moment, and it is in 
this manner that growth takes place in nature (of course statistically 
speaking) as admirably expressed in the quotation from Mellor, at the 
head of this section. 

The vaiue of (1 +~)~ in equation (3) when n becomes infinitely 
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great (that is when the compounding is done from moment to moment) 
is 2.71828 .... The incommensurable number 2.71828 ... is represented 

by e, and [ ( 1 +~)1] k, therefore by ek. e may be evaluated from the 

senes 

1 1 1 1 
e = 1 + -+--+ + + ... = 2.71828 ... 

1 1X2 1X1X1 1X2X3X4 
e is the base of theN apierian, hyperbolic, or natural system of loga

rithms, in the same sense that 10 is the base of the Briggian, decimal, or 
common system of logarithms. 

Although we have derived the meaning of e with the aid of an ex
ample relating to growth, historically the discovery of this function, and 
the discovery oflogarithms, in general, had quite a different origin not at 
all related to growth. However, as far as the student of growth is con
cerned, he would be quite justified in considering e as a fundamental 
growth constant. 

Returning to formula (3), when n is made infinitely large, the expres-

( k )nl 
sion 1 +-; may be replaced by / 1 and equation (3) becomes 

(4) 
in which k is the instantaneous rate of interest for the unit of timet (e.g., 
day, month, or year) . 

By instantaneous rate of interest per year, we mean the product of 
the number of instants, or moments, in a year and the simple rate of 
nterest per moment. Thus, if there are n moments in a year, and the 

interest is compounded every moment at the rate k, then the instanta
neous rate per year is nk. Conversely, if the instantaneous rate of inter-

est per year is k, then the rate per moment is.!. . . The instantaneous rei-
n 

ative rate· for a unit of time is, then, the sum of all the instantaneous 
rates during the given unit of time. 

Similarly, if the instantaneous rate per day is known, then the in
stantaneous rate per month is 30 times the rate per day, and the instan
taneous rate per year is 365 times the rate per day or 12 times the rate 
per month. 

4. Logarithms in the Computation of Rates.-From equation (4) 
it is a simple matter to determine the instantaneous relative rate of 
growth for any given interval of time. Taking logarithms of both sides 
of equation (4), we obtain the equation 

in W = In A + kt (5) 
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in which ln represents logarithms of the numbers to the base e. Solving 
for the relative rate, k, we obtain 

k = ln W- ln d (6) 
t 

That is, knowing the value of the principal, d, originally invested, 
and the total amount, W, to which the principal has grown in time, t, the 
average instantaneous relative rate, k, per unit of time is the differ
ence between the natural logarithms of the total amount, W, and 
the principal, d, divided by the number of units of time during 
which the growth occurred. 

If the value of the capital at the beginning of a unit oftime is Wh 
and at the end of the unit of time is w2, them the instantaneous relative 
rate during the unit of time is 

. k = ln w2 - ln wl (7) 
While explaining the method of computing compound interest rates, 

it was incidentally shown how the base of natural logarithms (that is, e) 
and how logarithms enter into the computation of growth rates. Equation 
(4) represents the tentative growth equation as an exponential function 
(that is, the capital, or the weight of the animal, is not proportional to 
time, t, but to a variable power, kt, of the base e); or, as shown in equation 
(5), weight is represented as a logarithmic function of age (that is, the 
capital, or the weight of the animal, is not proportional to time or age, 
but the logarithm of weight is proportional to age). 

It must be understood that while the numerical values of relative 
rates of growth are different when using natural and common logarithms, 
the principle underlying the use of logarithms is the same with regard to 
common as with regard to natural logarithms-in both cases logarithms 
are powers to a given base. As a matter of fact, it is simplest in practice 
to compute common logarithms from natural logarithms by multiplying 
the latter by a conversion factor (.4343 .... ). 

5. Minot's Method of Computing Growth Rates and the Numerical 
Relation b~tween the Results Obtained by Minot and by the Logarithmic 
Method.-While the ideas expressed in the preceding section are well 
known, they are not widely known; certainly, not clearly understood 
among biologists who have made the most important contributions to 
the store of data on growth. 

Thus, Minot did not use the method of computing the true relative 
rate of growth as indicated by equations (4), (6) and (7). He used the 
simple interest formula (1) explained above. 

I= kdt (1) 
In the growth of an animal, the gain in weight from W1 to ~ corre

sponds to the interest, I, in equation (1), and the weightW1 at the begin-
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ning of the unit of time corresponds to the principal, A. According to 
Minot, 

W2- W1 = RW1t 
That is, the simple relative rate, R, is 

w2- W1 R= 
W1t 

fort units of time, or 

for one unit of time. 

(8) 

(Sa) 

The relative rate, R, of growth is according to equation (8), the ratio 
of the gain in weight per unit of time divided by the weight at the be
ginning of the unit of time. This is quite different from the equation (7) 
which indicates that the true relative rate, k, is the difference between 
the natural logarithms of weights w2 and wl. 

What is the relation between the rateR in equations (8) as employed 
by Minot and the rate, k, of equations (4), (6), and (7), that we have 
indicated? 

Let W1 and W2 be the weights of the growing animal at the ages t1 
and t2. Then from equation (4) at the age t1, 

W1 = Ai'1 
and at the age t2 

W2 = Al12 

Substracting the former from the latter, 
W2- W1 = Al12- Ai11 

Therefore 

W2- Wt Al12 Al 11 l 12 l'1 _;___--=. = -..,.----- = ____ = e k Cto-t') -! 1 
W1 Al11 / 11 l 11 

Transposing and taking logarithms, we obtain 

and 

k 
(zn w2 ;;I w~ + I) 

t2 ~ /1 
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fort units. For one unit of time 

k = In ( Wz ;
1 
W 1 + 1) = In R + 1 (9) 

In words, the true relative rate, k, is equal to the natural logarithm of 
the simple relative rate, R, plus 1. The relation between the two kinds 
of rates is then not linear but logarithmic; that is, the change in rates as 
computed by the two methods is not parallel. 

To determine the numerical value between the simple rate, R, as 
computed by Minot and his followers, and the true rate, k, it is only 
necessary to substitute the values in equation (9). 

Thus, according to Minot, growth begins at the rate of approximate
ly 1000 per cent per day, that is, at a relative rate of 10 per day. Sub-

. . . . (9) h . W2 - WI b 10 b . Stltutmg In equat10n t e expressiOn Wl y we 0 tam 

k = In (10 + 1) = In 11 = 2.398 = 240 per cent per day approxi
mately. It is thus seen that a percentage rate of 1000 as obtained by 
Minot really represents only 240 per cent. 

When, however, a small value is substituted for W2 ~ ~\ the differ

erence by the two methods disappears. Thus according to Minot (1908, 
page 95) at 17 days of age (counting age from birth,) a guinea pig can 
"add only four per cent." to its weight. Substituting .04 in equation (9) 
we obtain 

k = In 1.04 ·= 3.9 per cent 

which is practically the same as the value given by Minot. In other words 
the decline in the percentage rate of growth with age as computed by 
the method employed by Minot is much more rapid than the true 
decline. 

Fig. 2 was prepared to show how the value of the true relative rate, k, 
changes with increasing values of the apparent rate, R, of Minot. Up to 
10 per cent. the values obtained by the two methods are practically the 
same. After this point, the differences between the two values rapidly 
increase with increasing values of R. In other words, the slower the rel
ative-rate-of growth, the more closely the logarithmic and arithmetical 
changes approach each other in value. 

Before closing this discussion it will be interesting to compare the 
decline with age of the true rate, k, and the simple rate, R, of Minot for 
a series of observed data. We take for illustration the data on growth 
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of the fetus of the albino rat obtained by Stotsenburg in Donaldson's 
laboratory. 

According to Minot (page 93) the computation for evaluating rel
ative rates of growth is carried on as follows: 

"Take the weight at a given age, and the weight at the next older age for which there are observa ... 
tions. From these data, calculate the average daily increase in weight for the period between the two 
determinations of the weight, then express the daily increase in percentage of the weight at the beginning 
of the period ... " 

Let us assume that the weights of the fetus are given only at the 
ages of 13 and 22 days after conception. From Stotsenburg, at 13 days, 
W1 = .040 gms; at 22 days W2 = 4.630 gms. The percentage rate of 
growth, according to the method of Minot, is then. 

4.630 - .040 5 
lOOR = 9 X 100 = 127 per cent per day . 

. 040 X 

The average true percentage rate, is 

look __ ln 4. 630 - ln .040 lOO 52 
9 X = per cent. 

By decreasing the intervals between weighings, the difference in 
percentage rates as determined by the two methods will, of·course, de
crease (since, as pointed out, the slower the relative rate of growth, the 
more closely the logarithmic and arithmetical changes approach each 
other). 

Thus, by reducing the intervals between weighings to 5 days, the 
following results are obtained: 

At 13 days, the weight of the fetus is .040 gms. 
At 18 days, the weight of the fetus is 1.000 gms. 

By Minot's method, the rate, R, is represented by the equation 

lOOR = l.OOO - ·040 X 100 = 480 per cent per day . 
. 040 X 5 

The true value of the relative rate, k, is represented by 

lOOk = ln I.OO - In ·04 X 100 = 64.4 per cent per day. 
5 

Similarly for a two-day interval (between 13 and 15 days), Minot's 
method gives a rate of 90 per cent per day, whereas the true rate is 51.5 
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per cent per day. That is, the shorter the interval, the closer the values 
as obtained by the two methods. 

In the following table (Table 1) the values for rates as obtained by 
the two methods are given for one-day intervals. The difference between 
the results as obtained by the two methods are also given in order to 
indicate the decline in the differences between the two methods. 

TABLE 1.-THE RELATIVE DECLINE IN THE PERCENTAGE-RATE OF GROWTH 

oF THE RAT AS CoMPUTED BY THREE DIFFERENT METHoDs 

Age Percentage-rate by Percentage rate by Percentage rate by Difference in re-
(Con- Weight the logartthmic the improved arith- the simple-interest suit between t he 
cep- (Grams) method meticai method method of Minot logarithmic and 
tiona!) 100(/nW:-lnWI) 

10 w.-w. w.-w, the simple inter-
Days 100--- est method of 

~(W•+W•) w. Minot 

13 .040 
103 .0 94.8 180.0 77 

14 .112 
40.5 40.0 50.0 9.5 

15 .168 
61.3 59.4 84.5 23.2 

16 . 310 
57.0 55.5 76.8 19 .8 

17 .548 
60.1 58.4 82.5 22.4 

18 1.000 
45 . 7 45.0 58.0 13.3 

19 1.580 
51.1 i9 .9 66.5 15.4 

20 2.630 
41.4 40.8 51.3 9.9 

21 3.980 
18 .7 18.7 20.6 3.6 

Birth 4.850 
13.6 13 .6 14.6 1.0 

1 5.500 
7.0 7.0 7.3 .3 

2 5.900 
8 . 1 8 .1 8.5 .4 

3 6.400 
7. 5 7 .5 7.8 . 3 

4 6.900 
9.7 9.7 10. 2 . 5 

5 7.600 
11.2 11.2 11.9 .7 

6 8.500 
11.1 ll.J 11.8 .7 

7 9.500 
10.0 10 .0 10.5 . 5 

8 10.500 
10.8 10 .9 11.4 . 6 

9 11.7 
12 . 8 12.8 13 . 7 .9 

10 13.3 

These differences rapidly increase with the increase of the time inter
val between which the successive measurements are taken. 
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It has already been pointed out that the higher values for relative
rates of growth as obtained by Minot's method are due two to reasons. 
First, the "interest", that is, the gain in weight represented by (Wz - W1) 
represents not a simple interest but the sum of instantaneous interests. 

b h 1 f W . h . Wz- W1 
Second, ecause t e va ue o 1> m t e expressiOn W

1 
, does not 

represent the average principal on which the compoundings were made, 
but the principal at some time before, may be many generations of cells 
before the value of the "average principal" is reached. This error may (as 
already pointed out) be compensated for, to some extent, by taking for 
the value of the denominator, not w!, that is, the weight at the beginning 
of the period of observation, but the midweight between W1 and Wz, 
that is, ~(W1 + Wz). In this way Minot's formula 

Wz- W1 
(b) 

is changed to 

(d) 

The rates as computed from this formula are also given in Table 1. 
The use of formula (d) improves the situation considerably. However, 
(d) cannot be used to replace the logarithmic formula (6) for the reason 
that it does not take into account the instantaneous compoundings which 
take place in natural growth processes. 

6. Methods of Fitting Equations to Growth Data.-Equations (6) 
and (7) are the most useful ones for obtaining the values of the relative 
rates of growth. There are, however, two practical objections against 
their use. First, they do not take into consideration the experimental 
errors of the measurements-the weighing may have been too small or 
too large at times t1 or tz and ratios being easily affected by slight errors, 
especially in the early stages of growth, the results will be very irregular. 
Second, the numericai values of the rates, k, of growth may change dur
ing the interval between which the measurements are made, on account 
of the appearance of new growth mechanisms, with the result that these 
formulae no longer give a true rate, but an average rate. 

Besides, when investigating the course of growth one wishes not 
only to determine the rate of growth, but also to formulate an expression 
representing the course ofgrowth, as for example the expression given by 
equation (1), which contains the constant .d., in addition to k. The prob
lem is how to evaluate the constants A and k; that is, how to fit the 
equation to th,e data. 
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Three methods are availablefor fitting an equation to data: (1) the 
method of averages; (2) the method ofleast squares; and (3) the graphic 
method. 

The method of averages is very simple, and is the best one available 
for fitting equations to data when the form of the equation, and the 
limits between which it holds are definitely known. This method of 
fitting equations is described in detail by Lipka, in his Graphic and 
Mechanical Computations. 

The method ofleast squares while it is almost universally employ
ed by biometrists for fitting equations, is perhaps not the best one 
for use in biological work, especially, as is almost always the case, 
when the exact form of the equation, and the limits between which it 
holds, is not' definitely known. The writer's reaction towards the use of 
the method of least squares for the present purpose, is best expressed by 
the following two quotations from well known investigators in applied 
rna them a tics. 

ult must be realized that the method of least squares gives the most probable value, that is, the 
most accurate results derivable from a series of observations, only so far as the accidental errors of 
observation are concerned, that is, such errors which follow the general law of probability. The method 
of least squares, however, cannot eliminate constant errors, that is, deviations of the observations which 
have the tendency to be in one direction, as cau.sed for instance, by an instrument reading too high, or 
too low. or the appearance of a new phenomenon in a part of the observation. Against such constant 
errors only a critical review and study of the method and the means of observation can guard, that is, 
judgment, and not mathematical formalism."-CHARLES P . STEINMETZ. 

In investigating quantitative aspects of phenomena which are not 
clearly defined, one is interested not so much in obtaining values of 
constants of tentative equations with great accuracy as in defining the 
phenomenon and in detecting the appearance of new phenomena, and 
in the governing law; and as Steinmetz points out, such a purpose will 
not be served by mathematical formalism, or (as Wilson puts it) by the 
use of"elaborate processes which carry one out of touch with the original 
figures and which by their very elaboration give a false sense of security." 

Discussing the analysis of Gibbs of Neumann's datarelating to 
density, pressure, and temperature of a mixture o.f gases, E. B. Wilson 
makes the following comment: 

"If we apply correlation, which is a method of least squares, to the figures of Neumann, we shall 
inevitably weight most heavily those observations which tend to depart most from t he linear regressions 
automatically set up by the method. This is proper if the departures are accidental; if they are due to 
systematic errors, we shall be led off the track both of a correct rational explanation of the phenomenon 
in question and of a sound criticism of the observational materiaL" 

These two quotations indkate that in investigations having the 
aim of formulating rational relationship between the variables of a 
phenomenon, it is not necessary, or even safe, to use the laborious . 
method of least squares. 



GROWTH AND DEVELOPMENT III 25 

In this series of papers we shall employ the simplest possible method 
for analysis and for fitting the equations to data, namely, the graphical 
method. This method certainly keeps one in close touch with the original 
figures. 

We may take for illustration the met,hod of fitting to data the 
equation 

w = /J.i' (4) 

Equation ( 4) is first "rectified", that is, it is written in a linear form. 
This may be done by taking logarithms of both sides of the equation re
sulting in 

ln W = ln /1. + kt 

Equation (5) has the same form as the linear equation, 

y =a+ bx 

ln W corresponding toy, ln /1. to a, and kt to bx. 

(5) 

Therefore, if the logarithms of W (weight) are plotted against the 
corresponding values oft, age, a straight line results of slope k, and in
tercept ln /1. 

Since the eye is very sensitive to deviations from a straight line, it 
will be possible to tell at once whether equation (4) is the one represent 
ing the course of change of W (weight) with t (age). Whenever the data 
deviate systematically from the straight line, that is, whenever the 
equation fails to represent the data, notice of this fact is automatically 
registered by a deviation of the data from the straight line. 

To avoid the labor of looking up logarithms of Win equation (5), 
and in order to have before the investigator and reader the original figures 
rather than their logarithms, the original data may be plotted ~ith the 
same results on arithlog paper, that is, paper the vertical axis of which is 
divided logarithmically, and the horizontal axis arithmetically. 

Arithlog paper may be prepared by the following method. The com
mon logarithms are obtained of the round numbers from 0 to 10 (as 1: 2, 
3, .... 10; 1.1, 1.2, 1.3, ... 9.9; 1.01, 1.02, 1.03, ... 1.98). These 
logarithms are then located on coordinate paper, but instead of num
bering the locations with the values of the logarithms, the actual values 
are lettered in. The result is a logarithmic scale with natural numbers. 

The same result may be obtained with less effort by copying (or by 
projecting to the desired size) the graduations from a slide rule. Such 
paper is now also manufactured commercially. It is not necessary to 
graduate values beyond 10. The reason is that whenever the base 10 is 
employed, the logarithms of all numbers in which the digits are the 
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same have the same mantissa regardless of the position of the decimal 
point. Thus 

log 999 = 2.99957 
log 99.9 = 1.99957 
log 9.99 = Q.99957 
log .999 = ~.999 57 
log .0999 = 2.999 57 

and this is the reason for using 10 as the base of logarithms, and for 
preparing arithlog paper divided with respect to the base 10, rather than 
with respect to the base e. 

The fact that the paper is divided on a decimal scale gives the slope 
of the line of equation (5) represented by k a value in terms of common 
logarithms. This value ~s converted (as previously explained) into terms 
of natural logarithms by multiplying the value of the slope by 2.3 (In 10 
= 2.302 ... ). 
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IV. THE FORM OF THE GROWTH CURVE AND THE 
MECHANISMS SHAPING IT 

"The living cell is to biology what the electron and pro
ton are to physics. The two theories are independent 
exemplifications of the same idea of 'atomism.'" 

-A. N. WHITEHEAD. 

27 

1. The Form of the Curve.-The curve representing the course 
of growth in weight, or volume, has a characteristic sigmoid form. 
There is no exception to this statement. It holds for growth ofindividual 
multicellular animals and plants, and also for the growth of populations 
of unicellular ~r mu.l ticellular animals and plants. The similarity between 
the curves of growth of individual multicellular animals and plants and 
the growth of populations is shown in F ig. 3. The reason for the similar
ity between the curve of growth of individual organisms and populations 
of organisms is that both are collections of individuals. In one case we 
are concerned with an individual consisting of a population of cells; 
in the other, with a population consisting of individuals. Both are . 
"exemplifi~ations of the same idea of atomism". 

From Figs. 1 and 3, it is seen that the curve may be divided into 
two principal parts, or segments. In the case ~f the growth curves of the 
higher animals that we have examined, the first segment of increasing 
slope extends from the beginning of growth until about one-third to one
half of the mature weight is reached. (The exact position depends on 
the species under investigation and on the environmental conditions). 
The second segment, of the decreasing slope, begins at the time the ani
mal · is from one-third to one-half of its mature weight and continues 
to the end of the growth period. The j'unction between the two segments 
is referred to as the inflection of the curve. 

Each of these two principal segments may be in turn divided into 
segments of shorter duration. Some of these secondary segments have 
been investigated by Robertson, who refers to them as "growth cycles". 

2. The Mechanism Shaping the form of the Growth Curve.-The 
general shape of a growth curve is molded by two opposing forces: a 
growth-accelerating force, and a growth-retarding force. The rate of 
growth at a given time is the resultant of the magnitudes of these two 
forces at the given time. · 

The growth-accelerating force resides in the cells (or equivalent units) 
of the body, or in the individuals of a population; the growth-retarding 
force develops with advancing age in the environment surro,unding the 
cells of the body or the individuals of the population. 

The growth-accelerating force manifests itself by the tendency of 
cells or equivalent units (and individuals) to grow, and to reproduce at 
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a constant percentage rate indefinitely when the growth-retarding force 
is not permitted to develop in the medium. The fact that somatic cells 
are potentially immortal, and that they will continue to grow and re
produce indefinitely at the constant percentage rate has been established 
first by Leo Loeb, by in vivo experiments with cancer tissue, and verified 
by Alexis Carrel and his associates, by in vitro experiments with normal 
connective and other tissues. Ca~rel verified this fact by cultivating 
tissue cells in vitro under conditions of continuous irrigation, thus pre
venting a change in environment which would result in the development 
of the growth inhibiting force. Leo Loeb's method was to transplant a 
given cancer tissue culture into successive generations of animals. 

The magnitude of the growth force under optimum and standard 
conditions residing in cells of different species of organisms, or in individ
uals of a population, may be measured in the earliest stages of the 
growth process, that is, when the magnitude of the growth-retarding 
force is negligible. Thus, the growth force residing in lactic acid pro
ducing bacteria in milk, at a given temperature, may be measured by the 
frequency with which the cells divide betore the lactic acid (which in 
this case is the growth-limiting factor) has had . time to exceed a certain 
threshold value. Similarly, the growth force in yeast cells in a fruit
juice medium may be measured by the percentage rate of growth of yeast 
cells at the given temperature before the appearance of the threshold con
centration of alcohol (which acts as the growth-retarding force). The 
growth force residing in a population of multicellular plants or animals 
may be similarly measured by the percentage rate of growth of the pop
ulation before the appearance of the retarding force. In the case of growth 
of a population of higher animals and plants, the growth-retarding force 
is in the form, not of a by-product of growth (as lactic acid in the case 
of growth of lactic acid producing bacteria), but in the form of an in
crease in the density of the population itself. As the population density 
(that is, number of individuals per unit of food-producing area) in
creases, the food resources per individual decrease, resulting in a struggle 
for existence which is instrumental in decreasing the percentage rate of 
growth. 

What was said with respect to the growth of a population of cells 
or of individuals, is true with respect to the growth of the body of a multi
cellular animal or plant, for the reason that a multicellular organism is 
(by definition) a population of cells. The growth force residing in the 
tissues of multicellular animals or plants may be measured by the per
centage rate of growth in the earliest stages of life, that is, before the 
growth-retarding forces become appreciable. According to Minot, 
growth in warm-blooded animals begins at about 1000 per cent per day. 
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We have shown in the preceding section that this estimate is grossly 
exaggerated; that the percentage rate of growth per day in early life is 
of the order of 100, but, of course, depending on the species of animals 
under consideraton. 

Whenever the percentage rate of growth remains constant, that is, 
when one cell gives rise to two cells, 2 to 4, 4 to 8, 8 to 16, 16 to 32, etc., at 
equal intervals of time, then obviously the absolute increase in the num
ber of cells per unit of time must increase-in the first unit of time the 
population increases by 1, in the second by 2 in the third by 4, in the 
fourth by 8, in the fifth by 16, etc. If the resulting population (or weight 
of the individual) is then plotted against age, the curve therefore increas
es in steepness (or slope). This explains the presence of a segment of 
increasing slope in the growth curve as shown in Figs. 1 and 3. 

Sooner or later, however, the increasing lactic acid in milk, or the 
increasing alcohol in fruit juice, or the increasing density of the popula
tion (and consequently decreasing food supply per indivilual), or the in
crease in the growth inhibiting condition in the body of a multicellular 
organism becomes the controlling factor in limiting the course of growth 
of the population, and the percentage rate of growth begins to decline. 

Up to the point of inflection in the growth curve, while the percent
age rate of growth may decline, the absolute increase in the population 
still increases as indicated by the increasing slope. This means that up 
to the inflection, the actual increase in the population tends to be propor
tional to the number of parent cells. 

But there comes a time, a time marked by the inflection in the growth 
curve, when the increase in the population no longer tends to be pro
portional to the number of reproducing individuals in the populations, 
but rather to the available resources necessary for growth; the resources 
may be in the form of a.;.ailable food, or available freedom from the en
croaching by-product of growth-as lactic acid in the case of growth of 
lactic acid bacteria in milk. It is the environment-or the growth in
hibiting force in the environment-which exerts the limiting influenc~ 
on growth after the inflection in the curve. 

And so, with the passage of time, the growth-inhibiting force or 
forces develop, thus counteracting and finally bringing to a practical 
standsti.ll the growth process. 

While the agencies exerting the growth-retarding influences on 
growth of multicellular animals are not known, recent investigations of 
Carrel and associates indicate that the nature of the blood in animals 
undergoes changes with age. In other words, the situation appears to be 
somewhat analogous to the changes taking place in nutrient media in 
which bacteria grow. Other suggestions relating to the decline in growth 
have been made which need not, however, be discussed at this place 
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since they are of a speculative nature. We have merely attempted to 
indicate the general mechanisms, and not the ultimate causes. The 
general mechanism shaping the growth curve consists, as pointed out, 
in a growth-accelerating force residing in the cells, which is manifested 
in the tendency of cells to grow in a constant percentage rate; and a growth
retarding force which develops in the environment with increasing 
growth, and which is responsible for the retardation, and final cessation 
of growth. 

3. Properties of the Region of Inflection in the Growth Curve.
The point in the growth curve where the velocity of growth ceases to 
increase and begins to decrease, is referred to as the inflection. 

Since the inflection represents the position where the increase in 
the velocity ceases, but before the decrease in velocity begins, it is 
evident that the inflection represents the position of the greatest velocity 
of growth. 

This is a useful fact to remember in connection with the growth of 
plants and animals for economic purposes. At this time the gains are 
most rapid, and probably most economical. 

The following facts relating to the inflection observed during this 
investigation seem to be worthy of record: One of these, a geometrical 
fact, is that at the point of inflection the change in the time rate of 
growth (i.e. acceleration) is the same in all animals or populations. (The 
numerical value of the acceleration at this time is zero.) For this reason, 
this is probably a point of equivalence of age from the standpoint of 
growth. 

If they are of the same growth age, organisms should pass 
through the same physiological stages at this time. As a matter of fact, 
there is at least one physiological stage which all animals seem to pass 
through at this time, and this is puberty. Thus in Fig. 1 the inflection in 
the curve of the female rat occurs at about 65 days (85 days from con
ception). According to Evans, this is the age, on the average, when the 
vagina in the rat opens. In children the inflection occurs between 12 and 
15 years, and this is the age of puberty. 

A third fact certainly relates to children, and may also relate to 
animals, which is that the curve of specific mortality (i.e., the ratio of 
the number dying to the number living of the same age) passes through 
an inflection at approximately the same age as the growth curve passes 
through its inflection. This is shown in Fig. 4. The specific mortality 
decreases up to this age, and increases after this age. 

Assuming-as seems reasonable-that the specific mortality is. a 
function of the degree of senescence, i. e., of decreasing powers to with
stand unfavorable conditions of life due to ageing, then the natural in
ference is that the active process of senescence begins at approximately 
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13 years. This statement is independent of any theories of senescence 
and is based only on the definition that the specific mortality is a quanti
tative function of senescence. This quantitative definition of senescence 
has the shortcoming that it does not take into account the fact that the 
population becomes an increasingly selected one with advancing age be
cause the weaker members are weeded out. In spite of this shortcoming, 
this seems to be amorereasonabledefinition of senescence than theonefor
mulated by Minot. According to Minot, senescence is most rapid when 
the animal is youngest, that is, when; according to Minot, the decline in 
the percentage rate. of growth is most rapid. The decline in the per-:
centage rate of growth is thus taken as an index of senescence. Aside 
from the objections attached to his method of determining percentage 
rate of growth, there does not seem to be any reason for assuming that 
the rate of senescence is directly related to the decline in the percentage 
rate of growth in the earliest stages of life. According to Jacques Loeb, 
who investigated the temperature coefficients of growth and duration of 
life, the mechanisms limiting the processes of growth and senescence are 
quite independent, as judged by the great differences in their temperature 
coefficients. 

The course of increase in the specific mortality with age appears to 
be a more rational measure of the course of senescence than the course 
of the decline of the relative rate of growth, for the reason that it seems 
quite evident that other conditions being the same, the probability of 
a breakdown in a given vital organ due to a given set of conditions should 
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be proportional to the degree of weakness, or senescence of the limiting 
organ. 

The point of inflection, then, seems to have significance in indicat
ing: (I) the time of maximum velocity of growth, that is, the transition 
from increasing to decreasing growth velocity; (2) the age of puberty; 
(3) the lowest specific mortality, that is, the beginning of the period of 
increasing specific mortality; and (4) finally it represents a point of ref
erence for the determination of equivalence of age in different animals 
(and also equivalence of age in the growth of populations). The point 
of inflection should, therefore, be considered as a rather important growth 
constant. Fig. 5 is inserted at this place for the purpose of indicating 
the relative position of inflection in man and in animals (males). The 
inflection in man is seen to take place in the given curve at about 14 
years, which is shown to correspond on the axis of ordinates to somewhat 
over 60 per cent of the mature weight. In animals, on the other hand, 
the inflection appears to take place when a about 30 per cent of the 
mature weight is reached corresponding to about five months in cattle 
two months in sheep, and so on. The method of preparing this sort of 
chart will be explained in a future paper. (Res. Bul. 102) 
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V. APPLICATION OF THE PRINCIPLE OF MASS ACTION TO 
THE PHASE OF GROWTH PRECEDING THE INFLECTION 

"It is primarily not more facts which are needed in this 
field, but a method and a principle which allow us to pass 
from the stage of blind empiricism to the stage of an· 
oriented research. As long as the investigation of a natural 
phenomenon is in the stage of blind empiricism, we never 
know what to look for in our experiments nor what to 
measure, and we are not able to judge whether we are 
on the road to progress or whether we are losing ourselves 
in a jungle of futile experiments."-JACQUES LoEB. 

As pointed out in the preceding section of this paper, the growth 
curve is sigmoid in form, consisting of a segment of increasing slope fol
lowed by a segment of decreasing slope. The purpose of this section is 
to make a close examination of the segment of increasing slope, and to 
attempt to supply "a method and a principle which allows us to pass from 
the stage of blind empiricism to the stage of an oriented research". 

A method for the derivation of a formula (equation4) representing 
the course of growth during the phase of increasing slope has already been 
explained in the preceding section. It will be useful, however, to derive 
the same equation (4), from a slightly different viewpoint in order to 
show the relation between the course of growth, and the course of a 
chemical reaction. 

1. The Principle of Mass Action.-One of the principles which 
govern many natural processes, is known as the principle of mass action. 
It is the foundation upon which is based that branch of chemistry or phy
sical chemistry known as chemical kinetics. According to this principle 
the velocity of a chemical reaction is, in the simplest case (i. e. reaction 
of the first order) proportional to the number of available units (mol
ecules) entering into the process at the given instance. The principle of 
mass action, then, involves the conception of constancy of the percent
age-rate of change, that is, of course, when all other conditions remain 
the same. · 

2. The Equation Representing the Principle .of Mass Action.-It 
was pointed out that there are two methods for representing time-rates 
and percentage-rates, one involving the conception of continuous or 
instantaneous change, and another involving the conception of discon
tinuous change. It was also pointed out that in natural processes changes 
are, statistically speaking, usually continuous. Since it is intended to 
apply the principle of mass action to growth, which is a natural process, 
it is useful to derive the equation of the mass law on the basis of the con-
ception of instantaneous changes. . 
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Using the symbols previously explained, we have for the mass law 
the equation 

dW 

dt 
kW (10) 

I . dW f h. 
That is, the instantaneous ve oct ty, dt, o growt ts at any instant pro-

portional to the weight, W, of the animal at that moment (or to the 
number of individuals in the population at that moment). The term k 

is the relative-rat~ (or when multiplied by 100, the percentage-rate) 
of growth 

k = dW /dt 
w 

Equation (10) is said to be the differential equation of the principle 
of mass action in its simplest form (i. e. in a process of the first order). 

3. The Integral Equation Representing the Principle of Mass 
Action in its Simplest Forni.-While the differential equation (10) rep
resents correctly the principle of mass action, it cannot be applied to 
experimental data for the reason that it is not possible to determine ex
perimentally instantaneous changes. 

To make practical use of a differential equation the instantaneous 
increases are summated or "integrated" by methods which, for this par
ticular equation, are well known. The steps for integrating equation (10) 
are written out for the reader who may be familiar ~ith elementary cal
culus. 

dW 

dt 
kW 

(WdW = Jt 
}A W k 0 dt 

lnW = lnA + kt (5) 

(4) 

For this process under consideration, namely growth, W represents 
the weight of the individual, or the size of the population at the age t. 
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It is not necessary to explain the meaning of the other symbols in equa
tions (4) and (5), as they were fully explained in a preceding section. 

It is desired to point out that equations (4) and (5) are equations of 
monomolecular change in chemistry, thus indicating the fundamental 
similarity between the course of growth and the course of a chemical re
action. This similarity is important because, as pointed out in the intro
duction, growth, is among other things, a physico-chemical transforma
tion of energy and matter, and a rational generalization concerning the 
time relations of these transformations must ultimately rest on the foun
dation of the principles governing chemical reactions. The term k is re
ferred to as the velocity constant, or transformation constant, or (when 
rate is not constant) velocity coefficient; when used to represent 
growth it may, of course, be termed growth constant. It may be defined 
as the instantaneous relative (or when multiplied by 100, percentage) 
rate of growth for the unit of time under consideration. While equat.[on 
(4) represents the weight, W, as a funCtion of age, t, .it must be clearly 
understood that our fundamental mass law equation (10), is not con
cerned with age as such. Equation (10) indicates a proportionality 
between velocity and weight only, and the factor of age does not enter 
into it. Equation (4) representing the relation between weight and age is 
a derived equation obtained on the assumption that, all other condi
tions remaining the same, the weight will increase with age in a per
fectly regular manner and it is only on the basis of this implied relation
ship that the integration was performed. Whenever this implied relation
ship is disturbed, the integral equation no longer holds true. 

4. Fitting the Integral Equation of the Principle of Mass Action 
to Growth Data.-It was pointed out in the preceding section that the 
graphic method of fitting equations to data promises to give the most 
satisfactory insight into the phenomenon under investigation even if the 
numerical values of the constants thus obtained are not so accurately 
evaluated as by the use of algebraic methods. Accordingly, we proceed 
to evaluate the constants d and k of equation (4) by the graphic method. 

We shall fit equation (4) to the data on growth ofthealbinoratas 
obtained by Dohaldson, a~d by Stotsenburg, in Donaldson's laboratory. 
These are the most complete available data on growth. 

As explained in the preceding section; to fit equation (4) to data by 
graphic method, it is only necessary to plot the data on arithlog paper. 
If the data points are found to be distributed on a straight line (that is, 
within the limits of experimental error), then we may be certain that 
equation ( 4) represents the course of growth. The numerical value of the 
instantaneous percentage rate of growth is then determined by measur
ing the slope of the straight line drawn through the observed values . . d 
is the value of W when t =0. · 
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Fig. 6 shows the growth data, obtained by daily weighing the fetus 
. of the albino rat, plotted on arithlog paper. For purposes of comparison, 

the same data were also plotted on arithmetically divided paper. 
The smooth curve drawn through the data points on the arithmetical 

paper shows an increasing slope with age. The slope of the curve drawn 
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Fig. 6.-The course of growth o~e white rat plotted on arithlog 
and On co-ordinate paper. On the arithlog paper the data points are 
distributed a~.~. nd a straight line indicating that the percentage rate 
of growth is ~nstant. There is an abrupt break in the curve at the 
time of birth and the percentage ra te is seen to drop from 53 to a bout 
12 per cent. The smooth cu rves were drawn according to equation (4). 
The circles, etc., represent observed values. 

through the points on arithlog paper on the other hand, is constant. 
In other words, equation ( 4) represents the course of growth of the 
fetus from 14 days after conception to birth, and the instantaneous per-
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centage rate of growth is consant-it is 53 per cent per day. The equa
tion of the smooth curve passing through the data points is 

W = .000065e.0•53 t 

If there is no fallacy in this reasoning or in the technique of fitting 
the equation to the data, then we have reached anew, and an extremely 
important conclusion. New, because while all investigators of the time 
relations of growth have reached the conclusion that the percentage rate 
of growth continuously and rapidly declines with age, our conclusion is, 
as strikingly shown in Fig. 6, that the instantaneous percentage rate of 
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Fig. 7.-lllustrating the constancy in the percentage-rate of growth 

of the rat during the ten days following bi'rth. The data points fluctuate 
about a horizontal line. 

growth remains constant for the relatively enormously long period of 
growth between 14 days and birth. The cause of this difference in re
sults is due, as explained in the preceding section, to the fallacy in the 
method of analysis, as employed by Minot and his followers. 

Similar results were obtained by plotting the data from birth to 10 
days. The instantaneous percentage rate of growth during the 10 days 
following birth is only about 12 per cent; but it is constant throughout 
this period, and this is the essential fact which is new. The constancy of 
percentage rate of growth during the first 10 days after birth is also In

dicated in Fig. 7. 
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in Fig. 8., the data during the first 10 days following birth are plot
ted again, and also the remaining data for the phase of growth preceding 
the inflection. From 32 days (i.e. 10 days after birth) to about 52 days, 
the rate appears to be about 4 per cent; from 52 days up to the inflec
tion (about 85 days after conception or 65 . days after birth) the instan
taneous percentage rate appears to be about 3 per cent per day. 

GrnS 
!DO 

f!IJ 

(j() 

"*' 

ID 

-:& 
--;;!, 

JO 
~ 

0 

0~ "'/' 
~~ 
4~ ~ r.-
l"i 
~ 

. 
)7 

~ 
~ 

'/'/ 

l,..A 
~ :? 

....., 

42 ~ 

v:l 

~ 
~~ i--

f• 
y I 

/ ll 
100 

I'/ / 
7} If. eo 

i7 
]/ 

v : g~ '= 
:18l a~ 

62 ?2 02 02 
0 

Fig. 8.-The course of growth of the white rat from birth to the 
age of inflection plotted on arithlog :1nd on coordinate paper. The 
values for the percentage-rates of growth arc seen to drop from 12 to 
4 at approximately 10 days after birth. About one month after birth 
the percentage-rate of growth seems to drop from 4 to 3 per day. The 
smooth curves were in all cases drawn according to equation (4} 
while the circles, etc., are the observed values. 

The presence of the breaks in the curve are also illustrated in the 
increment curve of Fig. 9. The conclusions are, then, that while the per
centage rate of growth does decline with age, the decline is very much 
slower than has ever been through before, and that the decline is not 
a continuous one. The percentage rate of growth remains constant 
between rather wide limits, and then declines quite abruptly to a new 
low level. 

It appears that the medium in which the body cells grow has buffer 
(that is neutralizing or compensating) properties analogous to the buffer 
properties that body fluids have against acid or alkali. When, for 
example, acid is added to blood~ the actual acidity of the blood cqntinues 
constant, on account of the buffer properti~s of certain salts and. proteins 
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in the blood which neutralize the acid. It is only after a certain amount 
of the buffer substances are "spent" that the acidity exceeds a certain 
threshold, or critical value affecting the welfare of the organism. May 
not a similar situation exist with respect to the growth-retarding sub
stances in the body? 

Indeed, this appears to be the situation existing in the case of growth 
of a population oflactic-acid producing organisms in milk. It is not pos
sible to make sufficiently accurate counts of the organisms in milk to 
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.Fig. 9.-lllustrating the discontinuous nature of the growth process and t he fit of equation (4) 
to the increment curves. Circles represent observed gains in weight per day, as explained in connection 
with Fig. 1. The broken curves represent computed values. 

demonstrate this statement, but the accumulation of lactic acid in milk 
can be easily followed, and the time curveoflacticacid production is toler
ably straight on arithlog paper until the curdling point is reached, as 
shown in Fig. 10. 

Fig. 11 shows the constancy in the percentage rate of growth of B. 
coli (also an acid-producing organism) in broth. This constancy in the 
percentage rate of growth of acid-producing bacteria may be logically 
accounted for by the high buffer value of the medium which neutralizes 
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the growth-retarding lactic acid as it is produced, thus keeping the cul
ture in the same youthful state for a relatively long period of time. As 
soon as a certain threshold value is exceeded, the percentage-rate of 
growth begins to decline. 

A similar situation should logically prevail in the case of growth of 
a population of free-moving higher organisms. Thus, in the case of a 
human population, when in the early history of the population, the density 
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Fig. 10.-The curve of lactic-acid production in milk shows the 

percentage-rate of growth of lactic acid producing organisms is constant 
until the threshold value indicated by pH = 4.73 is r eached, 

of the population is very low, that is, much more fertile land (and conse
quently means for subsistence) is available than the population can 
make use of, the natural increase in the population should take place 
at a constant percentage rate, and the decline in the percentage-rate of 
growth should not begin until the population density exceeds a certain 
threshold value. That this is in fact the case is illustrated by Fig. 12, in 
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which is represented the growth of the population of the American Colo
nies and of the United States. The population is seen to increase at a 
constant percentage rate from 1660 to 1870. The critical or "threshold 
value" appears to have been reached at 1870, and the growth of thepopu
la tion began to decline. 

Fig. 11.-The course of growth of B. coli at 37°C. in a given vol
ume of broth . (Data from Exp. 7 of McKendrick and Pai). The value 
of k, 1.85 indicat~s the population of bacteria to increase at 185 per cent 

per hour. That is, the population doubles itself every ~ =.37 hour, 
1.85 

or 22.2 minutes. Following the fifth hour the percentage 1 ate of growth 
is constant with respect to the growth yet to be made as will be presently 
explained. 

Fig. 13, in which the values of the percentage rates (lOOk) are plot
ted against age, is of some interest as indicating the manner of decline in 
the growth potential of animals with increasing age. The graph reminds 
one of a series of water pipes, each of which is horizontal, and therefore, 
has a constant head pressure, or potential. The potential in each pipe 
is below the potential of its predecessors, finally fading to zero. 



GROWTH AND DEVELOPMENT III 

• 

v I? 
b3lV {< r-

/ v 

/ 
00 
ao 
60 
5:l 
4/:) 

ao 
/ 

ID 
vv 

;f= ~;;:/ 
4r;, 
3 

JeeO • !liiO mo l141J ~ 151!lll011l0ml~-"""00l 

~ 

0 

0 

Fig. 12.-Growth of the human population in the North American 
Colonies and in the United States. The percentage rate is constant 
from 1660 to 1870. From 1870 on, the percentage rate declines in a 
manner indicated by the preceding figure on the growth of b:tcteria. 
k = .029; the population increased 2.9 per cent per year or 29 per cent 

per decade; or it doubled itself once in ·693 = 24 years. (Plotted from 
.209 

data in "A century of population growth in the United States" by 
W. S. Rossiter, Bureau of the Census United Statos Department of 
Commerce and Labor, Washington, 1909). 
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Before closing this section, it will be useful to reiterate several 
ideas relating to equation (4), and to point out an additional property. 

The constant k h~s a perfectly definite meaning. It is the instantaneous relative rate of growth for a 
given unit of time. Thus, for the growth of the fetus of the albino rat, from 14 days to birth, k had the 
value at the instantaneous percentage rate of about 53 per cent per day or 53 x 30 = 1590 per cent. per 
month; or 53 x 7 = 371 per cent per week; etc. 

As regards the constant A, theoretically it has the value of W when I = 0. For the rat, A was 
found to be 0.00065 grams. This do.es not mean to imply that at conception the fertilized egg weighs 
0.00065 grams, for the constant was obtained on the basis of data from 14 to 22 days only, and one is 
not justified in extrapolating this value to conception. While, therefore, .A, has a definite theoretical 
meaning, practically no significance should be attached to it. Until data become available which indi
cate the justi£.cation of extrapolating the curve to conception, it need be considered merely as a para
meter of the equation. 
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Fig. 13.-The percentage rates ( lOOk) of growth of the albino rat plotted against age. These are, 
of course, computed values, computed by the graphic method explained in the text. The curve illus
trates in a striking manner the discontinuous nature of the growth process. This curve should be com
pared to the percentage-rate curve in Fig. 1. 

The following method of evaluating k is of interest as indicating that whenever body weight, W, 

increases at a constant percentage rate, velocity, !:.!!.._ , and acceleration, d2W t also increases at a con-
dt dt' 

at ant percentage rate, and that the ratio of acceleration to velocity is constant, namely k. 

ti'W /d't 

dW/ dt 

(4) 

There is another important derivation which needs to be recorded. T aking logarithms of (4), we 
obtain 

solving for age, t, 
lnW = InA +kt 

lnW-lnA 

k 

(5) 



GROWTH AND DEVELOPMENT III 

When the original weight, A, is doubled, W becomes ZA and 

lnZA- lnA 
t = 

k 
= .!._ lnZA 

k A 

ln2 

k 

45 

When the percentage rate of growth is constant, the time. intervals between doubling of weights are 
constant; therefore when formula (4) represents growth, t he time required for weight to double itself is 

~=~ 
k 

Thus, the value of k fo• the fetus of the rat was found to be .53. Hence the time required fo.r the rat 

fetus to double its weight is·~ = 1.3 days; if growth in weight may be taken as an index of the increase .53 
in the number of cells in the body, then a new generation of cells is produced, on the average, once in 1.3_ 

days; or the cell-division freq uency is approximately _!_ = .77 per d ay. It is thus possible to deter-
1.3 

mine the mean life of a mother cell before it divides into two daughter cells. 
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VI. AN EXTENSION OF THE PRINCIPLE OF MASS ACTION TO 
THE PHASE OF GROWTH FOLLOWING THE INFLECTION 

"I rise again, changed but the same (Eadem mutata 
resurgo)."-}ACQUES BERNOULLI. 

" The new wealth of experimental knowledge may be
come a bewildering burden. . . . . It is needful that a wider 
range of experimental results be brought under control by 
simple and comprehensive primary theory .. "-A. C. LuNN. 

Following the inflection in the growth curve (Figs. 1 and 3) the 
velocity of growth decreases while the size of the body (or of the popula
tion) increases; hence, the rate of growth no longer increases in direct 
proportion to the size of the organism, and the mass-action equation (10) 
in its present form, cannot hold. This section is concerned with the for
mulation of a rational equation to represent this phase of the curve. 

1. The Mechanism Limiting the Course of Growth During the 
Phase of Growth Following the Inflection.-As previously suggested, 
the ultimate forces limiting the course of growth during the phase of 
growth following the inflection do not reside in the reproducing individ
uals of a population, but in the environment. The density of a popula
tion may become so great that the means for subsistence are not suffi
cient to support growth at a constant percentage rate. The result, of 
course, must be a decline in the percentage rate of growth, and finally 
a complete cessation of growth. A similar mechanism was suggested to 
hold true for the growth of a multicellular individual. 

2. Extension of the Mass-action Equation to Include the Phase of 
Growth Following the Inflection.-Let A represent the limiting food 
supply in a population when the growth force is completely inhibited. 
Let W represent the food supply at a given time. Then (A-W) represents 
the concentration of the limiting food supply at the given time in the 
given system, which is just sufficient to permit the population to reac h 
the maximum density. 

It is reasonable to assume the instantaneous velocity, d: ,of growth 

at the given time to be proportional to the value (A- W) , as defined 
above, at the given time. That is 

dW 
- = k (A- W) 
dt 

(11) 

Instead of food, the growth-limiting factor in the epvironment may 
be some product of growth, as lactic acid in the case of growth of a popu
lation of lactic-acid producing bacteria in mil~; or alcohol in the case 
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of alcohol-producing yeast in fruit juice. Let A represent the concentra
tion oflactic acid or alcohol which is just sufficient to suppress completely 
the growth force residing in the cells. Let W represent its concentration 
at the presen,t time, then as before, (A-W) represents the amount of 
growth which the environment will permit in order to bring the popula
tion to the maximum size and 

dW 
dt 

k (A - W) 

represents the instantaneous velocity of growth at the given time. 

(11) 

What was said with respect to the growth of a population of individ
uals is probably true with respect to the growth of a multicellular animal 
-which is after all really a population of cells. It has been pointed out 
that Carrel and associates found that changes in the blood with adyanc
ing age exert an inhibiting effect on the growth of tissues. Without im
plying that this is the important growth-inhibiting mechanism, it does 
seem that, fundamentally, the general growth-limiting mechanism is 
the same with respect to individuals as to populations. 

If the relations given above are true, then the numerical values of 
Wand A in the case of growth of a multicellular individual may be es
timated as follows: A, which was taken to represent the concentration 
of the growth-limiting factor when growth is completely inhibited, may 
be used to represent the mature weight of the animal (or the maximum 
size of the population) under a given set of conditions. Similarly, W 
may be used to represent the weight of the animal (or size of the popula
tion) at the given time. (A -W) will then represent the amount of growth 
yet to be made to reach the mature weight. (A-W) may be termed 
"growth potentiality", "growth impulse", or "growth substance". 

Equation (11), while it appears to differ from equation (10), repre
sents, in reality, the same idea as equation (10), Both are equations of the 
mass law (for a first-order process). Both represent a direct proportion-

ality between the velocity, d:::, ot growth, and some growth-limiting, 

factor. In equation (10) the growth-limiting factor is represented by W, 
that is, the amount of growth already made or the number of reproduc
ing units in the body or in the population. In equation (11) the limiting 
factor is represented by (A-W), the concentration of some substance, 
or a condition in the environment, which limits growth of the reprO
ducing units. In equation (10) k is the relative rate of growth with re
spect to the growth already made, that is, 

k = dW /dt 
w 
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Fig. 14.-Graphic method for evaluating the constants of equations (14) and (16) as t hey relate 
to the male white rat of Greenman and Duhring. The correct mature weight of the animal is 350 gm. 
If (350-W) is plotted against age, a straight line results. If a larger or smaller value of A is assumed , 
the curve deviates from a straight line as indicated. The numerical value of B is read from the curve of 
the point when t = O.t* = 1.77 the age when (A-W) =A = 350 gm. 
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while in equation (11), k is the relative-rate of growth with respect to the 
growth yet to be made. 

dW /dt 
k= A-W 

Before applying equation (11) to data, it is integrated, 

dW dt = - k (A- W) 

dW 
A_ W = -kdt 

(11) 

ln (A - W) -:-kt + lnB (integration constant) (12) 
A - W = Be-kt (13) 
W = A - Be-kt (14) 

The minus sign in equation (1 I) indicates a decline in the velocity 
of growth. 

The fit of equation (14) to growth data may be, as before, ascertained 
by the graphic method. The logarithmic form (equation 12) is used 
for this purpose. (A - W) is plotted against age, t, on arithlogpaper. A 
straight line should result if the proper value of A is chosen, and if the 
equation represents the data. 

This method of fitting the equation is illustrated in Figs. 14 and 15. 
The data points seem to be distributed around a straight line in quite a 
satisfactory manner. Growth curves drawn according to equations (14) 
and (16) corresponding to Fig. 15, are shown in Figs. 16 and 17. The 
agreement between observed and computed values appears satisfactory 
(of course this applies only to the phase of growth following the inflection) . 

The value of k is determined by measuring the slope on the ari thlog 
paper (Figs. 14 and 15). B is the intercept of the curve on the arithlog 
chart; that is, it is the value of (A- W) when t = 0. B may, of course, 
be evaluated algebraically from equation (13). ; 

A- W = Be-kt 

B = A ~kt W = (A - W)it 
e 

The constant B may be dispensed with. It is merely an age-para
meter employed to correct for the fact that while age is counted from birth 
or conception, equation (14) fits the data during the phase of growth fol
lowing the inflecti::m only. This correction may be made in the exponent. 
The (A -:-W) curve on the arithlog paper (Figs. ·14 and 15) is extrapolated 
and the value is read at the point where (A-W) = A, that is, when W 
= 0. This is the position where the extrapolated curve of equation (14) 
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meets the age-axis. By beginning to count age from this point (designat

ed by t*), equation (14) is changed to 
W =A- Ae-k (t-t*l (15) 

since when t = t*, A = B. 
Equation (15) may be made more elegant by writing it in the form 

W = 1 - e-k(t-t*) 

A 
(16) 

Which indicates that the fraction of the mature weight,~ is a function 

of the product of the velocity constant, k, and the age as counted from t* 
When B is known, t* may be solved algebraically from equation (I 4). 

When t = t*, W = 0; therefore equation (14) takes the form 
0 = A - B e-kt* 

A = B e-kt* 

InA = InB- kt* 

lnB -InA 
t* = ----

k 
(17) 

It is often desirable to know the ages when given weights, or given 
fractions of the mature weights, are reached. These may be determined 
from equation (14). 

A- W = B e-kt 

ln(A - W) = ln B - kt 
kt = In B - In (A - W) 

lnB - In (A - W) 
t = k (18) 

A further simplification may be introduced as follows. Assuming it 
is desired to determine the age when some fraction, such as 90 per cent 
of the mature weight is reached, W may be replaced by .9A and equation 
(I 8) is changed to 

In B-In (A- .9A) 
t 

k 

I 
k (In B - In .1A) 

or in. general, 

In B- ln ( 1- ~) 
t 

k (19) 
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It will be shown in a future paper that for certain kinds of growth, or 
in using certain methods of counting age, B has the same numerical 
value as A. That is, equation (14) is written 

W = A - Ae-kt = A (1 - e-kt) (14a) 

200 

W•A-~e-'kt. 
·420-680 e.os-4t. 

JePseyCOW' 

Fig. 16.-The course of growth of the Jersey cow. The smooth 
curve represents equatiOn (14). The circles represent observed values. 
The significance of constants A, B, and t* are indicated. 

Equation (14a) offers a simpler method of determining the weight at a 
given age. From (14a) 

A-W 
A 

In (A- W) 
A 

t =- -1 In (A- W) = _J__ln ( 1- W) 
k A k A (19a) 

Equation (19a) shows that knowing ·the value of k, one can easily 
determine the age at which a given fraction of the mature weight is reach-
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ed. Thus if it is desired to determine the age at which half of the mature 
weight is reached, W is replaced by .5d, and 
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Fig. 17.-The course of growth of dairy cattle. The~smooth curve represents equation (16) in 

w 
which the percentages of the mature weights (100 A ) are plotted aga inst the corresponding values of 

k(t- t*). The circles and other symbols represent the observed values. The values for age, 1, are also 
indicated. Effi;!oying this method, the curves of the several breeds of animals are seen to coincide, thus 
indicating a method for a valuating equiva1ence .:>fag~. 

In a similar manner the age, when any other fraction of the mature 
weight is reached, may be found by substituting the desired value in 
equation (19a). Table 2 in which a series of numerical values of natural 

logarithms of ( 1 - .':;) .are given, facilitates numerical computations. 
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Equation (16) may similarly be used for evaluating the age when a 
desired fraction of the mature weight is reached. 

w 
A 

= 1 - e-k(t-t*l (16) 

w 1 __ = e-k(t-t*) 

A 

/n(1-~) = -k(t-t*) 

t = t* - ~ In ( 1 - ~) (20) 

tis easily determined when k and t* are known. Thus if it is desired 
to find the age t, when half of the mature weight is reached, W is replaced 
by .SA 

1 .69315 
t = t* - K ln.S = t* + -k-

TABLE 2.-TABLE TO FACILITATE EsTIMATING AGES AT WHICH DIFFER

ENT FRACTIONS OF THE MATURE WEIGHT ARE REACHED. 

Fraction of 

M·'"'( ~r '"( 1 _ ~) 
.25 
.30 
.35 
.40 
.45 
.50 
.55 
.60 
.65 
.70 
.75 
.80 
.85 
.90 
.95 
.98 
.99 
.999 

-0.28768 
-0.35667 
-0.43078 
-o. 51083 
-0.59784 
-0.69315 
-0.79851 
-0.91629 
-1.0498 
-1.2040 
-1.3863 
..,.1,6094 
-1.8971 
-2.3026 

. -2.9957 
-3.9120 

. -4.6052 
-6.9078 
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Fig. 18.~A straight-line form of the growth curve. The smooth 

ine was drawn accordi~g to eq1,1ation (17), 100 ( 1- ;) was plotted 

against age for Holstein and Jersey cows. The theoretical values (smooth 
curves, were also drawn for Ayrshire cattle and Duroc-Jersey swine. 
From the curve, 80 percent. of the mature weight is reached about 34 
months in the Holstein cow and 28 months in the. Jersey cow, and so on 
for other values, thus giving a method for indicating equivalence of age. 

When B = A, that is when t* = 0, then, of course, t* drops out from equation (20). 

55 

It is interesting to note that equation (16) is the difference between equation (18) and (17). Equa
tion (18) minus equation (17) is 

Solving for~ 
A 

t-t* = lnB-ln(A-W)-lnB+lnA 

k 

k(t-t*) =lnA-ln(A-W) 

ek(t- t*) 

rll.(t- t*) 

A 

A-W 

A- W 

A 

!!:. = 1-e-k(t- t*) 
A 

1-.!!:.. 
.1 

(16) 

The following transformation of equation (16) gives a straight-line function for the growth curve. 
Transforming, 

1 - !f = e-k (t - t*) 
A 

In (I - !f) - ·k (t . - t*) 
A 

(17) 
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Equation (17) shows that plotting values of (I - '!!.) (which is the fraction of growth 
A 

yet to be made to reach the mature weight) against age t or {t- t*) on arithlog paper, results in a 
straight line having the slope k. Fig. 18 illustrates the method. This derivotion could be foreseen in 
connection with the me.thod of evaluating A. which consisted in plotting ( A - JJ7} against age 
This method merely places the curve on a percentnge basis. 

Since equation (17) may be written in the form 

In (1- f!:) = -kt + kt*, 
A 

therefore kt* is the value of the intercept on the (1 - '!:..) axis. This furnishes another method for 
A 

evaluating t* (or k). 
The following two additional methods for evaluating the velocity constant k may be of interest in 

connection with this discussion of the properties of the growth equation. k mny be evaluated from equa-
tion (17) . 

In (I - !!:) 
A 

-k (t - t*) 

-k 

w 
In (1- A l 

(1- t*) 

k may also be evaluated on the basis of the fact previously noted that in exponential functions the 
ratio between the: acceleration and velocity is constant. 

w = A- s,-kt 

dW = kB,-kt = c.-kt 
dt 

d'W/dt' 

dW/dt kB• kt 
= -k 

Theoretically, therefore, the value of k may be determined from the ratios of acceleration to velocity. 
Actually, however, this method is rather useless because of the fluctuations in the ratios due to experi· 
mental errors. This derivation does have a value in indicating that during the phase of growth following 

the inflection (with which equation (14) is concerned), the velocity dW and t he acceleration d'W de-
dt dt2 

cline at a constant percentage rate. 
k (and also B) may also be determined from the curve obtained by plotting the velocities of growth 

against age. 

ln dW 
dt 

lnkB- kt. 

' dW ~ Hence, plotting the velocities--;;; (or in practice the successive increments per unit time) against 

the corresponding ages on arithlog paper will res11lt in a straight line having the slope k. This method, 
too,~ is inferior to plotting (A- W) against age on account of fluctuations due to experimental errors. 
Historically, it may be noted, this is the first method thai .was used when this investigation was begun. 
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The fact that the numerical value of the velocity constant, k, is the same in the differential and 

integral equation (equations II and 14) makes it possible to derive equation (14) from a knowledge of 

growth velocities (i.e. gains in weight per unit time at successive ages). 

W = A- B,-kt 

dW 

dt 
k B,-kt = c,-kt 

Integrating the last equation, 

Therefore 

W= 
c,-kt 

k 
+ A. (integration constant). 

When t = ex , W = A. 

When t = 0, 'W = A- ~ = A- B. 
k 

TV= A- Brkt 

Thus it is possible to begin with equation 

m place of 

aw = c,-kt 
dt 

dW 
-- =k(A - W) 

dt 

and obtain the same result. This discussion should not, of course, affect the attitude towards the appli

cability of the mass action id·ea to the growth process. Viewing the situ01tion from the velocity stand

point, it may be sa:id that the velocity of growth decl ines at a con.rtant percentage rat,., on account of the 

decline of the Hgrowth impulse" (whatever that may be) at a conetant percentage rate. 

The fact that the velocity of growth declines at a constant percentage-rate, k, suggests the introduc

tion of a convenient term pa·;i.st~ncy of growth-a term used in dairy literature to indicate the degree 

with which milk secretion persists with the advance of the stage of lactation. In the case of growth, it 

may be employed to indicate the degree of persistency of the velo city of growth with advancing age. 

Thus the growth velocity persists t o a greater extent in slowly maturing forms1 such as cattle, than in 

rapidly maturing forms, such as rats. 
The fractional persistency, p, of growth may be defined by the ratio of the increment (velocity) of 

one unit of time to the immediately preceding unit of time, just as the fractional decline in g1owth 

(kin equations 11 to 14) may be defined by the fractional decline in the successive increments. Thus, if 

the increment during one month is 10 units and in the immediately following month 1t is 9 units, then 

the fractional pers.stency of growth is .9 or 90 per cent. Thus it comes about that the sum of the per

centage persistency and percentage-decline is lOO. Therefore, knowing the value of the velocity con

stant, k, (fractional decline) one can evaluate the fractional persistency from t h e equation 

k+p= l. 

The following is a concrete illustration involving observed data. In a population of male guinea 

pigs, it was found t hat the average increase in weight per individual in successive months after the 

inflection was 112,90, 70, 56, 43, 35, 27, 21, ... , grams. k, the relative rate of growth, or the fractional

decline in growth velocity per month is therefore, in round numbers: 

112-90 

112 

90-70 

90 

70-56 

'70 

56-43 

56 

or 22 per cent. per month. The v alue of persistency of growth is: 

.22. 

~=~ =~=~=~=_E_=E_= .78 
112 90 70 56 43 35 27 
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VII. A CRITICAL SUMMARY OF THE PROPOSED EQUATIONS 
TO REPRESENT GROWTH RATES 

"The trouble is not with what the author does say, 
but with what he does not say. It is not with what he 
knows he has assumed, but with what he has unconsciously 
assumed. Each generation criticises the unconscious as
sumptions made by its parents".-A. N. WHITEHEAD. 

The purpose of the present section is to review critically such of the 
growth formulae which appear to the writer to be reasonable. 

1. Minot's Conception of Growth Rate.-Minot's fame is in no 
small part due to the dramatic deductions he maqe as a result of the 
application of his definition of growth rate to growth in early life. He 
computed growth rates by dividing the average gain in weight during a 
unit of time by the weight at the beginning of the unit of time as shown 
by the equation 

in which W1, and W2 are respectively the weights at the beginning 
and the end of the unit of time, and R is the relative rate of growth (or 
when multiplied by 100, the percentage rate). 

Minot found the relative rateR to decline in warm blooded animals 
from about 1000 per cent. per day shortly after conception, to from 3 to 
17 per cent. at the time of birth or hatching, and then more gradually 
until it becomes 0, when growth ceases. Assuming (unconsciously per
haps) that the decline in the relative rate of growth is an index of senes
cence, the natural, but dramatic, conclusion followed that animals get 
old most rapidly when they are youngest! 

We have pointed out the two fallacies in this reasoning. First, 
Minot's method of computing relative rates exaggerates the decline (as 
shown in Fig. 2). Second, the rate of growth is not necessarily function
ally related to the rate of senescence. 

2. Pearl's Equation.-By the way of a first guess Pearl proposed 
the equation 

dW k 
dt t 

in which k is a constant and tis age. For a first guess this equation has 
merit. A second thought, however, recalls the fact that up to a certain 
point, the velocity of growth increases, while according to the equation, 
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it should continually decrease with the passage of time. So this equation 

was changed to 

dW k 
dt t- a 

.thereby indicating the idea that the equation is meant to hold after the 

age a only. 
On integration, it yields 

W = A + k ln (t - a). 

An examination of this equation at the limits does not show it to be 

rational (W =A, when t- a = 1; when t approaches a, W approaches 0. 

W increases indefinitely with increase oft). But Pearl did not claim 

rationality for this equation; for in 1909 he plainly states that "no ulte

rior or biological significance is to be attached to it", and one can, there

fore, have no quarrel about this equation. 
It may be noted that this equation, in modified forms (obtained by 

adding additional terms to it thus converting it to what amounts to a 

potential series equation) has been adopted by many workers (including 

Donaldso'n, Hatai, Curtis, Gowen) to represent growth rates. There is, 

of course, no objection to its use, provided it is understood that it has 

no "ulterior or biological significance". 
3. Robertson's Equation.-On the basis of physico-chemical con

siderations of the growth process, Robertson inferred that growth is an 

autocatalytic process and that the velocity of growth may be limited by 

a monomolecular autocatalytic chemical reaction. 
The differential equation of this reaction is 

dW = kW(A- W) (21) 
dt 

indicating that the velocity of growth is a function of both growth al

ready made and growth yet to be made. 
Objections have been made to this suggestion on several grounds. 

One objection, that it is not possible to represent such a complex process 

as growth by one limiting or ·"master" reaction, will be presently dis

cussed. The objection has also been made that the equation does not 

satisfactorily represent the data. But the degree of agreement between 

observed and computed values is not in itself a criterion of the rationality 

of an equation. Sometimes, indeed, deviations between theory and fact 

are very enlightening; for "by means of the deviations between the cal

culated and observed values, it is possible to form an idea of the cause of 

the said deviations and thereby to find new laws of a wider application 

than the old ones, and even to discover new, i. e., previously unknown 
phenomena" (Arrhenius). 
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The autocatalytic equation (21) signifies that the velocity of growth 
is proportional to the concentration of "growth impulse" or "growth 
substance" (A-W) whatever that may be, and to W, the growth already 
made, which growth-product acts as a catalyst in the growth process. 
This idea, if expressed in the form 

dW /dt = k(A-W) 
w (21) 

gives a somewhat simpler definition of the constant k. It signifies that 
the relative-rate of growth is directly proportional to the "growth im
pulse" (A- W), and that k is the constant of proportionality. 

One of the difficulties presented by this equation is mathematical. 
The equation represents a symmetrical curve, while growth curves are not 
usually symmetrical; that is, the inflection does not occur in the center 
of the curve. The writer feels that it is possible to overome this difficulty 
without altering the principle of this equation. Indeed, in a recent paper 
(1926) Robertson attempted to correct this difficulty. Still more recently, 
Crozier attempted to introduce a useful assumption in the equation. 
Crozier assumed that the velocity constant, k1, of the transformation 

(A-W)~W (a) 

is different from the velocity constant k2 associated with the autocatalytic 
effect on the transformation, as indicated by 

W(A-W)~W (b) 

Assuming that transformations (a) and (b) proceed in parallel, he gets 
the summation equation 

(22) 

This evidently is a sensible idea which does not alter the principle of 
equation (21). Unfortunately Crozier failed to fit satisfactorily the inte
grated equation of (22) to the growth curve of animals. It needs further 
modification before it can be successfully applied to data. 

4. The Equation of Pearl and Reed.-It is interesting to note that 
Pearl, one of the earliest critics (1909) of Robertson's use of equation (21) 
in connection with growth of organisms, has recently (1920) found it 
useful and rational enough to represent the growth of populations of 
orga111sms. 

But here again the problems of symmetry of the curve of the equation 
as contrasted with the usual asymmetry of the curve ot population growth 
made it desirable to introduce a modification in the equation. And un
fortunately, in their attempt to eliminate the feature of symmetry, Pearl 
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and Reed have sacrificed (unconsciously I think) the feature of ration
ality, as will become evident from the following considerations. 

In place of k, in equation (21), which is aproportionality constant 
having a definite physical meaning, they substituted "some as yet un
defined function of time", F (t), "since the rate of growth of Wis depend
ent upon factors that vary with time". They then assumed that F (t) 
may be replaced by the series 

k1t + k2t2 + .... + kntn, 
thus changing equation (21) into something having much less definiteness 

dW/dt 
Jf? (d _ W) = F (t) = k1t + kzt2+ k3t3 + ... +kntn. (23) 

Pearl and Reed were concerned with theintegrated form of this 
equation, namely 

W=d+ 
d 

(24) 
I+ meklt+k2t'+kat'+ •••. +knt" 

They found this equation elastic enough to fit the growth curve of the 
rat beginning with 10 days after birth, as shown in Fig. 19. It is not ap
parently elastic enough to include the phase of growth preceding 10 days 
after birth; otherwise they would presumably have fitted it to the early 
phases, which include the most important developmental stages in the 
life history of the animal. 

There is no question concerning the practical utility of equation (24). 
There is, however, much uncertainty concerning its value as a rational 
law of growth. From the point of view of the present paper, four ob
jections may be raised against it as follows: 

1. We have shown that the portion of the curve preceding the ma
jor inflection is made up of several segments. Fig. 19, exhibiting the curve 
of equation (24) as fitted to the data of the rat by Pearl and Reed, on 
the other hand, does not indicate the presence of these segments. 

2. We have shown that each of the above mentioned segments in 
the portion of the curve preceding the major inflection increases at a 
constant percentage rate indicated by kin equation (10). The curve in 
Fig. 19, on the other hand, shows a continuous decrease in percentage
rate of growth. 

Objections (1) and (2) also hold against the original logistic, or 
autocatalytic, equation (21). 

3. Equation (23) has the same form as the equation 
y = k + klt + k2 t2 + k3 t3 + ...... . 

which is known as a potential series. The following remarks concerning 
potential series equations are taken from Engineering Mathematics by 
the late C. P. Steinmetz, eminent engineer and mathematician. 
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Fig. 20.-Curves of normal growth and of delayed growth to illus
trate the fact that growth is not .a function of age, but (after the major 
inflection) of growth yet to be made. The value of the growth constant, 
k, for th·e curve of delayed growth (equation 14) is withing the limits 
of the values for the curves of normal growth. 
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"Theoretically, any set of observations can be represented exactly by a potential series . ... if a 

sufficiently large number of terms are chosen. Usually, however, such representation is irrational, and 
therefore meaningless and useless. · 

If one of the terms of the series is omitted, the remaining constants have different numerical values 

... thus showing that the equation has no rational meaning. 

In general, the potential series is of limited usefulness; it rarely has a rational meaning and is 

mainly used, where the curve approximately follows a simple law, as a straight line, to represent by 

small terms the deviation from this simple law, that is, the secondary effects, etc. Its use, thus is often 

temporary, giving an empirical approximation pending the derivation of a more rational law/' 

The writer is not in a position to say whether these criticisms against 
potential series are applicable to the generalized equation of Pearl and 
Reed. However, he does have the feeling that the fundamental notion 
underlying the conception of "law" is definiteness of relationship between 
the variables involved in the phenomenon; that is, a relationship which 
can be represented by a constant or constants having definite physical 
meaning. Thus in equation (10), k is the velocity of transformation of unit 

mass (or volume): when W = 1, d: = k. In equation (11), k is the rate 

of transformation of unit "growth impulse", (d -W): 

when (d- W) = 1, 
dw 
dt = k. But in equation (23), when 

w (d-W) = 1, 
dW 

= k1t + k2 t2 + kat3 + ... 
dt 

what is the physical meaning.of k1t, k2t2, kat3, .•... ? 

The quality of elasticity and generality of the equation and the 
excellent agreement between observed and computed values as indicated 
by the small values of the residuals seem to be offset by the lack of 
definiteness of meaning of the terms employed. The following remarks by 
A. C. Lunn, eminent mathematical physicist, are of interest in this 
connection. · 

"! t seems not so important that a theory should be 'true' as that it should be definite. No rna tter 

how large the residuals may be, the measured data may be justly described in terms of them, provided the 

theoretical values used for comparison are really unambiguously determinated. Uncertainty may arise,. 

either because suitable logical inferences have not been properly made, or because the intended ex

perimental meanings of the abstract terms are not clear enough." 

4. Equations (10), (11), and (21) all indicate the velocity to be a 
function of some condition in the system under consideration (as a func
tion of growth already made, or growth yet to be made). Equation (23), 
on the other hand, shows the relative growth to be a function of time as 
well, thus introducing time as an element in the equation, and therefore · 
into the mechanism of growth, if the equation is assumed to be an expres
sion of mechanism. It is natural enough to assume that time is an ele-
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ment of the growth process because growth is correlated with age. But 
it is well known that by appropriate experimental procedure, the growth 
process may be delayed; whereas time, of course, continues to flow. Thus,
Osborne and Mendel succeeded in arresting the growth process in the 
albino rat from the age of about 2 to 17 months; then when the animals 
were placed on an adequate diet, growth was resumed at a rate which 
was characteristic of the species for the given weight, and not for the 
given age. This statement is substantiated by the excellent fit of equa
tion (14) to the data of Osborne and Mendel as shown in Fig. 20. Child, 
similarly, succeeded in prolonging the period of growth and of life in 
planarians about twenty-fold by appropriate methods. 

The objection may be raised to our equations (4) and (14), or (16), 
that they, too, represent weight as a function of age. An inspection of 
the method of derivation of equations (4) and (16) from the differential 
equations (10) and (11) will show, that while it is true that in the integral 
equations (4) and (16), weight is represented as a function of age, the 
relation between weight and age is not functional in the physiological 
sense. The integral equations were obtained not on the assumption that 
the velocity of growth is functionally dependent on age, but by adding up 
the time intervals, dt, for the period of time during which the differential 
equations hold true. Whenever the growth process stops, as in the case 
of delayed growth of the rats of Osborne and Mendel, time drops out as 
~ factor; and when growth is resumed, the rate of growth is a function 
of the weight of the animal, not of age, thus reverting back to the funda
mental differential equation. Equation (22) on the other hand, indicates 
an explicit functional relationship between growth and time. 

5. Our Equation.-Our equations (10) and (11) are not related to the 
equations of Pearl, and of Pearl and Reed. They are, however, related 
to the ideas implied in Minot's definition of growth rate, and to equation 
(21) employed by Robertson. These relationships will become clear in 
the following discussion. 

The general idea of computing growth rates as suggested by Minot 
seems reasonable. It seems reasonable to assume that the increase in 
the number of cells in the body (and consequently increase in body 
weight) should be functionally related to the number of cells present in 
the body, (and consequently to the weight of the body). 

However, we differ from Minot with respect to the following two 
ideas. First the gain in weight should be related to the growth already 
made only during the phase of growth preceding the inflection in the 
curve. Following the inflection, the gain should be related not to the 
growth already made, but to the growth yet to be made to reach maturity. 
Second, the percentage rate of growth should be computed on the basis 
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of the instantaneous compound-interest principle rather than by the 
discontinuous simple-interest principle employed by Minot. 

or 

These two ideas were incorporated in the form of the equations: 

dW 
·- = kW (10) 

dt 

k = dW /dt 
w 

for growth preceding the inflection, and 

or 

dW 
k(A-W) 

dt 

k = dW/dt 
(A-W) 

(11) 

for the phase of growth following the inflection. dW represents instan
dt 

taneous gain in weight; W weight at the given instant; (A -W), growth 
yet to be made, and k proportionality constant or relative rate of growth. 

Employing the integrated forms of the above equations, it was found 
possible, with the aid of a simple graphic method, to evaluate the con
stants of the equation, and to show (1) that growth begins at a much 
slower percentage rate than that found by Minot or by the use of Minot's 
method; (2) that the decline in growth rate is very much less rapid than 
that found by Minot; (3) that preceding the inflection in the curve, there 
are relatively long periods of growth during which the percentage rate 
of growth is constant withing the limits of experimental errors; (4) that 
the periods of constant growth rate pass into each other rather abruptly; 
and (5) that following the inflection in the curve, our equation represents 
the course of growth almost perfectly with this exception, that at the 
end of the growth period, some animals tend to get fat and exceed in 
weight the values as obtained from our equation. 

Now equation (21) employed by Robertson is a combination of 
equations (10) and (11) discussed above. Robertson assumes the velocity 
of growth at any time to be afunctionnotofWalone,or of (A-W) alone, 
but of both 

dW = kW(A-W) 
dt 

(21) 

What we have done is to introduce the principle of discontinuity 
into the consideration of the growth process. 
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First, we believe that we have demonstrated (by charts in this 
paper and by those that will follow in several other papers in this series) 
that preceding the inflection at puberty, growth consists of several 
(perhaps five) epochs, each of which may be quantitatively represented 
not by the equation employed by Robertson 

but by the equation 

dW 
dt 

kW(.d -W) 

dW = kW 
dt 

(21) 

(10) 

Second, we have demonstrated that there are relatively very abrupt 
breaks between the several epochs-not fusions of cycles as believed by 
Robertson. 

Third, we have shown that following the inflection (at puberty), 
the velocity of growth is limited by some factor in the environment as 
represented by the equation 

dW = k(.d-W) (11) 
dt 

(Note: The term k represents a proportionality constant in all equations, but its significance and 
numerical values,. of course, differ). 

As regards agreement between observed and computed values, there 
is no doubt that this is better for the graphs presented in this (and the 
following) papers than in the charts given by Robertson, or by Pearl 
and Reed, especially considering that we have included in our charts 
the earliest stages of growth, which were ig~ored by Robertson and by 
Pearl and Reed. 

As regards the conception of "breaks" in the curve of growth, this 
is in general agreement with biological fact. Metamorphosis is a 
universal phenomenon among the cold-blooded animals, and as pointed 
out by Davenport, it would be strange if this phenomenon were not found 
in some form in higher animals. We believe that we have demonstrated 
the presence of definite breaks in the growth curves in higher animals 
corresponding to metamorphosis in cold-blooded animals. 

Now that we have equations for every phase of the growth curve, 
then, if one considers it desirable, and if the needed mathematical 
knowledge is available, one can combine the equations of the sev
eral phases into one equation to represent the whole curve of growth 
in a manner analogous to the equations at present available to represent 
the time curves of consecutive radioactive transformations. But this is 
a mathematical problem, which, as far as the writer can see, is of no par
ticular interest at the present moment to the biologist. The biologist 
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is interested in reducing the phenomenon to its simplest elements; a 
complex equation to represent the whole curve of growth cannot, as 
the writer sees the situation, simplify the phenomenon. Such an equation 
may only be desirable for interpolation purposes; but practically, one 
can interpolate with greater safety from the curves themselves. 

From a chemical point of view (the point of view of the writer) the 
situation seems reasonable. During a given epoch, the velocity of trans
formation of food stuffs into body tissue is limited by the number of cells 
in the body, (or by some smaller units), which may be considered as the 
catalyzers of the growth process. The division rate of the cells, repre
sented by the velocity constant kin equation (10) is a specific character
istic of the given cell under the given conditions, in the same sense that 
the velocity constant of a given inorganic reaction is a specific character
istic of the given substance under the given conditions. 

The fact that such a complicated process as growth of a higher 
animal in which different organs grow at different velocities, could be 
represented by a single and simpie equation is not at all a contradiction 
in terms. It is a well known principle of chemical kinetics that a single 
chemical reaction may, and often does, limit or govern the time relations 
of complex chemical processes. In the case of different organs competing 
for a limiting growth factor (which may be food limited, for example_, by 
the amount of assimilating surface) the velocity of growth of differ
ent organs is in proportion to their respective "growth impulses". When 
the "growth impulse" of a given system is increased (as in the case of 
growth of legs in the tadpole during metamorphosis) the growth rates 
of the remaining systems must necessarily decrease, or even become 
negative, by a corresponding amount, since the total growth cannot 
exceed a certain limit (for example the limit imposed by the assimilating 
surface). This conception is not only in agreement with theory, but with 
common observation as expressed in the literature on growth of children 
that "rapid enlargement in one part may coincide with a relatively rest
ing period for another part". 
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SUMMARY AND CONCLUSIONS 

"We must either try to establish the nature of t hese 
changes by the methods of the organic chemist, or we 
must use the methods of general or physical chemistry 
and try to find numerical relations by which we can 
identify the quantities of the reac ting masses or the r a tios 
in which they combine" •... JAcQUES LoEB. 

This bulletin reports on a critical analysis of curves of growth, as 
made from the physico-chemical point of view: 

First, an attempt is made to develop rational, simple, and effective 
methods of analysis. These methods, which are described in great de
tail, are then applied to the examination of growth data. A few illustra
tions of the results of this analysis are presented in this paper. The bulk 
of the results, however, will be presented in the follwing papers of this 
series (Missouri Res. Buls. 98, 99, 101, 102, 103, 104, and 105). 

The conclusions arrived at in this analysis relating to the published 
growth equations are as follows: 

1. The method of computing growth rates suggested by M.inot 
and adopted by most students of growth is fallacious, especially as it re
lates to the early phases of growth. The demonstration of this fallacy 
undermines some of Minot's dramatic condusions relating to the nature 
of the phenomena of growth and senescence. 

2. It is shown wherein the equations of Pearl, and of Pearl and 
Reed, fall short of being "laws" of growth. 

3. It is shown that the autocatalytic equation employed by Robert
son is in principle rational only with respect to the adolescent growth 
"cycle", that is, with respect to the major inflection in the curve, but not 
with respect to the infantile or juvenile "cycles" (excepting possibly the 
infantile cycle in man). In practice, however, the autocatalytic equation 
of Robertson needs modification even with respect to the adolescent 
"cycle" inasmuch as it is shown that the velocity constant of the phase 
of growth preceding the inflection is higher than the velocity constant 
for the phase of growth following the inflection. 

The wr.iter's conclusions concerning the characteristics of growth
rate of higher animals are as follows: 

1. The curve of growth in volume, or weight, maybe divided into 
two principal segments: first a segment of increasing slope in which the 
velocity (time rate) of growth tends to be proportional to the growth ~1-
ready made (that is, the percentage rate of growth tends to be constant); 
second, a segment of decreasing ~lope during which the velocity of 
growth tends to be proportional to the growth yet to be made to reach 
maturity. The mechanism at the basis of this characteristic are dis
cussed in detail. 
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2. The junction between these two segments, referred to as the 
major inflection, occurs at puberty in animals and at flowering in plants. 

3. The major inflection in the growth curve coincides, atleast in 
man, with the inflection in the curve of specific mortality. When the 
velocity of growth is at a maximum, the specific mortality is at a mini
mum; from which the conclusion is drawn that active senescence begins 
at puberty. The beginning of sex life appears to coincide with the be
ginning of the disintegrative processes of senescence. 

4. The segment of the growth curve in animals which precedes the 
major inflection consists of several (perhaps five) epochs. The percentage 
rate of growth is constant for each of these epochs. The rate of growth 
during the earliest epoch examined (chick embryo and guinea pig em
bryo) is of the order of 100 per cent per day (as contrasted to 1000 per 
cent per day estimated by Minot); that is, weight of the body is doubled 
but once in .7 of a day (17 hours). This is far below the percentage 
rate of growth found in bacteria (B. coli at 37°C. grows at the rate of 
183 per cent per hour; that is, the populations doubled every 22 minutes). 
The rate of growth during the second epoch is of the order of 60 per cent 
per day. However, there are wide species differences, as will be show!}. in 
a later paper. The principal fact that it is desired to stress at this time 
is that the percentage rate of growth is constant for each epoch. 

5. The junctions between the epochs are relatively abrupt. The 
abruptness is of the order found in metamorphosis in lower animals. 
Growth in higher animals is thus shown to be a more or less discontin
uous process. The demonstration of the discontinuous nature of growth 
raises many questions concerning the threshold mechanisms bringing 
about these abrupt changes. 

6. During the phase of growth following the inflection, the velocity 
of growth is strictly proportional to the growth yet to be made. That is, 
the percentage rate of growth is constant when related to the growth yet 
to be made. This, of course, holds true only for animals, which like dairy 
cattle, do not fatten with increasing age. 

7. The numerical value of the percentage rate of growth as related to 
the growth yet to be made, following the major inflection, is less than the 
numerical value of the percentage rate of growth with respect to the 
growth already made during the last epoch which precedes the major 
inflection. 

8. The curve of growth of populations is similar to the curve of 
growth of individual multicellular organisms excepting that it may not 
necessarily have the epochs mentioned in the preceding paragraphs, and 
that the curve tends to be more nearly symmetrical around its center. 
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