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BOX APPROXIMATION AND RELATED TECHNIQUES
IN SPECTRAL THEORY

Vita Borovyk

Dr. Konstantin Makarov, Dissertation Supervisor

ABSTRACT

This dissertation is concerned with various aspects of the spectral theory of
differential and pseudodifferential operators. It consists of two chapters.

The first chapter presents a study of a family of spectral shift functions &7,
each associated with a pair of self-adjoint Schrodinger operators on a finite interval
(0,7). Specifically, we investigate the limit behavior of the functions £ when the
parameter r approaches infinity. We prove that an ergodic limit of £” coincides with
the spectral shift function associated with the singular problem on the semi-infinite
interval.

In the second chapter, we study the attractor of the dynamical system r —
A,, where A, is the truncated Wiener-Hopf operator surrounded by operators of
multiplication by the function ez, & > 0. We show that in the case when the
symbol of the Wiener-Hopf operator is a rational function with two real zeros the

dynamical system r +— A, possesses a nontrivial attractor of a limit-circle type.



In his dream the Box Man takes his box off.
Is this the dream he had before he began
living in a box or is it the dream of his life
after he left it ...

Kobo Abe

Introduction

In this dissertation we discuss various aspects of the spectral theory for differential
and pseudodifferential operators on finite (i.e., regular problems) as well as on
(semi)-infinite intervals (i.e., singular problems) with the emphasis on the relation
between the two problems as the length of the interval gets large.

The dissertation consists of two chapters. Chapter 1 is devoted to the study of
fine properties of the eigenvalue counting function of a one-dimensional Schrodinger
operator on large intervals (with Dirichlet boundary conditions at the endpoints)
when the length of the interval approaches infinity. Assuming that the correspond-
ing problem on the half-line is in the limit-point case at infinity, we study the
behavior of the counting function in the limit of large intervals. In addition to
the standard requirements we assume that the potential V' is a real-valued func-
tion integrable with a finite first moment at infinity. Our main result establishes
a connection between the characteristics of the absolutely continuous spectrum
of the half-line problem and the discrete spectrum of the finite-interval problem.
More precisely, we prove that the ergodic limit of the difference of the eigenvalue

distribution functions associated with the Schrodinger operator with potential V'
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and the free Schrodinger operator on the finite interval, coincides with the spectral
shift function corresponding to the pair of half-line operators. We note that the
idea of comparing spectral characteristics of the problems on finite and infinite
intervals goes back to the classics of the spectral theory for ordinary differential
operators. For a recent application of a similar approach, we refer to [19], where
well-known results about eigenvalues were used to obtain new convexity properties
for the phase shift.

In Chapter 2, we focus on a qualitative spectral analysis of the family

(0,00) 57 +— A,

of unbounded operators on the space L*(R). Here A, = W,(I — P,LP,)W,, W,
is the operator of multiplication by the function ez*!, o > 0, £ is a self-adjoint
integral operator of convolution type with kernel L satisfying e’I'lL(-) € L*(R),
B > a, and P, is a projection of L?(R) onto the subspace L?((—r,7)). The main
goal is to study the attractor of the dynamical system r — A, in the sense of norm
resolvent convergence in the case when the symbol [ = 1— L of the integral operator
I—L is a rational function with exactly two zeros, both real (our methods, however,
can be easily extended to the case of finitely-many real zeros). We prove that the
dynamical system r — A, has a limit cycle consisting of a special one-parameter
family of self-adjoint extensions of the symmetric operator A = W, (I — L)W,
We would like to mention that the study of integral equations of convolution
type with meromorphic symbols is closely connected with the one of the quantum

mechanical three-body problem with short-range forces, where the phenomenon
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known as the Efimov effect is known to arise [16] (see also [2], [30], [35], [36],
and [38]). It is also related to the three-body problem with point-like interactions
and the so-called “fall to the center” phenomenon (see [17], [18], and [28]). In
addition we remark that the methods developed in Chapter 2 are useful in the
spectral analysis of the Herbst hamiltonian introduced in [24] (especially in the
non-semibounded case).

Notice that in both problems the transition from a truncated operator to the
operator in the limit is not an easy task. In the first problem, the nature of the
spectrum of the truncated operator is substantially different from that of the half-
line operator, which makes the convergence of spectral characteristics possible only

in some averaged sense. In the second problem, the formal limit object

A=W, - L)W,

is a symmetric operator, neither essentially self-adjoint, nor semibounded from
below, while all truncated operators are self-adjoint. This leads to a nontrivial
asymptotic behavior of the dynamical system » — A, and we show that the family

A, has an attractor of limit circle type in the space of bounded operators.



Chapter 1

On the ergodic limit of the
spectral shift function

1.1 Introduction

In this chapter, we study the spectral shift function associated with a Schrodinger
operator on the interval (0, 7) (with Dirichlet boundary conditions at the endpoints)
and the spectral shift function for the corresponding problem on (0,00). The
main goal is to establish a connection between the two problems when the cut-off
parameter 7 is getting large.

The concept of a spectral shift function goes back to I. M. Lifshits, who intro-
duced it in the 1950’s in connection with some problems in solid state physics. In
his work, there appeared what is now called the trace formula associated with two

self-adjoint operators H and Hy,

tr(f(H) — f(Hy)) = / (N, (11.1)

valid for a wide class of functions f and a certain function £, that in general depends

on Hy and H, but not on f. !

IThe trace formula can be considered a non-commutative analog of the Fundamental Theorem
of Calculus.
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Shortly after the new concept introduced by Lifshits became available to the
specialists, M.G. Krein developed a formalism giving the trace formula a precise
mathematical meaning ([26]). Initially, it was assumed that the difference H — Hy
belongs to the trace class. However, this condition is too restrictive. For instance,
if Hy is the free Schrodinger operator and H = Hy + V, this condition never
holds unless the potential V is identically zero. Therefore, for the concept to
be useful for immediate applications — in quantum mechanics, for example — a
further development of the theory was needed. In [27], Krein relaxed the trace
class condition to the requirement that the difference of the resolvents of (abstract)

self-adjoint operators Hy and H be in the trace class, that is,
(H—2)"'—(Hy—2)"" €81, z€p(Hy)Np(H), (1.1.2)

where p(Hy) and p(H) are the resolvent sets of Hy and H, respectively. Under
condition (1.1.2), Krein proved that there exists a real function &, called the spectral

shift function, satisfying

/ IEN)] (W +1)71dA < oo, (1.1.3)

such that the trace formula (1.1.1) holds. Since (1.1.1) holds, in particular, for all
Schwartz functions f, it defines & uniquely up to a constant term; under condition
(1.1.2), however, one cannot determine the constant uniquely (see [37], where it
is suggested how to determine £ up to an integer-valued constant). In the case
both H and H, are bounded from below, the standard way to fix the constant is

to require that

EAN) =0 for X<inf{o(Hy)Uo(H)}.
)



We will focus on the spectral shift function associated with a pair of Schrodinger
operators on a half-line, Hy = —d?/dz* and H = Hy+ V, with Dirichlet boundary
condition at the origin and restrict our attention to the case of the short-range

potential. Namely, we assume

/000 |V (x)] (14 |z|)dx < oo.

It is well-known ([9]) that in this case the spectral shift function on the continuous
spectrum can be represented as the scattering phase (see the full definition in
the next section) up to a constant factor (cf. [5]). Therefore, it is natural to
expect that the phase shift associated with the potential V' can be evaluated as the
pointwise limit of the phase shifts associated with the cut-off potential V" (where
V" coincides with V on a finite interval (0, r) and is continued by zero outside that
interval). Indeed, in [10] it was proved that this pointwise convergence takes place,

which, translated into the language of the spectral shift functions, means that

lim £(r,\) = £(\), A >0, (1.1.4)

r—soo
Here é (r,-) stands for the spectral shift function associated with the pair Hy and
H ", where Hj is the free operator and H" is the operator with the cut-off potential
V' oie., H = Hy+ V" (both acting in L?((0,00))) and both &(r,-) and & are
chosen to be continuous for A > 0. In fact, in the short-range case the functions
¢ and é , initially defined almost everywhere, can be chosen to be continuous on
the positive semi-axis and the pointwise convergence (1.1.4) takes place not only
A-almost everywhere, but everywhere.

Another way to look at the semi-axis (i.e., singular) problem is to consider the
6



problem first on the finite interval (0, ) (the box-approximation problem), followed
by taking an appropriate thermodynamical limit as r — oc.

One can expect the spectral characteristics of the problem on the finite interval
to approximate the corresponding characteristics of the singular problem in a suit-
able sense. It should be mentioned that in contrast to the case considered above
(both Hy and H™ live on (0,00) and only the potential is cut off) the nature of
the spectrum of the truncated problem is quite different. That is, the Schrodinger
operator on a finite interval with Dirichlet boundary conditions has discrete spec-
trum only. Since the finite-interval spectral shift function £(r, -) coincides with the
difference of the eigenvalue counting functions of the perturbed and unperturbed
operators on the interval, one cannot expect pointwise convergence, like in (1.1.4),
as the cut-off parameter gets larger. The reason is simple: a pointwise limit — if
it exists — of a sequence of integer-valued functions is an integer-valued function,
while £(+) is generically a non-constant continuous function. Therefore, in order
for the suggested box-approximation method to work, one has to relax the type of
convergence.

In the present work we prove that the average of spectral shift functions £(r, )
with respect to the cut-off variable r converges pointwise to the limit function &(-):

L1 f
]%gr;oﬁ/o E(r,\)dr=¢&(N), NeER, (1.1.5)

provided that £(-) is chosen to be continuous from the right for A < 0 and continuous
for A > 0 (see Theorem 1.3.2). The first results in this direction were obtained in

[19], [23], and [34], where the weak convergence of spectral shift functions was
7



established:

A
lim [ &(r,N)dN = /5 N)dN, XeR. (1.1.6)

T—00 _

Notice that (1.1.5) is not a direct consequence of (1.1.6).

1.2 Preliminaries

1.2.1 The Jost function and the phase shift

In this section, we recall the definition of the Jost function and discuss its proper-

ties. We will mostly follow [12] and [29] for the basic results.

Hypothesis 1.2.1. Assume that V' is a real-valued function, integrable near zero

and integrable with finite first moment in a neighborhood of infinity, that is,

/000 V(@) (1 + 2])dz < oo. (12.1)

Denote by f(k,-) the Jost solution of the differential equation

— " (k,x) + V(x)(k,z) = K*¥(k,2), Im(k) >0, x>0, (1.2.2)
given by
Fk,z) = e — / h wvw) k. o), (1.2.3)

Im(k) >0, z>0.

Notice that under condition (1.2.1), equation (1.2.3) has a unique solution the
space {f € L*((0,)) : f, f' € AC([0, R]),VR > 0}. Recall that the Jost solution
can also be introduced as a solution of Schrodinger equation (1.2.2) possessing the

following asymptotic behavior

f(k,x) ~e™  z— o0, Im(k)>0.



Next, denote by F the Jost function
F(k) = f(k,0), Im(k)>0. (1.2.4)

Equations (1.2.3) and (1.2.4) imply the following representation

oo : k:
Fk) =1+ / WV@;) F ke, 2)de
0
It is well known (see [12], [29]) that under Hypothesis 1.2.1, the Jost function F is
continuously differentiable for Im (k) > 0 with the possible exception of k = 0; if

one wants to include the point £ = 0, one has to impose the additional requirement

that the function V has a finite second moment near infinity,
/ V()] (1 + 2%)dx < oo.
0
It is easy to show ([12]) that the Jost function F satisfies the estimate

F(k) 1] < 0/00 r V@l

o L+ klz
and hence,

lim F(k)=1, Imk > 0. (1.2.5)

k—o0

Since F does not vanish on the positive real axis ([29]), one introduces the phase

shift ¢ as a continuous function for £ > 0 by

with the following normalization at infinity (cf. (1.2.5))

lim §(k) =0.

k——+o0
We remark that since the Jost function F is continuously differentiable for & > 0,

so is the phase shift §.



1.2.2 Phase shifts for truncated potentials

In this section, we introduce the phase shift associated with the box approximation
for the potential V' and summarize some of its well-known properties that will be
important for future considerations. In particular, we will be interested in certain
estimates on partial derivatives of the phase shift.

First, some basic notation. Denote by V" a compact-support approximation of
the potential V|

V(z) = V(z)xpn(x), =>0,r>0, (1.2.6)

where X0, is the characteristic function of the interval [0,r]. Denote by F" and
d(r,-) the Jost function and the phase shift associated with the truncated potential
V7, respectively. Recall that the phase shift § is a solution of a nonlinear integral

equation, called the variable phase equation ([10], [33]),
5(r, k) = kl/ V() sin? (kr' — 60, k) dr', k>0, 1> 0. (1.2.7)
0

The phase shift associated with a potential with compact support admits an es-
timate on its derivative that only depends on the range of the potential (not its
strength). Such an estimate is uniform with respect to the energy variable if the
corresponding Jost function does not vanish on the positive imaginary semi-axis,
and it only holds at high energy otherwise. The precise statements are given in the

following two results.

Lemma 1.2.2. ([12], [11]) Assume Hypothesis 1.2.1. Let the potential V" be given
by (1.2.6) and let F" and §(r,-) be the Jost function and the phase shift associated

with V7', respectively. Assume, in addition, that F" does not vanish on the positive
10



imaginary semi-azis including zero, i.e. F'(k) # 0, k € iR, Im (k) > 0. Then ¢ is

continuously differentiable for k > 0 and

In particular, the function

rk —(r, k)
1s strictly increasing in k for k > 0.

Notice that the condition that the Jost function does not vanish on the positive
imaginary semi-axis means that the corresponding Schrodinger operator does not
have negative eigenvalues or a zero-energy resonance and so is rather restrictive.

Without that condition, the following is true.

Theorem 1.2.3. Assume Hypothesis 1.2.1. Let the potential V" be given by (1.2.6)
and let 6(r,-) be the phase shift associated with V. Then, for every ko > 0, there

exists Rg > 0, such that for every r > Ry, the function
rk —(r, k)
18 strictly increasing in k for k > ky.

Proof. The proof is based on the fact that the partial derivative of the phase shift

0 with respect to k is a solution of the following nonlinear integral equation

% 5(r,k) = k72 /Or V(r') (sin® (kr' — 0(r', k)) — kr'sin (2 (kr' = 6(r', k)) )

X exp (k;—l / V(s)sin (2 (ks — 6(s,k)) )ds) dr’, (1.2.8)

!

11



k>0,r>0,

which, in turn, is a direct consequence of the phase equation (1.2.7) (see [10], p. 42,

Eq. (24)). Equation (1.2.8) obviously implies the inequality

’% o(r, k;)‘ < k2 /07“ (|sin® (kr" = 6(', k)| + k' |sin (2 (kr' — 6(+', k)) ) |)

X exp (k:_l //T [V (s)] |sin (2 (ks — 6(s,k)) )| ds) |V (r")| dr'.

Replacing the upper limits of integration by co and estimating |sin(-)| from above

by 1 and k from below by kg, we get
o0 = s)| ds
‘_6 e ’ / VO (14 kor®y o VO g
0

Observe that the RHS of the last inequality does not depend on r and hence for
Ry sufficiently large,

’—(5 T, k ‘ <R0:R0(k0).

Therefore,
d
‘% k)| <

for every r > Ry, . Thus

d

r——0o(r,k) >0, forr> Ry, k> ko,

dk

completing the proof. O]

Remark 1.2.4. Notice that one can choose Ry to be, for instance,

Ry = ki / V) (1 + kor') e Joweas
0

12



We also observe that under Hypotheses 1.2.1, the phase shifts §(r, k) converge

pointwise to d(k) as r — oo. The precise statement is as follows.

Lemma 1.2.5. ([10], p. 11, Eq. (13); [8]) Assume Hypotheses 1.2.1. Let the
potential V" be given by (1.2.6). Let 6(k) and (r, k) be the phase shifts associated

with the potential V' and V", respectively. Then

lim 6(r, k) = 6(k), k>0. (1.2.9)

Proof. Since for every fixed k£ > 0 the Jost function F" (k) is continuous in r and

F7 (k) # 0, the phase shift 6(r, k) is also continuous in r. Moreover,

lim F7(k) = F(k), k>0,

T—00

and, as a result,

o(r,k) o(k)

lim e =\ k>0,

T—00

which implies (1.2.9). O

1.2.3 Spectral shift functions

In this section, we introduce the spectral shift function, provide a rigorous meaning
to (1.1.1), and recall some important results on spectral shift functions associated
with Schrodinger operators.

We start with a general result which gives sufficient conditions for formula
(1.1.1) to hold under the assumption that the difference of the resolvents belongs

to the trace class. For details we refer to [37], [31]; see also [21].

Theorem 1.2.6. (Theorem 8.7.1, [37]) Let H, Hy be self-adjoint semi-bounded

operators such that (H — z)™' — (Hy — z) ™! is trace class, z € p(Hy) N p(H). Then,
13



for every function f on (—o00,00) such that f has two locally bounded derivatives,

satisfying
AZFN)) =0\, A — (1.2.10)
and
)\EIPOO F) = AETOO F, )\l—i>r—noo )\Qf/(/\) - AEIJPOO )\Qf/(/\)’ (1.2.11)

f(H) — f(Hy) is trace class. Moreover, there exists a real-valued measurable func-

tion & on (—o00,00), satisfying (1.1.3), such that (1.1.1) holds for every such f.

Spectral shift function for Schrodinger operators on the half-line

Let Hy be the half-line free self-adjoint Schrodinger operator

d2
defined on the domain
D(Hy) ={f € L*((0,00)) : f,f € AC([0,R]), VR > 0,
f" € L*((0,00)), f(04) = 0}.

Next, given V satisfying (1.2.1), let H be the perturbation of Hy,

d2

H=———+YV, 1.2.13
Y, (1.2.13)

which is self-adjoint on the domain

D(H) ={f € L*((0,00)) : f, f € AC([0, R]), VR > 0,

— f"+VfeL(0,00)), f(0+)=0}.
14



We now check that the difference of resolvents of operators Hy and H is trace class.
This, combined with Theorem 1.2.6, will immediately imply that the spectral shift

function associated with the pair (H, Hy) is well-defined.

Theorem 1.2.7. Assume Hypothesis 1.2.1. Let Hy and H be defined by (1.2.12)

and (1.2.13), respectively, and let z € p(Hy) N p(H). Then
(H—z)" = (Hy—2)"
1S a trace class operator.
Proof. For x € (0,00), we introduce the following factorization
V(z) = v@)u(e), o(z) = V@), ul@) = V(@) sgn(V(2)).
Using the resolvent identity (cf. [20]),
(H —2)™ = (Hy— 2)™" = —(Ho — 2)"u(l + u(Hy — 2) 7o) o(Ho — 2) 7",

we get the following representation,

(H—2)"'—(Hy—2)""'= X1V Xy,
where

Xi=—(Hy—2)u, Y=I+v(Hy—2)"u)™", Xy=uv(Hy—2)"

Since V' € L'((0,00)), both u and v belong to L?((0,00)), as does the function
r—iz for = ¢ R. Hence, both X; and X, are Hilbert-Schmidt operators (see [33],
Theorem XI1.20). Obviously, Y is bounded, and so X;Y X, is trace class, proving

the theorem. H
15



Combining Theorems 1.2.6 and 1.2.7, we immediately get

Corollary 1.2.8. Assume Hypothesis 1.2.1. Let Hy and H be defined by (1.2.12)
and (1.2.13), respectively. Then there exists a unique real-valued measurable func-

tion & on (—o0,00) satisfying
E(AN) =0 for X\ <inf{spec(Hy)Uspec(H)}

and
e (f(H) — f(Hy)) = / ) (\)dA

for every f with two locally bounded derivatives which satisfies conditions (1.2.10),

(1.2.11).

The next important result describes the connection between the spectral shift

function associated with two half-line Schrédinger operators and the phase shift.

Theorem 1.2.9. (9], [5], [37], [6]) Assume Hypothesis 1.2.1. Let Hy and H be
defined by (1.2.12) and (1.2.13), respectively. Let 6 be the phase shift associated
with V' and £ the spectral shift function associated with the pair (Ho, H). Let N(\)
be the number of negative eigenvalues of the operator H that are smaller than ).

Then

(1.2.14)

€0 = —35(V),  A>0,
=N, A< 0.

Spectral shift function for Schrodinger operators on a finite interval

Having dealt with the half-line case, we now discuss the properties of the spectral

shift function for a pair Schrédinger operators on an interval (0, 7). Recall that the
16



free Schrodinger operator

on

D(Hg) ={f € L*((0,7)) : f.f" € AC([0,7]),

f” € L2((Oﬁr))7 f(OJr) = f(TL) = 0}7

(with Dirichlet boundary conditions at « = 0 and x = r), has a simple discrete
spectrum. Let Nj = N[ (X) be its counting function, i.e. the number of eigenvalues
of Hjy which are smaller than .

Next, assume Hypothesis 1.2.1 and consider the operator

T d2 I
H" = o + V", (1.2.15)
on the domain
D(H") ={f € L*((0,7)) : f,f" € AC([0,7]), (1.2.16)

= [T+ Ve L*((0,)), f(04) = f(r-) =0},

again with Dirichlet boundary conditions at the endpoints. Here V" is a restriction
of V onto (0,7); since the context is unambiguous, we use the same notation for
this restriction as for the box-approximation of V' defined by (1.2.6). Recall (see
[25]) that H" is self-adjoint. It is also well known ([13]) that operator H" defined by
(1.2.15), (1.2.16) has a simple spectrum. Let N = N(\) be its eigenvalue counting
function.

One can prove that

(H" —2)"" = (Hy—2)~"
17



is a trace class operator (the proof is identical to the one of Theorem 1.2.7).
Therefore, the operators H" and H| satisfy the conditions of Theorem 1.2.6, and
the spectral shift function £(r,-) associated with the pair (H}, H") is well-defined.

Moreover, one can easily check (see [26]) that

€(r,A) = Ni(A) = N™(\), AeR. (1.2.17)

Weak convergence of spectral shift functions

As proved by R. Geisler, V. Kostrykin, and R. Schrader in [19], the weak conver-
gence of spectral shift functions related to Schrodinger operators takes place. The

proof is based on a Feynman-Kac formula and the precise result is as follows.

Theorem 1.2.10. Assume Hypothesis 1.2.1. Let Hy and H be defined by (1.2.12)
and (1.2.13) respectively and let & be a spectral shift function associated with the
pair (Ho, H). Next, let £(r,-) be a spectral shift function associated with (Hj, H").
Then

lim 5 r, A)d\ = / E(N a€R. (1.2.18)

Remark 1.2.11. We would like to remark that Theorem 1.2.10 was proved in
[19] for Schrodinger operators in arbitrary dimension under the condition that the

potential V' in [19] belongs to the Birman-Solomjak space I'(L?),

1/2
Vel = f|Z[/ |dx] ~Iflha g (1.2.19)

JEZ™

where A, are unit cubes with centers at x = j. However, in dimension one the

assumption (1.2.1) is sufficient for the result to hold. We also would like to mention

that in our case one can use the Feynman-Kac formula for the operator e 7t —¢~tHo

18



with H and H, being Schrodinger operators on the half-line (not the full line). In

tH _ eftHo

this case e~ is an integral operator with the integral kernel given by

(e_tH — e_tHO) (x,y) = ]Eg%,’p {e_fot Ve(shds _ 1. Ty, 00 > t} , T,y 2 0.
The corresponding formula on the finite domain is given by
(7 — ) () = BGY o VO 17, 5t} ay >0,

Here Eéi stands for the conditional expectation with respect to the probability
measure of the Brownian motion starting from x at time 0 and conditioned to be

at y at time ¢, and

Ty, = inf{s > 0, b(s) ¢ (0,7)},

Ty 0o = inf{s > 0, b(s) < 0}.

In order to get the proof in our case one can follow the lines in [19]; we will omit

the details.
1.3 The main result

In this section, we will prove the principal result of this chapter. The main in-
gredient of the proof is based on the fact that ¢) on the positive semi-axis the
“thermodynamic” limit of finite-interval spectral shift functions £(r,-) exists and
equals the phase shift 4(-), and that i) the negative eigenvalues of the truncated
Schrodinger operator H™ converge to the corresponding eigenvalues of the half-line
operator H (a result due to Bailey, Everitt, Weidmann, and Zettle, [4]). We first

will state the result on the positive semi-axis.
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Theorem 1.3.1. Assume Hypotheses 1.2.1. Let § be the phase shift associated
with the potential V. Let £(r,-) be the spectral shift function associated with the

pair of free and perturbed Schrodinger operators on (0,r). Then

1m11/%anmmeﬂf%@6% A > 0. (1.3.1)

R—oo R

The proof of this theorem will be given in the following two subsections.

Now we are ready to prove our main theorem.

Theorem 1.3.2. Assume Hypotheses 1.2.1. Let & be the left-continuous spectral
shift function associated with the pair of free and perturbed Schrodinger operators
on Ry and let &(r,-) be the left-continuous spectral shift function associated with
the pair of free and perturbed Schridinger operators on (0,7). Then

.1
Blig};oﬁ/o Er,Ndr =¢()), XeR (1.3.2)

Proof. First, recall that the negative eigenvalues of each truncated operator con-
verge to the corresponding negative eigenvalues of the half-line operator as the
cut-off parameter tends to infinity (cf. [4]). This implies a pointwise convergence
of the corresponding counting functions, and, consequently, a pointwise conver-

gence of the left-continuous spectral shift functions on the negative semi-axis,

lim &(r, A) = €(\), A< 0. (1.3.3)

T—00

The convergence (1.3.3), equation (1.3.1), and formula (1.2.14), imply the state-

ment of the theorem. O
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1.3.1 Proof of Theorem 1.3.1 in the case of positive poten-
tials

We first provide a proof of Theorem 1.3.1 in the special case where the potential
V' is positive almost everywhere.

Introduce the left-continuous greatest integer function

= { B 742

r—1, z€Z,

where [z] is the greatest integer smaller or equal to z. In this notation, we obtain
our first result, a formula for the distribution of the eigenvalues of the operator H”

in terms of the corresponding phase shift.

Lemma 1.3.3. Let V" be the cut-off potential defined by (1.2.6) and o(r,-) the
corresponding phase shift. Assume, in addition, that V" > 0 a.e. Then, for every
fized k > 0,

rk —o(r, k) >0,
and the number of eigenvalues of the operator H" in the interval [0, \o) is given by
N"(Xo) = [h(r, Ao)], (1.3.4)

with

h(r,\) = 7! (r\/X —5(r, \/X)>. (1.3.5)
Proof. Let " be the solution of the Cauchy problem
—¢"(k,2) + V' (2)p(k, ) = K*o(k,2), k>0, >0,

o(k,0) =0, ¢'(k0)=1.
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Recall that ¢" satisfies the Volterra integral equation for £ > 0, z > 0,

VT (2") " (k, ") da,

_ sin(kx) *sin (k (z — 2))
= ’

and, therefore, admits the following representation for x > r,

1 |F(k , , .
(,OT(]C,.CE) _ _| ( )l <ezkxe—25(:c,k) . e—zkxezé(:c7k)) )

21k

Notice that A > 0 is an eigenvalue of the operator H" if and only if
" (VA1) =0, (1.3.6)

so that h(r,A) is an integer. Correspondingly, we see that the total number of
eigenvalues of the operator H" in the interval [0, \g) is equal to the number of
integer values that h attains in the same interval. To count the number of integer
values of h, notice that by Lemma 1.2.2, h is strictly increasing in A, A > 0. Thus,
the total number of A € [0, o) such that h(r, \) is an integer, is equal to [h(r, A)] -
Therefore, the number of eigenvalues of the operator H” in the interval [0, \g) is

given by the same expression, proving the claim. ]

Corollary 1.3.4. Under the hypotheses of Lemma 1.3.3, the spectral shift function

associated with the pair (Hj, H") admits the representation:
£(r\) = V*lr\/XJ - V*l (NX —8(r, \/X))J . A>0. (1.3.7)

Proof. Since the spectrum of the operator H| is given by

ot = { ()}

n=1
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one obviously has that

NJ(A) =8{p <A | uis an eigenvalue of H]}

T2 T\ 2 _1
—lj{nEN | <7> </\} —gl&é{{(T) <)\} = Lﬂ' r\/XJ . (1.3.8)
The assertion now follows from (1.2.17) together with (1.3.4) and (1.3.8). O

The following result is the final piece of the puzzle.

An ergodic lemma

Lemma 1.3.5. Let A € R, then

lim l/0 (lz] — [z — A)) do = A. (1.3.9)

R—oo R

Proof. To evaluate the definite integral in (1.3.9), we remark that the region M
bounded by the graphs of the functions |z] and |z — A] on the interval [0, R],

R > A+ 1, can be represented as the union of two disjoint sets
M = My U M,

where M; admits the representation

[R—A]
My = | (kk+A) x (k—1,k),

k=1

and the area of the set My = M \ M; admits the estimate
M| < (R—[R—A])?*< (A+1)% (1.3.10)

Since the area of M is obviously given by

[R—A]
IMi|= ) A=A[R- A (1.3.11)
k=1
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combining (1.3.11) and (1.3.10) yields

lim l/O (lz] = |z — A]) dz = lim @+ lim ‘]\;[;’ A.

R—o0 R—o00 R—o00

]

Corollary 1.3.6. Let a be a real-valued function on [0,00). Assume that the limit

A = lim a(z)
exists. Then
1 (R
lim —/ (lz] = |z —a(z)]) dov = A. (1.3.12)
R—o R 0

Proof. Fix an arbitrary € > 0 and let R, be such that

la(x) — Al <e, x> R..

Then
|z —a(x)] = | — A] whenever |[(z—A)—|z— Al >e.
Therefore,
‘%/ (lz) - o — a(z))) dx — %/R (2] — |2 — A]) de (13.13)
< ng <2, R>R..
Since

lim %/5 (lz] = [ — a(z)]) dz = lim %/5 (lz] = [z — A]) dz =0,

R—o0 R—o00

inequality (1.3.13)) implies

R R
H‘%/O (lz] - Lx—a(x)J)dm—%/ﬂ (lz] = |z — A]) dz| < 2e,

R—o0
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and thus,

R R
lim l/ (lz] = |z —a(z)]) dz = lim %/0 (lz] — |z — A])dz, (1.3.14)

R—oo R 0 R—oo
since € can be chosen arbitrarily small. Now (1.3.12) follows from (1.3.14) by

applying Lemma 1.3.5. [

We are now in a position to give the proof of Theorem 1.3.1 in the special case

of a positive potential.

Proof of Theorem 1.3.1 under the additional assumption V > 0. The condition

V' > 0 allows us to apply the result of Corollary 1.3.4, obtaining that

lim —/ E(r, N)dr = hm %/R Lﬂflr\/XJ - {ﬂ'*l (r\/X— o(r, \/X))J dr.

R—oo R 0
Taking into account (1.2.9) and applying Corollary 1.3.6 completes the proof. [

1.3.2 Proof of Theorem 1.3.1 in the general case

We are interested in obtaining a formula for the eigenvalue counting function N”,
similarly to (1.3.4). Theorem 1.2.3 is useful in evaluating the rank of the spectral
projection Eg+([A1, A2)) for a finite interval (A1, Ag) on the positive semi-axis away

from zero (0 < A\; < Az). More precisely, we have the following result:

Lemma 1.3.7. Let V" be the cut-off potential defined by (1.2.6) and (r,-) the

corresponding phase shift. Let h be defined by (1.3.5). Then, for 0 < A1 < Ay,
N"(A2) = N"(M) = [h(r, A2)] = [h(r; M)]

for sufficiently large r > 0.
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Proof. Notice that A > 0 is an eigenvalue of the operator H" if and only if equation
(1.3.6) holds, so that h(r,\) is an integer. Taking this into account, we see that
the total number of eigenvalues of the operator H" in the interval [\, A2) is equal
to the number of integer values that the function A(r,-) attains in this interval. To
count the number of the integer values of h(r, A), notice that by Theorem 1.2.3 the
function h is strictly increasing in A\, A > \; for r large enough. Thus, the total

number of A € [\, A2), such that A(r, \) is an integer, is equal to

[(r, A2) | = [A(r, M) ],

for all r large enough. Therefore, the number of eigenvalues of the operator H" in

the interval [A1, A2) is given by the same expression, proving the claim. [

Remark 1.3.8. Notice that if the support of the potential V' is compact, one can
show that
N'(\) = V*l(r\/’x _ 5(\/X)>J S A>0,

where r is outside of the support of V' and satisfies

r > supd' (k). (1.3.15)
k>0

Here 0 is the phase shift associated with the problem on the infinite interval. Indeed,
for r satisfying (1.3.15), the function h(r,\) = rv/A — §(v/A) is strictly increasing
in A for A > 0 and for r outside of the support of V, (1.3.6) holds if and only if

h(r,\) is an integer.

Proof of Theorem 1.3.1. We start with proving the existence of the limit

1 (R
}%EI;OE/O (&(r,\) = &(r,p))dr, A, p>0. (1.3.16)
26



Using equation (1.2.17) and rearranging terms, we get

§(ry A) = &(r, 1) =Ng(A) — N"(A) — Ny (p) + N"(p)

SNJO) = Ny () = N+ N"(), A peR.
Next, Lemma 1.3.7 together with equation (1.3.8) implies

E(r,A) —&(ryp) = {W_lTﬁJ - L?T_1<7“\/X —o(r, \/X))J (1.3.17)
+ {7?_1 (T\/ﬁ — 5(7", \/ﬁ)>J — Lw_lr\/ﬁj , A, >0,
provided r is large enough. Notice that limg . % fOR f(r)dr, if it exists, only

depends on the behavior of the function f in a neighborhood of infinity. Therefore,

using the representation (1.3.17), we obtain

Jim }1_{ /OR (&(rA) = &(r,p))dr = I(X) — I(p), A>0, u>0, (1.3.18)
where
I(v) = ]%EEO%/OR (Lﬂflr\/ﬂ — LW*I (r\/;— 5(7", ﬁ))J) dr, v >0,

provided that I(v) exists for each v > 0. To calculate I(v), recall that according

to Lemma 1.2.5,

lim 7r_15(r, \/;) = 7T_15(\/;), Vv >0,

r—00

and hence one may apply Corollary 1.3.6 (after making the change of variable

x =7 '/vr) to conclude that

Iv) =n""(v). (1.3.19)
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Combining equations (1.3.18) and (1.3.19), we get

Jim l/0 (6, 2) = €0 )dr =77 ((VA) = 8(vi) ), A >0 (1.320)

R—o0

For a > 0, introduce the notation

a+1
(f) = / F()d.

Integrating both sides of equation (1.3.20) with respect to u over interval (a,a+ 1)

gives, for A > 0,

< lim %/OR (&(r, X)) = &(r, -))dr> =7 (5(\/X) — <5(f)>> : (1.3.21)

R—oo
Formally interchanging the integration and the limit procedures in the LHS of this

equation (a rigorous explanation will be given below), we get

lim l/0 () — (€@, ))) dr = 77 8 (V) =7 1 (6(V0)), A> 0. (1.3.22)

R—o00

By Theorem 1.2.10, we have the weak convergence of spectral shift functions, i.e.,

lim (§(r,)) = 77" (3(V))

—00

and therefore,

lim %/@ (E(r)ydr =7 (5(V)) - (1.3.23)

R—o0
Equation (1.3.23) together with (1.3.22) implies (1.3.1).
The conclusion of the theorem then depends on justifying the interchanging of

the integration fOR and the limit (1.3.21). In other words, we need to show that

the LHS in equation (1.3.21) is equal to the one in (1.3.22), namely

/:H L%EEO%/OR@@ A) = &(r, M))dr} du
= lim %/OR {5(7“, A) — /aa+1§(7‘, u)du} dr, A\ > 0.

R—o00
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The first step consists in interchanging the limit with integration with respect to
w in the LHS of equation (1.3.21). For this purpose, it is sufficient to prove the

uniform estimate

1 1 0
< | —=4+— / V(r)|dr+2, A\, u >0,
(\/X \/ﬁ) 0 vl

(1.3.24)

and apply the dominated convergence theorem to the LHS of (1.3.21) to get

/aa+1 [ lim %/OR (&(r, N) — &(r, u))dr] dji

atl (R
= lim l/ /0 (f(r, A) —£(r,u))drdu, A > 0. (1.3.25)

It remains to check (1.3.24). Taking into consideration representation (1.3.17), one

gets the following inequalities for A, u > 0,

[ e

< Sl>113 1E(r, A) — &(r, )|

< ililg {7?’1 (r\/X — 5(7", \/X))J — LW’IT\/XJ ‘
+ ili%) L?Tfl (r\/ﬁ — (5(7“, \/ﬁ))J — Lﬂ’lr\/ﬁj ‘ )

Notice that the phase equation (1.2.7) implies the following estimate

1 o0
sup |(5 (r, \/;)| < 7 /0 \V(r)|dr, v>0, (1.3.26)

r>0

which, together with the inequality

L?T_1<7“\/; — 5(r, ﬁ))J — \_W‘lr\/ﬂ‘ < sup }W‘lé(r, \/;)‘ +1, v >0,

r>0

sup
r>0

gives (1.3.24).
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Finally, to justify the change in the order of the integration in the RHS of

(1.3.25), we remark that (1.3.17) together with (1.3.26) obviously implies

sup_[€(r,\) — €(r, )] < 00, A >0, (1.3.27)

0<r<R
a<p<a+l

and, therefore, the function &(r, \) — &(r, ) is integrable over the rectangle [0, R] X
la,a+1]. Thus one can apply Fubini’s theorem to the repeated integral in the LHS

of equation (1.3.25) to get (1.3.22). Thus, the proof is complete. ]
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Chapter 2

The box approximation for a
pseudo-differential operator with
an unbounded symbol

2.1 Introduction

In this chapter, we study a family of unbounded operators A, on the Hilbert space

L?(R), parameterized by r € R, and defined by
A, = Wo(I = P.LP)W,. (2.1.1)

Here W,, a > 0, denotes the self-adjoint operator of multiplication by the function
ezl

(Waf)(z) = €2 f(2); (2.1.2)

L is the self-adjoint integral operator of convolution type

(Cf)(x) = / Lz — ) f(y)dy, fe L(R), (2.1.3)

with symmetric kernel L(z) = L(—=z); and P, stands for the projection of L*(R)
onto the subspace L*((—r,7)).

Under mild assumptions on the kernel L, the operators A, are well-defined
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self-adjoint operators on the (natural) domain
D(A,)=DW2)={feL’R): W2feL*R)}.

The main goal of this chapter is to study the asymptotic behavior in the (norm)
resolvent sense of the dynamical system r +— A, as r approaches infinity. It is
natural to expect the answer to be expressed in terms of the “limiting” operator

A, given by the formal sandwiched operator,
A=W,(I—-L)W,. (2.1.4)

We remark that under the exponential fall-off assumption on the kernel, i.e., if
e?#IL(z) is a bounded function for some 3 > a, the operator A is a well-defined
symmetric operator on the domain D(A) = D(W?2). Indeed, in this case the
Fourier transform of L admits an analytic continuation to the strip [Imz| < §,
which guarantees that £D(W,) C D(W,), and the symmetry of A on D(W2)
follows (cf. [1]).

However, one faces a possible difficulty: the symmetric operator A may not
be essentially self-adjoint on the initial domain D(A) = D(W?2) and the question
arises which self-adjoint extension (or extensions) one should choose to describe
the limiting behavior of the family A,.

In this chapter, we consider a “model” convolution operator £ such that the
symbol of I — L is a rational function with two real zeros. We prove that in this
case the operator A has deficiency indices (2,2) and show that the attractor for
the dynamical system r +— A, in the (norm) resolvent sense is a limit cycle con-

sisting of a special one-parameter family of self-adjoint extensions of the operator
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A (see Theorem 2.5.1), under the assumption that parameter r is increasing along

sequences that avoid a thin “exceptional” set.
2.2 The adjoint operator and its properties

In this section we introduce and discuss some basic properties of the operator A
of the form (2.1.4) and discuss its adjoint in details. It is convenient to summarize

the necessary assumptions in the form of the following hypothesis.

Hypothesis 2.2.1. Assume that 4 is an operator of the form (2.1.4), where W,
is the operator of multiplication (W, f)(z) = e2*! f(z) with a < §, and L is given

by (2.1.3) with the integral kernel
L(z)=we ™ w>1/2, zeR (2.2.1)

The following general result provides necessary conditions for operator A to be

well-defined.

Lemma 2.2.2. (cf.[1]) Let L be a convolution operator of the form (2.1.3) with
kernel L satisfying L(z) = L(—x), and eGtIINL(.) € L*(R) for some ¢ > 0.

Assume, in addition, that the Fourier transform L of L,

L(z) = (FL)(z) = /R e L(y)dy, =z € R,

is bounded, that is, L e L>*(R). Let A be of the form (2.1.4), with W, given by
(2.1.2). Then A is a symmetric operator on D(A) = D(W?2) with equal deficiency

indices.

Remark 2.2.3. Note that under Hypothesis 2.2.1, all assumptions of Lemma 2.2.2

hold and thus A is a symmetric operator with equal deficiency indices.
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As discussed above, in order to describe the asymptotic behavior of the family
A,, we need to be able to characterize self-adjoint extensions of the operator A.
The first step in this direction consists in describing the domain of the adjoint

operator:

Theorem 2.2.4. (cf.[1]) Suppose the assumptions of Lemma 2.2.2 hold. Assume

in addition that the symbol | of the operator I — L,
I(s)=1—L(s), seR,
satisfies the following conditions,

(i) the function | doesn’t vanish on the boundary of the strip [Imz| < §,

z(wm%) £0, seR,
(it) the function | has a finite number of zeros in the strip [Im z| < 3a,

(iii) the function I=' is bounded in a neighborhood of infinity in the strip

Im z| < 2a.
Then
D(A*) = D(A) + span {F_an/gq 1q € Q} + span {f_lU,a/gq iq € Q} ,

where Q is the space of rational functions (vanishing at infinity) with poles only
in the strip |Im z| < «/2, such that the function l(-)q(-), ¢ € Q, is analytic in the

strip |Im z| < /2, and Uyaje denotes the operation of the complex shift,

(Uta/29)(s) = g(s £ia/2), seR.

Moreover, the operator A has deficiency indices (n,n), where n = dim Q.
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Now we are ready to formulate the main result of this section.

Theorem 2.2.5. Assume Hypothesis 2.2.1. Then the symbol | of the operator I —L
has two real zeros, +a,

a=v2w—1,
and the operator A is symmetric on D(A) = D(W?2) with deficiency indices (2,2)
(and hence it admits a real four-parameter family of self-adjoint extensions). More-

over, the domain of the adjoint operator A* is given by

D(A*) = D(A) +span { f,, f=a £ f1.}, (2.2.2)

where

fa_ (t> = emte%tX(foo,O) (t)7 f—_a<t) = e_iateth(foo,O) (t)a

(2.2.3)
fEE) = e 2y 000)(t), [1(t) =e e 2y (t), tER.
Proof. Clearly, the symbol [ is given by the formula
2 _ 2 1 2 2
W(z) =1—wF ! () (z) = : wrs _rod (2.2.4)

2 +1 2 +1
with
a=+2w—1. (2.2.5)
Since by Hypothesis 2.2.1, w > 1/2, [ has two real zeros +a, and therefore, by
Theorem 2.2.4, the deficiency indices of the operator A are (2,2). Finally, to prove

(2.2.2), observe that the space Q referred to in Theorem 2.2.4 is of the form

1 1
Q—span{x_a, :U—i—a}'

By Theorem 2.2.4,

D(A*) = D(A) + span {f_an/gq iq € Q} + span {F_lU,a/gq iq € Q} )

(2.2.6)
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Now (2.2.2) follows from (2.2.6), since

This completes the proof. [

We will also need a result that describes the action of the adjoint operator A*

on the deficiency subspace (see Lemma 2.4.4).

Lemma 2.2.6. Assume Hypothesis 2.2.1. Let the functions

{fa [oar 155 10}

form a basis in the deficiency subspace D(A*)\ D(A), given by (2.2.3). Then,

(A1) = LB o, 2.0
(A" f)(t) = we'”““/ 2, (2.2.8)
(A"fZ)(@) = %_#Sgn@)e‘““‘“/”, (2.2.9)
(A" L)) = w(f““—a/”. (2.2.10)

In particular, (A* fi,)(t) = —(A*fL) (), t € R,

Proof. We only prove equality (2.2.7), the rest is analogous.

By (2.1.4),
0
(A" f)(t) = ety o) () — we? / e~ lt=slgias g, (2.2.11)

Fort > 0, |t — s| =t — s and therefore,

0 ‘ 0o ot
/ e lt=slgias gg — e_t/ eliotDsgg — )
—oo oo a+1
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which together with (2.2.5), implies

[e3 - o ) - 1
V() = eBllet T st T o,
(W) = exlle g =erie —5—
For t < 0, we have
0 , t 1.
/ eltslgiasgs = —° - + —eit, (2.2.12)
oo ta — w
Combining (2.2.12) with (2.2.11) and (2.2.5), we get
o —w ap ta+1
A fN(t) = eslled —— = esllet == ¢ <,
completing the proof. O

2.3 The box approximation operators

In this section we study the invertibility properties of the truncated operators A,
given by (2.1.1) and provide an explicit representation for the inverse (when exists).

Recall that the truncated operator A, admits the following representation
A, = W2 —~WoP.LP.W,, 1r>0.

Observe that the closure of W, P,LP, W, is a bounded operator on L*(R). There-
fore, for every r > 0, A, is well-defined and self-adjoint on D(A,) = D(W?).

Introduce the “exceptional” set
> 1 k
== — — 2.3.1
U (o3} (23.1)

(p = arccos <%) c (0,7), (2.3.2)

and a is given by (2.2.5), with w being a parameter in the integral kernel L given

where

by equation (2.2.1). Then we have the following result:
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Theorem 2.3.1. For every r outside the critical set, that is, r ¢ =, the operator

A, has a bounded inverse A and for every f € L*(R),

(A7) (1) = e M F (1) + xorpe " /rrw,s)e—%‘w@)ds, t>0. (233)

-Tr

Here
F@(t, S) _ —'Qw COoS (at — %) CcoS (as + %) , s<t, (2'3'4)
asin(f) | cos (at + 5) cos (as — %), t<s,
Y = ar — g, (2.3.5)

with a and ¢ given by (2.2.5) and (2.3.2), respectively.

Proof. We remark that the operator A, is block-diagonal with respect to the de-

composition of L*(R) given by
L*(R) = L*((—o00, —1)) & L*((—7,7)) & L*((r, 00)).

We therefore have

A, =W2a W (I — L)W, & W2, (2.3.6)

where £, is the convolution operator on the Hilbert space L?((—r,7)) (with semi-

separable integral kernel):

(L.f)(z) = w/r e_‘z_y‘f(y)dy, x € (—r,1). (2.3.7)

Hence, A, is invertible if and only if I — £, is. Notice that I — £, is a truncated
Wiener-Hopf integral operator (cf. [7]) with the symbol [ given by (2.2.4).

To prove the invertibility of the operator I — £, under the condition r ¢ =, we
consider the operator £, on L2((0,2r)), given by

(L, f)(t) = /0 ' e~ ol f(s)ds, t € (0,2r).
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Note that I — ET is unitarily equivalent to I — L, since
[—L,=U (1 - ET) U1, (2.3.8)
where U : L*((0,2r)) — L*((—r,r)) is the shift operator
UhHEt)=ft+r), te[-rr].

Observe that the function we™ !l admits representation

i iCe ™I —P)B, 0<t<2r,
we == .
—iCe " PB, —2r <t <0,

with
. . 1 0
C:(z —z), AI(O—Z’)’

(2) e (18)

Therefore, Theorem 2.6.1 implies that the operator I — L, is invertible if and only

if r ¢ = and

(1= L,)7")() = f (1) +/0 szwr(t s)f(s)ds, f e L*((0,2r)), t € (0,2r),

(2.3.9)
with
Ty(t,s) —2w  fcos(a(t—r)—4)cos(a(s—r)+ %), 0<s<t<2n
yS) = X
0 asin(0) |cos(a(t —r)+ %) cos(a(s—r)—%), 0<t<s<2r

(2.3.10)
and 1, given by (2.3.5). Now, relation (2.3.8) implies that the operator I — L, is

also invertible if and only if r ¢ = with the inverse given by

T

(I —=L)7'H) = f(1) +/ Ty, (t,8)f(s)ds, [ € L*((=n7)), t € (=r,7).

(2.3.11)
39



The statement of the lemma now follows from (2.3.6) and (2.3.11). O

In the case where r belongs to the exceptional set = (and, therefore, A, is
not invertible), the operator 4, has a nontrivial kernel, described in the following

result:

Lemma 2.3.2. Let A, be given by (2.1.1) and r € =, the critical set given by

(2.3.1). Then Ker(A,) # 0 with

@ k
e 2l cos(at)x_rn(t) € Ker(A,), ifr= (gp + %) for k even ,  (2.3.12)

1
a

— 2| . 1 wk
e 2"sin(at)x(—ry(t) € Ker(A,), ifr= et for k odd . (2.3.13)
Proof. We will only prove (2.3.12); the proof of (2.3.13) is analogous. It suffices to

show that the function g € L*((—r,7)),
g(t) = cos(at), te (—rr),

is in the kernel of operator I — L,, with £, given by (2.3.7). By the definition of

I— ET‘)
(I = L,)g)(t) = cos(at) — w/r e~ =5l cos(as)ds, te (—rr).

-Tr

Let us rewrite

T t r
/ e~ =5l cos(as)ds = / e~ =) cos(as)ds + / e'* cos(as)ds L A
t
(2.3.14)

—r —r

Using the elementary identity

/ea” cos(fx + d)dx = e** (ﬁ sin(fz + d) + ﬁ cos(fBx + d)> +C,
(2.3.15)
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a, 3,d € R, one gets

t 1 3
L = / e =9 cos(as)ds = e |:68 ( C_Li_ N sin(as) + 1 COS(GS))} §

2 2
. a a

s sin(at) + —— cos(at) — " (" sin(—ar) + - cos(ar)
= sin(a cos(at) — e sin(—ar cos(ar) | .
a?+1 a’?+1 a?+1 a’+1
Since cos(—ar) = 5 and sin(—ar) = —\/% for r € Z, the second term in the last
expression is zero and
I “_in(at) + — (at) (2.3.16)
= sin(a cos(at). 3.
Tt a’+1

Similarly,

I, = / e % cos(as)ds = et/ e *cos(as)ds
t t
1
et ( C_L’_ 1 sin(ar) — 1 COS(CLT)) — ( C_L’_ 1 sin(at) +

a? a?

pe cos(at)) .

As before, the first term is zero, and so

JA— sin(at) +

] cos(at). (2.3.17)

a’+1
Combining (2.3.16) and (2.3.17) with (2.3.14), and using that o> + 1 = 2w, we

obtain

T
1
/ e "%l cos(as)ds = — cos(at), te (—r,r), reZ,
w

r

proving the lemma. O]

2.4 A family of self-adjoint extensions of the op-
erator A

In this section we introduce a special family of self-adjoint extensions By, 6 € [0, 27),
of the operator A that describe the behavior of the operators A, as r approaches

infinity.
41



For 6 € [0,27), consider the family of pairs (Fp, Gg), Fyp,Go € D(A*)/D(A),

given by

Fy=ff+fr+ef +ef, (2.4.1)

Go=flo+ fate®fr+e Pl (2.4.2)

It is easy to see that Fy and Gy are linearly independent if and only if  is not an

integer multiple of 7. Indeed, consider the linear combination
aFy +0Gy = (a+e ) ff + (a+eb) f + (ePa+b)f*, + (e Pa+b)f,.

If sin(f) # 0, each of the coefficients can vanish if and only if both a and b are
zeros. Conversely, if sin(f) = 0, the linear combination vanishes for every nonzero
a and b such that a = —b.

Introduce the family By of extensions of A,
A C By C A,

with domain given by

D(By) = D (A) + Ly, (2.4.3)

where
span {Fy, Gy}, 0 € (0,m)U(m,2m),

Lo = span{f,7+ f5,, fa + fZ}, 0=0,
span {f; — f1o. fo — fu}, 0=

One can verify that the family {£g}gco,2+) is a continuous family of two-dimensional
planes in the four-dimensional space D(A*)/D(A).
Next, we collect several results describing the (spectral) properties of the oper-

ators By. Our first lemma shows that every extension By is a self-adjoint operator.
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Lemma 2.4.1. For every 0 € [0,27), By is self-adjoint.

Proof. According to the general theory (cf. [3], [15], [14]), operator By is self-
adjoint if and only if the corresponding linear manifold Ly is a Lagrangian plane

in the deficiency subspace D(A*)/D(A), i.e.,

In turn, equation (2.4.4) holds if and only if £y can be represented as the graph of

a self-adjoint relation. Introduce the basis

. o 1 _. a
bi(t) = pa(t) = et 21 bo(t) = p_o(t) = —e"ote 21, (2.4.5)
i

1 . o : a
bs(t) = qu(t) = ;e““te_f‘t| sgn(t), ba(t) = q_a(t) = e e 2 sgn(t).
One can show (cf. [1]) that
[bi, bj] = 64,
and therefore the basis B = {bj}§:1 is canonical. In order to represent Ly in the

new basis, we make the observation that

1 , 1.
fa+ = Q(pa +ZQa>7 fira = §<pra + qfa>7

_ 1 , _ 1,.
fa = i(pa - an)a f—a = §<Zp—a - Q—a>' (246)

We first consider the subspaces £y and L. Applying (2.4.6) to the generating

vectors of those subspaces, we get
EO = Span {pa + iQa + Z‘pfa + 9—a; Pa — iQa + Z.pfa - qfa}

and

£7r = Span {pa + iQa - Z.pfa —q—a;, Pa — iQa - Z.pfa + qfa} .
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It is now clear that £y and L, can be thought of as the graphs of the operators

My and M., respectively, where

w=(2 ) m=(7 o)
both acting from span {p,, ¢.} to span{q_,, p_.}; therefore, both are Lagrangian
planes.

Next, we consider the subspace Ly for the remaining values of the parameter 6,
namely those 6 € [0, 27), with sin(#) # 0. We start by finding new representations
for the vectors Fy and Gy using equations (2.4.6):

Fy=f+fo+eff+ef,

—ipl

D . |
= _(pa + ZQa) + _(pa - ZQa) +e 9_(pra + qfa) +e (pra - qfa)
2 2 2 2
= po + 1 cos(8)p_q + isin(0)q_q,
Go=fr + o +efe +efF
1 1 o1 Ll
= §(pra + qfa) + §(pra - qfa) +e 9§<pa - ZQa) +e 9§(pa + ZQa)

= ip_q + cos(8)p, + sin(6)q,.
Therefore, the corresponding representation for Ly is given by
Ly = span {p, +icos(0)p_, + isin(0)q_o, cos(0)p, + ip_o + sin(0)q,} .
To complete the proof, observe that Ly is the graph of the self-adjoint operator

M, — $1(9> ( i—COS(Q) :icos(e) ) |

acting from span {p,, p_.} to span{q., ¢_.}. Indeed, an arbitrary element of Ly

is of the form

(c1 + o cos(0))pa + (cricos(0) + cai)p_q + cosin(0)q, + c1isin(0)qg_q, c1,c2 € C,
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where the coefficients obviously satisfy the following relation for all ¢y, ¢y € C

cosin(@) \ . [ et cos(0)
crisin(@) ) 0\ cricos(0) + coi )
We conclude that Ly is a Lagrangian plane for every 6 € [0,27), proving the

lemma. O]

The following results deal with two complementary situations: when zero be-
longs to the resolvent set of the operator By and when it is a part of the spectrum.
In the former case, we provide a formula for the inverse B, ! and in the latter case

we give a characterization of the corresponding eigenspace.

Theorem 2.4.2. For every 6 € (0,m) U (m,27), the operator By has a bounded

inverse given by 89_1 = Gy, where

(Gof)(t) = efo‘mf(t) + e 2l /OO Ly(t, s)e’%‘s‘f(s)ds, feL*R), teR. (2.4.7)

— 00

Here Ty(t, s) is defined by (2.3.4) with —oo < s,t < 0.
The proof of the theorem is based on the following result:

Lemma 2.4.3. For every 6 € (0,7) U (m,2m) one has Ran(Gy) C D(Byp); equiva-

lently, for every f € L*(R),

o

el () +e§l-l/ Ty(-, s)e= 31 f(s)ds € D(By).

Proof. Recall that

D(By) = D (A) +span {Fy, Gy},
45



where Fy and Gy are given by (2.4.1) and (2.4.2), respectively. Therefore, in order

to prove the assertion, we have to find a decomposition of (Gyf)(t) of the form
(Gof)(t) = ho(t) + CrFy(t) + CaGol(t), tER, (2.4.8)

where hy € D(A) and Cy,C, € C.

First, observe that
e f() e D(A).
Next, we will show that
eﬁﬂ/IWMyﬂW@@:%@+qm@+@@@,ta&

Here hy € D(A) is independent of 0, and Cy,Cy € C are given by

(f p- )LZ (R)» Cy = C&(f,pa)y(]g), (2.4.9)

where

—2w
asin(6)’

C:

and p, and p_, are defined in (2.4.5). This will then complete the proof. To prove

(2.4.8), let

K(s)=e2llf(s), seR. (2.4.10)

By the definition of I'y (cf. (2.3.4)),

ezl /00 Ty(t,s)K(s)ds = Ce~ 2'“/ cos (at — 0/2) cos (as + 60/2) K(s)ds

+ Ce™ 2'”/ cos (at 4+ 0/2) cos (as — 0/2) K(s)ds, t € R.

(2.4.11)
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Applying the elementary equalities

dcos (at — 0/2) cos (as + 0/2) = eitteias | glatgmiase=if | o—iatiasgi6 | o—iat,—ias
and

dcos (at + 0/2) cos (as — 0/2) = eitteias | glatemiasgid | o—iatgias—i0 y —iat,—ias
to (2.4.11), we obtain, after some algebra,

e~ 3 /00 Ty(t, s)K (s)ds = Cre~21leiat 4 Chem et L R(t), teR, (2.4.12)

oo

where

C _« b . o
R(t) — Z6—§|t| |:/ (ezate—mse—zé + e—zatemsew)K(s)ds

+ /too(emte_msew +eTltelase =0 K (s)ds|, t€R.
Next, we rewrite R as
R(t) = Coe e 2l  Crefe2lemet L R (1), tER, (2.4.13)
where
Ry(t) = %z sin(f)e~ 2" /:O(ei‘“‘/emS — e e K (s)ds, tE€R. (2.4.14)
Combining (2.4.12), (2.4.13), and (2.4.14), and taking into account that

e BMet = (1) 4 f(1) and e TUeT = f1(0) 4 f,(1), (R
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we finally get

o3l / ng(t, §)K (5)ds
=C1(fH(t) + [, (1)) + Co(f2,(6) + [2,(8)) + Coe ™ (f,7 () + [, (1))
+ Cre (f2, (1) + (1))
+ %z sin(6)e31 /1t " (et emios _ gmiatyins) i ()
CLUF (1) + S () + €0 A5 0) + ¢, (1)
+ Co(fE,(0) + f2,(6) + e 1 () + e f (1))
+ Sisin(g)e 3 /1t " (et emins _ gmintgios) () ds
=C1Fy(t) + CoGy(t) + ho(t), teR,

where

ho(t) = gz sin(@)e_l;”/ (e'te™'5 — g7l K (5)ds
t

+ CLf, (1) — ™) + Cof (1) (e7 —e), teR.

It remains to show that hy € D(A). Indeed,

ho(t) = 2isin(f)e 2 l% /Oo(ewte_ws — e e K (s)ds + C1f~,(t) — Caf (t)] .

Applying (2.2.3), we see that
CrfZ,(t) = Cofy (t) = — (Coe™ — Cre™) X(—oo0)(t), tER,

which, together with (2.4.9), gives

_ 2w ey o [ sin(a(t — s))K(s)ds, >0,
ho(t) = ' sen(t) {ffoo sin(a(t — s))K(s)ds, t <O0.

(2.4.15)
Equation (2.4.15) together with (2.4.10) implies that e®/ho(-) € L?(R), completing

the proof. O
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We are now ready to prove Theorem 2.4.2.

Proof of Theorem 2.4.2. In order to prove that Gy is an inverse of By one has to

prove the following two assertions:
(i) for every f € L*(R), Gof € D(By) and ByGyf = f,
(ii) for every h € D(By), GoByh = h.

This will imply that Ran(By) = L*(R), Ker(By) = {0}, BeGo = I, and GyBy =
I|p(s,). Lemma 2.4.3 yields the first part of statement (i); the next step is to show
that

ByGof = f, Vf e L*R). (2.4.16)

Combining (2.4.7) with (2.1.4), we get

(ByGof)(t) = e (G f)(t) — west / T e t1e81 (G f) (5)ds

— 00

= f(t) + el /oo Ly(t,s)e” 2" f(s)ds — we " /Oo e "slemlsl f(5)ds

— wez / / e =PIy (p, s)e 318 f(s)dsdp, t € R,
implying that ByGyf = f for every f € L*(R) if and only if

Ty(t,s) — we =51 — w/ e PITy(p, s)dp = 0. (2.4.17)

—0o0

In order to prove (2.4.17), assume, without loss of generality, that t > s. Then

/ etpre(p75)dp:/ 11T (p, 5)dp (2.4.18)

t o0
- / e PTy(p, s)dp + / e (pys)dp & Tyt o+ T
s t
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Using (2.3.15), we get

I, = Ce " cos(as — 0/2) / e? cos(ap + 0/2)dp (2.4.19)
ot _ » a . 1 s
Ce " cos(as — 0/2) [e <a2 1 sin(ap + 0/2) + R cos(ap + 9/2))] N
1
= Ce " cos(as — 0/2) (aQC—LI— N sin(as + 6/2) + PR cos(as + 0/2)) :
t
I, = Ce " cos(as + 0/2) / e? cos(ap — 0/2)dp (2.4.20)
S a 1 !
(et :
= Ce "cos(as + 6/2) {ep <a2 1 sin(ap — 0/2) + R cos(ap — 6/2))1S
a ) 1
= C cos(as +6/2) <a2 ] sin(at — 0/2) + pER cos(at — 9/2))
A —t+s a . B 1 B
Ce " cos(as + 0/2) <a2 1 sin(as — 60/2) + PR cos(as 0/2)) ,
and
I3 = Cé' cos(as + 0/2) / e Pcos(ap —0/2)dp (2.4.21)
¢
1 oo
= Ce' cos(as + 0/2) [e_p <a26—L|— : sin(ap — 0/2) — ] cos(ap — 0/2))L
a 1
= —Ccos(as +6/2) <a2 1 sin(at — 6/2) — 1 cos(at — 9/2)) :
Combining (2.4.19), (2.4.20), and (2.4.21), we immediately get
L+1L+15= Ca2 1 cos(as + 60/2) cos(at — 6/2)
+ C’%He_t” [cos(as — 0/2)sin(as + 0/2) — cos(as + 0/2) sin(as — 6/2)]
1 a 1
— —|t—s| : _ o —|t—s]
ng(t, s)+e Ca2 1 sin(0) ng(t, s)—e :
which, together with (2.4.18), implies (2.4.17). This establishes (2.4.16).
To finish the proof, we need to show that
Gngf = f, f < D(B@) (2.4.22)
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According to the structure of D(By) defined by (2.4.3), in order to prove (2.4.22),

we need to check that the following three equations hold,

GeBof = f, forevery f € D(A),
GoByFy = Fy, (2.4.23)

GoByGy = Gy. (2.4.24)
If f e D(A), then

(Gobaf)(t) = AR +e 5 [ Tyl s)eBFICAS) (s)ds

—00

— f(t) — weBH / T ol f(s)ds + 5 / Tt 5)e3 P f(s)ds

—0o0 o0

—wegtl/ Fe(t,p>/ €7|p78|6%|3|f<3)d3dp’ teR,

[e.9] [e.9]

implying that GgByf = f for every f € D(A) if and only if

Ty(t,s) — we =l — w/ e P=sIDy(t,p)dp = 0. (2.4.25)

—0o0

But (2.4.25) follows immediately from (2.4.17), taking into account that
Fg(t, S) = F@(S, t)

It remains to establish (2.4.23) and (2.4.24). We focus on (2.4.23), equation (2.4.24)
being proven analogously. Using the fact that By is a restriction of the operator

A* and applying equations (2.2.7) — (2.2.10) together with (2.4.1), we get
Go(BoFy) = Go(A*(f.F + fo + e f, +e7f2,)) = 2isin(0)Gg (A" f7,)

= 2isin(0) <6a|'A*fja + e~ 2l /OO Lo(-, S)egs(A*fja)(S)dS)

— 2sin(f)e 5! (weu/ pe(.,s)wes%)‘

[e.9]

(2.4.26)
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Now, write

0o . ia — 1 0
/ Tyt S)weﬂﬂds = m2 / Ty(t, s)e’ds (2.4.27)

—00

o0

w1 [
+ za; / Ly(t,s)e *ds, teR.
0

For the rest of the proof we only consider ¢ > 0; the case ¢ < 0 can be handled in

a similar manner. Applying equation (2.3.4), we get

0
/ Ty(t, s)e’ds

— 00

0

= Ccos(at — 0/2) / cos(as + 0/2)e’ds

—0o0

(2.4.28)

0

= C'cos(at — 0/2) {es (&21 o sin(as +0/2) + %H cos(as + 9/2))}

—0o0

a

— Ccos(at — 6/2) (a2 - sin(0/2) + 1+ 1 005(0/2))

and

00 t 00
/ Ly(t,s)e *ds = / Ly(t,s)e *ds + / Ty(t,s)e *ds “n+ I, (2.4.29)
0 0 t

Now,
a 1 !
I, = Ccos(at — 0/2) [e‘s ( sin(as +60/2) — cos(as + 8/2)”
a’+1 a’+1 0
B B _t a . N
= C cos(at — 0/2)e (a2 1 sin(at + 0/2) ] cos(at + 9/2))
a 1
— Ccos(at — 0/2) (a2 1 sin(6/2) — ] COS(Q/Q)) , (2.4.30)
and

[e.9]

t

O sin(at— 0/2) — — 1cos(at—«9/2)).

a?+1 a? +

I, = C cos(at + 0/2) {es (a2i [ sin(as —0/2) = — 1+ 7 cos(as — 9/2))]
= —Ccos(at +0/2)e" <

(2.4.31)
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Combining (2.4.30) and (2.4.31) with (2.4.29), we obtain

/000 Lo(t,s)e *ds = —e~* — C cos(at — 0/2) ( ¢ | sin(0/2) — o :_ ] cos(€/2)> .

a’ +
(2.4.32)
Lastly, using (2.4.28), (2.4.32), and (2.4.27), we get
e ia+sgn(s)
Ty(t, S)Te ds
ia+1  sin(0/2) .cos(0/2)
=— t—0/2) —i———— t—0/2
e ) () cos(a /2) —1i sn(0) cos(a /2)
ia+1 1 iat | —iat 0
— teR
T T ) fER
which, together with (2.4.26), gives
a ' 1 ' 1 1 . L
(GoByFy)(t) = 2isin(0)e 51 %e—t e m; + iy € )

— e*%“‘ (eiat + e*’tatelg) — Fb(t)7 t > 0’
completing the proof. ]

We remark that in the case 6 equals 0 or 7, the corresponding operators By are

not invertible. The following result describes their kernels.
Lemma 2.4.4. The operators By and B, are not invertible and
[+ fo+ ffa+ f2, € Ker(By)

and

[+ f = — o, € Ker(B,).

Proof. Follows immediately from Lemma 2.2.6. [
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2.5 The main result

In this section we will prove the main result of this chapter, which describes the
behavior of the family of truncations A, for large values of the parameter r. It
turns out that A, converges to the torus By (described in the previous section)
in the norm resolvent sense, along sequences that avoid a particular “exceptional”

set. More precisely, we have the following result:

Theorem 2.5.1. Let A, be given by (2.1.1) and By be the family of self-adjoint
extensions of A with domain given by (2.4.3). Let = be the exceptional set defined

in (2.3.1). Then for every sequence {r}3,, r, = ro + <7k, with ro ¢ Z,

klim |(Boy — 2)™' = (Ar, = 2) 7| =0 Vz € p(Bg,) N p(A,,) for all k €N,
(2.5.1)
where

0o = 21, (mod 27),

and ¥, is given by (2.3.5).
Proof. Using the identity,
(A-—2)'—(B-2'=A-2)"AA - B HYB(B -2,

which holds for arbitrary self-adjoint operators A and B such that 0 € p(A)Np(B),
we get

[(A=2)'=(B-2)7"|<C|lA" =B, (2.5.2)

with C' independent of A and B. Therefore, it is sufficient to prove equation (2.5.1)
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for z = 0, namely,

lim ||B;' — At =0,

k—oo
for 0y = 2¢,, (mod 27), and ¥, given by (2.3.5). Notice that for rq ¢ =, the
corresponding 6 satisfies sin(6y) # 0, and by Theorem 2.4.2, the operator By, is
invertible with the inverse given by (2.4.7). Let P, be the projection of L*(R) onto

the subspace L?*((—r,r)), and introduce
Qr =1- Pr>

where I is the identity on L?(R). Recall that the inverse of the operator By, is

given by (2.4.7),

BN = e p0) + 3 [t ()i, e IR, 1e R
and the inverse of the operator A4,,, given by (2.3.3), is of the form
(A1) () = 70+ xo e 1 [ Ta(ts)e S (5)ds. S e PR). e R

with
as +

as —

), s<t,
), t <s.

Tyt s) = C {cos (at — 5; Cos

[%
2
sin(0) | cos (at + g cos g

—~

Denote

(Tf)(t) =e 2 /00 Ty, (t,s)e 2 f(s)ds, teR.

—0o0

In this notation one can represent the inverses B, ! and A Lin the following way,

(By,' f)(t) = e M f(t) + (Tf)(1), teR,

and

(ALf) () = e f () + (PTP.f)(t), teR
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Clearly,
((By' = AN F) (8) = (Q.TH(E) + (PTQf)(E), teR,

and therefore,

1Ba," = AL ey <

e~ 3l /00 Ty, (-, 8)e 21 f(s)ds

Qry, L?(R)

+ €_g|'/ Loy (-, 8)e™ 2@, ) (s5)ds
Next,
o0 N C
—2s] 1
[ rntt 0] < S e
and therefore,
&

e 3l /OO Ty, (-, 8)e™ 21 f(s)ds

—00

as k — oo. Similarly,

w (e C «
‘ / Feo(t,S)e2'5'(Qrkf)(8)d8‘§ S T .

sin ‘9(]

<C4

P, 2@ Sl 0,

o5 / T s)e H(Qu f) ()4

—00

as k — oo, which completes the proof of the theorem.

Py, L%(R)

e 3Tk 112y — 0,

e 3k ||f||L2(1R) — 0,

]

Remark 2.5.2. One can reformulate Theorem 2.5.1 in the following way. For

k > 0, define the neighborhood set =, of the exceptional set = as

_ > 1 mk e 1 k ke
:“:U e+ — ) —e ", —|le+— | +e .
o LLa 2 a 2

If 0 <k < g, then

|(By, —2) " = (A, —2)7"| =0, VzeC:Im(z)#0,
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lim

r—00,r¢E,

(2.5.3)

(2.5.4)



where 6, = 21, (mod 27r).

Equation (2.5.4) describes the asymptotic behavior of the system r +— A,.
It shows that the one-dimensional torus {Be}ge[o,gﬁ) attracts the family A, as r
approaches infinity away from the (exponentially diminishing) neighborhood of the

critical set.
2.6 Appendix

In this section we will discuss the invertibility properties of convolution operators
on a finite interval, that we used in the proof of Theorem 2.3.3. We refer to [22]
for details.

Let K be a convolution operator on L*((0,r)),

(Kp)(t) = / k(t— 8)p(s)ds, 0<t<r, (2.6.1)
0
with an integrable kernel function k. We assume that k can be written in the form

. —itA o <t <
k(t) = {206 (I — P)B, 0<t<r, (2.6.2)

—iCe " PB, —r <t <0,
where A is a matrix of size n x n with no real eigenvalues, B and C' are matrices of
sizes n X 1 and 1 x n, respectively, and P is the Riesz projection of A corresponding

to the eigenvalues in the upper half plane. Then the following theorem holds.

Theorem 2.6.1. (Theorem XII1.10.1, [22]) Let K be the integral operator on
L*((0,7)), defined by (2.6.1), and assume that k admits the representation (2.6.2).
Let n be the order of A, and put A* = A— BC. Then I — K is invertible if and
only if the map

S, = Pe" e~ 4" P . Ran(P) — Ran(P)
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18 tnwvertible. In that case

(T =K )0 = f(t) + / () f(s)ds, 0<t<r
with

(t.5) iCe "4 11,e4" B, 0<s<t<r,
75 = . " X ; X
K —iCe A" (I —11,)e"4” B, 0<t<s<r.

Here 11, is the projection of C" along Ran(P) defined by

PR
I,z =x— S 'Pe™e "y, zecC"

o8
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