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ON THE SENSITIVITY OF THE SOLITARY WAVE PROFILE RECOVERY

FORMULA TO WAVE SPEED NOISE
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Abstract

We derive a bound on the error in the recovery of the profile of an irrotational

solitary water wave from pressure data given noise in the measurement of the wave

speed. First, we prove that Constantin’s exact solitary wave reconstruction formula

is well-defined in the sense of functions given that the wave speed error is sufficiently

small. We then analytically prove that the error in the reconstruction is bounded and

obtain a formula for this bound. Finally, we compare the estimate with elementary

numerical experiments.
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1. Introduction

Recently, much work has been done in the area of reconstructing wave elevations

from pressure measurements. That is, assuming the boundary between water and air

takes the form of a graph of a smooth function, one utilizes the governing equations

for water waves to derive a formula that recovers this function. The relationship

between pressure and wave height is exploited by the Center for Tsunami Research, for

instance, where bottom pressure recorders are employed in the detection of tsunamis

[9]. In the present work, we examine A. Constantin’s explicit formula for the recovery

of the profile of an irrotational solitary water wave from pressure measurements made

at the flat bed of a fluid domain. In [4], Constantin derived the following parametric

recovery formula:

(1.1)


x(q) = q +

ˆ q

−∞
F−1

{
cosh(kd)F

[
c√

c2 − 2p
− 1

]
(k)
}

(s)ds,

η(q) = F−1
{

sinh(kd)
k

F

[
c√

c2 − 2p
− 1

]
(k)
}

(q),

where η = η(q) is the wave profile, c > 0 is the wave speed, and p is the dynamic

pressure, or the deviation from hydrostatic pressure, evaluated at the bed of depth

d > 0. The Fourier transform in this context is defined as

F{f}(k) = f̂(k) =
ˆ
R
f(x)e−ixk, F−1{f̂}(k) = f(k) =

ˆ
R
f̂(x)eixk

for a function f ∈ L2(R).

Constantin does not pursue a numerical study in [4], driving the need for the

examination of its practical use and its robustness with respect to noise in the various

parameters. In the present work, we analyze the sensitivity of (1.1) with respect to

noise in the measurement of the wave speed c. Our main theorem is as follows.

Theorem 1.1 (Main result). Suppose the wave speed is measured incorrectly to be

cε, where
1
c2
ε

= 1
c2 + ε,
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c is the true wave speed, and |ε| � 1. Let ηε represent the reconstructed surface given

by (1.1) with measured speed cε. For ε sufficiently small, ηε ∈ L2(R) and satisfies the

bound

(1.2) ||ηε(q)− η(q)||L2(R) ≤ A|ε|α,

for some α = α(p, d) ∈ (0, 1), where A = A(||p||L2 , d, α) is a positive constant.

In fact, we prove a stronger result; see Theorem 3.2. Namely, we show that this

α can be very small, suggesting that (1.1) is susceptible to significant inaccuracies

given noise in the wave speed.

While the study of solitary waves dates back to the mid-nineteenth century orig-

inating with Russell’s observation [13], reconstruction formulas for waves with zero

vorticity have only recently been proven. The oldest and most basic approach is the

hydrostatic approximation

(1.3) ζ(x) = 1
g
p(x),

where ζ = ζ(x) is the wave profile and g is the constant acceleration due to grav-

ity. This formula is particularly remarkable in that its application to shallow water

regimes, such as tsunamis, has been shown to be very accurate (see the discussion

in [10] and [6]). However, the application and advantages of (1.3) are still under con-

tentious debate. More recently, Escher and Schlurmann [7] proved a so-called transfer

function formula

(1.4) F{ζ}(k) = cosh(kd)
g

F{p}(k),

which arrises from linearizing the governing equations for water waves about a steady

state where the interface is flat and employing Fourier transforms to solve the re-

sulting system. Consequently, this process results in a linear relationship between

the Fourier transforms of the pressure and the wave elevation which corresponds to

small-amplitude waves.
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Both (1.3) and (1.4) fail to capture the nonlinear effects expected as part of the

water wave problem [1]. As a result, they are unable to accurately reconstruct large-

amplitude waves. The first nonlinear reconstruction formula was introduced in [10].

In order to derive the surface elevation, one solves

(1.5)

√√√√c2 − 2gζ
1 + ζ2

x

= 1
2π

ˆ ∞
−∞

eikx cosh(k(ζ + d))F{
√
c2 − 2p}(k)dk

for ζ given p. While this formula shows that the wave profile can be determined from

p, its implicit structure makes (1.5) difficult to work with. However, in [6], it is argued

that (1.5) is advantageous compared to (1.1) as it is insensitive to errors in the wave

speed c. On the other hand, Constantin’s formula given in (1.1) is explicit, which

allows the wave profile to be directly computed from pressure measurements taken

at depth. Quantifying this formula’s sensitivity to the parameter c is the primary

interest of this paper.

To our knowledge, Theorem 1.1 is the only bound on the error in the reconstruction

formula (1.1) with respect to wave speed. In [6], Deconinck et al. perform numerical

and physical experiments in comparing a number of reconstruction formulas and their

sensitivity to noise in the wave speed. However, their method applies to periodic

waves, which introduces an error due to the fact that (1.1) is formulated for a solitary

wave. Further, they do not provide an analytic bound on the error in the wave profile,

as we do here.

2. Preliminaries

In the current study we make a number of simplifying assumptions. For one, the

density of the fluid is held constant throughout the fluid domain. While density does

depend on many factors, such as depth, temperature, and salinity, the resulting vari-

ations in density are fairly small, except in very deep ocean [3]. We also require that

the flow is inviscid and incompressible, which permits a simplification of the governing
3



equations. These are typical features of flows in the ocean where the Rayleigh num-

ber is very high, boundary layer affects are negligible, and the characteristic speed

is very slow relative to the Mach number [8]. Additionally, we say that the flow is

irrotational, or the fluid has zero vorticity. It is significant to note that an initially

irrotational flow remains so for all time. The bed of the fluid domain is taken to

be flat and impermeable. It is known that the topography of the ocean bed has a

significant influence on the wave profile at the surface. However, there is still limited

understanding of these interactions and thus, the presumption of a flat bed simplifies

the problem at hand. Finally, only steady two-dimensional waves propagating at a

constant rate in a fixed direction are considered.

We define a coordinate system (X, Y ) in the physical fluid domain {(X, Y ) : X ∈

R, Y ∈ [−d, Z]}, where Z = Z(t,X) is the time-dependent surface profile. In a frame

of reference traversing at the same rate as the wave, the flow beneath a traveling wave

appears steady. Hence, we may then define this coordinate system by (x, y), where

x = X − ct and y = Y . We denote the flat bed and the free surface of the fluid by

y = −d and y = ζ(x), respectively. Assume that the wave crest is located at x = 0.

We define the domain of this traveling system to be

D := {(x, y) : x ∈ R,−d ≤ y ≤ ζ(x)}

as depicted in Figure 1. Let (u − c, v) : D → R2 be the relative velocity field in the

moving frame, where u− c is the horizontal velocity component and v is the vertical

velocity component.

Two-dimensional traveling surface water waves are governed by the equation of

mass conservation

(2.1) ux + vy = 0

and Euler’s equations for the conservation of momentum

(2.2) (u− c)ux + uvy = −Px, (u− c)vx + vvy = −Py − g.
4



y = ζ(x)

y = 0

y = −d

d

Figure 1. The fluid domain D for the water wave problem.

Here, P is the pressure. The assumption of irrotationality is expressed by

(2.3) uy = vx.

For the boundary conditions, we have two surfaces to consider: the rigid flat

bed and the free surface. On both, we impose kinematic boundary conditions, which

presuppose that particles on these surfaces remain there for all time. On the bed, this

means that the vertical velocity component must be zero; this is the no penetration

condition. At a point on the free surface, we will require that the normal velocity

of the boundary there must coincide with the normal velocity of the fluid. As for

the dynamic boundary condition, ignoring the effects of surface tension, we require

that the pressure is continuous across the free surface. In summary, we obtain the

following:

(2.4)


v = (u− c)ζx on y = ζ(x),
v = 0 on y = −d,
P = Patm on y = ζ(x),

where Patm is the constant atmospheric pressure.

We assume the flow is at rest for x→ ±∞ with the free surface profile ζ approach-

ing zero. Also, c >
√
gd must hold for non-trivial solutions [4]. Since our interest lies

only in unidirectional solitary waves, we assume that

(2.5) u < c
5



throughout the fluid domain; thus, there is no stagnation in the flow.

The dynamic pressure evaluated at the flat bed {y = −d} is defined to be

(2.6) p(x) := P (x,−d)− Patm − gd,

where P (x,−d) is the pressure as a function of space evaluated at the bed. This is

the difference between the relative pressure evaluated at the bed and the hydrostatic

pressure approximation.

Defining the relative stream function ψ(x, y) up to a constant by the equations

ψy = u− c, ψx = −v,

we see that ψ is harmonic in D by the the incompressibility condition in (2.1). Like-

wise, we define the relative velocity potential φ(x, y) by

φx = u− c, φy = v,

which, due to the expression for irrotationality given in (2.3), is also harmonic in D.

Thus, if we let z = x+ iy and f(z) := φ(x, y) + iψ(x, y), then

df

dz
= (u− c)− iv =: w,

where both f and w are holomorphic in the complexified fluid domain.

The difficulty in working with this domain D is that the free surface y = ζ(x) is

unknown. To fix the fluid domain, we employ a hodograph transform H defined by

H : D → R× [−d, 0], H (x, y) :=
(
−φ(x, y)

c
,−ψ(x, y)

c

)
.

We note that H is an analytic bijection onto S := R × [−d, 0]. It is convenient to

denote the conformal coordinates in S by (q, p) where

q := −φ
c
, p := −ψ

c
.

This conformal mapping flattens all the streamlines and allows us to take advantage

of the holomorphic functions f and w. Further, the free surface ζ maps to {p = 0}

and the bed to {p = −d}, cf. Figure 2.
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y = ζ(x)

x = 0

y = −d

H−→

p = 0

q = 0

p = −d

Figure 2. The hodograph transform.

We define the height function h(q, p) = y+ d for (q, p) ∈ S. Notice that this leads

to the following change of variables identities:

(2.7)
∂q = hp∂x + hq∂y,

∂p = −hq∂x + hp∂y,

∂x = 1
c
[(c− u)∂q + v∂p],

∂y = 1
c
[(c− u)∂p − v∂q],

and

(2.8)


hq = ∂y

∂q
= −∂x

∂p
= − cv

(u− c)2 + v2 ,

hp = ∂y

∂p
= ∂x

∂q
= − c(u− c)

(u− c)2 + v2 .

We recall that Euler’s equations (2.1) and (2.2) governing fluid motion can be

expressed by means of Bernoulli’s law

(2.9) 2(P − Patm) + 2gy + (u− c)2 + v2 = c2, in D.

However, employing hq and hp from the above identities, we can write

(u− c)2 + v2 = c2

h2
q + h2

p

,

so that, with some rearranging, (2.9) becomes

c2

(h2
q + h2

p)
+ 2(P − Patm) + 2g(h− d) = c2, in S.

Evaluating this on the flat bed {p = −d} where v = 0 and in turn, hq = 0, we find

c2

h2
p

+ 2(Pbed − Patm)− 2gd = c2.

Substituting p in the above equation as appropriate and rearranging gives

c2

h2
p(q,−d)

= c2 − 2p(q), for q ∈ R.
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Letting κ := 1/c2, therefore, we can conclude

(2.10) hp(q,−d) = 1√
1− 2κp(q)

.

Using an elementary separation of variables procedure, we find

(2.11) ĥ(k, p) = sinh(k(p+ d))
k

F

 1√
1− 2κp(q)

 (k).

This observation is due to Constantin [4]. His main contribution, however, was show-

ing that (2.11) holds in the sense of functions for an exact solution.

3. Proof of Theorem

We define κε := κ+ε. We shall define ĥε by replacing κ with κε in (2.11). Recalling

from (1.1) the reconstruction formula for η, we find that by Plancherel’s Theorem,

(3.1) ||ηε(q)− η(q)||L2(R) = ||ĥε(k, 0)− ĥ(k, 0)||L2(R).

We may write, suppressing the p dependence,

(3.2) ĥε(k)− ĥ(k) = sinh(kd)
k

ĝε(k),

where

(3.3) ĝε(k) := F

 1√
1− 2κεp(q)

− 1√
1− 2κp(q)

 (k),

which holds in the sense of distributions. First, we shall ensure that ĝε decays expo-

nentially as |k| → ∞, which shows that the expression in (3.3) holds in the sense of

functions. Then, we will prove that ĥε holds in the sense of functions and, moreover,

is in L2. Finally, we will show (3.2) can be bounded in L2, as desired.

In order to achieve this, we will make use of the following Paley-Wiener Theorem

[11].

Theorem 3.1 (Paley–Wiener). If f(z) is holomorphic in the strip {z : Im z ∈

[−λ, µ]} ⊂ C where −λ < µ, and
ˆ
R
|f(z)|2dt <∞, Im z ∈ [−λ, µ],

8



then there exists a measurable function f̂(ξ) such thatˆ
R
|f̂(ξ)|2e2µξdξ <∞,

ˆ
R
|f̂(ξ)|2e−2λξdξ <∞,

and

f(z) = lim
A→∞

1√
2π

ˆ A

−A
f̂(ξ)eiξzdξ, Im z ∈ [−λ, µ].

In other words, the Fourier transform of f exists and

|f̂(ξ)| ≤ K1e
−µξ, |f̂(ξ)| ≤ K2e

λξ

for some positive constants, K1 and K2. Further, if µ = λ, then there is a positive

constant K so that

(3.4) |f̂(ξ)| ≤ Ke−|µ|ξ.

To prove the desired decay of ĝε and proceed with the proof of Theorem 1.1, we

must first show that p can be holomorphically extended through a horizontal strip

so that it has a valid Fourier series expansion. We proceed by following Clamond

and Constatin [2] who adapt a method from Plotnikov and Toland [12]. Rearranging

Bernoulli’s law (2.9),

P − Patm + gy = 1
2c

2 − 1
2[(u− c)2 + v2].

Therefore, evaluating on the bed and invoking the definition of p,

(3.5) p(x) = 1
2c

2 − 1
2(ubed − c)2.

We note that p is the restriction to the bed of the function

P(x+ iy) := 1
2c

2 − 1
2w

2

that is holomorphic in D.

Lemma 3.1 (Extension of p). The function p has a holomorphic extension P∗(x+iy)

to the complex double domain

(3.6) D∗ := {(x+ iy) : x ∈ R,−2d− η(x)− δ < y < η(x) + δ},
9



for some small δ > 0.

Proof. Recalling that w = (u−c)−iv is analytic in a neighborhood of the complexified

fluid domain, D, we know that u − c and −v are harmonic conjugates and hence u

and v are harmonic. We wish to find a harmonic extension of both u and v. We begin

by analyzing v. We know that v(x,−d) = vbed = 0. Thus, we conclude v(x, y−d) = 0

on y = 0. For x ∈ R, we define

V (x, y) :=

v(x, y − d) 0 ≤ y < d+ η(x) + δ

−v(x,−y − d) −d− η(x)− δ < y < 0.

The only nontrivial condition to check in order to conclude that V (x, y) is harmonic

is the continuity across the boundary, {y = 0}. We note that V vanishes at y = 0 and

so do its tangential partial derivatives. Also, it is clear that Vy is continuous across

this boundary. However,

Vyy =

vyy(x, y − d) y ≥ 0
−vyy(x, y − d) y < 0.

On {y = 0} we know v(x, y − d) is harmonic. Therefore,

vyy(x,−d) = −vxx(x,−d) = 0.

Hence, we can conclude that V is harmonic on its domain of definition and thus, v

has an odd harmonic extension to the double domain, D∗.

We can similarly analyze u. We know that uy(x,−d) = vx(x,−d) = 0; i.e., uy = 0

on the bed. Thus, we conclude uy(x, y − d) = 0 on {y = 0}. For x ∈ R, we define

U(x, y) :=

u(x, y − d) 0 ≤ y < d+ η(x) + δ

u(x,−y − d) −d− η(x)− δ < y < 0.

Again, we need only verify that continuity is maintained along {y = 0}. First, we see

that

U(x,−d) = u(x,−d) = lim
y→0

u(x,−y − d).

Hence, U itself is continuous at y = 0. Clearly, the tangential partial derivatives are

continuous along this boundary. Now, for y ≥ 0, Uy(x, y) = uy(x, y − d) and for
10



y < 0, Uy(x, y) = −uy(x,−y − d). However, since at y = 0, uy(x,−d) = 0, then

Uy(x,−d) = uy(x,−d) = lim
y→0
−uy(x,−y − d) = 0.

Furthermore, Uyy is trivially continuous on {y = 0}. Therefore, it is apparent that

U(x, y) is harmonic. In other words, u has an even harmonic extension to D∗.

Now, define

W (x+ iy) := (U(x, y)− c)− iV (x, y).

We want to show that W is analytic on {x + iy : x ∈ R,−d − η(x) − δ < y <

d+ η(x) + δ}. However, by the proof of the harmonic extensions of both u and v to

U and V , respectively, given above, this is trivially true. This implies that W (z∗) is

analytic on the complexified double domain D∗ where z∗ = x+ i(y + d).

In total, we see that

P∗(z∗) := 1
2c

2 − 1
2W

2(z∗)

is a holomorphic extension of p to the complex double domain D∗. �

Let’s now consider the function

(3.7) F (q + ip) := 1√
1− 2κεP∗(q + ip)

with domain the complex double strip S∗ := {(q+ ip) : q ∈ R, p ∈ [−2d, 0]} where we

define

P∗(q + ip) := P∗(z), for z ∈ D∗.

Since F is a complex square root function, we take the branch cut to be the negative

real axis.

Lemma 3.2. For sufficiently small ε, the function F (q + ip) is holomorphic on the

double strip S∗.

Proof. Let’s first consider ε = 0. Notice that

1− 2κP∗ = 1− 2κ[ 1
2κ −

1
2W

2|q,p]

= κW 2|q,p,
11



which is holomorphic on S∗ by Lemma 3.1. We note that the real and imaginary

parts of κW 2|q,p are κ[(U−c)2−V 2] and κ[−2(U−c)V ] respectively. On the negative

real axis, the imaginary part must be zero, which only occurs if V = 0. Therefore,

the real part reduces to κ(U − c)2. But, due to the assumption of no stagnation (2.5),

this quantity is strictly positive. Hence, the radicand never crosses the negative real

axis. Thus,

F (q + ip) = c

W |q,p
is holomorphic.

Now, we consider the case where ε 6= 0. Note that
1− 2κεP∗ = 1− 2κP∗ − 2εP∗

= κW 2|q,p − 2εP∗.

Again, this expression is clearly holomorphic by Lemma 3.1. However, as it appears

in the denominator and the radicand in (3.7), we must check that this quantity is

bounded away from the negative real axis. We compute

Re[1− 2κεP∗] = κ(U − c)2 − κV 2 − ε[c2 − (U − c)2 + V 2]

and

Im[1− 2κεP∗] = −2κ(U − c)V − 2ε(U − c)V,

the real and imaginary parts, respectively. The only way for the radicand to touch

the negative real axis is for the imaginary part to be zero. However, we see that this

only occurs (for sufficiently small ε) when V = 0. Hence, it remains to be shown that

the real part is positive for V = 0. Since U is an even function about the bed, this is

equivalent to verifying that

κ(u− c)2 − ε[c2 − (u− c)2] > 0 in S.

By the no stagnation assumption, 2c − u > c − u > 0. Therefore, in order for this

expression to have the desired behavior, we must have that

(3.8) εu <
(u− c)2

c2(2c− u) .
12



Ensuring this bound on ε, then F (q + ip), defined in (3.7), is holomorphic in the

double strip S∗. �

Now we show that ĝε has the proper decay property so that we may proceed with

finding the desired bound.

Lemma 3.3 (Decay of ĝε). Let ĝε be defined according to (3.3). Then ĝε ∈ L2 and,

moreover, it decays exponentially fast as |k| → ∞ with bound

(3.9) |ĝε(k)| ≤ Ce−|k|(d+σ)

for some positive constants C and σ.

Proof. First, we confirm that ĝε is in L2. However, this is equivalent to checking that

1√
1− 2κεp

− 1 ∈ L2 for 0 ≤ ε� 1.

Now, note that

(3.10) 1√
1− 2κεp

− 1 = 2κεp√
1− 2κεp(1 +

√
1− 2κεp) .

We can appeal to the decay properties of u established in Craig and Sternberg [5],

which imply that ubed and ∇ubed decay to zero exponentially fast as |x| → ∞. Com-

bining (3.5) and (2.7), we infer that p and its derivatives are square integrable. More-

over, p → 0 as |q| → ∞. This allows us to conclude that the right-hand side of

(3.10) is in L2. Therefore, calling upon both Plancherel’s Theorem and Minkowski’s

Inequality, we find

||ĝε||L2 = ||gε||L2 =
∣∣∣∣∣
∣∣∣∣∣ 1√

1− 2κεp
− 1−

(
1√

1− 2κp − 1
)∣∣∣∣∣
∣∣∣∣∣
L2

≤
∣∣∣∣∣
∣∣∣∣∣ 1√

1− 2κεp
− 1

∣∣∣∣∣
∣∣∣∣∣
L2

+
∣∣∣∣∣
∣∣∣∣∣ 1√

1− 2κp − 1
∣∣∣∣∣
∣∣∣∣∣
L2
<∞.

So, ĝε ∈ L2. Now, define the extension of gε by

G(q + ip) := 1√
1− 2κεP∗(q + ip)

− 1√
1− 2κP∗(q + ip)

,

13



which, by Lemma 3.2, we have shown is holomorphic in the strip S∗. In order to

apply Theorem 3.1, we wish to show that

(3.11)
ˆ
R
|G(q + ip)|2dq <∞, for − 2d ≤ p < 0

As in the earlier part of this proof, this is equivalent to checking

(3.12) 1√
1− 2κεP∗

− 1 ∈ L2
q for 0 ≤ ε� 1.

However, using the same argument following (3.10) and the fact that u, v → 0 as

|x| → ∞, we find that P∗ is square integrable and P∗ → 0 as |q| → ∞ and thus

(3.12) holds. Therefore, G satisfies the hypotheses of the Paley–Wiener Theorem 3.1.

Furthermore, since gε can be extended to a neighborhood of double strip S∗, The-

orem 3.1 provides for some σ > 0,
ˆ
R
|ĝε(k)|2e2k(d+σ)dk <∞,

ˆ
R
|ĝε(k)|2e−2k(d+σ)dk <∞.

Accordingly, following the logic used to obtain (3.4), we conclude

(3.13)
ˆ
R
|ĝε(k)|2e2|k|(d+σ)dk <∞.

We note here that the magnitude of σ depends on the magnitude of δ from the

holomorphic extension P∗ in Lemma 3.1. Namely, σ describes the additional region

outside S∗ on which G, the extension of gε, is holomorphic. �

Therefore, we conclude that ĥε ∈ L2 and the expression in (3.2) holds in the sense

of functions. So, we may proceed with finding the sought after bound. In fact, we

prove a stronger statement here. We first, by recalling (2.8) and the no stagnation

condition (2.5), note that hp > 0, h ≥ 0 (h > 0 except on the bed) and h ∈ W 1,∞.

Letting

M = ||hp||L∞ , m = inf hp,

we may write,

0 < m ≤ hp ≤M or 1
M2 ≤

1
h2
p

≤ 1
m2 .

14



Evaluating the above on the bed, we find

(3.14) 1
M2 ≤ 1− 2κp ≤ 1

m2 .

We are now prepared to prove the following.

Theorem 3.2 (Explicit result). For sufficiently small error ε satisfying (3.8),

(3.15) ||ηε − η||L2(R) ≤ A|ε|
σ
d+σ ,

where A = A(||p||L2 , d, σ,M,C) > 0.

Proof. We begin by deriving an explicit L2 bound for

F−1[ĝε(k)] = gε(q) = 1√
1− 2κεp(q)

− 1√
1− 2κp(q)

.

Employing (3.14), for ε sufficiently small,
1
M2 − ε2p ≤ 1− 2κεp ≤

1
m2 − ε2p.

Indeed, supposing ε is small enough so that
−1

2pm2 ≤ ε ≤ 1
4pM2 ,

we have
1

2M2 ≤ 1− 2κεp ≤
2
m2 .

Let us define

γ(q; ε) := 1√
1− 2κεp

.

Since γ is smooth in ε for |ε| � 1, we can make use of the Taylor expansion,

γ(q; ε) = γ(q; 0) + εγ′(q; ξ),

where ξ = ξ(q) satisfies |ξ| < |ε|. Therefore,∣∣∣∣∣
∣∣∣∣∣ 1√

1− 2κεp
− 1√

1− 2κp

∣∣∣∣∣
∣∣∣∣∣
L2

= ||γ(q; ε)− γ(q; 0)||L2

=
∣∣∣∣∣
∣∣∣∣∣ εp

[1− 2(κ+ ξ)p]3/2

∣∣∣∣∣
∣∣∣∣∣
L2

≤ |ε|(8M6)1/2
(ˆ

R
|p|2dq

)1/2

= 2
√

2|ε|M3||p||L2 .
15



Note that we used the inequality

1
2M2 ≤ 1− 2(κ+ ξ)p ≤ 2

m2 ,

which holds since ξ is smaller in magnitude than ε.

Let’s turn our attention back to bounding ĥε − ĥ using (3.2):

(3.16) ||ĥε(k)− ĥ(k)||2L2
k

= ||sinh(kd)
k

ĝε(k)||2L2
k
.

We note that

e−|k|d
sinh(kd)

k
≤ d, for all k ∈ R.

Therefore, combining the above, we have

(3.17) ||ĥε(k)− ĥ(k)||2L2
k
≤ d2||e|k|dĝε(k)||2L2

k
.

By Lemma 3.3, we know that the expression on the right-hand side of the inequality

in (3.17) is bounded. Let’s analyze this quantity in detail. In view of Lemma 3.3,

we know that ĝε(k)e|k|(d+σ/2) ∈ L2. Splitting up the integral, the right-hand side of

(3.17) then becomes

d2(
ˆ
BR(0)

|ĝε(k)|2e2|k|(d+σ
2 )e−|k|σdk +

ˆ
BR(0)c

|ĝε(k)|2e2|k|(d+σ
2 )e−|k|σdk) =: d2(I1 + I2),

where both I1 and I2 are bounded. We first analyze I1. Combining the exponential

terms and applying Plancherel’s Theorem, we immediately see that

I1 ≤ e2Rd
ˆ
BR(0)

|ĝε(k)|2dk ≤ e2Rd||ĝε||2L2 = e2Rd||gε||2L2 .

Analyzing I2, we find that

I2 ≤ e−Rσ
ˆ
BR(0)c

|ĝε(k)|2e2|k|(d+σ
2 )dk.

Applying Lemma 3.3,

I2 ≤ e−Rσ
ˆ
BR(0)c

C2e−2|k|(d+σ)e2|k|(d+σ
2 )dk = 2C2

σ
e−2Rσ.

Hence, combining the bounds for I1 and I2, we have

(3.18) ||ĥε(k)− ĥ(k)||2L2 ≤ d2
(
e2Rd||gε||2L2 + 2C2

σ
e−2Rσ

)
.

16



Minimizing the right-hand side above with respect to R, we see that the optimal

bound is achieved when

R = 1
2(d+ σ) log

(
2C2

d||gε||2L2

)
.

Evaluating (3.18) with this choice of R and incorporating the bound on ||gε||L2 found

above, we have

||ĥε − ĥ||2L2 ≤ |ε|
2σ
d+σ

d2(2
√

2M3||p||L2)
2σ
d+σ

[2C2

d

] d
d+σ

+ 2C2

σ

[
d

2C2

] σ
d+σ


= |ε|
2σ
d+σ

[
2
d+3σ
d+σ C

2d
d+σ

(
M2||p||L2

) 2σ
d+σ

(
d
d+2σ
d+σ + σ−1d

2d+3σ
d+σ

)]
.

Recalling that

||ηε − η||L2 = ||ĥε − ĥ||L2 ,

we have obtained the desired result (3.15) with

A = 2
d+3σ

2(d+σ)C
d

d+σ
(
M3||p||L2

) σ
d+σ

(
d
d+2σ
d+σ + σ−1d

2d+3σ
d+σ

)1/2
. �

4. Numerical Results

In this section, we present an elementary numerical investigation of the strength

of the bound (3.15). That is to say we wish to examine the exponent α = σ
d+σ of |ε|.

We begin by considering the expression

(4.1) h(q) := 1√
1− 2κp(q)

− 1.

In order to simplify the numerical problem, we handpick an expression for p so that

we can take the Fourier transform of the expression in (4.1). Specifically, we solve for

p by setting h equal to an L2 function with a well-behaved Fourier transform. In our

experiment, setting

h(q) = exp
(
−q

2

2

)
,

we find that

(4.2) p(q) = 2 + exp(−q2/2)
2κ(2 + exp(−q2/2) + exp(q2/2)) .

17



Error

cε

Figure 3. Error in the wave profile given error in the wave speed.

We observe that this expression for p may not be the dynamic pressure trace of a

true water wave because of how it was chosen. For this numerical study, we choose

the true wave speed to be c = 2 so that κ = 1/4. Then, (4.2) simplifies to

(4.3) p(q) = 2(2 + exp(−q2/2))
2 + exp(−q2/2) + exp(q2/2) .

We note that p ∈ L2 as is its derivative; both p and p′ decay to zero as |x| → ∞.

With this selection, we know that η is well-defined. In order to check that ηε is

defined as a function, we must first ensure that we can take the Fourier transform of

(4.4) hε := 1√
1− 2κεp

− 1.

Because of our specific selection of c, we find that

κε = 1
4 + ε.

We must establish that ε is small enough so that the radicand in the denominator of

(4.4) is strictly positive for all values of x. We can easily observe that the maximum

of p is 1.5. Therefore, we require that 1 > 3κε, which implies ε < 1/12. Hence, for

this experiment we will consider ε ∈ (− 1
12 ,

1
12). Requiring this bound on ε ensures

that, by Lemma 3.3 or simply plotting (4.4), hε ∈ L2 and thus, the Fourier transform

of hε exists and is in L2, as desired. Hence, ηε is well-defined since ĥε has the proper

decay.
18



(a) Comparison with |ε|α (b) Comparison for ε� 1

Figure 4. Comparison of numerical results.

For simplification, we choose d = 1. Employing (1.1), we numerically calculate

the error using the following:

(4.5) ||ηε − η||L2 =
∣∣∣∣∣
∣∣∣∣∣sinh(k)

k
[ĥε(k)− ĥ(k)]

∣∣∣∣∣
∣∣∣∣∣
L2
k

.

We use Mathematica in order to numerically calculate ĥε as well as the final error

value. Figure 3 is a plot of the error value against the wave speed cε. Here cε is

defined as in Theorem 1.1

As expected, the error is zero when cε is equal to the true wave speed (i.e. when

ε = 0). We note that the error is larger when cε < c because, as ε → 1/12, the

denominator of (4.4) gets very small.

In order the compare this numerical result to our analytical result, we plot this

error value against |ε|α for various values of α ∈ (0, 1) and ε small. The results are

in Figure 4. Observing these plots, we see that for ε � 1, our error is in fact less

than the bound |ε|α for α ∈ (0, 1/2). However for α ∈ [1/2, 1), the error is greater

than this bound. This is not completely unexpected. In our analytic derivation of

the bound, we find that

α = σ

d+ σ
,

where σ is the size of the neighborhood of analyticity for g. Under the assumptions

given in this experiment,

α = σ

1 + σ
.
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It is unknown a priori what σ should be, but it could be extremely small, causing α

to also be small.

These results suggest that (1.1) is not robust with respect to noise in the wave

speed. Our numerical investigation, along with Theorem 3.2, suggest that even with

very little noise in the measured wave speed, the error in the reconstruction of the

wave profile can be quite large. This conclusion prompts other lines of inquiry, such as

determining whether the bound presented in Theorem 3.2 could be improved or refin-

ing the numerical studies to better represent the physical problem. Nonetheless, our

initial investigation does indicate that (1.1) is susceptible to large errors given noisy

wave speed data and thus its practical application needs to be called into question.
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