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DAMPING AND STIFFENING FORCES OF A SQUEEZE-FILM  

BETWEEN TWO PLATES 

 

Shangyi Chen 

 

Dr. Frank Z. Feng, Thesis Supervisor 

 

ABSTRACT 

 

Silicon microstructures, especially sensors and actuators, are characterized by squeeze film 

between the moving elements and the fixed substrates. The effect of the squeeze film has 

been represented by the damping effect in previous studies. Our goal, however, is to 

quantify the stiffening effect, which affects the resonance frequency of the squeeze film 

and oscillator system. In this research, the finite difference method for rectangular 

geometries is applied to solve the nonlinear isothermal Reynold’s equation for the squeeze 

film. The approach is validated by comparison to numerical and theoretical results for small 

squeeze numbers. Attention is drawn to the elasticity of the air and the stiffening effect 

actually appears as a negative mass. The damping effect obtained from numerical solutions 

matches perfectly with the equivalent damping formula derived from the analytical formula. 

The dynamic response of sinusoidally forced oscillator involving one squeeze film is 

investigated by solving dynamic equation numerically in order to demonstrate the 

stiffening effect of the squeeze film.  Three main parameters are considered: the initial gap 

of the squeeze film, the excitation amplitude, and the excitation frequency. The relationship 

between the amplitude of the steady-state sinusoidal response and the excitation frequency 

is determined. We obtain the dependence of the resonance frequency on the initial gap and 

the forcing amplitude and identify conditions when the stiffening effect must be included 

in dynamic study of the structures with squeeze films.  
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Chapter 1 

INTRODUCTION 

1.1 Research background and motivation  

Micro-Electro-Mechanical System (MEMS) power harvesting devices, converting 

mechanical vibration energy into electrical energy by capacitive principles, often employ 

a microstructure whose geometry involves a squeeze film. It is also the same structure in 

MEMS accelerometers and sensors shown in Fig. 1.1. In MEMS accelerometer, the 

vibration motion is usually small. However, for power harvesting devices, it should vibrate 

a lot if we want to get more power. This means that sometimes two plates would become 

very close nearly contacting each other. This is the condition where we must consider the 

squeeze film effect. 

       

(a)                                                                     (b) 

Fig. 1.1 Application: (a) MEMS accelerator; (b) MEMS Sensor 

 

The effect of the squeeze film is approximated by a damping effect and a stiffening effect 

from the pressure distribution over the plate, which moves perpendicular toward the fixed 

substrate. Squeeze film effect is of significant interest in relative research, as it can 



2 

 

potentially change the dynamic behavior of MEMS devices. The quality factor Q of the 

mechanical structure is dependent on the squeeze film damping effect [1]. The squeeze 

film stiffening effect would shift the resonance frequency up at increasing pressures in 

some special circumstances [2]. Many studies have concentrated on squeeze film damping 

in the past decades. Griffin [3] presents the analysis of a fluid squeeze-film as a damper 

produced by two closely spaced plates.  Blech [4] investigates Griffin’s procedure to 

modify the frequency response of seismic accelerometers, and then their use has been 

described in more detail by Starr [5]. A comparison of the squeeze film theory [4] for small 

motion and experimental measurements is given by Andrews [6]. Numerical solution of 

squeeze film damping has been given by Yang and Senturia [7] for plate with large 

amplitude of oscillation, mostly on large squeeze numbers. Alexia and Jerome [8] present 

a reduced-order model of squeeze film damping phenomena valid for large displacements. 

Nayfeh and Younis simulate the dynamics of flexible microstructures under the effect of 

squeeze film damping and predict their quality factors for various gas pressures [9]. The 

effects of a constricted squeeze film on the dynamic performance of an optical 

microelectromechanical accelerometer have been studied experimentally by Perez and 

Shkel [10]. Bao and Yang present an overview of the recent progress of research on 

squeezed film air damping in MEMS [11]. 

 

The stiffening effect, however, has not been well-studied. In the early work, a rise in the 

resonance frequency of microstructures involving a squeeze film were recognized. The 

viscous damping effect of the squeeze film dominates at low forcing frequencies, but spring 

effects dominates at higher forcing frequencies [5][12][13]. Griffin [3] also noted that the 
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damper acts as spring at relative high frequencies. The simple models offered by Jazar [2] 

seem very appealing. They give the damping force and elastic force separately, which are 

dependent only on the gap and the time rate of the gap change. Godthi et al. [14] have 

studied that the squeeze film stiffening effect would change the resonant frequency of an 

inertial MEMS structure with experimental measurements and analytical calculations. 

Squeeze film stiffening effect can be used to raise the structure resonance frequency. It is 

of significant importance in the design of MEMS power harvesting and capacitor 

microphone structures [15], etc. 

 

1.2 Squeeze film  

For power scavenging from unwanted mechanical vibrations, we wish to allow the moving 

plate to have the largest amplitude of motion as possible. To investigate the squeeze film 

stiffening effect, we use an elastically suspended plate as the moving electrode of a 

capacitor. When the capacitor is charged, the vibration causes capacitance to change 

leading to voltage changes. Fig. 1.2 shows the front view of two plates involved with 

squeeze film and the top view of the plate. 

 

Fig. 1.2 Front view and top view of two plates involved with squeeze film  
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Squeeze film is an air film being squeeze between the moving plate and fixed substrate. 

The squeeze film damping and stiffening forces come from the pressure distribution on the 

plate surface. The damping of the system includes fluid damping due to squeeze force and 

air flow, and structural damping due to internal friction and support loses. 

 

Mathematical formulations for squeeze film effects have been available for many years. 

Perturbation results for small squeeze numbers have been obtained by Sadd and Stiffer [16]. 

They investigate both circular and rectangular geometry, and obtain the solution of the 

nonlinear Reynolds equation by expanding the pressure in powers of the squeeze number. 

Blech [4] and Griffin [3] linearized the Reynolds equation and develop formulas for 

calculating the squeeze film damping. But their models are limited for small oscillating 

amplitudes. Large oscillating amplitudes are common in some sensors like pull-in pressure 

sensors. In this case, nonlinear Reynolds equation is needed for calculation.  Antunes and 

Piteau have studied the nonlinearity in the squeeze film dynamics [17-18]. However, their 

work is limited to one-dimensional flow. Pandey and Pratap [1] have solved the nonlinear 

Reynolds equation considering all significant nonlinear terms in the flow between the 

rectangular plates while with more focus on damping characteristics. All work so far 

assumes constant viscosity. 

 

1.3 Thesis outlie 

This research studies both squeeze film damping and stiffening effects on a microstructure. 

Our main interest is to quantify the squeeze film stiffening effect by investigating the 

dynamics of a sinusoidally forced oscillator.  
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In Chapter 2, nonlinear Reynolds Equation is presented, discussed and solved by using the 

finite difference method. The total net force is derived and the convergence with spatial 

discretization is considered. 

 

Chapter 3 fully investigates the analytical formula describing the load capacity of the 

squeeze film. We figure out the relationship between analytical formula and different 

coefficients, and study the nonlinearity of analytical formula.  The comparison of 

numerical and analytical results gives strong support to the numerical method analyzed in 

Chapter 2. 

 

In Chapter 4, the dynamic model involved with one squeeze film is developed to 

demonstrate the squeeze film stiffening effect. Different transients under different initial 

conditions are studied thoroughly without periodic forcing to the moving plate. With 

periodic forcing, we exploit steady-state response to discuss the system nonlinearity, and 

to obtain the dependence of the resonance frequency on the initial gap and the forcing 

amplitude. 

 

Furthermore, in Chapter 5, experiment test is shown to prove that the squeeze film 

stiffening effect do exist in some specific conditions. Experiment conducting procedure is 

described in detail. Experimental test and its corresponding simulation results are presented. 
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To further understand and analyze the experimental results and their comparison with 

simulation results, discussions based on the analytical formula are brought out in Chapter 

6 of the thesis. 

 

Finally, Chapter 7 summarizes the main conclusions of the research and contains some 

recommendations for the future work. 

  



7 

 

(2.1) 

Chapter 2 

NUMERICAL STUDY 

A fully nonlinear study is needed for our research. Rectangular geometries are investigated 

shown as Fig. 1.2. We consider MEMS parallel plate capacitor model with one cavity 

which consists of a moving plate and a fixed plate. The moving plate is supported by 

suspension structure. Squeeze film forces come from the pressure distribution over the 

plate surface. To determine the air pressure distribution on the plate surface, nonlinear 

isothermal Reynolds equation needs to be solved. 

 

2.1 Reynolds equation 

The nonlinear isothermal Reynolds equation is considered in absence of tangential 

motion [12]  

𝜕

𝜕𝑥
(
𝜌𝑃𝑎ℎ3

12𝜇

𝜕𝑝

𝜕𝑥
) +

𝜕

𝜕𝑦
(
𝜌𝑃𝑎ℎ3

12𝜇

𝜕𝑝

𝜕𝑦
) =

𝜕(𝜌ℎ)

𝜕𝑡
 

for the domain 0 < 𝑥 < 𝐿𝑥, 0 < 𝑦 < 𝐿𝑦, where 𝐿𝑦 < 𝐿𝑥. In the above equation, 𝑃𝑎 is the 

ambient pressure, 𝑝  is the pressure non-dimensionalized by  𝑃𝑎 , and 𝜇  is the effective 

viscosity of air. 

 

Nonlinear isothermal Reynolds equation is a combination of the Navier-Stokes equation, 

the continuity equation and the equation of state [1]. For isothermal ideal gas, density 𝜌 is 

proportional to pressure 𝑝. The proportionality constant is canceled in the equation. Thus 

we have 
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(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

𝜕

𝜕𝑥
(
𝑝𝑃𝑎ℎ3

12𝜇

𝜕𝑝

𝜕𝑥
) +

𝜕

𝜕𝑦
(
𝑝𝑃𝑎ℎ3

12𝜇

𝜕𝑝

𝜕𝑦
) =

𝜕(𝑝ℎ)

𝜕𝑡
 

We assume that the narrow gap ℎ between the two rigid discs is uniform, therefore 

ℎ3𝑃𝑎

12𝜇
[
𝜕

𝜕𝑥
(𝑝

𝜕𝑝

𝜕𝑥
) +

𝜕

𝜕𝑦
(𝑝

𝜕𝑝

𝜕𝑦
)] =

𝜕(𝑝ℎ)

𝜕𝑡
 

i.e. 

𝜕(𝑝ℎ)

𝜕𝑡
=

ℎ3𝑃𝑎

24𝜇
(

𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
)𝑝2 

Let 

ℎ̃ = ℎ/ℎ0, �̃� = 𝑥/𝐿𝑥, �̃� = 𝑦/𝐿𝑥, �̃� = 𝜔𝑡 

where 𝜔 is the frequency of external forcing, ℎ is gap thickness between two plates and ℎ0 

is the initial gap between two plates. We have a non-dimensional form 

𝜕(𝑝ℎ̃)

𝜕�̃�
=

𝑃𝑎

24𝜇𝜔
(
ℎ0

𝐿𝑥
)
2

ℎ3 (
𝜕2

𝜕 �̃�2
+

𝜕2

𝜕�̃�2
)𝑝2 

For the domain 

0 < �̃� < 1 , 0 < �̃� < γ 

where 

γ =
𝐿𝑦

𝐿𝑥
 

Let 

σ =
12𝜇𝜔

𝑃𝑎
(
𝐿𝑥

ℎ0
)

2

 

as squeeze number 

we have 

𝜕(𝑝ℎ̃)

𝜕�̃�
=

ℎ̃3

2σ
(

𝜕2

𝜕 �̃�2
+

𝜕2

𝜕�̃�2
)𝑝2 
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(2.11) 

(2.12) 

(2.13) 

For uniform gap 

𝜕(𝑝ℎ̃)

𝜕�̃�
=

ℎ̃

2σ
(

𝜕2

𝜕 �̃�2
+

𝜕2

𝜕�̃�2
) (𝑝ℎ̃)

2
 

Equation (2.11) alone may suggest a proportional relationship between pressure and the squeeze 

number . 

 

2.2 Finite difference method 

Using finite difference method, we divide the rectangular plate into a grid of  𝑚 × 𝑛 

identical rectangles. Since we might consider the onset of symmetry breaking later on, we 

consider the whole plate geometry shown as Fig. 1.2. Since the pressure on the edges is 

known, there are (𝑚 − 1) × (𝑛 − 1) nodes with unknown pressure. Denote the pressure at 

these nodes as  𝑝𝑖𝑗,  𝑖 = (1,… , (𝑚 − 1)),  𝑗 = (1,… , (𝑛 − 1)) . We use the following 

approximation for the Laplace operator:  

(
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
)𝑝𝑖𝑗

2 =
1

𝛿𝑥2
[𝑝(𝑖−1)𝑗

2 + 𝑝(𝑖+1)𝑗
2 − 2𝑝𝑖𝑗

2 ] +
1

𝛿𝑦2
[𝑝𝑖(𝑗−1)

2 + 𝑝𝑖(𝑗+1)
2 − 2𝑝𝑖𝑗

2 ] 

 

To write the Reynolds equation as the following 

𝑑(ℎ𝑝𝑖𝑗)

𝑑𝑡
=

𝑃𝑎ℎ3

24𝜇
(

𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
)𝑝𝑖𝑗

2 
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(2.14) 

(2.15) 

(2.16) 

(2.17) 

 

Fig. 2.1 Node numbering scheme 

The boundary condition is  

𝑝1𝑗 = 𝑝𝑚𝑗 = 𝑝𝑖1 = 𝑝𝑖𝑛 = 1 

We finally can formulate the following dynamical system 

�̇� = 𝑓(𝑧, 𝑡) 

where 

𝑧 = [
ℎ𝑝11

…
ℎ𝑝𝑚𝑛

] 

The dynamical system in equation (2.15) can be solved numerically using standard ODE 

solvers such as 4th order Runge-Kutta methods.  

 

To calculate the squeeze film force from the calculated pressure, we first obtain the force 

over one grid. If pressure over one grid is interpolated as follows:  

𝑝(�̃�, �̃�) =
𝛿𝑥𝛿𝑦

4
(𝑝𝑖𝑗(1 − 𝜉)(1 − 휂) + 𝑝(𝑖+1)𝑗𝜉(1 − 휂) + 𝑝𝑖(𝑗+1)(1 − 𝜉)휂

+ 𝑝(𝑖+1)(𝑗+1)𝜉휂) 
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(2.18) 

(2.19) 

(2.20) 

(2.21) 

where  

𝜉 =
�̃� − �̃�𝑖

𝛿𝑥
,  휂 =

�̃� − �̃�𝑗

𝛿𝑦
,  𝛿𝑥 =

1

𝑚 − 1
,  𝛿𝑦 =

𝐿𝑦 𝐿𝑥⁄

𝑛 − 1
 

We found that the force over one grid is given by:  

𝑓𝑠𝑞
𝑖𝑗

=
𝛿𝑥𝛿𝑦

4
(𝑝𝑖𝑗 + 𝑝(𝑖+1)𝑗 + 𝑝𝑖(𝑗+1) + 𝑝(𝑖+1)(𝑗+1)) 

Since the dimensionless ambient pressure is 1, the total net force is thus given by 

𝑓𝑠𝑞 = 𝛿𝑥𝛿𝑦 ∑ ∑(𝑝𝑖𝑗 − 1)

𝑛−1

𝑗=2

𝑚−1

𝑖=2

 

Dividing the above by the dimensionless area (𝑚 − 1)(𝑛 − 1)𝛿𝑥𝛿𝑦, we obtain the average 

dimensionless pressure by the squeeze film:  

𝑝𝑠𝑞 =
1

(𝑚 − 1)(𝑛 − 1)
∑ ∑(𝑝𝑖𝑗 − 1)

𝑛−1

𝑗=2

𝑚−1

𝑖=2

 

For small squeeze number, the system of ordinary differential equations is stiff. Time steps 

must be small enough in order to avoid numerical instability. When numerical instability 

sets in, the pressure at neighboring nodes grows in magnitude but with opposite algebraic 

signs. We found that the integration function of ode23s in Matlab is well equipped for our 

system.  

 

2.3 Convergence 

Then, we would like to figure out appropriate numbers to divide the rectangular plate.  In 

general, with fewer elements, we have less accurate results. On the other hand, with more 

elements, results could be more accurate at the cost of more computational time. It is 

necessary to find the appropriate elements so that computation can be done in more 
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reasonable amount of time. Therefore, convergence with spatial discretization is 

considered to determine the discretization that’s adequate. We have carried out integration 

with 3 different spatial discretization: (i) 𝑚=𝑛=7, (ii) 𝑚=𝑛=17, (iii) 𝑚=𝑛=27. We assume 

that  ℎ = ℎ0(1 + 휀𝑠𝑖𝑛�̃�) , then ℎ̃ = ℎ/ℎ0 =1 + 휀𝑠𝑖𝑛�̃� . 휀 is displacement amplitude. The 

average pressure obtained for different sigma and delta is shown in Fig. 2.2. Curves for (ii) 

and (iii) almost overlap with each other in each figure. So we choose 𝑚=𝑛=17 in the future 

calculation. 

 

(a) 

 

(b) 
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(c) 

Fig. 2.2 Convergence under different conditions: (a)σ = 0.001, ℎ̃ = 1 + 0.001 sin �̃� , δ�̃� =

0.002; (b) σ = 0.001, ℎ̃ = 1 + 0.01 sin �̃� , δ�̃� = 0.002; (c) σ = 0.001, ℎ̃ = 1 + 0.1 sin �̃� , δ�̃� =

0.002 

 

In Fig. 2.2 (a), the time when the maximum and the minimum of the average pressure appear are 

around 3.152 and 6.276 respectively. Thus the curves are nearly sinusoidal. In Fig. 2.2 (b), the time 

when the maximum and the minimum of the average pressure appear are around 3.19 and 

6.26 respectively. Thus the curves are nearly sinusoidal. In Fig. 2.2 (c), it is demonstrated 

clearly that these curves are not symmetric indicating that they are distorted from sinusoidal. 

Therefore, there exists strong nonlinearity with large oscillation amplitude 휀 in Fig. 2.2 (c). 

It is then concluded that nonlinearity begins to appear with the increase of the oscillation 

amplitude 휀. 
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(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

Chapter 3 

THEORETICAL STUDY 

Sadd and Stiffer [16] obtained perturbation results for small squeeze numbers for circular 

and rectangular geometries. The pressure distribution depends on two space variables 𝑥 

and 𝑦 and the time 𝑡 [16]. The perturbation results included the second order term which 

reflects the stiffening effect. For the rectangular geometry, their results are given in terms 

of “load capacity” defined as equation (3.1): 

𝑊∗

𝑝𝑎𝐿𝑥𝐿𝑦
= 𝑊(𝑡) = ∫ ∫ (𝑝 − 1)𝑑�̃�𝑑�̃�

1

0

𝛾

0

 

where 𝛾 =
𝐿𝑦

𝐿𝑥
 is the aspect ratio of rectangular plate.  

 

For the rectangular geometry, the dimensionless load carrying capacity as a function of 

time is defined by 

𝑊(𝑡) = −𝑐1

𝜎

2ℎ̃3

𝑑ℎ̃

𝑑�̃�
+ 𝑐2

𝜎2

16
[
1

ℎ̃5

𝑑2ℎ̃

𝑑�̃�2
−

5

2ℎ̃6
(
𝑑ℎ̃

𝑑�̃�
)

2

] 

where  

𝑐1 = ∑
1

𝛼4
(1 −

tanh𝛼𝛾

𝛼𝛾
)

∞

𝑘=1

 

𝑐2 = ∑
1

𝛼6
[3 (1 −

tanh𝛼𝛾

𝛼𝛾
) − tanh2 𝛼𝛾]

∞

𝑘=1

 

𝛼 = (2𝐾 − 1)
𝜋

2
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3.1 Coefficients in analytical force 

When the formula W (t) was derived, it is not assumed that 𝐿𝑥 has to be the longer 

dimension. Thus we want to check whether the final value of 𝑊∗ remain the same if the 

assumption of  𝐿𝑥  changes (𝐿𝑥 changes from longer dimension to shorter dimension). 

Let ℎ0 = 1𝑚𝑚,𝜔 = 2𝜋 ∗ 1000𝑟𝑎𝑑/𝑠𝑒𝑐. Results are listed in Table 3.1 and Table 3.2. 

 

Table 3.1 Coefficients in the squeeze film force 

𝐿𝑦/𝐿𝑥 𝑐1 𝑐2 𝑐1𝜎 𝑐2𝜎
2 

0.1/1 0.00156163 0.000012061 2.11006 × 10−8 2.20207 × 10−15 

0.2/1 0.00582634 0.000172629 7.87252 × 10−8 3.15175 × 10−14 

0.3/1 0.0121640 0.000770983 1.64360 × 10−7 1.40761 × 10−13 

0.4/1 0.0199492 0.00211446 2.69553 × 10−7 3.86044 × 10−13 

0.5/1 0.0285852 0.00440411 3.86242 × 10−7 8.04072 × 10−13 

0.6/1 0.0375502 0.00767531 5.07376 × 10−7 1.40130 × 10−12 

0.7/1 0.046435 0.0118129 6.27428 × 10−7 2.15672 × 10−12 

0.8/1 0.0549544 0.0166092 7.42542 × 10−7 3.03238 × 10−12 

0.9/1 0.0629344 0.0218259 8.50368 × 10−7 3.98482 × 10−12 

1.0/1 0.0702885 0.0272402 9.49735 × 10−7 4.97332 × 10−12 

 

Table 3.2 Coefficients in the squeeze film force exchanging coordinate 𝐿𝑥 and 𝐿𝑦 

𝐿𝑦/𝐿𝑥 𝑐1 𝑐2 𝑐1𝜎 𝑐2𝜎
2 

1/0.1 0.156163 0.120613 2.11006 × 10−8 2.20207 × 10−15 

1/0.2 0.145658 0.107893 7.87252 × 10−8 3.15175 × 10−14 

1/0.3 0.135156 0.0951831 1.64360 × 10−7 1.40761 × 10−13 

1/0.4 0.124683 0.0825961 2.69553 × 10−7 3.86044 × 10−13 

1/0.5 0.114341 0.0704658 3.86242 × 10−7 8.04072 × 10−13 

1/0.6 0.104306 0.0592231 5.07376 × 10−7 1.40130 × 10−12 

1/0.7 0.0947653 0.0492000 6.27428 × 10−7 2.15672 × 10−12 

1/0.8 0.0858663 0.0405497 7.42542 × 10−7 3.03238 × 10−12 

1/0.9 0.0776968 0.0332661 8.50368 × 10−7 3.98482 × 10−12 

1/1.0 0.0702885 0.0272402 9.49735 × 10−7 4.97332 × 10−12 

 



16 

 

Although 𝑐1  and 𝑐2  are dependent on the choice of the length scale in non-dimension,  

𝑐1𝜎 and 𝑐2𝜎
2 are the same which means the physical force W (t) not dependent on the 

choice. This study gives us further confidence about our program and about our 

understanding for physical force W (t). 

 

3.2 Squeeze number  

The key parameter in the nonlinear Reynold’s Equation is the squeeze number σ, which 

measures the compression of the fluid in the gap [7]. It is defined as equation (2.9).  

σ =
12𝜇𝜔

𝑃𝑎
(
𝐿𝑥

ℎ0
)

2

 

When σ is close to 0 or at low frequency, the squeeze film is nearly incompressible viscous 

flow. In this case, the air film can come out of the gap without being squeezed. When σ is 

very large or at high frequency, the air film is compressed and behaves like a spring [7]. 

The relationship between sigma and ratio  𝐿𝑥/ℎ0 is shown as Fig. 3.1. 

 

Fig. 3.1 Relationship between squeeze number σ and ratio  𝐿𝑥/ℎ0 
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3.3 Analytical force 

When  𝑚 = 𝑛 = 17, 𝜎 = 0.01, ℎ̃ = 1 + 0.01 sin �̃� ,  𝛿�̃� = 0.01, dℎ̃ = 0.01 cos �̃� , we carry 

out figures showing the relationship of gap, gap velocity and the total net force from 

equation (2.20). 

 

Fig. 3.2 Relationship of gap, gap velocity and the total net force 

 

According to equation (3.2), for small sigma and for ℎ̃ very close to 1, the force should be 

proportional to the gap velocity. Fig. 3.2 is identical with the theory.  

 

If  ℎ̃ = 1 + 휀 sin �̃�, we can figure out the relationship between the amplitude of W (t) ，

displacement amplitude ε and squeeze number σ. Fig. 3.3 and Fig. 3.4 clearly demonstrate 

the trend. Table 3.3 and Table 3.4 listed some specific values.  
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Fig.3.3 Amplitude of W (t) as a function of ε with different σ 

 

Each curve is gained by changing ε with fixed 𝜎.  

 

Table 3.3 Selected values of W (t) amplitude in Fig. 3.3 

σ 
 

              휀 

 

0.5 

 

0.6 

 

0.7 

 

0.8 

0.001 1.7580e-05 2.1099e-05 2.4620e-05 2.8142e-05 

0.1 1.8403e-03 2.1852e-03 2.5787e-03 2.9485e-03 

0.2 4.1907e-03 5.0334e-03 5.8780e-03 6.7246e-03 

0.3 7.7342e-03 9.2979e-03 1.0869e-03 1.2448e-02 

0.4 1.3743e-02 1.6556e-02 1.9401e-02 2.2281e-02 

0.45 1.8477e-02 2.2173e-02 2.6211e-02 3.0197e-02 

0.5 2.5249e-02 3.0612e-02 3.6149e-02 4.1897e-02 

0.55 3.5452e-02 4.3350e-02 5.1726e-02 6.0686e-02 

0.6 5.2140e-02 6.4939e-02 7.9138e-02 9.4936e-02 

0.65 8.3529e-02 1.0774e-01 1.3576e-01 1.6775e-01 

0.7 1.5572e-01 2.1007e-01 2.7402e-01 3.4766e-01 

0.75 3.6098e-01 5.0478e-01 6.7459e-01 8.7052e-01 

0.8 1.0978 1.5653 2.1178 2.7554 
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Fig. 3.4 Amplitude of W (t) as a function of σ with different ε 

 

Each curve is gained by changing 𝜎 with fixed ε.  

 

Table 3.4 Selected values of W (t) amplitude in Fig. 3.4 

ε 
 

              𝜎 

 

0.76 

 

0.78 

 

0.8 

 

0.82 

0.001 3.9136e-04 4.9368e-04 6.3555e-04 8.3876e-04 

0.1 4.1534e-02 5.4006e-02 7.3392e-02 1.0665e-01 

0.2 9.7136e-02 1.3636e-01 2.0431e-01 3.2999e-01 

0.3 1.7994e-01 2.6607e-01 4.1744e-01 6.9923e-01 

0.4 2.9410e-01 4.4653e-01 7.1513e-01 1.2158 

0.45 3.6321e-01 5.5600e-01 8.9585e-01 1.5293 

0.5 4.4039e-01 6.7824e-01 1.0978 1.8797 

0.55 5.2567e-01 8.1339e-01 1.3209 2.2671 

0.6 6.1903e-01 9.6136e-01 1.5653 2.6911 

0.65 7.2049e-01 1.1222 1.8310 3.1524 

0.7 8.3005e-01 1.2959 2.1178 3.6504 

0.75 9.4772e-01 1.4825 2.4260 4.1850 

0.8 1.0735 1.6819 2.7554 4.7570 
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(3.6) 

(3.8) 

(3.7) 

From Fig. 3.3 and Fig. 3.4, we can conclude that the amplitude of W (t) will increase with 

both displacement amplitude ε and squeeze number σ. It is also noted that the amplitude of 

W (t) will change significantly when displacement amplitude is relatively large. 

 

In equation (3.2), the first term represents the damping effect and the second term reflects 

the stiffening effect. The third term is nonlinear and we do not known exactly its physical 

meaning. W (t) can be separated as 

𝑊(𝑡)𝑑𝑎𝑚 = −𝑐1

𝜎

2ℎ̃3

𝑑ℎ̃

𝑑�̃�
 

𝑊(𝑡)𝑠𝑡𝑖𝑓𝑓 = 𝑐2

𝜎2

16

1

ℎ̃5

𝑑2ℎ̃

𝑑�̃�2
 

𝑊(𝑡)𝑛𝑜𝑛𝑙𝑖𝑛 = −𝑐2

𝜎2

16

5

2ℎ̃6
(
𝑑ℎ̃

𝑑�̃�
)2 

where 𝑊(𝑡)𝑑𝑎𝑚  represents damping term, 𝑊(𝑡)𝑠𝑡𝑖𝑓𝑓  represents stiffening term and 

𝑊(𝑡)𝑛𝑜𝑛𝑙𝑖𝑛 represents nonlinear term. 

 

If  ℎ̃ = 1 + 휀 sin �̃� , we can figure out curves about 𝑊(𝑡)𝑑𝑎𝑚 , 𝑊(𝑡)𝑠𝑡𝑖𝑓𝑓  and 𝑊(𝑡)𝑛𝑜𝑛𝑙𝑖𝑛 

under different values of σ and ε in Fig. 3.5. 

 
(a)                                                                     (b) 
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(3.9) 

 
(c)                                                                      (d) 

Fig. 3.5 Three terms of W (t): (a)σ = 0.1, ε = 0.1, δ�̃� = 0.001; (b)σ = 0.1, ε = 0.8, δ�̃� =

0.001; (c)σ = 0.3, ε = 0.1, δ�̃� = 0.001; (d)σ = 0.3, ε = 0.8, δ�̃� = 0.001 

 

It is concluded that damping and stiffening terms are almost linear with small displacement 

amplitude ε as shown in Fig, 3.5 (a) and Fig, 3.5 (c), while damping and stiffening terms 

are nonlinear with large displacement amplitude ε as shown in Fig, 3.5 (b) and Fig, 3.5 (d). 

If the concern for the analytical formula is with small displacement amplitudes, ℎ̃ = 1 +

휀ℎ𝑏 is substituted into equation (3.2) where ℎ𝑏 = 𝑠𝑖𝑛 �̃�, and then is expanded in Taylor 

series in epsilon 휀. Terms up to and including O (휀2) will be retained in the analysis. Thus 

we get equation (3.9). 

 W(t) = −𝑐1

𝜎

2(1 + 휀ℎ1)3
× 휀 ×

𝑑ℎ1

𝑑�̃�

+ 𝑐2

𝜎2

16
[

1

(1 + 휀ℎ1)5
× 휀 ×

𝑑2ℎ1

𝑑�̃�2
−

5

2(1 + 휀ℎ1)6
(휀

𝑑ℎ1

𝑑�̃�
)
2

] 

Equation (3.9) will then be simplified into equation (3.10):  
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(3.10) 

W(t) = −𝑐1 ×
1

2
(1 − 3휀ℎ1) × 휀 ×

𝑑ℎ1

𝑑�̃�

+ 𝑐2

𝜎2

16
[(1 − 5휀ℎ1) × 휀 ×

𝑑2ℎ1

𝑑�̃�2
−

5

2
(1 − 6휀ℎ1) (휀

𝑑ℎ1

𝑑�̃�
)
2

]

= (−𝑐1

1

2
σ

𝑑ℎ1

𝑑�̃�
+ 𝑐2

𝜎2

16

𝑑2ℎ1

𝑑�̃�2
) ε

+ (𝑐1

3

2
σh1

𝑑ℎ1

𝑑�̃�
− 𝑐25

𝜎2

16
h1

𝑑2ℎ1

𝑑�̃�2
− 𝑐2

𝜎2

16

5

2
(
𝑑ℎ1

𝑑�̃�
)

2

) 휀2 

By utilizing this method, the nonlinearity of load capacity W (s) would be thoroughly 

studied. Different squeeze number  σ  and displacement amplitude  ε  are analyzed, and 

results showing the relationship between W (t) and ℎ𝑏 are demonstrated in Fig. 3.6. 

 

                          (a)                 (b) 
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                          (c)                 (d) 

 

                          (c)                                         (d) 

Fig. 3.6 Load capacity W (t):   (a)σ = 0.001, ε = 0.001, δ�̃� = 0.001; (b)σ = 0.001, ε =

0.1, δ�̃� = 0.001 ; (c)σ = 0.001, ε = 0.8, δ�̃� = 0.001 ; (d)σ = 0.01, ε = 0.1, δ�̃� = 0.001 ; 

(e)σ = 0.1, ε = 0.5, δ�̃� = 0.001; (f)σ = 0.1, ε = 0.8, δ�̃� = 0.001 

 

With very small displacement amplitude ε,  ℎ̃ ≈ 1 and 휀2 ≈ 0 in equation (3.10). In this 

case, if squeeze number σ is very small as well, W (t) would be proportional to ℎ̃ as shown 

in Fig. 3.6 (a) which indicates that W (t) is linear. This conclusion is very constant with 

equation (3.2). In other cases, W (t) would demonstrate significant nonlinearity.  
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3.4 Comparison of numerical and analytical results  

After the analysis of load capacity W (t), the comparison of numerical results and analytical 

results is presented. 

(a)                                                                          (b) 

Fig. 3.7 Comparison of numerically computed force with theoretical results that include (a) 

damping term alone; (b) both damping and stiffening term for σ = 0.1, ℎ̃ = 1 + 0.5 sin �̃�. 

Numerical calculation used 𝑚=𝑛=17 and δ�̃� = 0.1. 

  
(a)                (b) 

Fig. 3.8 Comparison of numerically computed force with theoretical results that include (a) 

damping term alone; (b) both damping and stiffening term for σ = 0.1, ℎ̃ = 1 + 0.8 sin �̃�. 

Numerical calculation used 𝑚=𝑛=17 and δ�̃� = 0.1. 
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(a)                                                                          (b) 

Fig. 3.9 Comparison of numerically computed force with theoretical results that include (a) 

damping term alone; (b) both damping and stiffening term for σ = 0.1, ℎ̃ = 1 + 0.85 sin �̃�. 

Numerical calculation used 𝑚 = 𝑛 = 17 and δ�̃� = 0.1. 

 

The amplitude of oscillation ε  are 0.5, 0.8, and 0.85 respectively. All the curves are 

distorted from sinusoidal curves because of squeeze film effects. In Fig. 3.7, numerically 

computed results compare very well with perturbation results for small squeeze numbers 

and small amplitude sinusoidal motions. Simulations of large amplitude sinusoidal motions 

show that the nonlinear effects of the pressure force are dramatic in low speed frequency. 

In Fig. 3.8 and Fig. 3.9, numerical and theoretical curves do not overlap. The reason is that 

perturbation results are limited to small squeeze numbers. However, the numerical method 

does not have this restriction which indicates this method is more accurate. We can also 

conclude that the second order term which reflects the stiffening effect does not help to 

improve the agreement with the theory. In other words, perturbation results including the 

second order term can’t be used to study the case when the gap is almost closing. 
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Chapter 4  

DYNAMIC STUDY 

4.1 Basic model 

In MEMS power harvesting devices design, the mechanical vibration usually need to be 

converted into electrical power. The basic idea is that we have a fixed substrate and a 

moving plate on the top which is supported by the suspension structure acted like a spring. 

When we have parallel plates, the electrical capacity is given by air property, plate area and 

the gap thickness. When the moving plate vibrates, the electrical capacity will change. Fig. 

4.4 demonstrates the basic model. 

 

Fig. 4.1 Free body diagram 

 

The equilibrium position represents the natural hanging position of the moving plate. The 

displacement of the moving plate is denoted as  𝑦(𝑡) . Positive 𝑦(𝑡)  indicates that the 

moving plate is above the equilibrium position and negative 𝑦(𝑡) indicates that the moving 

plate is below the equilibrium position. The dashpot part 𝑐 represents the damping coming 

from the elastic support and it could be extremely low. We can consider the total spring 
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constant to be 𝑘. In Fig. 4.1, there exists force W(𝑡)∗ from the squeeze film. Thus we have 

dynamic equation (4.1) 

𝑚�̈� = −𝑐�̇� − 𝑘𝑦 + 𝑊(𝑡)∗ 

For simulation, we use the total net force obtained from the finite different solution. 

From equation (2.20) and (3.1), we have  

𝑓𝑠𝑞 = 𝛿𝑥𝛿𝑦 ∑ ∑(𝑝𝑖𝑗 − 1)

𝑛−1

𝑗=2

𝑚−1

𝑖=2

 

W(𝑡)∗

𝑝𝑎𝐿𝑥𝐿𝑦
= 𝑊(𝑡) = ∫ ∫ (𝑝 − 1)𝑑�̃�𝑑�̃�

1

0

𝛾

0

 

Thus 

W(𝑡)∗ = 𝑝𝑎𝐿𝑥𝐿𝑦𝛿𝑥𝛿𝑦 ∑ ∑(𝑝𝑖𝑗 − 1)

𝑛−1

𝑗=2

𝑚−1

𝑖=2

 

The unit the moving plate displacement 𝑦(𝑡) may be micrometer. For ease of writing the 

equation, we replace 𝑦(𝑡) with 𝑥(𝑡) which is the displacement of the moving plate from 

the equilibrium position non-dimensionalized by the initial gap ℎ0.  

Let 

𝑦(𝑡) = ℎ0𝑥(𝑡) 

where 

𝑥 =
1

ℎ0
(ℎ − ℎ0) 

Thus we have 

ℎ̃ = 1 + 𝑥 

Substitute equation (4.3) into (4.1) we obtain 

(4.1) 

(4.2) 

(4.3) 

(4.4) 

(4.5) 
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�̈� = −
𝑐

𝑚
�̇� −

𝑘

𝑚
𝑥 +

1

𝑚ℎ0
W(𝑡)∗ 

For convenience, we let 

𝑘

𝑚
= 𝜔0

2 ,
𝑐

𝑚
= 2𝜔0휁 

where 휁 represents the damping from the suspension structure, 𝜔0 represents the resonance 

frequency of the small amplitude oscillation. 

 

Combining equation (4.2), (4.6) and (4.7) we obtain 

�̈� = −2𝜔0휁�̇� − 𝜔0
2𝑥 +

𝑝𝑎𝐿𝑥𝐿𝑦

𝑚ℎ0
𝛿𝑥𝛿𝑦 ∑ ∑(𝑝𝑖𝑗 − 1)

𝑛−1

𝑗=2

𝑚−1

𝑖=2

 

Thus we finally can formulate the following dynamical system 

�̇� = 𝑓(𝑧, 𝑡) 

where 

𝑧 =

[
 
 
 
 
ℎ𝑝11

…
ℎ𝑝𝑚𝑛

𝑥
�̇� ]

 
 
 
 

 

 

4.2 Cases study 

If we look at MEMS devices, we assume that natural frequency 𝜔0 = 2𝜋 × 1000𝑟𝑎𝑑/𝑠𝑒𝑐. 

The material of the plate is silicon and its density is 𝜌𝑠 = 2328.3𝑘𝑔/𝑚3. It is assumed that 

the dimension of plate is 1𝑚𝑚 by 1𝑚𝑚 and the thickness is 0.01𝑚𝑚. Atmosphere 

pressure 𝑃𝑎 = 1.01 × 105 𝑁

𝑚2 . For air velocity at one atmosphere pressure, we have μ =

1.81 × 10−5 𝑁 𝑠𝑒𝑐

𝑚2 . 

(4.6) 

(4.7) 

(4.8) 

(4.9) 
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When the moving plate is far away from the fixed substrate and the damping from the 

structure ζ ≠ 0, the damping from the squeeze film can be negligible while the damping 

from the structure can be dominate. We let ℎ0 = 100𝑚𝑚, 휁 = 0.1. 𝑥(0) represents the 

initial condition where the moving plate is. Time step 𝛿�̃� = 0.00001. 

 

(a)                                                                     (b) 

 

(c)                                                                    (d) 

Fig. 4.2 The transition with  ℎ0 = 100𝑚𝑚  under different initial conditions  𝑥(0) : 

(a) 𝑥(0) = 0.1; (b) 𝑥(0) = 0.3; (c) 𝑥(0) = 0.5; (d) 𝑥(0) = 0.95 

 

From Fig. 4.2, it is concluded that the damping of the structure makes the displacement of 
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the moving plate decline. Four curves have the same trend under different initial conditions 

𝑥(0). 

 

When the moving plate is close to the fixed substrate and the damping from the 

structure  ζ = 0,  the damping from the squeeze film can be dominate. Time step 𝛿�̃� =

0.00001. 

 

(a) 
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(b) 

 

(c) 
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(d) 

Fig. 4.3 The transition under different initial conditions  𝑥(0) and  ℎ0 : (a)  𝑥(0) = 0.1; 

(b) 𝑥(0) = 0.3; (c) 𝑥(0) = 0.5; (d) 𝑥(0) = 0.95 

 

From Fig. 4.3, it is concluded that when the initial gap ℎ0 is the same, curves have the same 

trend under different initial conditions 𝑥(0). When the initial conditions 𝑥(0) is the same, 

the damping of the squeeze film will increase with the decrease of the initial gap ℎ0. The 

curve with large squeeze film damping effect will decline rapidly. 

 

When the moving plate is close to the fixed substrate and the damping from the 

structure ζ ≠ 0, the damping from the suspension structure and the squeeze film will both 

exist. We let ℎ0 = 1𝑚𝑚, 휁 = 0.1. Time step 𝛿�̃� = 0.00001. 
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(a)                                                                         (b) 

 

(c)                                                                       (d) 

Fig. 4.4 The transition with  ℎ0 = 1𝑚𝑚 under different initial conditions 𝑥(0): (a) 𝑥(0) =

0.1; (b) 𝑥(0) = 0.3; (c) 𝑥(0) = 0.5; (d) 𝑥(0) = 0.95 

 

From Fig. 4.4, it is demonstrated that curves decline more rapidly with damping effect from 

both the suspension structure and the squeeze film. Four curves have the same trend under 

different initial conditions 𝑥(0). 

 

In other words, when the damping of the whole system is nearly 0, the motion of the plate 

can be sinusoidal forever. If there exists damping, the motion will decline. From Fig.4.2, 



34 

 

Fig.4.3 and Fig.4.4, it is concluded that when the initial gap is getting larger the squeeze 

film effect can nearly be negligible. This means the motion of the displacement is mainly 

decided by the oscillation of the top plate. When the gap is small in comparison to the plate, 

the air in the gap can exert a significant force on the plate. If the damping of the silicon 

structures is extremely low, the squeeze film damping can become dominate. Otherwise 

the damping of the silicon structure can still have a large effect on the motion. 

 

4.3 Equivalent Damping 

Equivalent damping is an approximation for small amplitude oscillation. That is what we 

calculate when the nonlinear effect of the squeeze film is not that important. The fluid 

damping effect can be included just by adjusting the structure damping if the squeeze film 

effect is not too big. This method is kind of useful sometimes. In this case, the oscillator is 

assumed linear and the damping from the squeeze film is added instead of solving the 

Reynolds equation. For equivalent damping, we just take the damping term in analytical 

formula for calculation. So it is appropriate if the nonlinearity is not that important.  

 

The damping term of the analytical formula is shown in equation (3.6) as:  

𝑊(𝑡)𝑑𝑎𝑚 = −𝑐1

𝜎

2ℎ̃3

𝑑ℎ̃

𝑑�̃�
 

Thus 

𝑊𝑑𝑎𝑚
∗ = 𝑃𝑎𝐿𝑥𝐿𝑦𝑊(𝑡)𝑑𝑎𝑚 

Combining equation (4.6) and (3.6), we can have the following equation 

1

𝑚ℎ0
𝑃𝑎𝐿𝑥𝐿𝑦 (−𝑐1

𝜎

2ℎ̃3

𝑑ℎ̃

𝑑�̃�
) = −

1

𝑚

𝑃𝑎𝐿𝑥𝐿𝑦

ℎ0
𝑐1

𝜎

2ℎ̃3

𝑑ℎ̃

𝑑�̃�
 

(4.10) 

(4.11) 
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Then equation (4.7) and equation (4.11) is compared and the equivalent damping ζ of the 

squeeze film is defined as  

ζ𝑑𝑎𝑚 =
𝑃𝑎𝐿𝑥𝐿𝑦

ℎ0
𝑐1

𝜎

2ℎ̃3

1

2√𝑚𝑘
 

It is noted that ℎ̃ ≈ 1 is for small amplitude oscillation 𝑥 based on equation (4.5). Here, we 

use 𝑥 = 0.01.  

 

For the first set of comparison, one calculation is using structure damping as equivalent 

damping ζ𝑑𝑎𝑚. The other one is solving Reynolds equation by making the squeeze film 

damping equal to equivalent damping. For the second set of comparison, one calculation 

is solving Reynolds equation as equivalent damping ζ𝑑𝑎𝑚. The other one is using linear 

calculation by making structure damping equal to equivalent damping. Numerical results 

are shown in Fig. 4.5 and Fig. 4.6. 

 

(a)                                                                     (b) 

(4.12) 
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(c) 

Fig. 4.5 Dynamic response when given structural damping ζ, and then find equivalent ℎ0: 

(a)  𝑥 = 0.01, δ�̃� = 0.00001, ζ = 0.1 ; (b)  𝑥 = 0.01, δ�̃� = 0.00001, ζ = 0.05 ; (c) 𝑥 =

0.01, δ�̃� = 0.00001, ζ = 0.01 

 

 

(a)                                                                   (b) 
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(c) 

Fig. 4.6 Dynamic response when given initial gap ℎ0, and then find equivalent structural 

damping  ζ : (a)  𝑥 = 0.01, δ�̃� = 0.0001,  ℎ0 = 0.001 ; (b)  𝑥 = 0.01, δ�̃� = 0.0001,  ℎ0 =

0.003; (c) 𝑥 = 0.01, δ�̃� = 0.0001,  ℎ0 = 0.005 

 

From Fig. 4.5 and Fig. 4.6, it is demonstrated that the squeeze film damping effect is 

equivalent with the suspension structure damping effect for small amplitude oscillation. 

Equivalent damping formula is derived to easily take the squeeze film effect into 

consideration. 

 

4.4 Periodic forcing 

We apply sinusoidal forcing to the spring and mass system shown as Fig. 4.7.  
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Fig. 4.7 Free body diagram with periodic forcing 

 

For MEMS power harvesting devices, the gap between two plates will change when the 

moving plate vibrates. Thus the electrical capacitor will change, too. This change in 

capacitors is used to do power harvesting for energy harvesting devices.  

The system is excited with sinusoidal forcing  𝑎 𝑠𝑖𝑛 𝜔𝑡  and will be responded with 

amplitude 𝑥(𝑡). If the steady-state is reached, 𝑥(𝑡) will also become sinusoidal motion. 

 

The dynamic equation is 

𝑚�̈� = −𝑐�̇� − 𝑘𝑦 + 𝑊(𝑡)∗ + 𝑎 𝑠𝑖𝑛 𝜔𝑡 

Substituting equation (4.3) into (4.9), we obtain 

�̈� = −
𝑐

𝑚
�̇� −

𝑘

𝑚
𝑥 +

1

𝑚ℎ0
W(𝑡)∗ +

1

𝑚ℎ0
a sin𝜔𝑡 

It is noted that 𝑥(0) = 0.5 for the following discussion. 

 

1. In order to demonstrate the squeeze film stiffening effect, firstly we let 휁 = 10−5, ℎ0 =

1𝑚𝑚,𝜔0 = 2𝜋 × 1000𝑟𝑎𝑑/𝑠𝑒𝑐, 𝛿�̃� = 0.00001 without knowing appropriate parameters. 

(4.13) 

(4.14) 
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(a)                                                                    (b) 

 

(c) 

Fig. 4.8 Frequency response with 휁 = 10−5, ℎ0 = 1𝑚𝑚,𝜔0 = 2𝜋 × 1000𝑟𝑎𝑑/𝑠𝑒𝑐 under 

different forcing amplitudes 𝑎: (a) 𝑎 = 0.015 ℎ0; (b) 𝑎 = 0.075 ℎ0; (c) 𝑎 = 0.15 ℎ0 

 

Then these three frequency response curves are put in the same plot as shown in Fig. 4.9. 
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(a)                                                                    (b) 

Fig. 4.9 Frequency response with 휁 = 10−5, ℎ0 = 1𝑚𝑚,𝜔0 = 2𝜋 × 1000𝑟𝑎𝑑/𝑠𝑒𝑐, 𝑎 =

0.015 ℎ0, 𝑎 = 0.075 ℎ0, 𝑎 = 0.15 ℎ0 : (a) Response amplitude (dimensionless) without 

dividing by forcing amplitude; (b) Response amplitude (dimensionless) being divided by 

forcing amplitude 

 

Fig. 4.9 demonstrates the dependence of frequency response on forcing amplitudes. There 

is stronger nonlinearity at large forcing amplitudes. The broadening of the resonance 

bandwidth in Fig. 4.9 shows the large damping effect from the squeeze film. The squeeze 

film damping force is too large in comparison to the inertia (mass) and the spring force 

with  ℎ0 = 1𝑚𝑚.  

 

2. To reduce the squeeze film effect a little bit, then we let 휁 = 10−5, ℎ0 = 10𝑚𝑚,𝜔0 =

2𝜋 × 1000𝑟𝑎𝑑/𝑠𝑒𝑐, 𝛿�̃� = 0.00001, 𝑎 = 0.015 ℎ0. The range of the forcing frequency is 

from 950Hz to 1050Hz with frequency interval 10Hz. 
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Fig. 4.10 Frequency response with 휁 = 10−5, ℎ0 = 10𝑚𝑚,𝜔0 = 2𝜋 × 1000𝑟𝑎𝑑/𝑠𝑒𝑐, 

𝑎 = 0.015 ℎ0 

 

When the forcing frequency is near resonance frequency, the oscillation is periodic motion 

after transients. When the forcing frequency is away from resonance frequency, the 

oscillation is quasi-periodic motion after transients. One example of the quasi-periodic 

motion is shown in Fig. 4.11. 

 

Fig. 4.11 Quasi-periodic motion 
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When away from the resonance frequency, the squeeze damping is very small. Since the 

structural damping is also very small, the effective damping is negligible. We just see 

undamped motion after transients. Since the free (undamped and unforced) oscillation is at 

its natural frequency and the forcing frequency is different, the motion has two frequencies. 

Thus we can see quasi-periodic motion. Therefore, the quasi-periodic motion is just the 

result of extremely low damping.  

 

3. To get rid of quasi-periodic motion and reduce the amount of computation, we should 

increase the damping of the system and set 휁 = 0.001. To increase the squeeze film effect, 

we decrease the initial gap and let ℎ0 = 5𝑚𝑚. Other parameters remain the same: 𝜔0 =

2𝜋 × 1000𝑟𝑎𝑑/𝑠𝑒𝑐, 𝛿�̃� = 0.00001. 

 

The range of the forcing frequency is from 950Hz to 1050Hz with frequency interval 10Hz.  

 

(a)                                                                    (b) 
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(c) 

Fig. 4.12 Frequency response with 휁 = 0.001, ℎ0 = 5𝑚𝑚,𝜔0 = 2𝜋 × 1000𝑟𝑎𝑑/𝑠𝑒𝑐 

under different forcing amplitudes 𝑎: (a) 𝑎 = 0.015 ℎ0; (b) 𝑎 = 0.03 ℎ0; (c) 𝑎 = 0.06 ℎ0 

 

In Fig. 4.12, three forcing amplitudes are  0.015 ℎ0 , 0.03 ℎ0  and 0.06 ℎ0  respectively. 

These curves represent different frequency responses with different forcing amplitudes. 

Each curve is gained by keeping the forcing amplitude constant and changing the forcing 

frequency. 

 

Then these three frequency response curves are put into the same plot as shown in Fig. 

4.13. 
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(a)                                                                     (b) 

Fig. 4.13 Frequency response with  휁 = 0.001, ℎ0 = 5𝑚𝑚,𝜔0 = 2𝜋 × 1000𝑟𝑎𝑑/𝑠𝑒𝑐, 

 𝑎 = 0.015 ℎ0, 𝑎 = 0.03 ℎ0, 𝑎 = 0.06 ℎ0: (a) Response amplitude (dimensionless) without 

dividing by forcing amplitude; (b) Response amplitude (dimensionless) being divided by 

forcing amplitude 

 

From Fig. 4.13 (b), it can be seen that the responses do not overlap near resonance 

frequency, and the responses overlap away from resonance frequency.  

 

If the system is linear, three curves should have the same shape when the response 

amplitude not being divided by the forcing amplitude. And also, three curves should all 

collapse into the same curve when the response amplitude being divided by the forcing 

amplitude. The frequency response for linear system should be as Fig. 4.14. 
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(a)                                                                         (b) 

Fig. 4.14 Linear system frequency response with different forcing amplitudes 𝐴0 : (a) 

Response amplitude without dividing by forcing amplitude; (b) Response amplitude being 

divided by forcing amplitude 

 

In almost all natural oscillatory systems there is always some damping involved and thus 

the oscillatory system loses energy to friction or dispersion. The damping of oscillations 

resulting from friction can be counteracted if some mechanism supplies the system with 

energy at a rate equal to that absorbed by the damping medium. This counteracting 

mechanism is usually referred to as driven or forced oscillation. Resonance occurs when 

the amplitude of a driven and damped oscillatory system is at a maximum. [19] 

 

Comparing Fig. 4.13 and Fig. 4.14, Fig. 4.13 demonstrates the broadening of the resonance 

bandwidth. It is seen obviously that our system involved with squeeze film effect is 

nonlinear. 

 

These indicate squeeze film damping effect which makes the curve much broader. Without 

squeeze film effect, the amplitude of oscillation at resonance is illustrated by a sharply 
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defined peak due to small structural damping. With squeeze film effect, the amplitude of 

oscillation at resonance is more flattened. These changes can be described in Fig. 4.15. 

 

Fig. 4.15 Degree of damping in an oscillating system 

 

4. To demonstrate the squeeze film stiffening effect, we should we should decrease the 

initial gap ℎ0. 

 

Analytical formula 𝑊(𝑡) should be evaluated to get appropriate parameters. 

From equation (3.2)  

𝑊(𝑡) = −𝑐1

𝜎

2ℎ̃3

𝑑ℎ̃

𝑑�̃�
+ 𝑐2

𝜎2

16
[
1

ℎ̃5

𝑑2ℎ̃

𝑑�̃�2
−

5

2ℎ̃6
(
𝑑ℎ̃

𝑑�̃�
)

2

] 

The dynamic equation is as equation (4.13) 

𝑚�̈� = −𝑐�̇� − 𝑘𝑦 + 𝑊(𝑡)∗ + 𝑎 𝑠𝑖𝑛 𝜔𝑡 
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In equation (3.2) W(𝑡) , the second term represents the stiffening effect. We substitute 

equation (3.1) and the second term of equation (3.2) in equation (4.13) and then get the 

following equation 

𝑚�̈� = −𝑐�̇� − 𝑘𝑦 + 𝑎 sin𝜔𝑡 + 𝑝𝑎𝐿𝑥𝐿𝑦𝑐2

𝜎2

16

1

ℎ̃5

𝑑2ℎ̃

𝑑�̃�2
 

By substituting equation (4.3), equation (4.15) can be simplified as  

(𝑚 −
𝑝𝑎𝐿𝑥𝐿𝑦

ℎ0
𝑐2

𝜎2

16
) �̈� + 𝑐�̇� + 𝑘𝑥 =

𝑎

ℎ0
sin𝜔𝑡 

Since 𝑐2 is positive, thus 
𝑝𝑎𝐿𝑥𝐿𝑦

ℎ0
𝑐2

𝜎2

16
 is also positive. It can be seen that 𝑚 will decrease. 

From equation (4.7) we have 𝜔0
2 =

𝑘

𝑚
. In this case, natural frequency 𝜔0 will increase. So 

it is demonstrated that the squeeze film stiffening effect appears as a negative mass which 

makes 𝑘 increase. From equation (2.9), the squeeze number is defined as  

𝜎 =
12𝜇𝜔

𝑃𝑎
(
𝐿𝑥

ℎ0
)
2

 

If the plate dimension and environment remain the same, we need to increase 𝜔  to 

demonstrate the squeeze film stiffening effect.  

 

There are two types of nonlinearity in nonlinear system: hardening nonlinearity and 

softening nonlinearity. Supposing that we have a simple mass-spring model shown as  

 

Fig. 4.16 Mass-spring model 

(4.15) 

(4.16) 
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If the spring is a linear spring, spring force can be defined as 𝐹 = 𝑘𝑥. If the spring is not a 

linear spring, spring force can be defined as  𝐹 = (𝑘 + 𝛼𝑥2)𝑥 , where  𝛼  represents the 

degree of nonlinearity of the spring. Fig. 4.17 shows three representative curves for the 

cases 𝛼 = 0, 𝛼 > 0, 𝛼 < 0. 

 

                                                                       (a) 

 

(b)                                                                 (c) 

Fig. 4.17 Frequency response curve for: (a) a linear spring; (b) a hardening spring; (c) a 

softening spring 

 

Comparing these curves, it is shown that the nonlinearity bends the frequency response 

curve to the right when 𝛼 > 0  (hardening nonlinearity) and to the left when  𝛼 < 0 
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(softening nonlinearity). Hardening means that when the forcing amplitude is bigger, the 

resonance frequency is higher. Similarly, softening means that when the forcing amplitude 

is smaller, the resonance frequency is lower. The bending of the frequency response curves 

leads to multivalued amplitudes and hence to a jump phenomenon [20]. Supposing that we 

are conducting an experiment for 𝛼 > 0 by keeping the forcing amplitude constant while 

changing the forcing frequency very slowly. When the experiment is stared at forcing 

frequency 𝜔  far above 𝜔0  and 𝜔  decreases very slowly, the response amplitude will 

increase slowly along the curve AFB. When point B is reached, a small amount of 

frequency decrease will result in a sudden response amplitude jump from B to C. If the 

forcing frequency keeps decreasing, the response amplitude will decrease slowly along the 

curve CD. When the experiment is stared at forcing frequency 𝜔  far below 𝜔0  and 

𝜔 increases very slowly, the response amplitude will increase slowly along the curve DCE. 

In this process, the response amplitude will go through D to reach E and there will be no 

jump to B. When point E is reached, a small amount of frequency increase will result in a 

sudden response amplitude jump from E to F. If the forcing frequency keeps increasing, 

the response amplitude will decrease slowly from F to A. This kind of phenomena is also 

called “hysteresis”. It is path dependent. The jumps in Fig. 4.17 (c) will have the opposite 

direction of Fig. 4.17 (b). 

 

For forcing frequencies in the range of BF and CE in Fig. 4.17 (b) where the response has 

nearly vertical slope, there are three steady-state solutions. The middle one is called a 

saddle point which could not be realized in any experiment. The other two steady-state 

solutions are realizable. The initial conditions determine which frequency responses will 
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develop. The solutions may end in either attractor with just slightest difference in initial 

conditions. 

 

Since the squeeze film stiffening effect appears as a negative mass as discussed before, the 

frequency response should be hardening nonlinearity like Fig. 4.17 (b). 

 

We let  휁 = 10−5,  𝜔0 =  2𝜋 × 10000𝑟𝑎𝑑/𝑠𝑒𝑐,   ℎ0 = 1𝑚𝑚 , 𝑎 = 20ℎ0 . The forcing 

frequency increase range is from 9500Hz to 13500Hz with frequency interval 100Hz. The 

forcing frequency decrease range is from 14500Hz to 11000Hz with frequency interval 

100Hz. The result is shown in Fig. 4.18.  

 

Fig. 4.18 Frequency response with 휁 = 10−5, ℎ0 = 1𝑚𝑚,𝜔0 = 2𝜋 × 10000𝑟𝑎𝑑/𝑠𝑒𝑐, 

𝑎 = 20ℎ0 (no further) 

 

Blue curve is gained by increasing the forcing frequency while red curve is gained by 

decreasing the forcing frequency. It is also noted that we use forcing period T(= 𝜔/2𝜋) to 
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determine the integration interval. In this case, we let δ�̃� = T/20 and the total steps are 

2000. Therefore, we have integrated an integer number of the forcing circles. The forcing 

frequency is automatically changed to make sure that the final condition of one calculation 

can be set as the initial condition for the next calculation at a newer frequency. 

 

When the forcing frequency is close to the “bifurcation point”, the frequency interval is set 

to be smaller to make the curve even further. The forcing frequency increase range is from 

9500Hz to 12820Hz with frequency interval changing from 100Hz to 5Hz at 12805 Hz. 

The forcing frequency decrease range is from 14500Hz to 12620Hz with frequency interval 

changing from 100Hz to 5Hz at 12695Hz. The result is shown in Fig. 4.19.  

 

Fig. 4.19 Frequency response with 휁 = 10−5, ℎ0 = 1𝑚𝑚,𝜔0 = 2𝜋 × 10000𝑟𝑎𝑑/𝑠𝑒𝑐, 

𝑎 = 20ℎ0 (further) 

 

From Fig. 4.18 and Fig. 4.19, it is demonstrated that theses curves are constant with Fig. 

4.17 (b) which indicates that this system involved with the squeeze film demonstrates 

hardening stiffening effect. 
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Then we add some more results with different forcing amplitudes.  Other parameters 

remain the same with those in Fig. 4.18 and Fig. 4.19. 

 

(a) 

 

(b) 

Fig. 4.20 Frequency response with  휁 = 10−5, ℎ0 = 1𝑚𝑚,𝜔0 = 2𝜋 × 10000𝑟𝑎𝑑/𝑠𝑒𝑐, 

 𝑎 = 0.75ℎ0, 𝑎 = 1.5ℎ0, 𝑎 = 7.5ℎ0, 𝑎 = 15ℎ0, 𝑎 = 16ℎ0, 𝑎 = 20ℎ0 : (a) Response 

amplitude (dimensionless) without dividing by forcing amplitude; (b) Response amplitude 

(dimensionless) being divided by forcing amplitude 
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Fig. 4.20 shows more hysteresis phenomena. If the moving plate is being forced hard, there 

will be nonlinearity. The resonance frequency is getting higher and higher as we increase 

the forcing amplitude. This obviously illustrates squeeze film stiffening effect or hardening 

effect. 

 

If the natural frequency of the system 𝜔0 =  2𝜋 × 5000𝑟𝑎𝑑/𝑠𝑒𝑐 ,  휁 = 10−5, ℎ0 =

1𝑚𝑚, 𝑎 = 20ℎ0, results showing the steady-state dynamic response are shown in Fig. 4. 

21. 

 

Fig. 4.21 Steady-state dynamic response with 𝜔0 = 2𝜋 × 5000𝑟𝑎𝑑/𝑠𝑒𝑐, 휁 = 10−5, ℎ0 =

1𝑚𝑚, 𝑎 = 20ℎ0 

 

It is shown that the steady-state is not sinusoidal. Thus the amplified figure of Fig. 4.21 is 

shown in Fig. 4.22. 
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Fig. 4.22 Amplified steady-state dynamic response with 𝜔0 =  2𝜋 × 5000𝑟𝑎𝑑/𝑠𝑒𝑐 , 휁 =

10−5, ℎ0 = 1𝑚𝑚, 𝑎 = 20ℎ0 

 

In Fig. 4.22, there are two bounds in the bottom of the curve. It is probably because that 

the air is being strongly squeezed with large forcing amplitude 𝑎 = 20ℎ0 when the natural 

frequency 𝜔0 = 2𝜋 × 5000𝑟𝑎𝑑/𝑠𝑒𝑐. Therefore, the squeeze film acts as a spring which is 

very stiff and the system is nonlinear. To prevent this kind of dynamic response, we 

decrease the forcing amplitude and obtain the following results in Fig. 4.23. 
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(a) 

 

(b) 

Fig. 4.23 Frequency response with 휁 = 10−5, ℎ0 = 1𝑚𝑚,𝜔0 = 2𝜋 × 5000𝑟𝑎𝑑/𝑠𝑒𝑐,  𝑎 =

0.3ℎ0, 𝑎 = 1.5ℎ0, 𝑎 = 3ℎ0, 𝑎 = 6ℎ0 : (a) Response amplitude (dimensionless) without 

dividing by forcing amplitude; (b) Response amplitude (dimensionless) being divided by 

forcing amplitude 
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From Fig. 4.23, it shows further complexity of nonlinearity: not just the amplitude change 

but the qualitative change of the solution. It is worth noting that the squeeze film stiffening 

effect is not that significant compared with Fig. 4.20. While the squeeze film damping 

effect is stronger than that in Fig. 4.20 because the curves in Fig. 4.23 are much broader. 

Therefore, it is concluded that the natural frequency of the system would have effect on the 

degree of squeeze film stiffening effect. It is obvious that the damping effect of the squeeze 

film dominates at low forcing frequencies, while stiffening effect of the squeeze film 

dominates at higher forcing frequencies. 
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Chapter 5  

EXPERIMENT 

This chapter will demonstrate the experimental test process and illustrate experimental 

results. Fig. 5.1 shows the experimental setup which is very similar with the dynamic model 

shown in Fig. 4.1. 

 

Fig. 5.1 Experimental setup 

 

The substrate is fixed on a shaker. The moving plate is suspended by a thin beam which 

acts as a spring. We apply electrical forcing to the moving plate by sending signal of the 

function generator into the shaker. We can change the forcing amplitude and forcing 

frequency through the function generator.  The response amplitudes are gained by a 

piezoelectric sensor attached on the moving plate. It can convert the acceleration of the 

moving plate into electrical voltage. The electrical voltage can be read on an oscilloscope. 

Some important parameters are listed in Table 5.1. 
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Table 5.1 Experimental setup parameters 

Mass of the 

plate 𝑀 

Length of the 

plate 𝐿𝑥 

Width of the 

plate 𝐿𝑦 

Large gap  Small gap  

0.010 kg 38.14mm 12.74mm 7.36mm 1.03mm 

 

5.1 Experiment for large gap  

If the moving plate is far away from the substrate, the squeeze film effect can be ignored. 

Therefore, the system can be regarded as linear system. Fig. 5.2 shows the front view of 

the system when the gap is large.  

 

Fig. 5.2 Front view of the large gap 

 

For forcing amplitudes, 10mV, 15mV, 20mV, 40mV and 60mV are chosen. Forcing 

frequencies are from 75Hz to 130Hz. The frequency interval is 1Hz. When we conduct 

experiment, we keep the forcing amplitude constant and slowly change the forcing 

frequency. The response amplitude is gained by reading the value on the oscilloscope when 

the vibration of the moving plate is steady. Frequency responses are shown in Fig. 5.3. 
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 (a)                                                                      (b)  

Fig. 5.3 Frequency response for large gap in experiment: (a) Y-axis represents response 

amplitude; (b) Y-axis divided by forcing amplitude 

 

When forcing amplitudes are 10mV, 15mV and 20mV respectively, from Fig. 5.3 it is 

demonstrated that forcing amplitudes arise to the peak at105Hz. We can conclude that the 

natural frequency of the system is 105Hz. If the y-axis represents the response amplitude 

divided by the forcing amplitude shown as Fig.5.3 (b), three curves (10mV, 15mV and 

20mV) overlap. This phenomenon is consistent with the frequency response of linear 

system. When forcing amplitudes are 40mV and 60mV, the nonlinear effect dependent on 

the forcing amplitude is obvious. The resonance frequency is shifted away from the natural 

frequency. The source of nonlinearity is not by the squeeze film but by the structure. When 

the vibration is large, the support structure will have nonlinearity. The thin beam develops 

tension which provides additional stiffness.  

 

When forcing amplitude is 20mV, we tighten four screws twice on the edge of the thin 

beam to get frequency response shown as Fig. 5.4. 
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Fig. 5.4 Three frequency responses for different tightened degree at 20mV 

 

The resonance frequencies for three curves are 106Hz, 110Hz and 113Hz respectively. The 

damping ratios for three curves are nearly 0.047, 0.042 and 0.037 respectively. It is 

concluded that the structure stiffening effect increases and damping effect decrease as we 

tighten screws.  

 

5.2 Simulation for large gap 

We also do simulation based on the dimensions of the experimental setup. The simulation 

process is the same with the experimental process. For forcing amplitude  𝑎 , 1.5𝑚𝑔 , 

2.25𝑚𝑔 and 3𝑚𝑔 are chosen. These three forcing amplitudes are expected to figure out 

similar results in experiment for 10mV, 15mV and 20mV. Forcing frequencies are from 

75Hz to 131Hz. The frequency interval is 2Hz. Each curve is gained by keeping the forcing 

amplitude constant and slowly changing the forcing frequency. Frequency responses are 

shown in Fig. 5.5 
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Fig. 5.5 Frequency response for large gap in simulation (Y-axis represents response 

amplitude) 

 

Simulation results in Fig. 5.5 clearly demonstrate the linearity of the system which 

proportionally agree with experimental results in Fig.5.3 (a).  

 

In experiment, the piezoelectric sensor converts the acceleration of the moving plate into 

electrical voltage. In simulation, we can transfer the response amplitude X (t) into the 

response acceleration. When the vibration reaches steady-state, the motion is sinusoidal 

described as 𝑌 (𝑡) = ℎ0𝑋(𝑡) 𝑠𝑖𝑛(𝜔𝑡), where 𝜔 is steady-state frequency same with the 

forcing frequency. The acceleration of the motion can be gained by deriving Y (t) twice 

described as  𝑌(𝑡)̈ =  −ℎ0𝑋(𝑡)𝜔2 𝑠𝑖𝑛(𝜔𝑡) . Results describing response acceleration 

amplitude are shown in Fig. 5.6. 
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 (a)                                                                   (b)  

Fig. 5.6 Frequency response for large gap in simulation: (a) Y-axis represents response 

acceleration; (b) Y-axis divided by forcing acceleration 

 

5.3 Experiment for small gap  

If the moving plate is close to the substrate, the squeeze film effect is supposed to be 

significant. Therefore, the system cannot be regarded as linear system. Fig. 5.7 shows the 

front view of the system when the gap is small. 

 

Fig. 5.7 Front view of the small gap 

 

For forcing amplitudes, 10mV, 15mV, 20mV, 40mV and 60mV are chosen as well. Forcing 

frequencies are from 75Hz to 130Hz. The frequency interval is 1Hz. The experimental 
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process is the same with the condition when the gap is large. Frequency responses are 

shown in Fig. 5.8. 

 

(a)                                                                    (b) 

Fig. 5.8 Frequency response for small gap in experiment: (a) Y-axis represents response 

amplitude; (b) Y-axis divided by forcing amplitude  

 

From Fig. 5.8, it is demonstrated that the squeeze film effect is very obvious. The resonance 

frequency will shift to the right with the increase of the forcing amplitude. If the y-axis 

represents the response amplitude divided by the forcing amplitude shown as Fig. 5.8 (b), 

five curves (10mV, 15mV, 20mV, 40mV and 60mV) do not overlap. This phenomena 

shows that the system is no longer linear because of squeeze film effect.  

 

When the forcing amplitude is 60mV, the hysteresis began to appear. To see this 

phenomena more clearly, we redo the experiment for 60mV. The frequency interval around 

the resonance frequency is 0.1Hz. Firstly, we start from low forcing frequency and then 

slowly increase the frequency to get one branch. Secondly, we start from large forcing 
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frequency and then slowly decrease the frequency to get another branch. Results are shown 

in Fig. 5.9. 

 

Fig. 5.9 Hysteresis phenomena at 60mV 

 

5.4 Simulation for small gap 

The simulation process is the same with the experimental process. For forcing amplitude 𝑎, 

3𝑚𝑔, 6𝑚𝑔 and 9𝑚𝑔 are chosen. These three forcing amplitudes are expected to figure out 

similar results in experiment for 20mV, 40mV and 60mV.Forcing frequencies are from 

75Hz to 131Hz. The frequency interval is 2Hz. Each curve is gained by keeping the forcing 

amplitude constant and slowly changing the forcing frequency. Frequency responses are 

shown in Fig. 5.10. 
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Fig. 5.10 Frequency response for small gap in simulation (Y-axis represents response 

amplitude) 

 

Fig. 5.10 demonstrates that the resonance frequency shifts to the right with the increase of 

forcing amplitudes, and the damping effect becomes more significant with the increase of 

forcing amplitudes. 

 

Then the response amplitude X (t) can be transferred into the response acceleration the 

same way as discussed in 5.2. Results describing response acceleration amplitude are 

shown in Fig. 5.11. 
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 (a)                                                                     (b)  

Fig. 5.11 Frequency response for small gap in simulation: (a) Y-axis represents response 

acceleration; (b) Y-axis divided by forcing acceleration 

 

In Fig. 5.11, it can be demonstrated more clearly that the resonance frequency shifts to the 

right with the increase of forcing amplitudes, and the damping effect becomes more 

significant with the increase of forcing amplitudes. 
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Chapter 6  

DISCCUSIONS 

In Fig. 5.10 simulation results, frequency shift is not that significant and curves are broader 

compared with those in Fig. 5.8 (a) experimental results. It seems like that the numerical 

total net force formula 𝑓𝑠𝑞 used in the simulation will not increase the stiffening effect 

significantly. Meanwhile, the formula highlights the damping effect. In this case, analytical 

squeeze film formula should be put into the second ordinary equation to be analyzed.  

The dynamic equation is the same as equation (4.13):  

m�̈� = −𝑐�̇� − 𝑘𝑦 + 𝑊∗ + 𝑎 𝑠𝑖𝑛 𝜔𝑡 

In equation (3.2) W(𝑡), the first term represents the damping effect and the second term 

represents the stiffening effect. We substitute equation (3.1) and first two terms of equation 

(3.2) in equation (4.13) and then get the equation (6.1) 

𝑚�̈� = −𝑐�̇� − 𝑘𝑦 + 𝑎 sin𝜔𝑡 + 𝑝𝑎𝐿𝑥𝐿𝑦 (−𝑐1

𝜎

2ℎ̃3

𝑑ℎ̃

𝑑�̃�
+ 𝑐2

𝜎2

16

1

ℎ̃5

𝑑2ℎ̃

𝑑�̃�2
) 

From equation (4.5), it is known that ℎ̃ ≈ 1  for small oscillation amplitude 𝑥.  By 

substituting equation (4.3), equation (6.1) can be translated to  the equation (6.2) 

(𝑚 −
𝑝𝑎𝐿𝑥𝐿𝑦

ℎ0
𝑐2

𝜎2

16
) �̈� + (𝑐 +

𝑝𝑎𝐿𝑥𝐿𝑦

ℎ0
𝑐1

𝜎

2
) �̇� + 𝑘𝑥 =

𝑎

ℎ0
sin𝜔𝑡 

We define 

𝑀𝑒 =
𝑝𝑎𝐿𝑥𝐿𝑦

ℎ0
𝑐2

𝜎2

16
 

as variable mass  

(6.1) 

(6.2) 

(6.3) 
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𝑐′ =
𝑝𝑎𝐿𝑥𝐿𝑦

ℎ0
𝑐1

𝜎

2
 

as variable damping coefficient. 

 

𝑀𝑒 can be regarded as the negative mass caused by the squeeze film stiffening effect. 𝑐′ can 

be regarded as the squeeze film damping effect added to the system. 

 

To calculate 𝑀𝑒 and 𝑐′, some parameters are listed in Table 6.1. Squeeze number 𝜎 can be 

calculated by equation (2.9). 

Table 6.1 Basic parameters to be analyzed 

 

Mass of 

the plate 

𝑀 

Damping 

ratio from 

the 

structure 휁 

 

Length of 

the plate 

𝐿𝑥 

 

Width of 

the plate 

𝐿𝑦 

 

Initial 

gap ℎ0 

 

Atmosphere 

pressure 𝑝𝑎 

 

Squeeze 

number 

𝜎 

0.010 kg 0.0493 38.14mm 12.74mm 1.03mm 
1.01 × 105

𝑁

𝑚2
 

0.0019 

 

Coefficients 𝑐1 and 𝑐2 can be calculated by equation (3.3) and (3.4) respectively. Damping 

𝑐 can be calculated by equation (4.7).  

 

Main results are shown in Table 6.2. 

Table 6.2 Results to be compared 

Mass of the plate 𝑀 Variable mass 𝑀𝑒 Damping 𝑐 Variable damping 𝑐′ 

0.010 kg 1.2162e-05 kg 0.6505 0.6646 

 

From Table 6.2, it is noted that 
𝑀𝑒

𝑀
= 0.1%, which means that analytical formula will not 

increase the resonance frequency that significantly. It is also noted that 
𝑐′

𝑐
= 1.021, which 

(6.4) 
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means that analytical formula will make damping effect very obvious. Compared with Fig. 

5.9, we can conclude that analytical formula analysis agrees with numerical results. It is 

possible that our model make simulation results different from experiment results. At large 

forcing amplitude in experiment, the thin beam also contributes nonlinear stiffening due to 

tension. In MEMS devices, the plate mass and gap are much smaller, and the forcing 

frequency is much larger than our experiment model. In this case, the squeeze film effect 

could be very obvious as discussed in Chapter 4. 
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Chapter 7 

CONCLUSION AND FUTURE WORK 

7.1 Summary and Conclusion 

Squeeze film stiffening effect is an important factor in the design of MEMS power 

harvesting devices because of its impact on the resonance frequency of the dynamic system. 

A fully nonlinear study of the squeeze film is presented in this research. Analytical 

description of the squeeze film has existed for a long time. However, it is only feasible for 

small squeeze numbers. In this case, numerical method which is more efficient than the 

analytical formula is brought out. 

 

The finite difference method is utilized to solve the nonlinear Reynolds equation. This 

method is validated by the comparison with the analytical formula, the study of different 

cases and the analysis of equivalent damping. Meanwhile, the nonlinearity of the analytical 

formula is thoroughly discussed to figure out factors impacting the squeeze film stiffening 

effect.  

 

We investigate the dynamic response of sinusoidally forced oscillator and identify 

conditions in which the stiffening effect would take place. It is briefly illustrated that small 

initial gap, large forcing amplitudes and large forcing frequencies will relatively play an 

important role in the squeeze film stiffening effect. For 1𝑚𝑚 × 1𝑚𝑚 × 0.01𝑚𝑚 silicon 

structure with negligible structure damping, natural frequency 10000 Hz and initial gap 

ℎ0 1𝑚𝑚, the squeeze film stiffening effect is very significant with forcing amplitudes 
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larger than 15ℎ0. The system would demonstrate stronger nonlinearity with even larger 

forcing amplitudes. 

 

Furthermore, experimental test is conducted to study the squeeze film effect. Experimental 

setup is a linear system with large gap and small oscillation amplitude. While the thin beam 

in the test demonstrates nonlinearity due to tension when the oscillation amplitude is large. 

Experimental results with small gap clearly shows the squeeze film stiffening effect. 

Analytical discussion thoroughly illustrates the difference between experimental results 

and simulation results which is mainly due to the small natural frequency of the structure, 

the nonlinearity contribution from the thin beam and our simulation model. 

 

7.2 Future Work 

Other specific geometries of the plate could be considered in detail such as disk, annulus 

and strip.  

 

Dynamic response of sinusoidally forced oscillator involving two squeeze films could be 

further analyzed. 
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APPENDIX 

A.1 Matlab program for sinusoidal motion 

squeezemain.m 

global m n delx dely sigma del omega 

clear z pressure pre peak T prequarter force avpressure dH H  

clear ddH loadcap1 loadcap2 disp 

Lx=1; 

Ly=1; 

m=17; 

n=17; 

delx=1/(m-1); % domain non-dimensionalized by Lx.  

dely=Ly/Lx/(n-1); 

sigma=0.001; %squeeze number 

del=0.001; %displacement amplitude 

omega=1; % non-dimensional frequency 

ix=m*n; 

trans=0000; % transient steps not saved 

totalsteps=trans+5000; 

tstep=0.002; % time step 

 

% Set initial conditions  

run=0; 

 

if run<1 

    tend=0; 

    hhat0=1.0; 

    p0=1.0; 

    z=cat(1,zeros(m*n,1)+hhat0*p0); 

else 

    z=zz; 

end 

 

for k=1:totalsteps 

    tspan = [tend+(k-1)*tstep tend+k*tstep]; 

    [ttemp,sol] = ode23s('squeezesub',tspan,z); 

    len=length(ttemp); 

    z=sol(len,:);  

    if k>trans 

        t=ttemp(len); 

        T(k-trans)=t; 

        hhat=1.0+del*sin(omega*t); 

        H(k-trans)=hhat; 

        dH(k-trans)=del*omega*cos(omega*t); 

        ddH(k-trans)=-del*omega^2*sin(omega*t); 

        pre=reshape(z(1:m*n)/hhat,m,n)-1; 

        % calculate load capacity 

        avpressure(k-trans)=sum(sum(pre))/((m-1)*(n-1)); 

        % pressure(:,:,k-trans)=pre; 
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    end 

end 

 

coef1=0.0703;  % coefficient in load capacity 

coef2=0.0272;  % coefficient in load capacity 

loadcap1=-2/4*sigma*coef1*dH./H.^3; 

loadcap2=1/16*sigma^2*coef2*(ddH./H.^5-2.5*dH.^2./H.^6); 

 

figure 

plot(T,avpressure) 

 

zz=z; 

tend=tend+tstep*totalsteps; 

run=run+1; 

squeezesub.m 

function zdot = squeezesub(t,z) %squeeze film, z=p*h.   

global m n delx dely sigma del omega 

 

hhat=1+del*sin(omega*t); 

dhhatdt=del*omega*cos(omega*t); 

hpre=z(1:m*n); 

u=reshape(hpre.^2,m,n); 

deriv=zeros(m,n)+dhhatdt; 

 

for i=2:m-1 

    for j=2:n-1 

    del2x=(u(i-1,j)+u(i+1,j)-2*u(i,j))/delx^2; 

    del2y=(u(i,j-1)+u(i,j+1)-2*u(i,j))/dely^2; 

    laplace=del2x+del2y; 

    deriv(i,j)=hhat*laplace/(2.*sigma); 

    end 

end 

 

pre=sum(hpre/hhat); 

zdot=cat(1,reshape(deriv,m*n,1)); 

end 
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A.2 Matlab program for sinusoidal forcing   

squeezemain.m 

global m n delx dely sigma omega Lx Ly h0 pa omega2 

clear z pressure pre peak T prequarter force avpressure dH H  

clear ddH loadcap1 loadcap2 disp 

Lx=1*10^(-3); 

Ly=1*10^(-3); 

m=17; 

n=17; 

delx=1/(m-1); % domain non-dimensionalized by Lx.  

dely=Ly/Lx/(n-1); 

mu=1.81*10^(-5); 

pa=1.01*10^5; 

omega=2*pi*10000; % non-dimensional frequency 

h0=0.001;  %initial gap 

sigma=12*mu*omega/pa*(Lx/h0)^2; %squeeze number 

%del=0; %displacement amplitude 

  

ix=m*n; 

trans=0000; % transient steps not saved 

run=0; 

n_omega2=41; % number of forcing frequency 

  

for i=1:n_omega2 

  

    f=9500+(i-1)*100; 

    omega2=2*pi*f; 

     

% Set initial conditions  

if run<1 

    tend=0; 

    p0=1.0; 

    x0=0.5; 

    hhat0=1+x0; 

    xd0=0; 

    z=cat(1,zeros(m*n,1)+hhat0*p0,[x0;xd0]); 

else 

    z=zz; 

end 

  

tstep=1/(20*f);  %time step 

totalsteps=trans+4800; 

     

for k=1:totalsteps 

    tspan = [tend+(k-1)*tstep tend+k*tstep]; 

    [ttemp,sol] = ode23s('squeezesub',tspan,z); 

    len=length(ttemp); 

    z=sol(len,:);  

    if k>trans 

        t=ttemp(len); 

        T(k-trans)=t; 

        hhat=1.0+z(m*n+1); 
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        pre=reshape(z(1:m*n)/hhat,m,n)-1; 

        % calculate load capacity 

        avpressure(k-trans)=sum(sum(pre))/((m-1)*(n-1)); 

% pressure(:,:,k-trans)=pre; 

        force(k-trans)=delx*dely*sum(sum(pre)); 

        disp(k-trans)=z(m*n+1); 

    end 

end 

Tdisp(i,:)=disp; 

 

figure 

plot(T,Tdisp(i,:));xlabel('Time');ylabel('Displacement X(t)') 

 

zz=z; 

tend=tend+tstep*totalsteps; 

run=run+1; 

%set the final condition as the initial condition for the next 

calculation at a newer frequency. 

 

end 

squeezesub.m 

function zdot = squeezesub(t,z) %squeeze film, z=p*h.   

global m n delx dely sigma omega h0 Lx Ly pa omega2 

zeta=10^(-5);                 %damping from suspension structure 

rho=2328.3;                   %density of silicon kg/m^3 

thi=1*10^(-5);                %thickness of the plate 

ma=rho*Lx*Ly*thi;             %mass of the plate 

pa=1.01*10^5;                 %ambient pressure 

  

hhat=1.+z(m*n+1); 

x=z(m*n+1); 

dhhatdt=z(m*n+2); 

xd=dhhatdt; 

hpre=z(1:m*n); 

u=reshape(hpre.^2,m,n); 

deriv=zeros(m,n)+dhhatdt; 

 

for i=2:m-1 

    for j=2:n-1 

    del2x=(u(i-1,j)+u(i+1,j)-2*u(i,j))/delx^2; 

    del2y=(u(i,j-1)+u(i,j+1)-2*u(i,j))/dely^2; 

    laplace=del2x+del2y; 

    deriv(i,j)=hhat*laplace/(2.*sigma); 

    end 

end 

 

pre=reshape(z(1:m*n)/hhat,m,n)-1; 

force=delx*dely*sum(sum(pre)); 

a=20*h0;        % forcing amplitude 

yd=-2.*omega.*zeta.*xd-

omega.^2.*x+1/(ma.*h0).*pa.*Lx.*Ly.*force+(1/(ma*h0)).*a*sin(omega2*t); 

zdot=cat(1,reshape(deriv,m*n,1),[xd;yd]); 

end 
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A.3 Mathematica program for coefficients in load capacity 

In[14]=(* squeeze film force for rectangular plates; 

Squeeze number defined using half of the width, 

Note a factor of 4 since sigma is (L/h)^2 *) 

ratio=.1; 

gamma=ratio; 

alpha=(2n-1)Pi/2; 

coef1=N[Sum[1/alpha^4*(1-Tanh[alpha gamma]/(alpha 

gamma)),{n,1,10}]] 

Out[17]=0.00155903 

In[19]=coef2=N[Sum[1/alpha^6*(3(1-Tanh[alpha gamma]/(alpha gamma))-

Tanh[alpha gamma]^2),{n,1,20}]] 

Out[19]=0.0000120612 

 

 


