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ABSTRACT 

Composite materials have been increasingly used in various types of engineering 

systems such as aeronautics, aerospace and civil engineering to minimize the structural 

weight. Viscoelastic layer has a level of energy dissipation, therefore it plays an important 

damping role and improves the dynamic response of the structure. Viscoelastic laminated 

plates consist of a soft viscoelastic layer which is confined between two identical elastic 

and stiff layers. In this study a first order shear deformation theory is used to describe the 

deformation of the composite plate. Simplified forms of the governing equations for 

symmetric laminated plate are then derived for the flexural mode. The hysteric model of 

viscoelasticity is used for the mid layer of the composite plate. Results from the present 

theory are then compared with the results from the Mindlin’s Plate Theory for a single 

layer plate without viscoelasticity for validation of the model. Further FE analysis of the 

three layer laminated plate with viscoelastic mid-layer is done for the validation of the 

theoretical model in COMOSL Multiphysics. The results from both the FE model and the 

theoretical model agree with each other. Attenuation of a particular mode is important 

because of the amount of a body that may be inspected from a given location depends on 

it. Since the present study predicts the attenuation quite precisely hence it can be used to 

choose different modes. 
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1 Introduction 

This Thesis addresses the guided wave propagation and its potential applications in 

composite laminated plate with viscoelastic mid layer by using theoretical and numerical 

approaches. The objective of the research is to develop the theoretical dispersion relation 

which can be applied to viscoelastic laminate plates and furthermore to be used for 

engineering applications like health monitoring in real-time manner. To achieve the desired 

objective, different plate theories are studied, which can build a solid base for further 

investigation in finding dispersion curves for various types of composite plates. Based on 

the previously derived concept, an appropriate theoretical formulation strategy by utilizing 

first order shear deformation plate theory and hysteric model is developed for 3-layer 

laminated plate with viscoelastic core layer and then validated with finite element 

simulation. By using the developed theoretical formulation, dispersions of different 

viscoelastic laminate plates are characterized.    

1.1 Research Motivation 

Composite materials consist of two or more materials which together produce the 

desired effective material properties that cannot be achieved by its constituent materials. 

The history of composite material can be traced back to ancient Egypt though it has been 

studied extensively in the start of 19th century. One of the main advantages of using 

composites is that it has very high strength to weight ratio. There are mainly three types of 

composites: (a) composite that consist of fibers of one material and matrix of one material; 

(b) composites that consist of macro size particulates of one material in another material 

matrix; (c) laminated composites which are made up of layers of different materials 
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including the first two type. In Figure 1.1, the brief description for the analysis of laminated 

composite structure is shown since in the present study laminated composite plate is mainly 

focused upon. 

 

Figure 1.1 Basic building block of analysis of laminated structure 

 

Often in engineering science, conceptual/theoretical models are developed for 

practical applications to understand the underlying phenomenon more clearly. Now 

coming to simple structures such as plates or beams that forms basic building blocks of 

every complicated structures theoretical estimation of the wave motion modality and 

dispersion phenomenon has always been a priority because of its practical applicability in 

industries. The dispersion curves for guided waves have been of perpetual interest for the 

last few decades, because they constitute the starting point for NDE ultrasonic applications. 

It is of utmost importance to develop theoretical understanding of wave propagation in 

composites to construct a precise analytical/numerical model without conducting 

numerous excruciating experimental tests. A critical element in the wave propagation in 

composites is the wave attenuation. This technique of modelling wave attenuation 

theoretically in turn can be applied in predicting how far waves can travel and can be still 
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detected, it will be helpful in choosing sensor types and probable sensor for efficient 

damage detection [1]. 

Viscoelasticity is one of the wave attenuation related material properties that can be 

modelled mathematically and lately a lot of models have been developed to describe 

viscoelastic materials and their application. Now coming to the laminated composite plates 

with viscoelastic layer, which have many applications in civil engineering and automotive 

industry [2, 3, 4]. In any practical dynamic design, damping is an important aspect as it 

impacts the vibration and wave propagation significantly. Viscoelastic laminated 

composite plate consists of a soft viscoelastic core which is confined between two identical 

elastic surface layers. The viscoelastic core layer plays an important damping role since it 

has high level of energy dissipation. This is a type of constraining damping where the 

structure exploits the damping properties of the viscoelastic layer by inducing high shear 

strain in the material upon the out-of-plane motion [5]. However, considering composite 

laminated plate with viscoelastic layers, there are very less theoretical work done to 

describe the constrained viscoelastic layers and its effects on wave propagation. This can 

in turn be extended to the calculation of dispersion relations which can be used to extract 

wave properties like phase velocity and group velocity and eventually play a decisive role 

in the applicability of composite laminated structures. 

For the single isotropic plate there exists an exact analytical solution. However, for 

increasingly complex geometries and material models, these relations do not hold. There 

are very limited number of works that has been done on laminated plate with viscoelastic 

layers. Therefore, my goal is combining both the laminate theories with viscoelastic theory 

to develop a new theoretical model for wave propagation in composite laminated plate. 



4 
 

The new capabilities afforded by the development of the theoretical mode can lead to 

potential application to engineering problems, which serve as motivation to this master 

thesis 

1.2 Literature Review  

Most of the existing literature focuses on the general three layer laminates and its 

damage detection and there are relatively limited number of studies on laminated plate with 

viscoelastic mid-layer and extracting its dispersion curves. Many engineering structures 

made with composite materials have one dimension much smaller than the other two and 

hence they can be modelled as plates. By using of the thinness of the plate composite plate 

models are generally derived using 3- D anisotropic elasticity theory. In the past decades 

many new theories have been proposed on composite laminates in the literature that has 

been implemented increased in practice. 

Horace Lamb in 1917 studied the first guided waves in a plate and developed 

analytical solution for waves propagating in simple plate where guided waves can 

propagate [5]. Plate properties such as thickness, Poisson’s ratio and Young’s modulus can 

be determined using guided waves which have been studied by Baggens et al. [6]. One of 

the early works in plate theory is done by E. Reissner in 1945 [7] where he developed a 

plate theory intended for thick plates. The assumptions in his paper was that the bending 

stress is linear while the shear stress is quadratic through the thickness of the plate and 

established system of differential equation of 6th order for the bending problems of plate. 

At around 1951 R.D. Mindlin [8] proposed a theory which is popularly known as Mindlin 

plate theory which is based on the assumptions that there is a linear variation of 

displacement across the plate thickness but that the plate thickness does not change during 
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deformation. Both Reissner’s theory and Mindlin’s theory is now known as Mindlin-

Reissner’s theory or First Order Shear Deformation Theory (FSDT).  This work laid the 

cornerstone in the field of plate theories and many of the higher order plate theories are 

based upon this theory.  

The period from 1960’s onward sees many attempts to rationally improve the plate 

theory such as those reviewed in Noor and Burton (1989) [9] and Reddy (1984) [10]. These 

theories are normally based on improvised kinematic assumptions derived upon the 

distribution of displacement through the thickness. Also in Reddy’s (1984) theory the 

displacement function is considered to be of higher order in order to make the calculation 

more accurate and reliable. The problem with higher order is normally that it is 

computationally more expensive though it gives very good results.  

The core with viscoelastic material properties in a composite laminates provides 

high damping because of the shearing of the core. One of the earlier works on the vibrations 

of such structure were reported in the survey papers of Sadasiva et al [11]. They analyzed 

the flexural vibration of unsymmetrical sandwich beams and plates, with viscoelastic cores. 

They considered the transverse inertia effects, rotary inertia effects etc. Concept of a 

complex modulus of viscoelastic materials using the elastic-viscoelastic principle is 

developed from the contribution of various works [12, 13, 14]. This theory explains that 

the real part of the complex modulus represents the elastic stiffness and the imaginary part 

is associated with the energy dissipation. Meunier and Shenoi [15] used the concept of 

complex modulus to a high-order shear deformation theory for modelling the damping of 

sandwich plates. They developed an analytical based method using Reddy's refined high-

order shear deformation theory to study the dynamic behavior of undamped fibre 
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reinforced plastic (FRP) sandwich plates using PVC core. Cupial and Niziol [16] used first-

order shear deformation theory to extract the natural frequencies and loss factors of a 

rectangular three-layered plate with a viscoelastic core layer and laminated face layers. 

They discussed the equations of free vibration of the plate together with the different 

boundary conditions are derived for a non-symmetric plate with general anisotropy of the 

face layers. 

1.3 Objectives and Outline  

The objectives of the study are defined as follows: 

1. Understand the dispersive mechanism of flexural wave propagation in composite 

laminated plates. 

2. Understand the viscoelastic effects on the dynamic behavior of composite 

laminated plates 

3. Develop a theoretical model that can accurately predict the dispersion relation 

and attenuation effect of composite laminated plates with viscoelastic layer 

4. Validate the developed theoretical model with finite element analysis. 

Chapter 1 presents the introduction of the background information, research 

motivation, and review of representative literatures on different laminated plate theories 

and description of the dissertation objective. 

Chapter 2 studies the elastic guided wave propagation mechanism in composite 

laminated plate. Specific attention is given to the antisymmetric Lamb wave. The first order 

shear deformation theory (FSDT) is discussed and used to derive the governing equation 

of the mid plane symmetric laminates.   



7 
 

Chapter 3 first presents the various viscoelastic models and then discusses the 

hysteric model in detail which is later used to derive the viscoelastic laminate model. The 

results of the theoretical model are also discussed.  

Chapter 4 provides the finite element validation of the theoretical model that has 

been developed in Chapters 2 and 3. 

Chapter 5 is the final chapter of this thesis and it provides a summary of the 

dissertation study and presents recommendations for the future work. 
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2 Elastic Wave Dispersion in Composite Laminated Plate  

There are normally two types of uncoupled wave motion: symmetric (extensional) 

waves and antisymmetric (flexural) waves that are used to describe elastic wave in 

laminates. These types of waves usually co-exist in general excitation of the plate. 

Generally, dispersion curves in composite laminated plates can be modeled by both 

3-D elasticity theory and plate theories. The solution from the 3-D elasticity theory gives 

exact solutions hold for all frequency ranges. Though, the main problem with the exact 

solutions is that it consists of infinite wave modes with both symmetric and antisymmetric 

motions. Also mode conversions occurs when the wave mode interacts with inhomogeneity 

and it adds additional complexities. Furthermore 3-D elasticity solutions are 

computationally expensive and the transcendental equations inexorably need to be 

numerically solved for dispersion curves. Thus, a plate theory is examined to obtain 

approximate solutions of waves in composites. The two fundamental modes of 

antisymmetric wave can be easily obtained from the first-order plate theory without any 

added complexities. Dispersion relations of antisymmetric waves in both composite lamina 

and laminates are analyzed in this study. The results from the first-order plate theory is 

made in comparison with those from 3-D elasticity theory. It can be inferred from these 

numerical results that the first-order plate theory can give a very good agreement even in 

the relatively high frequency range. 

2.1 Background 

Composite laminated plates are often formed by stacking layers of different 

composite materials [17]. By construction, composite laminates have their planar 
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dimensions one or two orders of magnitude larger than their thickness. Therefore 

composite laminate can be treated as plate elements. 

There are many ways for the analysis of composite plates: 

(1) Equivalent single-layer theories(2D) 

a. Classical laminated plate theory  

b. Shear deformation laminated plate theory 

(2) Three dimensional elasticity theory 

a. Traditional 3D elasticity formulations 

b. Layer-wise theories 

In this study first order shear deformation is used to analyze the three-layer plate 

2.1.1 Transformation: Stress and Strain 

Here the basic mechanical behavior of typical composite lamina is discussed. The 

generalized Hooke law for an anisotropic material under isothermal condition is given by: 

 𝜎𝜎𝑖𝑖 = 𝐶𝐶𝑖𝑖𝑖𝑖𝜖𝜖𝑖𝑖 (2.1) 
 

where, σi is the stress component and εi is the strain component and Cij are is the 

material coefficients in orthogonal Cartesian coordinates. For general hyperelastic material 

there will be 21 independent constants but reduces with material symmetry. For monoclinic 

materials, materials with one plane of symmetry, have 12 independent coefficients while 

for orthotropic, material with three planes of symmetry, the number of independent 

coefficients reduces to 9 in 3-D case. 

For orthotropic materials the stress-strain relation can be expressed as: 
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 ⎩
⎪
⎨

⎪
⎧
𝜎𝜎1
𝜎𝜎2
𝜎𝜎3
𝜎𝜎4
𝜎𝜎5
𝜎𝜎6⎭
⎪
⎬

⎪
⎫

=

⎣
⎢
⎢
⎢
⎢
⎡
𝐶𝐶11 𝐶𝐶12 𝐶𝐶13 0 0 0
𝐶𝐶12 𝐶𝐶22 𝐶𝐶23 0 0 0
𝐶𝐶12 𝐶𝐶23 𝐶𝐶33 0 0 0
0 0 0 𝐶𝐶44 0 0
0 0 0 0 𝐶𝐶55 0
0 0 0 0 0 𝐶𝐶66⎦

⎥
⎥
⎥
⎥
⎤

⎩
⎪
⎨

⎪
⎧
𝜖𝜖1
𝜖𝜖2
𝜖𝜖3
𝜖𝜖4
𝜖𝜖5
𝜖𝜖6⎭
⎪
⎬

⎪
⎫

 

(2.2) 
   

 

 ⎩
⎪
⎨

⎪
⎧
𝜖𝜖1
𝜖𝜖2
𝜖𝜖3
𝜖𝜖4
𝜖𝜖5
𝜖𝜖6⎭
⎪
⎬

⎪
⎫

=

⎣
⎢
⎢
⎢
⎢
⎡
𝑆𝑆11 𝑆𝑆12 𝑆𝑆13 0 0 0
𝑆𝑆12 𝑆𝑆22 𝑆𝑆23 0 0 0
𝑆𝑆12 𝑆𝑆23 𝑆𝑆33 0 0 0
0 0 0 𝑆𝑆44 0 0
0 0 0 0 𝑆𝑆55 0
0 0 0 0 0 𝑆𝑆66⎦

⎥
⎥
⎥
⎥
⎤

⎩
⎪
⎨

⎪
⎧
𝜎𝜎1
𝜎𝜎2
𝜎𝜎3
𝜎𝜎4
𝜎𝜎5
𝜎𝜎6⎭
⎪
⎬

⎪
⎫

 

(2.3) 
 

 

From Eq. 2.2 and 2.3 it can been seen that there are two ways of expressing the 

relationship. The Sij is known as the compliance matrix ([C] = [S]-1). These constitutive 

relations are written in a coordinate system that coincides with the material coordinate 

system. In a composite lamina there are several layers and each layer have different 

orientations with respect to the laminate coordinate system. That is why there is a necessary 

for the transformation of stress and strain.  

Let (x, y, z) be the coordinate system in which the governing equations are expressed 

and let (x1, y1, z1) be the principal material coordinates of typical lamina layer. In the present 

case z1 is considered to be parallel to the z-axis and x-axis is considered to be oriented at 

an angle +θ counterclockwise as shown Figure 2.1.  
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Figure 2.1 A typical lamina with its coordinate system 

 

The relation between the two coordinate system is related as follows:  

 
�
𝑥𝑥1
𝑦𝑦1
𝑧𝑧1
� = �

cos 𝜃𝜃 sin𝜃𝜃 0
− sin𝜃𝜃 cos 𝜃𝜃 0

0 0 1
� �
𝑥𝑥
𝑦𝑦
𝑧𝑧
� = [𝑀𝑀] �

𝑥𝑥
𝑦𝑦
𝑧𝑧
� 

(2.4) 
 

 
�
𝑥𝑥
𝑦𝑦
𝑧𝑧
� = [𝑀𝑀]𝑇𝑇 �

𝑥𝑥1
𝑦𝑦1
𝑧𝑧1
� 

(2.5) 
 

The inverse of [M] is equal to its transpose i.e. [M]-1 = [M]T.  

By using the above relation of the coordinate system, stress and strain can be 

transformed. The matrix form of stress can be written as: 

 
[𝜎𝜎]𝑚𝑚 = [𝑀𝑀][𝜎𝜎]𝑝𝑝[𝑀𝑀]𝑇𝑇 
[𝜎𝜎]𝑝𝑝 = [𝑀𝑀]𝑇𝑇[𝜎𝜎]𝑚𝑚[𝑀𝑀] (2.6) 

                                                    

The Eq. 2.6 are used to convert the stress from one coordinate to another and vice 

versa. The general single subscript stress equation can be expressed as following by matrix 

multiplication. For getting the inverse of the Eq. 2.7 just replace the θ by – θ. 
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⎩
⎪
⎨

⎪
⎧
𝜎𝜎𝑥𝑥𝑥𝑥
𝜎𝜎𝑦𝑦𝑦𝑦
𝜎𝜎𝑧𝑧𝑧𝑧
𝜎𝜎𝑦𝑦𝑧𝑧
𝜎𝜎𝑥𝑥𝑧𝑧
𝜎𝜎𝑥𝑥𝑦𝑦⎭

⎪
⎬

⎪
⎫

=

⎣
⎢
⎢
⎢
⎢
⎡ cos2 𝜃𝜃 sin2 𝜃𝜃 0 0 0 − sin 2𝜃𝜃

sin2 𝜃𝜃 cos2 𝜃𝜃 0 0 0 − sin 2𝜃𝜃
0 0 1 0 0 0
0 0 0 cos 𝜃𝜃 sin𝜃𝜃 0
0 0 0 − sin𝜃𝜃 cos 𝜃𝜃 0

sin 𝜃𝜃 cos 𝜃𝜃 −sin𝜃𝜃 cos 𝜃𝜃 0 0 0 cos2 𝜃𝜃 sin2 𝜃𝜃⎦
⎥
⎥
⎥
⎥
⎤

⎩
⎪
⎨

⎪
⎧
𝜎𝜎1
𝜎𝜎2
𝜎𝜎3
𝜎𝜎4
𝜎𝜎5
𝜎𝜎6⎭
⎪
⎬

⎪
⎫

 
(2.7) 

 

Similarly the strain can also be transformed which is shown in the Eq. 2.8. There is 

slight modification in the strain transformation since they are not single column format i.e. 

2𝜖𝜖1 = 𝜖𝜖6, 2𝜖𝜖13 = 𝜖𝜖5 and 2𝜖𝜖23 = 𝜖𝜖4.  
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sin𝜃𝜃 cos 𝜃𝜃 −sin𝜃𝜃 cos 𝜃𝜃 0 0 0 cos2 𝜃𝜃 sin2 𝜃𝜃⎦
⎥
⎥
⎥
⎥
⎤

⎩
⎪
⎨

⎪
⎧
𝜖𝜖1
𝜖𝜖2
𝜖𝜖3
𝜖𝜖4
𝜖𝜖5
𝜖𝜖6⎭
⎪
⎬

⎪
⎫

 (2.8) 

 

2.1.2 Constitutive Relations 

The constitutive relations are used to derive the governing equations. These 

equations are important for any type of composite structures since they contain the material 

properties of the constituents. Although the shear stresses are very small still they can 

induce failures therefore they are not neglected in shear deformation theories. In most of 

the theories the σ33 is usually neglected. The stress in atypical lamina is shown in Figure 

2.2.  
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Figure 2.2 Stresses in a lamina 

 

The constitutive equation of the kth layer for an orthotropic lamina which is the 

general case can be written as: 

 

�
𝜎𝜎1
𝜎𝜎2
𝜎𝜎6
�
𝑘𝑘

= �
𝑄𝑄11 𝑄𝑄12 0
𝑄𝑄12 𝑄𝑄22 0

0 0 𝑄𝑄66
�

𝑘𝑘

�
𝜖𝜖1
𝜖𝜖2
𝜖𝜖6
�
𝑘𝑘

 

�
𝜎𝜎4
𝜎𝜎5�

𝑘𝑘
= �𝑄𝑄44 0

0 𝑄𝑄55
�
𝑘𝑘
�
𝜖𝜖1
𝜖𝜖2�

𝑘𝑘
 

(2.9) 

 

The 𝑄𝑄𝑖𝑖𝑖𝑖𝑘𝑘   are known as plane stress reduced stiffness with reference to the material 

coordinate system (x1, y1, z1). 𝑄𝑄𝑖𝑖𝑖𝑖𝑘𝑘  are related to the engineering constants as follows: 

 

𝑄𝑄11𝑘𝑘 =
𝐸𝐸1𝑘𝑘

1 − 𝜈𝜈12𝑘𝑘 𝜈𝜈21𝑘𝑘
,𝑄𝑄12𝑘𝑘 =

𝜈𝜈12𝑘𝑘 𝐸𝐸2𝑘𝑘

1 − 𝜈𝜈12𝑘𝑘 𝜈𝜈21𝑘𝑘
,𝑄𝑄22𝑘𝑘 =

𝐸𝐸2𝑘𝑘

1 − 𝜈𝜈12𝑘𝑘 𝜈𝜈21𝑘𝑘
 

𝑄𝑄66𝑘𝑘 = 𝐺𝐺12𝑘𝑘 ,𝑄𝑄44𝑘𝑘 = 𝐺𝐺23𝑘𝑘 ,𝑄𝑄55𝑘𝑘 = 𝐺𝐺13𝑘𝑘  

 
(2.10) 
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2.1.3 Guided Waves  

Guided waves are very interesting and widely used in non-destructive evaluation. 

Guided waves can be defined as mechanical stress waves that propagate along a structure 

while guided by its boundaries. The main advantage of using guided waves is that it allows 

the waves to travel a long distance with little loss in energy. It can occur along an interface, 

typically, and is unbounded in one or two dimensions. Based on boundary conditions and 

interface guided waves yields a variety of different wave types like Stoneley wave, Scholte 

wave, Love wave problems etc. In the present section only isotropic free plate is considered 

which give rise to Lamb waves. 

From Newton’s second law the equation of motion can be derived and written as: 

 

𝜌𝜌
𝜕𝜕2𝑢𝑢1
𝜕𝜕𝑡𝑡2

=
𝜕𝜕𝜎𝜎11
𝜕𝜕𝑥𝑥1

+
𝜕𝜕𝜎𝜎12
𝜕𝜕𝑥𝑥2

+
𝜕𝜕𝜎𝜎13
𝜕𝜕𝑥𝑥3

 

𝜌𝜌
𝜕𝜕2𝑢𝑢2
𝜕𝜕𝑡𝑡2

=
𝜕𝜕𝜎𝜎21
𝜕𝜕𝑥𝑥1

+
𝜕𝜕𝜎𝜎22
𝜕𝜕𝑥𝑥2

+
𝜕𝜕𝜎𝜎23
𝜕𝜕𝑥𝑥3

 

𝜌𝜌
𝜕𝜕2𝑢𝑢3
𝜕𝜕𝑡𝑡2

=
𝜕𝜕𝜎𝜎31
𝜕𝜕𝑥𝑥1

+
𝜕𝜕𝜎𝜎32
𝜕𝜕𝑥𝑥2

+
𝜕𝜕𝜎𝜎33
𝜕𝜕𝑥𝑥3

 

(2.11) 

 

Using elastic coefficient matrix the displacement equation of motion can be written 

as: 

 𝜌𝜌𝑢𝑢𝚤𝚤̈ = 𝐶𝐶𝑖𝑖𝑖𝑖𝑘𝑘𝑖𝑖𝑢𝑢𝑘𝑘,𝑖𝑖𝑖𝑖   (2.12) 
 

In displacement equations of motions, the three displacement components are 

coupled, hence it is very difficult to solve. Instead, the components may be expressed in 

terms of two potentials: a scalar potential φ and a vector potential ψ. 

 𝑢𝑢 = ∇ϕ + ∇ ∗ ψ (2.13) 
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Substituting Eq. 2.13 in 2.11 and solving it will yield two solutions: 

 

∇2𝜙𝜙 =
1
𝐶𝐶𝐿𝐿2

�̈�𝜙 

∇2𝜓𝜓 =
1
𝐶𝐶𝑇𝑇2

�̈�𝜓 
(2.14) 

 

Considering a plane wave, where the wave motion is independent of the coordinate 

x2. This describe the motion in plain strain in the x1-x3-plane, i.e. out-of-plane 

displacements are zero, u2 = 0. Consequently, the wave Eq. 2.14 can be written as: 

 

𝜕𝜕2𝜙𝜙
𝜕𝜕𝑥𝑥1

+
𝜕𝜕2𝜙𝜙
𝜕𝜕𝑥𝑥3

=
1
𝐶𝐶𝐿𝐿2

�̈�𝜙 

𝜕𝜕2𝜓𝜓
𝜕𝜕𝑥𝑥1

+
𝜕𝜕2𝜓𝜓
𝜕𝜕𝑥𝑥3

=
1
𝐶𝐶𝐿𝐿2

�̈�𝜓 

𝐶𝐶𝐿𝐿2 =
𝜆𝜆 + 2𝜇𝜇
𝜌𝜌

,𝐶𝐶𝑇𝑇2 =
𝜇𝜇
𝜌𝜌

 

(2.15) 

 

The solution to the Eq. 2.15 can be written as: 

 
𝜙𝜙 = Φ𝑒𝑒𝑖𝑖(𝑘𝑘𝑥𝑥1−𝜔𝜔𝜔𝜔) 
𝜓𝜓 = Ψ𝑒𝑒𝑖𝑖(𝑘𝑘𝑥𝑥1−𝜔𝜔𝜔𝜔) 

(2.16) 

 

There are two types of Lamb waves: symmetrical (longitudinal or extensional) 

waves and anti-symmetrical (flexural or bending). 
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Figure 2.3 The Antisymmetric wave on the left and Symmetric wave on the right 

 

For plotting the dispersion curves, only real solutions of these equations, which 

represent the (undamped) propagating modes of the structure. The Rayleigh-Lamb 

frequency equation can be written as [18]: 

 

tan(qh)
tan(𝑝𝑝ℎ) =

4𝑘𝑘2𝑝𝑝𝑝𝑝
(𝑝𝑝2 − 𝑘𝑘2)2           𝑓𝑓𝑓𝑓𝑓𝑓 𝑠𝑠𝑦𝑦𝑠𝑠𝑠𝑠𝑒𝑒𝑡𝑡𝑓𝑓𝑠𝑠𝑠𝑠 𝑠𝑠𝑓𝑓𝑚𝑚𝑒𝑒𝑠𝑠 

tan(qh)
tan(𝑝𝑝ℎ) =

(𝑝𝑝2 − 𝑘𝑘2)2

4𝑘𝑘2𝑝𝑝𝑝𝑝
𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑡𝑡𝑠𝑠𝑠𝑠𝑦𝑦𝑠𝑠𝑠𝑠𝑒𝑒𝑡𝑡𝑓𝑓𝑠𝑠𝑠𝑠 𝑠𝑠𝑓𝑓𝑚𝑚𝑒𝑒𝑠𝑠  

(2.17) 

 

The p and q are given by: 

 𝑝𝑝2 = �
𝜔𝜔
𝐶𝐶𝐿𝐿2
�
2

− 𝑘𝑘2,   𝑝𝑝2 = �
𝜔𝜔
𝐶𝐶𝑇𝑇2
�
2

− 𝑘𝑘2 (2.18) 

 

The wavenumber k is given by ω/cp where cp is the phase cp is the phase velocity 

and ω is the circular frequency. The phase velocity is related to the wavelength by cp = 

(ω/2*π)λ. A numerical iterative method is listed as follows to obtain dispersion relations 

of phase velocity for a specified wave number direction by Rose [18]:  

(1) Choose a frequency–thickness product fh. 

(2) Make an initial estimate of the phase velocity (cp)0. 
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(3) Evaluate the signs of each of the left-hand sides of (2.17) (assuming they do not 

equal zero). 

(4) Choose another phase velocity (cp)1 > (cp)0 and re-evaluate the signs of (2.17). 

(5) Repeat steps (3) and (4) until the sign changes. Because the functions involved are 

continuous, a change in sign must be accompanied by a crossing through zero. 

Therefore, a root m exists in the interval where a sign change occurs. 

Assume that this happens between phase velocities (cp)n and (cp)n+1. 

(6) Use some sort of iterative root-finding algorithm (e.g., Newton–Raphson, 

bisection) to locate precisely the phase velocity in the interval (cp)n < cp <(cp)n+1 

where the LHS of the required equation is close enough to zero. 

(7)  After finding the root, continue searching at this ωh for other roots according to 

steps (2) through (6).  

(8) Choose another ωh product and repeat steps (2) through (7) 

2.2 First Order Shear Deformation Theory 

In Classical Laminated Plate Theory it is assumed that the Kirchoff hypothesis holds 

[17]: 

1. Straight lines normal to the mid-surface remain straight after deformation 

2. Straight lines normal to the mid-surface remain normal to the mid-surface after 

deformation 

3. The thickness of the plate does not change during a deformation. 

From the first two assumptions it can be concluded that the transverse displacement 

is independent of the thickness coordinate and transverse normal strain i.e. εzz is zero. From 
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the third assumptions it can be concluded that the transverse shear strains are also zero i.e. 

εxz = 0; εyz = 0. 

First-order shear deformation theory is built upon Kirchoff hypothesis with one 

exception i.e. by removing the third exception which means that in FSDT the transverse 

normal do not remain perpendicular to the mid-surface after deformation. 

 

Figure 2.4 Undeformed and deformed geometries of an edge of a plate under the assumption of FSDT [11] 

 

These assumptions make this theory more realistic from practical point of view since 

this theory consider the transverse shear strain of the plate. The displacement field of FSDT 

for the kth layer of the plate and material α can be written as [19]: 

 

 

 

 



19 
 

 

𝑢𝑢�𝛼𝛼
(𝑘𝑘)(𝑥𝑥,𝑦𝑦, 𝑡𝑡) = 𝑢𝑢𝛼𝛼

(𝑘𝑘)(𝑥𝑥,𝑦𝑦, 𝑡𝑡) − 𝑧𝑧�̅�𝛼
(𝑘𝑘)𝜙𝜙𝑥𝑥𝛼𝛼

(𝑘𝑘)(𝑥𝑥,𝑦𝑦, 𝑡𝑡) 

�̅�𝑣𝛼𝛼
(𝑘𝑘)(𝑥𝑥,𝑦𝑦, 𝑡𝑡) = 𝑣𝑣𝛼𝛼

(𝑘𝑘)(𝑥𝑥,𝑦𝑦, 𝑡𝑡) − 𝑧𝑧�̅�𝛼
(𝑘𝑘)𝜙𝜙𝑦𝑦𝛼𝛼

(𝑘𝑘)(𝑥𝑥,𝑦𝑦, 𝑡𝑡) 

𝑤𝑤�𝛼𝛼
(𝑘𝑘) = 𝑤𝑤(𝑥𝑥,𝑦𝑦, 𝑡𝑡) 

(2.19) 

The constitutive equations in each layer can be expressed in terms of elastic 

constants Cij and the reduced stiffness Qij as: 

 

�
𝜎𝜎𝑥𝑥
𝜎𝜎𝑦𝑦
𝜎𝜎𝑥𝑥𝑦𝑦

� = �
𝑄𝑄11 𝑄𝑄12 𝑄𝑄16
𝑄𝑄12 𝑄𝑄22 𝑄𝑄26
𝑄𝑄16 𝑄𝑄26 𝑄𝑄66

� �
𝜀𝜀𝑥𝑥
𝜀𝜀𝑦𝑦
𝜀𝜀𝑥𝑥𝑦𝑦

� 

 

�
𝜎𝜎𝑦𝑦𝑧𝑧
𝜎𝜎𝑥𝑥𝑧𝑧� = �𝑄𝑄44 𝑄𝑄45

𝑄𝑄45 𝑄𝑄55
� �
𝜀𝜀𝑦𝑦𝑧𝑧
𝜀𝜀𝑥𝑥𝑧𝑧� 

(2.20) 

where εxy, εyz, εxz are engineering strains. 

2.3 Mid-plane Symmetric Laminated Plates 

Laminated plates that are configured such that the geometric middle plane is a mirror 

image of the ply configurations above and below the middle plane are called mid-plane 

symmetric laminates. The geometric middle plane is also the neutral plane of the plate. 

They form an important class of plates and have been analyzed by many researchers. In the 

present work three layer plate with face layer and bottom layer made up of the same 

material are considered and the mid layer with different material. It has also been assumed 

that the thicknesses of the face and the bottom layer are same. Now considering the 

symmetric nature of the plate it can be assumed that the displacement of the middle planes 

of the layers remain in plane after deformation.  

In the present work only flexural deformation of the plate is considered. During 

flexural deformation it is assumed that the in plane displacement is vanished in the mid-



20 
 

plane of the plate. So, the displacement component in the mid-plane of the kth layer can be 

rewritten as [19]: 

 

𝑢𝑢𝛼𝛼
(𝑘𝑘) = −𝑧𝑧𝛼𝛼

(𝑘𝑘)𝜓𝜓𝑥𝑥(𝑥𝑥,𝑦𝑦, 𝑡𝑡) 

𝑣𝑣𝛼𝛼
(𝑘𝑘) = −𝑧𝑧𝛼𝛼

(𝑘𝑘)𝜓𝜓𝑦𝑦(𝑥𝑥,𝑦𝑦, 𝑡𝑡)               

𝑤𝑤𝛼𝛼
(𝑘𝑘) = 𝑤𝑤(𝑥𝑥,𝑦𝑦, 𝑡𝑡) 

(2.21) 

where, zα denote the position of the middle planes of the layer and ψx and ψx denotes 

the rotation of the planes passing through the middle plane of the layers. These rotation 

terms can be regarded as the gross rotation of the laminated plate. 

One of the key steps to obtain the governing equation is to define the continuity 

condition. From Eq. (2.12) and Eq. (2.13) it is required that the displacement is continuous 

at the interface of the layers i.e. ϕxα
(k)= ϕxα and ϕyα

(k)= ϕxα The continuity condition can be 

written as [19]: 

 

𝜓𝜓𝑥𝑥 = 𝜂𝜂𝜙𝜙𝑥𝑥1 + (1 − 𝜂𝜂)𝜙𝜙𝑥𝑥2 

𝜓𝜓𝑦𝑦 = 𝜂𝜂𝜙𝜙𝑦𝑦1 + (1 − 𝜂𝜂)𝜙𝜙𝑦𝑦2 
(2.22) 

where η=h1/(h1+h2); 

 h1=Thickness of the top and bottom layer; h2= Thickness of the mid layer 

To get the governing equation Hamilton principle is used which is: 

 
𝛿𝛿 � (𝑇𝑇 − 𝑈𝑈)𝑚𝑚𝑡𝑡 = 0

𝜔𝜔2

𝜔𝜔1
 (2.23) 

where T is the kinetic energy  and U is the potential energy. The term T - U is called 

the Lagrangian L. 
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Since the complete derivation to get governing equation is lengthy therefore it is 

given in the appendix. In the state of plane strain parallel to x-z plane, the governing 

equation of motion can be written as: 

 

 

(𝑏𝑏23 + 𝑏𝑏24)𝑤𝑤,𝑥𝑥𝑥𝑥 − 𝑏𝑏23𝜙𝜙𝑥𝑥1,𝑥𝑥 − 𝑏𝑏24𝜙𝜙𝑥𝑥2,𝑥𝑥 = 𝑏𝑏28�̈�𝑤 

𝑏𝑏1𝜓𝜓𝑥𝑥,𝑥𝑥𝑥𝑥 − Г𝑥𝑥 = 𝑏𝑏25�̈�𝑤 

𝑏𝑏23𝑤𝑤,𝑥𝑥 + 𝑏𝑏2𝜙𝜙𝑥𝑥1,𝑥𝑥𝑥𝑥 − 𝑏𝑏23𝜙𝜙𝑥𝑥1 + 𝜂𝜂Г𝑥𝑥 = 𝑏𝑏26𝜙𝜙𝑥𝑥1̈  

𝑏𝑏24𝑤𝑤,𝑥𝑥 + 𝑏𝑏3𝜙𝜙𝑥𝑥2,𝑥𝑥𝑥𝑥 − 𝑏𝑏24𝜙𝜙𝑥𝑥2 + (1 − 𝜂𝜂)Г𝑥𝑥 = 𝑏𝑏27𝜙𝜙𝑥𝑥2̈  

𝜓𝜓𝑥𝑥 − 𝜂𝜂𝜙𝜙𝑥𝑥1 − (1 − 𝜂𝜂)𝜙𝜙𝑥𝑥2 = 0 

(2.24) 

In the present case m=2 and n=1. ρ=density, I=moment of inertia 

where, 
𝑏𝑏1 = 𝑄𝑄11

(1)ℎ1��𝑧𝑧1𝑘𝑘�
2

𝑚𝑚

𝑘𝑘=1

+ 𝑄𝑄11
(2)ℎ2��𝑧𝑧1𝑘𝑘�

2
𝑛𝑛

𝑘𝑘=1

 

𝑏𝑏2 = 𝑠𝑠𝑄𝑄11
(1)𝐼𝐼1 

𝑏𝑏3 = 𝑎𝑎𝑄𝑄11
(1)𝐼𝐼1 

𝑏𝑏23 = 𝑠𝑠𝑠𝑠55
(1)ℎ1𝛫𝛫 

𝑏𝑏24 = 𝑎𝑎𝑠𝑠55
(2)ℎ2𝛫𝛫 

𝑏𝑏28 = 𝑠𝑠𝜌𝜌1ℎ1 + 𝑎𝑎𝜌𝜌2ℎ2 

𝑏𝑏25 = 𝜌𝜌1ℎ1��𝑧𝑧1𝑘𝑘�
2

𝑚𝑚

𝑘𝑘=1

+ 𝜌𝜌2ℎ2��𝑧𝑧1𝑘𝑘�
2

𝑛𝑛

𝑘𝑘=1

 

𝑏𝑏26 = 𝑠𝑠𝜌𝜌1𝐼𝐼1 

𝑏𝑏27 = 𝑎𝑎𝜌𝜌2𝐼𝐼2 

(2.25) 
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The dispersion equation can be achieved by substituting Eq. 2.26 in the Eq. 2.24s 

and considering the matrix of the resulting equation to be singular. It’s a standard 

eigenvalue problem and can be solves by using MATLAB. 

 

 

 

 

𝑤𝑤 = 𝑤𝑤�𝑒𝑒𝑖𝑖(𝑘𝑘𝑥𝑥−𝜔𝜔𝜔𝜔 ) 
𝜓𝜓𝑥𝑥 = 𝜓𝜓�𝑥𝑥𝑒𝑒𝑖𝑖(𝑘𝑘𝑥𝑥−𝜔𝜔𝜔𝜔 ) 
𝜙𝜙𝑥𝑥1 = 𝜙𝜙�𝑥𝑥1𝑒𝑒𝑖𝑖(𝑘𝑘𝑥𝑥−𝜔𝜔𝜔𝜔 ) 
𝜙𝜙𝑥𝑥2 = 𝜙𝜙�𝑥𝑥2𝑒𝑒𝑖𝑖(𝑘𝑘𝑥𝑥−𝜔𝜔𝜔𝜔 ) 
Г𝑥𝑥 = Г�𝑥𝑥𝑒𝑒𝑖𝑖(𝑘𝑘𝑥𝑥−𝜔𝜔𝜔𝜔 ) 

(2.26) 
 

Figure 2.5 Fundamental frequencies of three layer plate of two isotropic material (G1/G2=1, h1/ h2=1, 
υ1=0.25, υ1=0.3) 
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The Figure 2.5 shows a typical dispersion curve that shows the first two 

antisymmetric modes of a three layer plate where top and bottom layer are made up of 

same material and the middle layer is made of different material. The A0 mode starts from 

the origin, as shown in the Figure 2.5. The y-axis shows the wavenumber multiplied by the 

total thickness of the laminate which is denoted by “d”. In the present study, only flexural 

mode i.e., the antisymmetric modes are considered. 

2.4 Conclusion 

In this Chapter the basic concepts of transformation of stress and strain have been 

discussed along with the constitutive relations. Also the nature of guided waves are 

discussed along with the mathematical formulations. The derivation of plate theory using 

FSDT is discussed along with its application to mid-plane symmetric laminated plates. 

Also the dispersion relations are discussed along with the concept of wavenumber and 

phase velocity. It is observed that the FSDT predicts the flexural wave modes very 

accurately which can be used for both damage detection and selection of propagating wave 

modes. 
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3 Viscoelastic Modelling of Laminate Composite Plate 

3.1 Background 

In elastic theory, it is assumed that elastic materials can store energy during 

deformation without dissipation. This is accurate for most metals, ceramics, and some other 

materials. However, artificial materials, including polymers and composites, dissipate a 

great deal of energy during deformation. This type of materials combines the energy-

storing features of elastic media and the dissipating features of viscous liquids; such 

materials are called viscoelastic. For viscoelastic materials, stresses are functions of strains 

and derivatives of strains over time. If the stresses and strains and their derivation over 

time are related linearly, then the material has properties of linear viscoelasticity. It should 

also be noticed that viscoelastic material properties are typically very sensitive to 

temperature changes. A linear viscoelasticity gives rise to a curved stress–strain plot 

compared to elastic materials. Some of the phenomena in viscoelastic materials are 

described as follows [20]: 

(1) The strain increases with time (creep) even if the stress is held at constant; 

(2) The stress decreases with time (relaxation) if the strain is held constant; 

(3) The effective stiffness depends on the rate of application of the load; 

(4) If cyclic loading is applied, hysteresis (a phase lag) occurs, leading to a 

dissipation of mechanical energy; acoustic waves experience attenuation; 

(6) Rebound of an object following an impact is less than 100%;  



25 
 

(7) During rolling, frictional resistance occurs   

There are several ways to model viscoelasticity such as Maxwell, Kelvin-Voight 

and Hysteretic models etc. There are many different viscoelastic and inelastic models in 

use to describe the behavior of solid materials. In the present study Hysteric Model is used 

in modelling the three layer plate. The main advantage of Hysteric model over other model 

is that the material coefficients are independent of frequency and constant. So in the wave 

propagation model no change has to be done in comparison to the elastic materials except 

in viscoelastic case the stiffness coefficient becomes complex. 

3.2 Hysteric Model 

Lake [21] described a basic model of viscoelasticity where the complex stiffness 

coefficients are given by a real and imaginary components. In this model, the imaginary 

part of the stiffness that corresponds to the viscoelasticity is independent of frequency. In 

this model instead of real valued moduli, complex values are used, where the imaginary 

component represents the viscoelastic loss. The real part of the stiffness value corresponds 

to energy storage while the complex part corresponds to the damping introduced by 

material viscoelasticity: 

  𝐶𝐶∗ = 𝐶𝐶′ − 𝑠𝑠𝐶𝐶′′ (3.1) 

The Hysteretic model assumes that C″ is independent and constant, of frequency, so that 

this equation may be rewritten using the loss factor, η, as: 

   𝐶𝐶∗ = 𝐶𝐶′ − 𝑠𝑠𝜂𝜂 (3.2) 
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Figure 3.1 Physical interpretation of complex stiffness method [22] 

 

Solving the governing equations for the guided wave mode using a real valued 

frequency will yield complex wavenumber, k*. From the complex wavenumber, both phase 

velocity and attenuation can be calculated. For a mode with a complex wavenumber: 

 𝑘𝑘∗ = 𝑘𝑘′ + 𝑠𝑠𝑘𝑘′′ (3.3) 

The real phase velocity, cp, given as: 

 𝑠𝑠𝑝𝑝(𝜔𝜔) =
𝜔𝜔
𝑘𝑘′

  (3.4) 

 The attenuation is given by the imaginary part of the wavenumber [18]: 

 

𝛼𝛼(𝜔𝜔) = −𝜔𝜔𝐼𝐼𝑠𝑠 �
1

𝑠𝑠∗(𝜔𝜔)� = −𝑘𝑘′′   

 

(3.5) 
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3.3 Model Validation 

 

Figure 3.2 The dimension of a three layer plate 

 

In the previous chapter governing equations of a three-layer isotropic plate have 

been derived and also a typical dispersion curve is shown. The plate consider there were 

all isotropic and elastic. In Figure 3.2 a typical three-layer plate is shown with its axis. Now 

considering the mid-layer to be viscoelastic, same governing equations can be applied but 

with different material properties. For the mid-layer, hysteric model will be used and the 

material properties for the mid-layer will have both real and imaginary parts. The top and 

the bottom layers are considered as pure elastic medium which has only real material 

coefficients.  
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The model proposed here will be validated by comparing with a standard models so 

that the effectiveness of the developed model predicting the dispersion curves can be 

proved.   

Figure 3.3 shows the comparison between a single-layer Perspex plate [23] with the 

present three layer model. Perspex plate is a type of viscoelastic plate. The thickness of the 

Perspex plate considered in the present case is 3 mm and have a mass density of 1.45 g/cm3. 

For comparison purpose, all the three layers in the proposed model is considered to be 

made up of same material – Perspex. The material properties of Perspex is give in the Table 

3.1 

Cij C11= C22= C33 C12= C13= C23 C44= C55= C66 

Cij(1+tanδi) 7.73(1+0.026i) 4.37(1+0.032i) 1.77(1+0.043i) 

 

Table 3.1 Measured viscoelastic moduli for Perspex in gigapascals(GPa). 
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Figure 3.3 The comparison between attenuation curve of a Perspex plate from (a) the current three layer 
model and (b) from a standard one layer Perspex plate [23]. 
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Log scale is used for the y-axis in Figure 3.3 which helps to see the shape of the 

attenuation curve. The frequency values are real. The attenuation is the imaginary part of 

the wavenumber. In the present study the unit of attenuation used is Rad/mm and it is 

consistent throughout this study. Modes with attenuations lower than 0.057 rad/mm in 

Figure 3.3 are considered as quasipropagating, meaning that they can be detected until a 

sufficiently long distance from the generation zone with appropriate equipment [23]. The 

attenuation curves are important for structural health monitoring as they will decide how 

far guided waves will be able to propagate. In Figure 3.4 the phase velocity vs frequency 

plot of the single-layer Perspex plate is shown. It is an alternative way of depicting 

dispersion curves.   

 

Figure 3.4 Phase velocity vs Frequency of a Perspex plate 
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The expression for obtaining phase velocity is given by: 

 𝐶𝐶𝑝𝑝 =
𝜔𝜔
𝑘𝑘  (3.6) 

 

where, ω = circular frequency; k = wavenumber. So, from the wavenumber vs 

frequency curve, the phase velocity vs frequency can be easily extracted. 

As can be seen from the Figure 3.4 the A1 mode has a cut off frequency at around 

0.19 MHz. It can be found that the phase velocities are almost unaffected by the imaginary 

parts of the coefficients which is one of the attributes of viscoelastic plates/composites.  

The Figure 3.3 and 3.4 depicted that the model which is presented here can predict 

both the imaginary and real part of the wavenumber (dispersion curve) of viscoelastic 

materials.  

3.4 Plates with Viscoelastic mid-layer 

In the previous section the model has been verified, so now in this section dispersion 

curves of three layer plate with aluminum face sheets and viscoelastic Perspex mid layer is 

discussed. The properties of Aluminum used are: E = 71 GPa, ρ = 2780kg/m3
, G = 26 GPa. 

The properties of Perspex is mentioned in the Table 2.1. 

As can be seen in the Figure 3.5, the dispersion attenuation curve of a three-layer 

plate with each layer having the thickness is shown.  The mid layer is viscoelastic while 

the two face sheets are linear elastic. The attenuation dispersion curves are important for 

the study of wave propagation through the composite laminated plate. It also helps 

choosing the right frequency for various non-destructive evaluations.  
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Figure 3.5 Attenuation of 3 layer plate with Aluminum facesheets and Perspex mid-layer (h1=h2=h3) 

                            

From the Figure 3.5 it can be seen that for A0 mode, at low frequency the attenuation 

is also very low. With increase in frequency the attenuation also increases. The A1 mode 

has comparatively high attenuation at low frequency compared to A0 mode. Furthermore 

at high frequency for A1 mode the attenuation decreases and becomes equal to that of A0 

mode.          

 

3.5 Conclusion 

In   this chapter the viscoelastic models and properties of a plate are discussed. The 

hysteric model of viscoelasticity is discussed in details as it has been used for the present 

study. Also the results hysteric model coupled with the governing equations derived in the 

Chapter 2 is presented and a benchmark study is carried out on a single-layer viscoelastic 
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plate for the validation of the model. Finally the dispersion curve of the three layer 

laminated plate with viscoelastic mid layer is discussed along with the attenuation curve. 

This chapter completes the theoretical aspect of the present study. In the next chapter 

numerical validation will be carried out.    

 

 



34 
 

4 Numerical Validation and Analysis 

In this chapter numerical validation of the result is presented for the model described 

in Chapter 3. The FE software used for validation in this study is COMSOL Multiphysics. 

A brief mathematical preliminary is discussed to get a clear idea of the working principle 

of the program. 

Quadratic Eigenvalue Problems (QEP) are often occur within dynamic analysis of 

mechanical systems [24]. Considering the linear second order Partial Differential 

Equations (PDE): 

 𝑀𝑀�̈�𝑝 + 𝐶𝐶�̇�𝑝 + 𝐾𝐾𝑝𝑝 = 𝑓𝑓 (4.1) 
   

where, M, C, K  are matrices of random dimension. The solution of the Eq. 4.1 may 

be expressed as an eigen-solution where the values and eigenvectors must satisfy,  

 
(𝜆𝜆2𝑀𝑀 + 𝜆𝜆𝐶𝐶 + 𝐾𝐾)𝑥𝑥 = 0  
𝑦𝑦∗(𝜆𝜆2𝑀𝑀 + 𝜆𝜆𝐶𝐶 + 𝐾𝐾) = 0 

(4.2) 

 

where x is the right eigenvector and y is the left eigenvector to the corresponding 

eigenvalue λ. There are 2n eigenvalues, and 2n right and 2n left eigenvectors, rather than n 

eigenvalues [24]. Let’s consider the solution to Eq. 4.2. The solution of the Eq. 4.2 can be 

written as: 

 𝑄𝑄(𝜆𝜆)  =  𝜆𝜆2𝑀𝑀 +  𝜆𝜆𝐶𝐶 +  𝐾𝐾 (4.3) 
 

The QEP can be reduced to a first-order equation, in the same manner as the PDE 

may be linearized. The Eq. 4.2 can be written as: 
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 𝑀𝑀�̇�𝑝1 + 𝐶𝐶𝑝𝑝 + 𝐾𝐾𝑝𝑝0, 𝑝𝑝0 = 𝑝𝑝, 𝑝𝑝1 = �̇�𝑝0 (4.4) 
 

Substituting u=λx into Eq. 4.2 linearizes the equation in 2n unknowns, of the first 

and the second companion form [24] can be written as: 

 
λMu +  Cu +  Kx = 0 , u =  α λx 
λMu + λCx +  Kx = 0 , u =  α λx 

(4.5) 

 

A numerical scheme called the Arnoldi method in COMSOL can easily solve this 

type of QEP iteratively using which is provided by the ARPACK software.  

4.1 Finite Element Analysis Verification 

For the FE analysis COMSOL Multiphysics is used. The conceptual model of the 

structure describes in Chapter 3 is first defined. This step includes defining the frequency 

range of interest, region of interest and adopting a material model for the structure. After 

that the FE model of the conceptual model is built and the resulting eigenvalue problem is 

solved. In the post processing part the solution acquired is extracted to get the relevant 

information. The solving part will give many roots but only the roots that are physically 

meaningful will be selected and compared.  

The boundary condition used in the present study is Floquet Periodic Boundary 

Condition. COMSOL uses the Floquet-Bloch theory to obtain a set of solutions of a linear 

ordinary equations system of the form [25]: 

 𝑓𝑓(𝑥𝑥) = 𝑀𝑀(𝑥𝑥)𝑓𝑓(𝑥𝑥) (4.6) 
  

where f(𝑥𝑥) is the solution vector ; matrix M is periodic such that M(𝑥𝑥+𝐿𝐿) = M(𝑥𝑥)for 

a certain period.  
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First, for a benchmark study, the dispersion curve obtained from the elasticity model 

is compared with that obtained from the COMSOL model. The meshed FE model of a 

single layer Aluminum plate is shown in Figure 4.2. Floquet periodicity is used for 

boundary condition as already discussed before. 

 

 

Figure 4.1 Meshed model of a one layer Plate 
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Figure 4.2 Comparison between Elasticity theory and COMSOL Model 

 

In Figure 4.3, the thickness of the layer in the calculation is 3 mm and the material 

used is aluminum. Wavenumber is plotted against frequency, another way of depicting 

dispersion curves. For the model based elasticity theory, the same material properties and 

thickness are used. It can be found from the figure that the results from the elasticity theory 

agree well with the results from the COMSOL model. The correlation is exactly same at 

low frequency wile at high frequency, both the A0 and A1 mode of the elasticity theory and 

the FE model remains quite close with each other that validates the COMSOL model.  
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Figure 4.3 Meshed Model from COMSOL 

 

In Figure 4.4, a three layer FE model is shown with viscoelastic mid layer. The 

thickness of the each layer is considered to be same i.e. 1 mm. The wave propagation 

direction is considered to be along x-axis and the periodic boundary condition is applied 

along the ‘y’ direction. The material properties used for the mid layer is same that of 

Perspex plate while both the facesheets are considered to be made of aluminum. Same 

boundary condition are applied as described previously.  
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Figure 4.4 Comparison of theoretical model with FE model for a three layer plate with viscoelastic middle 
layer 

 

The comparison of the dispersion curves from the developed theoretical model and 

the FE model is shown in the Figure 4.5. The x-axis depicts the frequency in MHz while 

the y-axis shows the real part of the wavenumber. Only the real part of the wavenumber 

from both the model is compared. It can be observed that the results from both the model 

agrees well with each other and is almost equal at both low and high frequency ranges.  
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Figure 4.5 The frequency-domain transmitted pulses for the three layer plate with viscoelastic mid-layer 

 

Now coming to the validation of the attenuation of the three layer plate, a frequency 

domain harmonic analysis is done in COMSOL. A harmonic load is given at one end of 

the load and the response to that load is extracted at the opposite end to see the effect of 

the viscoelastic layer. As can be seen from the Figure 4.6, the load has been efficiently 

attenuated by the viscoelastic mid layer. Moreover, from the frequency-domain results, as 

shown in Figure 4.6, the wave attenuation dips at different frequencies can be clearly 

observed 
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In the Figure 4.6 a comparative study is shown for various loss factor of the 

viscoelastic middle layer. The loss factor is gradually increased and the attenuation curve 

is plotted against frequency. It can be clearly observed that with increase in the loss factor 

of the viscoelastic layer the attenuation also increases for both the A0 and A1 mode. This is 

one of the important property of viscoelastic material which helps in achieving the desired 

attenuation buy changing the loss factor of the material coefficient. From the Figure 4.6 it 

can be clearly observed that with increase in the loss factor of the plate, the attenuation 

gradually increase with the increase in frequency for A0 mode while for A1 mode at low 

frequency, the attenuation remains the same with increase in loss factor but it increases at 

higher frequency. 

Figure 4.6 Comparison of the attenuation curve for different loss factor 
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4.2 Transient Analysis 

 

Figure 4.7 A three Layer Plate model in COMSOL 

 

Transient analysis is done on the three layer laminated plate to show the effects of 

damping. For the analysis COMSOL Multiphysics is used. A three layer plate is shown in 

the Figure 4.7. At first a pure Aluminum plate is considered. The length and breadth of the 

plate is made large enough to get less reflection from the boundary. A five tone burst signal 

with central frequency of 10kHz is used to excite the plate. The point where the signal is 

applied is shown in the Figure 4.8. 
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Figure 4.8 Excitation Point in the Plate 

 

The five tone burst signal is shown in the Figure 4.9. Now as the mesh size is an 

important parameter in the wave propagation simulation, an importance is given to the 

mesh size and the type of mesh used. The type of mesh used is mapped and the size of the 

mesh used is less than 1/20 of the wavelenth so as to give an ample amount of mesh for the 

wave to travel. The mesh of the plate is shown in the Figure. As can be seen from the Figure 

4.10 the mesh is very fine.  
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Figure 4.9 Meshed Pate 

 

Figure 4.10 Five tone burst signal 
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Figure 4.11 Sensor Location in the Plate 

  

The sensor location is shown in the Figure 4.11. For the analysis Time dependent 

module is used. The time step should be small enough to resolve the motion (response) of 

the structure. The analysis is run for 6e-4 second with a time step of 5.0e-7 second. The 

time step size must be smaller than (1/20*frequency).  

In the figure 4.12 the response in the sensor location is shown. As can be observed 

the amplitude is less than that of the excitation signal because of the dissipation of energy 

in all the direction. A validation is done to know about the accuracy of the results from this 

simulation. One way of validating the result is to compare the wavelength from the 

analytical solution and the numerical solution. The distance between the two nearby peaks 

as shown in the Figure 4.13 gives the wavelength which is around 89 mm. The wavelength 

for the analytical model can be obtained from cp vs frequency plot which is around 91mm. 
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Thus from the proximity of two values it can be inferred that the results from the numerical 

analysis agrees well with that of the theoretical model. 

 

 

Figure 4.12 Transient response at the sensor 

 

 

Figure 4.13 Wave field in the Laminated Plate 
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Figure 4.14 Snapshots of the wave field at different time steps 

 

A three layer plate with damped mid layer is considered for transient simulation. 

The top and bottom layer is considered to be made of Aluminum and the middle layer 

properties are considered to be that of Perspex given in Table 1. The geometric data used 

in this analysis are: h1 (top face) = h3 (botom face) =1.33mm, h2 (Mid-Layer) =1.33mm. 

Since loss factor cannot be directly use for damping for transient analysis in COMOSOL, 

so Rayleigh damping is considered. Rayleigh damping is related with the loss factor as 

follow [26]: 

 𝛽𝛽 =
𝜂𝜂
𝜔𝜔𝑛𝑛

 (4.7) 
   

where, η is the loss factor and ωn is the natural frequency of the plate.  
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To find the natural frequency, eigen-frequency analysis is done found to be 14387 

Hz. For the above calculation of the loss factor is considered to be of the Perspex material 

which is given in Table 1. The value of β is then calculated which is equal to 2.36e-6.   

 The response from the sensor is compared with the undamped one (Fig. 4.16) and 

it can be observed that there is an attenuation because of the damping factor. To validate 

this result the analytical attenuation is compared with the wavenumber from the transient 

simulation. Since A0 is the dominant mode, it is compared. From Fig. 4 the analytical 

wavenumber at 10 KHz is 1.1 rad/m.  

 
𝐴𝐴𝑠𝑠𝑝𝑝𝐴𝐴𝑠𝑠𝑡𝑡𝑢𝑢𝑚𝑚𝑒𝑒𝑑𝑑𝑑𝑑𝑚𝑚𝑝𝑝𝑖𝑖𝑛𝑛𝑑𝑑

𝐴𝐴𝑠𝑠𝑝𝑝𝐴𝐴𝑠𝑠𝑡𝑡𝑢𝑢𝑚𝑚𝑤𝑤𝑖𝑖𝜔𝜔ℎ𝑜𝑜𝑜𝑜𝜔𝜔 𝑑𝑑𝑑𝑑𝑚𝑚𝑝𝑝𝑖𝑖𝑛𝑛𝑑𝑑
= 𝑒𝑒−𝑘𝑘∗𝑥𝑥 

(4.8) 
 

where, x= distance between the excitation and sensor point; k= wavenumber 

As can be seen from the Fig. 4.16, the two values are calculated and compared. The 

wavenumber from the Eq. 4.8 is found out to be 0.9873 rad/m which is very close to the 

analytically calculated value. 

A parametric study is also conducted to evaluate the effect of loss factor on attenuation. In 

Fig. 4.17, the sensor response with different loss factor is shown. As can be observed, with 

increase in the loss factor, there is an attenuation in the sensor response. So a desired 

attenuation can be attained by varying the loss factor of the material.  
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Figure 4.15 Damped Wave field in the laminated plate 

 

 

Figure 4.16 Comparison of the damped and undamped response 
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Figure 4.17 Comparison of the attenuation for different damping values 

 

4.3 Conclusion 

In this chapter the finite element analysis using COMSOL is carried out to verify 

the proposed theoretical model for composite laminated plate with viscoelastic middle 

layer. The results from COMSOL and the theoretical model agree well for both A0 and A1 

wave modes. Also, a study on the effect of various viscoelastic loss factors is carried out 

and the attenuation curves are plotted against the frequency and the results are discussed. 
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5 Conclusion and Future Work  

5.1 Summary and Conclusion of the Dissertation Study 

The dissertation study focuses on the development of a theoretical model for a three 

layer composite laminated plate with viscoelastic middle layer. FSDT and hysteric model 

used in this study to obtain the dispersion relations and attenuation curves. The proposed 

theoretical model is successfully verified using FE software COMSOL. 

The specific contributions from this dissertation to the field of research can be 

summarized as follows:  

(a) Governing equation of the three layer composite laminated plates with 

viscoelastic mid-layer is derived using FSDT. The hysteric viscoelastic model is used to 

model the viscoelastic layer. In this study only the flexural wave is considered i.e. the 

antisymmetric mode. 

(b) The dispersion relation as well as the attenuation curves are obtained from the 

governing equations and solved using MATLAB. 

(c) Equivalent FE models are built using COMSOL and the results obtained from 

the proposed theoretical model are compared with the results from the FE model. 

(e) From the compared results of the theoretical model and FE model good 

agreements both in the low frequency and high frequency ranges can be found. Especially 

for both the A1 and A0 modes. 

In conclusion the theoretical model derived in this study successfully captures the 

dispersion relations as well as the attenuation effect of flexural wave propagation in 

viscoelastic laminated plate. Dispersion curves are essential for damage detection using 
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guided waves as it helps to select different waves and its interaction with the damages. 

dispersion are used analytically to describe the characteristics of the various modes that 

would apply to nondestructive testing applications It is vital to making meaningful 

understandings of measurements by building and refining the existing model. It underlines 

the process of measuring the properties that helps to understand the examined structure 

analytically and theoretically.  

5.2 Recommendations for future work 

The model presented in this thesis is flexible and may be applied to a wide variety 

plates and other elastic wave guides.  

The model can be further verified experimentally. Also a wide range of viscoelastic 

materials which can be used for the described model. The FE model can also be improved 

further which can be further used to extract imaginary part of the wavenumber i.e. the 

attenuation curve and can be verified with the experimental results and theoretical results. 

Damages like delamination between the layers can be introduced and the governing 

equation can be derived by changing the continuity condition between the interfaces. The 

FE model with delamination damages can be built to validate the theoretical model. Also 

the changes in the dispersion curve and also the attenuation curve can be observed and 

compared with a normal plate. The current FE model can also optimized to get more 

accurate and comparable results with the theoretical model. 
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Appendix 

A1. Sample Source Code 

% 
 % ======================================================== 
 % Code for solving the Eigenvalue problem of the Governing Equation 
 % ======================================================== 
 % ======== UNIMPORTANT ================================== 
 % ======================================================== 
close all 
clear 
clc 
warning off all 
  
h1=0.003/3; 
h2=(0.003-(2*h1));   %Top Facesheet% 
h3=h1;           %Bottom Facesheet%  %Midlayer%    
h=h1+h2+h3;  %Total Plate Thickness% 
d=h2/2; 
p1=2780;          
p2=1450;          %Density% 
p3=p1; 
kappa=5/6; 
c11=7.73e9*(1+0.08*1i); 
c22=c11; 
c33=c11; 
c12=4.37e9*(1+1i*0.08); 
c13=c12; 
c23=c13; 
c66=1.77e9*(1+1i*0.08); 
c44=c66; 
c55=c66; 
E1=(c11*c22*c33+2*c23*c12*c13-c11*c23^2-c22*c13^2-
c33*c12^2)/(c22*c33-c23^2); 
E2=(c11*c22*c33+2*c23*c12*c13-c11*c23^2-c22*c13^2-
c33*c12^2)/(c11*c33-c13^2); 
E3=(c11*c22*c33+2*c23*c12*c13-c11*c23^2-c22*c13^2-
c33*c12^2)/(c11*c22-c12^2); 
E4=71e09; 
nu21=(c12*c33-c13*c23)/(c11*c33-c13^2); 
nu12=(c12*c33-c13*c23)/(c22*c33-c23^2); 
nu31=(c13*c22-c12*c23)/(c11*c22-c12^2); 
nu13=nu31; 
nu=0.33; 
G=E1/(2*(1+nu12)); 
G1=26.69e09; 
Q11=E1/(1-nu12^2); 
Q2=E4/(1-nu^2); 
b23=2*G1*h1*kappa; 
b24=G*h2*kappa; 
b28=2*p1*h1+p2*h2; 
b25=p1*h1*((.5*h1+0.5*h2)^2+(.5*h1+0.5*h2)^2)+p2*h2*((h2/4)^2); 
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b2=2*Q2*h1^3/12; 
b26=2*p1*h1^3/12; 
b27=p2*h2^3/12; 
b1=Q2*h1*((.5*h1+0.5*h2)^2+(.5*h1+0.5*h2)^2)+Q11*h2*((h2/4)^2); 
b3=Q11*h2^3/12; 
  
  
tt=1; 
  
  
  
  
  
 for f=0:1e3:4e5 
    omega=2*pi*f; 
    syms k    
    Gamma(1,4)=(b23+b24)*(-k^2)+b28*omega^2;     
    Gamma(1,1)=0; 
    Gamma(1,2)=-b23*1i*k; 
    Gamma(1,3)=-b24*1i*k; 
     
    Gamma(1,5)=0; 
     
    Gamma(2,1)=-b1*k^2+b25*omega^2; 
    Gamma(2,2)=0; 
    Gamma(2,3)=0; 
    Gamma(2,4)=0; 
    Gamma(2,5)=-1; 
     
    Gamma(3,1)=0; 
    Gamma(3,2)=-b2*k^2-b23+b26*omega^2; 
    Gamma(3,3)=0; 
    Gamma(3,4)=b23*1i*k; 
    Gamma(3,5)=h1/(h1+h2); 
     
    Gamma(4,1)=0; 
    Gamma(4,2)=0; 
    Gamma(4,3)=-b3*k^2-b24+b27*omega^2; 
    Gamma(4,4)=b24*1i*k; 
    Gamma(4,5)=1-(h1/(h1+h2)); 
     
    Gamma(5,1)=1; 
    Gamma(5,2)=-h1/(h1+h2); 
    Gamma(5,3)=-1+(h1/(h1+h2)); 
    Gamma(5,4)=0; 
    Gamma(5,5)=0; 
    Det_Gamma=det(Gamma); 
    Coeff_Gamma=sym2poly(Det_Gamma); 
    ky=roots(Coeff_Gamma); 
    ky=sort(imag(ky)); 
    Iomega2(tt)=(ky(2)); 
    Iomega3(tt)=(ky(3)); 
    Iomega4(tt)=(ky(4)); 
    Iomega5(tt)=(ky(5)); 
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%     c1(tt)=real(omega/real(ky(1))); 
%     c2(tt)=real(omega/real(ky(2))); 
%     c3(tt)=real(omega/real(ky(3))); 
%     c4(tt)=real(omega/real(ky(4))); 
%     c5(tt)=real(omega/real(ky(5))); 
%     c6(tt)=real(omega/real(ky(6)));     
    tt=tt+1; 
  
 end 
 
f=0:1e3/1e6:4e5/1e6;  
plot(f,Iomega4/1000,'rx',f,Iomega5/1000,'-.b'); 

 

A2. Derivation of the Governing Equation. 

The displacement function is given in Eq. 2.13 and the continuity condition is given 

in Eq. 2.14. The plate strain energy can be written as [19]: 

 

2𝑈𝑈 = 𝑏𝑏1𝜓𝜓𝑥𝑥,𝑥𝑥
2 + 𝑏𝑏2𝜙𝜙𝑥𝑥1,𝑥𝑥

2 + 𝑏𝑏3𝜙𝜙𝑥𝑥1,𝑥𝑥
2 + 𝑏𝑏4𝜓𝜓𝑦𝑦,𝑦𝑦

2 + 𝑏𝑏5𝜙𝜙𝑦𝑦1,𝑦𝑦
2 + 𝑏𝑏6𝜙𝜙𝑦𝑦2,𝑦𝑦

2

+ 2𝑏𝑏7𝜓𝜓𝑥𝑥𝑥𝑥𝜓𝜓𝑦𝑦𝑦𝑦 + 2𝑏𝑏8𝜙𝜙𝑥𝑥1,𝑥𝑥𝜙𝜙𝑦𝑦1,𝑦𝑦 + 2𝑏𝑏9𝜙𝜙𝑥𝑥2,𝑥𝑥𝜙𝜙𝑦𝑦2,𝑦𝑦

+ 2𝑏𝑏10𝜓𝜓𝑥𝑥𝑥𝑥�𝜓𝜓𝑥𝑥,𝑦𝑦 + 𝜓𝜓𝑦𝑦,𝑥𝑥� + 2𝑏𝑏11𝜙𝜙𝑥𝑥1,𝑥𝑥�𝜙𝜙𝑥𝑥1,𝑦𝑦 + 𝜙𝜙𝑦𝑦1,𝑥𝑥�
+ 2𝑏𝑏12𝜙𝜙𝑥𝑥2,𝑥𝑥�𝜙𝜙𝑥𝑥2,,𝑦𝑦 + 𝜙𝜙𝑦𝑦2,𝑥𝑥� + 2𝑏𝑏13𝜓𝜓𝑦𝑦𝑦𝑦�𝜓𝜓𝑥𝑥,𝑦𝑦 + 𝜓𝜓𝑦𝑦,𝑥𝑥�
+ 2𝑏𝑏14𝜙𝜙𝑦𝑦1,𝑦𝑦�𝜙𝜙𝑥𝑥1,,𝑦𝑦 + 𝜙𝜙𝑦𝑦1,𝑥𝑥�

+ 2𝑏𝑏15𝜙𝜙𝑦𝑦2,𝑦𝑦�𝜙𝜙𝑥𝑥2,,𝑦𝑦 + 𝜙𝜙𝑦𝑦2,𝑥𝑥� + 𝑏𝑏16�𝜓𝜓𝑥𝑥,𝑦𝑦 + 𝜓𝜓𝑦𝑦,𝑥𝑥�
2

+ 𝑏𝑏17�𝜙𝜙𝑥𝑥1,𝑦𝑦 + 𝜙𝜙𝑦𝑦1,𝑥𝑥�
2

+ 𝑏𝑏18�𝜙𝜙𝑥𝑥2,𝑦𝑦 + 𝜙𝜙𝑦𝑦2,𝑥𝑥�
2

+ 𝑏𝑏19�𝑤𝑤,𝑦𝑦 − 𝜙𝜙𝑦𝑦1�
2

+ 𝑏𝑏20�𝑤𝑤,𝑦𝑦 − 𝜙𝜙𝑦𝑦2�
2

+ 2𝑏𝑏21�𝑤𝑤,𝑦𝑦 − 𝜙𝜙𝑦𝑦1��𝑤𝑤,𝑥𝑥 − 𝜙𝜙𝑥𝑥1�

+ 2𝑏𝑏22�𝑤𝑤,𝑦𝑦 − 𝜙𝜙𝑦𝑦2��𝑤𝑤,𝑥𝑥 − 𝜙𝜙𝑥𝑥2� + 𝑏𝑏23�𝑤𝑤,𝑥𝑥 − 𝜙𝜙𝑥𝑥1�
2

+ 𝑏𝑏24�𝑤𝑤,𝑥𝑥 − 𝜙𝜙𝑥𝑥2�
2
 
 

(A.21) 
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where, 
𝑏𝑏1 = 𝑄𝑄111 𝑚𝑚1�(𝑧𝑧1𝑘𝑘)2 

𝑚𝑚

𝑘𝑘=1

+ 𝑄𝑄112 𝑚𝑚2�(𝑧𝑧2𝑘𝑘)2 
𝑛𝑛

𝑘𝑘=1

 

𝑏𝑏2 = 𝑠𝑠𝑄𝑄111 𝐼𝐼1,𝑏𝑏3 = 𝑎𝑎𝑄𝑄112 𝐼𝐼2   

𝑏𝑏4 = 𝑄𝑄221 𝑚𝑚1�(𝑧𝑧1𝑘𝑘)2 
𝑚𝑚

𝑘𝑘=1

+ 𝑄𝑄222 𝑚𝑚2�(𝑧𝑧2𝑘𝑘)2 
𝑛𝑛

𝑘𝑘=1

 

𝑏𝑏5 = 𝑠𝑠𝑄𝑄221 𝐼𝐼1,𝑏𝑏6 = 𝑎𝑎𝑄𝑄222 𝐼𝐼2 

𝑏𝑏7 = 𝑄𝑄121 𝑚𝑚1�(𝑧𝑧1𝑘𝑘)2 
𝑚𝑚

𝑘𝑘=1

+ 𝑄𝑄122 𝑚𝑚2�(𝑧𝑧2𝑘𝑘)2 
𝑛𝑛

𝑘𝑘=1

 

𝑏𝑏8 = 𝑠𝑠𝑄𝑄121 𝐼𝐼1,𝑏𝑏9 = 𝑎𝑎𝑄𝑄122 𝐼𝐼2 

𝑏𝑏10 = 𝑄𝑄161 𝑚𝑚1�(𝑧𝑧1𝑘𝑘)2 
𝑚𝑚

𝑘𝑘=1

+ 𝑄𝑄162 𝑚𝑚2�(𝑧𝑧2𝑘𝑘)2 
𝑛𝑛

𝑘𝑘=1

 

𝑏𝑏11 = 𝑠𝑠𝑄𝑄161 𝐼𝐼1, 𝑏𝑏12 = 𝑎𝑎𝑄𝑄162 𝐼𝐼2 

𝑏𝑏13 = 𝑄𝑄661 𝑚𝑚1�(𝑧𝑧1𝑘𝑘)2 
𝑚𝑚

𝑘𝑘=1

+ 𝑄𝑄662 𝑚𝑚2�(𝑧𝑧2𝑘𝑘)2 
𝑛𝑛

𝑘𝑘=1

 

𝑏𝑏17 = 𝑠𝑠𝑄𝑄661 𝐼𝐼1, 𝑏𝑏18 = 𝑎𝑎𝑄𝑄662 𝐼𝐼2 
𝑏𝑏19 = 𝑠𝑠𝑠𝑠441 𝑚𝑚1𝜅𝜅 , 𝑏𝑏20 = 𝑎𝑎𝑠𝑠441 𝑚𝑚2𝜅𝜅 
𝑏𝑏21 = 𝑠𝑠𝑠𝑠451 𝑚𝑚1𝜅𝜅 , 𝑏𝑏22 = 𝑎𝑎𝑠𝑠451 𝑚𝑚2𝜅𝜅 
𝑏𝑏23 = 𝑠𝑠𝑠𝑠551 𝑚𝑚1𝜅𝜅 , 𝑏𝑏24 = 𝑎𝑎𝑠𝑠551 𝑚𝑚2𝜅𝜅 

(A.22) 

 

In the present case m=2 and n=1. The plate kinetic energy function can be written 

as: 

 

2𝑇𝑇 = 𝑏𝑏25 ���̇�𝜓𝑥𝑥�
2

+ ��̇�𝜓𝑦𝑦�
2
� + 𝑏𝑏26 �(𝜙𝜙𝑥𝑥1)2 + �𝜙𝜙𝑦𝑦1�

2
�

+ 𝑏𝑏27 �(𝜙𝜙𝑥𝑥2)2 + �𝜙𝜙𝑦𝑦2�
2
� + 𝑏𝑏28(�̈�𝑤)2 (A.23) 

 

where, 
𝑏𝑏25 = 𝜌𝜌1𝑚𝑚1��𝑧𝑧1𝑘𝑘�

2
𝑚𝑚

𝑘𝑘=1

+ 𝜌𝜌2𝑚𝑚2��𝑧𝑧2𝑘𝑘�
2

𝑚𝑚

𝑘𝑘=1

 

𝑏𝑏26 = 𝑠𝑠𝜌𝜌1𝐼𝐼1 , 𝑏𝑏27 = 𝑎𝑎𝜌𝜌2𝐼𝐼2   
𝑏𝑏28 = 𝑠𝑠𝜌𝜌1𝐼𝐼1 + 𝑎𝑎𝜌𝜌2𝑚𝑚2   (A.24) 

 

The Hamilton principle is then applied. To apply Hamilton principle, Lagrangian 

multipliers are used which can be written as: 
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 𝐹𝐹 = 𝑇𝑇 − 𝑈𝑈 − Г𝑥𝑥𝑆𝑆𝑥𝑥 − Г𝑦𝑦𝑆𝑆𝑦𝑦 (A.25) 
 

where, Г𝑥𝑥and Г𝑦𝑦 are Lagrangian multipliers. 

 
𝑆𝑆𝑥𝑥 = 𝜓𝜓𝑥𝑥 − 𝜂𝜂𝜙𝜙𝑥𝑥1 − (1 − 𝜂𝜂)𝜙𝜙𝑥𝑥2 
𝑆𝑆𝑦𝑦 = 𝜓𝜓𝑦𝑦 − 𝜂𝜂𝜙𝜙𝑦𝑦1 − (1 − 𝜂𝜂)𝜙𝜙𝑦𝑦2 (A.26) 

  

By using Eq. A.26 the governing equation given in chapter 2 can be derived. 
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