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SURFACE TO SURFACE CHANGES OF VARIABLES AND APPLICATIONS
Kevin Brewster
Dr. Marius Mitrea, Thesis Supervisor

ABSTRACT

The present thesis addresses a number of basic problems in relation to integration

over surfaces in the Euclidean space, such as

e how the surface measure and unit normal changes under a smooth diffeomor-

phism

e how the integration process is affected by a surface to surface change of variables.

We provide precise answers to these and other related issues, and discuss a number

of applications, such as the invariance of Lebesgue and Sobolev spaces on surfaces.



Chapter 1

Introduction

The main aim of this thesis can be heuristically described as follows. Consider a
sufficiently regular surface ¥ C R™ and assume that a C'*°-diffeomorphism F' of the
ambient space R™ has been given. Set Yi=F (32). Does it follow that S is also a
regular surface, and if so, then how does the geometry of 3 relate to that of 7 A
concrete aspect of the latter issue is: how is v, the unit normal to i related to v, the
unit normal to X7

Going futher, it is natural to ask how the integration process on 3 is related to
that on . More concretely, given a reasonable function f : ¥ — R, what is the
relationship between the integral of this function on ¥ and that of f o F~! on 57
In essence, we would like to generalize the celebrated Classical Change of Variables
Formula which gives the relationship of the integration process between open subsets
of R*~!. The latter then becomes a particular case of our theory, corresponding to
the situation when the surfaces involved are flat.

We shall address all the aforementioned issues and, in fact, go on to consider finer
aspects of the intergration theories on > and 3. Specifically, we shall identify how
the Lebesgue and Sobolev spaces transform under the surface-to-surface change of

variables



Yoz~ F(x) €. (1.1)

The first order of business is to define the integral over a surface ¥. Recall that
if ¥ C R" is the graph of a C! function ¢ : R*! — R and if f : ¥ — R is

measurable, then by definition

[rio= [ 1@ o)1+ 9o 0

A set E C Y is called measurable if {2/ € R"™! : (2, ¢(2')) € E} is a Borel measurable
set in R"~1. Moreover, a function f : ¥ — R is measurable if f~!(I) is a measurable
set of X for all I C R such that I is an open interval.

In practical applications, it is often the case that X has a “nice” (local) parametriza-
tion. By this, we mean that for all x € ¥ there exists 7 > 0 such that ¥ N B(z,r) =

P(O) where
(i) O is an open subset of R"!;
(ii) P: O — R" is injective;
(iii) P: O — R"is a C'"' map;

(iv) rank[DP(u)] =n — 1, for all u = (uy,...,u,—1) € O, where

( D(P,,. .. ,Pn))) (u) = DP(u)

D('U,l, ey Up—q

is the Jacobian matrix of P.



A basic issue is then finding a way of expressing this when a parametrization P
for ¥ is available. In the three-dimensional setting, a classical formula to this effect

18

/fda:/ fo P ||0iP x 0P| duidus.
= (@]

Efforts of extending this to more general situations run into two immediate difficulties.
First, generally speaking, surfaces can only be parametrized locally and typically lack
a global parametrization. We overcome this problem by making appeal to the so-
called Partition of Unity. Informally speaking, this allows us to piece together into a
global fashion, local results, which is a very useful feature.

The second difficulty is finding an appropriate substitute for the cross-poduct
O1P x 0, P when n # 3. When n = 3, it is well-known that, given any two vectors

v1, v € R3, one has

V11 V12 Vi3
V1 X Vg = det V21 Vg2 V23 R

€1 €9 €3
where e, €5, e3 is the standard orthonormal basis in R3. In spite of the fact that
this seems an intrinsic three-diemsnional operation with vectors, here we are able to
generalize the concept of cross-product to Euclidean spaces of arbitrary dimension.
The key feature of our extension is the observation that, in R", the cross-product
should actually involve n — 1 vectors (so that, when n = 3, we are back to considering

two vectors). More specifically, given (vy,vs,...,v,_1), n — 1 vectors in R”, we define

their Cross Product in R" as



V21 V22 V2n
vy X Vg X -+ X vy = det : S : ;
Upn—11 Up-12 Un—1n
€1 €2 €n
where e, es,...,6, are the vectors of the standard orthonormal basis in R™. The

above, is to be understood as the vector which is obtained by formally expanding the
determinant with respect to the last line. Some of the properties of the cross product

which we establish are as follows:

1. (U1 X Vg X+ X Uy_1,0,) is the (oriented) volume of the parallelopiped spanned

by the vectors vy, ..., v, in R™.

2. The vector vy X vy X -+ X v,_1 is perpendicular to each of the vectors vy, ...,

Un—1;

3. If Ais an n x n invertible matrix and v, ..., v,_1 are n — 1 vectors in R", then

AUl X X AUn_l = (det A)(A_I)T(Ul X X Un—l),

4. If R is a rotation of R™ about the origin, then

||RU1 X - X Rvn_1|| = ||U1 X+ X Un—l”-

Having introduced this new concept of multidimensional cross-product, it is nat-
ural to speculate that the following is true:

4



Theorem 1. Assume that > C R™ is a surface that has a global canonical parametriza-
tion P : O — X — R"™, where O is an open subset of R"~1. Then for every absolutely

integrable function f : ¥ — R, there holds

/de':/fOP ||81P><...><8n_1P|| dul...dun_l.
) (@]

In Chapter 5, starting from the definition of integration on ¥ and making use
of the properties of the cross product in R”, we show that this is indeed the case.
It is worth mentioning that the above formula is a key ingredient in the proof of
many of the subsequent results we establish in this thesis. In particular, this plays a
paramount role in the generalization of the Classical Change of Variables Formula.

For practical applications, it is also of interest to derive a formula similar to the one
given above which makes no direct reference to the multi-dimensional cross product.

This is indeed possible, as we prove the following:

Theorem 2. Assume that ¥ C R"™ is a surface that has a global parametrization
P:0O — X — R", where O is an open subset of R"~'. Then for every absolutely

integrable function f : X — R, there holds

1
2\ 2

/Z fdo = /O (foP) Z ldet (D (1;1@' : Eq;_‘j“) duy . . . duy,_1,

J=1

where hat indicates omission.

Having successfully linked the integration process on X to the cross product on R™,

we next aim to produce a formula for the unit normal on . Specifically, we show:



Theorem 3. Assume that ¥ C R™ is a surface which has a global canonical parametriza-
tion P: O — ¥ — R", where O is an open subset of R*™'. If v is the unit normal

to the surface X3, then

p 81P><82P><...><8n,1p O
Vo = on .
|0 P X OoP X ... X Op_1 P

Again, for various practical considerations it is useful to derive a formula for v

independent of the multidimensional cross product. That formula reads as follows:

Theorem 4. Assume that > C R™ is a surface which has a global canonical parametriza-
tion P: O — ¥ — R", where O is an open subset of R*~'. If v is the unit normal

to the surface X3, then for every j € {1,2,...,n} there holds

Vi o P = 19
& D(P... P P\ ]2\ °
(£ fom (352)])
where
(91P1 .. 81Pj_1 81Pj+1 .. 81Pn
Aj = L : : L
an—l-Pl s an—le—l a'n,—lf)j—l—l s an—an

and }5] means that P; is omitted for 1 < j <n.

Granted the tools mentioned above, we are then well-positioned to start exploring
the relationship between the integration processes on > and 3. At the same time,
another aspect we are concerned with is understanding how the geometries of > and

5 (manifested through their respective unit normals) are related. Below we list a

6



number of motivational questions that we will consider. To set the stage, recall that

we are assuming that ¥ is a nice surface in R" and that

F:R"— R" C*°-diffeomorphism

is a diffeomorphism (i.e., F'is of class C™, F is bijective, and F~! is of class C>).

Question 1

Under the above hypotheses, does it follow that

Y =F(X)
is also a smooth surface in R™?

If the answer to this question is “yes”, then we may also consider:

Question 2

How does the unit normal 7 to & relate to the unit normal v to X ?

Question 3

How does the surface area element d& for 3 relate to the surface area element do for

PIN

Question 4
How does the integration process on 3 relate to the integration process on X7 (i.e.

is there a change of variables formula from ¥ to f])

As mentioned above, the main tools needed to elucidate these issues are diligently

addressed by Theorems 1-4 above. Based on these, in Chapter 7 we then establish

7



the following:

Theorem 5. Let ¥ = P(O) where P : O — R™ is a global parametrization of ¥.

Let F': R" — R" be a C*°-diffeomorphism. Then 3= F(X) is a smooth surface in
R™.

Furthermore, if f : Y — R is an arbitrary absolutely integrable function, then

[ 5= (70 F) (DR |(PF) )T do

A remarkable feature of the above surface-to-surface change of variables formula
is that the Classical Change of Variables Formula becomes a particular case of it.
Before proving that this is indeed the case, let us recall the actual statement of the

latter.

The Classical Change of Variables Formula. Let D C R"™ be such that D is

open, and let f: R" — R"™ be an arbitrary absolutely integrable function. Consider

next a function g such that:
1. g : R" — R" is a C*°-diffeomorphism;
2. 9(0) = D;
3. O CR" O open.

Then

/ dar—/f )) | det(Dg)(y)] dy.



In order to show this is a particular case of Theorem 5, we shall regard O as a flat

surface in R"*! by making the following identifications:
(i) :=D x {0};

(ii) f(z,0) := f(z), x € D;

(ii) do = dxydzy. .. dx, = dz.
Next, we define

1. ¥:= 0 x {0};

2. F(x,mp41) = (9(2), Tpi1),

so that F': R"! — R becomes a C*-diffeomorphism. Note that

(f o F)(x,0) = f(F(x,0)) = f(g(x),0) = f(g(x))

and, given that the surface is flat,

do = dzidzs ... dx, = dz.

Moreover, it can be shown that the following identities hold:

| det(DF) (2, 2n11)| = | det(Dg)(x)],

and



H(((DF)(QZ7 anrl))il)TV(xwrnJrl)” = 1.

Using the above substitutions and identities, it is a straightforward matter to show
that the Classical Change of Variables is simply a particular case of our formula in
Theorem 5.

Moving on, we produce an explicit formula for 7, the unit normal on 3> which reads

as follows:

Theorem 6. Let ¥ C R"™ be a surface with unit normal v and let F' : R" — R™ be

a C*°-diffeomorphism. Denote = F(X) and let v be the unit normal to 5. Then

In turn, having established a Surface-to-Surface Change of Variables Formula
along with a formula for the unit normal, in Chapter 11 we turn our attention to
showing the invariance of Lebesgue and Sobolev spaces defined on surfaces. Our first

result in this regard is the following:

Theorem 7. Assume that ¥ C R" is a C' surface, O C R™ is an open neighborhood
of ¥, and F : O — R™ be an orientation preserving C*-diffeomorphism onto its image.

Set 3 = F(X). Then for each 1 < p < oo, the operator

T:LP(Z) — LP(S)

defined by

10



T(f):=foF,  [felLl(D),

1s well-defined, linear, and bounded. In fact, T is an isomorphism.

Once this theorem is proved, we then define and establish basic formulas for the
tangential gradient of a function f : ¥ —— R. The definition of the tangential
gradient is as follows. Given a C! surface ¥ C R"™ with unit normal v, we define the

tangential gradient of a function f : ¥ — R by

Vtsz = Vf - <Vf, V>V'

We can think of the tangential gradient coordinate-wise in the following manner:

vtanf Zyk ‘rkj 1 S] S n,

where we have set

Orf = (V0 — 10;) f, 1<5,k<n.

As a consequence, there exist dimensional constants C', C'y > 0 such that

Cl||vtanf|| S Z |8T]kf| S OQHVtaana

1<j,k<n
pointwise on .

11



The next order of business is to define a Sobolev space of order one on . We do

so as follows. Let 1 < p < 0o, and set

WH(S) = {f € L'(S) : (Vianf); € LP(Z), 1<) <n}.

This becomes a Banach space when equipped with the norm

1wy = [ Flze) + D 1(Vian )il o es)-
j=1

To make matters simpler in the calculations we will subsequently attempt, we will
need an equivalent norm to the one given above. We show that an equivalent norm

on WHP(X) is given by

Iflwrees) = I f e + D 105, f o).

1<j, k<n
Before stating the main invariance result for Sobolev spaces, we define and discuss
the properties of the tensor product between two vectors in R™. We define the tensor

product between a = (ay,...,a,) € R* and b = (by,...,b,) € R" to be

a®b:= (ajby)i<jr<n-

In other words, a ® b is the n X n matrix whose jk-th entry is a;b;. Having defined
the tensor product, we then discuss properties of the tensor product. They are the

following;:

12



(a®b) =b®a, Va,beR",

and

(a®b,c) =(b,c)a, Va,b,ceR"

Also,

a@b—bRa=a,Rb— b ay, where ay, := a — (a, b)b.

After establishing the above tools, we are finally ready to state and prove the

following theorem:

Theorem 8. Assume that ¥ C R" is a C' surface, O C R" is an open neighborhood
of ¥, and F : O — R™ be an orientation preserving C*-diffeomorphism onto its image.

Set 3 = F(X). Then for each 1 < p < oo, the operator

T: WD) — Wh(%)

defined by

T(f):==foF',  feW (%),

15 well-defined, linear, and bounded. In fact, T is an isomorphism.

13



In closing, we wish to mention that the proof of the above result is subtle and
makes essential use of Theorem 7, concerning the invariance of Lebesgue spaces under
a surface-to-surface change of variables, as well as properties of the tensor product of

vectors, as recalled above.

14



Chapter 2

Properties of the Cross Product in
RTL

The first order of business is to define the cross product v; X v9 X -+ X v,_1 of
n — 1 vectors vy,...,v,_1 € R". Below and elsewhere, €1, ..., e, are the vectors of the

standard orthonormal basis of R”.

Definition 2.0.1. If vy = (V11, -, V1n), -+ - s Vn-1 = (Un_11, -, Un_1n) are n— 1 vectors
mn R™ then
V11 V12 Ce Uln
V21 V29 N Van
UIXUQX"'XUn—IZdet ) (21)
Un—11 Un—-12 --- Up—1in
€1 €9 N €n

where the determinant is understood as computed by formally expanding it with respect

to the last row, the result being a vector in R™.

Below we summarize some of the main properties of the cross product.

Proposition 2.0.1. The cross product introduced in Definition 2.0.1 enjoys the fol-
lowing properties:

15



(i) (v X vy X «++ X Uy_1, V) 18 the (oriented) volume of the parallelopiped spanned

by the vectors vy, ..., v, in R".

(ii) The vector vy X vg X -+« X v,_1 is perpendicular to each of the vectors vy, ...,

Un—15

(iii) If A is an n x n invertible matriz and vy, . ..,v,—1 are n—1 vectors in R", then

Avl X X AUn,1 = (det A)(Ail)T(Ul X X ’Unfl), (22)

where “T7 stands for transposition of matrices.

(i) If R is a rotation of R™ about the origin, then

HRUI X e X Rvn_1|| = H’Ul X oo X Un—l”- (23)

Proof: From (2.1),

n

V1 X ... X VUp_1 = E (—1)]+1€j detAJ (24)
Jj=1
where
V11 Ce Vji—1 Vj+1 c. VUin
A; = P L (2.5)
Un-11 -+ Un—1j-1 Un—-1j41 --- Un—ln

Then by (2.4) and (2.1),

16



(U1 X oo X Up1,0) = [Z(—l)j+1(detAj)ej

j=1 7=1
V11 U1in
= det (2.6)
Un—11 Un—1n
Uni Unn

As in (2.1), this determinant is to be expanded by the last row. Moreover, this
determinant is known to be the volume. This finishes (i) of (2.0.1).

For (i7), observe that for every fixed j € {1,2,...,n — 1}, we have by (2.6)

V11 ce Uin
Vi1 . V;
<U1 X ... X ’Un_l,’Uj> = det J m = O,
Un—-11 --. Up-1n
U1 ce Vjn

since this is the determinant of a matrix which has two identical rows. The proof of

this statement can be found in the Appendix. Now, since generally speaking,

vlw<<= (v,w) =0 (2.7)

(i.e., two vectors are perpendicular if and only if their dot product is zero). This
finishes (éi) of Proposition 2.0.1.
Before proving (7ii), we will make use of the following facts whose proofs can be

found in the Appendix. Let A be an n X n matrix and v, w € R", then

<ATv,w> = (v, Aw) (2.8)

17



and

if (u,w) = (v,w) forallw e R", thenu = v. (2.9)

Moreover, if B is an n X n matrix and A € R, then

A {u,v) = (Au,v) = (u, \v) , (2.10)

det B = det(B"), (2.11)
and

det(AB) = det A - det B. (2.12)

In particular if B is an n x n invertible matrix, then

(BHT =(B"H™. (2.13)

Returning to the mainstream discussion, let v, € R™. Using (2.8) gives

(AT(Avy X ... X Avy_), v, ) = (Avp X ..o X Av,_y, Avy)

By (2.6), we have

18



(Avy X ... X Avy_q, Avy) = det

(A’Un)l (Avn)n
n n
E a14V14 E (V14
i=1 i=1
= det
n n
Z A1;Un; Z QpniUni
i=1 =1
n n
Z V1;A154 Z V1iQn;
i=1 i=1
= det
n n
Z UniQ14 Z UniQngi
i=1 i=1
- Vi1 ... Uip a1 ... QAapi
= det : 2 I C(314)
L Unt --- Unpn A1p ... App

Using (2.12), (2.11), (2.6),and (2.10) in (2.14) yield

V11 ... Ulp aip ... QApi V11 ... Uip
det : : , : : = det| : : -det(AT)

Unt --- Unpp Aip ... QApp Unt .- Upn

= (det A) (v; X ... X Uy_1,0p)
= ((det A)(vy X ... X Up_1),Vp) .

Hence,

(AT (Avy X oo x Avy_1),v,) = ((det A)(v1 X ... X Up_1), Un) for all v, € R(2.15)

Using (2.9) on (2.15), we have

AT (Avy x ... x Av,_y) = (det A)(vy X ... X Up_1) for all vy, ..., v, 1 € R(2.16)

19



Multiplying by (AT)™! on both sides of (2.16) and using (2.13) gives

Avy X .. x Avp_y = (det A)(A™) T (v X ... X vpy).

This concludes (7i7) of (2.0.1).

For (iv), let us make the following observation:

(1)3 A, an n x n matrix, such that A=t = AT,
R:R" — R" is a rotation <= (2.17)
(2)R(x)=A-x, Ve € R™
In other words, we will not distinguish between the rotation R itself and its associated

matrix A. We will also make use of the following facts that if A € R, v € R" and A

is an invertible n X n matrix, then

vl = Aol (2.18)

and

B 1
det A

det(A™1) (2.19)

Returning to the proof of (iv) we find, by (i),

Rui X ... X Ruy_1 = (det R)(R™H T (v1 x ... X v,_1).

Taking the norm and using (2.17) and (2.18) yields

20



IRv1 X ... X Rup_q|| = |det R|[|R(vy X ... X vyq)] . (2.20)

Claim 1 For every rotation R, one has

|det R| = 1. (2.21)

To prove Claim 1, we will apply the determinant to the identity R~! = R . This

gives det(R™1) = det(R"). Using (2.19) and (2.11), we have

1
N 1= 2
iR detR = (detR)
= detR =+1
= |detR|=1.

This finishes Claim 1.

Claim 2 For every rotation R, one has

[Rul| = [lull,  YueR" (2.22)

Note that both sides of the equation in Claim 2 are nonnegative numbers, thus

it is enough to show that ||Rul|* = ||ul|*>. To this end, we write

|Rul|> = (Ru, Ru) . (2.23)

21



Using (2.8) and (2.17) in (2.23) we get

(Ru, Ru) = (R"Ru,u) = (R Ru,u) = (u,u) = |Jul*.

This finishes Claim 2.

We now return to the mainstream discussion. Using Claim 1 and Claim 2 in (2.20),

we get

||RU1 X ... X Rvn,1H = ||U1 X ... X Un,1|| .

This finishes (iv) of Proposition 2.0.1. The proof of this result is therefore completed.

O
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Chapter 3

Partition of Unity

Many of the results we prove in this thesis have a global nature although the proof
requires working at a local level, at least in a first stage. A convenient mathematical
tool that permits us to patch together local results is the Partition of Unity Theorem.
Heuristically, this means that the constant function 1 can be broken up in a number
of (smooth) bump functions whose supports have an a priori specified location.

To facilitate further considerations, here we state and prove (in a self-contained

fashion) a version of the Partition of Unity which suits our purposes.

J
Theorem 3.0.2. Let K C R" be compact, K C |J U; where U; is open for j €
j=1

{1,...,J}. Then there exists a finite collection of C* functions {p, 37:1 such that
1. For every 1 < j < J, supp(y;) is compact and contained in Uj;
2. Foreveryl1 <j<J,0<¢; <1
J
3. Y pi(z) =1, for every x € K.
j=1

Before proceeding with the proof of Theorem 3.0.2, we state and prove the following

two lemmas which will be utilized in the proof.

23



Lemma 3.0.3. If C is compact, and U is an open set such that C C U, then there

exists a compact set D such that C C D C D C U.

Proof: Let V = U°N Bg(0), where R > 0 is large enough so that U C Bgr(0). Then

V' is compact, so there exists a > 0 such that

a =dist(V,C) = inf.ec |z — y|. (3.1)
yeVv
Note that (J Ba(z) is an open cover of the compact set C'. Then by the Heine-
zeC
Borel Theorem, there exists J C C finite such that C' C |J Be(z). Let

zeJ

D= B:(x). (3.2)

zeJ
Then D is compact, and C C D C D C U. This completes the proof of

Lemma 3.0.3.

Lemma 3.0.4. If D is a compact set, and U is an open set such that D C U, then
there exists 1p € C'*° such that ¥ > 0 on D, and ¥ = 0 outside some open set contained

m U.

Proof: Let

fly) =

1 __1
{ e w02 .e Wi)?, Y € (—1; 1)7 (33)

0, y ¢ (=1,1).

Then f € C*°(R),and f > 0on (—1,1). Let € > 0. Foreach a = (ay,...,a,) € R",
let go(z) == f(B=%) x -+ x f(#2=9) where f is as defined in (3.3) and 2 € R™.
Then g, € C*(R"), and

24



{ga>0 on (al—E,a1+€)X"'X(an_eaan+6)> (34)

Jo = 0 elsewhere.

Set a = dist(D,U) > 0. For every x € D, Ba(z) C U. Moreover, there exists

¢ > 0 such that O,, = (2} — ¢, 2l +¢) x -+ x (2}, — ¢,2!, + ) C U for each

z = (2, 2h,...,2!)) € D. Hence, D C |J O,,. Since D is compact, we can extract

T €D

M
a finite subcover such that D C |J O,,. Let
I=1

bla) = 3 galo). (3.5)

M M
Then ¢ € C*, ¢ > 0 on |JO,, and ¢ = 0 outside |J O,,. This proves
=1 =1
Lemma 3.0.4.
Now we are ready to give the Proof of Theorem 5.0.2.

J
Let Cy := K\ J U;. Then C} is compact, and C; C U;. By Lemma 3.0.3, there exists
i—2

J

o J
a compact set Dy such that Cy C D; C Dy C U;. Consequently K C Dy U |J U;.
j=2

J o
By induction, we can construct the sets Dy, D,, ..., Dy such that K C |J D;, where
j=1

each D; is compact and D; C U; for every 1 < j < J. Indeed, if K C D;UDyU... U

D, UUg 1 U...UUy, we let

k J
Ck—i—l = K\ LU Dj U U Uj . (36)
=1 j=k+2
and by Lemma 3.0.3 we find Dy, with the desired properties.
We now define the functions ¢; by setting
vz
o) =~ (37)
> ()
j=1
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Then ¢; € C*°, supp ¢; C U;, 0 < p; <1forevery j € {1,2,...,J}, and if z € K,

J o
then z € |J D; and
=1

J
¢;(z) = 1. This completes the proof of Theorem 3.0.2. O
i =1

J
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Chapter 4

Definition of Surfaces and Integrals
in Surfaces

Recall that if ¥ C R™ is the graph of a C! function ¢ : R"! — Randif f: X — R

is measurable, then by definition

[rio= [ 1@ o1+ 190 @ (4.1

Recall that a set £ C 3 is called measurable if {2/ € R""!: (2/,¢(2')) € E} is a
Borel measurable set in R"~!. Moreover, a function f : ¥ — R is measurable if

f~Y(I) is a measurable set of ¥ for all I C R such that I is an open interval.

> =graph of @

This set must be Borel measurable
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A few comments about (4.1) being a natural definition for integration are in order

here:

1. If ¥ is flat, i.e. ¥ = R"! x {0}, then ¢ = 0 and (4.1) becomes the equality

between [, fdo and [, , f(a',0)dz’

2. If ¥ is the graph of ¢ : R — R, i.e. the length of a curve in R?, then the length

of ¥ is given by

b
length(S, ;) = / VT (G @) da.

Za,b: graph ofp

QR—— F

This is in agreement with (4.1) when n = 2, and f = xx,,. Le. [ fdo =

length(E,,) and .y J(@',0()y/1+ [Vo(@)| da’ = [} /T (@) da.

Let ¥ be a C*' smooth surface in R®. By definition, this means that locally, ¥ has a

O! parametrization. That is, for every z € ¥ there exists » > 0 such that
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YN B(z,r) = P(O) (4.2)

where

P:0O — R" isa C! parametrization. (4.3)

By definition, the latter condition means that:

(i) O is an open subset of R"';
(ii) P : O — R" is injective;

(iii) P : O — R™is a C'" map;

(iv) rank[DP(u)] =n — 1,for all u = (uy,...,u,—1) € O, (4.4)
where
D(P,,...,P,) ..
(D(ul, ~,Un—1)) (u) = DP(u) (4.5)

is the Jacobian matrix of P. It is useful to remark that the last condition above

means that for all u € O, there exists j € {1,2,...,n} such that

D(Py,...,P;i_1,Pjq,... Pn))
det A L u) # 0, 4.6
( D(uy, ..., Up_1) (u) # (4.6)
where Py, P, ..., P, are the components of P. Or equivalently
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VP,...,.VP;_1,VPj1,...,VP, aren —1 linearly independent vectors in R"~*(4.7)

When (4.7) holds with j = n at every u € O, we shall refer to P as being a canonical
parametrization. When instead of (4.2) we have ¥ = P(Q), we shall refer to ¥ as

having a global parametrization.

e e e S § |

Definition 4.0.2. If ¥ C R” is a surface which is locally given as the graph of C*

functions (in an appropriate system of coordinates), then we define

/Efdo =Y | ¥fdo

jes’®
where {¢j}j€J form a Partition of Unity with the property that (suppy;) NX is con-

tained in the graph of a C' function.
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Chapter 5

Applications of the Cross Product
to Parametrizations

Recall (4.1). We next turn our attention to deriving an alternative formula for the in-
tegral of a function on a surface, which emphasizes the role played by the parametriza-

tion of the surface.

Theorem 5.0.5. Assume that > C R" s a surface that has a global canonical
parametrization P : O — Y <« R" where O is an open subset of R*™'. Then

for every absolutely integrable function f : > — R, there holds

/fda:/foP 160P % - % Oy 1P| dus ... duy . (5.1)
b)) O

Proof: We divide the proof into several steps.
Step I:

Let us define P’ : O — R !, by

P'(u) = (Pl(u), . Pn_l(u)>, weo. (5.2)

We will prove (5.1) under the additional assumptions that P'(O) € R""! is open, and
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P': O — P'(O) hasaC"inverse. (5.3)

We need a function ¢ such that P(u) = (2/, ¢(2')), so that we can think of 3 as the

graph of ¢. In other words, we need

=Pj(u), 1<j<n-—1, (5.4)

and

o(z") = P,(u). (5.5)

Thus, condition (5.4) amounts to

P'(u) =2, (5.6)

Recalling that P’ has a C' inverse, (5.6) can be written as

u= (P (). (5.7)

Using this and (5.5), we can take

$a') = Po((P) (). (5-8)

Note that for ¢ chosen as above, we have
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Indeed

P(u) = (P'(w), Pa(w)) = (P'((P) @), Pal(P) (@)

I
N
&\
<
—~
&\
~—
N——
—~
o
—_
e}
~—

Since X is globally the graph of ¢, we can invoke (4.1) to write

[rio= [ ot/ Vo Par

In the second integral, make the change of variables

R* '3 2/ = P'(u), ueO. (5.11)

Note that the corresponding Jacobian is

dz' = | det (l;((i 5”11))> (u)| duy ... du,_1. (5.12)
This integral now becomes
[ (P, oPan) 1+ TPl » (513)
D(Py...Py1)
x | det (D(ul - -un—l)) (w)|duy ... duy, .

Since ¢(P'(u)) = Pn((P’)‘l(P’(u))> — P, (u), we have
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f(P’(U), ¢(P’(U))> = [(P'(u), Po(u)) = f(P(u)) = (f o P)(u).

Hence, matters have been reduced to showing that

V14 1(98) (PP -

ot (DBl

T TP @) | det (DP) )
= [[(0:P)(u) X ... X (0p_1P)(u)].

Taking the derivative of (5.8) and using the Chain Rule we get

Vo) = (D9)(@') = D(Pl(P) ™ (@)])
= (VR)I(P) (@) - DI(P)](a)

= VPi(u) D[(P)](@).

(5.14)

(5.15)

(5.16)

Note that P'o [(P’)~1] = I, the identity function in R"~!. Taking the derivative and

evaluating at 2’ we obtain

D(P'e [(P) ) @) = Tumryxiuy

= (DP)((P")~(a")) - DI(P") (@) = In-1)x(n-1)-

Thus D[(P")~'](2') = [(DP’")(u)]~*. Hence, using this in (5.16) we arrive at

Vo(a') = VPy(u) - [(DP)(u)] ™.
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Taking the transpose of (5.18) gives

(Vo))" = (VPu)[(DP)(w)]™)" = (DP)(w)] ™) (VPu(u)) ",

whose norm yields

Vo) = [[(Vé@) || = (PP )] ™) (VP (w)" | (5.19)
= [(IPP) )] ) (VE) W)

Hence, (5.19) implies

\/1 + V()" | det (DP')(u)| (5.20)

= \/1 +IDPY @] T(VP) (W) - | det(DP')(u)]

Claim Consider vy, ..., v,_1 € R™ arbitrary vectors and arrange their components

vertically as columns in the n x (n — 1) matrix

V11 V21 cee Up—11
V12 V22 cee Un-12
(5.21)
U1p—-1 V2p-1 ... Up—1n-1
U1in Von, e Un—1n

Let M be the (n — 1) x (n — 1) matrix obtained by eliminating the last row in this
matrix. Also, let w be the last row in (5.21), viewed as a vector in R"~!. Then, if M

is invertible, we have
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|det M| \/1+ [|M~ w|]* = |Jo; X ... X vy (5.22)

Proof of Claim.
—1
Set A := ( ]\40 (1) ) € M, x,. Then by (2.19), we have
| detA| = | det(M )| = | detM| ™", (5.23)

where the determinant is found by expanding along the last row.

Lettlng A= (bjk)lgj,kgn—ly we find

bll Ce bln—l 0 Vj1
: : : V;
Av; = : . . : ?2
bnfl 1 --- bnfl n—1 0
0 Ce 0 Vjn
= (Z DikUin, D bokUjks -2 D bjtUjk -5 Y bu1 kUi, an>
k=1 k=1 k=1 k=1
= (0,...,0,1,0,...,0,v;n), (5.24)

where 1 represents the j-th place.

Thus,

Av; =(0,...,0,1,0,...,0,v;,) for1<j<n-—1 (5.25)

Recall that (2.2) is the following:

AUl X oo X Avn_l = (det A)(A_I)T(Ul X oo X Un—l).
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Multiplying by | det A|~" = | det M| and AT in (2.2), and then taking the norm yields

g X ... X vy = [detM] ||AT (Avy x ... X Av,_

Il

Notice,
1 0 0 VUin
Avy X ... X Av,—; = det S : :
' " 0 ... 0 1 | vy
€1 €2 ... €n_1 ‘ €n
~ et TItn—1)x(n-1) | w
€1 N ‘ €n
= wiep +waey + ...+ Wyp_1€p-1 + €p,
where (wy,wa, ..., wy) = (V1n, Van, -+, Un_15) = w. S0,

1
0
(M7 [ 0 0
_ 0 ‘ 1 w1 0 + ...
o

=ATwier+...+ATw, 16,1+ A'e,

= wlATel + ...+ wn_lATen_l -+ ATen
n—1
= <Z ijTej) + A'e,.
j=1
Focusing on A'e; yields
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b by 0 :
?1 11 0
Ale; = : : : 1 (5.29)
’ bl n—1 bnfl n—1 0 0
o ... 0 | .
0
blj
: fl1<j<n—1,
bn—lj
0
0
: if j =n.
0 J
L 1
Hence,
blj
n—1 n—1 .
(Z ijTej> + ATe, = Z W +en
j=1 =1 bn—1;
0
wibyy wab1o Wy—1b1n—1 0
= ‘ + .+ : +
wiby_11 Wabp_12 Wr—1bp—1n—1 0
0 0 0 1
n—1 n—1 n—1 T
= ijbljazwjsza---;ijbn—lja]->
j=1 j=1 j=1
n—1 n—1 n—1 T
= (Z bljw]', Z bgjwj, ceey Z bn_ljwj, 1>
j=1 j=1 j=1
-1
— (Mlu’) _ (5.30)

Thus,
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M—l
AT(Avy % ... % Avg_y) = ( 3 “’) . (5.31)

Taking the norm of (5.31) gives

| AT (Avy x ... x Avgy)|| = /1 + | M|, (5.32)

Using (5.26) in (5.32) gives

o X ... X vp_q|| = | detM| /14 || M~1w|. (5.33)

This finishes the proof of the Claim.
To continue, we specialize the Claim to the following situation:

Set

M := (DP")" € Mu—1)x(n-1) (5.34)

and

w:=VP, e R, (5.35)

Let vq,...,v,_1 € R™ be such that

vj:=0;P for 1<j<n-—1, (5.36)
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then (an)lgjgn—l = w.

Thus,

5’1P1 ce an,1P1 V11 Ce Un-11
_ 31.]32 ce an_.ng _ U.12 e U"Tw 7 (537)
0P ... 0Py Vin—-1 --- Up—1n-1

Putting (5.20), (2.13), (5.34), (5.35), (2.11), (5.33), and (5.36) together, we get

I+ IV )P | detl(DP) ()]

= \/1 +I((DPY )] T(VP)(W)]” - | det[(DP')(u)]

= \/1 + (PP @]T) (VL) (W)]* - | det[(DP')(u)]

= /14 ||M~tw]|?- |det (M)

= \/1+[|[M~twl|®- | det M|

= ||U1 X ... X Un_1||
= [|[(O1P)(u) x ... X (Op_1P)(u)] . (5.38)
In particular,
/fda _ / FoPlvP x ... x 0y 1P| du, (5.39)
) o

finishing the proof of Step I.
Step II:

For all 7 € N define
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1
0; = {x € O dist (x,00) > ;} N B(0, j).

Then O; is open, bounded, and in particular

1. O; CO, forall j € N;
2. 0; €011 CO, forall j eN;
3. |Jo;=0.

j=1

Set

Then it follows from the above properties of the O;’s that

1. ¥; €3, forall j €N
2. Zj - 2j+17 for allj € N,

j=1

If

/ fdo= / foP||O1P x...x 0, 1P| du, foreveryj €N,
2; 0;

then, by the Lebesgue Dominated Convergence Theorem and (5.45), we have
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Jj—00

fdo = /Elim(fxgj)da:jlirglo/z(fxgj)da

by

= lim fdo

Jj—00 ¥,

= lim [ (foP)||oiP x ... x 0p 1P| du

j—o0 0;

= lim [ (foP)[[OP x ... X 0p_1P| (xo,)du

)= Jo

= /(f o P)||O1P X ...x 0,_1P| du. (5.46)
0

Above, the second and sixth equalities are by the Lebesque Dominated Convergence
Theorem. (The reader may verify in the Appendix why the Lebesgue Dominated
Convergence Theorem applies in the above situation.) The third and fifth equalities
follow from properties of the indicator function.

This finishes the proof of Step II.
Step III:

We need to prove (5.45) for each fixed j. So, fix j € N. Then,

det (g((i > 5:3) (v) = det (%Z) (W) £0, Yu=(ug,... , up1) € 5.47)

The Inverse Function Theorem implies there exists V,, C O, an open neighborhood
of u, such that P'(V,) is open in R and Py, : V,, — P'(V,,) has a C''-inverse.
Recall (5.41). Note that O; is compact for all j € N. It follows that we can find an

open cover of @ for each 7 € N. In other words, we have

ue O
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which implies there exists I; C O, a finite set of points, such that

o,c v (5.49)

Hence, O; C |J V, and, thus,

”LLGI]'

0;=JV.noy), (5.50)

UEIj

as one can check without difficulty. Let {¢,} be a finite Partition of Unity sub-

uE[j

ordinated to {P(V,, N O,)} Le.,

’LLEIJ"

1. supp(¢) € P(V, N O;) forallu e I;; (5.51)

2.0<9Y, <1 foralue I

3.0) =1 (5.52)

'LLE]]'

Next, write

/Ejfda:/E > fdJ:Z/zj%fda' (5.53)

J ’U,EIj UEIj

To continue, we need the following fact whose proof is in the Appendix:

supp(AC) C supp(A) N supp(C). (5.54)

Specializing (5.54) to v, f and using (5.51), we have
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3 / Gufdo =3 / buf do (5.55)

uel; uel; 7 F(VunOj)
For each u € I;, P(V, N O;) is a surface with a global C' parametrization, and

having the additional property that P’ : V,NO; — P'(V,,NO;) is globally invertible,

with a C! inverse. Hence, this is a setting in which the result in Step I applies.

Consequently, for all u € I;, by Step I,

/ 1/;ufda:/ uf do :/ (W f) o POLP x .. x 81 P dul5.56)
5 P(VunO;) Vuno,

Summing up over u € I; then gives

Z/ o) Yo f do = Z/ foP||0/P x ... x 0y 1P||du.  (5.57)

uel;
In order to proceed, we need the following facts whose proofs can be found in the

Appendix:

(AB)oC = (Ao C)(Bo(), (5.58)

and if A, C are continuous functions, then

supp(A o C) C C(supp(A)). (5.59)

Using (5.58) in (5.57) yields
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Z/V O(%f) o P||O\P x ... x 0p1 P du (5.60)

UGIJ'

_ Z/v a0 P)(fo P)[OP x .. x duaPlldu

uelj

Let us look a little closer at 1, o P. From (5.59), (5.51), and the fact that P is a

bijection in this setting, we have

supp(v, 0o P) C P~ '(supp )

N

P (P(Vin0))

= V,no,

N
AS

(5.61)

Utilizing (5.61), bringing the summation inside the integral on (5.60), and using (5.52)
give

45



S [ o P e PP - x 001l d

uEIj

:/Oz[wuop)(fop) 10,P % ... x 8,1 P|| du

J u€el;

:/ S 6o P | (foP) P x ... x B, 1P| du
(@)

J uEIj

:/ St | 0P| (FoP) 1P x ... x 0,1 Pl du
(@)

J uelj

:/O (1o P)(fo P)[|0P x ... x 0y 1P| du

J

:/ (foP)|0P x ... x 0y_rP|| du. (5.62)

Oj
This concludes the proof of Step III, and consequently the proof of Theorem (5.0.5).

O
Below we single out a useful special case of the previous theorem.

Corollary 5.0.6. Assume that X C R"™ is a surface, o € X2, and let ro > 0 be such
that P : O — XN B(xg,19) — R, where O C R is a local parametrization near

xg. Then,

/ fdo = / FoP 0P x ... x Oy s Pl duy ... duy (5.63)
EﬂB(aﬁo,To) O

for every absolutely integrable function f : > — R with support contained in X N

B(ZL’O, To).

Proof. Use Theorem (5.0.5) with ¥ replaced by XN B(xg, ) (which becomes a surface

with a global parametrization). O
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For practical applications it is of interest to express the norm of the cross product
01 P x ...x 0,_1P (appearing in the right-hand side of (5.63)) in a way which aviods
using the multi-dimensional cross product. The scope of the theorem below is to do

just that.

Theorem 5.0.7. Assume that ¥ C R™ is a surface that has a global canonical
parametrization P : O — ¥ < R", where O is an open subset of R"~'. Then

for every absolutely integrable function f : > — R, there holds

D=

2

du1 ce dun_l,(564)

[ras=[or (X [det (Dii = %é;-'jn)>

where 13] s omitted for 1 < j <mn.

Proof. Observe that (2.1) implies

81P1 (91P2 e 81Pn
82P1 aQPQ ce 82Pn
OPx...x0, 1P = det : : :
an—lPl an—lP2 s an—an
€1 €9 €n
= ) (—1)"'e;detA;, (5.65)
j=1
where as before
81]:’1 [ 81Pj,1 31Pj+1 [ 81Pn
Aj = L : : L : (5.66)
an—l-Pl s an—lf)j—l an—le—H s an—lpn

47



So,

81P X ... X 8,1,1]3 = Z(—l)jJrlej detAj
=1

and, hence,

1P X ... x 8P| = GGD%&&P+N&P@M$+H=H&D“Mm%ﬂ

J
:<@N®Mﬂ4fw&ww@wﬂm%)

1
2

— <[detA1]2 + [detAp]* + ... + [detAn]2>

- <zn:[detAj]2> 5 .

j=1

Next, we expand the last expression above as

det

-3

j=1

81P2 81Pn 81P1 aan_l
: : + ...+ | det :

Op1Po ... O0n1Pp Opn1Pr ... On1Pra

1
2\ 2

D(P,...P;...P,)
[det < D(uy ... u, 1) )

This finishes the proof of Theorem (5.0.7).

A few comments are in order here:

1. [; fdo is independent of the cross product;

2. P does not necessarily have to be the canonical parametrization.
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Moving on, we now discuss how the unit normal to the surface can be expressed

in terms of a parametrization.

Theorem 5.0.8. Assume that > C R" is a surface which has a global canonical
parametrization P : O — ¥ — R", where O is an open subset of R"™ 1. If v is the

unit normal to the surface X, then

61P X 02P X ... X 8n_1P
P = 0. 5.69
Ve |0 P X OoP X ... X Op_1 P on (5.69)

Proof: Since P : O — R" is a parametrization of the surface ¥, we can deduce
that (01P)(u),...,(0p—1P)(u) are tangent vectors to ¥ at the point P(u) € 3, for
every u € O. Furthermore, by (4.7), these tangent vectors are linearly independent.
Hence 0, P(u),...,0,-1P(u) form a basis for the tangent plane to ¥ at P(u). By (i)
in (2.0.1), 1 P(u) X ... X 0,_1P(u) is perpendicular on the tangent plance for 3 at

P(u). Hence, v(P(u)), i.e. the unit normal to ¥ at P(u) is given by

O P(u) X ... X Op_1P(u)
|01P(u) X ... X Op_1P(u)||

v(P(u)) = for every u € O.

This finishes the proof of (5.69). O

As we have done for Theorem (5.0.7) above, we would like to express the unit
normal v to the surface ¥ which avoids using the multi-dimensional cross product.

We do so in the corollary below.

Corollary 5.0.9. Assume that ¥ C R™ is a surface which has a global canonical
parametrization P : O — ¥ — R", where O is an open subset of R*~'. If v is the

unit normal to the surface X3, then for every j € {1,2,...,n} there holds
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(—1)7 " det(A))

vijoP = T (5.70)
2 D(P... P P \]? ) °
(5 [ (32220
where
81P1 C 61Pj_1 01Pj+1 Ce 61Pn
Aj= L : : L
an—lpl s an—lpj—l an—le—i-l s an—lpn

and lf’J is omitted for 1 < j <n.

Proof: Use (5.69) with the numerator replaced by (5.65) and the denominator replaced
by (5.68). Since we are only concerned with the j-th component of v, (5.65) becomes

(—1)7*1 det(A,). 0

e e e S §
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Chapter 6

Motivational Questions

In (5.1) above, do stands for the surface area element (sometimes denoted dS).

Counsider next

F:R" — R" C*°-diffeomorphism

i.e., I is of class C®°, F is bijective, and F~! is of class C°.

The basic issues which this project is addressing are as follows:

Question 1

Under the above hypotheses, does it follow that

S =F(%)

is also a smooth surface in R"?

If the answer to this question is “yes”, then we may also consider:

Question 2

How does the unit normal 7 to ¥ relate to the unit normal v to X ?

Question 3

o1

(6.1)

(6.2)



How does the surface area element d& for 3 relate to the surface area element do for

X7

Question 4
How does the integration process on 3 relate to the integration process on X7 (i.e.

is there a change of variables formula from ¥ to i)
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Chapter 7

Surface to Surface Change of
Variables

Question 4 is the main source of motivation for the subsequent work.

Theorem 7.0.10. Let ¥ = P(O) where P : O — R" is a global parametrization
of 3. Let F': R" — R"™, a C*-diffeomorphism, be such that F(X) = S, and let

f: Y — R be an arbitrary absolutely integrable function. Then

/ifda‘:/Z(foF)\det(DF)|||((DF)1)Tdea. (7.1)

Proof: The key ingredient for Question 4 is that we need a parametrization for 3.
Specifically, the parametrization we are looking for is the following:

Claim

FoP:0—R" isa parametriztion for 3. (7.2)
To show F o P is a parametrization we need to verify:
(i) O is an open subset of R""!;
(ii) Fo P: O — R" is injective;
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(ili) FoP: O — R" is a C'! map;

(iv) rank [D(F o P)(u)] =n —1, for all u = (uq,...,u,—1) € O, where

(DF(Pl, P

D(u, ... ,un_l)) (u) = D(F o P)(u).

Note that @ C R"! is open by assumption. Since F is a diffeomorphism and P is
injective, then F o P is injective. Also, I is a C° map and P is a C'!' map, thus F o P
is a C'' map. Hence, (i-iii) above have been verified. To show (iv), we will make use
of the following definitions from Linear Algebra.

Let A be a n x m matrix, then
e row-rank of A := the maximal number of linearly independent rows of A;

e column-rank of A := the maximal number of linearly independent columns of

A.

From these definitions, one can deduce the following Theorems:

1. row-rank of A = column-rank of A
= a number, from now on referred to as rank(A);
2. rank(A) = rank(AT);
3. If B € M,,«,; with rank(B) = m, then rank(AB) = rank(A);
4. If C € My, with rank(C') = n, then rank(C' A) = rank(A); (7.3)

5. If A € M, is an invertible matrix, then rank(A) = n. (7.4)
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Returning to the verification of (iv), we have by the Chain Rule

D(F o P)(u) = (DF)(P(u)) - DP(u).

Hence,

rank[D(F o P)(u)] = rank[(DF)(P(u)) - DP(u)]. (7.5)

Since F' is a C*-diffeomorphism, then (DF)(P(u)) is an invertibe n x n matrix.
Thus, (7.4) implies that the rank[(DF)(P(u))] = n. In addition, we note that (4.4)
implies that the rank (DP(u)) = n — 1. What we have shown thus far is that the
matrices (DF)(P(u)) and DP(u) fit the hypothesis for (7.3). Making use of (7.3) in

(7.5) yields

rank[D(F o P)(u)] = rank[(DF)(P(u)) - DP(u)]
= rank[DP(u)]
= n—1

This finishes (iv) and consequently the proof of the Claim.

Having established a parametrization for 3, we now focus on (DF)o P. Set

A:=(DF)o P. (7.6)

In particular, A is a n x n matrix-valued function defined in O. Note that, by the
Chain Rule, for every i,j € {1,...,n},
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j(FroP) = ) [(0:F7) 0 PIO; Py (7.7)
k=1
= the j-th component of A J,P,

where A is the n x n matrix from (7.6) and 0;P is a vector in R™. Thus,

0j(F o P) = A0, P, Vie{l,...,n}. (7.8)
Recall formula (2.2); taking the norm and using (2.18) gives
[Avy X ... x Av,_q|| = |det A[ [ (A7) T (01 X ... X vpq ]| (7.9)
Then we can write for any absolutely integrable function
f:X—R

the following sequence of identities:

/~fd’a“ _ /fo(FoP)||61(FoP)><...xan_l(FoP)del...dxn_l
b)) @]
= /(foF)OPHA81PXA82PXXAanlpud.Tld.fn([?lO)
@]

_ /(foF)oP|detA| (AT (OP, % ... X 8,y P)|| day ... duns,
(@]

where A is as in (7.6). Replacing A with its actual formula then gives

/ifdbv = /O(foF)oP\det[(DF)oPH X
x||[(DF)™)T o PY(P x ... x 01 P)| day ... duy_q.(7.11)
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Next, write

[(DF)™)T 0 P](0,P x ... x Op_1P)

OPx...x0, 1P
o —I\T 1 n—1
=[((DF)™) oP] <H31P = an1PH) |OWP % ... x 0p_1712)

and recall formula (5.69). Together, these give

[(DF)™)T 0 PY(O\P x ... % 8,_1P)

— [((DF)™)T 0 P(v o P) || P x ... x 9,1 P]. (7.13)

Replacing (7.13) back in (7.11) gives

/ifdg = /O(foF)oP|[det(DF)]oP|H[((DF)_l)ToP](VoP)”-

. H@lp X ... X an,1PH dl’l Ce dl’nfl. (714)

Finally, by (5.1) applied to the function (f o F) |det(DF)|||[(DF~*)"v|| in place of f,

we can write (7.14) as

/i do = /z(f o F)|det(DF)|||(DF)™)"v|| do. (7.15)

This finishes the proof of Theorem (7.0.10). O

A few comments are in order here.
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Corollary 7.0.11. With the usual assumptions and notational inventions, one has:

téf&hiéUbFH&ﬂDmHWDF1fonWm. (7.16)

Proof: By the Inverse Function Theorem,

(DF)™'=(DF Y oF. (7.17)
So, (7.1) can be also written as (7.16). O
Remark

The above considerations are local in nature (i.e., it was assumed that the surface ¥
has a global parametriztion P). In general, once formulas (7.1) and (7.16) have been

established, one can then use a Partition of Unity to“glue” together these local

remarks. We do so in the following section.

Remark

Remarkable particular cases are obtained in the following cases:
1. F'is a rotation in R";
2. F is a translation in R".

Let us consider these cases in more detail.
Consider F': R" — R™ as a rotation in R". Then by (2.17) we may regard F as

an n X n unitary matrix R. Let X be a surface in R" and define

F(z) =Rz, forzeR". (7.18)
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With this definition, one can immediately deduce that

(f o F)(x) = f(F(z)) = f(Ra). (7.19)
Since F' is a rotation, then F' is a C* diffeomorphism. Thus, it is meaningful to

discuss F~!. The formula for F~! is as follows:

Flz)=R 'z =R"z. (7.20)

By definition ¥ := F(X). Using (7.18), we have

Y. = F(X) = the rotated version of ¥ by R

= R(D). (7.21)

Lettlng R = (Tij)lgi,jgn and x = (I,Ei)lgign, we have

1 ... Tin T n n
Rx = : : : : = <Z T1iTis - - -,Zrm‘%) : (7.22)

Tol - Ton T i=1 i=1

Taking the derivative of (7.18) and using (7.22) yield

(DF)(x) = D(Rx)=

M1 .. Tin

Tnli -+ Tnn

- R (7.23)
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Hence, taking the determinant and the absolute value of (7.23) and using (2.21) give

| det(DF)(z)| = | det(R)| = 1.

Taking the transpose of (7.17) and using (7.23), we have

(oF Yo F@) = (DRI =R =R

Finally, by (2.22), we have

IRv[l = vl = 1.

Putting (7.19), (7.21), (7.24), and (7.26) in (7.16) we can write

/ f(Rx)do(x) = fdogr),
2 R(S)

(7.24)

(7.25)

(7.26)

(7.27)

where dog(s) represents the surface measure on R(X), i.e. the rotated version of ¥

by R. In particular, if ¥ is a sphere centered at 0, then

/E F(Ra) do(z) = /Z fdo.

This finishes the case when F' is a rotation.

Counsider F': R — R™ as a translation in R”. Recall

/n flx+y)dy= [ fly)dy, VreR"

Rn
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We would like to know what happens if we have a general surface in place of R". This
statement gives rise to the following work. Given ¥, a surface in R" and x € R,
define x + X ={z +y: y € X}. Then for any z € R" and any absolutely integrable

function f : x4+ ¥ — R, we have

/E f(z + ) do(y) = / ) do (o), (7.29)

where o, is the surface measure of x + .

Proof of (7.29): Fix x and assume f : x + %X — R is absolutely integrable. Choose

F(y) :=x+yfor ally € R". (7.30)

This definition for F' implies that F' is a C*° diffeomorphism of R™. Moreover

(fe F)(y) = f(F(y) = f(z+y). (7.31)

By definition ¥ := F(X), thus by (7.30)

Y=zx+X. (7.32)

Taking the derivative of (7.30), we have (DF')(y) = I,,x,, which implies

|det(DF)| = 1. (7.33)

61



Since F' is a C°° diffeomorphism, it is meaningful to discuss £~!. One can easily

deduce the following formula: F~'(y) = y — x. Hence, by the Inverse Function

Theorem

((0F o Fw) = ((PP)W]™) = (L)) = L (7.34)
Thus,

M V]| = [l = 1. (7.35)
Putting (7.31), (7.32), (7.33), and (7.35) in (7.16) give the desired result. O
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Chapter 8

Proof of (7.1) for Surfaces That Do
Not Have a Global Parametrization
(i.e., X a compact set.)

Step 1

For all x € ¥, choose R, > 0 such that

YN B(z,R,) = P(O,) (8.1)
where P, : O, — R" is a parametrization satisfying:
1. O, € R*!is open;
2. P,: 0, — R"is a C! map;
3. P, : O, — R" is injective;

4. rank[DP,(u)] =n — 1, for all u = (uy, ..., Up—1) € O, where




Step 2

Note that ¥ C |J B(z, R,), and since ¥ is compact, there exists zy,...,2; € X
zeX

such that

 C |J Bl Rs)). (8.2)

Invoking Theorem (3.0.2) gives there exists {qu}‘j]:l e C*(R"), ¢; : R* — R, such

that
1. supp(¢;) is a compact subset of B(z;, R,,) for all j € {1,...,J}; (8.3)
2.0<¢; <1lforallje{l,...,J};
J
3. Zqﬁj(:ﬂ) =1forallz € X. (8.4)
j=1
Step 3

Let F : R® — R" be such that F is a C*°-diffeomorphism. Set ¥ = F(X) and

let f: X — R be an arbitrary absolutely integrable function. With {gzﬁj}jzl as in
Step 2, define ggj : R™ — R such that
G; = djo F1. (8.5)

Notice, for all y € 3, there exists z € ¥ such that F(z) = y. Using this fact, (8.5),

and (8.4) give

Zgj(y) = Z@(F(@) => ¢ix)=1.

J=1
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Thus,

7
Z&s} —1 on 3. (8.6)
j=1

For each j € {1,...,J}, consider the function

gjf 'Y —R
Claim
/igjfd&: /E(ajf)oF|det(DF)| |(DF)™)"v|| do. (8.7)

To prove this Claim, we will make use of the following facts (already used earlier

in a different context), and whose proofs can be found in the Appendix:

(AB)oC = (Ao C)(Bo(),

supp(AC) C supp(A4) N supp(C).

supp(A o C') € C~!(supp(A)),

and (if F' is injective), then
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F(A) N F(B) = F(AN B). (8.8)

Returning to the proof of the Claim, we find by (5.58) and (8.5)

supp [(¢;f) o F] = supp[(¢; o F)(f o F)] = supp [¢;(f o F)].

Thus, by (5.54) and (8.3)

supp [¢;(f o F')] € supp ¢; N supp (f o F') C supp ¢; C Bz, Ry, ).

Hence,

supp [(¢;f) o F] C Bz, R,). (8.9)

Utilizing (8.9) in the Claim yields

[ Gapyor1aeor) (D)) do
:/mB< . )(5jf)oF|det(DF)| |(DF)™)Tv|| do (8.10)

and recalling (8.1) gives

/EHB( . )(5jf)OF|det(DF)| I(DF)™)Tv|| do

:/P o ‘)(gﬂbjjf)oF|det(DF)| |(DE)Y™MTv|| do.

zj J
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Thus, (7.1) applies to ¥ N B(x;, R,,) providing

Lo B 2 F 10PN R o] o = | (3, ) di 1)

£ B(2;.Ra;))

By (5.54), (8.5), and recalling f : Y — R, we have

supp(¢f) C supp ¢; Nsuppf C supp(¢; o F~H) N D,

Using (5.59), (8.3), and (8.8) give

supp(¢; 0 FHYNE € F(suppg;) N F(2)
C F(B(xj,R.,)) N F(3)

= F(ZN B(xj,Ry,)).

Thus,

supp(¢;f) € F(SN B(xj, Ra,)) € 2, (8.12)

and

/ (¢;f) d& = [ 6, d&. (8.13)
F(SNB(xj,Ra))) $

Putting (8.10), (8.11), and (8.13) together gives
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[@) o Flaet(DP) [(DF) ) vl|do = [ G5 a5
b P
which finishes the Claim.

Having established the Claim for every j € {1,...,J}, let us sum up formulas

like the Claim over all j’s and obtain

é (/E d}fd&) = é (/Z@jf) o F|det(DF)| |[(DF)™) | da) .

Hence, bringing the sums inside the integrals and using (8.6) on

J

360 (X6) 15 s (.19

=1

and noting that

Z [(ggf) o F'|det(DF)| H((DF)*l)TVH] -

7j=1

I
M~

(350 F)(f o P) | det(DF)| | (DF) )T

1

;

= (foF)|det(DF)||[|[(DF)™)Tv| on¥, (8.15)

<.
Il

B

¢j> (f o F)|det(DF)||[(DF)™) " v||

1

we obtain

/ifdﬁ_ /E(foF)|det(DF)| |(DF)™") || do

which is (7.1) in full generality! |
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Chapter 9

Formula for the Unit Normal

The goal of this section is to explain how the unit normal to a surface changes as
the surface X is mapped by a diffeomorphism into another surface 3. Recall formula

(2.2):

Avy X ... x Av, = |detA| (A7) T (v x ... X v,_q). (9.1)

Consider next Question 2.

Theorem 9.0.12. Let X C R" be a surface with unit normal v and let F' : R — R"”

be a C*°-diffeomorphism. Denote 3= F(X) and let v be the unit normal to 3. Then

U= on X. (9.2)

Proof: Given that v and v are defined locally. There is no loss of generality in
assuming that > has a global parametrization P. Thus, > has FoP as a global

parametrization. Therefore, granted (7.2), formula (5.69) gives
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S o (F o _ O1(FoP)x...x0,_1(FoP)
ve(Fol) = B e P x X O (Fo P (9:3)

A81P><...><A8n_1P
||A81PX xA@n_lPH

|detA| (A_1>T(81P X ... X 871,1]3)
(At A [(A DT (P x .. x 0y P)]

AT < O1PX..x0p 1P )

||81P><...><Bn,1P||

(
H(A_l)T ( O1PX..x0p 1P )H

||81P><...><8n_1P||

= ]Zo on O.

“Dropping” P in (9.3) gives

(DF)™)Tv
[(DF) )77

vol = on X. (9.4)

Composing with F~! on the right and recalling (7.17), allows us to re-write (9.4) in

the form of (9.2). This finishes Theorem (9.0.12). O
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Chapter 10

Relationship with the Classical
Change of Variables Formula

Let D C R™ be such that D is open, and let f : D — R be an arbitrary absolutely

integrable function. We want to make a change of variables, say x = ¢g(y) where:

1. g : R" — R" is a C*°-diffeomorphism;

3. O CR" O open.

The Classical Change of Variables yields:

/ x)dr = / flg(y)) | det(Dg)(y)| dy. (10.1)

Our goal is to show (10.1) is a particular case of (7.1). In order to do this, we

regard O as a flat surface in R"™!. Let F : R"*! — R"*! and define

F(2,2051) 1= (9(2), 2as1): (10.2)

Moreover, define
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¥ =0 x {0}

and

Y=F) ={F(z,xn41) : (,2p41) € X}

={(9(),7p41) 1z € O and x,1y =0} = D x {0}.

Let ]7: > — R and define

F(2,0) := f(z), = €R"

From (7.1), we know

/i Fla ) d5 = / (Fo F)( 20 11) | det(DF)(, 2 1)] X

< | (DF) (@, 200))™) (e, 20 1) | do

Summarizing what we have thus far gives:

1. ¥ =D x {0};

2. f(&,0) = f(x);

3. do = dxidxy . ..dx, = dx

and
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1. ¥ =0 x{0};

2. (foF)(x,0)= f(F(z,0)) = f(g(x),0) = f(g(x)); (10.8)
3. do = dxdxs . ..dx, = dx. (10.9)
Claim 1
| det(DF)(x,x,41)| = | det(Dg)(x)] . (10.10)
Recall
F(z,2041) = (9(2), 2n11) = (91(2), 92(2), - - -, g (@), Tng1); (10.11)
thus,
9g1(z)  9gi(x) dgi(z)  9g1(z)
ox1 Oxa e Oxp, OTn+1
9g2(z)  9g2(x) dg2(z)  Oga2(x)

or1 Oxa T Oz, OTn+t1
(DF)(z,2n41) = : oo :
Ogn(z)  Ogn(x) Ogn(z)  Ogn(z)

or1 Oxa e Oxyp, OTn+1
O0Tp41 OTn41 O0Tn41 O0Tn41
or1 Oxa e Oxy, OTn+1
dgi(z) Dogi(z) Ongr(z) 0
Aga(z) Daga() Ing2(x) 0O
0 0 o 0 1
_ ([ Dg(z) | O
- ( : : ) . (10.12)



Hence,

det(DF)(x, 1) = det ( Dgo(x) 0 ) — det(Dg)(x),

by expanding the determinant with respect to the last row, and

| det(DF) (2, 2n11)| = | det(Dg)(x)] .

This proves Claim 1.

Claim 2

[(DF)(@, 2041)) ") (2, 200) || = 1. (10.13)

From (10.12),

(DF)ar0sr) = (D)

Note also that

(DF)(x,2n41) - (DF) (@, 2041)) ™" = Ing1)x(ni1)-

Thus,

-1
Dg(z) | O . Dg(z) | O g
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Hence,

(PP ey = (DALY (DI LOY oy

(DF)(z,2011)) ") " = ( (Dg)) ™" | 0 )T = ( ((Dg())™)" | 0 ()0.15)

In this context

v(z,zn41) = (0,0,...,0,1), (10.16)
therefore,
0
D HT ] o !
(D)ot ) wlirgn) = (LPHEL LY = 000
0
1
Hence,

H(((DF>($7 xn-l-l))_l)—r ’ V(J},[En+1)|| - HO’ 0,...,0, 1” =1

this proves Claim 2.
Putting (10.4), (10.5), (10.7), (10.3), (10.8), (10.10), (10.13), (10.9)
into (10.6) give
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[ gwae= [ gty |deDg(e) -1
Dx{0} ox{0}

Dropping (x {0}) gives (10.1) as desired.
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Chapter 11

Invariance of Lebesgue and
Sobolev Spaces on Surfaces

In this section, the goal is to analyze how Lebesgue and Sobolev spaces defined on
surfaces in R™ transform under the operator of composition with a smooth diffeomor-

phism. Our first result in this regard is the following.

Theorem 11.0.13. Assume that ¥ C R™ is a C' surface, © C R" is an open
neighborhood of ¥, and F : O — R™ be an orientation preserving C*-diffeomorphism

onto its image. Set Y= F(X). Then for each 1 < p < oo, the operator

T:IP(X) — LP(3) (11.1)
defined by
T(f):=foF™,  fell(%), (11.2)

1s well-defined, linear, and bounded. In fact, T is an isomorphism.

Proof: To show T is well-defined and bounded, we need to show that there exists

¢ € R such that |Tf|[,5) < cllfllps) YV € LP(X). Let f € LP(X). Then f is
measurable and
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T ( i da)” < oo. (11.3)

By (7.16), written for | f|” o F~! in place of f, we have

/i(|f|poF_1) do = /E(|f|poF_1 o F)|det(DF)|||[(DF")T o Flv|| do

_ /Z]f|p|det(DF)|H[(DF‘l)ToF]yH do. (11.4)

Furthermore, by (5.58),

Larprorya= [ |forp an (115)

Let us make use of the following facts whose proofs can be found in the Appendix.

Given an n x n invertible matrix A = (a;)1<jx<n and x € R", then

| ;
| det(A)| < nl! (1%1%2(” ]ajk]> , (11.6)
and
3
< n2 .
[Az] < n2 (15’%§nlaykl) ]| - (11.7)

Utilizing (11.6) and (11.7) in (11.4), we have
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/E\f\p\det(DF)\ H[(DF-l)T o Flv|| do (11.8)

"3 1T
< [rn( e 10,50, ) 0t (s J0,F o Pl ) vl do

= c’/\f\p do.
>

where in the above calculation we have used the fact that ||v|| = 1 and have defined

d = n%n!( max HaijHLoo)n'< max H[ajFl;l]TOFHLw)'

1<j,k<n 1<j.k<n

Combining (11.5) and (11.8) give

[ |foF " do < c’/ IfI? do. (11.9)
b 3

1
p

Thus, raising both sides of the equation to the - power in (11.9) and using (11.3)

yields

([|foF1\”d5>pgc(/|f\pda)p<oo, (11.10)

where ¢ := (¢ )% Hence, T is well-defined and bounded.

To show T is linear, we need to verify that

L. T(f+g)=Tf+Tg VfgeLr(L);
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2. T(\f) = N(Tf) Vf e L’(X), ceR.

Let f,g € LP(X), then

T(f+g9)=(f+g)oF ' =(foF )+ (goF")=Tf+Ty,

and

TOf)=AfoF '=XfoF )=

ATS).

To show T is an isomorphism, we need to show that IR : LP(X) — LP(X) such

that T(Rf) = R(Tf) = f. Defining Rf := f o F satisfies the above condition. (Note

that R is well-defined since it is of the same type as T itself, but with F, >, and ¥

replaced by F~!, 3 and Y).

|

Given a C* surface ¥ C R™ with unit normal v, define the tangential gradient of

a function f : ¥ — R by

Vtsz = vf - <Vf, V>V'

Thus, coordinate-wise,

or

(11.11)

(11.12)
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(Vianf), Zyk i f 1<j<n, (11.13)

where we have set

Orf = (V0 — 0;) £, 1<j,k<n. (11.14)

Let us verify that (11.13) holds by using the definition of 9, f,

(Vianf); = n(n8; —v;00)f + . + w005 = v;05) f + .. + vn(Wa0j — v;0n) f
= O f —vwOif + ...+ VO f —vy0if + ...+ 0 f — vuvOuf
= Oif(vi+...+v2) —vi(oif + ...+ 1,0 f)
= O0;fIvII* = v (Vf,v)
= 0if = (Vf,v)y;
= 0 - M@l
k=1

This calculation concludes the verification of (11.13). We shall refer to these as being

tangential derivatives on .

It follows that

Vj(vtanf)k_yk(vtanf)j:aTjkf7 1 S],]{?STL (1115)

As a consequence, there exist dimensional constants C, Cy > 0 such that
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CrllVianfl <Y 105, f1 < Col|Vian £, (11.16)

1<j, k<n
pointwise on X. Let us show that (11.16) holds. First, we need to check that there
exists a constant Cp > 0 such that ||Vie, f|| < Co > |8Tjkf‘. In order to show
1<7,k<n

this, we will make use of the fact that all norms are equivalent and use (11.13). That

is

”VtameZ S COHVtaanl - COZ |(vtanf)j|

=1

Z Vka’i'kjf‘

k=1

n

= Coy_

j=1

< Co D w0, f]
1<j,k<n

< Co Y. 0,1l
1<j,k<n

for some Cy > 0. Letting C := CLO gives the first inequality in (11.16). To show the
second inequality of (11.16), we will use (11.15) for fixed j € {1,2,...,n}. Doing so,

we have

> 10t < 1Fuan il (1l + o+ ol )+ 1l (1VianDil +- -+ (Tranl )
k=1

n

= > (1T an)il Il + 151 [(Vean il )- (11.17)
k=1
Summing over all j € {1,2,...,n} in (11.17) and using eqivalence of norms again

yields
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> o] < Z( (|<vmnf>j||uk|+|uj||(vmf>kl)>
1<j,k<n j=1 \k=1
< 2wl 1l ) (IF0anDil oo+ (Tian Dl )
= 2wl Vian flh
S C2Hvtanf”27

where Cy := 2C for some C' > 0. This concludes the verification of (11.16).

Next, if 1 < p < 0o, we define a Sobolev space of order one on ¥ by setting

WP () = {f € LP(Z) : (Vianf); € LP(Z), 1 < j < n}.

This becomes a Banach space when equipped with the norm

£ o) = 1f o) + > I (Vianf)jlles)-

=1

Claim An equivalent norm on W'?(X) is given by

I llweey = 1o+ D 105, s,

1<j, k<n

Proof of Claim. In order to prove this claim we will show

[fllzrm) < Ch (Hf!lm(m + ) Hamf\lmz)) )

1<j,k<n

and
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(11.18)

(11.19)

(11.20)

(11.21)



D M (Vianf sl o) < Co <||f||LP(2) + > 0 flles
=1

1<), k<n

) , (11.22)

where Cy, Cy > 0. After we have done this, we must also show that (11.20) is bounded

by (11.19). Specifically, we must show

[ fllercs) < Cs <||f||LP(2) +) ||(Vtanf)j||m(2)> 7

J=1

and

n

1<j, k<n j=1

where C3, Cy > 0.

To show (11.21) holds, observe that clearly

vy < MFllvsy + Y 10mf love)-

1<), k<n

Taking C := 1 gives (11.21) as desired.

> 0s, flles) < Ci <||f||Lp(2) ) N (Vianf)illzecs

(11.23)

> : (11.24)

To show (11.22) holds, we will make use of the following facts:

|(vtanf>j| S HvtszH fOI‘ au] S {1727 ] ,TL}.

and if a; > 0, 0 < p < 0o, then

(a1 +ag+...+a,)’ <Cpplad +ab+...4+ab),
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(11.26)



where C,,,, > 0 is a constant that depends on n and p. (The proof of this fact can be

found in the Appendix.) Making use of (11.25) and (11.16) in (11.22), we arrive at

n

STl = Z( [ 1%t ao)

( / ||vmnf||pda)
—y »

J

<y (/f( > ramfr> do)p, (11.27)

j=1 1<k, I<n

IN

p
where C), := (é) for some ¢; > 0. Specializing (11.26) to > | Or,, f|, we have
1<k, 1<

3 =

IN

ZH(anf)jHLP(E) Z( C ( | Or,, !p> da)
=1 1<k, I<n

B (/ <1<k <n Tklf|p> >

— c0< S 1o da) , (11.28)

where C,,, := ¢;C, for some ¢ > 0, and Cp = n(C, p)%. Using (11.26) again with

> fz‘ Or, [P do gives

1<k, 1<n

SNl = 6 S ([ 10t ar)
Jj=1 1<k, i<n
= C > 0 fllires)
1<k, I<n
< (Hfl!m + > o f s ) (11.29)
1<k, I<n
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where Cy := ¢3C) for some c3 > 0. Combining the constants, we see that Cy = “%¢J.

To show (11.23) holds, observe that clearly

1A llzrey < UAllvey + Y 1(Viand)illzoes)

1<j,k<n
Taking C5 := 1 gives (11.23) as desired.

To show (11.24), observe that from (11.16) we have

Z | Or fllrsy = Z (/E}&jkf\p da)p

1<j,k<n 1<j, k<n
P ;
S (/(z 1) o)
1<j, k<n \”2 \1<j, k<n
< (/ 1(Vianf) sza)
1<] k<n

- o/ II(anf)ll’z’dG);, (11.30

where O} := Cyn? for some Cy > 0. Using the fact that all norms are equivalent, we

arrive at

Z ” T]kaLP(E) S 02 (/EH(Vtmf)Hzfda)p

= O (/E (Z|(anf)j|> dO’)p7 (11.31)

where Cy := Cyc for some ¢ > 0. Using (11.26) in (11.31) yields
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Z H a‘rjkaLP(E) S 03 <Z/Z |(vtanf>j|p dO’) )
7j=1

1<j, k<n

where C3 := C’ga% for some a > 0. Utilizing (11.26) again gives

> oo < X ([ ITmal ao)
1<4, k<n j=1 WZ
= Ci ) (Vianf)illr(s)
j=1
< O <||f||Lp(2) +> ||(vtanf)j||Lp(Z)) : (11.32)
j=1
where Cy := C3b for some b > (0. Combining the constants, we see that C, =

nzCocba%. This finishes the proof of the Claim.
Before stating our main invariance result for Sobolev spaces, we digress for the
purpose of briefly discussing the tensor product of two vectors in R™. Specifically, if

a=(a,...,a,) € R" and b= (by,...,b,) € R™ are given, then we set

a® b= (ajbk)lgj,kgn- (1133)

That is, @ ® b is the n x n matrix whose jk-entry is a;b;. Some of the most basic

properties of this operation are summarized in the proposition below.

Proposition 11.0.14. One has:

(a@b)"=b®a,  Va,beR, (11.34)
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and

(a®b,c) = (b,c)a, Va,b,ceR"

Also,

aQb—bRa=a,db— bR ay, where ap := a — (a,b)b.

Proof. As far as (11.34) is concerned, we have

a1b1 . albn
(a®b)=|[ ]
anby ... apb,
and, hence,
a1b1 e anbl b1a1 Ce blan
(a®b)’ = : L=
arb, ... apb, boar ... npan,
= b®a,

as desired. Next, write

a1b1 e Cllbn C1

(11.35)

(11.36)

(11.37)

(11.38)

(a@b, C> = : : = (Z albjcj,Zagbjcj,...,Zanbjc])
j=1 j=1 j=1

apby ... apb, Cn

= (Z bijcjay, Z bjcjas, ..., Z bjcjan) = ((b,c) ay, (b,c) as, ..
j=1 j=1 j=1

= <b7 C> a,
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(11.39)



which proves (11.35).

For the proof of (11.36), note that

a@Rb—-—bRa =

Also,

a1b1 Ce albn blal Ce blan
apbi ... apb, bpar ... bpa,

0 N albn — blan

: (11.40)
(Lnbl — bnal ce 0

(a—{a,b)b) @b = |(a1,a9,...,a,) = (Z aibibi,»  aibib, .. .7Zaibz-bn> ®b
i i=1 i=1 i=1
= a1 =Y abibi,az— Y aibiby, ... ay — Zaibibn> ®b
i=1 i=1 i=1
Clbl Ce Clbn
= : (11.41)
cpbr ... cpbn
where
Cj 1= aj—Zaibibj VJ S {1,2,...,71,}. (1142)
i=1
Using the same argument given above, we find
b1C1 R blCn
b® (a—{(a,b)b) = (11.43)
bper ... bpen

Thus,
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by ... aby, bici ... by
[(a—(a,b)b) @b — b ® (a— (a,b)D)] = | S

cybr ... cpby, b,c1 ... byc,

0 PN Clbn — blcn
= : : : (11.44)
Ccpbl — bper ... 0

For the goal we have in mind, it is enough to show that a;b; — bja, = ¢;b, — bjcy, for

all j € {1,2,...,n}. From (11.42) we have

Cjbk — bjCk = ((Ij — Z alblb]) bk — bj (ak — Z azblbk>
i=1 =1

= ajbk — bjak — Z azbzb]bk + Z azbzb]bk
=1

i=1

= ajbk — bjCLk. (1145)

Thus, (11.44) can be rewritten as

0 Ce Clbn — blcn 0 Ce albn — blan
- : : (11.46)
Cnbl — bncl e 0 (lnbl - bnal e 0

Thus, (11.40) and (11.46) are identical. This finishes Proposition (11.0.14). O

After this preamble, we are ready to state and prove the following theorem:

Theorem 11.0.15. Assume that ¥ C R™ is a C' surface, © C R" is an open
neighborhood of ¥, and F : O — R™ be an orientation preserving C*-diffeomorphism

onto its image. Set Y= F(X). Then for each 1 < p < oo, the operator

T: WD) — Wh(5) (11.47)
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defined by

T(f)y:=foF™,  feW(¥), (11.48)

i1s well-defined, linear, and bounded. In fact, T is an isomorphism.

Proof. To show T is well-defined and bounded, we need to show that there exists

¢ € R such that HTfHWl,p(g) < || fllwrees) for all f e WHP(E).

Fix f € WhP(X). By (11.20), we have

ITN ey = 1T+ DO 105TH s
1<j,k<n
~ f o F s+ D 10T Hl s (11.49)
1<j,k<n

Using Theorem (11.0.13) and (11.23) in (11.49) yields

1o F Ml < Cillfllons)

< il fllwes)

= Ol (HfHLP(Z) + Z ||(vtanf)j||Lp(E)) . (1150)
=1

The next order of business is to get an upper bound for > (|07, (T /)| ;s
1<j, k<n
For each j,k € {1,...,n}, denote by 0z, the tangential derivative on 5 given by

ﬁjf)k - ﬁkﬁj, we have
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8;jk(f oF7h = U0k (f o Fh — U,0;(f o F

= 5> ((0f) o F)ORF " =5 Y _((0,f) 0 F71)0;F {11.51)

r=1

Employing Theorem 9.0.12 we further write

(11.52)

In order to proceed, we will use the fact that the jk-th entry of the product of three

matrices is as follows:

[(aaﬁ)%ﬁ(b’yé)’y ) Cn( n, C Z a]z ilClk - (11.53)
i, =1

Letting

1. (DF_l)T = A = (aaﬁ>1§a,ﬁ§n;
2. (o F7h) =tv=(v;)icin;
3. (Vf)o F7h) = w = (w;)1<i<n;

4. DF7' =: B = (bys5)1<.6<n;

the numerator of (11.52) can be written in the form
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(Av)j (Zn:'wlblk> = (i: aquq) (Zn: wlblk:)

n

= E aquqwlblk

q,1=1

n

= ) ajo(v @ w)gby.

q,l=1

Using (11.53) in (11.54), we have

n

> a0 @w)gbn = [A(v @ w)Bl

q,l=1

(11.54)

= [(DE) (woF )@ ((Vf)o F71))(DF™)],(11.55)

Putting the numerator of (11.52), (11.54) and (11.55) together we see

n

(DF Y (wvoF ™). ) ((Vf)o F,(DF )y,

J

=1
= [(DF ) ((vo FY@ (Vo F ) (DF )], . (11.56)
Using (11.56) in (11.52) gives
53 ((0uyo r oyt = EE e Do BT T NOF Dy

y [(DE=1)T(vo F)]|

Recall that given matrices A, B, and C, (ABC)" = CTBTAT. Also, the jk-th entry

of AT is the kj-th entry of A. Using these facts along with (11.34), we can write

(DF YT (ve F Y@ (Vo F ) (DF Y],

= [(DF YT ((VfoF @ (o F M) (DF Y], .

kj
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Thus, based on (11.51) and (11.58),

kj

@ij<foF_1) =

[(DF~1)T(vo F1)|
- (DF )T ((VfoF )@ WwoF ) (DF )],

[(DF YT ((VfoFY)® (o F 1)) (DF™)]
(
) * o (11.59)
[(DF=1)T(vo F-1

Using the same reasoning as in (11.58), this further gives

a?jk(f © Fﬁl)
(DP)T(Vfo F) @ (vo F1) — ((ve F) @ (Vo F) (DFY)

_ kj

N [(DE=H)T(ro F-H]|

(DF )T (a®b—b®a) (DF_l)}kj
R e

where

a:=VfoF! and b:=voF L (11.61)

From this and (11.36) we may finally conclude that, for every j, k,

[(DF_1>T [(vtsz U—1vE& Vtsz) o F_l} (DF_l)]

[((DFE-1)T(vo F-1)] (11.62)

aﬂ'k(f © F_l) =

In order to proceed, we will again use the fact that the kj-th entry of the product of

three matrices is as follows:

[(aaﬁ)%ﬁ(b’}’a)’}’ 0 CTIC 7, C Z (€77} zlcl] (1163)
i, =1
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Let us denote (DF')" =: A = (anp)a, 5. Using (11.63) in the numerator of (11.62),

we have

(s 5000 )7, = 05 o)

kj

- zn: i <(vtanf)i o F_1> (y 0 F_l)aﬂ

il=1

n

- Z e ((vt,mf)l o B~ )aﬂ. (11.64)

Taking the absolute value of (11.62) and using the Triangle Inequality, (11.64) and

(11.25) yield

n

105, (fo FY] < > awil [(Vianf)io F7 w0 7' |yl
i 1=1
+ Z |aril | vio F7H|[(Vianf)io FH | ajl
i\ 1=1
< 1 1 ,
< ; \max aq| [|(Vianf) o F7H v o FH[| max aq
Z max aa| o = (Vawef) 0 ) | mas a
n 2
< 1
<2 (mx o) 1(Tun) o
= Col|(Vianf) o F7H], (11.65)
where Cy := 2n? (maxi<; 1<n |ai,l|)2. In summary, we have
105, (f o F) < C[(Vianf) 0 F7H|, (11.66)

95



pointwise on 3, where C' = C (3, F,n) > 0 is a constant which depends only on F,
>, and n.
With this in hand, we return to the mainstream discussion of finding an upper

bound for > 07, (Tf)[ 1»(5)- Using (11.66), we now deduce that

1<j,k<n

Ha?jk(f © Fﬁl)”m(i) = (/i |a?jk(f ° Fﬁl)‘p d&) '

< G (/E (Vs ) o F‘1||pd5)p

- C(O /f; (Z [(vtanfopiwj} 2> do )

J=1

M|
|

where Cp > 0. Using (11.26) and interchanging the summation and integral yields

3=

”aﬁk(f o F_l)HLp(i) < (/~ Z [(Vtanf © F_l)j}p dg)
S

S =

- o (Z/ [(Vianf 0 F1);]" d‘~’> |

where C} > 0. Utilizing (11.26) again gives

105, (f o F ) gy < czi( [ 1us om0, )

j=1 %

= 02 Z ||<vtanf o F_l)jHLP(i)’
j=1

where Cy > 0. The key step now is to use Theorem (11.0.13) in order to obtain

105, (F 0 F ) lwy < C3 D 1 (Veanssllznee)s (11.67)
j=1
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for some constant C5 := C(X%, F') > 0 which depends only on F' and . Hence, using

(11.67), we finally have

Z ”a?jk(Tf)HLp(i) < Z (C?;ZH(vtanf)j”LP(Z))

1<), k<n 1<), k<n j=1

= > N(Vianf)jllzres)
7=1

IN

o (HfHLP(E) + Z ”(vtanf)j”LP(Z)> , (11.68)
j=1
where Cy := n2C5 > 0.

Based on (11.50), (11.68) and Theorem 11.0.13, we may now deduce that

HfoF71HW1«,P(§]) ~ HfOFilHLp(i) + Z Ha?jk(fOFA)”Lp(i)

G k=1
< (Il + X NV llrs)
j=1
= C|fllwir), (11.69)

where the constant C':= C; + Cy = C(3, F,n) > 0 depends only on F, ¥, and n. In

other words,

ITHllwrasy < CllFllwrees), (11.70)

with C' independent of f. This shows that the operator T in (11.47)-(11.48) is well-
defined and bounded. That 7' is linear, is already contained in Theorem 11.0.13. Much
as there, the inverse of 7" in (11.47)-(11.48) is given by the operator of composition

with F', so T in (11.47)-(11.48) is in fact an isomorphism. O
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Appendix A

Function Theory

1. (5.58) is as follows: (AB)oC' = (Ao C)(Bo().

Proof:

[(AB) o C](x) = (AB)(C(x)) = A(C(x)) - B(C(x)) = [(A e O)(@)][(B o C)(x)].

This is true for all x; thus dropping = will give the desired result. a

2. We will need to prove certain critera about the suppport of a function. In order

to do these proofs, we will make use of the following proof:

x ¢ supp(A) <= Jr > 0such that A =0 on B(z,7). (1.1)

Proof:

By definition the support of a function A is as follows:

supp(A) = {z : A(x) # 0};
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specifically, note that supp(A) is a closed set.
13 :> 2

Assume zq ¢ supp(A).

This implies there exists r > 0 such that B(zg,r) N {x: A(z) # 0} = 0.
Thus, B(xg,r7) N{x: A(z) # 0} = 0. Hence A =0 on B(xg, 7).
13 ¢ 7

Assume there exists r > 0 such that A =0 on B(z,r).

This implies B(z,r) N {x : A(z) # 0} = 0. Thus, B(z,r)N supp(A) = 0.

Hence, x ¢ supp(A). O

3. (5.54) is as follows: supp(AB) C supp(A) Nsupp(B).
Proof:

[ will prove the contrapositive for this proof; that is, if x ¢ supp(A) N supp(B),

then x ¢ supp(AB). So,

x ¢ supp(A) Nsupp(B) = z € (supp(A) Nsupp(B))°
= € (supp(4))° U (supp(B))*

= x ¢ supp(A) or x ¢ supp(B).

Case 1: = ¢ supp(A)

Since supp(A) is a closed set, then 3r > 0 such that B(z,r) N supp(A) = 0.
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Thus, A =0 on B(z,r) which implies A- B =0 on B(z,7).
Hence, (1.1) implies x ¢ supp(ADB).

Case 2: & ¢ suppB

Follow pf. of Case 1 with A interchanged with B.

Both cases yield the same result, thus proving (5.54). O

4. (5.59) is as follows: if A, C are continuous, then supp(AoC') C C~!(supp(4)).

Proof: Recall that the definiton of the support of function f is as follows:

suppf = {z : f(z) # 0}.

We shall establish the contrapositive for this proof. That is

¢ ((supp(4))°) € (supp(A 0 C)) .
Let 2o € C* ((supp(A))c>. Then C(xy) ¢ suppA.
This implies there exists 7o > 0 such that A =0 on B(C(zy),10).

Since C' is a continuous function, there exists » > 0 such that z € B(xg,r) =
C(z) € B(C(xg),r0). Thus (Ao C)(z) = A(C(x)) = 0if x € B(xg,r). By (1.1),

we have x ¢ supp(A o C) for all x € B(xg, 7). Hence, 2 ¢ supp(A o C). O

5. (8.8) is as follows: If F' is injective, then F(A) N F(B) = F(AN B).
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Proof: We will use double inclusion for this proof.
“g??
Let y € F(A) N F(B).

Then there exists z € A such that F(z) = y and there exists ' € B such
that F(z') = y. Since F is injective and F(x) = F(2'), then z = 2’. Thus,

x € AN B. Hence, F(z) =y € F(AN B).

“oy

Let y € F(AN B).

Then there exists z € AN B such that F'(z) = y. Thus, z € A and € B. This

implies F'(z) € F(A) and F(x) € F(B). Hence, y € F(A) N F(B). O
6. Justification as to why the Lebesgue Dominated Convergence Theorem applies

to (5.46).

Proof:

For 57 € N, write

/EjdeZ/E(szj)da,

where fxs; is the sequence of functions to which we will apply the Lebesgue

Dominated Convergence Theorem. In order to do this, we need

(a) (fxg,)(x) — f(x) as j — oo, for g-a.e. x € X;
(b) [(fxs,)(@)| <|f(z)], forall j€EN, c-ae z€X.
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To show (a), let x € X. Then there exists j, € N such that x € ¥; . Using
(5.44), we have x € 3; for all j > j,. This implies (fxs,)(z) = f(z)xz,(z) =

f(zx), for all j > j,. Hence (a) has been verified.

To show (b), note that |(fxs;)(z)| = |f(z)||xs,(z)|. Furthermore, note that

‘Xzf(m)’_{ 1 ifrey;

Thus, |xs,(z)| <1 for all z € 5. Hence, |(fxs,)(z)| < |f(z)] for all z € %.
Note that the same proof applies with X, f, and (5.44) replaced by O, f o P,

and (5.42). O

. (11.26) is as follows: If a; > 0, and 0 < p < 0o, then

(a1 +ag+...+a,)" <Cpplad +ab+ ...+ ab),

where (), , > 0 is a constant that depends on n and p.
Proof:

We will use Math Induction on n. Fix p € (0,00). For n = 1, we have af < af.
Therefore, taking C),, := 1, we find the statement is true for n = 1. Let us
assume the statement is true for the n-th term. We need to verify that the

statement is true for the (n+1)-th term. That is, we need to verify that

(a1 +as+ ...+ ap1)’ < Cppla +ab+ ... +ab ). (1.2)
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Before we verify (1.2), it is to our advantage to show the statement holds when

n = 2. Specifically for aq,as > 0, we need to show that

(a1 + ag)? < Cy () + db). (1.3)

Let us define z := & > 0. Dividing (1.3) by as we now need to verify (1+x)P <

Chp(2? 4 1), or equivalently

(1+ )P
Ttar — "

To this end, let us consider the function

Flz) = (ii—if z € [0,00).

It suffices to show f is bounded on the interval [0, 00). Clearly, f is continuous
on [0,00), and note that lim f(z) = 1. This implies for all € > 0 there exists

Tr—00

r > 0 such that |f(z) —1| < € if x > r. Take ¢ = 3 and denote by 7y the

>
corresponding . Hence, |f(z) — 1| < 3 if z € (ry,00). That is, f(z) € (3,32)
if © € (rg,00). In other words f is bounded on (rg,00). Notice that the
complement of (rg,00) (restricted to the non-negative numbers) is [0,7¢]. In

particular this is a compact set. Recall that f is continuous on [0,00). Thus,

it is continuous on this compact set. Hence, the Boundedness Theorem implies
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f is bounded on [0,79]. Putting everything together we have shown that f is

bounded on [0, 00), and consequently we have shown (1.3) holds.

Returning to the mainstream discussion of verifying (1.2), write

(a1 + ...+ app1)’ = ((al + ...—1—an)—|—an+1>p. (1.4)

Using (1.3) and the induction hypothesis in (1.4) yields

(a1 +...+an1)’ < Coplar+...+a,)P +Cppab

IN

Copldl +...+ab)+ Cppal

Copldl +...4+ak +ab. ;).

This finishes the proof. O
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Appendix B

Linear Algebra Proofs

The following are facts from Linear Algebra whose proofs will be left to the

reader.

Let A be an n x n matrix, u,v € R", and A € R. Then

(a) A(Av) = A(Av);

(b) [[Avll = [Aloll;

(c) det(A) = det(AT);

(d) det(AB) =det(A)det(B);

(e) det(A™1) = (det(A)) :

(f) A{u,v) = (Au,v) = (u, \v).

8. Let A, B be n x n invertible matrices with the property that

A B = L. (2.1)

Then, B = A1
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Proof:

Taking the determinant on both sides of (2.1) yields: det(AB) = det(I) = 1.
This implies det(A)-det(B) = 1. Thus, det(A) # 0. Hence, A is invertible (i.e.

A~! exists). Multiplying (2.1) by A~ on the left yields:

AYAB)= A" I= (A'A) B=A"=B=A4"

O
A1l O . . . .
. Let A = 0 1 € M(nt1)x(nt1) Where A is a n X n invertible matrix.
AL 0
-1 _
Then, A= = ( 0 1 )
Proof:
Denote
A = (aiy)i<ij<n,
AT = (bij)i<ijon,
I ()  where o L Hi=g (2.2)
nxn — I where i = .
) ’ ! 0 ifi#j.

Since A is an invertible n x n matrix, I, = A-A~!. Specifically, the ij* entry

of I,,x, will match the ij'" entry of A- A~'. That is

n

8 = Z“ik - b, Vi,je{l,...,n}. (2.3)

k=1
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Al O 0
We must show that ( 0 1 ) . ( 0 ‘ 1 ) = Itnt1)x(n+1)-

So,

ai;r a1 ... QAip 0 b11 blg Ce bln 0
o1 Q92 ... QAgpn 0 b21 b22 [N bgn 0
Ap1 Qp2 ... QApp 0 bnl bng N bnn 0
0 0O ... O 1 0 0O ... 0 1
Yoawkbir Y awbre ... Y awbe, | O
kﬁl kﬁl kzl
Y askbr Y aokbio > asbr, | 0
o k=1 k=1 k=1
Yo nkbrr Y @bz oo Y angben | O
k=1 k=1 k=1
0 0 .. 0 1
511 (512 ce (5171 0
(521 (522 e 52n O
= @ i oi ] (2.4)
On1 On2 -.. Onn
O 0 ... 0 1
Utilizing (2.2) in (2.4) gives
1 0 0 . 0 0
010 ...0 0
AloO At o T
0 ‘ 1 : 0 ‘ 1 = oo ERS : = ](n+1)><(n+1)~
0 00 ... 1 0
0 00 1
Al | o .
= - O
By (2.1), ( 0T 1 > A



10. Given an n x n invertible matrix A = (a;i)1<jk<n, then

| det(A)| < n! ( max ]ajk]) :

1<j,k<n

Proof:

Recall that if A = (a;x)1<jk<n, then

det A = Z (=18 a1 5(1)a20(2) - - - Anom), (2.5)

o€Sn
where S,, = the group of permutations of the set {1,2,...,n}, and (sign o) is
the sign of o (i.e., the number of transpositions in o). Taking the absolute value

of (2.5) and using the Triangle Inequality gives

det A < ) ’(—USlgn" |10 | |azo)| - - - [anam)|

oESH
< ; T ;
< 2 (éﬂ{%ﬁnl%kl) (gﬁnl%kl) (éﬂlﬁgn!%k!)

ocES,

n
= n!l| max |aj| | -
1<j,k<n
This concludes the proof. O

11. Given an n X n invertible matrix A = (a;x)1<jr<n and x € R", then
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JAz], < n} (

Proof:

Recall that for z = (z1, o, ...

lzll, = (21 + 25 + ... +af)v

a11

Let A =

Gn1

Az

lg%gnmgﬂ) [l -

,xp,) € R" and p € [1,00) we have

3=

A1n
,and v = (vq,...,v,). Then,
ann
ail  aig Q1n X1
ag1  A22 Q2p X2
an1  Ap2 Ann Tp

(2.6)

n n n
E A15T, E A2k Ty - - - E AnkTk | -
k=1 k=1 k=1

Taking the 2-norm of (2.6) gives

[Az],

IN

. . 2 . 2\ 2
a1pTE | + Z QokTr| + ...+ Z ankxk]

k=1 k=1 k=1

) ) ) A b
(st ) ol | oot |3 (g e ) b

1 1<j4,k<n =t 1<j4,k<n

[N



Note that |zj| above has the following property:

g < |lzll,, Vke{1,2,...,n}. (2.8)

Using (2.8) in (2.7) yields

n
JAzl, < \/ﬁ( o \ajk\)ZHxHQ
k=1

1<j, k<n

3
= ot (o)l

This finishes the proof. O
aijpr ... Qip
12. Assume A = : : has two identical rows. Then det(A) = 0.
Ap1 ... Qpp
Proof:

Assume the j-th row is identical to the k-th row; that is

ai;y ... Qip
A _ ajl a]n
Qj1 Qjn
an1 Apn

Subtracting the j-th row from the k-th row yields a matrix with the same deter-

minant as A and the k-th row equal to the zero vector in R™; that is
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ay, ... QAip

a1 ... Qjn
0o ... 0
Qn1 Apn

Expanding along the k-th row gives the desired result.

13. Let A, B be n x n matrices, then

(AB)" =BTA".

Proof:

Let A= (aij)lgi?jgn and B = (bij>1§i,j§n- Then

Z a1;bi1
i=1

AB =
Z nibit
i=1

and

n
Z a1;bin
i=1

n
Z Apj bm
=1
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n n n n
Z aybin ... Z Anibi Z biray; ... Z bi1ani
i=1 i=1 i=1 i=1
(AB)" = : : = : :
n n n n
Z a1ibin ... Z Anibin, Z binar; ... Z binn;
i=1 i=1 i=1 i=1
bll b21 Ce bnl a1 921 cee Qp
blg b22 Ce bng 12 Q929 N )
bln bgn e bnn A1y, A2 ... Apn
= BTAT
This concludes the proof. O

14. Assume A is an n x n invertible matrix, then

(A7) = (A7),

Proof:

We need to show (A™)TAT =1, and AT(A™)T = I,,,,,. Using (2.9) yields

(Ail)TAT = (AA71>T = <[n><n>T = [nxn-

The same argument shows AT (AT = I,,.,. O

15. Let A be an n x n matrix and v,w € R", then

(ATv,w) = (v, Aw). (2.10)
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Proof:

Let A = (aji)i<jp<n, then AT = (ar;)i<jp<n-

Let v = (v1,v2,...,v,) and w = (wy, wa, ..., wy,). So,
a1 ... QApi (% n n n
-
Awv= = E a;1;, E @i2Vsy « - E Qi V4
Alp .. Gpp Up, =1 i=1 =1
Thus,
n n
-
<A v,w> = E ain Vs, ..., E ainv; | - (wy, ... wy)
i=1 =1

n n n

= Z a;1v; w1 + Z Ai2V;We + ... + Z Qin Vi Wy,
i=1 i=1 i=1
n n n

= Z viajwy + Z ViGjpwy + ... + Z Viin Wy
i=1 i=1 i=1

= (viapwy + ... + vpanwy) + (V1a12wa + . .. F Vyapows) + . ..
+ (V1@ Wy + . .+ VpGppwy)

= (vianwr + via2wse + ...+ viapWw,)
+ (Uzaglwl “+ VgGooWo + ... + U2a2nwn) + ...

+ (Vpan1wy + Vpanaws + . ..+ VpGppwy,)

n n n
= E V101;W; + E Voo W; + ... + E VUnQpi W5
i=1 1=1 =1
n n n
= (vl,vg,...,vn) . E a1 Wy, E Ao Wiy« vy E QpiW; | - (211)
i=1 i=1 i=1
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16.

n n n
Focusing on (Z A1W;, Y Wiy oy > amwi) gives
i=1 i=1 i=1

n n n ai; ... Qin w1
g A1;W;, g A2 Wiy« « -, E O Wy = : : : :
i=1 i=1 ;

Ap1 - Qpp Wy,
= Aw. (2.12)
Putting (2.11) and (2.12) together, we find
(ATv,w) = (v, Aw).
This finishes the proof. O

If u,v € R™ are such that (u,w) = (v, w) for all w € R", then u = v.
Proof:

(u,w) = (v, w) implies (u —v,w) = 0 for all w € R". Since this expression is
true for all w € R™, let w = u —v. In doing so we obtain (u —v,u —v) = 0.
This implies |ju — v|*> = 0. Thus u; — v; = 0 for all 4 € {1,2,...,n}. Hence

u = ". O
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