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ABSTRACT

A fundamental problem in Riemannian Geometry and related areas is to determine
whether two diffeomorphic compact Riemannian manifolds (M, gas) and (N, gn) are
isometric; that is, if there exists a diffeomorphism h : M — N such that h*gy — gy =
0, where h*gy denotes the pullback of gy by h. If no such diffeomorphism exists,
it is important to know whether there exists a diffeomorphism that most closely
resembles an isometry. This is accomplished by minimization of the deformation
energy functional

O(h) = [y, 1" gn — guel*.

We also propose other measures of the distortion produced by some classes of
diffeomorphisms and isotopies between two isotopic Riemannian n-manifolds and,
with respect to these classes, prove the existence of minimal distortion morphs and
diffeomorphisms. In particular, we prove the existence of minimal diffeomorphisms
and morphs with respect to distortion due to change of volume. Also, we consider
the class of time-dependent vector fields (on an open subset € of R™™ in which the
manifolds are embedded) that generate morphs between two manifolds M and N via
an evolution equation, define the bending and the morphing distortion energies for
these morphs, and prove the existence of minimizers of the corresponding functionals
in the set of time-dependent vector fields that generate morphs between M and N

and are L? functions from [0, 1] to the Sobolev space Wg?(€; R*).



Chapter 1
INTRODUCTION

A fundamental problem in Riemannian Geometry and related areas is to determine
whether two diffeomorphic compact Riemannian manifolds (M, gas) and (N, gn) are
isometric; that is, if there exists a diffeomorphism h : M — N such that h*gy — gy =
0, where h*gy denotes the pull-back of gy by h. If no such diffeomorphism exists,
it is important to know whether there exists a diffeomorphism that most closely
resembles an isometry. This is accomplished by minimization of the deformation

energy functional

o) = [ 19y = gulon @)

over the space Diff(M, N) of diffeomorphisms between M and N. In chapters 4
and 5, we prove the existence of minimizers of the above functional in the restricted
admissible set of all diffeomorphisms generated by time-dependent vector fields on
the ambient space €2 in which the manifolds M and N are embedded.

The minimization of the functional ® takes on added significance once the physical
interpretation of the tensor h*gy — gy, is recognized: it is exactly the (nonlinear) strain
tensor corresponding to the deformation caused by h in case gj; and gy are Rieman-
nian metrics inherited from Euclidean space. Thus, it is clear that this functional and
its variants must occur in physical problems. Indeed, the minimal distortion problem
arises, for example, in manufacturing [44], computer graphics [38], movie making, and

medical imaging [11, 17, 40].



From now on, assume that M and N are compact and orientable smooth isotopic
Riemannian n-manifolds isometrically embedded into R™*!. In chapter 4 we show
that in the special case where M and N are regular closed curves with the length
L(N) of N smaller than the length L(M) of M, the functional ® has no minimizer.
The latter result can be illustrated by the example of “wrapping” the curve M of
larger length around N without stretching, possibly covering some parts N several
times. The deformation energy of such a map is zero, and it can be approximated by
smooth maps whose deformation energies converge to zero. Therefore, the infimum of
® over the admissible set C°°(M, N) is not attained. For the case where the domain
of ® is the space Diff(M, N), the nonexistence of minimizers of the functional @
follows from a stronger inequality L(N) < (1/+/3) L(M), which is incompatible with
the positive second variation condition for ® at a local minimizer. Thus, a solution
of the general problem must take into account at least some global properties of the
metric structures of the manifolds M and N.

The general problem of the existence of minimizers of ® in the admissible set
Diff (M, N) is open. On the other hand, we have proved the existence of minimiz-
ers in several cases, where the admissible set is restricted (see theorem 1.0.1 and
corollary 1.0.6).

For the case where M and N are Riemann spheres or compact Riemann surfaces
of genus greater than one and the admissible set is HD(M, N) = {h € Diff(M, N) :

h is a holomorphic map} (see chapter 5), we prove the following result.

Theorem 1.0.1. (i) Let hg : R® — R3 be the radial map given by hr(p) = Rp
for some number R > 0. If M = S? is the 2-dimensional unit sphere isometrically
embedded into R® and N = hg(M), then h := f o hg|y is a global minimum of the
functional ®, restricted to the admissible set HD(M, N), whenever f is an isometry
of N.

(i) Let M and N be compact Riemann surfaces. If HD(M, N) is not empty and
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the genus of M 1is at least two, then there exists a minimizer of the functional ® in

HD(M, N).

A key idea in the proof of this theorem is to reduce the functional ® to a func-
tion defined on the homogeneous space of all Mobius transformations (which repre-
sent holomorphic diffeomorphisms of the Riemann sphere) modulo compositions with
isometries of the extended complex plane.

One of the difficulties encountered in attempts to minimize ® over Diff(M, N)
is the lack of a complete understanding of the structure of this infinite-dimensional
manifold. The natural new approach is to linearize; that is, replace the manifold
Diff (M, N) with a subset of a linear function space. Using this approach, which
already appears in the literature on image deformation (see [11, 17, 40]), the distortion
energy functional is redefined on time-dependent vector fields that generate isotopies
between the manifolds M and N.

Consider time-dependent vector fields on an open ball 2 C R**! that contains the
manifolds M and N (see Fig. 5.1). A time-dependent vector field v : Q x [0,1] —
R with appropriate regularity properties generates an evolution operator n°(t; s, x),
where t,s € [0,1] and = € Q, via the differential equation dg/dt = v(q,t). More
precisely the function ¢ — 7"(t; s, z) solves the differential equation dq/dt = v(q, 1)
with the initial condition ¢(s) = z. If the vector field v is such that the manifold M is
mapped to the manifold N by the time-one map ¢"(x) = n(1;0, z), then v generates
the isotopy F(z,t) = n"(¢;0,2), where (x,t) € M x [0, 1], between the manifolds M
and N.

We study both diffeomorphisms and isotopies between the manifolds M and N
that produce minimal distortion. The isotopies of minimal distortion appear in the

problems of computer graphics and animation, and are called morphs (see [43]).

Definition 1.0.2. Let M and N be isotopic compact connected smooth n-manifolds

(perhaps with boundary) embedded in R™"*! such that M is oriented. A C'*™ isotopy
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Figure 1.1: The time-dependent vector field v : 2x [0, 1] — R"*! generates the morph
F"(p,t), which is the solution of the initial value problem dq/dt = v(q,t), q(0) = p.

F: M x [0,1] — R""! together with all the intermediate manifolds M* := F(M,t),
equipped with the orientations induced by the maps f* = F(-,¢) : M — M" and the
Riemannian metrics g; inherited from R is called a (smooth) morph from M to

N.

Let HF := L2(0,1; W) *(Q,R"*1)) be the Hilbert space of all L? functions from
the interval [0,1] to the Sobolev space Wi?(Q,R"!) and, by abuse of notation,
v(z,t) = v(t)(x) for every v € H* and (z,t) € Q2 x [0,1]. The inner product on H* is
defined by

e = [ (00000

where (-, )5 is the standard inner product on Wg?(Q, R**!). Choose k € N large
enough so that the Sobolev space W,?(2) is embedded into C7(2), where r > 2.
Every vector field v € H* generates a morph F° : M x [0,1] — R™*! from M to

F?(M, 1) via the evolution equation

dq

— = t). 1.2
o = v(a.t) (1.2)
More precisely, for every p € M the function ¢ — F(p,t) is the solution of equa-
tion (1.2) with the initial condition ¢(0) = p. By the properties of the evolution op-

erator of equation (1.2), which have been studied by Dupuis, Grenander, and Miller

in [11] and by Trouve and Younes in [40], the morph F¥(p,t) is absolutely continu-
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ous in the time variable ¢ and C" in the spatial variable; in symbols, F* is of class
M (M, FY (M, 1)).

We define the time-one map ¢"(p) = F(p,1), which gives the position of the
point p € M at time one. Let ¥" denote the restriction to M of the time-one map
of (1.2); that is, ¥)Y(p) is the time-one position of the point p € M that evolves along
v. The vector fields of interest generate morphs between the manifolds M and N
and are bounded in H* by a uniform constant P. In symbols, the admissible set of

time-dependent vector fields is defined by
AL = {v e H*  ||v||sr < P and ¢ € Diff"(M, N)},

where Diff" (M, N) is the set of all C" diffeomorphisms between the manifolds M and

N.

Lemma 1.0.3. For P sufficiently large, the admissible set A% is nonempty and A%

is weakly closed in H".

For each t € [0,1] and v € A%, endow the intermediate manifold M** := F*(M,t)
with the Riemannian metric ¢¢ inherited from its embedding into R™™! and let I}
denote the corresponding second fundamental form. Distortion energy functionals
are defined on the admissible set A% and measure the distortion energies of the

diffeomorphisms and morphs generated by the time-dependent vector fields in A%.

Definition 1.0.4. Let A and B be nonnegative real numbers. The bending distortion

energy of v is
B(v) = B A,B) = A [ ") gx — gulPou
M

+B/wawN—mm%M
M

and the morphing distortion energy of v is

1
Ew)=E(v;A,B) = A/ / HF”(-,t)*gf—gM||2det
o Jm

1
+B/ / ||F”(-,t)*ﬂf—][M||2u)Mdt,
0 M
6



where || - || is the fiber norm on the tensor bundle of all (0,2) tensor fields on M

generated by the fiber inner product g3, ® g3,.

Notice that the functionals £ and £ compare, in addition to the Riemannian
metrics, the embeddings of the manifolds M and N (to avoid, for example, zero
distortion energy maps between a square and a round cylinder in R?).

In chapter 5, we prove that the functionals £ and £ have minimizers.

Theorem 1.0.5. (i) If P > 0 and k € N are sufficiently large, then the functionals

E: AL - Ry and € : A%, — R, both have minimizers in the admissible set A%

In the proof, we show that the functionals £ and £ are weakly continuous on the
weakly closed subset A% of the Hilbert space H*. Assuming the latter, the direct
method of calculus of variations implies theorem 1.0.5. The convergence properties of
evolution operators generated by weakly convergent vector fields in H*, which have

been studied in [11, 40], also play an important role in the proof.

Corollary 1.0.6. Let M and N be two isotopic oriented compact connected smooth

n-manifolds, perhaps with boundary, isometrically embedded into R"**. For every

¢ € Diff (M), let
Bﬁk = {h € Diff*(M,N) : h =" 0 ¢ for some v € H* such that ||v|x < P}.

If P> 0 and k € N are sufficiently large, then for every ¢ € Diff (M) there exists a

minimizer of the deformation energy functional ® in the admissible set Bl(g,k'

Note that every diffeomorphism h : M — N C R™™! in the admissible set B 13 i 18
isotopic, as a map from M to R"*! to a fixed diffeomorphism ¢ : M — M C R*+!
via the isotopy FV € M?2(M, N) generated by a vector field v € A¥,.

In chapter 5, we construct a minimal distortion morph between two circles. The
construction involves the solution of a separate constrained optimization problem, and

the numerical solution suggests that the constraint ||v]|y+ < P in the definition of the
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admissible set A% imposes a restriction on the curvature of the curves t — F(t,p) of
the admissible morphs F' between the circles.

Theorem 1.0.5 guarantees the existence of minimizers of the functionals £ and &,
but the problem of construction of such minimizers in the general case is open. Even
in the case where M and N are one-dimensional circles, the construction of a minimal
distortion morph between two circles requires delicate analysis (which we have done
in chapter 5).

On the other hand, we developed a complete theory (including sufficient con-
ditions) of minimal distortion diffeomorphisms and morphs between the manifolds
M and N for the distortion functionals that measure the total infinitesimal relative
change of volume.

More precisely, assume that the manifolds M and N are without boundary and

define the distortion (due to change of volume) functional A : Diff(M, N) — R, by

A(h):/MOJ(h)\—l)QwM, (1.3)

where J(h) denotes the Jacobian determinant of k. Note that |J(h)(p)| — 1 is the
infinitesimal relative change of volume at p € M produced by the diffeomorphisms
h: M — N.

We derived the following necessary and sufficient condition for a minimizer of the

functional A (see chapter 3).

Theorem 1.0.7. There exists a minimizer of the functional A over the class Diff (M, N)
and the minimum value of A is A™™ = (Vol(M) — Vol(N))Q/Vol(M). A diffeomor-
phism h € Diff (M, N) is a minimizer of A if and only if J(h) = Vol(N)/ Vol(M).

Because the functional A is invariant with respect to left compositions with volume
preserving maps, A has (infinitely) many minimizers.
The infinitesimal distortion energy of a morph F' € M(M,N) at t € [0,1] is

the limit of the distortion energy of the transition map f*! = f*o (f*)~!, where

8



ft=F(t-): M — M divided by an appropriate power of (s —t) as s — t. The
energy of f*! can be measured using the functional A. The total distortion energy of

the morph F' is then defined as its infinitesimal energy integrated over ¢ € [0, 1].

Definition 1.0.8. The infinitesimal distortion of a smooth morph F' from M to N

at t € [0,1] is
2

P — g N [ GIUY)
e (1) = lim (s — t)2 _/M J(fry

where the functional A®' : Diff(M*, M*) — R, is defined using formula (1.3) by
replacing M and N by M* and M! respectively.

The total distortion functional ¥ : M(M, N) — R, is given by

\P(F):/OlgF(t)dt:/ol(/M (d%%ﬁ)))?w)dt. (1.4)

Theorem 1.0.9. Suppose that the manifolds M and N are connected by a smooth

morph.

(i) There ezists a minimizer of V; the minimal value of W is

min  W(F) = 4(y/Vol(N) — v/Vol(M))".

FEeM(M,N)

(i1) If the morph F' € M(M, N) satisfies the equation
J(f*) = Vol(M*")/ Vol(M)

for every t € [0,1] and the volume of each intermediate manifold M" is given by

Vol(M?) = [(\/VOI(M) — J/VOl(N) )t — \/Vol(M)r,
then F' minimizes the functional V.

The proof of the existence of a distortion minimal morph between every pair
of isotopic manifolds M and N uses the concept of a pairwise minimal morph: a

morph whose transition maps f*! minimize the corresponding functionals A®!. The

9



existence of pairwise minimal morphs is a nontrivial fact. It can be proved by rescaling
morphs between M and N, which are not necessarily pairwise minimal, to conform
to a necessary and sufficient condition for pairwise minimality. Moser’s theorem on
volume forms (see [30]) plays a crucial role in the proof.

We proved that it suffices to minimize the functional W over the class PM (M, N)
of all pairwise minimal morphs instead of the class M(M, N) of all smooth morphs.
Reduction to a simpler form of the functional ¥ on the admissible set PM (M, N)

allows us to complete the proof of theorem 1.0.9.

10



Chapter 2

PRELIMINARIES

In this chapter we give the definitions and state known results that will be used in
the subsequent chapters. A detailed exposition of Riemannian geometry and analysis

on manifolds can be found in [1, 18, 24].

2.1 Manifolds and Tangent Bundles

Definition 2.1.1. A Hausdorff topological space (M, 7T) is called a topological man-
ifold if for every point p € M there exists an open set U € 7 that contains p and a
homeomorphism ¢ : U — V', where V' is an open subset of a Banach space X. The
pair (U, ¢) is called a chart at p € M. If X = R", a topological manifold M is called
an n-manifold, and we say that the dimension of M, denoted by dim(M), is n (see

figure 2.1 for an illustration of a 2-manifold).
In this thesis, we consider (infinitely) smooth manifolds.

Definition 2.1.2. Let M be a topological manifold. The charts (Uy, ¢1) and (Us, ¢2)
on M such that Uy N Uy # 0 are C" compatible if the transition functions ¢15 =
¢ 0 (¢1)7! and ¢g; = ¢y o (¢2)~! are C” diffeomorphisms on their corresponding
domains ¢1(U; NUsy) and ¢o(U; N Us). Both domains are required to be open subsets
of X.

Definition 2.1.3. Let M be a topological manifold. A collection of charts A =

(Ui, ¢:)ier, where [ is an index set, is called a C” differentiable atlas on M if

11
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Figure 2.1: A manifold is a topological space locally homeomorphic to a Fuclidean
space

(i) UieIUi = M and
ii) all the pairs of charts that have nonempty intersection are C" compatible.
Yy

Two C" atlases A; and Aj; of the manifold M are equivalent if and only if their union
A1 U A, is also a C" atlas of M. An equivalence class D of atlases of the manifold M

is called a C" differentiable structure on M.

Definition 2.1.4. A manifold M equipped with a C" differentiable structure D is
called a C" differentiable manifold. Every chart (U, ¢) € A, where A € D, is called
an admissible chart. Given p € M, a chart (U, ¢) € A € D is called an admissible
chart at p € M if p € U. For every p € M there exists an admissible chart at p. A

C* differentiable manifold is called a differentiable manifold or a smooth manifold.

The manifold M in the latter definition has no boundary. The definition of differ-
entiable manifolds with boundaries can be found in [1], chapter 7.2. In the following,
we assume that the manifolds under consideration are n-dimensional, smooth, bound-

aryless, and connected unless it is stated otherwise.

Definition 2.1.5. A submanifold of a manifold M is a subset B C M such that for

12



each b € B there is an admissible chart (U, ¢) at b satisfying the submanifold property:

¢:U—ExFand ¢(UNDB)=¢U)N(E x{0}),

where E/ and F' are vector spaces.

Definition 2.1.6. Let M and N be manifolds. A map h: M — N is of class C" if for
every p € M and for every chart (W, ) of the manifold N at h(p) € N, there exists a
chart (U, ¢) of the manifold M at p such that h(U) C W and the local representative
thohoog™:¢p(U) — oh(U)is a C' function. The functions between manifolds M
and N of class C* are defined analogously.

We denote the set of all C" maps between manifolds M and N by C" (M, N), where

r € NU{oo}.

Definition 2.1.7. A bijection h : M — N is called a C* diffeomorphism if both h and
h=1 are of class C*, k € NU {oo}. The set of all C* diffeomorphisms between man-
ifolds M and N is denoted by Diff*(M, N). We denote Diff(M, N) := Diff**(M, N)
and Diff*(M) := Diff*(M, M). The manifolds M and N are called diffeomorphic if
Diff(M, N) is not empty.

Definition 2.1.8. Let 2 C R™ be an open set, and let ¢, : 2 — R™ be C" functions.
We say that the functions ¢ and ¥ are C" homotopic if there exists a C" function
F :]0,1] x 2 — R™ such that F(0,z) = ¢(x) and F(1,z) = ¢(x) for all z € Q. The
function F' is called a C" homotopy.

Two C" diffeomorphisms ¢ and ¢ of €2 are C” isotopic if there exists a C" ho-
motopy F : [0,1] x Q — Q between them such that the maps f* := F(t,-) are C"

diffeomorphisms of € for all ¢ € [0, 1].

Definition 2.1.9. A C! function ¢ : (—&,&) — M, where ¢ > 0, is called a curve

at p € M if ¢(0) = p. Let ¢; and ¢y be curves at p € M, and let (U, ¢) be an

13



admissible chart at p. The curves ¢; and ¢y are tangent at p with respect to ¢ if

(@oc1)(0) = (¢oc2)(0).

It is easy to check that the definition of the tangency of two curves at p € M does
not depend on the choice of the chart at p € M. In fact, the tangency at p € M
defines an equivalence relation on the set of all curves at p € M. We denote the

equivalence class of all curves at p € M tangent to ¢ by [c], .

Definition 2.1.10. Let M be a smooth manifold. The tangent space to M at a point

p € M is defined to be the set of equivalence classes of all the curves at p € M:
T,M = {[c], : cis a curve at p € M}.

For U C M, the disjoint union TU = U,cy/T,M is called the tangent bundle of M.
The mapping 7as : TM — M defined by 7as([c],) = p is called the tangent projection
of M.

Definition 2.1.11. The tangent Th : TM — TN of a C' function h : M — N is
defined to be Th([c|,) = [h o c|ngp)-

Theorem 2.1.12. Let M be a C" n-dimensional manifold with the atlas of admis-
sible charts A. Then the tangent bundle T M is a 2n-dimensional C" manifold with

the natural atlas {(TU,T¢) : (U, ¢) € A}.

The proof of this theorem can be found in [1], section 3.2.

2.2 Immersions and Embeddings

Definition 2.2.1. The closed subspace F' of the Banach space F is said to be split,

or complemented, if there is a closed subspace G C E such that £ = F' & G.

Let M and N be manifolds.

14



Definition 2.2.2. A C" map f : M — N, where r > 1, is called an immersion at
p € M if the derivative map df, : T,M — TN is injective with closed split range in

Ty N. If the map f is an immersion at each p € M, we say that f is an immersion.

Definition 2.2.3. An immersion f : M — N that is also a homeomorphism onto

f(M) with the relative topology induced from N is called an embedding.

For example, one may consider n-dimensional manifolds embedded into R™*!.

2.3 Vector Bundles

The tangent bundle is an example of a vector bundle, which is defined below.

Definition 2.3.1. Let E and F' be vector spaces, and let U be an open subset of
E. The Cartesian product U x F' is called a local vector bundle. The open set U is
called the base space, which can be identified with the zero section U x {0}. The map
m:U x F — U defined by 7(u, f) = u is called the projection of U x F onto U. For
each u € U, the inverse image 7~ '(u) = {u} x F =: F, is called the fiber over w,

which has the vector space structure of F'.

To define a vector bundle, we need to introduce the idea of a local vector bundle

map.

Definition 2.3.2. Let U x ' and U’ x F’ be local vector bundles. A map ¢ :
UxF — U x F'is called a C" local vector bundle map if it has the form ¢(u, f) =
(p1(u), po(u)f), where ¢y : U — U’ and ¢ : U — L(F, F’) are C" maps. If a map
¢ has an inverse ¢! and both the function and its inverse are local vector bundle

maps, then ¢ is called a local vector bundle isomorphism.

It follows from the definition that every local vector bundle map ¢ : UxF — U’ x F’

satisfies the following properties:

(i) o(Fy,) C F(;(u). In other words, ¢ is fiber preserving;
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(i) @(u,-): iy — F,) is a bounded linear map.
Using these local notions, we are now ready to define a vector bundle.

Definition 2.3.3. Let S be a set. A local vector bundle chart of S is a pair (W, ¢),
where W C S and ¢ : W — U X F is a bijection onto a local bundle U x F' (the local
bundle may depend on ¢). A wvector bundle atlas on S is a family B = {(W;, ¢;)} of

local bundle charts satisfying

(ii) for every pair (W;, ¢;) and (W}, ¢;) of local bundle charts in B, which have a
nonempty intersection W; N W, the image ¢;(W; NW;) is a local vector bundle.
Moreover, the transition map ¢;; = ¢; o ¢; ' restricted to ¢;(W; N W;) is a O

local vector bundle isomorphism.

Two vector bundle atlases By and By on S are called equivalent is their union
B U By is also a vector bundle atlas of S. A wvector bundle structure on S is an
equivalence class of vector bundle atlases. A vector bundle F is a pair (S,V) of a set

S equipped with a vector bundle structure V.

Definition 2.3.4. For a vector bundle E = (S,V), the zero section, or the base is

defined to be

B ={e€ E: there exists (W, ¢) € V,where ¢ : W — U x F,

and u € U such that e = ¢~ ' (u,0)}.
In other words, B is the union of all the zero sections of the local vector bundles.
The basic properties of vector bundles are summarized in the following theorem.

Theorem 2.3.5. Let E be a vector bundle. The zero section B of E is a submanifold

of E, and there exists a C'*° surjective map m : . — B. Moreover, for each b € B,
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the inverse image w1 (b) has a vector space structure induced by an admissible vector
bundle chart, with b being the zero element.
The map © : E — B is called the projection of the vector bundle E, and the

inverse images 7 (b) =: By are called the fibers of the vector bundle E.

In view of the latter theorem, we will sometimes denote a vector bundle E with
the base B and the projection © by 7 : F — B.
Theorem 2.1.12 states that the tangent bundle is a manifold. But we can say more:

the tangent bundle is a vector bundle.
Theorem 2.3.6. Let M be a manifold and A an atlas of admissible charts. Then

(i) the natural atlas TA = (TU,T¢) is a vector bundle atlas of TM ;

(i) For each p € M, 13, (p) = T,M is a fiber of TM. The base B of the vector
bundle TM 1is diffeomorphic to M by the map Ty|p : B — M.

The tangent map T'h is fiber preserving: the derivative map dh, = dh(p) = Th|z,um
is defined on the fiber T,M of the tangent bundle 7'M, and maps it into the fiber
TN of the tangent bundle T'N.

The cotangent bundle T M* of a manifold M is the collection TM* = UpenT,M*
of all dual spaces to the tangent spaces 7,M. The cotangent bundle of a smooth
manifold is a € vector bundle with the projection map 73, : TM* — M defined by

i (o) = p for all o, € T,M*.

Definition 2.3.7. Let E be a vector bundle with the base B and the projection .
A (C") function 6 : B — E, where r € NU {o0}, is called a (C") section of E if
mof(p) = p for all p € B. In other words, to each p € M, the map 6 assigns an
element 6(p) of the fiber 7(p) = E,,.

The space of all C" sections of the vector bundle E together with its real (infinite
dimensional) vector space structure is denoted by I'"(E), where r € NU {oo}; ['(E)

denotes the space of all sections of F.
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Definition 2.3.8. Let M be a smooth manifold. A C" section of the tangent bundle
TM is called a C" vector field on M. A C" section of the cotangent bundle T'M*
is called a one-form on M. We denote the set of all C” vector fields on M by
X"(M)=T1"(TM), where r € N. Also, we denote X(M) =T'°(TM).

Definition 2.3.9. Let M, N be smooth manifolds, and let ¢ : M — N be a C"

mapping between manifolds M and N.

(i) The pull-back of a C" map f: N — N is defined to be
¢"f=[fo¢e (M)
(ii) The push-forward of a C” vector field X on M is defined to be:

$X =TpoXo¢p ' €I"(TN).

We interchange pull-backs and push-forwards by changing ¢ to ¢! according to
the rule ¢, = (¢~ 1)* and ¢* = (¢71)..

2.4 Vector Fields and Flows

Let M be a manifold, and I = (—¢,¢) C R, where € > 0. Recall that 731 = (¢, \) for

all t € I, where A € R is the principal part.

Definition 2.4.1. An integral curve of a vector field X € X(M) at p € M is a C*

curve ¢ : I — M at p such that ¢(t) = X (c(t)) for each t € I, where /(t) = de(t, 1).

Definition 2.4.2. For a vector field X on M, let Dx C M x R be the set of all pairs
(p,t) € M x R such that there exists an integral curve ¢ : I — M at p with ¢ € I.

The vector field X is complete if Dx = M x R.

Theorem 2.4.3. FEvery C" wector field with compact support on a manifold M is

complete. In particular, every C" wvector field on a compact manifold is complete.

18



Proposition 2.4.4. Let M be a manifold and X € X" (M), where r > 1. Then
(i) Dx > M x {0};
(i) Dx is open in M x R;

(iii) there is a unique C™ mapping Fx : Dx — M such that the map t — Fx(p,t) is

an integral curve at p for allp € M;

(iv) for (p,t) € Dx, the point (Fx(p,t),s) belongs to Dx if and only if (p,t + s) €
Dx. In this case

Fx(p,t+ S) = FX(F)((]), t),S).

Definition 2.4.5. Let M be a manifold and X € X"(M). The mapping Fx is called
the integral of X, and the curve t — Fx(p,t) is called the mazimal integral curve of

X at p for every p € M. If X is complete, then F is called the flow of X.

We will use the notation ¢:(p) = Fx(p,t) for the flow of a complete vector field
X € X"(M) of a manifold M. Using statement (iv) of proposition 2.4.4 and the
definition of F'x, we see that the flow satisfies the group law: ¢;1s = ¢ 0 @5 and ¢q is

the identity on M. By definition,

d
%@(p) = X(¢:(p))
for all p € M.

Definition 2.4.6. A C" vector field V' on the product manifold M x I is called a C"

time-dependent vector field on M. Note that for each t € I, V(t) :=V(-,t) € X" (M).

Consider the differential equation

dg _

o = V(@) (2.1)

Suppose that » > 1. For every p € M, there exists a solution ¢? : Uy — M of

equation (2.1) such that ¢?(s) = p, where s € R and Uy is an open neighborhood of
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s. Define the evolution operator F : R x R x M — M by F(t;s,p) = ¢?(t), where
t € Us for all s € R. The evolution operator satisfies the Chapman-Kolmogorov law:
F(t;s,F(s,7,p)) = F(t;7,p) and F(s;s,p) = pforallt,s,7 € R and p € M whenever

all the expressions are defined.

2.5 Tensor Fields

The tensor fields on M are smooth sections of tensor bundles, which we define below.

Definition 2.5.1. Let E be a vector space. An tensor of type (r,s) (contravariant of
order r and covariant of order s) on E is a continuous (r + s) multilinear map from
EF*x ... xE*xXFEx...x EtoR, where E* and F in the latter Cartesian product
appear r and s times respectively. We denote the set of all tensors of type (r,s) on
E by T",(E) = L"+(E*, ... ,E*,E,..., E;R).

Given tensors t; € T, (E) and ty € T, (F), the tensor product of t; and ¢ is

the tensor t; ® to € T172, o (E) defined by

(tl ®t2)(ﬁ17"‘ﬁrlv’yl)"'77T2af17"'af817gl7"'7952)

:tl(ﬁla"'ﬁrlafla"'afé‘l)t?(/yl""77r27gl7"'a952)7
where 37,77 € E* and f;,g; € E.

Definition 2.5.2. Let ¢ € L(F, F) be an isomorphism. The push-forward T" 3¢ =
¢. € L(T"4(E), T"s(F)) of ¢ is defined by

Gut(BY . BT fry e f) = HOT(BY) N (B7), 07 (1) (),
where t € T",(E), 3* € F*, and f; € F.
Now we are ready to define a tensor bundle.

Definition 2.5.3. Let 7 : E — B be a vector bundle with E, = 7(b) denoting

the fiber over the point b € B. The tensor bundle on E is the collection 17 (E) =
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UpeT"s(Ep) of tensor spaces and the projection map 7% : T"(E) — B given by
7l (e) = b for every e € T"(Ey).

Theorem 2.5.4. If 7 : E — B is a vector bundle, so is 7} : T"s(E) — B.

In the special case where 7 : E — B is the tangent vector bundle of a manifold

M, we obtain the vector bundle of tensor fields over the manifold M.

Definition 2.5.5. Let M be a manifold with the tangent bundle 7, : TM — M.
The vector bundle of tensors of type (r, s) is defined to be T" (M) :=T" (T M). We
identify T'o(M) with TM and T° (M) with the cotangent bundle 7}, : TM* — M.
The zero section of T" (M) is identified with M.

Definition 2.5.6. A tensor field of type (r,s) on a manifold M is a C'™ section of
the vector bundle of tensor fields 77s(M). We denote the set of all smooth sections

['(T"s(M)) together with its (infinite dimensional) real vector space structure by
T7s(M).
Definition 2.5.7. A push-forward of a tensor field t € 7",(M) by a diffeomorphism
¢ : M — N is defined to be ¢t = (T'¢), ot o¢~t. The pull-back of a tensor field
t € T",(N) by ¢ is given by ¢*t = (¢~ 1).t.

Let us discuss the expression of tensor fields in local coordinates. Let (U, @) be

a chart on a given n-manifold M, where ¢ : U — V C R". Let {e;}, be the

standard basis of R™. It can be shown that for each p € M, the collection of vectors

(aii) = (T$) *(é(p), e;), where 1 < i < n, is a basis of the tangent space T,M.
The dual basis {(dz"),}, of the cotangent space T, M* is defined by the set of the
relations ( (( ) ) = (52 where (52 is the Kronecker symbol. Let {e'} | be the
dual basis for {e;}! ;. Then (dz"), = ¢*(e")(p).

Let t € ’TTS(M) and let (U, ¢) be a chart on M. Using the coordinates of R", the

map ¢ : U — R” can be expressed in the form



As usual (ZL’l(p), . ,x”(p)) are the local coordinates of p € M and the n-tuple of
functions (z',x?,...,2") is the local coordinate system with respect to (U, ¢). Be-
cause ¢ is a homeomorphism from U onto ¢(U), we identify p € U and ¢(p) € R" via
o,

The components of the tensor ¢ in the chart (U, ¢) are defined as the following

smooth real valued functions on U:

0 0

e o)

pt G (p) = tp)(da™, . dat

where all the indices range from 1 to n, and the point p = ¢~ !(z) € M for the bases

{(a%i)p}?:l and {(dz"),}", is suppressed.

Using the components of t € 77 4(M), for every p € U the tensor t(p) € T"(1T,M)

is given by the expression

0 ®...® ®di’" ® ... ®dx’, (2.2)

oxh ox'ir

t(p) =t 5. (D)

where the Einstein summation convention is used, and the base point p is sup-

pressed. We say that the tensor field ¢ € T",(M) is expressed in components by

t= t“‘“”jl,,.jw% ®...Q 32,« ®dr’* ® ... ® da’s if equation 2.2 holds at every p € M,
where (U, ¢) is an admissible chart at p. It should be mentioned that such a repre-
sentation of t depends on the choice of local coordinates.
The tensor (¢~ 1)*(t|y) € T"s(¢(U)) is called the local representation of ¢ on U.
It should be mentioned that the tensors in 7 (M) can be viewed as smooth sections
of the bundle TM*®... QTM*Q@TM®...QTM, where T'M* and T M appear in the
tensor product s and r times respectively, and the tensor product of vector bundles

is defined fiberwise.

Definition 2.5.8. A Riemannian metric on M is a symmetric tensor field g €

T (M) such that for every p € M

(i) g(p)(v,v) > 0 for all v € T,M such that v # 0;
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(ii) the map v +— g(p)(v,-) is an isomorphism of T,M to T,M*.

The maps “flat” and “sharp” are defined as follows (see [24]). For every v €

[°(TM) and p € M

V(p) = g(p)(v(p),-) € T,M". (2.3)

For every w € I'°°(T'M*), the vector field w# € T'(T'M) is defined implicitly via the

relation

w(p) = g(p)(w*(p),-), (2.4)

where p € M.

Definition 2.5.9. Let t € 7" (M) be a tensor field with components "=, . = A

tensor t with its j-th index raised, where 1 < j <r, is defined by

t#(p)(wl, “e ,wT,Xl, Ce ,Xj_l,uf“,XjH, Ce ,Xs)

J

= t(wl,...,wT,Xl,...,Xj_l,(ufﬂ)b,XjH,...,XS)
for all w' € T,M* and X; € T,M.

In the following we will use the Einstein summation convention: we assume the
summation with respect to all the repeated indices over the range that is clear from

the context.

Definition 2.5.10. The contraction in lower | and upper k index of a tensor field

t € Tr (M) expressed by t = tit-=ir, . di ®...@dr" ® 3% ®...® 52 is defined

Ox'1 oxir
to be

k — i1a~~-,ik71)p7ik+1~'7i7’ . . . .
Cl (t) - t J15+-5J1—15PsJ1+15--+5]s

B 0
X X

de' @ ... ® daiv @ da’s _®... -
e ©arih @ dr ®3x“ 837”@6%“’

where the “hat” over a vector or a covector means that it is omitted.
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Definition 2.5.11. Let s € 72(M) and t € T,/ (M). The contraction s : t € T (M)
is defined to be

(%9 X 0
Oxit — T Qg

.....

Definition 2.5.12. Let 7 : E — B be a vector bundle, and assume that each fiber
E, = 77 %(p) is equipped with an inner product G(p). If for all s1,s, € T(E) the

correspondence
p= G(p)(sl(P), 82(?))

defines a real valued C*° function defined for all p € M, then the collection {G(p) }penm,

or simply G, is called a fiber metric on M. The fiber norm on FE is defined analogously.

Definition 2.5.13. Let h: M — N be a diffeomorphism between Riemannian man-
ifolds (M, gar) and (N, gn). The map h is an isometric diffeomorphism, or simply an

wsometry if h*gny = gur.

2.6 The Lie Derivative

Consider a function f : M — R with the tangent T'f : TM — TR = RxR. A tangent
vector in TR at a base point A\ € R is a pair (A, ), where p € R is the principal part.
Therefore, we can write the value of T'f on a tangent vector v € T,M as follows:
Tfv=(f(p),df(p)v). The latter relation defines a functional df (p) € T,M* for each
p € M. Therefore, df € I'*°(T'M*) is a covector field or a one-form. We call the above

defined covector field the differential of f.

Definition 2.6.1. Let f € C"(M) and X € I""Y(TM), r > 1. The Lie derivative of

f along the vector field X is defined to be

Lxf(p) = X[fl(p) = df (p) X (p)

for every p € M. We denote the map p € M — df (p)X (p) by df (X).
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Definition 2.6.2. Let X,Y € X(M). The Jacobi-Lie bracket [X,Y] of X and Y is
defined as the unique smooth vector field satisfying the relation Lixy| = [Lx, Ly| =
Lx oLy — Ly o Lx. The Lie derivative of the vector filed Y in the direction of the

vector field X is defined to be the vector field LxY = [X,Y].

We have defined the Lie derivative on smooth functions and vector fields. To define
the Lie derivative of tensor fields, we will use the concept of a differential operator on
the full tensor algebra of a manifold. The Lie derivative is an example of a differential

operator.

Definition 2.6.3. A differential operator on the full tensor algebra 7 (M) of a man-
ifold M is a collection {D"s(U)} of maps of 7"4(U) onto itself, where r,s > 0 and
U C M is an open set, satisfying the following conditions. For each D from the

collection,

(i) D is a tensor derivation: D is R-linear and for all ¢t € T"4(M), aq,...,q, €

I>(TM*) and Xi,...,X, € [°(TM)

D(t(cvg,...,ap, Xq,..., Xs)) = (Dt)(ag,..., 0, X1, ..., Xs)

r

+ Zt(al,...,Daj,...ar,Xl,...,Xs)

J=1
s

+ Y tlar, .. on, Xy, DX, X);

k=1

(ii) Dis natural with respect to restrictions: for open sets U,V such that U C V. C M
and t € T"4(V)

(Dt)| = D(t|v) € T"(U).

Definition 2.6.4. Let X € X(M). The Lie derivative Lx is the unique differential
operator on 7 (M) such that Ly coincides with the Lie derivative of smooth functions

and vector fields defined above.
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Proposition 2.6.5. The Lie derivative is natural with respect to push-forwards. That

is, for all ¢ € Diff(M,N), X € X(M), andt € T"s(M)
L(]ﬁ*ng*t = ¢*LXt

Let t € T"4(M) be a tensor field with components ¢, . and let X € X(M),

-----

szial

57~ The components of the Lie derivative Lxt of ¢ in the direction X are

given by the formula

..........

;. — all upper indices

~~~~~ s

+ 9 XMt L.+ all lower indices, (2.5)

where 0, denotes differentiation with respect to the variable xy.

The next theorem states an important property of Lie derivatives.

Theorem 2.6.6. Let X be a C* vector field on M with the flow Fy, and let the tensor
fieldt € T" (M) be of class C*. Then on the domain of the flow we have

d

2.7 Differential Forms

For a vector space E, let A¥(E) = L*,(E;R) denote the vector space of skew sym-
metric real valued multilinear maps, or exterior k-forms on E. As with the case of

tensors, we can extend this definition fiberwise to a vector bundle over a manifold M.

Definition 2.7.1. Let # : £ — B be a vector bundle with fibers E,. Define the
collection A*(E) = UpepA¥(E}). The set A¥(E) is a vector bundle over B with the
projection 7% : A¥(E}) — B defined by 7(t) = b for all t € A*(E}).

The vector bundle of the exterior k-forms on a manifold M is defined to be the
vector bundle A*(M) := A*(T'M), where 7y : TM — M is the tangent bundle of the
manifold M.
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An exterior k-form on M is a smooth section of A¥(M), and we denote Q¥(M) =

P (AR(M)).

2.8 The Wedge Product, the Exterior
Derivative, and the Interior Product

Definition 2.8.1. Let E be a Banach space. The alternation mapping A : T°,(E) —
T %(E) is defined by

1 .
At(ey, ... ex) = ] Z (signo)t(es),---»€oti))

€Sk
for all t € T° (F) and e; € E, where S denotes the set of all permutations of

1,2,... k).

Definition 2.8.2. Let E be a vector space. We define the wedge product of two

tensors @ € T%,(E) and 8 € T%(FE) to be the exterior (k + [)-form

= MA(O(@ﬂ).

Example 2.8.3. Let us represent the standard inner product in R™ as a tensor.
Denote the standard basis of R" by {% 7 ., and let us denote its dual basis by
{dz'}?_,. Then the standard inner product on R" is the tensor > I  dz' A dz'* €
TO(R"). Indeed, 7, da’ A da'(5%, 52%) = 0jk = (5%, 52 )rn as required. For the

purpose of brevity, the latter tensor is denoted by (dz')* + ...+ (dz™)?.

Definition 2.8.4. For a given n-dimensional manifold M there is a unique family of
mappings d*(U) : QF(U) — QF1(U), where 0 < k < n and U C M is open, such

that each map d from the family satisfies the following conditions:

(i) d is a A-antiderivation. That is, d is R-linear and for every a € Q*(U) and
B ew(U)
d(aAp)=danp+(—1)Fandp;
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(ii) For all f € C>(U,R), df is defined as the differential of f;
(iii) > =dod = 0;

(iv) d is natural with respect to restrictions. That is, for open sets U,V such that
U CV C M and for every k-form o € Q¥(V), we have d(a|y) = (da)|y.

Condition (i) is called the product rule; condition (iv) means that d is a local operator.

The wedge product of two differential forms on a manifold M is defined pointwise

as follows.

Proposition 2.8.5. The wedge product of two differential forms o € QF(M) and
B € QM) is defined as the map a A : M — ANF(M), (a A B)(p) = alp) A B(p) for
allp € M. The wedge product o A 3 € Q¥TY (M) is a (k + 1)-form, and A is bilinear

and associative.

Definition 2.8.6. Let M be a manifold, X € X(M), and w € Q*"1(M). The interior
product or the contraction of X and w is the contravariant order-k tensor ixw defined
by

ixw( Xy, ..., Xp) =w(X, Xq,..., Xp).

If w e Q°M), we set ixw = 0.

Theorem 2.8.7. We have ix : Q¥(M) — QFY(M) for k = 1,...,m and for all
a € QF(M), B QM) and f € Q°(M) the following equalities hold:

(i) ix is a A—antiderivation; that is, ix is R-linear and
ix(aApB)=ixaA B+ (—1)anixp;
(it) ifxa = fixa;
(i1i) Lxa =ixda+dixa (the “magic” Cartan formula);
() Lyxa= fLxa+df Nixa.
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2.9 Volume Forms, Jacobian Determinants,
and Divergence

Definition 2.9.1. A wvolume form on an n-manifold M is an n-form w € Q" (M) such
that w(p) # 0 for all p € M. The manifold M is called orientable if there exists a

volume form on M. The pair (M,w),) is called a volume manifold.

Proposition 2.9.2. A connected n-manifold M is orientable if and only if there is an
n-form w € Q"(M) such that for every other v € Q*(M) there exists f € C*°(M,R)

such that v = fw.

Definition 2.9.3. Let M be an orientable manifold. Two volume forms w; and w9 on
M are called equivalent if there exists a function f € C*°(M,R) such that f(p) > 0
for all p € M and w; = fwy. An orientation of M is an equivalence class [wy/] of
volume forms on M. An oriented manifold (M, [wy]) is an orientable manifold M
together with an orientation [wy,] on M.

A chart (U, ¢) of an oriented n-manifold (M, [wy,]) is called positively oriented if

the volume form ¢*(wy/|y) is equivalent to the standard volume form dz' A...Adz" €

Q1 (o(U))-

Proposition 2.9.4. Let M and N be n-manifolds equipped with volume forms wys
and wy respectively. For f € C°(M,N), f*wy is a volume form on M if and only if
f 1s a local diffeomorphism, i.e. for every p € M there exists an open neighborhood

V€ M such that f|ly : V — f(V) is a diffeomorphism.

Definition 2.9.5. Let (M,wy) and (N,wy) be volume manifolds. A local C* diffeo-
morphism f : M — N is called orientation preserving if f*wy € [wy] and orientation

reversing if f*wy € [—wa].

Proposition 2.9.6. Let (M, gy) be a Riemannian manifold. If M is orientable,

then there exists a unique volume form wy; on M such that for every p € M, wy
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equals one on all positively oriented orthonormal bases of T,M. More generally, if

{vi}?y CT,M is a positively oriented basis of T,M, then

wyr(p) (w1, - -, vn) = [ det[gar (p) (vi, v))]|'*.

We say that the volume form wy; is induced by the Riemannian metric gy;.

Definition 2.9.7. Let M and N be n-manifolds equipped with volume forms wj; and
wy respectively. For every f € C*°(M, N), the unique C* function J(wy,wn)(f) :
M — R such that f*wy = J(war,wn)(f)was is called the Jacobian determinant of f
with respect to wy; and wy. If the volume forms wjy; and wy are understood from

the context, we will denote the function J(wys, wn)(f) simply by J(f).

Proposition 2.9.8. Let (M,wy), (N,wy) and (S,ws) be volume manifolds, and let

f € Diff(M,N) and g € Diff(N, S). Then

J(wr,ws)(go f) = J(wn,ws)(g) o fJ(wrr, wn)(f)-

Definition 2.9.9. Let (M,wy) be a volume manifold, and let X be a smooth vector
field on M. The unique function div X € C*°(M,R) such that Lxwy = div Xwy, is

called the divergence of X.

2.10 Riemannian Connection

Definition 2.10.1. Let M be a manifold, and recall that X(M) denotes the C* (M, R)

module of all C"™ vector fields on M. Then a bilinear map
V:X(M)xX(M)— X(M)
such that for all X,Y € X(M) and f € C*(M,R)
(i) V(fX,Y) = fV(X,Y),

(ii) V(X, fY) = (X )Y + fV(X,)Y).
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is called a linear connection, or an affine connection in M. The smooth vector field

VxY :=V(X,Y) is called the covariant derivative of Y in the direction X.

Lemma 2.10.2. Let M be a manifold, and let U C M be an open subset. Every linear

connection V on M naturally induces a linear connection Vi : X(U)xX(U) — X(U).

Theorem 2.10.3 (Levi-Civita). Let M be a manifold equipped with a Riemannian
metric gyr. There exists a unique linear connection V on M such that for every

XY, Z € X(M)
(1) Xgu(Y,2) = gu(VxY, Z) + gu(Y, Vx Z),
(i) VxY —VyX =[X,Y].
The latter connection is called the Levi-Civita, or the Riemannian connection on M.

Let (M, gp) be a Riemannian n-manifold with the Riemannian connection V.

To compute the covariant derivatives of smooth vector fields, it suffices to know the

d \n
ozt Ji=1

covariant derivatives of the basis vector fields { in coordinate neighborhoods.
Let (U, ¢) be a coordinate neighborhood of M and the vectors {(3),}"; form a
basis of T,M for every p € U. We define a family of smooth functions {F%}Zj,kzl C

C*(U,R) as follows:

k
Ve — =Tk 2
T Od U 9gk’

where, by the Einstein summation convention, we assume summation over all the
repeated indices from 1 to n. The functions {I’ Z}Zj,k:1 are called the Christoffel
symbols of the Riemannian connection V.

The covariant derivative of a smooth function f € C*°(M,R) in the direction
X € X(M) is defined to be the C* function p — Vx f(p) = df (p)(X(p)) € R.

We have defined the covariant derivative of smooth functions and vector fields.
Similarly to the case of Lie derivatives, we can extend this definition to the full

algebra of tensor fields 7 (M).
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Definition 2.10.4. Let (M, gp) be a Riemannian manifold with the Riemannian
connection V, and let X € X(M). The covariant derivative Vx is the unique dif-
ferential operator on 7 (M) such that Vy coincides with the covariant derivative of

smooth functions and smooth vector fields defined above.

Let t € T"4(M) be a tensor field on M. The covariant derivative of ¢ is the tensor

field Vt € 7], (M) defined by
(VO(p) (W', ... 0" X1, X, X)) = (Vi () (Wh - w”, X, X)

for all w* € T,M* and X; € T,M.
Let 1% . (x) be the components of the tensor field t € 77,(M) in the local
chart (U, ¢), where x € ¢(U) C R"™. The following formula for the components of the

covariant derivative Vt € 7", 1(M) is useful in computations:

(VO a = Vat™ e e, (2.6)

by...by b; 4b1...p... by
- aat ! C1...Cs + E Falpt 1P C1...Cs
7

E P by...by
Facit C1...p...Cs»
7

where 0, denotes the partial differentiation with respect to the variable z,, and the
index p in the last two sums is located at the i-th place. Because V is the Riemannian

connection on (M, gps), we have that Vg, = 0.

Definition 2.10.5. The divergence of a tensor field t € T"4(M) is defined to be (see
[18])

S

divt = CT,, (V) (2.7)

where C’Z-j denotes a contraction in lower ¢ and upper j index. Note that divT is a

tensor of type (r — 1, s).

The following formula is useful when computing a Lie derivative of the Riemannian

0

5.7 are given by the

metric gy;. The lowered coordinates of the vector field Y = Y7

32



formula Y;, = [Y*],, = [gm]mY?, and the components of the Lie derivative of the

Riemannian metric gy in the direction of the vector field Y are [29]
[Ly gntliom = ViYim + Vi Y. (2.8)
In other words, for every XY, Z € X(M) we have
Lygu(X,2) =VY*(X,Z) + VY*(Z, X).

Definition 2.10.6. A submanifold of a Euclidean space of codimension one is called

a hypersurface.

Definition 2.10.7. Let M be an orientable hypersurface in R"*! with the smooth
unit normal vector field N. That is, for every p € M, N(p) € R is such that
(N(p), N(p)) = 1 and (N(p),Y) = 0 for all Y € T,M. Denote the natural Rie-
mannian connection (compatible with the standard inner product) on R"™! by V.
The Weintgarten map or the shape operator W : X(M) — X(M) is defined by
W(X) = VxN. The second fundamental form I € T (M) on M is defined by

I(X,)Y)=(W(X),Y)

for all X|Y € X(M).

2.11 Integration over Manifolds
and Stokes’ Theorem

In this section we will define integration over volume manifolds. We will use integra-
tion over local charts and “patch” the results together over manifolds using partitions

of unity.

Definition 2.11.1. A partition of unity on a manifold M is a collection {(Uj;, gi)icr}

such that
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(i) {U;}ier is a locally finite open covering of M. That is, for each p € M, there is
an open neighborhood W C M of the point p satisfying W N U; = () except for

finitely many indices ¢ € I.

(ii) for each ¢ € I, the C* functions g; : M — R are supported inside U; and

gi(p) > 0 for all p € M;
(iii) for each p € M, the finite sum ) ., g:(p) = 1.

If A= {(Va,ba)}aca is an atlas on M, a partition of unity subordinate to A is a
partition of unity {(U;, g;)icr} such that every open set U, is a subset of a chart

domain V).

Theorem 2.11.2. Every second-countable (Hausdorff) n-manifold admits a partition

of unity.

Definition 2.11.3. Let M be an orientable n-manifold with orientation [wy,]. Sup-
pose that an n-form w € Q"(M) has compact support inside an open set U C M such
that (U, ¢) is a positively oriented chart. Then the integral of w over the chart (U, ¢)

is defined to be

/ o= [ o).
(0) o(U)

It can be shown that the latter definition does not depend on the choice of the chart

(U,¢). Therefore, we can define [w = [,

()@ where (U, ¢) is a positively oriented

chart containing the compact support of w.

Definition 2.11.4. Let M be an oriented manifold with an atlas of positively oriented
charts A. Let P = {(Uy, @a; 9o) tacs be a partition of unity subordinate to A. We

define the n-forms of compact support w, = g,w and set

/Pw = Z/wa. (2.9)

acl
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Proposition 2.11.5. The sum in equation 2.9 contains only a finite number of
nonzero terms. Moreover, if Q) is a partition of unity of M subordinate to an at-

las B of M, which is equivalent to A, then fpw = wi.

The integral of the n-form w € Q"(M) over the manifold M is defined to be

[y w = [pw, where P is a partition of unity on M subordinate to an atlas A of M.

Theorem 2.11.6 (Stokes). Let M be an oriented smooth compact n-manifold (with-

out boundary) equipped with the volume form wy;. For every a € Q" 1(M)

/dazO.
M

In particular, for every smooth vector field X on M,

/ div Xwy; = 0.
M

Also we will use (the strong form) of Moser’s theorem on volume forms, which we

state here for the convenience of the reader (see [30]).

Theorem 2.11.7. Let 7, be a family of volume forms defined for t € [0,1] on a

compact manifold M. If

/ft _ /CTO (2.10)

for every n-cycle ¢ on M, then there exists a one-parameter family of diffeomorphisms

¢r : M — M such that
oiT =T (2.11)
and ¢q is the identity mapping. Moreover, the dependence of ¢(m) on m € M and

t €10,1] is as smooth as in the family ;.

2.12 Riemann Surfaces

Let M be a one-dimensional topological manifold modeled on the space of complex
numbers (set X = C in definition 2.1.1). The manifold M endowed with an equiva-

lence class of atlases [A] is called a Riemann surface if all the transition maps between
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the admissible charts with nonempty intersection are holomorphic (see [34, 23]). Rie-
mann surfaces are orientable.

Let M, N be Riemann surfaces. A map f : M — N is called holomorphic if
all its local representations are holomorphic functions wherever they are defined. A
holomorphic map f : M — N with nowhere vanishing derivative is called conformal.

In chapter 4.4, we will consider the Riemann sphere. There are several ways of
describing the Riemann sphere. It can be viewed as the unit sphere S? in R3, the
extended complex plane C = C U {00}, or the complex projective space CP".

Let us check that the unit sphere S? in R? is a compact Riemann surface (with the
topology induced from R?). Let N = (0,0,1) and S = (1,0,0) be the north and the
south poles of S? respectively. Consider the open sets U; = S*\{N} and U, = S*\{S}
on S%. Define the maps z; : U; — C for i = 1,2 by

T1 + 179 T1 — 122
z71=—— and zp = ———,
1 — X3 1—|—LE3

where i € C is such that i* = —1. We then have 2, = 1/2; on U; N U, so that the
transition map is indeed holomorphic.

The extension 7 of the map 2z; maps the sphere S? to the extended complex plane
Cina bijective manner. The bijective map 7 : S* — Cisa stereographic projection.
Consider the open sets Vi := 21(U;) = C and V; := 23(Uz) = (C\{0}) U {cc0}. The

extended complex plane is a Riemann surface with coordinate charts

id:V; —-C
and

Vo, — C

1

P

z

The stereographic projection 7 : S? — C is a conformal map.
A holomorphic function f : M — @, where M is a Riemann surface, is called mero-

morphic if f is not identically equal to the constant co. It can be shown that the
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meromorphic functions defined on the extended complex plane C are rational func-
tions. Therefore, the automorphisms (bijective meromorphic maps) of the extended

complex plane are Mobius transformations

az+b
f(Z)—m,

where ad — bc # 0. The set of all such transformations forms a group under compo-
sition. The automorphism group of the Riemann sphere is defined as the group of
biholomorphic maps on the Riemann sphere. From the previous remarks, this group
Aut(@) coinsides with the group of Mobius transformations.

The Riemann sphere can be identified with the complex projective space CP',
which is defined as the set of equivalence classes [z1, 25] of ordered pairs (z1, 29) €
C x C under the equivalence relation (z1,z2) ~ (Az1, Azp) for all A € C\{0}. The
isomorphism CP' 2 C is given by [21, 29] 2 where z /0 = oc.

Recall that the general linear group GL(2,C) is the group of all invertible linear
transformations of C2, which can be viewed as the group of invertible 2 x 2 matrices
with complex entries. The special linear group SL(2,C) is the subgroup of GL(2,C)
consisting of all invertible 2 x 2 matrices with determinant 1. The projective general
linear group PGL(2, C) is the quotient group GL(2,C)/S, where S consists of all the
scalar multiples of the identity. The group PGL(2,C) acts on the Riemann sphere C

as follows. The action of
a b
( . d) € PGL(2,C)

on [z1, 5] € CP' is defined to be the equivalence class [wy, ws] € CP', where

wy \ [ a b 21
we ) \ ¢ d 29 |
The group of all Mobius transformations is then isomorphic to the projective general

linear group PGL(2,C), and composition in Aut(C) corresponds to matrix multipli-

cation in GL(2,C). Note that we can always multiply a given matrix in GL(2,C) by
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a constant to obtain a matrix with determinant one. Therefore, the group PGL(2, C)

is isomorphic to PSL(2,C) = SL(2,C)/{£/}. In summary, we have
Aut C = PGL(2,C) = PSL(2,C). (2.12)

Definition 2.12.1. A conformal Riemannian metric on a Riemann surface M is given

in local coordinates by

N (2)dzdz,

where dzdz = (dz + idy) A (dx — idy) = —2idz A\ dy and X is a positive C* function.

If w+— z(w) is a transformation of local coordinates, then the metric transforms to

A (2)—= == dwdw
( )8w(9u_) wew,
where w = u + v, 8% = %(8% — i%) and % = %(a% +i%).

Example 2.12.2. Consider the Riemann sphere S? ¢ R? with the metric induced
on it by the Euclidean metric g = da} + daj + dz3 (see example 2.8.3). Using the
stereographic projection 7 : §* — C2?, we induce the conformal metric o := 7, g on C
given by

4 _

The corresponding isometries of C are the Mébius transformations of the form

az,z) =

O e+ =1

Z =

cz+a

Recall that U(2,C) is the unitary group of all unitary complex 2 x 2 matrices.
The group of all isometries of (C,a) is the projective unitary group PU(2,C) =
U(2,C)/{x1}.

2.13 The Manifold Diff(M, N)

Let M and N be smooth compact n-manifolds without boundary. The space C*°(M, N)

is an (infinite dimensional) differentiable manifold (see [19, 32]). The space of all
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smooth diffeomorphisms Diff (M, N) is a submanifold of C*(M, N) (see [25], Ch. IX,
Sec. 43). The tangent space to Diff(M, N) at h € Diff(M, N) can be identified
with the space of all smooth vector fields X(/N). To explain this identification, let us
introduce a convenient notation for the elements of the tangent space T}, Diff (M, N).

Let [c], € Ty, Diff (M, N) be an equivalence class of curves at h € Diff(M, N). The
representative ¢ : [ — Diff(M, N) is a C! curve at h, where I = (—¢,¢), € > 0. The
open set / C R is a one-dimensional manifold with the natural basis (2 ), = (to, 1),

where 1 is the principal part of the tangent space T;,I. Therefore, we can consider

the value of the derivative map of ¢ : I — Diff(M, N) on (2

:)o, which we denote by

Le(t)|r=o = dc(0)(Z)o € T}, Diff (M, N). By the definition of the derivative map (see
the paragraph after theorem 2.3.6), %c(t)|;—9 = [c]5. In the following, we will use

both notations for the elements of T}, Diff (M, N), which we call tangent vectors at h.

Proposition 2.13.1. The tangent space T), Diff (M, N) can be identified with X(N)

via a bijective map.

Proof. An element of T}, Diff(M, N) is an equivalence class of C! curves [c], at h,
represented by a family of diffeomorphisms c¢(t) € Diff(M, N), where t € (—¢,¢),
with ¢(0) = h. For each ¢ € N, this family defines a C"! curve s(t) = ¢(t) o (h"(q))
in N that passes through ¢ at ¢ = 0; hence, it defines a vector Y(q) € T,N by
Y(q) = [slq = %£s(t)|i=o. The vector field Y € X(N) is thus associated with the
equivalence class [c], € T}, Diff (M, N). In fact, the vector field Y does not depend
on the choice of the representative of the equivalence class. On the other hand, to
given a vector field Y € X(IV) with the flow ¢;, we associate the curve ¢(t) = ¢, o h
in Diff(M, N). The (tangent) equivalence class [c], of this curve is an element of

T, Diff (M, N). m
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2.14 Facts from the Calculus of Variations

Let F be a (perhaps infinite dimensional) differentiable manifold. Consider a func-

tional £ : F — R. We assume that the functional E is bounded below, that is

inf —0.
inf E(f) > —o0

Let A C F be a submanifold of F. Consider the problem of minimization of the

functional E in the admissible set A.

Definition 2.14.1. We say that there exists a (global) minimum of the functional £
in the admissible set A if inf;c4 E(f) = E(h) for some h € A. The element h € A
minimizes the functional E/ over the admissible set A, and is called a minimizer of

E over A.

Let ¢ : (—&,e) — A be a C' curve at h € A. The curve ¢ defines an element of
the tangent space [c], € Th.A, which we call a variational vector field of h. The first
variation of the functional E at h € A in the direction [c]y, is defined to be

d
S B(e(®))li=o = dE(h)[c]n

(provided that the derivative exists). We say that the functional E is Gateaux dif-
ferentiable at h € A if the first variation of E exists in every direction [c], € TpA.

(The classical definition of Gateaux differentiability for functions defined on Banach

spaces is given in [4], section 1.1)

Definition 2.14.2. We call the equation dE(h)|c], = 0 for all [¢], from some chosen
subset Qj, of T, A (which will be specified in each particular case), and all the equa-
tions with the same set of solutions, an Fuler-Lagrange equation for the functional
E. The equation dE(h)[c], = 0 for all [¢|, € ThA (Qn = TrA) is called the complete
FEuler-Lagrange equation for E. If h is a minimizer of the functional E, then h satisfies
all the Euler-Lagrange equations for E. An element h € A is a critical point of E if

it satisfies some Euler-Lagrange equation for F.
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For example, let F be the Banach space (C*([0,1]),]| - [|c2), where
2

di
max | —u(t)|.

lellc= = — 1€[0)] dt

Let A = {u € F : u(0) = u(l) = 0}, which is a nonempty closed and convex subset

of F. Suppose that the functional £ : F — R is defined by

Bu) = /0 L(u(t), i(t), £) dt, (2.13)

where & = % and L : R* — R is a C' function such that ¢ — L(u(t),u(t),t) is a
bounded C' function on (0,1) for each u € A. A function u € C?([0,1]) is a critical
point of E if £E(c(t))|—o = 0 for all C! curves ¢ : (c,6) — A at u € A If we
consider only C* curves ¢ : (—¢,e) — A at u € A that have a special form of our
choice, the equation £ E(c(t))]i—o = 0 still gives a necessary condition for u € A to be
a minimizer of E. The standard approach in the calculus of variations is to consider
the curves of the form c(t) = u + t¢, where ¢ € C°(0,1) has compact support on
(0,1) [3, 22]. The function ¢ is called a test function.

It can be shown that the Euler-Lagrange equation %E(u + to)|t=o = 0 for all

¢ € C°(0,1) is equivalent to the differential equation

d , 0L , oL .
@(a—w(U(t),U(t),t)) = a—yl(u(t),u(t),t), (2.14)

where g—; denotes the partial derivative of L with respect to its i’* variable, i = 1, 2.
This equation will be considered in section 4.3, where we investigate the conditions
for the existence of minimizers of the deformation energy functional of bending for

simple closed curves.

Definition 2.14.3. A sequence {v'}*, C F such that

lim B(v") = inf E(f) (2.15)

for a functional F : F — R is called a minimizing sequence of E.
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Minimizing sequences exist for F since it is assumed to be bounded from below.

Every critical point h € A of the functional £ : F — R is a candidate for a
minimizer of £. In some cases it is possible to show that A is indeed a minimizer of
E over A by proving the inequality F(h) < E(f) for all f € A. In section 4.3 we use

Holder’s inequality to prove that a critical point is a minimizer.

Proposition 2.14.4 (Hélder’s inequality). Suppose that W C R™ is an open set,

u€ LP(W) and v € LYW), where 1 < p,q<oo. If 1/p+1/q =1, then

/|uv|dx< /updx)l/p(/ qux)l/q.
w

Consider the special case when F is a Hilbert space with the inner product (-, -)#,
which induces the norm || - ||z. Suppose that the admissible set A = F. As before,

FE is assumed to be bounded below.

Definition 2.14.5. The functional £ : F — R is coercive if for every sequence

{ul}?2, such that ||u!||z — oo as | — oo, we have E(u') — oo as | — oc.

Recall that a sequence {u'}°, C F converges weakly to u € F, which we denote

by u! — u, if (v,u!)r — (v,u)r as | — oo for all v € F.

Definition 2.14.6. The functional £ : F — R is called (sequentially) weakly lower
semicontinuous if for every weakly convergent sequence {u'}%, C F, with the weak
limit v € F,

E(u) < liminf E(u').

l—o0
The functional E' is (sequentially) weakly continuous if under the same assumptions
llim Eu') = E(u).
Theorem 2.14.7. Let F be a Hilbert space with the norm || - || £
(i) The functional u v ||lu||z is weakly lower semicontinuous;

(ii) Every bounded sequence in F has a weakly convergent subsequence.
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Theorem 2.14.8 (The Direct Method of the Calculus of Variations). Let F be a
Hilbert space, and suppose that a functional E : F — R is coercive, weakly lower
semicontinuous, and bounded below. Then there exists a minimizer of the functional

E in F.

We will formulate regularity results for minimizers of the functional

I(w) :/ P(t,ult), i(t)) dt

defined on an appropriate space of functions u : [a,b] — R? where the function
F:R xR%xR? — R is continuous in its second and third variables and the function
t — F(t,u(t),4(t)) is measurable for all admissible functions u : [a,b] — R?. For
example, the definition of the functional I is meaningful on the space ACla, b] of all
absolutely continuous functions on [a, b] (see definition 2.15.7 and theorem 2.15.8).
Let 61(u,n) denote the Gateaux derivative of the functional I at u in the direction

n, i.e. 61(u,n) = LI(u+ sn)|s=o.

Theorem 2.14.9. Let the function F : R x R x R — R be of class C' and assume
that the derivative F,(t,u,p) is also of class C*. Suppose that u € C'([a,b];R?) is a

solution of the Fuler-Lagrange equation
01 (u,m) =0

for alln € CH(a,b); R?). If the Hessian (F,,, (t,u(t),u(t)))lgmgd of F with respect
to the p variable is nonsingular for all t € [a,b], then the function u is of class C*.

Theorem 2.14.10. Suppose that the function F satisfies the assumptions of the
previous theorem. Suppose that u € AC([a, b]; RY) is a solution of the Fuler-Lagrange

equation

d1(u,m) =0

for alln € AC((a, b); R?) with compact support on (a,b). Assume that F,(t, u(t),u(t))

and F(t,u(t),u(t)) are integrable on (a,b) as functions of t. If the Hessian F,, is
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positive or negative definite on 0 x Re, where ) is an open set containing the graph

{(t,u(t)) : t € a,b]} of the function u, then u € C*(I,R?).

The last two theorems are proved in Sec. 1.2 of [22].
We will finish this section with a statement of the Generalized Kuhn-Tucker the-

orem.

Definition 2.14.11. A subset P of a vector space X is called a cone with the vertex
x € X, or simply a cone, if P = x+ C, where the set C' C X has the property Ax € C'
for all nonnegative real numbers A whenever x € C'. The cone P is called a convex

cone if it is a convex set.

Definition 2.14.12. Let P be a convex cone in a vector space X. For x,y € X we

write x > y if © —y € P. The cone P defining this relation is called the positive cone

of X.

Let G : X — Z be a Gateaux differentiable map between a vector space X and a
normed space Z. We say that the Gateaux differential of GG is linear in its increment
if the function h — 6G(z,h) = LG(x + sh)|s—o, defined on X, is linear for every
r e X.

Definition 2.14.13. Let X be a vector space and let Z be a normed space with
a positive cone P that has a nonempty interior. Let G : X — Z be a Gateaux
differentiable mapping whose Gateaux differential is linear in its increment. A point
xo € X is called a regular point of the inequality G(x) < 0z, where 0 € Z is the zero

element, if G(xy) < 0z and there exists h € X such that G(xg) + dG(xg, h) < 0z.

We denote the space of all bounded linear functionals on a normed vector space

Z by Z*. The value of a functional z* € Z* at a point z € Z is denoted by (z, 2*).

Theorem 2.14.14 (Generalized Kuhn-Tucker Theorem). Let X be a vector space

and let Z be a normed space with a positive cone P. Assume that P has nonempty

44



interior. Let F : X — R and G : X — Z be Gateaux differentiable maps whose
Gateaux derivatives are linear in their increments. If the point xqg € X minimizes the
function f subject to the constraint G(x) < Ogz, then there exists zf € Z* such that
25 > 0z« and the Lagrangian

f(@) +{G(x), )

is stationary at xg, i.e. its Gateauzr derivative at xo vanishes in all directions; fur-

thermore, (G(xg), z5) = 0.

The proof of this theorem can be found in Sec. 9.4 of [28].

2.15 Facts from Analysis

We will denote the standard Euclidean norm on R”", where r € N, by | -|. The
Euclidean norm |A| of a matrix A € R” x R!, where r,[ € N, is the norm of the vector
composed of all entries of the matrix A.

Let 2 C R” be an open set.

Let L}

loc

(2) denote the space of all functions f : @ — R such that f € L'(K)
for every compact subset K C 2. We denote the space of all smooth real valued

functions with compact support on 2 by C°(Q).

Definition 2.15.1. We say that a function f : 2 — R is Hélder continuous with
exponent \ if there exists a constant C' > 0 such that |f(z) — f(y)| < Clz — y|* for

all x,y € Q). The A-th Holder seminorm of f is defined by

[f]CO,)\(Q) — sup ‘f(ﬂ?) _ f(y)| }

z,y€Q,zy [z —yl
The Holder space C**(Q) consists of all functions f € C*(Q2) for which the norm
[ullcing) = Z 1D%ul| ey + Z [D%u] o
laf<j laf=j

is finite.
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Definition 2.15.2. Suppose that f,g € Li,.(Q), and a = (ay, . .., ay,) is a multiindex

such that ; € N and |a] = a; + s+ ...+ «,. We say that g is the a-th weak partial

derivative of f written D®f = g provided

/ fD%dx = (—1)l / godx (2.16)
Q Q

for all test functions ¢ € C°(Q).

Definition 2.15.3. The Sobolev space Wk P(Q) is defined as the space of all locally
summable functions f : 2 — R such that for each multiindex « with |a| = k, D*f

exists in the weak sense and belongs to L”(€2). The Sobolev norm of a function

f € WkP(Q) is defined by

e =3 / D fPda

lal<k

(see [15], chapter 5).
Theorem 2.15.4. For each k = 1,2,... and p > 1, the Sobolev space W*P(Q) is a

Banach space.

Definition 2.15.5. The Sobolev space W4 (Q) is defined as the closure of C2°(Q)

in W"P(Q) with respect to the norm || - ||y,

The Sobolev space W*P(Q;R") consists of all functions f : @ — R" such that
their components f; € WP(Q) for all i = 1,...,n. The Sobolev norm of a function
[ € WE(QR?) s defined by [[f]|) = (S0, 1L,

For convenience of the reader, we state the Sobolev embedding theorem (see [15],

section 5.6).

Theorem 2.15.6 (Sobolev Embedding). Let Q be a bounded open subset of R™ with
a C' boundary. If u € W*P(Q) and k > 2, then u € C?N(Q) for j =k —[2] — 1
and some A € (0,1). In addition, there is a constant C' depending on k,p,n, \ and 2

only, such that

HUHCJ',A(Q) < Cllullwr2(o)- (2.17)
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Definition 2.15.7. Let I be an interval of the real line R. A function f : I — R"
is absolutely continuous on [ if for every € > 0 there exists 6 > 0 such that for all

sequences of pairwise disjoint intervals {[zg, yx|}r_y C I satisfying the property

Z |y — x| <6
k=1

the values of f at the endpoints of the intervals satisfy the inequality

ST ) — Flaw)] < e

The collection of all absolutely continuous functions from I to R™ is denoted by

AC(I,R™).
The following theorem is proved in [21], chapter 16, section E.

Theorem 2.15.8 (Fundamental Theorem of Calculus for the Lebesgue Integral). Let
I = |a,b] C R. A function f : I — R is absolutely continuous if and only if there

exists a function g € L'(I,R) (i.e. [,|gldx < o) such that

for allz € I. Moreover, every absolutely continuous function f(x) = f(a)+ [, g(t) dt €

AC(I,R) is differentiable almost everywhere on I, and ' = g.

Theorem 2.15.9 (Smooth Tietze Extension Theorem). Let A C R™ be a closed set,
and let g: A — R be a C" function, where r € NU {oo}. There exists a C" function

G :R™ — R such that G|4 = g. The function G is called a C" extension of g.

The proof of the general version of this theorem can be found in [1], theorem 5.5.9.

47



Chapter 3

DISTORTION DUE TO CHANGE
OF VOLUME. MINIMAL
BENDING AND MORPHING

We consider the problem of distortion minimal morphing of n-dimensional compact
connected oriented smooth manifolds without boundary embedded in R"*!. Dis-
tortion involves bending and stretching. In this chapter we study the natural cost
functional (for change of volume) defined in section 3.1 that measures the total rel-
ative change of volume produced by a diffeomorphisms h € Diff (M, N). We develop
the theory of minimal bending and morphing with respect to this functional. The
existence of minimal distortion diffeomorphisms between diffeomorphic manifolds is
proved in section 3.1. A definition of minimal distortion morphing between two iso-
topic manifolds is given, and the existence of minimal distortion morphs between
every pair of isotopic embedded manifolds is proved in section 3.2. This functional
is invariant under compositions with volume preserving diffeomorphisms; hence, the
corresponding minimal maps and morphs are not unique. On the other hand, we prove
that the extremals of our functional are (global) minimizers. The main result of this
section is theorem 3.2.11, which states the existence of a distortion minimal morph

(with respect to change of volume) between every pair of isotopic submanifolds.
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Figure 3.1: The map h changes the volume of the neighborhood A..

3.1 Distortion (due to Change of Volume) Cost
Functional. Existence of Minimizers

In this section we prove the existence of distortion minimal diffeomorphisms between
diffeomorphic n-dimensional oriented manifolds M and N (which are not necessarily
embedded in R™!) with respective volume forms wy; and wy.

Recall that the Jacobian determinant of a diffeomorphism h : M — N is defined
by the equation h*wy = J(war, wn)(h)war (see definition 2.9.7).

The distortion (due to change of volume) £(p) at p € M, with respect to a diffeo-
morphism h : M — N, is defined by

£(p) = lim |fh(As)wN‘ - UAE wM| _

e=0 ‘ fAE WM‘

| J(h)(p)] — 1, (3.1)
where A, C M, for ¢ > 0, is a nested family of open neighborhoods of the point
p € M such that Az C A, whenever a > > 0 and N.>9A: = p (see figure 3.1).

In other words, the distortion is the infinitesimal relative change of volume with
respect to h. It is easy to see that the definition of distortion does not depend on the
family of nested sets A..

We denote the set of all smooth diffeomorphisms between manifolds M and N by
Diff (M, N). The total distortion functional ® : Diff(M, N) — R, with respect to the
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oriented manifolds (M, wys) and (N,wy), is defined by

tID(h):/M(}J(h)|—1)2wM. (3.2)

We will establish necessary and sufficient conditions for a diffeomorphism h : M —
N to be a minimizer of the functional ®. Also, we will show that a minimizer always
exists in Diff (M, N).

Recall that the tangent space T} Diff(M, N) can be identified with X(N) (see
subsection 2.13). More precisely, Diff(M, N) is a Fréchet manifold and its tangent
space at h € Diff (M, N) can be identified with X(N) (see [25]). Indeed, an element
of T}, Diff (M, N) is an equivalence class of curves [h.], represented by a family of
diffeomorphisms h. with hy = h, where two curves passing through h are equivalent
if they have the same derivative at h. For each ¢ € N, this family defines a curve
€ — h.(h7'(g)) in N that passes through ¢ at ¢ = 0; hence, it defines a vector
Y(q) € T,N by

The vector field Y € X(N) is thus associated with the equivalence class [h:]. In
fact, the vector field Y does not depend on the choice of the representative of the
equivalence class. On the other hand, for Y € X(IN) with flow ¢;, we associate the

curve hy = ¢; o h in Diff(M, N). The (tangent) equivalence class of this curve is an

element in T}, Diff (M, N).

Proposition 3.1.1 (Euler-Lagrange Equation). Suppose that (M,wy) and (N,wy)
are smooth diffeomorphic connected compact oriented n-manifolds without boundary.
A smooth diffeomorphism h : M — N is a critical point of the total distortion func-

tional ® if and only if J(h) is constant.

Proof. Let h. : (—1,1) — Diff (M, N) be a curve of diffcomorphisms from M to N

such that hy = h. By definition, h € Diff(M, N) is a critical point of the functional
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®(h), if £®(h;)| = 0. Using the formula

t=0

B(h) — / J(h)%wns — 2VOl(N) + Vol (M), (3.3)
M
we note that h is a critical point of ® if and only if

d
2/ J(h)at](htﬂt:OwM =0.
M

Moreover, using the calculus of differential forms (see [1] and note in particular that
Ly is used to denote the Lie derivative in the direction of the vector field V'), we have

that for h' = ¢, o h, where 1, is the flow of Y € X(N),

d d .
@) = (o h)wy)|

dt
*d *
o
= WiLyon|,,

= h*Lwa

t=0

= h*(divYwy)
= (divY)ohJ(h)wy.

We will assume that h is orientation preserving. The proof for the orientation re-
versing case is similar. By Stokes’ theorem and the properties of the A-antiderivations

d and iy, we have that

d
—&(h
S0 ()

= /J(h)QdivYoth:/J(h)oh_ldivaN
M

t=0 N

= / J(h) e} hilLwa = / J(h) @) hild’iwa
N N

= / d(J(h) o h_l VAN iyu)N) - / d(J(h) o h_l) VAN iwa
N N
= / Zy(d(J(h) o) h_l) N wN) — / iy (d(J(h) e} h_l)) WN
N N
_ —/ dT(h) o A1) (V) wy.
N
Hence, h € Diff (M, N) is a critical point of the functional ®(h) if and only if

/Nd(J(h) oh ™ H(Y)wn =0
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for all Y € X(IV). It follows that if J(h) is constant, then h is a critical point of ®.

To complete the proof it suffices to show that if

/N (V) wx = 0 (3.4)

for all Y € X(N), then df = 0, where f := J(h)oh™'.

Suppose, on the contrary, that there exists a continuous vector field Y € X(N)
such that (without loss of generality) df(Y')(q) > 0 for some point ¢ € N. Because
the map df(Y) : N — R is continuous, there exists an open neighborhood U C N
of the point ¢ € N such that df(Y)(p) > 0 for every p € U. After multiplying the
vector field Y by an appropriate bump function (see [1]), we obtain a vector field
Z € X(N) supported in U such that [, df(Z)wy = [, df(Z)wn > 0, in contradiction
to equality (3.4). Hence, df = 0. O

Definition 3.1.2. A function h € Diff(M, N) is called a distortion minimal map if

it is a critical point of the total distortion functional .

We will show that every distortion minimal map is a minimizer of the functional ®
(see theorem 3.1.5).

As an immediate corollary of proposition 3.1.1, we have the following theorem.

Theorem 3.1.3. A function h € Diff(M, N) is a distortion minimal map if and only
if |J(h)| is the constant function with value Vol(N)/ Vol(M).

We will use the elementary properties of distortion minimal maps stated in the

following lemma. The proof is left to the reader.

Lemma 3.1.4. Compositions and inverses of distortion minimal maps are distortion

minimal maps.

Also we will use (the strong form) of Moser’s theorem on volume forms (see theo-

rem 2.11.7 and [30]).
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Theorem 3.1.5. If (M,wy) and (N,wy) are diffeomorphic n-dimensional compact
connected oriented manifolds without boundary, then (i) there is a distortion minimal
map from M to N, (ii) every distortion minimal map from M to N minimizes the

functional ®, and (ii1) the minimum value of ® is

~ (Vol(M) — Vol(N))”

Proof. To prove (i), choose a diffcomorphism h € Diff(M, N) and note that the

differential form h*wy is a volume on M. Define a new volume on M as follows:

Since

M M

and M is compact, by an application of Moser’s theorem, there exists a smooth

diffeomorphism f : M — M such that wy; = f*w,,. Hence,

h*

and |J(ho f)| = Vol(IV)/ Vol(M) is constant. Thus, k = ho f is a distortion minimal
map.
To prove parts (ii) and (iii), note that if k is an arbitrary distortion minimal map

from M to N, then

(k) = (|7(k)] — 1) Vol (M) = (V‘)l% 2)1?]\\4/;)1(]\] )" (3.6)

We claim that this value of ® is its minimum.

Let g € Diff(M, N). By the Cauchy-Schwartz inequality,

/MJ(Q)QWM > VOIIM)(/M\J(g)!wM)2

(
Vol(N)?
Vol(M)

The latter inequality together with formulas (3.3) and (3.6) implies that ®(g) > ®(k)

as required. O]
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Example 3.1.6. Let S, and Sk be two-dimensional round spheres of radii » and R
(respectively) centered at the origin in R3. Define h : S, — Sg by h(p) = (R/r) p for
p=(x,y,2) € S,. We will show that h is a distortion minimal map.

Let w, (respectively, wg) be the standard volume forms on S, (respectively, Sg)
generated by the usual volume form on R

Using the parametrizations of S, and Sk by spherical coordinates, it is easy to

show that the Jacobian determinant of h is given by

Hrom) (o) = 2 = S

for all m € S,; hence, by theorem 3.1.5, h is a distortion minimal map.

Remark 3.1.7 (Harmonic maps). For h € Diff(M, N), the distortion functional (3.2)

has value
O(h) = / |J(h)|2wM — 2 Vol(N) + Vol(M).

Thus, it suffices to consider the minimization problem for the reduced functional ¥

given by

U(h) = /M T() P

We note that if M and N are one-dimensional, then W is the same as

W(h) = /M \DhPwr.

An extremal of this functional is called a harmonic map (see [12, 13, 14]). Thus, for
the one-dimensional case, distortion minimal maps and harmonic maps coincide. On

the other hand, there seems to be no obvious relationship in the general case.

3.2 Morphs of embedded manifolds

We will discuss a minimization problem for morphs of compact connected oriented

n-manifolds without boundary embedded in R
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3.2.1 Pairwise minimal morphs

Definition 3.2.1. Let M and N be isotopic compact connected smooth n-manifolds
without boundary embedded in R™*! such that M is oriented. A C* isotopy H :
[0,1] x M — R"! together with all the intermediate manifolds M* := H(t, M),
equipped with the orientations induced by the maps ht = H(t,-) : M — M" and the
volume forms w; generated by the standard volume form on R™™! is called a (smooth)
morph from M to N. We denote the set of all morphs between manifolds M and N
by M(M, N).

For simplicity, we will consider only morphs H such that p — H(0, p) is the identity
map. Each manifold M* = H(t, M) (with M° = M and M' = N) is equipped with

the volume form w; = 4,,(), where
Q:dl’l/\dfﬂg/\.../\dl'nJrl

is the standard volume form on R"*! and n, : M* — R""! is the outer unit normal

vector field on M with respect to the orientation induced by h' and the usual metric

on R**1,

Definition 3.2.2. A morph H is distortion pairwise minimal (or, for brevity, pairwise
minimal) if h®' = ht o (h*)™1 : M* — M?" is a distortion minimal map for every s
and ¢ in [0,1]. We denote the set of all distortion pairwise minimal morphs between

manifolds M and N by PM(M, N).

By proposition 3.1.1 and theorem 3.1.5, a morph H is pairwise minimal if and only

if each Jacobian determinant J(ws,w;)(h*") is constant.

Proposition 3.2.3. Let M = M° and N = M" be n-dimensional manifolds as in
definition 5.1.1. A morph H between M and N is distortion pairwise minimal if and
only if

J(wo, wi)(h)(m) 1
Vol(M?) ~ Vol(M) (3.7)
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for allt € [0,1] and m € M.

Proof. Using lemma 3.1.4 and theorem 3.1.5, it suffices to prove that each map h’ :
M — M" is minimal if and only if the map (3.7) is constant. An application of

theorem 3.1.3 finishes the proof. n

Proposition 3.2.4. Let M and N be n-dimensional manifolds as in proposition 3.2.5.
If there is a morph G from M to N, then there is a distortion pairwise minimal morph

between M and N.

Proof. Fix a morph G from M to N with the corresponding family of diffeomorphisms

g' = G(t,"), let M':= G(t, M), and consider the family of volume forms

- VOI(M) £ *
Wy = W(g) W

defined for ¢ € [0,1]. It is easy to see that

/@z/@o;
M M

hence, by Moser’s theorem, there is a family of diffeomorphisms a! on M such that

wy = (a)*@w;. Tt follows that

(M
(g" o) *w; = MWM;

Vol(M)
therefore,
Vol(M?")

J(war,wi)(g' 0 a')(m) = =———

Vol(M)
for all m € M. The morph H defined by H(t,p) := g o o*(p) for all ¢t € [0,1] and

p € M is the desired distortion pairwise minimal morph. O

3.2.2 Minimal morphs

We will define distortion minimal morphs of embedded connected oriented smooth

n-manifolds without boundary.
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For a morph H from M to N, let E,; denote the total distortion of h%* : M* — M".

We have that

B, = / 5<J(hs’t)—1>2ws
/M (jé:siq)ﬁ(mw.

By Taylor’s theorem, E; has the representation

d 1 d?
Es,t = Et,t + _(Esvt)}s:t<s — t) + 5@

s (Bl s =17+ O((5 =17,

Note that E,; and %(Esvt)’s:t both vanish, and

3257 Pl oee =

WhHr-

1 / (%J(ht))2

B J(ht)
Definition 3.2.5. The infinitesimal distortion of a smooth morph H from M to N

at t € [0,1] is

e (t) = lim B :/M%(JM.

The total distortion functional ¥ : M(M,N) — R is defined by

U(H) = /0 et ()t = /0 1 ( /M %W)dt. (3.8)

Definition 3.2.6. A smooth morph is called a distortion minimal morph if it mini-

mizes the functional W.

Lemma 3.2.7. For every morph H € M(M,N) there exists a pairwise minimal
morph G € PM(M, N) such that V(G) < W(H). In particular, if H € M(M,N)
1s a distortion minimal morph, then there exists a pairwise minimal morph G €

PM(M,N) such that V(H) = U(G).

Proof. Let H € M(M,N) be a morph with the intermediate states M* = H (¢, M).
By proposition 3.2.4, there exists a pairwise minimal morph G € PM(M, N) with

the same intermediate states. The deformation energy of transition maps satisfies
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the inequality Es:(H) > Es(G) for all s,t € [0,1] because G is pairwise minimal.

Therefore, e (t) > £%(t) for all ¢ € [0, 1], and, consequently,

U(H) > U(G) (3.9)

as required.
If H is distortion minimal, the reverse inequality ¥(H) < W¥(G) holds and V(H) =
V(@) as required. O

Corollary 3.2.8. (i) The following inequality holds:

inf  W(G)<  inf  U(H). (3.10)
GEPM(M,N) HeM(M,N)

(i1) If there exists a minimizer F' of the total distortion functional U over the class
PM(M,N), then F minimizes the functional U over the class M(M,N) as

well:

U(F)= min VY(G)= min V(H). (3.11)
GePM(M,N) HeM(M,N)

Lemma 3.2.9. The total distortion of a pairwise minimal morph H from M to N is

@(H):/O %dt. (3.12)

Proof. The proof is an immediate consequence of formula (3.8) and proposition 3.2.3.

0O
Lemma 3.2.10. The functional ¥ defined by
U(¢p) = /Olgdt (3.13)
on the admissible set
Q = {¢ € C*([0,1];(0,00)) : ¢(0) = Vol(M), $(1) = Vol(N) }
attains its infimum
inf U(p) = 4(y/Vol(N) — /Vol(M)) (3.14)

peEQ
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at the element ¢ € Q) given by

o) = [(\/VOI(M) — /Vol(N))t — \/Vol(M)r.

Proof. The proof is a simple application of the Euler-Lagrange equation and the
Cauchy-Schwarz inequality.

The Euler-Lagrange equation for the functional ¥ is

20— _

Its solutions have the form
£(t) = (Ct+ D)?,

where the constants C' and D must be chosen so that £(0) = Vol(M) and £(1) =

Vol(N). Because V() = 4C?, we determine the values C' = /Vol(M) — y/Vol(N)
and D = —\/W by eliminating the other possible choices of these constants that
yield larger values of U. Hence, the function ¢ in the statement of the theorem is the
solution of the Euler-Lagrange equation in @ that yields the smallest value of W.

By the Cauchy-Schwarz inequality, we have that

\Tf(n):/ol%th z (/;%dty
— 4(\/Vol(M) — \/VoI(N))? = T(g)

for every n € Q). Thus, the critical point ¢ in the statement of the lemma minimizes

the functional ¥ on Q. n

Using corollary 3.2.8 and lemma 3.2.10, we will minimize the total distortion energy

functional ¥ over the set M (M, N) of all morphs.

Theorem 3.2.11. Let M and N be two n-dimensional manifolds satisfying the as-
sumptions of definition 5.1.1. If M and N are connected by a smooth morph, then

there exists a distortion minimal morph. The minimal value of W is

pein o WUH) = 4(v/Vol(N) = v/Vol(M))". (3.15)
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Proof. Let G be a morph between M and N. Without loss of generality, we assume

that GG is pairwise minimal (see proposition 3.2.4). Set
H(t,m) = Xt)G(t,m),

where A : [0,1] — R is to be determined.

Note that if M* = H(t, M) and W' = G(t, M), then

Vol(M?) = /M (h")*war = [A@®)]" / (9" war = [A()]" Vol(WH).

M

Let ¢(t) be the minimizer of the auxiliary functional ¥ from lemma 3.2.10, and define

The volume of the intermediate state M?' is given by Vol(M?') = ¢(t); therefore,

by corollary 3.2.8 and lemma 3.2.10, the morph H minimizes the total distortion
functional ¥ over the class M (M, N) and

U(H) = 4(y/Vol(N) — \/Vol(M))*.

The next result provides a basic class of distortion minimal morphs.

Proposition 3.2.12. Suppose that M is an n-dimensional manifold embedded in
R"™*! that satisfies the assumptions of definition 5.1.1. If o is a positive real number

and
N :={am:m e M},

then the morph given by the family of maps h'(m) = X(t)m, where

3

A(t) = Vol(M) ™+ [(\/VOI(M) — J/Vol(N))t — Vol(M)} ,
1s distortion minimal.
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Proof. Define h'(m) = A\(¢t)m. It is easy to check that h' defines a morph from M to
N. Also, we have that J(h') := J(war,w;)(h') = [A(t)]". Since J(h!) is constant on
M, the family h' defines a pairwise minimal morph H.

We will determine A(t) so that the morph H becomes a minimizer of U over the

class M(M, N). Indeed, by lemma 3.2.10, it suffices to choose A so that

Vol(M*) = [A(t)]" Vol(M) = [(\/VOI(M) — /Vol(N) )t — \/Vol(M)]g,

which yields

Sy

A(t) = Vol(M) ™+ [(\/VOI(M) — /Vol(N) )t — \/Vol(M)} .
The corresponding morph H (¢, m) = A(t)m satisfies the equality

YD = it ¥
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Chapter 4

OPTIMIZATION OF
DEFORMATION ENERGY

In this section we address the problem of optimization of deformation energy of dif-
feomorphisms and homotopies between smooth compact connected Riemannian n-
manifolds M and N without boundary embedded in R**!. As mentioned in chapter
3, the functional ®(h) = [, (|J(h)| — 1)2wM measures distortion only due to change
of volume. In this chapter we consider a different deformation energy functional
that measures total deformation of the manifold M produced by a diffeomorphism
h € Diff(M,N). In section 4.2 we compute the Euler-Lagrange equation for the
new functional; in sections 4.3.1 and 4.3.3 we solve the problem of minimal bend-
ing and morphing for one-dimensional manifolds embedded in the plane. In section
4.4 we find a minimizer of the total deformation functional among all holomorphic

diffeomorphisms between two-dimensional spheres.

4.1 Definition of Total Deformation Energy

Let M and N denote compact, connected and oriented n-manifolds without boundary
that are embedded in R"™! and equip them with the natural Riemannian metrics g,
and gy inherited from the usual metric of R"™'. These Riemannian manifolds (M, ga/)
and (N, gn) have the volume forms wy; and wy induced by their Riemannian metrics.

We assume that M and N are diffeomorphic.
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Definition 4.1.1. The strain tensor field S € I'(T'M* ® TM*) corresponding to
h € Diff (M, N) is defined to be

(ct. [38], [29)).

Recall the natural bijection between covectors in T*M and vectors in TM (see
subsection 2.5): To each covector o, € T,M* assign the vector oz;i7£ € T,M that is
implicitly defined by the relation

ap = (ga)p(0f ).

Using this correspondence, we introduce the Riemannian metric g3, on T'M* by

g}k\/[(a7ﬂ) = gM(a#aﬁ#)7

where the base points are suppressed [24].

There is a natural fiber metric G on TM* @ T M* given by G = g3, ®g3,;. Consider
tensor fields B, F' € T™(TM* @ TM*) expressed in components by B = b;;dz' @ dx?
and F = f;;dz' ® da? (see the discussion following definition 2.5.7 and formula (2.2)).
Then

G(B,F) = bifugy(d’,dz®) g (da?, dat)
bij fralgn )™ lgm) (4.2)

where [gr]"* = gj};(da’, dz*) is the (i, k)-th entry of the inverse matrix of ([gar]ik),

and the point p € M is suppressed.

Definition 4.1.2. The deformation energy functional ® : Diff(M, N) — R, is de-
fined to be

o) = [ g — gullyon (1)
M
where || - || is the fiber norm on TM* ® TM* induced by the fiber metric G.
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The following invariance property of the functional ® is obvious because the isome-
tries of R"*! are compositions of translations and rotations, which produce no defor-

mations.

Lemma 4.1.3. If k € Diff (N) is an isometry of N (i.e. k*gn = gn), then ®(koh) =
®(h).

4.2 The First Variation

In this subsection we will compute the complete Euler-Lagrange equation for the
functional ® : Diff (M, N) — R, (see subsection 2.14.2). Let ¢ : (—¢,e) — Diff(M, N)
be a C! curve at h € Diff(M, N), which we call a variation of h. The equivalence
class [c]p, € T), Diff (M, N) can be identified with the smooth vector field Y € X(N)
defined by Y(q) = 2c(t) o h™'(g) for all ¢ € N (see subsection 2.13). We call the
vector field X(N) a variational vector field of h € Diff (M, N). We intend to compute
the first variation d®(h)Y for all Y € X(IV).

Consider a smooth vector field X € X(M) with flow ¢; and a diffeomorphism
h € Diff(M, N), and suppose that the variation ¢(t) = h o ¢; induces the variational
vector field Y = h,X € X(N). The diffeomorphism h is a critical point of the
functional ® if and only if

q
CB(h0 b)) = DB(NLX = 2/ Gl gy — gar Lxh*gn)wn =0 (4.4)
M

for all X € X(M), where G = g3, @ g

Let V and V be Riemannian connections on M compatible with the Riemannian
metrics a = gy and 3 = h*gy respectively, and denote the corresponding Christoffel
symbols of V and V by I'; and I},

Let Y be a smooth vector field on M expressed in components by Y = Yk%.

The components of the Lie derivative of the Riemannian metric 3 in the direction of
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the vector field Y are
[Ly Blkm = VY + Vi Yi, (4.5)
where Y,,, = [3],,;Y7 are the lowered coordinates of ¥ via the Riemannian metric
(see [1]).
Recall that 77,(M) is the set of all continuous tensor fields on M contravariant of

order r and covariant of order s, or type (r,s).

Definition 4.2.1. Recall that a = gy and 8 = h*gy. (i) Define the tensor field
B = (B—a)## € T?,(M). In other words, B equals the strain tensor field h*gy — gas
with both indices raised via the Riemannian metric o« = gj;. Its components are
given by B¥" = (3;; — ay;)a*ad™.

(ii) The bilinear form A : X(M) x X(M) — X(M) is defined by
A(X,Y) = VyY — VyY (4.6)
for all X, Y € X(M).

Remark 4.2.2. The bilinear form A can be viewed as a tensor field of type (1,2) on

M with components
Amy, =T = T3 (4.7)
(see [24], proposition 7.10).
Recall that the divergence of a tensor field 7 € 774(M) is defined to be (see
section 2.9)
divr = CL,,(V71), (4.8)

where Cf denotes the contraction in lower ¢ and upper j index. The divergence of 7,
div 7, is a tensor of type (r — 1, s).

For two tensor fields § € T75(M) and 7 € T?,(M), 6 : 7 denotes the type (r,s)
tensor field obtained by the contraction of the two covariant degrees of 6 with the

two contravariant degrees of 7 (see section 2.5).
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Lemma 4.2.3. Let ®(h) = [,, [|h*gn — gullg wn with domain Diff (M, N). Then

DO(h)(hY) = —4 / gu(div B+ A: B, Y )won (4.9)

M

for all vector fields Y € X (M), where the tensors A and B are defined above. More-

over, h s a critical point of the functional ® if and only if
divB+A:B=0.
The latter equation can be rewritten in components as follows:
OB + Ty, B + T B = 0 (4.10)
forallm=1,2,... n.

Proof. For given Y € X(M), consider the vector field

% jm 9
X = (ﬁ” — Ozij)O[ kaJ Yma—xk, (411)

where o = gy and [ = h*gy. Although we describe X pointwise using local co-
ordinates, X is a well defined smooth vector field on M because it is obtained by
various contractions of the tensor fields «, 3, and Y. The divergence of the vector

field X with respect to the Riemannian metric gy, can be expressed in terms of the

components of X as follows:
div,,, X = VX"
= Vi((By — aij)a™a?™) Y, + (B — auj)a™a?™) VYo, (4.12)
where V is the Riemannian connection on M compatible with the metric g,,.

Using formula (2.6) for the components of the covariant derivative of a tensor, we
see that VY, = V,.Y,,+ (Tt —T% )Y;. Taking this into account, we rewrite equality
(4.12) in the form

div X = (VB" + B¥(L}; — T})) Yo + B¥"Vi Y. (4.13)
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On the other hand, from equation (4.4)

D®(h)(h,Y) =2 /M G(8 — a, Ly B)wy. (4.14)

The local representation of the integrand in the functional ® is given by the expression
G(B—a,Lyp) = 2B*"V.Y,,. Now we can rewrite the divergence of the vector field

X in the form
1
div,,, X = §G(ﬁ —a,Lyf)+gu(divB+S:B)Y). (4.15)

By theorem 2.11.6, fM div,,, Xwy = 0. Using this and equality (4.14), we conclude
that
D®(h)(h.Y) = —4/ gu(divB + S B,Y)wy
M

as required. O

Lemma 4.2.4. Let h € Diff(M,N). If h*gy = R%gy for some R € R, then h is a

critical point of the functional ®.

Proof. As before, we denote a = gy, 5 = h*gn. We need to verify that the equation
(4.10) holds. Because

Bi; = Ry, (4.16)
we obtain

a 1
FZ’ = §5Ck (Bic.j + Bjci — Bijiel
1,1

2 (ﬁo‘dc) [R*aiej + R*aje; — RPayjc) = T}

YR

(4.17)

where ;) denotes Oycy;;. From equations (4.17) and (4.7) we conclude that A = 0.

Hence, it remains to show that
ViB*™ =0 (4.18)
for all m = 1,...,n. From equation (4.16),
B"" = (R?aj;j — ayj)a™a?™ = (R? — 1)a™™.
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Taking into account the identity Vg); = Va = 0, we conclude that
ViB" = (R? = 1)V, =0
as required. O]

Corollary 4.2.5. Let M be a compact, connected, and oriented smooth n-manifold
without boundary embedded into R™**. The radial map hp : R* — R s defined
by hr(p) = Rp for all p € R™™', where R > 0. Assume that N = hgr(M) is a rescaled
version of the manifold M, and the Riemannian metrics gy and gy on the manifolds
M and N are inherited from R" 1. Then every composition h = fohg|y of the radial

map hg|y with an isometry f € Diff(N) is a critical point of the functional ®.

Let the tensor field ¢t € T (M) be expressed by t;;dz’ ® dz/. We will use the
following formula for the components of the Lie derivative Lxt of ¢ in the direction

of the vector field X (cf. formula 2.5):

Otij ox* ox*

Lxt]; = XF thi—— + t; .
[ Lt 8xk+ K + M Oxi

(4.19)

4.3 Minimal Deformation Bending
of Simple Closed Curves

4.3.1 First Variation. Minima Among Smooth Maps

In this section M and N are regular smooth simple closed curves in R2  Their
arclengths are denoted by L(M) and L(N) respectively, and they have base points

p € M and g € N. We will determine the minimum of the functional
o) = [ g = gulfon (4.20)
M
over the admissible set

A ={h € Diff(M,N) : h(p) = ¢}. (4.21)
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There exist unique arc length parametrizations v : [0, L(M)] — M and ¢ :
[0, L(N)] — N of M and N respectively, which correspond to the positive orien-
tations of the curves M and N in the plane, and are such that v(0) = p and £(0) = ¢.
Because M and N are regular smooth curves, the functions 7|,z and &|o,z(wvy)
are smooth diffeomorphisms. Notice that [gi]11(t) = [7(1)]*> = 1 = [gu]'(¢) for
t € [0, L(M)] and [h*gn]11(t) = |Dh(~7(2))%(t)]>. Using formula (4.2) for the metric

G, we rewrite functional (4.20) using local coordinates:

o= [ (o) - 1) e (129

Let us denote the local representation of a diffeomorphism h € Diff (M, N) by u =
¢ 1oho~. The function u is a diffeomorphism on the open interval (0, L(M )) and can
be continuously extended to the closed interval [0, L(M )] as follows. If h is orientation
preserving, we extend u to a continuous function on [0, L(M)] by defining u(0) = 0
and u(L(M)) = L(N). In this case u > 0. If h is orientation reversing, we define
u(0) = L(N) and u(L(M)) = 0.

Since

(Eou)(t)|* = a®(®)|€(u®)|* = w2 (t)

for t € (O, L(M )), the original problem of the minimization of functional (4.20) can

be reduced to the minimization of the functional
L(M)
W(u) :/ (u® — 1)%dt (4.23)
0
over the admissible sets
B = {ue (0, LM, [0, L(N)]) : u(0) = 0,u(L(M)) = L(N) }

and
C= {u € ([0, L(M)], [0, L(N)]) : u(0) = L(N),u(L(M)) = 0}.
The minima will be shown to correspond to diffeomorphisms in Diff (M, N).
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Lemma 4.3.1. Suppose that L(N) > L(M).

(i) The function v(t) = L(N)/L(M)t, where t € [0, L(M)], is the unique minimizer

of the functional ¥ over the admissible set B.

(i1) The function w(t) = —L(N)/L(M)t+L(N) , wheret € [0, L(M)], is the unique

minimizer of the functional W over the admissible set C.

Proof. Since the proofs of (i) and (ii) are almost identical, we will only present the
proof of the statement (i).
An Euler-Lagrange equation for functional (4.23) can be computed using for-

mula (2.14):
4ii(3u* — 1) = 0. (4.24)

The only solution of the above equation that belongs to the admissible set B is
v(t) = %t, where t € [0, L(M)]. Note that v corresponds to a diffeomorphism in
Diff(M, N).

We will show that the critical point v minimizes the functional ¥; that is,

v > U(v) = 4.2
() = (o) = HE (4.25)
for all u € B. Using Holder’s inequality
L(M) L(M) L2
L(N) = u(L(M)) = / a(s)ds < [L(M) / 2 (s) ds] ",
0 0
we have that
L(N)2 /L(M) "
< u*(s) ds.
L(M) = Jo
Thus, in view of the hypothesis that L(N) > L(M),
L(M) L(M)
/ (i2(s) — 1) ds = / i2(s) ds — L(M)
0 0
L(N)? — L(M)?
(V)" = LM (4.26)



After squaring both sides of inequality (4.26), we obtain the inequality

wn > (LINY = L(M)?
(/0 (@ (s)—l)ds) > o (4.27)

Applying Holder’s inequality to ®(u) and taking into account inequality (4.27), we ob-
tain inequality (4.25). Hence, the function v(t) = L(N)/L(M)t, where t € [0, L(M)],

minimizes the functional ¥ over the admissible set B. O

Remark 4.3.2. Let us write the Euler-Lagrange equation (4.4) for the one-dimensional
case and compare it with equation (4.24).

Recall that

lgm]ia(t) =1, (W gnlu(t) = a(t)?,

and use formula (4.19) to compute

(Lh*gnu (1) = 20(0) ((0)u ) + §(0)i(e)) = 20(1) 5 (a(0)y (1),

where y(t) is the local coordinate of the vector field Y = y%. The function y is
smooth on (0, L(M)) and satisfies the equation y(0) = y(L(M)). We assume that
y € C((0,L(M))). Using the previous computation and formulas (4.2) and (4.4),

we obtain the following Fuler-Lagrange equation:

L(M) ) d L(M) d )
- — Du—(uy) dt = — —((v* — Du)uydt =0
| vigma=— [ L =iy
for all y € C2°((0, L(M))). The latter equation yields

%((112 — 1)a)u = wii(3u® — 1) = 0, (4.28)

which has the same solutions in the admissible sets B and C as equation (4.24).

Proposition 4.3.3. Suppose that M and N are reqular smooth simple closed curves
in R? with arc lengths L(M) and L(N) and base points p € M and ¢ € N; v and
¢ are arc length parametrizations of M and N with v(0) = p and £(0) = ¢ that

induce positive orientations; and, the functions v and w are as in lemma 4.3.1. If
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L(N) > L(M), then the functional ®(h) defined in display (4.20) has exactly two

minimizers in the admissible set
A={h eDiff(M,N) : h(p) = q} :
the orientation preserving minimizer
hi=¢&ovoy™!
and the orientation reversing minimizer
hy=E&owon!

(where we consider  as a function defined on [0, L(M)) so that v'(p) =0). More-

over, the minimal value of the functional ® is the admissible set A is

Brin = (L(N>L(_ML>§M) S (4.29)

Corollary 4.3.4. Suppose that M and N are regular smooth simple closed curves
in R? with arc lengths L(M) and L(N) respectively, where L(M) < L(N). Let the

functions v and w be defined as in lemma 4.3.1.

(i) If a diffeomorphism h € Diff(M, N) is deformation minimal, i.e. h minimizes
the functional ® in the admissible set Diff (M, N), then h = £ovo~y™t or h =
Eowon™L, wherey and & are (positive orientation) arc length parametrizations

of the curves M and N respectively such that £(0) = h(~(0)).

(ii) For every arc length parametrizations v and § of M and N respectively, the

1 1

functions hy = Eovoy™" and hy = Eow oy~ are deformation minimal. In

addition,

L (L(N)2 - L(M2)?

i O(f) = ot =
renin | @) TE

Proof. (i) Suppose that h € Diff(M, N) is such that ®(h) < ®(f) for all f €

Diff(M,N). Fix p € M, and set ¢ = h(p) € N. It is evident that h minimizes
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the deformation energy functional ® over the admissible set A = {f € Diff(M, N) :

1

f(p) = q}. Therefore, by proposition 4.3.3, h = £ovoy tor h = owoy~!, where v

and & are (positive orientation) arc length parametrizations of M and N respectively
such that y(0) = p and £(0) = ¢. In addition, ®(h) = (L(N)* — L(M)*)?/L(M)3.

(ii) Let v and & be arc length parametrizations of M and N. We will prove that

1 1

the functions hy = £ ovo~y™" and hy = £ ow o~ are minimizers of ® over the

admissible set Diff (M, N). Note that

(L(N)? = L(M)?)
L(M)?

O(hy) = ®(hy) = (4.30)

Using inequality (4.25), for every diffeomorphism h € Diff(M, N) with the local

representation v = £ 1 o h oy, we find that

(L(N)? = L(M)*)*
L(M)?

O(h) = V(u) > T(v) = (4.31)

Statement (ii) of the theorem follows from this inequality and equality (4.31).
O

Example 4.3.5. For R > 0, the radial map h : R? — R? is defined to be h(z) = Rz.
If M is a regular simple closed curve, N := h(M) and R > 1, then h|p minimizes ®
on Diff (M, N). To see this fact, let v(¢) = (z(t),y(t)), t € [0, L(M)], be an arc length
parametrization of M. It is easy to see that £(¢) = R(z(t/R),y(t/R)), t € [0, RL(M)]

parametrizes N = h(M) by its arc length. By proposition 4.3.3, the minimizer h; is

hi(z) =&(wory '(2) = &(RY7'(2))
= {(Rt) = Ry(t) = Rz

for all z € M. Hence, hy = h|y is the radial map as required.

Lemma 4.3.6. If L(N) < L(M), then the functional ¥ has no minimum in the

admissible set B.
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Proof. Let ¢ : [0,L(M)] — R be a continuous piecewise linear function such that
$(0) =0, ¢(L(M)) = L(N), and ¢(t) = £1 whenever t € (0, L(M)) and the derivative
is defined. The graph of ¢ looks like a zig-zag. It is easy to see that ¢ is an element of
the Sobolev space W14(0, L(M)) (one weak derivative in the Lebesgue space L*). By
the standard properties of W14(0, L(M)), whose usual norm we denote by ||+||1 4, there
exists a sequence of smooth functions ¢, € C*[0, L(M)] (satisfying the boundary
conditions ¢5(0) = 0 and ¢ (L(M)) = L(N)) such that ||¢pp — ¢|l14 — 0 as k — oo.
Moreover, there is some constant C' > 0 such that fOL(M)(gf}% —¢?*)2dx < C|\¢p — |34
It is easy to see that

|P(dr) — P(0)| < Chillor — @14

for some constant C; > 0. Taking into account the equality U(¢) = 0, we conclude
that W(¢x) — 0 as k — oo. Thus, {¢x}72, is a minimizing sequence for the functional
U in the admissible set B. On the other hand, there is no function f € B such that
U(f) = 0 = inf,ep¥(g). Therefore, if L(N) < L(M), the functional & has no

minimum in the admissible set B. O]

Corollary 4.3.7. If L(N) < L(M), then the functional ® has no minimum in the

admussible set
Q={h e C®(M,N):h is orientation preserving and h(p) = q}.

Let us interpret the result of Lemma 4.3.6. Let h = £ o ¢ o v, where ¢ :
[0, L(M)] — R is defined in the proof of Lemma 4.3.6 and v, £ are arc length (positive
orientation) parametrizations of the curves M and N viewed as periodic functions on
R. In case L(N) < L(M), the action of the function h on the curve M can be
described as follows. The curve M is cut into segments {M;}5_ |, k € N, such that b
has a constant value (1 or (—1)) on y~}(M;). Each segment M; is wrapped around
the curve N counterclockwise or clockwise depending on whether ¢ equals 1 or (—1)

on v~ Y(M;) respectively. Since L(N) is less than L(M), some points of N will be
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covered by segments of M several times. During this process, the segments of the
curve M need not be stretched. Hence, as measured by the functional ®, no strain is
produced, i.e. ®(h) =0.

The statement of corollary 4.3.7 leaves open an interesting question: Does the
functional ® have a minimum in the admissible set A7 Some results in this direction

are presented in the next section.

4.3.2 Second variation.
Conditions for Nonexistence of Minimum

We will derive a necessary condition for a diffecomorphism h € Diff(M, N) to be
a minimum of the functional ®. Let h; = h o ¢; be a family of diffeomorphisms in
Diff (M, N), where ¢ is the flow of a vector field Y € I'(T'M). Using the Lie derivative
formula (see [1]), we derive the equations £ (hjgn) = ¢;Lyh*gy and 24(¢; Lyh*gy) =
¢f Ly Lyh*gy. If there exists § > 0 such that ®(h;) > ®(h) for all |¢| < § and for all
variations h; of h, then h is called a relative minimum of h. If h € Diff(M, N) is a
relative minimum of @, then ;—;@(ht)\tzo > 0.

Using the previous computations of Lie derivatives, the second variation of & is

1 d?

5@@(]%)“:0 = /G(Lyh*gN,Lyh*gN)wM (432)
M

+ / G(LyLyh*gn, h*gn — gu)win-
M

Lemma 4.3.8. Let M and N be reqular simple closed curves parametrized by func-
tions v and & satisfying all the properties stated in lemma 4.5.3. If h € Diff(M, N)
minimizes the functional ® in the admissible set A, then the local representation

u=£E"1Yohon of h satisfies the inequality

w?(t) > (4.33)

Wl =

for all t € (0, L(M)).
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Proof. Using formula (4.19), we compute
[Lyh*gn]in = 2(uiiy + 0*9)
and
[Ly Lyh*gn]in = 2(i%y* + 4 6 y* + 5utigy + 4§y + 20°9°).

Substituting the latter expressions into formula (4.32), we obtain the necessary con-
dition

L(M) L(M)

W= 4/ ut gt dt + 4/ w?(u? — 1) g2 dt
0 0

L(M)
+ 2/ W (0 — 1) yijidt+...>0,
0

where the integrands of the omitted terms all contain the factor y. After integration

by parts, we obtain the inequality

L(M)
W:/ (4u4 +o4a2(a? — 1)
0
— 20*(W* —1))gPdt+ ... > 0. (4.34)

Define y(t) = ep(%)((t), where p(t) is a periodic “zig-zag” function defined by the

expressions

(4.35)

t, it0<t<1/2,
p<t>:{ /

1—t, if 1/2<t<1,
and p(t + 1) = p(t), ¢ € C(0, L(M)). Notice that p* = 1 almost everywhere on R
and y? = (* + O(g) when € — 0. Substitute y into inequality (4.34) and pass to the
limit as ¢ — 0. All the omitted terms in the expression for W tend to zero because

they contain y as a factor. Hence, we have the inequality
L(M)
W o= / (40" + 20°(0* — 1)) ¢* dt > 0,
0
which (after a standard bump function argument) reduces to the inequality

W >1/3 (4.36)

as required. O]
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Proposition 4.3.9. If M and N are simple closed curves such that their correspond-

ing arc lengths L(M) and L(N) satisfy the inequality % < \/Lg, then the functional

® has no minimum in the admissible set A.

Proof. 1f h € Diff(M, N) is a minimum of the functional ®, then h satisfies the Euler-
Lagrange equation (4.4). Let v and £ be parametrizations of the curves M and N with
all the properties stated in corollary 4.3.3. By remark 4.3.2, the local representation
u=_¢,Yoho~y of h satisfies the ordinary differential equation (4.28) on (0, L(M)).
In addition, u must satisfy the boundary conditions w(0) = 0,u(L(M)) = L(N)
or u(0) = L(N),u(L(M)) = 0. Hence, either u(t) = L(N)/L(M)t or u(t) =
—L(N)/L(M)t + L(N). Since h minimizes ®, by lemma 4.3.8 4> > 1/3, or, equiva-

lently, L(N)/L(M) > \/ig This contradicts the assumption of the theorem. O

4.3.3 Minimal Deformation Morphing of Curves

Recall the definition of a morph between two simple closed curves M and N. In this
section, we assume that there is a morph between the curves M and N, and denote
the set of all morphs between them by M(M, N) as before. We assume that each
intermediate state M' = H(t, M) is a regular simple closed curve in R? equipped
with the Riemannian metric g;, which is inherited from the standard inner product
in R%2. Each intermediate state M! is equipped with the volume form w; induced by
the Riemannian metric g; (see proposition 2.9.6). Recall that the transition maps of
a morph H € M(M, N) are defined to be h®' = h' o (h*)~t: M* — M".

Let us define the deformation energy of morphing. For every s,t € [0,1], let
o>t Diff (M*, M'") — R, be the functional given by

(1) = [ 15— gl

Definition 4.3.10. The deformation energy of a transition map h*' of a morph

H e M(M,N) is E5'(H) := ®>'(h®"). The infinitesimal deformation energy of a
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morph H at a point s € [0, 1] is defined to be

. E®MH)
eg(s) = 11_{2 G

(4.37)

Remark 4.3.11. Note that by the definition ey(s) > 0 for all s € [0, 1].

We will verify (in lemma 4.3.13) that the above limit exists, and we will compute
its value.

Let us construct the arc length local representation of a morph H(t,p) = h'(p)
between curves M and N, where (t,p) € [0,1] x M. As in definition 5.1.1, we will
denote the intermediate states of the morph H by M!. Let us choose the following
parametrizations of the intermediate curves M!. Let «° parametrize M = M° by
its arc length, induce positive orientation, and satisfy 7°(0) = py for a fixed point
po € M. Note that 7° is unique. For each ¢ € [0, 1], the function A’ 0 4" parametrizes
the curve M. Let 4' be a reparametrization of h' o 4° such that 4! parametrizes
M?" by arc length and gives the curve M' the same orientation. In addition, we
assume that 7/(0) = h' 0 4°(0). The function 7' can be obtained by the Implicit
Function Theorem. Indeed, the arc length of the curve M! is given by the formula
s(t,x) = [} |4£h'0~°(7)| dr. Since 2 > 0, the equation s(t,z) = y can be solved for
x as a smooth function of ¢ and y. Set v* = h! 04 o z(¢,-). Notice that the function
Y(t,x) = 7*(x) is smooth in ¢ and compute (%fyt(y) = Z(h'ory")(x(t, y))g—z(t, y). But

ox 1
oY = T oty

for all y € (0, L(M?")). Therefore, both 4 and h' o 4° induce the same orientation

on M. In addition, v*(0) = h' 0 4°(0) as required. The local representation G of the
morph H is given by the formula G(t,z) = (7)~' o H(t,+°(x)) for all z € (0, L(M))
and t € [0, 1] or, equivalently, ¢*(z) = (v*)~* o h* 0. The function G(t,z) is smooth
jointly in the variables ¢ and x. Note that g®' := g o (¢°)™1 = (7)1 o h®' 0 4* is the

local representation of h*t.
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Definition 4.3.12. The above constructed local representation G of the morph H €

M(M, N) is called the arc length local representation of the morph H.

Lemma 4.3.13. If H is a smooth morph in M(M, N) with arc length local repre-
sentation G, then the infinitesimal deformation energy ey (s) ezists for all s € (0,1)

and s given by

L(M) GQ (S 1‘)
o Tt \7)
eg(s) = /0 —Gm(s,x) dz.

Proof. In local coordinates,

t L) . 5,6\2 2
B = [ (@ 1) e,
0

where the dot denotes differentiation with respect to x. After the change of variables

x = ¢g°(y) we obtain

L(M)
s .5 s 2.4
E¥'(H) = / ((g’tog)2—l)gd:r
0

_ /OL(M) <(§_:)2 B 1)295 I

_ /0 o (222((2 ?) - 1)2@(3,;5) da.

T

It is easy to check that E**(H) = 0 and

d LMY G2(t, x) 1
L pst(HY = 4 A | .
dt (H) /0 (G%(s, ) ) G.(s, 1) Gt 7)o (t, ) d

Therefore, 4 E*'(H)|

s:Oand

t=

d? LMY G2 (s, x)
——E*(H)|,_, =8 T d.
Dl = [ s

Using the Taylor series expansion around the point ¢ = s for the function ¢t — E*'(H),

it is easy to see that

1 d?
er(s) = Sar > )!tzs
L(M) 2
— 4/ G:vt(‘sv‘r) diL‘
0 Gx(S,SL’)
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Lemma 4.3.14. If H is a smooth morph in M(M, N), then the infinitesimal defor-

mation enerqy ey (s) exists for all s € (0,1) and is given by

B (H)
Proof. 1t is easy to check that
EY(H) 1 d?
li = ——Fk"
= = sae? Wl
) G2 (s, )
= 4 T dp =
/0 G.(5.7) x=cepy(s)
O
Definition 4.3.15. The quantity
1 /1
AH) = 4_1/ ey (t)dt (4.39)
0

is called the total deformation energy of a morph H between manifolds M and N.

Remark 4.3.16. If GG is the arc length local representation of H, then

(M) 2
// G ” d dt. (4.40)

Example 4.3.17. Let M and N be regular simple closed curves such that L(M) =
L(N). We will construct a minimizer of the deformation energy A in the admissible
set M(M, N).

Let F' be a morph between the curves M and N. Such a morph exists (see [16]).
We will rescale F' so that the lengths of the intermediate curves remain constant.
Define the morph H(t,z) = A(t)F(t,x). Using the notation W' = F(¢, M) and

M"' = H(t, M), we find that the length of the intermediate curve M" is

L(M') = A(t)L(W").

Hence, we set \(t) = LL((Wt so that L(M?") = L(M) for all ¢ € [0, 1].
Fix the intermediate curves M* and their arc length parametrizations ~* such that

7v4(0) = H(t,~7°(0)), and define the morph Q(¢,-) = ¢* = ' o (7°)~! (this definition is
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valid because L(M?*) = L(M)). The local representation of the functions ¢* = Q(t, -)
is the identity. Hence, A(Q) = 0. On the other hand, A(Y) > 0 for all morphs Y
between the curves M and N, which follows from remark 4.3.11. We conclude that

() minimizes the functional A over the admissible set M(M, N) as required.

Definition 4.3.18. A morph H between manifolds M and N is called orientation
preserving (orientation reversing) if the maps h' = H(t,-) are orientation preserving
(orientation reversing) for all ¢ € [0,1] (see definition 2.9.5). We denote the set

of all orientation preserving (orientation reversing) morphs between M and N by

M*H(M,N) (M~ (M, N)).

Remark 4.3.19. For a morph H € M(M, N), all the diffeomorphisms h* : M — M*
are either orientation preserving or orientation reversing. Therefore, every morph

H € M(M,N) is either orientation preserving or orientation reversing.

Lemma 4.3.20. For every orientation preserving morph Ht € M™*(M,N) there
exists an orientation reversing morph H= € M™(M, N) with the same intermediate

states such that A(H™) = A(H™) and vice versa.

Proof. Let Ht € M™*(M,N) with the arc length local representation G*(t,z) =
(7)o H*(t,7°(x)) for all t € [0,1] and = € (0, L(M)) (see definition 4.3.12). Let
Y (x) = y(L(M") — z) for all x € (0, L(M?")). Define H™(t,p) = 7' o (')t o H*(t, p)
for all p € M and t € [0,1]. Let us construct the arc length local representation of
H~. Tt is easy to see that for each t € [0,1] the function 4* : (0, L(M")) — M" is the
arc length parametrization of M that induces the same orientation on M* as H™(t,-)
and satisfies 4(0) = H~(¢,7°(0)). Therefore, the arc length local representation of
H~ is given by G~ (t,z) = (3*)"' o H (t,7%(z)) = G*(t,z) for all t € [0,1] and

x € (0, L(M)). The statement of the lemma follows from formula (4.40). O

Definition 4.3.21. Let M and N be regular simple closed curves in R? such that

L(M) < L(N). A morph H between M and N satisfying the property L(M?) <
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L(M?") for all s,t € [0,1] such that s <t is called a directional morph. A directional
morph H is called directional pairwise minimal if the function h®' : M* — M!
minimizes the functional ®*' over the admissible set Diff (M*, M") for all s,t € [0, 1]

such that s <t. We denote the set of all directional pairwise minimal morphs between

M and N by PMy(M,N).

For curves M and N such that L(M) < L(N), consider the problem of minimiza-

tion of the total deformation energy A(H) over the class
Q = {H € M(M,N): H is an orientation preserving directional morph}.

Definition 4.3.22. A morph H € Q is called directional deformation minimal if it

minimizes the total deformation functional A over the admissible class O.

Lemma 4.3.23. Let M and N be regular simple closed curves such that L(M) <

L(N). There exists a directional pairwise minimal morph H € Q between M and N.

Proof. Let H be a morph between M and N with the intermediate curves W' and
the arc length local parametrization G(t,z) = (v*)™ o H(t,~°(z)), where t € [0, 1]
and x € (0, L(M)). Without loss of generality, H is orientation preserving. Indeed,
by remark 4.3.19, H is either orientation preserving or orientation reversing. In the
latter case, there exists an orientation preserving morph H* between M and N by
lemma 4.3.20.

We will rescale H in order to obtain a directional morph. Consider the morph
F(t,p) = Mt)H(t,p) for (t,p) € [0,1] x M with intermediate states M* = F (¢, M)
and denote ¢(t) = L(W"). Because L(M") = A(t)¢(t), we wish to find a smooth
function A : [0,1] — Ry such that A(0) = A(1) = 1 and

d d
LMY ==
(M) =~

. (AB(t) > 0

for all t € (0,1). Let £ : [0,1] — Ry be a smooth nonnegative function such that
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fol &(s)ds = L(N) — L(M). It is easy to check that the function

At) = ﬁ(ﬁ £(s) ds+L(M)+/02§(s) ds)

satisfies the required conditions. Therefore, the morph F = AH is a directional
orientation preserving morph.

We fix the intermediate states M* = F(t, M) and construct another directional
orientation preserving morph Y € O, which is directional pairwise minimal. Define
LL((AA%):L' for all z € (0, L(M)), where t € [0, 1]. We set

Y (t,p) = &fozlo(€9) !, where £ : (0, L(M)) — M" are the arc length parametrizations

the family of functions 2!(z) =

of the intermediate curves M associated with the arc length local representation of

F (see definition 4.3.12). Recall that y* = Y(¢,-), and notice that the transition

s

functions y*! =y’ o (y*)~! : M* — M" of the morph Y have the local representation

#a) = () oy 0l = 2o () (@) = Lrp®

for all x € (0, L(M?®)). Because F is a directional morph, the inequality L(M?®) <
L(M?") holds for all s,¢ € [0, 1] such that s < ¢. By corollary 4.3.4, each function y**
minimizes the deformation energy functional ®*! over the set Diff (M*, M), where
s,t € [0,1] are such that s < t. Therefore, the morph Y is directional pairwise

minimal. O

Recall that f € Diff(M, N) is deformation minimal if f minimizes the deformation

energy functional ® over the admissible set Diff (M, N).

Lemma 4.3.24. Let M,N and S be reqular smooth simple closed curves in R? such
that their arc lengths satisfy the inequality L(M) < L(N) < L(S). If the functions
f:M — Nandg: N — S are deformation minimal, so is the function gof : M — S.

Proof. The proof follows immediately from corollary 4.3.4. m
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Theorem 4.3.25. For every morph H € Q there exists a directional pairwise minimal
morph F € QN PMy(M,N) with the same intermediate states such that A(F) <
A(H).

Proof. Let H € Q. By the proof of lemma 4.3.23, there exists a morph F' € QN
PMy(M, N) with the same intermediate states. Therefore, E5'(H) > E*!(F) for all

s,t € [0, 1] such that s < ¢, which implies the inequality

EsY(H ESYF
lim ( )> li (F)

s—t— (8 — t)2 T os—t— (S — t)2
for all t € (0,1]. Hence, ey (t) > ep(t) for all t € (0,1}, and, consequently, A(H) >

A(F) as required. O
Corollary 4.3.26. The following statements hold.
(2) iIlfHEQ A(H) Z ianeQﬂPMd(M,N) A(F),

(i1) If F minimizes the total deformation functional A over the class QNP My(M, N)
of all orientation preserving directional pairwise minimal morphs, then F is de-

formation minimal, i.e. I minimizes A in the admissible set Q.

Lemma 4.3.27. If H € QO is directional pairwise minimal, then
P(GLMY))?
ANH)= [ 4 —— " qt. 4.41
1) = [ M (4.41)
Proof. If H € Q is directional pairwise minimal, then its arc length local represen-

tation G(t,z) = ];:((AA/‘Z))JZ for all ¢t € [0,1] and x € [0, L(M")]. Formula (4.41) follows

from equation (4.40). O

Lemma 4.3.28. Consider the functional

1 72
J(¢):/O %dt

defined on the admissible set

W= {¢ € C=([0,1],R4) : $(0) = L(M),6(1) = L(N), ¢ > 0}.
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The functional J attains its minimum at the constant function

é(t) = L(M) (4.42)

<=

=

=
I

L(N) and at

2
o(t) = [(\/VOI(M) — J/Vol(N))t — \/Vol(M)} (4.43)

whenever L(M) < L(N).

Proof. The proof is identical to the proof of lemma 3.2.10. O

Theorem 4.3.29. Let M and N be smooth simple closed curves in R? such that

L(M) < L(N). There ezists a minimal morph between M and N in the class Q.

Proof. By corollary 4.3.26, it suffices to minimize A over the set @ N PMy(M, N).

By lemma 4.3.27,

P (GL(M))?
A(H) = /0 e

For directional pairwise minimal morphs, the functional A depends only on the length
of the intermediate states.
Let H € Q be a pairwise minimal morph between M and N. Such a morph exists

by lemma 4.3.23. Let

(1)

P2 = T oy

H(t,p),

where ¢ minimizes the functional J defined in lemma 4.3.28. The length of the
intermediate states F'(t, M) coincides with the minimum ¢ of the functional J over

the admissible set WW. Hence, F' is deformation minimal. O

4.4 Minimal Deformation Bending of Two-Dimensional
Spheres; Holomorphic Critical Points

In this section we specialize to the manifolds M = S* and N = hz(S?) =: RS? for

some R > 0, where S? is the unit 2-dimensional sphere in R3, and hp is the radial
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map defined by hr(y) = Ry for all y € R3. As usual, the manifolds M and N are
equipped with Riemannian metrics gy, and gy respectively induced by the Euclidean
metric dr? + dz3 + dzi of R? (see example 2.8.3).

The manifolds M and N are Riemann surfaces (see section 2.12). Let us parametrize
the spheres S? and R S? on the extended complex plane C = CUx using stereographic

projections. For (y1,v9,y3) € S?, the stereographic projection is given by the expres-

— Yitiye

sion 7r(y17 Y2, yg) 1—ys °

We will show that maps of the form h = f o hg|y, where f is an isometry on N,
minimize the functional ® in the class of all holomorphic diffeomorphisms between
M and N. As we have seen in corollary 4.2.5, maps of this form are critical points of

® with the domain Diff (M, N).

The parametrization ¢ : C — S is given by

2 2 —14+ w2+ 02\ "
u v +u +v)’ (4.44)

outiv) = (1+u2—|—z}2’1+u2+v2’ 14 u2 4 v?

and the parametrization ¢ : C — RS2 of RS? is given by ¢g(u + iv) = Ro(u + ).

In these coordinates, the Riemannian metrics gp; and gy are defined by

and
_ 4R? _

Let h € Diff(M, N) be a holomorphic map. The local representation (¢z) 'ohog :
C — C of h, which (by an abuse of notation) we shall denote by the same letter, is a
holomorphic diffeomorphism of the extended complex plane onto itself. We conclude
that h(z) has the form h(z) = M(z), where M(z) = %:[2 is a Mobius transformation
and a,b,c,d € C are such that ad — bc # 0. For such an h, it is easy to derive the
formula
4R?|bc — ad|?

hgn(z,2z) = dzdz. (4.47
vz 2) (]az+b]2+\cz+d|2)2 )
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Hence, the problem of minimization of the deformation energy functional ® defined
in display (1.1) over all holomorphic diffeomorphisms from S? to RS? reduces to the

problem of minimization of the function

21 e — |2 1 2
U(a,b,c,d) :/ ( Ribe —adf ___ _ 2) (14 |2[?)? dudv, (4.48)
Rz N(Jaz + 02 4 ez +d2)°  (1+]2)

A

where z = u + v, over the group Aut(C) = PGL(2,C). Recall that the elements of
the projective general linear group PGL(2,C) are the equivalence classes [a, b, ¢, d],
where ad — bc # 0 and (da/, V', ¢, d') € |a,b,c,d] if (a',0,c,d") = A a,b,c,d) for some
A € C\{0}.

Recall that the group of all isometries of the Riemann sphere is the projective uni-
tary group PU(2, C); that is, every isometry f of (S?, gas) has the local representation
(via stereographic projection)

az —C

f(z) =

cz+a’

where a, ¢ € C are such that |a]* + |c[* = 1.

The functional @ is invariant with respect to left compositions with isometries; that
is, ®(f o h) = ®(h) for every isometry f € Diff(N) and h € Diff(M, N). Therefore,
the reduced function ¥ is well-defined on the quotient of PGL(2,C) by PU(2,C),

which is the set of all equivalence classes

[ 2 (2 )emac) o

We note that the equivalence class

Lo 1]

consists of all the isometries of the unit sphere (S?, gas).

Theorem 4.4.1. (i) Let hg : R® — R? be the radial map given by hr(p) = Rp
for some number R > 0. If M = S? is the 2-dimensional unit sphere isometrically

embedded into R® and N = hp(M), then h := f o hg|y is a global minimum of the
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functional ®, restricted to the admissible set HD(M, N), whenever f is an isometry
of N.

(ii) Let M and N be compact Riemann surfaces. If HD(M, N) is not empty and
the genus of M is at least two, then there exists a minimizer of the functional ® in

HD(M, N).

Statement (ii) of theorem 4.4.1 follows immediately from Hurwitz’s automorphisms
theorem: The group of automorphisms of a compact Riemann surface of genus greater
than one is finite (see [34]).

Statement (i) is equivalent to the following result.

Theorem 4.4.2. The equivalence class of the isometries of (S% gnr) is the unique

minimizer of the function ¥ defined on the homogeneous space

PGL(2,C)/ PU(2,C); that is,
o[ 81) ([ 2])

HZL ZH € PGL(2,C)/PU(2,C).

Proof. The function ¥ is well-defined on the homogeneous space PGL(2)/PU(2).
Thus, all values of ¥ are obtained by choosing its domain to consist of one represen-
tative from each equivalence class.

We claim that each equivalence class

o
v 0
has a representative of the form
10
z r )’
for some z € C and r € Ry.
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To prove the claim, note that (without loss of generality) we may assume the
determinant of the given representative is unity; that is, ad — fy = 1. We wish to

prove the existence of a,c € C so that

(0 D-()) o

for some z € C and r € R;. In other words, it suffices to solve the system of linear

equations
ac —cy =1, (4.52)
af —¢d = 0. '

In view of the equation ad — By = 1, it follows that @ = 6 and ¢ = 3. By substitution
of a and ¢ into equation (4.51), we find that z = Ba + 6y and r = |B|? + |6]?. This
proves the claim.

By the claim, it suffices to consider the value of ¥ only at points of the form
(1,0,q¢™,r), where ¢ € R, r € Ry, and ¢ € [0,27). Thus, the theorem is an
immediate consequence of the following proposition.

The function ¥ : R x [0,27] x R, — R given by
U(g,9,r) = (1,0,9¢™,r) (4.53)

attains its global minimum on the set of points (0,1, 1).

To prove this result, let us first calculate the integral that represents the function
v,

After passing to polar coordinates (u = pcos ¢ and v = psin @), we represent ¥ in

the form

B B oo p2m RQ,,,.Q 1 2 9vo
bavn) = [ | [ermataray ~ @) O+ # oo

where £ = p? + p*¢® + r? and n = 2pqr. Since the integrand is periodic with respect

to ¢ and we are integrating over one period, ¥(q, v, r) does not depend on 1; that is,

B B oo P2 R27”2 1 2 o9
qj(q’¢’r>_/0/o [(§+UCOS¢) (1+p2>2] (14 p°)"p dodp.

S —
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The inner integral of the equivalent iterated integral is

27 R27'2 1 2 9vo
ko' = [ [iepentay ~ @) 0+ ATpas

4 4 o 1
- [P””/o €+ neos(@))

B 5 o 1 2 1
2Ty / €+ meos@)?

1 2\2
+ 2wm]p(1 + p)~. (4.54)

Taking into account the inequalities £ > |n| and 1 > 0, the integrals in the previous

expression are elementary; their values are given by

2m 1 2mé
do — — "5
/o €t neos(@) 0 = @y

and

/2” Ly mERE T 37
o (E4mncos(d))! (& —m)7>

By substitution into equation (4.54), we find that
Vavr) = [ Ki)ds (4.59
0

R4
_ 7r—27rR2+7;?(1+q2+(7“—1)7")(1+q2+r+7"2).

The minimum of the function F(q,r) = ¥(q,%,r) on R xR, is easily determined.

Indeed, (0, 1) is the only critical point of F'. Also, the Hessian of F' is

A R* (1432 +r?) 8 R*q(1+4?)
2 - 373
DQF — 3r T
(q’ T) _ 87RYq(1+4?) 27 R*(34-6¢%+3¢*+r)
3rs 3rt

We note that 0*F(q,r)/0q¢* and the determinant of the Hessian

812 R8
976

det (D*F(q,7)) = B+ +3r +rt + 7+ ¢*(5+3r?) + (7T +6r* + 3r?))

are both positive by inspection. By Sylvester’s criterion, the Hessian is positive
definite over the entire domain of F'; therefore, F' is convex. If follows that (0, 1) is

the unique global minimizer of F'. The minimum of F' is

F(0,1) = m(R* — 1)~
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Clearly, points of the form (0,4, 1) are the global minima of ¥ on its domain

R x [0,27] x R;. O
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Chapter 5

MINIMAL MORPHS INDUCED
BY TIME-DEPENDENT
VECTOR FIELDS

As before, let M and N be compact and orientable smooth Riemannian n-manifolds
isometrically embedded into R"™!. Recall that a morph between M and N is an
isotopy between them together with the set of all intermediate manifolds equipped
with the Riemannian metrics inherited from R"*!. Every morph or diffeomorphism
between isotopic manifolds produces distortion via stretching and bending.

In the previous chapters we considered distortion energy functionals defined on the
infinite dimensional manifolds Diff(M, N) or M(M, N). In this chapter, we define
distortion energy functionals on time-dependent vector fields, which generate morphs
and diffeomorphisms between the manifolds M and N via evolution equations. This
approach allows us to treat optimization problems on linear spaces.

Let © C R™! be an open set containing the manifolds M and N. We define
functionals £ and £ that measure the distortion of diffeomorphisms and morphs
respectively generated by time-dependent vector fields v : © x [0,1] — R"™! via the
evolution equation dg/dt = v(q,t) and prove the existence of minimizers of F and £ in
an admissible set A% of time-dependent vector fields, which is a subset of the closed
ball of radius P in the Hilbert space H* of all L? functions from [0, 1] to the Sobolev

space W[f” ’Q(Q; R"™™), where k£ € N. We also analyze in detail a concrete example of a
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minimal morph for the case of circles embedded in the plane.

5.1 Bending and Morphing via Time-Dependent
Vector Fields in R""!

Given a smooth oriented n-manifold S (perhaps with boundary) isometrically embed-
ded into R"*!, we let gg, wg, and Iy denote the Riemannian metric, volume form,
and second fundamental form on S associated with this embedding. Also, we let Int .S
(respectively, 05) denote the interior (respectively, the boundary) of the manifold S.

The definition 5.1.1 of a morph between two embedded manifolds is easily gener-

alized to the case of manifolds with boundary.

Definition 5.1.1. Let M and N be isotopic compact connected smooth n-manifolds
(perhaps with boundary) embedded in R™"*! such that M is oriented. A C*° isotopy
F: M x[0,1] — R""! together with all the intermediate manifolds M* := F(M, ),
equipped with the orientations induced by the maps f* = F(-,¢) : M — M" and the
Riemannian metrics g; inherited from R™"! is called a (smooth) morph from M to

N.

Recall that we denote the set of all smooth (respectively, C") diffeomorphisms
between manifolds M and N by Diff(M, N) (respectively, Dift"(M, N)). Similarly,
we denote the set of all smooth morphs between M and N by M(M,N). If F
is an isotopy, then each map F(-,t) : M — M?" induces smooth diffeomorphisms
Int F(-,¢) : Int M — Int M* and OF(-,t) : 9M — OM" by restriction.

In addition, we consider morphs between manifolds M and N with different reg-
ularity properties. For example, we let M"™*°(M, N) denote the set of all continuous
isotopies F' : M x [0,1] — R"*! between M and N such that for each p € M the
map t — F(p,t) is absolutely continuous on [0, 1] and for each ¢ € [0, 1] the func-
tion p — F(p,t) is a C" diffeomorphism from M onto its image. As in the case of

smooth morphs, the diffecomorphism F(-,¢) : M — M" induces an orientation on the
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intermediate manifold M?.

There are several choices for cost functionals that measure the distortion of a
diffeomorphism h € Diff (M, N) or a morph F € M(M, N).

A complete theory of the existence of minimizers of cost functionals that measure
distortion of diffeomorphisms and morphs due to change of volume is presented in
chapter 3. In this case, the value of the distortion energy functional at a diffeomor-
phism h : M — N is defined to be the square of the infinitesimal relative change of
volume [J(h)| — 1 produced by h integrated over the manifold M, where J(h) is the
Jacobian determinant of h. This functional does not take into account the distortion
of shape produced by h, which is captured by functionals (1.1) and (5.1), where the
fiber metric || - || on the bundle of all tensor fields of type (0, 2) is induced by the fiber
inner product g}, ® g3, (see section 4.1 and [24]).

The general problem of the existence of minimizers of ® is open. The special
case where M and N are one-dimensional is studied in chapter 4 where, among
other results, the functional ® is shown to have no minimizer in case M and N are
circles with the radius of N smaller than the radius of M. Thus, a solution of the
general problem must take into account at least some global properties of the metric
structures of the manifolds M and N. On the other hand, we proved the existence
of minimizers in case M and N are Riemann spheres or compact Riemann surfaces
of genus greater than one and the admissible set is HD(M, N) = {h € Diff(M, N) :
h is a holomorphic map}, see theorem 4.4.1 in section 4.4.

If we wish to match, in addition to the Riemannian metrics, the embeddings of
the manifolds M and N (to avoid, for example, zero distortion energy maps between
a square and a round cylinder in R?), we arrive at the problem of minimization of

the functional

AR = [ gy = gurlP s + [ 0y = Dol s 6.)
M M
over the space of diffeomorphisms between M and N, where I}, and Iy are the
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Figure 5.1: The time-dependent vector field v : 2x [0, 1] — R"*! generates the morph
F"(p,t), which is the solution of the initial value problem dq/dt = v(q,t), q(0) = p.

second fundamental forms on the manifolds M and N.

One of the difficulties encountered in attempts to minimize ® over Diff (M, N)
is the lack of a complete understanding of the structure of this infinite-dimensional
space. The natural new approach is to linearize; that is, replace Diff (M, N) with a
subset of a linear function space. Using this approach, which already appears in the
literature on image deformation (see [9, 11, 17, 39]), we define our distortion energy
functionals on time-dependent vector fields that generate morphs (see Fig. 5.1).

Let us denote the Euclidean norm of an element A € R™ by |A| or by |A|gm.
Let Q C R™™ be an open ball containing the manifolds M and N, C°(Q;R"*)
the space of all smooth functions from  to R"*! with compact support, and V¥ :=
W2 (Q; R™*1) the closure of C2°(Q; R"*!) in the Sobolev space W*2(Q; R"t1) (see [15]).

The space V* is a Hilbert space with the inner product

n+1
(o= Y [ DfD*gds,
=1 a,|a|<k &
where f = (f1,..., fus1) : @ = R o = (ai,...,a,q1) is a multi-index with non-

negative integer components, |a| = a;+...4api1, and D f; = 0ol f, /02t .. Oz,
is the corresponding weak partial derivative of f;. We choose £ € N large enough
so that the Sobolev space Wi?(Q) is embedded into C"(Q) and r > 1. By the
Sobolev Embedding Theorem (see theorem 2.15.6 and [2, 15]), it suffices to choose

k>(n+1)/2+7+1.

95



Consider time-dependent vector fields v : Q x [0,1] — R"™! on Q2 that belong to

the Hilbert space
H* = L*(0,1; V%) (5.2)

(see Fig. 5.1). By an abuse of notation, we will sometimes write v(z,t) = v(t)(z) for
v € HF and (x,t) € 2 x [0,1]. A time-dependent vector field v :  x [0, 1] — R**!
belongs to the Hilbert space H” if its norm ||v]|sp = (fol [v(-, £)||2 dt)z is finite. The

inner product on H* is defined by

(v, W) pr :/0 (v(-,t),w(-, )y dt.

Every vector field v € H* generates a morph F¥ : M x [0,1] — R from M to

FY(M,1) via the evolution equation

dq _
dt

v(g,t). (5.3)
More precisely, let n”(¢;ty, ) be the evolution operator of equation (5.3); that is,
for every to € [0,1] and x € Q the function ¢ — n°(¢;tg, z) solves equation (5.3)
and satisfies the initial condition 7"(tg;to,2) = x. The morph F" is defined by
F¥(p,t) = n*(t;0,p) for all (p,t) € M x [0,1]. By the properties of the evolution
operator 7, which have been studied in [11] and [40], the morph F"(p,t) is of class
M™2(M,FY(M, 1)) (see lemmas 5.4.1 and 5.4.2). The time-one map of the evolution
operator 1" is defined to be ¢*(z) := n"(1;0, z) for all z € €2, and we define ¥ = ¢"| ;.

Let A% be the admissible set of all time-dependent vector fields in H* that generate

morphs between the manifolds M and N and are bounded by a uniform positive

constant P. In symbols,
Ak, = {v e HF - ¥ € Diff" (M, N) and ||v|j;» < P}. (5.4)

We will prove that for P sufficiently large, the admissible set A% is nonempty and

A% is weakly closed in H* (see lemma 5.2.10).
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Recall that 77,(M) denotes the set of all continuous tensor fields on M con-
travariant of order r and covariant of order s (also called type (r,s)). For a tensor
field 75y € T7°(N) and a diffeomorphism h : M — N, h*ry denotes the pull-back of
T~ to M.

For each t € [0,1] and v € A%, the manifold Mv' := FY(M,t) is called an
intermediate state of the morph F" between manifolds M and N generated by the
time-dependent vector field v. We endow this intermediate state with the Riemannian
metric ¢g¢ inherited from its embedding in R"*! and let I} denote the corresponding

second fundamental form.

Definition 5.1.2. Let B; and B, be nonnegative real numbers, F¥ the morph, and
¢’ the time-one map generated by the time-dependent vector field v € A% C H* via
the evolution equation (5.3). Recall that ¢" := ¢"|y;. The bending distortion energy

of vis
E(w) = B(v:B1.By) = B, / 16 g — gutl[Peons
M
+Ba [ 10 Iy = TP
M

and the morphing distortion energy of v is
1
EW =i BLB) = By [ [ P75~ gl wd
0 Jm

1
‘l‘BQ/ / |’FU(~,t)*EZ)—][M”2det,
0 M

where || - || is the fiber norm on the tensor bundle 7% (M) generated by the fiber inner
product g3, ® gi,. (Note: We will use the same notation for the fiber norm on the

tensor bundle 7% (M) generated by the inner product ®3_,g%,.)

We will prove that the functionals £ and £ have minimizers in A%.
Theorem 5.1.3. (i) If P > 0 and k € N are sufficiently large, then each of the
functionals E : A% — Ry and € : A% — Ry has a minimizer in the admissible set

AL,
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The detailed conditions on the constants P and k are formulated in theorem 5.2.12.

We note that each diffeomorphism ¥" : M — N generated by a time-dependent
vector field v € A% is isotopic, as a map from M to R"*! to the inclusion map
i : M — R™! via the isotopy F* € M"*(M,N). To minimize the distortion
energy of diffeomorphisms from other isotopy classes, we replace the map " in the
definition of the functional F by the diffeomorphism ¢" o ¢ : M — N, where ¢
is a fixed diffeomorphism on M. The existence of minimizers of the functional F
with the above adjustment guarantees the existence of minimizers of the functionals
® and A defined in displays (1.1) and (5.1) in a restricted admissible set of all C?
diffeomorphisms between the manifolds M and N, which, considered as maps from

M to R™! are isotopic to a given map ¢ : M — R+,

Theorem 5.1.4. If P > 0 and k € N are sufficiently large, then for every ¢ €
Diff (M) both functionals ® and A defined in displays (1.1) and (5.1) respectively

have minimizers in the admissible set

B?(b .= {h € Diff*(M,N) : h = 4" 0 ¢ for some v € A%}

In section 5.3 we construct an example of a minimal distortion diffeomorphism
and morph between the unit circle S* and the circle S}, with radius R > 1, in R

While the construction of a minimizer of the functional E does not cause significant
difficulties, finding a minimizer of the functional £ is a much more intricate process.
Even after we restrict our attention to the family of morphs whose intermediate states
are concentric circles, finding a minimal distortion morph requires delicate analysis,
which is done in section 5.3.

To find a morph H(p,t) = ¥ (t)p with ¢ € Q := {¢ € C*(0,1) N C[0,1] : $(0) =
1, (1) = R, and ¢ is increasing}, which has minimal distortion among the morphs

F € M3*(M, N) whose intermediate states are circles with increasing radii, we solve
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the optimization problem

minimize J(¢) = [, (¥* — 1)2dt + [ (¢ — 1) dt
for ¢ € Q4 , (5.5)
subject to fol <%) dt < A,

where A > 0. The inequality constraint in optimization problem (5.5) is derived from
the requirement that the vector fields on the set Q C R? generated by the morph H
must be bounded by a uniform constant.

More precisely, let Q be the open ball in R? of radius R + 2 and let p : R? — R?
be a bump function such that p = 1 on the open ball B(0, R+ 1), p = 0 on Q°, and
0<p<L

Given P > 0, define

A(P) := ||pidg H;VQS’Q(Q;R?)PQ'

Theorem 5.1.5. If the constant A = A(P) > log® R, then there exists a unique
minimal distortion morph H(p,t) = ¥ (t)p, where 1 € Q, between the unit circle S*
and the circle of radius R > 1 in R?, among all the morphs F € M3>2(M,N) of the

form
F(p,t) = o(t)p, ¢ € Q4
that generate the time-dependent vector field

S

v(z,t) o0

p(x)z, (z,t) € Qx][0,1]

such that ||v]jxs < P.
Moreover, the radial function ¢ € Q. of the distortion minimal morph H is the

unique solution of the optimization problem (5.5) and solves the initial value problem

{ R VR = EEm O VA
$(0) =1,

where the pair of positive constants A and p is the unique solution of the system of

(5.6)

equations

i ds 1
/1 5\/M+(S2—1)2+(s—1)2:ﬁ (5.7)
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and

S

1 [P y/u+(s2—1)2+ (s —1)2 _
ﬁ/1 ds = A. (5.8)

5.2 Existence of Time-Dependent Vector Fields
that Generate Minimal Distortion
Diffeomorphisms and Morphs

In this section we prove theorem 5.1.3.

We will show that the admissible set A% is nonempty if P is sufficiently large.

Lemma 5.2.1. Let M and N be manifolds as in definition 5.1.1. Let F be a smooth
morph between the manifolds M and N and assume that Q C R™! is an open ball in
R™ containing the image F(M x [0,1]) of the morph F. There exists Py > 0 such

that the admissible set A%, is nonempty whenever P > Py and k > ”T“ + 2.

Proof. The morph F € M(M, N) defines the R"*! valued function

o) = SR 017 0),0)
on the compact subset Q = {(F(x,t),t) : (z,t) € M x [0,1]} of R*™™ x R.

We will extend the function v to a smooth vector field w € H* such that (M) =
N.

First, notice that the smooth map G : M x [0,1] — R™™! x R defined by G(x,t) =
(F(x,t),t) is a proper map (M x [0, 1] is compact) and an injective immersion, hence
an embedding (see [1]). Therefore, @ = G(M x [0,1]) is a submanifold (with bound-
ary) of R™ x R (see [19]).

Next, notice that the map G : Q — M x|[0, 1] defined by G4 (y,t) = ([F(-,1)] " (y),t)
is the inverse of G. Because G is an immersion, hence a local diffeomorphism, the
map G, is smooth. Therefore, the map v : Q — R™™! is smooth because it is the

composition of two smooth maps Gy : Q — M x [0,1] and 2£ : M x [0,1] — R"*.
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The smooth function v : Q@ — R™! can be extended locally. That is, for every
(y,t) € Q there exists an open set U C R™™ x R such that (y,¢) € U and a smooth
function v; : U — R™! such that vi|yng = v|vng. This local extension property
follows from a more general fact about smooth functions defined on submanifolds:
Let S be an s-dimensional smooth submanifold (perhaps with boundary) of R™ and
let f:S — R be a smooth function. Then for every x € S there exists an open set
W C R™ containing = and a smooth function f; : W — R such that f|wns = filwns-
It is easy to construct a local extension of the function f using submanifold charts
on S and the definition of a smooth function whose domain is a submanifold with
boundary. The details are left to the reader.

Therefore, the function v : ) — R"*! satisfies the conditions of the smooth Tietze
extension theorem (see [1]) and can be extended from the closed set Q@ C R"™! x R
by a smooth map v : R**! x R — R"*!,

Finally, define w(x,t) = p(x)v(z,t), where p : R"™ — R is a smooth bump

function such that p =1 on @ and p =0 on IS, and set Py := ||w)|| 3. O

From now on, we assume that the open set Q in R"*! is chosen as in the last
lemma and the constant P > 0 is large enough so that the set A% is not empty; the
number k of weak derivatives satisfies the inequality £ > (n 4+ 1)/2 + r + 1, where
r > 1.

For each v € A%, the time-one map ¢* : M — N transforms the interior (respec-
tively, the boundary) of the manifold M to the interior (respectively, the boundary)
of the manifold N. The existence and the convergence properties of the evolution op-
erators generated by vector fields v € H* via the evolution equation (5.3) have been
studied in [11, 40]. For convenience of the reader, we state some of these properties
(which will be useful in our proofs) in Appendix 5.4.

Every time-dependent vector field v € A% C H* generates a morph F between

the manifolds M and N of class M™2¢(M, N).
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Let us recall the distortion energy functionals F : H* — R, and &€ : H* — R,
(see definition 5.1.2).

One of the main ingredients in the proof of theorem 5.1.3 is the weak continuity of
the functionals £ and £. We will prove the weak continuity of more general auxiliary
functionals, where the tensor fields 1), and 7y in the following definition will later be
replaced by the first and the second fundamental forms on the manifolds M and N

respectively.

Definition 5.2.2. Let M and N be manifolds as in definition 5.1.1. For given con-

tinuous tensor fields 75, and 7y of type (0, s) on M and N respectively, the functional

J: Ak, — R, is defined by

J(v) = /M 1) 7y — rarl2

Let v € A be a time-dependent vector field that generates a morph F* € M"™*¢(M, N)
from the manifold M to N. Recall that the intermediate state at the time ¢t € [0, 1]
of the morph F" is denoted by M"“!. The Riemannian metric and the second funda-
mental form on M, which are associated with the embedding of M?! into R*™!, are
denoted by g¥ and I’ respectively. The functionals I; : A% — R, and I, : A — R,

are given by

L(v) = / /M V(1) g — gaa? war dt (5.9)

and

1
12(0)_/ / |F () I — Doy wns dt. (5.10)
0 M

Definition 5.2.3. Let X be an n-dimensional vector space equipped with the inner

product gx. Let T°,(X) = ®;_,X*. For every v € X, we denote the norm of v

1/2

with respect to the inner product gx by |v|,, = gx(v,v)"/? and the unit sphere by

Sy ={v € X : |v]y, = 1}. Define the norm on 7% (X) by

HbHQX = frel‘%;i ’b<v1a cee 705)"
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Another norm on 7°(X) is defined by (see [24])

16]] = @519 (b)-
Let M(X) C T9(X) denote the metric space of all inner products on X with the
metric d(g, 9') = |9 = §'llgx-

Note that if {ej,...,e,} is an orthonormal basis of (X, gx), then

n

Bl =Y blen,... en) (5.11)

i1,eyis=1

Theorem 5.2.4. The function n: T(X) x M(X) — R defined by n(8,g) = |18, is

continuous on its domain.

To prove this intuitively obvious lemma, we use some auxiliary facts about the

space M(X) of all metrics on X.

Lemma 5.2.5. Let g € M(X) be a fixzed metric. There exists a positive constant
M(g) > 0 and a positive number 6 = 6(g) > 0 such that for every metric ¢ € M(X)
in the 6-neighborhood of g all the vectors v in the unit sphere Sy are bounded, in the

standard norm | - |4, by M(g).

Remark 5.2.6. It is tempting to question whether the last lemma holds for all § > 0.
To see that it is not so, consider this example.

Let g = gx and take ¢’ = eg, where € > 0. Every vector v € Sy has the standard
norm |v]y, = gx(v,v)"2 =1/y/e ¢'(v,v)"/? = 1//¢, which can be as large as desired

unless we impose the restriction |1 — | = ||¢' — gl < 1.

Proof. Let ¢ be a positive number to be chosen later and let ¢’ be a metric on X in
the d-neighborhood of g, i.e. ||g — ¢'[|gx < 0.
The standard norm of every vector v € Sy can be estimated as follows:
g, < llgxllglvlg
< oxlgllg = g'llgx 015, + llaxllg
< 5||gX||g|v|§X + [lgxllg-
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By choosing 0 < 1/(2||gx|ly), we obtain the inequality [v|> < 2|[gx||, for all
veX. O]

Lemma 5.2.7. Let g € M(X). Then for every ¢ > 0 there exists 6 = d(g) > 0 such

that for all vectors v € S, and metrics g € M(X) satisfying ||g' — gl|,x < 0 we have

< €.

}v —v/|v]y .

In other words, if ¢ € M(X) is in a sufficiently small neighborhood of g, then
every vector v in the unit sphere Sy is close, in the | - |;-norm, to the vector

v/|vlg € Sy

Proof. Fix ¢ > 0 and let v € S,. Without loss of generality, ¢ < 1. Let C(g) be a
positive constant such that ||n]], < C(g)||nll,y for all n € T2 (X).
Choose ¢ < ¢/(2C(g)) < 1/(2C(g)) and let ¢’ € M(X) be in the d-neighborhood

of g, ie. ||g —¢'||4x < 9. For every v € S; we have

HU|9’ - |U|g| < “U‘g’ - ‘Ulg‘ ||U|g’ + ‘U|g‘

= 1g'(v,v) = g(v, )]

€
< ' —glly <Cl9)d <3
and
[v|lg > |v]y —1/2=1/2.
Hence,
v v v o\1/2
v——»F = glv— —v— —
S P T
Vg — |V
ol = Pol] __
|v]g
as required. O

Lemma 5.2.8. Let g € M(X). Then for every ¢ > 0 there exists 6 = d(g) > 0 such
that for each ¢ € M(X) satisfying ||g' — gllgx < 6 and for every w € Sy we have

lw — w/|w|g|g <e.
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In other words, if ¢ € M(X) is in a small enough neighborhood of g, then every

vector w in the unit sphere Sy is close, in the | - |;-norm, to the vector w/|w|, € S,.

Proof. By lemma 5.2.5, there exists M(g) > 0 and 6; = d;(g) > 0 such that for each
g € M(X) satisfying ||g — ¢'[|,x < 01 for all w € S/, we have |wl|,, < M(g).
Fix € > 0 and choose § < min{e/M(g)?,d6,;}. Let ¢’ € M(X) be such that ||g —

J'll4x < ¢ and take w € Sy.

Then
w—1/|wlgw|, = [lwly —wll
< wlz = Jwl2| < Slwl2, < 6M(g)* <e
as required. O

Proof of theorem 5.2.4

Proof. Fix (8,9) € T°s(X) x M(X) and € > 0. Let 6 < 1 be a positive number to be
specified later, and let (3, ¢') € T%(X) xM(X) be such that [|3—|| g5 + 19— |l g5 <
J.

Let C(g) and K (g) be positive constants such that ||a||, < C(g)||c|4y and |alg <
K(g)||all, for all o € T4(X).

Then

118l = 151l

< [18llg = 18lls] + 18y = 118 ll¢

< C@3+ 180, — 18y

We will estimate the expression |||, — |||y
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Let vy,...,vs € S, be vectors such that ||3||, = |8'(v1, ..., vs)|. Then

”ﬁ/Hg = WI(Ul - U1/|Ul|g’ + U1/|Ul|g’v Vg, ... 77)5)’

IA

|6 (v — v1/]v1] g, vay - o 0s)]
+ B (vi/|vily, v = va/lvalg, ., vs))]
+ B/ il va/lvalys - vs = s/ sy
+ (18- (5.12)
By lemma 5.2.5 and the equivalence of the norms |- |, and |- |,, on X, there exist
M(g) > 1 and 6; = d1(g) > 0 such that |w|, < M(g) for all w € S, whenever § < d;.
In particular, v;/|v;|y < M(g) for all i € {1,...,s}.

Therefore, for all § < 1, inequality (5.12) implies

18 < 18y +181,M(g)*~ Z ‘Ui = vi/|vily g (5.13)
i=1
< N8Ny + C@IBllgx + DM (9)* "D for = vi/luily | - (5.14)

i=1

Let 03 = d2(g) > 0 be the ¢ from lemma 5.2.7 with e replaced by C'(g) " s (|| 8]l gx +

1)"*M(g)'~*c. Then for every § < min{di, d, 1}

187y <118y + €.

The inequality 5|l < ||5'|l;+¢€ is proved using a similar together with lemmas 5.2.8

and 5.2.5. OJ

For a C' Riemannian manifold (S, gs), let || - || be the fiber norm on the bundle of

all continuous tensor fields on S of type (0, s) generated by the fiber inner product

®;_195-

Lemma 5.2.9. If b is a continuous tensor field of type (0,s) on a C* Riemannian

n-manifold (S, gs), then the function

2 = [[0(2)]]gs(2) (5.15)
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is continuous on S. Moreover, the norms || - || and || - ||4s., are uniformly equivalent;

n fact,

1
ns/2

160 < 116(2)lgs(2) < [IB(2)] (5.16)
for allb € T°,(S) and z € S.

Proof. The continuity of the function defined in display (5.15) follows immediately
from theorem 5.2.4; and, the inequalities in display (5.16) can be easily derived from

the definitions of the norms || - || and || - ||44(») and formula (5.11). O

Recall that a sequence {v'}*, C H* converges weakly to v € H* (in symbols,
vt =) as | — oo if (v! —v,w) — 0 as | — oo for every w € H*. We call v the weak
limit of {v'}2,. A set @ C H" is sequentially weakly closed if it contains the weak

limit of every weakly convergent sequence {v'}*, C Q.

Lemma 5.2.10. (i) The admissible set A%, is sequentially weakly closed in H".

(ii) Let b be a continuous tensor field of type (0,s) on the manifold N; and, for every
w € A%, let ¥ denote the restriction to M of the time-one map of the evolution
equation dq/dt = w(q,t). If a sequence {v'}°, C A% converges weakly to v € A%, in

HE, then
tim [[(6)°b — (4B (po) = 0

for every po € M.

Proof. (i) Let {v'}°, C A% and suppose that v' converges weakly to some v € H* as
| — oco. We will show that v € A%,

By lemma 5.4.3, 0 (t; to, x) — n°(t;tg, ) as [ — oo (in the Euclidean norm) for
all t,to € [0,1] and x € Q. Thus, the time-one maps generated by v' and their
inverses converge pointwise: ¢¥ (z) — ¢°(z) and (¢")"1(z) — (¢*) " (x) as | — oo

for all z € Q. Because the manifolds M and N are compact, ¢"(M) C N and
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(¢*)"Y(N) C M. In view of these inclusions, the C" diffeomorphism ¢* of Q restricted
to M is a diffeomorphism, that is, YV = ¢"|y € Diff" (M, N).

By passing to the limit as [ — oo in the inequality |[v[|7,. < (v — ', v) + P||v]ls,
it follows that ||v||;x < P. Therefore v € A% as required.

(ii) For simplicity, let us assume that s = 2. Let (U, &) be a chart on M at py. It

suffices to show that
B' = (¢")"b(X,Y)(po) — (")"B(X,Y)(po) — 0 (5.17)

as [ — oo for all smooth vector fields X,Y on U.

Using the notation

¢ = ¢"(po),

q = ¢"(po),

Zl, = D¢" X o(¢") (),

Z, = D¢"X o (¢")\(y),

Q, = D¢"Yo(¢") ' (y), and

Qy = D¢"Yo(¢") ' (y)
for all y € N, the quantity B! in expression (5.17) is recast in the form

Bl = b(ql)(Z(lZz, Qél) - b(Q)(Zq> Qq)

= b(ql)(Zél, quz) - b(ql)(qua QQZ) (5.18)
+0(q")(Zy, QL) — () (Zy, Qq) (5.19)
+0(4)(Zy, Qq) = b(q)(Zy, Qy)- (5.20)

Using definition 5.2.3 and noting that the Riemannian metric gy is inherited from

R"™! we estimate difference (5.18) as follows:

b(q')(Zg: Q) — b(a')(Zyr, Q) < 10(q g1 Zgp = Zgp ln1 | Qs
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By lemma 5.4.3, |Zél — Zg|gntr — 0 as | — oo, and |qul|]Rn+1 is uniformly bounded
in [ € N. By lemma 5.2.9, there exists a constant C' > 0 such that [|b(¢")[|,y () < C
for all I € N. Therefore, difference (5.18) converges to zero as [ — oo. Similarly, it
can be shown that difference (5.19) converges to zero as [ — oo. Difference (5.20)
converges to zero as [ — oo because z — b(2)(Z,, Q) is a continuous function on U.

Hence, B! — 0 as | — oo. 0

We say that a functional I : H* — R is weakly continuous on H* if I(v!) — I(v)
whenever the sequence {v'}°, C ‘H¥ converges weakly to v in HF.
Recall that the inequality & > (n + 1)/2 4+ r + 1 guarantees the embedding of the

Sobolev space W2 (Q, R"1) into C"(Q, R™*), where r > 1.

Lemma 5.2.11. Assume that the constant P > 0 is large enough so that the set A%
1s not empty. Let the functionals J, I, I be defined as in definition 5.2.2.

(i) If k > (n+1)/2 + 3, then the functionals J : A% — R, and I, : A% — R are
weakly continuous.

(ii) If k > (n +1)/2 + 4, then the functional I : A% — R, is weakly continuous.

Proof. Let {v'}, C A% and suppose that v' converges weakly to some v € HF as
| — oo (in symbols v! — v € H*). By lemma 5.2.10, v € A% and J(v), ,(v), and
I,(v) are well-defined.
(i) We will show that lim; .. J(v') = J(v).

Let G := g}, ® g}i;. For tensor fields a,b € 7% (M) and every p € M, we have the

equality

llal*(p) = [I161*(p)] = |G(a+b,a = b)(p)| < [la + bl (p)l|a — bl (p)-
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By applying the Cauchy-Schwarz inequality, we obtain the inequality

I =T < [ 6"+ 00 = 267 = (7)o
: / (™Yo + @°) i — 27 lPeonr)
M
([ 16y = ) (5.1
M
By lemma 5.2.10,
lim | (¢") ry — (¢°) 7| (p) = 0 (5.22)

for all p € M.
Let K > 0 be the constant in display (5.49) of lemma 5.4.3. By lemma 5.2.9
and because the manifold N is compact, there exists a constant C' > 0 such that

175 (2)||gn(z) < C for all z € N. Using the equivalence of norms (5.16), we estimate

2 (") 7 (P) lgas 0
< 0 (@ (0l ot | D DI
< ns/2C'KS. (523)

1) 7l ()

IN

Using inequalities (5.21) and (5.23), limit (5.22), and the Dominated Convergence
Theorem, we conclude that J(v') — J(v) as | — oo.
Let us show that the functional I; is weakly continuous. By an estimate analogous

o (5.21), it suffices to prove the following statements.

(I) If pe M and ¢t € [0,1], then
fim IFY oty g = F (07 gt () =
(IT) There exists S; > 0 such that
IF7 (00 P(p) < S

for all pe M, ¢t € [0,1], and [ € N.

110



Because all the Riemannian metrics are inherited from R"*!, whose standard inner
product is denoted by (-, ), we have

i

FU( ) g (0)(X,Y) = FU(, ) gl (p)(X,Y) = (D, F"(p,t)X, D, F" (p,t)Y)
- <D:L“Fv(p7 t)X: DxFU(pa t)Y>,

forall p e M, X,Y € T,M, and t € [0,1], where D, denotes the derivative with
respect to the spatial variable. The right-hand side of this equation converges to zero
as | — oo by lemma 5.4.3. This completes the proof of statement (I).

By the same lemma and inequality (5.16), for every p € M we have

l

! * v ! * vl
1E () g/ | (p) nlE7 (1) g8 (D) gar )

n|DFY (p, 1))’

IA

IN

nk?.

IN

This inequality implies statement (II).
(ii) We will show the weak continuity of the functional I,. By an estimate analo-

gous to (5.21), it suffices to show two facts:

(III) If p € M and t € [0, 1], then

: vt * ot v * U
lim HF (at) Et - F (at) Et HQ(p) =0.

l—o0

(IV) There exists Sy > 0 such that
IF G I P (p) < S
forallpe M, t € [0,1] and [ € N.

We will first prove statement (IV).
Consider a morph F* generated by a time-dependent vector field w € A%. By
definition of morphs of class M"™*(M, N) in section ??, the orientation of each in-

termediate manifold M**, where t € [0,1], is induced by the C? diffeomorphism
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F(,t) : M — M"*'. Let N*(z) denote the unit normal to the manifold M** at
the point z € M**'. We assume that for every positively oriented basis {X;}"; of
T, M™t the set of vectors { X1, ..., X,, N¥!(2)} is positively oriented in R

For p € M, let (U, &) be a chart at p, choose two smooth vector fields X and Y on
U, and let v : [0,1] — U be a C* curve at p such that 4(0) = X,. It is evident that
the inner product

(NHE(4(5),1)), Do F"(7(5), )Yy () = 0 (5.24)
for every ¢, s € [0,1]. Let us recall that for every ¢ € [0,1] the function x — F*“*(z,t)
is defined for all z €  and denote its second derivative at z € Q by D2F(z,t). By
differentiating expression (5.24) with respect to s at s = 0, we obtain the equality

Fo ) TP (X0 V) = (Vi reguox N (F(p,1)), DaF(p,£)Y;)

= —WN"Y(F"(p, 1), DLF" (p,£)[ X, V), (5.25)
where V denotes the standard Riemannian connection on R"*1 (see [18]).
For every p € M, let W,,Q, € T, M be unit length vectors such that
'Ul * 'Ul ’Ul * 'Ul
E (O M (P)lgarwy = 1EY () A (p) (W, Q).

Using inequality (5.16) and equation (5.25), we have the estimates

IE oty I () <l F ) 1 (0) lgns
= alFY ()T () (W, Q)]
= al(NE (p,t), DI (9, 6) Wy, Q)|

nk.

IA

This completes the proof of statement (IV).
By lemma 5.4.3, if a € {0,1,2}, then the derivative D_,‘;F“l(p, t) converges to
D%F"(p,t) as [ — oo in the Euclidean norm for every p € M and t € [0,1]. Taking

into account equation (5.25), we see that statement (III) follows from the convergence
NUHEY (p,t)) — NV E"(p, 1)) (5.26)
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as | — oo in R"™! for every p € M and ¢t € [0, 1]. O

Theorem 5.2.12. Assume that the constant P > 0 is large enough so that the set
AL is not empty.

(i) If k > (n+ 1)/2+3, then there exists a minimizer of the bending distortion energy
functional E in the admissible set Ab.

(i) If k > (n+1)/2 + 4, then there exists a minimizer of the morphing distortion

energy functional € in the admissible set A%.
Proof. Let {v'}5°, C A% be a minimizing sequence of E, that is

lim E(v') = inf E(w) > 0.

k
l—o0 weAp

By lemma 5.2.10, the set A% is sequentially weakly closed and bounded. There-
fore, there exists a weakly convergent subsequence {v'*}2°, with the weak limit
v € A%. The functional E is weakly continuous by lemma 5.2.11. Therefore,
E(v) = inf, e q¢ E(w) and v is a minimizer of E.

The existence of minimizers for the functional £ is proved in the same fashion. [

Remark 5.2.13. Theorem 5.2.12 implies the existence of minimizers of the functional

A defined in display (5.1) in the admissible set
Bt .= {h € Diff*(M, N) : h = 4" for some v € A%}

The set B, among other maps, contains smooth diffeomorphisms f : M — N C R**!
that are homotopic to the inclusion map i : M — R"*! and generate time-dependent
vector fields in A%,

To minimize the distortion energy of diffeomorphisms from other isotopy classes,
we consider the family of maps {¢*o¢ € Diff"(M, N) : v € AL}, where ¢ is a fixed dif-
feomorphism of M. Similarly, given a smooth isotopy G : [0, 1] x M — M, we consider

the family of morphs {F% € M™*(M,N) : v € A%}, where F(p,t) = F'(G(p,t),1)
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for all (p,t) € M x [0, 1], as candidates for minimal distortion morphs. The most in-
teresting example of this generalization is, perhaps, the case where G(p,t) = ¢(p) for
some fixed diffeomorphism ¢ : M — N, so that the admissible isotopies are from the
class of morphs F¥(¢(p),t) generated by time-dependent vector fields in A%, where
pe M and t € [0,1].

The latter idea leads to the definition of the functionals
Eu(v) = Bo(viBi.Ba) = Bu [ 16" 06)'0x - gulPs
M

1 B, /M 1(6° 0 &) I — It [Peons

and
1
Ea(v) = Ec(v; B By) = B / / VESC g0 — gurlP wnrdt
0 M

1
8y [ [ IR — TP,
0o Jum
where B; and B, are nonnegative real numbers (cf. definition 5.1.2), ¢ € Diff(M)
and G : M x [0,1] — M is an isotopy. .
Theorem 5.2.12 can be easily generalized to show that for P > 0 and k¥ € N

sufficiently large, both functionals E,; and £; have minimizers in A% for every diffeo-

morphism ¢ : M — M and isotopy G : M x [0,1] — M.

Theorem 5.2.14. Assume that the constant P > 0 is large enough so that the set
AL is not empty. Let ¢ € Diff(M) and let G : M x [0,1] — M be an isotopy.

(i) If k > (n+ 1)/2+3, then there exists a minimizer of the bending distortion energy
functional Eg in the admissible set AY,.

(i) If k > (n+1)/2 + 4, then there exists a minimizer of the morphing distortion
energy functional Eg in the admissible set A¥,.

(iii) If k > (n+1)/2 + 3, then both functionals ® and A defined in displays (1.1)

and (5.1) respectively have minimizers in the admissible set
ngﬁ .= {h € Diff*(M,N) : h = 4" 0 ¢ for some v € A%}
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The latter theorem is an easy generalization of theorem 5.2.12. More precisely,
let {b'}>°, be a sequence of tensor fields in 7%(M) such that lim; . ||0‘||(p) = 0
and ||V'(p)|| < K for all p € M and | € N, where K is a positive constant and
let ¢ € Diff(M). Then lim; .. ||¢*0'||(p) = 0 and there exists a constant K; > 0
such that ||¢*b'(p)|| < K, for all p € M and [ € N. Using the above observation,
lemma 5.2.11 is easily generalized to the case where ¥” and F" are replaced with
P’ o ¢ and F§ respectively, and the proof of theorem 5.2.12 remains the same.

In theorem 5.2.14, the statement (iii), which is equivalent to theorem 5.1.4, follows

from the statement (i).

5.3 A Minimal Distortion Morph

We have proved the existence of minimizers of the functionals £ and £, which produce
minimal distortion diffeomorphisms and morphs between manifolds M and N. In this
section, we consider the special case where M = S! is the unit circle in the plane and
N = S}, is the concentric circle of radius R > 1 and construct a minimal distortion
diffeomorphism and morph between them.

Our example of a minimal distortion morph in subsection 5.3.2 demonstrates the
importance of the bound ||v||+ < P in the definition of the admissible set A%. If
this bound is not imposed, there is a minimizing sequence of morphs {F,}°°, such

that the distortion energy

1
W(F,) = / /M 1Fues£) g7 — gaawr e
0
1
+/ / [ (s ) I} — D[ wag dt (5.27)
0 M

tends to zero, where g;' and II}' are the first and the second fundamental forms of
the intermediate manifold F,,(M,t) induced by its embedding into R?. An example
of such a sequence is F,(p,t) = ¢,(t)p for all t € [0,1] and p € M, where ¢, €

C*>(0,1) N C[0,1] is a function whose values remain in the segment [1, R] and such
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that ¢, (t) = 1forallt € [0,1—1/n] and ¢,(1) = R. From the representation of (5.27)

in local coordinates (see (5.30)) we derive

1
U(F,) = 2%/ (¢ —1)* + (¢ — 1)?] dt (5.28)
0

1

< 27[(R* = 1)* + (R — 1) =;

n
hence, lim, .., ¥(F,) = 0. On the other hand, there is no morph H in the space
M"™2(M, N) with r > 1 such that W(H) = 0: otherwise, H(+,1) would be an isometry
between M and N. The sequence {F,}52, converges pointwise to the discontinuous

morph

T
whose distortion energy W(F') vanishes.

Theorem 5.2.12 implies that every sequence of time-dependent vector fields {v"}52
H* such that each v™ € H* generates the morph F,, must be unbounded in H*.

In our example of a minimal distortion morph, we solve the optimization problem
for the minimal distortion morph between S' and S} in the class of morphs, whose in-
termediate states are circles of increasing radii, that are generated by time-dependent
vector fields whose norms are uniformly bounded by a positive constant P. Numerical
solutions suggest that the second time-derivative 9*F/0t? of the minimal morph F
increases as P increases. In effect, the choice of the constant P in the definition of the
admissible set A, sets a restriction on the magnitude of the curvature of the curves
t — F(p,t), where p € M.

We begin the construction of the minimal distortion morph with the example of a
minimal distortion diffeomorphism between S! and SL. This example is based on the
theory of minimal deformation (as measured by the functional ®) bending of regular

simple closed curves developed in [5].
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5.3.1 A Minimal Distortion Diffeomorphism between two Cir-
cles
We will construct a minimal distortion diffeomorphism between the circles M = S!
and N = Sk.
For r > 1, we consider the functional A : Diff"(M,N) — R, defined in dis-

play (5.1). Also, using the radius R > 1 of S}, we define the radial map hg : R*? — R?
by hr(p) = Rp.

Lemma 5.3.1. The restriction of the radial map hr to S' minimizes the functional

A : Diff>(M, N) — R, defined in display (5.1).

Proof. Fix p € M and g € N, and let v : [0, L(M)) — M and ¢ : [0, L(N)) — N be
the (positive orientation) arc length parametrizations of M and N respectively such
that v(0) = p and £(0) = g. The distortion energy functional A can be recast in the

form

= J(u) + Jo(u), (5.29)

where u = £ tohoy : [0, L(M)) — [0, L(N)) is a local coordinate representation of h €
Diff(M, N) with h(p) = ¢. By lemma 4.1 in [5], the functions u,(t) = L(N)/L(M)t
and ug(t) = —L(N)/L(M)t + L(N) minimize the functional .J; in the admissible set

B ={ue C*0,L(M))NC([0, L(M)]) : uis a bijection onto [0, L(N)]}.

The proof of the statement that u; and u, minimize the functional J, in B follows
along the same lines.

Therefore, the map hg|s: minimizes the functional (5.1) over the set of all maps
h € Diff>(M, N) such that, for our fixed p € M, h(p) = Rp.

If h € Diff*(M, N) is such that h(p) = ¢ # Rp, consider an isometry f: N — N
such that f(q) = Rp. Because f*gny = gy and f*Iy = I, we obtain A(h) =

A(f oh) > A(hgl|st), which proves the lemma. O
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As before, let 1V denote the time-one map of the vector field v € A% restricted
to M. Using lemma 5.3.1, it is easy to construct a time-dependent vector field that
minimizes the functional F(v) = A(¢)?) in the admissible set A%. In fact, every vector
field v° € A% that generates the time-one map ¢V such that its restriction to M is

" = hg|y, minimizes the functional F. An example of such a vector field is

v(z,t) = p(z)w(z,t)

for all z in the open ball 2 := B(0, R+ 2) C R? and ¢ € [0, 1], where

- Bl
R W N p

and p : R? — R is a bump function such that 0 < p < 1, p = 1 in the open

ball B(0,R + 1) C R?, and p = 0 on Q¢ The vector field v generates the morph

F¥(p,t) = (1 + (R — 1)t)p, whose time-one map restricted to M is ’(p) = Rp.

5.3.2 A Minimal Distortion Morph
between two Circles

Let us assume, as before, that M =S!, N =SL and R > 1.

In the previous subsection, we have constructed a minimizer of the functional E; the
construction was quite straight-forward. The time-integral involved in the definition
of the functional £ makes the construction of its minimizer a much more intricate
process. We will restrict our attention to morphs that operate through images that
are concentric circles, while leaving open the question whether a minimizer must be
purely radial, as the problem of constructing a minimal morph within this family
is difficult enough. Note that although our functional is formally defined in terms
of time-dependent vector fields, it is the resulting morphs we will be working with
directly.

We will construct a minimal distortion morph between the circles M = S! and

N =S} in case R > 1. As before, let M3**(M, N) be the class of morphs between
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the manifolds M and N that are absolutely continuous in time and class C? in the
spatial variable. Recall that for a morph F € M3 (M, N) we define f' = F(-,t) €
Diff* (M, M?). We assume that the morph F' is generated by a time-dependent vector
field v € A%,

Consider the functional ¥ : M™°(M, N) — R, where r > 1, defined by

wr) - [ 1 [ 0ye - s+ [ 1 JRERREy A

where ¢g; and II; are the first and the second fundamental forms on the intermediate
state M induced by its isometric embedding into R?. We notice that £(v;1,1) =
U (F") for all v € A% (see definition 5.1.2).

Fix a point p € M. Let v be an arc-length parametrization of M that induces the
positive orientation on M with v(0) = p. Let & be the arc length reparametrization
of M* obtained from the parametrization f*o~ such that £'(0) = ffov(p) and both &*
and f'o~ induce the same orientation of M*. Such a parametrization can be obtained
by solving the equation s(t, z) = y for x, where s(t,z) = [ |f* o y(7)|dr is the arc
length function of the curve M*. Using the implicit solution z(t,y) of s(t,z) =y, we
define &' (y) = ffovyox(t,y). Because the morph F' is generated by a time-dependent
vector field v € A%, lemma 5.4.2 implies that the function t — D f!(p), where p € M,
is absolutely continuous. It follows that the function ¢ — £'(s) is continuous for every
s € [0, L(M")).

The local representation of f is given by u’(s) = (£%)to ftoy(s), where s € [0, 27],
and the energy W(F) of the morph F' is

vy = [T ) s
+ /01 /0% (nt(ut)(i—f)Q - 1)2 ds dt, (5.30)
where £, : [0, L(M?")] — R is the curvature function of the intermediate state M?.
Let us restrict our attention to the morphs whose intermediate states are circles

of increasing radii such that each intermediate state M of such a morph F is a circle
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of radius (t) with ¢ € C?(0,1)NC[0,1] a (strictly) increasing function. In symbols,
Ve Q, ={pcC?*0,1)NC0,1] : $(0) =1,4(1) = R, and ¢ is increasing}.

The curvature function of M is given by x; = 1/¢(t). By lemma 5.3.1, the radial

map between the circles M and M? minimizes the functional

fr /M 1 e — gol?wons + /M 1T, — Dol war.

Therefore,

U(F) > V(H) = 27r/1(¢2 —1)?dt + 27r/1(¢ —1)%dt,

where the morph H € M>2(M, N) is given by H(p,t) = ¥ (t)p.
To determine the morph H(p,t) = ¢ (t)p of smallest distortion energy W(H), we

will minimize the functional J : L*(0,1) — R, defined by

T() ;:/0 (w2—1)2dt+/0 (0 — 1) dt (5.31)

over all admissible radial functions ¢. To define the admissible set for the functional
J, let us put this example into the context of time-dependent vector fields.

Let © be the open ball of radius R + 2 in R?. Given a morph H(p,t) = ¥(t)p
(where ¢ € Q4, t € [0,1], and p € M), let us construct a time-dependent vector
field v € H® = L?(0,1; W*(; R?)) that generates H, where the number of weak
derivatives k = 5 is chosen in view of condition (ii) of theorem 5.2.12.

Consider the class of morphs of the plane R? that have the form F(z,t) = ¢ (¢)x,

where ¢ € Q. Define a time-dependent vector field v : R? x [0, 1] — R? by

oF
0(F(x,t),t) = E(t’@
or, equivalently,
o(x,t) = 15},((;))3:



Clearly, the morph F satisfies the differential equation dq/dt = v(q,t). To obtain
the required vector field v, multiply ¥ by a bump function p : R? — R? such that
p =1 on the ball B(O,R+1), p=0on Q° and 0 < p < 1. The vector field

v(x,t) =

belongs to the Hilbert space H* and generates the morph

H(p, t) = w(t)p = F’MX[O,l] (pa t)

for all (p,t) € M x [0,1].

In theorem 5.2.12, we require the admissible set A%, for some fixed P > 0, to
contain all vector fields v € H¥ such that the norm of v is bounded by P and v
generates a morph between the manifolds M and N.

Therefore, in addition to the assumption that v € @), we must assume that the
time-dependent vector fields of the form v(x,t) = % p(z)z are bounded in H* by a

fixed constant P > 0. In symbols, the required bound is

1 2
2 —p-i 2 v < p?
o020 = o - il gz / (L) a<r

After introducing the constant

P2
= : ; (5.32)
||p ' ldQH‘Q/VD&?(Q;Rz)
we obtain the constraint
1 wl 2
G) ::/ <E> dt — A <0, (5.33)
0

Note that the functional J can be written in the form

where the smooth function u(s) = (s> —1)? + (s — 1)? is strictly increasing on (1, 00).
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To find a morph H(p,t) = ¢ (t)p with ¢ € @4, which has minimal distortion among
the morphs F' € M**(M, N) whose intermediate states are circles with increasing

radii, we must solve the optimization problem

minimize J (1))

for v € Qy = {¢ € C*0,1)NC0,1] :
#(0) =1, ¢(1) = R, and ¢ is increasing}
subject to G(¢) < 0.

(5.34)

The solution of problem (5.34) is obtained using the following outline: We will

consider the related optimization problem

minimize J (),
e @ :={peW(0,1): ¢(0) = 1,¢(1) = R} (5.35)
subject to G(¢) <0,

where (because every function ¢ € Q'? is absolutely continuous on [0, 1]) the bound-
ary conditions in the definition of the set Q%? are to be understood in the classical
sense. We will determine the unique minimizer v of the optimization problem (5.35)
and show that 1) is an increasing C? function. Because Q. C Q'2, the same function

1 is the unique solution of optimization problem (5.34).

Lemma 5.3.2. There exists a unique solution ¢ € QY2 of the optimization prob-

lem (5.35). Moreover, 1 < (t) < R for allt € [0, 1].

Lemma 5.3.2 is proved using the direct method of the calculus of variations. First,
we prove the existence of a minimizer of the functional J subject to the constraint
G (1) < 0in the admissible set W14/3(0, 1) with the appropriate boundary conditions,
and then we show that the minimizer is, in fact, in class W12(0,1). The inequalities
1 <4 and 1p < R are proved by contradiction using the cut-off functions hy(t) =
max{1l,¢¥(t)} and hs(t) = min{R,1(t)}, which would yield smaller values of the

functional J than the minimizer.

Proof. The proof consists of two main steps: (1) Using the direct method of the

calculus of variations, we will prove the existence of a minimizer for the auxiliary
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optimization problem

minimize J (),

€ QU= (o€ WHI(0,1): (0) = 1,%(1) = R} (5:36)
subject to G(v) <0

(2) We will show that the minimizer for problem (5.36) is in W2(0,1).
If follows that this minimizer is a minimizer of the optimization problem (5.35).
Let {¢,}2°, € Q"*/3 be a minimizing sequence for the optimization problem (5.36).

In particular, G(¢,) < 0 for every positive integer n. In symbols,

J(1hn) — inf ~J()
PEQL/3,G()<0

We claim that the minimizing sequence is bounded in W4/3(0,1). To prove this

fact, we use the triangle inequality for the L?(0,1) norm to make the estimate

(/Ol%‘idt)” = (/01(¢Z—1+1)2dt)1/2
J(Wn) 2 +1
< VM +1,

IN

where M > 0 is a uniform bound for the convergent sequence {J (1)} ;. By Holder’s

inequality with the conjugate constants 3 and 3/2,

1 /
e 4/3
[ = [pe (D
0 |¢n

1 /
([ ar) ([ (L) )™

< (WM +1)4)*”,

IA

as required.

Because the Banach space W'4/3(0, 1) is reflexive, 1, — v weakly in W4/3(0,1)
for some ¢ € WH4/3(0,1), up to a subsequence. We have 1) € Q%3 because the
subspace Wy */%(0,1) is weakly closed in W4/3(0,1).

The integrands (¢? — 1)? + (¢ — 1)? and (¢')?/1? of J and G respectively are

both convex functions of ¢)’. Therefore, the functionals J and G are weakly lower
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semicontinuous in W'4/3(0,1) (see theorem 1, Sec. 8.2 in [15]). But then G(3) <
liminf, .. G(¢,) <0 and ¢ € Q%*/? solves optimization problem (5.36).

To prove that 1) > 1, let us assume, on the contrary, that there exists (in the usual
topology of [0, 1]) an open set W of positive measure such that ¢(t) < 1 for all t € .
Define the cut-off function h; € QY43 by h;(t) = max{1,%(t)}. It is easy to check
that G(hy) < 0 and that J(hy) < J(v), which contradicts the minimizing property
of 1. The inequality ¢ (t) < R for all t € [0,1] can be verified in a similar fashion,
using the cut-off function hy(t) = min{R, ¢ (t)}.

Using the inequality ¢ < R, we have the estimate

1 1 w/ 2
/ ()2 dt :/ ¢2(—> dt < R2A.
0 0 (G
Therefore, ¢ belongs to the space W12(0, 1).

Finally, the uniqueness of 9 follows from the fact that the equality J(11) = J (1),
where 11,1, € QM2 are such that 1 < 15 < R, implies u o ¢y (t) = u o 1)y(t) for
all t € [0,1], where the function u(s) = (s* — 1)? + (s — 1)? is strictly increasing on
(1, +00).

]
Lemma 5.3.3. If the constant A in definition (5.33) satisfies the inequality A >
(log R)? (see also equation (5.32)) and v € QY? is the solution of the optimization

problem (5.35), then there exists a constant A > 0 such that
(i) ¥ is a critical point of the functional J 4+ AG over the space of variations
Wy2(0,1), and
(i1) G(¢) = 0.
Moreover, the solution v of the optimization problem (5.35) is in class C*(0,1).

Lemma 5.3.3 follows from the Generalized Kuhn-Tucker theorem (see theorem 2.14.14)
and a regularity result for weak solutions of Euler-Lagrange equations (see theo-

rem 2.14.10).
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Proof. Statements (i) and (ii) follow from the generalized Kuhn-Tucker theorem (see
theorem 2.14.14).

We will verify that the minimizer 1 is a regular point of the inequality G(v) <
0. We leave it to the reader to verify that the functionals J and G are Gateaux
differentiable at ¢ > 1.

It suffices to show that there exists h € W,(0,1) such that

1
o ¥
where dG (1, h) is the Gateaux derivative of G in the direction h.

Assume, on the contrary, that

01 ¢—;(h’1p —'h)dt =0 (5.37)
for all h € W,(0,1). Then ¢ satisfies the Euler-Lagrange equation for the functional
G whose associated Lagrangian (1)'/1)? has a positive second derivative with respect
to ¢'. By a regularity result for weak solutions of Euler-Lagrange equations (see
theorem 2.14.10), v is of class C?(0,1). Therefore, we can integrate by parts in
equation (5.37) to obtain the differential equation ¢ = ()2 /1.

The function ¢ — R' is the unique solution of the latter differential equation
satisfying the boundary conditions ¢(0) = 1 and (1) = R. Therefore, the solution
¥ of the optimization problem (5.35) must be ¢ (t) = R'. But, there is a function
hs € Q% such that G(hg) < 0 and J(hg) < J(3), in contradiction to the minimizing

property of . In fact, a family of such functions is given by

1, if t € [0, 4];
ho(t) == =Lt —B)+1, ifte (8,20
R, if t € (20, 1]

for # > 0 sufficiently small.
The C? regularity of the solution ¢ of the optimization problem (5.35) follows

from (i) and the special form of the Lagrangian

Lig,p) = (* = 1)+ (¢—1)*+ A(gf
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associated with the functional J 4+ AG for A > 0: it has positive second derivative
with respect to p on a neighborhood U of the set {(¢(¢),¢'(t)) : t € [0,1]} (see
theorem 2.14.10). O

Theorem 5.3.4. If the constant A in definition (5.33) satisfies the inequality A >
(log R)?, then there exists a unique function ¢ € C?(0,1) N QY2 satisfying condi-
tions (i) and (ii) of lemma 5.3.3 and the following properties.

(iii) The function 1) is strictly increasing and solves the initial value problem

V= g+ (2 =12+ (= 1)
{ 2(0) A (5.38)

where the pair of positive constants A and p is the unique solution of the system of

equations

i ds 1
/1 sv/p+(s2—1)2+ (s — 1)2 :ﬁ (5.39)

and

AN/ GVt
ﬁ/1 ds = A. (5.40)

S

(iv) The function ¢ is the unique solution of the optimization problem (5.34).

Proof. If ¢ € Z := C?%(0,1) N Q"? is a critical point of the functional Jy := J +
AG : W12(0,1) — Ry, then 1 satisfies the Euler-Lagrange equation for .Jy, which is

equivalent to the Hamiltonian system

{ V=G4, p),
p/ = _g_g(@b»p)

with the Hamiltonian H (v, p) = py' — L(1, '), where

' 2 2 2 AN
L) = (2 = 12+ (0 = 12 + A ()
(&
is the integrand of Jy and p := g—é’,(lp,l/}/ ) (see, for example, [10]). Moreover, the

Hamiltonian H (1, p) is constant along the solutions of the Euler-Lagrange equation

for Jy. Let us denote this constant by pu.
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It is easy to see that
/

and the Hamiltonian is given by

Hw,p) = 20" = (7 =1 = (0= 12

Note that the equation ¢’ = %—g(w, p) yields ¢ = $pip?®. By solving the Hamilto-

nian energy equation

DY W =1 =g (5.41)

for p and substituting, we obtain a first-order differential equation for :

WziﬁvaW—W+W—W- (5.42)

The case with the negative square root is eliminated because the conditions ¢ (0) = 1
and ¥ (1) = R > 1 can be used to show that the derivative of ¢ is non negative on
(0,1).

In view of equation (5.41), it is easy to see that pu + (¢? — 1)+ (¢ — 1) > 0 for
all v € Z. Because (0) = 1, we have p > 0. Also, it follows immediately from
equation (5.42) that 1 is an increasing function.

Let us use the notation u(s) = (s* — 1)? + (s — 1)? and recall that u is a strictly
increasing function on (1,00). After integrating both sides of equation (5.42) over

the interval 0 <t < 1 and making the substitution s = ¢)(t), we obtain the relation

R ds 1
—_— = (5.43)
1osyv/+uls) VA
Another relation of A\ and p is obtained from condition (ii) in lemma 5.3.3 (see
equation (5.33) for the definition of G). The integrand in the definition of G' contains
the quantity (v')%, which we view as 11)’. We substitute the right-hand side of

equation (5.42) for one factor ¢ of this square and leave the other factor ¢’ in the

127



resulting integrand. After making the change of variables s = (), we obtain the

equivalent relation

1 [ /u+uls)
ﬁ/ fds—/l. (5.44)

We claim that there exists a unique solution (u, A) of the equations (5.43) and (5.44).
To prove this, substitute for 1/v/X from equation (5.43) into equation (5.44) to obtain
the equation

e [

(5.45)

s\/ 1+ u(s

Make the change of variables ¢t = u(s) in both 1ntegrals in display (5.45) and then

write f(u) as a double integral to obtain the formula

1
/ / \/mH( T (5.46)
where H(t) := v~ (t)u'(u=1(t)) > 0 for all t € [0, u(R)].

By inspection of equation (5.45), it is easy to see that lim, .o f(p) = 400 and
lim,, . f(1) = log®(R). We will show that f is a decreasing function, which guaran-
tees the existence of a unique solution of the equation f(u) = A for all A > log®(R).

Using formula (5.46), we compute

/ / ds dt.
(i + )32 (i + )2 H(t)H(s)

Let D, = {(s,t) € [0,u(R)]? : s > t} and D_ = {(s,t) € [0,u(R)]* : s < t}. After

making a change of variables (s, t) = (t, s), we see that

// s 1 L st =
p, (4 8)32(p + t)V/2 H(t)H(s) B

// t—s 1 s di
(Lt 022 (u+s) P HOHs)

Therefore,

/ . 5~ t 1

= (s — )" 1
- // (1o —+ 8)3/2(u+ )32 H(t)H(s )det<(),
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Figure 5.2: Graph of the radius function ¢ with R = 2, = 0.001, A = 0.306067, and
A = 1.56296.

This completes the proof that f is a decreasing function.

There exists a unique solution p of the equation f(u) = A provided that A >
log?(R). The constant A is then easily found from equation (5.43).

Having found the unique solution (u, A) of the system (5.43) and (5.44), we solve
the initial value problem (5.38). In fact, this initial value problem is equivalent to the

integral equation

v(t) ds 1

1 s/ p+u(s) - ﬁt'

It follows that the unique solution v of the initial value problem (5.38) exists for all

(5.47)

t € [0, 1] and, because of condition (5.43), satisfies (1) = R. O

Figs. 5.2 and 5.3 depict graphs of the minimizer ¢ of the optimization prob-
lem (5.34) with R = 2 and A = f(u) in case p = 0.001 for Fig. 5.2 and u = 500
for Fig. 5.3. Because f is a decreasing function of u, Fig. 5.2 corresponds to a larger
constant A. These plots illustrate that the second derivative of the radius function
corresponding to the minimal morph increases as the constant A in definition (5.33)

increases.
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Figure 5.3: Graph of the radius function ¢ with R = 2, p = 500, A = 1045.58, and
A = 0.480456.

5.4 Existence and Convergence
Results for Evolution Operators

In this section we state results on existence and convergence of certain evolution
operators.

We denote the Euclidean norm of an element A € R™, where m € N, by |A| and
the Hilbert space L?(0,1;V*) by H*, where the Sobolev space V* = W@%Q;R”“)
is embedded into C"(Q; R"*1) and r > 2. Recall that Sobolev’s theorem guarantees

the latter embedding if k£ > (n+1)/24 7+ 1. The following lemma is proved in [11].

Lemma 5.4.1 (Dupuis, Grenander, Miller). For every time-dependent vector field
v € H* and to € [0,1], there exists a function ¢ : [0,1] x @ — R"* such that

t — o(t,z) is the unique absolutely continuous solution of the initial value problem

{

for all t € [0,1]. Moreover, the function x — ¢(t,x) is a homeomorphism of .

(c;, t), (5.48)

S &l
I
I~

N

<+
(=]
~—

|

For every v € H* and = € Q, let F¥(x,t) be the solution of the evolution equation

dgq/dt = v(q,t) with the initial condition F*(z,0) = x. For a function f € C"(Q),
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denote

1Fllroo = > sup[D*f(a)],

ajal<r *€°
where a = (aq,...,q,41) is a multi-index with nonnegative integer components,
olel
la| =ay + ...+ apy1, and DO f = aal—énﬂ-
Il In+1

More general versions of the following two lemmas are proved in [40, Appendix C].

Lemma 5.4.2 (Trouve, Younes). If v € H* and FV : Q x [0,1] — R" is defined as

above, then the function x — F¥(x,t) is in class C"(2) and, for all g <r,

(3 q v _ q v
S DLF" (z,1) = D (0(F" (a,1),1)).

where DI denotes the deriwative with respect to x of order q. Moreover, there exist

positive constants C' and C" such that

sup [[F(-,1)[lro0 < Ce” Pt
t€[0,1]

for all v € H”.

Recall that we say v' — v weakly in H* as | — oo if (v' — v, w) — 0 as | — oo for

all w € HF.

Lemma 5.4.3 (Trouve, Younes). If the sequence {v'}°, C H* converges weakly to

vEH asl — oo, then

sup |[F¥ (-, 8) = F*(-,1)]|y—1.00 — 0

te(0,1]
as | — 0o. Moreover, there exists a constant K > 0 such that
’Ul
sup [[F (-, 1)][ro0 < K (5.49)
te(0,1]

for all l € N.
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