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ABSTRACT 
The incipient smart grid initiative and increasing use of distributed generation, 

along with classical problems of distribution system reconfiguration and restoration 

(DSR), have led to the need for efficient and reliable power distribution system 

simulation tools. One recently developed tool, the Fast Non-dominated Sorting Genetic 

Algorithm, or FNSGA, has been shown to be very effective at finding Pareto optimal 

distribution systems that are optimized with respect to voltages, currents, and power 

losses. 

Despite its promise, the FNSGA has two shortcomings, which are addressed in 

this thesis. The first is that it uses a load flow sub-program (to determine voltages, 

currents, and losses throughout the power system in question) that is based on the 

classical Newton-Raphson numerical analytical approach.  For a variety of reasons, the 

Newton-Raphson method often encounters convergence problems when applied to 

distribution (rather than transmission) systems, and it has burdensome memory and CPU 

time requirements when applied to large systems. In this thesis, the Newton-Raphson 

load flow program is replaced in the FNSGA with a revised version of the so-called 

direct method, the principal revision being a coded novel scheme for properly, rapidly, 

and repeatedly re-numbering the busses and branches in the power system for load flow 

analysis within the FNSGA. Validation results for the described scheme are presented by 

comparing results obtained with it and with the Newton-Raphson-based load flow scheme. 

The principal difference between the two methods is that the computation time is 

significantly reduced with the revised direct load flow method. 
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The second shortcoming of the FNSGA to be addressed here is that it is not 

optimized for certain important parameters, namely the initial population size N and the 

number of generations Gen, which could lead to excessive CPU time requirements. In 

this thesis, a parametric study was conducted to determine minimum values of N and Gen 

that lead to reasonably repeatable configurations of a distribution system that are 

optimized for the multiple objectives of voltages (in the voltage profiles), currents (in the 

system load balancing index), and power losses. Studies conducted on 16- and 32-bus test 

systems revealed that, to produce repeatable solution sets in the 16-bus system, optimum 

values of N and Gen are small enough that CPU times are very small. However, in the 

32-bus system, N and Gen need to be so large that CPU times become prohibitive. 

Presumably, the problem would get worse with even larger systems. Fortunately, a 

solution to this problem was found, which involves removing certain branches from the 

pool of possibilities when producing the initial population N in the genetic algorithm. 

Disqualified branches are those determined in preliminary simulations to never appear in 

Pareto optimal solution sets. This method was shown to be very effective at leading to 

small enough optimum values of N and Gen that CPU times are reasonable.   
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Chapter One 

Introduction 
The incipient smart grid initiative and increasing use of distributed generation, 

along with classical problems of distribution system reconfiguration and restoration 

(DSR), have led to the need for efficient and reliable power distribution system 

simulation tools. For system performance optimization with respect to multiple objectives, 

such as voltage profiles, system load balancing index, and power losses, various 

formulations of genetic algorithms (GA) [1 – 6] have been shown to be very effective. 

One recently developed GA, the Fast Non-dominated Sorting Genetic Algorithm, or 

FNSGA [7], by requiring smaller population sizes and fewer generations within the GA, 

converges efficiently to reliable Pareto optimal solution sets in the multi-objective DSR 

application. 

Despite its efficient and reliable performance, The FNSGA as described in [7] has 

two shortcomings, which are addressed in this thesis. The first is that it uses a load flow 

sub-program (which must be applied repeatedly to determine voltages, currents, and 

losses throughout the power system in question) that is based on the classical Newton-

Raphson (NR) numerical analytical approach [8, 9].  The Newton-Raphson method (and 

the Gauss-Seidel method as well) was originally applied to power transmission systems, 

to which it is well-suited numerically.  Distribution systems, however, are different from 

transmission systems in several important aspects, such their basic topological structures, 

which are usually radial; their line impedances, which often consist of wide-ranging 

resistance-to-reactance ratios; their loads, which are often unbalanced; and the use of 

increasing amounts of distributed generation [10 - 12].  A consequence of these 
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differences is that many of the assumptions used in application of the NR method are 

frequently not valid when applied to distribution systems [10], which can lead to 

convergence problems when analyzing certain system configurations [11].  Thus, certain 

optimum solutions may not be obtained.  Another problem with the NR method is the 

requirement of the formation of the Jacobian matrix, which, when applied to large 

systems, can result in burdensome memory and computation time requirements [11]. 

Popular methods that are appropriate for modern distribution system load flow 

analysis include those based on forward/backward sweeps [13, 14] and the so-called direct 

method [10, 15], which has been shown to be fast, accurate, and robust. A difficulty with 

the direct method as described in [10] is that the busses and branches in the distribution 

system in question must first be numbered properly according to a certain scheme.  If the 

system is to be changed and analyzed repeatedly, as in reconfiguration or restoration 

analysis, or in consideration of the impact of distributed generators (DG), it is imperative 

to be able to automatically re-number the busses and branches for each new configuration, 

such that they are numbered properly for application of the direct load flow method.  

In Chapter 2, a revised version of the direct load flow method from [10] is 

described, which automatically and properly re-numbers the busses and branches in a 

reconfigured radial distribution system, defined by a new set of tie switches and/or 

locations of one or more DG units. In Chapter 3, validation results for the described 

scheme are presented by comparing results obtained with it and with the load flow scheme 

used in [7], which is based on the Newton-Raphson approach. In Chapter 4, it is shown 

that the computation time is significantly reduced when the described direct load flow 

method is used in the FNSGA. 
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The second shortcoming of the FNSGA is that, while it speeds up convergence by 

using smaller population sizes and fewer generations than other GA approaches to the 

problem, it does not necessarily use optimum values of those two parameters.  In a 

parameter-optimization study of the FNSGA [16], a specific Pareto optimal topology in a 

32-bus test system [7] was used to determine the effects of varying the initial population 

size N and the number of generations Gen in the GA on system power losses and, 

separately, on the system voltage profile.  The results showed that, in the one specific 

topology considered, power losses and voltage profiles are essentially unchanged if N 

and Gen are approximately 26 or larger and 5 or larger. However, in this thesis project, it 

has been determined that optimizing N and Gen for power losses and voltage profile 

separately for one topology can be misleading. Since the purpose of applying the GA to 

the system is to produce a Pareto optimal set of system topologies for multiple objectives, 

it is more appropriate to determine minimum values of N and Gen that lead to repeatable 

or nearly repeatable Pareto optimal configurations. A similar point was made in a study 

of the effects of crossover operator on population convergence in [17].   

In Chapter 5, the FNSGA is briefly described, with emphasis on the roles of the 

parameters N and Gen in the algorithm. In Chapter 6 the results of a parametric study to 

optimize the values of N and Gen are presented. It is shown that to produce repeatable 

solution sets in the 32-bus test system, N and Gen need to be considerably larger than 

those values determined for a single configuration [16]. This leads to significant increases 

in computation times, which become prohibitive in systems much larger than 32 busses. 

Fortunately, ways to get around this looming limitation, including use of the so-called 
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simplified or essential system [18], were observed in this study. They are discussed in 

Chapter 7. Conclusions and suggestions for further study are provided in Chapter 8. 
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Chapter Two 

Direct load flow with automatic novel branch and bus re-
numbering scheme 

2.1  Novel branch and bus re-numbering scheme for direct approach load 

flow analysis  

The novel and principal feature of the direct approach [10] to load flow analysis is 

the development of two matrices known as the bus-injection-to-branch-current (BIBC) 

and the branch-current-to-bus-voltage (BCBV) matrices, [BIBC] and [BCBV], 

respectively. The branch current and bus injection current vectors, [B] and [I], 

respectively, are related via the equation [B] = [BIBC][I], and the branch current and 

branch voltage vectors, [B] and [ΔV], respectively, are related via the equation [ΔV] = 

[BCBV][B], where [ΔV] is the current difference between voltages on the bus in question 

and the slack bus. Matrix [BIBC] is upper triangular, consisting of ones, and matrix 

[BCBV] is lower triangular, consisting of branch impedances.  Once the BIBC and 

BCBV matrices are formed (only once for the system in question), the following system 

of three equations is solved iteratively for bus voltages, branch currents, and complex 

powers consumed throughout the system.  

𝐼𝑖𝑘 = 𝐼𝑖𝑟𝑟�𝑉𝑖𝑘� + 𝑗𝐼𝑖𝑖𝑖�𝑉𝑖𝑘� = (𝑃𝑖+𝑗𝑄𝑖
𝑉𝑖
𝑘 )∗                                                                             (1) 

∆𝑉𝑘+1 = [𝐵𝐵𝐵𝑉][𝐵𝐼𝐵𝐵][𝐼𝑘]                                                                                           (2) 

[𝑉𝑘+1] = [𝑉0] − [∆𝑉𝑘+1]                                                                                                 (3) 

Total Power Loss = ∑𝐼𝑗2 ∗ 𝑅𝑗                                                                                            (4) 
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In (1) through (3) k indicates the kth iteration within the load flow algorithm, j 

indicates the jth branch in the system, and i indicates the ith bus in the system. Note that 

neither LU decomposition nor forward/backward substitution of either the Jacobian or the 

Y admittance matrices is required, providing significant savings in computation time.  

The feature of the direct method that is of concern here is that at the outset, the 

distribution system’s buses and branches must be numbered according to the following 

scheme: 

• The bus and branch numbers in a given lateral should increase from the point nearest the 

slack bus to the point nearest the end. The process can begin with any lateral. 

• Branches within a given lateral and their associated buses should be numbered before 

moving on to the next lateral, with numbers increasing as in the previous statement. 

• The bus and branch numbers in the next lateral should continue from where the numbers 

left off in the previous lateral. 

To illustrate this scheme, consider the often-studied three fundamental loop, 16-

bus test system shown in Fig. 1, with arbitrarily chosen tie (open) switches at branches 7, 

9, and 16. (There are actually only 14 buses in Fig. 1 because the three feeder buses in the 

original system are combined as one slack bus in Fig. 1.)  According to the above-

described scheme, the system is not properly numbered for analysis with the direct 

method, so it must first be properly re-numbered. One of several possible correctly re-

numbered arrangements is shown in Fig. 2. 
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Fig. 1  Example of the 16-bus system not properly numbered for analysis with the direct method. Branch     

numbers are shown in circles; bus numbers are shown without circles.  Tie switches are in branches 7, 9, 

and 16. 

 

Fig. 2  One example of the 16-bus system properly numbered for analysis with the direct method. 

To produce the result shown in Fig. 2, the following logic was used. Starting from 

bus 1, which is the slack bus, there are three main laterals. The re-numbering process 

could start with any one of them. Starting with the left-most lateral (arbitrarily), the first 

bus encountered is defined as bus 2. At this bus there are two branches, so the busses in 
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either of the two branches could be defined as busses 3 and 4, as is done arbitrarily in the 

upper branch in Fig. 2, and those in the other branch, defined as busses 5 and 6, as shown 

in the lower branch here. Branch labels follow the choice of bus labels. Thus, branches 2 

and 3 are associated with busses 2, 3, and 4, as shown circled in Fig. 2, and similarly for 

branches 4 and 5.  With the busses and branches in the first chosen lateral labeled, the 

process is repeated at each of the remaining laterals. In Fig. 2, the center lateral was 

arbitrarily considered next, followed by the third lateral.  

As a second example, Figs. 3 and 4 show, respectively, improperly and properly 

numbered versions of the often-studied 32-bus test system. In the case shown, tie (open) 

switches are in branches 33, 34, 35, 36, and 37.  

 

Fig. 3  Example of the 32-bus system not properly numbered for analysis with the direct method. Bus     

numbers are shown in circles; branch numbers are shown without circles. Tie switches are in branches 33, 

34, 35, 36, and 36. 
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Fig. 4   One example of the 16-bus system properly numbered for analysis with the direct method. 

With the busses and branches of the system properly re-numbered, the direct load 

flow method can be applied. However, if each of a number of different radial 

reconfigurations of the system is to be analyzed, the system will have to be properly re-

numbered for each new reconfiguration under consideration. With the prospect of 

needing to analyze an extremely large number of reconfigurations, which would be the 

case with a realistic distribution system, the need arises for a fast automatic, 

programmable implementation of the above-described and illustrated bus and branch re-

numbering scheme. A description of the algorithm here to implement the above-described 

scheme in software follows.  
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2.2 Programming algorithm to automatically implement the re-numbering 

scheme 

Fig. 5 shows a programmable flowchart of the proposed automatic re-numbering 

scheme.  The key variables used in the program are defined in Table 1. The process is 

illustrated below for the 16-bus test system described above using the variables declared 

in Table 1 and the two-column matrix of the identity numbers of the branches in the 

system and the busses at either end of every branch to be re-numbered, as shown in Table 

2 for the 16-bus example shown in Figure 1.  

Table 1. Variables used in the re-numbering scheme program.   

Name of 
Variable/Matrix Function 

buscheck-old Temporarily stores the value of the bus being checked in this iteration. 
Refer to the 2nd column in Table 3. 

buscheck-new Temporarily stores the value of the bus to be checked in the next iteration. 
Refer to the 3rd column in Table 3. 

ite The value stored indicates which bus is to be numbered currently. 
Refer to the 1st column in Table 3. 

branchite The value stored indicates which branch is to be numbered currently. 
Refer to the 1st column in Table 3. 

returnmatrix A vector that keeps track of the active connection busses (busses that are 
connected to more than two branches). Refer to the 7th column in Table 3. 

branchnumber 
A two column matrix that stores the total number of branches connected to 
each bus. The 4th column in Table 3 shows only one element assignment at 

a time. 

branchitecount 
A two column matrix that keeps track of how many branches have been re-
numbered with respect to a certain bus. The 6th column in Table 3 shows 

only one element assignment at a time. 

newoldbus 
A two column matrix with the new bus numbers (first column), and the 

corresponding old bus numbers (second column). The 5th column in Table 
3 shows only one element assignment at a time. 

newlinedata 
A two column matrix with the starting bus of each branch (first column) and 

the ending branch of each branch (second column). 
Not shown in the illustration process here 
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Step1. Read the input bus and branch data files, which are provided in Appendix A. For 

this process, use only the bus and branch identity data, which is shown in Table  2 

for the 16-bus system being illustrated here.  

 

Step 2. Fetch the tie switch vector generated by the genetic algorithm, which creates a 

radial system, and open the corresponding branches (7, 9, and 16) in Fig. 1. Note 

that the slack bus must be numbered 1 to begin and remain numbered 1 throughout 

the process. 

 

Step 3. In the first iteration, because the slack bus is number 1, ite = 1, branchite = 1, and 

buscheck-old = 1, as shown in the first row of Table 3. New bus #1 is old bus #1. 

Thus, the value 1 is stored in the first row of the column labelled newoldbus. 
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Fig. 5  Programming flowchart for the proposed automatic re-numbering scheme. 

Step 4. Count how many times the current value of buscheck-old appears in the second and 

third columns of Table 2, which is 3 here, and store that number in Row buscheck-

old and Column 2 of Matrix branchnumber, i.e., branchnumber(buscheck-old, 2) 

which is the fourth column of Table 3. There are three possible cases, based on how 
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many times a certain bus appears in the second and third columns of Table 2, which 

indicates how many branches a certain bus is connected to. 

Table 2. Input bus and branch identity file in the 16-bus example.  

Branch 
Number 

Busses at either end of 
the branch 

1 1 2 

2 2 3 

3 2 4 

4 4 5 

6 1 6 

8 6 7 

10 7 10 

12 1 11 

14 11 12 

13 11 13 

15 13 14 

5 3 9 

11 8 12 

7 6 8 

9 7 9 

16 5 14 

 

Case 1: branchnumber (i, 2) = 1 

     This case indicates that bus i is the end of a lateral or sub-lateral, as it appears only 

once in the first two columns of the bus and branch identity file. So we need to go 

back to the nearest connection point and look for other possible laterals or sub-

laterals, as indicated by the rows shaded in green in Table 3. Once an end bus is 

detected, the program will stop searching for end busses in the first two columns of 
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the bus and branch identity file; instead, it will refer to the returanmatrix for the 

last element, as it is the nearest connection point. 

 

Case 2: branchnumber (i, 2) = 2 

     This case indicates that bus i is connected to two branches, as it appears twice in 

the first two columns in the bus and branch identity file. It is the end of one branch 

and the start of another branch; in this case, the branch that is connected to this bus 

but has not been re-numbered yet will be the next branch to be numbered, and the 

other bus connected to this branch is the next buscheck. 

 

Case 3: branchnumber (i, 2) > 2 

     This case indicates that bus i is connected to more than two branches, as it appears 

more than twice in the first two columns in the bus and branch identity file. It is 

the end of one branch and the beginning of the other branches; in this case, any one 

of the other branches can be chosen arbitrarily to be the next branch to be 

numbered, and the other bus connected to this selected branch is the next buscheck. 

Also the value i will be appended to returnmatrix, because in the future the 

program will revisit this bus when it finishes numbering the current sub-lateral or 

lateral.  

 

In this example, branchnumber (1, 2) = 3, so it falls under Case 3. Thus, 1 is 

appended as a new element to the originally empty matrix returnmatrix, and 2 is chosen 
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arbitrarily as the buscheck-new. Store the value of buscheck-old in the location 

newoldbus (ite, 2).  

 

Step 5: Check to determine if all busses connected to a connection bus have been re-

numbered by checking whether branchnumber(1, 2) equals branchitecount(1, 2). If 

so, then remove this connection bus from returnmatrix.  

 

Step 6: If the program attempts to visit vector returnmatrix, and returnmatrix is an empty 

vector, this means that all buses in the system have now been numbered, as shown 

in the last row of Table 3. If returnmatrix is not empty, loop back to Step 3 and 

repeat Steps 3 through 7. 

 

Step 7: To prepare for the next iteration, increment ite and branchite by 1, which 

indicates new bus ite = 2 will be numbered, assign the value stored in buscheck-

new to buscheck-old, which is buscheck-old = 2; repeat steps 3 through 7.  

 
The result of the re-numbering process is contained in the newoldbus matrix 

contained in the fifth column of Table 3. The matrix indicates the correspondence 

between bus numbers in the re-numbered system and the bus numbers in the original 

system. The important results, taken from the newoldbus matrix in Table 3, are shown in 

Table 4. From these values, a properly numbered system can be drawn, as in Fig. 2. 
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Table 4. Data from the newoldbus matrix, showing bus numbers before and after re-numbering.  

Bus number before 
 re-numbering 

Bus number after 
 re-numbering 

1 1 

2 2 

3 3 

9 4 

4 5 

5 6 

6 7 

7 8 

10 9 

11 10 

12 11 

8 12 

13 13 

14 14 
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Table 3. Tracking variables in the illustrated re-numbering example. 

Variable/ 
Matrix 

buscheck-
old 

buscheck-
new branchnumber newoldbus branchitecount returnmatrix 

ite=1 
branchite=1 1 2 branchnumber(1,2) 

=3 
newoldbus(1,2) 

=1 

branchitecount(1,2) 
=1  

branchitecount(2,2) 
=1 

[1] 

ite=2 
branchite=2 2 3 branchnumber(2,2) 

=3 
newoldbus(2,2) 

=2 

branchitecount(2,2) 
=2 

branchitecount(3,2) 
=1 

[1 2]  

ite=3 
branchite=3 3 9 branchnumber(3,2) 

=2 
newoldbus(3,2) 

=3 

branchitecount(3,2) 
=2 

branchitecount(9,2) 
=1 

[1 2] 

ite=4 
branchite=4 9 2 branchnumber(9,2) 

=1 
newoldbus(4,2) 

=9 

branchitecount(9,2) 
=1 

branchitecount(2,2) 
=3 

[1] 

ite=5 
branchite=4 2 4 branchnumber(4,2) 

=2 
newoldbus(5,2) 

=4 

branchitecount(2,2) 
=4 

branchitecount(4,2) 
=1  

[1] 

ite=6 
branchite=5 4 5 branchnumber(5,2) 

=1 
newoldbus(6,2) 

=5 

branchitecount(4,2) 
=2 

branchitecount(5,2) 
=1 

[1] 

ite=7 
branchite=6 1 6 branchnumber(6,2) 

=2 
newoldbus(7,2) 

=6 

branchitecount(6,2) 
=1  

branchitecount(1,2) 
=2 

[1] 

ite=8 
branchite=7 6 7 branchnumber(7,2) 

=2 
newoldbus(8,2) 

=7 

branchitecount6,2) 
=2  

branchitecount(7,2) 
=1 

[1] 

ite=9 
branchite=8 7 10 branchnumber(10,2) 

=1 
newoldbus(9,2) 

=10 

branchitecount(7,2) 
=2 

branchitecount(10,2) 
=1 

[1] 

ite=10 
branchite=9 1 11 branchnumber(11,2) 

=3 
newoldbus(10,2) 

=11 

branchitecount(1,2) 
=3 

branchitecount(11,2) 
=1 

[11] 

ite=11 
branchite=10 11 12 branchnumber(12,2) 

=2 
newoldbus(11,2) 

=12 

branchitecount(11,2) 
=2 

branchitecount(12,2) 
=1 

[11] 

ite=12 
branchite=11 12 8 branchnumber(8,2) 

=1 
newoldbus(12,2) 

=8 

branchitecount(12,2) 
=2 

branchitecount(8,2) 
=1 

[11] 

ite=13 
branchite=12 11 13 branchnumber(13,2) 

=2 
newoldbus(13,2) 

=13 

branchitecount(11,2) 
=3 

branchitecount(13,2) 
=1 

[ ] 

ite=14 
branchite=13 13 14 branchnumber(14,2) 

=1 
newoldbus(14,2) 

=14 

branchitecount(13,2) 
=2 

branchitecount(14,2) 
=1 

[ ] 
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Chapter 3 

Validation results for the revised direct load flow scheme 

The proposed bus and branch re-numbering scheme, together with the direct load 

flow method, were programmed in MATLAB R2012a and implemented on a 2.7 GHz, 8 

GB RAM laptop personal computer.  For load flow analysis, the essential input data are 

the initial bus and branch identity data from Table 2; the complex load or injected 

complex power at each bus; the complex impedance of each branch; the maximum 

current allowed in each branch; and the base power and base voltage for the system, 

which were 100 MVA and 23 kV, respectively, for the 16-bus system, and 10 MVA and 

12.66 kV, respectively, for the 32-bus system. The bus and branch data for the 16- and 

32-bus test systems are provided in Appendices 1 and 2, respectively.  

 

To validate that the new program could correctly both re-number an incorrectly 

numbered system and implement the direct load flow scheme, it was applied to the 

improperly numbered 16-and 32-bus systems shown in Figs. 1 and 3, and the load flow 

results were compared to those obtained using a previously implemented Newton-

Raphson load flow program [7].  First, the program successfully re-numbered the buses 

and branches of both test systems correctly, as shown in Figs. 2 and 4. Then it produced 

load flow results virtually identical to those obtained with the Newton-Raphson program, 

as shown in the following.  

3.1    16-bus-test system results 

Tables 5 and 6 compare the bus voltages and branch currents obtained using the 

proposed re-numbering scheme with the direct load flow method with those obtained 
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independently using the Newton-Raphson method [7]. Also, both approaches produced 

identical values for the total system power loss, i.e., 511.4 kW. 

Table 5. Comparison of bus voltage load flow results: 16-bus system. 

Old 
Bus 
 No. 

Bus voltages (per unit) 

With the direct load flow method 
and the proposed re-numbering 

scheme 

With the Newton-Raphson load 
flow method 

1 1 1 

2 0.991 0.991 

3 0.988 0.988 

4 0.986 0.986 

5 0.985 0.985 

6 0.981 0.981 

7 0.973 0.973 

8 0.990 0.990 

9 0.988 0.988 

10 0.972 0.972 

11 0.992 0.992 

12 0.991 0.991 

13 0.990 0.990 

14 0.989 0.989 
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Table 6. Comparison of branch current load flow results: 16-bus system. 

Old 
Branch 

No. 

Branch currents (per unit) 

With the direct load flow method 
and the proposed re-numbering 

scheme 

With the Newton-Raphson load 
flow method 

1 0.0951 0.0951 

2 0.0365 0.0361 

3 0.0364 0.0361 

4 0.0195 0.0192 

5 0.00791 0.0078 

6 0.1417 0.1417 

7 0.0978 0.0960 

8 0.0495 0.0482 

9 0.0136 0.0135 

10 0.0622 0.0622 

11 0.0314 0.0311 

12 0.0203 0.0201 

13 0.0227 0.0225 

3.2    32-bus-test system results 

Tables 7 and 8 compare the bus voltages and branch currents obtained using the 

proposed re-numbering scheme with the direct load flow method with those obtained 

independently using the Newton-Raphson method [7]. Also, both approaches produced 

identical values for the total system power loss, i.e., 202.6 kW. 
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Table 7. Comparison of bus voltage load flow results: 32-bus system. 

Old 
Bus 
No. 

Bus voltages (per unit) 
With the direct load flow method and 
the proposed re-numbering scheme 

With the Newton-Raphson load flow 
method 

1 1 1 

2 0.997 0.997 

3 0.983 0.983 

4 0.975 0.975 

5 0.968 0.968 

6 0.950 0.950 

7 0.946 0.946 

8 0.941 0.941 

9 0.935 0.935 

10 0.929 0.929 

11 0.928 0.928 

12 0.927 0.927 

13 0.921 0.921 

14 0.919 0.919 

15 0.917 0.917 

16 0.916 0.916 

17 0.914 0.914 

18 0.913 0.913 

19 0.997 0.997 

20 0.993 0.993 

21 0.992 0.992 

22 0.992 0.992 

23 0.979 0.979 

24 0.973 0.973 

25 0.969 0.969 

26 0.948 0.948 

27 0.945 0.945 

28 0.934 0.934 

29 0.926 0.926 

30 0.922 0.922 

31 0.918 0.918 

32 0.917 0.917 

33 0.917 0.917 
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Table 8. Comparison of branch current load flow results: 32-bus system. 

Old 
Branch 

No. 

Branch currents (per unit) 

With the direct load flow method and the 
proposed re-numbering scheme 

With the Newton-Raphson load flow 
method 

1 0.461 0.461 

2 0.410 0.409 

3 0.295 0.290 

4 0.280 0.274 

5 0.274 0.265 

6 0.128 0.122 

7 0.104 0.099 

8 0.081 0.076 

9 0.074 0.069 

10 0.067 0.062 

11 0.061 0.057 

12 0.054 0.050 

13 0.046 0.043 

14 0.031 0.029 

15 0.025 0.023 

16 0.018 0.016 

17 0.011 0.010 

18 0.040 0.040 

19 0.030 0.030 

20 0.020 0.020 

21 0.010 0.010 

22 0.106 0.105 

23 0.096 0.094 

24 0.048 0.047 

25 0.143 0.136 

26 0.137 0.130 

27 0.131 0.124 

28 0.125 0.117 

29 0.111 0.103 

30 0.051 0.047 

31 0.033 0.030 

32 0.008 0.007 
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In summary, for both test systems, the total system power losses and resulting bus 

voltage profiles were identical with both programs, and the resulting branch currents 

were very similar. Similar validation results were obtained when the program was applied 

to 69-bus 135-bus test systems also.  
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Chapter Four 

Computation time reduction 
To demonstrate the computation time efficiency of the proposed method, the 

central processor unit (CPU) times required for the new program to perform load flow 

analysis on the initially improperly numbered 16- and 32-bus systems shown in Figs. 1 

and 3, as well as 69- and 135-bus test systems (not shown) were compared with the 

corresponding times obtained with the Newton-Raphson load flow program.  Table 9 

shows the CPU times of both load flow programs for all four test systems. Note that if the 

busses and branches of the system are not numbered properly, the direct load flow 

method will simply not run and the program will return an error statement. As shown in 

Table 8, the average CPU time for a single load flow run using the direct method with the 

re-numbering scheme is much less than that with the Newton-Raphson method. 

Considering that load flow calculations will occur a huge number of times in a typical 

power system analysis, use of the direct method with the proposed re-numbering scheme 

will result in enormous savings in computation time.   

Table 9. Comparison of CPU times from two load flow approaches for four test systems. 

Test 
System 

CPU time (sec) 

With the direct load flow method 
and the proposed re-numbering 

scheme 

With the Newton Raphson 
load flow method 

16-bus 0.0022 0.0062 

32-bus 0.0034 0.024 

69-bus 0.0091 0.068 

135-bus 0.0137 0.255 
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To further demonstrate the CPU time advantage of the new load flow process, the 

complete FNSGA, i.e., the subject of Chapters 5 and 6, was used with both load flow 

schemes to determine Pareto optimal radial configurations in the initially meshed (no 

initially open switches) 32-bus test system. The number of generations Gen for the GA 

was fixed at 16, and the initial population size N was varied from 30 to 140. For each 

value of N the FNSGA was run 25 times. Table 10 and Fig. 6 compare the variation with 

initial population size of the average CPU time (in seconds) of the 25 runs of the FNSGA 

using both load flow schemes.  As in the simpler experiment described in Table 9, the 

results illustrate the enormous CPU time advantage of the direct load flow method with 

the new bus and branch re-numbering scheme. 

Table 10. Comparison of average CPU times for 25 runs of the complete FNSGA. Number of generations 
Gen fixed at 16, and initial population size N varied. 

32 Bus System Average CPU time (sec) 

N Gen 
With the direct load flow method 
and the proposed re-numbering 

scheme 

With the Newton Raphson 
load flow method 

30 16 2.55 25.29 

40 16 3.89 34.67 

50 16 4.04 53.00 

60 16 5.86 52.19 

70 16 6.39 60.55 

80 16 7.55 71.12 

90 16 7.99 79.47 

100 16 10.27 84.39 

110 16 9.45 100.07 

120 16 11.73 96.19 

130 16 12.61 110.72 

140 16 14.88 129.70 
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Fig. 6.  Plots of the data in Table 10. 
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Chapter Five 

The roles of initial population size and number of generations 
in the fast non-dominated sorting genetic algorithm (FNSGA)  

Chapters 2 through 4 of this thesis have addressed the first shortcoming of the 

FNSGA described in the Introduction, namely that the Newton-Raphson numerical 

approach is ill-suited to the analysis of load flow problems in power distribution systems. 

Those chapters also showed how the so-called direct approach, together with the novel 

bus and branch re-numbering scheme developed here, is better-suited to power 

distribution systems and much faster. In Chapters 5 and 6, the second shortcoming, 

concerning optimization of the initial population size N and the number of generations 

Gen in the algorithm, is addressed.  

 

The entire FNSGA is described in great detail in [7] and [19]. Here, a brief 

description, emphasizing the roles of the two important parameters N and Gen, the user-

defined initial population size and number of generations, respectively, is provided 

instead. The essential points to be made are: first, that the quality of the solution 

determined by the algorithm depends strongly on the specified values of N and Gen, 

increasing as those parameters increase; and second, that the CPU time required to run 

the program increases significantly as N and Gen increase. This conflicting tradeoff 

motivated the parametric study described in Chapter 6 to find optimum values of N and 

Gen that are large enough to produce reliable results without being unnecessarily large 

that they cause excessive and wasted CPU time.  
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In the Matlab program, the FNSGA is implemented using several user-defined 

functions in the main body function, which is illustrated for the 16 bus test system in Fig. 

7.  The example illustrates the first two generations, i.e., iterations of the main body 

function, with an initial population of 20 randomly generated sets of tie or open switches 

in the initially meshed test system. One such possible switch set consists of branches 7, 9, 

and 16, as illustrated in Fig. 1.  

 

The left column shows the current total population NT during the process. During 

the first iteration, the initial population, which is equal to the size pre-defined by the user 

(20 in the example), is generated randomly. In the next step, an equal population of 

offspring is generated from the initial population using the genetic crossover operator. 

The total population in the example now consists of 40 individuals. Due to the 

randomness involved in the first two steps, there might be repeated individuals among the 

40, and some of them may not actually create a radial topology. Thus, the next step is to 

detect and remove the repeated individuals and identify and remove those that don’t 

produce radial topologies. At this point the population will consist of fewer than twice the 

original number (40 here), so in the example, 32 is used, as shown in Fig. 7.  

 

Next, load flow analysis is conducted on all 32 radial systems identified by the 32 

valid switch sets, to generate voltage profiles in preparation for the next step, which is 

guided mutation. During guided mutation [7], the branch that is connected to the lowest 

voltage bus is replaced randomly with one that is also connected to the lowest voltage bus 
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but not present in the current switch set combination. If there is no such alternate branch, 

mutation for this bus is skipped. This mutation process is conducted on the voltage 

 

Fig. 7. Illustration of the first two iterations (generations) of the genetic algorithm. The process continues 

through Geni = Gen, the user-defined number of generations.  
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profiles of all 32 radial systems in question. Thus the total population is now doubled, to 

64 in the example. At this point, as above, there might be repeated individuals among the 

64, and some of them may not actually create a radial topology. Thus, it is again 

necessary to remove the repeated individuals and identify and remove those that don’t 

produce radial topologies. For the sake of the example, there are assumed to be 42 valid 

individuals remaining, as shown in Fig. 7. 

 

After the guided mutation step, load flow analysis is conducted again, this time to 

determine all the performance objectives defined by the user. For this thesis, the defined 

objectives were voltage profiles, total system power losses, and the system load balancing 

index (SLBI) [4]. This is the data that is needed for the non-dominated sorting process 

[20], which produces the Pareto optimal (non-dominated) solution set. For the example, 

the population of the Pareto optimal set is assumed to be 5, as shown in Figure 7.  

 

At this point, one genetic generation is complete, i.e., one iteration of the user-

specified number of generations Gen. The entire process is repeated for each remaining 

generation, with the only change being that the Pareto optimal population set from each 

generation is kept and included as part of the N at the start of the succeeding generation. 

Thus, the solution “evolves” to better and better results with each generation, and thus, 

larger values of Gen lead to better results. Similarly, larger values of N allow the 

algorithm to consider more potential optimal solutions, which also leads to better results. 

Of course, larger values of N and Gen result in increased CPU time. This tradeoff is 

studied in the next chapter.   
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Chapter Six 

Parametric study to optimize N and Gen 

As stated in the Introduction, since the purpose of applying the FNSGA to a power 

system is to produce a Pareto optimal set of system topologies for multiple objectives, it is 

appropriate to optimize N and Gen by finding minimum values of the two (for CPU time 

purposes) that lead to highly repeatable Pareto optimal configurations.  Thus, the FNSGA, 

together with the above-described direct load flow and bus and branch re-numbering 

scheme, was used to determine Pareto optimal radial configurations of the 16- and 32-bus 

test systems, beginning with the meshed versions (no initially open switches) of the 

systems, as shown in Figs. 8 and 9.  

 

The first point to be made is that optimum values of N and Gen for one test 

system are probably not optimum for another one.  Table 11 shows the accumulated 

Pareto optimal solutions for 100 runs of the program applied to the 16-bus test system 

with total power loss, minimum voltage, and SLBI as the objectives, and parameters N 

and Gen set to 26 and 16, respectively, as determined in [7]. The last column in the table 

shows the occurrence rate of each solution, i.e., the percentage of times in the 100 runs of 

the program that the given open switch set appeared as a Pareto optimal solution. As 

shown, there were only seven unique Pareto solutions in the 100 runs of the program, and 

five of them appear at least 92 percent of the time, suggesting the repeatability of those 

solutions, and the adequacy of the chosen values of N and Gen.  
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Fig. 8.  Meshed 16-bus test system used in the N, Gen optimization study. 

 

 
   
 

Fig. 9.  Meshed 32-bus test system used in the N, Gen optimization study. 
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Table 11. Accumulated Pareto optimal solutions from 100 runs of the FNSGA on the 16-bus test system. 
Objectives were total power loss, minimum voltage, and SLBI. N = 26, Gen = 16. Average CPU time was 

0.65 sec. 

Pareto optimal tie 
(open) switch set 

Total 
power loss 

(kW) 

Vmin 
(volts) SLBI 

Occurrence 
rate 

(percent) 
9 7 16 466.1 0.972 0.358 97 

5 7 16 483.9 0.971 0.357 95 

5 7 15 509.7 0.971 0.355 100 

5 11 15 540.5 0.969 0.353 92 

9 7 15 494.4 0.972 0.357 95 

9 11 16 493.2 0.969 0.357 5 

9 7 4 480.5 0.972 0.416 2 
 

Table 12. Most frequently occurring Pareto optimal solutions from 100 runs of the FNSGA on the 32-bus 
test system. Objectives were total power loss, minimum voltage, and SLBI. N = 26, Gen = 16. Average 

CPU time was 2.34 sec. 

Pareto optimal tie (open) switch set 
Total 

power loss 
(kW) 

Vmin 
(volts) SLBI 

Occurrence 
rate 

(percent) 
7 10 28 14 36 142.4 0.936 0.263 23 

7 9 28 14 32 139.9 0.936 0.263 20 

7 10 27 14 32 144.0 0.941 0.264 19 

7 10 28 14 32 140.6 0.939 0.263 19 

7 9 28 14 36 141.9 0.938 0.263 17 

7 9 27 14 32 143.2 0.940 0.264 16 

7 10 27 14 17 150.3 0.933 0.262 16 

7 10 28 14 17 146.4 0.933 0.262 12 

7 9 27 14 36 145.4 0.933 0.262 11 

7 9 37 14 32 139.5 0.938 0.289 11 

7 10 27 13 17 152.6 0.931 0.262 11 

7 10 27 14 36 145.9 0.941 0.262 11 

 
On the other hand, with parameters N and Gen set to 26 and 16, respectively, 

when applying the program to the 32-bus test system, no Pareto optimal solution occurs 

more than 23 percent of the time, as shown in Table 12, which includes only the twelve 
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most frequently occurring solutions.  The complete solution set is contained in Appendix 

3, which contains 126 unique Pareto solutions, including 55 that appear only once in 100 

runs of the program. Clearly, none of these solutions is sufficiently repeatable, indicating 

that the chosen values for N and Gen are far too small in the 32-bus case.  Table 13 

shows results of using N = 30, 80, and 120 with Gen = 5, Gen = 20 and 100 with N = 30, 

and N = 200 and 400 with Gen = 20. Data in the table for each case are the average CPU 

time per run and the occurrence rate of the most frequently occurring Pareto optimal 

solution in 100 runs of the program.  The results show that even with an initial population 

of 400 individuals and allowing the system to evolve for 20 generations, the most 

frequently occurring Pareto optimal solution occurs only 62 percent of the time. If we 

expect occurrence rates over 90 percent, as in the 16-bus system case, then N and Gen are 

still inadequate. Furthermore, the average CPU time for this case was 53.4 seconds, 

which is becoming excessive in a study such as this. Thus, in the remainder of the 

simulations to be discussed in this thesis, the number of runs of the FNSGA was reduced 

to 25. 

Table 13. Total CPU time and occurrence rates of the most frequently occurring Pareto optimal solutions 
from 100 runs of the FNSGA on the 32-bus test system with various values for N and Gen. Highlighted 

data are for comparison with data in Table 22. 

N Gen 
Average CPU 

time 
per Run (s) 

Maximum 
occurrence rate 

(percent) 
30 5 1.23 7 

80 5 3.21 12 

120 5 5.28 16 

30 20 3.21 12 

30 100 2.74 29 

200 20 19.9 49 

400 20 53.4 62 
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6.1    Optimizing N and Gen for the 16-bus test system 

We have seen that values of 26 and 16 for N and Gen, respectively, produce 

reasonably repeatable results, i.e., Pareto optimal solutions that occur over 90 percent of 

the time. Here we investigate whether either or both parameters can be smaller in order to 

reduce CPU time consumption, and still produce repeatable results.  To optimize N, 

Table 14 shows results (from 25 runs of the algorithm) of varying N with Gen fixed at 5. 

Data in the table include the average CPU time per run, the total number of Pareto 

optimal solutions in the 25 runs, the number of unique solutions, and the occurrence rate 

of the most frequently occurring solution in the 25 runs.  For clarity, the variations of 

average CPU time and maximum occurrence rate with parameter N from Table 14 are 

plotted in Figs. 10 and 11, respectively.   

Table 14. Results summary from 25 runs of the FNSGA on the 16-bus test system with various values for 
N with Gen=5. Highlighted data are for comparison with data in Tables 19, 20, and 21. 

Gen N Average CPU 
time per Run (s) 

Total no. of 
Solutions 

No. of  
unique 

solutions 

Maximum 
occurrence 

rate (percent) 
5 2 0.048 49 17 24 

5 4 0.073 66 18 48 

5 6 0.103 77 16 40 

5 8 0.146 97 16 44 

5 10 0.163 108 15 72 

5 12 0.203 110 12 80 

5 14 0.232 113 14 84 

5 16 0.265 118 11 92 

5 18 0.303 123 10 92 

5 20 0.330 118 9 96 

5 22 0.367 121 9 92 

5 24 0.369 118 10 96 

5 26 0.409 121 9 96 
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Gen N Average CPU 
time per Run (s) 

Total no. of 
Solutions 

No. of  
unique 

solutions 

Maximum 
occurrence 

rate (percent) 
5 28 0.436 118 7 100 

5 30 0.448 122 8 100 

 

Figs. 10 and 11 show that CPU time increases linearly with N, at least over the 

range of N considered in the study, and that the maximum occurrence rate exhibits a 

saturation behavior as N increases. Using the criterion that N is sufficiently large when at 

least one solution appears at least 90 percent of the time, the third order curve fitted to the 

data in Fig. 11 shows that an initial population size of approximately 20 is sufficient to 

produce repeatable solution sets (with Gen = 5) in the 16-bus test system.  

 

 

Fig. 10.  Plot of average CPU time versus N, with Gen = 5, from Table 14. 

Next, to optimize Gen, Table 15 shows results (from 25 runs of the algorithm) of 

varying Gen with N fixed at 20, the approximately optimum value found via Fig. 11. 

Data in the table include the average CPU time per run, the total number of Pareto 

optimal solutions in the 25 runs, the number of unique solutions, and the occurrence rate 

of the most frequently occurring solution in the 25 runs.   
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As above, the variations of average CPU time and maximum occurrence rate with 

parameter Gen from Table 15 are plotted in Figs. 12 and 13, respectively.  They show 

that CPU time increases linearly with Gen, at least over the range of Gen considered in 

the study, and that the maximum occurrence rate exhibits a saturation behavior as Gen 

increases. Using the criterion that Gen is sufficiently large when at least one solution 

appears at least 90 percent of the time, the fifth order curve fitted to the data in Fig. 13 

shows that approximately five generations are sufficient to produce repeatable solution 

sets (with N = 20) in the 16-bus test system.  

 

Fig. 11. Plot of maximum occurrence rate versus N, with Gen = 5, from Table 14.  

Table 15. Results summary from 25 runs of the FNSGA on the 16-bus test system with various values for 
Gen with N = 20. 

N Gen 

Average 
CPU time 
per Run 

(s) 

Total no. of 
Solutions 

No. of  
unique 

solutions 

Maximum 
occurrence rate 

(percent) 

20 1 0.079 81 22 36 

20 2 0.146 96 14 68 

20 3 0.203 106 18 76 

20 4 0.263 111 9 80 

20 5 0.318 118 9 92 
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N Gen 

Average 
CPU time 
per Run 

(s) 

Total no. of 
Solutions 

No. of  
unique 

solutions 

Maximum 
occurrence rate 

(percent) 

20 6 0.359 119 9 96 

20 7 0.400 118 11 92 

20 8 0.435 122 8 100 

20 9 0.442 121 9 100 

20 10 0.500 122 5 100 

 

 

Fig. 12.  Plot of average CPU time versus Gen, with N = 20, from Table 15. 

 
 

 

 
Fig. 13. Plot of maximum occurrence rate versus Gen, with N = 20, from Table 15.  
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6.2    Optimizing N and Gen for the 32-bus test system 

The 16-bus parametric study showed that CPU time increases linearly as the 

parameters N and Gen increase (as might be expected), and that the maximum occurrence 

rate, which indicates the achievement of repeatable Pareto optimal solutions, saturates at 

the 90 percent level for reasonable values of N and Gen, 20 and 5, respectively.  The 

average CPU time for these two parameters is only approximately 0.32 seconds, as 

shown in Tables 14 and 15. Thus, there is no considerable computational burden with the 

16-bus test system. 

 

Such is not the case for the 32-bus test system, as has been seen in connection 

with Table 13, where, with N = 400 and Gen = 20, the average CPU time was 53.4 

seconds and the maximum occurrence rate was only 62 percent.  To clarify this further, 

Tables 16 and 17 show the results of 25-run parametric studies of varying N with Gen 

fixed at 16 and varying Gen with N fixed at 30, respectively. As above, Figs. 14 and 15 

show plots of average CPU time and maximum occurrence rate versus N from Table 16, 

and Figs. 16 and 17 show plots of average CPU time and maximum occurrence rate 

versus Gen from Table 17. Figs. 14 and 16 show that CPU time increases approximately 

linearly over the range of values covered by N and Gen, and Figs. 15 and 17 show that 

the maximum occurrence rates are no higher than approximately 60 percent in any case 

considered.  

 



40 
 

The important conclusion to be drawn from the 32-bus data shown is that the 

values of N and Gen required for saturation of the maximum occurrence rate (and thus 

repeatable Pareto optimal solution sets) are much larger than any of the values considered, 

so that the corresponding CPU time will be impractically large.  This problem is 

exacerbated by comparing the rates of change of CPU time with N and Gen for the two 

systems (i.e., the slopes of the linear plots in Figs. 10, 12, 14, and 16), as is done in Table 

18.  The data show that as the system size increases, the rates of increase of CPU time 

with N and Gen increase dramatically, which further illustrates the need to determine 

minimum values for N and Gen that produce reliable and repeatable Pareto optimal 

solution sets. Suggestions for doing this are discussed in the next chapter.  

Table 16. Results summary from 25 runs of the FNSGA on the 32-bus test system with various values for 
N with Gen = 16. Highlighted data are for comparison with data in Tables 23 and 24. 

Gen N 
Average 

CPU time 
per Run (s) 

Total no. of 
Solutions 

No. of  
unique 

solutions 

Maximum 
occurrence rate 

(percent) 
16 30 2.75 113 58 24 

16 40 3.34 125 74 24 

16 50 3.94 117 52 32 

16 60 5.68 142 51 32 

16 70 6.07 123 51 36 

16 80 7.40 118 45 36 

16 90 8.33 133 49 40 

16 100 9.60 132 42 44 

16 110 10.63 147 44 40 

16 120 12.78 171 60 44 

16 140 13.32 155 46 48 

16 160 14.36 162 48 44 

16 170 16.42 154 36 52 

16 180 15.14 164 38 56 

16 190 18.34 161 33 60 
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Table 17. Results summary from 25 runs of the FNSGA on the 32-bus test system with various values for 
Gen with N = 160. 

N Gen 
Average 

CPU time 
per Run (s) 

Total no. of 
Solutions 

No. of  
unique 

solutions 

Maximum 
occurrence rate 

(percent) 
160 5 6.64 137 78 28 

160 10 12.60 165 54 40 

160 15 14.86 152 43 44 

160 20 15.59 145 34 52 

160 25 18.33 170 43 52 

160 30 19.07 172 38 56 
 
 

 

        
Fig. 14.  Plot of average CPU time versus N, with Gen = 16, from Table 16. 
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Fig. 15.  Plot of maximum occurrence rate versus N, with Gen = 16, from Table 16.  

 

 

Fig. 16.  Plot of average CPU time versus Gen, with N = 160 from Table 17. 
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Fig. 17. Plot of maximum occurrence rate versus Gen, with N = 160, from Table 17.  

 

 
 
 
 
 
 
 

Table 18. Comparison of rates of change of CPU time with N and Gen in 16- and 32-bus cases. (Slopes of 
lines in Figs, 10, 12, 14, and 16.) 

 d(CPU time)/N d(CPU time)/Gen 

16-bus system 0.015 sec per population 
size (Fig. 10) 0.045 sec per generation (Fig. 12) 

32-bus system 0.108 sec per population 
size (Fig. 14) 0.458 sec per generation (Fig. 16) 
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Chapter Seven 
Reducing the CPU time  

It has been shown that CPU time depends on the values of N and Gen used at the 

outset of the application of the algorithm. It has also been shown that, in the case of the 

16-bus test system, N = 20 and Gen = 5 lead to reasonably repeatable Pareto optimal 

solution sets in approximately 0.32 seconds. On the other hand, in the case of the 32-bus 

test system, the last item in Table 13 shows that with N and Gen as large as 400 and 20, 

respectively, the maximum occurrence rate is only 62 percent and the average CPU time 

is a rather large 53.4 seconds. Similarly, the last item in Table 16 shows that with N and 

Gen equal to 190 and 16, respectively, the maximum occurrence rate is 60 percent and 

the average CPU time is 18.3 seconds. 

 

The obvious reason for the difference between the two sets of results is the 

difference in the size of the systems, i.e., the number of switches that must be considered 

in forming the initial population in the genetic algorithm. To do this, the algorithm 

randomly selects one branch from each fundamental loop in the system to be opened, 

checks to see whether the selected set of open branches (switch sets) defines a radial 

system, and if so, whether it has been selected already, then repeats the process N times. 

The N sets of open branches then “evolve” to better and better solutions as the algorithm 

proceeds, as described previously. If N is too small in comparison to the number of 

possibilities, it could require a large number of generations Gen, resulting in excessive 

CPU time, for the algorithm to consider a sufficient number of switch sets to produce 

repeatable results.  



45 
 

 

7.1  Observation and removal of certain branches from the initial population 

In the three-fundamental-loop 16-bus system, it can be shown that there are 238 

combinations of one branch (switch) from each fundamental loop, 190 of which produce 

radial systems, and 48 of which do not. In the optimization parametric study above, it was 

determined that reasonably repeatable Pareto optimal solutions occur with approximately 

minimal values of N and Gen equal to 20 and 5, respectively, with an average CPU time 

of approximately 0.32 seconds per run. Those results were obtained with all switches in 

the system eligible for selection by the algorithm. Fig. 8 shows that there are fifteen of 

them (switch 10 must remain closed and is thus not eligible), and thus 238 possible three-

switch combinations, as explained above. Inspection of Table 11 reveals the interesting 

feature that of the fifteen switches eligible for selection, only seven of them ever appear 

in the results, which include 486 total solutions. When the FNSGA is revised to remove 

the switches that never appear in the solutions, and use only those that do appear, i.e., 

switches 4, 5, 7, 9, 11, 15, and 16, results such as those shown in Tables 19, 20, and 21 

arise.  These data show that, as expected, reasonably repeatable Pareto optimal solutions 

are produced with smaller values of N, Gen, and less CPU time.  The benefit of the 

smaller number of eligible switches (smaller eligible-switch-pool)is illustrated in Table 

22, which compares the average CPU times and maximum occurrence rates from Tables 

19, 20, and 21 (smaller eligible-switch-pool)  with the corresponding full eligible-switch-

pool results from lines 2, 3, and 4 (highlighted in green) in Table 14.   
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Table 19. Most frequently occurring Pareto optimal solutions from 25 runs of the FNSGA on the 16-bus 
test system using a reduced pool of seven rather than fifteen eligible switches. Gen = 5, N = 4. Average 

CPU time was 0.0533 sec.  

Pareto optimal tie 
(open) switch set 

Total power 
loss (kW) Vmin (volts) SLBI Occurrence 

rate (percent) 

19 17 26 466.1 0.97 0.36 88 

15 17 26 483.9 0.97 0.36 84 

19 17 25 494.5 0.97 0.36 28 

15 17 25 509.7 0.97 0.36 24 

19 21 25 524.8 0.97 0.36 16 

15 21 25 540.5 0.97 0.35 12 

15 21 26 511.4 0.97 0.36 12 

19 21 26 493.2 0.97 0.36 12 

19 17 14 480.5 0.97 0.42 8 

19 17 26 466.1 0.97 0.36 88 

 

Table 20. Most frequently occurring Pareto optimal solutions from 25 runs of the FNSGA on the 16-bus 
test system using a reduced pool of seven rather than fifteen eligible switches. Gen = 5, N = 6. Average 

CPU time was 0.0624 sec.  

Pareto optimal tie 
(open) switch set 

Total power 
loss (kW) Vmin (volts) SLBI Occurrence 

rate (percent) 

19 17 26 466.1 0.97 19 100 

15 17 26 483.9 0.97 15 96 

19 17 25 494.5 0.97 19 92 

15 17 25 509.7 0.97 15 68 

15 21 25 540.5 0.97 15 44 

19 21 25 524.8 0.97 19 20 

15 21 26 511.4 0.97 15 16 

19 21 26 493.2 0.97 19 4 

 
 

Table 21. Most frequently occurring Pareto optimal solutions from 25 runs of the FNSGA on the 16-bus 
test system using a reduced pool of seven rather than fifteen eligible switches. Gen = 5, N = 8. Average 

CPU time was 0.063 sec.  
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Pareto optimal tie 
(open) switch set 

Total power 
loss (kW) Vmin (volts) SLBI Occurrence 

rate (percent) 

15 17 26 483.9 0.97 0.36 100 

19 17 26 466.1 0.97 0.36 100 

15 17 25 509.7 0.97 0.36 96 

19 17 25 494.5 0.97 0.36 96 

15 21 25 540.5 0.97 0.35 40 

19 21 25 524.8 0.97 0.36 4 

 

Table 22. Comparing corresponding results for average CPU time and maximum occurrence rate from  
                  Table 14 for the complete pool of 15 eligible switches in the 16-bus system with those in Tables 

19, 20, and 21 for the reduced pool of 7 eligible switches. 

Gen N 

16-bus with full (15) 
switch pool (Table 14) 

16-bus with reduced (7) 
switch pool (Tables 19-21) 

Average 
CPU time 

(sec) 

Max 
Occurrence 

rate 
(percent) 

Average 
CPU time 

(sec) 

Max 
Occurrence 

rate 
(percent) 

5  4 0.073 48 0.0533 88 

5  6 0.103 40 0.0624 100 

5  8 0.146 44 0.063 100 

 

The 16-bus results shown in Tables 19 through 22 illustrate the process, but since 

reasonably reliable results are already produced with the relatively small values of Gen, 

N, and CPU times using the full fifteen-switch pool of eligible switches, the process is 

not really needed with the 16-bus system. Instead, it should be more valuable with larger 

systems. Inspection of the 481 total solutions from the 100 runs of the 32-bus system 

shown in Table 12 and Appendix 3 reveals that of the 36 total eligible switches (switch 1 

must remain closed and is thus not eligible) shown in Figure 9, switches in the 22 

branches shown in red in Figure 18 are the only ones that ever appear as open in the 

results. When the FNSGA is revised to include only those 22 switches in the eligibility 
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pool, results such as those shown in Tables 23, 24, and 25 arise. These data show that, as 

hoped, reasonably repeatable Pareto optimal solutions can be obtained in the reduced 

eligible-switch-pool 32-bus system with smaller values of N and Gen, and thus 

reasonable CPU times.  Table 26 compares the average CPU times and Maximum 

occurrence rates from Tables 23, 24, and 25 (smaller eligible-switch-pool) with the 

corresponding full eligible-switch-pool results from line 1 (highlighted in green) in Table 

13 and lines 2 and 6 (highlighted in green) in Table 16. The data in Table 26 show that, 

as the (gen, N) pair increase from (30, 5) to (40, 16) to (80, 16), the maximum occurrence 

rates improve from 7 percent to 44 percent, 24 percent to 80 percent, and 36 percent to 92 

percent, respectively. Thus, the desired 90 percent level is achievable with the reasonable 

CPU time of 6.66 sec.   
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Fig. 18.  32-bus test system showing only those 22 switches (branches) that appeared as open in any of the 

481 solutions in the 100 runs summarized in Appendix 3 . 

 

Table 23. Most frequently occurring Pareto optimal solutions from 25 runs of the FNSGA on the 32-bus 
test system using a reduced pool of 22 rather than 36 eligible switches. Gen = 5, N = 30. Average CPU time 

was 1.12 sec.    

Pareto optimal tie (open) 
switch set 

Total power 
loss (kW) 

Vmin 
(volts) SLBI Occurrence 

rate (percent) 

7 10 28 14 32 140.6 0.941 0.265 44 

7 10 28 14 17 146.4 0.933 0.262 36 

7 10 27 14 32 144.0 0.940 0.264 32 

7 10 28 14 36 142.4 0.938 0.262 32 

7 10 37 14 32 140.2 0.938 0.290 28 

7 10 27 13 17 152.6 0.931 0.262 24 

7 10 27 13 36 149.3 0.936 0.262 24 

7 9 27 14 32 143.2 0.940 0.265 20 

7 9 27 14 36 145.4 0.936 0.263 20 

7 9 28 13 36 144.5 0.938 0.263 20 

7 9 28 14 32 139.9 0.941 0.266 20 

7 10 27 14 17 150.3 0.931 0.262 20 

7 11 27 14 32 144.9 0.940 0.265 20 

7 9 28 14 36 141.8 0.938 0.263 16 

7 9 37 14 32 139.5 0.938 0.291 16 

7 10 27 14 36 145.9 0.936 0.262 16 

7 10 28 13 36 145.8 0.938 0.262 16 

7 11 27 14 36 146.6 0.936 0.263 16 

7 11 28 14 32 141.6 0.941 0.266 16 

7 10 27 13 32 148.3 0.939 0.265 12 

7 10 28 13 32 145.0 0.939 0.265 12 

7 11 28 14 36 143.1 0.938 0.263 12 

7 11 28 34 32 143.1 0.940 0.277 12 

7 11 37 14 32 141.1 0.938 0.291 12 

6 10 28 14 36 150.0 0.939 0.265 8 

7 9 27 13 36 148.0 0.936 0.263 8 
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Pareto optimal tie (open) 
switch set 

Total power 
loss (kW) 

Vmin 
(volts) SLBI Occurrence 

rate (percent) 

7 9 27 14 17 150.1 0.931 0.263 8 

7 10 28 13 17 148.7 0.933 0.262 8 

7 11 27 14 17 150.8 0.931 0.263 8 

7 11 28 14 17 146.9 0.933 0.263 8 

33 9 28 34 32 144.7 0.940 0.284 8 

6 8 28 34 36 152.3 0.939 0.279 4 

6 9 26 14 32 156.2 0.939 0.269 4 

7 9 26 14 32 147.2 0.938 0.266 4 

7 9 27 13 32 146.8 0.940 0.265 4 

7 9 28 13 32 143.5 0.940 0.266 4 

7 9 28 14 17 146.2 0.933 0.263 4 

7 9 28 14 31 144.1 0.924 0.283 4 

7 9 37 13 32 143.0 0.938 0.291 4 

7 10 26 13 17 157.1 0.930 0.263 4 

7 10 28 34 32 143.9 0.939 0.277 4 

7 11 28 13 36 147.2 0.938 0.263 4 

7 11 37 34 32 142.7 0.938 0.303 4 

33 10 28 34 32 143.9 0.940 0.284 4 

33 11 28 34 32 143.6 0.940 0.286 4 

 

Table 24. Most frequently occurring Pareto optimal solutions from 25 runs of the FNSGA on the 32-bus 
test system using a reduced pool of 22 rather than 36 eligible switches Gen = 16, N = 40. Average CPU 

time was 3.18 sec.  

Pareto optimal tie (open) switch 
set 

Total power 
loss (kW) 

Vmin 
(volts) SLBI Occurrence 

rate (percent) 

7 9 28 14 32 139.9 0.941 0.266 80 

7 10 27 14 32 144.0 0.940 0.264 68 

7 10 27 14 36 145.9 0.936 0.262 64 

7 10 28 14 36 142.4 0.938 0.262 64 

7 10 27 14 17 150.3 0.931 0.262 60 

7 9 37 14 32 139.5 0.938 0.291 56 

7 9 28 14 36 141.8 0.938 0.263 52 

7 10 28 14 32 140.6 0.941 0.265 48 
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Pareto optimal tie (open) switch 
set 

Total power 
loss (kW) 

Vmin 
(volts) SLBI Occurrence 

rate (percent) 

7 10 27 13 17 152.6 0.931 0.262 36 

7 9 27 14 32 143.2 0.940 0.265 32 

7 11 28 14 32 141.6 0.941 0.266 32 

7 9 27 14 36 145.4 0.936 0.263 20 

7 10 27 13 32 148.3 0.939 0.265 16 

7 10 27 13 36 149.3 0.936 0.262 12 

7 10 28 13 36 145.8 0.938 0.262 12 

7 10 28 14 17 146.4 0.933 0.262 12 

7 10 37 14 32 140.2 0.938 0.290 12 

7 10 28 13 17 148.7 0.933 0.262 8 

7 11 27 14 32 144.9 0.940 0.265 8 

7 11 28 14 36 143.1 0.938 0.263 8 

6 10 27 14 36 153.9 0.937 0.265 4 

6 10 28 14 36 150.0 0.939 0.265 4 

7 9 27 14 17 150.1 0.931 0.263 4 

7 9 28 13 36 144.5 0.938 0.263 4 

7 10 26 14 36 150.1 0.935 0.263 4 

7 10 28 12 36 148.7 0.938 0.265 4 

7 10 28 13 32 145.0 0.939 0.265 4 

7 11 27 14 36 146.6 0.936 0.263 4 

7 11 28 14 17 146.9 0.933 0.263 4 
 

Table 25. Most frequently occurring Pareto optimal solutions from 25 runs of the FNSGA on the 32-bus 
test system using a reduced pool of 22 rather than 36 eligible switches. Gen = 16, N = 80. Average CPU 

time was 6.66 sec. 

Pareto optimal tie (open) 
switch set 

Total power 
loss (kW) 

Vmin 
(volts) SLBI Occurrence 

rate (percent) 

7 9 28 14 32 139.9 0.94 0.27 92 

7 10 27 14 32 144.0 0.94 0.26 92 

7 10 27 14 36 145.9 0.94 0.26 92 

7 10 28 14 32 140.6 0.94 0.26 92 

7 9 28 14 36 141.8 0.94 0.26 84 

7 9 37 14 32 139.5 0.94 0.29 84 
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Pareto optimal tie (open) 
switch set 

Total power 
loss (kW) 

Vmin 
(volts) SLBI Occurrence 

rate (percent) 

7 10 28 14 36 142.4 0.94 0.26 84 

7 10 27 13 17 152.6 0.93 0.26 60 

7 10 27 14 17 150.3 0.93 0.26 60 

7 9 27 14 36 145.4 0.94 0.26 16 

7 11 28 14 36 143.1 0.94 0.26 16 

7 10 28 13 36 145.8 0.94 0.26 12 

7 9 27 14 32 143.2 0.94 0.27 8 

7 10 27 13 32 148.3 0.94 0.26 8 

7 10 28 14 17 146.4 0.93 0.26 8 

7 11 28 14 32 141.6 0.94 0.27 8 

7 10 27 13 36 149.3 0.94 0.26 4 

7 10 28 13 17 148.7 0.93 0.26 4 

7 10 37 14 32 140.2 0.94 0.29 4 

 

Table 26. Comparing corresponding results for average CPU time and maximum occurrence rate from  
                  Tables 13 and 16 for the complete pool of 36 eligible switches in the 32-bus system with those 

in Tables 23, 24, and 25 for the reduced pool of 22 eligible switches. 

Gen N 

32-bus with full (36) switch 
pool (Tables 13, 16) 

32-bus with reduced (22) 
switch pool (Tables 23-25) 

Average 
CPU time 

(sec) 

Max 
Occurrence 

rate 
(percent) 

Average 
CPU time 

(sec) 

Max 
Occurrence 

rate (percent) 

30  5 1.23 7 1.12 44 

40 16 3.34 24 3.18 80 

80 16 7.40 36 6.66 92 

7.2    Taking advantage of essential spanning trees 

Another potential way to improve the computational efficiency of the program is 

to take advantage of essential spanning trees. This would be accomplished by replacing 

the so- called M matrix and its associated process [7] with the random selection of b 

essential branches, where b is the number of fundamental loops in the system. Essential 
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branches are branches between essential nodes, where essential nodes are buses that 

connect at least three regular branches [18]. The usual check for radiality is then made 

based on the b chosen essential branches. If the system is radial, then one regular branch 

within each essential branch is then chosen randomly. This switch set is then checked for 

repetition. Finally, this process is repeated N times to determine the initial population for 

application of the genetic algorithm. This approach has not been attempted in this project, 

but it is suggested as follow-on work in the Conclusion. 
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Chapter Eight 
Conclusions and recommendations for further work 
The purpose of this thesis project has been to make improvements to the FNSGA 

[7] in order to improve its performance when applied to electric power distribution 

system analysis. This has been done in two principal ways. First, the Newton-Raphson-

based load flow component of the algorithm has been replaced with a revised version of 

the more numerically appropriate direct load flow method [10]. The revised direct load 

flow method now includes a novel scheme for automatically renumbering the busses and 

branches in the distribution system every time it is re-configured as a different radial 

system. Simulations with the new load flow scheme validate its correctness and show that 

it significantly reduces CPU time usage (by approximately an order of magnitude in the 

conducted simulations) compared to CPU times required with the Newton-Raphson-

based load flow scheme.  

 

The second way that the FNSGA has been improved has been to conduct 

parametric studies to determine approximately minimum values of the initial population 

size N and the number of generations Gen used in the algorithm that produce reasonably 

repeatable Pareto optimal solution sets in reasonable CPU times. For the relatively small 

16-bus test system, reasonable CPU times can be obtained when the full set of eligible 

switches is used, but for the 32-bus system (and, presumably, larger systems), use of the 

full set of eligible switches requires prohibitively large values of N and Gen. This 

difficulty was solved by using a reduced size eligible-switch pool, formed by removing 
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from the full eligible-switch-pool those switches that never appear in preliminary 

simulations with the full eligible-switch-pool.   

  

Continuation of this work should focus on ways to further reduce the optimum 

values of N and Gen, and thereby maintain reasonable CPU times, in larger and larger 

test systems. One suggestion would be to make the size of the eligible-switch-pool even 

smaller by removing, in addition to branches that never appear in the preliminary full 

eligible-switch-pool results, those that rarely appear, e.g., only 1 to 4 percent of the time. 

Another would be to use the approach based on the essential spanning tree concept, as 

described in Section 7.2.   
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Appendix 1. Input bus and branch data for the 16-bus test 
system 
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Appendix 2. Input Bus And Branch Data For 32-Bus Test System  
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Appendix 3. Complete accumulated Pareto optimal solution set 
from 100 runs of the FNSGA on the 32-bus test system. 

Pareto optimal tie (open) switch set 
Total 

power loss 
(kW) 

Vmin 
(volts) SLBI Occurrence rate 

(percent) 

7 10 28 14 36 142.36 0.94 0.26 23 

7 9 28 14 32 139.91 0.94 0.27 20 

7 10 27 14 32 143.96 0.94 0.26 19 

7 10 28 14 32 140.64 0.94 0.26 19 

7 9 28 14 36 141.85 0.94 0.26 17 

7 9 27 14 32 143.23 0.94 0.27 16 

7 10 27 14 17 150.28 0.93 0.26 16 

7 10 28 14 17 146.44 0.93 0.26 12 

7 9 27 14 36 145.38 0.94 0.26 11 

7 9 37 14 32 139.49 0.94 0.29 11 

7 10 27 13 17 152.58 0.93 0.26 11 

7 10 27 14 36 145.89 0.94 0.26 11 

7 11 28 14 36 143.09 0.94 0.26 10 

7 10 37 14 32 140.22 0.94 0.29 9 

7 11 28 14 32 141.56 0.94 0.27 9 

6 10 28 14 36 150.05 0.94 0.27 8 

7 10 27 13 36 149.33 0.94 0.26 8 

7 10 28 13 17 148.75 0.93 0.26 8 

7 11 27 14 36 146.62 0.94 0.26 8 

7 11 28 14 17 146.92 0.93 0.26 8 

7 10 27 13 32 148.28 0.94 0.26 7 

7 10 28 13 36 145.80 0.94 0.26 7 

7 10 37 14 36 142.62 0.93 0.29 7 

6 9 28 14 36 149.09 0.94 0.27 6 

7 9 27 14 17 150.05 0.93 0.26 6 

7 9 28 14 17 146.22 0.93 0.26 6 

7 9 37 14 36 142.11 0.93 0.29 6 

7 10 28 13 32 144.96 0.94 0.26 6 

7 11 27 14 32 144.88 0.94 0.27 6 

7 9 26 14 32 147.17 0.94 0.27 5 
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Pareto optimal tie (open) switch set 
Total 

power loss 
(kW) 

Vmin 
(volts) SLBI Occurrence rate 

(percent) 

7 9 27 13 17 151.61 0.93 0.26 5 

6 10 27 14 36 153.86 0.94 0.26 4 

7 10 26 14 32 147.90 0.94 0.27 4 

7 10 28 34 36 144.79 0.94 0.27 4 

7 11 27 13 36 150.74 0.94 0.26 4 

7 11 28 34 32 143.12 0.94 0.28 4 

33 9 28 14 32 144.52 0.94 0.28 4 

33 10 27 34 32 146.72 0.94 0.28 4 

5 9 27 14 36 163.76 0.94 0.27 3 

6 9 27 14 32 151.98 0.94 0.27 3 

6 9 28 14 32 148.38 0.94 0.27 3 

6 9 37 14 36 143.72 0.94 0.29 3 

7 9 27 13 32 146.77 0.94 0.27 3 

7 9 28 13 32 143.45 0.94 0.27 3 

7 10 26 14 36 150.07 0.93 0.26 3 

7 10 28 34 32 143.87 0.94 0.28 3 

7 11 27 13 17 153.73 0.93 0.26 3 

7 11 37 14 32 141.15 0.94 0.29 3 

33 10 28 34 32 143.86 0.94 0.28 3 

6 9 37 14 32 142.77 0.94 0.29 2 

6 10 27 13 36 158.40 0.94 0.26 2 

6 10 27 14 17 156.61 0.93 0.26 2 

6 10 37 14 32 143.95 0.94 0.29 2 

6 11 28 14 36 151.17 0.94 0.27 2 

6 11 37 14 36 145.80 0.94 0.29 2 

7 9 28 13 17 147.77 0.93 0.26 2 

7 9 28 13 36 144.52 0.94 0.26 2 

7 9 28 34 32 145.13 0.94 0.28 2 

7 10 25 14 32 152.29 0.94 0.27 2 

7 10 26 13 17 157.08 0.93 0.26 2 

7 10 26 13 36 153.51 0.93 0.26 2 

7 10 28 14 16 150.17 0.93 0.26 2 

7 11 26 14 36 150.80 0.93 0.26 2 
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Pareto optimal tie (open) switch set 
Total 

power loss 
(kW) 

Vmin 
(volts) SLBI Occurrence rate 

(percent) 

7 11 27 14 17 150.76 0.93 0.26 2 

7 11 27 34 32 146.43 0.94 0.28 2 

7 11 28 13 17 149.89 0.93 0.26 2 

7 11 28 13 36 147.21 0.94 0.26 2 

7 11 28 34 36 144.22 0.94 0.27 2 

7 11 37 34 32 142.70 0.94 0.30 2 

33 9 28 34 32 144.70 0.94 0.28 2 

33 9 28 34 36 146.30 0.94 0.28 2 

6 9 27 13 16 160.94 0.93 0.27 1 

6 9 27 13 32 156.65 0.93 0.27 1 

6 9 28 13 17 154.41 0.93 0.27 1 

6 9 28 13 36 152.84 0.94 0.27 1 

6 9 28 14 17 151.83 0.93 0.27 1 

6 9 28 34 36 151.23 0.94 0.28 1 

6 10 27 14 32 153.17 0.94 0.27 1 

6 10 28 13 36 154.59 0.94 0.27 1 

6 10 28 14 17 152.48 0.93 0.26 1 

6 10 28 14 32 149.57 0.94 0.27 1 

6 10 28 34 36 150.57 0.94 0.27 1 

6 10 37 14 36 144.68 0.94 0.29 1 

6 10 37 34 32 144.75 0.93 0.31 1 

6 11 27 14 17 157.46 0.93 0.27 1 

6 11 28 34 36 150.35 0.94 0.28 1 

6 11 37 34 36 144.98 0.94 0.30 1 

7 9 26 13 36 152.22 0.93 0.26 1 

7 9 26 14 36 149.55 0.93 0.26 1 

7 9 27 13 36 148.05 0.94 0.26 1 

7 9 28 13 16 151.01 0.93 0.26 1 

7 9 37 13 32 143.04 0.94 0.29 1 

7 9 37 14 31 142.54 0.92 0.30 1 

7 9 37 34 32 144.71 0.94 0.30 1 

7 10 25 14 36 154.69 0.93 0.27 1 

7 10 26 13 16 160.54 0.93 0.26 1 
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Pareto optimal tie (open) switch set 
Total 

power loss 
(kW) 

Vmin 
(volts) SLBI Occurrence rate 

(percent) 

7 10 26 14 17 154.78 0.93 0.26 1 

7 10 27 12 32 151.58 0.94 0.27 1 

7 10 27 12 36 152.19 0.94 0.26 1 

7 10 27 13 16 155.84 0.93 0.26 1 

7 10 27 14 16 154.21 0.93 0.26 1 

7 10 27 34 32 147.18 0.94 0.28 1 

7 10 27 34 36 148.32 0.94 0.27 1 

7 10 28 12 17 151.03 0.93 0.26 1 

7 10 28 12 36 148.66 0.94 0.26 1 

7 10 37 14 31 144.05 0.92 0.30 1 

7 11 25 14 32 153.22 0.94 0.27 1 

7 11 26 13 36 154.92 0.93 0.26 1 

7 11 26 14 17 155.26 0.93 0.26 1 

7 11 26 34 32 150.38 0.94 0.28 1 

7 11 28 13 32 146.58 0.94 0.27 1 

7 11 37 13 32 146.16 0.94 0.29 1 

7 11 37 14 36 143.35 0.93 0.29 1 

33 8 27 34 32 149.19 0.94 0.29 1 

33 8 28 14 32 145.90 0.94 0.29 1 

33 8 28 14 36 147.02 0.94 0.29 1 

33 8 28 34 32 146.17 0.94 0.29 1 

33 9 27 14 32 146.95 0.94 0.28 1 

33 9 27 14 36 149.35 0.93 0.28 1 

33 9 27 34 32 147.64 0.94 0.28 1 

33 9 28 13 32 151.73 0.94 0.28 1 

33 9 28 14 36 146.60 0.94 0.28 1 

33 10 28 13 32 155.08 0.94 0.28 1 

33 10 28 14 32 146.70 0.94 0.28 1 

33 10 28 34 36 145.85 0.94 0.28 1 

33 11 28 34 32 143.65 0.94 0.29 1 
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