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ABSTRACT 

Natural fractures exist in many oil and gas reservoirs. On the other hand, hydraulic 

fracturing (fracking) is needed to create fractures in some reservoirs to improve the production 

rate. For example, shale gas reservoirs typically have extremely low permeability but have become 

an attractive source for natural gas production largely due to the advancement of horizontal drilling 

and hydraulic fracturing techniques. The permeability in fractures are much higher than that in 

other parts of the reservoir but the sizes of the fractures are much smaller. Thus, it is desirable to 

place more mesh elements around the fractures during the simulation and computations. 

Mesh adaptation is a very useful technique to help improving the accuracy and efficiency 

of the computation, and can be applied in computations for many problems such as plasma physics, 

image processing, and reservoir simulation in petroleum engineering. This study will focus on 

mesh adaptation in fractured reservoir simulation. The mesh will be adapted automatically so that 

more elements are concentrated around the fractures and less elements are distributed in other 

places. By this way, the reservoir simulation can be more accurate and efficient which is critical 

in helping control the production rate, optimize hydraulic fracturing design, and evaluate enhanced 

oil recovery processes. The goal of this study is to evaluate the effects of different mesh adaptation 

methods when solving a partial differential equation called porous media equation (PME). 
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 The porous media equation is solved using Finite Element Method with the software 

FreeFem++ that has built-in mesh adaptation functionality. The mesh is adapted based on a metric 

tensor that determines the shape, size and orientation of the mesh elements. The results are 

compared with uniform meshes and meshes created based on log-spacing. The numerical results 

show that adaptive meshes based on metric tensor provide the best results.   
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CHAPTER 1 

INTRODUCTION 

 

In this chapter, we first give a brief introduction about fluid flow in fractured reservoirs 

and discuss the motivation for choosing this topic. Then, the overall structure of the thesis is given.  

1.1 Background 

The fluid flow mechanism through naturally fractured reservoirs are not well understood 

due to the involvement of complicated mass transfer between two different media. Also, it is 

challenging to computationally simulate the flow through fractured media due to the arbitrary 

orientation of natural fractures and their different lengths and sizes inside the reservoir. 

The importance of flow and transport process in fractured rock to underground natural-

resource recovery, waste storage and environmental remediation have motivated many studies, 

and significant progress have been achieved toward the modelling [1]. However, the conceptual 

and mathematical challenge to model the coupled processes of multiphase fluid flow, heat transfer 

and migration of chemical species in a fractured porous medium is still far from being overcome. 

The challenges are threefold (1) the nature of inherent heterogeneity, (2) the characterization of a 

fractured matrix system in a reservoir has many uncertainties, and (3) the flow and transport 

process in these systems are difficult to describe and understand. Dual porosity/permeability, 

discrete fracture approach and hybrid scheme are among the popular approaches used to model 

fluid flow through naturally fractured reservoirs. 
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In dual porosity/permeability approach, matrix and fracture are two layers with infinite 

length, they are parallel, and considered as two interacting continua. The dual 

porosity/permeability approach goes through developing conceptual models, that contain 

information on the geometry of the fracture-matrix system, as well as establishing the equations 

of the general mass and energy conservation for overlapping fracture matrix domains. Analytically 

or numerically solving the governing equations that couple fluid and heat is the main focus. The 

way of interaction of matrix and fracture under different reservoir conditions is the main issue in 

simulating flow and transport in fractured rock. Usually, dealing with this issue requires (1) an 

explicit discrete fracture and matrix model [2], (2) the dual continuum methods including double- 

and multi-porosity, dual permeability, or the more general “multiple interacting continua” (MINC) 

method (e.g., [1]and [3]), and (3) the effective continua method (ECM) [4]. Assuming a very 

simplified geometrical representation of matrix and fracture is the main disadvantage of this 

approach. 

1.2 Motivation 

 There are many physical applications for this simple model because porous media equation 

(PME) can describe fluid flow, heat transfer or diffusion. Early applications for PME include 

groundwater infiltration by Boussisnesq in 1903 [5], and gas flow through a porous medium by 

Leibenzon and Muskat [6]. Heat radiation in plasmas is another important application for PME. 

Petroleum engineering is an important field that present anisotropic diffusion. The world’s 

need for gas and oil are not met despite the large quantities produced on a daily basis. The study 

of production of gas reservoirs in complicated geologic formations and sea beds is a hot topic. 
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Fluid flow in porous media (an interconnected network of pores filled with a fluid permeated in a 

material) in geologic formation is an important topic in gas and oil production. 

Extracting crude oil and natural gas from porous media in geologic formation is a big part 

of petroleum engineering. The properties of the rock such as porosity, permeability, adhesion and 

reaction with the fluid are factors that control the flow of the fluid (water, oil, or gas). Porosity is 

the ratio of the space of pores to the total volume of the rock. There are two types of pores, isolated 

and interconnected. Only the fluid from interconnected pores can be produced out, thus porosity 

is the capacity of the reservoir rock to store producible fluid in its pores. To determine the porosity, 

the measurement of the volume of interconnected pores to the volume of the rock is necessary, 

which is called effective porosity. The transmission of fluid in a porous medium through the 

interconnected pores is called permeability. The terms absolute permeability or permeability are 

used interchangeably if the medium is saturated with a single liquid phase.  If the medium contains 

multiple liquid phases, then each fluid phase has permeability called effective permeability which 

is the permeability of the porous medium to that particular fluid phase. Many factors affect the 

permeability, such as location and direction of the fluid. Both the porosity and permeability can be 

independent of the location, in this case, the reservoir rock is called homogenous in that property, 

or heterogeneous in that property if said property is dependent on the location. For example, a 

reservoir can be heterogeneous in porosity but homogenous in permeability. The porous medium 

is isotropic or anisotropic if said property is independent or dependent of the direction of the flow 

respectively.  

1.3 Thesis Structure  

The frame work of the thesis is as follows. In Chapter 2, we discuss porous media equation 

and its properties. Different types of fractures in fractured reservoirs are also described. Chapter 3 
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gives a brief explanation about finite element method and numerical solutions. Mesh adaptation 

and FreeFem++ software are also introduced.  Numerical results for PME in 1D and 2D without 

and with fractures are presented in Chapter 4. Finally, some conclusions are drawn in chapter 5. 

 

CHAPTER 2 

POROUS MEDIA EQUATION AND FRACTURED RESERVOIRS 

In this chapter we discuss porous media equation (PME) and fractured reservoirs. In 

Section 2.1, we explain what is PME and how PME could be considered as a nonlinear parabolic 

equation. Also, we give some properties of PME.  We talk about how gas flows through a porous 

medium. Finally, we talk about Darcy’s Law and permeability. In the Section 2.2, we discuss some 

details about fractured reservoirs and describe the types of fractures. Finally, we talk about Pseudo 

Steady State Models, Unsteady State Models and Linear Flow in fractured reservoirs. 

2.1 Porous Media Equation  

In this section, we try to present a systematic presentation of the mathematical theory of 

the nonlinear heat equation: 

(PME) ….  𝜕𝑡𝑢 = ∆𝑢𝑚+1        𝑚 > 0.  (2.1) 

The equation above is called the Porous Medium Equation, with due attention paid to 

closest relatives. This equation has default settings which are the nonnegative scalar function      u 

= u(x,t) of space 𝑥 ∈ 𝑅𝑑 𝑎𝑛𝑑 𝑡 ∈  𝑅, with a space dimension d ≥ 1, and m > 1. Δ is the Laplace 

operator. As an abbreviation, we will refer to the above equation as PME in the rest of this thesis. 

The PME equation is defined for all 𝑥 ∈ 𝑅𝑑 and 0 < t < ∞. To obtain the solution, we first need to 
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initialize the equation with some conditions. However, in practical problems, the PME equation is 

posed in a bounded subdomain [7] Ω contained in 𝑅𝑑 for 0 < t < T, and finding the unique solution 

requires boundary and initial conditions [8]. 

2.1.1 Development of PME 

  Henry Darcy conducted the fundamental experiment, hence the name Darcy’s Law, which 

exists in various formulations. Darcy selected different soil samples for a particular difference in 

piezometric height, and measured the flow through them. The conclusion that he laid out is that 

the averaged flux is proportional to a permeability coefficient multiplied by the ratio of the 

difference in piezometric height to the distance [7]. The piezometric difference in height can be 

transformed to a pressure difference by simply multiplying by the fluid density and the 

gravitational constant. Darcy’s Law can be formulated as follows in the case where the ratio of the 

difference in pressure and the distance are expressed continuously: 

u = −K∇p,  (2.2) 

where u is called the Darcy velocity, which is the vector field of the mean flux averaged over the 

cross-sectional area, K is the permeability tensor and p is the fluid pressure. To be more precise, 

the permeability tensor is the hydraulic conductivity of the system in this formulation. In the case 

of single fluid phase: 

𝐾 =   
𝜌�̃�

�̃�
 �̃�,   (2.3) 

with ρ being the fluid density, �̃� the gravitational constant, 𝜇 the dynamic viscosity and �̃�,  the 

intrinsic permeability tensor. The latter is independent of the fluid because it is a property of the 
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porous medium, meaning it speaks to the directional resistance of the porous medium to the flow. 

The permeability is uniform in all spatial directions in the case of an isotropic porous medium. 

The parameter K is solely a property of the porous medium and is denoted as the intrinsic 

permeability because of the disconnection of the effects of the fluid and the solid matrix. Since the 

porous medium is often not homogenous, the permeability is written in tensor form generally as 

follows 

𝐾 = [

𝑘𝑥𝑥 𝑘𝑥𝑦 𝑘𝑥𝑧

𝑘𝑦𝑥 𝑘𝑦𝑦 𝑘𝑦𝑧

𝑘𝑧𝑥 𝑘𝑧𝑦 𝑘𝑧𝑧

]. 

The resistance to the fluid flow varies with the spatial direction because the grains are 

naturally in a layered configuration and not well sorted or uniformly shaped. The property of non-

uniform permeability is stronger for fractures, caused by their genesis from well-defined stress 

tensors. However, with fundamental setups, we do not consider the three-dimensional orientations 

of the soil grains nor do we consider the fractures, using a uniform scalar permeability: [9] 

𝐾 = [

𝑘𝑥𝑥 0 0
0 𝑘𝑦𝑦 0

0 0 𝑘𝑧𝑧

]      𝑤𝑖𝑡ℎ 𝑘𝑥𝑥 = 𝑘𝑦𝑦 = 𝑘𝑧𝑧         (2.4) 

 

Nevertheless, we account for most of certain flow directions within the fracture because a 

harmonic averaging technique is applied for the permeability. 

𝐾 𝑎𝑣𝑒𝑟𝑎𝑔𝑒 =
𝑛

∑ 𝐾𝑖
𝑛
𝑖=0

 .  (2.5) 
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So, flow from fracture over the fracture-matrix interface is increased by neighboring nodes of the 

matrix causing a higher resistance. 

The name of the Porous Medium Equation comes from the fact that it is used to describe 

the flow of an ideal gas in a homogenous porous medium. We can formulate the flow starting from 

a macroscopic point of view in terms of the functions of space x and time t, the density 𝜌, pressure 

p, and the velocity V according to [10] [6]. The previous quantities are linked together by 

 (i) the mass balance (also called the continuity equation by fluid mechanics),  

𝜖𝜌𝑡 + ∇ ∙ (𝜌𝑉) = 0      (2.6) 

𝑤ℎ𝑒𝑟𝑒 𝜖 ∈ (0,1) is the porosity of the medium, and ∇ ∙ is the divergence operator.  

(ii) the Darcy’s Law, 

𝜇𝑉 = −𝐾∇𝑝  (2.7) 

It is an empirical law introduced by the French engineer H. Darcy [7] that describes the dynamic 

of flows through porous media.  

(iii) the State equation 

𝑝 = 𝑝0𝜌𝛾  (2.8), 

with 𝛾 being the polytropic exponent. When applied to gases, and depending on the two-state law, 

it has two values:   𝛾 =  1 for isothermal processes, and for adiabatic one’s 𝛾 is greater than 1. All 

the parameters including the permeability, the viscosity, the reference pressure, and the porosity 

are assumed to be positive constants, which are motivated by an admissible simplification in many 
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practical examples. However, that should not be the case in more general instances. Adopting such 

a hypothesis allows us to reduce (2.6) - (2.8) to the following form: 

𝜌𝑡 = 𝑐∇ ∙ (𝑘𝜌𝑚∇𝜌)   (2.9) 

with exponent 𝑚 = 1 + 𝛾 and  

𝑐 =
𝛾𝑝0

(𝛾+1)𝜀𝜇
. 

We can scale the time variable to get rid of the constant c to obtain the PME. It is well known in 

Mathematics that the constant can be easily scaled out to have no role, on the other hand, the 

engineers will still want to examine them. 

It is straightforward to realize that the exponent m in the applications above is equal or 

larger than 2. Not many differences between the exponents m are found in the mathematical theory 

to be developed below as long as they are larger than 1, despite that the formula is simpler for 

m=2. The divergence (∇ ∙), gradient (∇) and Laplacian (Δ) operators act on the space variable 𝑥 =

 (𝑥1, . . . , 𝑥𝑑). As an effort to adapt to the new usage in the PME, we will update our notation to the 

following: for the density, we will use the letter u instead of 𝜌, and for the pressure we will use the 

letter v, the pressure is defined as  

𝑣 =
𝑚

𝑚−1
𝑢𝑚−1  (2.10) 

The above expression is called the mathematician's pressure, which allows for an easy recovery of 

the above physical formulas with 𝜀 =  𝜇 =  1. Now we can deduce Darcy's Law for the velocity 

as follows: 

𝑉 = −𝑘∇𝑣 = −𝑚 𝑘 𝑢𝑚−2∇𝑢   (2.11) 
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We can also write the mass balance as follows 𝜕𝑡𝑢 + ∇ ∙ 𝑗 = 0,   𝑗 =  𝑢𝑉 is called the mass flux. 

The PME is  

𝜕𝑡𝑢 = ∇ ∙ (𝑘𝑢𝑚∇𝑢)       (2.12) 

2.1.2 The PME as a Nonlinear Parabolic Equation 

The PME is a simpler nonlinear version of the classical heat equation, and is a nonlinear 

evolution equation of parabolic type. The complete version in diversion form is: 

𝜕𝑡 𝑢 =  ∇ ∙ (𝐷(𝑢)𝛻𝑢) + 𝑓 ,    (2.13) 

Assuming u ≥ 0 the diffusion coefficient D(u) of the PME equals 𝑚𝑘𝑢𝑚−1, we can also see that 

for signed solutions (𝐷(𝑢) = 𝑚|𝑢|𝑚−1 in the modified form) the 𝐷(𝑢) = |𝑢|𝑚−1. The PME is a 

degenerate parabolic equation since it is parabolic only where 𝑢 ≠ 0 while the disappearance of 

D(u) suggests that the PME degenerates wherever u = 0. 

It is well known that divergence form of equations deals with the category of nonlinear 

parabolic equations of the form: 

𝜕𝑡𝑢 = ∇ ∙ 𝐴(𝑥, 𝑡, 𝑢, 𝐷𝑢) + 𝐵(𝑥, 𝑡, 𝑢, 𝐷𝑢).  (2.14) 

With the vector function 𝐴 = (𝐴1, . . . , 𝐴𝑑) satisfying both suitable structural assumptions and 

elliptical conditions, and the scalar function B satisfying only the suitable structural assumptions. 

In the second half of the last century the tools of functional analysis became available, which led 

to an increased interest for this research topic in PDEs. The extension of the theory can 

accommodate systems of similar form, where 𝑢 =  (𝑢1, . . . , 𝑢𝑘) is a vector variable, A is an (m,d) 

matrix and B is an m-vector. The generalization includes well established areas such as Reaction-
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diffusion. Many literatures talk about this topic such as [11] [12] [13]. At the level of u = 0, we 

can demonstrate the change of character of the PME through performing the calculation of the 

Laplacian of the power function in the case m=2; assuming u ≥ 0, the form results in 

𝜕𝑡 𝑢 = 2𝑢∆𝑢 + 2|∇𝑢|2.  (2.15) 

  Notice that the leading term in the right-hand side, the region where 𝑢 ≠ 0, is the Laplacian 

modified by the variable coefficient 2u; on the other hand, where 𝑢 → 0, the equation simplifies 

to 𝜕𝑡 𝑢~2|∇𝑢|2 the Eikonal equation (a first order equation of Hamilton-Jacobi type that 

propagates along characteristics). Once we introduce a term called the pressure variable 𝑣 =

𝑐𝑢𝑚−1 for some c ≥ 0, we can also conduct similar calculations for  𝑚 ≠ 1. Then equation  

𝜕𝑡 𝑣 = 𝑎𝑣∆𝑣 + 𝑏|∇𝑣|2  (2.16) 

can be obtained, with a = m/c, b = m/(c(m-1)). Similar conclusions about the behavior of the 

equation for 𝑢, 𝑣~0 when 𝑚 ≠ 2 can be obtained through this fundamental transformation in the 

theory of PME. c is usually chosen to be equal to 
𝑚

𝑚−1
 for the sole reason that it simplifies the 

formula (a = m-1, b=1) as well as it makes sense for dynamical consideration, but c is also used. 

It should be noted that, mathematically speaking, the choice of the constant is not crucial. Note 

that similar consideration applies to the PDE but then 

𝐷(𝑢) =
𝑚

|𝑢|1−𝑚 → ∞ 𝑎𝑠 𝑢 → 0.  (2.17) 

As a consequence, the name of fast diffusion is well deserved. The pressure can be introduced to 

a different role than in the PME because it is an inverse power of u, thus the differences and kinship 

between the two equations. Being a nonlinear and degenerate equation, the mathematical theory 
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for the PME was developed slowly despite its simplicity and important applications. Some of the 

basic techniques are not challenging nor they are computationally intensive although they originate 

from the linear methods used in dealing with heat equation. Many other nonlinear PDE's of 

parabolic type can be studied using these equations. In a broader scope, the reader can gain an 

insight to the nonlinear science from the study of the PME, such as the existence of free boundaries, 

the occurrence of limited regularity, and interesting asymptotic behavior. 

2.1.3 Properties of the PME 

The PME is different than the parabolic equation in that it provides some special traits that 

are not in the parabolic theory. Mathematically, the fact that D(u) is not always positive raises 

challenges. To account for the main qualitative difference, we introduce the dynamical concept, a 

property called the finite propagation. This property is in a strong disagreement with a well-known 

property of the classical heat equation, the infinite speed of propagation, one of the most contested 

aspects of the heat equation on physical grounds. "A nonnegative solution of the heat equation is 

automatically positive everywhere in its domain of definition" where "disturbances from the level 

u = 0 propagate in time with finite speed for solutions of the porous medium equation". 

The physical sense of the PME to model diffusion or heat propagation is supported by the 

property of finite propagation. The strong maximum principle cannot hold as a consequence of the 

finite propagation property of the theory of the PME. The advantages are that as long as the initial 

values are zero in certain open domain of the space, a free boundary that separates the regions 

where the solution is positive appears due to the property of finite propagation, from the empty 

region where u=0. Precisely, the free boundary is defined as Γ = 𝜕𝑃𝑢 ∩ 𝑄, where Q is the domain 

of definition of the solution in space-time, 𝑝𝑢 = {(𝑥, 𝑡) ∈ 𝑄: 𝑢(𝑥, 𝑡) > 0} is the positively set, and 
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𝜕 denotes the boundary. It is also called the moving boundary due to the fact that it moves as time 

evolves. The name interface is also commonly used for moving boundary. 

A crucial and challenging topic of the mathematical investigation is the propagation fronts 

or the theory of free boundaries [14] . In principle, the free boundary of a nonlinear problem is an 

extremely complicated closed subset of Q. To prove that it is at least a Holder continuous (𝐶𝛼) 

hypersurface in 𝑅𝑑+1 and to investigate its smoothness is a real problem of the PME theory. Let 

us assume that it is often 𝐶∞smooth. Two main scenarios will be faced. The first one is, 𝑅𝑑 is the 

space domain, the initial data 𝑢0 have compact support. In that case, the solution u(x, t) outside a 

compact set that changes with time [8] vanishes. Define the positive set at time t as 

𝑃𝑢 = {𝑥 ∈ 𝑅𝑑: 𝑢(𝑥, 𝑡) > 0} 

 and the support at time t as 𝑆𝑢(𝑡) that is the closure of 𝑃𝑢(𝑡). Then both of the bounded sets will 

expand in time. In the second scenario, the initial configuration 'has a hole in the support’. Then 

the solution contains a potentially smaller hole for t greater than zero. The focusing problem, one 

of the most celebrated mathematical developments of the PME theory, is motivated by the fact that 

the hole does disappear in finite time. 

2.1.4 Theorem Classical Solutions of the PME 

For some  𝜀 >  0 𝑎𝑛𝑑 𝑎𝑙𝑙 𝑥 ∈ 𝑅𝑑, let’s assume that 𝑢0 is a continuous function in R with 

𝜀 ≤ 𝑢0(𝑥) ≤ 1/𝜀. Then the classical solution of the PME that exists satisfies 𝜀 <  𝑢(𝑥, 𝑡)  <  1/𝜀 

for every 𝑥 ∈ 𝑅𝑑 𝑎𝑛𝑑 0 <  𝑡 < ∞. With values in the range −1/𝜀 ≤  𝑢0 (𝑥)  ≤  −𝜀, the signed 

PME also has classical solution and −1/𝜀 <  𝑢(𝑥, 𝑡)  < −𝜀. when the boundary data are 

compatible with the initial data and satisfy the same condition 𝜀 ≤ 𝑢(𝑥, 𝑡) ≤ 1/𝜀 𝑓𝑜𝑟 𝑥 ∈ 𝜕Ω, 𝑡 ≥

0, a similar argument applies to the Cauchy-Dirichlet problem. The problem with zero Neuman 
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boundary conditions also uses the same argument. On the other hand, neither the classical theories 

nor the strong maximum principle can apply in the instance where the data takes zero values inside 

the space domain Ω, and avoiding the weak theories is not possible. In addition, phenomena like 

finite propagation and free boundaries appear.  

2.2 Fractured Reservoirs  

In geology, a fracture is the phenomenon that occurs when a stress causes a discontinuity 

[15] . The above definition relies more on strain effects in the Earth’s crust during or after their 

formation. Geologists call shear fractures faults, and extension fractures joints [16]. The size of 

these geological features exists in a wide range, meters or kilometers in case of the longitudinal 

extensions, micrometers to meters in case of aperture. Moreover, several fractures or even a 

fracture network may be generated. For the engineers, the impact on the flow behavior of the 

system is very interesting. The fractures serve as a barrier blocking the flow through the 

surrounding matrix when the permeability in the fracture is very low. In the opposite side, for a 

high permeability in the fracture, the flow in the matrix is augmented by the flow in the fracture. 

The fracture framework is the sole contributor to the flow in case of an impermeable rock matrix 

or even in case of a negligible matrix permeability compared to the fracture permeability. 

 The representative elementary volume (REV) concept is affected by the REV size [17] 

because fractures are heterogeneities of the porous system according to the differentiation. The 

modeling of overall flow in fractured porous media becomes more complicated. Mostly, the 

separate treatment of the heterogeneity and the porous matrix can be used to solve this problem. 

We will emphasize the fracture which is filled with a porous medium on the following. In the 

surrounding matrix, a highly permeable fracture and less permeable porous medium characterize 
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the system observed. The transversal size is very small compared to the longitudinal extension of 

a fracture. Furthermore, the aperture is very small compared to the matrix dimensions, and its scale 

difference with the longitudinal widening is in orders of magnitude.  

The fracture domain of a fractured system with an n-dimensional matrix domain is assumed 

to be an (n−1)-dimensional object given the above simplifications. We will use a 2-dimensional 

matrix domain in this study, and a 1-dimensional fracture. The fracture is treated as an interface in 

the matrix domain for this particular reason as shown in other works [18]. Nonetheless, even if the 

width of the fracture is very small, we should keep in mind that it still exists. Thus, we can only 

justify the reduction of the dimension if the flow velocity 𝑢𝑓 is integrated and the pressure 𝑝𝒇 of 

the fracture averaged over the width d. It is  

𝑢𝛾 = ∫ 𝑢𝑓  𝑑𝑥𝑑          𝑎𝑛𝑑      𝑝𝛾
𝑑

0
 =  

1

𝑑
 ∫ 𝑝𝑓  𝑑𝑥𝑑   ,

𝑑

0
  (2.20) 

where 𝑥𝑑 is the transversal coordinate in the fracture. The consideration of an interface  𝛾 is now 

possible because of the mean velocity or flux 𝑢𝛾 and the averaged pressure 𝑝𝛾. The expression of 

permeability coefficient with 𝐾𝛾 = 𝐾𝑓𝑑   consolidate the resulting occurrence of the width d. The 

treatment of the fracture as an interface has a bearing on the velocity distribution and the pressure 

distribution of the fractured system. The pressure and the velocity are continuous and 

discontinuous respectively in case of a highly permeable fracture, which is explained by the 

averaging over the width of the fracture and the flow behavior of the system. The pressure is 

continuous as long as the fluid exhibits a tendency to flow in the fracture. Otherwise, the fluid will 

not enter the heterogeneity. Additionally, high flow velocities are present in the fracture. The 

velocities in the fracture and in the adjacent matrix should be different, and that is because of the 

averaging, causing a discontinuity of the velocity in the fractured system. In the opposite side, for 
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fractures with low permeability, that is the situation is reversed, the pressure and velocity are 

discontinuous and continuous respectively. Since we consider a fracture with high permeability in 

this endeavor, the fracture is continuous in the model concept. Also, we consider only discrete 

fractures and their intersections, which leads to the following cases of fractured system: a single 

fracture (in the vertical, the horizontal or the tilted direction), multiple intersecting fractures and a 

fracture which splits. More situations can be derived from these basic cases and thus are not taken 

into account at this point. 

 By the classification of fractured system [19], there are four types of fractures as described 

as follows (see Figure 2.1). 

• Primary or Hydraulic fractures. When we are injecting the hydrofracturing fluids into 

formation (with or without proppants), we will generate this type of fracture. The high 

permeability flow paths that allow fluid to flow easily from the formation matrix into the 

well is provided by proppants. 

• Secondary fractures. We call this type of fractures secondary because they are created as 

consequences from the change of geomechanical status of a rock when hydraulic fractures 

are being created. 

• Natural fractures. These are the fractures that naturally exists in the reservoir. 

• Radial fractures. These are generated by the stress in the neighborhood of the horizontal 

well. 
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Figure 2.1 Types of fractures [20]. 

 Since secondary fracture is generated as a consequence from primary fracture, and there 

are two possible fracture geometries network [21]. 

• Regular or ideal fractures. The planner and orthogonal is called regular or ideal fracture. 

Figure 2.2(A) gives an illustration of this fracture geometry. 

• Irregular or non-ideal fractures. We can see these types of fractures in our life. The fractures 

that intersect either the well (for primary fracture) or primary fractures (for secondary 
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fractures) at angles other than 90 are called non-orthogonal. Also, they could be non-

planner as illustrated in Figures 2.2(B) and 2.2(C). 

•  

Figure 2. 2 Classefication depends on the geometry network between two fractures [20]. 

2.2.1 Pseudo Steady State Models 

An analysis based on sugar cube idealization of the fractured reservoir (see Figure 2.3) was 

conducted by Warren & Root in 1963, in which the flow between the matrix and fracture system 

was assumed to be in pseudo-steady state. In other words, at initial time, the pressure at the middle 
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of the matrix block starts. They solved simultaneously at a mathematical point a differential form 

for the matrix and another one for fracture. The fracture-matrix interaction is related by: 

𝒒 = 𝜶
𝒌𝒎

𝝁
(𝒑𝒎 − 𝒑𝒇)           ................................................................... (2.21) 

with q being the transfer rate, µ being the fluid viscosity, α being the shape factor, 𝑘𝑚 being the 

matrix permeability, and (𝒑𝒎 − 𝒑𝒇) being the pressure difference between the matrix and the  

fracture. 

 

Figure 2. 3 Idealization of the heterogeneous porous medium [3]. 

2.2.2 Unsteady State Models  

Unsteady state or transient flow conditions between matrix and fracture systems are 

assumed in other models (see Kazemi 1969 [22], de Swaan 1976 [23], and Ozkan. 1987 [24]). In 

1969, the slab dual-porosity model (Figure 2.4) was introduced by Kazemi who also provided a 

numerical solution for dual-porosity reservoirs for the above case (transient). However, we should 

note that his solution is different than that of Warren & Root only for the transition period between 

the matrix and fractures systems. 
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Figure 2. 4 Idealization of the heterogeneous porous medium [22]. 

2.2.3 Linear Flow in Fractured Reservoirs  

Due to the flow and the flow surface being perpendicular, linear flow occurs at early time. 

In 2007 [25], different causes for linear transient flow such as high permeability layers draining 

adjacent tight layers, hydraulic fracture draining a square geometry, and early-time constant 

pressure drainage from different geometries were identified. Novel linear dual-porosity solutions 

were developed by El-Banbi in 1998 [26], the solutions were for fluid in linear fractured reservoirs, 

and they were derived in Laplace domain for several inner and outer boundary conditions. El-

Banbi  has also included the skin and wellbore storage effects. The fact that the reservoir functions 

that are derived for radial flow in linear solutions in Laplace domain and vice versa is an important 

progress. In 2009, Bello [27] showed that to model the horizontal well performance in tight 

fractured reservoir, the above solutions are introduced by El-Banbi. Next, Bello analyzed rate 

transient in horizontal multi-stage fractured shale gas wells by applying the constant pressure 

solution. Bello [28]and Bello and Wattenbarger [29], [27], [30] analyzed the shale gas wells by 

using the dual porosity linear flow model. They have found that among the five flow regions that 
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they have defined based on the linear dual-porosity constant pressure solutions, region four can 

effectively analyze shale gas wells performance.  They have suggested that the early flow periods 

are affected by the skin effect, and for that they have modified an algebraic equation to account 

for it. 

In 2009, Ozkan [31] et al and Brown et al. analyzed well tests in gas wells and proposed a 

tri-linear model.  They have considered three contiguous media: dual-porosity inner reservoir 

between the hydraulic fractures, finite conductivity hydraulic fractures and outer reservoir beyond 

the tip of the hydraulic fractures, it was found that the outer reservoir’s contribution to the flow 

was minimal. In 2010, Al Ahmadi [32] used the slab and cube dual-porosity idealizations to 

analyze shale gas wells. 
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CHAPTER 3 

FINITE ELEMENT METHOD AND MESH ADAPTATION 

This chapter gives a brief explanation about how to solve PME using finite element method 

with software FreeFem++. The weak formula will be derived. Also meth adaptation method is 

introduced. 

3.1 Finite Element Method  

3.1.1 Discretization with the Finite Element Method 

 When modeling, the model should be a close representation of the reality. However, it is 

difficult and sometimes even impossible to obtain the exact solution of the model. We need to 

numerically find a solution that is acceptable as an approximation to the physically exact solution. 

In mathematics terms, this means that we should find an approximated space of finite dimensions 

by reducing the initially infinite space of the exact solutions, this procedure is called discretization. 

Basically, a grid is used to discretize the domain of interest. We can use structured or unstructured 

grids according to our needs which are dictated by the application itself. The mesh elements are 

polygons in case of a 2-dimensional space. Usually convex polygons such as triangles and 

quadrangles are more common, and the solution is approximated on the nodes of the mesh. 

The finite element (FE) method can be applied to compute approximate values of the 

pressure of PME at the vertices of the discretization mesh. The FE consists of two steps. 

(i) We mathematically introduce the vector spaces of the function involved in the governing 

equations by writing the latter in variation form and multiply both sides of the equations by a test 

function. Then we integrate the results of this product over the domain. Since the approximated 
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solution is calculated globally on the whole domain, the residue exists, so comes the variation 

concept which can be physically explained as an attempt for global error or residual reduction.  

(ii) Approximate the vector space of function to transform the above mentioned variation form 

into a finite dimensional system of equations. The unique values on the vertices of the mesh define 

a set of polynomials which represents the approximation space, meaning, two adjacent nodes of 

the mesh are allowed to interact by the basis function. The value of the basis function at the 

considered node is 1 and 0 elsewhere. Despite the functions between the nodes being continuous 

mostly, they can be discontinuous, they can also be of various polynomial degree all depending on 

how we choose the approximation space. The unknown pressure function is expanded in the 

discretization by the basis function. 

The refinement of the mesh improves and converges the numerical solution to the 

analytical solution, at a condition of choosing a reasonably accurate discretization. We can 

compute the mean velocities of the elements using Darcy's Law starting from the numerical 

solution of the pressure in the last step. This method is suitable to model both the structured and 

unstructured grids. However, this method is not conservative because of the global integral of the 

differential equation. The mixed finite element method is a similar procedure that employ the local 

conservative mass, where we simultaneously calculate the velocities and the pressure. As can be 

expected, the implementation of this method is computationally expensive. The respective purpose 

defines which method is more suitable.  

3.1.2 Linear Finite Element Formulation 

In this section, we derive the linear finite element formulation of PME (2.12). Suppose that 

a family of simplicial meshes {𝓣𝒉} is given for the physical domain Ω. We define  
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𝑼𝟎 = {𝒗 ∈ 𝑯𝟏(Ω)|𝒗|𝝏Ω = 𝟎}. 

Denote the linear finite element space associated with mesh 𝓣𝒉 by 𝑼𝟎
𝒉 so the linear finite element 

solution 𝒖𝒉(𝒕) ∈ 𝑼𝟎
𝒉 for 𝒕 ∈ (𝟎, 𝑻] to PME is denoted by  

∫
𝝏𝒖𝒉

𝝏𝒕
𝒗𝒉

Ω
𝒅𝒙 + ∫ 𝑲(𝒖𝒉)𝒎(𝛁𝒗𝒉)𝑻𝛁𝒖𝒉𝒅𝒙 = 𝟎   ∀

Ω
𝒖𝒉 ∈ 𝑼𝟎

𝒉 , 𝒕 ∈ (𝒕𝟎, 𝑻]    (3.1) 

Denote the number of the element, vertices, and interior vertices of 𝓣𝒉 by 𝑵, 𝑵𝒗𝒂𝒏𝒅 𝑵𝒗𝒊 , 

respectively. Assume that the first 𝑵𝒗𝒊 vertices are the interior vertices. Then 𝑼𝟎
𝒉 and  𝒖𝒉can be 

describe as  

𝑼𝟎
𝒉(𝒕) = 𝒔𝒑𝒂𝒏{∅𝟏, … . . , ∅𝑵𝒗𝒊

},  

and 

𝒖𝒉 = ∑ 𝒖𝒋(𝒕)
𝑵𝒗𝒊
𝒋=𝟏 ∅𝒋 + ∑ 𝒖𝒋(𝒕)

𝑵𝒗
𝒋=𝑵𝒗𝒊+𝟏

∅𝒋        (3.2) 

where ∅𝒋 is the linear basis function associated with the 𝒋𝒕𝒉 vertex, 𝒙𝒋, at the time t. The boundary 

and initial condition in (3.1) are approximated as  

𝒖𝒋(𝒕) = 𝟎,       𝒋 = 𝑵𝒗𝒊+𝟏, … . . , 𝑵𝒗          (3.3) 

and  

𝒖𝒋(𝒕𝟎) = 𝒖𝟎(𝒙𝒋),       𝒋 = 𝟏, … . . , 𝑵𝒗       (3.4) 

Substituting (3.2) into (3.1), taking 𝒗𝒉 = ∅𝒊 (𝒊 = 𝟏, … … , 𝑵𝒗), and combining the resulting 

equations with (3.3), we obtain the linear algebraic system  

𝑴
𝒅𝒖

𝒅𝒕
+ 𝑨(𝒖𝒉)𝒖 = 𝟎,        (3.5) 
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where 𝒖 = (𝒖𝟏, … … , 𝒖𝑵𝒗𝒊, 𝒖𝑵𝒗𝒊+𝟏, … … , 𝒖𝑵𝒗)
𝑻
 is the unknown vector and M and A are the mass 

and stiffness matrices, respectively. The entries of the matrices are given as follows.  

For    𝒋 = 𝟏, … . . , 𝑵𝒗, 

𝒎𝒊𝒋 = { ∫ ∅𝒋∅𝒊𝒅𝒙 = ∑ ∫ ∅𝒋∅𝒊𝒅𝒙,        𝒊 = 𝟏, … ,
𝒘𝒘∈𝓣𝒉Ω

𝑵𝒗𝒊

𝟎                                                              𝒊 = 𝑵𝒗𝒊+𝟏, . . , 𝑵𝒗  

              (3.6) 

𝒂𝒊𝒋 = {
∫ 𝑲(𝒖𝒉)𝒎(𝛁∅𝒊)

𝑻𝛁∅𝒋𝒅𝒙 = ∑ ∫ 𝑲(𝒖𝒉)𝒎(𝛁∅𝒊)
𝑻𝛁∅𝒋𝒅𝒙,   𝒊 = 𝟏, … , 𝑵𝒗𝒊     

𝒘𝒘∈𝓣𝒉
Ω

𝜹𝒊𝒋                                                                                                            𝒊 = 𝑵𝒗𝒊+𝟏, . . , 𝑵𝒗

 

 

3.2 Mesh Adaptation 

 We are going to use the free software package FreeFem++ [33] as the framework 

for our computations. FreeFem++ can solve partial differential equations (PDEs) using the finite 

element method and has built-in mesh adaptation functionality. We will apply the mesh adaptation 

method in FreeFem++ to solve the PME that models the fluid flow in fractured reservoir. 

 To determine the coordinate transformation needed for mesh generation, a functional is 

used in the case of variational method. The said functional usually contains a user defined monitor 

function and is used to estimate difficulties in the numerical approximation of the physical 

solution. A crucial feature in formulating the functional is the well-posedness of the functional, in 

other words, the existence and uniqueness of the minimizer, and the assuredness of the maximum 

principle. In theoretical studies, the most challenging thing to guarantee is necessary property of 

the non-singularity of the coordinate transformation, despite it not being a challenge numerically 

for systems that have a convex computational domain and satisfying the maximum principle. 
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Giving that the variational methods lead to nonconvex functional in two or higher dimension, 

scientists usually do not use standard error estimates in the development of variational methods 

directly. Geometric considerations are the base of developing variational methods most of the time. 

For example, combining mesh concentration, orthogonality and smoothness was the basis for 

Brackbill and Saltzman [34] to develop a famous method. the mesh adaptation functional choice 

for Dvinsky [35] was the energy of harmonic mappings, whereas functionals based on the idea of 

conditioning the Jacobian matrix of the coordinate transformation were developed by Knupp and 

Robidoux [36]. The behavior of the mesh for a class of functionals was quantitatively investigated 

by Cao et al [37]. However, it is not straightforward to choose an appropriate monitor function for 

some practical problems due to the lack of direct connections with error estimates in the existing 

method. So, more understanding of the existing methods as well as developing new methods that 

are error estimate oriented is needed. A criterion for mesh adaptation based on an error function 

was developed, the same criterion was then decomposed to the isotropy and the uniformity 

requirements, which are easier to work with.  

Mesh adaptation is an important tool in the theorists’ arsenal to use when solving 

differential equations and variational problems. Placing more and less mesh elements in regions 

of larger and less solution errors respectively, will allow for a noticeable computational efficiency. 

The behavior of the error in the approximation 𝑢ℎ dictate the generation of the mesh (Th) when 

our concern is the adaptive finite element solution. The last decade have witnessed the 

development of several algorithms and codes that deals with generating the M-uniform meshes by 

feeding them a metric tensor M. such algorithms are represented by advancing front method [38], 

the bubble mesh method [39], Delaunay-type triangulation method [40] [41] [42] [43], the method 

combining local modification with smoothing or node movement [44] [45] [46] [47] [48]. Hecht 
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also developed a code called BAMG (Bidimensional Anisotropic Mesh Generator). To specify the 

tensor M, other approaches have been introduced. In particular, the formulas are motivated by the 

work of D’Azevedo and Simpson [49]  on linear interpolation for quadratic functions on triangles. 

In the work of reference [50], the interpolation error on simplicial elements is the base for the 

derivation of various metric tensor formulas. [51] [52] show that when we take the reference 

element �̂� to be equilateral and unitary in volume, a simplicial M-uniform mesh 𝓣𝒉 for a given 

metric tensor M =M(x) satisfies.  

𝝆𝑲|𝑲| =
𝝈𝒉

𝑵
                        𝒇𝒐𝒓 𝒂𝒍𝒍 𝑲 ∈ 𝓣𝒉, 

and 

𝟏

𝒅
𝒕𝒓((𝑭𝑲

′ )𝑻𝑴𝑲𝑭𝑲
′ ) = 𝐝𝐞𝐭((𝑭𝑲

′ )𝑻𝑴𝑲𝑭𝑲
′ )

𝟏
𝒅               𝒇𝒐𝒓 𝒂𝒍𝒍 𝑲 ∈ 𝓣𝒉.  

With N representing the number of mesh elements, |K| the volume of the element K, 𝑭𝑲 the affine 

mapping from �̂� to K, 𝑭𝑲
′  the Jacobian matrix of 𝑭𝑲,  

𝑴𝑲 =
𝟏

|𝑲|
∫ 𝑴(𝒙)𝒅𝒙,       

𝑲

𝝆𝑲 = √𝐝𝐞𝐭(𝑴𝑲) ,         𝝈𝒉 = ∑ 𝝆𝑲|𝑲|

𝑲∈𝓣𝒉

.      

The size of K from 𝝆𝑲 is determine by the equidistribution condition. The relationship between  

𝝆𝑲 and |K| is inversely proportional. The shape and orientation of K is characterized by the 

alignment condition, the principal axes of the circumscribed ellipsoid of K are parallel to the 

eigenvectors of 𝑴𝑲 and their lengths to the square roots of the respective eigenvalues are 

reciprocally proportional. 
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3.3 Criteria for Mesh Adaptation 

An error function was used to develop criteria for which are used to construct mesh 

adaptation. The said error function is distinguished from error estimates because it describes the 

local behavior of the error as oppose to providing its magnitude. Let 𝛀 and 𝛀 𝒄 be the physical and 

computational domains 𝒊𝒏 𝕽𝒏;  𝒏 = 𝟏, 𝟐 𝒐𝒓 𝟑, respectively, and denote the coordinate for them 

by x and 𝝃 for a given 𝒖 = 𝒖(𝒙). The objective is to look for a coordinate transformation 𝒙 =

𝒙(𝝃 ): 𝛀 𝒄 ⟶ 𝛀 in a way that (�̂�(𝝃) = 𝒖(𝒙(𝝃))) is easier to approximate. The linear element or 

the function variation over differential segment  𝒅𝝃 in 𝛀 𝒄 are considered, with the Jacobian matrix 

of the coordinate transformation being denoted by  𝑱 = 𝝏𝒙
𝝏𝝃⁄ . We should also chose 𝒙 = 𝒙(𝝃)  in 

a way that 𝑱𝑻[𝑰 + 𝛁𝒖𝛁𝒖𝑻]𝑱 = 𝒄𝑰, with I representing the identity matrix and c being a constant. 

In this way, we can resolve �̂� on a computational mesh because it has a constant variation, the 

mesh is usually chosen to be regular and uniform. The interpolation error estimates are an 

additional motivation for easy numerical approximation. Denote the linear interpolant of u at the 

vertices of a two-dimensional triangle imaging mesh cell as  ∏ 𝒖𝟏  and denote the error as 𝑬𝟎(𝒙) =

∏ 𝒖 − 𝒖.𝟏  We can then express  𝑬𝟎 locally as a quadratic function, and we can also express its 

level surfaces from a family of ellipses with a shared center xc, given that the Hessian matrix (H) 

of u is positive definite. Geometrically, the circum-surface of the cell that belongs to the above 

group of ellipses is the level surface of value zero. 

For x close to xc, Dzevedo [53] has shown that it is possible to write 𝑬𝟎 as  

𝑬𝟎(𝒙) ≈ 𝑬𝟎(𝒙𝒄) −
𝟏

𝟐
𝒅𝒙𝑻𝑯𝒅𝒙, 
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where dx = x-xc, and the Hassian matrix H is computed at x = xc. In addition, it was proven by 

Dzevedo and Simpson [49] that the gradient of the linear interpolation error is given by  

𝑬𝑮(𝒙) = ‖𝛁𝒖 − ∏ 𝒖
𝟏

‖
𝒍𝟐

≈ √𝒅𝒙𝑻𝑯𝑻𝑯𝒅𝒙. 

Writing 𝒅𝒙 = 𝑱𝒅𝝃, we have 𝑬𝟎(𝒙) ≈ 𝑬𝟎(𝒙𝒄) −
𝟏

𝟐
𝒅𝝃𝑻𝑱𝑻𝑯𝑱𝒅𝝃 or 𝑬𝑮(𝒙) ≈ √𝒅𝝃 𝑻𝑱𝑻𝑯𝑻𝑯𝑱𝒅𝝃 .  

Once again, a good choice for the coordinate transformation when trying to resolve u using 

a linear interpolation on a regular and uniform mesh is 𝑱𝑻𝑯𝑱 = 𝒄𝑰 or 𝑱𝑻𝑯𝑻𝑯𝑱 = 𝒄𝑰 for some 

constant c. It only makes sense to suggest that some error estimates can be characterized by a 

quadratic function given the above formula for the solution variation and linear interpolation error 

estimates. A general error function is defined for that particular reason as 𝑬(𝒙) = √𝒅𝝃𝑻𝑱𝑻𝑮𝑱𝒅𝝃 

with ξc is an arbitrary point in 𝛀 𝒄; 𝒅𝝃 = 𝝃 − 𝝃𝒄, and G=G(x) is an n-by-n matrix defined by the 

user that represent the monitor function, the matrix is symmetric and positive definite. To avoid 

any confusion, we adopt the following assumption: coordinate x and ξ in the above equation are 

related by the coordinate transformation 𝒙 = 𝒙(𝝃) and 𝑱𝑻𝑮𝑱 is computed at 𝝃𝒄 and the task now is 

to derive 𝒙 = 𝒙(𝝃) such that for a given positive constant c, 𝑱𝑻𝑮𝑱 =
𝟏

𝒄
𝑰  or 𝑱−𝟏𝑮−𝟏𝑱−𝑻 = 𝒄𝑰. 

The above equation is unfortunately not practical to obtain. Rewrite it as (𝑱−𝟏𝑴−𝟏)(𝑱−𝟏𝑴−𝟏)𝑻 =

𝒄𝑰, it is straightforward to show that 𝑱−𝟏𝑴−𝟏 = √𝒄 𝑸 for an arbitrary orthogonal matrix Q. The 

last equation implies that in case of no adaptation (G=I), the coordinate transformation is 

orthogonal irrespective of the physical and computational domain, which is of course impossible. 

We then introduce two relatively easier conditions to develop functionals that fulfill this criterion. 

The above equation is similar to requiring that the determinant of 𝑨 ≡ 𝑱−𝟏𝑮−𝟏𝑱−𝑻is constant and 

the eigenvalues are equal. An isotropic and uniform distribution are forced on to the error function 
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E(x) by the last two conditions. For further elucidation, using the eigen-decomposition 𝑨 =

𝑼𝑫𝑼𝑻, given that 𝑫 = 𝒅𝒊𝒂𝒈(𝝀𝟏, … . . , 𝝀𝒏) and U is an orthogonal matrix, we achieve the level 

surface as 

(𝝃 − 𝝃𝒄)𝑻𝑼𝑫−𝟏𝑼𝑻(𝝃 − 𝝃𝒄) =  𝒆𝟐 or ∑ (
�̃�𝒊−�̃�𝒄

𝒊

√𝝀𝒊
) = 𝒆𝟐

𝒊  

with e is a given error cutoff, and �̃� − 𝝃𝒄 = 𝑼𝑻(𝝃 − 𝝃𝒄). According to the isotropy condition, the 

above ellipse is similar to a sphere, in the other hand, the associated ellipsoid should have a 

constant volume with respect to location in 𝛀𝒄 which is implied by the uniformity requirement.  

 We use the software FreeFem ++, where the metric tensor for mesh adaptation depends on 

the Hessian  (ℋ) 𝐷2𝑓 =  [

𝜕2𝑓

𝜕𝑥2

𝜕2𝑓

𝜕𝑥𝜕𝑦

𝜕2𝑓

𝜕𝑥𝜕𝑦

𝜕2𝑓

𝜕𝑦2

], to generate new mesh. By the equi-distribution of errors 

we compute our metric tensor ℳ as follows.  

ℳ = (
1

𝑒𝑟𝑟 𝑐𝑜𝑒𝑓2

|ℋ|

sup(𝜂)−inf (𝜂)
) 𝑝. 
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CHAPTER 4 

NUMERICAL RESULTS  

In this chapter, we will present numerical results for this type of PME. 

𝝏𝒕𝒖 = 𝛁. (𝑲𝒖𝒎𝛁𝒖)          (4.1) 

We use FreeFem++ software to solve this PME by finite element method and compare the results 

with and without adaptation to show the advantages of mesh adaptation. We present the results for 

one-dimensional and two-dimensional problems. 

4.1 One Dimension (1D) 

We solve this equation in 1D because we would like to compare our adaptive meshes with 

log-spacing meshes that are commonly used by other researchers. Also, log-spacing method works 

for 1D meshes and complicated treatment is needed to apply it for 2D meshes. We divide the 

results into two parts: without adaptation and with adaptation. 

4.1.1 Without Adaptation 

We solve (4.1) using uniform meshes without fracture and uniform mesh with fracture. 

4.1.1.1 Example 1. For this example, we consider uniform mesh without fracture. We will solve 

(4.1) with 

𝜷 =
𝟏

𝟐𝒎 + 𝟐
        𝒂𝒏𝒅      𝒕𝒐 =

𝟏

𝟐
𝜷𝒎𝒓𝟎

𝟐           𝒅𝒕 =
𝒕𝒇 − 𝒕𝟎

𝒏𝒕
 

𝒖𝟎(𝒙) = {(1 −
(𝒙 − 𝟎. 𝟓)𝟐

𝒓𝟐
)

1
𝑚

               𝒊𝒇|𝒙 − 𝟎. 𝟓| < 𝒓

𝟎                                           𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆
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Where m is the ratio of heat capacity, radius of initial support is r=0.2 and 𝑡𝑜is the initial time, 

𝑡𝑓 = 0.05 and 𝑛𝑡 = 50. Our domain for this example is Ω = [0,1] and the permeability K=1 for 

the whole domain and we divide our domain to 𝑛𝑥 = 40 subintervals. We solve it for m=1, m=2 

and m=5. 

 

Figure 4.1 No fracture without adaptation, m=1. 

 

Figure 4.2 No fracture without adaptation, m=2. 
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Figure 4.3 No fracture without adaptation, m=5. 

In Example 1, the algorithm for our code generates uniform meshes by dividing interval 

(0,1) on x-axis into 𝑛𝑥 = 40 subintervals. We plot the results when 𝑛𝑡 = 0,10,20 𝑎𝑛𝑑 50 such 

that t=0.006, 0.008, 0.0106 and 0.05, respectively. In Figure 4.1 at 𝑡0 is the initial solution and u=1 

when x=0.5. When the time changes, we see the final solution at 𝑡50 is  𝑢 ≈ 0.8 for m=1,  𝑢 ≈

0.85 at m=2 in Figure 4.2 and 𝑢 ≈ 0.9 at m=5 in Figure 4.3. We can observe that the positive 

solutions propagate outwards and the values become smaller. For different values of m, when m 

is larger, the solution propagates slower. 

4.1.1.2 Example 2. For this example, we consider uniform mesh with a fracture in the center of the 

domain. The difference from the Example 1 is in K such that 

𝐾 = {104            0.48 ≤ 𝑥 ≤ 0.52
1                    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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And  𝑡0, 𝑢0, 𝑛𝑡, 𝑡𝑓 , 𝑛𝑥 will be the same as those in Example 1. We also solve (4.1) for m=1, m=2 

and m=5. K=104 in the center is much larger than K=1 at other places indicates the existence of a 

fracture.   

 

Figure 4.4  Fracture without adaptation, m=1. 

 

Figure 4.5 Fracture without adaptation, m=2. 
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Figure 4.6 Fracture without adaptation, m=5. 

In Example 2, we observe that the solutions are still higher than 0.8 in the center (see 

Figures 4.4, 4.5, 4.6) from x=0.3 to x=0.7.  

4.1.2 With Adaptation 

In this part we consider log-spacing mesh without fracture, log-spacing mesh with fracture, 

uniform mesh without fracture and uniform mesh with fracture. 

4.1.2.1 Example 3. In this example we consider log-spacing without fracture. Log-spacing method 

means |𝑙𝑛𝑥𝑛 − 𝑙𝑛𝑥𝑛−1| = |𝑙𝑛𝑥𝑛−1 − 𝑙𝑛𝑥𝑛−2|. We will use the same parameters as in Example1.  
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Figure 4.7 Log-spacing without fracture, m=1. 

 

 

Figure 4.8 Log-spacing without fracture, m=2. 



36 

 

 

Figure 4.9 Log-spacing without fracture, m=5. 

In Example 3, we divide the interval as (𝑒−40, 𝑒−39, … … . , 𝑒0 = 1). At 𝑡0, the initial 

solution is still the same but at 𝑡50 the final solution is different such as 𝑢50 ≈ 0.6 in Figure 4.7 for 

m=1, 𝑢50 ≈ 0.65 in Figure 4.8 for m=2 and 𝑢50 ≈ 0.78 in Figure 4.9 for m=5. 

 The propagation of the positive solution seems confined by the initial compact support, 

which is not reasonable. There may exist some mistakes in the computing codes and more 

investigation is needed to address this issue.  

4.1.2.2 Example 4. In this example we consider log-spacing with fracture. We will use the same 

parameters as in Example 2. 

 



37 

 

 

Figure 4.10 Log-spacing with fracture, m=1. 

 

Figure 4.11 Log-spacing with fracture, m=2. 
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Figure 4.12 Log-spacing with fracture, m=5. 

In Example 4, the numerical solution looks unreasonable and more investigation is needed 

to address the issue. 

4.1.2.3 Example 5. In this example we consider uniform mesh without fracture and we will adapt 

the initial mesh and solve it again with adaptive mesh. We will use the same parameters as in 

Example 1. 
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Figure 4.13 Adaptation without fracture, m=1. 

 

Figure 4.14 Adaptation without fracture, m=2. 
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Figure 4.15 Adaptation without fracture, m=5. 

At first, we generate the same uniform mesh as in Example 1. Then we compute the 

solution on the uniform mesh. After that we compute the metric tensor M based on the solution on 

uniform mesh and adapt the mesh according to the metric tensor. Finally, we compute the solution 

on the new adaptive mesh.  

In Example 5, we see the final solution is very close to the exact solution. For example, in 

Figure 4.13, the final solution at  𝑡50 is  𝑢50 ≈ 0.6 for m=1, 𝑢50 ≈ 0.63  for m=2 in Figure 4.14, 

and 𝑢50 ≈ 0.78 for m=5 in Figure 4.15. The results show that adaptive mesh provides better results 

than uniform mesh and log-spacing mesh. 

4.1.2.4 Example 6. In this example we consider uniform mesh with fracture and we will adapt the 

initial mesh and solve it again with adapt mesh. We will use the same details as in Example 2. 
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Figure 4.16 Adaptation with fracture, m=1. 

 

 

Figure 4.17 Adaptation with fracture, m=2. 

No table of figures entries found. 
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Figure 4.18 Adaptation with fracture, m=5. 

In Example 6, we see the final solution is also close to the exact solution. In Figure 4.16, 

the final solution at  𝑡50 is  𝑢50 ≈ 0.6 for m=1, 𝑢50 ≈ 0.63  for m=2 in Figure 4.17, and 𝑢50 ≈

0.78 for m=5 in Figure 4.18. 

4.1.3 Error in 1D 

After the above numerical results for uniform mesh, log-spacing mesh and adaptive mesh, 

we compute the L2-norm of error for the numerical solutions at 𝑡𝑓 to see the convergence of the 

approximation errors. The exact solution is 𝑢𝑒𝑥𝑎𝑐𝑡 = max {
1

𝑘
(1 −

(𝑥−0.5)2

𝑘2𝑟2 )
1

𝑚

0
 where 𝑘 =

𝑡𝑓
𝑡0

⁄  and 

the averaged L2-norm of error is 

𝐸𝑟𝑟𝑜𝑟 =
√∫(𝑢 − 𝑢𝑒𝑥𝑎𝑐𝑡)2𝑑𝑥

𝑁𝑒
           𝑤ℎ𝑒𝑟𝑒 𝑁𝑒 𝑖𝑠 𝑡ℎ𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑒𝑙𝑒𝑚𝑒𝑛𝑡. 
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Table 4.1. L2-norm of error for numerical solutions using different meshes 

𝑵𝒆 10 20 40 60 100 160 

Uniform mesh 3 × 10−2 1× 10−2 8× 10−3 5× 10−3 3× 10−3 2× 10−3 

Log-spacing 1× 10−2 5× 10−3 3× 10−3 2× 10−3 1× 10−3 7× 10−4 

Adaptation 5× 10−3 8× 10−4 5× 10−4 4× 10−4 3× 10−4 2× 10−4 

 

 

 

Figure 4.19 L2-norm of error in log-log scale. 
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As we see in this Table 4.1 and in Figure 4.19, the error for uniform mesh is the highest 

and the error for adaptive mesh is the lowest. Also, the error with adaptive mesh decreases faster 

than other meshes. 

4.2 Two Dimension (2D) 

 In this section, we presents the results for 2D meshes.  

4.2.1 Without Adaptation 

We solve (4.1) using uniform mesh without fracture and uniform mesh with fracture. 

4.2.1.1 Example 7. For this example, we consider uniform mesh without fracture. We will solve 

(4.1) with 

𝜷 =
𝟏

𝟐𝒎 + 𝟐
        𝒂𝒏𝒅      𝒕𝒐 =

𝟏

𝟐
𝜷𝒎𝒓𝟎

𝟐           𝒅𝒕 =
𝒕𝒇 − 𝒕𝟎

𝒏𝒕
 

𝒖𝟎(𝒙) = {(1 −
(𝒙 − 𝟎. 𝟓)𝟐 + (𝒚 − 𝟎. 𝟓)𝟐

𝒓𝟐
)

1
𝑚

               𝒊𝒇 (𝒙 − 𝟎. 𝟓)𝟐 + (𝒚 − 𝟎. 𝟓)𝟐 < 𝒓𝟐

𝟎                                           𝒐𝒕𝒉𝒆𝒓𝒘𝒊𝒔𝒆

 

where m is the ratio of heat capacity, radius of initial support is r=0.2 and 𝑡𝑜is the initial time, 𝑡𝑓 =

0.01 and 𝑛𝑡 = 10. Our domain for this example is Ω = [0,1]2 and the permeability K=1 for the 

whole domain. We solve it for m=1, m=2 and m=5. 
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Figure 4.20 2D, no fracture, no Adaptation, m=1. 

 

  

Figure 4.21 2D, no fracture, no Adaptation, m=2. 
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Figure 4.22 2D, no fracture, no adaptation, m=5. 

In Example 7, we can see the solution distribution in the reservoir, and the support becomes 

larger when time changes which indicates the propagation is in outwards direction. Also, the 

propagation is slower when m increases as can be seen in Figures 4.20, 4.21, and 4.22. 

4.2.1.2 Example 8. In this example, we consider uniform mesh with a fracture in the center of x-

direction. The difference from the Example 1 is K such that 

𝐾 = {   104        𝑖𝑛𝑠𝑖𝑑𝑒 𝑡ℎ𝑒 𝑓𝑟𝑎𝑐𝑡𝑢𝑟𝑒
1                        𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

And  𝑡𝑜 , 𝑢0, 𝑛𝑡, 𝑡𝑓 are the same as in Example 7. We put three fractures (𝑛𝑓 = 3) with width of 

fracture (𝑤𝑓 = 0.02) and height of fracture (ℎ𝑓 = 0.4). Also, we solve (4.1) for m=1, m=2 and 

m=5. 
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Figure 4.23 No adaptation with fracture, m=1. 

 

  

Figure 4.24 No adaptation with fracture, m=2. 
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Figure 4.25 No adaptation with fracture, m=5. 

In Example 8, the initial solution is still the same as in Example 7. The observation is 

consistent with those in 1D. For m=1 in Figure 4.23 at 𝑛𝑡 = 4, the solution inside the fracture is 

around 0.25 and at 𝑛𝑡 = 10 the boundary of the support almost reaches the horizontal well. Also, 

for m=2 in Figure 4.24 at 𝑛𝑡 = 10, the solution value is smaller than for m=1 and higher than for 

m=5 in Figure 4.25. The propagation is slower when m is larger. For m=5, the boundary of the 

support even has not reached the fractures at 𝑛𝑡 = 4.  

4.2.2 With Adaptation 

4.2.2.1 Example 9. In this example we consider uniform mesh without fracture and we will adapt 

the initial mesh and solve it again with adaptive mesh. We will use the same parameters as in 

Example 7. 
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Figure 4.26 No fracture with adaptation, m=1. 

 

  

Figure 4.27 No fracture with adaptation, m=2. 
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Figure 4.28 No fracture with adaptation, m=5. 

As we see in 1D the error using adaptive mesh is smaller than other meshes because most 

the elements concentrated around the boundary of the support. In Example 9, we can also see the 

concentration of elements around the boundary (see Figures 4.26, 4.27 and 4.28). 

4.2.2.2 Example 10. In this example we consider adaptive mesh with fracture. We use the same 

parameters as in Example 8. 

  

  

Figure 4.29  Fracture with adaptation, m=1. 



51 

 

 

  

Figure 4.30 Fracture with adaptation, m=2. 

 

  

Figure 4.31 Fracture with adaptation, m=5. 

In this example, we can see for m=1 and 𝑛𝑡 = 20 in Figure 4.29, the solution is close to 

the solution without adaptation in Figure 4.23. Also, when 𝑛𝑡 = 40 (less than half time) the 

boundary of support has reached the horizontal well. The mesh elements not only concentrated 

around the moving boundaries but also around the fractures. The propagation is faster inside the 

fractures than outside.  
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CHAPTER 5 

CONCLUSION AND SUMMARY  

 In this thesis, we have conducted simulations to solve the porous medium equation (PME) 

in fractured reservoirs using Finite Element method and demonstrated the advantages of mesh 

adaptation in the numerical simulations. We have carried out simulations for both one and two 

dimensional problems.  

For one dimensional problems, we have studied 6 cases, including uniform mesh with and 

without fracture, adaptive mesh with and without fracture, and log-spacing mesh with and without 

fracture. We have compared the numerical solutions of the three cases without fracture for different 

number of elements to the exact analytical solution, and have found that the adaptive mesh gives 

the best results compared to the other two cases.  

In the case of two dimensional problems, we have studied four cases including adaptive 

mesh with and without fracture, and uniform mesh with and without fracture. We have found that 

the larger the ratio of the capacity (m) is, the slower the propagation of the solution becomes. We 

have also observed that the propagation of the solution inside the fracture is faster than the solution 

outside the fracture. Adaptive mesh also provides better results than the uniform meshes. 

 In summary, mesh adaptation is an useful tool to improve the efficiency and accuracy in 

numerical computations, especially for complicated large systems.  
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